LATVIJAS UNIVERSITATES

ZINATNISKIE RAKSTI

ACTA UNIVERSITATIS LATVIENSIS

S92

MATEMATISKA MODELESANA
MATEMATISKAS FIZIKAS LIETISKAS PROBLEMAS



Lt ATY I 3IAS UuNI'vVERS T ATE

Filzikas un adtemallidas farkultate
Diferencialvienadojumy un luvindte metocliu kaicdra

OBLIGATAIS
EKSEMPLARS

MATEMATISKA MODELLSANA

MATEMATIGKASG F1lZikAS LIETISKAS PROBLOMAS

Zinatnlwskie rarnubi

572.s8iums

tatviias Universitate
Higa 19921



PT— 75
592

BBK 22

Matematiskd modeléSana. Matemdtiskds fizikas lietiskas
problémas: Zipatniskie raksti /Galv. red. prof. A.Buikis
//Atb. red. prof. H.Kalis. - Riga: LU, 1994. - 592.séJ. e
174 lpp.

Zindtnisko rakstu krajums ietver Latvijas zinatnieku
un augstskolu pasniedz&jiu un doktorantu zinatniskos darbus»
izstradatus laika perioda no 1992.-1993.gadam matemdtiskaid
model&sands risinot dazadas matematiskas ficzikas liletj.ékc‘ag.
problémas. Bez tam rakstu krajuma ir ietverti ari IA un LU
Matemdtikas institdta semindra (1992.g.) “Matematiska mode-
l183ana un pareias procesa nehomogénds vidés parametru iden-

’ tifikacijia" referatu tézes.
Krajums domats vecdko kursu studentiem, doktorantiem un

zindtniskadiem darbiniekiem.

REDAKCIJAS KOLEGIJA:

H.Kalis (atb. red.)s; N.Avdonins,
A.Buikis (galv. red.)s B.Martuzans

Latvisasg
Universitates
I i
I v zmiaTrrak

F s igifii |
1_.95—.*75'5’*/%



3
TCRA RA_ ITRIT

V. Avdoginzs, .¥2lis, S .Lurins., '“e'nperg.t urns gradients,
.rotdcijas un vibricijas raditos Sfidruma xus-
tIbos Skaitliska MOCELESANEG vensveranannnannnss

WL avdogins, G.lurins, Temperutiwas laukun, vibkra&cijas un
daziskas fconvekclaas siaisliski anﬂllze aks 13l-
simetriska galdijumi. .. e s encsacnccntanssonnaas

A.Buijis. Dafu pazemes filtracijas procesu modelslanas

shEnu analiZe .,iciercesiecttastscninceterannes
.3uikis, W.Jlanova. Problama par temperaturu frontes

¥ustibu diskr3ti vids risinéd¥ana ...ee-ceaaenens

J«Cepitls, Par k@das robeiproblemas atrisindjumu skailtu

A.Cibulis. Ka _nogTudinat parirauktds nelinearitdtes
vienadojunu slistémas?

L R R R R L BRI A B )

Aoesnitnisks, Kddas kontakiproblamas skaitlisks at-

B ol I 1.

M LGulbe. Mazu pirejas robteies skaitliskae pstifana no
keusé juma audzéjamos monokristalosS... .. cveians

i .elis, Dazu nelinedru problému Skuitliska integrdSana
ar zaligo diferendu metodi siiiecnronnianaresns

H.Kelis . Dafu linedru un nelineédru provlému skaitliska
integrssana ar gaeligo diferendu metodi dife-
rencijlvienadojumu sistemam........

G JJurins. Datorprogramu pakete aksidlsimetriskss §kid-
rung kustibas skaitliskei modelgBanai cilin-
Arisicd I8 HAYTEA siveecnviavtccsnssnnansscnsncnnas

s.Reinfelds, Neapgrielanu attzlojumu invariantids kopas

Z2A un LU Matematikas instit®a semindra "Matematiska
modeladana un parejas procesa oehomogénas vidsa
paranetru indentifikacija" referatu tézes......

CCUTEN TS
4 .avdonins, ¥ W.Kalis, G .lurins. Numerical research of
fluid flow induced by temperature gredient, ro-
tation and vibration

L N R N N N N RN

W.ivdonins, G .Lurins, The numerical analysis of tempe-
reture fieldg, vibrstional and natural convec -
tion in afially symmetric two dimenvsionsl csase.

A.Tuikis. The analysis of schemes for the modelling some
processed of [ildration in the underproucu.....

A.EIs, JL.olunova, kethod for trhe solution of the mo-
ving tnperature front in discrete medium......

15

25

33
47

55

Yt

73

91

105
115

125-174



4

J.lepitis. Oon the mualtiplic ity ol solutions of coxtilin
hound ary  volue problumll b esecace enas e araaan

a.0ithulis. Tiow Yo smeoth dincontinuouid nenlincaritien
in the zy3tens of eGuations? wivee conee vures
A-cesmitnicks . The numeric ol solution of o controct-

o 1 S

7 WLlulbe, Tumericyl anuslyasis of foon for surface pt o
, physe a% crys taliz ation process ol mono-—

CIiStal ev.secervevnseanausontstnsnsnaunsosaen

7.Kalis, Mumeric.l integrution by Jinite-difforesnco

methods for some nonlindur problens ... .eees
¥ L,Halis . Mamericsl intesraticn by Zinite-differencs

mz thods for some nroblems of linecr snd

nonlinear systens of differcntial equationc.

]

Jurins. Softvare for the nunme rical cirzulation of
axiglly symmetric fluid £flow in cylindric-l
VESHCL suiivrsrinscavacsansnnstaataiacsaanan
A.Reinfzlds . Invariact Sets of noninvartiile mapping...
rReferences of seripnar ™@athenmaoticzl Vodelling ond Fure-
meter Tdentification of transier processos
in nonhormopenous media” .. cesivrvvrvrsnnermn-

[

)]

Y
-1



H.fepounu, X, Kaaue , T . dlypunc
NlaTBHMACKHA YHWBEPCHTET
.M
YUCMEHHOE WCCAEJOBAHUE ABUEEHHY TWAKOCTH,
MOPCEJEHHOTO TPAAMERTON TEMNEPATYPH, o
BPAREHHEY H BHGPAUMER Cye

» -

b PR S ta

B pafote /1/ Gusa peweHa 3amava ABWEEHHI HEM30Tepu¥-
YRCKOW EMEKOCTH NpH BO3EEHCTBHUM HYIKONACTOTHHX BuOpaumi.
B mauumoi pafioTe YMCABHHO WCCAEOBAHC FBUXEHHe BA3KOH He-
CEAMACHON EMJKOCTH B [WIMHADHYECKOK ¢MKOCTH, MopoXfeHHoe
TpeMsS MCTOUHHKAMU -

1) rpanveHToM BHeWHed TeuMmepaTtypu BHOMb ﬁnxnanu no-
BEPXHOCTH cOCYJa ; .

2) BUOPUDUBNMM CTEpPEHEM UMAWHAPHYECKOH POpDME, pasue—
NEHHOX B YeHTpe cOCcYJa H MerpyzeyHoM HA HEKOTOpY®D raybuHy
B IMAKOCTh ;

3) BpaueHsex cCOCYAA HMAH UCHTDAAbHOre CTepZHS BOKPYr
UEHTPANBHOK OCH.

BuapaHHOE 3ITHMHM QAKTOpAMM OCECHMMETDHYMOE [BHECHKE
corfmacko /1/ ® /2/ MaTeMaTHYECKH OMUCHBABRTCH CUCTEMOH
IvgdepeHURAALHEX YpPaBHEHHA:

a’? aa(; 9*4? 9% o B9 9T, 4 Aw?}

T 3o "3y VEJa % 91 z¢ On th
9 43wy, 1 3% _
G IR LR LT 2
Sw_ . 3 4w a'w aw
5t =g, (£55) 05 5w vy (3

oT _A & 48T\, 5, &T or  oT
dﬁg—*?ﬁz("‘a—z)”‘a -G (Ve +Vaty )
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rae 7 = jE(él!;..gﬁg)— HOPMMDOBAHHAA QYHKUMS
T30% 32/ sapuxpenHocTH, (5)
W - DYHKUHS THEDOIKHAMMUECKOT O TOKA,
T - Tewnepartypa,
VJ::zfmga‘iz - MOMEHT BpawenAMd ( (O, - YacTOTa BpameHuUd J(6)

=257 (71}
Ve 7 Dt 7
- KOMIOHEHTH CKOPOCTH,
-Ad (8
Va= 237
v A A, e, 8 - Ko3agdHUKEHTH BHSKOCTH, TeNA0BOro

PACUHPEHHSA, TEUJAOMPOBOJIHOCTH, TeNAOEMKOCTH H MAOTHOCTh.
Joecs MOTHO HANOMHWTSL, 4T ypaBHedud (1) # (4) 3anucaHu B
N¥HeRHON nNpubauEeHur ByccuHecxa.

Ypasrenud (1)-(4) onmpefenens B oBfacTH, NpefcTaBlAeH-

HOW Ha puc.l. -
“ . .
x’ 4
Z, 7
r,
2
1 .("5
n
e
0 R, R, 1

Puc.i. Cxewa pacyeTHo® obaacTtH



lna ¥, 92 wa tepmux cTemkax ( /; , [3) craBatcd
06MYHHE YCAOBHY NPHAHNAHMY, a HA [ — ycaoBud CBOGONHOA

nosepxHocTH. Ha ocu cuwmeTpun [ ¥ _
Iz ($)
Cornacho /1/, Ha BUGPMPUBMMX MOBEPXHOCTSX [z W /; UMeex
VN fI% ==V U+ s TS et wia s Vi =0 (10)
N, [ = =LV, ()

rie <« , w, — aWlAMTYAa M 4YacToTa KoneGaHWh BuOpaTopa, a
J=\z¥/w, (12)
jlng TewmepaTypu rpaHWuyHHe ycAosud Ha [] , 7l u /3
TpeTbero poja _
: » ~A2L = o (T-T,) | (13)
rie ~ - BHeWHHd HOpMaAb, X - KO3PQUUWEHT TEMA0OTAANuH,
- BHewHdd Tewnepatypa. Ha ocu cHMMeTpuM /T 7

I -0 (b
Kpoue Toro, BHeWHId TeMmepaTypa BROAb G0KOBOW MOBEPXHOCTH
M3MEeHYeTCH M0 SaKoHY To=T- x2/2, (15)

flng momenTta BpaNeHHd W B cAy4Yae BpaWeHHd CTepEHA
HMeeM chefYyDWHe FDaHAYHHE YCAOBHY :

w =0 (16)
!r‘:!r.:.}r:'-
.9_W./ =0 (12)
Dz
[; ¢
= zﬁYﬁaiz (18)
/Fu,r’g

HayanbHHEe YCNOBHY HYAeBHe, KPOME TDAHMYHHX 3HAYEHHA
g 2 wwW . [lag Temnepatypx T -
BO BCEW pacyeTHOH o061acTH. /f—-o ° (i
PasnocTHad annpokcuMauws ypasHeHwit (1),(2) u (4) npo-
BORKAACH TakEe, Kak B /1/, Hcrmoab3yd OCHOBHYN

. , (20)
Sy =, =), (=TH+E; j-7) Fedg

W BCNOMOraTefMbHYDR CeTKH
Sy = {Cioss Zjeas), LW joTE] QD

UpasHerne (3) annpoKCUMHDOBAAOCH AHANOTMYHO YPABHEHHE
(1) Ha cetke }J:,,z MOHOTOHHOR 3KCMOHEHIMANLHOA CXEeMOH :



~ _ - (L) .
g’% W‘-};—Jyl“ o LJ(W‘-"JJ (.J) 0< (W W-:{J) +
(z2) (2)
ﬁﬁj(VﬁJJi_V%J)‘ “"(va"wﬁj-i) (221

rie ' L—ZN.'Z')J—.ZI‘fi
(<! (

) ~
'ﬁ';J. - 2:1"05 9; P((V‘t)u-OSgA _ng 51_ P V-?JL +05 9. )
(¢

‘33:;, Aelesihi); oy 4_p(%yz_m )i+

p(X)‘ =% :f 3’}' ‘lzui_t, ?thg.; h( fo.ofg ?L‘O,5>

4"_]

Y

9_;' :2J,'+115—,?J'+0’§ 9_} = EJ'-i-a,S‘ 2_}.- 015; ﬁil:;)(*:t; %‘:?in

4 (w3
Caaraewce ;% —3z - B ypaeHewuu (1) amnpoxcumupo-
BaA0Ch ¢ AWHEADH3AUWEH CALRYUNUMN 00DasoM :

1 ¥w?*) A Weyet =Wej =W
({w 81) ‘:ab( J* Ly o+ = - ) (23)

Ha Tekymenm BPEKEHHOW CJ0E DA3HOCTHO® YpaBHeHHe (22)
PacCYMTHBANOCH METOAON DeAaKCAlHH.

YncaeHHHe pacyeTd NPOBOAKIAHCH AN UHAHHADWYECKOR eM-
KocTH ¢ pagvycow § ce W BucOTOR O cM Ha MOAEALHOA XMEKOCTH.
Bubpupypuyd cTepdeHb wWMed PAgHYC J cw M OHA TOrpyxeH Ha
2.1 cu 3 muakocTs . KuHeMaTHueckad BI3KocTh 4, Jcu/cek,ofbenHad
tennoexkoctTs 1,2 gE/cu’ K, temaonposopHocTs 0,4 Br/(wxrpapk)
W Ko3dguukedT Tennoporo pacwupenud 0,000%1 {/rpank. Buemuaq
TexnepaTypa nop cocygow Owaa 1500°K, sam cocymoum - 500°K, a
BAOAL GOKOBOW MOBEpPXHOCTH CHM3Y BBeDX JAKHENHO UYMeHbWanach
Ha 20°K.

Uspxryaquns, BHIBAHHAY TAKHMH TeMTEPaTYDHHMK YCHAOBHIMM
MpeACTaBAEHA Ha pMc.Z2. B 3ToM cAyyae oAMH OTPHUATEAbHHM
BUXpPb 33HMMaeT Bechb ofivew IMIKOCTH. WHTEHCHBHOCTL NBHECHHL
¥3DAKTEPHIYET cPeJHEe 3HAYEHHE MONYAS CKOPOCTH, KoTopas B
gToM cay4ae coctasnset 0,37 cu/cex.

Bpamenwe ctepxud ¢ vactored 0,05 Mg npusogur ¥ pacnpe-
AEREHUN XOMEHTA BPAXEHMY MPEACTABAGHHOM HA PKC.3 W NOpOX-
HAeT HOAOIATEALHHM BUXpL (pHc.4) cHafio WHTEHCHBHOCTH,
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[lpH B3aUMOOEMCTBUM TEMMEDATUDPHOr D M BPANATRALHOCD
PAKTOPOB NOMAHOCTHLM MPeofAafaeT BHUXPL BCTECTBRHHOW KOHBRK-
usK. BaMgHHg BpAWATEALHOTO BUXpY B JAHHON CAydYae MOYTH He
HabABE3eTCcs (pHC.d).

Bufipauud UeHTPAAbHOTO CTEPEHS ¢ AWMAMTYmoR 0,1 wu w
yacTtoTod 50 Ty mopoxpaet NONOEMTERbHHA BUXDe (puc.B) un-
TeHcHMBHOCTHE 0,22 cu/ceK. 3TOT BWXpL SOKAAH3I0BAH GAUEE K
HEHTPANLHOMY CTEpDEHE ¥ MEHEE MHTEHCHMBEH, YEM BHAPbL ECTECT-
SEHHOK KoHBekUMK (puc.2). B cayyae BIAMMORENHCTBHL Tewnepa-
TYPHOro W BUODAUMOHHOr 0 QaKTOpPOB MOAYYaeM RBYXBHXDEBYD Kap-
TUHY TeueHud (pHc.7).

CoBMecTHOE BO3eACTBHE BUGPAUMM M BPAKEHUN NDUBOIHUT
K ege GofbmeMY BHTeCcHEHHD ¥ 0cjafeBaHHD TEMNEPATYpHOTO
Buxpq (puc.8). B naxHoM cayuae noAHOCTLE mpeofaagaer subpa-
UHOHHHE BHXDSL.

Ecau xe BpaweHns ocymectensts ¢ yactoted 0,1 Tu, to
fipecffiafanuyy BO3AEACTRHUeM 0OA3[MAaRT BPAKATEAbHNA BUXDL H
TOT MOMHOCTLW BHTECHHET BUXDb BCTECTBEHHOK KOHBEKUMM #3
UeHTpaAbHOK obaacTtd €cu. puc.9,10}.

lpeoXEHAYD METONUKY DACYETA MOTHO ODHHMEHATH [pU
(pGrHOIOPORANUKM TNPUMECHO® YHCTOTH W OLHOPOJAHOCTU MOHOKPMC-
TAAA0B NP WX BHDANMBAHWU M3 pacnaasa. B aToW cayyae polb
UEHTPANbHOT® TBEDAOFr0 CTEPXHA SYJieT WMrpAaTh WOHOKDUCTANN.

COHCOK  [MTEPATYPH

{. Asponuy H.A. Kamuc X.3. UMCACHHHR aHANM3 BHODPAUNOHHHEX
TEYCHUH B HEHIOTEDMHYSCKOA EMAROCTH//L6. Hay4HHX Tpy-
joB “MaTeMaTHyecKoe MOZENUPOBEHHE, NPHUKIANHHE 3afadu
MATeMATHYBCKOM QH3MKX" .- Pwra:ily, 1992,c.11-25,

2. Tocwed A., Cnosgwur /1. PacueT JamMHapHOT o UHPKYMSUKOH-
HOrO TEYEHWY KEXQY NHCKauu, BpamanyuMucd B Kowxyxe//C5.

neperofioB "YAcAeHHHe KETOOH B MeXaHWKe IuaKocTew"-M:
Mup,1973,c.250-268.
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W30MHWM DUHKLIMM TOKA Conxomxom/cex ]

3HaueHus

ypobHel:
1) -2.606
2}-2.260

3)-1.954
4)-1.628

5]-1.303
6]-0.977
7)-0.651
B)-0.326

Puc.2. EcrecTsennas komsexuws npu o T=20°K.

WIO/VHM MOMEHTA BPAWEHA [ cnech/cex ]

i 3HaueHuga

" | ) l ypobuel:
1) 0.

43 1 ) 0.384

§ 2) 0.768
5

3 1.152
4) 1.536
2 5} 1.929
6) 2.304

Puc.3. PacnpeneseHne MOMEHTA BPANEHWS NPH Wy =0,05 Ty.
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W30MAHWA BUHKLE TOKA [ cuscmxcu/oex ]

3HOQuEeHUS
ypo brel:

1} 0.089
2} 0.197
3] 0.296
4) 0.286
5) 0.494
5] 0.592
s
8} 0.790

Prc.4. [lsuzenue or spawedua npu ., =0,03 Tu.

W30MAHMA DURKLUAM TORA [couscMxcH/cex ]

3Hauerus
ypo breo:

11-1.565
2)-1.361
3)-1.158
4) -0.955
) 5] 0.751

6] -0.548
7)-0.045

8) -0.141

Puc.5. CoBuecTHoe Asuzesne npu ¢J, =0,05 Ty u 4 T=20"K.

<~ b
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U30MMHIM OYHKUMM TOKA [omscuecM/cex ]

3HaueHus
ypobHel:

1) 0.185
2] 0.30
3} 0.558
4) 0.744
5} 0.930
5] 1.116
7) 1.303
8] 1.489

Puc.6. [sumenne ot BHGpAUMK MpH ﬁo\, =50 Tu u a=0,1 wx.

WU30/MHHMA OUHKUMKM TOKA L[omxcqxcM/cex ]

3HaueHus
ypobred:

1)-1.374
2)-1.0m
3)-0.647
4 -0.283
5) 0.081
5] D.445

7] 0.808
8) 1172

Puc.?. CoBmecTHoe gBuEeHHe npu o, =50 Tu u aT=20°K.
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W30/MMHMA QYHKHWY TOKR [ oMxcMxcH/oex ]

JHQuerHLs
ypobHel:

1) -0.782
2-0.412
3] -0.042
4 0.328
5] 0.598
6] 1.068
7] t.438
8] 1.p08

Puc.8. CoesecTeoe [BMEEHAE OT BCEX QAKTOPOB NPHK
ey =0.05 fu, ¢, =50 Tuu AaT=20 K.

WU3CWHMA CUHKLAW TOKA [oMmxcu=cM/cex ]
P IHauerud

1 ~ ypobhel:

1)-0.025
2] 0.473
3} 0.971
4 1.469
511.957
§] 2.465
7] 2.963
8] 3.461

Puc.9. CopwecTtioe NBWZeHMe OT BCeX QAKTOPOB MpH
wy =00 Ty, 9y =50 Tu « AT=20"K.
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SHCAEAEOE HCCAESACBAHHE [IBHIXESHT AUIKOCTHA. [NOPCRIZZEOCTC
TPAIHEHTCM TEIMIEPATYPHM, BPANEZA=M ¥ BHEPAUUEXA. . Azxowus,
X.Kanuc, [C.JyouHc //MATeMATHYECKOS MONENUDPOBAHHE, Tod-
KJIALHNE 3aJaYH MATSMATHYECKOH DU3IMKH.-Tdra: IV, 1995.

B padoTe npelfoxzeHA METOAMKA YMCJISHHOCQ DACH&TA A3~
ESHUA BA3KOR, HEeCXHMAEeMOf XMIKOCTH 2 UHIMHAPHYSCKOW eMKO:I-
TH, MOPOXISHHOCQ CPARAUEHTCM BHAMHE(t TEeMMEeDATYDPH, BlamMeHHEM
H BuSpauded. [IpoBeleH CPABHHUTEAbHHA HYHCASHHBA ANAAHZ KaK
OTASABHCCSD, TAK 4 COBMECTHOTO BO3ASfCTBHA BHSDALAH f BPa-
mMeHHA HA SCTSCTBEHHYN KOHBEKUWKW XHAKOCTH. DO3IMCKRHO HCMOAL-
30BaHHE PA3PASOTAHHOA METOAHUKH AJR MPOCHOCIODOBAHHA MDMMESI-
HOA YHCTOTH H OAHOPORHOCTHM MOHOKPHCTAJIIOB MPH M BLDAUMZA-
HUX M3 pacmniasa. ,

Busa. 2 HazB., pHC. 9.

TEMPERATTGRAS GRADIENTA, ROTACIJAS UN VIBRACIJAS RADITAZ
SKIDRUMA KUSTIBAS SKAITLISKA MODELESANA. N.Avdenins.,

H.Kalis, G.Lurins //Matemdtiskd modelélana.Matemi&-izlkis
fizikas lietisSkads >roblémas.-Riga: LU, 1993.

Darbd pisdavata ciiindriskd tilpumd notiekosas.
aAréjas temperatiras gradienta, vibracijas un rotacijas
izraisitas., viskoza. nesaspie2ama 3kidruma Kustinas
skaitliskas aorekinéfanas metodikae. Veikta sallidzinoZa.
Zan atseviskas, gan koséjas, wvibracijas un rotacijes
istekmes uz brivu konvektivu plismu skaitliskd Aanalicze.
Izstridato metodiku iespéjams izmanzot. lail prognezd-u
no Skiduma audzéjamu monokristilu nomogenitdt: un 2i2-
maisijumu xoncentriciju tajos.

Bibi. 2, 2im. 8.

NUMERICAL RESEARCH OF FLUID FLOW INDUCED BY TEMPERATUEE
GRADIENT, ROTATION AND VIBRATION. N.Avdonins.E.Xalis.
G.Lurings //Mathematical modelling. Applied problems of
mathematical physics.-Riga: LU, 1953.

The numerical procedure of <computing viscous
incompressible fluid flows in cylindrical =ntities
induced by external temperature gradient, rczation
and vibration is offered. Particular and <ombined
influence of rotation and vibration wupon natural
convection 1s studied numerically. The develcped
procedure <an be applied for the prediction of impurisy
concentration and homogenity of monocrystals grown “rom
solution.

Ref, £. £ig. 9.
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H.AsaoMuHy § JIvpUHC

WHCTHTYT HMATEMATHEK U HHPOPMATHERN
FlaTBMACKDOra vyHHEEPCHUTETA

YWC/EHHBIA AHANWM3 TEMDEPATYPHRIX TNONERA,
SUBFALUMONHON W ECTECTBEHHOR KDHBEVMMH
B OCECMMMETPMYHOM ABYXMEFHOM CAYHAE

FaccHMaTpreaeM QCECHMMETPHYHOE ABHXEHKWE BAIKOW HECHKW-—
MAEMOA XUAKOCTH B UKNHHAPHYECKOR edeocTn (puc.l) ; nopox-
ABHHOE T PAaAWEHTOM BHEUWHEH TernepaTyPhk BAOAbL EOKOHOW no~
8EPXHOCTH COCYAA BEPTHKANLHOA BWEPALKMER LEHTPAALHOrO
CTEPNXHA 3y MNOMrPFYNMEHHOro Ha HEKOTOPY® MAYEHMHHY B MHAKOCTh.

Takoe ASHNEHWE OMACKBAEBTCA CASAYHREA CHMCTEMOR AWppe—
PEHUHMANLHLIX YPABHEHWA S

J9° 3 ) axe _., 292 292 _Rg AT (1)

at 5 r(
J 71 v 19°% _ _ .op 2
S (E55)r 75 =¥ )

a

W2)

P o7
C""eﬁ —r‘ar(r‘ +?L

282
rae 6? ~ HOPMAPOBAHHAA QPYHKLUHA 3ABMXPEHHOCTH,
W T OYHKUMA CHAPCAMHAMHYECKOrO TOKa,
T — TemanepaTvPa,
o 3V ~ KOMNOGHEHTE CKOROCTH,

v , A ,2-;dp Lg'- KOSDPUUHEKTH BA3IKOCTHA, TEnnoBara Pac—
WHPEHMA 3 TENACNPOBOAHOCTHy TEMIOEMKOCTHM M NAOTHOCTb .

YpaaHeuda (1) u (2) 8 2TO# CUCTEME B3IAKMOCBAIAHMEICNA—
raeroe 8 ypagHeHMd (1) , coaepxamee CPAAMEHT TEeMNEPATYFRL1
NAPOKAIET ABHEEHWE ;3 A KOHBEKTHMEHOE CNaraemMoe 8 YPaBHEeHWM
(3) B ceOw o4Yepens ANPENENNET GAMAHWE ABHNEHWA WMAKACTH Ha
PACAPEACASHME TEMNEPATYPbI.

Ha ocHobe H3foMEHHOR B /1/ wwCAenHOA METonurm W nC—
NONe3YA Pa3PaBOTAHHMK naxeT MNPHEAaAAHWX nporpamM {( anncakuke
M. B 72/ )8 HacToOAweR patoTe NPOBOAMTCA YWMCAEHHLA aHanW3
TEMNEPATYPHUX NANEA 3 NOTOKOB eCTeCcCTEeHHOA M BMGPauWnOHHOA
KOHBEKUWMW H WX B3AWMHOIrO BAWAHMA. [las 3TOoro GuAW NpOBEASHbI
HHOrOBAPHMAHTHRE PaCHEeTH B WHPOXOM AMANAAOHE MIMEBHEHHSR 3JHa—
HEHWH PHUIMHECKMZ NAPAMETPROS .

B HACTOAWER CTATeE MPHEO0AWMM PE3IYALTATH PACHETAB M U
adanmn3ad AAA LLHHHHAPH‘-I'ECKD;I YCTaHODBKK FEIGHEPBMAI‘I Z = = H6CcH
r:, =3 ci NMPRK nepenange BHEUWHER TEemnePpaTyYPH BAONL E0OK0BOH
NnoaepXHOCTH, paaHam 40°C, co chneaywnuuMMKy  SHAYEHHAMM NapaneT—
Pad tA= 0.4 BT/{H°K), € = 1200 kr/m>, Cp = 0.001 xlw/tkr
CK)y A= 0.0l 1/°KaY = 4.3 u 0.35¢n/cex.
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Pacnpeaenenue TemnepsaTyPs BNYTRA UKMAWMNAPUYECKON YCTa~
HOBKWM NPEACTASAEHO HA PHC. 2. BHYTPEHHMA nepenaa Ternspa—
TYPW cocTaeaaeT 1S57°C 4, & paavanscHuid  rpPajgMeHT TeMnepatypw
B0 BCEA O6MACTH NONOXUTEALHLIE ( puc. 3) u  apcTwraeTt &0¥C/
CH.

MonroknrTensHs rPpagueHT TeEMNEePATYPL MO 1 OPHBOILWMT K
ORPadOBaHMY OTHWUATEALHAOrd BWXPA ESCTECTEEHHON KOHESeKUMH 3
UIOEPAXKEHHOIC HA PHC. 4. KOHEEKTWAHOE ABUNMEHME B CBOW ade-—
pEflb HECKONLIKO BLPABHMBAET TeMnepaTypPHoe nonhe ( puc. 3,41,
BHYTPEHHWA nepenas TemMnepaTyPsl B 3TOM CAYYHAS YHMEHLWMASTCA
AD 111°Cs a marxcumansuwd rpaavent @T /7 dr =~ ao 27.4°C/cnh.

BuEpauna UwEeHTRAABHOrD CcTepkdd € HacToTol 30 Ty w am—
AAMTYAOR O.lMM OFOXA3ET BHHPh NOAOKATEALHOrO HaMPAae NeHuna.
Tak xak BHEPAUWCHHOE ABUKEHHE B 3TOM CAYHAE WHTEHCHEHEE,TO
COBHMECTHOE ABWXEHUE, KaK BWUAHO HA PUC. 74 TAKOra we xapak-
Tepa. TemnepaTypHoe none ( puc,.B ) NPKU 3TOM CTAHQEUTCA ewe
BOopee OAHOPDAHLEY (Nepenan TeMnepaTyPsl ymerHswaevca pa 97 C).
MakCHMANLHOR IHadedve 2T 7/ Jr yHedWwwaeTca Bcero Ha 1°C/cm,
HO MOABARKETCA OENMACTE © 2 OTPHMUATEALHGH FPAAWSHTOM ToMNepa—
Typu { prc.?). 2

COBMECTHOS2 ASUMEHKME NPH MEHLMWER BAaKOCTHM ( ¥ = 0.35dM
fcek ) wn3oSpaxedo Ha pPuc. 10. Xapaxtep gEwWxedHdA 8 obwen co—
XPAHWNCR 4y HO DHO CTAAQ IHAYMTEREHD MHTEHCHWBHEE, W LEHTP BW—
XPA NEPEMECTWHACA BHEPX-BHYTPEHHHA nepenaj TEHNERATYPe ynan
A0 7S°C ( puc.11), HO YOEAHHMAACE OBRACTE C  OTPULATENb HeiH
rpagredTom Ternepartyps ( puc.1Z}.

flPOBOAMANCE Takx2 PACHETH NPAN NEepenage BHEeWHe# Temne—
paTypu &N0°C Bmacss EoKOBOA NoBepxHOCTHM cocyAaa.llepenaa rten—
NepatyPs BHYTPH YCTAHOBKM B8 3TOM CAyYae 3HAYHMTEeNsHd BO3I—
pacTaetT WM aocturaer 402°C ( puc.l3}, DAHaxo xapakTeEpP W ja-—
HE WHTEHCHMBHOCThE COBMBCTHOrO AsWMeHda ( puc.l4) Hano renHa—
WYCAa.

NoaoBHoe 4YKrCASHHOE HCCAeA0BAHME A0 B33AWMHOMY BAWAHHK
ABAXEHMA NMHAKOCTH WM TEMNepaTyPHOra nona HMOMeT EelTe nonea—
HbMs B HACTHOCTHy NPM MAYHUEHHW M CONTHMH3ALHW NPOUSCCA B
PAMMEAHWMA KPHCTAAOE M3 BLUCOXOTEHMNZPATYPHLIX PAacnNAasos .

PUTEPATYFA

1. AsaaHuH H.A., ¥anuc X.3. YHYvcaeHHMA aHaAM3 BHEPAUWOHHbIX
TEHEHHE B HEMAODTEPHUYECKOR XHAKCOCTH // C6E. HayudHbX Tpy—
AOB "MlaTemMaTuYecHoe MOASAHPOBAHHEAPMKNANHLIE Fagadn td—
TEMATHYECKOW DHavkn" .- Furafiy, 1992. C.11-25.

2. Aypunc MN.P. MNakeT apuknanHs:x nNPOCparM ARA  YHACAEHHOFO
HOASNMPOBRAHHA OCECHHMMETPHYHOMO ABMMEHMA XHUAKACTH 8 UU-—
nuHaApvHeckon emeacTy { B aTom cEapHuke).
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Fuc. 1. Cxema uMAMHAPHMHSCKOR YCTaHOBKH

UHIATEPHNWIzpad K] Iguenua

[T,1=1.018-1 H
11 1315.0
I+1318.5
3y 1268.9
41 4281,%
51 1319
61 1526, 4
Pl lake.g
81147103
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YMCAEHHLIET  AHAMWE TEMNEPATYPHEIX NOAEA , BUBFPAUWWOHHDOA W
ECTECTBEHHO{ KOHBEKUWI B OCECMMMETPUHHOM HABYXMEFHOM CAYM-AE
H.AeaoHnH, T.flypuuc // MarematTuHeckoe MoaennpoBande . [lpu—
Knaguse 3aAaqvv MaTeraTHuyeckol PMauku. PurazflyY, 1994.

B HacToawei paBoTe nPOBOAMTCA HWMCASHHLIA aHanua Temne-—
PATYPHUIX NONEN,NOTOKOE BCTECTEEHHORW W BNEPAUNOHHOR KOHB2K-—
UMM M MK BI3aWMMHOroO 8AHAHWA B uHHMHAPHHECKBﬁ YCTaHOSK2.

MoaoBHOE YHCAEHHOE HCCASA0BAHWE N0 BIAWMHOMY BAWHAHHID
ABMMF."HMH XHUAKOCTH M TemMnNepaTypHOIr o nonAa HoOxXeT 6biTe NMOnea—
HBiM; B HaCTHOCTH; NPH M3YYEHMH M QNTHMHAAUWW MPOUBCCA BH-—
PamHBaHMA KPHCTaAnNOB8 W3 ahiCOKOTEHrMNEeEPATYPHBIX pacnnaso8 .

BuEn. Zy puc. 1l4.

TEMPERATURAS LAUKU, VIBRACIJAS UN DABISKAS KONVEKCIJAS
SKAITLISKA ANALIZE AKSIALSIMETRISKA GADIJUMA. N.Avdonins ,
G.lurins // Matemitiska model&%ana . Matematiskas fizikas
lietiskas problémas. Riga:lu, 1994.

Darba skaitliski analizéti temperatdras lauki, vibra-
ciju un dabiskids konvekciias plismas, ki ari to savstarpé-
ja mijiedarbiba cilindriska iekarta.

Lidziga veida Skidruma kustibas un temperatiras lauka
savstarpéjas ietekmes skaitliskie pé&tijumi var bdt noderi-
giy piem&@ram y veicot kristialu audzé&fanas no kauséjuma iz-—
péti un optimizaciiju.

Bibl. 2y zim. 14.

THE NUMERICAL ANALYSIS OF TEMPERATURE FIELDS , WVIBRATIOMAL
AND NATURAL CONVECTION IN AXIALLY SYWMETRICAIL T0 DIMENSIO -
NAL CASE. G.Lurins // Mathematical modelling.Applied prob—
lems of mathematical physics. Riga:LU, 19794.

The subject of this paper is npumerical analysis of
temperature fields, vibrational and convectional flows and
their interaction as well in cylindrical installation.

Similar numerical analysis of interaction between
temperature and +Fflow fields may be useful Ffor the inves—
tigation and optimization of the process of crystal graowth
fraom high temperature melt.

Ref. 2, fig. 14.
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A.Buigis
iZ A un LU Hatematixas instituts

DAZU PAZEMES FTLTRACIJAS DPROCESU XODELESANAS
SHEMU ANALIZE

Apak$zemes slagu sistamas notisiosc procesy Moatenasisi-
¥ajé modeleSani nepieciedams pemt vara sistdmas kartaino
struktWwu, Citiem vardiem, to, ka sistamas fizikalie para-
metri vertikalaja virsiens ir gabsliem lonstanfi lielundi,

Lal iegfitais matematiskais modelis bUtu artaks talskal iz-
meniodunal, Joti bieil lieto tada val citata tipa viduvesdanu.
Saja darsa analizgti tiz malendt iskle piegemumi, kuri tisk
izmanteti dazu visparpiegemtu geofizikalas modelzdanas snamu
konstruedand.

Jaatz me S3ds sverigs aespekts. Can monografiskajs litera-
tuiry, gan zindiniskajos rakstos, kurl publicétl periodis«os
izdevumos, dazidi sutori viduvajot i{zmonle péc matematis
setura identiskus pisgérumus, 3t tas paliek nepananits, jo,
pimmkart, katrs no autoriem paliek savas konkratds tsmus ietva-
ros, un, otrkirt, viduvéSanas proced@iral virsu klajas citi
Tizikdli vai matemat iski pgpildpiegemumi, kuri saistiti ar
konkretas problemas atzevifjam specificain Ipainisan. feit
viduvgSanas procadiru tide] cent Isimies dot vispiariga formd,

Formulésin preoblenu daudzsldgu sistémnil, sprImsjob ar

UJL% £} (vai ar U (J’y’ 2 fj nestaciondrai sroblimai)

lejanc funkciju i-tajun slénim; psSu slani defingjot

ar e -
vienad Ibvdm A, L £ 2e+t/a, . Sterpslani starp 1 un Iyl
5ldni defindjam ar nevicniad ibam &,,‘.,,f/} {L3e o, unoar

UC*’/L (,(‘yi z ) apzIndjan attiecIgo meklasjome liclumu {Hem-
perstiuru, koncentriciju, spledicna augstumu u.c,).

Uzskatisim, ka (/g (“ZJJ z) - meklsigmi funkeija oseafala-
air (produkt Ivajm slinin) dzgilda vienado jumu

aiﬁf *L (U}-f (d/)-tjgtaéfi,é (l'j)c L o (1)
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Seit K¢ var bit tikai argumentu &, funkcija, 1li-
nearie operatori /,“ un vigu koeficie né. ari attiecas ti-
kai w argumentiem J; (vai uz .(,01/ un € nestaciona-
rai problémai) .

Savukirt, starmpslani ( + /2 , kurd atrodas starp
1 un i+l slani, izpildits vienadojums:

d S Uivia, CH% i -
2 (eiy - A 5 ( Uy o~ Forts Lo t). t/jej;:o—;«E)

T&aldk, uz starpslapa, zem tad un virs td atrodoSos sla-
nu saskarsmes viramam_jaa.zplldas saistibas nosec Ijumiem

(=0

a(//M’,/z/ L=2 44
[ ‘*44/“&:: RS Tege s (

A
—

(1)
= a_._———(/b-H = 4, 3(/‘/—4{ 2241,
Unif > Usn], o557 =400 552 22200

kur + (vai - ) zime agpz Img robeZvsrtibu attieciba pret 2
koordindti no labas (ettiecizi kreisds) puses.

'Savukart, sistemas divu maléjo slagu mijiedard»ibu uar
spkdrtni var visparIga formi gprakstit ar Baciem robeinosa-
¢ Ijumiem. Augdéjan sldanim:

(u’o Ko 35/0__)\9 Uo)/l-: — i G’r/),f=fo,q}7)e/gj {5)

kur Y% 0, Xo 20 nosaka robeinosacijuma tipu. Ja Y =0

un X, = { , tad robeZnosacijums (5) uz slaga robezas fik-
55 meklzjamas funkec ijas (temperatiras, spiediena) vertigu:

(/DA:Q Qy))z=£oJ (@y)eﬁ, (51)
K& jau minsts, nestaciondrd gadijumd uzdotd robeivartiba vur
bit atkarigs ari no laika : (250 - po(u/af, (-) 7 Ja e of

un le = O y tad (5) fiksg pluzmas lielunu uz sistamns




aug5eljds robezas: U
i r
koS5 = Blygle=to. G gJe B, (5)
piem., <bo = ¢ nozimg, ka sistema saskaras ar necaur-
laidigu slani. Visbeidzot, VY, = G on A2 7 ap rak-
sta situaciju, kas sistema saskaras ar planu viji caurlai-

digu slani, sk., piem.[1]:
o Us ™ N :
. /+: L Y[~ B 220, @) A (5

Analogi uzraksté@ms un iﬁterpretéjams nosac Ijums uz sistzmas
apakiz jad slaga argjads malas:

(v &5 %}({v* X1 Umjlt &, (“/;/)/ Wit g yed. (6

Problemas pilnam formuléjumam val j&izraksta nosaciju-
mi uz zpgabala }l robezas (sistemus kontdra, un, ja apga-
bala ir urbumi, tad ari uz to konturiem). Ja apskatam ne-

Ko

s tec ionfiru problému, tad nepiecieSams pievienot ari sakuma
nosacijumu. So papildnosacIjumu fomma nuv principidla sis-
temas daudzsliguinibas anallzei, tadgl pie vigu detila
apraksta nepakavésimies.

Turpmak apskatIsim vienkdr$dko grdIjumu, ked starpsléa-
nos nedarbojas avoti, t.i., vienddeojunos (2) funkc ija
Fostp 20 un kad drikst ignorat procesus w’ij virziend,

/ -
S idun gtis ’5((/54%): O.
butu izpildits vienadojums

L /A (U;'H/L) o :E(JL//Z (J/,y/,-é)J

arl tad turpmakie spriedumi paliek apgka.)

(Paktiski pietick prasit, 1:i

Ja tikko mingtie piegsmuni izpildas, tad vienidojumi
(2) degeneréjas par trividliem vicnadojumiem

o .. Uy
af—é(icﬁ//z a:"("/ 0, zt'%zz-ffgm(ajy)ez@. (2,7

o}

To atrisindjumi uzrakstami gadi:

. + L—Zon - J ¢
Ut’,'ﬁf/z [J\/Lﬁ 3)’ U 9/+ ey, [(/H’ (_r)j)_(/; “‘%}]J (1)
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- +
.§: kur ‘!"/‘.'-!Jtz,’g"*t =2(444  ir starpslapa biezums, tet (/-
ir funkeijas Q (/.y, 2) vertiba uz i . slipa sugdejds
malas; (J£+(“(‘\7): U‘r (q(, o, Z'L'f’ii.) . Analogi definzta Uc-—é,;j=

(s Cuavy, 2.} . ar (7) palidzIbu saistibas nosecIju-
mi (3) uzrakstami #adi:

-‘C" a_i/.‘_ = Kw’/z[ (o (/6 ] Zc Z‘:-f/,_ yé/g

32/~ M%/A
bet (4) - 35di (oamazinot indeksu 1 par vieou):

3(/ - fc'—f/.é[[/(:‘“_(/‘._:]) Py ,@J}tiﬂ@‘ (&)

Tagad iegisim slagu viduvetos vienado jumus. Jim nolikam
* defingsim vidajo inmtegrdlo pa 1 glapa blezunu funkeiju:
'2';:-—1‘,/2

un integrgaim pa 2 viepnadojumu (1} . Ievarojot operatora
/_ ¢  linearitati, iegﬁsim

- K¢ 3 U Zig (’ A‘“

L i) + A L@ yek, 2o

A He 9% v g

kur saskagd ar (9), ¢ ir funkcijas I vidaja vartiba.
Tagad atliek isksejiem sléagiem ¢ = £, A/-1 ievietot pedeja
vienddojumd plusmu izteiksmes (81), (8,) un mgs leglstan:

’ ) '—’/2 / /
Lfm-ﬁmﬁéwm e i /U Y ALAELY
&, y)ed,
Vienado jumu malsjiem slagiem ( ¢=O un ¢ =N ) iegulanai
viena no nosacijumiem (8]! ) );—_{/J 2,4 vietad tiek izman-
tots robeinosacijums (5) vai {(6).

Redzams, ka no sistamas {(10) ir pazududas starpslagus
raksturojosas funkc ijas Upf/g_ . Bet sistéme (10) nav pilna,
jo Katra no vienddojumiem bez viduvétds pu sliga biezumu
funkcijas U('(f) y) ietilpst arl nev iduvetés funbke i-
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jas robeivsrtIbas uz sliga augdejas (un epakssjds) malas
- + bl - A
. (attiecigi Uy, 1oti viesi sistemss papildinadanai
tie k izmantots pats vienkdr3akais piepemums, proti, ka
mekls jund funkeija ir konstenta 2  virziend, t.i., pa
slaga biezumu. Ted no (9) izriet

u, (’-}/.j) s (/L'F[f. ?/} = UL,J-G’ ,/‘/)_, ¢ = O./—/MV (11}

un sistema (10) usrakstéma forma:

LL(.C/J+/4—%(U&’ C()-,L ke 'I/ ((/c {'—L()G/;\)/G(j;) (.12)

5dda viduvésunas shéma tiek loti plafi izmentota lite-
ratiurd. Piea., ja & apzImé spiedlena augs tumu ¢5£ ngj
-
tad operators l, saxrcit ar Leplasa operatoru, avota Iun-
¥cija viscaur ir viepndda ar nulli, izgemot urbunu vietgs un
aistemg icgist izskoctu:

= féﬁ /’cf-Q -
(axz 90/ /(¢w ) . @’@ SR )AL (D)
&gl

5ada geofiltracijes shéma dota Joti deudzas monografijas,
arl jau piemins taja [ 1].

Ja (/; apz 1ng piesdryojosas vielas koncentraciju ¢ gt
tad par operatoru L t jégem nestec londrais difteijas er ho-
rizontdlo wonveltiju operatora [AT un m&8 varsm legut mo-
deli, kas apraksta pazemes Udepu pliesirpo3anos sisténmai ar
atarpsligiem ’

HLG ny Vc) H. 2(D; VC)-+ "‘"’5 G/*‘ﬁ( L7 G, ()
(J’, /6’&-/

<ur gan V= (‘U'/,’V’jr) - atruma vektors, gan ari diferen-
cialoperatori div un grad attiecindni tikui uz kooPdi-
nadtdm o un .

Atz Tnes i kidu moatematis au pretruau, es plemit obim

sh@man  (13), (14), lu ari jebkuram psc tida rnase prircipo
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konstruztai shemai. Piegémums, ka funkcija C/c 6{5/} z) ir
konstanta Z virsiend, t.i.,,pa 1- sldna biezumu, t.i.,ka
S U,
a
dod no otra saistibas nosscijuma (3), k& arl
3 (/c"*ffz
o # +
51 sakaribva kopd sr vienddojumu (2,) dod, ka i

3 Ul'f//-z. . -
'_3_2 —OJ _}(’4//2\(;_(2{-‘4_()

= O/ f_: g(‘-l-//z'

t.i., k§ aril U,,,»rfz ir konstenta # virsziepnd, vet tas ir
pretruni agr piegsmumu par UI'_f /s  linearitati (foraoula (7)).
Tomar §1 pretrupa ir tiri teorétiska, vismoz attieciba uz
modeli {13) situfcijd, ksd sligu un starpslégu biezumi ir
vienas kartas lieluni. X& zinams[ 1], modelI (13) par spie-
diena augstumiem starpslagu filtridcljas koefic ienti A -7 Ir
par vairdkam kdrtan maziki par slagu koeficientien A .

piem., bieZii X/ =+ ’—YJ'/D_‘PK’L'A Taca gadijumd, pizgimot, ka

@c:‘f‘(/z - ¢)¢ 3 no otrid nosac Ijuma (3) iegiustum
(aizvietojot atvasinajunu ar gallgm diferencam):

4795;:. kesly @':;/z —¢c‘:/_/-_, (15)
A+ 4
B-g o en )b, -R7).

Tas noz Im&, ka pat pJ.e gamera liela gradienta starpslanl
(lieluma QSL_H P27 ieglsim D +g 455

Citiem vardiem, funkc ija s8lani Z virziena ir tuvu konstan-
tei. Lidz ar to shéma (13) pietiekami labi spsj sprakstit
redlos procesus daudz kartainoes Wdens slagos.

Ar 8o tikxo apskatite shému (13),(14) iek3sjo pretrunu
saistits vel viens nepatlkams wpapekts: ki redzams no vispd-
rigds vienddojunu sistgmas, nav piclaujams situdeija, ko
izz0d kads no starpslagiem (jeb %a biezums praktizki ir

t.i.,

nulle): tad vienddojumu sistéma (12) (vai konkretis siuste-
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mas (13),(14) degeneréjas). Ka tad izriet no sakaribas (15),

atliek piegemt, ka 9?5“:;‘ ‘.:,/?_ , t.i., ka viscaur pa ko-
pBjo sistemas biezumu tiek piepemta viena un ta pati vertiba.
Citiem vardiem, redli slagaing sistema tiek aizvietota ar
kddu ekvivalentu homogénu vertikali virziena sisteéemu. Ka zi-
nams, sk. [1],[2], ted ta arl parssti tiek darits.

Lai izvairltos no §is pretrunas, nepiec ieSams konstrust
vispérigdku, precizdku viduvéto shému. Darba [ 3] sistémai
bez starpslépiem un [4] konkrgtai sistémal ar starpslagien
piledavats izmantot tA sauktos integré@los parabolisxos splai-
nus. §ie splaini konstrugti ta, lai: 1) katra no sléagiem
funkeija (i(x,4,2) tiktu aproksimsta ar 2.pakdpes polinomu
attiec Ibd pret 2 ; 2) izpildItu saglabdSanas likumu (9)
katram slénim; 3) uz sldgu saskarsmes virsmas izpildItu
saistibas nosac ijumus (3),(4) un uz maléjo slagu arsjam robe-
Zam izpilditi robeZnoswcijumi (5),(6). (Sistémai ar sturp-
slagiem splains meklé jamo lielumu tur aproksimg ar linedru
funkei ju) .

Vispariga gaedijumé, t.i., patvaligzan slagu skaitam, n-w
iespé jams viduveto shému uzraksitit analogi formai (12) ar
atklatam koeficientu iz teiksmém pie diferencem (- -/

Pet divu slagu sistemai (13) ar 2 .veida homogéniem robeZnosa-
cijumiem(5,) S8das formulas ir iespéjums uzrakstit. sbiem
gadijumiem viduveta sistéma ir uz rakstama vieni un tajé paid
forma:
B B
M-k"'- e ?: E: %-'@:/d—da»/(¢‘/’ GD:/:_IL/: s !':Q ﬂ/—, /¢ (1)
7 s /
atSkiras tikai koeficienta °(o/ iz te iksmes .
"Klasiskajam" viduveSanas variantam, ki izrict no sist
mas (13), xoeficienta /o, izteiksme ir Zada:

O! _ Kop
P
O Hy !

bet misu piedavat:i viduvesunas me tode dod:

O 4ﬂ/_z+//;]"

\.))Ko Kty 3 Ky

ol

-
3 . ‘\"[/z Flo :L/f)
oy o’[/ ’/f,q Ko ’f—f‘;; )




-

B2

Taged labi sasketdms, ka, ja visu slagu biezumi /7 ir

ar vienu kdrtas lielumu, bet K,/‘,<4ko, B % Ky, tad
FaY

‘7{0{ x dpy oo Savukirt, pie H;/z - O iegls tam
e (G i -7
o0 Ho e 474 = 20 //f/
JO{ T—rp ) T o4f (3 lca—! ..-..—5kl !

rated robeZgedijuma A7y, —»o "klasisko" vienddojumu sistama
(16) degenerdjas, btet sistema (16), kura izriet no darbi[ 4]
apskatitds vispirig3s sistemas, paliek korekti definsta.
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METHOD FOR THE SCLUTION
OF THE MOVING TEMPERATURE FRONT PROBLEM IN DISCRETE MEDIUHM

Introduction

The processes, which are intended for storing heat in

large volumes and further its using, are common many fislds

of research and technology. These include the application of
non-traditional energy sources, for example, solar energy. A
part of solar power plants accumulating heat i1s a resctor. It

is a large tube, which is filled with materisl having gool
capacity characteristics (granite rock) [3]. In this tiabe.
the heat air flown with a constant rate is heated by the rock
when passing threough it. In a reverse process, cold air  pas-
sing in reverse direction through the rock is heated by 1t u
to an operating temperature.

Various methods were used in mathematical modelling ol
these processes. We present some statement of Lhe probles fon
the solution of the above or similar problems from the given
literature. We will first consider specific applied solation
of problems and then will formulate the class of analogous
problems, cur approach in solving this problem is proposed @t
the end.

Differential formulation of problem

A model of imaginary continuous medium often serves  as
an approximation in solving the problems of discrete mpedia,
In the case of the above problem, in [1],(2] it has been pro-
posed to consider the total mass of rock leoaded in the reae
tor as a certain unit body divided inte section along the di
rection of gas Fflows and having a constant temperature. In

other works [3], [4], rock is shown as a discrete medium (a3
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sphere with an equivalent diameter Dk) divided 1into sphere
layers with a constant temperature. In each layer the equa-
tion of the heat conductivity is considered for one characte-
ristic sphere. The particles of rock and gas have different
temperature as it differs also in various layers. Mathemati-
cal formulation of this problem leads to the following system
of partial differential equations with corresponding initial
and boundary conditions: .

0'_:. =§Brz + 6:_7;,
z(r,x,0) =0, re (0,1], x € [0,®),
du=z-raoz(l.,.,.), €1
2z (Lx,t) =0, xtel[0),
9 x (1,x,t) = a [ulx,t)-2(1,x,t),
u (x,0) = 0, x € (0.),
u (0,t) =1, t € [0.m).

The first equation gives the time-dependent temperature
distribution =z in the sphere of n-layer and the second gi-
ves the temperature distribution o of the one-dimensional
air stream in direction Xx. Moreover, the dependence of flow
thermal physical parameters on temperature is also taken into
account in the coefficients of equations, i.e. the problem is
nonlinear. For this model described in [3],[4] the important
role is played by the heat transfer coefficient o between
each spherical particle of material and moving gas flow.

The complication of this formulation lead to the neces-
sity of considering since separate egquations for each layer
and consequently - of solving large stiff systems of equa-
tions.

Therefore, we shall deal with other formulation of prob-
lem for the solution of similar problem. If assuming [5], the
porous body is two interacting imaginary media,modelling both
the solid and gaseous (liquid) phases, the heat transfer pro-

cess could be presented as a system of two equations:
aT
———=-c.pV grad T, + div (. grad T,) + & (T,~T)
Be P gy “TCPV grad I f k Kt
aTk = C&)
(1_”)c#°kTﬂT_= div (kk grad Tk)Ara (Tr'Tk)’
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Here ﬂ.and Tk are flow and rock temperature
is porosity

n

¥ is air velocity

a 1is inter-component heat transfer coefficient
X,p,c - heat conductivity, density, heat capacity

The seeming simplicity of the above system and each of
its parameter, A and o« in particular, involve complex depen-
dencies taking into account the properties of all media. If
the flow velocity is sufficiently large, heat transfer caused
by convection considerably exceeds the heat transfer due to
heat conductivity which allows to neglect heat conductivity
terms of eguations (2).

The similar equation systems are also obtained by
authors of [B)], when studying the processes of one- dimensio-
nal filtration of heat carrier on fractured medium. When ta-
king into account the dependence of heat carrier density on
temperature, the equation of mass conservation and the depen-

dence of density on temperature are added to the system of
equations:

% s
Bt T ax (P M
&Tk
chk(l—m) 3 - a (Tk_Tf) i
T, a
e Pl 3y = - & Br (v prTr) + a (Tk«Tf)
o, = f (n).

This interpretation of problem permits to describe the
given process of filtration with sufficient accuracy accor-
ding to the opinion of the authors.

Formulation of problems for finding temperature fields
in o0il beds with an account of temperature difference of so-
lid bed and filtrating ligquid may reduce as further examples
[71.[8].

In this article the above analogous formulation of prob-
lem for the process of heating of rock (reactor) with the hot
gas flow as the system of two interacting imaginary media 1is
proposed.

The "gas - solid body’” system is represented as two one-
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dimensiocnal transient differential equations. In the eaguation
of substance, only heating of separate substance particles in
each point of one-dimensional space due to convective heat
transfer of gas is considered, whereas heat conductivity and
contact heat transfer between the particles are neglscted.
The system is supplemented by the esquatien of mass conssrva-
tion and temperature dependence for gas density, which allows
to take into account the change of flow wvelocity along the

direction of motion:

a vz a Vz _ .
"’a_:[pf(chf +2—)} +6—fo [pr(chr + 2—)}} =@ (Tk—Tr.‘,

aTk
(1-m) epop g = @ (T-Tp), (a)
%0, (e v) ;
TP Fr T Tox
P, = oy /T
The initial and boundary conditions may be written as:
Tr /x=0: T1’ (prv) /x=0: ‘oovo‘
(32
Tf /t:o: To’ T}{ /tzo: To‘
Here P, = prc Ton.
v, is initial velocity of air stresam
To is initial temperature of the two media
ﬂ is temperature of air blown
To solve this system, a new variable - the mass velocity

G = v is introduced and the system {(4) could be written as:

me (8T, ) GL )

t 1. v ag 2 4G . _ i
v T + e x +—?r T + v ax = a (Tk Tf)
8Tk
(1-m) Pul, FF - (TI‘T}{)’ | 4
. = 8 _ oot
v at - ax . =

e = e, /T v

It is clear that the First equation of the above system
(4) gives form to convective heat front in the air component,
whereas the inter component heat transfer coefficient a beco-

mes the value determining the temperature distribution of



both air and rocks. Taking into account importance of this
parsmeter, various methods of its determinaticn [5],[3],(10]
were considered.

In [3] the ccefficient o has been found by taking in-
fo account the characteristics of the flow of gas ard solid
particles of the rock:

o
o

l+a°Fk/C2.Vmg)

L= -3
Here clo = Q.33 Kr Ae /Zﬁkn

= v_ V ./ h_,
Vm P Vs Tl

Fk is sphere surface,

Hk - radius of the sphere

v, - mean flow velocity in one sphere laver, -
¥, - air volume around each sphere )

hs - height of one sphere layer

We selected a version, proposed in [103, where solutinn

non- stationary =squation of heat conductivity for a sphere
was employed to obtain expression for finding the wvalue of
the transient volume coefficient of heat transfer, zand then -
the average value of heat transfer coefficient, which conld

be written as:

a:lS)\k/Hi_. - -

Hk is the radius of the sphere, i.e. the equivalent ra-
dius of rock stones.

In order to compare the proposed formulation of problem
Wwith the one described in [3], the remaining initial data re-
levant to an analogous process should be employed. Then, at
Rk: 0.0125 m. a = 123000 H/ngrad. At such largde values of a,
the temperaturs profile obtained as a result of solution of
the system of equations given in (4),(3) with jump conditiocns
at the tube entrance in an initial moment of time, would ap-

proach that of rectangular, i.e. practically discontinues so-
lution is obtained.

Study of difference problem

Difference realizatiaon of problem, in which the width of
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temperature front is estimated by several steps within space,
might generate the oscillating scolutions caused by dispersion
errors of difference scheme. Besides, the schemes of the
first order of accuracy are not sufficiently precise for cal-
culating such problems.

In order to select the optimal modification of differen-
ce scheme for the solution of system (4), we consider the
most simple case - the analogous system of equation with the
constant coefficients. We have the following system:

arT, o
mp e g * VPG g = A(T-T), %
aTk L R |
(1-m Bty BE = (T,“Tk),

Since the method of solution of the second equation of
(4°°) does not cause any difficulties, its choice in the ran-
ge from exact analytical solution to various discrete schemes
was based on such criterion as speed of computation. We chose
implicit difference scheme “with weight  EKrank-Nicolson type:

ned n
e, - ij

j 8

- 5 a
T c (l—n)ckpk 2

[( e BT e B )].

In order to solve the first equation of (4°°) we will
use the introduction of artificial viscosity (pseudo viscosi-
ty). The behavior of discrete solution in the viecinity of
discontinuity depends essentially on the type of introduced
pseudo viscosity as well as on the scheme viscosity caused by
approximation error of initial equation. Their effect can be
evaluated by means of differential approximation method [11],
estimating the value of introduced viscosity. Differential
approximation of difference scheme is an differential equa-
Ition obtained from the difference scheme approximated by it.
Hence, it is different for various difference approximations
of the same equation.

In the case of the first equation from (4" "), where v =
v ‘a the first differential approximation ¢an be written in
the fornm:

ar, aT, o'T,
prcr"__at + U PiC B ~ &2 s~ -« (Tk - Tr)'
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where o 1is the value of introduced pseudo viscosity assu-
ming the following valuves [11]:

- when using the scheme with one-side differences:

TH
R ¥,

- when using the scheme of the second order of precision
{Lacks-Vendrof type):

z 2 2
_ & T
a-—z_r (1

N
N

Here the resclt of using notion of the first differen-
tial approximation of difference scheme is substantiation cf
fact that introduction of diffusion term with artificial vis-
cosity coefficient does not change the physical formnlation
of problem (4)-(S), but serves as a means of realization of
the first equation from (47 7).

Finally, difference scheme for the first equation of

{(4°") is uritten as:

TJ""‘_ Iv" - Tn j’r' Tn+’- + 4
] i, i*2 mr jr1 I I

T 2m 2h Z2h

™ 27T+ T iz Ty P .

_ _a__[ -1 ) 1+1 + 1-1 i i+1 ] - L8

2 hz hz

v o n+ 1 o]

7o ( Tx - Tj Y,

T;is scheme yields stable solution, i.e. moving tempera-
ture front. With time the temperature front curve becomes mo-
re slanting, which is due to heat transfer from air ta solid
substance which result in gradual heating of solid phase.

Additional modifications of difference scheme (B} led to
have stable non-coscillating sclutions with the minimum values

-of pseudo-viscosity coefficient:

1) Certain decrease of pseudo viscosity coefficient can
be reached by introducing mass operator for time derivative
[121:

o, T T A

7
S5y =6 2 4 (1-zey L1 4 s I IT

® t T T T

M = {6,(1 - 283, 6§}, & =0.25.

x

Here & » 0.1 leads to the rise of temperature profile up to
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and after the front line.

2) The effect of introduced pseudo viscosity can be di-
minished by means of terms which can be represented as anti-
diffusion flows [13]:

S jva” T’J. . & T,: " ‘fj‘-z
2z iz h -1z h .
The coefficients {%ihﬁ are non-negative, confine anti-

diffusion and are chosen in a different way.
The difference scheme for the problem with the wvariable
coefficient are proposed to analogous (B6) scheme:

G LI K B Ty | T B
T 2m [ ) 2h e 2h ]
(™ &y By gl & = G
j [ i i, i-1 ] _
ip c, T ek g <7
£ 5 T2 Ty T, -2 T 1, -
2 hz hz -
V@ .
= ) cr ( ﬁ = 7" ))
at- & v g -4 g gt
i i i i I R | j-1 €8>
T 2n h h :

T:” is expressed through the second equation of (4).

6’;“ is found from the equation (8) and 7’;“ from (7).

The results of calculation for above difference schemes
allows to assume that in formulating the problem of (4)-(5),
the first equation is sufficiently fully represented by means
of scheme (7) realized with Thomas algorithm [12].

Results of calculation

To compare the results obtained by using the system (4)-
(5) with the solution of problem for analogous case in [3],
the following initial data were applied [3]:

7;= 20 C, 11= 550 C, L 2.2 m/sec,

)\kz 1.7 W/m grad. . o = 9.5,
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p = 2894 kgl e,= 795 Jrke grad. .
£ = 348. 3T kg/ma, o= 1040. Jrkg grad.
The numerical value of pseudo viscosity coefficient 2

ranges from ©C.45 to 0.95 at the given initial data. Anal.g.-

ns range of values is in other sources [123

1
J s

estimates, correcting the value of introduced pseado visowsi-

o a1 PR S T

ot

y ara rveduced. When conducting numerica

experiment, i may
be concluded that the dumping of coscillating solution
at these valoes, At 2 » 0.35, the width of.temperature Front
smeAring incresases.

Figure 1. shows the moticon of temperature front along
~he tube at 2=0.33 with curves demonstrating temperature
distribution every two hours. As seen from Fig.l. the tempe-
rature mark T = 300°¢C moves with a constant veloecity. In 8
hours after the heated air is blown in, the exit temperature
starts gradually growing until reaching the entrance tempera-
Ty,

The next two figures characterize the effect of pseudo
viscosity.

As seen from Fig.2., at decrease of a <Ca = 0.255, the
width of temperature front smearing decreases, but the solo-
tion beccmes unstable.

Fig.3. shows the effect of the value of pseudo viscosity
coefficient in a wider range from & = 0.035 (curve 1 - os-
~illating seolution) to & = 1.1 (curve 3 - the temperature
Trent smearing) due to the increase of the effect of diffusi-
on term, curve ¢ - at & = 0.95 -~ basic calculation.

Fig.4. gives the results of calculation at a = 0.43 of
system {4) and system of eguation with the constant coeffici-
ent, i.e. with substitution of first equation from (4 by
(4" "). This curve is marked by asterisk. The results show
that for the present problem the system of eguation with con-
stant cceffictient can be used when conduecting calculation of
specific applied problems, which essentially reduces compu-
ting time.
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Fig.1. Trapsient distribution of rock temperature in two
hours, basic calculation & = 0.55.

c
k:

§

Air Temperature Deg.

O'wwwn-rmm'ﬁﬁm
152 200 5.0

100
Length of tube m

Fig.2. Transient distribution of rock t.emperatl_:re with ba;ic
caleulation (curve with asterisk) and with varied pseudo vis-

cosity coefficient - a = 0.25.
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Conclusion

1. The proposed formulation of problem for heating of
Solar Thermal station reactor is a porous media model as a
system of interacting imaginary media which allows essential-
ly simplify the method of solving similar problem.

2. The inter component heat transfer coefficient is im-
portant in the formation of the convective heat front and in
choosing of way for its determination.

3. For the obtained difference problem with the solu-
tion, which has a large gradient in restricted area, the dif-
" ferential approximation method is used, which allows %o in-
troduce artificial viscosity coefficient and estimate this
influence on the behavior of difference solution. The propo-
sed range of values of pseudo viscosity coefficient leads to
the dumping of oscillating solution and for the decreasing of
the width of the temperature front smearing.

4. The proposed model (4)-(5) gives the result which is
reasonably close to the model from [3],[4], however its rea-
lization is considerably simpler.
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CIIOCOE PEEEHHA 3AJLAYM O JIBUHEYMEMCA TEMNEPATYPHOM OPCOHTE
B NUWCKPETHOR CPEIE. A.A.Byhxkuc, H.JI YnaHopa ~-MaTtenHaTHyeckoe
MoaenMpoBaHHe. [puxnagHee 3ajavn HaTeMaTHYeckod dusHku. Pura:
Y, 1994,

AHHoTauua. HceccrneayeTcA NpoUecc palorpesa peakTopa col-
HeYHOR Tennoeoil cTaHuMH, NOpeAcTasmawmero coboif Gonbmyw TpYSY,
HanoAHeHHYw Teepaoft nopoAacit. Pasorpes npoucxoauT BAyBOM NOTO-—
xa ropadero po3ayxa. Ina pemeHHA 2adavy MCTIONB3YETCR HMOomAenL
MOPHCTON Cpeasl, KaK CHCTEMB ABYX BIauMoAeHicTBYWIBIX QJHEKTHDHLIX
cped. [lpouecc gnuckBaeTCA OBYMA OAHOMEPHBMM HECTAUMOHAPHBIHK
AxdfepenunansHbMU YPABHEHUAMH KOHBEKTHBHOIO nepedoca Tenaa,
AONOJIHEHMEIX YPABHEHWEM COXpAaHeHHMS MACCHL. YUYHTHBAeTCA TeMnepa-—
TYPHaA 2ABUCHNCCTL ANA NAOTHOCTM ra3a. Jnd pa3HOCTHOW peasd-
3aUHH NeAYYeHHOR 3alavM, HMelkmel pemeHHA © BQALDHMMH  FpaideH-—
TAHH B Y3XOA 30HEe, NpHMEeHAeTCA MeTod adfdepeHUHaNBHDOI O NOPH-
EnuxeHHa c BBeaeHueM xoadduuHeHTa HocxyccTBeHHONW BA3KOCTH. Ho-
cnenyeTCA NMOPefeHWEe PA3HOCTHOIC pPEMmeHUA B 30HE C PE3KUM H3Me-
HEHHeN TeHNepaTyps B 3aBHCHMOCTH OT BeJHYHHH BBOAMHMOR NCEBAOC-
BA3XOCTH. InA HHEEeHEepHLX pPAcCNeTOBR npeanaraeTcd HCoNB30BaTh
YTPOIWEHHYI® MOAEe s C NOCTOAHHBMH KO3PPUUHEHTAMH, kKOoTopad 3IHa-
YHTEMLHO COKPamMAeT BPeMA pPacHeToB.

MA 315@5
HETHOD FOR THE SOLUTICON OF THE MOVING TEMPERATURE FRONT
PROBLEM IN DISCRETE MEDIUM. A.A.Buikis, N.L.Ulanova // The

mathematical simulation. Applied tasks of mathematical phy-
sies. Riga: LU. 1994,
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Abstract - A porous media model as a system of two inte-
racting imaginary media is proposed for solving the problem
for studying the process of heating of Solar Thermal station
reactor, which is a large long tube €filled with rock. The
heating is the result of motioned heat gas flow with the ini-
tial constant rate and temperature. The process is described
by two one-dimensicnal non- stationary differential equation
of heat transfer convection and complemented by the equation
of mass conservation and temperature dependence for gas den-
sity. For the difference realization of obtained problem with
the solution, which has a larde gradient in restricted area,
differential approximation method with artifiecisl viscosity
coefficient introduction is used. The behavior of difference
solution in the vicinity of ares with abrupt temperature
change depending on introduced pseude viscosity 1is studied.
For the specific applied problem simplificated model with the
constant coefficient equation, which allows essentially to
reduce computing time, has been used.

PROBLEHA PAR TEMPERATURU FRONTES EKUSTIBU DISERETA VIDE
RISINASANA. A.A.Buikis,N.L.Ulanova.// Matematiski3 model&Zana.
Matematiskas fizikas lietiZ®kas probl8mas. Riga: LU. 1994 .

Anotacija - ApskatIts sasildI%anas process saunles siltu-
ma stacijas reaktord, kas sastiv no cietus ie2us saturolas
lielas caurules, kura iepU% karstu gaisu. Probl®mas risinasa-
nal izmanto priekiZstaty par porainu vidi k3 sist®mu ar divanm
fiktivam savstarp®ji mijiedarbojoZamies videm. Procesu aprak-
sta ar diviem viendimensiju konvektIviEs siltuma pirneses vie-
nadojumiem, kurus papildina ar masas saglab3ZZapas likumn.
Tiek iev&rota gazes bliIvuma atkariba no temperatQras. Dife-
ren®u sh®mas skaitliskaja realizacija 1izmanto diferenciala
tuvinajuma metodi, pievienojot makslIgo vishozitati, lai ap-
rakstitu lielu gradientu Saura zona. Izp#tIta diferenZu
shonas atrisinajuma atkariba ¥aja zona no pseidoviskozitates
koeficienta lieluma. InZenieru spr&kiniem piedavits modelis
ar konstamtiem koeficientiem, kur® bUtiski samazina apr&kinu
laikua.
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ON THE HULTIPLICITY )
OF SOLUTIONS OF CERTAIN BOUNDARY VALUE PROBLEM

Ly . Iatroduction i
Let us consider the becundary value problem

Lx = I'(t) f(x) ’
a x(i) - (~1)Lb‘x Iy = e

.

[
1
a
-
Lt ~~
o -
hg

where Lx = ( pltd)x ")y " + (A r(t) - q(t)) x,
r: [0,1] » (0,42 » ; p’,q : [0,1] - R; £: B~ R
are continuous functions, a = [(G,+ ) , bl € (0,40 ) ,
cL,)\.E A; iI=20,1
The boundary value problem (1),(2) is said to be regu-
lar, if pC(&) » 0, ¢t € (0,1]. For ¢, = 0 we shall consider
also the singular boundary value problem (1),(2), whizh
provides additionally p(9) = D
Suppose, that K. is an eigenvalue and v is a correspon-
ding eidenfunction of the Sturm-Liouville problem
. Lx = 0 (3
ax(i) - (-D'bx (1) =0 ; i=0,1
v is mnother solution of the linear differential eguation (3)
and ¥(t) is the Wronskian of the linear independent in [0,1]
solutions v and w.

’

If x is the solution of the boundary value problem (1),
(2) with an arbitrary A € F, then, adding up to the both
sides of the differential equation (1) the term
Cx - A0 r{t)x :
one obtains equality

£y BRI Rk(ryy ¢ (A, - Mx ] dr =
¢ o, v(O)
= : e (4
81”(1) + b'w (1) bo wW(0)
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Using the equality (43, the scluticn x of the boundary valus
problem (1Y,¢(2) can be replaced by its averaged value X
such that

s sy v (a0, ] ot s '

W(T)
v ¢, L‘DV(O)
= + - -
8’;!(1) + blw (1) bOW(D)
Denoting
E,' N C‘OV(O)
i - 81W(l} + b;” (1) bOV(D)

1 virtyr(T)
. AT LI
[ KTy a7
the obtained equality can be written as

Kk - f(xo) - ¢ Rl - A ) x, = 0
Therefore,xb is the stationary point of the autonomous

differential equation

ax _
E = P(Xx) » 5

where ¢(x) = k - F(x) - ( A* - A ) X .

Hotice, that x, € R is known as a stable (unstable)
stationary point of the differential equation (3), if for
sone 6‘,:52 e (0,400 )

#{x) > 0 ( #x) < 0) . x e (x -6 ,x),

#(x) <0  #x>>0) X € (x,,x %5,
Aceording to the equality (4), it is necessary for ths
solvability of the boundary value problem (1),{2), that the
differential equation (5) has at least one stable or unstable
stationary point.

We shall pay- attention to the connection of the
gutonomous differential equation (5) stationary polnts with
the solvability of the boundary value problem (1),(2). For
solvability proving can use the method of a pricri estimates,
which in the case of the second order differential equations
is reduced to the employment of lower and upper solutions
([11). There occurs in our considerations the situation, that
the mutval disposition of lower and upper soluticns is
opposite.
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Solvability of the boundary value problem

For o = R introduce the designation

Hew) = gy (G ( MORO) - K Eyw) S -

- vl (a (0> - bow '(0) 5 )+

+ «rf% (o) - wleyu(c) ) df

The function =z{&¢,u) 1is a solution of the differential

egquation
Lx = &k r(t) , (7 3

with A = A , satisfles the boundary conditions (2) and
20Q,uy = u

Let x <€ A be a stable (unstable) stationary point of
the differential equation (5), i = 1,2; & be the ssts of
values 6L, for which inegualities {5) hold, and c{:aup &

We shall say, that the stationary point X, satisfies the

condition (4 , if exist a, e [x6~d1,xo], u, € [x6,16+d2],
such that for every t « [0,1] insqualities
- < - -«
X, dl = _A.(.t,ut) =X, . X, = z(t,uz) = x, + dz
are true.

Theorem 1. Let X, E‘R be a stable statignary point of the
differential egquaticon (5) ,which satisfies the conditiocn {(4).
Thean the regular boundary value problem {(1),{2) has the
éolution x , which satisfies the estimates
. =Ct.u) < x{(t) = z(t.uz) , tef[0,11, (8)
and x, is the averaded value of this solution with respect to
the equality (4).

Froof. Since the condition (4) and inequalities (B} are
true, z(t,ul) is the lower solutign, and z(t,uz) is the upper
solution of the boundary value problem (1),(2). 8s it is well
knoun, this implies solvability of the boundary value problem
(13,¢(2> and the a priori bounds (8) for its sclution x.
Furthermore, X, is Gthe wunigue staticnary point of the
differential equation (5) 1in the [xo—dl,xo+d}],therefora
equality (4) ensures the latter statement of the theorem. The
theorem is proven.
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We shall say ,that the statiaonary point X, satisfies the
condition (Ar) , 1f 1t satisfies the condition (A} , and for
the snlutions Yo af the regular differential equatian (1),
which correspondingly satisfy the initial conditions
ajs(j,ut)

b, 3 (
1

o
R R S S I M A CI PR 3 )

i=1,2; 3 =0,1, at least for one of the possible values
of 7 the inequality

2

T Laph - (-1’6 (v (> - e, 1 =0 ,1=0,1; I%,

is true. ’ .

Theorem 2. Let X, € R be an unstable stationary point of
the differential egquation (5), which satisfies the conditien
(Ar).

Then the regular boundary value problem (i},(2) has the
splution x ,and X, is the averaged wvalue of this solution
with respect to the equality (4).

Proof of the theorem is based on the employment of the
connectedness in the corresponding functional space of the
sets, for every 7 = 0,1 composed by solutions of the Cauchy
problem for the differential equation (1) with the initial

conditions
j+10 _i_.‘a {]J . f 5
2 s o uoe [2(d,u),2(5,u,3].

x(J> = u, x {J) = (-1)

Theorem 3. Let x,,x, € R be twe different stable
.stationary points of the differential eguation (5), which
satisfy the condition (4), and x, € F“}’Xh) he an unstable
stationary point of the differential eguation (5), which
satisfies the condition (Ary

Then the regular boundary value problem (1),{(23} has at
least three different solutions.

Proof of the theorem immediately follcws from Theorems 1
and 2
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We shall say, that the singular boundary wvalue gprotlem

{(1),(2) satisfiws the condition (&, ,Lf exist a sumsberv

o= (0,17 and coatinuous funsrnions <, ((d,z] =+ {0,+v ), zuch

that lim ={¢tY = 0 , lim »(£&) = 7§1 ,for every tu e {0,e),

L=+ L= [}
Q = (to,c] and solntion x : [to,t1] - A of the differential

eguation (1), the inequality | x TRy - et Nl L F S0t D
implies in (to,tl] the inequality | x”(:)—v(t)x(t) I = =0 F).
We shall say, that the stationary point x satisfies the
conditicn (As), if it satisfies the condition (4} and at
least one of the solotions v, of the differential equation
(1), which correspondingly satisfies the initial conditions
(9), is a solution of the singular beoundary value problem

€17,¢2) or eguality
2

mo0 lim ¢ oap (&) - b "¢t) ¥ 1 = -=»

11
L=1
is true.

Remark 1. Theovrems 1 - 3 remain true -for the singular
boundary wvalue proolem (1),(2) s if it satisfies the
conditions (£,>), and the condition (4 ) is replaced by the
condition (Aa}. )

In this case empioyment of the lower and upper functions
is based aon the results of [2].

Lemma. Let Kl be the first eigenvalue of the considered
Sturm-Licuville problem, A = A’,the singular boundary wvalue
problem =atisfies the condition {&,v), and X, be an unstabie
stationary point of the differential equation (5).

Then the condition {A) implies the condition (As).

Proof. Let t, = (0,1) , ¢t € (to,lj .The first eigenvalue
of the Dirichlet problem for the differential equation (3}

with the boundary conditions x(e =0, 1= 0.1, satisfies
1nequality 10 » Ai (see,for example [3] », and so, 1f A = A“
the Dirichlet problem for the differential eguation (7)) with

the boundary conditions x(tt) S, oHoeE F, i=1,2 . has

an unique solntion. Therefore,analogously as in the prool of
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the main theorem of [4], we an to obhtain for the funchions
Y., the inequalities 6—1}\ru(t) = (—l}L:(t,uL) , & = cd,17,
which ensures the carrving sut of the condition (A4 0. .The

lemma is proven.

Theorem 4. Let A, be the first eigenvalue of the
considered Sturm-Licuville problem, X < A, the singular
boundary value problem (1),(2) satisfies the condition (&,u3,
and x, € A be & stable or an unstable stationary peint of the
differential equation (3).

Then the singular boundary value problem (1},(2) has the
solution x , and X, is the averaged value of this solution
with respect to the squality (4).

Proof of the theorem is the consequence of Thecrems 1,2

Remark 1 and Lemma

Remark &. Particularly, the conditlons of the thevorerm 4

are true for the Neumann problem
x 70+ gltix 7 = r{£)F(x> , ( 10 )
x (0 =0 , x (1) = e,
where the function # : (0,1] - R for every & e (0,1] is
summable on the [&,1], and for some c € [0,1) the negative

part of the function £ ~ g(¢) + F-—i—is suzmable in [0,1]. The
corresponding theorem for the system of differential
equetions generalizing the differential equation (10} 1is

proven in [4].

Applications

1. The boundary vzlue problem

k
Ax "' - x° = plx - g) exp { - TS >y o, 1)
x(0) - fAx (0 = 0 , x {1y =0 ,
where (i,p,q,k « {(J,+¢ > , arises in the chemical reactor

theory . Multiplicity of its solutions were investigated in

many papers (see,for example [5] snd references there added).
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If K‘E ( %7¥ ,+@ ) is the smallest root of the equation
14

" 4x{3 - 1 = Y 43 - 1
E 0 ar o - v i ol

then the differential equation

Px "t = x 7 % kx = 0
has the nontrivial solution x ,which satisfies the boundary
conditions (12) . Therefore,we can to consider the stationary

points of the differential eguation (5) with

#(x) = - plg - x) exp ( - — 5 ) - Ax
For positive k the first term in the expression for the
function ¢ has two extremes. So,the differential equation (5}
has one or two stable stationary points, and, according to
Theorems 1 and 3, there are possible to obtain one,two or
three different solutions of the boundary value problem

EE 5 g 5 B

2. The Neumann problem

g 07 _%% - [T 5xm_- v + Z
x "(0) =0 , x (1) = = ,
where m € [1,+o ) , 4,v,y € (0,+o ), arises in the modelling
of fermential processes ( [6B]). According to Theorem 4 and

Remark 2 we obtain, that the two possible roots of equation

m

3x = S

H o+ vx y + x
can to correspond to different solutions of this problem.

Moreover.existence at least of one root of this equation is
necessary for the seolvability of the considered HNeumann
problem.

The work has been accomplished with financial support of
the Science Council of Latvia ( Grant No.893.809).

REFERENCES
1. Lepin A. J. , Lepin L. A. Boundary value problems for

the second order ordinary differential equations.- Riga:
Zindatne, 1988, - 212 p. ( in Russian )



54

2. Cepitis J. On the existence of bounded solutions of
the second order equation with non-summable singularity
// Boundary value problems for the ordinary differential
equations. - Riga:LU,1987. - P. 91-100. ( in Russian )

3. Petrowsky I. G. Lectures on the partial differential
equations.- Moscow,1950. - 304 p. ( in Russian )

4. Cepitis J. On the solvability of the Neumann problem
for certain systems of second order ordinary differential
. equations // Proceedings of Latvian Academy of Sciences B
- 1884. - No.2. - P. 53-55.

5. Williams L.R. , Leggett R. W. Multiple fixed point
theorems for problems in chemical reactor theory //J. Math.

Analysis and Appl. - 1879. - V.69. - P. 180-183.
6. Volesky B., Votruba J. Modelling and optimizatiorn of
fermential processes. - Amsterdam:Elsevier,1992. - 266p.

OH THE MULTIPLICITY OF SOLUTIONS OF CERTAIN BOUNDARY VALUE
PROBLEM. Cepitis J. // The mathematical simulation. Applied
problems of mathematical physics. Riga:LU, 1994.

Multiplicity of the two point boundary value problems
solutions for the second order ordinary differential
equations with the linear boundary conditions containing the
derivatives 1is discussed. Two examples arising in the
chemical reactor theory are added.

Ref. B titles.

PAR KADAS ROBEZPROBLEMAS ATRISINAJUMU SEKAITU. Cepitis J.
// Matemdatisk3a modeléfana. Matematiskas fizikas lietifkas
problémas. - Riga:LU,18894.

Pétits atrisinajumu skaits otras kartas parasta diferen-
cidlvienaddojuma robeZproblémail ar atvasiniajumu saturosSiem 1li-
nedriem divpunktu robeZnosacijumiem. Pievienoti divi kimiska
reaktora teorija sastopami pieméri.

Bibl.6. nos.

0 YHCJE PENEHMA HEKOTOPOM KRAEBOR 3AJAYU. Uenurtuc HA.B.
7/ MaTemaTHveckoe MoaenudpoBaHue. [IpUknagHsie 3adavdd MaTeMaTH-
yeckolfi du3Mxu. - Pura:JiY,1994.

HzyyaeTca uyHcno pemeHUi ABYXToOYe4YHOHR xpaeBoll 3afgadd AanAa
o6bKHOBEHHOr O AMdpdepeHUMa mbHOrO ypaBHEHWA BTOpPOro nopsaka c
AUMHEeHHLMKM KPaeBhMH YCAOBHANH,COASpXallimm NpOH3BOAHBIE. YKa3aHtl
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A.Cibulis
HOW TO SMOOTH DISCONTINUOUS NONLINEARITIES
IN THE SYSTEMS OF EQUATIONS 7

Summary - The solvability of systems of the type
(o (uw,u)u ) =1 ;u(a)Aa , i=1,2 (1)
L i 4 19 1% 1 L L
with discontinuous nonlinearities a is considered. On

1
the basis of the appropriate smoothing technique of a the
1

existence of the solution for which the values of both the
coefficients a (i=1,2) in the so-called mushy region are
L

determined by one and the same unknown function is proved.
MSC 35J45.

The exhaustive answer to the questions how to define the
solution and how to smooth discontinuous nonlinearities is
unknown even in the case of such a seemingly simple systems
as (1). In particular the uniqueness of the solutions for
the systems of the type (1) is essentially depending upon
the concept of the solution [1].

Let Q=(a,b); f el (@); X A >0; geC (R);
Q°={ {t,T)eRxR: T=g(t) }, Q=RxR\Qa
and let the functions a be of the class C( Q—+[ki.k2])
with the finite limits ai(t,r)a lim o (t,F),i=1,2,

. E-rriot

+ +

a:(t.r): CeR for all t,reR (2)

Definition. The element u=(u‘,u2)eni(n)xﬂi(ﬁ) is said
to be the solution of (1) if the boundary conditions
are satisfied and there exists a function peLz(Q) with values

from [0,1] such that

x
J (e’ (wpluin’+ £9 )dx =0 ¥ p ek (@) (3)
Q
where
¥ + -
a,‘(u.p) = o (u)p + o (u)(1-p), (4)

*
Corglliary 1. Immediately from (4) it follows a‘=af=a,=a yif
1 L 1 L

uz#g(ui), what means that function p is of a great importance



only in the mushy region { xefi: uz(x)=g(u1(x)) 1.

Approximation. For t,reR let be

ﬂ,llt17)= GL(t’T): T<g(t), (5)
.
ai(t.g(t)-), T2g(t), i=1,2
tat )y t
a‘z(t,r)= aL( T) T>8(t), (6)
- a (t,g(t)+), r<g(t), i=1,2
0, <0,
k 1
woE) = K, o=, (1)
1
1, &>
The coefficients a =a (t,7) (i=1,2) we approximate
L 1
by continuous functions for all (t,r)eR2 as follows:
s 2
o = 5 : s (8)
1 k k
a y +a (1-p )
11" 12 R ”
a o wt+to a (1-y)
11 221 12 21 1
a = ’ (9)
¥ sy (197)
" 2 11 ¥y 12 ¥,
where w‘(t.ri=w (r-g(t))
Corollary 2. Immediately from (5)-(9) we have
c¢(1.7)=ut(t,r) if T<g(t) or T>8(t)+% (10)
& (t,T)= o (tyr) if k — @ (i=1,2) (11)
L8 L

To obtain the solvability of the system (1), see
Definition, we shall need two preliminary lemmas.
Lemma 1. The approximated system
I[ ak(u]u_‘n'+f_n_]dx =0 Vn e 'y 1 u (e Y= ,i=1,2 (12)
1 L 18 b T L a L L L
2 k | S
has the solution u E(ut,u )eﬂixH1 s Rl Ry e

such that the sequence {u;] (i=1,2) converges to some
u?e H' weakly in H’. strongly in Lzand also pointwise
a.8. in {1.
Proof . The existence of such solutions uk follows
from the Schauder’s principle and embedding theorem [2].
Lemma 2. Let uks(ur,uz), k=1,2,...be sequence of the

solutions of (12) with limit element ung(uf.u:) and let



1] o [4] 5]
wkzuz-g(u:‘), W =u —g(ui), nnsl Xy w =0 }. Then

i
o (0 ) (e ) — o) () in L (o) 113)
- k—m
o (e ) — oS yiee®))e in L (o) (14)
' k—wm
where
kl " V . ; ) (15)
o (uf) T Wl )
L
o (uk)(wk)'——:h [i] in L {0 ) {16)
2 k—3m 2 n
Proc{ . The property (13) is a well-known recsult in

theory of G-convergence.

By virttue of the continuity of g and Egoroff's
k
)

theorem [3] we have g'(u1 — g‘(u?) in LZ(Q).Therefore

k —m
the convergence (14) is a simple consequence of (13).

To obtain the weak convergence (16} let us rewrite
ak(uk} in the form
2

T e P T T R P ST S T (17)
2 zZ2 21 2 zi
where

k k. k
k, k k a“(u)w(w)
pztu W)= " - . ” 118)
{a (0 )-a (0 }) piw J4a (0}
it iz t2

Since
k 5] . .
a (uU) > o (u) in L {1y (i,ji=},2) (19}
Ll i) 2
by virtue of the continuity of o (i,j=1.,2) and above
1}
mentioned Egoroff’s theorem then
4 k s k ok -
g lu,w )—goz(u W )= 0 in L_(0).

Therefore [(16) is reduced to

(o {(u)-a () )pk(uu,wk)(w}()'—\ 0 in L (0 ). (20}
2z 21 2 k— 2 0
Let us notice that wk__a 0 { k> ) in B (0 } and that
(4]
for xef) , see (2},
<
-k 3
Ir.(wk)_c y () N
P = T =, o,

-+ kK
{c —c } p W) +c
Let us consider the functions

ad WELE L E - I o



W (x)
o= P(oat

0
The convergence wk—) 0 (k—m) in Lz (Qn) implies

xk—t 0 (k—a) in Lz' Besides, the sequence {xk} is
bounded in H' and, consequently, weakly compact in . g
Hence ()_rk)'=¢;k (wk)(wk)'é. 0 in I..2 (Qo) what yields (20).
'ﬁueorem L. There exists a function peL2 (Q) with
values from [0,1] such that limit coefficients a:’ »see (13),

can be represented in the form

o ()20 (u")pra” () (1-p) , i=1,2 . (21)
Proof . Taking into account (8) and (19) we have
1 ARG y 1-9% (W°) £ v 4
ak(“k) a (uk) a (uk) LEas s a’ (u®)
12 114 1
-
¥ , ¥ )
a _(u%) a (u)
12 11

where lpn is the weak limit of the sequence { wk(wk) }.

Moreover
0 if w'<0
vix)={ 1 if w'>0 (22)
e [0,1]1 if w°=0 .
A a () a _(u%)
Hence a‘ (u )= i1 x2 =

0, 0 o (o]
a“(u Jy +a‘2(u )J(1-y7)

a  (u°) a'(u?)
i i

il O+ PG +, 0 0 b xeﬂn
= attu )17 +a‘(u)(1-w)
a (u%) if xed\a_
Let us denote
- -0 0
cxt(u )y
P = . (23)

a’_(un) wuiu:( 1-w°)

a, o0 g ; 3
Then ct1 (u') can be rewritten in the desirable form



of (u%)= a:(un)p + o (u%) (1-p) (24)
Now we prove that the limit coefficient a:(uﬂ) also
can be expressed in the form (21) with the same function ¢
Let 06 be the set { xehi: 0<|w°(x)|<6 ¥
Then y*(W)— y*(x) in L ( O\@QU ) ) where y° is
determined by (22). It together with (9),(19) and the fact

that meas (_—0 when 5—0 gives ak(uk)———+ a (uo) in L (Q\Q ).
& 2 k—a@ 2 2 o
Since in the outer of the mushy region no the equality
+ -
a (u0)=az(u°)=a2{uu) is fulfilled the representation (21)
is obviously valid for i=2 and xen\()Cl
In the case xenn first of all we find..taking into

account (8),(9),(19) and (22), the limit of the ratio

A d®) e () Y ) o (uF) (1 ()
2 & 22 i~ 21
ak(u ) o (uk) a (uk)
12 14
a:(u") i) o () (1% (x))
L + f inL (Q).
—300 Cli (uo’ a1 (uﬁ) 2 a

Expressing there Wn via ¢ , see (23), we have

A ai(u ) plx)
WLEL =ity
1(u ) plx)+ a, a®) (1-p(x))
k
2(0 ) g aztu ) p + az(l-p) s
k + - j
1(u) ai(uo)p+ai(l-p)

Further of (u¥)(u¥)" = oX (0¥) (W ag(d*)) =
3 2 2 2 i

~

k X k cxluk) k k k4t
=a_ (uw ) (w ) + —— (a (u Mg (u))).
2 k 1 1
a (u)

What according to convergences (16), (25),(14) and

Ll B

representation (24) yield
k + =5 i
o () (0 ) = (ol (%) + e (W) (1-p)(u®) in L (Q ).
2 k—m 2 2 2 2 0
It together with (24) completes the proof. Thereby the

solvability of the system (1), when both the discontinuous
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coefficients a,(un}, i=1,2, are determined in the mushy
L
region by one and the same function, see (23), is proved.

Remark. If both coefficients ¢ have been approximated
1

in the same manner, say by means of (8), then limit
coefficients of ak v ®Renerally speaking, can not be
L

represented in the form (21) by one and the same function.
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A.Cibulis. Ki nogludiniat partrauktis nelinearitites
vienadojumu sistémas?
Tiek patita &3da veida sistému

{a {u yu ) w) =f ;5 udfa)=aA ,i=1,2
1 i 2 L 1 L L 1

ar partrauktam nelinearitatem a atrisinam ba. Uzradits
piemérots koeficientu dL aproksiméSanas papémiens, kas Jauj
iegit atrisinajuma eksistenci art tad, kad abi koeficienti o
tid saucamaji divfizu zoni tiek defingti ar vienu un to pa%u
nezinamo funkciju.

Alnsynuc. Kak cruaxueaTh pas3pbBHHe HEeMMHeHHOCTW B CHCTeMax
YEABHEeHHUU?
HayHaeTcs pazpeilMMoOCTE CHCTEMHE clleagyomero Buaa-

. (u yu ) uw ') =1 ;u(a)=A ,i=1,2
1 i 2 L L L 1 L

€ Pa3pHBHEMM HENMHHeMHOCTAMM o . YKa3aH Noixogdtmn cnocos
13
ANMPoK CHUMALKY KO3dYUMERTOR o ,NOZBONAKIME YCTAHOBUTHL
L
cymecTBOBaHWEe peleHUd JaxXe TOrga, korga o6a XooddUuHUeHTa o
3

B TaKk HaZHBaeMOH AByxDalHCH 30He oOnpejelldilnTcHd NpW NoMOmIM
OHOM U TOHM X& HeH3IBeC THOM YHK LMW,

r‘aﬂj‘ifrg:*axﬂ,. .
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KADAS KONTAKTPROBLEMAS SKAITLISKS
ATRISINAJUMS

1. Uzdevuma nostadne.
Aplikosim taisnstiirveida elastigu kermeni

Q={(x;. x5}/ 0<x,<1, —8<x,<86),
kura sanu malas nostiprinatas nekustigi. {2 apak$€ja robeZa atrodas pitnit kontaktd ar
stigu. kuras galapunkti nekustigi nostiprinati punktos (0. —8) un (/. -3). Kermeni £ no
augdas deformé ciets Skerslis £2,. Kontaktzonas formu apraksta funkcija v;=@ ().

] X TR TR
e e AR
SRR KRBT IIIE, 35053
aleteteletetetetelete e te e te e e e %0 0%
oseetetetedetetetetetetetoteletototeleteted
R RS
atasocatasatatatetaiatetototetotetotetotatels
% '-'&?o:o:.«»:?:s:t:t:z:::ttfx’:é*?""/‘“

Y

-8
Miisu uzdevums — kermeni €2 atrast parvietojumu funkcijas u,(v,, v2) un usay. va) kas
apmierina Lamé vienadojumu sistému:
u a'u, 3’
A+2u)—+(A+ L+ p—=0
( 'u)c?x,' ( “)ax.a_x: H ax; -
! )
2’u au u
2+(A+pu)——+—>=0
]p ox} (A+4) oxdx, Ox

kur A, 1 — kermena 2 Lamé koeficienti.
Sistemmu (1.1) aplikosim kopa ar robeZnosacijumien:
(0. X)=u-(0, x>)=0 ¢l 2%
wy(l, xz)=us(l, A’g):O *5.'5\'__155 (1. 3)
Stigas stavokli pec deformacijas apraksta stigas svarstibu vienadojums staciondri
gadijuma
dvix) _

(r:dx—lz-*F(x,) H““
ar robeZnosacTjumiem
v(0)=v(1)=0 (1. 5)

Speks F(x,) vienads ar normales spriegumu oF uz Q apak3gjas robezas.

Pieraksta &rtibas d&] £ augiejas un apak3&jas robezas parvietojumus apzimésim sekojodi:
uy(x;. B=q(x;)
1y(x). =8)=r(x;)

ux(x;. B)=fix;) (1.6)



i Xy —8i=pix,)
Ta ki aplikosim uzdevumu bez berzes. jaapskata aulles berzes nosacijumi kontakizonas:
ol=0 (1.7
o’ =0, (1.8)
kur o] — 1angencialais spriegums uz £2 aug¥ejas robeZas un o — tangenciilais
spriegums vz §2 apak3ejas robezas.
* Konkretizésim o], ¢ un o7 izteiksmes:
' of = [(ou -0, )nfn? + o, —nt)), (1.9)
kur nf un n:" — (2 apak#&jas robeZas vienibas normiles vektora komponentes,
¢, — spnegumu tenzors, kura komponentes var sckojodd veida izteikt ar funkeijam

iy, X hun wa(xp X At NI ) ST Lty
o m(l+2p)ﬂ+ dy ,X_ﬁ.
. 3.[2 woovL, Lwer L N
__(1+2p)£";+13“' (1. 10)
: » ok,
oy i";) o,
Ao T
Vienibas normiles vektora komponentes: 1
nt = i)
- S JPEY A d )Y w‘i*
. 14 gy a1
VrORY + (1 Py
Tzteiksme tangencidlajarn spricgumam: PN S T !
Of't(loz:—011)"=T":T+0'1;("|T: "";-: ))v {12
kur #] un n! — vienTbas normales vektora komponentes uz £2 augiéias robekas:
nl = q'(x)
‘- ST U
(.13
[ nf 1+f(~r| o " LW S
- VY + U+ () e
Izteiksme normala spneguma aprekmasanal
aF = o0’ + 216,070 + ounl t1.14)
Pievienosim saistibas nosacijumus kontaktzonis: e IJQL
Sqix)=¢(x;+fixy)) X (. 15)
VX Pl )=rix;) Adms () 16)

2. Tuvinata probléemas nostadne.
Lai yinan atrisinatu apliikojamo uzdevurnu, piepemsim, ka Lamé sisigmas atrisingjumu
var izicikt forma:

txy, I_V)IAO(X])'FAf(Xj ),l'_1+A_s(X;)I_‘2

1Ay, )=Bolx )+ By(x; b+ Baofxyhu 2.

[
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kur A; un 8, — nezinamas funkcijas. lzmantojot robeZnosacijumus un sakaribas (1. 6).
funkcijus Ay, Ay, By, By var izteikt ar parvietojumiem f. ¢, p, r:

A :f_"'ﬂ_,qcal
2
B =

9t g

5.
f-p
a=1=P
26

A FHE TR L e e FA

1

g -4 ‘5’ v pe LT, PRUN L RIS R R N
2

Polinomus (2. 1) tagad var parveidot forma: R
+ - 1 g T
rr.(x..xz)=u+f—2'£~‘1*’Ae(*‘:' -&7) e

R (2. 3%

"':(-'-'1"’*'2):%‘*’4;’-13 +Bz(x§ _5:}

Saprotamis. ka tada aproksimacija nevar apmierinit Lamé vienadojunius visos upgabalu €2
punktos. [Epec prasisim to izpildifanos vidgja integrala nozime. integréjot pa stani 1~ 8, dy.
Péc videjoianas jegiisim sekojodu vienadojumu siste€mu:

SOA+2u)(f"+p" )+ (A +1)g" — r')+ 4184, —%5‘(). +NAT=0

Sulg” +r" )+ (A+(f" — p )+ 484 + 2u) B, —%6"#8;‘: 0

ar robeZnosacijurriem;
p)=pi1)=0 i S thta= E o0
Hi=rf1}=0
o4(0)=gf1)=0
Jin=f11)=0
AA0)=AA1)=0 ;o Fitw : ) r
B(0)=B:(1)=0. ' (e p @b F

3. Skaitliskais algoritms. S
Pec videjolanas esam ieguvudi sekojodu kontakiproblému:

S +2i(f" +p" )+ (A + g’ — r)+ dubA, —%5-“(1 +2nA"=0

Su(g”+r" Y+ (A + 0 F - p')+ 48(A + 21OR, —%5";;5?’: 0
B ' : . .

LA TUE WY, T =
ol =0 !
o’ =0

Srg=(xr+flx)) P
vixpHp(x)=rix;) coal e el g S AmIn
pit=p{1)=0 CRRTTR
HO)=r{1)=0 5750

giOy=qi1)=0 .
f)=fi1)=0
ANO0)=A1)=0
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B:(0)=B>(1)=0.
So problému skaitliski risindsim ar diferenéu metodi, izmantojot sekojoSu itericiju
procesu:
1) izveidosim vienmeérigu rezi

wy={xix=ih, h=IIN_ i=l. .. N}.
Tuvindto véribu apzimé3anai mezglu punktos izmantosim burtus ar svitru augda.
2)reiga mezglu punkms uzdosim sikuma tuvindjumus:

T p.‘"q,"mx) =y
""N f.v Pu PN"'..-'TN =g, =gy =0

3) diferen¢u shemu 1egusm1. atvasindjumus aizstajot ar atbilstoSas kiirtas centralam
diferenceém:

- Yt Yo
o 2h "
ot Vi —2ytyi,
STx hz

legiisim sekojodu diferenéu shemu:
aA, —-cA, +bA, =-d

—na +m-E o =0

i

b, = =—5 (A+2u)

G =§5’(?~ +20)+ Audh’
d,=-80* A+ W) Fy, +Pe. )R+ OH(T, -7, )

4
L=m=—§"
i =m 3 U
=§53y+46h]().+2p)

0, ==&’ Ju(qu +7z, ) (1""”)”3(}5:‘ "‘ﬁj_)
K = Zb =0
B, -5, =0
legiito diskréto robeZproblemu risina ar faktorizicijas metodi. Rezultatii iegiist
t‘uvma_]umus

A, un & i=1. N-1.

4) lai iegtitu tuvindjumus p, un 7, kas apmierina nosacijumus

5] <&,

F(x+f) =T,
aizstisim £2 apak3&jo robeZu ar lauztu liniju, kuras virsotnes atrodas punktos P; ar
koordinatém

(x,+p.—8+F) i=0N
un rikosimies sekojosi:
a) no formulas
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33_[—2}1( 25 258 ]F__(l+|!—7i') {fza -25A. —F, ](“-.& ):_[l+f_1 F)

(}

(7, ) +(1+ _ﬁ.‘)
atradisim tangencialos spriegumus lauztis linijas virsotnés,
b) parvietosim P; pirmas koordinates proporcionali Ef lielumam, tikai tam pretéja
virziend. legiisim punktus ar koordinatém
(x,+p—08".-8+F) i=LN-I,
c) lai ¥is operacijas rezultita biitiski nemainitos £2apakiéjas malas fornu. jauniegiitos
punktus prc’ceslm uz lauztas linijas nogrieZniem, kurus izvélas sekojosi:
(X, + P.—8+F,)
kur j=i-1.ja @, >0,
j=i+l.ja @ <0.
Péc projekcijas iegiisim punktus ar koordinatém

(ﬁ B gie B- ﬂ.)_

kur
7, ~F,
o= e ——
X, -x+p,—p+60,
X +p-8,8 ) —F
S e Y 2:”_,_5
x,—x+p,—p+60,
1
al = —
o
5+PpNx, —x+ P, —p+0,5"
B = (% + P X, ARG ChTE .,)JH__'A_(,5
r—r
Tagad var iegiit apak3gjas robeZas punktu jaunos parvietojumus:
—r+l IB—JBI
—-X;
o -

S+l _ ﬂ _ﬂ :
=8+ al_(;»,a
So procediiru atkarto, kamér tiek apmierindts nosacijums
|*o',"| <g i=LN-1
5) tuvinidjumus augdgjas malas parvietojumiem, kas apmierina nosacijumus
o<

S+ =9(x,+f)
iegiisim analogi ki punkta 4). aizstajot f; un g; ar p, un »;. ka ari 8 ar -4,
6) lai iegitu stigas punktu parvietojumus, kas atbilst £2 apaksgjas malas deformicijai, ar
taktoriziicijas metodi risinasim diskrétu robeZprobleému
=B
T =204, = 2k
' v
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kur
F_SitS =%
" S_'
=[uz +2m)P, +3-[‘?‘—‘i—26§1 ]]tf. y
f 25 i b
s. =,u[ff—+5—2522. -7, ]Fi. (1+3.)

% =[w +2m[—‘7%—25§n ]+,1;—:., }(1 +7.)

s, =(t+p, ) +F )
7) iteraciju procesu beidz, kad izpildas nosactjums

“ﬁ’ —F{*‘| <E,
8) péc §i nosacijuma izpildi$anas,ieglisim tvinatas véribas &, un i, rezdu
i i 1 26, — .
o, %@, ={(x.x, )/ x, =ih, x, =jT. h o T =0.N. j=0.M)

mezglu punktos, izmantojot formulas
;3 _1 f, ™ 1-75 A = 2
i (x, "r3,) = I_P +szr +4A, [(_IJJ ) -6 )

2
g+r.  g-=r = 7 5]
ntnz) =224, *Bz.[(X:,) -5')
4. Rezultati.

Nelielam deformacijam aprakstita metode atri konverg€ un dod fizikilajai situicijat
atbilstoZus rezultitus.

KADAS KONTAKTPROBLEMAS SKATTIISKS ATRISINAJIMS. Desmitnicks 4.
//Matematiska modelsSana. Matematiskas fizikas lietiskas prob-
lsmas. - Riga: 1U, 1994.

Darbd tuvinati risindte Lams vienadojumu sistsma, kure =p-
raksta elastiga kermega un s tigas kontaktu.
1l zim,

THE NUMERIC AL SOLUTION OF A CONTRACTPROBLLM . Desmitnieks 4.//
The mathematical simulation. Apnlied problems of mathematical
physics. - Riga: 1U, 1994.

The paper contains an epp roXimate solution of the Lam’
equations system for the contact of the elastic body and the
8 tring .

1 figure,

YYCJIEHHCE PEIEHWE CJHCA KCHTAKTHOW 3AJIAWA. JecwurHuerc A.//Na-
TEMATUUECKOE MoLeJMpoBaHue. [I[puknanHwe 32nauM METEeMaTHueCKOH
¢usuku. Pura: Iy, 1S94.

B paGoTe paccmoTpeHo NpUGNUKEHHOE peliEHUE CHUCTEMH YPaBHE-
HU JIaM:aI » KOTOpDaf ONUCHBAET KOHTAKT 3JIACTUUHOTC TENa U CTDYHH.
puc.
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M. Ty n6e
HHCTHTYT MATeHaTHKH H MHbopHaTHKH JIY
Pura

YHcnmeHHO® HCCJeloBaHHe GOpHH FpaHHUL pa3Jleia

$a3 NpH BHPANMBAHHH MOHOKDHMCTANJIAa H3 pacnjyaBa

MaTenaTHyeckaa HOAEeAb 3ada4H B KJACCHYECKOH MNOCTAHOBKE OIH-
CHBAETCHA CASAYMIMHH YPABHEHHAHMH H yCHOBUAMM, YpaBHEeHHeH Tenjone-
peHoca B AByxdas3Hoil cpene

%l (1 guad i) +

¥ YCNOBHEM Ha IpaHHlUe pa3jena ¢a3

[lg’mﬂbsz ‘R =¥¥(t), w(x,'c,t)/ i 2>

g  w?
[
¥ cleJyPHMMH YCJOBHAMH HAa BHEmMHHUX TI paHHUax paccHaTpupaeHoll o6-
nacTu:
du =0 L(/I Bty o AT B, = L 18
o > M= LY 7 s Tkee T
=0 (a)
19_“:.! =AK  celwnr]
9’ - ,# 4 (5)
A dw =ee (W -wuy,) relov)vl(t,,R]
¥ [x=0
(6)
u(x, 'L’a) :u/H (x|..‘l) g
3nece ulx,r,t) - TemMnepaTypa B 06JACTH HW3IMEHEHHA, C - ynaenbHas

TETNOEMKOCTE, 3 — YA€JIbHafd CKpHTafa TennaoTa ¢$a3oBoro nepexoja,
u_ ~ TeunepaTypa pazoporo nepexoga, A - KOo3pPUHUHEHT TENJOCIPOBOA—-
HOCTH, TepnaumMi pa3speB npu nepexode U3 TBepACOH B muAKyw a3y,

[4’]ul - o603HAavYaeT CKAa4YCK BeAHYHHHB 3 NpH nepexoje 4Yepe3 paHHuy
L

8, » 5, — TpaHHUa pasaena das3; vn(t) - CKOPOCTb JABHMEHHSI I'PAHHLIbI
»

pa3gesna ¢a3 No HanpaBASHHK HOpPMaJH nqn, HanpaBAeHHOH B cTopouy

wHaxoll das3w
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Ans MNOCTpOEHHA YHCAEHHOTC HeTOAa pelEeHHA NpOoBOOHTCA NoKalb-
Hoe ocpefJHeHde ypaBHel-mii 3aaauyxd ~1~-. B pPe3yaAsTaTe JAoKAaJepHOI't OC—

pemHEHHR YpaBHeHHe (12 ¢ ycaoBHeM (Z2) HOMEM 3aMEHHTb YDABHEHHAMH

%:W(J.Ww)+f%2+f‘ 7>
&Z ﬁawé’(ﬁ -/x- x/) 6(aw), 8>

@ b A W] PR a ff T - AW
0, £<0 0, =0
rae Au = u_ — u, Bl(f)- 1, £20 K 8 (f)=- 1. £sg ~ EAM-

HHUHBE $PYHXKUHH, p© — paddyc JIOKAJLHOro oSbveHMa OCpeAHeHHA Ha rpa-
HHUue pa3saena ¢as, x* - TodKa Ha rpaspie pazgena ¢as3 g, OyHEOUA
ni{x,r.t) - OTHOCKHTENALHana Aond TBepaod ¢$a3p B NoKaNtbHoh O06beke
ocpeaHEHHA Vp Co -OKpPECTHOCTM rpaHuUus pazfena ¢a3d). B atoMm oBb-
eHe 0 < nm < 1. B muaxof Qpaze ni{x,r,t) = 0, e TBEepaohd ni{x,r,t)-=1.

Tormna A = A‘n + Azcl—nJ, rae k’, Az - 3HavYeHHs XOo3dPUOHEHTAa

TenACNpOBOAHOCTH MaTepHana B TBepaoH W xuiaxol dase.

Kak noxazaHo B ~1.~, pemeHus ypaBHeHug (7D ulx,r,t) < yuyetTon CBI
CXOAKTCH K PEMEHHK HMCXOAHOH 3ahdavyu npu 2 + o Teneps K ypaBHEeHHW
{73 HOWeN NPHMEeHATE PA3HOCTHHE HMEeTOOH GO CKBO3HBM CYSTOM 6€3 Bbli-
AeNeHHs TpaHHUB pa3dena $az. YpaBHeHMe (73 B LHJIHHAPHYECKOH He-

NO4BHXHOA CHCTeHe koopawHaT {x,r) numeTcs B BHAE +

\
..; i
9 9 9“; 6LL . C
Q_L;_Ig (haar,) ax(lax)*fat ”

ERN 1]
Cf=0, T.K. paccHaTpHBaen cayuyal 6e3 BHYTPEHHHX HCTOMHHKOB Tersal.
Iast YHCNEHHOrO pemeHHE BBOAHM HeDaBHOMEDHYK CeTKy B flpocTpaHCcTBe
= 151 Li% - = -1 =g = = = =
w, ((x‘,rﬁ.l 1M, 1552, %, x.‘h.‘.rju rega X, r =0,x1,r =R}
10>
W AuddpepeHUHANEHOe ypaBueHue (9) 3aMeHSEM pPAa3HOCTHmM. B HanpaBne-

HHH t Seped pabHOMEepHLE mar T, t--tD + kT,
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Tak xakK Mbi paccdhfpusaeu 3anaqv B xﬁgccuqecxoﬁ NocCTaHOBKE, TO
CKPBITAAl TENJOTA BBAENAETCH TOJMBKO B OKPECTHOCTH IpaHHLb pa3ieJtsa
dasz. [IpH HCMONL3OBAaHHM HETOAa JOKAJLHOMO OCpeJHeHHs B Hasoit p -
OKpECTHOCTH 3To#f rpaHHusl COOTBETCTBEHHO Pa3HOCTHYK aNMpOKCHHALHK

ysieHa L B ypaBHenuu (11D 33anuceBaem B BHJAE;

(—Z)M”—/sauﬁt‘(e(m V83506, (15 ys 1)1 6007 Jo(43)) - 12>
4

K GYHKUHIC 7 OnpeAesAeH W3 ypaBHEHHS

'S'.‘_, k: . "] ot k. " 22

-—7“ Z'J :[5 Auo‘J' (9(‘“4'4')&(4‘2;})0¢(?h4‘|’¢ 4 ﬂ4)+ 6(2 lJ)g(— AM"(J ))J €132

(3
raoe nltﬂil =~ 3HaueHus GYHKUHM 7n(x,r,t) B TOYKAX, CABHMHYTHX Ha mar

QnNpoOKCHHAUHY B JIKEOHM HAMNpPaBJEHHM MO NpocTpaHCcTBY. [paHH4Hble
ycaoBua €3> - (S) anmpoKCHHMMpPOBAaJHCh OGbMHBM ofpa3od. [Ana pacue-
TOB NpHMEHANCH 3¢PeKTHBHBA HTepauuoOHHBIl MeToa HenosHoro L] -pa3-
JIOXEHHUS COMPAMEHHBIX rpaAWeHToB ~2,3/.
Ha pHc. 1-4 npeacTaBseHsl MOAeNb ¥ PE3YALTATH PAacCHYETOB TNOJOWEHHA
TrpaHHUp pa3zdesia $a3 C(PpOHTA KPHCTAJNIM3AUHHD) B YCTAHOBHBWEHCHA Ten-
sl0BOH pexuMe. Ha pHc. 2-3 noka3aH cnyﬁaﬁ. Korja KpHCTaJjn nepBo-
HavyaJlbHO GBJI MOrpY®eH B neperpeTehil pacnnaB (foka3aHO MNYHKTHPOHD.
OxnamneHHe NMPOHCXOAHT C NOBEPXHOCTH KpHcTanna. [lpocuuTaHe cnydad
< JABYMSA Ppa3JH4YHBMH TeMnepaTypaMu BHemHell cpeas: TBH= -500° Cpe-
anrHas TeMnepaTypa 700'K. pHC.2) H TBH- -400° ¢ peaskHO BOOOK,
pHCc. 32, PacuyeTsl nokasBapT YCTORYWBOE MNOJIOKEHHE IpaHuubl pa3jesa
da3, NpuUYeH U3IHEeHEHHEe TeHnepaTyph BHemHeldl cpeap HEIHAYUTENBHO H3-—
HEHHJIO ¢opHy GpPOHTA KpHCTaJaauIauuHd. Ha pHc. 4 nokasaHbl pe3yAbTaTs
pacuyeToB ¢$OpHb GPOHTA KPUHCTAAJAHUIALUHMH, KOrAa pocT KpHCTanna MpoHc-—
XOOUT OT NOANOKKH (KPHCTANN He NOrpy®eH B pacnaapl. Kak BHAHH, H
B 3TOM CJy4yae HaGanaaeTcda YCTOHYHBBI pocT KpHCTaNfa.

[pupeenHble NpHHMEpH MOKa3bBaRT HAAEKHOCTb H MPHIOAHOCTL npea-
JMOKEHHOI 0 YHCJIEHHOro MeToJa pelenuna 3akaun CTtedaHa B kKAaccHYeckol
NnoCTAHOBKE.
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Puc. 4. [onoweHHe rpaHAub pa3gena a3
PacueTs MpoBOoAKJIHCH A48 CAeAYUHMX 3HAYEHHE QHIHUYECKHX BegsHNH:
T,-50°, T2-10°. To-m", T - -3%, k=20 rpag-cx, B=0.3 cn, 1-Scw,
R=Scu LR - ’
' st e (RO P |
Jutepatypa
1. M.Iynte, H, AsamcHuh, HcconeloRadne yCTORUMBOCTH $POHTA KpHCTAd-
JIH3AalUHKH Ha OCPEAHEHHOE paC‘{ETHU“ HOAeJNH Tennonepedoca B ABYX—
dasHoll cpense ~s-llpHkJsannpe 3afadH MATEMATHYSCKOH $HIKKH,
Pura,1989. . 87,
2. David S5.Kersaw. The incomplete Cholesky-conjugate gradient
methods for the iterative solution or system of linear equa-
tious//J.of comput.Phys. 1978, V.26. P.43-65.

LR - L [ Ak w Ny s (L] " - _ath o
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3. A A.TouvapoB. Peanuzauus MeToda HenoaHofi LU - KOMMOZMLUMH CO-
NpAXEHHMX TPAAMEHTOB AN PEmMEHHA CEeTOYHBIX YpaBHeHUll Ha pa3nuu-

HeX magnoHax- // [lpenpunt UMM um. M.B.Kenmma AH CCCP M. .1984.
M 174,

YIK 536.421.1+536.24

YUCAEHHOE MCCAEJNOBAHHE @OPMH I'PAHWUH PA3IEAA ©A3 MPH
BHPATMBAHHK MOHOKPHCTAJINA W3 PACNJABA. M.Tynée -~ MaTemaTuueckoe
mozenipoBanue. [lpuknagHele 3asauu MaTemaTuyeckod ¢u3uxu. Pura: JY,
1994,

B HacTosmell pafoTe npoBeseHO YUCNEHHOE MCCNelOBaHWEe ycToit-
YUBOCTH pOCTa KpPWUCTajJia Ha YHUCJIEHHON MoZeJ M 3ajaud o $a30BOM ne-
pexole. Hcnom30BaH MeTOA NOKaNBHOrO ocpenHeHusa. [loxazaHa ycTol-
YMBOCTL [MpoUECccCa pocTa.

Hn. 4, 6ubn. 3 HazB.

NUMERICAL ANALYSIS OF FORM FOR SURFACE OF TWO PHASE AT
CRYSTALIZATION PROCESS OF MONOCRYSTAL. M.Gulbe //The mathemati-
cal simulation. Applied problems of mathematical physics. Riga:
LU, 1994,

The problem of crystalization in the classical approach
with method of local averaging is solved. Stable crystal growth
process with smooth phase transition boundary is shown.

Fig. 4, ref. 3.

FAZU PAREJAS ROBEZAS SKAITLISKA PETISANA NO KAUSEJUMA AU-
DZEJAMOS MONOKRISTALOS. M.Gulbe //Matemitiski model&5ana. Matemi-
tiskas fizikas lietigkas problémas.-Riga: LU, 1994.

Darbi p&tita kristalizicijas probl&ma klasiskaja nostadna.
Lai varstu realizét skaitlisko algoritmu, matemaAtiski modela iz-
veidei izmantota lokZlas viduvE$anas metode. Specidli veidi maode-
1&ts no kausE juma audz&jamu monokristalu augfanas process. Skait-
liski model&dts stabils kristala augtanas process.

4 zim., bibl. 3 nos.
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H.Kalis
University of Latvia

NUMERICAL INTEGRATION BY FINI TE-DIFFERENCE METHODS
FOR SOME NONLINEAR PRO BLEMS3

We ccnsider the gpplication of monotone difference sche-
mes to the solutions of some non-linear one-dimencional and
two-dimensional initigl-boundary problems for parabolic type
partial differential equations.

1. The nonlinear time -dependent one-space ¢ imensional
problem can be wr:.tten in the form

_'é_ LS
Bu ks 5% x 05 )+i
M{K"o “[ = "0 ult-— _-((U{) )
where the coefficients of l)?o and function q: depend
on X, U, UMK, 0<x¢f, t20.

The corresponding discretized version of equation (1) for
monotone difference Gcneme

(g nt4 gn)/r* cr/\g 1L~\1~5) Ny +1f "
gﬂ_o 4°=Q: ) (=fn1,nz0, ©
where g . i ) Lﬂ denote the discrete approximation of A{ }. \f
at the mesh point A=X' amd attie €=€p |, 0¢Tg1
- the parameter(vcirht) of schemes, Ag‘_—: i‘g&'{-ﬂ{)' : dt‘"g- )
- the difference expression, B-:.-. t‘- 11:-.- vYs d‘?%?‘/'):‘
A= (B4TS: (u,/o) Fislbacilinge

schemes , (C')

(1)

- coefficients of difference
L - the time step size gna non -uniform
grid mesh sizes, N‘l‘i - the number of mesh points,
%E:xi; t-;; 'f’{-“xwl L;f’—( h +'3' )2

= S(z2)=2/(25-1) 70,
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Ql:_} dt‘ and l‘ jdf: - values of functions \)’ °( in
the corresponding points Xl'..%b?- ( X" + xi—i) /1’ and
Ry, = (xl+xl+1)/2' "

Modifying fom of g we can Write (2) a3

/\‘é (vé’ 3;( )f:_ Cd)ﬂjx ) (3
th —oth /(%Y
(&fgx)/b g_itef +(gw13 ”'f L(y ﬂt “dit )/ ]
(ot Ty = @A) Lot i) el (Y, - oifimyel]

In the cese of unifom grid (rﬂ = = =)

wh A‘g:}gxx—dgx e

@xx _(gm“&g L'-i)M;'b (fj ) (g‘m
2 )/(:z)i.) =V 05)/z>0b,
gf(va VI, A= VETIRY,
R.= v*J*/ﬁ.*' P y-p>0, & ..3,+p>o

whe re

In the case of constant coefficients \), we have the
Ilhyn difference scheme L 2.1 with the perturbation coefficis

entsbzlnthefom A Q’g‘-—d oy
y ‘3 XX 5 X
The discretizat ion (truncation) error of the gpproximate
d iffe rence expreasion A (3) for the differential expres-

sion u_“a_‘x(xo )—O(r%_’-(- is locally O(MQKl’gl;*- il‘.’) .
For the uniform grid case we obtain the accuracy of second
order. The presence of coefficients k in the differemce ope-
rator /\ and in the case of constant coefficients ensure the
exact discrete gpproximation of operator L in the space and
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A
monotone difference scheme in the general case (AL>O} B('>O)-
o A )
T™is is essentigl for ( O-S/bdﬁlﬂ) "'.'1_ -‘::,’3> /3 )
!

. 1t G F0-5, then tae
truncation error for (2) is locally first order in time (ir
G=0.5 , then - second order).

Inves tiget ing the stability of difference scheme, we auly
the maX imum principles [3], requiring to be positive the ccr-
responding coefficients of difference scheme (2), that is

A+TG(A;+B ) >0, TGB >0, TGCh >0,
i* T.-(d'—@)(ﬂ-"f%(} >O; T("‘G\) A(‘w} (‘E\/,i_fj") B(' z Q.
s tor s J>Ipl,0>0,0¢F 54, A >0, B, >0,

then alil inequalities gre satisfied sutomaticglly with exception
for fourth inequalit®, which can be rewritten in the fom

large values of parameters

: -1
v ~—
T {1-5)K} —, (1)
whero K = max (Ac+Bi).
, .
The classical centered difference Ch' = } scheme is mono tone

in case m:axl}’b.;'[:‘é 1. The stability condition (4) in the case
of constant coefficients and regular meshes has the fom
syt -
where G wn A/KO(J-G‘) Ky = 2(:—/411 .
The implicit finite-difference scheme (2) with O F o can be
solved by factorisation method for tridisgonal systems “‘44
2.fhe nonlinear time —lependent two—s?ace—dimensional problem
in bounded domain(O:’:X,,Sfi)osx‘zé(i;t?f(j) can be
rreapzesentzﬁ ’aiz for?ﬁg& 2—/])(4)£\ +’_a_ 10\1}‘9_‘4_) +-;
oA B ol AU TPl R YA AT B
ot ¥y dx, ~ 0%y 1 3 2

— C 4 :
M/m? U !K1'-'_é4ufx.ﬁg u[xfe:, O 4l 5 Y008

where the coefficients 4{1] olm} D‘“?O, l)({")o o

f} ani function

’1_ depeﬂd on XL,KAJ JU[) gq/ax.i) ’aq/aX_b -

T™e corresponding monctone difference scheme can be written
in the form

ad



(g"”éi )IL-G‘/\g +(4 6‘)AgJ +4fy ;
goﬂ 3"4& ‘alw guv 'gJ 3

) _i,A/’i-d,J 4,01,

where 'g /-{L ,LF( denote the discrete epprnximation of

A {, at 'bhe "*f‘sh point (xi,x&) (xg_”, x ) and at
time t O( 0" € 1 the parameter of schemes ,
(ﬁ q)
/\g (J (g‘uu A(J (gt, L-IJ)+
3 #tJ@H. J(q )gf a-

(4) ( ol
5'“15&*‘)@* —\,Mr) Ay ‘M*v (‘*:f‘)
G (zi 2=
B”’.%gﬂ (—Jﬁ-th) Ay=z. ETh y3(- zHJ)

Ctl ¢! 118 lgj -the time step size and non-un:.form grid
mzh size.a. (L-i) {_{, (uj)_ I.L} 9‘_: fj }] '},
L J
+_ xuﬂ; (Uﬁ (#;‘J.L)/z F=09+8))1%,
(‘U &J- e @ Gy @+

Pe & a Vg, v ) ol

i-[) q ) ) d g, A
the valées ofJf tions @ \)(u J(” J(z{’ {n thEJCOITBBpDnv
| ding ponts (y ~#) ,(U' (x(ux(.i%))and (xGﬂfi) x4)),
(.x(ll XU"K’)

" +
i

Similarly (3) one obtains

7 O e 14 + N2 "
:E %\ %‘g (‘)Q“‘) (“‘)g )X —L(} 53 ym= 1)‘2/ (7

|
|

|
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where

s AU O
("- vl)-(,g’ tlg)//ﬂ ]

\1“' @)t

Q\ 9@) (é)gx 3_ l_\) &3 (ﬂzgﬂugﬂ)@;’_
f-}m_ g gl ot )/gJ J
L L_C’U jj .) e [Z‘ﬁ )—1[ (yl'fff LJ) ' ‘d' \dt gt—i- )]

/ r k")g]xl) (9\3 {j LﬁLJfl ,7 )+dl \% chr‘i)
3’ /”,t;, @,‘) @ "’cf ” el h/ r“d);
@) 'iwg / LD(‘U

With the mesh sizes 1‘? ﬁli) 3 4‘ in the case of re-
gular mesches the difference operatorcz iy, ,\
written in the form

Am ~M]A}K X - fé"ﬂ y =L,
Whel‘e

)l’ dil ﬂ) & )l% J'_k\),, _,tj—ﬁ*-rjﬁ')/fz)

9, ) %
AJ-_-\)LE, M Bg JJ‘/%

P?O, .—~(Y+(3 0.

If the gll coefficients have constant values, then ,&/ }-)ﬁ{)

ﬁ( = o{. and in this caese can be obtained Ilhyn type monotone
difference scheme, where

/\ XMI’)\‘M%XT g'ﬁ( iome= 4%,

S:.m:.larly in advance the difference express ion AA&" spro
x:.mate the d:.fferent:.al eXp ress ion

= \}'3'1 PRI Wou  RIJu
Lu (k 3 } 3"1{ Eli‘z) A J%l A 3!1,

can be re-

’)



?8
with error

: 0 + =
O(qum‘t‘_ﬁ[. [ +max | it ) l} .

Using maximum principle can be obtain?.’t’i the Stabili‘g}{
condition (4) in time, whers K = max ( 5§-+3§’+Ag"-’+ A 1
T™e stability inequality in the case of constant coeffici-
ents apnd regular meshes is written in the form

S & \)-L ) where S =Jr Ko (4"6_‘))
=2 =2
If the coefficients are not constant, then the numerical expe-~

riment shows , that the difference scheme (6) may be stable,
if this inequality is not true.

3. The resulting difference scheme (6) (G‘ 1.) may
be solved by a direct spplication of Samarski symmetrical al-
ternating direction methods (ADI) in form [ 3]

=Sl g ) Rt ]
{ (g*“'l 3nf9£) IT '"‘-@‘“1) /\ig L+S‘1 /\l;{"HJr @-%) { (

n=o 8)
where G_;_F-l the we}ght coefficients.
Except ing 3""/2' from (8) one obtains the two-levels

difference equations . n =

B (3_"".. 3")[‘{ = /\g +T(1-G‘r"1)/\1ﬂ25t +f. 5 (9)
whe re B:(E-‘t&_l\,;) ('E'-rt()‘:{n_z) )
ELis o o rtden t40y opmvaters If AC = SV &y
=p@éi’ﬁ;: 9.5~ ﬂ:"l(/!gfﬁ))m:l,l( #ILJ RL - the unifomm
grid mesh 5izes))'z'=¥. +€(9-5-G‘1)/\1},+<t(o.5-63\)/1&{;)
then in the steady-state case (T80, N> 2 ) hign

accuracy with order 0(‘1:11-#':-{- l);’) can be obtained  diffe-
rence scheme,for solving of Poisson equation AY +I_ =0 (3]

If G]:Gha,:o's; f“f— ; then the difference equations (9)
are

("4 Ie= Mg ) A -EALG ),
nzo

G



e,

and they have the order O(ccz“f- ’gq't"ﬁ:) of app roXxima-

tion for finite difference equations (6), if F=0.2,
The difference equations (8) in every direction can be
solved by factorisation method, that is stable, if Czﬂ

6‘1"!:&@’70) qu__ BWF’O ifﬁ‘fCC-m,?O
@_ 2)T A‘}>o)@ G}}’Z.‘Bj 90,1 (1- Ja)“‘C:;’;'O
141-’?0 0 -3('-,>O) 1+63,TC it

3 B 41/,-

-G
(‘.)‘:

J o J

T%

that is

’gll.

(i(,{ (= ! {-G. "‘?i) .
1)mar~&; a)qu‘}/j.

This inequality follows from (4), if 031 =0, =G .

4. ™e results of numerical experiments were obtained "
mainly for one -dimensional problem (1) by considering such .
nonlinear equations ~ as for instance Burgers equations

(0( =4, Y= COHS-Z_ >O) E'j} Fischer equation

(o= const, )= msf>o,7f-uLi ) - F 4 fals
Semarski equation (_ol 0, VES Ueyﬁ“u » ‘91’1) Lq‘]
Yanenko equation ( o — = 0 ) PR 4-+3P+

+P2')P:au/'r)x) L=41 ) ER
There are obtained also some another modifications of nonli-
near problems.

T™e pumerical solutions were obtained on IB PC-386 com-
puter with Pascal langusge of programming . The results are
obtained form of grsphic on computer screen. This gives the
possibility to globely investigate the fomm of the solution
and the stability of difference scheme.
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48 example of model for the linear one-space-dimensio-
nal problem (1) (¢ = wn.cf, p=cwnst >0, {=4,

cf.b() AW, (x), W (x) = btp(rx[z)/écn (Tkx),
L\P(X)_' Wi(x)) K>/i) | 0”]) / -CO"JSt )

is presented the solution [_9_.

9y ay
u,t)= 3 LV‘/(XH‘A/-L f‘ )W(x)/)‘K; (11)
whe re it ‘K‘__\J'Q
Mk TV L

The corresponding discrete problem in the case of regular
meshes also can be written in the analyt:.c form 97

ﬂ %_ ’(J+A4+6"E'X H/“}) (12)

g Yt e (4-@)'t>~k)/(4+eu)
N L(JLCM/U vor (TA)) 15E (IHA12)

As tes t of the linear twWo-space dimensional problem (5)

L dlt e , DL S = Aain(iy).
‘ﬁlﬁkcﬂ-xz)) ¢ = ';qF_/&{’L(“ X,)/J(V? (WK;{) ) ff:(a: i)
is considered the solution

-ar't, . :
A4k xt) “;\r'-l(i 2e )401(77?(1) ’4*‘”@‘)(2)- i

As test of the nonlinear equation is considered solution
of homogenous Burgers equation ;/ia, )O) in the fom [5_']
X

Ao(("jf):'-li)(aq’ /P, (14)
where K(t‘} is solution of the linear heat condis-
tion equatmn '(_L /ax"’ for example

(xt)=1{+o0.25 t) @A1Tx) +0, Sexp (4rvt) c (2TX)
crecx)--ap(ﬁm)v/ Clw(ﬁoﬂfzf( ey
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For the numerical results in the description are used

following designations:
ng.n :ﬁqu - the minimal (min) end meximgl (mex)
values of numerical solution,

*

= ini a < £ -

Af}mﬁn ’3""\“‘ the minimal and maxfimal values of nume
zicgl solution with Tlhyn scheme,

‘umax - the maximal value of exact solution,
iP‘ O - the classical difference scheme with centered
difference (X 1))

IP i - the monotonous difference scheme.

Simulating solutions (11),(12) of linear equation (1)
in the moment of time € =0.02 (N=20,T=0.5,4=40)

-

depending on parameter IP have been obtained such results 1

-,U\Mq,\._éo s;,gm%—ez 38,5=0.51 (iP=4),

BT 3184 (1P= 0}, :

If N LIO then correspond ing M i 61'30! ?’(m?ele?
([p i)) g’ma&— 62.: ??(fp O)

If the value of the parsmeter oL > () increases, then the
thickness of the boundary layer {BL) at the point X =71
rapidly decregses, but in the case o= — 10 the BL moves
at the point X =0 with max, value smaller as in pre-

vious case (M =20) : UmaK=0.l(fL, y,:;n“—“o-'fﬁo(l'féi)}

’z}ma; 0.423 (IP 0) Comparing the numerical solutions
obtained for various GO , it is visible, if increase G~

then accurscy bet¢omes better ({'P—-i,o(:-»fO}(V:.ZO)'
if G"::O/'O-ﬁ'}i(’“maz‘“Qlli)/ then gm,(—01/523
0.420; 0.41% . t2 [P=0 |, 'then vowvress

ponding results are gmﬂi = 04256 ;0.423 ) O 9.

Hence more precise is monotone dlfference scheme (lp i_)
comparing with class ical scheme \i P O) , which is conver-
gent, if S< 2. But as soon as S 2, (for exem-
ple ¥ =10, K=Y, N=40,S=2) tnen votn explicit sche -
mes (G‘ O) rap:l.dly diverge. Similarly diverge also the
clessical scheme U P-—O) F iffﬂ = 41 not depending
on values K,
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Modelling the steady-state solution (_‘t=°° ) (13)
of problem {5) of linear equation ( ol=¢ ) in the centre
of square mre obtained the following results (A-:zfooo) -
M= 50.66, Y= 51.0§(Ny=0,=10), g=5o.;v(d4:n/fm),
Modelling the solmtion (14) of Burgers equations (1) is
ohtained (}) =4, t=0.05') , that the accuracy dzf_:m@x}%--g(,l

1) is improved if (T descresses: Mz L{(J) 0= 8.5°4
dy = 0.032 (K=4) , dy =0.006 (Ko=1),
2) a little bit depends of schemes fom
( ’P:O or lp_—fi))
"‘/ e Y
3) is improved if § increases: /\/: 20, Kpg=1% :
04 =0.050 (§=0);0.045(§=0.5); £0.043 (7=1),
Modelling the steady-state solution of nonhomogenous !
Burgers equations (1) (d=d4u) ff\l of ¥ L\V\x)‘ == 100X 1=%),
%{-(K)‘;'{OO’H:H-QWX) ) depending on parameters Ay
(4,40 400;,4000) , S(0j0.5i4),
N (10, %0;40;80;400), K, ( 14 K, <400)
have been obtained such main results: .
1) gao independing of ALgns Ay
if o{;>0 , then the solution has a BL nature at the point

X=4 where the 4},,, value is resched, if o4 increases;
it o4 <0 , then the BL is shifted at the point X =0,

2) comparing with the Ilhyn difference scheme, the difference
scheme (2),(3) is more precise: T=4, K,=%0, 1;=10-

Guax = 3-289 (V=20); 3.29F(V=40); 3.298 (N'=10)
#‘mcu. = 3.200 (M=20); 3. 299 (/=40); 3.299 (W=40)

3) the scheme (2),(3) UP——* 1) also ia more precise
comparing with classical scheme /[P =0 ) T=1,K, =40, x;=10,

{P-_-o—~gmf 3,306 (N=Y40) ; 3.302 (MN=50)

/
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4) the amccuracy of stegdy-state solution is independing on
o with exception for the convergence and the sta-
bility of the discrete method: the both schemes { {0 and
1P=4 ) are divemented, if S incresses(S 22} at T=0
and converge nonmonously, if O = 0. 5"} rP: G,
for exagmple, if X, =1,%5=0, N=20 , Ke=2 then
the both schemes are divergent, but, if Ky= 1(S=1 ¢3)shen -
Ymax= 1362 (1P=1); 293¢ ([P=0);
if 0{,1 increases the value of gmg_x decreases: ‘0:_ = -‘L,'
K,=20, V=40 — 4, =F 965 (X;=1),;3.299(x,=10);
1.40F (A, =400} 5 0.354 (X, =4000), & .
6) the convergent result with scheme '\i P:(y‘) is obtained
cnly if I;G"_: 4 morepver the results with scheme (2),(3) are
more precidely than with classical centEred diirference ccheme
3. og(rv :{0) ) :1 54 frv’—Im), 1.40 &8 “N-ﬁao),’
{108 (N=400) , Y o= L35 (NM=17) ;) L2214 20))
1.129 (W=Y0) , i.m(?(A/-—.a"o)/ Lo F (=g,

7) the classical scheme L { P‘:O) can be diversent il the
scheme (2),(3) with )r: 1 is conversent: T = (. 5_! Ay = ‘i';’)\"}

, _ . B 7
KO:/IO‘) N--.»{OO - A;Jcmax = o ffmm_ 4,40 F

By enother initigl condition ('F{-’(): K(d“’(;‘! the speeu of
convergence to the stesdy-state solution is sriater.
Modelli_ng the steady-state solution of neonlinear equat. icn
(1) (K =A™, €=V = Lo4plej= x{1 &), iy =400 5inf, i k)
depending on para:ncter._, {1)6\ Koy -'V,r {y‘* are DDtdlnE:d
following results:
1) it {.=4 , then the epprotimate solution iz similarly
in adavance ;
2) the explicit scheme f\rJ—T—O) is divergent independ~: £1  qn
values of parameter IP ( oy = (00, :If'r* K,= L) AN = 1/{7)
a faln r - - e
o o ”‘1*_‘-
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but in the case G = 0.5 or O=1 {(implic it scheme)
with parsmeter IP=0 the convergent solution is obtai-
ned if only /\/*—'— go(lf N:L{O then oscilletions of
the gpproximaete solution with monotonically growing amplitu-
de arise at point X=4 in the BL (this process continu-
es until the moment,P + 22, when the solution becomes negs-
wive)} - Yoo 4.248 (GT=1)
correspondingly with | P= fL{ Ko=4Y — ; )

Y =L AM0 (N=40 ), 4244 (N =80) )
if of,=4000, N = 80, then 4 5 = 0.5F0,
3) "if | P: 0 the pscillation frequency of the right-hand
func tion :r_ incre gses (:f,,.=l/) ) then the steady-state so-
lution hes g sine-curve character in the space With 2 posi-
tive grﬂax values and 2 negat ive %m‘n values, moreover
the deformable graph of a sine curve in the right-hand side
{ '40) is steeper as in the left side ( '70) : [P=1,
Ko=100, N=80 = 4% =0 cty, 4= = 03250

FEgia
:400)) "J’:;K‘:‘O- 329, gw':nfi—f)- Gl L4y = *“ICO) J
exchanging the sign of parameter ')(,:L the max, ond min values
of solution exXchange with places;
if 0(1:4000; 4»": é?, then the steady-state solution
has the form of sine curve with 4 maxr un 4 min.velues:

£ x A
/gqu:O.’fS”_’L ) 'g'm{vr:_o'/h{b !
4) if d =4000, {P: Y, then the periodical oscil-
lation in time are obtained, for example, if T = ;'P:i},ﬂf:ko:im’
% .
then the values g.«w oscillate from (443  until (7. 5FY
with the point AT in time.
Chenging the paremeter Y ( 4—/ 40; 400))
i o, =4000, {=1P=6=1, N= 8o , then
¥ — o

correspondingly - gqu = 0.5, O-b’fg/ .40 1
moreover if increasses the BL at the point K =71 gradually
decregses. TfY i oy endent ol the solutdon ¢f ( ¥V = ful,
A0{U{, 400 uf;, 1000 { ) , then fom also the BL

at the p_gint ¥ =0 and correspondingly -
Yoo T O 5FF S 0.56F;0.425 0144,
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If o(i‘z 400} fr:g J l):l'f-({ ! then the nonperiedical

oscillations with sharp pointed values of #, from -6, 1Y%

until 0. 11‘2/ are obtained, which osciilat ion-amplitudes

and the shuarpr pointed values descreases, if ) increases

(it V= /!()“-(I s 400 A then correspopdingly -
4=-042 F 056 ; Ig—— 0.34 = ¢.2Y ).

If Af a -4 ) s V= (the other parameters are
fixed), then correspondimgly « 10, 100 ,456¢ are obtained
H e *“O 20y 044, .05 moreover the BL at the point X =1
decreases. If dJ_— )) -2 0 ; then the steady-state solu-
tion tends to the discontimuous function | {;“’() J_) X £\ 0y 1))

j((/)- ‘jfi)'o) because the exactly solutions
4/{,—9 [‘/\.\_.'f )}._,—-{J’).;(:}Kul.\-.r!

Changing the convection temms

\Aﬁ%iuqu{,ﬁ 1, fx)—fJJ Hnt;}},\u)\/)
ir ){L“1001\\“JP i)"v (?V)f\c—(J( )’ Lf/

the gpproximete solution has a nonre;zular sine —curve c,narac—
] : = ‘ot A I
ter with the steeper right-nand side L/f J. ¢ fm S5, 5¢

lt\ })\UI

but at A =400 0 is obtained weakly vscillating solution in
the middle of segment { ;1) where e ‘,erturbat:.on increases
if f incre ases (ir.."‘/j P16 )~ g{m 0,335, "f}m.,\- =0, 35;_ ,
Modelling the Yanenko equation (l) ATL %) L - i} iA) T
= — 41 -f Al =1 _,.‘ ry ra
= X X/,f(;()-ﬁfﬁu 1{r)\1‘x),f't/-l{6) K=1,V=V, ~r3}) P q,f. £
with the botk schemes ( {P=¢ sana ;}) } deperndirg

on J);f_f {1 £ 1)1 < fb) are obtained o .qrertings enivET R
1) if 1)1 :19, 5 =1 , then the obtuin ° results by both
schemes gre identic: t=c.0es,;, 001, =.¢5 -

'.i;{m:;x =0UHeY ; 0.554 , 0.600
vut, if o = {00, then the steady-ctate colution with the
value #n:f;x: 0.439 is schieved already at *+ 2.0 ana
they has »  BL nature at the point A= L,
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b
2) it §=0.5, then the solutions with both schemes

: *

hes an oscillatory nature in the space Igm”-é O) and
the oscillations begin at the point X =1  where P<OU
and the max -.and min vaglues change in the every level pf
time;

1)—1 t=0.005; 001, 0.05 -

_g =0.8%9;0.642,0.664% ,
max#mn -0.31 ,-C. 585 ;-0-320 (1P= O)

Smar = 0.7¥9,4.037,0.9%0 ,
;jwn=-0330,—0 900,—0 906 (1P=1),
vi_ , t=0.004,001,; 0.05 —
gm—o*en,osea [0-42S
=-0.015 ,-0.15% ;- 0. 186 \JP a, iP- i)

pun =
3) if [)_“—‘ [P‘: /.L ) then the stegdy-state scluticn {/&( 210
tends to the piecewise linear functlon with the max.
in interior of the segment C_C‘ . moreover if V‘d_ incre-
eses the unlevenness are preserved in the neighbourhood of +he
point X=11 whe re P< 0) if 1)1: /J) then the unleven-
ness are vanished: -
V=4, t=0005,001; 5.5
_R_ . P ., ool ’
= 0.66F; 2043 ; .04,
may - 7 o - .
V=4, t=0005,0.01,0065, 7 & —
/ [
Adtmm._ob,gg 0.%0 ; 1.058, 4.058,

4) if O= i ]P—O V=1 ) then alsp the pegative
vaglues gppear which vanish, if t and ;jj_increases:
t— 0.005, 001, 005 —
G = 23385 4. 762 2314,
gmm_-—S 126 ,~F 525 0.0,
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5) if G-:O) 1)1:1 )

gent process,

then beth schemes give the diver-

Modelling the steady-s tate solution of Fischer equa-
tion (5) ( 1)(”:——_ }J(Z):ﬂ :LOYJJ‘(-’ ;ﬁ—: *‘{(’f“‘{.}, 'J({U: n((u: x =
- Sy e
with the explicit scheme (6),(7) (G=0, M = 0=15,
lP:i) JC}/K(’ o4 ) depending on values of = wund ¥
are gbtained:
;
1) the max, value of solution 217//) is in the middle of
\ 7z 7 s s S B
the unit square; if ® incréases (&K — L .5, (,’
the value of %’Mf{f\ reaches at the comer of square
4 ‘ % —
’5—_1!')(1): \:(, I} where the BL is formed: , y .
ST f;f,m‘ﬂaﬂjf((f(.y i Ok Tl (ol =035
0.98 (1=1); )
\ i Rl o 1“_-..:’ * [—'/"_ w3 [ &
V=0.0% — fjhm‘—&%d’ A =0),0.50(A=0.5)
OL L{O C”{:’L) )

2) choosing «{ = O is obtaineda { =0 iE
O £20a% (o) [ = 0,42 4 =a)
Yo% Lofmn” Led o )
but if V =Y ) then % = ' for all points, excep-

ting the edges of square, where 4,1£ =0,
By modelling the steady-state soluticn of linesar prou-
4 / 2 0 zagpiths OE Plrcmr o il St ety i i
lem (5) ‘fiﬁ.gz‘ LYit= - _L, ﬁ = f;, H;\u;,/ ,:;\urﬂ{“
T s DV Pl o 3 1 iy
‘(‘: L] /}f,irb(“)(g)fjff-}h_“J"-,l)f Ko "l/,l-’i_fl\é =10 )

(4 )
{ A are

with ADI method (8), depending on values of o
obtained such Fg}sults( 54=0,=0.5 )¢
: " S, i e vy "t
L)e 1 H ! “‘(’1{ | = 4OL , then (‘1"1:'1_\‘ ~ 0, $H3 una the
BL is formed at the comer of square (¥X11Xy),
. () { / ey

)(I:‘=<4'(q}1_(ﬂ( )T“L)/ob =1, 2

1) HE (2) (1) re ' ('-'Hl - ‘f/ 7}
2) 1 (=400 £ =0 op of =0 LN} <A
then ;{ = 1-0?’5—%’ and the boundary

Tma

5 layer is [ormed
A oy [1; o b LJ"; / ’
ut the edge of aquare Xi:f"“/‘j” (C )et) dor X, =( Hanld Jrd)/ 4

i
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3) if Y inc re ases, the BL and the value of gnqx dec reases :
(1) (=) @) 2 — - s b
Y= =10, (=T =400 — g = 06465,
If coefficient o/ 1is nonlinear, for example,
) (2L
= 100+ 40000ufoxs(, £ = 00 or
«M= 100, L 100 +400[0u[3%X2 | | tnen
g = 0.3719 and the BL is at the edges of square
max -
X, =0, xz;—_i or Xi‘—ol Xl:i_
If the coefficient V is nonlinear, for example,
2 2
Y= 41D 10ufoxs] , PPeg (™oL 100),
thep the . boundary layer , d iminishes in the
direction of X, -axis, if V, increases and

gqu:0-939¢ (Vo:i)/ gmq;(: 0.804 € (J%, ?‘2) :

In the case of Burgers equation (5) ( ;{U)‘_—o( “
{2) ONNCY) - Y, g o
depending on 0(1-_:0{2-:-_9{ are obtaiped such results:

oy . = - Lgbiy

0.940 (d=100) ; 0-260 (x =1000).

The BL With mex, value is at the cormer of square (4,7 ). If
of  increases the classic al method can not be used, for
exaple by o =20, A/LT*(\&:XO(ﬁ’Si) yKo=0.1
the spproximate solution with sharp pointed value at the cor-
ner f\iMJ converge graiually to the steady-state solution,
but if o(:f{)(gﬁf;: 4.5 ) ) then the method is divergent.
The divergence is very repid, by A/1= n/z:’fof {:5—0(/533).
The parameter Ko'—'-" 0.1y is the 1best for convergence by
because the process is divergent, if K, = O. 45 |
If oy Fdy (Ly=14000 ody =500,k,=0.1Y, Vfﬂ/z:w,/r’:'f),
then the BL moves,and by o/q = 4000 ;43 =0 it is at the
edge X4 =4  of square. Changing the coefficients «/; iy
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velues , depending on teir signs are obtalned. BL oi‘
spme charzcter as in the linear case(o(( why + .,,( CDHS‘C)

It is possible alse to mpdel in time oscillating pro-
cesaes, for exagmple, ‘j {004{&(7{1)4{}]4(K_dr,}{h!,,(.(,“ f)

these spolution changes in time from pooitive max, in the
BL at the point {4, 4)  until negutive min. in the BL ut
the point (Ofo) (the oscillations perlou iaf, (,J.Z time unita).

Tor the ummrskl equation 7 5} { P 1, i ﬁ(’U =0,

fffi Y SLL (f M:{Tj 2 {4 1)‘1m\ﬂl.’fi))
&
Ni:szfbj.)i /fL l*‘v )
obtained results are strongly depending on purans ten: "71, f\, .A’,f’j.
1t B= 2, w= 3 Ko= 5(/ A‘ 5.2 f 1 y then the suravel-form

solution begins oscillate and sleowly localizses in the filme.

‘JimilarlJ [¢ the spproximate gsolution by “= @ X=Y g =470,
=5 ,but if X4BiB=2,%=1;2 ) , tien the ].OCL—'
lmed ..olut ion Inee nLlb o i
s or L .20
-Af mas 7 . jrvm.«
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H.Kulis
University of Latvia

NUMERICAL INTEGRATICN BY FINITE-DIPMLEROECH LnTHCLG
TCR 30N PROBLIS OF LINAAR AND UONLIND AR 075 TEMS
OF DIWPERENTTAT EQUATIOWS

a¢ convider the epplicnticn ol monoione GLl7furenc
achemes %o the soluticns ol somv lincar ond ponlirvns ope -

dimensional und twWo -dimcnoionsl initigl-boun:

velue o rulo-
lemy Lor parsbolic type uyctems of purtisl fLi ™ rentiyl wgu-
ptiont,

1. Te nonlinear $im. <dependont onC-space = Lienciongl

problem can e weitten Lun the vectori .l Torm
u  PU Dy U .

St T = O f
U! o u/ﬁi(’,: , ul/tﬁo: %’(}() )

X= O
wheape Yo oo Tled n it ris 7< l) P O DRSS s SRR Y R ¥1ed

(2)

functicr-vecteor f dupend on X u au/u)( ( I, “ -
the vectors of anlve M ),
The correspons iy Tiont o+ vorsicn of wyusbdou. Syt

(L ';;"V (‘tnr-:*i"_-'t“;‘: sehan [ J

(9~ 4 T = sy (4 G‘)/l/j +F L~1,A/»1
~ o _ _
(0: #N—O, g‘_ ch- =0,

vwhe pe gn) f-—-:-j, ((3(' = donott th dlocrete g prodkeglion of
¢
u, 'f'l (F at e o™ nolnt X'—’X( and ot ilh!:'-t:tnf—’?‘(__
0L G % 1 - the paremeter of soiomes

Ag A gtﬂ g} 14 Lg( 3_4) - the differencs expreas-

A= s (2R A=) ) U -

- tFe coeflficivntamotris of diffirmpees schuran,

’ -
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F( & ﬁ; 1[ P(th) %:- ff:i- V{- 2:) ‘ﬁ;:ﬁ;] - the
function-vectors,
z= ,,(,) 1& - the matrix of nrder m .
S$(2)= 2(exp(2)-E)'= (2xp(2)-E) "z, s(-2)=5(2)r2,
r(2)= £ E-s(@))=(E-5(2)) Z", r'{~£)=—r(z)+l:_—-

' the matrix-functions for the scheme ,

NM+41 - the number of mesh points,
+ =
T 4 ‘F;" - the time step size and nonuniform grid

mesh sizes:

,ﬁ R P f,:-rz X=Xy ﬁ[-:(ﬂ,f.fﬁ‘-)/,?)

-+
\Jc ;d(", (. and ])(,a{ -valueu of matrix ));o(
and vectors in the COI'IQSpondln&, mesh inte rvals
(X(‘:_j_' x‘:) and ( x(-’ Kt-"'-f) .
Te difference eXxpression ga' and the right-hand
s ide function ¢ Can be Wwritten in the othcr fom, where

+ +

Al=v, S(Z*}/(ﬁ ﬁ), A= V7SCZ) (k%) ,

< -4 r~ + ~1 .

F= [v+r(z+)(1))/ﬁ f + - r(-z ) )'QU((J;
Z“ﬂdﬁ.
The both forms are equal ,because the matrix—function (5 r‘)
of the similar matrix V- o(K, andq\)_(ﬁ(nu)!ﬁ p(;)o(ﬂ)ﬂ )
are identical (3(0(1) ﬁ) pg(udfl)l))g_(d\) ﬁ)D ﬂg(f&g)) [2 -

Here £ is the identity mat rix.

Since the matrix-functions S(t Z—) assoc iated with the
matrix #= Q())" ,ﬂ have nponnegative eigenvglues we obtain A??O)
A >0 and the vector difference scheme (2) is
monotone The scheme (2) generalizes the corresponding mono-
tone difference scheme in the scalar case [l] The presence
of matrix-functions S(Z‘)) r(Z) in the differcnce operator

/\ and in the right-hand side vector-functions E ensure
* in the cese of piece wise constant value of functions
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o ot . n .
D(,l } Q{'i.ﬁ(- and 0{1 \)[', {:(. the exkact cicorete gproximati-
on of steudy=statc boundary vuluc prohlem (1) ( aq/at =0).
The matrix-funct ions S{Z), {{Z2) ur calculating on the
spectrun of the matfrix * {_? Jo The impiicit finite—diffe-
rence scheme (27 with G':’: O cun e solved by vector-fac -
torisution method for tridinfonal orotems [3}, and  the
scheme (2) with 6= 1 1+ -hielutely osable. The otubli-
lity conditicn in thu case of conutunt coe{ficivnts ~nu regu-
lar moapuen haa the Form ||y | Kol —6)4 ?")(8)'( u/)(‘ < 4,
el L Xl<:{\>\kj2‘)€i '(\}\K/,’{), I’\kﬁ tre z—f‘::;:nvzx_lues oL thue w7
neten 2, K= 4m Ko = 2T/ hY.

r,oconputies S(2), r{z) on the spectrum of the
matrix 2 owir M= 2 a0 '

.'SL?:) = S(.hif}"z,) 2t O:{}‘ﬂ’\:t) E ]

—~ — {3
riz)= ridnrgy e+ ringh) &

Goovs o AL Ny = ke whdeer 0f b ool

iz, r oy [ 1"
- "M = : LT L A4 = 2 = 7
2=( ) ) o< 1 (WJ_
v }«1# Ay fhe o2 Gl Vi, e .
MLt Zax+br5-)/2'i M=lZt 2 VD)2

2
D= <244‘ z,m) Y Z42 Zu 70,

i gy =3 )= 5O Oh=22)
?(bilhlj :S(h;\)_}\&f;(%i))‘z,),
Y‘(}\U >\2_) = (_V‘(?\,T)_ Y"()\)\))/’\hq—%l)‘,
Srng) = PO =R VA R )

Siry =N/ expOn)~ 1), r’(b):(iasu))/ A
s500)= 1, y(0)= 0.5.
|53 \‘?\1_: }‘2_, , theu D:O
w0 k) = 5K) = )-SR SO P

Fha) = g = (ST s )=t
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if )\1: a.‘_{:*g-, )\2:a~g‘8—i the complex eigenvalues

/L*— =1) , tmen D<0,a=(2,t2,)/2, 4= VDI /2
ml,»z)- Imsn) /6, Scxi,m- Ras(h)-

~almsO) /6, ImS(h,)=(C( wb-1)-ac%sinb)/d,
DesOr)=(a(Pwb-1)+Gesinb)/d,
PO = Im r(M)/ 6, FOn) = Re rirg) -

—alm )6 == S{h,x) - 2& P g1 d2)

[ P(ng) =~(G Ims(h) b (1- Ko s(0)) 1 a¥6?) =
=(50raxa)-1) 4/ (a%6%),

o r(p) =(a(4- Kes(h))- Glmsrw))//q 484
=a5lhha) = @ PChpha),

ke d={_><p(2f2)= szp(a)wog + 1,
s, Ims

- the real and Imazinagyypurts ol complex
nunber § .

The quroxnnatmn expressions of S(g)) p(g)’g(g), r“(é)
with (51 = 40

Ste)<(1+€la + €% + 53/29)°1,

r(E) = (0.5 +&/6 +£%/2Y +£3/7-20)S(€),
site)=(0.5+&l3+£Y8 £330V 576),
ree) =-(4f12+&l12,+2e 45 +£760) S(E) .

(3)
We will consider solving the equation (1) subject to the

Neumann type boundary condition 44 (D) [ 0 The steady-

state equations system (1) with piecewise constant 0,117{
can be re\MrJ.tten in the form

Q)u) fodu +f:o.

(6)
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let us consider an irregular mesh formed by mesh point X, -

(X = ﬁ;q .2 Xy= ﬁ,h /,2, K{V" f_) and introduce the matrix

function W(X) ZK_P( de%’)'—EXP\nd(X X ))
XG\H,X),KG(K“A(H) =Pt

Ten equation (6) can be expressed lecally in the self-

adjoint fomm |
(Woa')'=-w{.
A 4 It s . T * i
Integrating o:rer \Xﬁuﬂg/z_) i\ 4 X%-—-O, XJA—-(gi‘fﬁti )/‘2;

and using zu (O)— we obtain the vec tor equation of
bulancc

3= j (io/‘_-L(aU) (& exp (- *g*‘/z))er
+(’£1)-‘1((KP\"( hi%)- t);{i

] Ut)t V‘/))u - the continuities vector-function,

3 =3(xy), 3. = F¥y)=0.

We see that the first difference equation (2) contain- the
difference operetor N\

NG, = Aol 44) (1)
and the vector-function
f{ [P(Z*)[uf +§ (2 /l)ﬁ - ,E J(a)
Similarly in advance the difference expression

Agﬁc/—i % An;—i (-y,\/—gf gﬂ/—i) (9)

and vector-function

-1 -4 + + T - 3 =
“ ﬁm—q[ 3 (-ZMM) gn/ft/z'ﬁm-xf‘{‘Zﬁi)gﬂ-f'ﬁvﬂglo)

by
approX imate the differentiesl equation: (6) at the point

: +
7’(,% %f 6 (Xﬂ_l‘: {“ ﬁﬂ_im) with the boundary condition
u'cl)=0.
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=+

_L “
By computing matrix-function Ay (2/‘3—:) on the apec- !

trum of the metrix Z& with m—= 2. we obtuin

- o~ —~ o~ —
51{2/,2)_:: s (h,,hz) 2/2,+ S (M) E,

where M= 1/2 )ﬁil:)‘z/z;
_ EIAE s*(i;)-s*(%;))/(% -
- SRR ) = 3N S ST L),

SN =(&xp () - 1)/>~ s*o)y=14.,

— e T N ‘-1
(2/2) = (SN, T ) 2fa+ S (R0 E) =
:,,1._(52“/%”3‘“ ~$2,1/,2,)
)

det \ -s2,/2  $2,12+3
et =s(2)5(x,), = S{Xu™), $=5 (pons )
Similarly

S’( 2/2)= (sz-/.'{)+&/2) ~/(5+1)E/2,+5)

(st1) zu/g+5 -{st1) 2,12
dﬁf ~(St1) Bq /2 (SM) 2, I2+F
ek =0+ S(OM)) (s
. Te presence of matrix-func tions Shl'(zl_g)) §L(~Z/l) in the
expressions (8), (1lo) for F‘L; FM-_‘L und the form !:(/
/\lg )L—- ,2 M-2 and (9) for difference expressions A#l)
/\gﬂ 4~ emsure in the case of piecewise constant o{ p),_ﬁ

the exact discrete gpproximation of equations (6) with boun-
dary conditions y'rp) =0, u'(€)=0,
2. The nonlineer time-dependent two-space dimensional
problem in btounded domain (O S PES €110 £ X< L’l)
can be represented in the veciorial fom
rou g M3y Y D (HHIRYL ) 2, (Uc}q .
i‘a—t OXy Xy OXy 0Xe c)ﬁ
b

- = - = (11)
ul‘f:” ul/"‘fei {-"f" u{"f&, J /t=o (\O(KU&) !



37

() () (1 (2)
#where the coefficients-matrix ;X P(} 0,9 »0 of

orier b oné function-vector ﬁ depeénd on (x_hxl)l‘u,
Mfory, V4foX, (fiU - the vectors o axder uy ), T 20,

The corresponding monctone vector-difference schems can
be Written in the fom LEJ
intt) o ('“A 7q- /lu A+ =
‘J yJ)/ % S SRR SN A

n_‘ = . (12)
go'*gﬂ,' te ¢N =0 g - !;grﬁ J-O A./J\

who re -y I(. denpte the dincrete cyproXimstion of

,{,{I £ ‘)aj at tl’e mes: point \/‘\'1,”(4) (U XU) et o

t ime *t') , 08% % J_ - %h rucsnetor of cchemesn,
“i"l) fV + 1) - tne punter of mesh pointa,

Wi—/ ’H~;
/\g - J ‘4‘”,} gfj ‘ "OJ g(i.)r‘
-t'A(J ‘,‘J /j‘}) :_'.z')_“;f 34
*_1 }1-) L)[K)f/ ﬁ(t)fﬁ_('&) >0 -

S - g A
Ay = stz (J”) ; q" ; A7) >0,
wu ,;; {« G
/ﬁ . g~ ) ﬁ A ru ‘\L)
G(ZL u')_ \,; 1; (20 X\JHJ (J) ,
4 } 1u - 2 e
K ( ) & ).

_-}q_(ﬁ"-* 'f/,\))/’?l K = 1‘2, - p e
(K’— I+ ) )
E'}} ) o - the veiuss o" fune tions -m.af rix Z ++ in
the corresponding points (K"b %) K{J)) ( \H%' , K= 1

. \:(f',’xu g\)) (K{u (Jf' ) k=2 ,

where ZJ(‘ \, \(t’))/z A(é /!. (XO)XV ))/2
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The differepce scheme (12) with piecewise constant
functions dJ Yy is not exact. The difference expressi-
on MM eproximate the steaky-state differential expres-
sion with the truncation error of second order. The scheme
with 0F O may be solved &y wnapplication of altemating
direction methods,

3. T™he results of numerical experiments in the regular
mesh Were obtained for one-dimensional problem (1) by consi-
dering linear and nonlinear equations. The numerical results
"are obtained in the form of time dependent graphic on computer
IBM pC-386 screen.

As exagmple of linear model with cons tant coefficirnts
of problem (1) is m= 2 ,{ =1,

dz(j:?:;;,o),‘):(io?o);f:(i (13)

end 100 20
: d:( 2 azoo) (14)

( the others parameters ure preli:ninary)’
whe re 5 . i J_ V
Y{x)= o0.01 ain (1) 1) '

The steady-state solution of equations system (6) With toundu-
ry conditions 4 (0)=4((1) =@ cen be written in the follo-
wing analytic fomm

wx)=9, (V) L1
or (V=Iu) o (x):x)‘;flx(ah)-f) Jozii )

g, ()= xE~ (xxp (zA)—E)(exP(z)—E)‘l Aiss

- the matrix-function assoc iated with the matrix 2 ( -
the parameter).

e both forms of solution are identical,because the nut-
rix-func tion of the similar matrix })-’o( and ¥y &

(1)*1'1 = ”-L(O( \)—1) D, 7 is equul.



vay ¥ 3] .:"] -
L= u1(0)=0,u:’1): O, then
4 !, - . —-i_
3 LZ)‘:\K“UL-(pr(zx)uexlofz))z ) 1)
tut, if U/O) O I I’f) O then
éh (2)= )(E-%XP(Z(X 1)) ?J(Pk 3})2 : (18)

Py com-uting the matrix-funct icn 9’)(( ) o o smect
ol the mubrix A simils-1y (3} ve Fof
P p—
’ . [ ; ! 5 i
P (Z) =G rud ) Z+30uNn) S,
Whoaz o >\1, AL - tho vienvelues of the matreis Z‘ of .
.

Antond orior, LT 8 J‘;

F ) = 3, (M)wg(m,m,

Wroo correuponting eaprmtion Lo (WF), (17, FRRY am -
Jetr)= K=o ‘ZXFMK) i)fﬁ?iﬂm) i)
;}XK'\’)—\A ~1)-{¢ KPR (AX) - Q,QP’%)))\
P}K\A)" % - fﬁxp(%\x d_)) f)(,)k-))))\ ]

L v of e ey (2., (1o =g 0t U(—OD);'.

‘%14: O{M ‘)111: ) Z?l“dilvﬁf“ '20.!

-1 _ ~1
'221—_':.-')(21 922’:0.2,) Zzlhd—'!-l\)ll = 02, .
YR ,?\1 D% e vecr, N, - -L.apeeTs, :
et 4 o1 o
cs'\ )} =, A1, 39.5‘)‘*)7 ,Ll7 564,

g (R A

|

G.1113167, ’?' {),J)le = 0 ,00%E13,

- LU .)*g, . -
M(O.b) =(\( REtar )

In thue eoe of (17)

/ ~ . 1.7C 4R
m{0.495) (o.m; J’
bk oo T (18R)

atos) (18
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In the case of the example (14), (16) we get
214 =100,Z’L=2Oszx4=0-21221=20) Dza)-lO’

A = 10005, Ny =19.95, JosM) = 0.5, G (X)= 0.4999534,
0,0045091 )
4(0-5) ( 0.002 4547
Obviously that the solution (15), (16) is exuct for
iiff ti = 8 of
difference eq_ua 1:::1 Agi+i_i
N=2,4,=4'= 05,

bec ause

S(-Al2)-s(A/2)=%)2 , r‘(ﬁ/v%)ﬂ"ﬂll) &,
M4 E) (PR E) < M- E, A=W,

For the numerical results in the description arc used ']
following designations:

() “) (%) (2)
gwu;ﬂ ) gmq,{ ] g'm'n Vi qu,( = the mininal
(min) and maximal (max) values of numerical steady-sctute colu-
4 2 E
tion &(J ()) -:OIN')
e (O ] s
(} - the values of numerical steady-state =soluti-

;t at the point X, = 0.5,

ModEIIing the steady-state solution (G‘: 0} of lineanr
equation (1) with constant coefficients (13) or (14) is oh-. |
tained, that the numerical solution 4 7O (V= 2 ,10720)
is epproximate exectly with 8 decimal plece, aud if 0(0)-:,41(1}:0]
N:J,O"then

) (2)
/ljmq‘ = 011491, gm‘ = 0.01140 , (13)
() = 0.0083%4, gﬁ-} 0.00393 | (14)
T ma g ma g

As example (13) in the case of boundary condltionsu{o) uft)=0
we obtain not depending on the mesh (I\/ =23 53 8; 11)
g“{"ll:ij = 1.51199, g(&g’%} 0.128978.
1t D<O then the solution has an oscillatory nature
in the space. When A4 (0)= M(U 0, Y= yy =4, =0

dyadzg=-4%40, then g_f,,,;x,g,, g__. 2,_/?‘ ’



. Ll
img’ = ﬂn(ﬁx! )/Jm\ff—x){?/z)/ci{n (@/.?_)
Prg, = x- 5in (Bx[2) 89 ({(1-%)8(2) /+in (812},

7(0.5)= 0, 3(05J-fg(4/‘{)/’2”)
and — 9 w/”‘u‘*’j’i

= W For esample, LT -.(ﬂ‘:i’lo;

m ’{42,*‘% -

g (Y .
A =54 Ho/ o fB'= 4 a0, 35/_32; = 0.159758, g z,u’
ZT?) f) ey .

o 756, g = 0.7aT Y, 4 = 0.15376, but if
T rrahy gL max {4 L)
g{{L::l'i,J[z—-+’1U'{'/~HO)‘ oL e colutbiosps 71:}_,4|
mutually  =XClairc .

win the crst ol piece. low constanl coe s ficoeintn ve con-
o i

e - the wranple (la) VLt tio Jactoprs -{’J-} /.){1)) '()L
! it X205 ther

C P05, e e A4, V] D
/ﬁi{‘{' Sor ":(f l) . ‘ﬁ o sctbivel, .

moucll iy the
tead, = tate rolatlon «f loronr wquations (1) with pivce
centtunt coe SUL dent o h?uin‘_’"t':.
cults ({ =1, U0) = {4)=0 )
1) 1iv 'F’){ ’)JJ '{O f, =1, to: 20 wad
i) 2w (2) (‘T} _ .
Fumax = T ML ot gt = oo,
—{z) RS . ) . f2)
= 0007 A58 = 20); MV = oesian, N LG L018404
q ac” 455 (M = 20); Yoo =00 Yo = aore,
_”-1 -..!‘Z.!' )
g‘)= 4D, 3 Ce AN (A/ = ), i

i =0, D=0 =1, e 429

_C‘ (72 (l} _ e _-(1}_ u AT2
ﬂqu S, YU =TT, AT s o T2,
2]

g ) 2,
g = ca" 3 (N = Loy, ;j M cxesa, g ) = ¢A01H7,
—n -.(1} mMag 7 mMaL

f}" SO, g L (V- )y,

n i fA =10, V=400, =4, b 420 wa
U') - RS {1" o -y _;‘1_,}_ . . S
Afma; = Q0 0RR, gmqﬂ = (2209, /11 = G.L.0CP15T,
-(1!

g =ow0z1s (M= o) tf"”

' (27
fiag = C-0HOT, 4 = 0.0196G4,
15('” = 0.007L57, E}‘-"’: DLus 18 (M = 10),
P

vise
= Jollow ing exact ro-—

arpd
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g it =2 thenvaluesg 5‘” are such s In the

case M =10, NV =
5) the solution has the boundary layer at the point X =1,

but in the case 4{ = -—10,{)) - 100, {{ = 1 also at
the point X = 0.5. “) )
When of,, = 200, then 5 Z0 J £0 and

1) 1f¢j:a( = -1o.;fl’ = 100, # 1, then

’ —

,,(,qi = 0.05062, 351 « a2 BT, g“- 0 .01000,

jms 000515 ( M= 20)3 5(('/ - 004500, 4 ¥~ <0250,
9L oL

5(1) = 0.01000, 5(0: 000515 (A = 10),

2) ifr #"( = =10, {}) = 100. {L 10, then (N = 20)

& = 0.005424,

rMax = -0.002812,

l|

—(2
B S

c —(2)
{when F: :ﬁ(xf) , then ) 0.0050 3, g = 0 00251

end the difference equation /]U{X()TE:O is not exeet).

5(") = 0.00542,

Modelling the steady-state solution of nonlinear equation
(1) in the besis of the exanmple (13) [4 ] we consider the fac-
on i ) 11 fl by 1o
=100 U 1- 4~ 1 @3’

= -100 ¢ «®/ of pmportionality for oy, g 1939 17422,

(” ia) The numerical results are the Jollowing:
(F #"‘) f"‘ fo=4f= i A(O)= 4 (1)=0 JW’}O):
[/ @)
1) if :f. = :ff = ’ then
) o967, gﬁ} - -0.01001, g “) . 00814,

5(“ = 0.9687, j“ = -0.00154 (A/ 10),

(if F depends on l"(&} , then
"y (z)

max = 09738, gmu = ©0.01097, 4, = 0.00870,
¢ = 0.9738, fl’( ) 0.00157),

< @ .7 6, f‘l 6

gm“ = 0.9708, g....-. = =0.0100 cfj = 0.00864,

3(0 = 0.9698, 3‘(“ -0.00157 (/\/=20),



3

1) @2/
2) if ;“:fof =1, then
) - 1.0007, 1 = <0 .00766, y“"’ = 0.00719,
max rin max

|

j""”’" 0 .99981, g‘” = 20.060028 (A = 10),

@) 1 O . 2 1
Y s 0006, ¢ i -0.00583, ng = 0.00546,

]

|

> v
4 112 g.93987, 7’-2’: 0.00020 (A = 20),

7

3) if {!rf) _ 10;:.' f-"’= 1, then

¢« _ )7 P S .
ﬁ“lqi = 140624, jnu’u = 0.00726, gqu\ = 0.0068, a
=11 =2}
= 1.0001, ¢1i.1 = C.0002 (A = 10),
£ i

(11 vz (*)

= C - 3 Iy Doy AS 7
gm‘?.‘- = L.0e15, gnu'n = L.00c0, ’ﬂm-‘?.( = 000477,

-t/ . _
YR 1.00¢0, q’.{! = - 0001 (‘A_f = 20),
' s if T2
4) if f,l}‘: J{‘}: 1o, thurn
| o = 1.0000 ) = = L00416 (1 = 0,00 305 ’
,jmm: -eeeo, Ml e !
'j" L {3907, /7{\.. = =0 CUL ( A = lb),

UK 106008 i) TS {4/ C 00 305
.HJHQ."\ = LU ‘-1”14"‘ = .00 3, '.:jqu = C .00 305,
—it! — ‘f,f .
7' = 10000, “r. ¢.cecol (A= 20).
¢

Vien fx—m. {y—fm /i =, ffJ f"}ff NEXDS

fr . .-
thurn Lf SRR bl
. AN aas L L1 e
. l!"lf?,i = G.9uA, -‘jnu'li = T, /jm‘h = CLCRT,
Tu! s A s
= (AT ’L{ R S ST I I
Whon { { = =1, (the other: ;) wrnpcter nre prelimiinare, ) then
s e ‘ " got et 127
R i i = 1.colc R
4T Hmron o Youiy ’

. -4}
')‘ =0 .?Hl(‘-, ‘f = =010 . ;
Tn the case of the boun wry conditions « (¢} =0, 4’”’} =

{h__w H U= g, A=) «1"’;-\/,3 S

!
;1,_19( = c.mB0l, o e ceicag,
Fuopia -
i/ = (.083497, [}1{-__. C‘--O(*564,
- . 7y 1 ()
but, 1 @)= O Um0 e Y 7/¢:‘/ < G ane
- 7
AN W TR I R
.L‘{'”q . (\ ] ] ‘,"fn..(l»( - - iy )
t—jlj!! = .07, ﬁ"‘” = = .00661.

-
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Investigating the solutions of the reactive-diffusive equ-
ations (1) of biosystem t4]can be obtained the stable space

structure, If "41 = 0.0125, }’,1= v:H =0,VY2=1, K =0, fi”-
L35 A G 19- 4R PO (ot 00 )

{=a.5, u’(o}: u’(() 2 - then the steady-state soluti-
on has a periodic oscillatory nature with 3 max. end 4 min.
values (]\/: 40) s
g(f} =02, gy =9.5, y? 9.0, () _ 10.7.

i 4!

ax poglt mai
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DAZU LINEARU UN MELINEARU PROBLEMU SKATTLISKA INTEGRESANA AR GA-
LIGO-DIPERERCU METODI DIFERENCIA LVIENADOJUMU SISTEMAM . Kalis 1i.//
Matem&tiskd modeléSana. Matematiskas fizikgs lietidkas problemas.
Riga: LU,1994. i

Apskat ita monotono vektoru-diferendu shému pielietoSana da®u
lipearu un peline&ru viepdimensiju up divdimensiju sakuma un ro-
beZvertibu problému atrisindsanai diferencidlvienddojumu sistémim.

Bibl. 4 nosauk.

NUMERIC AL INTEGRATION BY FINITE-DIFFERENCE METHODS FOR SOME PRO B-
IEMS OF LINEAR AND FNONLINEAR SYSTMS OF DIFFERENTI AL BQUATLONS .
Kelis H.//The mathemat ical simulation. Applied problems of mathe-
matical physies. - Riga: LU,1994.

Monotonous vector-difference schemes are gpplied to the so-
lutions of some linear and nonlinear one-dimensional and two-di-
mensional initial-boundary value problems for systems of diffe-
rential equations.

Ef. 4.

YWCIEHHOE HHTEI‘PHPOBAI—MEEEEEOTOPBD( JYHEAHBX ¥ HEIMHEAHHX SAJIAY
METOLICM W—IE‘{HID( PASHCCTEY JiJI CHMCTEM JVQOEPEHLMAJNEHNX YPAR i,
Hamue X.//Maremaruueckoe MogenvpoBaHue, [IpUKRaHHE 245aUM MATE-
maruueckolt guanku, Pura: ?fy, ?994. oy

PaccmaTpuBaeTcA IPUMEHEHHWE MOHOTOHHBX BEKTOPHO—PABHOC THEX
CXeM INA DEelEeHUA HEeKOTODHX JMHeMHBX ¥ He/MHEeWHBX OINHOMeDHBX U
ABYMEDHBIX HAUaJbHO-KpaeBHX 3alau OJA cHUcTeM nhuddepeHIuna nEHEX
YpaBHEHUH,

Bubn., 4 Hass.
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DATORFRIGRAMMLE PARETE AKSIALSIMETRISE
KIISTIBAS SKAITLISKAI MODELESANAT EILIND

Viskaza Siidruma kustibu cilindriswas
{skat. i.zim.) izraisa tris dafadi raktori:

i} aréjas temperatiras gradients gar tra

27 trauka centra Skidruma ieagremdeta
formas stiena vertikadlas vihracijas:

Ty trauka vai stiepa rotaciia ap savu asi.

5adas kustibas skaitliskai modeldfanai » pamainjoties
ur darbes /1,27 izklastito skast data
datorprogrammu pakete IBM PC tipa persond 1A,

Frogrammu paketes aprékinu dalse reai:s
fanas wvaloda FORTRAM, net servica gBlé izmaﬁ Y L ERNer
da £ uwn grafisko programmu pAre+e GnAr

Fragrammu paketes darbiba
tapa ( i.z1m.i, kura 1espejans
tot Sarbu «¢ paketi, jiizvelas
refima 1zvEél8%ands noni3k plrrmalrd no febtram disloga re
readide j anam 1evadoat:e jano . ia Por E - Y A
Z.zim. 7 var wuzdot apgabala i1izmd Trau
¢BNcl un tteraciju hidrodinamica—temperatdra sk
iteraciyu skaltu vzded vienadu ar 0, tad wora2iz nondl pé—
déia iavaddatu  tabula ¢ &.ziwm.? hidrodinamisbaliemn para-
meiriem. Ja gribat iewv8rot ari temparatiras istekms , tad
Jaurdod iteracijuy skailbts atIgirigs np O un nona
pec tam ari 3. i1avaddatu tabuld { 4,S.¢im.: =
paramebtru un robefnosacijumu uzdasanai.

PEc hidrodinamisko parametru uriinSsnas 4.
rim.¥ fieitotajam , ¥urd nav speclalists
skaitlisk~rias metodes, ir iesp2jams weixt
finus  ¢l-la Fizikdlo parametru  vBritiby
sikartiiska algoriima parametru mainas.

tietocktiajam, kurd arientéias skaitli

espejams i1zmainit arl skaitliska algoritma parametrus, k-
1 apkapnty atsevidka taouwia ( 7.zim.l,

F8cz visu parametru uzdofanas sikas sersSkl
taita uz displieja skrana redzams Z-zim. do i
laui spriest par skaitlofanas procesa gai

Aprabiny rezultati tiek i1zdobi vrsiatima formd gras i —
Yy un integralu skaitlises tielung veilda 4 kas atvieod
to anaiizi un lauj lietotdajam operativi mainit itevsdoas
vBlamaia virziena.

Katram aprékinu vartantam tiew
fiki hidrodinamiskajal stravas fun ) ii3as momern-—
tam, temperatiras lauitam . temperaturss grafientam rad:
un z - wvirziend un atruma modulim ( skabt.S—-13.zim. ¥,

Féc 1zolintju graftikiem seko v 1
iskiem lielumiem { 14.zim.

mmE-

lAamaa—vov~i
re*inp. 853 -

in

il TLoun

Ttumorograsu

10t Sra—




lietotajam, veicot rezultatu analizi.

Lidz ar p&déjo rezultatu lapu lietotajam tiek dota
iespieia izveleties nakosSo darba reXimu.Tagad jau var izve—
l8ties jebkuru no piedavitajiiem reZimiem.

Izveloties refimu <Turpindijums> , tiks turpinats ap-
rékins jau liepriekd uzdotajam aprEkinu variantam. Lieto-
Jot Z3adu pakdrenisko tuvinajumu metadi, var uzskatami par—
liecinaties par skaitlofanas procesa konverdenci un beigt
apréginus, ja at3kgiribas starp diviem sekojodiem tuvindaju-
miem ir pietiekami mazas. Aprékinus var turpinat ari cita
aprékinu seansa, jo rezultdti tiek autom3tiskl saglabata
uz diska.

Izvaloties reiimu <Apskate> var wvélreiz aplakot aprié-
Kinu rezultatus.5ajd refima apskatami ari iepriek3 uzdatie
fizikalie parametri.

Datarsrogrammu paketes servisa dala i1zstradata ari
krievu valoda un lietotajs var izvEéléties,kura versija vi-
pam &rtak lietoiama.

T
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Piedidv daiam

programmu paketi vairaku faktoru izrarsitas Shidruma

kustibas skaitliskai modeiédanal ciiindriskd trauka.

3

Iz ! o)
i

VYibrators

Z1

'
i I
(8] Ri r RZ2. e |
|dauns i
Izstradatailatvigas Universitdtes Matemitil ssiTurp:
un tnformatibas institliia,

aps
)
Rigd. Raina bulv. 29, tel . Z1i33F ] F = g & =
] zim. Relklimas — 1zvélines =¥k 1
NOTIEK AFRELINS !
GAIDIET £
ITERACIOU SKAITS 2 LAIKA SLANS SEaiTs
i TERACILI Ja&a=2 LAIEA CSLANMIS = ]
TEMPERATURAS APFEN INS
Lteracisza = A& Maks. starpiba = (1732 Frecisyt3te = 5600

2. Tim. Displela skrans izskats aprétina iLaib s
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Seometrijas izvéle uzdevumam ar vibratoru

| 22 RI - vibratora |
radiuss [cmi I

2 RZ — trauka | i
Vibrators radiuss Lcml & i
Ta—21 — vib s i

it augstums C(cmi 2.1
212 - trauka |

augstums C[cmid 6.

Skidrums iteraciju hidro- ]
dinamika-tempera- ]

tdra skaits { 1.;

] Trauka rotacijas |
(+] R1 r RZ frekvence L[Hz] 0.05]

i

i i

1 1

f ]

1 no 4 tabulam
Redigéjiet ! Pareja ar taustimiem <‘Falp: wai Fagln

3. zim. 1. redid@jami revaddatu tabula

Siltumprocesu parametr i uzdevumam ar vilbr alor |

[ 2 Si1ltumvadamiba [
| L1 CW/ (m¥i) ) -
| L2 = ]
Lz2,ROZ i Blivuns i
CFz, B2 i ROL Crag/(mEmEFm) 1| 1200, |
i ROZ |
I Siltumetilpiba i
I CP1 CkJ/(egkr)] | s TS
g R 1dr ums l EP2 |
|
J

iL1,RO1,CP1

z

r
|
f
|
|

Vibratars

Z1

Siltuma izplesa-—
nas koeficients
B2 EI7K) D | .01

w3

2 no 4 tabulam
Redidéjliet' Fareja ar tausbiniem FgUp > wai <Fabn:

4. zim. 2. redidg@jama ievaddatu tabula



1c3

Siltumprocesu robeinosacijumi uzdevumam ar vidratoru

{ T3, K3 Aréja tempera- |
| ‘zzrgg tara [K aradil |
Sk 1drums TO i

z T2 !
viarators Ki{ T3 i

H g T4 i

F B S — Tol Siltuma atdeves |

: 1 Fobeinosaci jumu velds: t.l koeficient: !
! TZ[ LZ¥dT/dr=—K 1% (T~Ti), LW/ ki) 3|
i 'r-ZJ kur |
i Ti=TO-Gi%z /22, Ti=const |

} ti=1,2.,3,4) Temparataras T1 |

I ot gradient=s 51 pa x|
} R1 r R2 {r graanl |

T4. K Sarms Lemosr a- i

tara [K aradad

Fareja ar taustiniem <FPalp vail Fgin

3. Zim. 5. redidejamad i1evaddaty tabuias

mligrodinamiskie parametrl uzosvuman ar

(O—-pd, T~ 33)

H
A Ay | I - . 3 '!:
] ' = 4 4
! i Vibr alora Svar i |
Vit abar s i i ibu amplitada | |
i o] | =21
e :' Vibralora svar: ;
4 -ibu frekvence : |
i EHz 1 - g0. |
2y idroumses -i Rabefnosaci jumu !' ;
| velds viepual i ;
| funkci jaa |
! to=Toma, L-Vudal | f.
R1 r R2 Skaitliskd aluo-| i
ritma parametru : i
LZmalna :
i

Redi14aé ) 1et lz@ja ar taustinu ~Escs, atpakal ar

L. zim. &, redid8jami i1evaddata Tabula
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Skaitliska algoritma parametri uzdevumam ar vibratoru

Laika slapu skaits | 1
Relaksacijas koeficients temperatdrail 1.1
Iter3ciijsolis virpulfunkcijai Q.005
Iteracijsolis ftemperatirail 0,10
FPrecizitite virpul] funkcijai 0.003
Precizitiate temperatirai 0.5
1
i
'
{
|
I |
P&d&ja tabula !
Redidejiet ! Izeja ar taustinu <Esck, atpakai ar Faile

7. zim. Skaitliskd algoritma parametru recig8jama tabula

HIORGOLUAN SRR STRAVAS FUNKCIA Crmecmecm ssh ]

8. Iim. Hidrodinamiskds plismas 1zolin:jas
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WA NOHENTA BPRUEIA  oiecricen ] A
AR
f// | A
»
7. / ] } |J
& 4 i
!

/
i

}
{oa
/ / :
/ /o |
/ r/ j' |
! i i
{ ]
A S
f { I
i
R F
9, zim. Rotacijas momenta izolin:ias
' - B A i
TENPERKATTRA LK arsn] |
i e e e i |
=Y o Mgl |
B / |
B J !
# |
F 1
1 |
! ‘
- i
TR S e &
rim. Temperaturas lauka 1zgliniias
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TENPERATURAS GRADIENTS FA r

\

g \[
3
'L

\

‘
\

1

\
\,
e
kY
S

[E gradl/cm]

" e
R

]

\

~
~

il.

TENPERATORAS GRADIENTS FR =z

12,

zim.

Temperatiras radialsa

[K gradiiem]

zim.

Temperatdras z -

11 14.805
2) 17,404
31 80, 18~
A) 52,873
S {06.E6
B 12E.28
71 150,94
8) 17383

11 =123.7
2 - 106
J1-u5.k2

gradienta i1zalinijas
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FIFUNA  NONULLS. Cemfsek ]
1
21
; i
4
g
£l
13. zim. Atruma modula 1zolinijas
MAKSIMALAS VERTIRAS
radidlaiam adtrumam
zem wvibratara 1.77 cm/sek (
apkart vibratoram .47 cmisalb |
vertikadalalijam atrumam
zem vibratora .21 cm/sek |
apkart vibratoram .92 cmisek (
dtruma modu 1l im
zem wvibratara 1.75 cm/sek (
apkart vibratoram .84 cm/sek (
VIDEJAS VERTIBAS
Atruma mo < 2 1 1 m
rem vibratora .13 cm/sek
apkart vibratoram .03 cmfsek
visa apgabala 0B cm/sek
temperatdras g r adientam
Pa r 33.49 gridi/cm
pPa = 71.43 grad:i/cm
i4. zim. Skaitlisko vertibu 2.

izvélni

.40,
A G

79y F.460)
3.08, I.90)
2.85, 3.82)
I.08, Z.BZ)

S|
Jauns aprekinai
i

Turpinajums
Apskate i

Beiga E_j

izvadlapa ar reiimu
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DATORPROGRAMMY PAKETE AKSIALSIMETRISKAS SKIDRUMA KUSTIBAS
SKAITLISKAI MODELESANAI CILINDRISKA IEKARYA. GB.lurins //
Matemdtiskd model&Z%ana . Matematiskas fizikas lietidkas
problémas. - Riga:lU, 1994.

Darb3d aprakstita datorprogrammy pakete paredzsta tem—
peratiras gradienta ; vibracijas un rotdcijas izraisitas
Skidruma kustibas skailtliskai model&sSanail cilindriskd 1e-
karta. Nav nepieciefams bit speciilistam  programmésana un
skaitliskas metodés, lai ar 51s paketes palldzibu veikto
s8rijveida apr8kinus plasa fizikalo parametru vertibu dia-
PAZONA.

Bibl. 2 135 zim.

NAKET MPAKAAIHBX TPOIFAMM QN8 SYACREHHOIS MOIEAWFCRAHWA
OCECMMMETPHAYHOI 0 OBWXEHWR XWMOKOCTW B WWAHAPWSECKOM EMEQCTIA
NMypwnuc I'.F. // MaTeMmaTwyeckoe nmoaenwpoBadwe. MNewrnagHne a3-
AAYM HATEHATHYECKOA Duamem. PurazfnyY., 1974,

OnWcaHHuA B PaAE60TE NaKeT NPHEANAAHBX NPOrpard  DPEAgH3I—
JIHAYEH AAA YWMCABHHOrD HOQSAMPOBAHWA LOBWAEHHA KUWAKOCTW B
LHAKHAPHHECKOW SHEKOCTH, (OPOXASHHOrD PAAWMEHTON TEeMIapaTy—
Pily BHBEPALKMER W POTauHEA.HET HEeOoBEXoAWMOTTH BbiTe Chneynandc-—
TOM MO NPOrPaMHAPEOBAHHI M HHC ABHHKLIIM MEeTDAdMs YT06u C No-
MOl 3TOCO NaKeTa NPOBOANMTL CEPHAHLIE PACHETH B  WAPDr ore
AWMANA3OHE IHAYEHHR PHIAMYUBECEWK MapareTpos.

Bu&n. 2, puc.l1S.

Kl TR | WU 3

SOFTWARE FOR THE NUMERICAL SIMULATION OF AXIALLY SYMMETRIC
FLUID FLOW IN CYLIDRICAL VESSEL. G.lurins // Mathematical
modelling. Applied prablems of mathematical physics. Riga:s
tu, 1994,

The software described in this paper is suitable for
the onumerical simulation of fluid Fflow in cylindrical
vessel induced by temperature gradient, vibration and ro-
tation.It is not necessary for the user to be a specialist
1A programming gand numerical methods to carry out series
af calculations in a wide range of parameter valuesg.,

Ref. 2, fig.15. . m ermTe
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Invariant Sets for Noninvertible Mapping

0. INTRODUCTION

The aim of this paper is to derive invarnant manifolds resulls for mapping in Banach
space to corresponding cnes for noninvertible mapping in complele metric space.
The conmderation of invanant set for mapping s of interest in itself [7, 10, 12, 13,
17], however they are useful for obtaining various conjugacy results [2-6, 8-9, 11, 14~
16]. Moreover some problems of biology [2], numerical analysis [8], electrotechnics
[t], mathematical physics [8, 8] require results for invariant seis.

1. MAIN RESULTS -

Let X and Y be complete metnic spaces with metrics p; and p, respectively, and let
S be a topological space. Consider a continnousmapping 7' : X x Y x5 - XxY xS

where T'(z,y,3) = (f(z, ¥, 5), 9{z, v, 9), 7).

Let there exist mappings 1 : X — X and ¢ : X — X such that ¢ 0 ¢ = 1d,,
pi(e(z), w(z)) € vpi(z, 2") and f(z, y, s) = Yod{z, y, 5). We will make the following
hypotheses:

C(H1) pi(x,2") < v ou(dlz, v, 9), $lz', 5, 9)), where o > 0.
(H2) pi(d(z, v, 5), 8z, 1", ) < Broa(y, ).

(H3) palg(z, v, 8),9(2", ¥, 8)) < vou (2, 2"} + 802(y, y')-
(H4) Mapping ¢(-,y, 3) : X — X is surjective

(H5) Mapping ¢ : S — S is a homeomorphjsm.

We consider a case when the mnvariani set can be represented asz the graph of
mapping t: X xS — Y orv: Y x S — X which is Lipschiizian with respect to
first variable, The corresponding mappings satisly functional equations

u(z1,0(3)) = g(z, u{z, 5), 8} and p(z1} = ${=, u(z, 5}, 3), (1)
#u(y, 3), v, 8) = p(vig(v(y, 5), 3, 8), a(s))) (2)
and Lipschitz conditions
palufz, s), ufz’, 5)) < kop (2,27}, {3)
pr(vhy, 9), vy, #)) < lapaly, '), (4)

tThis wark wag supported by the Latvian Council of Science, Grant 93.809
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where
kg = 2aey
1—ab + /(1 — ab)? — 4a3fy
d
an 20
lo

= 1-ab+ /(1- ot — 43Py
It should be noted that Sk, = vlo.
It is easily verified that the mapping v also satisfies the functional equation
f(”(ys ’)x Y ’) = u(g(u(y, ")» W ")s 0(3)).
Analogously, the mapping u satisfies the functional equation

u(f(z) u‘(x! ’)) 3)1 0(3)) = g(’) u(z! 3): ’)
for all those z € X for which

(f(z,u(z, 3), 3)) = ¢(z, u(z, 8), 5).
Now we will formulate the main results of the paper.
THEOREM 1 Let the hypothesis (H1) - (HS) hold, and let there ezists mapping
tg: X X8 =Y such that
pa(uo(z, 3), uo(z', 9)) < kopr(z, z')
and
eup pa(to(f(2, (2, 9), 8), 7(9)), 9(2, oz, 3),8)) < +oo. (5)

If 6 + Pko < 1, then there erists unique mapping u: X x S — Y salisfying (1), (3)
and
sup pﬁ(u(z! ’)l uo(z, ’)) < +oo.

THEOREM 2 Let the hypothesis (H1) - (H5) hold, and let there ezists mapping
vog:Y XS — X such that
P1(vo(y, 3), vo(y', 9)) < lopa(y, v')

and
':'IP pl(’p(vﬂ(g(vﬂ(y’ ’)! v 3): 0’(8))), ¢(1Ju (yl ")l ¥ 3)) < +oo. (6)
If @(1 + 74lo) < 1, then there erists unique mapping v : Y x S — X satisfying (2),
(4) and
sup pa(v(y, 8), vo(y, 5)) < +oo.

THEOREM 3 Let the hypothesis (H1) - (H5) hold and let there ezists mappings
z2o: S =X and y: S — Y such that

$(zo(3), yo(2), ¢) = @(z0(a(s))),

9(za(2), vo(s), 8) = vo(o(s)).
If a(64+2v/F7) < 1, then there ezists unigue mappingsu: XxS —-Y,v: ¥YxS =+ X
satisfying (1)}+(4), u(zo(3), 3) = yo(s) and v(yo(s), s) = zo(s).
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2. AUXILIARY LEMMAS

ooy !
IR . woorenaat

Let us conaider the set of mappings
M) = (u: X xS =Y | pau(z, 5), u(z", 3)) < kp, (=, ).

Next introduce ihe operator £ at AMM(k) defined by the equality
(Lu)(z1, o(5)) = g(z, ulx, 5), 5) and @(e;) = ${z, u{z, ), 5).

LEMMA 1 Let afk < 1 and u € M(k). Then mappingd: X xS — X x 5,
defined by ®(z, s} = {¢{z, ulz, 5}, 5), (), 15 a homeomorphism.

Proof. The proof ia analogous to the proof of similar Lemma 1 [12, 13].

LEMMA 2 If a8 + 20/Bv) < 1, then lhere erisis ko > 0 such that L{M(ks))
C M(ko).

Proof. Taking inio account (H3)} we get
e (Lu)z1, afa)), {Lu)(z}, a(s)))
= palg(z, u(z, 3), &), g(z', u{z', ), 9)} € (v + Sk)oi (2, 2').
On the other hand, we obliain
p1(z, ) € av oy (d(z, ulz, 5), 5, (=’ ulz, 5), 5)}
< v (), wl2))) + afkp (2, 2').
14 {ollows that
pr{m ) € v (1 afb)pr(e(m ), 0lz) < @t - wBk) (e, 2)).
Therefore
o pal(Lul(zy, als)), (Ln)(z1, 0(s)))

< aly+ R — affk) 'oi(zy, 21

If & > D satisfies incquality
0 < afly + 8601 — wfik) ) < &,

then £{M{k)) C M(k). Such & > 0 exists, il c{d + 23/F7) < 1. We choose

B vy
T —ab + /(1 — WP — 4aify

kﬂ
Lemma is proved.
Nexi let us consider the set of mappings
N ={v: Y x8 = X | pilufy, s),v{y, 5)) < lpa(y,v))
and let us introduce the operator X at A{/} by ihe equality
$(Koly, 9),y, ) = olviglely, s),y, s} a{s))

Operator K s carrectly defined, because mapping 4(-, v,5) - X — X 18 surjective
and hypothesis (H1) is fulfiled.
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PR e
LEMMA 3 If a(6 + 2v/By) < 1, then there exists lp > 0 such that K(N (L))
C N{l). '

Proof. According to (H1) - (H3), we get

o (Ku{y, 3): xv(y'; 5)) < C""_lpl (¢(K”(y' ‘9): W 5)) ¢(xu(y’a“5)! ¥ ")}
< av™ o1 (w(v(glo(y, 8), v, 8), a(s))), w(v(g(v(y', 9), ', 5), o (sD)))
+art o (#{Ku(y’, 2), v, 2), {0y, 5}, ¥/, 5))
£ (al(vl + 8) + aB)oaly, ¥’}

i} o, 'l_-

0<€aliv+8)+af L1, "
then K{N(1)) € N (f). Such { > 0 exists, if (5 + 2+/F7) < 1. We choose
L= 2af
T * T 1—ab + /(1 — ab))? — 402

Le s proved g e ww un A v T enr

[
A LI WY

I 3. PROOFS OF THEOREMS
[

s
PrROOF OF TEEOREM 1. The set

M = (u € Miko) | aup pa(ufz, 5), uo(z, 3)) < +o0)

L lead !
is complete metric space, if the metric is defined by the equality
d(x, u') = sup pa(u(z, s), u'(z, 9)). .
EN I D Fae 1
Let us prove that £ is a contraction. Let
it I

‘P(zlj = ¢(I, u(z, 3)) 3) = é(z,v u’(xra 3)1 3)1 5 = U{")' )

We have
pal{Lu)(z1, 1), (Lu')z1, 1)) A
= pa(g(z, u(z, 2}, 3), g{z’, v'(2’, 3), 9)) f
E oA < (7 + ‘“’0)9‘1(3’ z’) + 6:02("'(21 3)) u'(z, 3))'

On the other hand

pl(zs I’) S WV—‘P: (¢(:| u(zl 3)) 5)1 ¢{x’l U(:l:, 3)) 5))
{ = o p{$(2’, v'(2', 8), 9), 32", ulz, 5), 9))
£ S aﬁpg{u'(z:,s), u(z)")) +G‘ﬂkop1(2‘, z')'
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Therefore
pi(z,2") € af(1 — afke) " o1 (W (z, 5), ulz, 5)).
We get
Pz((fu)(zh a1), (C')z1, 1))
< (af(y + ko)1 — ko)™ + 8)p,{ufz, 8, v'(z, 5)).
Hence
d(Lu, Lu') < (6 + Bky)d{u, ).
We have
p2{{Lug){(z1, 5(9)), uolzr, #(s}))
= Pi(g(zi U‘O(za 3)1 3)! U'G(f('r$ uﬂ(:‘"! 3)! 3)! U(S)))
Therefore

d{Lug, o) < s::};» p2{g{z, walz, sV, 8} wal flxr, oz, 8}, 8), 2(s))).

Hence

d(Lar, g} € df L, Lug) + d{ Ly, 1g)
< (8 + Bo)d{u, uo) + sup palglz, uo(z, 5), s) uo(f (2, w2, 5}, 5), 9 ()} (7)
We obtain that L is a contraction on AM. It involves in A{ there i8 unique mapping

« aatiefying functional equation {1).
From (7) we have

du, ue) < {1 =6 — Bo)™" sup p1(glz, volz, 5), 3), uol Sz, ualz, 5), s}, o (s}))

The theorem is proven.
PRrROOF OF THEOREM 2. The set

e N = (€ M) | sup pavlyn s). woly, ) < +20)
¥4
ia complete metric space, f the metric is defined by
d{v, v} = sup gy (2(y, 53, ¢"(y, 5)).
7.

Let ua prove that X is a coptraction. We have

pl{Kuly, 8), Kv'(y, 8)) € av™ o ($(Kn(y, s} v, 8), KV (3, 5), 3, 9))
= av ™ pr((o(g(vly, s} 4, 2), (2)}), (v (g{»' (v, 8}, v, s}, a(})})
< apfu(g(v(y, 8)y, 8}, a(s)), vig(u(y, o), v, 8), 0 (8)))
+ap (v(g(v(y, s), v, s), a(8)), v (g(v'{y, 8}, v, s}, o (s)))-



Therefore
d{Kv, Kv'} € el + vl )d(v, v'). .
We have W
A{Kvo(y, 5), va(y, 9)} < av ™ o1 ($(Kua(y, 2), v, 5), $lvely, 3}, v, 5))
= av " ; ({vo(g(vo(y, 8), v, 8), 2(2))), Blvaly, 9), 3, 5))-
We get
d(xuﬂi UO) < av™? s:]’ppl (¢{Uu(y. 3)1 v, 3); W(Uﬂ(g(vo{y: 3)s i’ 3)1 0(3))))

Therefore S

d{Kv, vy} < d{Kv, Kvg) + d{Kvg, ) < all + vip)d(v, v)

+av™ szl’pp:(d'(vo(y. ), 4, 2), w(volg(vo(y, 3), v, 3), o (5}))). (8)

We obtain that X is a contraction on N. It involves in A there is unique mapping
v satisfying functional equation (2). From (8) we have

d{v, vq)

v {e™ = (14 yi) H;me(é(vu(y. 8}, 9, 8), w(ualg(va(y, 5), v, 3), o{a)))).

(51l

The theorem is proven.
PROOF OF THEOREM 3. Let us endow the set

Mo = (u € M(ks) | ulzo(s), 2) = yo(s)) Cont a0k

With the metric. ’ m oy J;ll.l
ulz. 8), ulz, s Y] TP
I ( i ,) P?( ( ' )l ( ) ))

£,4 /1 (:, zo(-'!))

Then M, become the complete metric space. Let u € Ady and let us note that
@z, u(z, 2), 3) # plzo(o(s))), i z # zo(s). 1t followa thai

(Lu)(zo(o(s)), 0(9)) = (Lu)(f(za(2), u(za(a), 8}, 9), 7(5)))
= g{za{s), u{zo{a), 3), 9) = yale(s)),

or Lu € My . We must prove that £ is a coniraction an A, . Let

7y = f(z,u(z, s), s} = flz’', u'(c’, s}, 8)), &1 = a(s).
Analogously, like in Theorem 1, we obtain vey,q W s

pa{(Lw)(z1, i) (Lu'Mzy, 51)) £ (8+ Pho)pa(uiz, 5), ¥'(2, 9)).
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Let ue estimate L "“‘

piz, zo(s)) £ QV_1P1(¢(31 u(z, 3), 3}, $(zo(s}), ulz, 5), )}
< av oz, ulz, s}, 5), w(20{a(s})))
+ov ™ pi(d(zo(s), ulz, 5), 8), $(zo(s), u{za(s), 5), 8))
< av”i;m{pla) elzola(sh) + abkop (, 7o(s))-

Hence,
mlz,20(9)) <€ a1 = afke) " oa(z1, zo(5:)). -
We have e ah i Ion » ¥
o pa(Lu)zy, a1}, (Lu' Wz, 1)) p
< (6 + Bho)ds(t w)pi {2, zols)) e
< ol8 + BRoM1 ~ ko) da(u, Wk, zalar)).
Therefore

da{Lu, Lu') € a6 + Bhka){1 — eefho)  dafu, ).
H o + 2/F7) < 1, then

- 0‘(!5-]—,6’!:(,)(] - ﬂ'ﬁkﬂ)_l oo Vil [ |

. ‘ _1+a5—\/(l—a6)2—4ur’ﬁ7<]
1+ ab+ /{1 = adP 428y

We obtain that £ is a contraction on Ay, It involves in A4y there is unique mapping
u satisfying functional equation {1) and Lipschitz condition (3). The first part of
the theorem is established.

Let us prove the existence of invariant manifold given by the mapping »: Y x8§ —
X. The set

No = (v € N{lp) | v(wo(s), 8) = zols))

becomes a complete metric gpace, if the metric is defined by

¥ dy{o o) = sup P20 2 (1 5)

0t 22(9, yo(5))

Using ihe definition of £, we obtain Ku(ya(s), 3) = zo(s). Therefore, Kv € M, if
v € Np. It follows that

18w bes Mo py(Kuly, ), Ke'(y, 5))
< avl oy (d(Kuy, 8), 3, ), HKV' (1, 2), 1, %)
= Gw_lpl (qo(u(g(u(y, 3)’ Y, 3)’ G{S)))u W(vltg(”’(yr 5)! N 3): G’(S))))
< ap (w(g({y, 3), 3, 8), 9(5)), {9(x(y, 5, 3, ), o(s)))
+avlop{v(y, 9), v'(y, £)) < arylodh(v, v )oz(y, vo(s))
+ad, (v, v')pafg(u(y, ), v, 9, vo(a ().
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Let ua estimate

- . palg(v{y, shy, 1), wola(s)))
= pa{g(vly, #), v, 8}, g(v(yo(}, 2), ¥o(s), ))
o : .o < (8 + vo)paly, pols)).
Therefore R -

a(Ku(y, 3), Ko'(y, 5)) < a8 + 2+4:)d: (v, vpa(y, yol2)).
We get
a1 (Kv, Kv') < a5 + 27ip)d; (v, v).

a(f + 290y =1 = /(1 — ab)? — 4a2fy < 1

We obtaiu that X is a contraction on Aj. It involves in A there 18 unique mapping,
v satisfying functional equation (2) and estumate (4). The theorem i proven.

Besides

4. EXAMPLE
Let us consider a nonautonomous system of difference equations on Z of the form

z(n + 1) = Az(n} + F(z(n), y(n), n),
¥(n + 1} = By(n) + Giz{n), y(n), n},

where z EX, y €Y, X and Y are Banach spaces, A and B are bounded linear
mappings such that A has a right inverse A,, || B || < || 4, ||~} and the mappings
F:XxYxZ—-X,G:XxY xZ—Y satisfy Lipachiiz conditions

| Flzgn) — F',¢sm) | < el 2 =2 | +]y— '),
| Gleyin) = Gy | S ella— ' | + |y~ ¥/ ]}

Ii is easy to verify that this mapping satisfies the hypotheses (H1) — (H5), where
v=Ap=A,v=|A La=(lA |7 -, B=y=¢é=| B +cand
o(n) = n+ 1. The condiiion {5 + 2/F7) < I reduces to the inequality

AN =1 B
e< y :

The mappiog given by formula u = z + A, F{z, y, n) for fixed n and y is surjective,
ife| A || < 1. Let us note that ¢ || A, || < 47 < 1. The condition (5) is fulfilled if
8Up, . |G(z, 0, n)l < +oo. The condition (6) ie fulfilled i sup, ., |F(0, 1, n)| < +oc.
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Seminar "Mathematical Modelling and Parameter ldentification of Transfer
Processes in Nonhomogenous Media™ . Riga, 1992

Cemnanap "MaTeMaTH4uecKoe MONeJIEPOBaNHE A HAEHTH(AKIUAN DapaMeTPos npolec-
COR MEPeHOCa B HeOAHOpoAHBIX cpefax’. Para, 1992 . ... .- -

A MODEL OF DEEP-BED GRAIN DRYING PROCESS WITH YENTILATION
Y Afvars ABOLTINS - T
L 3 PRI
Jelgava, Latvia

The mathematical model is based on a set of four partial differential
equationsﬂl*ich contain grain and air temperature { o(x,t) and T(xt) ),
grain moisture W(x,t) and air humidity d(x,t) / 1 /.

W wow coxce W
ad ad _ K
vl - . (W-W), t>0, x>0 (2)
SEEcs(T-0) F (W -W), >0, x>0 (3)
" en aT aT  _ ’
at * Tax T% 6-T), t>0, x>0 @)

where x, t — variables of layer thickness and drying time . Boundary and
initial conditions are given as follows:

T|x=o=Ts’ d|x:o=ds’ T|t=o= 8|t=0=85, w|t=u=ws’ d|t=o=dr ' 5
TB'C o
There a1=3600v ’ aZ=W ' cozﬁ 3 -
3 B B
l'.q — r-K

where v— infergranular air velesity (m/s),
eI capacity of weight /correspondingly for air, grain /(kg/m’),
€,9C, - heat of drying air and moist grain (ki/kg),
r- latent heat of water vaporization (kl/kg),
e= m/f(1-m) (m- porosity of grain), K - drying coefl. (1/h),
WP— equilibrium moisture content , dry basis { % ),
o= heat transfer coefficient { kJ/m> °C ),

Set (1)-(4) is solved with difference scheme using weights 7, k= 1,
z, 3, 4 ) for sources f2/. Set equations (1) - {4) are approximafed in

A/
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One of the problems is to determine the max thickness of first grain
layer for various grain moistures which don‘t provoke grain deteriora-
tion. The second - is to determine the max thickness of sécond strew
upon grain layer for various grain moistures when the drying front
reaches the top of the first layer (experimental researches showed its
possibility /3/ ).

Conditions of difference scheme stability are given at /1/. For
simulation is taken K from /4/:

42
K= exp(2095 - Tﬁ-_G;TTIS)

We have made use of article /5/ for equilibrium moisture content
(WP) After some calculus is obtained the following expression for W :

WP =wh-1oo/(wm_1oo)_ where (6)
W, = (cIn[1-pn41/(100 -92)]-(T+273)"7/5869)We: ,
W =5203-(T+273)"%

pn, ¢i-saturation pressure of water vapour at atmosphere temperature and

dmbient air humidity, ¢2-drying air humidity. In order to decrease
grain deterioration from mould growth, germination demage, respiration ,
etc. it’s supposed that the storage time is 6 hours without reducing
grain moisture . The second layer of grain has strewed when the moisture
of the first grain layer has decreased 0.1 (%) on top . The drying
ambient air with ventilation is warmed up until humidity corresponds to
grain moisture 14 % . Ventilated air velosity is 0.1 m/sec ( given from
experimental researches ). The start of drying to = 12°.

Results

Solutions have been obtained using computer which operates by setting
initial values Ts 5 ds » 8, W! A dr and constants ¥y Yy LM,
cc. The solving results of the system (1)-(4) with conditions (5)
are given in table 1 (for max thickness of first layer ) .

From those results is obtained an equation for max grain layer
thickness H (m) :

H = -‘8V§ — 262 , where W- grain moistare (%). )

Less grain layer thickness is used in production. From production
results the thickness can be determined by the following expression :
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H=334_ 0 . (8)
For thicker grain layers experimental and production tesis are not
yet carried out. Thickness (8) is used for drying First and second layer
with ventilation in the primary grain processing .
Table 1
Thickness of max first grain layer H ,velosity of propagation of
drying front w© , independent grain moisture WS.

Ws (%) H (m) w (m/h)
. 17 237 0.39

19 1.74 0.29
21 1.29 0.22
23 0.93 0.16 1

, 25 0.66 0.11 .
27 0.48 0.08 A
29 0.33 0.06 Yok A e

Production conditions showed that the second grain layer can be put
on the first layer when grain moisture on top decreased by 0.1 (%) /3 /.
Thickness of the 2.-nd layer is determined with expression (8). It is
evident that the thickness of the second grain layer should be between
(7 and (8). The resulis of mathematical simulation proved it
Pracessing simulation resulls an equation is obtained to Kknow the
thickness of the second grain layer as an expression from the first
(W]) and second (WZ) grain layer moistores .

H= 789 - (0.03-W + 046-W) + 0.0076-(W )’ -
2 ) .

The surface for (9) is given in fig. 1, and contour plot in fig2 . o om

_ _THF_(‘KE_EQ_SMOLZ_*{LLGMIN LAVER

MUMD O ey

P 2B enw R
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Conclusions Wof 2-rd |ayer ()

The theory given in this paper describes the basic behaviour observed
when air of high or low temperature and humidity is passed through grain.

The first grain layer can be thicker than it’s used in production now.
It would help to save energy in grain drying processes. The second grain
layer can be strew upon when the meisture of the first grain layer
decreased 0.1 (%) on top. The max thickness of the second layer can be
obtained from the equation (9).

Correspondence betveen the theoretical and the production results is
reflected in wheat The wheat by Ws=21 (%) in layer of the thickness
H=12 m dry to moisture 156 (%) in 7.5 days / production result /. The
theoretical result showed that grain layer of thickness H=129 m dry in 8
days. It is good coincidence because all initial heat-phgsical constants
are given approximate.
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NUMERICAL ANALYSIS OF NONLINEAR BLOW-UP

: DIFFUSION PROCESS Lo

ik ) v. BUDA, R. CTEGIS, M. SAPAGOVAS SR r

AN , Vilaius, Lithuania ‘f i
1. One-dimensional model of diffusion - “," r ,! “; Jf [

We consider a diffusion process of gaseous phosphorus in a silicon plate with the diffu-
sivity, depending on a concentration of a diffusant. The goal of the analysis is to predict the
presence of localization phenomena and to determine the influence of boundary couditions

on profiles of diffusant. The governing equatious of the pracess are as follows:

dn 0 n

A Whallf VL Sudil S 1
I Fr BLJ’ v >0 v (1)
a(r,0)=0, 23>0, n(0,f)=n,(t), to <t <ty i (1b.¢)
e Jme0e0 wcicy — oo

We solve this problem using the difference scheme T "

. - . " = m
vl = D0y Dk, : o)
YVip = 0, Yo = n.j(f}), Yn; = 0, - [zb(‘)

where N; = max{i} is a diffusion depth.
yi >0
Notice that the well-known diffusion process from a source of constant concentration

of a diffusant n,{t) = n, yields almost linear pryfiles of concentration as shown in Fig.1.



1%

Fig.1 Fig. 2
We show that blow-up boundary condition

n(0,2) = n,(t) = no/(t; — )™, to<t<ts, np>0, a>0, (3)

causes diffusant localisation effect [1], that is, the domain with nonzero concentration of
a diffusant remains constant during finite time interval while the concentration inside the
region increases unboundedly (Fig.2). We have analyzed the process for LS boundary regime
(a < 1) and for S boundary regime (o = 1). In both cases we have found a relation between
boundary conditions and concentration profiles including convex profiles with a maximum
point inside the silicon plate (Fig.3). This kind of profiles occurs when the concentration
of the diffusant is increasing according to blow-up boundary regime (3) during time interval
to €t <t <ty and at the time moment ¢; the concentration begins to decrease according

to the same boundary condition, with time variable ¢ replaced by 2¢; —t', i.e.,

n(0,2) = no/(t; — 2t + '), t' 2t
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2. Diffusion from a limited source

We consider the diffusion process from implanted phosphorus layer into silicon plate.

The corresponding non-local condition expressing the total quantity of a diffusant is as follows:

To

f n(z,t) dr = s(¢8). (4)
0
We solve the problem (1) with the condition (4) using technique developed in [2,3]. The effect
of localization of a diffusant is observed if we take s(1) = sq/(t; — t)%. The conditions for the
effect are similar to those of the problem (1), i.e., 5 2 1/0.

To ensure the growth of the boundary concentration according to the hlow-up regime
we propose to combine ion implantation into a thin layer of the silicon plate with diffusion
of impl:anted material. The governing nonlocal conditions are [

Jpn(r,t)d:r=51, < tStp -0, 8, =35 + Ry, R; = fmj(x)de,s) = 0.
We prc?ve that for ’

my=(1-lee,  m =t =ta) = e(0tn), 1=1210
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where [ is the implantation depth, z,, is the localization point, the localization effect takes
place. Fig.4 illustrates the effect with t; = 0,9990—0,9998, Dy = 0,04;¢ = 1; §=0,75; I =
0,02, z, =0,5, t; =L

3. Two dimensional model of nonlinear diffusion

We consider the quasilinear diffusion equation

on
8 Bz

Diffusion is provided through the window —L; €y, < L3 :

(Don )+ (,_%(D,,n — ) (z,y) e P={0<z < L), ~Ly Sy2 < La}.

1’1(0 ytt) — ﬂ.(‘y,!), tl)a |y| LS: L3 g LZ-

The rest part of the boundary is isolated: —Dyn?8n/8N = 0, where dn/8N is an outward
normal derivative. We add the initial condition u(z,y,%) =0, (z,y) € P. The numerical
solution of the problem is provided by the linearized difference scheme

= (@ (@)% 0)s + (a2(@)Ey)y

The latter we solve using modified method of overrelaxation

2 541 a8 a s+1 s+41 []
CiY:i=(1-w)C;)Y;+w(A;Y ;1 +B:Yi),
+1 .
where approximations Y ; are used to evaluate the elements of matrix A;, B; and C;. This
modification reduces the required computer memory twice.

As a result of the analysis of 2D problem we have found that blow-up boundary regime
n(0,y,t) =no/(ty —t)?, tost<ty |yl<L,

causes the localization effect. Observed localization point z,, differs insignificantly from
theoretically stated one [4].

4. Nonlinear diffusion of charge carriers

We consider a diffusion process of holes into the base of pnp transistor. The corre-

sponding equations in a dimensionless form are as follows:

dp _ @ dp, p-1 5
at a(DPB:t T’ faa}
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+ . *l

p(I, to) =1, p(Usi) = #(t)a P{$b,t) =1, (5b= C,d)

where p is the concentration of holes, D, = D(1 + p/(p + Na/ Fa)) is the diffusion coefficient,
Py is the equilibrium hole concentration. 7 is the time of life of holes, Ny is the concentration
of donorous atoms in the base. The problem (5} is solved by the difference scheme

_ u'—1
u{:(D; lu;}z— —

u(z,ty) =1, uo = pit;), uh =1,

using the double sweep method at every step of iteration.

+

L]

T

L}

ij %ﬂ 0].0“‘ Orﬂ‘ 0,08 010 0,12 Q% G108 g.18

PN P PAr U S P P

Fig.5
A presence of nonzero initial concentration of holes yields a possibility of a localization
phenomena in an effective manner, only. To detect the localization effect we propose the
following methad. We solve the problem (5) with two essentially different boundary regime,

i.e., blow-up regimes,

() =To(t; — )" exp(Ro{ty — £)™), t £t < iy,
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and the linear boundary regime pe(t) = af, a — const. Then we caleulate the dersity of

holes at a collector of the transistor (z = z;) in both cases, i.e.,

i) = ~4Dy ey,

where ¢ is the charge of electron. Finally, we compare the moment of switching of the
transistor, i.e., the time moment when the density of holes at the collector z; reaches a
certain value J.

Fig.5 shows that the density of holes, corresponding to blow-up boundary regime,
grows significantly slower than the density corresponding to the linear condition. It means a
sufficient delay in switching time, when blow-up regime is applied.
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THE APPRCXIMATION WITH SPLINES
FOR FROBLEMS IN LAYERED SYSTEMS
A.BUIRIS

Riga, Latvia

The special spline, which interpolates middle integral
values of pilece wise smooth function, is defined. With the
help of this spline we may reduce the problewms of mathematbti-

cal physics in F'™* with piece wise coefficients Lo respect x
analytically to problems for system of eguations in A .

Let the demain (cylinder)} (x,30 = Q= (a,b) X (i, where

y e Qc RN consist of eyvlinders Q,L -] (.\:\..'{L+‘:' »y I= G, N
We define the function Ul(x,y‘.v cn closure of each cylinder
@ . The function U(x,») satisfies in € the differential
eguation:

P 3[1"_ ; =

-5,7(!:‘ —‘-.jr}‘ + L(UI) = —F‘(x_.,v_‘.-, & =N 1

There the operators I° all must be linear cperators ac-

cording to ¥y and independent of x coefficients and derivati-

ves. The cuvefficient % way have the functions of k=k (¥,
which have discontinuity on the hyperplanes Fy: -."‘xl i f’i'lﬂ"— {x

1

= x}xQ, i=1,N. On the hyperplanes r, must be fFulfilled
(reality) conjugates conditions:
ay al

Vo= U b= R

_ 5 AT 9y
1—1 i kv.u-( 3x = 2 i= 1.4, woaid

on the ' and I' - boundary wconditions:
Le] N+1

kaHiAKU = - % (¥ Vkﬂirxu =@ (5 (3)
oo dx o o o Gl 1N dx 1N T %
where b= {0,1} for I = 0,1 and v+ 3\1 > 0
We introduce X,
—q Eid imiis
ulyy = H® [ U(x,py) dx, H = x_ - x, 1=0W (4

X
L
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and approximate Ut(x,y) with the spline:

2 e, ot S 3 * H
Sz(x) S R m‘(x-xl}+ T [(x - xi) - ﬁ], X = x+?, {9

L%

From the requirement that the spline Sz("‘) must satisfy

the conditions (2)-(4), we can find the coefficients of spli-

ne m e, i = 0,N. Farther we have:
1 N+ 1
= - o =
e = ? OlLJ ( Yia uj) k3 _,z (5] ( 4 Yia >,
}1=o J=i+d
where
Aty A= At = 0
& X ] o’ o 2 = 2 1 NY Ty :
-5 u°+ 'I'a, ?\0: 0, N+t ar 'I‘l. Ait 0.

The coefficients o, are caleculated from the system of linear

equation for Vj = 0 M1

- T = 0,
=-1,} N+,
& W e 4R | v & @y 3 e AL e
1 -1, L %] L L R |
e e B L1 CE L R e =
AJ‘i 2.} C‘J_‘ s B) i ‘Fl * Sl L
E4 7. + C o + B o s F. 5= F.
3 -1,) J 1.1 J J*i.] T
Here At = bl-:.(GL * GL'].)" BL : ,:;l*l(‘GI. ® G--l""'
C‘ = AL + BL * DL, D‘ = (GL + Gl_l)({?‘. * (?u‘_). b
Foedpp ) ¥ = FC G2 N SN
L L L+ L =1 1 L 13
where
=1 -1 &
B 2 Ao uo’ 7\cv;lg g, G L 2 '\1 Un’ '\1# 0
-1 2 Pi= o s By N+t & o= By A w 0,
Further, for -\0 =0 dis AD = DO, and for ?\l 2 Bris BN = DN.

The system (B8} with coefficients (7) shows that al, are in-
dependent from u, = U, N

The use of such spline (5) allows to reduce the problem
(1)-(3) to the following problem in domain y « Q@ < R :

i N+l

i 4
Lqud)+2H [)J:_Oau(ui_; u) +_,E+‘a”(u-j_ul"} ] Faile

e,
1]
=
=
—
)

L+ 1

where f£(y) = H:1 I F(x.») dx.
*

1
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THE MODEL OF DRAIN WITH FILTER IN TWO LAYER HEDIA
. Andris BUIKIS, Aldis MELGALVIS
Riga, Latvia o

This abstract is concerned with the problem of mathematical
physies, which describes flow in porons media in the viginity of
a drain split. More detailed physical and mathematical review of
flow in porous medium in homogeneous domaln is discussed in [11)
and [2], in which conservative saveraging method o filter
thickness is usged. Here, we will describe generalicabtion of flow
in porous mediom for a two-layer system:

r0 ¢l R
- &
H 0 2
i - K LR - .4
L]
kD
' it
L 7 | -

1

ilter . .

drain

kD,k,kl - ecoefficients of filtrafiom

z

. | ) ‘
V;Afo[r gq +a L =0, rlireR, =-5vz«Z, (=z®cl; {1¥
r ar vl oa

_ ) L, 8 I .
Ul:tz:—n_l”z:z1+0’ k az 2:21_0—#.] Jz [ z=zi+ o ri-reg ()
B k, -&gg2z1,
where kl{ k1 215257

=0, r=rl, (O<z<Z, (2)
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w=k /W0, -b=z%z1,
#1=-k1/k0, zl15z2=27 .

B T S Al -1 t=iwe

where 52{
U|r=n=u1. (6)

Here U is pressure, but more interesting for us is value of
liquid flow4krough the split of drain:

o Z
a3 = &
Q=2m 0 kO I7£Hr=“”°dz = 2n r1 kl[T%Hr="+odz, (7>
-5 -&

Numericsl calculations show that in the cases that are more
interesting in practice (k,kl<<k0), equation (1) can be replaced
by:

a au _ et -y
or P'?Ea =0, rl<p<R, -&cz<Z, (z>zl). (8>

Here, one can et analytical solution of prablem (23-{8;:

= . —17-B( 4 - Kkl SE1y-pleis - L
Q-Zn{k6b+ o [A(E 1)-8( g 1>]+ a1 [Al(EZ E1)-Bligs El)]},

E1%-E2%+{% (E1%+E2%)

A=b ,
J#% (E®+13(E1%+E2%y-(E®-1y(E1%-E2%)
z
B=b-A, Alzﬁg—l E;_i“bz, B1-=A1-E2%,
E1°+E2

Ezexp(a-z1l), El-exp(al-zl), E2-exp(ali-Z1},

2_ 2 x
& = 2 z
(rl1 -r0 )In{R/r1)

alz— 2 x1

T (r1%-r0®In(R/r1y .

Sclution of the above problems indicate that one of the most
important factors is locationrn of the drain split in tLhe given
region.
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Seminar "Mathematical Modelling and
Parameter Identification of TransFer Procezses
in Nonhomogenous Media“. Riga, 1992
CeMuHap "MaTedMarvuyecrcoe HoZeMMpoBaHHe W MWAeHTHHRKALMA
napaMeTpPoB NPOYECCOB NEpPEeHOCa B HEeCAHOPOAHbX Cpesax’”
Fura,l292.

PACYET TEMINEPATYPH B Y7 JIOECR OBAACTH C TOHKKM CAGEM
e v wenag EYRKHC A.A., YNAHOBA H.J. iwen =

Pura. Jareusn :

B pazaudHbix 06nacTax TOBDEMAHHON THAXHHKU BOT[r=H&aKT —
CH HHOr OCACHHLIE KOHCTPYKUMM © OTASN:EHBMH COOAMM OTHITCH &AL —
HO MANOR TONMMHHBE H COCTOSWHMM W23 PAIJHYHEX HAaT=PLHANIE. W -
CHeJOBAHHE CHCTEN, NONYYEHHHX NP NGCTAHOPKS  TabuX  SaJii'd,
MHEET CEOH OCOBRHHOCTH, W JINA HMXN DEWeHNA yAWSIHO OEpeiTH Oy -
TEH OCPERHRHMHA N0 TOHKWUM CNOAM K HOEOH NOCTAHOBKS < 4O0GN—
HHTRABHBIMK YCIOBUAMH THRA COCERASTOEHHON #HY OO TH 1 B
WX QBB WEeHUARn <27, -3/, Takolt noAXomR HAIZEad HeToAcM ErHTEL—
BATHBHOIG DCLIEZ}HFHHQA EC‘JIH b =3 PdCCH.‘)'!p'.IF‘—jr:'H&-T l_lﬁ,l]';IC‘TF AR TH -
STCA Y JOBOR. TO BO2HWKAET CAOKRHUICTY: pRANMTalldYM  GCpéEdHSHUA

B YO NOBOE To4ke

OnA pac4eTa TEHMAEpDaATYDHOTD MNGAA B YO AneEsl  SARACTH,
COCTOAWEN W ABYX MEPECSKARLMXCH INPAMOYI OMBHBIA CTHORHBG OF -
NacTeld C© OTHOCUTEeAbHO GOABICH  TOMWHHCH, NOEQEITER  CHARYEN
ACTOJIHHTEARHEM TOHKMWM CACSH, MBI MOAYHASM  TERAOBRYEH  SA0AMY,

HHERLY D JOEE BBMHCAUTENbHBE CAOKHOCTH: pacd=T TOMIPpaTvpbl B
TOHEOM OO YNy YYET €00 BAHAHHR H [LACYeT TEMORpaTYLb B yr-
Joeoi OB NacTM TOHEKOrO CroA.

Ing ge pemEeHHA NPeSfaliacTA  MEeTOd KOHUCPEATHBHDIO
ocpedHeHUa (MEKOY ang ToHkoft FpaHiYHCHE 0ao’ malT i 0 BuaoHs -
MEHEHHO METOAMKOR NCPAIH-HIA ATA pACHYsTa TEMNEPATYRH B Yr-—
TIBROH TOre.

fUANYECkAal  MNOCTEHOERA Safadd OpeAcTIBA[eT COboH
npouecc pal30rpeBa YrnuBoH 4HYaCTH ToORCTON  GETOHHOR  CTEHEM,
PENMUOBAHHON TOHEHHE HEeTAAAHYeCKHN AUCTOH. EH' i enHAA 17—
BEPXHOGCTE KOHCTPYEHHM MOAASP®UEISTCA NPY ZadaHHI  Toirncpa-
Type. HapyxHan noBepXHCOCTE MNOABESPracTcA HHTEHCWBHOMY  pAa30-—

rpeey. PaccHaTtpuBaeTcsn cedyernue Yracsoflh oBnacTv,. T.e. ABY -
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MepHas 3ajava, KOTOpas pemaeTcs ABYMS cCrnoco6aMu:

1. ConpsxeHHas 3ajada, BKJw4Yakomasa B cebdA JAByMEepHbe
HEeCTaUuUOHAPHBE YPaBHEHUA TEeNJONPOBOAHOCTH AJA BCcex o6nacrted
H CHQOEB C YCJOBHAMH TenaootMeHa rno HeoTOHY B YCNOBUAMH CO-
NpRXeHUA MexXAy OCHOBHOWH o6nacTeib M cJyoeM. 3Ta NOCTaHOBKa
annpoKCHHUpPYeTCs pa3HOCTHOH cxeMod, KoTOpas pemaeTcd MeTOo-
AOM NEepeMeHHBIXx HanpasJeHU B Kaxao# JAByMepHOR o6nacTu, ne-
pecsias Ha MTEepPaUHOHHBIX Warax 3HaYeHWA TeMnepaTyp B  30He
nepece4YeHHA U3 YXe MNpoCYUTaHHON O6BnacTH B CJjeaywimyk

2. 3apa4a c© HcnoJsas3oBaHuer MKO, rae ypaBHeHHsa ans
CJIOf C Y4YeTOM [PAaHUYHBIX YCNOBHR Ha BHENHEH NOBEpPXHOCTH H
YCNOBHH CONpAXeHHs MNepeBOAATCA B PaHH4YHbBIe YCJNOBMA ANAA OC-—
HOBHOW O6MNacTH, COXpaHAf NpM 3TOM BCE& XAPAKTEPUCTHKH OCpea-
HAeMoil nmono6nactu. Takum oEpa3oM, pemwleHWe ABYMEPHOI conpsa-—
EEeHHON 3afayd C MaNBM NapaMeTpPoOM CBOJAHTCH K pemeHHo OAHOro
ABYMEPHOI'O YPaBHEHHA, HO € HEKJACCHYECKHM IPaHHUMHBIM YCAOBH-—
€M, YHCJIeEHHOE pemeHWe KOTOpPOro 3HaYWTedAbHO Mnpole.

Pacnpenenenue TemMnepaTypsl B TOHKOM clnoe B OBNacTH
yrJaoBo# TOYKH ANMNPOKCUMUPYETCH MNOJHHOMOM 2-id cTeneHd. Hanaa
Ko3PHUMEHTH ITOro MOJIMHOMa C YYETOM YPaBHEeHWH Ana ToHKOro
CNOA M PaHUYHBIX YCNOBHH, Nofny4Yaem BboipaxkeHue ANA OnNpede ne-—
HUA TeMnepaTypsl B YrJOBOH TOYke, B KOTOPOM HE COJAEp®ATCA
NMPOH3BOAHBE MO MPOCTPAHCTBEHHBIM NMEPEeMEeHHEM, YTO H3IBaABAAET
OT HEeO6EXOAWMOCTH pellaTh YPAaBHEHHA CHNeUHaJbHEMH MeTOodaMu,
yBENHYHBaAKIMMH CJORHOCTBL pacyeTa U €ero BpeMH.

Te3HcH 3TOro AOKJNazla COAep%aT HASAHYW CTOPOHY HeTDJaa
M nocTaHoOBKY npoBnemel. [logpo6Hoe paccHOTPEHWE, NMPUMEHUTENb-—
HO kK JaHHOH 3apavye, JAaHO B Hawed cTaTee -4/, rAe akKuUeHT Ane-

naeTcs Ha HeTOoJe KOHCEepBAaTHMBHOIMO OCPEeJHEeHHWA B YIJIOBOH 30He.
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OpONeccoB NEepeHoca B HeoJHOpPOIHLIx cpenax”. Pura, 1992

ON THE ACCURACY OF SOME LOD SCHEMES
Raimondas CIEGIS

Vilnius, Lithuania

We consider here the convergence properties of some splitting methods for numerical

solution of the initial — boundary value problem for a partial difference equation

p
%:ZLi!l'{-f(T,fJ,, Z = (T Ty alp) EG, (l.a)

=1

U(I,t) = V(D:,t)1 zel, wu(r,0)= '“-0(-15). r G, (Ib)
where L;u = i(k'(-- _‘Zli b, Lok o= N
T '“‘)a:.-)"q'“ i, Let tw = w, X&), be .
w-,-={fj+alp=(j+afp)f; ij=01,--- K, a=01,--,p Kr=p}.
Gr.:{(Ilinﬂ'zig.-..,xpi,); ==k §=0,1,---,N; Nh=1}.

We consider the following difference locally one-dimensional (LOD) scheme

Yo =Aa¥y + 9o TEWH (2.a)

P
Yo = Has T € Ya- i U Yoo (2.8)

a=1
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where A,y = (ayz, ). — Ga{T)y and usual notation of the theory of difference schemes is
used. The main objective of the present investigation is the order of convergence of LOD

scheme {2) when the simplest approximation of boundary condition {1.b) and a right - hand

side (1.a) are used

Hol(Z) = UZrtigasp)s  walz) = %f(x,z,»m_lmp). (3)

* We shall call (2) the basic scheme. The symmetg of LOD scheme can be restored by inter-

changing the direction of splitting after each step (the Sequentially Alternating Scheme)
yis = Mgy +ys, ys=pa €7, Bf=2p+1-a o=p+1lp+2---,2p. (4)

In applications it is very important to know the accuracy of LOD schemes when the sim-
plest appraximation method (3) is considered. A new viewpoint to this problem was given by
W. Hundsdorfer in his recent papers [1,2). For 2D simple linear heat flow problem
P = 2, kalz) = 1, ga{x) = 0 he proved that for ¢ = 0.5 the orders of consistency in
time for the basic scheme (2) and SAS are only ((r%?®). For scheme (2) the global error is
still of order O(7), while for SAS there is no cancellation of error terms and a global error
bound remains Q(r%35), .
We shall deal here with general difference schemes (2) and SAS when ¢ 2> 0.5, p > 2
and approximation (3) is used. Using the method of investigation, proposed in [12], we prove
the following theorem.
Theorem 1.Accuracy estimates in Ly norm hold true
a) p=2, o 205, scheme (4)(5AS) = |7 € C(r**° +1?), (9.a)
b)p=2, o 205, scheme (2) = [|2}]|| < C(r +h?), (5.5

) p=2 o=05 schemes (2),(4) = [|J]| < C(r"% +h?). (5.¢)
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‘We can represent the local approximation errors as a sum AT h
AT

. 19u,; 2
Vo=t 0= fat Lou— 229y oo aa, Yl =0,
t-‘fm" " P o=1

Remark 1. Stability estimate (6) had been proved for difference scheme (2) in [3] for

p=2 0=05 e

' AT TR

1272117 € {1+ Cr)ll22] [ 4+ CrQi*t + 7 2(w" (), 20, o}

where ¢%(2;) = #3(¢;) = —¥0(1;), Q7 = 2107 + il [li&4] 3. Tt follows from (6) that
a=
[1z473| € Cir + h?). The method of [3] is not useful in the general case p 2 3.

Theorem 2.S5uppose that 0 = 0.5+ oy. Then a solution of the basic difference LOD
scheme (2) (and SAS) converges unconditionally o the solution of (1) and the sccuracy
estimate in Ly narm ||27]} € C(+°3 + h?) holds.

The proof of this theorem is based on some modifications of the general method pro-
posed by A.A. Samarskij [4].

Problem Ul. The statement of Theorem 2 holds for ¢ = 0.5+ 09, og > 0. Can ths

result be proved for o = 0.5 LOD scheme (2)¢

Let us write the error Minction as a sull 1o = Vo + o, WRCTC 7)q is found from the
mitial value problem PR
b o — Yoo
M:wg. o=12,.-.p e .0)=0, Ty UY,-
-

The following theor- - holds true.
Theoremn 3. For the solution of LOD schemes (2), (4) we have
a) if 7 € 0.3R2/((1 — o)kg), then it follows fram the mazimum principle, that =9l <

C(r + k%), b) the conditional accuracy estrmate ||| < C(r + AT + 7/h%%), it tmproves the
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convergence results of Theorem ! for SAS in the case of grid parameters connected by the
reletton v = Ch®, a 2 2/3, end the result of Theorem 2 for r = Ch?, B =1.
¢)ifo =0.5+o0q, op >0, then the accuracy estimate ||| € C(T°75 + h2) holds.

Problem U2.What optimal estimates in Ly can be found for the solution of the 1D

initial-boundary value problem (7)9 » A=
ve= A", wolt;) = pld;).  ynlts) = onlt;) (M)
y(zi,0) =0, |pilti)] € Cr, el ;)] = O(1)-
5 aifed =
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o THE MODELLING OF 3-DINUNUIONAL
HYDRODYNAMIC FIELDS IN LAYERED KiiTa o
o Harijs KALLS )
- Yooyl - _
[T ’ Riga, Latvia '

The flow of the viscous incompressible liguid can be descri-
bed with the syofem of Navier-Stokes equations

§(9773t+7%ad\7)):—§ﬂadp+lgAV?+'F_, Jx'va;o, (1)
where rE"(ﬂ', F;, F;} - vector of external force,v;{;ﬂgv)“/) - vu-—

locity vector, P - pressure, f’;_ - dens ity oot viscosilty., The
system (1) is considered in layers of pdralleltpiped form:

S={ g2 x <L ‘1!-«[ g B H 5 (2)

whe re H'—'O L}'{f —w'”t kﬁi("‘/-
The boundary problem gtatement for the sys tem (1) includes
non-slip conditions V =0 at walls )(~1".L Y= L &= O con-

ditions W=BU/DZ=9V/EZ-=P—O at free surfucez Z= H and
continuity conditions Wy=0, U =ty Vi =V B <F ? ’buk,/ﬁ)g_
-?'Elu ery h’?\/ DZ*f?V/dZ‘ at interface Z= Hr».#"‘ ZN
Guantities Z /L f /,ﬂ (.ﬁ —} - {_IA 1) are wunll and operaticn

of averaging mey b. used. Te equations (1) are aversged along
the heights A, of layexﬁﬂh and aquare-luw approk imation of fune-
tions ulong & -cccrdinate [ 17 in follo\ ing form is usea

So= Setmiz-g)ve b 40" L\z N l, o
were (=€ /7, Z=(HH )18, 8 = L] jsdz K=1,M,

a3 a vuriable § we can take \j) w, P €.=0 for P)
U\j

e w [ . Y
we can take -, ml\‘f "y ij ; Sk )QK ) Ex
From conditions W=0:2,=-§ wk/ Bk y in continuity equation

mw-_o and we cean introduce aversged stream function l})K and vor-
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tic ity function
T = 2V, 134,V =~ JW /X, 3, =W 9X=PU oy == By, . ¢
As follows from other c_o_nditionsa
$K+MK/€“/Z,+€KG,(/6‘—'SKM“MKM x‘+4 e ,(/6(5)
& M+ €y ""Z,m e TR
51-:_m42,!2, +€,Bylp=0, S, M, 4 =0,
(Where S:E',V )
ﬁ(-e m,g,(xl;,‘-—-aﬂ* ,er,w, (2, kK= /i,N 1,
_mus 5N coerficients (3),Mk, €y are determined with
Uk ) V) Wi ) PK and we have m system of ¥/ equations in
medium layers, which do not depend “on 2 . In tems of
J:Wx end p ~ we have
[ (33K/3t+‘b(uusx+w " )/9:'( +2 (V% Sk— Wi mx )/3;{)

=243 /0xr2 e +F, /31*9(?33/85 28 F)’ag, i
o (I [at+Uy W /2X + V’Bw’ /aj)-_—.-m P+
+ (5, W, X )/x +’a(7’au fay)/agﬂ Lle (s
i (9
[ ((‘Bu /%) +1(’3u,</33)(9v13x}+@v f24) J X
_(-oplx+2Le +F)/ax+'a(_9f>x/9}+2g %+F)/3;{ iy

The gpproXximation of differential equations with finite
difference is based on the monotonous schemes [ 2].

K)
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Cemprinp !

"ot GMATUUECKOS MOL2NUpoLaHue U wieHT udMranms
14pANCTPUL 1POMECCO: MepeHoca n HeONHODPONHEX

cpenax"., DPura, [vuz

Bruanue QotoinyTmponailiory NoDA HCHIA § I&3EPHEX
EPUCTATISX A UX TePMGOMTHUGCRe eroffeira.
HACRIRCIET 'CLily, W RMGL 4., DYCTAOB HIP.,
C.PHCE BUAL, LAPDATB d.A.
ducKRa, Poceua
Vireerio, uro npu ro3cHCUTHM KODOTKODOJHODODO W3NYUCHMA
Hneounry L BA3CHANY SXTHRHNK CDedax UHmyIMpyeTcd cepua jieder-—
T, ATANTUXET TOUANUTTCISHEMA MCTOURWKENH ' eTLIOBHIeNeHIA .
Ciarmueriueer e UerICINBA UA Tponeccor Dot OMIIYIMpOBaKEO -
ro aora’ UDUCYARNSX [T0KAZ2AM, UTO CIEKTPH
HOT G TUIOrG iTPAONOHHIA UpCHCTARIMITCS B NINYX BHUax:
1) cocompn noafyrrcuiora norsomenna ( noadMIMEHT IOTA0MEHUS
vosimrenryMe unmocs ~ 350 HM cocvurmieT GopsjKa 6,3 CM-i);
<) CUOCETER TRTAONCHIA NCHLDOP AKPACKM, NpescTaRnsbuue coboft
GEeemMNVILYDHYD TIDORYD I[omcy ( coexTpoabHo-cpenHuit rxoad-
frmptenr moromenva~l e o) [I-3).
Yuprrrena pow (aie, UuTH 10 'acb:.wmwemu Harenilioro [orJICHeHUA
M0 NODAAKY PeRMUiHE corianant ¢ woafhuruenramMyu noriIomeHuH
HOHOO—8KTHTATOPOTR, KOJIWUEC T ReHHBIS xapnumwucrntm iPOIIECCOR
CCIT THIQACHRA R ofouX cayuadax Oynyr Tarwe GIMSKM. YKasaeHoe
OCCICaTENLE RO HPUBOJINT X CYHSCTRENHOMY [lCDepaclpejleICHHD
COMEOT RIIORCHMA R GUCTEME MARAURM M B De3oHATOpE Nasepa.
DURUOPEMCHTH ¢ NABEPHNH AKTUDILM CPENAMM, B KOTODHX MH-
dymaryores ouneusine netie sederds (3 yrozanuse pedexiH MH-
AVIRY0U A INAKTHUGCKH 'O LCEX CPOJAX ) 1191t1A38J1, Yr0 BO3-
,'Lk"f‘.C TG RODPDYEOTORTIIOEDSTO VdJAYUeHHA JaMin: JAKAQUKUM BRISHBACT
CYACC THCHHOAC MCKAWEGHME 1IPOCTPAHCTHEHHONO DACMDENENeHUA Ja—
3epHOI MBNYUCHWA, HApyllacY ero MOJ0DYN CTDYKTYPY M 32MEeTHO
( =~ scexoapro pas ) ymenwwaci (U] rasepa.
[IprisefieHtEe DAKTH MOKA3MIA0Y, UTO lipo6leMa KOMMUECTBEH-

RICUNS B me3eniing

HOW ALICHEM WIMEHCHUWA wCIJIOBLEJIEHUA B JIA3EPHRX KPUCwalidax
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upe3sBHyaliHo aKTyanbHa KaK ¢ HayuHolt, Tak ¥ ¢ npawruuecolt
TOUEK 3peHusd.

B pafote pHIIOJHEHA OIEHKE XApAKTEepa W3MEHeHWA TelloREJIE-
JEHMA B KPUCTALIEX Ja3epOoB, paGoTaniiMX 8 WMILYILCHOM D3
reHepUpoBaHud.

llaremaTHueckana Monesb, Ucesenyemad B padute, TAKCRA:
oJIaTaeM, YTO UBJYUEHWS NaMIB HAKAUKM DACTIPEIENSHC DARINNSD-
Ho Mo puHe mnacTunm ( mapanmerenmnens ¢ pasMenmM 2a,g, c )
- aKTUEHHIA BJREMEHT Ja3epa, - JUHe#Hbe pasmeps xoran oy ror-
TB0DACT YCAOSUAM: Qa. << e, a «<e
Aaxyuenue HampabBneHO NEPNEHOMKYJAADHD K PD&MK ¥PHCTRHT, -
pannegbHolt nnockoctu YO, Axvuriitt o
neparypoll T, OXnaxnaelrcs XA&HArolr Y
Ha PPaHMNEX C COOTESTCTEYMUMMY Dpaiidau. Cumoad, .o oo
06MEH 4Yepea TpaHu, NapaAMenpHES iiscioz 7t XOZ i XOY, -
BpeMf, PaBHOE IJMTENBHOCTIH MMIIYIdea i
MaJ, MDUXOAMM K BHcOAY, UT0 3ailaus

2MEHT € HAWABHOLIT -

e T

IO MOJA KPUCTATNA CBOOMTCA X OIHUMCTH za-
Jaue TEeIONPOEOSHOCTH CAEYOIery i
DTy (x,%) 92T, (x,¢)
,__...'..."_.-.:.—gp '1'3 +a(i’)‘ N(é)(x_:z i)
o+ o4 3o &

o<t =4

— a—
3, Ct) s _3_';‘1’314(;22(&)’ o< x <nN(E) (2)

2t o2 o x*
o<t <y
e -
‘;""Hltso: ) N(o) <x <a (3)

__°
':;cx.t)!f,,, = tale) o <x < ni(o) (%)



T (x#)

- :d[T(zjf]-T;d], x=a, Ozteg (5)
e ,t l 1
a |a_(1| )- P =O‘ 051’.’.‘!_1 (6)

3 de =9,

A Df—m_} = X\ M = A/t c7)
a2 1 !
T o, )= T, 0 ¥ =~ (¥€) . ¢.8)

8 navassm-rosarat aansue (1)-{u)ieu £ - GcapeavepHie

HCpSHnHANe f . (=4,2- EDUTEDHE @yDhG, COGTRLLCTRYRIME "BHEL-
' " eaANAM f ARTTHOM BIeMEHTE;
A(E) 208 TpeeTOTH Bunein AME~HHO USLCTHENERCH D0 npeMenm:
Mtdepto)~ et QuE) oy pemine nerowatny TENAZ, HERUAUMNE

s (= A ) u Tepyrpentm!

HODGYEOUOAHATIAT HAAYUSILEN RarTL HAIAWIA, o () = HAUARnHAS
TCLIPIATYNS CHuLD aksHLHOTO 2JCHeHT; o - Kuadburuedt
CeuANGEMaNA AICLMEHODO DIENME!fPa ¢ XIAalaTCHT lld“— LeMe-
paLtyna XIAAZAreHTa, AL - woaddunueHcH - em;oupom-gﬁocu-m cnooer
ATTIRHOTO BJICMeI LA, dpurepun Bypre onpeneasmorcd 1o dopmyaan:

i

o= (c=1,2),

DA @ - IOMIDMIMENT TEMISDATYPONPORCIHOCTH € -T'0 CJOA,

ta, WH L conTRETCUEEKND, FUCMEHHOR U MpOCIpAriCTIEHHEN MacmTAGH.
CormacHo wanoEentm mise dXaduecu npeset eeacHudM, MH CUK-~
IAeM, Ul b 3rme{nl(t)<x<d.,o <f‘is 2RTHTHG TeferAy0T 1eHTp
URDACKH W noz.omy Torinodwswdeciuwe coofierra aToll 3cHE oTaMua-
QICA 0T TOLIODMSHUECKAX CLolC: b auiu (@< x <al(t), o<tsaf
HagansHo-w¥paenas aziaus (1).-(0) ouimeures ¥ kracey CUHDY-—
JAPHS PO3MYIURHARY HOMGABEO-KPAS! MY 30[AY TeMNONPHBOAHOCTH
OCKORBRY Fao €4, Cs4,.@ . UTMOUHM, YTO-ib CWIy clermduru oﬁpa—
ANPARWL TIGHTPNG ORLCEHN - BWIONIALTCA Cnotileine: f =e Yy,
rreds 4.

SET IONYHeEHS DGR CHEOTO DRAAUTUUECHOTO PEUeHUA HaYa-
Auie-gnacued acsamd (I)-{b) npuvenderes a6obienve HA caydak
BEOTACANI IR Cpen, MNBDA0CTOHHOTO OJEMM U3 AR 0poB nyue-
[oPo acuairaTUuyeckorn metoya’ L4] . B ocHoBg B10T0 MeTCOA
AT ACHMLTOTHUSCKUT BHARM3 NpH £. >0 WHIETPAIBHOTO
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IpEUeTARICHIE. PEWeEWF Uceraayemoft Kpaer ol saumm, FBIHAR—
Y ‘ Tt pHHAL ACHMEFFGUVRE MIVTTIIGS | P DOMy—
vaerTcA MOIE{EKarmed ©-rod SaliARes K ¢ WRABHEM DA
CHROHCTPYACOBANT M LU HM [OTCHIMATAR W OHMGHR2E10H (04 4w
iinn TaydeR" -owe T peract, COTeC TRCHHEM NENARNY T HeyeRHEIX
fyrummonanos “ielicipdn" . Jvr Ke ASCoPEMAIM oAy e BV t
6 ACUMILOTHKS pﬂmﬂ:—mﬂ MECASLYeM R BugeUl (L)-(:) W 5Pt cA
5" QKO TEEMIN.
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Ha ydd Klacca - "ovpdaendee” W " UPeNoMmIe HHLs
LALLM BGDE30M, UMREVCH wiiHad AHluDWA ¢ Daoke Sl MUl -
THKGT M, MOH CAGACTLis, - 0 SELHDLIMEN upNnIEll Higideeh Sl
LEMCTREA . RUDPIHUMEHTBL ACHUTWRAHCOVUDY PRAILEHIN DEAG bn
sedauit (£)-(0) SRUMSIHHIN CA b HOAOM AUX®, Wil O0BH0AAE] ey
ANBUDI B 0 H0AYURHHGE | HDRBACHIOE . ele W 98 0KUE gl el
acas (L)-(0) 7ii © sEMec cBHHOA, 18h ¥ o woalGR. el ot

.

BOEHAT, R R R Y T

' + DT )

AV DRy T . ,

RPN T4 .

L. PACENHCKEDG Loty FYC:aMiy Yhei’sy wedebidi wiiney ¢ S N

PYCOAHLY A b O rngprup: MO e DR M b e d T8 s

o - M n’dh 34 ﬂ':s } e v

P G A 4 nl' Y A G v, 9APRE s o
A . P S
I‘ i » L .[L I u.L\_ ,HJ.U‘,\‘J.

s .\'1“1‘ R W N b Ry SON
~. AaPMEOS w.D., - ACPUDYI niE Gous » u.,é",nr-ﬁ.n Ry I .[tl.l oo, L "
CHEAHUE KeCikald AACKL JUMEDHALHUPO M.B.HWB"S"H Hel T vTJI

OHHEIE XKADAKIGEPHC: Mein WAnCDHEY Blerasm 4. L adnen i

ad WL, Uep. OManueciad. asla. 1. L. R LT P
De wBDUKOL feirey THCEoCKI GLaliay wiiplai o0 U aie o b s

HRLYLES 10DU RIS o f MG cseiod Lo D Cer L wd 2T it -
LUNG DRI lumWIh. Loe L G, L et el

4. Hesenenko G.A. The '"ray" asymptotica in the solution of
the nonlinear singularly perturbed boundary value problems
of heat conduction. Second World Congress on computaticnal
Mechanics. 1990. Extended Abstracts of Posters. - Stuttgart
University, 19%0. - P.13-16.
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Cemunap "HaTemaTudeckne WMOLeIMpoRaHUE ¥ MOSHTWUIMHAIMA NapaMeT-
pon IPOUeccoR TCREHOCA D HEORHOpOIHEX cpenax" Pura, 1992.

"EYBORT ACHM TL‘:T)I‘{ L MeTOn - UBOB[E._;HM 5 HA CRyYAH
SAUL DG UK el SR CUll'/I0TE ) BODMYT30 X SATAY Telilio-
ERCCONUIP HOCA
Hecewengo LA, Moekna, Pocous.

B anxnage mpeasiokeHo W ofocHnzaHo oGoGueHue "nyuesoro"
acuvmreyruuacxoro Meraga [ I Ha cayualt msorocnolnx Hemnvedi-
HEX CUHTYJIAPHO GO3MYLEHHHX KDAeBHX 2&/1au TelLIOMECCONEpeHoca
1 HeKaHOHWUECKUX O6JACTAX, HaHpUMeD:

3
T, F ? )" Ty

5T - gn o (TR, Mk ame) (1)

o<t ¢l
3T. P T,
ﬁ = FO_;, 5_1— *“-?.L(-TL TJ.B s ML) <« ¥ < ALY 2 )
0 <t ¢l
[=]
Ty(x,0)= T, &) , T,(ko) = T, () (3)
BT (x,t)
oy T B(Tilt), k=ppee), C=t2
o<t i
T, 8) =T, (x,t) , &= A(¢t) (o)
NTy (e ,4)
i e, ATl )
X', Dk ,

B wpaepoid aggaue (1 }-( 5 ): ¥ u+t - Gea asMepHEe Tepe—
menmee, Fo ¢ (£=I,2)-kpurepuu dypbe, Fo, H-'-M << 1 , rue
Q; {c=[,2)-woalpunmenru I‘EMnepa’l'y'pOﬂpDBD,]lHOCTH cnoen; t,u
H - cooutercrseHso wpeMeHHOR W MPOCTPAHCTBEHHB MACWIaGH;

¥a M; 5 By (I — sanannse qymxmn (L=I,2).

Tar #e,xax ¥ A cryuae OAXOCROUHNY 3anay [I] B OCHUBE
HyeBIOWEHHOTr ) Melod JNexuT ACHMOTOTUUECKWA ananua WUHIeTpab—
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HOPO ITPeLCIasueHd pemesust mpd Fo g —= U (L=1,2) nncnejyemoi
HPaeROW 38LAUM, JATIMCAHHODO MPH UOMOWM COOTEEWCTRYIOLEE Maspi-
Uk [ pHHA, AJA HAXOHKAEHUA ACUMILOTURY MalpPUlls |'pHHA UCHNIbL-

3yeicH TOL A¢ NDUEM: 9e HOMINHEH.s JAlMChLANLCA © MHUeDpih-
HOJ DODPME B BRAE T€ILI0sMX LOTEHIMANuS, COALURaliMX HeUseC

T— N Aol BT e e D A y
NAOTHOCTH =  LJA OlipejedieHyud MMuCHe HWK CLUIMCLIBLGLCA MHL e pail

Hbie YPABHeHWA. ACHMOLOIUKa pewehldll UH eDPpadbHBA YhaHerill -

XODMTCA ITpA I1SMIEK HoMOMHELMN Me;uga i TuallldW W Melsudier Sealtten—

Ca = UacirHOT'O chydan Melola (Mepenwida. HOGYderHoe ey =

YyecKee pasiomedue "ImocHOCTeR" LuilGaBeade il oL e Asii-
PpajiGB,, JADMMX WHTeDPAdbHRE MPOACLARICHMA KOMITOBRGH wis M-

ol L OHHE B K 9F IHLeT'Cany BHOED NPpUMeHART”OA MeTgu ddudaiti
Lkl L gMHG, 4 OTuMy MHLerLad) Hu PUMEHAD_ TA M x

LpeglomReHHpM Me 'O IR H SCUAMITTO T HYOCRTE  aeed. =

HKEHWUB Ja00# fuure o0aa21T¥ — KalX  B,iwall 00 DROHMIL Slhzg ¥,
vax W BOAU3M 0L HHAX [l], afwahl ' W5 RPN TGN
Meron paboTaey U wUPNKMX RiacCon Dynxipt Myl Q (T'“J_), W

YTO0 HO3BOJNACT MCCRCANBALL MHITHE LB i WURCHM =dmbid il
seremesweesos feoron 14 1, 141, 13
{InowmeCc T upyeM COATIE ALSWE Ll uP T, it y

pasAoReHUl NMeMEHIUB, LOTDHUE [pianc apocueinelt na oy

afau —- 3araun nouM ¢ JAHeAHOR PouHuel padasae: ME) = K-t .
B3 svoM cayuae MiE) =+ == , M ct) =~ oo

Bl'.{-rf.) =0 ) Yo (T, T) =0 i b=yl v )

o)

Ty (4,4) —JT () By, °de+jT (y)- &0t eldy

M)
Twe) = ST € s yody e [Toare s g ody - . 3
Aol
HaeM criucu:j NOAYUSHUA ACUMIL OLHUBCKRODY LalatHe iln B0 -
MEHTO3 MATPULH |'pudHs cn(!vb w4y "‘Ck,t; y,d) , alami
TOUUKE SDYPUX JJEMEHL0Bs HAXKOAMLCA <HUAODWUHO . LOCHN by AMe 4
LelJIOBBIMUY HlT;ei'll_l',MiiJuzn‘.ﬁr'l NPOSTuld Cullr, IO ERD S
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paccMaTpUBaEMCM CAYUae 1TOKe BHUMCHAANTCA B ABHOM BuZe. C dyHx-
el G'“ TaK #®e, KaK ¥ B OJHOCTOMHOM clyyae, eCTeCTBeHHbM 06—
pasoM ceAsHBaercA "oTpameHdHaA" axcrpemanb-"oTpakeHHEl" nyu
Hekoroporo dyHxmmonana reficreus [I1],2 ¢ ¢ erasrmacres "mpo-
noMneHHaa" axcrpemanb-"mpenommerHuit" myu  Toro we dyBpmolaTa
retevsur [6]. Acmunroruuecxoe pasmovenwe dymwmm @42 anaropimn
o { I3 ), a dymrmwm G2 ananopumin ¢ I4 ).

Viemoas3yA ACUMIITOTHUECKOE NARIIWCHNE
HA G;af , CNOcOoBoM, UINOKEHHEM F [I], MORHO [OIYUMTS S5 r -
TUXY KAK pemeHud sanauu Homud, Taw i pomoyd :
veitnex sagau e ( I )-{ 5 ).

[lpepnomenHsdt MerT0on nonycxasT o Gmerna wa cayuall o

BACMCHTOD MATDUMN | Y-

I. Hecenenrn T.A. linr
PATYDHHEX [IOASX Teepmux 7Ten. M. §i3md, I921. T4

2« Hapnoe H.B., Hupwwenxo H.A., dyswagingyr [LC, Inzenmins
TepMoxummuA, = M.: Hayxa, I8G2, 90 o.

3 Macmor B.ll., lasunor B.I'., Boaoenr M.A, lotemnmimeone
MOJeNMDOBaKME TIPOHNECCOs TemloMaceonepsnsea 1, tHayr=, 1087 T, .

4. llogexaes D.B., lpenuy &.T. Te; f. 2 Duene
rus, I970.4 292 c.

5. Ceauppenndl 1 4., (= B DA, fyproser ALl
¢ Oo6OCTPEHMEM B 3I8TAUAX OJiH IBHIMHPAHLIX Napafomiuc el T

HeHuit: = M1 Hayxa, 1967 + 477 ¢,
6. Hecehenro I'.A. MeTonn pemenus cuHulynapH) RO

KP&EBAX 38484 HECTAmMCHADHODD TeIIoMacranfuens
cucremax //Temmomaccoctmes — k-2, I1 Mwucwmult #
Sopym,. T.Y. TemmomaccoolMEH B JUCTIEDCHEX CHCTEMAX )

TATMO" . J992. @ C.07-70,
7. Hur I'.C., [lo6eperuuit 0.0, llecramuoHapHmse mponeacii » -
nax ¢ pedexramu Tuna tpeumsH. . duer: Haynwona Tywra, IVCL. 10 .
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Seminar "Mathematical Modelling and Parameter ldentiataication

ot {ranster Processes in Nonhomogenous Media', Kiaga, 149492

DN THE JDENTLFICALLDN UF CUEFF LCLENTS
- ELL IR S5YS eMs
) e ldis RALIUMS

i - Kiga., l.alvia

We will)l consider the tollowing situation. Lel we hawve

an  obgect which bebhaviour 15 described by an elliptic

boundary value problem [ |
. Alolu=t. =FQ, u/ao—_.q] L)
where O™ is 3 aiven domaln and the sState utlur_ R .umj 15,

in aeneral,. a wveclor valued funchion, but 0 corresponds Lo

unknnown parametbters, We can IaT2Y 4 1o inestanre, 1yiam
experiments) Ssome intormation about solubasan:s sk 11) and

trnm Lhis intormation we have Lo calaowiakoe Bhe unknowen o

Because an real 11te we ran aet thees antoemabiaaen abooh
solutaons of (1) only wibth come ererwy amd the nuaber ol
"tsts” 15 bounded the tol Llowing queshbions e ae.

1. in that spaces we Lrv “to Jocate” sodotions ol ()7
W2 will concider tes cases. the tirst case 1s Lhot ot l_2
what means Lhat we are able only Lo get Lhe entormal oon ol
solutions only as Pumctions ol poants. The second caoe 1o
that o H1 what means that we have antormabion ot tluxes
Loo.

2. From what set we scarch our purameblers o7 Agaitn we
will conslider two cases. Une s Lhe case ol faxed number  of
materials with the admissible sol Py fat everv spatial point
= parameters g can take only the tixed 1anile nuomber ot
values). |he gecond case 1s where we permst Lhe “contynuons
spechtrum” ot materials. The corvresponding set ot g0 will be

the P, where P, 1S the closed convex hull or [


http://soi.ut.ions
http://�irj.se
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4. How much intormation we need? We will measure the
amount of aintormation by the numberr N of solulLions
U(G.f").....-.u(o. f") ot (1) with given 0 and right hand sides
o

Under some natural assumptions there can be shown the
ftollowing properties.

1. 1t observations (solutions u(of 1) ..... ulo, f")) ar e
trom L,. then the sets g and g can not be distinaquished.
More precisely. i+ oqul and we have N solutions
u(ou_f‘).. covulon t') ot (1) wath om0y and w=tlsoiowst'

respectively, then tor every £20 there 1s a UﬂFao such Lhat
s s r e
“u(ao_‘l' ) u(UE_ 1 }”‘ e, S=1. ... N

1
1+ observations are irom H then the sels pu and P,
can not ‘be distinguisched 1n the case mFN < n. lhat means
1 N
that for every tixed uuF¢1_ T and 0 thero a1 o

OOFQD such that
s s .
oto, 1 %) ute . + il 1< s=0. ... N

lhe proots ot these propertie:s: are based on ftaclks from
Li- converaence ot ellaiptic operators  and  properties ol

extensions of optimal control problems.
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CeMMHAD "MaTeMaTMue.cxoe MOJleIMpOBaHMe M Hneﬂfruclmxauuﬁ' napaMeTpoB
NpoleccoB nepeHoca B HeOAHOPOAHBX cpepax”. Pura, 1992

MOZE/MPOBAHWE M MIEHTMOMKADMA  TIAPAMETPOB  TEILIOOBMEHA
B  KOCMMUECKMX  HOHCTPYRIMHX

Peanuk C.B., JlenucoB 0. B., Jleuucopa J. B., EdpemoB C. 1. ,
Muxanep A. M., Mnoxoryn W.T., Ilpocynuor IL B., XopwuH K. B.

MockBa, Poccud

OnHOM M3 OCHOBHHX HAyYHO-TEXHMUECKHMX . NpobJieM coBpeMeHHON
KOCMOHABTHUKM ABAAETCA  CO3JaHWe  KpYINHOrabapuTHHX KOCMUYeCHUX
koHCTpykumd (KKK). Takue KOHCTPYKUMM NPU3BaHH padoraTh NINTEXb-
Hoe BpeMf B YCJOBUAX NEepeMeHHHX TenJOBHX BO3JeNCTBUA u TIYGOKOTO
BaKkyyMa. K HUM npelbdBJsiiOTCH BHCOKMEe TpeGoBaHMA IO TOUHOCTH COX-
paHeHud ¢opMel ‘M pasMepoB. B CMIY BHCOKON CJOMHOCTHM M CTOMMOCTH
KKK npy uX coszaHuM NpuMeHswTcs pasHoOOpaaHHe MeTOIH (UaH4yecKOTO
U MAaTeMaTUUYECKOro MOZeAVPOBAHMS.

Jins KKK akTyasJbpHa paspaboTKa MeTOJIOB MaTeMaTWudecKoro MojeJ-
poBaHWA MpOLECCOB palMallMOHHO- KOHIYKTUBHOrO TemJootMeHa (PKT).
llpn aToM UeJdecooOpasHO I[IPOBOAMTE NEKOMIOBMLMIO KOHCTPYKLUMA Ha
NONKOHCTDYKIMM M 3JeMeHTH (puc. 1). ABTOpamu NOCTDOeHa Mepapxu-
yecKas CHCTeMa DACUeTHHX CXeM, [03BOJfAKmAad OnpeleddaTs TemIepa-
TYPHOE COCTOAHWEe KOHCTDYKLIMA B BHJle NAAcTWH, o6GoJouex, CTepaHel
13 HenpoapayHh¥ M MNOJYIpO3PauHbIX, MBOTPONHHK M OPTOTPOMHHX MaTe-
puasioR MPY paBHOMEPHOM Y HepaBHOMepHOM HarpeBaHUM TOTOKaMY M3JYy-
yeHUd. [I[puMepH pacueTHHX cXeM PKT KoCMMUYeCHKMX KOHCTDYKLIMA mNOKa-
8aHH Ha puc. 2. PaspaboTaHHbe ajdropUTMH pemleHud 3agau PHT ocHo-
RaHE! HA NpPUMEHEHUM MEeTONOB KOHEUHHWX pasHOCTEM M KOHeyHLIX 3JeMeH-
TOB B COYETaHUM C 30HAJIbHLEM METONOM M MO3BOJRKT YUUTHBATH 3aBU-
cHMOCTh TenJoduavuecKux U OITHYEeCKMX CBONCTB MaTepyaloB oOT
TeMIlepaTyphl.

B cBAauM ¢ npuMeHenueM B KKK HOBHX KOHCTDYKUMOHHHX MATepHaJIOB
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ronui

. lpdep pexommosuimy KOCMUUECKOR KOHCTPYKUMM:

I

I ~ anrenta ; 2 - maHunyasrop ; 3 - gepwa ; 4

Puc.
CTepXeHb
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Puc. 2. IllpuMepH pacyeTHHX cXeM PKT KoCMMUECKMX KOHCTDPYHLMA:
a) TOHKAd KpyTrJad ¥ NpaMOyroJbHas NAacTHHA; 6) NJaCTHMHE ¢
LUMIMHAP M3 MOJYNpoapayHOro maTepuala; B) ONMHOUHHE CTEDNHM;
I') ToOHKMe OOGOJIOUKH; 1) MHOI'CCJOMHHE MJI2CTHHH M OOOJIOUKH;
€) CTepM¥HeBHEe CHCTeMH
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BECHMA BAXHOR fABISeTCH 3afaua WAeHTU{MKAUMM NapaMeTpDOB TennooG-
MeHa. Jnsg 3THX lelel paspaloTaHh aITOPUTMH pelleHHs OOpaTHHX 8sa-
nau (03) PHT. HeoO6xomumme nnA pemerus O3 PET akche pMMEHTANbHHE
JaHEHe MOJYYAT B XOMe TENJOBHX MCMHTHHUA 3JeMEeHTOB KOHCTDYKIIMA
Ha YCTAHOBKAX pAIMALIMOHHOI'O Harpepa. ABTODH MMENT OMNWT TEILIOBHX
HCIHTAHUA MIOCKUX M CTEpMHEBHX 3JEMEHTOB KOHCTDYKIMI Ha rerHoyec-
Tanopkax. C MOMOMBI YKA3AHHEX METONOB NOJyUYeHH HOBHE JaHHHEe o
napaMeTpax TeTJooGMeHa.

BoamoxHoCTH paspaGOTAHHHX aJTr'OPUTMOB MAMOCTPUPYKT puc. 3-6.
Ha puc. 3 npejicTaBieHH peayabTaThH UUCHASCHHOTO MOJASJMDOBAHUA TeM-
nepaTypHOro COCTOSHUA MHOTOCJIONHON KOHCTPYKUMM KOCMHUYeCKON aH-
TeHHH. PacueTH NOKA3HBAKNT, YTO MOMHO NOJOOPATH TAKHe OINTHYECKME
CBOACTBA NOBEpPXHOCTEN aHTEeHHH, IIPM KOTOPHX TeMIicparypa Io ToJmd-
He OyleT MeHAThCHA HeaHauMTesbHO ( CM. BapuaHTH 3 # 4). PeayamTa-
TH HCCJlIeIOBAHUI TeMIepaTYPHOI'O COCTOSIHMS KpYTJOR NIACTHHH, Yac-
THUHO BaTeHeHHOM ApYTUMM 3JeMeHTaMd KOHCTPYKUMH, BHHECEHH Ha
puc. 4. YCTaHOBIEHO, YTO JJA CHMXeHMs oOmero YpOBHA TeMnepaTyp ¥
TeMIePaTypHUX TpajUeHTOB lieJecoo6pasHO NpUMeHeHWe Ma2TepualioB ¢
BHCOKMMM BHaUYeHMAMM TelJONpOBORHOCTHA. CocCTaBHOM YacTbl MHOI'MX
KOCMUUeCKNX KOHCTPYKLIMA SABJAITCH CTepXHeBHe 3JeMeHTH. Mofenupo-
BaHWe TeMNepaTypHOTO COCTOAHMA MOJOro CTepaHd U3 KOMIIO3WLUMOHHOTO
Marepyana Noji AedcTBHEM ONHOCTOPOHHEr0 COJHEeYHOIr'O Harpeba CBHUIE-
TeXhCTBYeT O BOSMOMHOCTH IIOSABICHMA SHAUMTEJbHHX TewmnepaTypHHX
IranMeHToB, OCO0EeRHO NMpM HU3KMX HAUAJNbHHX TeMueparypax ( puc. 5).
HeyyeT BHYTDEHHEro DaflMallMOHHOI'O TepeHoca B NOAOCTH CTEpMHR MO-
MeT NPHUBECTHM K CYymecTBeHHHM OIMOKAaM B ONpelieeHMM TeMIepaTyp-
HHX noJed. Ha puc. 6 npefcTableHa 3aBUCHMOCTHL OT BpPEMEHM TeMIe-
paTypH TOHKOCTEHHOR  napadojuuecKofl oOOOJOUKKM THIa oTpamaTeld
KOCMHUECKOR aHTeHHH NpHM IBMMEHMM ee [0 rIeoCTAlMOHApHOR OpOuTe.
CHoxH:I TeMnepaTypHHR npoduns oOBACHAETCH MBMEHEeHWeM BO BpEMEHH
nafaomero TenJoBOro NOTOKA, a TaKkMe caMoaaTeHeHMeM M camoolJiyue-
HHMeM NOBepXHOCTH. BMAHO, UTO nepenaj Temneparyp Mexgy BepmMHoRl M
nepudpepyeft oOOJOUKM MOMRST JOCTUTaATh COTHM I'DALyCOB.
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FINITE DIFFERENCE METHOD FOR ONE-DIMENSIONAL EQUATIONS
OF VISCOUS HEAT-CONDUCTING GAS SYMMETRICAL MOTION
s R T T Artiiras STIKONAS

Vilnius, Lithuania

Samarskij and Popov [ 1 ] proposed difference schemes for nonviscous magnetic heat-
conducting gas symmetrical motion equations.

Consider the equations in the Lagrange mass coordinates describing one—limeusional
viscous heat~conducting gas symmetrical motion [ 2] -

Dz =w, Dim=Duz™), Dyu=z"DppDuz™)—p|l+glz,t), p=kpd,

cvDed = DiAp2"" DY] + pp[D{uz™)? — 2 D(u?z™ 1) — kpt! Dinz™) + f(x,1).

In the case of plane-parallel motion m = 0, in the case of axisymmetrical motion m = 1,
and in the case of spherical symmetry m = 2.

Problem is investigated in the domain {4, t) € Q = Q% [0, T} where g € § = [0, L] is the
Lagrange mass coordinate, ¢ £ [0, 7] is time. In the problem D,, D denotes a derivative with
respect to ¢ or ¢. Unknown functions are 2,4 = p~',u,# where r is an Eulerian coordinate,
p is a density, u is a gas velocity, ? is absolute temperature. We assume p = » + &, F 2 0,
§20,v> 0, ey >0, A >0to be constants. Let z = (x,n, @), @ = (u,d]

We consider initial conditions (g, 0) = 3" (¢), u(¢,0) = u%(q). ¥(g,0) = ¥"{q) and
the equation Dz(¢,0) = n°(¢q)[z(g,0)] """, ¢ € £, which describes the relation between
Eulerian and Lagrange mass coordinates. Let 2{0,0) =« > 0.

Finally, we consider the following boundary conditions

=10.

q=0.L |q:0.L
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Let Lg(Q), WE(S), Lo (Q), WE'(Q) be the usual (Sobolev) spaces with norms || - [g, ||+ |[*¥,
1+ 1lg,r 1 - ”f:;'n where ¢,r € [1,00] and k, ! are natural numbers. The norm of the vector is
equal to the sum of norms of vector components.

We suppose that f(s,t),g(s,t) € Loo2(RT x (0,T)) where R} = (a,+0),

Let K(IV) be positive nondecreasing functions of a variable N, N € (1,+c0), de-
pending on m, L, T,a,€,v,k, A, cy and let 7(N) be analogously determined nonincreasing
functions.

The notation and conventions adopted here are the same as that introduced by Stikonas

[2] Forg,r € [1,00] we get the norms || ||,z |- llgws,. .|l llrwr from the norms in

L 1
1/2
L(Q), Ly(R), L0, T) if trapezoidal, midvalue, right rectangular integration rules are used,
respectively. We suppose [|[V][, .+ = Hff'“q,;n. where V is a zero continuation function of ¥

from w? to @*. We consider the difference scheme with Pyy = P [ 2]

axX =UX/X)m, (H
JH=6UXT), (2)
U =X"6(pRSWUX™) - Py) + G, (3)

v0:0 = 50X " R60) + pRISUX™)? — gmyﬁw?i”"‘l )= BSUX )+ F (4
e v v Py v o v i v
where P=k-P,(6,0,H,H), F>0, Ro=H;),, Ra=H,', ), Ri=[s(H"); or
Ei=[s(H™")]; (0<i<n). In the difference scheme we define R = R(H,;I) = In{H; Ivf),
X = XX, X) = em(X:X), X = XT(X,X) = [0.5(X™ 4 Xm+)M/m+D)  where
In(a;b)=(In a—In b)/(a—b) as a #b, In(a;a) = a ', ze(a;b) =(a+ b)/2, k= -1,0and

za(a;B) = [(@* +a* 1 btk @B Bk D, k=12,

-~ = . — v .
Weassume P =P =kOR R=1/H[2]. We consider P =P = kOR-I(H, H) in addition
v .
where I(H, H) = [max(sign(m), R"'R)|"'/% .

We consider the following initial conditions

H| =&, U| =0 o =9 (5)

=0 =0



rod the equation for X° 0 - . .

X0 = Y X0 (4

where Xiy1/2 = X(Xi, Xip1) = 2m(Xi; Xiy, ) Besides the condition X?|;_q = a we consider
the boundary couditions
- mF s e . ret -

- e Y L-L=0,w - 60‘1 0.n =0 ] . QJ

Suppose that Ulizgn = 68%izpn =0, X° >0, H® > 0, 8° > 0. Functions
X, H U @ are defined or the grids @ x @7, *‘;'/z X, x@, -.._J"'fg x &7, and functions
G, F are defined on the grids & x ™, wf“ x w” (let Gli=o,» = 0 ). Equations (1}, (3) are
defined on the grids @ x w”, w? x w™, equations (2). (4) are defined on the grid w 1/) w’
and equation {6) is defined on the grid w?ﬂ. ) +

Let Z =( X, H, U)be asolution of the difference scheme if Z satisfies equations (1) -
(4), initial and boundary conditions (3) - {6),({7) and the conditions X >0, H >0, @=>10.
Let T={ U, Q)and 2° =( H®, T"), C ={G, F).

Let P satisfy the condition

POSUX™ ) <kR'PRVIAUT") - @

where R, = Ras m =0 and R, = {scH )} asm > 0. If P = P or P =P theu (8) Lolds.
We deuote o, = £fv ~ 0.5(m — 2)(n + )7L 5, = 1.5mim + 1}, We introduce the

discrete analogue of entropy S =Fkin H +cyvlu @ and functions
5O _ (@7 R, [+ DX e X G Hp 200 T

S — (@ 'RLGUX ) 2 0, 7 = (RX"60.4[-0~"]) 20, SH = (@ . F) 2 0.
Lenuma 1. Let /v 2 0.5(m — 23(m + 1) and inequality (8) hokls. Thea we have
the nondecreasing entropy law  8,(8.1) 2 17, 5 + 12, S + 253 1 5 =0
Lemma 2. For the difference scheme (1) - (7) we have volume conservation law
1H2 0 = 1RO, 1<

We define norms

121" = 1| X ||z + (16X o0 + || 12 + B2 @ + 16T o + [T ]2~
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1ZI® = 12D + (162X [l2.00 + 68 12,00 + 8.5 H g + 1B Hl|2,00 + [T

where || - || = || - jl2,00 + 18t - ll@ + 116 - 12,00 + 1162 - lIq-

We say that Z  is a regular N-solution, if the solution Z  satisfies the estimates
N'<xg<N, N'<ogWN, N'<H<NW, |z®<T.

Theorem 1. Let N=! < HY, ||Z°||® + |[Gllg € N\ Tmax < O(N), Tt < N7, j 2 1
and conditions of Lemma 1 are valid. Then every solution of DS is a regular K{N)-solution.

Remark 1. We can omit condition 77! € N7J, j > 1 when Py = P and boundary
conditions (7) hold.

Remark 2. When ray € (V) the regular -K{(V) solution exist and this solution is
unique and stable.

Remark 3. If h = const and z is smooth then ||Z - z|lc = O(rmaz + h?).

Remark 4. We can find the solution of DS using the simple(Jacoby) iterative type
method. When 7pa, € 7%(V) and Z is the regular - K'( V) solution we get

1Z — 2,|® € K(N)[K(N )3 977304

mar mazx

where Z, is solution of iterative method.

Remark 5. If we have boundary conditions

=(Gn = B Un)X,, " hpt1/2s U|,-=o ¥ 69’ =#

i=n-1/2 i=0,n

where IT = uRS(UX ") — Py instead of (7) then Lemma 1 and Theorem 1 are valid.
Remark 6. Lemma 1 and Theorem 1 are valid when we have magnetic heat—conducting

gas symmetrical motion equations and gas velocity has nonradial components (in this case
U=(U, V,W, o, B, B;) where @ = (1, v,w) is a gas velocity vector, b= (Box=™ b, by)

is a magnetic field intensity vector).
References
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Seminar "Mathematical Modelling and Parameter Ldentitigation
ot Transter Hrocesses in Nonhomogenous Media . Hiaa, 19y
CemvHap “"MaTemaTauecHoe MONENAPCBAHWEe W WOEHTUOVHALWA NapameTpon

NPOLecCcoB MEpeHOCa B HEONHOPOAHWX cpepax’

HEHOTOPHE YUCIEHHHE SHCTIEPAMEHTH ¢ HEJWHEAHKM
YIOPYTUM MATEPUANOM
JEMHTRHC A A.

Pwra, Jarawna

fIpy MATEM2 TUMECHOM MOJIEJINPOBAHWW YCIMEeX MOWIO OMANATh Wb R
TOM CITYYae, ecinu FOM¥HHM ©oOPa3oM  Bubpadd  NapaMmeTpul  3ajadn.
OcobeHHN CIIOMHO ©NPedenuTh 3AKOHW MaTepuana, T2k, R TEOopHn
YITRYracTu CRA3DL MERLY HANPAMESHUANK I AegopmatveR nna
CMHOPOOHOrO, W3ANTPONHOTO MAaTepuana B ofueM Chydae BopamdeTon

uepead gopMmyny {1 |:

g = |:](II. 12. kj}l + .;2(1]ﬁ 12_l:{)u *"25('|' Jy, g{)u .o
roe ¢ - TeH3oup Hanpasenwnl,l - eauHuyHvB Tewndop, W - Tewaop
negqopmani, =P RAHKUE" TO $YHHLWAA OT TREX WHBAPUAHTOB II. l‘), l‘{

TeHdopa UW. Teneps NPW MATEMATUMECHOM MONEFAWPOBAHUA KOHKPETHOCO
YOPYCOro MaTepwana TpebyeTCA YCTRHOBWTL BrO  AaBuCcuMoCcTelt

4

EPRIR Hax orTmedeHo B |11, nNpu 3TOM DOJHRHAKWT MHOF O Npobnem.
B pedeparte obcywupmawTcA wvcocconenoeaHuA,. navaTtwe B (|24, rne

nyreM YHYWUCNEHHOT 0 3KCMNEPMMEHTA WAYYANOCh BIWHAHWE HKB3INP4dT3a TEHUOPA
negopmaumnm W Ha peuwleHue zagauw Cueabopnunt . B |2] paccMaTpueanacs
cWTyauwA, Horna u2 BXOAWT B 7AaK0H MATCPUANa, YMHOXCHHEN HA
NMOCTOAHHYHN HENNUNHY. Buno YCTaHoeBNeHqG, urao  yuer KBEOPATKWYROI O
4/1¢HA MOXET JOCTATOYHO CWINLBHO W3IMEeHWUTL peuwmedwne. Ecnw 6pate

nnHe Brnit AAHOH I'yua n TEeH3OPp negopmauvil L R fopme,

npenHaHavYeHHOR ona  Bonblmx negpopmag iz, TO npn pemeHnn
HOHTAKTHHX 3anav MOAHO HaBGNoaaThL apdeuT "ONPOHAIAAHWA "
NMPAHOHTAHTHEA YACTWAL YNPYTroro mMaTepuana. Y4yeT HBAAPATUYHCOCO

YWCK4 npa cooTBeTCeTrByYwWeM Brfiope 3AHIaUBHMA NOCTORHHOMO MHOMMTENA
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CHAMaeT S3TOT HednauudecHnN 3¢pexT.

B panbHeHmeM npegnonaranoch HW3IY4YWNThL BIMAHRE uz C MHOMMTENEN,
32BACAWHM OT camoro pemeHMA. @PaHTuYecHM 33aKOH MaTepuana 6wn BIAT
B BuIe

a = AL+ 200 4 y(1 )0, (2)

rpne A, g -HODGOWUOMEeHTH [aMe, rlll)-¢yuuunﬁ, SaBWACAMAA OT
nepeoro MHBapMaHTa TeH3Iopa pedopmaumm L.

HMayyanace nByxXmepHan HOHTAaKTHAA 3anaya , HOCONa TBepaoe
TeNnoc BAaBNMBAETCA B YNPYrWil MaTepuan [MPAMOYU ONLHOI'O CEe4YeHMA.
BoHOBHEe M HAXHAA ©padHAUL NPeANONaranicCh 3JI3HPEeNnIeHHHMW WecTHKO, 3
BEPXHAA rpaHMila -cBo6o0HA BHe 3apaHee HeW3IBeCTHOW IOHW HOHTAHTA.
MaTemaTMHYeCKaA MOOenb 3AaMWcaHa B TepeMemeHUAX. [ducHpeTHan
MATEMATHYECHAA MOOenb TollyYeHa H3 OCHOBE HKOMGMHALMW METORA
FanepkuHa no BepTUKANbHOMY (NO DBTOMY HANpPaBJ/IEHWK® HEWIBECTHHE
¢yHHUMM MEYTCA B Buae HYGEWMYeCHKMX nNONMMHOMOB) WM Paz3HOCTHOrGC no
COPM3OCHTANLHOMY HANPaBNEeHWAM, Hoaddnunenr r(ll) GpancaA Ha
npenuaymeM MTEepPalUMOHHOM  clloe M 33MEHANCA  MHTEPNONALWOHHWM
NONMHOMOM TpeTbel CcTeneHwu.

B pesynbTate ynpanoch nNoNy4ATbh Pe3YNbTATL NPU HEHOTOPHX
HOHKPe THHX ¥l 11 KOTOphe obecneunBann BHNY HITYK BEE€ DX
3aBMCMMOCTb npanomeHHod cund OT pedopMauuM B COOTBETCTBYKHMEM
OOHOOCHOM  DHcNepumeHTe. [lpoTMBONONOXHLNA XapawkTep SaBACKHMOCTH

CHMH A JedopMalny MNOJNYYHTb He YHOAJoCb .

llaTeparypa

1. Staat M. Uallmann J. lensorielle Verallgemeinerunaen
einachsiger nichtlinearer Materialgesetze // /. angew. Math. Mech,
69 (198Y), 73-81.

2. 3eMmnaTHC A HeR'O'l'Opble YUCIeHHue DBHCNePUMEeHTH C HenuHe RHuM

4NaCTHAYHEM M3aTepMalniom l/ MaTemaTn4eckoe MonennposBaHue.
[Tpuena grue [agavymn MATEMATUYECHON QU3INKA. Pura: I¥, 1993,
Bun. 3. €. 143-150 (na naremck. ).
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"RAY" ASYMPTOTIC METHOD : FURTHER RESULTS FOR
SINGULARLY PERTURBED NONLINEAR TRANSIENT PROBLEMS
IN MULTILAYER DOMAINS

£ G. A. NESENENKO,
[ I I & -
- Department of Mathematical Awnalysis
of Moscow State Correspondent Pedagogical Institute.
- ul. Verkhnyaya Radischevskaya 1&, 109003 Moscow, RUSSIA
-

It is knawn the papers (11, {21, where PBoundary Integral
Equation ¢(BIE)» method are wused to solwve the problems of the
dynamical thermoelasticity, including the thermail shock yproblems
{ones are very important according to engineering standpoint). In
connection with the development of new perspective technologies,
the problems of the dyramical thermoelasticity i1 the composites
are interesting specially. First stage of similar problems is
determination the transient temperature fields undsr~ the thermal
shock. Specificity of these problems is that it 15 necessary to
solve the singularly perturbed boundary wvalue problems for the
heat egquation with two small parameters ivw  the multilayer

domains with the moving boundaries. Necessity of study of

the solution of the singularly pertu}bed boundary wvalue piroblems
with two small parameters arises under the investigation of many
important problems [3), 141.

In this report it is suggested and grounded the method of
solving the problems of above-mentioned type. It is based on
analysis of the integral representation of the colution and
includes analysis of corresponding BIE. The method may be

considered as generalization of the supposed by G.A. Nesenenko [5]

ray" asymptotic method for the composite structures and for
the heat equation with two small parameters.
Thus, in case of one-dimensional temperature fields 1t is

suggested the manner of obtaipning the asymptotic expansions
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(when £, — 0, 1i=1,2 ) of the functions Ui(x,t) ¢ i=1,29

which are the solution of the following boundary wvalue problem:

- e . T TR T
e o'y, a,
B S e T RO UL T2 s et
N CE) < x < NCED, i=13  NOt) < x < Ny(t), i=2 (2
B.(x,0) = f (x), i=1,2; 0 < ¢t =i 3)
) aU, (NCEY, ) BULCNCED, ©)
U ENCED 8 = UL ENCED 8y € = c, a3
ax an

The boundary conditions for Ul(x,t) and Uz(x,t) under x=N1(t) and
x=N2(t) respectively may be linear or (if it is necessary?
nanlinear [6]; ¥ and t are the dimensionless variahles;
si ¢ i=1,2 ) are the small parameters.The functiaons N{t), Ni(t)
¢i=1,2) are supposed sufficiently smooth. We have mentioned
already that the offered method is generalization of “ray"
asymptotic method [7] and it is founded on asymptotic analysis of
the Green matrix of the boundary wvalue problem (1)>-{4). In order
to construct the integral representation of the Green matrix for
the examined problem, it is used the well-known method of sources
and wells [8). The method admits generalization in case of the
praoblems with the multilayer axial symmetry as well as for the
multidimensional multilayer problems, including the multiconnected
domains and the problems with free beundary N(E) (Stefan‘g
problem) [6]. ‘

B L] o . .
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IDENTIFICATION OF THE FILTRATION COEFFICIENT

Gennadl Vainikko (University of Tartu)

1. Inverse problem. Let QCR"™ (n22) be an open bounded region
with a piecewise smooth boundary 9o}; we denote by v the outer unit
normal to 90). Let TC 30} be a relatively open set. Consider the following
inverse problem: find the coefficient a=a(x) such that

-div(al(x) Vu(x)) =f(x), xeQ,
[alx) Vulx)]-vix} = glx), xel,
where ue W' =(0), feL2(0), geL?(T) are given functions. Physically, u can

1)

be interpreted as the piezometrical head of the ground water in (; the
function f characterizes the sources and sinks in ) and the function g
characterizes the inflow and outflow frough I'C 3{). The filtration (trans-
missivity) coefficient a is, physically, positive and piecewise smooth
with possible discontinuities of the first kind on some surfaces in Q.

We do not exclude the case of =@. The boundary condition is
omitted in (1) In this case.

Conditions (1) can be understood in the senge of distributions. We
prefer to deal with the weak formulation of the problem.

Introduce the subspace

HYQ,I) = {weH'(Q): w(x)=0 for x€aD\T} ¢ H'(O).

We obtain the following weak formulation of inverse problem (1}: given
uew"%(n), feL?*(n), geL*() find a€L*(0) such that

J;nVu'dex = J;fwdx + r[gwds. YyweH'(O,T). @

Problem. (2) occurs to be ill-posed: smalil perturbations of
uewW" (0), feL?*(Q) and gel®*(I) may cause large perturbations of
ael?(0).

2. Discretization. A natural way to discretize the inverse prtlhblem
(1) is to apply finite element approximations to the weak formulation
(2} of the problem. Introduce finite-dimensional subspaces S, cH'((,I)
depending on a discretization parameter h>0 : we assume that S is
complete in HYQ.,T) as h=0 , i.e. for every we H'(Q.['). there exist
wp €S, such that wy<w in H'(Q)) as h- 0. We introduce the following

discrete version of problem (2):



175

find apeL*(02) of minimal L3(Q) norm such that

. {3)
Iah Vu Vw,dx = ffwhdx + I!gwhdS . Yw eSp.
3] Q
Problem {3) has never more than one solution. If problem {2) is salvable
then (3) is solvable, too. and the solutions satisfy the relation a, =Py 2
where Py, ,, is the orthoprojector in L*D) corresponding to the subspace
ta,el®(0): &y, =Vu ' Uvy , v, €8, |: a consequence is that a, “+a, in L*Q)
as h=0 where a,eL’(Q} is the norma} solution (the solution of minimal
1.2{0) norm) nf prablem {(2). Conversely if (2) Is nan-solvabhle in 17(0),

but (3) is solvable, then HahH =+ a5 h=>0._

L2 ()
Choosing a basis w Wy {i=1,....01=1y) of S,. preblem {3} can be

reformulnated as follows: find

I. .
a, = > CJ\}"u‘VwJ'

aty = 8l b b 1=
solving the system of linear equations L
Ac = d

wherecisanl vector with components Cl‘d isanl vertorwith components

d, = J}‘fw!dx . r[‘gwidS NEES W]

and A = (n”ﬁ is am | x|l -matrix with elements
a, = J(Vu‘Vw.J{Vu‘lede N T I
1

v

3. Regularization. Consider a case where, instead of exact data
denated here by u,.f, and g,. we have pnliuted data u=u’lEW"'x’(0).
F=F’SEL2(D) and g=gsEL2(F) at our disposal. Then numerical difficulties
should be expected especially for fine grids , and a precedent regulari-
zation of problem (3) is needed. Tikhonov regularization yields the
following numerical scheme:

a“'h=J§CJ.aVU'Vw] , laBeAie =d. (4}
cdorrd NP 2 s
Here d is 1-vector with camponents d, defined above. ¢ is l-vector with

components LT G=1,.. .1}, A=(a”] and BIlb”) are lrl-matrices with

elements a; defined above and

by, = A‘ij‘\?wldx (Li=1,..,1).

A suitable value of regularization parameter a>0 depends on the error

level of the data. Assume that
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sup | Vu, (x) - Vug(x)l € n s)
T xel) ¥

M- folliagy <8 Hggmgl <8,

where & and:y are small pnnitin numbers. Then an a priori choice
¢=q(5,n) lllsh thut .
u(l.q)+0 (82+*)/a(8,n) >0 as 3-40, n=0
guarantees the convergence 8, (5,5),a~" % In L*(0) norm as h=+0, 50,
.n=+0 }vhma. is the normal solution to (2) corresponding to exact data
Mg, fosBg (We assume that (2) with the exact data is solvable in L*(Q)).
The same reault holds if x=w«(h,5,n) is chosen, according to the residual
" principle, s0 that
3¥CAc e > 0 s CAcy -d, BT (Ac, -d)>*? < B8+ <{Ac e, > 7 n)

.-where <°,') denotes the scalar product In R' and B21 is a constant
. not dapendlng on h,3,n.

* hit ; The cnuvergence results concerning the a priori parameter choice
- _wg valid 1F ¥5) is replaced by conditions

CagsL®0), suplu (x)l ¢, Vu,-Vu,llgzqyn<n

xafl

wi:crq- the constant c does not depend on 7.
'Forr.l_l_loze details see [1,2]. About the identifiability of a from

problem (2) amang functions of class L?(0) or even L'(Q) see [3].
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