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Abstract. The atomic and electronic structure of CeO2 doped with Tb has been 

calculated from first principles with inclusion of strong correlation effects on the basis of 
Hubbard model (GGA+U). The two values of Hubbard U-parameter were applied separately 
on Ce and Tb ions, in order to treat correctly two oxidation states of Tb (3+ and 4+). Crystal 
structure distortion is also discussed for Tb3+ ions in ceria without oxygen vacancies. The 
corresponding total energy difference between the 3+ and 4+ states is very small and, thus, 
these states can co-exist without oxygen vacancy formation (unlike Gd doping). Multiple 
configurations have been obtained with localization of electrons on different number of 
cations, if the Tb ion has an oxygen vacancy nearby. A site symmetry approach has been 
successfully applied to identify the ground state configuration. Gibbs formation energy of 
oxygen vacancy due to Tb doping is reduced by almost a factor of four, in comparison with 
the pure CeO2. The dependence of Gibbs formation energy on the temperature and oxygen 
partial pressure is discussed. It has been also shown that the lowest formation energy for 
the small polaron occurs when the Ce3+ and Tb3+ ions are located as nearest neighbors to 
oxygen vacancy.  The results obtained are compared with the existing literature data from 
the electrical conductivity and optical measurements.    

 
1. Introduction  

 
CeO2 (ceria) continues to attract great interest due to its numerous applications, such as 
electrolyte for solid oxide fuel cells and oxygen separation membranes (high ionic 
conductivity) [1], electromechanics (high electrostriction coefficient) [2] and catalysis [3]. 
These properties are improved upon CeO2 doping with the lanthanide ions. For example, Gd- 
and Tb-doped CeO2 demonstrates higher electrical conductivity in comparison with the 
undoped samples [4,5]. The Gd impurity is always present in the oxidation state 3+ and thus 
is compensated by formation of positively charged oxygen vacancies. In contrast, the Tb 
impurity can be in both 3+ and 4+ oxidation states and charge compensation by oxygen 
vacancies is not here so obvious. Another difference is that the Gd3+ shows a limited 
solubility in ceria [6] unlike unlimited solubility of Tb4+ [7]. Large electronic conductivity due 
to a mixed valence state of Tb impurity makes enhanced ceria performance in mixed 
conductive membranes for oxygen separation [8,9].  

Generally, oxygen vacancies (VO) play significant role in Tb-doped CeO2. Their role 

was discussed in detail not only for higher electrical conductivities in Ce1-xTbxO2- (where x 
varies from 0.1 to 0.5) [5] but also for their control of optical properties in Tb-doped 
nanocrystalline CeO2 (1-10% mol [10] and 5% mol [11]). Upon Tb 3+ doping higher VO 
concentration arises resulting in the lattice strain [10]. According to optical measurements 
[11], VO could be responsible for the visible light emission (~2.5 eV). Density functional 
calculations are helpful for better understanding of Vo behavior in oxides which has been 
demonstrated in numerous studies (e.g., [12,13]). Moreover, oxygen vacancies create small 
polarons with several possible configurations. Recently, we suggested a site symmetry 
approach for their identification in undoped CeO2 [14]. In the present study, we used the 
same approach in calculations of the VO’s properties and behavior of holes in Tb-doped 
CeO2. 
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In Section 2 we discuss computation details. Main results and discussion are 
presented in Section 3 which is sub-divided into two parts: comparison of Tb3+ and Tb4+ 
behavior in CeO2 without vacancies in Section 3.1 and simultaneous presence of Tb and Vo in 
Section 3.2. In Section 4 main conclusions are summarized.  

 
2. Computational details 
 
We use the VASP 5.3 [15–17] computer code with the projector augmented wave 

method and the scalar relativistic pseudopotentials [15] with 12 valence electrons on Ce, 19 
electrons on Tb, and 6 electrons on O atoms. The exchange-correlation functional was that 
due to Perdew, Becke and Ernzerhof (PBE) [18]. We employ the rotationally-invariant 
Dudarev’s form of the so-called GGA+Ueff approach [19] as implemented in the VASP code. 
The two values of the Hubbard Ueff-parameter (hereafter, U) were fixed at 4f-orbitals of Ce 
and Tb atoms separately, in accordance with the literature data, i.e. 5.0 [20,21] and 6.0 [22] 
eV, respectively. It should be emphasized that we do not consider a hole trapping effects on 
O ions and, thus, do not apply the U-parameter to O 2p electrons [20]. The cut-off energy 
was fixed at 520 eV throughout all the spin-polarized calculations with the full atomic and 
electronic structure optimization. We use the supercell model of defective CeO2 with 
impurity Tb atom and oxygen vacancy (VO) present simultaneously.  

CeO2 possess a fluorite structure (space group F𝑚3̅𝑚, face-centered cubic lattice). 
In the present calculations, the supercell was constructed from the primitive unit cell using 
the non-diagonal expansion of lattice vectors, namely (−2 2 2) , (2 −2 2) , 
(2 2 −2). It leads to the commonly used supercell consisting of 96 atoms, i.e. of 32 
primitive unit cells. One Tb atom is introduced on the Ce sub-lattice corresponding to defect 
concentration of ~3%. Recently, we have demonstrated importance of site symmetry 
approach [23–25] and group-theoretical analysis for the calculations of defects in oxides 
[26,27] and, in particular, polaron properties in CeO2 [14]. It was demonstrated in [14] that 
in the 96-atom supercell 64 oxygen atoms therein are split into two orbits, with symmetry 
C1h (=Cs) and C3v, whereas the 32 Ce atoms are split into three orbits, namely Oh, D4h, and C2v. 
Interested reader could refer to fig. S1 in Supplementary Information where the oxygen and 
cerium sublattices are depicted with corresponding site symmetry positions. It was also 
concluded that for undoped CeO2 containing VO, the symmetry point group Cs or C2v is 
suitable for the formation of a small polaron, with two electrons of missing O2- ion localized 
on the two nearest Ce3+ ions.  

Here we use the same approach to analyze the effect of Tb and the formation of 
polarons. In the present study, all the calculations with VO in the supercell were performed 
for the Cs and C2v symmetry point groups, if not otherwise stated. Moreover, the effects of 
symmetry reduction for Tb without VO were also considered and required the considerations 
of with Oh, D4h, and C2v symmetry point groups for the Tb positions in the supercell (fig. S1). 
The integration in the reciprocal space over the Brillouin zone was performed using 2x2x2 
Mokhorst-Pack mesh [28].  

The Gibbs formation energy of Vo in the Tb doped CeO2 was calculated as 
 

𝛥𝐺𝐹
𝑉𝑜 = 𝐸𝑡𝑜𝑡

𝑇𝑏,𝑉𝑜 − 𝐸𝑡𝑜𝑡
𝑇𝑏 + 𝜇𝑂(𝑇, 𝑝𝑂2), (1) 

where 𝐸𝑡𝑜𝑡
𝑇𝑏,𝑉𝑜 , 𝐸𝑡𝑜𝑡

𝑇𝑏 the total electronic energy of supercell containing both Tb and VO 
simultaneously and that without VO, respectively. The oxygen chemical potential 𝜇𝑜(𝑇, 𝑝𝑂2) 

was obtained following [29] and successfully applied in previous works [30–32]. Thus, the 
oxygen chemical potential 𝜇𝑜(𝑇, 𝑝𝑂2) is cast as  

 

𝜇𝑂(𝑇, 𝑝𝑂2) = 𝜇𝑂
0 (𝑇) +

1

2
𝑘𝐵𝑇 𝑙𝑛

𝑝𝑂2
𝑝𝑜

= 𝐸𝑡𝑜𝑡
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𝐴 − 𝛥𝐺𝐴𝑂(𝑇0) + 𝛥𝜇𝑂(𝑇) +
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𝑝𝑂2
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where 𝜇𝑂
0 (𝑇) )T(

0
O is the standard chemical potential, superscripts AO and A stand for the 

reference binary oxide, and its metal, respectively, and 𝛥𝐺𝐴𝑂(𝑇0) the standard heat 
formation of a binary oxide taken from the experimental database [33]. Thus, this approach 
has the advantage of avoiding the calculation of total energy of O2 and suggests a 
connection with the experimental oxide of formation. 𝛥𝜇𝑂(𝑇) is the difference in chemical 

potential at the temperature of interest T and the standard state (
0

T = 298.15 K), which is 
also taken from the experimental database, kB Boltzmann’s constant, 𝑝𝑂2and 𝑝0 the oxygen 

partial pressure and standard pressure, respectively. In order to calculate 𝜇𝑂(𝑇, 𝑝𝑂2) we 

have treated several binary oxides and taken their average contribution. All the calculations 
of binary oxides included van der Waals interactions within the DFT+D3 approach suggested 
by Grimme et al. [34] in order to accurately reproduce the lattice parameters. In 
Supplementary Information (table S1) the calculated lattice parameters with and without 
van der Waals interactions for a comparison are given. In fig. 2 the dependence 𝜇𝑂(𝑇, 𝑝𝑂2) 

as calculated using Eq. 2 is shown. Notice that we neglected the vibrational contribution in 
the solid phase to the formation energy as irrelevant for the present study.  
 

 
Fig. 1. The oxygen chemical potential due to Eq. 2 calculated in VASP a) and formation 
energy of oxygen vacancy due to Eq. 1 b) as a function of temperature (temperature range 
400 – 1100 oK) and oxygen partial pressure (𝑝𝑂2).  

 
 
3. Results and discussion  
 
3.1. A comparison of parent oxides and delocalization of holes 
 
We calculated atomic and electronic structure of Tb ions in the two oxidation states, 

3+ and 4+, using neutral supercells without VO’s as the Tb ion is known to exist in a mixed 
valence state. We have considered all three Wyckoff positions for Tb substituting for Ce in 
the 96-atom supercell. All ions surrounding Tb in a given position were allowed to relax to 
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the minimum of total energy. In general, the Tb ion prefers to be in the 4+ oxidation state 
which follows from the total electronic energies difference of Tb3+ and Tb4+ (discussed 

below). These two oxidation states are identified by the calculated magnetic moments () 

and the Tb-O bond lengths (table 1). In the 4+ state, the -value of Tb ion is 6.26 μB, which is 
close to 6.21 μB for Tb4+ in TbO2 (also calculated in the present study). Also, the Tb-O bond 
length for Tb4+ in CeO2 is only slightly larger than that in TbO2, i.e. 2.32 vs 2.37 Å. The 

covalent effects are evident here as the formal  of Tb4+ should be 7 μB. Reduction of 
symmetry did not lead to significant changes in the properties of Tb4+. On the other hand, 
Tb2O3 (calculated in the present study in the bixbyite structure, table 1, the oxidation state of 
Tb is 3+) has two very close μ’s of Tb ions around 5.99 μB dictated by symmetry. Despite 
close values of μ’s the bond lengths of the two Tb ions in Tb2O3 are quite different. Besides, 
one of the two Tb ions occupies a low symmetrical C2h-position and has three different 
distances to the closest O ions. Nevertheless, the μ-value of Tb3+ in CeO2 is around 6 μB, too, 
and the Tb-O bond length is again slightly larger in comparison with Tb2O3. Importantly, a 
comparison with the parent oxides confirms the possibility to calculate the Tb ion in the 3+ 
oxidation state, provided the supercell symmetry is reduced down to the point group 
symmetry C2v.  

So, the total energy difference between the two Tb oxidation states at the C2v-
position is only 0.07 eV per supercell, in the favor of 4+ oxidation state. Even though the 4+ 
state is still more favorable, the two states could co-exist (a mixed valence state) in a real 
material under realistic conditions. This is consistent with the experimental lattice 
parameter dependences on Tb concentration [5] lying exactly between the two theoretical 
dependences for Tb4+ and Tb3+ estimated separately. In contrast, the cubic symmetry of the 
supercell restored with the Tb ion at Oh-position (fig. S1) is not sufficient for treatment of the 

3+ oxidation state leading to unphysical results with too large -values for the Tb ions.  
Clearly, the Tb3+ ion in the neutral supercell has to be compensated by an electronic 

hole. In our calculations the holes were obviously delocalized over a whole supercell, 
irrespective to any local structural distortions around the defect. One could expect 
intuitively holes localized on O ions nearest to the cation what happens often for the hole 
polarons in oxides, e.g. MgO:Li [35] and perovskites [13,36]. In addition, analysis of the 
electronic density of states (DOS) for (Ce,Tb)O2 (fig. 1) and parent oxides TbO2, Tb2O3 (fig. S2) 
could be helpful for interpretation of the differences between the two oxidation states. 

 
Table 1. The magnetic moments of Tb in the two oxidation states (3+ and 4+) and 
corresponding Tb-O bond lengths depending on local site symmetry. The primitive unit cells 
of TbO2 and Tb2O3 were of fluorite structure (space group Fm3m, face-centered cubic lattice) 

and bixbyite structure (C-type, space group Ia3̅, No206), respectively, calculated within the 
PBE+Ueff approach with the Ueff = 6.0 eV. The calculated lattice parameters were 5.35 and 
10.70 Å for TbO2 and Tb2O3, respectively. In the bixbyite structure Tb ions occupy two 
Wyckoff positions, namely Tb1 : 8b (coordinates ¼, ¼, ¼, point group symmetry S6) and Tb2: 
24d (coordinates -0.03171, 0, ¼, point group symmetry C2h), leading, thus, to several values 
for the Tb magnetic moment μ and Tb-O bond length. Each Tb ion is surrounded by 6 oxygen 
ions in the bixbyite structure. In the case of low symmetrical position (24d) the 6 oxygen ions 
are split in pairs to form 3 Tb-O bonds. 

  

Ion / System /Symmetry μ(Tb) / μB Bond length / Å 

Tb4+/ TbO2/Oh 6.21 2.32 

Tb4+/(Ce,Tb)O2/ Oh 6.21 2.37 

Tb4+/ (Ce,Tb)O2/ C2v 6.21* 2.37* 

Tb3+/ (Ce,Tb)O2/ C2v 6.08* 2.39, 2.40 

Tb3+ /Tb2O3 / S6, C2h 5.99* Tb1: 2.30, Tb2: 2.27, 2.29, 2.36 
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*Very close values of the property were obtained for all Tb ions in the supercell even though 
Tb site symmetry is low.  

 
  
Fig. 2 shows an empty Ce 4f band in-between O 2p valence band and Ce 5d 

conduction band, thus, leading to two band gaps as in a pure CeO2 [37,38]. The valence band 
is formed by O 2p electrons hybridized with Tb 4f electrons. Thus, the O 2p - Ce 4f band gap 
is ~2.1 eV in our calculations for Tb doped CeO2 independently of the oxidation state. This 
value is slightly smaller than in the case of previous DFT+U calculations of undoped CeO2 
[39,40]. In addition, there is also an empty Tb 4f band above the Ce 4f band in the spin down 
states (fig. 1). This band is characterized by two intensive peaks whose positions depend 
slightly on the oxidation state. In the DFT+U calculations with the FP-(L)APW method for 
TbO2 [22] this band was much closer to the valence band top suggesting a very small gap. 
However, the main counterparts in the calculated DOS are due to two occupied Tb 4f bands: 
a deep band1 from -6.50 to -5.25 eV (consisting of two peaks in fig. 2a) in the spin up for the 
3+ state (it is one peak from -6.5 to -6.0 eV for the 4+ state in fig. 2b) and band2 in the spin 
down channel from -1.60 eV to 0.00 for the 3+ state (it is a broader band from -2.50 to 0.00 
for the 4+ state). Notice that the presence of holes in the system is associated, in the Tb3+ 
case, with increased density of O 2p states at the Fermi energy. In fig. S2 the DOS around the 
Fermi energy for both Tb3+ and Tb4+ in CeO2 is shown for clarity. One could also see that 
the Fermi energy is considerably occupied in TbO2 whereas it is unoccupied in Tb2O3 (fig. 
S3). Actually, the occupation of Fermi energy by O 2p states is even more pronounced for an 
increased Tb concentration in CeO2 [7]. In the electrical conductivity measurements [5] the 
p-type conductivity was identified at Tb concentration around 50% .Tb2O3 has an additional 
band3 at -4.25 eV (fig. S2). It explains the appearance of three peaks in the range -6.0-4.0 eV 
for the 3+ state in fig. 2a. It is worth mentioning that the two peaks were also observed in 
the GW0 calculations with the FP-(L)APW method for Tb2O3 [41]. However, our calculated 
band1 and band3 for Tb2O3 are shifted to deeper energies in comparison with these 
calculations. As seen, band2 is strongly hybridized with the O 2p electrons. Notice that the 
effect of O2p-4f hybridization was earlier evidenced in the XAS measurements of Karnatak et 
al. [42]. It is interesting to mention that the position of band1 for TbO2 is much deeper in 
(L)APW calculations [22]. We suggest that the difference between our results and those in 
[22] arises due to a more ionic picture for TbO2 in the latter study which is reflected in their 
calculated magnetic moment of Tb being almost 7 μB.  
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a) 

 
b) 

 
 
Fig. 2. The electronic density of states (DOS in arb. units) for a) Tb3+ and b) Tb4+ at the C2v 

position in CeO2.The Fermi energy is taken for zero. 
 

 

3.2. Tb3+ ions near oxygen vacancies. Formation of small polarons  
 
As is well known, the electronic conductivity in undoped CeO2 arises due to the small 
polaron hopping over Ce3+ ions, as demonstrated both theoretically [14,40,43] and 
experimentally [44,45]. The Ce4+ ion reduction happens due to an electron transfer from 
nearest missing oxygen atom (formation of VO). We have demonstrated in recent 
calculations [14] that several possible charge and spin redistributions (small and large radius 
polarons) differ considerably in energy. In the present calculations, VO was modelled 
similarly, by removing a single oxygen ion from the 96-atom supercell, containing now one 
Tb ion (VO concentration ~3%). From the symmetry viewpoint, VO has occupied either Cs or 
C3v position (fig. S1b) at the distance 2.34 Å from the Tb ion (first nearest neighbor) in the Oh 
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position, before the full structure relaxation. In this Tb position, its nearest neighbors are 8 O 
ions at the C3v positions whereas each O ion in the supercell has 4 nearest cations.  

We consider first two cases: several configurations when VO is the first nearest 
neighbor of Tb and/or Ce (three configurations in table 2 and four configurations in table 3) 
and only one configuration when Vo is third nearest neighbor of both Tb and Ce (table 2). 
The only difference between the results in table 2 and table 3 is in the degree of localization. 
I.e., the two electrons left from the missing oxygen ion are localized on 4f orbitals of 
neighboring lanthanide cations. Evarestov et al. [14] observed in undoped ceria different 
possible polaron configurations with electron localization on one, two, three, or all four 
nearest Ce cations (first nearest neighbors). The configurations are characterized by the 
value of spin projection Sz due to localization on different number of cations. It was 
demonstrated that localization of two electrons on 4f orbitals of two nearest Ce cations 
corresponding to formation of a small polaron is energetically the most favorable case, 
about 0.61 eV lower in energy than the large radius polaron with localization on all four Ce 
ions. So, the minimum energy state was observed for Sz = 1 at low symmetrical Cs(or, 
alternatively, at C2v)-position of VO in the 81-atom supercell. 

 
Table 2. Formation of one Ce3+ and one Tb3+ near Vo. d(Tb3+(Ce3+)-VO) the distance between 
the Tb3+(Ce3+) ion and VO before the structure optimization estimated from unrelaxed 
fluorite structure with the lattice constant 5.41 Å. d(Tb3+-Ce3+) the distance between the Tb3+ 

ion and Ce3+ ion after the full structure optimization. 𝛥𝐺𝐹
𝑉𝑜the Gibbs formation energy of Vo 

calculated with respect to the chemical potential of oxygen μO at T= 400 K and p=p0 (fig. 1). 
All configurations are for the spin projection Sz = 1 and anti-ferromagnetic (AFM) spin 
alignment.  
 

d(Tb3+-VO)/ 
Å 

d(Ce3+-VO) 
/Å 

d(Tb3+-Ce3+)/  
Å 

μ(Tb3+) /  
μB 

q(Tb3+)/
e 

μ(Ce3+)/ 
μB 

q(Ce3+)/ 
e 

oV

FG / 

eV 

2.34 2.34 4.13 6.03 2.09 -0.93 2.09 1.20 

2.34 4.59 6.76 6.06 2.09 -0.93 2.13 0.70 

4.49 2.34 6.76 6.05 2.12 -0.88 2.12 1.08 

4.49 4.49 7.79 6.05 2.12 -0.97 2.14 0.99 

 
Table 3. The electron density localization on Tb and Ce ions nearest to vacancy. Solutions 
with different spin projection SZ. d(Tb3+-Ce3+) the distance between the Tb3+ ion and Ce3+ ion 

after the structure optimization. 𝛥𝐺𝐹
𝑉𝑜the Vo formation energy calculated with respect to 

the chemical potential of oxygen at T= 400 K and 𝑝𝑂2=p0. The distances between Ce3+(Tb3+) 

and Vo is 2.34 Å before the structure optimization estimated from unrelaxed fluorite 
structure with the lattice constant 5.41 Å. All the calculations were performed with the C3v 
point group symmetry. 
 

Sz 
d(Tb3+-Ce3+)/ 

Å 
μ(Tb3+)/ 

μB 
q(Tb3+)/ 

e 
μ(Ce3+)/ 

μB 
q(Ce3+)/ 

e 
𝛥𝐺𝐹

𝑉𝑜 / eV 

-1 3x4.18 6.07 2.08 3 x -0.35 2.32 1.32 

2 4.17 6.04 2.08 3 x 0.37 2.30 1.14 

1/2 0 6.05 2.09 - - 1.52 

3/2 4.18 6.25 2.17 3 x 0.71 2.22 2.61 

 
 
In contrast to undoped system, a combination of Tb impurity and VO in the same 

supercell leads to a more complex situation, as the distance between the Tb and VO should 
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play a role. In Table 2 we collected results with respect to the spin projection Sz = 1, AFM 
spin alignment, cation-VO distance and electron localization on two cations only whereas 
configurations with localization on larger number of cations are collected in table 3. The 

configurations in table 2 show a significant variation in 𝛥𝐺𝐹
𝑉𝑜, from 0.70 to 1.20 eV. The Tb 

and Ce ions are always reduced due to the presence of VO in the lattice. The μ-value of Tb 
ion in all configurations in table 2 is similar to that for Tb3+ in Tb2O3 (as discussed above). 
Therefore, one of the two electrons occupies the Tb 4f orbital whereas the second electron 
occupies the Ce 4f orbital meaning localization on two cations. The cation-VO distances 
(d(Ce3+-Vo) and d(Tb3+-Vo)) are given before the atomic structure relaxation due to 
significant symmetry reduction and, consequently, difficult determination of such distances 
after the atomic structure relaxation.  

As also seen in table 2, 𝛥𝐺𝐹
𝑉𝑜 are reduced by almost a factor of 4, in a comparison 

with the undoped system (𝛥𝐺𝐹
𝑉𝑜= 2.68 eV in the present PBE+Ueff calculations at 400 K and p 

= p0 vs 4.10 eV obtained with the hybrid PBE0 exchange-correlation functional [14]). The 

most energetically favorable case with 𝛥𝐺𝐹
𝑉𝑜= 0.70 eV is characterized by the longer distance 

d(Ce3+-Vo) of 4.59 Å (third nearest neighbor) whereas the configuration with 𝛥𝐺𝐹
𝑉𝑜of 1.20 eV 

– by the shortest distance d(Ce3+-Vo) of 2.34 Å. Thus, the Tb3+ ion prefers to be the Vo first 
nearest neighbor whereas the Ce3+ cation – the third nearest neighbor in the configuration 

with the smallest 𝛥𝐺𝐹
𝑉𝑜.  

The main characteristics for Tb3+ (the presence of band1, band2, band3) in the 
calculated DOS are very similar to those discussed in fig. 1. The presence of Tb3+ in the band 

gap was not observed which is consistent with and is explained by 𝑝𝑂2
−1/6

 dependence of 

electrical conductivity [5] at low Tb content. As expected, the reduced Ce3+ cations induce a 
new peak in the band gap (fig. 2). This is an electron trap induced by Vo, located at ~1.0 eV 
below the bottom of unoccupied Ce 4f band (the O 2p — Ce 4f band gap is 2.1 eV). 
Recombination of trapped electrons with holes in the valence band could explain 
observation of a strong increase of the CeO2 nanoparticle luminescence upon doping with Tb 
[11].  
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The obtained results are qualitatively similar to the small polaron behavior in SrTiO3. 
It was suggested for SrTiO3 that the structure of the defect upon formation of Vo can be 
described as Ti3+-Vo-Ti3+ [12]. I.e. the Ti3+ ions are considered as small polarons giving rise to 
emission band at 2.0 eV in the energy diagram. However, at the same time possible 
mechanisms may include recombination with the trapped holes which is responsible for the 
emission band at 2.8 eV. The optical measurements on Tb3+ in CeO2 and LaWO6 show the 
band at 498 nm (2.49 eV) [11], 544 nm (2.28 eV) [10] and 543 nm (2.28 eV) [46] in the 
emission spectra, respectively. Wang et al. related its presence to Vo and recombination with 
holes. Actually, the experiments in [11] included two dopants Eu3+ and Tb3+ which showed 
very similar behavior, and it was concluded that the emission band is not due to an impurity 
ion. In the same experimental considerations the excitation band was 426 nm (2.93 eV) [11], 
381 nm (3.26 eV) [10]and 380 nm (3.26 eV) [46].  

In fig. 3 the spin density maps are presented for two cases: two electrons from a 
missing oxygen ion localized on two (a) or four (b) cations. It clearly shows the effect of 
localized electrons on 4f orbitals of Tb3+ and Ce3+ ions. Such density maps are well 
comparable with the detailed DOS projected on all the 4f electron states (only effect of 
localization on two cations is shown in fig. 3). According to the density maps, and DOS for 
Tb3+ the second peak in band 1 consists of 4𝑓𝑥𝑦𝑧  orbital whereas the first peak is formed of 

4𝑓𝑧3, 4𝑓𝑦𝑧3and 4𝑓𝑧(𝑥2−𝑦2)orbitals. Interestingly, band 2 is also related to 4𝑓𝑥𝑦𝑧orbital. It 

could explain a nearly spherical shape of the spin density distribution for Tb3+ in contrast to 

Fig. 3. DOS projected on 4f orbitals of Tb
3+

, Ce
3+

, Ce
4+

 and 2p orbitals of O, and its 

decomposition into all contributions from the 4f orbitals for two electrons from a 

missing oxygen atom localized on two cations (Ce and Tb, case with = 1.02 eV in table 

1). Fermi energy is taken as zero. 
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“flower” distribution for Ce3+. The occupied Ce3+ band at 1.0 eV below the empty Ce4+ 4f 
band is formed by 4𝑓𝑦𝑧3 , 4𝑓𝑥𝑧2  orbitals.  

We treated also more complicated cases when two electrons from a missing oxygen 
ion were localized on the 4f orbitals of larger number of cations. Namely, the calculated 

configurations in table 3 show changes in 𝛥𝐺𝐹
𝑉𝑜 and other properties in the cases of two 

electrons spread over three and four cations. Here the obtained configurations depend on 
the local site symmetry, too. The position of Tb was chosen Oh as was also done for the 
configurations in table 2. As we demonstrated [14], the C3v point group is characterized by 4 
configurations with the spin projection Sz= ½ (one electron localized on one cation only), 1 
(one electron spread over 4 cations, AFM case), 3/2 (one electron spread over 3 cations, 2 
(one electron spread over 4 cations, FM case). The most energetically unfavorable case with 

𝛥𝐺𝐹
𝑉𝑜 = 2.61 eV (table 3) is the one with Tb4+ in the supercell (and that is irrespective of Tb 

and Vo being first nearest neighbors), i.e. the two electrons are localized on three Ce ions in 

this configuration. The second unfavorable case (𝛥𝐺𝐹
𝑉𝑜= 1.52 eV) was obtained with the 

localization of one of the two electrons on Tb ion whereas the other electron is delocalized. 
So, localization on four cations is energetically more favorable than localization on Tb ion 
only or on three Ce ions.  

In Supplementary Information we present also table 2 with additional configurations 
that confirm our main conclusions on the most stable configuration with localization on two 
cations with Tb being first nearest neighbor, and, it is more favorable to localize on four 
cations rather than on Tb ion only or three Ce ions.  

 
 a) 

 

b) 

 

Fig. 4. Spin density maps for two electrons from a missing oxygen atom (a) localized on two 

cations (Tb and one Ce, 𝛥𝐺𝐹
𝑉𝑜= 0.70 eV in table 2) or (b) four cations (Tb and three Ce, 𝛥𝐺𝐹

𝑉𝑜= 
1.32 eV in table 3). Bright yellow balls Ce ions, red balls O ions, brown ball Tb ion. Blue color 
denotes magnetic density on Ce ions whereas dark yellow color denotes magnetic density on 
Tb ion. Different colors of spin density on Tb and Ce cations are due to opposite spin 
alignment, corresponding to AFM solutions in table 2 and 3. The figure was drawn using the 
VESTA code [47]. 
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Conclusions 
 
It was demonstrated that the PBE+Ueff approach allows us to effectively consider localization 
of electronic defects and, thus, describe reduced cations in (Ce,Tb)O2, i.e. Tb3+ and/or Ce3+, in 
particular. We combined the PBE+Ueff calculations with the site symmetry approach to 
identify a necessary lattice distortion for the presence of Tb3+ without VO in the supercell. In 
this way, we confirmed that both Tb3+ and Tb4+ ions could co-exist in a real material due to a 
very small total energy difference between the two states (just 0.07 eV per 96-atom 
supercell). In the Tb3+ case, its complementary hole is delocalized over a whole supercell, 
leading to an enhanced Fermi energy occupation by O 2p states, and, thus, enhanced hole 
conductivity consistent with the electrical conductivity measurements from the literature 
[5]. 
 
Multiple configurations for the localization of two electrons from a missing O ion were 
treated, if the Tb and Ce ions are reduced due to the presence of oxygen vacancy. Gibbs 
formation energy of VO was calculated as function of temperature and 𝑝𝑂2. The smallest 

formation energy of VO was found for the configuration with one electron localized on Tb ion 
and another one on a Ce ion. The corresponding formation energy is smaller by almost a 
factor of 4 in a comparison with an undoped system. This is a reason for high ionic 
conductivity of Tb-doped ceria. Nevertheless, the formation energies for different 
configurations considered in the present study with localization of two electrons on different 
number of cations range from 0.70 eV to 2.61 eV. The Ce3+ cation has an energy band lying in 
the band gap at -1.0 eV below an empty Ce 4f band suggesting that a complex of Ce3+ and VO 
defects (Tb3+ are very deep states) is responsible for the emission band in the 
photoluminescence spectra observed in the literature [10,11].  
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