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Abstract

The connection between the classical computation and mathematical logic has had
a great impact in the computer science which is the main reason for the interest in the
connection between the quantum computation and mathematical logic.

The thesis studies a connection between quantum finite state automata and logic.
The main research area is a quantum finite state automaton and its different notations
(measure-once quantum finite state automaton, measure-many quantum finite state
automaton, and Latvian quantum finite state automaton), more precisely, the languages
accepted by the various models of the quantum finite state automaton and its connection
to languages described by the different kinds of logic (first order, modular etc.).
Additionally, a quantum finite state automaton over infinite words is introduced.

The first part of the thesis is devoted to the connection between such quantum
finite state automata as measure-once quantum finite state automata, measure-many
quantum finite state automata, and Latvian quantum finite state automata and first
order logic, modular logic, and generalized quantifiers - Lindstrom quantifier and group
quantifier. For measure-once quantum finite state automata, we have characterized the
language class accepted by measure-once quantum finite state automata in terms of logic
using generalized quantifiers - Lindstrom quantifier and group quantifier, studied the
relationship between the language class accepted by measure-once quantum finite state
automata and the language class described by first order logic and modular logic. For
measure-many quantum finite state automata, the connection between language classes
accepted by quantum finite state automata and first order logic and modular logics has
been studied, as well as the connection between acceptance probability of quantum finite
state automata and logic. We also examined the language class accepted by Latvian
quantum finite state automata in terms of logic.

The second part is devoted to the quantum finite state automata over infinite words. We
extend the notation of quantum finite automata for infinite words. The class of languages
accepted by Biichi quantum finite state automata has been studied and we examine the

closure properties of Biichi quantum finite state automata.



Anotacija

Matematiskas logikas un klasiskas skaitloSanas saistibai ir bijusi liela nozime da-
torzinatnes attistiba. Tas ir galvenais iemesls, kas raisijis interesi pétit kvantu skaitJoSanas
un logikas saistibu.

Promocijas darbs apluko saistibu starp galigiem kvantu automatiem un logiku. Pamata
petijumi balstas uz galigu kvantu automatu un ta dazadiem veidiem (galigu kvantu
automatu ar mérijjumu beigas, galigu kvantu automatu ar mérijjumu katra soli, galigo
"latvieSu" kvantu automatu), precizak, valodam, ko akcepte dazadie kvantu automatu
modeli, un to saistibu ar valodam, ko apraksta dazadie logikas veidi ( pirmas kartas logika,
modulara logika u.c.). Darba ir arT aplukoti galigi kvantu automati, kas akcepte bezgaligus
vardus.

Promocijas darba pirma dala ir veltita galiga kvantu automata ar meérjjumu beigas,
galiga kvantu automata ar mérijjumu katra solt un galiga "latvieSu" kvantu automata
saistibai ar pirmas kartas logiku, modularo logiku un logiku, kas izmanto visparinatus
kvantorus - Lindstroma kvantoru un grupas kvantoru. Galigiem kvantu automatiem
ar mérijumu beigas ir aprakstita valodu klase, ko tie atpazist, izmantojot visparinatus
kvantorus - Lindstroma kvantoru un grupas kvantoru, ka ar apskatita galiga kvantu
automata ar merjumu beigas saistiba ar pirmas kartas logiku un modularo logiku.
Galigiem kvantu automatiem ar mérijjumu katra solt ir apskatita to saistiba ar pirmas kartas
logiku un modularo logiku ne tikai no valodas atpaziSanas viedokla, bet arT no galiga
kvantu automata ar mérijumu katra solt akceptéSanas varbutibas viedok]a. Darba aplukota
ar1 galiga "latvieSu" kvantu automata saistiba ar pirmas kartas logiku un modularo logiku,
un aprakstita valodu klase, izmantojot grupas kvantoru.

Otra darba dala ir veltita kvantu automatiem bezgaligiem vardiem. Autors paplaSina
kvantu galiga automata definiciju bezgaligiem vardiem. Darba apluko valodu klasi, ko
atpazist Biichi galigs kvantu automats, ka ar1 Biichi galiga kvantu automata slégtibu pret

apvienojumu, Sk€lumu un papildinajumu.
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Chapter 1
Introduction

The rapid development of the quantum computation and the huge impact of mathe-
matical logic in the classical computation were the main reasons to study the relationship
between quantum finite state automata and mathematical logic.

The connection between logic and the classical automata theory started with the work
of Biichi [17] and Elgot [22]. They showed how a logical monadic second-order formula
can effectively be transformed into a finite state automaton accepting the language defined
by the formula and vice versus - how a finite state automaton can be transformed to
a logical monadic second order formula which specifies the language accepted by the
automaton. The logical description of the computation models’ behaviour also influenced
complexity theory. In 1974, Fagin [23] gave a characterization of non-deterministic
polynomial time (NP) as the set of properties expressible in the second order existential
logic.

The above results inspired us to study the connection between the quantum automata
theory and logic. The goal of the research was to describe language classes recognized by
different quantum automaton models using logical formulas, to find properties of quantum

automata that can be connected to logics. We have achieved the following:

e characterized the language class accepted by measure-once quantum finite state

automata with bounded error in the terms of logic;

e proved that intersection of the language class accepted by measure-once quantum
finite automata with bounded error and languages defined by F'O[<] contains only

trivial languages, i.e., an empty language and >.*;

e proved that languages described by modular logic using only modular quantifiers

are recognized by measure-once quantum finite state automata;



e studied the connection between languages accepted by measure-many quantum
finite state automata and first order logic, as well as, the connection between
acceptance probability of measure-many quantum finite state automata and first

order logic was examined;

e studied the connection between acceptance probability of measure-many quantum

finite state automata and modular logic using first order quantifiers;
e studied the connection between Latvian quantum finite state automata and logic.

The theory of classical automata over infinite strings has been applied in the various
research areas, including the verification of reactive systems, reasoning about infinite
games, and decision problems for certain logics. Our research of the connection between
finite state automata and logic lead us to automata over infinite words. We devoted the
second part of the thesis to quantum finite state automata over infinite words. We have

achieved the following:

e extended definitions of group automata and measure-once quantum finite state

automata to infinite words;
e defined Biichi, Streett, and Rabin acceptance conditions for quantum case;

e proved that our Biichi quantum finite state automata over infinite words with

bounded error recognize the limit of the group languages;
e proved that our Biichi quantum finite state automata is closed under union;

e showed that our Biichi quantum finite state automata is not closed under intersection

and complementation;

e defined a measure-many quantum finite state automaton over infinite input.

In the Chapter 1, the background to the quantum computation and to the connection
between mathematical logic and classical computation is presented. We give a brief
history of development of the quantum computation, quantum Turing machine, and
quantum automata. The section "Logics and classical computation” is devoted to the
main results in the connection between classical computation and logic. And an overview
of automata over infinite words is presented in the section "Automata over infinite words".

The Chapter 2 contains main notations and definitions used in the thesis - probabilistic

systems, brief introduction to quantum mechanics, notations of quantum finite state
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automata used in the thesis, a brief overview to mathematical logic, algebra, and classical
computation, as well as, introduction to automata over infinite words.

The Chapter 3 is devoted to connection between measure-once quantum finite state
automata and logic - first order logic, modular logic, and logic using generalized
quantifiers - Lindstrom quantifier and group quantifier. The connection between measure-
many quantum finite state automata and first order logic and modular logic is studied in
the Chapter 4. In the Chapter 5, we study Latvian quantum finite state automata and its
connection to logic.

The Chapter 6 is devoted to the quantum finite state automata over infinite words,
where we give a definition of quantum finite state automata over infinite words and

obtained results.

1.1 Quantum Computation

Over the past half century, the power of computers has doubled every year and a half.
This phenomena is known as "Moore’s law", named after Gordon Moore, who had stated
the exponential advance in the 1960’s [39]. If the Moore’s law is to be sustained then
we must learn to build a computer based on the quantum physics (quantum computers
represent the ultimate level of miniaturization) and study quantum computation.

Quantum computation investigates the computation power and other properties of the
computers based on quantum mechanic principles. The concept of quantum computing
dates back to the early 80’s, to the speech of Nobel Prize winner Richard P. Feynman
and accompanying paper "Simulating physics with computers" [24]. His paper was the
first work that explicitly discussed the construction of machine operating according to the
laws of quantum physics. Feynman discussed the idea of a universal simulator - a machine
using quantum effects to explore other quantum effects and run simulations.

In 1982 [13], Benioff described a quantum mechanical computation model. However,
his model did not use any quantum mechanical effects, it was a hybrid Turing machine
storing qubits on the tape instead of classical bits and measuring each qubit from the
tape at each step. A year later in [3], David Albert described a self measuring quantum
automaton that performed tasks which no classical computer could simulate. However,
the machine was largely unspecified. By instructing the automaton to measure itself, it
can obtain ’subjective’ information that is absolutely inaccessible by measurement from
the outside. Finally in 1985 [20], Deutsch introduced a fully quantum computational
model and gave the description of a universal quantum computer. Later [14], Bernstein

and Vazirani introduced the construction of a universal quantum Turing machine capable



1.1 Quantum Computation 4

of simulating any other quantum Turing machine with polynomial efficiency.

After the Deutsch paper [20] in the following years, there was a small interest in
quantum computation. However during these years, one of the first examples of a
quantum algorithm (The Deutsch - Jozsa algorithm [21]) that is more efficient than any
possible classical algorithm has been presented, and Dan Simon [50] invented an oracle
problem for which a quantum computer would be exponentially faster than a conventional
computer. The main ideas of the algorithm were later developed in Shor’s factoring
algorithm [49].

Interest in the quantum computation increased dramatically, when in 1994 Peter Shor
discovered efficient quantum algorithms for the problems of integer factorization and
discrete logarithms [49]. The importance of the Shor’s algorithm for finding factors
is in fact that reliability of the widely used public-key cryptography schema RSA is
based on the assumption that factoring large numbers is computationally infeasible. Shor
demonstrated that it is not the case if we could build a quantum computer. Shor’s
results are the powerful evidence, that quantum computers are more powerful than
Turing machines, even probabilistic Turing machines. Further evidence of the quantum
automata’s power came in 1996 when Grover showed, that the problem of conducting a
search through some unstructured search space could be sped up by a quantum computer
[26]. Although Grover’s algorithm did not had as powerful speed-up as Shor’s algorithm,
the widespread applications of search-based methodologies has excited considerable
interest in the algorithm of Grover.

However, the theory of quantum computers is far more developed than the practice: a
large scale quantum computer has not been built yet. In 1998, the first working 2-qubit
Nuclear magnetic resonance (NMR) quantum computer was demonstrated by Jonathan
A. Jones and Michele Mosca at Oxford University. In the same year, the first working 3-
qubit quantum computer has been developed and the first execution of Grover’s algorithm
on an NMR computer has been performed. In 2006, the theorists and experimentalists at
the Institute for Quantum Computing and Perimeter Institute for Theoretical Physics in
Waterloo, along with MIT, Cambridge, have presented an operational control method in
quantum information processing extending up to 12 qubits.

The more developed field of quantum theory is quantum cryptography. Although large
scale quantum computers are not built, the quantum devices for cryptography have been
provided. Quantum cryptography was first proposed by Stephen Wiesner, who, in the
early 1970s, introduced the concept of quantum conjugate coding. His paper "Conjugate
Coding" was rejected by IEEE Information Theory, but it was eventually published in
1983 in SIGACT News (15:1 pp. 78-88, 1983). In the early 1980s, Charles H. Bennett
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and Gilles Brassard proposed a method for secure communication based on Wiesner’s
"conjugate observables". In 1990, independently and initially unaware of the earlier work,
Artur Ekert developed a different approach to quantum cryptography based on peculiar
quantum correlations known as quantum entanglement. Quantum cryptography is also

used in practice.

e Quantum encryption technology provided by the Swiss company Id Quantique was
used in the Swiss canton of Geneva to transmit ballot results to the capitol in the

national election in 2007.

e In 2004, the world’s first bank transfer using quantum cryptography was carried out
in Austria. An important cheque, which needed absolute security, was transmitted

from the Mayor of the city to an Austrian bank.

e The world’s first computer network SECOQC (Secure Communication Based on
Quantum Cryptography) protected by quantum cryptography was implemented in
October 2008, at a scientific conference in Vienna. The network used 200 km of
standard fibre optic cable to interconnect six locations across Vienna and the town
of St Poelten located 69 km to the west.

For more information about quantum computation please refer to [28], [27], and [41],
but now we are going to consider the main models of quantum computation - a quantum
Turing machine and a quantum automaton. In comparison with quantum Turing machine,
a quantum automaton has finite memory and the computation steps does not exceed the

length of the input.

1.1.1 Quantum Turing Machine

The beginnings of the modern computer science goes back to a remarkable paper
[54] of Alan Turing, known as father of modern computer science, written in 1936. He
developed an abstract notation of computation now known as Turing machine. Turing
showed that there is a Universal Turing machine that can be used to simulate any other
Turing machine. The Turing machine later evolved into the modern computer.

Quantum computation also has its Turing machine - quantum Turing machine.
Quantum Turing machine is an abstract machine which is used to model the effect of
the quantum computation. Any quantum algorithm can be expressed using a particular
quantum Turing machine. We may say that quantum Turing machines have the same
relation to the quantum computation as Turing machines have in the classical computation.

As already mentioned, the first quantum computational model (quantum Turing machine)
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was proposed by Deutsch [20]. Afterwards [14], Bernstein and Vazirani introduced the
construction of a universal quantum Turing machine capable of simulating any other
quantum Turing machine with polynomial efficiency.

However, quantum Turing machines are not always used for the quantum computation
analysis, in quantum information theory a quantum circuit is more commonly used
model. It has been proved that quantum Turing machines and quantum circuits are
computationally equivalent. [19]

Iriyama, Ohya, and Volovich have developed a model of a Linear Quantum Turing
Machine [31]. This is a generalization of a classical quantum Turing machine that
has mixed states and that allows irreversible transition functions. The quantum Turing
machine with postselection was defined by Scott Aaronson, who showed that the class
of polynomial time on such a machine is equal to the classical complexity class PP (the
class of decision problems solvable by a probabilistic Turing machine in polynomial time)
[2]. Another model of quantum Turing machine is the classically-controlled quantum
Turing machine - a Turing machine with a quantum tape for acting on quantum data,
and a classical transition function for a formalized classical control was introduced by
Perdrix and Jorrand in [43], where they showed that any classical Turing machine can be

simulated by a classically-controlled quantum Turing machine without loss of efficiency.

1.1.2 Quantum Automata

A natural model of classical computing with finite memory is a finite state automaton,
likewise a quantum finite state automaton is a natural model of quantum computation.
Quantum finite state automata refer to the quantum computers in a similar way as finite
state automata are related to Turing machines. An automaton reads input symbols from
the given input and performs a transition function defined for the input symbol, after the
input is read, the automaton accepts or rejects an input word. A quantum automaton can
reject or accept a word with a probability between zero and one.

Different notations of quantum finite state automata are used. The most simple and
one of the most popular notation of quantum finite state automata is a definition of
a quantum finite state automaton introduced by Moore and Crutchfield [38] known as
measure-once quantum finite state automaton (MO-QFA). The measure-once quantum
finite state automata performs unitary transformation for each input symbol and makes
the only measurement when the whole word is read obtaining the result whether the input
is accepted or rejected. MO-QFA is pure state model of quantum finite state automata.
Brodsky and Pippenger have proved [16], that MO-QFA with bounded error recognize

the same language class as group automata [52]. In the same paper [16], Brodsky and
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Figure 1.1 The forbidden construction of [16].

Pippenger showed that measure-once quantum finite state automaton can be simulated
by a probabilistic finite state automaton and described an algorithm that determines if
two measure-once quantum finite state automata are equivalent. However, if we consider
the measure-once quantum finite state automata with unbounded error it can recognize
non-regular languages, for example, L1 = {w|w € {0,1}*, |w|o = |w]|1}-

Another widely used notation of quantum finite state automata is a measure-many
quantum finite state automaton (MM-QFA) introduced by Kondacs and Watrous [32].
MO-QFA and MM-QFA have seemingly small difference, the definition of measure-once
quantum finite state automata allows the measurement only at the end of the computation,
but the definition of measure-many quantum finite state automata allows the measurement
at every step of the computation (the measurement provides a probabilistic decision
on every input symbol by projecting a state on the subspace of accepting states, the
subspace of rejecting states, and the subspace of the automaton’s non-halting states). The
computation of MM-QFA halts when an accepting state or a rejecting state is reached.
While a measure-many quantum finite state automaton is in a non-halting state, the
computation continues. Although MM-QFA is more powerful than MO-QFA, measure-
many quantum finite state automata with bounded error recognise only the subset of the
regular languages. The several attempts have been made to define the language class of
measure-many quantum finite state automata. Brodsky and Pippenger [16] introduced the
first forbidden construction of MM-QFA (see the figure 1.1) - if a minimal deterministic
finite state automaton of a language contains such construction then the language cannot
be recognized by a measure-many quantum finite state automaton. Later Ambainis,
Kikusts and Valdats [7] have shown another forbidden construction (the figure 1.2) for
measure-many quantum finite state automata, but it is still an open question how to
characterize the language class accepted by measure-many quantum finite state automata.

In the thesis, we also consider a notation of Latvian quantum finite automata
which was introduced in [1]. A Latvian quantum finite state automaton uses mixed
states, at every step of the computation an automaton performs a unitary transformation
and a projection defined for each input symbol. It has been provided an algebraic
characterization of the languages recognized by Latvian quantum finite state automata.

Enhanced quantum finite state automata is the measure-many version of Latvian quantum



1.2 Logics and Classical Computation 8

Figure 1.2 The forbidden construction of [7].

finite state automata, it was defined in [8], where it was shown that there are languages
for which enhanced quantum finite automata take exponentially more states than those of
the corresponding classical automata.

There are also other notations of quantum finite state automata as:

e one-way quantum finite automata with control language [15] - the accepting
behaviour is controlled by the result of the projective measurement performed at
each step in the computation, it was proved that one-way quantum finite automata

with control language with bounded error recognize exactly regular languages [36];

e one-way quantum finite automata together with classical states with bounded error

accepting all regular languages [46];

e ancilla quantum finite state automata, where an ancilla quantum part is imported,
and then the internal control states and the states of the ancilla part together evolve

by a unitary transformation [42];

e measure-once one-way general quantum finite state automata and measure-many
one-way general quantum finite state automata [33] instead of a unitary transforma-

tion a trace-preserving quantum operation is used.

1.2 Logics and Classical Computation

The connection between automata theory and logic dates back to the early sixties to
the work of Biichi [17] and Elgot [22], who showed that the finite automata and monadic
second order logic (interpreted over finite words) have the same expressive power, and that
the transformation from logical monadic second order formulas to finite state automata
and vice versus are effective. Later, the equivalence between finite state automata and

monadic second order logic over infinite words and trees were shown in the works of
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Biichi [18], McNaughton [35], and Rabin [47]. The reduction of formulas to finite state
automata was the key to prove decidability results in mathematical theories.

The next important step in the connection between automata theory and logic
was Pnueli’s work [45]. It was proposed to use temporal logic for reasoning about
continuously operating concurrent programs. In the eighties, temporal logics and fixed-
point logics took the role of specification languages and more efficient transformations
from logic formulas to automata were found. This led to powerful algorithms and software
systems for the verification of finite state programs (“model-checking"). The research of
the equivalence between automata theory and logic formalism also influenced language
theory itself. For example, the logical approach helped generalizing the domain of words
to more general structures like trees and partial orders.

The logical description of the computation models’ behaviour also influenced com-
plexity theory. In 1974, Fagin [23] gave a characterization of non-deterministic polyno-
mial time as the set of properties expressible in the second order existential logic. Later,
Immerman [29] and Vardi [55] characterized polynomial time as the set of properties
expressible in the first order inductive definition, which is defined by adding the least
point operator to the first order logic. In the similar way, polynomial space has also
been characterized [30] as second order logic with transitive closure. These results led
to the development of a new field - Description complexity - a sub field of computational
complexity theory and mathematical logic, which seeks to characterize complexity classes
by the type of logic needed to express the language in them.

A merge of techniques and results from automata theory, logic, and complexity was
achieved in circuit complexity theory, which studies the computational power of boolean
circuits, regarding restrictions in their size, depth, and types of allowed gates. Natural
families of circuits can be described by generalized models of finite state automata as

well as by appropriate systems of the first order logic.

1.3 Automata over Infinite Words

The study of finite state automata working on infinite words was initiated by Biichi
[17]. Biichi discovered connection between formulas of the monadic second order logic
of infinite sequences (S1S) and w-regular languages, the class of languages over infinite
words accepted by finite state automata. The complexity of theory of automata over
infinite words was evident from the inital work of Biichi, where he showed that non-
deterministic automata over infinite words are strictly more powerful than deterministic

automata over infinite words.
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Few years later after Biichi paper, Muller proposed an alternative definition of finite
automata on infinite words [40]. McNaughton proved that with Muller’s definition,
deterministic automata recognizes all w-regular languages [35]. Later, Rabin extended
decidability result of Biichi for S1S to the monadic second order of the infinite binary tree
(S2S) [47]. Rabin’s theorem can be used to settle a number of decision problems in logic.

A theory of automata over infinite words has started from these studies. It can
be applied in the various research areas, including the verification of reactive systems,
reasoning about infinite games, and decision problems for certain logics.

Recently probabilistic variants of finite state automata over infinite words have been
introduced and studied in [12], [10], and [11].



Chapter 2
Preliminaries

The chapter provides the main notations, definitions, and results of the quantum
computation and connection between logic and classical computation which are going
to be helpful for the rest of the thesis. Additionally, we give definitions of the classical
finite state automata over infinite words.

The most of the definitions we refer to [28], [27], and [41] for Quantum Computation.
For the main results and definitions of the connection between logic and automata and

automata over infinite words, we refer to [25] and [53].

2.1 Probabilistic Systems

A system admitting probabilistic nature means that we do not know for certain the
state of the system, but we know that the system is in the states x4, ..., x,, with probabilities

D1, ..., Pn, that sum up to 1.

Definition 2.1.1. Notation

P1 [.1'1] +p2[$2] + ... +pn[l‘n] (2.1)
where p; > 0 and p1 + py + ... + p, = 1 stands for a probability distribution, meaning
that the system is in state x; with probability p;.

We also call distribution 2.1 a mixed state. States x; are called pure states.

Example 2.1.1. Tossing a fair coin will give head h or tail t with a probability of%. The

notation %h + %t is the mixed state of a fair coin tossing.

Instead of dealing with only one possible "reality" of how the process might evolve

under time, in probabilistic system, there is some indeterminacy in its future evolution
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described by the probability distributions. There are many possibilities the process might
g0 to, but some paths are more probable and others are less.

The time evolution of a probabilistic system develops each state z; into distribution
Ty = pri[1] + pailwe] + o 4 Pl (2.2)

such that py; + pg; + ... + pp; = 1 for each ¢. In the notation 2.2, p;; is the probability that

the system z; into x;. Thus a distribution

p1lxa] + poza] + ... + pulzy] (2.3)

evolves into

= pifz] + o+ Pl

where p} = p1;p1 + ... + p1:pn- Therefore the probabilities p; and p, are related by

P11 P12 -~ Pin b1 P/1
P.21 p'22 : . p?n ]9'2 _ P’z (2.4)

The matrix in the equation 2.4 is a stochastic matrix, also called Markov matrix, it has
non-negative entries and py; + pa; + ... + pn; = 1 for each ¢, which guaranties that p} +
P+ .. +D, =p1+p2t ...+ pn

Definition 2.1.2. A real (n x n) matrix A = [a;;] is called a Markov matrix or stochastic

matrix if

e a; >0forl1<i,j7<n

° Zaijzlforlgjgn.
=0

A probabilistic system with a time evaluation described above is called a Markov

chain.
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2.2 Quantum Mechanics

Here, we give a brief introduction to quantum mechanics. The term "quantum me-
chanics" is used for the mathematical structure describing "quantum physics". Quantum
mechanics was born in the beginnings of the twentieth century, when experiments on
atoms and radiations could not be fully explained by classical physics even by using the
Markov chain described in the previous section. At first, we introduce the formalism of
quantum mechanics in a basic form on state vectors and we assume that the quantum

system is a finite - dimensional.

2.2.1 Superposition

The quantum mechanical description of a physical system looks similar to description
of a probabilistic system in 2.1. However, they differ essentially. In quantum mechanics,
a state of an n-level system is described as a unit-length vector in an n-dimensional
complex vector space H, called Hilbert space (see Subsection 2.2.2). H, is called the
state space of the system. To define a quantum state we choose an orthonormal basis
{|x1), |x2), ..., |z,) } ! for the Hilbert space H,,.

Definition 2.2.1. A pure quantum state |¢) is a superposition of a classical states, written
|6) = aq|x1) + ag|re) + ... 4+ aplxy), (2.5)

where «; are complex numbers called amplitudes (with respect to the chosen basis) and
laa]? + |as]* + ... + |aw|® = 1, where |a;|? is the squared norm of the corresponding

amplitude o (|ai + b| = v a? + b2).

The quantum state 2.5 can be also seen as the n-dimensional column vector

631
a2 (2.6)

A

Example 2.2.1. A two-level quantum system can be used to represent a bit. Such a system
is called a quantum bit or qubit. The system has an orthonormal basis {|0),]1)}. A
general state of the system is represented by a|0) + ay|1), where |a;|? + |aa|? = 1. The

2 and 1 - |oy|*

probability to see the system to have the property 0 is |ag

"Notation like ’|z) is standard notation for states in quantum mechanics and is called "ket" notation or
Dirac notation.
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2.2.2 Hilbert Space

Hilbert space is a mathematical framework suitable for describing the concepts and

principles of quantum system. In this subsection, we will define Hilbert space.

Definition 2.2.2. An inner-product space H is a complex vector space, equipped with
an inner product (-|-) : H x H — C satisfying the following axioms for any vectors
¢, 0, 01,02 € H, and any ¢y, c5 € C.

1 (pl) = (¥]g)*?,
2. (Yl)y > 0and (Y1) = 0 if and only if 1 = 0,

3. (Wlergr + cade) = cr(P[g1) + ca(h|d2).

The inner product introduces on H the norm or length ||¢|| = /(%|1) and the metric
(Euclidean distance) dist(¢, ) = ||¢ — ¥|].

Definition 2.2.3. An inner-product vector space H is called complete if for each vector
sequence ; such that im,, ;oo ||¥m — ¥n|| = 0, there exists a vector 1 € H such that

lim,, o0 ||t0n, — ¥|| = 0. A complete inner-product space is called a Hilbert space.

An n-dimensional complex vector Hilbert space is denoted by H,, or C™.
A vector v of an n-dimensional Hilbert space is denoted by |¢), and is referred as a
ket-vector, and it can be seen as an n-dimensional column vector 2.6. The (1| is referred

to as bra-vector and can be seen as an n-dimensional row vector
(of a3 - ay). 2.7)

where «; are complex numbers. The transformation [¢)) <> (3| corresponds to
transposition and conjunction.

The inner product (1|¢) is then "row vector x column vector" product, which
produces a complex number as output. The outer product [1))(¢| is an n X n matrix -

"column vector X row vector" product.

Example 2.2.2. Let us consider a two states of the Hy: [1)1) = < o > and |1g) =
g

( go ) The inner product of 1V and 1, is
1

(Wala) = (o of ) ( g;) ) = a3l + aifhy

ZNotation 2* denotes the complex conjugate of the complex number z: (a + bi)* = a — bi.




2.2 Quantum Mechanics 15

and the outer product is

. Qo N ) aoﬁg ao@f
’¢1><¢2|—<a1)<ﬁo ﬁl>_<04156‘ 041@)‘

2.2.3 Observables and Measurement

In order to extract quantum information from a quantum system, we have to observe
the system to perform a measurement.
At first, we consider a measurement in the computational basis. Suppose, that a

quantum system is in a state
’(b> = Oél|371> -+ OéQ‘LU2> + ...+ an\xn)

We cannot "see" a superposition itself, but only classical states. The basis state |z;)
2, which is the squared norm of the corresponding
amplitude ; (Jai + b] = Va2 + b?). Observing |¢) collapses the quantum state |¢) to
the classic state |z;) and all the "information" that might have been contained in the «; is

is observed with probability of |«;

gone.

We may generalize the measurement as follows:

Definition 2.2.4. An observable E = {F,,Es,....,E,} (m < n) is a collection of
mutually orthogonal subspaces of the Hilbert space H,, such that

We equip the subspaces F£; with distinct real number "labels" 6,,6-, ...,6,,. Each
vector |z) € H,, can be decomposed in a unique way as |z) = |z1) + |x2) + ... + |zpm)
such that |z;) € F;. Instead of observing subspaces E;, we can talk about observing the

labels 6;: by observing E, value 6; will be seen with a probability of ||z;||*.

Example 2.2.3. The observable E can be defined as E = {E\, Es, ..., E,,}, where each
E; is the one-dimensional subspace spanned to x;. Now, we equip the subspaces E; with
the label 1. If the subspace is in the state 2.5, the value 1 is observed with a probability of
levizi| = [eul

Another way of viewing the observables is using projectors. The measurement is
described by projectors Py, P, ..., P, (m < n), which sum to identity. The projectors
are orthogonal (P, P; = 0, if ¢ # j). The projector P; projects on the subspace E; of

the Hilbert space H,,, and every vector |x) € H,, can be decomposed in a unique way as
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|z) = |x1) + |2x2) + ... + |7,) such that |z;) = Pj|z) € E;. We will get outcome 6; with
probability ||z;]|* = Tr(P;|x)(x|) and the state will collapse to the new state

_Jm) _ Bln)
B

")

Example 2.2.4. If we consider the previous example using projectors, then n = m and
P, = |x;)(z;|. Applying our measurement to 1) we will get output i with probability

| P|) 12 = |lai|xi) ||? = |ay|* and the state collapses to 3:‘:2) = b ;).
lloes |a) |l [ovi]

2.2.4 Unitary Evolution

We have measured a quantum state, but what about the time evaluation of the quantum
system? For quantum systems, the time evaluation of probabilistic systems via Markov
matrices is replaced by matrices with complex number entries that preserve the constraint

>oi, la;|* = 1. Thus, the quantum system state

|¢) = aalz1) + alwa) + ...+ om[zn)
evolves into the state

|¢') = aile1) + ablwa) + ...+ aj ),

where amplitudes ay, o, ..., o, and o}, o, ..., o, are related by

Q11 12 ... Oqp aq 0y

/

Qg1 Qg2 ... Qg (6) Qo
= 2.8)

!

Qp1 Opo QOnn Pn Oén

and >0 |oy|* = Y0, |af|? = 1. Thus, the quantum systems time evaluation should be

unitary transformation.

Definition 2.2.5. A complex matrix U is called unitary if UU' = U'U = I,,, where I, is

identity matrix in n dimensions and U' is conjugate transpose of U.

As unitary transformation always has inverse, it follows that time evaluation (non-

measurement) must be reversible. The measurement is not reversible.

Example 2.2.5. Let us consider a quantum coin flipping. We have a quantum system with
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two basis states |0) and |1) and time evolution

1 1
V2 V2
1 1

V2 V2
Notice that if we start either in state |0) or |1) after the first toss we can observe both

options with probability > but if we do not observe the system with the second toss we

return to the starting state.

Definition 2.2.6. A Hermitian matrix or self-adjoint matrix is a square matrix with

complex entries which is equal to its own conjugate transpose (A = AT),

2.2.5 Mixed States and Density Matrices

Pure states are fundamental objects for quantum mechanics in the sense that evolution
of any closed system can be seen as a unitary evolution of pure states. However, to deal

with opened and composed quantum systems the concept of mixed state is important.

Definition 2.2.7. A probability distribution {(p;, ¢;)|1 < i < n} on pure states {¢;}7_,,
with probabilities 0 < p; < 1, where > | p; = 1, is called a mixed state or probabilistic
mixture, and denoted by [)) = {(p;, #;)|1 <1 <n}or

(V) = P11 @ ... © prby = @M@-
i=1

The result of the measurement of a pure state ¢» = > " | «;|¢;) with respect to the

observable given by an orthonormal basis {¢}!_; can be consider as the mixed state

[¢) = @ i * .
i=1

Definition 2.2.8. To each mixed state () = @) _, pi¢; corresponds a density matrix or

density operator
Ply)y = sz|¢z><¢z|
i=1

However, the density operator of a mixed state does not capture all the information

about a mixed state. Different mixed states can have the same density operator. For
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example, if

[¥n) = 5100 @ 311} and [y) = (10} + 1)) @ 5(10) ~ 1)

the corresponding density matrix for both mixed states is

P = Py =

O N
N~ O

Now, we list some important properties of density matrices p = |z)(x|:
e matrices p have a unit trace °.

e pis Hermitian.

Eigenvalues of p are non-negative.

e p = p?if and only if p is a density matrix of a pure state. If p is a density matrix of
mixed state then p? < p and Tr(p?) < 1.

If p is a density matrix of a pure state then it has one eigenvalue equal to 1 and all
other eigenvalues equal to 0.
Evaluation of density operator

For a pure state |¢), the evaluation can be described with unitary transformation as
Uly), where U is a unitary matrix. For the mixed state, if the system was in the state |1;)
with probability p; then after the evaluation it will be in the state U|1);) with probability

p;. Thus, the evaluation of the density operator can be described by the equation

p= ZMWQ(@M £> ZPiU|¢i><¢i|UT = UPUT- (2.9

Measurement

Suppose we perform measurements with projectors Py, P, ..., P,,. If the initial state

is 1, then the probability of obtaining the result j is

p(gli) = Tr(Pjli) (i) (2.10)

3Trace of the matrix p denoted by T'(p) is the sum of the diagonal elements.
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Using the law of total probability the probability of getting result j is
p(j) =Y _p(ili)pi = > Tr(Piln) (wil) = Tr(P;p) (2.11)

Using the techniques of the probability theory we can obtain that the density operator after
obtaining measurement j is
Bipl;
;= = 2.12

2.3 Quantum Finite State Automata

A classical finite state automaton servers as a basic model of a classical finite size
machine. Similarly, a quantum finite state automaton can be seen as a basic quantum

model of finite state quantum machines.

2.3.1 Models of Classical Finite State Automata

Different models of finite state automata have been developed and investigated
in the classical computation. We consider the very basic notation of finite state
automata - deterministic finite state automata, non-deterministic finite state automata, and

probabilistic finite state automata.

Definition 2.3.1. A deterministic finite state automaton (DFA) is a tuple A = (Q, %, J, qo, Q)

where:

e () is a finite set of states.

Y. is a finite set of input symbols. It is said to be alphabet of the automaton.

0:Q XX — Q is a transition function.

qo € @ is an initial state (the state of the automaton when no input has been

processed).

Q. C Q is a set of accepting states.

An automaton reads a finite string of input letters aqas...a, (a; € ), which is called
an input word. Set of all words is denoted by X*. Sometimes a special character is used
to denote the end of the word. The automaton starts the computation at the initial state
qo and performs the transition function corresponding to the current state and the current
input symbol.
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o ol
-@ () m—C

Figure 2.1 The deterministic finite state automaton A;.

Definition 2.3.2. A run of the automaton A = (Q,%,9,qo,Q,) on the input word
ajay...a, € Y* is a sequence of states qoq...qn, Where q¢; € Q and ¢; = 6(q;i—1, ;).
(qn is the final state of the run.)

Definition 2.3.3. We say, the automaton A = (Q, %, 9, qo, Q) accepts or recognizes an
input word a1as...a, if ¢, € Qq.

Definition 2.3.4. We say, the automaton A = (Q, %, 9, qo, Q) recognizes the language

L(A), if L(A) contains all the words recognized by the automaton A.

Example 2.3.1. Let us consider the automaton A; = (Q, 3,9, qo, Qa), where

b Q = {QO»CIhQQ}
o > ={a,b}

e ) can be described by

a b
do | 1 Qo
Q1| @1 QG2
@2 |9 ¢

® ( is the initial state

o Qa = {QI}

The automaton can also be characterized using the state diagram (see the figure 2.1),
where it has three states labelled qo, q1, and qs. The initial state is indicated by the arrow
pointing to it from nowhere, for the current example - it is the state qy. The accepting
states are indicated by double circle (in the example - {q1}). The arrow from the state q;
to the state q; with label a, denotes transition q; = 6(q;, ay,).

In our example, the automaton A, recognizes language Lo = { w | w has at least 1 a

and even number of b’s following the last a}.
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Figure 2.2 The group finite state automaton recognizing the language a>".

Besides deterministic finite state automaton there are also other variations in different
components of automata (input, transition, acceptance). For example, an automata can
accept finite or infinite words (the infinite words will be consider later in the section 2.6),
or tree structures.

Let us consider three other variations of finite state automata - group finite state

automata, non-deterministic finite state automata, and probabilistic finite state automata.

Definition 2.3.5. A group finite state automaton (GFA) is a deterministic finite automaton
Agra = (Q, 2,9, qv, Qa) with the restriction that for every state ¢ € ) and every input
symbol o € X. there exists exactly one state ¢’ € Q) such that §(¢',0) = q.

In other words, 0 is a complete one-to-one function and the automaton derived from
Agra by reversing all transitions is deterministic. The automaton in the figure 2.1 is not a
group automaton as there are three states ¢y, ¢, and ¢» from which we can reach the state
¢1 with input letter a.

In the figure 2.2, a group finite state automata recognizing the language {a*"|n > 0}

is displayed.

Definition 2.3.6. A non-deterministic finite state automaton (NFA) is a tuple Axpa =
(Qa Ea (57 qo, Qa) Where-'

e () is a finite set of states.
e ). is a finite set of input symbols. It is said to be alphabet of the automaton.

e §:Q x (XU{e}) = P(Q) is a transition function, where P((Q)) denotes the power
set* of Q.

e qo € Q is an initial state (the state of the automaton when no input has been

processed).

e ), C Q is a set of accepting states.

“P(Q) ™ {X : X C Q} is the power set of Q.
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Figure 2.3 The non-deterministic automaton.

We may think of a non-deterministic automaton as a kind of parallel computing, where
all possible transitions from a current state are followed simultaneously. If at least one of

these is accepting, then the entire computation is accepted.

Definition 2.3.7. A non-deterministic finite state automaton Ayrps = (Q,%,0, o, Qa)
accepts the word w = wyws....w, (w; € X) if there exists a run ¢;,qi,..q;, (qi; € Q) and

V1Yo Yk (y; € XU {e}) such that:

® W = Yi1Y...Yg,
4 Qi1 = qo,
b C.Z’Lk E Qa,

o forevery j (1 <j<k)q,coq,_, y;)

Example 2.3.2. Let us consider a non-deterministic finite state automaton of the figure
2.3. It recognizes words ending with the string ab. The accepting state can be reached

only if the last two symbols are ab.

For finite input, the language class accepted by non-deterministic finite state automata

is equal to the language class accepted by the deterministic finite state automata.

Definition 2.3.8. A probabilistic finite state automaton (PFA) is a tuple Appa =
(Q> 27 5a q0, Qa) where:

e () is a finite set of states.
e ) is a finite set of input symbols. It is said to be an alphabet of the automaton.

o 0:Qx{XU{#}U{S}} xQ — Ryoy is a transition function, where for each state
qgeqQ Zq,eQ d(q,a,q') = 1, and # is the left end-marker denoting the start of the
input word and $ is the right end-marker denoting the end of the input word.

e qo € Q is an initial state (the state of the automaton when no input has been

processed).
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e (), C Q is a set of accepting states.

The transition function for each input symbol ¢ € ¥ can be described as a Markov
matrix A, = [a;;], where a;; = 0(g;, 0, q;) - the probability of going from the ¢; to the
state ¢; by reading a symbol 0. The computation of a probabilistic finite state automaton
starts in the initial state gy and the transition corresponding to the current input symbol

is performed. The computation process of a probabilistic finite state automaton can be

viewed as Markov chain. The computation on an input word w = #Hwws...w,$ is
described by
1
0
AgAy, A, - A2 A1 Ay , (2.13)
0
1
where corresponds to probability distribution 1[g].
0

Definition 2.3.9. We say that a probabilistic automaton Apra = (Q, %, 0, qo, Q) accepts
or recognizes a word w = #wiw,...ws$ with probability p ifijeQa pj = p, where

Do
0
PUol 2 AgAy, Ay AsA Ay (2.14)
Pn-1 0

Similarly, we can define rejection with probability p. In this case, we consider the

probability > 4;¢Qa Pi Z P-

Definition 2.3.10. A probabilistic finite state automaton Appa is said to accept a
language L with probability p if it accepts any x € L with probability at least p and
rejects any x ¢ L with probability at least p.

Definition 2.3.11. A language L is said to be accepted by a probabilistic finite state
automaton with bounded error if there is € > 0 such that any x € L is accepted with

probability at least p + € and rejects any x ¢ L is rejected with probability at least p + e.
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Figure 2.4  The probabilistic finite state automaton.

Example 2.3.3. Let us consider a probabilistic finite state automaton of the figure 2.4.

It recognizes language containing words of the length 6n with probability 3 If an input
2
word is of the length 6n it is accepted with probability 3 If an input word is of the length

3n, but not 2n it is rejected with probability 3 the automaton rejects the word with the
same probability if it is of the length 2n but not 3n. If the word is neither with length 2n
nor with length 3n it is rejected with probability 1.

2.3.2 Measure-Once Quantum Finite State Automata

Definition 2.3.12. A measure-once quantum finite state automaton (MO-QFA) is defined
by a tuple as follows [38]

AMOfQFA = (Q? 27 57 qo; Qacc; Qrej)
where
e ( is a finite set of states,

e X is an input alphabet and I'=% U {8 } is working alphabet of Apro—gra, and $ is

the right end-marker, denoting the end of a word,

qo € Q is a initial state,

Qace € Q and Q,e; C Q) are sets of accepting and rejecting states (QuecNQyrej = 0),

0 is the transition function § : QQ X I' X QQ — Clo 1], which represents the amplitudes
that follows from the state q to the ' after reading symbol o.

For all states q1,q2,q € Q and symbols o € T, the function § must be unitary, thus

the function satisfies the condition



2.3 Quantum Finite State Automata 25

— N ) T = @)
;&ql,o,q)é(qz,a,q) —{ 00 % @) (2.15)

And it is assumed that an input word ends with the right end-marker.

The linear superposition of the automaton’s Ay;o_qgra states is represented by an
n-dimensional complex unit vector, where n = |@|. The vector is denoted by |p) =
> ilg), where {|g;)} is the set of orthonormal basis vectors corresponding to the
states of the automaton Ayo_gra-

The transition function § is represented by a set of unitary matrices {V, } where

oel™
V, is the unitary transition of the automaton Ay;o_gra4 after reading the symbol o and is

defined by Vo (|q)) = >-ycq 0(¢:0,4) |d)-

A computation of Ay o_gra on input 0109...0,% proceeds as follows. It starts in
the superposition |go). Then a transformation corresponding to the first input symbol is
performed, followed by the transformations corresponding to the proceeding symbols of
the input word and the right end-marker $. After reading the right end-marker $, the final
superposition is observed with respect to E,.. and E,.; where E,.. = span{|q) : ¢ €
Qucc} and E,; = span{|q) : ¢ € Qre;}. It means if the final superposition is |¢) =
D i€Que. Vi l€i) + 22 ,€Qre; Di |g;) then the measure-once quantum finite state automaton

Apro—-gra accepts the input word with probability > o7 and rejects > 632.

Example 2.3.4. Let us consider a measure-once quantum finite state automaton Ay, =
({a0, a1}, {a}, {Ua, Us}, qo. {0}, {ar}) accepting language Ly = {a™"|n € Z}.

2 .27
c0S—  Sin—

Ua = %ﬂ' 2?;r Us = I,

—Sin— CcOS—
3

3

The automaton starts the computation in the superposition |qo), after the first input

m 77
symbol it changes the superposition to cos - lq0) — sin?\qﬁ, after the next symbol the

automaton is in the superposition (:054—7T lq0) — smg7T |q1). Reading the next input symbol,
the automaton returns to the superposition |qo). The automaton accepts a word belonging
to language L3 with probability 1, and rejects a word if it does not belong to Ls with
probability Z

Theorem 2.1. [16] A language L is recognized by a measure-once quantum finite state

automaton if and only if it is recognized by a group finite state automaton.



2.3 Quantum Finite State Automata 26

2.3.3 Measure-Many Quantum Finite State Automata

Definition 2.3.13. A measure-many quantum finite state automaton (MM-QFA) is defined
by a 6-tuple as follows [32]

Ann—qra = (@555 65 qo; Qace; Qrej)
where
e ( is a finite set of states,

e Y isan input alphabet and I'=X. U { §; $ } is working alphabet of Ayrn—qra, where
t and $ (¢ X) are the left and the right end-markers, denoting the start and the end

of an input,

e 0§ is the transition function § : () x I' x Q — Clo 1), which represents the amplitudes
that flows from the state q to the state ¢ after reading symbol o,

e ¢y € Q is the initial state,
e Quee € QandQ,ej C Q are sets of accepting and rejecting states (QuecNQyrej = 0).

The states in Qqc. and Q,.; are halting states and the states in Qpnon = Q \ (Qacc U Qre;)
are non-halting states.

For all states qy,q2,q" € Q and symbols o € T, the function § must be unitary (the
equation 2.15 should be satisfied). And it is assumed that an input word starts with the

left end-marker and ends with the right end-marker.

The linear superposition of the automaton’s Ap/ar—qgra states is also represented by
an n-dimensional complex unit vector, where n = |@Q|. The vector is denoted by |¢) =
> a;|gi), where {|g;)} is the set orthonormal basis vectors corresponding to the states
of the automaton A,sy/—gr4 and the transition function 9 is represented by a set of unitary
matrices {VJ}UEF’ where V, is the unitary transition of the automaton Ay —gra after
reading the symbol o and is defined by V(| ¢)) = >, 9(q,0.¢) | ¢)-

A computation of the automaton Ay —gra on the input word foy05...0,$ proceeds

as follows:
e it starts in the superposition |qo);

e a unitary transition corresponding to the current input symbol is performed;
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e after every transition, the automaton A measures its state with respect to the
observable E,.. ® E,ej @ Enon Where Eoee = span{|q) : ¢ € Qucc}r Erej =
span{|q) : ¢ € Qrej} and E,,, = span{|q) : ¢ € Quon}. If the observed state
of the automaton Ap/p—qgra is in E,.. subspace, then it accepts the input; if the
observed state of Ayrar—gra isin E,.; subspace, then it rejects the input, otherwise

the computation continues.

After every measurement, the superposition collapses to the measured subspace. A
measurement is represented by a diagonal zero-one projection matrices Py, Ire; and
P, ., which project the vector onto Fec., E,c; and E,,p,.

Since the automaton Aysa/—gra can have a non-zero probability of halting, it is useful
to keep a track of the cumulative accepting and rejecting probabilities. Therefore, the state
of the automaton Aysyr—gra is represented by a triple (0, Paces prej), where p,.. and pre;
are the cumulative probabilities of accepting and rejecting. The transition of Ay/pr—gra
on reading the symbol o is denoted by (P,on |¢) ; Pace + || Pace?’ ||2 yDrej + || Prejd’ ||2),
where ¢ =V, ¢.

Example 2.3.5. As the example we consider a measure-many quantum finite state

automaton recognizing the language L, = {a*b*} in the alphabet {a, b} [5].

Aa*b* - ({QO7 41, Qace, QTej}a {(l, b}7 57 {qacc}a {QTej}a {qm QI});

where 6 :

Vilao) = /(1 = p)lgo) + /Plar),

Va(lg0)) = (1 = p)lgo) + /(1 = p)la1) + /Dldre;),
Va(lar) = v/p(1 = p)lgo) + plar) — VT = plares),
Vollgo)) = lares)s Vollar)) = |a),

Vs(l90)) = l@re)s Vs(lar)) = |Gace),

where p is the root of p> +p = 1.
The automaton starts the computation in the superposition |q), the automaton

changes the superposition to /1 — p|qo) + /p|q1). Now we consider several input cases:

o The input is a*. While the current input symbol is a, the automaton does not change
its superposition /1 — p|qo) + /D|q1) and when the automaton reads the right end-
marker, it accepts the word with probability p.

e The input is a*bb*. While the current input symbol is a, the automaton does not
change its superposition \/1 — p|qo) + \/pP|lq1). However, when the automaton
reads the input symbol b, it rejects the input word with probability 1 — p and with
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probability p is in the superposition |q1). While the automaton reads the input
symbol b, it stays in the superposition |q,) with probability p. After the automaton
reads the right end-marker, the automaton changes its state t0 |qqc.) and accepts

the word with probability p.

e The input is not in Ly, it means that after a*bb* we have at least one a. After
reading a*bb* when the automaton is in |q,) with probability p. When the automaton
receives an a, then the rejecting probability becomes (1 — p) + p(1 —p) = 1 — p?
and the automaton is in the superposition \/1 — p|qo) + V/Plq1) with probability

p?, by receiving next b or the right end-marker, the rejecting probability becomes
1-p’+p’(1—p)=1-p’=p’+p—p’=p

A measure-once quantum finite state automaton A; = (Q1;%;01;¢1; Qacer; @rejr)

with n states can be easily simulated by a measure-many quantum finite state automaton

Ay = (Q2;%; 02 q1; Queeys Qrejp)» Where Qo = {qu, ..., q2n }, states i, ..., g, are non-
halting states, the state g, ; is accepting if the state ¢; of the automaton A; is accepting,

otherwise g,4; € Qrej,, the transition function 9, is defined as follows:
o Vo,(lg) = |q) forq € {q1,...,q2n}
o Vo, (lg)) = Vi, (lg) forqg € {q1,....,qn} and 0 €
o Vo, (lq)) = lg) for ¢ € {gn41, ..., q2n} and 0 € 2

o Vo(lg)) = an+je{qn+1,,,7q2n} (¢, 8, gj+n) |@jtn) if
‘/1$(|q>) = qute 6(Q7 $7 q]) |q]> for qc {Qh e QTL}

2.3.4 Latvian Quantum Finite State Automata

Definition 2.3.14. A Latvian quantum finite state automaton (LQFA) is defined by a tuple
as follows [1]

ALQFA — (Q7 27 {AU}7 {Po}a qo; Qacc)
where

e ( is a finite set of states,
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e X is an input alphabet and I' = ¥ U { #; $ } is working alphabet of Apgra, where

t and $ (¢ X) are the left and the right end-markers,

o {A,} are unitary matrices defined for each working symbol,

e {P,} are measurements for each working symbol, each P, is defined as a set

(Er, .,

E;} of orthogonal subspaces,

® (o € Q is the initial state,

L Qacc g Q and Qrej

= @ \ Qucc are sets of accepting and rejecting states.

A Latvian quantum finite state automaton Ay 4 starts a computation in the state |gq).

By reading each input letter o, the automaton transforms the current state by a unitary

matrix A, and performs a measurement P,. At the end of the computation automaton

Argra accepts or rejects the input according to the output of Fs measurement, where

Ps= Eupoe @ Erej (Egee = span{|q)|q € Qacc} and E,.; = span{|q)|q € Qrej}). As a
Latvian quantum finite state automaton uses mixed states, it is convenient to use a density

matrix to identify the state of the automaton.

Example 2.3.6. A Latvian quantum finite state automaton for language >*aX* in the

= {q(),fh;fh,%},
Ey® E1 @ E, ® B3 (E; = span{|q;)}),

alphabet ¥ = {a,b} is ArLora,

Y= {a b} Qacc - {Q1,Q27QS} Pﬁ

A= Ag =

The computation of the aut.
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The automaton Apgra, correctly rejects the input with probability 1 and correctly

3
accepts the input with probability 7
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Theorem 2.2. []] Latvian quantum finite state automata recognize exactly those lan-

guages whose syntactic monoid is in BG.

2.4 Monoids

In the thesis, we also refer to an algebraic structure with a single associative binary
operation and an identity element called a monoid. The section contains the definitions

which will be later used in the thesis.

Definition 2.4.1. A monoid is a tuple M = (M, ey, 1) consisting of a non-empty set
M, an associative binary operation e,; and a unit element 1,; € M, i.e., the following
has to be satisfied:

o closure: Nx,y:x ey ye M
e associativity: Vx,y,z € M : (z ey y) ey z=x ey (y ey 2)
o unit element: Nx : 1y o x=x =x0); 1)
Definition 2.4.2. A monoid M = (M, ey, 1,) is finite if and only if M is finite.

Definition 2.4.3. Let M, N be monoids. The mapping ¢ : M — N is a homomorphism
if and only if:

o ¢(z ey y) = d(x) en d(y),
o o(1y) = 1n.

Example 2.4.1. For an alphabet %, the set of >* with concatenation as binary operation

and empty word € as unit element is a monoid.

Definition 2.4.4. Let M be a monoid, ¥ an alphabet, and ¢ : ¥* — M a homomorphism.
Every subset N of M defines a subset of >2*:

¢ (N) = {w € X*|d(w) € N}

Definition 2.4.5. The monoid M accepts the language L C X* if and only if there is
N C M and a homomorphism ¢ : ¥* — M such that L = ¢~ *(N).

Example 2.4.2. The monoid accepting the language of the deterministic finite state
automata in the figure 2.1 is M = {0, 64, O, 0qp } With binary operation:
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¢ Oa Op Oap
0 | ¢ Oa Op Oap
0a | O0a  Oa Oab Oap
O | O Oa Oc Oap
5ab 5ab 5a (5a (Sab

and N = {0,}.

Definition 2.4.6. For a regular language L, the transition monoid of the minimal

automaton is called the syntactic monoid of L.
Theorem 2.3. Let L C X*. Then the following is equivalent:

1. Lis accepted by a finite monoid.

2. Lis regular.

Definition 2.4.7. The finite monoid M is called aperiodic if and only if it is a monoid and

there exists a non-negative integer n, such that m™™' = m" for all m € M.

Example 2.4.3. Let us look at the monoid accepting the language containing a substring
aba - M = {0c, da; b, Oabs Obas Obbs Oabas abbs Obabs Obbas Obavb, Obbab }» Where binary operation
is defined as follows:

Oc Oq O
Oc Oc Oa O
0 | 00 da  Oap
o | O Oba  Onp
Oab | Oab  Oaba  Oabb
Oa | Oba  Oba  Obab
Owb | Ow  Obba  Obb

Oaba | Oaba  Oaba  Oaba

Oabb | Oatb  Oa  Oabb

Obab | Obab  Oaba  Obabb

6bba 5bba 5bba 5bba,b

5babb 5 babb (5ba 5babb

Obbab | Obbab  Oaba  Obb
where N = {044 }. The monoid is aperiodic as for all § € M 5™ = §™*1, where m > 2.
Definition 2.4.8. A group is a monoid G = (G, e¢, 1) with an inverse element: Ya € G

there exists an element b € G such that a e b = b e a = 1. The inverse element of an

element a is denoted by a™'.
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The monoid of the example 2.4.2 is not a group. However, let us consider the monoid
accepting the language of the group finite state automata in the figure 2.2.

Example 2.4.4. M = {J. = 0y, da, 0ua } With binary operation:

% Oa daa

o | Op 0o Oaq
a | %a Oaa Op
Oaa | Oaa  Op  da

and N = {0y}. It can be seen that it forms the group, the inverse element of 0y, is Oy, 0, -
Oaar and 044 - 0.

Definition 2.4.9. We say that some subset H of G is a subgroup of G = (G,eq, 1) if H

also forms a group under the operation eg.

If we look at the group of the example 2.4.4, then we can see that H = {J,} forms a
subgroup of M. However, let us consider an example of group which contains a bigger

subgroup.

Example 2.4.5. We construct a group recognizing the language described by a regular
expression b*ab(a* \V b(ab*a)*b)*. The group consists of G = {0¢, da, Ob, dab, Obas Oaba }»
N = {bap, Oupa } and binary operation:

d¢  O%a O  Jdab  Oba  Oaba
0 | 0¢  0a Oy Oab  Oba Oaba
0a | 00 O Oab O  Oaba Oba
O | % Oa O  Oaba  Oa  Oab
Oab | Oab  Oaba  Oa  Oba  Oc  Ob
Oba | Oba O  Oaba Oc  Oap O
Oaba | Oaba  Oab  Oba  Oa Oy  Oc

This group has several subgroups {0¢, 04}, {0¢, 00}, {0¢, davats {0c, Oans Iba }-

Definition 2.4.10. A subgroup N of a group G is called a normal subgroup if it is invariant
under conjugation, that is, for each element n € N and each g € G, the element g g

neg g lisstillin N. We write NG <= Vn € N.Vg€ G, gegnegg ' e N.

Now, let us consider the subgroups of the previous example, if they are normal
subgroups:

e {0c,0,} is not a normal subgroup as 0,0,0, = J4pe, Which is not in the subgroup

{0e, 0o}
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e {00} is not a normal subgroup as 6,050, = 0ape, Which is not in the subgroup
{567 51)}

e {0, 0apa} is nOt @ normal subgroup as 0,444, = Jp, Which is not in the subgroup
{567 5aba}-

® {0, 0ap, Opa } is @ normal subgroup, as d,0a0a = Opas Ob0abOb = Obas OabadabOaba =
5ba7 5a5ba6a - 5ab’ 5b5ba5b - 5aba and 6aba5ba5aba = 5ab-

Definition 2.4.11. A subnormal series of a group G is a sequence of subgroups, each a

normal subgroup of the next one.
Definition 2.4.12. A group is said to be an abelian group A ifforall g,h € A geh = heg.
The group M in the example 2.4.4 is an abelian group.

Definition 2.4.13. If G is a group, H is a subgroup of G, and g is an element of G, then
a left coset of H in G is gH = {gh|h € H}, and a right coset of H in G is defined as
Hg = {hg|h € H}.

Example 2.4.6. Let us consider the group of the example 2.4.5 and the subgroup H =
{0¢, Oub, Opa }- The left cosets of H in G are:

e ). H=H

g 5aH = {5a75ba5aba}

(5bH = {6a7 557 6aba}

oaH = H
® 5baH =H
L d 5abaH = {5a7 6b7 5aba}

Definition 2.4.14. If N is a normal subgroup of G then the quotient group or factor group
G/N is defined to be the set of cosets

G/N = {gNl|g € G}

together with the binary operation given by gN e hN = g e hN.

The quotient or factor group of the example 2.4.6 is {{d4, 0p, dapa }» {Oc, dab, Oba } }-
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Definition 2.4.15. A group G is called solvable if it has a subnormal series whose quotient
groups are all abelian, that is, if there are subgroups {1} = Gy <G1<1G3<...< G =G
such that G;_y is normal in G;, and G;/G;_ is an abelian group, for j = 1...k.

The group G of the example 2.4.5 is also solvable group as it has a subnormal series
{56} d {557 5ab) 5ba} aG.

Example 2.4.7. As another example of a group, let us consider a symmetric group. A
symmetric group on set X is the group consisting of all bijections of the set (all one-
to-one and onto functions from the set to itself) with function composition as the group
operation.

The elements of the symmetric group on a set are the permutations of that set. The
permutations can be described in a number of ways. Two most common ways of describing
permutations are the one-line notation and the cycle decomposition. For instance, the

two-line notation for a permutation on the set {1,2,3,4,5}:

142 35
3521 4]

The two-line notation for a permutation is not unique, because the order of elements in
the first row is arbitrary. If we fix the order of elements in the first row of the permutation,
then we can omit the first row of the permutation and simply write the second row. This is
termed the one-line notation for permutations. For instance, for the set 1,2,3,4,5, we can

fix the first row to have 1,2, 3,4, 5 in that order. In this case, the two-line notation is:
1 2 3 45
3215 4)

(3215 4).

Any permutation can be expressed uniquely as a product of disjoint cycles (a cycle

thus we get the one-line notation:

is a permutation of the elements of some set X which maps the elements of some
subset S to each other in a cyclic fashion, while fixing (i.e., mapping to themselves) all
other elements.). A cycle (a1, as, ..., a,) being in a permutation means that under the
permutation, a; is mapped to a; 1, and a,, is mapped to a,. Two cycles are disjoint if they
do not have any element in common. In our case, cycles are (1,3)(4,5).

The symmetric group Sy is the group of all permutations on a set of five elements. It
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has 120 elements and the generating set of Ss is (1,2)(1,2,3,4,5) using which we can

get every element in Ss. It is known that S5 forms a non-solvable group.
Definition 2.4.16. An element o of the monoid M is called idempotent if o = o e, 0.

The set of idempotents of a monoid M is devoted by E(M). In the example 2.4.2,
E(M) = {0, 6a,dap }, but in example 2.4.4, E(M) = {d}.

Definition 2.4.17. A monoid M is block group if and only if for any e and f in E(M)
eM = fM or Me = M f implies e = f.

The monoid of the example 2.4.4 is a block group. For languages recognized by block
groups we have the following theorem:

Theorem 2.4. [44] For any language L, its syntactic monoid M (L) is a block group if
and only if L is a Boolean combination of languages of the form Loa,Lyas...a,L,, where

a; € Y and L; is the language recognized by a finite group.

2.5 Logic

The section contains the notations and results of logic the connection classical

computation.

Definition 2.5.1. A signature or vocabulary is defined by a triple 6 = (F, R, ar), where
F and R are disjoint sets not containing any other logic symbols, F' is function symbols
and R is relation symbols, and ar : F'U R — Ny, which assigns non-negative integer
called arity to every function and relation symbol. A function or relation symbol is called

n-ary if it has an arity n. 0-ary function is called a constant.

In other words, a signature is a set of non-logical constants together with additional
information identifying each symbol as either a constant symbol, or a function symbol

(for example: 0, +) of a specific arity n or a relation symbol (<, €) of a specific arity.

Definition 2.5.2. A structure is defined by a triple A = (A, 6, 1), consisting of a domain
A (an arbitrary set), a signature 6, and an interpretation function I that indicates how the

signature should be interpreted on the domain.

Example 2.5.1. Let us consider a structure Ay, = (Z,64,17), where Z are a set of
integers, 0, consists of a binary function symbol +, an unary function symbol — and

constant symbols 0, 1, and interpretation:
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o [.(+):ZxZ— Z - addition of integers,

e [.(—):Z — Z - function that transforms each integer x to —r,

I.(0) € Z is the number 0,

o [.(1) € Z is the number 1.

2.5.1 First Order Languages

Definition 2.5.3. The word model for the word w = ayas...a,, be a word over the alphabet

Y. is represented by the relational structure

W = (dom(w)v < (Qa)aez)

where dom(w) = {1,2,...,n} is the set of the letters “positions" of w (the “domain" of
w), < is the order relation on dom(w), and QQ, = {i € dom(w) | a; = a} (“position

carries letter a").

We consider word models over the finite alphabet >). The corresponding first order
language FO[<] has variables z, y, ... ranging over positions in the word models, and is

built from atomic formulas of the form

=y, Qux),z <y

by means of the connectivities —, VV, A, —, <> and quantifiers 3 and V. We may also use
the successor relation S(x,y), which can be expressed as first order formula z < y A
—3z(x < z A z < y). The notation (x4, xs, ..., x,) indicates that in the formula ¢ at
most the variables x, xs, ..., x,, are free, i.e. they are not in the scope of a quantifier. A
sentence is a formula with no free variables. If py, pa, ..., p,, are positions from dom(w)
then (w, p1, P2, ..., Pn) | @(x1, 2, ..., x,) means that ¢ is satisfied in the word model w
when pq, po, ..., p, serve as an interpretation of z1, x», ..., x,,. The language defined by the
sentence ¢ is L(¢) = {w € A* | w = ¢}. Languages defined by such sentences are
the first order FFO[<] languages. For example, the sentence V(Q,(x)) over the alphabet
A = {a, b} defines the language containing all words having only letters a. This language
is a FO[<] language.

The classical equivalence result of the first order logic is result by Schiitzenberg [48]:
Theorem 2.5. For a language L € A* the following are equivalent

1. L is star-free (the smallest class that satisfies the following: all finite languages
over A belong to star-free languages, if languages L, Lo are star-free then so are
L1 . LQ, L1 U LQ, L1 N LQ Cll’ld[_q == A* \ L)
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2. L is recognizable by a finite aperiodic monoid.

3. L is defined by a first order formula.

2.5.2 Modular Logic
We will consider a new quantifier called modular quantifier [S1].

Definition 2.5.4. A modular quantifier is 3" x(x) that means p(x) is true for a number

of x equal to n mod m.

Definition 2.5.5. Let us denote by M OD|<] the class of languages defined by first order
atomic formulas (v =y, Q.(x), x < y) by means of the connectivities =, \, \, —, <> and

the modular quantifier.

An example of M ODI[<] is the language containing all words that has even number

of symbol a, the corresponding formula for this language is 3*°zQ, (z).

Theorem 2.6. [51] Let L. C A* be a regular language, then L € M OD|<] if and only if

the syntactic monoid of language L is a solvable group.

2.5.3 Generalized Quantifier

Logical framework can also be extended with generalized quantifiers; they have been

introduced by Mostowski [9]. One of such quantifiers is Lindstrom quantifier.

Definition 2.5.6. Consider a language L over the alphabet ¥ = (ay,as, ...,as). Let T
be a k-tuple of variables (each ranging from 1 to the input length n). In the following,
we assume the lexical ordering on {1,2,....n}*, and we write X1, Xs, ..., X,x for this
sequence of the potential values taken on by z. Let ¢1(T), po(Z), ..., ¢s—1(Z) be s-1 T'-
formulas for some alphabet I'. The

QrT[p1(7), $2(T), ..., Ps—1(T)]

holds on string w = wws...wy, if and only if the word of length n* whose i-th letter
(1<i<nF)is

a; if w ¢1(X;)

as ifw = ¢1(X;) A da(X;),
az ifw E —91(X;) A =da(Xi) A ¢3(Xa),

Qg wa ): _'(bl(Xz) A _|¢2<X,L) VANRAN ﬁ¢s,1(Xi),
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belongs to L.

Example 2.5.2. Consider alphabet ¥ = {0,1} and a language L which is defined by
regular expression(0,1)*0(0,1)*, then formula Qr(¢(z)) is equal to the classical first
order existential quantifier applied to some quantifier-free formula ¢ with free variable x,

i.e. Jxp(x). It is easy to see, that the formula will be true if there is at least one position
of x for which ¢(x) will be true.

Let us consider another type of generalized quantifier - a group quantifier [37].

Definition 2.5.7. Fix a finite group G and a mapping from {0,1}* onto g for a fixed
integer k. Let (¢1(x),...,¢(x)) be a vector of the first order formulas with a single
common free variable x. For each x, let g(x) be the element of G denoted by the vector
of truth values of (1(x),...,¥x(x)). For an element g € G and an input of length n,
we define (T992) (11 (), ..., v (x)) to be true if and only if the element of G obtained by

multiplying g(1)g(2)...g(n) is g.

Example 2.5.3. We can define a modular quantifier El(m’l)w(a:) in terms of group
quantifier. We have a cyclic group (a group that can be generated by a single element)
G ={lg,01,09,...,0,}, then we define mapping 0 onto 1 and 1 onto . (T¢°1)(1p(x))
is equal to 3™DY(z), as (TS (Y(x)) is true if and only if g(1)g(2)...g(n) = o
(9(i) = 1g or g(i) = o1). g(1)g(2)...9(n) = oy is satisfied if and only if | mod m

number of elements (i) are o1 so 1(x) must be true | mod m times.

2.6 Finite State Automata over Infinite Words

At first, we give the main notations for infinite words.

Definition 2.6.1. > is the set of all infinite words over alphabet X.. For infinite word «
we write = a(0)a(1)a(2)... with a(i) € X. A set of infinite words over a given alphabet

is called an w-language.

The number of occurrences of the symbol a in an infinite word (w-word) « is denoted

by [al,.

Definition 2.6.2. For a given w-word o € ¥, let Occ(a) = {a € X|Tia(i) = a} be the
finite set of letters occurring in o and Inf (o) = {a € X|3¥ja(j) = a} where I denotes

the quantifier "there exists infinite many".

Definition 2.6.3. Limit languages Let U C >* be a language of finite strings. The limit
U is defined as lim(U) = {a € £¥|3“n € Ny : a[0..n] € U}.
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A word belongs to [im(U) if and only if it has infinitely many prefixes in U. For
example, U = {aba*}, then lim(U) = {aba“}.

2.6.1 Classical Automata over Infinite Words

In this section, the basic concepts of finite state automata over infinite words or w-

automata are presented (for more details refer to [25], [53]).

Definition 2.6.4. An finite state automata over infinite words or w-automaton is a
quintuple A = (Q, %, 9, qo, Acc), where

e () is a finite set of states,

Y. is a finite alphabet,

§:Q x ¥ — 29 is the state transition function,

qo € Q is the initial state,

Acc is the acceptance component.
In a deterministic w-automaton, a transaction function § : () X ¥ — (@) is used.

The acceptance component can be given in different ways, and it will be explained

below.

Definition 2.6.5. Let A = (Q), 3, 0, qo, Acc) be an w-automaton. A run of A on an w-word
a = aj... € X is an infinite state sequence p = p(0)p(1)p(2)... € Q¥, such that the
following holds:

1. p(0) = qo

2. p(i) € 0(p(i — 1), ;) fori > 0 if A is non-deterministic and p(i) = §(p(i — 1), o;)
for i > 0 if A is deterministic.

The acceptance conditions Acc defines which of the infinite runs are accepting. In the

thesis, we consider the three types of acceptance conditions.

Definition 2.6.6. A Biichi acceptance condition Acc is a subset F' of (), where the
elements of F are called accepting states. An infinite run p = p(0)p(1)... is called Biichi
accepting if Inf(p) N F # 0, it means that run p visits states of F infinitely often.
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Figure 2.5 The deterministic Biichi automaton.

a,b b b
=)

Figure 2.6 The non-deterministic Biichi automaton.

Definition 2.6.7. A Streett acceptance condition Acc is a finite set of pairs (H;, K;) where
H; and K; are subsets of Q) (Acc = {(Hy, K4),...,(Hs, K)}). An infinite run p =
p(0)p(1)... is called Streett accepting if for each i € {1,2,...,s} Inf(p) N H; # 0 or
Inf(p) N K; = 0.

Definition 2.6.8. A Rabin acceptance condition Acc is a finite set of pairs (H;, K;) where
H; and K; are subsets of Q (Acc = {(Hy, K4),...,(Hs, K)}). An infinite run p =
p(0)p(1)... is called Rabin accepting if there is some i € {1,2, ..., s} for which Inf(p) N
H; =0and Inf(p) N K; # 0.

The Streett condition is dual to the Rabin condition. It is therefore sometimes called
complemented pair condition. Biichi acceptance condition can be considered as the
special case of Streett {(F, ())} and Rabin acceptance { (), F')} conditions.

w-automata with Biichi acceptance condition are called Biichi automata, with Streett
acceptance condition - Streett automata, and with Rabin acceptance condition - Rabin
automata.

The accepted language of the w-automaton A (L(A)) is defined as a set of infinite

words o € X which have accepting run in A.

Example 2.6.1. Let the language L C X% consist of all infinite words such that there are
infinite many occurrences of the symbol a. The Biichi automaton recognizing the language
is displayed in the figure 2.5 (the acceptance condition is {qo}). The state qo can be
reached only with the symbol a, so the good state will occur infinity often only if the symbol
a will have infinitely many occurrences. However, if we consider the complement of the
language L - containing all infinite words such that there are only finite many occurrences
of the symbol a. It cannot be recognized by deterministic Biichi automaton, but it can be

done by non-deterministic Biichi automaton (the figure 2.6). Using the transitions of the
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automaton in the figure 2.5 we can built the Rabin and Streett automata recognizing the
complement of L. The acceptance condition for Streett automaton would be (0, {qo}), to
accept the word the condition Inf(p)N{qo} = 0 should be satisfied, that means that there
is only finitely many symbols a. The Rabin acceptance condition would be ({qo}, {q1}).

It is known that the classes of languages accepted by non-deterministic Biichi au-
tomata (NBA), deterministic Streett automata (DSA), non-deterministic Streett automata
(NSA), deterministic Rabin automata (DRA), non-deterministic Rabin automata (NRA)
are the same. These are w-regular languages and can be represented by w-regular
expressions (finite sums of expressions in the form af“, where « and [ are regular
expressions over finite words, and language defined by [ is non-empty and does not
contain empty string). Deterministic Biichi automata (DBA) are less powerful, the class

of DBA is a proper subclass of the w-regular languages, it recognizes limit languages.



Chapter 3

Measure-Once Quantum Finite State

Automata and Logic

In this chapter, we study the connection between language class recognized by
measure-once quantum finite state automata and languages defined by first order logic,
modular logic, and logic using generalized quantifiers - Lindstrom quantifier and group

quantifier.

3.1 Measure-Once Quantum Finite State Automata and
First Order Logic

The most popular notations of quantum finite state automata with bounded error
recognize only regular languages but not all regular languages. The logical description
of these language classes should be weaker than monadic second order logic described
by Biichi, which follows from the theorem of Biichi - languages defined in monadic
second order are regular languages. The first intention was to study “natural" subclasses
of monadic second order logic. The most “natural" subclass of monadic second-order
logic is FO[<].

Theorem 3.1. If a language in alphabet 3. can be recognized by a measure-once quantum
finite state automaton and it is FO[<] definable, then it is trivial, i.e. an empty language

or X*.

Proof. Let us suppose that there exists a language L which is not trivial, it can be
recognized by MO-QFA, and it is first order definable. If the language L is recognized
by a MO-QFA, it can also be recognized by a group finite state automaton (GFA). As L

is not trivial, the corresponding minimal GFA has both accepting and rejecting states. Let
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us look at the accepting states ¢,. The state g, can be reached by a word w, and there
exists a symbol o, such that after reading the word o* (k > 1) the GFA returns in the
state g,. (As the automaton accepts non-trivial language, it means it has both accepting
and rejecting states, that means we have a symbol o which goes from accepting state to
rejecting. As the automaton is a group automaton, after reading finite number of symbols
o the automaton returns to the accepting state.)

Now, we consider the syntactic monoid of the group automaton, which recognizes
the language. As the automaton accepts words w and wé*, it means that the monoid has
subgroup {1,/,0,, 0,1}, but from this follows that this monoid is not aperiodic, so the

language cannot be first-order definable. 0

3.2 Measure-Once Quantum Finite State Automata and

Modular Logic

The next "natural”" logic which describes a sub-class of regular languages is modular
logic. If we consider languages in a single letter alphabet, it is easy to see that all such
languages accepted by measure-once quantum finite state automaton can be defined by

modular logic.

Lemma 3.1. Languages in a single letter alphabet recognized by measure-once quantum

finite state automata are definable by modular logic.

Proof. If the language L is recognized by a MO-QFA, it can also be recognized by a group
finite state automaton. Let us consider the group automaton recognizing the language
Agra = (Q,%,0,qo, Qucc) (assume that Q@ = {qo,q1, .-, ¢} and (g, a) = Giya, it
can be easily assumed as the function should be reversible). Now, we can construct
the formula recognizing the language. The words accepted by the accepting state ¢; can

be described as 3™+ (Q,(x)), and the language is the union of all accepted states -

Lemma 3.2. There exists a language that can be recognized by a measure-once quantum

finite automaton, but cannot be defined by modular logic.

Proof. To prove the lemma we will use the theorem of [51] - a regular language L is in
MODI[<] if and only if the syntactic monoid of language L is a solvable group. It is
known that the symmetric group S5 forms a non-solvable group. We will construct an
automaton whose syntactic monoid forms the symmetric group Ss. In the figure 3.1, we

show a group automaton whose syntactic monoid forms the symmetric group S;. The
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b

Figure 3.1 The group automaton whose syntactic monoid forms the symmetric group
Ss.

input symbol a works as generation set (1,2,3,4,5) and the symbol b as generation set

(1,2). We can easily transform it to the measure-once quantum finite state automaton

A = (Q72767 QO7Qa7Qr)’ where Q = {q07Q17qQ7Q3JQ4}’ X = {(l,b, }9 Qa = {QO}9
Q- =A{q1, ¢, g3, q4}, for letter a corresponds transformation with matrix

01000 01000
00100 10000
0001O0(],and|] O O 1 O0 0 [,
00001 00010
10000 00001
for letter b. [

Theorem 3.2. Every regular language L in MOD[<] can be recognized by a measure-

once quantum finite state automaton.

Proof. Let us consider language L € M OD[<], its syntactic monoid is a solvable group.
Let ¢ : ¥* — M be a homomorphism and L = ¢ '(N) for N C M, where M is
the syntactic monoid of the language L. Now we show that the deterministic automaton
A(M, 3,1y, 9, N) with transition function §(m, o) = me,, ¢(c) accepts the language L.

For every input word w € X* (w = wjiws...wy) and every state m € M we
have 0(m,w) = m ey P(w), as (m,w;) = m ey P(wy) by the definition of
transition function and if 6(m, wy..wx_1) = m ey Y(wy...wi_1) then 6(m, wy..wy) =
S(6(m,wy..wp_1), wy) = 0(m,wy...wi_1) e Y(w) = m ey Y(wy..wp_1) ep W(wy) =
m ey (wy...wy). Consequently, 6(1y,w) = 1y ey (w) = (w), it means w € L =
¢~ Y(N) if and only if ¢)(w) € N (by definition), if and only if 6(1,;,w) € N, if and only

if w 1s accepted by the automaton.
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As monoid M is a solvable group the automaton A will be a group automaton (the
equation d(my,0) = &(msg, o) holds only if and only if m; = mo, as my ey (o)
(o)~ 1 = moey1h(o)e(o)~1). And the language will also be recognized by a measure-

once quantum finite state automaton. [

However, if we extend our modular logic with additional successor function S(z)
which denotes the next positioned after 2z, and M OD]|S, <] denotes the language class
defined by modular logic with additional successor function, then we get a language class

which is not fully recognized by a measure-once quantum finite state automata.

Theorem 3.3. Languages defined by the modular formula of the form 3™ x(Q,(x) A
Qu(S(x))) cannot be recognized by a measure-once quantum finite state automaton nor

with a measure-many quantum finite state automaton.

Proof. The minimal deterministic finite state automaton recognizing the language is
displayed in the figure 3.2. The minimal deterministic finite state automaton is not a
group finite automaton, therefore the language cannot be recognized by a measure-once
quantum finite state automaton. As the minimal deterministic finites state automaton
contains forbidden constructions [6] nor the language can be recognized by a measure-

many quantum finite state quantum automaton. 0

3.3 Measure-Once Quantum Finite State Automata and

Generalized Quantifiers

The whole class of MO-QFA recognizable languages could not be described by using
these “natural” subclasses of monadic second order logic, so less standard logic should be
considered, one of extensions could be use of generalized quantifiers. Using Lindstrom

quantifier, the following theorem has been proved:

Theorem 3.4. A language can be recognized by a measure-once quantum finite au-
tomaton if and only if this language can be described by Lindstrom quantifier formula

corresponding to the group languages using atomic formulas Q. ().

Proof. As group languages are those languages that are recognized by a group finite
state automaton, these languages are also recognized by a measure-once quantum
finite state automaton. So for given MO-QFA, that recognizes a language L in
alphabet ¥ = {ay,...,a;} the corresponding formula with Lindstrom quantifier the

Lindstrom quantifier is over the language L in the same alphabet and the formula is

Qrr(Qay(2); Qas(a)s s Qay_i (2))-
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Figure 3.2 The deterministic finite state automaton recognizing language defined by

Fmz(Qu(z) A Qp(S(1))).
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For a given formula Q1% (Qa,, Qay; --» Qa,_,) in alphabet Xy = {by, ..., b;} and a; €
Y ¢ over a group language LG in alphabet X, = {01, da, ..., d, } consider the language, that
it defines. And look at mapping from ¢ to Y. If the letter b; is in the position z, then

there are three possibilities:

1. Lindstrom quantifier has exactly one (), then for the letter b; the corresponding

letter is 0;, where j is occurrence of )y, .

2. Lindstrdom quantifier contains more than one (), then for the letter b; the corre-

sponding letter is d;, where j is first occurrence of (), .

3. Lindstrom quantifier has none (), then for the letter b; the corresponding letter is
.

The transformation of MO-QFA that recognizes the given language for a letter
b; corresponds to transformation of MO-QFA that recognizes language LG for b;

mapping. O

Theorem 3.5. A language accepted by a measure-once quantum finite state automaton if

and only if it can be described the formula using only group quantifier.

Proof. If a language L is accepted by a measure-once finite state automaton, let us
consider its syntactic monoid M (L). The syntactic monoid M (L) forms a group so
we can define the language as Ve (DM E92), (2), Quy (2), ..., Qu, (), Where |i) is
mapped to o,, ((100...0) is mapped to o,,, (010...0) is mapped to o,, and so on).

A measure-once quantum finite state automaton accepts the language if the transition
monoid of the language forms a group. It has already been proved that the formula using
only group quantifiers describes a language recognized by a group [37].

O]



Chapter 4

Measure-Many Quantum Finite State

Automata and Logic

In the chapter, the connection between measure-many quantum finite state automata
with bounded error and first order logic and modular logic has been studied with respect
to language recognition and acceptance probability of measure-many quantum finite state

automata.

4.1 Measure-Many Quantum Finite State Automata and
First Order Logic

In this section, we look at the connection between first order logic and measure-many
quantum finite state automata. It was shown in the previous chapter that the languages
described by a first order formula cannot be recognized by measure-once quantum finite
state automata and vice versus except trivial languages. As measure-many quantum finite
state automata recognize all languages that are accepted by measure-once quantum finite
automata, it is clear there are such languages which are recognized by measure-many
quantum finite state automata but not describable by first order logics. For example, the
language that contains all words with length multiple of 3, is recognized by a measure-
many quantum finite state automaton, but cannot be described by the first order formula.

Do we have a language that can be defined by first order logic, but cannot be
recognized by a measure-many quantum finite state automaton? Yes, there are such
languages. It is known [32] that the language {{a,b} b} cannot be recognized by a
measure-many quantum finite state automaton, but the language can be defined by first

order formula Vz(last(z) — Qp(x)). There are also languages which can be described
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O O =0

Figure 4.1 A DFA for a language in the single letter alphabet.

by the first order formula and can be recognized by measure-many quantum finite state
automata, for example, the language containing all words starting with a symbol a. Our
aim is to show constructions of first order formulas for whom there exists a measure-many
quantum finite state automaton recognizing the language defined by the formula or there

is no such measure-many quantum finite state automaton recognizing the language.

Theorem 4.1. The languages in the single letter alphabet defined by a first order formula

can be recognized by measure-many quantum finite state automata, but not vice versus.

Proof. The deterministic finite state automaton for a regular language in the single letter

alphabet is displayed in the figure 4.1.

We can construct the measure-many quantum finite state automaton for the language.
The regular language in a single letter alphabet contains the words of the form - a* a™",
where &' (k' > 0) is the length of the constant part and m/ (m’ > 0) is the length of the
cycle. Let us assume, that a deterministic finite state automaton recognizing a language in
the single letter alphabet has k£ states for the constant part and m states for the cycle. The
measure-many quantum finite state automaton has k£ + m + 1 non-halting states (k + 1
states are used for the first & letters and m are used for the cycle) and k£ + m + 3 halting

states. The transition function is defined as follows

Viellao)) = 3 1d0) + 5 |aks16mk0mod my) (K 7 m),
Vi(lgo)) = 2 |qo) + 5 |qr+1) (k =m),
Vo(lgi)) = |gis1), where i € {0,1, ...k — 1,k + 1,k +m — 1},
Va(lgr)) = % | G2k +2m+2) + % |G2k+2m+3)
Vallgkrm)) = lars1)s Vo(la)) = |@isnsmsr) (i € {0,1, ek +m}).

|gok+om+2) 1S an accepting state, |gogrom+3) is rejecting state, if |g;) (i < k + 1) is an
accepting state in the deterministic finite state automaton, then |¢; .+, 1) is an accepting

state in the measure-many quantum finite automaton and vice versus. If |g;) (i > k) is an
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accepting state in the deterministic finite state automaton, then |g; ;. m+2) is an accepting
state in the measure-many quantum finite automaton and vice versus.
Consider a word w € L if it is accepted by the measure-many quantum finite state

automaton. We can look at two cases -

1. the length of w is less or equal with k, then w will be accepted with probability
at least % It means that after reading w the measure-many quantum finite state
automaton will be in the state q|,,—; with probability % and after reading the right
end-marker the automaton passes from the state g, to the accepting state with

probability %

2. the length of w is greater then k, then w will also be accepted with probability at least
%, after reading the first £ letters the measure-many quantum finite state automaton
is in the state g1 with probability 5 and in the state g, with probability 2, after
reading the next symbol the automaton proceeds in the state g, o with probability %
and it is in the accepting state |qog2m2) With probability % After reading the rest
of symbols a, the automaton is in the state gy 14 (jw|—k)mod m With probability % and
it is in the accepting state |gog12m-2) With probability % When the automaton reads

the right end-marker, the word is accepted with probability at least %

In the same way we can show, that if the input word w ¢ L, then the measure-many

quantum finite state automaton will reject it with probability at least % [

As languages defined by the first order logic are subclass of the regular languages,
measure-many quantum finite state automata can recognize languages defined by the first
order logic. All regular languages in the single letter alphabet are not first order definable,
and it means that all languages in the single letter alphabet recognized by measure-many
quantum finite state automata cannot be defined by the first order logic. It can be proved

by the following lemma.

Lemma 4.1. The language in a single letter alphabet is defined by the first order logic
if and only if its minimal deterministic finite state automaton contains a cycle with the
length 1.

Proof. 1t is easy to construct a first order formula defining the language recognized by
the deterministic finite state automaton containing a cycle with the length 1. We will
enumerate the states of the deterministic finite state automaton so that gy is the initial
state, from the state g; the automaton passes to the state g; 1. For each accepting state the

formula is made in the following way -



4.1 Measure-Many Quantum Finite State Automata and First Order Logic 51

e if the state ¢; is not the last state (i #* n, n + 1 - the number of the states),
then the words accepted by the state ¢; can be defined by first order formula
Jryxe..x;(first(zr) A S(z1,x2) Ao A S(zi1, 2;) Alast(x;))

o if the state g, is the last state then the words accepted by the state ¢,, can be defined
by first order formula 3z zy...x, (first(xy) A S(x1, x2) A oo AS(xp_1, 2,))

We enumerate all the formulas ¢ of the accepting states from 1 to 7, then the first order
formula ¢ V ¢s... V ¢; defines the language accepted by the deterministic finite state
automaton.

Let us assume, that it is possible to construct the first order formula also for the
unary deterministic finite state automaton containing a cycle with the length greater
then 1. We will use the same notation as in the previous proof - the regular language
in a single letter alphabet is given as a®a™™, where k is the length of the constant
part and m is the length of the cycle. The monoid M recognizing the language is
M = {1p1,0a,0a2, ..y Ok, Ogrt1, ..., Oge+m—1} and it is easy to see that for the monoid
M there is no such n for which a” = ™!, Thus the monoid is not aperiodic and the
assumption is wrong. It is not possible to construct the first order formula for the unary

deterministic finite state automaton containing a cycle with the length greater then 1. [

Now, let us examine the forms of the first order logic using a larger alphabet, which

are and which are not recognized by a measure-many quantum finite state automaton.

Lemma 4.2. The languages defined by first order logic in the form Vz(Q,(z)) (o € %)

can be recognized by a measure-many quantum finite state automaton.

Proof. The measure-many quantum finite state automaton recognizing the language
defined by formula in the form Vz(Q,(z)) (¢ € X) consists of three states - two halting
{q1,¢2}, where ¢ is an accepting state and ¢» - a rejecting state and one non-halting state
qo which is also the initial state. The transition function for the left end-marker and o is

defined by unit matrix, the transition function for a letter v (y € ¥ and y # o) is defined

0 01
by the matrix [ 0 1 O | and the transition for the right end marker is defined by the
1 00
010
matrix | 0 0 1 u
1 00

Lemma 4.3. The languages defined by a first order formula in the form

Jzqzg...x, (first(x)) Ay AS(x1, 22) Ao AS(T2,23) A oo NS (Tp_1,0) A Pp) (0 € X)



4.1 Measure-Many Quantum Finite State Automata and First Order Logic 52

where ¢; is in the form

Qoy (7:) V Qo (7)) V ... V Qo (1)

(0 € E,0 € {1,,2...,n—1}) and ¢, is in the form Q,, (x,) V Qu,(xn) V ... V
Q0. (ni) [Nast(z,]) (o; € X) can be recognized by a measure-many quantum finite state

automaton.

Proof. The language defined by the first order formula in the given form is accepted by

the measure-many quantum finite state automaton

A= (Q, Ea 57 qo, Qacw Qrej)a

where Q = {qo, 1, -, @2n+1, 2nt2}> Qace = {@2ns2} if the formula ¢,, contains last(x,,),
Qace = {qn: Gont2} otherwise, Qrc; = {¢n+1, ---, Gon+1}, the transition for the left end-
marker is defined by a unit matrix, for the letter o; it is defined by V. (|g;—1)) = |g;), if
the formula ¢, contains Q,,(z;) and j < n + 1, V,.(

¢j—1)) = |qn+;). if the formula ¢,
does not contain Q,,(x;). If ¢, contains last(x,) then V,(|¢,)) = |gant2). It is easy to

see that the automaton accepts the language described by the formula. O

Theorem 4.2. The languages defined by the first order formula in the form o1V ¢V ...V ¢y,

where ¢ is in the form of the first order formula in the lemma 4.3.

Proof. The language L defined by the formula is the union of the languages L; defined by
the formulas ¢;. The non-deterministic finite state automaton recognizing the language L
is displayed in the figure 4.2, where L, is language defined by the first order formula ¢;
and in the figure is used to identify the deterministic finite state automaton recognizing

language L, .

It is easy to proof that a state g; of the deterministic automaton recognizing the
language is reachable from different state ¢; and ¢; by a letter a if ¢; = g; or ¢; = ¢

and for all input symbols o € 3 0(g;, 0) = g;. ]
Theorem 4.3. The language defined by the first order formula in the form
Az129.. 2, (Qoy N S(x1,22) A Quy N S(x2,23) A oo AS(Tp_1,20) N Qy,)

where o; € X and n > 2 cannot be recognized by a measure-many quantum finite state

automaton.
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Figure4.3 A deterministic automaton of 3z 25...2,(Qs, AS(21, 22) AQyy NS (22, T3) A
o ANS(xpo1, ) AN Qo) -

Proof. At first we assume that o; = o; for all 4, j. The deterministic finite state
automaton is shown in the figure 4.3. As the deterministic finite state automaton contains
the "forbidden" construction [16], the language defined by the formula in the form
Ar129..2,(Qy N S(x1,22) A Qs A S(x2,23) A oo A S(2p_1,2,) A Qp) is not recognized
by a measure-many quantum finite state automaton.

Now, we will look at the case when there exist o; such that o; # ;. We enumerate the
states of the minimal deterministic finite state automaton accepting the language so that
the automaton passes from the state g; to the state g; with symbol ;. Assume that the first
symbol of the formula different from o is o; (¢ # n). It means that reading the symbol o
the automaton passes from the state ¢;_; to ¢;_; and from ¢;_, to ¢;_;. At the same time,
the automaton passes from the state ¢; to ¢; reading symbol oy (as o, # 0;). Thus we get
that the automaton contains the "forbidden" construction [16]. If the first symbol of the
formula different from o, is o, then with o,, the automaton goes from ¢ to ¢, from ¢; to
qo (as n > 2), and with the symbol o, from ¢ to ¢;. Thus we again get that the automaton

contains the "forbidden" construction [16]. L]

However, if we replace the operator S(x,y) by x < y in the theorem 4.3 we get

a formula which describes a language accepted by measure-many quantum finite state
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automata.

Lemma 4.4. The language defined by the first order formula in the form
11290, (Qoy (1) A1 < o A Quy (T2) ATy < X3 A e A1 < Ty A Qp, (1))

where 0 € X is recognized by a measure-many quantum finite state automaton.

Proof. The language defined by the formula is >* 01X 092,20, 2%, it is known that
it is accepted by Latvian quantum finite state automaton, and the languages accepted by
Latvian quantum finite state automata, are also accepted by measure-many quantum finite

state automaton. ]

Additionally, we study the connection between accepting probabilities of quantum
finite state automata and F'O[<]| considering accepting probability of automata. From
the fact that intersection of languages recognized by measure-once quantum finite state
automata and languages defined by FO[<] contains only trivial languages follows that
there are languages recognized by measure-many quantum finite state automata which
cannot be defined by FO[<]. However, there are F'O[<] languages recognized by
measure-many quantum finite state automata with probability 1.

Let us look at the language class C'L;, which contains all languages defined by the

following rules:
1. a; € ¥, {ayas...ar,} € CLi, k€ N
2. a; € ¥, {aas...a, 2"} € CLi, k€ N
3.ifL; € CLyand L; € CLy, then L; € CLy, L;UL; € CLyand L; N L; € CLy.

These languages can be defined by the FFO[<] formula. FO[<] formula describing

the language can be constructed as follows:

1. 3y, 2o, .., xp(first(xr) A Qo (z1) A S(x1,22) N Qay(2) A S(x2,23) A o A
Qayy (Th-1) NS (@1, 21) A Quy (k) {Alast (k) 1)

2. if ¢; defines language L; € C'L; and ¢; recognizes the language L; € CL4, then
ﬁ¢i recognizes E, ¢z V ¢j - Lz U Lj € CLl, and ¢z VAN ¢j - Ll N Lj € CLl

Lemma 4.5. The languages in C' Ly can be recognized by a measure-many quantum finite

state automaton with probability 1.

Proof. Lets look at the language L; € C'L; to construct the measure-many quantum finite
state automaton for the language L;, we need to represent the language L; in the tree view.

The representation tree is constructed in the following way:
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Figure 4.4 A representation tree of {ajas...a;} (on the left) and {ajas...a;, X"} (on the
right).

e The representation tree for the language {aia,...a;}. The representation tree has
k + 2 levels. The edges of the tree are labelled with the letters from the alphabet
Y U $. The nodes of the representation tree are coloured in three colours - white,
grey, and black. White and grey nodes are leaves. Each black node has |X| + 1
children, one outgoing edge for each letter. The parent node of the tree is black, and
it is the first level of the tree. A node of level 1 < 5 < k + 1 is coloured black if
the ingoing edge is labelled with a;_; and white otherwise. A node of level k + 2 is

coloured grey if the ingoing edge is labelled with $ and white otherwise.

e The representation tree for the language {ajas...a;, 2" }. The representation tree has
k + 1 levels. The edges of the tree are labelled with the letters from the alphabet
Y US$. The nodes of the representation tree are painted in three colours - white, grey,
and black. White and grey nodes are leaves. Each black node has 3| + 1 children,
one outgoing edge for each letter. The parent node of the tree is black, and it is the
first level of the tree. A node of level 1 < j < k is coloured black if the ingoing
edge is labelled with a;_; and white otherwise. A node of level k + 1 is coloured

grey if the ingoing edge is labelled with a; and white otherwise.
e For L, the L; tree grey nodes are coloured white and the white nodes in grey.

e The tree of L; U L; is union of the trees for L; and L;. If the edge with label a from
the level k£ to k£ + 1 in one of the trees goes to white leaf, then the sub-tree of the
other tree is chosen in the final tree, if the leaf in the one of the trees is grey, then

the final tree will have this edge.
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e The tree of L; N L; is intersection of the trees for L; and L;. If the edge with label
a from the level k to k + 1 in one of the trees goes to white leaf, then the final tree
will have this edge, if the leaf in the one of the trees is grey, then the sub-tree of the

other tree is chosen in the final tree.

The measure-many quantum finite state automaton accepting the language L; with
probability 1 is the automaton A = (Q;;0; qo; Qu; @), Where Q@ = {qo,G1, -, Gn}»
where n is the count of nodes in the representation tree of L;. (), contains the states
which correspond to nodes coloured in grey, (), contains the states which correspond to
nodes coloured white. The transition function are defined by the representation tree. The
edge (i, j, a;) defines the transition |¢;) = |g;) for letter a;. As each node has exactly one

ingoing edge, the transition function of the automaton is unitary. [
From the above lemma follows:

Theorem 4.4. F'O[<] contains languages which can be recognized by a measure-many

quantum finite state automaton with probability 1.

Lets look at the languages that can be recognized by MM-QFA with accepting
probability 1 and which cannot be recognized by measure-once quantum finite state
automata. Currently we have shown a specific class of languages which can be recognized
by MM-QFA with probability 1 and which are first order definable. Naturally, questions

arise:

e Are there other FO[<]| languages which can be recognized by MM-QFA with

probability 1, but are not in the language class L;?

The answer to which is yes, for example, a language ab*a can be recognized by
MM-QFA with probability 1 and it is F'O[<] definable.

e [s it possible to give a characteristics of the languages which can be recognized by
measure-many quantum finite state automata with probability 1, but which cannot
be recognized by measure-once quantum finite state automata and are not F'O[<]
definable?

It is clear that such languages exist, for example, a?*b where k € Z.
e What about recognition probability less than 1 - can we present F'O[<] languages

which cannot be recognized by a measure-many quantum finite state automaton

with probability 17
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FOI<] contains such languages which can only be recognized by a measure-many
quantum finite automaton with probability less than 1. One of examples is the

language a*b*.

However, can we present a probability p, such that every measure-many quantum finite
state automaton accepts language in F'O[<| with probability at least p.

Theorem 4.5. There is no such probability p greater than % for which the following holds:

e any measure-many quantum finite automaton accepts FO[<] languages ( recog-
nized by MM-QFA) at least with probability p.

Proof. Lets assume that it is possible to provide such probability p. We can express p as

% + [. It is possible to find such n so that [ > \/% At the same time it is known [4], that

language L,, ( L, is defined as aja3aj...a) ) cannot be recognized with probability greater

then % + \/% At the same time, the language L,, can be defined by a first order formula

Var, 2o, .oy T (AL (Qay (1) = VY(S(24,y) = (Qai () V Qaysy (20)))
NQa, (zn) = VY(S (@0, y) = Qu,(y)))

We got a contradiction which means that such p does not exist. 0

4.2 Measure-many quantum finite state automata and

modular logic

In this section, we consider the connection between measure-many quantum finite
automata and the modular logic. From the results of the previous chapter, we can get the

following:

Theorem 4.6. Languages in the language class MOD[<] can be recognized by a

measure-many quantum finite state automaton with probability 1.

Now we extend the language class M O D[<] by FO[<] formulas, denoted by MO D+
FO.

Lemma 4.6. Languages in the language class MOD + FO defined by the formula of
the form 3™ (Q,(x) AVy(S(x,y) A Qy(y))) cannot be recognized by a measure-many

quantum finite state automata.
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Proof. The minimal deterministic finite state automaton (DFA) recognizing the language
is displayed in the Figure 3.2. The automaton is minimal DFA as we need to remember n
fragments of ab, that means we have 2n states. As the minimal DFA contains forbidden
constructions [6] (an automaton has the following transitions ¢; — 4> Gj 5 q;, and
q; 4 ¢) the language cannot be recognized by a measure-many quantum finite state

automaton. ]

However, we have obtained also positive results for languages belonging to the
language class M OD[<] + FO, but not to MODI[<].

Lemma 4.7. The language defined by the formula 3x(Q,(z) A Fy((z < y) A Qu(y)))

is accepted by a measure-many quantum finite state automaton.

Proof. The measure-many quantum finite state automaton accepting the language is

fOHOWil’lg A = (QJ 27 67 qo; Qacc; Qrej)’ where Q = {q07 41,92, Qacey s aces QTejp qT6j2}9
QacC = {qacers Qace }» @reJ = {Grejis Qrejs }» 2 = {a, b}, and ¢ is defined as:

Vb(|q0>) - §|q0> + \/T§|QI> + \/Lg|qgccl>
) = ?2|QO> + %’q:l> - %Macq)
Vb |q2>> = |Qac<:2>

(
V$(|qo>> = |Q7’6j1>7‘/$(|(h>) = |Q7‘ej2>7‘/$(’q2>) = |Qaccz>

Now, let us look at input words, if an input is:

e a*. The left end-marker does not changes the initial superposition |g). By reading
a* automaton stays in the superposition |g), when the right end-marker is read, the

word is rejected with a probability 1.

e a*bb*. After reading a*, the automaton is in the superposition |go), when the
first b is read, the automaton changes its superposition to %|qo) + \/%|q1) with
probability % and accepts the input with probability % While the automaton reads b
the superposition is not changed, it stays %\q@ + \/%\ql) with probability 2, when
the left end-marker is read the input is rejected with the probability %
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o a’(b*a®)*. After reading a*b the automaton is in the superposition % lg0) + \/Lg lq1)
with probability 2 and acceptance probability is 3, while reading b the superposition
does not change. When an input symbol «a is read the superposition is changed to
% lq0) + \/Lg |g2), and the second a changes the superposition back to % lq0) + \/Lg lq1).

As in the previous case, the input is rejected with %

o a’(b*a®)*a. As we have already identified - after reading a®(b*a®")*, the automaton
is in the superposition % lqo) + \/% |¢1) with probability 2 and acceptance probability
is %, by reading a the superposition is changed to % lq0) + \/Lg |g2), and after reading
the left end-marker the input is accepted by g.

o a’(b*a®)*aba, b*. After reading a®(b*a®")*a is in the superposition % lq0) + \/Lg lg2)
and accepts the input with 1, when the b is read the word is accepted with probability

2 that means input will be accepted with probability at least 2.



Chapter 5

Latvian Quantum Finite State

Automata and Logic

The chapter contains the results obtained in the connection between Latvian quantum
finite state automata and logic. The language recognition power of Latvian quantum finite
state automata has been compared with the languages recognized by first order languages

and languages recognized by modular logic.

5.1 Latvian Quantum Finite State Automata and First

Order Logic

Measure-once quantum finite state automata are special case of Latvian quantum finite
state automata and at the same time Latvian quantum finite state automata recognizes a
strict subclass of the languages accepted by measure-many quantum finite state automata
[1]. In the previous chapters, we illustrated a relation between languages accepted by
measure-once quantum finite state automata, measure-many quantum finite state automata
and first order definable languages. The aim of this section is to illustrate where the

language class recognized by Latvian quantum finite automata is located.

Lemma 5.1. Languages defined by the first order formula in the form

A1, oy oy T (Qay (1) A Quy (2) A oo A Qg (23) A (17 < 22 < ..o < 23))

where a; € X can be recognized by a Latvian quantum finite state automaton.

Proof. The formula of the lemma describes the language >:*a,>*as2*... 3" a,, 2%, which

is known to be recognized by Latvian quantum finite state automata [1] Theorem 5. [
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Theorem 5.1. There exists languages which belongs to the intersection of FO|<| and
languages recognized by measure-many quantum finite state automata, but cannot be

recognized by a Latvian quantum finite state automaton.

Proof. To prove the theorem we will prove the following lemma:

Lemma 5.2. Languages described by the first-order formulas of the form

Axy, o, oo, T (first(z1) A Quy (1) A Quy(2) A oo A Qu,, (20) A (21 < 9 < oo < 1))
(5.1)
can be recognized by a measure-many quantum finite state automaton, but it cannot be

recognized by a Latvian quantum finite state automaton.

The language described by the first order formula 5.1 can be described as
a1 agdas...a,2”.

As

arX agXas...a, X" U X asX as...a, X" = a1 X

and the language >*as>.*as...a, X" is accepted by Latvian quantum finite state automata
and languages accepted by Latvian quantum finite state automata are closed under union
and complement, but the language a;>* is not recognized by LQFA, the language
a1X*agd*as...a, 2" is not accepted by Latvian quantum finite state automaton. However,
it can be accepted by measure-many quantum automaton. It can be easily constructed
from the automaton recognizing the language >*a;>*as...a,2*, where we change the
transition of the initial state and all symbols except a1, so that the initial state is changed
to a rejecting state.

In fact, the languages described by the first order formulas of the form Vz( first(z) A
Y(x)) and Vx(last(z) A (z)), where ¢(x) is a first order formula containing Q,(x)
(a € X)) cannot be accepted by Latvian quantum finite state automata. [

5.2 Latvian Quantum Finite State Automata and Modu-

lar Logic

Similarly to the previous section in this section, we want to locate languages
recognized by Latvian quantum finite state automata in connection to the relation between
measure-once quantum finite state automata, measure-many quantum finite state automata

and languages defined by modular logic.
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a b a,
el @)

Figure 5.1 The deterministic finite state automaton recognizing the language defined
by the formula 3z(Qy(z) A F*'y((z < y) A Qu(y))).

b

As measure-once quantum finite state automata are special case of Latvian quantum

finite state automata we can conclude the following:

Lemma 5.3. Languages in MOD|<] are recognized by Latvian quantum finite state

automata.

Lemma 5.4. Languages in the language class MO D|S, <| defined by the formula of the
form 3™ (Q,(x) A Qy(S(x))) cannot be recognized by Latvian quantum finite state

automata.

Lemma 5.5. The language defined by the formula 3x(Qy(z) A I y((z < y) A Qu(y)))

is accepted by a Latvian quantum finite state automaton.

Proof. In the figure 5.1 is displayed a deterministic finite state automaton recognizing
the language defined by the formula. Now, we examine the monoid M accepting the
language. M = {1, da, O, Oab, Obas Oaba, Ovap } and the binary operation is defined in the
following table:

Iy 0a O Oab Oba  Oaba  Obab
Iar | Iy 00 0 Oab Oba Oaba  Obab
0a | 9  Im Oab Ob  Oaba  Oba  Obab
o | % Oa O  Obab Oba  Obab Obab
Oab | Oab  Oaba  Oab  Obab Oaba  Obab  Obab
Oa | Oa O Obab Obab Obab  Oba  Obab

5aba 6aba 6aba §bab 5ab 5bab 6aba 6bab

6bab 5bab 5bab 6bab 5bab 5bab 5bab 6bab

and N = {dpa;, Oaba, Ovar }- E(M) = {e, b, aba,bab} and the monoid M is a block group,

it means that the language is recognized by Latvian quantum finite state automaton. [

We have shown that Latvian quantum finite state automaton also recognizes languages
in MOD + FO, but not in M OD[<]. However, not all languages recognized by measure-

many quantum finite state automata in M OD + FO is also recognized by a Latvian
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quantum finite state automaton. For example, language described by Vz(first(z) —
(Qp(z) ATV (Qu(y) Az < y))) can be recognized by a measure-many quantum finite

state automaton, but cannot be recognized by a Latvian quantum finite state automaton.

5.3 Latvian Quantum Finite State Automata and Gener-

alized Quantifiers

The language class accepted by Latvian quantum finite state automata can be similarly
characterized as languages recognized by measure-once quantum finite state automaton

using group quantifier.

Theorem 5.2. A language L is recognized by Latvian quantum finite state automaton
if and only if it is described by the formula built from the formulas of the form
Axy, oy ooy T (Vo(21) A Quy (1) A1 (21, 22) A Quy (22)...Qa,, (1) Ay (,)) by means of
connectivities \/, \, -, where V;(x;, x;+1) is a formula containing only group quantifiers
and denoting "the input fragment starting with x;+1 and ending with x, 1 — 1 satisfies \;"
(1 <i<n—1), Yvo(z1) is a formula containing only group quantifiers and denotes "the
initial fragment before x| (ending at x—1) satisfies 1po, and 1, (x,,) is a formula containing
only group quantifiers and denotes "the final input fragment starting with x,, + 1 satisfies

/gbﬂ
n -

Proof. We have already stated that Latvian quantum finite state automaton recognizes
Boolean combination of the languages in the form LgayL,...L, 1a,L,, where L; is a
group language. The connectivities of the formula is equivalent to the Boolean combina-
tions of the languages, so its enough to consider languages in the form Lgay L;...L,,_1a, L,
and formulas of the form 3z, o, ..., £, (Vo (21)AQu, (1) A1 (21, 22)AQay (X2)...Qu, (Tn) A
Un(a))-

From the theorem 3.5, we can conclude that v(z;, z;41) describes that the fragment
between x; + 1 and x;,1 — 1 is a group language, () describes that the initial fragment
before z; is a group language, and ) (x,) describes that the fragment after x,, forms a
group language. It means that the formula 3z, zo, ..., 2, (Yo (1) A Qu, (1) A1 (21, 22) A
Qay (22)...Qq,, (1) N Vp(x,)) describes the languages in the form LoaiLy... L, _1a, Ly,
where L; is a group language. Thus the language can be recognized by Latvian quantum
finite state automata.

The language L; is a group language, we can conclude that it can be described by

a formula 1;() using only group quantifiers. Thus LgaiL;...L,_1a,L, can be described
as 3z, Ta, vy Tn (Vo (21) A Quy (1) A1 (1, 22) A Quy(22)...Q4, (Tn) A p(zy,)), Where
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Vi(x;, x41) is a formula containing only group quantifiers and denoting "the input
fragment starting with x; + 1 and ending with x;,; — 1 satisfies ¢;" (1 < 7 < n — 1),
¥o(x1) is a formula containing only group quantifiers and denotes "the initial fragment
before z; (ending at = — 1) satisfies 1, and ¢,,(x,,) is a formula containing only group

quantifiers and denotes "the final input fragment starting with x,, + 1 satisfies ¢,,". [



Chapter 6
Quantum Automata over Infinite Words

This chapter is devoted to the study of the quantum finite state automaton over infinite
words. We adapt the definition of the automata for infinite input and study languages

accepted by a quantum Biichi automaton.

6.1 Definition of Quantum Finite State Automata over
Infinite Words

In this section, we will adapt definition of quantum finite state automata [38] for

infinite words.

Definition 6.1.1. A quantum finite state over infinite words or quantum w-automaton is
a quintuple A = (Q, %, 6, qo, Acc)

e () is a finite set of states,

e X is a finite input alphabet,

0 is the transition function d : () X ¥ x Q — Clo,1), which represents the amplitudes
that flows from the state q to the state ¢’ after reading symbol o,

qo € Q is the initial state,

Acc is the acceptance component.

For all states q1, q2, ¢ € @ and symbols o € Y, the function § must be unitary, thus the

function satisfies the condition

Zq’ 6(Q17 g, q/>5(q27 g, q/) — {
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The linear superposition of the automaton’s A states is represented by an n-dimensional
complex unit vector, where n = |@Q)|. The vector is denoted by |¢) = """ | a; |g;), where
{|¢:)} is the set orthonormal basis vectors corresponding to the states of the automaton A.
We will use the density matrix to represent the state of the automaton p = [¢)(¢|.

The transition function ¢ is represented by a set of unitary matrices {V,} .., where
V. 1s the unitary transition of the automaton A after reading the symbol ¢ and is defined
by Vol @) = Xoyeqd(a:0.4) | 4).-

A computation of the automaton A on an input word o = ajasas.... € X* proceeds as

follows:

e It starts computation in the superposition pg =| qo){qo |-

e An unitary transition corresponding to the current input letter is performed.

Definition 6.1.2. Ler A = (Q, %, 9, qo, Acc) be a quantum w automaton. A run of A

on an w-word o = ajas... € X* is an infinite sequence of density operators p, =
p(0)p(1)p(2)...s where p(G) = Tos) (W] (1) = S0y i |y and {las)} is the set of
the automaton’s A states), such that the following holds:

1. p(0) = po

2. p(i) = Ug,p(i — 1)U}, fori > 0.

The acceptance conditions can be viewed in the similar way as for classical w-
automata. We examine quantum w-automata with Biichi, Streett and Rabin acceptance

condition and we use the abbreviations: QBA for Biichi quantum automata, QSA for

Streett quantum automata, and QRA for Rabin quantum automata.

Definition 6.1.3. A density matrix p = )| (|¢) = > ailq) (@) is called F
accepting (F' C () with probability p if

2
ZinF ‘al‘ > P
which is acceptance probability of the superposition.

Definition 6.1.4. A Biichi acceptance condition for quantum case Acc is a subset F' of ),
where the elements of F are called accepting states. An infinite run p,, = p(0)p(1)p(2)...
is called Biichi accepting with probability p if run p,, contains infinitely many F accepting

density matrices.
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Definition 6.1.5. A Streett acceptance condition Acc is a finite set of pairs (H;, K;)
where H; and K; are subsets of Q (Acc = (Hy, K1), ..., (Hs, K). An infinite run rho,, =
p(0)p(1)p(2)... is called Streett accepting with probability p if for each i € {1,2, ..., s}
Y, contains infinite number of H; accepting density matrices or 1, contains only finite

number of K; accepting density matrices.

Definition 6.1.6. A Rabin acceptance condition Acc is a finite set of pairs (H;, K;)
where H; and K, are subsets of Q (Acc = (Hy, K),...,(Hs, K;). An infinite run
po = p(0)p(1)p(2)... is called Rabin accepting with probability p if there is some
i € {1,2,..., s} for which p,, contains only finite number of H; accepting and K; accepting

density matrices.

The language accepted by a quantum w-automata A with the alphabet 3 and cut-point
A, denoted L, (A), is defined as set of infinite words o € ¥ that has accepting run with
probability p > X in A. A quantum w-automaton accepts language with bounded error if

there exists an € > 0 such that for all accepting runs probability is greater than \ + €.

Example 6.1.1. Let us consider () BA A recognizing the w-language L = (L)%, where
L} = {a*|n < 0} in the alphabet {a,b}. The automaton has:

o Q={qw, a1}

2

o _ ) cos5: sm%”
o 1 is identity matrix, V, = )

- 2T 2
SN 3 CcoS 3

o Acc={q}

The automaton can be in three different states | 1) =| qo), | 11) = cos3 | qo) —
sin® | qi), and | s) = cos®E | qo) — sin®F | q1), from which the accepting density
matrix is for state | qo). By reading an a automaton changes the superposition, reading
input symbol b the super position stays the same, to have an infinitely many superpositions
| qo) the input should be in the language Ly. The automaton recognizes the language with

probability equal to 1. We assume that the cut point of the language is %

Example 6.1.2. Let us consider another example with Streett acceptance condition
recognizing the language containing infinite words with finite number of b.

The automaton has:

o Q={qp, a1}

0 1
o V, is identity matrix, V}, = ( |0 >,
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Figure 6.1 The group Biichi automaton recognizing the language consisting of the
words which have only finite number of b.

o Acc={0,|q){q]|}-

The run of automaton can have in two different superpositions | qo) and | q1). As the
first condition is always false for each run, we have to consider the second condition, that
means, that there is only finite number of q, accepting superpositions, in other words, we
can have only finite number of bs. The automaton recognizes the language with probability

equal to 1.

6.1.1 Group Automata over Infinite Words

As the language class recognized by measure-once quantum finite state automata over
finite words with bounded error is exactly the class of languages accepted by group finite

automaton, we are also considering group automata over infinite words.

Definition 6.1.7. A group automata over infinite words is a deterministic w - automata
with the restriction that for every state q € () and every input symbol o € X there exists
exactly one state ¢’ € Q) such that §(¢',0) = q.

We consider group w-automata with Biichi (GBA), Strettt (GSA) and Rabin accep-
tance condition (GRA).

Example 6.1.3. The figure 6.1 contains GSA for the language consisting of the words
which have only finite number of b with the same acceptance condition as in quantum

case.

6.2 Quantum Finite State Automata over Infinite Words

with Biichi Acceptance Condition

In this section, we consider languages recognized by quantum finite state w - automata

with Biichi acceptance condition with bounded error.
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Lemma 6.1. A language L, C >* is recognized by a Biichi quantum finite state
automaton if and only if L, is a limit language of L. C Y* and L is recognized by a

measure-once quantumﬁnite State automaton.

Proof. Let L be a language recognizable by a measure-once quantum finite state
automaton Ayo—gra, = (Q1,%, 01,0, Qace,) With acceptance probability p. A word
is accepted by Ayro—gra, if after reading the last symbol it is in accepting superposition
(ZQiGQaccl [il* > p).

Let us consider a Biichi quantum finite state automaton Agpa, = (Q1, X, 01, qo, Accy),
where Acc; = Quee,- Now, we look at the infinite word o € [im/(L), it means that « has
infinitely many prefixes in L. It is easy to see that if Agpa, reads « it has infinitely many
(Qacc,-accepting superpositions. Agpa, recognizes lim(L).

Let L,, be a language recognized by a Biichi quantum finite state automaton Agpa, =
(Q2, 2, 02, qo, Accy). We will also study a measure-once quantum finite state automaton
Apo—qra, = (Q2, X, 02, qo, Qace, ), Where Quee, = Acco. Now if an infinite input o € L,
is considered, then it is easy to see if it is recognized by Agpa,, then infinitely many
prefixes are recognized by Ayo_gra,. It means that L, = lim(L) and L is recognized

by A MO—QFA;- D
Similarly we can prove the following lemma:

Lemma 6.2. A language L., C Y is recognized by a Biichi group finite state automaton
if and only if L, is a limit language of a group language (language recognized by a group

finite state automaton).

As measure-once quantum finite state automata recognize exactly group languages,

from the previous results we get the following:

Theorem 6.1. A language L, can be recognized by a (QBA with bounded error if and
only if it can be accepted by GBA.

Lemma 6.3. () BA with bounded error can’t recognize whole language class accepted by
DBA.

Proof. Let us consider w-language L, = {«a|a has infinitely many a} in the alphabet
Y. = {a, b}. First assume that () BA with bounded error can recognize the language L,.
In this case, we can construct the GBA for the language. Now, let us consider a word
w € ¥* by which we reach an accepting state, it is clear that there exists a word b*
(k > 0) such that wb* also will be in the accepting state, it means that the word w(b*)~
will be accepted, but it does not contain infinitely many a. So the language L, cannot be
accepted by () BA with bounded error, but L, is recognized by a DBA (the figure 6.2).
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Figure 6.2 The deterministic Biichi automaton recognizing the language L,.

From the above mentioned results we get the following:

Theorem 6.2. () BA with bounded error accepts the proper subset of D BA which is equal
to the languages accepted by G B A.

It is known that deterministic Rabin automata and deterministic Streett automata can
recognize larger language class than deterministic Biichi automata. What about quantum

case?

Theorem 6.3. The language class accepted by (Q BA with bounded error is the proper
subset of the languages accepted by ().S A.

Proof. Let us consider language containing only finitely many input symbols b. It is
known that this language cannot be recognized by D B A, so it cannot also be recognized
by ) BA with bounded error. However, it can be recognized by ().S A, see Example 6.1.2.
At the same time, as we have already mentioned Biichi finite state automata can be seen
as special case of Streett finite state automata. [

6.3 Closure Properties of Quantum Finite State Automata
over Infinite Words with Biichi Acceptance Condi-
tion

In this section, we consider a basic closure properties of the language accepted by
Biichi quantum finite state automata with bounded error. We will study the standard
set operations - union, intersection, and complementation. It turns out that the class of
languages accepted by a Biichi quantum finite state automata with bounded error is closed

under a union, but not under intersection and complementation.

Theorem 6.4. If w-languages L, and L, are recognized by some ()BA then L, U L,
is also recognized by a () BA.
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Yy . OF P . P

Figure 6.3 The deterministic Biichi automata recognizing the language L, and L.

Proof. Let us consider w-languages L,,, and L,,, recognized by Biichi quantum finite state
automata. From the results of the previous section, we get that L, = lim(L;) and L, =
lim(Ls) and the languages L, and L, are recognized by group finite state automata. It is
known that group finite state automata are closed under a union, that means we have a GFA
Arun, = (Q, %, 01, Ginit, Qace) Which recognizes Ly U Lo, from the lemma 6.2 we get that
Alim(LiuLy) = (Q, 3,61, Ginat, Acc), where Acc = Q. is Biichi acceptance condition,
recognizes the limit language of L; U L,. Let us prove that Ay, (1, ur,) recognizes a union
of L, and L,,. It is obvious that L,,, = lim(L1) C lim(L, U Ly).

Now to prove the theorem we have to show that if a word « is accepted by Az, uL.)
then avisin L,,, = lim(Ly) orin L, = lim(Lsy). Let us examine word a.. As itis accepted
by GBA, we have a state ¢; € Acc which occurs infinity often in a.. If we consider a group
automaton Ay, for finite input on the prefixes of o which reaches the accepting state
i, each of these prefixes belongs to L,; or Lo, as there are infinitely many such accepted
prefixes, then there will be infinitely many prefixes belonging to L; or Lo, from it follows
that o belongs to Ly or Ls. U]

Theorem 6.5. The class of languages recognized by QBA is not closed under intersection.

Proof. Let us assume the contrary - it is closed under intersection, it means the class
of languages accepted by GBA is also closed under intersection. Let us consider two
GBA given in the figure 6.3 (Acc = {¢1}). One of GBA accepts the language L, =
lim(w|odd number of 'a’) other accepts the language L, = lim{w|odd number of V).
Assume there is a GBA recognizing L, N L.

Now let us examine a Biichi group finite state automaton Agpa = (Q, %, 01, qo, Acc)
recognizing the language L, N L;. Let us look at the set of states (), containing the states
of Agpa reachable from the initial state g reading only the symbol a. As Agpa is group
finite state w-automaton, there is a word a* by reading which the automaton returns to the
initial state. If ¢; € Q,, then ¢; ¢ Acc otherwise the word a“ will be accepted, but it does
not belong in L,. Similarly for the symbol b, (), denotes the set of states containing the
states of Agpa reachable from the initial state g reading only the symbol b. As Agpa is

group finite state w-automaton, there is a word b' by reading which the automaton returns
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to the initial state. If ¢; € @y, then ¢; ¢ Acc otherwise the word b will be accepted, but it
does not belong in ;. However, the automaton A4 should accept the word (ak bl)“, but
it does not. Our assumption was wrong there is no GBA accepting the intersection of L,
and L;. It means - the class of languages accepted by Biichi quantum finite state automata
with bounded error is not closed under intersection, as Biichi quantum finite state automata

recognize exactly the same language class as Biichi group finite state automata. [

Theorem 6.6. The class of languages recognized by QBA is not closed under complemen-

tation.

Proof. In the proof, we consider the same language L, as in the proof of the above
theorem. Assume there is a Biichi quantum finite state automaton accepting the
complement of L,, then there is also a Biichi group finite state automaton Az- =
(Q,, 01, qo, Acc) accepting the complement of the language L,. Since aab” € L, there
is an accepting state ¢;, € Acc which is reachable by reading a word aab® (k; > 0) from
the initial state g. Since aab® aab” € L, there is accepting state ¢;, € Acc which is
reachable by reading a word aab®? (k, > 0) from the state ¢;,. Using this argument, we
obtain infinitely many ky, ks, ...ks > 0, such that aabaablaablaab’... is accepted by the
automaton. However, aabfaablaablaabf... € L,. Thus, the class of languages accepted

by Biichi quantum finite state automata is not closed under complement. [

6.4 Measure-Many Quantum Finite State Automata over
Infinite Words

In this section, we extend a definition of a measure-many quantum finite state

automaton and define a Biichi acceptance criteria for this kind of automata.

Definition 6.4.1. A measure-many quantum finite state over infinite words is a quintuple

A= (Q7 27 57 qo, QH7 ACC)

Q is a finite set of states,

. is a finite input alphabet,

d is the transition function 6 : Q@ x ¥ U {#} x Q — Clo}, which represents the
amplitudes that flows from the state q to the state q' after reading symbol o, and 4 is
the left end-marker, which denotes the start of the word,

e qo € Q is the initial state,
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e Oy C Q are halting states of the automaton,
e Acc is the acceptance component.

For all states q1, q2, ¢ € Q and symbols o € ¥, the function § must be unitary, thus the

function satisfies the condition

i)~ L0

The linear superposition of the automaton’s states is also represented by an n-
dimensional complex unit vector, where n = |Q| and the transition function 0 is

represented by a set of unitary matrices {V,} where V,, is the unitary transition of

oel™
the automaton Ajy_gra after reading the symbol ¢ and is defined by V,(| ¢)) =

> veqd(a,0.d) [ ).
A computation of the automaton on the input word fo05... € 3 proceeds as follows:

e it starts in the superposition py;
e a unitary transition corresponding to the current input symbol is performed;

e after every transition, the automaton A measures its state with respect to the
observable @g’;' E; ® Enon wWhere E; = span{|q;)} for each ¢; € Qg and
Enon = span{|q) : ¢ ¢ Qg}. If the observed state of the automaton is in £;

subspace, then the input halts, otherwise the computation continues.

After every measurement, the superposition collapses to the measured subspace.
We keep track of halting probabilities for each halting state, therefore, the state of the
automaton is represented by a tuple (¢, p1, p2, ...,p‘QH|), where p; is the cumulative
probabilities of halting to the state ¢; € Q5. The transition of the automaton on reading
the symbol o is denoted by (Poon [¢/) , pr+[| P ||*, ot Pod!|I” s D0 + || P& || )
where ¢/ = V,¢ and P, is a diagonal zero-one projection matrix projecting onto F;

subspace.

Definition 6.4.2. A Biichi acceptance condition for a measure-many quantum finite state
automaton Acc is a subset ' C QQy, where the elements of F are called accepting states.
The computation of an automaton on the input {o,0,... € X% is called accepting, if after

reading an input the probability to be in states q; € F'is 1.

Example 6.4.1. Let us consider an example of a Biichi measure-many quantum finite state
automaton recognizing the limit of the language containing the words of odd number of

a. The automaton has:
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a set of states {qo, ¢1, ¢},

the halting set of states is Qg = {q2},

an input alphabet is {a, b},

the accepting component Acc = Qg,

0 1 0
V,=Vi=LV,=| 5 0 I
1 0 —L
V2 V2

If a word belongs to the language, then the state q; has been visited infinite often it means
that the probability to be in Acc is % + % + % + ... = 1, if the word does not belong to the
language then there is only finite number k of prefixes having odd number of a. In this
case the probability to be in Acc is % + %1 + % + ...+ 2% =1- 2% < L

Theorem 6.7. The language class recognized by quantum Biichi automata is proper
subset of the language class accepted by measure-many quantum finite state automata

with Biichi acceptance criteria.

Proof. We transform a group Biichi automaton to equivalent Biichi measure-many
quantum finite state automaton. The group Biichi automaton Agpa = (Q, X, 9, ¢1, Acc)
accepts language L, the equivalent Biichi measure-many quantum finite state automaton

has:

a set of states Q) = {q1, .-, §jQ|+|Acc| }»

an input alphabet >,

Qo as initial state,

Ac = Qn = {qqi+1, - QI+ ace| }»

e a transition function is defined as follows:

- Volla) = la5) + 7505 (df € Q) if 6(gi,0) = g; and g; € Ace,
- Vo(l@i)) = lgj) if 6(qs,0) = gj and q; ¢ Acc.

Each time when the group Biichi automaton visits an accepting run, Biichi measure-many
quantum finite state automaton sends a half of the non-halting probability to the halting
state. If a word is accepted by group Biichi automaton, then accepting states have been

visited infinite often it means that the probability to be in Acc is % + i + % +...=1,if
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an input word is not recognized by the group Biichi automaton, then there is only finite
number k of prefixes having odd number of a. In this case the probability to be in Acc is
1,11 1 1
§+Z+§+“'+2_k_1_2_k<1'

At the same time, the infinite language containing words starting with symbol a can

be accepted by Biichi measure-many quantum finite state automaton, which has:
e aset of states Q = {q1, ¢2, ¢3},
e an input alphabet X,
® (p as initial state,
* Qu ={q ¢}
o Acc = {q}

e a transition function for symbol a is defined as V,,(|q1)) = |g2) and for the rest of

symbols V., (|g1)) = |g3)-

This language cannot recognized by a quantum Biichi automaton as it does not belong to

the limit languages of measure-once quantum finite state automata. [



Chapter 7
Conclusion

In the thesis, we investigated the connection between quantum finite state automata
and logic. We investigated three different notations of quantum finite state automata
- measure-once quantum finite state automata [38], measure-many quantum finite state
automata [32], and Latvian quantum finite state automaton [1] and its connection to first
order logic, modular logic, and logic using generalized quantifiers - Lindstrém quantifier

and group quantifier. We have obtained the following:

e characterized the language class accepted by measure-once quantum finite state

automata with bounded error in the terms of logic;

e proved that intersection of the language class accepted by measure-once quantum
finite automata with bounded error and languages defined by F'O[<] contains only

trivial languages, i.e., an empty language or ».*;

e proved that languages described by M OD|<] are recognized by measure-once,

measure-many and Latvian quantum finite state automata;

e studied the connection between languages accepted by measure-many quantum
finite state automata and first order logic, as well as, the connection between
acceptance probability of measure-many quantum finite state automata and first

order logic was examined;

e studied the connection between acceptance probability of measure-many quantum

finite state automata and modular logic using the first order quantifiers;
e studied the connection between Latvian quantum finite state automata and logic.

The further research in the connection between quantum finite state automata and

logic requires to study new kinds of logic, the use of generalized quantifiers could help
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to characterize the languages accepted by quantum finite state automata. The study of
other notations of quantum finite state automata from logic point of view could help to get
relationship between these notations of quantum finite state automata.

The second part of the thesis was devoted to the quantum finite state automata over
infinite words. We studied the class of languages accepted by Biichi measure-once
quantum finite state automata with bounded error and proved its closure under union,
as well as, showed that the class of languages accepted by Biichi measure-once quantum
finite state automata is not closed under two other standard set operations - intersection
and complementation. Similarly to classical case also in the quantum case, the Rabin and
Streett acceptance conditions are more powerful than Biichi acceptance condition. We
have also defined a Biichi measure-many quantum finite state automaton, which is more
powerful then quantum Biichi automaton. However, the started research is a small step in
this research area. We examined the simplest model of the quantum finite state automata,
there are other models such as already mentioned Latvian quantum finite state automata
and others. We have not studied quantum finite state automata using other acceptance
condition just showed that Rabin and Streett conditions are more powerful, so it is another
potential research area, as well as, study of acceptance probabilities and other properties

of automata.
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