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Abstract

The thesis assembles research on two models of automata - probabilistic
reversible (PRA) that appear very similar to 1-way quantum finite automata
(1I-QFA) and quantum one-way one counter automata (Q1CA), that is the
most restricted model of non-finite space quantum automata. The objective
of the research is to describe classes of languages recognizable by these models
and compare related quantum and probabilistic automata.

We propose the model of probabilistic reversible automata. We study
both one-way PRA with classical (1-C-PRA) and decide and halt (1-DH-
PRA) acceptance. We show recognition of general class of languages L, =
ajay...a; with probability 1 —e. We show whether the classes of languages
they recognize are closed under boolean operations and describe general class
of languages not recognizable by these automata in terms of “forbidden con-
structions” for the minimal deterministic automaton of the language. We also
consider “weak” reversibility as equivalent definition for 1-way automata and
show the difference from ordinary reversibility in 1.5-way case.

We propose the general notion of quantum one-way one counter au-
tomata(QLCA). We describe well-formedness conditions for the Q1CA that
ensure unitarity of its evolution. A special kind of Q1CA, called simple, that
satisfies the well-formedness conditions is introduced. We show recognition
of several non context free languages by Q1CA. We show that there is a lan-
guage that can be recognized by quantum one-way one counter automaton,
but not by the probabilistic one counter automaton.



Anotacija

Sis darbs apvieno petfjumus par diviem automatu veidiem: varbitiskajiem
apgriezamajiem automatiem (PRA), kas ir saistiti ar kvantu galigajiem auto-
matiem (QFA), un vienvirziena kvantu automatiem ar skaititaju (Q1CA), kas
ir loti ierobezots kvantu automatu modelis, kam atbilstosa kvantu sistema
nav galiga. Darba meérkis ir aprakstit valodu klases, ko pazist Sie automati,
un salidzinat kvantu un varbutiskos automatus.

Mes piedavajam varbutiska apgriezama automata modeli. Mes petam
vienvirziena PRA gan ar klasisko (C-PRA) vardu akceptésanu, gan ar ap-
stadinagsanu (DH-PRA). Mes paradam valodu klases ajaj .. .a} paziSanu ar
PRA. Mes paradam vai valodu klase, ko pazist PRA, ir slegta pret Bila
operacijam. Mes paradam visparigas valodu klases, ko C-PRA un DH-PRA
nepazist. Mes apskatam vajas apgriezamibas definiciju un paradam atskirtbu
no apgriezamibas.

Mes piedavajam visparigu kvantu vienvirziena automata modeli ar skai-
titaju (Q1CA). Mes pieradam ka 8is modelis apmierina transformacijas uni-
taritates principu. Tiek piedavats specials Q1CA veids - vienkarsais Q1CA,
kas lauj konstruet automatu piemerus konkretam valodam. Mes paradam
vairaku kontekstatkarigo valodu pazisanu ar Q1CA. Meés pieradam ka pastav
valodas, ko pazist Q1CA, bet ko nepazist varbutiskais automats ar skaititaju.



AnHOTamusa

Haumnas pabora BraoUYaeT B ce0s MCCIeIOBAHNE aBTOMATOB ABYX TUIIOB: BEPOATHOC-
THLIX 0OparuMbix aBromMaroB (PRA), koTopble CBA3aHBI ¢ KOHEUHLIMU KBAHTOBLIMU aB-
romaramu (QFA), 1 0 fHOHAIIPABJIEHHLIX KBAHTOBLIX ABTOMATOB €O cueTunkoM (Q1CA),
KOTOPBDIE ABJIAIOTCA OUEHL OTPAHUUYEHHON MOIENBLI0 KBAHTOBLIX ABTOMATOB, IJIS KOTO-
PLIX KBAHTOBAas CUCTEMA HE ABJIAETCA KOHeuHOU. [lennio paboTLl ABIAETCA OMUCAHUE
KJIACCOB f3LIKOB, KOTOPLIE PACIO3HAIOT STU ABTOMATLI, U CPABHEHWE KBAHTOBLIX U
BEPOATHOCTHLIX aBTOMATOB.

Mpgur npemiaraeM MOIENIL BEPOATHOCTHOTO obGpaTtuMoro aBromarta. Mol n3ydaem
onunonanpasienunii PRA u ¢ knaccuueckum pacnosuasanuem cios (C-PRA), u ¢
pacnosnasanneM ¢ ocranoskoit (DH-PRA). Mur mokasniBaeM, kak PRA pacmosnaer
KJIaCC A3LIKOB (105 . . . (. MBI BLIACHAEM SBIAETCS JIU KIACC A3LIKOB PACIO3HABAE-
Mbix PRA 3amMrayTbIM OTHOCUTENLHO ByseBnix omepamuit. Mbl mokasniBaeMm obuiue
KJIACCHI A3LIKOB, KoTopbie He pacno3uaior C-PRA u DH-PRA. Mur BBoaquM mousTue
cnaboli 06paTUMOCTU U TMOKA3LIBAEM €ro OTJINYNE OT HOHATUS OOPATUMOCTH.

Mu mpemmaraeM OOIMIYIO MOJENL OMHOHANPABIEHHOTO aBTOMATA CO CUETUMKOM
(QLCA). Mur morasbiBaeM, YTO »Ta MOAEIL O0ECIeYMBAET YHUTAPHOCTL TPaHCHOP-
maruu. [Ipennaraem cnenuannuoiii Bux QICA - mpoctoit Q1CA, koTOpLIT O3BOIsIET
KOHCTPYUPOBATL MPUMEDPLI aBTOMATOB IJis KOHKDETHLIX A3LIKOB. MBI MOKa3niBaeM,
rak QICA pacmo3HaeT HEKOTOPDLIE KOHTEKCTHO-3aBUCUMDIE A3LIKU. MBI HOKa3niBaeM,
UTO CYIIECTBYIOT s3bIKM pacmnosHaBaemble QICA, koTopble He MOMKET pacCIO3HATD

BepOHTHOCTHbIﬁ aBTOMAT CO CUETUMKOM.
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Chapter 1

Introduction

For those interesting in quantum computation in general we refer to the
monographs of J. Gruska [Gr 99] and M.Nielsen and I.Chuang [NC 00] for
the complete overview on the subject.

1.1 Background on quantum Turing machine

We refer to the [BV 97| for the description of quantum Turing Machine.
There are two ways of thinking about quantum computers. One way that
may appeal to computer scientists is to think of a quantum Turing Machine as
a quantum physical analogue of a probabilistic Turing Machine. It has an in-
finite tape and a transition function, and actions of the machine are local and
completely specified by this transition function. Unlike probabilistic Turing
Machines, quantum Turing Machines allow branching with complex “prob-
ability amplitudes”, but impose the further requirement that the machine’s
evolution be time - reversible. Another way is to view a quantum computer
as effecting a transformation in a space of complex superpositions of config-
urations. Quantum physics requires that this transformation to be unitary.
A quantum algorithm may then be regarded as the decomposition of a uni-
tary transformation into a product of unitary transformations, each of which
makes only simple local changes. A precise model of quantum computational
device was formulated by Deutch [De 85], he proved that quantum Turing
machines compute exactly the same recursive functions as classical determin-
istic Turing machines do. Yao [Y 93] extended this by proving that quantum
circuits are polynomially equivalent to quantum Turing machines. Bernstein
and Vazirani [BV 97] showed an efficient universal quantum Turing machine.
They also considered relevant complexity classes and define quantum analogy
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of BPP ! class - BQP 2 and prove that BPP C BQP C PSPACE, thus es-
tablishing that it will not be possible to conclusively prove that BPP # BQP

without resolving the major open problem P ~ PSPACE. They actually
prove stronger result BQP C PP,

They also gave the evidence that BQP # BPP, by proving the exis-
tence of an oracle relative to which there are problems in BQP that cannot
be solved with small error probability by probabilistic machines restricted to
running in n°°9" steps. Simon [Si 94] strengthened this evidence by proving
the existence of an oracle relative to which BQP cannot even be simulated
by probabilistic machines allowed to run for 2/2 steps. In addition, Simon’s
paper also introduced a technique that was one of the components of the fa-
mous Shor’s results [Sh 94]. These results shows that there are certain classes
of problems where quantum devices can compute much more efficiently then
classical ones.

It is natural to ask whether quantum Turing Machines can solve every
problem in NP in polynomial time. Bennett, Bernstein, Brassard and Vazi-
rani [BBBV 97| give evidence showing the limitations of quantum Turing
Machines. They show that relative to an oracle chosen uniformly at random,
with probability 1, the class NP cannot be solved on a quantum Turing Ma-
chine in time 0(2"/2). The bound is tight since work of Grover [G 97] shows
how to accept the class NP relative to any oracle on a quantum computer in
time O(2"/2).

1.2 Background on quantum automata

1.2.1 Background on quantum finite automata

Quantum one way finite automaton can be considered as most restricted
model of quantum computation. It describes the evolution of finite dimen-
sional quantum system which dimension is independent on the length of
computation. The quantum device is controlled by the classical part - that
sequentially reads letters of the word from the input and applies certain

IBPP is the class of decision problems (languages) that can be solved in polynomial
time by probabilistic Turing machines with error probability bounded by 1/3 (for all
inputs). Using standard boosting techniques, the error probability can then be made
exponentially small in respect to 1/k by iterating the algorithm k times and returning the
majority answer.

2BQP is the class of decision problems (languages) that can be solved in polynomial
time by quantum Turing machines with error probability bounded by 1/3, as is the case
with BPP, the error probability of BQP machines can be made exponentially small
[BBBV 97]
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quantum operations dependant on the letter read on the quantum system.
So one can speculate that such device is relatively simple to be built.

There are proposed different models of quantum finite automata(QFA).
Common for all models is that for each letter of input alphabet there is
defined a separate unitary transformation. Thus the computation on a word
consists of consecutive application of the unitary transformations according
to the letters of the word on the state of the underlying finite dimensional
quantum system and possibly subsequent measurement. Major differences
between models are what are the allowed measurements and definition of
acceptance. Once we have measurements as intermediate steps we talk about
quantum system with mixed states as it is with some probability in one of
the possible states outcomes of the measurement.

There are commonly used 2 models of language acceptance for quantum
automata. In classical acceptance model the states are divided into 2 disjoint
sets of accepting and non-accepting automata and the automaton accepts
the word, if it is in accepting state after having read the last symbol of the
word and rejects otherwise. In decide and halt acceptance model the states
are divided into 3 disjoint sets of accepting, rejecting and non-terminating
states, and automaton after each step can halt, it accepts computation if it is
in an accepting state, rejects in a rejecting state and continues computation
otherwise.

One-way classical QFA with pure states commonly referred in litera-
ture as measure-once QFA (MO-QFA) were introduced by C. Moore and
J. P. Crutchfield in [MC 97]. It is most straightforward definition of QFA
as allows no measurement during computation. The only measurement is
done after the word is processed to obtain classical result - whether word
is accepted or rejected. C. Moore and J. P. Crutchfield showed the class of
languages recognizable by these automata, to be group finite languages. In
[BP 99] A. Brodsky and N. Pippenger noted that MO-QFA recognize the
same language class as permutation automata.

Subsequently, A. Kondacs and J. Watrous introduced “decide and halt”
1-way QFA with pure states refered as measure-many QFA (MM-QFA) in
[KW 97]. This definition differs from the previous one as allows a special
measurement to be performed after unitary transformation when reading
each letter. The measurement projects state of the automaton to one of
three subspaces, one that corresponds to accepting states of automata one
to the rejecting states and one to the non-halting states. The computation
halts if accepting or rejecting state is observed and continues otherwise. Thus
probabilistic decision is done on every letter and that gives additional power
to the automata comparing with QFA-MO. We don’t get mixed states in this
model as computation is continued only with single quantum state.
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In [KW 97] it is shown that anyway this model recognizes only the subset
of the regular languages. A. Ambainis and R. Freivalds [AF 98] showed that
the same class of languages as for DRA is recognizable with probability of
correct answer over g, some other regular languages like a*b* can be recog-
nized with smaller probabilities. There is a number of researches on this
model, but still the class of languages recognizable by QFA-MM is not de-
fined completely. In particular in [BP 99] A. Brodsky and N. Pippenger noted
that MO-QFA recognize the same language class as permutation automata
([T 68]) and described class of languages not recognizable by MM-QFA by
presenting “forbidden construction”. If minimal deterministic automaton for
the language contains such a construction then the language can not be recog-
nized by QFA-MM. A. Ambainis, A. Kikusts and M. Valdats determined in
[AKV 00] that the class of languages recognized by MM-QFA is not closed
under boolean operations, as well as significantly improved the necessary
condition of a language to be recognized by MM-QFA, proposed by [BP 99],
presenting a number of other “forbidden constructions”. Still the exact class
of languages for MM-QFA is not determined.

For some languages [AF 98] (example L, = {a|i is divisible by p}) the
size of quantum automata can be exponentially smaller then in deterministic
and probabilistic case. The opposite results for languages having determin-
istic automata with exponentially smaller size then quantum counterpart
are also shown in [AF 98] and [ANTV 98]. An example from [ANTV 98]
L, = {walw € {a,b}*,|w| < n} requires 2 states in quantum case.

More general then QFA-MM model is offered by A. Nayak in [N 99] by
allowing any orthogonal measurement as a valid intermediate computational
step. Processing of each input letter in this model means applying of finite se-
quence of unitary transformations and orthogonal measurements, followed by
the measurement according to the QFA-MM case on fixed subspaces formed
by accepting, rejecting and non-halting states. This model may be seen as
a finite memory version of the mixed state quantum computers defined in
[AKN 97]. This model does not allow the more general positive operator
valued measurements because the implementation of such measurements in-
volves the joint unitary evolution of the state of the automaton with a fresh
set of ancilla qubits, which runs against the fixed finite workspace spirit of
the model.

The automata of that model can recognize only the subset of regular
languages anyway. An example from [N 99] of regular language that is not
recognizable by enhanced QFA is {a,b}*a.

We can consider Nayak’s enhanced QFA model with classical acceptance
- with no measurements according to the QFA-MM rules, but with orthogo-
nal measurement as a valid intermediate computational step combined with



CHAPTER 1. INTRODUCTION 10

unitary transformation. It is similar counterpart for Nayak’s model, as QFA-
MO for QFA-MM. It is mixed state model with classical acceptance in our
terminology.

This model is considered in the [ABGKMT 06]. In the paper it is ref-
erenced as "latvian QFA”. Class of languages recognizable by this model is
found, it is expressed in algebras terms. It has the properties of closure under
boolean operations. This class can also be expressed in terms of forbidden
constructions for the minimal deterministic automata.

Presented above are models connected with topic of research in Prob-
abilistic Reversible Automata. There is a number of less widely used and
spread models. They usually are used to illustrate certain quantum combined
with classical computation effects. For example see [BMP 03] for model with
control language, see [Dz 03] for model with arbitrary measurement allowed
controllable by the state of automata. In the paper [BMP 03] there is shown
that class of languages recognizable by QFA-MM coincides with the class for
QFA with control language of particular form of this language, but still it
does not give the description of that class.

1.2.2 Background on non finite dimensional quantum
automata

There have been considered several models of quantum automata that are
not longer finite dimensional quantum systems.

First of them 2-way QFA is considered by A.Kondacs and J.Watrous
in [KW 97]. The automaton can decide on each step on the direction to
move, thus configuration of automaton is not only state, but also position on
the input tape. That means that quantum system realizing such automata
should have basis corresponding to the automata configurations, and state
of automaton is a vector in this space is. They prove that it can recog-
nize any regular language. In fact recognition of all regular languages is
proven already for deterministic version of this automaton. The determinis-
tic reversible automaton can be seen as quantum automaton with one-to-one
transition between configurations, thus its state always corresponds to single
configuration not the superposition of them, and then also measurement does
not affect the state.

There is shown that 2-way QFA can also recognize some nonregular lan-
guages in polynomial time. Example in [KW 97] is given on language a"b"
recognition (Probabilistic 2-way automata can do that in exponential time
only, see [Fr 81, DSt 89]). The recognition of non regular languages is possi-
ble in 2-way QFA due to the effect of interference between ”different” com-
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putational pathes and parallel operation over the whole word. In [AI 99|
M. Amano and K. Iwama showed that emptiness problem is not decidable
for 2-way (even 1.5-way) quantum finite automata. In [Du 01] it is actu-
ally determined that even 1.5-way QFA can recognize non-regular languages,
which is not possible by deterministic and probabilistic counterparts of this
model.

Regarding other models we should mention pushdown quantum automata
by C. Moore and J. P. Crutchfield [MC 97], but most of their results is
for generalized model that actually can not be considered truly “quantum”.
Another definition of pushdown automata was offered by M. Golovkins in
[Go 00], he showed recognition of all regular languages by this model and
several non context free languages. Quite comprehensive research on counter
automata is done by T. Yamasaki, H. Kobayashi and H. Imai in [YKI 02].
They focus on 2-way automata and also on 2 counter automata. For these
models it stands that they are more powerful then deterministic models, but
still there is no clear comparison with probabilistic automaton.

1.2.3 Research and Results
Quantum 1-counter automata

We propose the notion of quantum 1 counter automata (Q1CA) in [K 99].
The simplest one-way model is considered. The main idea is to present a
model with non-finite dimension of underlying quantum system, but still
very restricted. In [N 99] there is shown that quantum automata in order to
recognize forbidden construction for enhanced QFA walw € (a,b) * jw| < n
should have at least 22" quantum states in underlying quantum system, but
Q1CA has only card(Q) * n, where Q is set of states of automaton.

We can consider one counter automata as a subclass of pushdown au-
tomata. The easiest approach is to consider pushdown automata with single
letter alphabet of the stack, but there is a difference as counter is allowed to
hold negative values 3.

In our research we describe well-formedness conditions for the Q1CA that
ensure unitarity of its evolution. Also a special kind of Q1CA, called simple,
that satisfies the well-formedness conditions is introduced. Transition matrix
of simple automata is defined as a set of unitary matrixes for each input letter
and separate for zero and non zero value of the counter. By these matrixes
transformation of states is determined. But the change of the value of the

3s0 properly we should consider 2 symbols’ alphabet of the stack, one for negative and

one for positive values of the counter and forbid transitions placing into the stack the other
type of symbol once stack is not empty
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counter depends only on the state automaton moves in. That definition
allows to construct concrete Q1CA.

We show recognition of several non context free languages by Q1CA. The
languages are L; = { 0°10710% || (i=k or j=k) and —(i=j)) } and L, = {
0°10710% || exactly 2 of i,j,k are equal}. The [YKTI 00] show that these
languages are also recognizable by probabilistic one counter automata. In
quantum case we can achieve some better probabilities however [K 04].

The main result regarding one counter automata are received in cooper-
ation with R. Freivalds and R. Bonner [BFK 01]. We show that there is a
language that can be recognized by quantum one-way one counter automa-
ton, but not by the probabilistic one counter automaton. That completes
our research on quantum 1 counter automata.

Model of Probabilistic Reversible Automata

We propose the model of probabilistic reversible automata in [GK 02]. There
is a number of reasons for inventing that model when observing QFA. First
of all if we consider Nayak’s model of quantum automata with mixed states
[N 99], with measurements only on the single dimensional subspaces, we get
a probabilistic automaton which transition matrixes are doubly stochastic 4.
Another reason is that in [AF 98] there is presented an example of automaton
that makes a probabilistic decision on the first step and then behaves as
deterministic reversible automaton. But restriction of having probabilistic
split only on the first letter seems quite artificial. That explains our approach
to definition of PRA: property of transition operator to be doubly stochastic
is used to define probabilistic reversible automata. We should note as not
every double stochastic matrix has an unitary prototype that we can not
consider this model as subclass of quantum automata.

Additional objective to present such model was to be able to split proba-
bilistic and quantum effects that arise in calculation by quantum automata.
So we have studied properties of probabilistic reversible automata. Some of
them appeared very similar to those of corresponding QFA, but some other
not.

One-way C-PRA

We consider one-way PRA with classical acceptance. We prove that C-PRA
recognize the class of languages ajas . .. a;, with probability 1 —e. This class
can be recognized by MM-QFA, with worse acceptance probabilities, however

4doubly stochastic means that the sum of elements in every column and row of transi-
tion matrix equals to 1
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[ABFK 99]. This result also implies that Nayak’s enhanced QFA recognize
this class of languages with probability 1 — e.

We show that any language recognizable by C-PRA with probability 1
can be recognized by DRA. But in case a language is recognizable by C-
PRA with bounded error we can boost this probability arbitrary close to 1,
similarly as for any PRA.

That allows us to show that the class of languages recognized by C-PRA is
closed under boolean operations, inverse homomorphisms and word quotient.
But it is not closed under homomorphisms.

Further, we show general class of regular languages, not recognizable by
C-PRA. We express this class as set of forbidden construction for mini-
mal deterministic automata. In particular, such languages as (a,b)*a and
a(a,b)* are in this class. This class has strong similarities with the class of
languages, not recognizable by MM-QFA [AKV 00]. There are 2 forbidden
constructions, first one is exactly the one as for MM-QFA [BP 99] the second
one includes the one considered in [AKV 00].

We refer to the subsequent research by A.Ambainis at all [ABGKMT 06]
which shows that the class of languages recognizable by C-PRA and C-QFA
is all regular languages except languages containing these forbidden construc-
tions.

One-way DH-PRA automata

Properties of DH-PRA model are studied in [GKK 05] and [GKK 06]. Obvi-
ously C-PRA recognize proper subset of languages recognizable by DH-PRA,
for example C-PRA can not recognize a(a,b)* that can be recognized by DH-
PRA.

We prove forbidden constructions for DH-PRA. These constructions are
very similar to the constructions for MM-QFA considered in [AKV 00].

We are not able to show the exact class of languages recognizable by
DH-PRA. The unknown gap is left for languages which minimal automaton
contains forbidden construction for C-PRA but not for DH-PRA.

We show that the class of languages recognized by DH-PRA is not closed
under union. This proof is similar to the proof for MM-QFA in [AKV 00].

As results regarding MM-QFA are quite similar that leads to a conjecture
that class of languages recognizable by DH-PRA is likely to include the one
recognizable by MM-QFA or these classes are equal. Still we are unable to
prove or disprove that.
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1.5 way C-PRA automata

There could be 2 different approaches to define probabilistic reversible au-
tomata. Another approach is to consider reverse of the transition function.
We call automaton of some type ”weakly reversible ” if the reverse of its tran-
sition function corresponds to the transition function of a valid automaton
of the same type. In the case of 1-way automata definitions are equivalent.

We see the difference in 1.5 way automata case, showing the recognition
of {a,b}*a by weakly 1.5-way PRA. Tt is believed that that is impossible for
the 1.5-way PRA.



Chapter 2

Preliminaries

In this chapter we consider notions, definitions and well-known or elementary
facts, referenced directly or indirectly further in the thesis.

2.1 Unitary and Stochastic Operations

In this section, we recall well known definitions and theorems from linear
algebra. We also consider elementary properties of Doubly Stochastic Ma-
trixes. For the sake of completeness, some of the theorems are supplied with
elementary proofs.

Unitary Matrixes

As noted in the next sections infinite unitary matrixes with finite number
of nonzero elements in each row and column describe the work of quantum
automata. Further lemmas state some properties of such matrixes.

Definition 2.1. A complex matriz U is called unitary, of UU* = U*U = I.

Lemma 2.2. If matrizes A and B are unitary, then their direct product is
a unitary matrix.

If U is a finite matrix, then UU* = [ iff U*U = I. However this is not
true for infinite matrixes:

15
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Example 2.3.
1
?5 00 0O
7 00 0O
0O 1 0 0O
U=1 00100
0O 0010

Here U*U = I but UU* # 1.

Lemma 2.4. If infinite matrizes A, B,C have finite number of nonzero
elements in each row and column, then their multiplication is associative:

(AB)C = A(BC).
Proof. The element of matrix (AB)C' in i-th row and j-th column is k;; =

> > Girbrscsj. The element of matrix A(BC') in the same row and column
s=1r=1

is l;; = > > aibrscsj. As in the each row and column of matrixes A, B, C

r=1s=1
there is a finite number of nonzero elements, it is also finite in the given series.

Therefore the elements of the series can be rearranged, and k;; = [;;. O

Lemma 2.5. If U*U = I have finite number of nonzero elements in each
row and column, then the norm of any row in the matriz U does not exceed
1.

Proof. Let us consider the matrix S = UU*. The element of this matrix
sij = (rj|ri), where r; is i-th row of the matrix U. Let us consider the matrix
T = S?. The diagonal element of this matrix is

Zszkskz Zm\n (rilre) = Z\mln

k=1

On the other hand, taking into account Lemma 2.4, we get that
T=S8*=(UU"UU"=UUU)U*=UU"=S.

Therefore t; = s;; = (ry|r;). It means that

[relra)? = (rilrs). (2.1)

NE

e
Il

1

This implies that every element of series (2.1) does not exceed (r;|r;). Hence
|(ri|ri)|? = (ri|r:)* < (rilr;). The last inequality implies that 0 < (r;|r;) < 1.
Therefore |r;| < 1. O
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Lemma 2.6. Let us assume that U*U = I. Then the rows of the matriz U
are orthogonal iff every row of the matriz has norm 0 or 1.

Proof. Let us assume that the rows of the matrix U are orthogonal. Let

us consider equation (2.1) from the proof of Lemma 2.5, i.e., > [(rp|ri)|? =
k=1

(ri|r;). As the rows of the matrix U are orthogonal, > |(r|r:)[* = |(r:|r:)|*.
k=1

Hence (r;|r;)? = (ry|r;), i.e., (r;lr;) = 0 or (r;|r;) = 1. Therefore |r;| = 0 or
’Til =1.

Let as assume that every row of the matrix has norm 0 or 1. Then
(ri|r:)* = (r;|r;) and in compliance with the equation (2.1), Y.  [{rg|ri)|* =

kent\{i}

0. This implies that V& # @ |(rg|r;)| = 0. Hence the rows of the matrix are
orthogonal. |

Lemma 2.7. The matriz U is unitary iff U*U = I and its rows have norm
1.

Proof. Let us assume that the matrix U is unitary. Then in compliance
with Definition 2.1, U*U = I and UU* = I, i.e, the rows of the matrix are
orthonormal.

Let us assume that U*U = [ and the rows of the matrix are normalized.
Then in compliance with Lemma 2.6 the rows of the matrix are orthogonal.
Hence UU* = I and the matrix is unitary. O]

The proves follow the idea as described in [DSa 96]. Another way to prove
Lemma 2.7 is given in [BV 97].

Doubly Stochastic Matrixes

Doubly stochastic matrixes stand for transition matrixes for probabilistic
reversible Automata considered in this thesis.

Definition 2.8. A real (n x n) matriz S, s;; > 0, is called stochastic, if

VJ Z Si,j =1.
=1

Definition 2.9. A stochastic n x n matriz D is called doubly stochastic, if
Vi > d;;=1.
j=1

Lemma 2.10. If matrizes A and B are doubly stochastic, then their direct
product is a doubly stochastic matrix.
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Lemma 2.11. If A is a doubly stochastic matrix and X - a vector with
components x; > 0, then max(X) > max(AX) and min(X) < min(AX).

Ty 11 Az ... Qin
. i) ao21 Q29 ... Q43
Proof. Let us consider X = and A = ",
T Ap1 Ap2 ... QApp

where A is doubly stochastic. Let us suppose that z; = max(X). For any 1,
1< <n,

Tj = a0 + A2 j + ...+ Qindj Z ;11 + Qoo + ... 4+ iy,

Therefore z; is greater or equal than any component of AX. The second
inequality is proved in the same way. Il

Definition 2.12. We say that a doubly stochastic matriz S s unitary sto-
chastic ([MO 79]), if exists a unitary matriz U such that Vi, j |u; ;> = si ;.

Remark 2.13. Not every doubly stochastic matrix is unitary stochastic.

Such matrix is, for example,

N Ol

[eINIEENIES
== O

2.2 Markov Chains

We recall several definitions from the theory of finite Markov chains ([KS 76],
etc.) used in this thesis when describing behavior of PRA.

A Markov chain with n states can be determined by an n x n stochastic
matrix A, i.e., matrix, where the sum of elements of every column in the
matrix is 1. If A; ; = p > 0, it means that a state ¢, is accessible from a state
q; with a positive probability p in one step.

2.2.1 Classification of states

Definition 2.14. A state q; is accessible from q; (denoted q¢; — q;) if there
is a positive probability to get from q; to q; in 1 or more steps.

Note that some authors consider zero steps are valid for this definition
that means ¢; — ¢; for any i, we do not.

Definition 2.15. States ¢; and q; communicate (denoted q; < q;) if ¢; — ¢;
and q; — ¢;.
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For accessibility or communication in one step we will put the correspond-
: . A . .
ing matrix above the symbol. Example: ¢; — ¢; means there is a positive
probability to get from ¢; to g; in 1 step. Or the same A;; > 0. We will use
also word above the arrow instead of matrix in this notation in the thesis.

Definition 2.16. A state q is called recurrent if Vi ¢ — ¢ = ¢ — q.
Otherwise the state is called transient.

There several different definitions for transient states proven to be equiv-
alent to the above, important for us is

Definition 2.17. A state g; is called transient iff > (A");; < o0

n—oo
Definition 2.18. A state q is called absorbing if there is a zero probability
of exiting from this state.

Definition 2.19. A Markov chain without transient states is called irre-
ducible if for all g;,q; q; < q;. Otherwise the chain without transient states
1s called reducible.

Definition 2.20. The period of an recurrent state q; € QQ of a Markov chain
with a matriz A is defined as d(gq;) = ged{n >0 | (A™);; > 0}.

Definition 2.21. An recurrent state q; is called aperiodic if d(q;) = 1. Oth-
erwise the recurrent state is called periodic.

Definition 2.22. A Markov chain without transient states is called aperiodic
if all its states are aperiodic. Otherwise the chain without transient states is
called periodic.

Definition 2.23. Markov chain is called absorbing iff that contains at least
one absorbing state, and for any non-absorbing state q; there is an absorbing
state that is accessible from q;. Thus the states of absorbing Markov Chain
can be numbered so that transition matriz A has a form

A O
B I

where I - unit matriz, O - all zero matrizc

Definition 2.24. A probability distribution X of a Markov chain with a
matrix A is called stationary, if AX = X.
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2.2.2 Behavior of Markov chains

We recall the following theorem from the theory of finite Markov chains about
stationary distribution:

Theorem 2.25. If a Markov chain with a matrix A is irreducible and ape-
riodic, then

a) it has a unique stationary distribution Z;

b) im A" =(Z,...,7Z);

n—oo
¢)VX lim A"X = Z.

We recall the following fact regarding transient states of a Markov Chain
Theorem 2.26. Given Markov chain with matriz A and transient state g;,
Jor matriz A™ when n — oo, aj; — 0 for any j.

Proof. Follows from Definition 2.17 Il

2.2.3 Doubly Stochastic Markov Chains

The notion is introduced according to the needs of PRA and used in proofs
on forbidden constructions.

Definition 2.27. A Markov chain is called doubly stochastic, if its transition
matriz s a doubly stochastic matriz.

Corollary 2.28. If a doubly stochastic Markov chain with an m X m matrix
A is irreducible and aperiodic,
1 1

a) lim A" = S ;
e l ... i
m i m
b) VX lim A"X =
n—oo i
Proof. By Theorem 2.25. ]

Lemma 2.29. If M is a doubly stochastic Markov chain with a matriz A,
then Vq q — q.

Proof. Assume existence of ¢g such that gy is not accesible from itself. Let
Quw =1{9 |0 — a} ={aq, .., a}. Qg is not empty set. Consider those
rows and columns of A, which are indexed by states in ),,. These rows and
columns form a submatrix A’. Each column j of A’ must include all non-zero
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elements of the corresponding column of A as those states are accesible from
the state g;, hence also from ¢y and are in Q. Therefore Vj, 1 < j < F,

k
> A, =T1and ) Aj, =k On the other hand, since gy ¢ Qg, a TOW
i=1 1<i,j<k

of A’ indexed by a state accesible in one step from ¢y does not include all

k
nonzero elements. Since A is doubly stochastic, Ji,1 < i < k, Y A;j <1
i=1

J
and ) Aj; <k. Thisis a contradiction. O
1<ij<k

Corollary 2.30. Suppose A is a doubly stochastic matriz. Then exists k > 0,
such that ¥i (A*);; > 0.

Proof. Consider an m x m doubly stochastic matrix A. By Lemma 2.29, Vi
In; >0 (A™);; > 0. Take n = [] ns. For every i, (A™);; > 0. O

s=1
Lemma 2.31. If M is a doubly stochastic Markov chain with a matriz A,
then vqm b Ab,a >0= qb — Ya-

Proof. Ay, > 0 means that g, is accesible from ¢, in one step. We have to
prove, that ¢, — ¢,. Assume from the contrary, that ¢, is not accesible from
@ Let Qg =1{a | & — ¢} ={q1, a2, -, @} By Lemma 2.29, ¢, € Q,,. As
in proof of Lemma 2.29, consider a matrix A’, which is a submatrix of A and
whose rows and columns are indexed by states in ),,. Each column j has
to include all nonzero elements of the corresponding column of A. Therefore
k
. . !/ _ / _
Vi, 1 <5<k, ;Am =1 and 1<%‘<k A} ; = k. On the other hand, Ay, >0
and g, ¢ Q,, therefore a row of A’ indexed by ¢, does not include all nonzero

k

elements. Since A is doubly stochastic, > A; ; <land > A, <k. This
=1 1<ij<k

is a contradiction. O

Corollary 2.32. If M is a doubly stochastic Markov chain and q, — q,
then q, < qp.

Proof. 1f g, — ¢ then exists a sequence ¢;,, gi,, .- .,¢,, such that A; , >
0, Aiyiy >0,..., A4, >0, A;, > 0. By Lemma 2.31, we get ¢, — ¢;,,
qik - qik,la ceoy Qio ™ Gy 4iy > (Ga- TherefOre dp — Qq- [

Lemma 2.33. Suppose A is a doubly stochastic matrixz and k > 0, such that
Vi (A%);; > 0. Then exist m > 0 such that for all pairs q; q; where ¢ — q;
for A*, q; — q; in one step for (AF™)
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Proof. Assume ¢; — g; in x steps, as according to Lemma 2.30 ¢; — ¢; in one
step, ¢i — g; in x+1 step as well. For any pair of states ¢; ¢; where ¢, — ¢;
for A*, g; is accessible in less then n number of rows in A steps. Thus m = n
gives the necessary constant. O

Corollary 2.34. Accessibility is a class property for states of doubly stochas-
tic Markov chains.

Proof. e reflexive - Vig; — ¢; by Lemma 2.29;
e symmetric - If ¢; — ¢; then ¢; — ¢; by Corollary 2.32;

e transitive - if ¢; — ¢; and ¢; — ¢ then ¢; — qs.
O

Corollary 2.35. Communication is a class property for states of doubly
stochastic Markov chains. 1

Therefore, for doubly stochastic Markov chains both communication and
accessibility divides the state space into mutually disjoint exclusive classes.

2.3 Automata

In this section, we define notions applicable to arbitrary type of automata
we will use through out the thesis. That basically follows the description of
automata given in [Go 02].

Abstract Automaton

Consider an abstract automaton A = (Q,%1,...,%mn,q,0), where @ is a
finite set of states, Y, is an alphabet of the k-th tape, o is the initial state
and ¢ is a transition function. (See Figure 2.1.)

Each tape is potentially infinite on both directions. The cells of each tape
are indexed by numbers in Z. Each cell of the k-th tape stores a symbol in
Y, or white space, denoted A. A cell the k-th tape head is above is called
the k-th current cell. The transition function determines possible transitions
of the automaton depending on its current configuration.

Definition 2.36. A configuration of an abstract automaton is
¢ =(Gi,n1,01, Ty, Nny Om, Tm ), where the automaton is in a state ¢; € Q

Lif we would use definition of accessibility where a state is always accessible from itself
then this corollary would hold for any finite Markov chain
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Figure 2.1: An abstract automaton

and o1, € X} s a finite word on the k-th input tape. The k-th current cell
is indexed by ny and it contains the last symbol of the word oy, if o # € and
A, otherwise. All cells before or after oy, are blank (contain \).

The automaton operates in discreet time moments (tg, ..., t.,...). If the
automaton cannot change contents of a particular tape, it is called input
tape. Let us assume that the automaton has p input tapes, and renum-
ber the tapes, so that first come input tapes. At the time moment ¢y, the
automaton is in configuration (qo,0,€,71,...,0,€6,7,,0,€,€,...,0,€ €), where
T1,...,Tp are input words. We refer to the input word tuple as input. At
each time moment, the automaton performs a single transition, called step.
At each step, depending on its current state and symbols in current cells,
the automaton may change its current state, change the contents of current
cells, and afterwards, move each tape head one cell forward or backward.

Formally, the transition function ¢ defines a binary relation p from the
set @ X X1 X ... X X, to the set Q@ X Epiq X ... X By X {e, |, —}™
(q1, 815, 8m)P(G2, Spy1s s Sy - oo i), di € {+—, |, —}, means that for
the automaton being in the state ¢; and having symbols sq,...,s,, in cur-
rent cells, the following transition is possible: the automaton goes to the
state qg, writes s,,;,..., s, into the current cells of the tapes p +1,...,m
and moves tape heads according to the directions d;. If this relation is a func-
tion, we speak about deterministic automata, other considered possibilities
are probabilistic automata and quantum automata. Probabilistic automata
perform transitions with certain probabilities, whereas quantum automata -
with certain amplitudes.

For technical reasons, we may introduce two categories of white spaces for
input tapes, called end-markers; one is used before input word and denoted
as $, and the other after input word and denoted as «P. So every input word
is enclosed into end-marker symbols & and «P2. Therefore we introduce a

2To get rid of infinite input tapes we may also assume that input tapes are circular
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working alphabet of the k-th input tape as I'y = 3 U {3, <P}. We define
the length of input as the length of the longest word in the input word tuple
(including one end-marker to the left of the word and one to the right of the
word).

By C we denote the set of all configurations of an automaton. This set
is countably infinite.

Remark 2.37. It is possible to reach only a finite number of other configu-
rations from a given configuration in one step, all the same, within one step
the given configuration is reachable only from a finite number of different
configurations.

An abstract automaton introduced above is actually a description of an
m-tape Turing machine. To define other types of automata, we apply specific
restrictions to this general model. We say that an automaton is 7-way, if at
each step, it must move each input tape head one cell forward. We say
that an automaton is 1.5-way, if at each step, it may not move input tape
heads backward. Otherwise, an automaton is called 2-way. We refer to an
automaton as a finite automaton, if all of its tapes are input tapes.

To halt computation of the automaton, we may consider at least two
options. According to the first option, a subset of C is introduced and
configurations in the subset are marked as halting configurations. We monitor
the computation of the automaton and stop the computation as soon as the
automaton enters a halting configuration. According to the second option,
we determine the number of steps of computation in advance, and run the
automaton the specified number of steps. In particular, when the number of
steps is equal to the length of input, we get real-time automata.

Word Acceptance

We study automata in terms of formal languages they recognize. At least
two definitions exist, how to interpret word acceptance, and hence, language
recognition, for automata.

Definition 2.38. “Decide and halt” acceptance. Consider an automaton
with the set of configurations partitioned into non-halting configurations and
halting configurations, where halting configurations are further classified as

and the length of every input tape is | = Jmax {I7k|} + 2, so that the next cell after the
<k<p

cell indexed by [ — 1 is the cell indexed by 0. The cells indexed by 0 store &~ and the rest
blank cells store «P.
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accepting configurations and rejecting configurations. We say that an au-
tomaton accepts (rejects) an input in a decide-and-halt manner, if the fol-
lowing conditions hold:

e the computation is halted as soon as the automaton enters a halting
configuration;

e if the automaton enters an accepting configuration, the input is ac-
cepted;

e if the automaton enters a rejecting configuration, the input is rejected.

We refer to the decide-and-halt automata as DH-automata further in the
thesis. In case of real-time automata, we may use the following definition.

Definition 2.39. Classical acceptance. Consider an automaton with the set
of configurations partitioned into accepting configurations and rejecting con-
figurations. We say that an automaton accepts (rejects) an input classically,
if the following conditions hold:

e the computation is halted as soon as the number of computation steps
15 equal to the length of input;

e if the automaton has entered an accepting configuration when halted,
the input 1s accepted;

e if the automaton has entered a rejecting configuration when halted, the
wput is rejected.

We refer to the classical acceptance automata as classical automata or
C-automata further in the thesis.
The both definitions generally are not equivalent.

Language Recognition

Having defined word acceptance, we define language recognition in an equiv-
alent way as in [R 63].

By pz,a we denote the probability that an input z is accepted by an
automaton A.

Furthermore, we denote Py, = {p,a | © € L}, P, = {poa | v ¢ L},
p1 = sup Pr, po = inf Pp.

Definition 2.40. We say that an automaton A recognizes a language L with
interval (p1,p2), if p1 < pa and P, N Py = 0.
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Definition 2.41. We say that an automaton A recognizes a language L with
bounded error and interval (p1,p2), if p1 < po.

We consider only bounded error language recognition in this thesis.

Definition 2.42. An automaton recognizes a language with probability p if
the automaton recognizes the language with interval (1 — p,p).

Definition 2.43. We say that a language is recognized by some class of
automata with probability 1 — e, if for every € > 0 there exists an automaton
in the class which recognizes the language with interval (1,1 — &5), where
€1,62 < €.

Quantum Automata

In case of a quantum automaton, the transition function is
§:(Q XXy X ... x8y) X (QxXppy X...x Xy x{—,],—=}") — Cpa.

On each computation step in case of pure state automaton, the quantum
automaton is in quantum superposition of configurations. In case of mixed
state automaton, the automaton with certain probabilities is in one of several

possible quantum superpositions, or in a mixed state. |¢)) = > ac|c), where
ceC

S |ae]* = 1 and a. € C is the amplitude of a configuration |c). Every

ceC

configuration |c) € C is a basis vector in the Hilbert space H, determined by

l5(C). Every quantum automaton defines a linear operator (evolution) over
this Hilbert space. Due to the laws of quantum mechanics, this operator must
be unitary. Although evolution operator matrix is infinite, by Remark 2.37 it
has a finite number of nonzero elements in each row and column, therefore it
is possible to derive necessary and sufficient conditions, i.e., well-formedness
conditions to check unitarity for each particular automata type.

General measurements. After each step, a measurement is applied
to the current quantum superposition of configurations. A measurement is
defined as follows. We introduce a set partition of C as {Cy, Ca,,...,C,}. So

U Ci=Candifi#jthen C;NC;=0. Ey, Es, ..., E, are subspaces of
0<i<z
H spanned by Cq,Cs,, ..., C,, respectively. We use the observable O; that
corresponds to the orthogonal decomposition H = E1® Ey ®...® E,. If the
quantum superposition before the observation is > a.|c), with probability
ceC

pi = > |ac|? the outcome of the observation is [¢;) = —= Y a.|c). Hence
CECi \/ZTZ Ceci

the total outcome of the observation is a mized state | p;|1;) (1.
i=1
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Thus if z = 1, we get quantum automaton with pure states as all the
time automaton is only in single superposition, otherwise we generally have
quantum automaton with mixed states. We get other marginal case, when
C is set partitioned into infinitely many subsets, with a single configuration
in each subset®. In that case, the resulting quantum automaton is a special
kind of a probabilistic automaton. See the next subsection for further details.

Word acceptance measurements. Another type of measurement is
applied to the quantum automaton to facilitate language recognition.

Decide-and-halt acceptance. We have to monitor when the quantum au-
tomaton enters a halting configuration. Hence we perform the following mea-
surement after each step. We partition C as C,, C, and C,q,, i.€., accepting,
rejecting and non-halting configurations. FE,, F, and E,,, are subspaces of
H spanned by C,, C,, and C,e,, respectively. We use the observable O,
that corresponds to the orthogonal decomposition H = E, ® E, ® E,,,. The
outcome of each observation is either “accept” or “reject” or “continue”. If

the quantum superposition before the observation is ) a.|c), with probabil-
ceC
ity po = > |ac|? the input is accepted, with probability p, = > |a./|* the
CGCa CGCr

input is rejected, and with probability ppe, = Y. |ae|? the automaton is
CGCnon

in the quantum superposition of non-halting states |¢)) = \/}im > ade).
ceC

Classical acceptance. After the computation is halted, we have to de-
termine, whether the automaton has entered accepting or rejecting config-
uration. We partition C as Cyee and Cyej, i.€., accepting and rejecting
configurations. Fye., E,.; are subspaces of H spanned by Cuee and Cej,
respectively. We use the observable O3 that corresponds to the orthogonal
decomposition H = E,.. ® E,.;. The outcome of the observation is either
“accept” or “reject”. If the quantum superposition before the observation is
> aglc), with probability pee = Y. |ae|? the input is accepted and with
ceC c€Cacec
probability p.e; = Y. |a.|? the input is rejected.

cECre;j

In case both generjal measurement and word acceptance measurement
have to be performed in a single step, it is easy to see that the order of
measurements is irrelevant, actually both measurements may be combined
into a single measurement after each step.

Putting things together, each computation step consists of two parts.
At first the unitary evolution operator is applied to the current quantum

non

3By Remark 2.37, on each computation step the number of configurations in a quantum
superposition is finite, so on each step it is possible to make the corresponding measurement
actually using some finite partition of C.
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superposition and then the appropriate measurements are applied, using ob-
servables as defined above.

Probabilistic Automata

In case of probabilistic automaton the transition function is
01 (Q@X By X ... xEn) X (QXXp1 X ... x Xy X {e, ], =}") — Ry

After its every step, the probabilistic automaton is in some probability
distribution poco + p1cy + . . . + p.c., where pg+p1 + ...+ p, = 1. Such prob-
ability distribution to be called a superposition of configurations as analogy
to the quantum case.

A linear closure of C forms a linear space, where every configuration can
be viewed as a basis vector. This basis is called a canonical basis. Every
probabilistic automaton defines a linear operator (evolution) over this linear
space. The linear operator is defined by the probability transition matrixes.

Deterministic Reversible Automata

Deterministic reversible automata can be viewed as a special case of quantum
automata. The transition function is

(@ X1 X ... xE,) X (QXXppg X...xE, x{— ], —}") —{0,1}.

The condition of unitarity in the deterministic case implies that for any
configuration there is exactly one configuration from which we get there in
one step. So in the operator of automata there is exactly one 1 in every row
and every column.

Automata Notations

We regard quantum automata, probabilistic reversible automata and deter-
ministic reversible automata as reversible automata. Refering to different
types of automata, we shall use the following notation:

[C|DH-](automata type)[-P|M].

C refers to “classical”, whereas DH refers to “decide-and-halt”. Notations
P and M are used in the case of quantum automata. P denotes an automaton
with pure states, whereas M - an automaton with mixed states.

For example, C-QFA-M are quantum finite automata with mixed states,
using classical definition of language recognition.
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Abbreviations for different automata types are: QFA - quantum finite
automaton, Q1CA - quantum 1 counter automaton, PRA - probabilistic
reversible automaton, DRA - deterministic reversible automaton.



Chapter 3

Probabilistic reversible
automata

3.1 Probabilistic Reversible Automata

Let us consider A.Nayak’s model of quantum automata with mixed states,
[N 99]. A variety of this model for arbitrary type of automata was consid-
ered in the previous subsection. (The difference is that Nayak’s model allows
a fixed sequence of unitary transformations and subsequent measurements
after each step.) As noted there, if a result of every observation is a sin-
gle configuration, not a superposition of configurations, we actually get a
probabilistic automaton. However, the following property applies to such
probabilistic automata - their evolution matrixes are doubly stochastic.

So we give the following definition for probabilistic reversible automata:

Definition 3.1. A probabilistic automaton is called reversible if its evolution
15 described by a doubly stochastic matriz, using canonical basis.

If the evolution of a probabilistic reversible automaton is described by
unitary stochastic matrix (see Definition 2.12), the automaton can be viewed
as a special case of a quantum automaton with mixed states.

It is necessary to note that in [AF 98], A. Ambainis and R. Freivalds
proposed a more restricted notion of probabilistic reversibility, that allowed
probabilistic choice only at the first step and after that automaton acts as
deterministic reversible automaton. For example, they show that for the
language L = {a®*""®|n € N}, not recognizable by a 1-way deterministic re-
versible finite automata, there exists a 1-way probabilistic reversible finite au-
tomaton which recognizes the language. Consequently, this restricted notion
was used in [YKTI 00]. That model is actually a special case of probabilistic
reversible DH-automata, as defined in the thesis.

30
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3.2 Definition of 1-way Probabilistic Reversible
Automata

In this section we give formal definition of 1-way PRA.

Definition 3.2. 1-way probabilistic reversible automaton (PRA)
A= (Q,%,q,0) is specified by a finite set of states Q, a finite input alphabet
>, an initial state qo € Q, and a transition function

5ZQXFXQ%R[O,1],

where I' = ¥ U {%, <P} is the input tape alphabet of A and 3, <P are end-
markers not in . Furthermore, transition function satisfies the following
requirements:

V(ql,al) e xT 25(611,01,61):1 (31)
q€Q

V(g1,00) € Qx T Y b(g.o1,q1) =1 (3.2)
qeqQ

For every input symbol o € I, the transition function may be determined

by a |Q| x |Q] matrix V,, where (V,); ; = d(¢;, 0, ¢)-

Lemma 3.3. All matrizes V, are doubly stochastic iff conditions (3.1) and
(3.2) of Definition 3.2 hold.

Proof. Trivial. O

A linear operator Uy corresponds to the automaton A. Formal definition
of this operator follows:

Definition 3.4. Given a configuration ¢ = (v;q;0vy),

Use ™ 7 6(g;, 0,q) (irqus).

q€Q
Given a superposition of configurations ¥ = Y pec,
ceC
Uatp = ZPCUAC'

ceC

Using canonical basis, Uy is described by an infinite matrix M 4.
To comply with Definition 3.1, we have to state the following:
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Lemma 3.5. Matriz M, is doubly stochastic iff conditions (3.1) and (3.2)
of Definition 3.2 hold.

Proof. Condition (3.1) takes place if and only if the sum of elements in every
column in M4 equal to 1. Condition (3.2) takes place if and only if the sum
of elements in every row in M4 equal to 1. O]

This completes our formal definition of 1 way PRA.

3.3 1-way Probabilistic Reversible C Automata

3.3.1 Definition

For a definition 3.1 we define word acceptance as specified in Definition 2.39.
The set of accepting states is @ and the set of rejecting states is @ \ Qp.
We define language recognition as in Definition 2.42. That completes formal
definition of 1-way C-PRA automata.

3.3.2 Boost of Probability and Closure properties

Lemma 3.6. If a language is recognized by a C-PRA A with interval (p1, p2),
exists a C-PRA which recognizes the language with probability p, where

L 7Z'fp1 +p2 <1

2—p1—p2

p:{ ol Ut pe 21

Proof. Let us assume, that the automaton A has n — 1 states. We shall
consider the case p; + ps > 1.
Informally, having read endmarker symbol -, we simulate the automaton
A with probability plim and reject input with probability 2+22—1
Formally, to recognize the language with probability

S, we modify
the automaton A. We add a new state ¢, ¢ Qr, and change the transition

function in the following way:

def

® Vo, 0 #%, 0(¢r,0.¢;) = 1

def p14po—1.
. 5(Q07q_)7qr) — pitp2

e Vg, 4 # ¢, 0(q0, %, @) = =001l ).
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Now the automaton has n states. Since endmarker symbol & is read only

once at the beginning of an input word, we can disregard the rest of transition
function values, associated with 9»: Vg;, ¢;, where ¢; # qo, 6(¢;, %, ¢;) =
1—5(11073—%(1;‘)
Zthe transition function satisfies the requirements of Definition 3.2 and
the constructed automaton recognizes the language with probability pllfpz.
The case p; + po < 1 is very similar. Informally, having read endmarker
symbol &, we simulate the automaton A with probability 27;7]02 and accept

input with probability ;:gi—:iz. O

Theorem 3.7. If a language is recognized by a C-PRA, it is recognized by
C-PRA with probability 1 — €.

Proof. Following Lemma 3.6, we can assume that a language L is recognized
by a C-PRA automaton A = (Q, %, g0, QF, ) with probability p.

Let us consider a system of m copies of the automaton A, denoted as A,,.
We shall say that our system has accepted (rejected) a word if more (less or
equal) than a half of automata in the system have accepted (rejected) the
word. We define language recognition as in Definition 2.41.

Let us consider a word w € L. The automaton A accepts w with probabil-
ity p, > p. As a result of reading w, p, automata of the system will accept
the word, and the rest will reject it. The system has accepted the word, if
% > % Let us take 7, such that 0 < ny < p — % < Puw — % Estimating the

<770}

(3.3)
In case of m Bernoulli trials, Chebyshev’s inequality may be used to prove
the following ([GS 97], p. 312):

probability that % > %, we have

w 1 w w
P{/ﬁ>—}zP{pw—no<M—m<pw+no}=P{ u—m—pw
m 2 m m

Fom Po(l—p,) 1
P= —p,| > < < 3.4
{‘ m Pl = 770} - mn dmnd (34)
The last inequality induces that
Ham 1
P1=—= —pu| < >1— 3.5
e -nf <n}o1-m &

e 1 1
pyfm s —b - 3.6
{m 2} Amng 34)
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Inequality (3.6) is true for every w € L.

On the other hand, let us consider a word £ ¢ L. The automaton A
accepts £ with probability p < 1 — p. If we take the same ny, 0 < ny <
p— 1 <1 —pand for every £ we have

2 =3
3 1 § 1
/’Lm m
P> -3 P — > < 3.7
{m 2}_ { m pe _770} 4m778 (3.7)

Due to (3.6) and (3.7), for every ¢ > 0, if we take n > g
system A,, which recognizes the language L with interval (1,1 — €3), where
€1,69 < €.

Let us show that A, can be simulated by a C-PRA. The automaton
A =(Q, %, q), Qr,d) is constructed as follows:

QY {(goyor - €)1 0< 5 <1QI = 1}; ¢ 2 (040 - - - q0).

A sequence (gs,qs, - - - Gs,) is an accepting state of A’ if more than a half
of elements of the sequence are accepting states of A. We have defined the

set Q'r.
Given 0 € T, 0" ((GayGas - - - Gan)s T (@or @b - - - @) = 11 6(qas» 0 @1y)-
=1

we get a

In essence, Q' is n-th Cartesian power of () and the linear space formed

by A’ is n-th tensor power of the linear space formed by A. If we take a

symbol ¢ € T, transition is determined by |Q|" x |Q|" matrix V!, which is
n

n-th matrix direct power of V,, i.e, V! = Q V.
=1

A’ simulates the system A,. Since matrix direct product of two doubly
stochastic matrixes is a doubly stochastic matrix, Vo V] are doubly stochastic
matrixes. Therefore our automaton A’ is C-PRA.

We have proved that Ve > 0 the language L is recognized by some C-PRA
with interval (1,1 — &2), where 1,69 < €. Therefore, by Lemma 3.6, the
language L is recognized with probability 1 — ¢. [

Lemma 3.8. If a language Ly is recognizable with probability greater than

% and a language Lo 1s recognizable with probability greater than % then lan-

guages Ly N Ly and Ly U Ly are recognizable with probability greater than

:.

Proof. Let us consider automata A = (Qa, %, go.a, Qr.a,04) and

B = (Qp,%,q,8,Qrp,0p) which recognize the languages Ly, Ly with prob-

abilities pi,ps > %, respectively. Let us assume that A, B have m and n

states, respectively. Without loss of generality we can assume that p; < ps.
Informally, having read endmarker symbol 9, with probability % we sim-

ulate the automaton A; and with the same probability we simulate the au-

tomaton As,.



CHAPTER 3. PROBABILISTIC REVERSIBLE AUTOMATA 35

Formally, we construct an automaton C' = (Q, %, qo, QF, ) with the fol-
lowing properties.
def

QEQaUQs 0= qoa; Qr = QraUQrp; 6 = 54 Udp, with an exception
that:

L 5(q07 q_>7 Qi,A> = %5A((107 q_>7 Qi,A>;

e 0(qo, %, ¢i,8) = 305(q0, %, ¢i,B);

2—5(g0,%,4;

b VQH qi 7£ qo, 6(QZ7q_>JQJ> = %
Since § satisfies Definition 3.2, our construction of C-PRA is complete.

The automaton C' recognizes the language LN Ly with interval (p, ’%),
where p <1 — %pl. (Since pq,pa > %, 1— %pl < ’%)

The automaton C' recognizes the language L;UL, with interval (2—p1T—p2’ p),
where p > %pl. (Again, H%” < %pl)

Therefore by Lemma 3.6, the languages Ly N Ly and Ly U Ly are recog-
nizable with probabilities greater than % O

Theorem 3.9. The class of languages recognized by C-PRA is closed under
intersection, union and complement.

Proof. Let us consider languages Li, L, recognized by some C-PRA au-
tomata. By Theorem 3.7, these languages is recognizable with probability
1 —¢, and therefore by Lemma 3.8, union and intersection of these languages
are also recognizable. If a language L is recognizable by a C-PRA A, we
can construct an automaton which recognizes a language L just by making
accepting states of A to be rejecting, and vice versa. O

Theorem 3.10. The class of languages recognized by C-PRA is closed under
tnverse homomorphisms.

Proof. Let us consider finite alphabets 2,7, a homomorphism h : ¥ —
T*, a language L C T* and a C-PRA A = (Q, T, qo, QF,0), which recog-
nizes L with interval (p;,ps). We prove that exists an automaton B =
(Q,%, qo0, Qr,d") which recognizes the language h=*(L).

Transition function 6 of A sets transition matrixes V., where 7 € T.
To determine ¢’, we define transition matrixes V,, o € X. Let us define a
transition matrix V,,:

Vor, = Vin@lm Vintor)lm—1 - - - Vinow)is

where m = |h(oy)|. Multiplication of two doubly stochastic matrixes is a
doubly stochastic matrix, therefore B is a C-PRA. Automaton B recognizes
h~Y(L) with the same interval (py, po). O
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Corollary 3.11. The class of languages recognized by C-PRA 1is closed under
word quotient.

Proof. This follows from closure under inverse homomorphisms and presence
of end-markers &, <. m

We should reference that necessity of end-markers is considered in [FGK 04]
and it has been proven that C-PRA automata without end-markers recog-
nize the same class of languages as C-PRA automata with both end-markers.
Thus if C-PRA without end-markers are considered, closure under word quo-
tient remains true.

3.3.3 Recognition of L, = ajaj...a,

Theorem 3.12. For every natural positive n, a language L,, = aja;...a} s
recognizable by some C-PRA with alphabet {ay,as, ..., a,}.

Proof. We construct a C-PRA with n 4 1 states, ¢o being the initial state,

1
corresponding to probability distribution vector 0 . The transition
0
function is determined by (n 4+ 1) x (n + 1) matrixes
101
5 5 0 0
10 0 7 3 0 0
g 1 1 2 2 0 J
Va1 = . n . n 7Va2 - O O n—1 n—1 5 ""/an =
Y " 00 1
w0
i 1 . The accepting states are qp...¢,—1, the only rejecting
0O ... 01

state is ¢,. We prove, that the automaton recognizes the language L,,.
Casew € L,,. Having read w € ajaj...aj, the automaton is in probability

x|

distribution . Therefore all w € L,, are accepted with probability 1.

O??‘|H:

o -
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Case w ¢ L,. Consider k such that w = wjows, |wi| = k, w; € L, and
w10 & L,. Since all one-letter words are in L,, k > 0. Let a; = [w]; and a; =

o. Sowe have s <t,1 <s<n-—1,2<t<n. Having read w; € aja}...aJ,
1

t

the automaton is in distribution 6 . After that, having read a,, the au-
0
1 1
tomaton is in distribution 6 6 1 1 t =
n—s+1 """ n—s+1 0
o : 1
0 0 n—s+1 """ mn—s+l 0

|

ELle .

t . So the word wya, is accepted with probability 1 —
t(n—s+1)
. n—s+1
t—s
t(n—s+1)
t(nt__—sil). By Lemma 2.11, since t(n:8+1) < %, reading the symbols succeeding
wia, will not increase accepting probability. Therefore, to find maximum

accepting probability for words not in L,, we have to maximize 1 — iXTLT—sS—I—U’

where s < t, 1 < s <n-—1,2 <t < n. Solving this problem, we get

t=k+1l,s=kforn=2k, andwegett=k+1,s=kort=k+2,s=k+1

for n = 2k+1. So the maximum accepting probability is 1 — m, if n = 2k,
. . 1

and it is 1 — m,

. . 1
the language with interval (1 — e e

L,, can be recognized with probability 1 — ¢). O

if n =2k + 1. All in all, the automaton recognizes
1). (Actually, by Theorem 3.7,

Corollary 3.13. Quantum finite automata with mized states (model of Nayak,
[N 99]) recognize L,, = ajal...a} with probability 1 — ¢.

Proof. This comes from the fact, that matrixes V,,,V,,,...,V,, from the
proof of Theorem 3.12 and the matrixes in Theorem 3.7 all have unitary
prototypes (see Definition 2.12). O]
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3.3.4 Class of languages not recognizable by 1-way C-
PRA

In this section we will prove that regular languages which minimal determin-
istic automaton contain certain forbidden constructions can not be recogniz-
able by 1-way C-PRA. We start by definition of these ”forbidden” construc-
tions.

Definition 3.14. We say that a regular language is of Type 0 (Figure 3.1)
if the following is true for the minimal deterministic automaton recognizing
this language: Fxist three states q, q1, g2, exist words x, y such that
1) 1 # qo;

2) gz =q1, 9y = @2;

3) T = q1, QY = @;
4) Vt € (x,y)* Tt € (7,y)" qitts = qu;
5) Vt € (x,y)* Tty € (x,y)* gatta = qo.

Figure 3.1: Type 0 construction
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Definition 3.15. We say that a regular language is of Type 1 (Figure 3.2)
if the following is true for the minimal deterministic automaton recognizing
this language: Fxist two states q1, q2, exist words x, y such that

1) q1 # g9

2) 1T = G2, QT = @o;

3) @y = q.

Definition 3.16. We say that a regular language is of Type 2 (Figure 3.3)
if the following is true for the minimal deterministic automaton recognizing
this language: FExist three states q, q1, q2, exist words x, y such that

1) 1 # qo;

2) qr = q1, qY = @;
3) 1 = q, QY = qu;
4) @ = q2, QY = @2

(@)

Figure 3.2: Type 1 construc-

tion )
Figure 3.3: Type 2 construc-

tion

Type 1 languages are exactly those languages that violate the partial order
condition of [BP 99]. Type 2 construction is more general then forbidden
construction for DH-QFA considered in [AKV 00].

Lemma 3.17. If A is a deterministic finite automaton with a set of states
Q and alphabet 3, then Vq € Q Vx € ¥* Tk > 0 qa* = qu?*.

Proof. We paraphrase a result from the theory of finite semigroups. Consider
a state ¢ and a word x. Since number of states is finite, 3m > 0 ds > 1 Vn
qr™ = qz™x*". Take ng, such that sng > m. Note that Vt > 0 qz™" =
qr s We take t = sng — m, so qr¥™ = qr¥™0x™. Take k = sny. O]

Lemma 3.18. A regular language is of Type 0 iff it is of Type 1 or Type 2.

Proof. 1) If a language is of Type 2, it is of Type 0. Obvious.
2) If a language is of Type 1, it is of Type 0. Consider a language of Type
1 with states ¢, ¢5 and words z”,3”. To build construction of Type 0, we
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take ¢ = q1 = ¢, 2 = ¢5, x = 2"y", y = 2”. That forms transitions qv = ¢,

Y = G2, 1T = q1, QY = 2, @2 = q1, G2y = q2. We have satisfied all the
rules of Type 0.

3) If a language is of Type 0, it is of Type 1 or 2. Consider a language
whose minimal deterministic automaton has construction of Type 0. By
Lemma 3.17,

336 1y” = ¢ and ¢y = qi;
Judec g2¢ = ¢, and g, x° = q,.

If ¢ # q, by the 4th rule of Type 0, 32 ¢,z = ¢;. Therefore the language
is of Type 1. If g2 # qu, by the 5th rule of Type 0, 3z ¢,z = @2, and the
language is of Type 1.

If 4 = q and g2 = g, we have qz° = q1, qv° = @, ¢z° = v’ = ¢,
C

@1¢ = ¢y° = q2. We get the construction of Type 2 if we take 2/ = 2¢,
y =y’ =

The following theorem illustrates the relationship between Type 1 and
Type 2 languages.

Theorem 3.19. A reqular language L is of Type 1 iff L is of Type 2.

Proof. 1t is a well known fact, that the class of regular languages is closed
under reversal.

1) Consider a Type 1 regular language L C 3*. Since L is of Type 1, it is
recognized by a minimal deterministic automaton D = (Q, %, g0, QF, ) with
particular two states qi, qo, such that ¢1 # ¢, 1 = @2, Gox = @2, @Y = ¢,
where x,y € ¥*. Furthermore, exists w € ¥* such that qow = ¢, and exists
z € ¥* such that ¢,z € Qp if and only if 22 ¢ Q. Minimal deterministic
automata of a regular language and of its complement are isomorphic, so
without loss of generality we assume that ¢;z € Qr and ¢z ¢ Q.

So w{zy,r}*rz C L and w{ry,2}*(zy)z C L, and in the case of the
reverse of L, zRxft{yfizf zf}wf C LB and 2B (yfzf){yRzf 2P0l C
L% We denote oy = z%, 0y = yfa®, hence 2foi{0y, 01 }*w? C LE and
oy{oy, o }wlt C LE.

Consider a minimal deterministic automaton D = (QF, %, 59, QE, 6%7),
which recognizes L. Let s = sozf. Let Q1 = {s7 | 7 € 01{09,01}*} and
Qo = {s7 | T € 03{09,01}*}. For any q € Q1, qw® ¢ QE and for any ¢q € Q-,
qu't € QF. Therefore Q; N Qo = (). Furthermore, it is impossible to go from
a state in @); to a state in @9, or vice versa, using only words in {0y, 09}
So s ¢ @1 and s ¢ Qs.

Consider a relation R = {(s;,s;) € Q3 | s; € si{o1,02}*}. R is a weak
ordering, so R' = {(si,s;) | s;Rs; and s;Rs;} is an equivalence relation,
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partitioning ), into equivalence classes. Since the number of states in ); is
finite, exists a class S C )y, which is minimal, i.e, Vg € S V7 € {01,0}*
qr € S. Since S C @y, exists a word 77 € {07, 09}*, such that s(o17q) € S.
Now by Lemma 3.17, Ip > 0 ds; € S s(oy7)? = s1 and s1(o17)P = 5.
Since S is an equivalence class of R, Vg € S V1 € {01,02}* I € {01,09}*
q(T72) = q. So, exists Ty, such that s;(oa72) = 1.
Let us denote a = (0171)?, B = 097, SO S = $1, S50 = 81, 518 = S1,
where s1 € Q1.
By Lemma 3.17, it is possible to construct a sequence of states to, t1,. ..,
tm—1,..., where ty5 = s, such that
to(Bar) =t; and tjaf =ty
tl (ﬁO&kQ) = tg and tQOékZ = tQ,

tm_1(Bafm) = t,, and t,afm =t,,,

Because ( € g9{01,02}* and « € o1{01,02}*, Vi > 0 t; € Q2. Let T, =
{to,...,tm}. Since the number of states in ) is finite, exists i, such that
ti € T,_1. So, exists j, 0 < j < i, such that ¢; = ¢; and starting with ¢;, the
sequence becomes periodic. Let k = kiko...k;. Now, Vm > 0 t,,(8a¥) =
tmi1 and ty,10f = t,,41. By Lemma 3.17, 3r > 0 Jsy, such that s(Ba*)" = s,
and so(Ba*)" = s5. The state sy = t,., 80 89 € Qo and soa® = ss.

So we have sa¥ = s1, s10* = 51, 51(BaF)" = 51, 8(Bak)" = 59, 85(Bak)" =
Sq, S90F = sy. Since s; € Q1, s2 € 2, 51 is not equal to s, thus we have
obtained a Type 2 construction.

2) Consider a Type 2 regular language L C ¥*. Since L is of Type 2,
it is recognized by a minimal deterministic automaton D = (Q, X, qo, Qr,0)
with particular three states ¢, q1, q2, such that ¢; # ¢, qx = ¢1, (10 = ¢,
QY = q1, QY = Q2, 2T = (o, G2y = @2, Where x,y € ¥*. Furthermore, exists
w € X* such that qow = ¢, and exists z € ¥* such that ¢;z € Qp if and
only if oz ¢ Qp. Without loss of generality we assume that ¢,z € Qr and
G2z & Qr. .

So waz{x,y}*z C L and wy{z,y}*z C L, and in the case of the reverse of
L, 2%z yByaRul ¢ LB and 27 {z®, yR}*yRwf c LR, We denote oy = z%,
oy = y®, hence 2%{0, 0o} o1w® C LT and 2%{0y, 09} 0ow® C LR,

Consider a minimal deterministic automaton D = (Qf X, sy, QF, %),
which recognizes LE. Let s = sg2®. Let Q; = {s7 | 7 € {01,02}*01} and
Q= {s7 | 7 € {01,00}*02}. For any t € Q, tw? € Q% and for any t € Q.,
twh ¢ QR. Therefore Q1 N Qy = 0.

Let T = Q1 U Q. Consider a relation R = {(s;,s;) € T* | s; €
si{o1,02}*}. R is a weak ordering, so R' = {(s;,s;) | s;Rs; and s;Rs;}
is an equivalence relation, partitioning 7" into equivalence classes. Since the
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number of states in 7T is finite, exists a class S C T, which is minimal, i.e,
Vie SVr € {01,002}  tT € 8S.

Consider a state t € S. If the state t is in () then toy € S isin Q9. If the
state t is in (o then to; € S is in ()1. So exist tq, to, such that t; € Q1 NS,
ty € Q2N S. Take s; € Q1N S. By Lemma 3.17, 3k > 0 ds,, such that
5105 = 59 and 3205 = S9. The state s5 is in Qo N.S. Since S is an equivalence
class of R, 3o € {01, 02}*, such that syo = 5.

So we have 5105 = 55, 5505 = 59, 590 = 51. Since 51 € Q1, 53 € Qa, 51 is
not equal to s, thus we have obtained a Type 1 construction. Il

Remark 3.20. Both C-DRA and C-QFA-P (see Section 3.5) recognize ex-
actly the regular languages for which the corresponding minimal determinis-
tic finite automata do not contain the following construction ([HS 66, BP 99]),
denoted henceforth as Type A construction (Figure 3.4): Exist two states ¢y,
g2, exist words x, y such that

1) 1 # qo;

2) it = g2, Qo = .
Similarly as in Theorem 3.19, we can demonstrate that a regular language L
is of Type A if and only if the language L% is of Type A.

X x
Figure 3.4: Type A construction

Finally we prove that every language of Type 0 is not recognizable by
any C-PRA.

Definition 3.21. By g 5, q, S C X*, we denote that there is a positive
probability to get to a state ¢’ by reading a single word & € S, starting in a
state q.

Lemma 3.22. If a regular language is of Type 2, it is not recognizable by
any C-PRA.

Proof. Assume from the contrary, that A is a C-PRA automaton which recog-
nizes a language L C X* of Type 2.

Since L is of Type 2, it is recognized by a minimal deterministic automa-
ton D with particular three states q, q1, ¢o such that ¢ # ¢, qx = ¢,
Y = G2, @T = q1, Q1Y = q1, ©T = G2, @Y = G2, where x,y € ¥*. Further-
more, exists w € X* such that qow = ¢, where qq is an initial state of D, and
exists a word z € X*, such that ¢;2 = g if and only if g2z = gyej, Where
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Qacc 1 an accepting state and ¢,.; is a rejecting state of D. Without loss of
generality we assume that ¢12 = guec and gz = g,¢;.

The transition function of the automaton A is determined by doubly
stochastic matrixes V,,,...,V, . The words from the construction of Type
2are x = 0y, ...0;5 and y = 0y, ...0j,. The transitions induced by words
x and y are determined by doubly stochastic matrixes X = V(7 .. Vo, and
Y = Vg,... Vo, . Similarly, the transitions induced by words w and z are
determined by doubly stochastic matrixes W and Z. By Corollary 2.30,
exists K > 0, such that

Vi (XK>,L’Z > 0 and (YK)ZJ > 0. (38)

Consider a relation between the states of the automaton defined as R =

2K B ¥
{(45) | @ ) ¢;}. By (3.8), this relation is reflexive.

Suppose exists a Word £ =66 .. &, & € {2%,yK}, such that ¢ LN q.

This means that ¢ i Qivy Qi =, Qiss- -5 Q4 S, ¢'. By Corollary 2.32,
since both X and Y* are doubly stochastic, 3¢}, ... &1, & € {(=)*, (v*)*},

/

such that ¢ g—> Qin 1o Qs — Qiys Qi é—> q, therefore ¢’ £, q, where
¢ € (%, y™)*. So the relation R is symmetric.

Surely R is transitive. Therefore all states of A may be partitioned into
equivalence classes [qo, [¢i,],---,[g,]- Let us renumber the states of A in
such a way, that states from one equivalence class have consecutive numbers.
First come the states in [go], then in [g;,], etc.

Consider the word x¥y*. The transition induced by this word is deter-
mined by a doubly stochastic matrix C' = YX X%, We prove the following
proposition. States ¢, and g, are in one equivalence class if and only if ¢, — ¢,
with matrix C. Suppose ¢, — ¢. Then (q.,q) € R, and q,, gy are in one
equivalence class. Suppose q,, ¢, are in one equivalence class. Then

13 & 3
4a —1> qilu qil —2> %27 ] 7qik_1 —k> 4b, Where 55 S {xK7 yK} (39)

K yK . =K :DKyK
By (3.8), ¢i — ¢; and ¢; — ¢;. Therefore, if ¢; — ¢;, then ¢; — ¢;, and

o yK 2Ky K
again, if ¢; — ¢;, then ¢; — ¢;. That transforms (3.9) to

(KKt

go =5 gy, where t > 0. (3.10)

We have proved the proposition.

By the proved proposition, due to the renumbering of states, matrix C'
is a block diagonal matrix, where each block corresponds to an equivalence
class of the relation R. Let us identify these blocks as Cy, C4,...,C,. By
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(3.8), a Markov chain with matrix C is aperiodic. Therefore each block C,
corresponds to an aperiodic irreducible doubly stochastic Markov chain with
states [g;.]. By Corollary 2.28, lim C™ = J, J is a block diagonal matrix,

where for each (pxp) block C, (C,);; = 110. Relation ¢; ail ¢; is a subrelation
of R, therefore Y¥ is a block diagonal matrix with the same block ordering
and sizes as C' and J. (This does not eliminate possibility that some block
of Y is constituted of smaller blocks, however.) Therefore JY® = J, and
n%i_r)nooZ(YKXK)mW = mh_rgo Z(YEXEYmY KW = ZJW. So

Ve > 0 3m H (Z(YKXK)mW - Z(YKXK)mYKW> QOH <e (311

However, by construction of Type 2, Vk Vm w(z*y*)™2 € L and wy*(z*y*)™2 ¢
L. This requires existence of € > 0, such that

v H (Z(YKXK)””‘W - Z(YKXK)mYKW) Qol| > . (3.12)

This is a contradiction. O

Lemma 3.23. If a regular language is of Type 1, it is not recognizable by
any C-PRA.

Proof. Proof is nearly identical to that of Lemma 3.22.

Consider a C-PRA which recognizes the language L of Type 1. We prove
that for words z, y exists constant K, such that for every ¢ exists m, such that
for two words & = w(z® (xy)® )™z and & = w(z™ (zy)X)™ar 2, |pe, —pe,| < €.

The transition function of the automaton A is determined by doubly
stochastic matrixes V,,,...,V,, . The words from the construction of Type
2are v = 0y, ...04 and y = oj, ...0j,. The transitions induced by words
z and y are determined by doubly stochastic matrixes X = V5, ...V, and
Y = V,,... Vo, . Similarly, the transitions induced by words w and z are
determined by doubly stochastic matrixes W and Z.

By Corollary 2.30 we can select such K that

Matrix C' = (Y X)X X* corresponds to reading of z* (zy)*. We consider
xK T K\ *
arelation between the states of the automaton defined as R = {(¢;, ¢;) | ¢ @l

¢;}. This relation by Corollary 2.34 divides states into equivalence classes.
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(leK * .’EK *

q o) ¢ is subrelation of R. To show that rewrite ¢ @) ¢’ as sequence
IK IK aSK x K
q— Qirse s Qiny — Qin_vs Gin_y, — ¢~ As K selected so that g; )] q; for

K K
any j then we can substitute 2% with 2 (zy)¥ at each step ¢ * Ley) Qiyse -

SICON G PR Ly C
Gir,s — Qix_y> Qip., —— q,gettingg —

in one equivalence class in respect to R.

Due to the renumbering of states, matrix C' is a block diagonal ma-
trix, where each block corresponds to an equivalence class of the relation
R. Let us identify these blocks as Cy,C4,...,C,. By (3.13), a Markov
chain with matrix C is aperiodic. Therefore each block C, corresponds to
an aperiodic irreducible doubly stochastic Markov chain with states [g¢;,]. By
Corollary 2.28, lim C™ = J, J is a block diagonal matrix, where for each

m—00

) ¢’. Thus ¢; and ¢; are

CIN

(p x p) block C, (C.);; = %. As relation ¢; —> ¢; is a subrelation of R,

therefore X is a block diagonal matrix with the same block ordering and
sizes as C' and J. (This does not eliminate possibility that some block of
XK is constituted of smaller blocks, however.) Therefore JXX = J, and
lim ZXE(YX)EXE)Y"W = lim Z(YX)EXE)Y"W = ZJW.

So

Ve > 0 Im H (Z(XK((YX)KXK)mW . Z((YX)KXK)mW) QOH <
(3.14)
However, by construction of Type 1, we can select z such that
w(zk(xy)*)ymzkz € L and w(z®(zy)*))™z ¢ L. This requires existence of
e > 0, such that

Vm H (ZXK((YX)KXK)’”W - Z((YX)KXK)WW> QOH Se (3.15)

This is a contradiction.
O

Theorem 3.24. If a regular language is of Type 0, it is not recognizable by
any C-PRA.

Proof. By Lemmas 3.18, 3.22, 3.23. O

We proved (Lemma 3.18) that the construction of Type 0 is a general-
ization the construction proposed by [BP 99]. Also it can be easily noticed,
that the Type 0 construction is a generalization of construction proposed by
[AKV 00]. (Constructions of [BP 99] and [AKV 00] characterize languages,
not recognized by measure-many quantum finite automata of [KW 97].)
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Corollary 3.25. Languages (a,b)*a and a(a,b)* are not recognized by C-
PRA.

Proof. Both languages are of Type 0. m

Corollary 3.26. Class of languages recognizable by C-PRA is not closed
under homomorphisms.

Proof. Consider a homomorphism a — a, b — b, ¢ — a. Similarly as
in Theorem 3.12, the language (a,b)*cc* is recognizable by a C-PRA. (Take
n=2V,=V,, V=V, V.=V, from Theorem 3.12, Qr = {¢: }) However,
by Corollary 3.25 the language (a,b)*aa*=(a,b)*a is not recognizable. O

3.4 1-way Probabilistic Reversible DH Au-
tomata

3.4.1 Definition

Taken the definition 3.1 of Probabilistic Reversible automata we define word
acceptance as specified in Definition 2.38. The set of accepting states is Q) 4
and set of rejecting states is (), these states are halting. We define language
recognition as in Definition 2.42. That completes formal definition of 1-way
DH-PRA automata.

The 1-way DH-PRA can be viewed alternatively as the automaton with
classical acceptance, but with different form of transition matrix. Instead
of halting once reaching the halting state we can consider that automaton
continues to read input till the end of but remain in the same halting state.
In this case transition matrixes V, for some o are not doubly stochastic, but
of the following form. As we can enumerate states of DH-PRA for V,, in such
way that:

1. ¢ ... q. are states, from which halting states are not accessible,

2. Qry1 --- Qn_; are non-halting states from which halting states are acces-
sible,

3. Qn_iy1 --- Qo are halting states,

k{ DST O O
and transition matrix V, will look so: O ay; O |, where
K{ O Q5 I

e DST - doubly stochastic matrix,
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e [ - unit matrix,

o Vk+1<j<n—1:> a; =1 (it’s still stochastic),
i=1

n
o Vk+1<i<n-—I[:) a;; <=1 (as originated from double stochastic
j=1
matrix where sum in each row is one).

According to definitions 2.17 states qry1 ... ¢,_; are transient and states
q1 .- qr and @41 ... @y are recurrent, with ¢,_;41 ... g, being absorbing
for Markov chain induced by transitions V,. Note that for different letters of
the alphabet o the numbering of non halting states will be different.

We call matrix of such type DH-stochastic matrix. Certainly transforma-
tion that corresponds to the reading of a sequence of letters also is described
by a DH-stochastic matrix.

Lemma 3.27. For any os,00 € X: V,, - V,, - 18 also DH-stochastic matriz.

Proof. Follows from the matrix manipulation. To show that for states from
which halting states are not accessible the matrix is double stochastic observe
that no sum in the row can exceed 1 still and also can not be less then 1 as
otherwise summing by rows and columns would give different results. O]

It should be noted however that transient states in V,_ -V, could be
different from transient states in V, - and V,.

To prove forbidden constructions for DH-PRA we need to consider the
behavior of the Markov chain induced by transition V,, in long run.

k{ps O O
Lemma 3.28. There exists such K that lim AX™ = O O O
e Ho a;; I

where DST' is block diagonal matriz with each block being double stochastic
matrix k% with k; size of block.

Proof. Follows if taken K such that AZKz > 0 for all recurrent states (possible
by Lemma 2.29). By Theorem 2.26 there is 0 probability to be at the transient
state. As recurrent states in A form doubly stochastic matrix then they
can be split into equivalence classes in respect to communication property
(see Corollary 2.34) and each block diagonal submatrix corresponds to states
in one equivalence classes. The values in these submatrixes are determined
by Corollary 2.28 . O]



CHAPTER 3. PROBABILISTIC REVERSIBLE AUTOMATA 48

Zy i Z2 Z} Z2

Figure 3.5: Type 3 construction

3.4.2 Class of languages non recognizable by 1-way
DH-PRA

It is easy to see that class of languages recognized by C-PRA is a proper
subclass of languages recognized by DH-PRA.

Example 3.29. The language a(a,b)* known not to be recognizable by C-
PRA is recognizable by DH-PRA.

In this section we will prove that regular languages which minimal de-
terministic automaton contain certain forbidden constructions can not be
recognizable by 1-way DH-PRA. We start by definition of these forbidden
constructions, that are quite similar to ones defined for C-PRA.

First class of languages to be considered is Type 1 described in C-PRA
section (see Figure 3.2).

Second class is modification of Type 2.

Definition 3.30. We say that a regular language is of Type 3 (Figure 3.5)
if a reqular language is of Type 2 and additional conditions hold for states
q1, q2: there exist 2 words z; and zy such that

1. reading of z, when being in q1 leads to accepting state and reading zy
when being in qo leads to not accepting state;

2. reading of zo when being in qo leads to accepting state and reading zo
when being in q, leads to not accepting state.
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Theorem 3.31. If a reqular language is of Type 1, it is not recognizable by
any PRA-DH.

Proof. Assume from the contrary, that A is a PRA-DH automaton which
recognizes a language L C ¥* of Type 1.

Since L is of Type 1, it is recognized by a deterministic automaton D
which has two states ¢q, g2 such that ¢; # ¢, (10 = @2, @Y = q1, @ = ¢
where z,y € ¥*. Furthermore, exists w € ¥* such that gqyw = ¢, where ¢, is
an initial state of D, and exists a word z € ¥*, such that ¢;2 = 4. if and
only if g2z = ¢r;, Where g is an accepting state and g,.; is a rejecting state
of D.

The transition function of the automaton A is determined by doubly
stochastic matrices V;,,...,V,, . Thewordsz = 0y, ...0;, and y = 0, ...0j,,
the transitions induced by words x and y are determined by doubly stochastic
matrices X = Voik- ..Vai1 and Y =V, ... Vah' Similarly, the transitions
induced by word w is determined by doubly stochastic matrix W.

Let us select 2 words x; and @y of the form z; = w(z®(zy)®)™ and
1y = w(ak (xy)K)mak.

We will show that for any € we can select K and m such that |p,, —p.,| < €.
Then as z12z € L and x22 ¢ L we get a contradiction.

We take K to be

e K > n where n is number of states of given DH-PRA A;

e K is multiple of K; *n such that (X**);; > 0 for all non-halting states
of A recurrent in respect to X;

e K is multiple of Ky * n such that ((YX)%2),; > 0 for all non halting
states of A recurrent in respect to YX.

We can select such K; and K, by Corollary 2.30. We should note however
that recurrent states in X and YX in general could be different! Given K > n
we get that any transient state for X is also transient state for (Y X)X X%,
As for any transient state ¢ of any DH stochastic matrix A some absorbing
state will be accessible by A® K > n in 1 step, and if ¢/ is absorbing state

K / /(zy)K/
that ¢ — ¢/, and ¢ — ¢'.

But there could be some states recurrent for X* that are transient states
for (YX)® X% . However if ¢; and ¢; are states recurrent for X* and ¢; < ¢;
for X and ¢; is transient for (Y X)® X* then ¢; is transient for (Y X)* X%
as well.

¢; transient in respect to (Y X)X XK means there is some sequence of
letters starting with z® that leads to the absorbing state from ¢; but not
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Xx* | < m Y x)KxE)"
R, 0 R, 0
Re| 0 0 0
0 B, 0 | 0
0
B,| I A I

Figure 3.6: The structure of the matrixes X and lim ((Y X)%XH)m

m—00

K
from g;. But that is contradiction as for any ¢/ ¢; X, ¢ will also hold
K
q; X q" as we selected K to satisfy conditions of Lemma 2.33.

So for lim we get ((YX)®X®)™ converges to some matrix J of the

form described in Lemma 3.28. X% .J = J follows from matrix multiplication
rules: XX in respect to non-halting recurrent states of ((Y X)¥ X¥) is a block
diagonal matrix of the same block ordering and size (although it is possible
that some of blocks consist of smaller blocks), but for transient and halting
states there is the same position and size of identity matrix and all the rows
corresponding to transient states in J are 0 rows (see also Figure 3.6).
That means that after reading z; = w(z™ (zy)*)™ and x5 = w(@® (zy)®)m 2k

we will get arbitrary close probability distributions that gives us required
contradiction. Or formally

lim ZXE(YX)EXEy™W = lim Z((Y X)EXE)"W = ZJW. So

m—00 m—0o0

<eE.

(3.16)
As we can select z such that w(z®(zy)*)m2® 2 € L and w(a®(xy)*))mz ¢
L, that requires existence of € > 0, such that

Ve > 0 Im H (Z(XK((YX)KXK)mW _ Z((YX)KXK)mW> Qo

Vm H (ZXK((YX)KXK)mW - Z((YX)KXK)mW> QOH Se (3.17)

]

Theorem 3.32. If a reqular language is of Type 3 then it is not recognizable
by any PRA-DH.

Proof. Assume from the contrary, that A is a PRA-DH automaton which
recognizes a language L C ¥* of Type 3.
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Since L is of Type 3, it is recognized by a minimal deterministic automa-
ton D with particular three states q, q1, ¢o such that ¢ # ¢, qx = ¢,
Y = G2, OT = q1, Q1Y = q1, ©T = G2, @2y = G2, where z,y € ¥*. Further-
more, exists w € X* such that gqow = ¢, where ¢q is an initial state of D, and
exist words 21 € X* 2o € X¥, such that 121 = aee and q122 = @rej, G221 = Grej
and 222 = (qee, Where gqc is an accepting state and g¢,.; is a rejecting state
of D.

The transition function of the automaton A is determined by doubly
stochastic matrices V,,,...,V,, . The words from the construction of Type
Jare x = 0y, ...0;5 and y = 0y, ...0j,. The transitions induced by words
x and y are determined by doubly stochastic matrices X = Vaik. .. Vo, and
Y =V,,...V,, . Similarly, the transitions induced by words w and 21 29 are
determined by doubly stochastic matrices W and Z; and Z,.

Let us select 2 words x; and zy of the form z; = w(y®(z%yX)™ and
1y = w(axkyK)m,

We take K to be
e K > n where n is number of states of given PRA-DH A

e K is multiple of K; xn where (YKl)m- > ( for all non-halting states of
A recurrent in respect to X;

e K is multiple of Ky x n where (Y%2);; > 0 for all non-halting states in
A recurrent in respect to Y X2

We can select such K; and Ky by Corollary 2.30. Recurrent states in X
and Y in general could be different, by the selection of K > n any transient
state in Y is also transient in YX X% ¢; transient in respect to Y* means
some halting state is accessible in 1 step from ¢; due to selection of K > n,
then ¢; either
a) transient in respect to X and then some transient state is accessible in
1 step with XX, thus ¢; transient in respect to Y* X% or

K
b) ¢; is recurrent in respect to X* and then ¢; X, ¢; but then ¢; transient
in respect to YX XX It easy to see that for any transient state ¢ of any DH

stochastic matrix A some absorbing state will be accessible by AX K > n in

K K
1 step. (As ¢ = ¢’ where ¢’ is absorbing state, and ¢’ ()] q.)

There could be some states recurrent for Y that are transient states for
YEXK. However if ¢; and g; are states recurrent for Y& and ¢; < ¢; and ¢;
is transient for YA XX then ¢; is transient for Y% X% as well. That holds as
we selected K such to satisfy conditions of Lemma 2.33 for both X and Y.
Then assume from contrary g; is recurrent for Y5 X% if
a) ¢; transient in respect to X then some halting state is accessed in 1 step
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lim, s »(Y"X*" ) &

R| o0 R|] o R, 0
o o |. |[R 0 |_ 0o |o
0 o| [Blo| o
0
A I B, I C 1

Figure 3.7: The structure of the matrixes Y* and lim (YXX%)™ and

lim (YEXK)m x yK

m—0o0

in respect to X and thus ¢; transient in respect to Y& XK

K K
b) g; recurrent in respect to X%, then ¢; X, g; and as g; X, g; and then
again ¢, transient in respect to YK XK
So for lim we get (YXX®)™ converges to some matrix J of the form

described in Lemma 3.28. Consider JY ¥, In respect to non-halting recurrent
states of (YXXX) the corresponding submatrix of Y is a block diagonal
matrix of the same block ordering and size (although it is possible that some
of blocks consist of smaller blocks). For transient and halting states there is
the same position and size of identity matrix , the all 0 rows corresponding to
transient states in J remain 0 rows, but rows corresponding to halting states
are changed (see also Figure 3.7)

That means that after reading x; = wy™ (z5y®)™ and z, = w(zXyx)™
from whatever starting state we will get arbitrary close probability distrib-
utions for non-halting states, but different probability distributions for the
halting states.

Then consider reading z; from such probability distribution, we receive
that the distribution over the absorbing states after reading wx and wy to
be added to the same distribution after reading remaining part of the word.
That leads that after wz accepting probability should be more then after
reading wy. If we observe z, we receive contradiction as now wx accepting
probability should be less then after reading wy. That leads to contradiction.

O

3.4.3 Closure properties

In this section we prove that the class of languages recognizable by DH-PRA
automata is not closed by the union. In [AKV 00] there is proposed a lan-
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Figure 3.8: Minimal Automaton of L

guage not recognisable by DH-QFA which is union of languages recognizable
by DH-QFA, we basically follow their proof. Although forbidden construc-
tion for DH-QFA considered in [AKV 00] is different from considered above
we find also Type 3 forbidden construction in this language.

Theorem 3.33. There are two languages Lo and Lz which are recognizable
by DH-PRA, but the union of them Li = Ly U L3 is not recognizable by
DH-PRA.

Proof. Let L be the language consisting of all words that start with any
number of letters a and after first letter b (if there is one) there is an odd
number of letters a. Its minimal automaton G, is shown in Fig. 3.8.

This language satisfies the conditions of Theorem 3.32 ¢, ¢2 and g3 of
Theorem 3.32 are just ¢q1, ¢2 and ¢3 of G1. z, y, 21, 29 are b, aba, ab and b.
Hence it cannot be recognized by a DH-PRA. Consider two other languages
L, and Ls defined as follows. Lo consists of all words which start with an
even number of letters a and after firs letter b (if there is one) there is an odd
number of letters a. L3 consists of all wards which start with an odd number
of letters a and after firs letter b (if there is one) there is an odd number of
letters a. It is easy to see that L; = Lo U L3. The minimal automatons G,
and G3 are shown on Fig. 3.9 and Fig. 3.10.

We construct two DH-PRA automata Ky and K3 which recognize lan-
guages Gy and G3. The automaton K consists of 12 states: qi1, ¢2, ¢3, qu,
@, 96, 97> G35 Gos Q10> Q11 and qia, where Qnon = {q1, @2, @3, G4, Qr2}, Qrej =

{QSa g6, 47, QS} and Qacc = {Q9> q10, Q11}- The Starting state of K2 1s qi12- The
transition matrixes Vs, V,, V, and V_, are defined as follows:
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Figure 3.10: Minimal Automa-
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1. After reading the left endmarker & K, with probability % is in the
state q; and with probability % is in the state go. G is in the starting

state q;.

2. After reading even number of letters a K, with probability % is in the
state ¢; and with probability % is in the state ¢».

3. After reading odd number of letters a Ky with probability % is in the

state ¢4 and with probability % is in the state gs.

4. If after reading an odd number of the letter a K, receives the letter
b or right endmarker then it rejects input with probability at least %
(from the state g4 by reading b or right endmarker K, goes to rejecting
state)

5. If after reading even number of letters a K5 receives right endmarker
then it accepts the input with probability %
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6. If after reading even number of letters a K5 receives letter b then with
probability % K, passes to accepting state, with probability % K, passes
to rejecting state, and probability % K, passes to the non-final state g9

7. By reading the letter a automaton K5 passes from ¢, to q3 or back. By
reading the letter b automaton Ky passes from ¢s to g and from g3 to
q3, so receiving right endmarker in the state g3 the input is accepted
with total probability % and receiving right endmarker in the state ¢
the input is rejected with total probability %

This shows that Ky accepts the language Ly with probability % Simi-
larly we construct K3 that accepts L3 with probability %

Thus we have shown that there are two languages Ly and L3 which are
recognizable by DH-PRA with probability %, but the union of them
Ly = Ly U L3 is not recognizable by DH-PRA.

]

3.5 Classification of Reversible Automata

In this section we summarize the models of 1-way reversible automata and
their computational power in a table, providing references to papers where
they have been considered.

C-Automata DH-Automata
Deterministic Permutation Automata Reversible  Finite  Au-
Automata [HS 66, T 68] (C-DRA) tomata [AF 98] (DH-

DRA)

Quantum Measure-Once Quantum Measure-Many Quantum
Automata with | Finite Automata [MC 97] | Finite Automata [KW 97]
Pure States (C-QFA-P) (DH-QFA-P)
Probabilistic Probabilistic Reversible Probabilistic Reversible
Automata C-Automata (C-PRA) DH-Automata (DH-PRA)
Quantum  Fi- | “Latvian” QFA | Enhanced Quantum
nite Automata | [ABGKMT 06] Finite Automata [N 99|
with Mixed | (C-QFA-M) (DH-QFA-M)
States

Language class problems have been solved for C automata and DH-DRA,
for the remaining types of DH automata they are still open. Every type of
DH-automata may simulate the corresponding type of C-automata.
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The following relation among language classes also presents interest, ques-
tion marks denoting conjectures:

C-DRA = C-QFA-P ¢ C-PRA = C-QFA-M
DH-DRA C DH-QFA-P ¢ DH-PRA ¢ DH-QFA-M

Generally, language classes recognized by C-automata are closed under boolean
operations, while DH-automata are not (open for the DH-QFA-M).

Most recent result [ABGKMT 06] proved that classes of languages recog-
nizable by C-PRA and C-QFA-M are equal and coincide with the all regular
languages but languages which minimal deterministic automaton contains
forbidden constructions considered in the thesis.

3.6 Weak reversibility

3.6.1 Reversibility and weak reversibility

Notion of reversibility implies ability to get input from the result. That is
quite straightforward in deterministic case but no so obvious in probabilistic
case, where the definition mimics quantum one, based on sum of probabilities
to access particular configuration from the other to be one. So natural way
of thinking about reversibility is the ability for automaton to work into the
opposite direction.

Definition 3.34. An automaton of some type is called weakly reversible
if the reverse of its transition function' corresponds to the transition function
of a valid automaton of the same type.

In case of transition function for 1-way automata 0 : Q@ X I' x Q) — Ryg
reverse function ¢’ : @ X I' x Q — Ry 1y is such that for any states ¢ and ¢’
and letters o, §'(q,0,¢") = 0(¢, 0,q). In case of one-way automata it is easy
to check that this definition is equivalent to the one in section 3.3.

Note: in case of deterministic automaton where § : Q@ x I' x Q — {0, 1}
this property means that automaton is still deterministic not nondetermin-
istic.

We give an example that illustrates that in case of 1.5-way automata
these definitions are different.

by reverse of automata function we understand the function defined such that all
transitions between states change their direction
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3.6.2 1.5-way Probabilistic Reversible Automata

Definition 3.35. 1.5-way probabilistic weakly reversible C-automaton
A=(Q,%, q,Qr,9) is specified by Q, X, qo, Qr defined as in 1-way C-PRA

definition 3.2, and a transition function
0:QxXI'xQxD— Ry,

where T' defined as in 1-way C-PRA definition and D = {0,1} denotes
whether automaton stays on the same position or moves one letter ahead
on the input tape. Furthermore, transition function satisfies the following
requirements:

V(g,o) €QxT > 8(q,o1,d,q) =1 (3.18)
qeQ,deD

V(qi,01) € @ xT Z §(q,o1,d,q1) =1 (3.19)
qeQ,deD

Definition 3.36. 1.5-way probabilistic reversible C-automaton
=(Q, X%, g0, Qr,0) is specified by Q, ¥, qo, Qr defined as in 1-way C-PRA
definition 3.2, and a transition function

0:QXI'xQxD— Ry,

where T defined as in 1-way C-PRA definition and D = {0,1} denotes
whether automaton stays on the same position or moves one letter ahead
on the input tape. Furthermore, transition function satisfies the following
requirements:

V(g,o0) €QxT > d(q,01,q,d) =1 (3.20)
q€Q,deD
v(q170_1a0—2) € Q X F2 25((]701,%7 Z 5 Q702aq1a :(3‘21)
q€Q q€Q o€l

Theorem 3.37. Language (a,b)*a is recognizable by 1.5-way weak C-PRA.

Proof. The Q = {qo, 1}, Qr = {q1}, 0 is defined as follows
0(g0,a,0,q0) = 5 d(qo,a, L, 1) =5 0(q1,0,0,q0) = 5 d(q1,a,1,q1) =
0(g0,0,1,q0) = 5 (g0, 0,0, q1) =5 6(q1,b,L,90) =5 (q1,6,0.q1) =
5(q07 P, 17 QO) =1 5((]1’ P, 1a (11> =1
It easy to check that such automaton moves ahead according to the tran-
sition of the following deterministic automaton

MI'—‘N}I»—A
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6(Q07a717q1) =1 5(6117@717%) =1
5(q07b717QU> =1 5(Q17b’17QO) =1
5(907 P, 17 QO) =1 5(q1a P, 1a %) =1
So the probability of wrong answer is 0. The probability to be at the
m position of the input tape after n steps of calculation for m < n is C}".
Therefore it is necessary no more then O(n * log(p)) steps to reach the end
of the word of length n (and since obtain correct answer) with probability
11
P

]

Still this result is of limited nature.



Chapter 4

Quantum one way 1 counter
automata

4.1 Definition of Q1CA

4.1.1 Classical 1CA

Definition 4.1. A one-counter deterministic finite automaton (D1CA) A is
specified by the finite (input) alphabet X2, the finite set of states @, the initial
state qo, the sets Q, C Q and Q, C @Q of accepting and rejecting states,
respectively, with Q, N Q, = 0, and the transition function §:Q x ¥ x S —
Q x {«|—}, where S ={0,1}.

Additionally to the keeping the state the automaton is in and position on
the input tape, there is a counter holding an arbitrary integer. The counter
is set to zero at the beginning of computation. The transition function deter-
mines how the state and the counter value are updated as input letters are
read from the tape. <, |, —, mean, respectively, decrease by one, retain the
same and increase by one the value of the counter. The value of transition
function is determined by the current letter of the input, state automaton is
in and whether the counter is zero on non-zero not the exactly value of the
counter. Thus S is defined to be 0 if and only if the value of the counter is
equal to 0, otherwise equal to 1. The computation of the input word is done
letter-wise until the last letter in the word is reached. If the automaton is
then in an accepting state, the word is considered accepted, otherwise, the
word is rejected.

Thus such automata can be viewed as special case of pushdown automata
where stack alphabet contains only one symbol and a special marker of the
bottom (automata allowing negative integers can be simulated with ones not

60
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allowing). The D1CA recognizes proper subset of context free languages. It
has been

Definition 4.2. A probabilistic finite one-counter automaton (P1CA) A is
specified by the finite (input) alphabet X2, the finite set of states Q, the initial
state qq, the sets Q, C Q and Q, C Q of accepting and rejecting states,
respectively, with Q, N Q, = 0, and the transition function §:Q X X X S x
Qx{—]—}— RT, where S = {0,1} and § satisfies the following condition:

Z(S(q,o,s,q’,d) =1 foreach q,¢ € Q,0€T,s€{0,1},de {«,|,—}.

q.d

Example 4.3. Non-context free PICA can recognize the language L, 0"10™10"
with probability 1 —1/n, for each n € N,n > 2 [Fr 78]. The basic idea of the
automaton is that the probabilistic decision is made during the first step and
one of the following n paths is chosen with equal probability. Each path is
a deterministic automaton that accepts the word if it is in the form 0°10710"
and an equation in the form axi+b*j = (a+b) x k, where a,b € N is satis-
fied. We can choose such a, b for each path that the equation can be satisfied
at most in one path for any word, which is in form 010°10* and does not
belong to Ly. Thus if the word belongs to L, than the automaton accepts it
with probability 1. If the word is not like 0°10710% than it is rejected with
probability 1. If the word does not belong to Ly but is like 0°10710% then it
is rejected with probability at least 1 — 1/n.
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4.1.2 General model of Q1CA

Definition 4.4. A quantum finite one-counter automaton (Q1CA) A is spec-
ified by the finite (input) alphabet 3, the finite set of states Q, the initial state
Qo, the sets Q, C Q and Q. C Q of accepting and rejecting states, respectively,
with QuNQ, = 0, and the transition function §: QXI'x SxQx{—|—} — C,
where I' = U{%, <P} is the tape alphabet of A and symbols &, <P are left and
right endmarkers not in 3, S = {0, 1}, and ¢ satisfies the following conditions
(of well-formedness) for each q1,q2,¢' € Q,0 € ;s € {0,1},d € {«, |, —}:

1. Local probability and orthogonality condition

* 17 qul =2
6 M ) M ,7d 5 M ) ) ,7d - . 4']‘
qu (q1,0,51,4',d)d(q,0,52,4', d) {0, if 0 % ¢ (4.1)

2. Separability condition [

Z 5*<Q17 g, S1, q/7 —>)5(Q27 g, S2, q/7 l) +
q.d
+25*(QI707817QI7l)(s(qQ7Ua 827q,7 <_> =0 (42)

q'.d
3. Separability condition 11

25*(%,0, Slaq/7_>)6<QQ>U7 527q/7%) = 07 (43)

qd
where * denotes complex conjunctive.

Formally A = (X, Q, qo, Qa, @r,0).

For an integer n let C), be the set of all possible configurations of A for
inputs of length n. The definition determines that at the n-th step automata
reads n-th symbol of w,, and before the n-th step the counter can contain
value from —(n — 1) up to n — 1. So the configuration of A for each specific
input x at each step can be uniquely determined by a pair (¢, k), ¢ € @ and
k € [0,n — 1], where ¢ is the state of the automata and k is value of the
counter.

A computation of A on an input x of length n corresponds to a unitary
evolution in the underlying Hilbert space H, = l2(C,,). For each ¢ € C,,, |c)
denotes the basis vector in ly(C,), we will use also |¢,k). Each state in
H,p will therefore have a form Y- . a.|c), where 37 . |a.|* = 1. The
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automaton A induces for any input x € X" a linear operator US that is
defined as

U g k) =S 8(q, wean sign(k), ', d) |,k + p(d)) (4.4)
q.d

for a configuration (¢, k) € C,, where w,; denotes i-th symbol of w, =%
x «p,sign(k) = 0 if £ = 0 and 1 otherwise, u(d) = —1(0)[1] if d = (])[—].
By linearity U? is extended to map any superposition of basis states.

This definition corresponds to usual DH model of quantum automata. If
we are not restricted with n instead of set of all possible configurations C' to
be used instead ofC,,.

4.1.3 Unitarity of Q1CA

Now we will prove that the evolution of a QICA A, satisfying conditions 1
- 3, is unitary. We consider the ultimate case when no restriction on input
length. As underlying Hilbert space is not finite dimensional we need to prove
both US"U? = I and USUS = I. But we should note that transformation
matrix is of special form

e finite number of nonzero element in each row and column as we can get
by one step to the configuration with counter value different at most
by one

e there is finite number of different rows and columns as ¢ is independent
on exact value of the counter, all the other rows and columns can be
received from them by offset of them.

For such matrix we have seen that USUS" = I follows from U2'US = I
and norm of the vectors equal to 1 (see Preliminaries Lemma 2.7).

We will prove that using the approach similar to used in [BV 97| for
Quantum Turing Machine.

Lemma 4.5. Let U be a transition matriz of Q1CA and U*U = I then norm
of any row vector of U s equal to 1.

Proof. For arbitrary n columns of U let B be a m x n matrix that contains all
the rows having nonzero elements when intersecting with selected n columns.
Assume for any arbitrary small € we can select such n and matrix B that 2
conditions hold:

e m/n<1+e
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e there is a constant p that rows of particular type from U are in B at
least m/p times

Then the sum of squares of B elements is equal to the n if counting by column
norms. Let for some row in B the norm to be 1 — ¢ and the row is in B at
least m/p times, then we can get a contradiction by calculating the same
sum by m rows, that can not be greater then:

moe(1=1/p)+m/p(1-1/8) < m—m(3/u) < n(1+6)(1=5/n). i e < /(=)
then n(1 +¢€)(1 —d/u) < n that will give us required contradiction.

To construct such a matrix B let us select value of the counter from c
to c+k-1. Number of configurations S that correspond to these values is
n = card(Q) = k. Columns in U that correspond to the configurations S hold
non zero values on the rows that correspond to the configurations from S
and those having value of the counter c-1 and c+k additionally. The number
of later is 2 % card(Q). Thus m = (k + 2)card(Q)) and we can select k large
enough to get for arbitrary small e m/n =1+ 2/k < 1+ €. In such B the
rows that correspond to the counter values from c+1 till c4+k-2 hold nonzero
elements only in columns from B , these rows make up 1 — 2/k of all rows,
thus p can be selected. So we get required construction of B for all the rows
excluding for those corresponding to ¢ and c+k-1 value of the counter. But
for those we can select another ¢ so that these rows would be internal. [

Lemma 4.6. For any input string x US US = I iff the conditions (1) to (3)
of Definition 4.4 are satisfied.

Proof. US"US = I can be rewritten as:
L ||US |q, k)| = (U2 |q. k) |UZ |g, k)) = 1, for all configurations (g, k);

2. U |q1, k1) L U2 |qo, ko) for all different configurations (qi, k1) and (qq, k)
the last can be written as

(a) (U |qr, k1) |U2 |ga, ko)) = 0
(b) (U2 |ga, ka) |US |1, k1)) = 0,

where ¢,q1,q2 € Q and k, ki, ky € [0, |z] + 1].

The (U2 g1, k1) |U2 |go, ko)) can be rewritten as
(Ug lan, k) (U3 lgo, o)) =

Z 6*(q17 Wy, Sign(kl)a qla dl)(s(qQa Wy, Sign(k2)7 qla d2)

q',d1,d2
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where ki1 + di = ko + dy. Each member of the sum corresponds to the
product of the amplitudes of U%* |qy, k) and U? |qo, ko) mapping to the same
configuration |¢', k1 + di) = |¢/, ko + d3).

If conditions 1. to 3. of Definition 4.4 are satisfied, then

L0210, k)| = Sy 00 (a, wer, sign(k), @' d)3(q, wer, sign(k). ¢/, d) = 1.

when 1. is true for ¢; = ¢

2. We observe separately the following cases (ky < ko) (for (ke < ki) it
can be shown similar):

2.1 k1 =k (1 # @)
(2(1) = Z " (Qh Wy, Slgn(k)a qlv d)5(Q2; Wy Slgn(k)a q/a d) =0
q.d
when 1. is true for ¢; # ¢o.

2.2. ke — k1 > 2 (2a) = (2b) = 0, because there is no such |¢, k")
for which there is non zero amplitude in both U’*|q, k;) and
U? |2, k) in this case, because the value of the counter can change
at most by 1 at each step.

23. ky—k1 =2
(2a) = 25*(91,7%@'7 sign(k1),q', —)0(q2, Was, sign(ka), ¢, <) =0
ql

if 3. is true.
24 kz - kl == 1

(2&) = Z 6* (Qh Wy, Sign(kl)a q/a l)(s(Q% Wy, Sign(kQ)a qlv <_) +

q

Z 5*(Q17 Wy, Sign(kl)a qla —>)5(q27 Wei, Sign(kQ)a q/7 l) =0

q/
when 2. is true.

These equalities stand in case if US U2 = I thus to prove lemma into the
opposite direction we would consider the same cases. Il

So we can formulate the theorem

Theorem 4.7. For any input string x the mapping U? is unitary if and only
if the conditions (1) to (3) of Definition 4.4 are satisfied.

Proof. Follows from Lemmas 4.6 and 4.5 and 2.7 O]
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4.2 Models of Q1CA

4.2.1 Simple Q1CA

Conditions 1-3 are not constructive, so given an automaton we can test them,
but they do not allow us to specify the automaton in constructive way easily.
So like the definition of simple 2-way QFA, see [KW 97|, we can define simple
QICA.

Definition 4.8. A Q1CA is simple, if for each o € T',s € {0,1} there is
a linear unitary operator V, s on the inner product space l3(Q) and a function
D:Q,T'" — {«,|,—} such that for each g € Q,0 € T';s € {0,1}

b on S Ad WVesla) if D(¢ o) =4d
5(Q70787q 7d) - { 0 6[86

where (¢'|V,s|q) denotes the coefficient of |q') in V,5|q).
In other words that means that transition function is defined by

e (a) Separate unitary matrixes for each letter of the working alphabet
and also for zero and non-zero value of the counter that determine
change of the state.

e (b) Function that determine the change of the value of the counter by
the state automaton moves in and letter read.

Theorem 4.9. A simple Q1CA satisfies the well-formedness conditions 1-3.
if and only if

. 1, if g1 = qo
/Vo's /VO'S = 7.
%:(N 5171)" (4 | Vo s|q2) { 0,if, ¢1 # ¢

foreach o € T';s € {0,1}. That holds if and only if every operator is unitary.

Proof. We can simply rewrite well-formedness conditions:

Z 6*(q17 g,s, q/7 d>6(q27 g,s, qu d) =

q.d

Z 5* (q7 0-7 S? q/’ D(q/7 d))é(q7 0-7 87 q/7 D(q/’ d)) + 0 =

q

Z(q/‘vo,s‘q1>* <q/‘va,s ‘%)

q/
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Conditions 2. and 3. are satisfied because D(¢’,d) can be equal only to one
of the «, |, — for all § in the sum. But each member of the sums 2., 3.
has two multipliers with different d («—, | and |, — in 2. and <, — in 3.).
So each member of the sum always has at least one of the multipliers equal
to 0. Thus the whole sum is 0 too. We can use these considerations also to
prove the theorem in the opposite direction. Il

4.2.2 Models of acceptance by Q1CA

In this section we define formally the acceptance and rejection models of
Q1CA. An observable used in Q1CA is defined the way for any DH automata.
The difference is that in a one counter automata case acceptance can be
defined in several ways:

1. acceptance both by state and zero value of the counter
2. acceptance by zero value of the counter

3. acceptance by state

For each input word x with n = |z| and a QICA A = (3, @, qo, Qu, @y, 0) let

quaykZO
k=0
q € Qa
q€Q,
q€Qrk#0
q€Q,

Cy =4 (¢, k) | (¢, k) € Cy,

(088 =4 (q, k)| (q,k) € Cy,

W= WD

Cp=Cy—Co—C.

Let E,, E, and E_ be the subspaces of [5(C,) spanned by C¢ Cr and C}
respectively.

The “computational observable” €2 corresponds to the orthogonal decom-
position l5(C,,) = E, & E, & E_. The outcome of any observation will be
either “accept” (E,) or “reject” (E,) or “non-terminating” (E_).

The language recognition by A is now defined as follows: for an x € »*
as the input is used w, =% = <P, computation starts in the state |go, 0) and
counter is set to 0. For each letter from w, operator U? is applied to current
state and the resulting state is observed using the computational observable
Q) defined above. After it the state collapses into E,, or E, or E_. If “non-
terminating” state is observed than computation continues with next letter.
The probability of the acceptance, rejection and non-terminating at each
step is equal to the square of amplitude of new state for the corresponding
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subspace. Computation stops either after halting state is observed or word
is proceeded.

In the thesis we use language recognition by state and counter value as
more widely spread and corresponding to classical definition.

4.3 Non-Context-free language recognition by
Q1CA

4.3.1 Languages.
Consider the alphabet ¥ = {0, 1}.

The language L;. L; = { 0°10710* || (i=k or j=k) and —(i=j)) }.

The language Ly. Ly = { 0110710% || exactly 2 of i,j,k are equal}.
Both languages are non context-free , that can be checked by using Pump-
ing Lemma, see [Gu 89

4.3.2 Results.

Theorem 4.10. The language Ly can be recognized by quantum one-counter
one-way automata with probability %.

Proof. Let Vq.0[qo) :\/Tg |CI0,i:k>+‘/75 |QO,j:k>+\/Tg ’qO,k:(i+j)/2>, where qp is ini-
tial state, qoj—, Qoi=x and qog—(i+j)/2 non-terminating states. Transitions
for 0 and 1 can be defined in such way, that it would be reversible and de-
terministic and the following conditions are satisfied if starting state of such
deterministic automaton is qo j—x, qo,i=k OT (o k—(i+j)/2 respectively:

1) If the word is of form 0?10710* that no rejection or acceptance occur during
the computation and the qq ;- leads to the state q;—, and counter equal to
the j-k, the qo;—x to g, and counter i-k, the qgr—(i+j)/2 10 Qr=(i+j),2 and
counter k - (i+j)/2.

2) If the word is not like 0:10710* than the word is rejected in each path, or
is in some other state then q;—x, qj—x and qg—(i+j)/2 and thus will be rejected
on end marker «f.

Such transitions for example for qo j—r, will be as follows: 4 states qg j— ,
di,j=k s U2,j=k , d3,j=k- Lransitions for 0 are defined as each state remains the
same and counter value is increased if resulting state is q; j—x, and decreased
if g j—i; transitions for 1 defined as states should shift to the next index in
respect with module 4 so qy, j— should shift to g, 1mod4, j= and counter value
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remains the same. qs j—; should be rejecting state, qs j—r = qj=x
We define V for «P as

Ver aimk)=/2 lga)+ s laa)+ 2 10:)

Ver [a=)=y/2 oo} laa)+2 )

Vep,o |Qk::(i+j)/2>:|q?~2>;

Veor |Gh=(i+5)/2)=4a2)
where q,, (a1, Ja2 are accepting states and q, , q,o are rejecting states. All
the other transition should be defined to map any of non-halting states to
the rejecting states (it can be done by adding some more rejecting states to
retain unitarity see [K 99]).
Let us consider how the computation goes with such automata. Before read-
ing «P word is rejected if it is not of kind 0?10710%, and is in the superposition
lq") :\/Tg |Git, @ — k)+‘/75 |Qjmks J — k)%—‘/fg |Gk=(i+)/2: k — (i + j)/2) otherwise.
We should consider following cases then:

e 1. If i=j=k then the state after reading <P becomes

(/2 10,0) + 25 10, 0) + 514, 0)) +

8 (V4102 0) + 5 100, 0) + F 14, 0)) + g 0) =

11, 0) + %2 a2, 0) + L |gy, 0) + %0 |g,., 0).

Thus the total probability of rejection, by summing squares of ampli-

tudes from rejecting states is g.

2. (i=k)and—(i=j) then the state is

< ([ 901.0) + 5 100,0) + L5 lar, 0) ) +

+ P lard = k) + L a0 (7 — £)/2).

So the word is accepted with p=-=24--4+2=2.

e 3. (j=k)and(—(i=j)). The same as shown in the previous item.

e 4. If all i, j, k are different, then we should distinguish 2 subcases

— a) if not (i+j)/2=k then word is rejected with probability 1 then
word is rejected with probability 1 due to construction of automata
- all other transitions from non-halting states to rejecting states.

— b) if (i+j)/2 =k in this case word is rejected with probability
(2)
1 8

So the automaton recognizes L; with probability g. Note that this prob-
ability is higher then 2 found in [YKTI 00].
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]

Theorem 4.11. The language Lo can be recognized by quantum one-counter
one-way automata with probability 0.58.

Proof. Let Vq,0|qo) :% |€I0,i:k>+\/% |90,j=k) + \L@ |G0,i=5) +

+% |QO,k:(i+j)/2>a where qg is initial state, qo j=&, do,i=t o,i=j, and o k=(i+4)/2
non-terminating states. Transitions for 0 and 1 can be defined in such way,
that it would be reversible and deterministic and the following conditions
are satisfied if starting state of such deterministic automaton is qo j—, do,i=,
Qo,i=j OT Qo k—=(i+j)/2 Tespectively:
1) If the word is in form 07107 10% that no rejection or acceptance occur during
the computation and the qq j— leads to the state q;—; and counter equal to
the j-k, the qgi—x to g,—r and counter i-k, qg;—; to q;—; and counter i-j, the
q0,k=(i+)/2 O Qk=(it+j)/2 and counter k - (i+j)/2.
2) If the word is not like 0:10710* than the word is rejected in each path, or
is in some other state then qi—j, qi=¢, qj= and qr=(i1;)/2 and thus will be
rejected on end marker «P.
(Such transitions can be easily defined like shown in proof of Theorem 1).
We define V for <P as

Voo laimi) =5 (VT ldaizk) + lar) + [dar) + |da2));
Vo ‘Qj:k>:

o5 (VT laugms) +lae) + (=5 + L) laan) + (4 = 54 lawo));
Vo |%:j>=

75 <\/?|Qa,i:j> +lar) + (—% - @z) |gar) + (—% - “732) |qa2)>;

Voo ’QIk:(i+j)/2>: |qr2>; Ve {Qk:(i+j)/2>=|qa1>,
where g =k, dai=j, aj=ks dal, de2 are accepting states and q, , qyo are
rejecting states. All the other transition should be defined to map any of
non-halting states to the rejecting states (it can be done by adding some
more rejecting states to retain unitarity, see [K 99])

/TODO Describe it in some appendix!

Let us consider how the computation goes with such automata. Before
reading «P word is rejected if it is not of kind 0°10710*, and is in the super-
position
+ 2 |Qhmigyn b — (i 4+ §)/2).
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We should consider then the following cases

e 1. If i=j=k then the state after reading <P due to the sum up of the
amplitudes with same states becomes

\/% (\/7|Qa,j:k7 O> + ﬁ‘qa,i:ka O> + \/7 ‘qa,i=j7 0> + 3 ‘QM O>)+

\/g |gr2,0). The total probability of rejection is 5% + §:0.58.

2. (i=k)and—(i=j) then the state is
755 (VT 4= 0) +1dr, 0) + |gar, 0) + 3 |ga2, 0)) +

2 Vimgoi = ) + g Vg d = B + /2140, G = )/2).
So the word is accepted with p=i5+z5+25+2=0.58.
e 3. (j=k)and—(i=j) The same as shown in the previous item.
e 4. (i=j)and—(i=k) The same as shown in the previous item.
e 5. If all i, j, k are different, then we should distinguish 2 subcases:

— a) if not (i+j)/2=k then word is rejected with probability 1 due to
construction of automata - all other transitions from non-halting
states to rejecting states.

— b) if (i+j)/2 =k in this case word is rejected with probability
2
1-(2) =06,
So the automaton recognizes Lo with probability 0.58. Note that this

probability is higher then 2 found in [YKTT 00].
[

4.4 Q1CA versus P1CA

In this section we prove the existence of languages that are recognized by
Q1CA but not with P1CA.

4.4.1 Languages.

Let X be a finite alphabet. For S C ¥ define the ‘projection’ map ng : ¥* —
S* which acts on words over X by forgetting all letters not in .S. When S
is given explicitly as {oy....,0,}, we write 7y, .. Note, in particular, that
the length |7, (z)| counts the occurrence of a letter o € ¥ in a word x € X*.
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The language L;. Consider the alphabet ¥ = {0, 1,2,b,3, 4,5, #} with two
special symbols b and . Suppose we formally decompose the set of all words
in each of the subalphabets ¥* = {0,1,2,b} and X% = {3,4, 5,1},

S = AP UALUAL  and S = AP UALUAL (4.5)
and put, for short,

L) =751 (A} and Li=ngl(A)), i=1,2,3 (4.6)

1

Note that >* is then decomposed into eight components LEQL?, 1,7 =1,2,3.

Define formally the language L, as the union of two of these:

Ly = (I,NLYu(LynLh). (4.7)

The decompositions (4.5) are now set as follows. Let A” denote the set
of all words in {0,1,2,b}* of the form xby, where z € {0,1}*, y € {2}*, and
put

A= {z € N fmo(a)] = [mi ()]}
and,
Ay ={z € Nt |mo(2)| = |mi ()| + |ma(y)| and |m2(y)| > 0}.
Analogously, for the alphabet {3,4,5, 1},
A = {z € A" [ms()] = |ma()]}
and
Aj = {z € A : [ms(2)| = |ma(@)| + |ms(y)| and |ms(y)] > 0.

The language L,. Additional symbols «, (31, 35 are added to the alphabet
of Li. A word is in Lo if it is of the form

T QY To QY2 T3 QY3 ... AYp_1 Tp A (4~8)

with o1, 29,..., 7, in L; and y;=0, iff z; is in (L} N Lg), y;=[ iff x; is in
(Lyn Lf).
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4.4.2 Results

Theorem 4.12. The language Ly cannot be recognized by deterministic one-
counter one-way automata, but it can be recognized with bounded error by a
quantum one-counter one-way automaton.

Proof. To prove the first claim, assume to the contrary that a deterministic
one-counter one-way finite automaton recognizing L, does exist and has k
states. Consider the words z;; = 0°371°47=145, where j < i < n, and n is
some large integer. Clearly, all z;; € L;. When the first part 0°3/ of the
word z;; has been read, the value of the counter is at most i +j < 2n, so the
automaton can at this stage distinguish at most 2nk of the words x;; which
are %n(n + 1) in total. Thus, if n is large enough, two different words, z;,
and z;,;,, say, would, at this stage of computation, share the same state and
counter value. But then, clearly, the automaton would also accept the words
011371172472~ 1h45 and 0237211471~ 1h#5 neither of which is in the language L;.

We now briefly describe a quantum one-counter one-way automaton which,
as we subsequently show, recognizes L; with bounded error. In addition to
an initial state, the automaton will have sixteen non-terminating states g;jx,
qgj, q%, 1,7,k = 1,2, four accepting states aq,...,as, and eight rejecting
states r1,...,7rs. As customary, we interpret invertible transformations of
the set of basis states of the automaton as unitary operators in its quantum
configuration space.

When the initial marker 9» comes in, the states g;;1 get amplitudes
(—1)"91, while all the remaining states get amplitude zero.When any of the
the symbols 0,1, 3, or 4 arrives, the state remains unchanged; the counter
is changed only in the following cases: the symbols 0 and 3 increase the
counter for the states qij; and go;k, respectively, while the symbols 1 and 4
decrease the counter for the states qi;, and goj, respectively.

The special symbol b is ignored if read in any of the states o or ¢;};
if read in state ¢i;; and the counter is empty, the state q;»k follows, while
the state qg»k*l follows if the counter is non-empty; if read in state ¢j;, the
rejecting states rq, ..., 4 follow.

The special symbol f is ignored if read in any of the states g or gj;; if
read in state gg;x and the counter is empty, the state ¢j, follows, while the
state ¢j. follows if the counter is non-empty; if read in state g}, the rejecting
states rs,...,rg follow.

The symbol 2 is ignored if read in any of the states gajr, qi;, or ¢y;; if
read in state q; the rejecting states rq, ..., 4 follow; if read in state qéj, the

'f e is an element of a two-element set (here {1,2}), we write e* to denote the other
of the two elements.
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state remains unchanged while the counter decreases.

The symbol 5 is ignored if read in any of the states qix, q;;, or q;; if
read in state goj the rejecting states rq, ..., ry follow; if read in state qgj, the
state remains unchanged while the counter decreases.

When the end marker <P arrives, if the value of the counter is zero, a

unitary transformation is applied consistently with the following transition
table:

a; Q2 T1 T2 a3 Q4 T3 T4
Gy 0 0 0 0 3 5 5 -3
o3 533 0000
i B R S S G B
@ 0 0 0 0 35 3 -5 -3
qé’QOOOO%-%—%%

To complete the description of the automaton we should extend the tran-
sitions given above to describe the whole automaton as follows:

e Each non terminal state in the case that there is no transformation
given above for some letter and zero and non zero counter value sep-
arately, should be mapped to some rejecting state. It can be easily
accomplished, so that do not violate unitarity by adding some more
rejecting states.

e The transitions for each letter and zero or non zero counter value sepa-
rately for cases that are not described should be specified arbitrary, so
that ensure the unitarity of the matrix of corresponding transformation
for this letter and counter value.

It remains to verify that the automaton just described indeed recognizes
the language L; with bounded error. It is not hard to compute the non-
zero amplitudes for the automaton’s states when a word z € ¥* has been
processed, just before the end marker «f arrives. We do this for each of the
eight cases as x € L'Z? N Lg, 1,7 =1,2,3. We look first at the cases 7,7 =1, 2.
The value of the counter is 0 in all these cases. Note that in the case when x is
an empty word, it has the same distribution of amplitudes as in x € L} N L’i,
so we will consider these two cases together.
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G G2 @ @ @ T 9 @
celini| 3 o 1 o0 1 o I o
celinty| L0 L 0o o -3 o 1
celynlil o L o0 21 o0 Lo
celybnyl o L o 1 o 1 o |1

Straightforward calculation then gives the following non-zero amplitudes
after the end marker <P has been processed:.

ai az L T2 as g T3 Tq
celinlilo 1 o L o o -1 -1
celinly|l 21 0 0o o -1 1 0
velynti | -1 10 0 o 1 Lo
velhbnlhlo 2o Lo o -1 2

Hence, after the measurement, the accepting probability for z € L; =
(LA N LA U (L, N LY) is equal to 2 while for z € L} N Lforze LynLitis
equal to }1; the corresponding rejecting probabilities are complementary.

It remains to check the cases when i or j in L} N Lg is equal to three.
The amplitudes for the non-terminal states and zero value of the counter just
before the end marker <P arrives are then as follows:

G o 9 9 4 Qs 9 G
celinti] L 0o L 0o 0o 0o o0 0
celynlil o+ 0o -2 0 0o 0 0
celinlil o 0o o o -2 o L o0
velbnlyl o o o o o -1 o |1

In the remaining case = € L3 N L} all non-terminal amplitudes are zero.
Hence, after the end marker has been processed, we have the following
terminal amplitudes:

ai as ™ T2 as Qa4 T3 T4

b B 1 1 1 1 11 1 1
et S S S S S S B B
e 200 1 e S S B S S S
relynlil x4 w a
rE€L3NLly| 3 4 -3 i 3§ i g

and in the case x € L} N Lg all non-terminal amplitudes are still zero.
The probability to accept a word z in any of these four cases is equal to

1

complementary.

7> while in the case r € Lg N Lg it is zero; the rejecting probabilities are
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Hence, summing up, the automaton accepts all words in the language L,

with probability %, and rejects all words not in L; with probability at least
3

Z .

]

Theorem 4.13. The language Lo cannot be recognized with bounded error
by probabilistic one-counter one-way finite automata, but it can be recognized
with probability % by a quantum one-counter one-way finite automaton.

Proof. For the first statement, we first note that the language L; cannot be
recognized with probability one by a probabilistic one-way one-counter finite
automaton. Indeed, assuming the contrary and simulating the probabilistic
automaton by a deterministic one (our automaton reads one input symbol
at a time, so we may take the first available choice at any time), would bring
us into contradiction with the first part of Theorem 1. The impossibility to
recognize Ly by a probabilistic automaton with a bounded error now follows,
since the subwords x; € L; of a word x in Ly can be taken in arbitrarily large
numbers, and every z; is processed with a positive error.

For the second part of the theorem, we extend the construction of the
quantum automaton described in the proof of Theorem 1. Our extended au-
tomaton is to read the symbols «, 31, B2,. We need four other non-terminating
states ¢; for it.

The transformation for the « is described as follows.

Sl 2 T T2 T3 @3 e T4
@ 75 0 3 3 0 0 0 0
¢ 0 -7 3 -3 0 0 0 0
¢ 0 0 0 0 53 0 S 3
Gy O 0 0 0 5 -5 0 -3
¢ 0 5 3 -3 0 0 0 0
4 -5 0 3 3 0 0 0 0
G 0 0 0 0 5 5 0 -3
¢ 0 0 0 0 5 0 -5 3

The transformation for states ql, qs,¢3, g4 and zero value of the counter
for both letters #; and 5, can be written with one table, the only difference
is the resulting states.
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(51) di11 qi21 G211 Q221 T T2 T3 T4

(52) 1 ) T3 T4 quu1 G121 g211 G221
@« 5 0 0 5 0 0 0 0
Q2 0 0 0 0 0 \/Lﬁ \/Aﬁ 0
q3 0 0 0 0 % 0 0 \/Li
g 0 %5 % 0 0 0 0 0

Finally we describe the transformation for the final marker «P for states
ql, qo, g3, q4 and zero value of the counter.

ay a2 ag 1

g 1 0 0 0
o 0 1 0 0
1 1
g 0 0 ?5 715
g 0 0 NG

To complete the description of the automaton we should extend described
transformations for each letter and zero and non zero value of the counter
separately the same way as in the proof of Theorem 1.

It remains to verify that the automaton just described indeed recognizes
the language L, with probability 2.

While processing x; the automaton acts the same as described for L,
so when first a comes the distribution of amplitudes is exactly the same as
described in proof of L; before «P. So after applying transformation for «
the automaton gets the following amplitudes for states with zero value of the
counter.

il Q2 L Te T3 g3 qs 14 | p reject
melinli| & 5% 0 § 0 L L I
melnlyl 5 0 0 0 0 0 - 0 0
melynLi| 0 -% 0 0 0 & 0 0 0
melynly | s 7 0 -3 0 s A 1
e LN Lk s 0 110 3
nmelynIf| 0 = 1 4 4 0 G5 3
melynLi| 0 5% 4 1 1 55 0 - 3
menrty| 2 o 4 4 1 0 L1 3
pelbnil 0 0 0 0 0 0 0 0 1

The last column shows the total probability of rejection after processing
i

The resulting amplitudes for states with the value of the counter 0 are
the following



CHAPTER 4. QUANTUM ONE WAY 1 COUNTER AUTOMATA 78

41 q2 a3 44
we N} ﬁ ﬁ ﬁi -2\1/5
mellnly| 5 0 0 -
melyNLi| 0 - &5 0
melynlh| e o o L
melinli| ;&= 0 0 -
melynly| 0 F= 0
melynli| 0 55 s 0
melynly | s 0 0 -5
nelbnil 0 0 0 0

So we see that only in the cases x; € LblﬁLﬁ2 orr € LZHL% the probability
of rejection is 0. When ¢ or j in L? N Lg is equal to three the probability
of rejection is at least 3, so these cases are not considered further. When
T € LN Lji or; € LyN Lg the probability of rejection is %

If 3, or B2 come after o then the amplitudes become

(ﬁl) d111 G121 49211 4221 1 ) rs T4

(ﬁ2) r T rs T4 di11 qi21 G211 Q221

b il 1 1 1 1 1 1 1 1
e yicer B B S S B S B S
X € Ll N L2 5 ) ) ) 0 0 0 0
zelynLij o o o o | 4 2 1 1
b ti 1 1 1 1 1 1 1 1
meloNly| 3 -3 -5 3| 3 -5 -3 3

So if o1 is in (L} N L&) and By is read or 27 is in (L3 N L}) and 3, is read
then we get the same amplitude distribution as after initial marker %

If 2, is in (L} N L&) and B is read or z; is in (L4 N L) and B is read
then the word is rejected with probability 1

If 1 is in (LML) or 2y is in (L4NLY) then : of the remaining amplitudes
is in rejecting states. So thus after o the probability of rejection for such a
word is already %, the probability becomes %

We should also check cases when 31 or 5 occur in another position than
after a. Due to the construction of automaton the word is rejected immedi-
ately.

So we have seen that after processing x;ay; the automaton is in the same
quantum state as after reading initial marker 9 in the cases z, is in (L} ng)
and y,=0; or x is in (L5 N Lﬁ) and ;= (3 and the word is rejected with
probability at least 2 1 otherwise.

So the computatlon on x;ay; will be the same as for ziay, if the previous
part of the word corresponds to the conditions of the language and the word

will be rejected with probability at least % otherwise.
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Finally we need to show the processing of the final marker. Note that
it should come after o otherwise the word is rejected. We consider the case
when the final marker comes after ;.

The resulting amplitudes are

ai a2 as

b f 1 1 1
menn e e
IleLlﬂL’? 75 0 ) 5
b 1 1 1
azleLQﬂL; 0 "2 3 3
b 1 1 1
l'IELlﬂLl m —m 0 -3

So the word is accepted with probability % in the z; € L} N Lg and z1 €

LgﬂLﬁ cases. The word is rejected with probability % already after processing
a in the other two cases described above and thus the total probability of
3

rejection 1s 4.

]

4.5 Restrictions of Q1CA

There is proven that Q1CA can not recognize all regular languages. That
follows from general results on the quantum automata by Nayak [N 99]. As
noted in [YKTI 00] Q1CA can not recognize language (a|b)” a as dimension of
the quantum system that coincide with configurations reachable on the input
word of length n is card(Q)*n, but according to Nayak’s results it should be
exponential.



Bibliography

[AKN 97] D. Aharonov, A. Kitaev and N. Nisan. Quantum circuits with
mixed states. 30th Annual ACM Symposium on Theory of Computation,
pp. 20-30, 1998.

[AT 99] M. Amano, K. Iwama. Undecidability on Quantum Finite Automata.
31st STOC, pp. 368-375, 1999.

[ABGKMT 06] A. Ambainis, M. Beaudry, M. Golovkins, A. Kikusts, M.
Mercer, D. Thrien. Algebraic results on quantum automata. Theory of
Computing Systems, 39, pp. 165-188, 2006. Earlier version in STACS’04
http://www.math.uwaterloo.ca/%7Eambainis/ps/1lqfa.ps

[ABFK 99] A. Ambainis, R. Bonner, R. Freivalds, A. Kikusts. Probabilities
to Accept Languages by Quantum Finite Automata. COCOON 1999,
Lecture Notes in Computer Science, Vol. 1627, pp. 174-183, 1999.
http://arxiv.org/abs/quant-ph/9904066

[AF 98] A. Ambainis, R. Freivalds. 1-Way Quantum Finite Automata:
Strengths, Weaknesses and Generalizations. Proc. 39th FOCS, pp. 332-
341, 1998.
http://arxiv.org/abs/quant-ph/9802062

[AKV 00] A. Ambainis, A. Kikusts, M. Valdats. On the Class of Languages
Recognizable by 1-Way Quantum Finite Automata. STACS 2001, Lecture
Notes in Computer Science, Vol. 2010, pp. 75-86, 2001.
http://arxiv.org/abs/quant-ph/0009004

[ANTV 98] A. Ambainis, A. Nayak, A. Ta-Shma, U. Vazirani. Dense Quan-
tum Coding and a Lower Bound for 1-Way Quantum Automata. Proc.
31st STOC, pp. 376-383, 1999.
http://arxiv.org/abs/quant-ph/9804043

80



BIBLIOGRAPHY 81

[AW 99] A. Ambainis, J. Watrous. Two-Way Finite Automata with Quan-
tum and Classical States.
http://arxiv.org/abs/cs.CC/9911009

[BV 97] E. Bernstein, U. Vazirani. Quantum Complexity Theory. SIAM
Journal on Computing, Vol. 26(5), pp. 1411-1473, 1997.

[BBBV 97] C. Bennett, E. Bernstein, G. Brassard, U. Vazirani. Strengths
and Weaknesses of Quantum Computing SIAM Journal on Computing,
Vol. 26 (5), pp. 1510 - 1523, 1997.

[BMP 03] Alberto Bertoni, Carlo Mereghetti, and Beatrice Palano. Quan-
tum Computing: 1-Way Quantum Automata, DLT 2003, Lecture Notes
in Computer Science, Vol. 2710, pp. 120, 2003.

[BFK 01] R. Bonner, R. Freivalds, M. Kravtsev. Quantum versus Proba-
bilistic One-Way Finite Automata with Counter. SOFSEM 2001, Lecture
Notes in Computer Science, Vol. 2234, pp. 181-190, 2001.

[BP 99] A. Brodsky, N. Pippenger. Characterizations of 1-Way Quantum
Finite Automata.
http://arxiv.org/abs/quant-ph/9903014

[De 85] D. Deutsch. Quantum Theory, the Church-Turing Principle and the
Universal Quantum Computer. Proceedings of the Royal Society (Lon-
don), Vol. A-400, pp. 97-117, 1985.

[DSa 96] C. Diirr, M. Santha. A Decision Procedure for Unitary Linear
Quantum Cellular Automata. Proc. 37th FOCS, pp. 38-45, 1996.
http://arxiv.org/abs/quant-ph/9604007

[Du 01] A. Dubrovsky. Space-Efficient 1.5-Way Quantum Turing Machine.
FCT 2001, Lecture Notes in Computer Science, Vol. 2138, pp. 380-383,
2001.

[Dz 03] 1. Dzelme. Kvantu automati ar jauktajiem stavokliem. Latvijas Uni-
versitate, bakalaura darbs.

[DSt 89] C. Dwork, L. Stockmeyer. On the Power of 2-Way Probabilistic
Finite State Automata. Proc. 30th FOCS, pp. 480-485, 1989.

[Fr 78] R. Freivalds. Recognition of Languages with High Probability on Dif-
ferent Classes of Automata. Doklady Akad. Nauk SSSR, Vol. 239(1), pp.
60-62, 1978. (Russian)

Also Soviet Math. Doklady, Vol. 19(2), pp. 295-298, 1978.



BIBLIOGRAPHY 82

[Fr 81] R. Freivalds. Probabilistic Two-Way Machines. MFCS 1981, Lecture
Notes in Computer Science, Vol. 118, pp. 33-45, 1981.

[FGK 04] R. Freivalds, M.Golovkins, A. Kikusts. On the Properties of Prob-
abilistic Reversible Automata. SOFSEM 2004, Student Forum, pp. 78 -
87, 2004.

[Go 00] M. Golovkins. Quantum Pushdown Automata. SOFSEM 2000, Lec-
ture Notes in Computer Science, Vol. 1963, pp. 336-346, 2000.
http://arxiv.org/abs/quant-ph/0102054

[Go 02] M Golovkins. Quantum Automata and Quantum Computing. Doc-
toral Thesis, University of Latvia, 2002.

[GK 02] M. Golovkins, M. Kravtsev. Probabilistic Reversible Automata and
Quantum Automata. COCOON 2002, Lecture Notes in Computer Sci-
ence, Vol. 2387, pp. 574-583, 2002.
http://arxiv.org/abs/cs.CC/0209018

[GKK 06] M.Golovkins, M. Kravcevs, V. Kravcevs. On the Class of Lan-
guages Recognizable by Probabilistic Reversible Decide-and-Halt Au-
tomata. Submitted to SWAT 2006 - 10th Scandinavian Workshop on Al-
gorithm Theory, 12 pages, 2006.

[GKK 05] M.Golovkins, M. Kravcevs, V. Kravcevs. On the Class of Lan-
guages Recognizable by Probabilistic Reversible Decide-and-Halt Au-
tomata. Extended Abstract. 5th int. ERATO Conference on Quantum
Information Systems. Proceedings, ERATO project, pp. 131-132, 2005.

[GS 97] C. M. Grinstead and J. L. Snell. Introduction to Probability. Amer-
ican Mathematical Society, 1997.
http://www.dartmouth.edu/~chance/teaching aids/articles.html

[Gr 99] J. Gruska. Quantum Computing, McGraw Hill, 439 p., 1999.

[G 97] L.Grover Quantum Mechanics Helps in Searching for a Nee-
dle in a Haystack Phys. Rev. Lett. 79, pp. 325 - 328, 1997.
http://arxiv.org/abs/quant-ph/9706033

[Gu 89] E. Gurari. An Introduction to the Theory of Computation. Com-
puter Science Press, 1989.

[HS 66] J. Hartmanis and R.E.Stearns. Algebraic Structure Theory of Se-
quential Machines. Prentice Hall, 1966.



BIBLIOGRAPHY 83

[KS 76] J. G. Kemeny and J. L. Snell. Finite Markov Chains. Springer Ver-
lag, 1976.

[KW 97] A. Kondacs, J. Watrous. On The Power of Quantum Finite State
Automata. Proc. 38th FOCS, pp. 66-75, 1997.

[K 99] M. Kravtsev. Quantum Finite One-Counter Automata. SOFSEM
1999, Lecture Notes in Computer Science, Vol. 1725, pp. 431-440, 1999.
http://arxiv.org/abs/quant-ph/9905092

[K 04] M. Kravtsev. Better Probabilities for One-Counter Quantum Au-
tomata. 6th International Baltic Conference on Data Bases and Infor-
mation Systems. Proceedings, University of Latvia, pp. 128-135, 2004.

[MO 79] A. Marshall, I. Olkin. Inequalities: Theory of Majorization and Its
Applications. Academic Press, 1979.

[MC 97] C. Moore, J. P. Crutchfield. Quantum automata and quantum
grammars. Theoretical Computer Science, Vol. 237(1-2), pp. 275-306,
2000.
http://arxiv.org/abs/quant-ph/9707031

[Mi 67) M. Minsky. Computation: Finite and Infinite Machines, Prentice-
Hall, Inc., N.J., 1967.

[Mo 96] . Morita. Universality of a Reversible Two-Counter Machine Theo-
retical Computer Science, Vol. 168, pp. 303-320, 1996.

[N 99] A. Nayak. Optimal Lower Bounds for Quantum Automata and Ran-
dom Access Codes. Proc. 40th FOCS, pp. 369-377, 1999.
http://arxiv.org/abs/quant-ph/9904093

[NC 00] M. Nielsen,I. Chuang. Quantum Computation and Quantum Infor-
mation. Cambridge University Press, 675 p.,2000.

[R 63] M. O. Rabin. Probabilistic Automata. Information and Control, Vol.
6(3), pp. 230-245, 1963.

[Si 94] D. Simon, On the power of quantum computation,35th Annual IEEE
Symposium on Foundations of Computer Science, pp. 116-123, 1994.

[Sh 94] P. W. Shor. Algorithms for Quantum Computation: Discrete Loga-
rithms and Factoring. Proc. 35th FOCS, pp. 124-134, 1994.
http://arxiv.org/abs/quant-ph/9508027



BIBLIOGRAPHY 84

[T 68] G. Thierrin. Permutation Automata. Mathematical Systems Theory,
Vol. 2(1), pp. 83-90, 1968.

[Y 93] A. Yao, Quantum Circuit Complexity, Proc. 34th IEEE Symp. on
Foundations of Computer Science, pp. 352-361, 1993.

[YKI 02] T. Yamasaki, H. Kobayashi, H. Imai. Quantum versus Determin-
istic Counter Automata. COCOON 2002, Lecture Notes in Computer
Science, Vol. 2387, pp. 584-594, 2002.

[YKTT 00] T. Yamasaki, H. Kobayashi, Y. Tokunaga, H. Imai. One-Way
Probabilistic Reversible and Quantum One-Counter Automata. CO-
COON 2000, Lecture Notes in Computer Science, Vol. 1858, pp. 436-446,
2000.



