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Abstract: The phase transitions between paraelectric (PE) and ferroelectric (FE) isomorph phases of
LiNbO3 have been investigated quantum mechanically by using a Gaussian-type basis set, the B3LYP
hybrid functional and the CRYSTAL17 code. The structural, electronic and vibrational properties
of the two phases are analyzed. The vibrational frequencies evaluated at the Γ point indicate that
the paraelectric phase is unstable, with a complex saddle point with four negative eigenvalues. The
energy scan of the A2u mode at −215 cm−1 (i215) shows a dumbbell potential with two symmetric
minima. The isotopic substitution, performed on the Li and Nb atoms, allows interpretation of
the nontrivial mechanism of the phase transition. The ferroelectric phase is more stable than the
paraelectric one by 0.32 eV.

Keywords: lithium niobate; ferroelectricity; DFT-simulation; CRYSTAL code; IR spectrum; isotopic
substitution; vibrational mode symmetry

1. Introduction

In recent years much attention has been devoted to the ABO3 perovskite family, where
A is usually a metal belonging to the first or second group of the periodic table (A = Li, Na,
K, Rb, Mg, Ca, Sr, Ba are the most common) and B is a transition metal. These structures
present a wide range of physical properties of technological interest, including non-linear
optics, piezoelectricity and photo elasticity, also because they are very stable chemically in
a wide range of temperatures.

In the perovskite family, lithium niobate (LiNbO3), a ferroelectric material with trigo-
nal (hexagonal) symmetry and a layered structure, is of particular interest [1]; for example,
optoelectronic components designed from LiNbO3 single crystals are very promising.
Different synthesis techniques and preparation methods are explored for the optimal
exploitation of the crystalline properties of this material, the aim being to improve the
performance of integrated optical components such as modulators, switches, lasers and
optical detectors [2–7].

In parallel to experimental studies, a limited number of theoretical investigations of
the electronic and elastic properties of LiNbO3 are present in the literature. Simulations
performed in the last decade were mostly based on periodic density functional theory
(DFT), using a plane-wave (PW) basis set, pseudopotentials (PP) and the gradient corrected
GGA functional [8–13].
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In this paper the electronic and spectroscopic features of the non-centrosymmetric fer-
roelectric (R3c) and centrosymmetric paraelectric (R3̄c) phases of LiNbO3 are investigated,
by using a Gaussian-type basis set, the B3LYP hybrid functional, which contains a fraction
of the exact exchange (20% of Hartree Fock exchange), as implemented in the CRYSTAL17
code [14,15].

The ferroelectric R3c structure of the niobate has six point symmetry operators, while
the paraelectric R3̄c is more symmetric, with 12 symmetry operators including the in-
version center. The latter centrosymmetric structure is stable in a range of temperatures
over about 1500 K. Below such temperature the structure transforms to the more stable
ferroelectric phase R3c. At 0 K the atomic positions of the R3̄c group define a saddle
point on the potential energy surface (PES). The vibration spectrum of the paraelectric
phase is characterized by four imaginary eigenvalues. The geometry modifications with
the relative atomic displacements involved in the transition are evaluated through the
Hessian calculation. The analysis of the PES of the paraelectric crystallographic phase is
derived from the scan of the A2u imaginary mode. This one can be described by a dumbbell
potential with a low energy barrier in the transition.

The isotopic substitutions together with the analysis of the symmetry of each mode
permit to identify unambiguously the atoms contributing to the IR spectrum in each phase.

The paper is structured as follows. Section 2 reports information on the adopted
computational setup; this is a standard section similar to those in previous papers by some
of the present authors. Section 3 is organized in four parts. The first Section 3.1 provides
information on the geometry of the two structures and their charge distributions and bond
population analysis. The second Section 3.2 is devoted to the analysis of the infrared
(IR) spectra of the two phases and their transition. The third Section 3.3 is dedicated to
imaginary wavenumber modes. The last Section 3.4 analyzes the vibrational modes and
the effect of the isotopic substitution in order to identify the atomic contribution to each
mode. Finally, in Section 4 some conclusions are drawn.

2. Computational Methods

Calculations were achieved using the B3LYP hybrid functional [16,17] as formulated
in the CRYSTAL program [14,15,18]. A triple ζ all electron basis set of Gaussian-type orbitals
(GTO) was adopted [19] for lithium, oxygen and niobium atomic species.

As shown by a previous paper, the combined use of the B3LYP functional and the
triple ζ basis set [20–26] provides very accurate results for the vibrational spectra, in terms
of both wavenumbers and intensities [25,27–31]. The exchange and Coulomb infinite lattice
series can be modified through five parameters, Ti, which were set to 8 (T1–T4) and 16 (T5).
The self-consistent-field (SCF) convergence threshold on energy was set to 10−11 Hartree
for the geometrical optimizations and for frequency calculations.

The exchange-correlation contribution of DFT and the relative gradient are calculated
by numerical integration over the unit cell volume. The integration grid points in CRYSTAL
are generated following an atomic partition method, developed originally by Becke [32]
for molecules and afterwards extended to periodic systems. In this scheme the unit cell is
partitioned into atomic volumes with the center placed in the nuclei, where every point
is associated with a specific weight. Through Gauss–Legendre radial quadrature and
Lebedev two-dimensional angular point distributions, the radial and the angular points
for the integration grid are generated. The integration grid is a very important parameter
for the numerical accuracy of the electronic density.
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In this work an XXL integration grid [18], consisting of a pruned grid with 1454 angular
and 99 radial points, was used. The extreme accuracy can be evaluated by comparing the
integrated charge density of Ni = 80.000004 with the overall number of 80 electrons in the
unit cell. A Γ-centered Pack–Monkhorst grid [33] for sampling the reciprocal space has
been used; it consists of 64 k-points (4 × 4 × 4) in the first Brillouin Zone and for the most
symmetric case, they reduce to 13.

Harmonic phonon frequencies (i.e., wavenumbers), ωp, evaluated in reciprocal space
at the Γ point (i.e., at the center of the first Brillouin zone, the only one that gives a
contribution to the IR spectrum), were achieved from the mass-weighted Hessian matrix di-
agonalization of the second derivatives of the energy with respect to atomic displacements
u [34]:

WΓ
ai,bj =

H0
ai,bj√

Ma Mb
with H0

ai,bj =

(
∂2E

∂u0
ai∂u0

bj

)
, (1)

where the a and b atoms (with relative atomic masses Ma and Mb) in the reference cell, 0,
are moved, respectively, along the i-th and j-th Cartesian directions. First-order derivatives
are evaluated analytically, whereas second-order derivatives are numerical, adopting a
two-point formula (as the difference of the gradient between the equilibrium position and
after a displacement of 0.003 Bohr along the three Cartesian coordinates; it is necessary to
underline that the optimization of the structure is a numerical process and the gradient at
equilibrium is not exactly null but simply lower than the threshold of the optimizer).

A computational scheme [35] implemented on the Berry Phase theory [36] is adopted
in order to compute the integrated intensities for IR absorption Ip for each mode p. The
dipole moment derivatives with respect to the Cartesian coordinates of the unit cell atoms
are numerically evaluated, through a scheme analogous to the one adopted for the numer-
ical derivative of the gradient for achieving the Hessian matrix. The IR spectra are then
generated by considering the transverse-optical (TO) modes and by interpolating them
with Lorentzian curves with full-width-at-half-maximum of 8 cm−1.

Once the Hessian matrix, Hαi,βj, is obtained, the frequency shifts due to the effect
of the isotopic substitutions can be calculated easily, without any computational cost, by
changing the masses in Equation (1).

3. Results
3.1. Geometrical and Electronic Properties of the Two Phases

Starting from .cif file data provided by the literature cited in Table 1, a full relaxation
(fractional atomic coordinates and cell parameters) was performed in order to find the
stationary points along the PES. In the case of the R3c system, the optimized cell parameters
are very close to the experimental ones, with errors of 0.35% (a = b lattice parameters) and
2.75% (c); the differences are even smaller (1.10% and 0.65%) for the R3̄c unit cell. These
underestimations are in line with the ones obtained for similar systems when the same
hybrid functional is used. Atom–atom distances, net charges and bond population data, as
resulting from a Mulliken Population Analysis (MPA), are shown in Table 2. In the R3c
system, the octahedra are very deformed: the Nb-O distances split into two sets (three and
three) at 1.889 Å and 2.141 Å, and the Li-O at 2.094 to 2.260 Å (see also Figure 1, where the
longest are depicted).

For the more symmetric R3̄c system all the Li-O distances are 1.998 Å long, and the
Nb-O ones 1.992 Å long. The difference between the two systems is then mostly in the
octahedron distortion occurring in the low symmetric ferroelectric structure, where the six
oxygens are no longer equivalent as in the paraelectric form.



Symmetry 2021, 13, 1650 4 of 11

R3c R3c
_

R3cmin

3.049
3.439

3.050

2.141 1.992 2.140

1.
88

9

1.
88

9

NbO

Li

O1

O1

O1

O2

O2

O2

2.260

O

O

O
O

O

O1

O1
O1

O2

O2
O2

2.813 2.262Li Li

Nb Nb

minimization of R3c
along A2u negative

mode

following 
i215 cm−1 mode

_

Figure 1. Equilibrium geometry of LiNbO3 perovskite in the R3c (left) and R3̄c (center) space
groups. The structure to the right is obtained by following the mode with imaginary wavenumber
(i215.4 cm−1) at the Γ point in the R3̄c group down to the minimum energy. The symmetry of the
mode is A2u, so that the point symmetry of the system is consequently (and automatically, by the
code) reduced to R3c. The geometry (and the total energy) of this structure coincide with the one to
the left, obtained by imposing directly the R3c symmetry.

Table 1. Experimental and DFT calculated cell parameters and cell volume. Plane-wave GGA results
are also reported, and compared with our Gaussian-type B3LYP results.

a = b c α = β γ Volume (3) Refs.

Exp R3c 5.212 14.356 90 120 337.733 [37]
Exp R3̄C 5.285 13.848 90 120 334.971 [38,39]
Theory R3c 5.223 14.129 90 120 333.801 [40]
Theory R3̄c 5.269 13.903 90 120 334.326 [41]

Theory R3c 5.194 13.962 90 120 326.191 this work
Theory R3̄c 5.227 13.757 90 120 325.484 this work

The atomic charges qA and the overlap bond populations OVA−B are reported in
Table 2. The Li net charge is q = +0.51 |e| for R3c (q = +0.56 |e| for R3̄c). The Nb net charge is
q = +2.68 |e| (+2.70 |e| for R3̄c). Oxygen is quite negative: q = −1.065 |e| (−1.09 |e| for R3̄c).

Differences in the bond populations are larger; OVLi−O is small, 0.062 and 0.051 |e| for
the two sets in R3c, indicating an essentially ionic bond; for R3̄c it is slightly larger, 0.073
|e|. The Nb-O bond population is larger, 0.158 and 0.072 (quite different for the short and
long distances) and 0.119 |e| for the symmetric structure. In this case the bond has a mixed
ionic–covalent character. This analysis shows that Li atoms are not tightly linked to oxygen
atoms and, as shown in the following sections, they can move in a relatively flat PES.
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Table 2. RX−Y distances (in Å) of the first neighbors in the unit cell. The MPA net charges qX and the bond overlap
population OVX−Y are also shown. qX and OVX−Y in |e|.

RLi−O RNb−O qLi qNb qO OVLi−O OVNb−O

R3c 2.094–2.260 1.889–2.141 +0.513 +2.682 −1.065 0.062–0.051 0.158–0.072
R3̄C 1.998 1.992 +0.556 +2.704 −1.086 0.073 0.119

3.2. Infrared Spectra

The infrared spectra of the two systems are characterized by a narrow range of
wavenumbers: from 50 to 700 cm−1. For convenience, the spectra can be divided into a
low wavenumber region (0–350 cm−1) and a high wavenumber region (351–700 cm−1).
The absolute value and red color are used for representing the imaginary wavenumber
peaks (see Figure 2). In the low wavenumber region, the R3c phase is characterized by
two intense peaks at 200 and 319 cm−1 with an intensity of about 240–260 km/mol, six
times larger than the other peaks (at 227, 269 and 343 cm−1) appearing in this part of the
spectrum. The high wavenumber region is dominated by the most intense peak at 588 cm−1

(about 300 km/mol) and by a second peak at 639 cm−1 (about 180 km/mol). Two very
small peaks appear at 436 and 668 cm−1.
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Figure 2. IR spectra of the two structures shown in Figure 1. In the bottom panel, the red peaks
represent the modes with imaginary wavenumbers. The A2g mode, with imaginary wavenumber,
does not appear, as it is symmetry forbidden.

The spectrum of the paraelectric R3̄c phase is completely different. In the high-
wavenumber region there are four peaks at 388, 427, 483 and 529 cm−1 with intensities
spanning from 135 to 163 km/mol. In the low-wavenumber region there are four imaginary
eigenvalues. Two of them, at i215 cm−1 (A2u symmetry) and i113 cm−1 (double degenerate
Eu symmetry), are IR active. The fourth imaginary eigenvalue at i87 cm−1 (A1u) is not
detectable because it is IR-inactive. These two active peaks are the most intense (see red
curves in Figure 2) with intensities equal to 650 and 410 km/mol. The high intensity is due
to a strong variation in the dipole moment and is responsible for the intriguing photoelastic
properties of this material. The low-wavenumber region is completed by a single peak at
71 cm−1 with low intensity (about 71 km/mol).

Therefore, the spectra of the two phases are very different and reflect the large geome-
try difference, and the symmetry reduction from PE to FE.
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3.3. The Modes with Imaginary Wavenumber

The character of the phase transition between the PE and the FE phases is still a matter
of debate [38,39,42–47]. In most of the cases the discussion is based on comparison of the
coordinates of the atoms of the unit cell in the PE and FE optimized structures. In the
present LiNbO3 case, all atoms move, and then the classification of the phase transition can
be different if a different threshold is used for these displacements: are all the three kinds
of atoms moving by roughly the same amount, or can we define a hierarchy in the moving
atoms (the dominant displacement)?

We followed a different strategy, using three tools available in the CRYSTAL code [18]:

(i) the SCANMODE option, which allows us to follow the PES along a particular vibra-
tional eigenvalue;

(ii) the isotopic substitution;
(iii) the graphical animation of the modes of interest.

The scans of three of the four modes with imaginary eigenvalues (only one of the
degenerate E couples is scanned) are reported in Figure 3. The general structure of the three
curves is the same (a double minimum on the two sides, with a maximum at the center).
However the depth of the three minima with respect to the common maximum is quite dif-
ferent in the three cases: 0.005 eV for the A2g mode, 0.013 eV for the Eu mode, and 0.196 eV
for the A2u mode. The latter, at i215 cm−1, presents by far the deepest local minimum.
Displacing the atoms along this mode, symmetry reduces from 12 to 6 operators, and the
system becomes ferroelectric. The energy difference between the maximum and the two
symmetric minima is∼0.2 eV (see the two horizontal orange dotted lines in Figure 3). Once
we have determined the minimum along the mode with A2u symmetry, a full geometry
optimization produces a further energy decrease of 0.12 eV. The final geometry obtained
from this procedure essentially coincides with the one obtained by directly optimizing the
R3c structure (see left panel of Figure 1). In addition, the two energies are extremely close
to each other, the difference being 2 × 10−6 Eh. The residual, negligible differences must be
attributed to the graininess of the numerical optimization process.

Figure 3. Exploration of the three normal modes of trigonal LiNbO3 characterized by an imaginary
wavenumber, at i215.4 cm−1 (A2u symmetry, black circles), i113.0 cm−1 (Eu symmetry, red circels)
and i86.9 cm−1 (A2g symmetry, blue circles). The minimum along the A2u mode is the deepest, at
about 0.2 eV below the stationary point. The other two minima are indicated by the arrow.

In summary, the energy difference between the two phases is ∼0.32 (0.20 + 0.12) eV.
The first energy gain, 0.20 eV (63% of the total), is obtained by relaxing the system along a
single coordinate, the normal mode at i215 cm−1; the remaining 37% (0.12 eV) is, conversely,
due to a global optimization. We can then say that the movement along the A2u mode is
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the driving force for the PE to FE transition. In the next section we try to understand, using
the isotopic substitution, which atoms are involved in each normal mode.

3.4. Isotopic Substitutions

Figure 4 shows the effect of the 7Li→ 6Li and 93Nb→ 96Nb isotopic substitutions.
The aim is to identify to which modes each atom contributes. In the extreme model of
independent particles, one should be able to identify 3 modes belonging to each Li atom,
and 3 modes for each Nb atom. In the harmonic oscillator model, the frequency depends
on the mass (or better, on the square root of the inverse of the mass). One can hope to be
able to identify the Li and Nb modes, as the masses of the two atoms are very different
from each other, and from the oxygen one. As in the unit cell there are 10 atoms; overall
we must classify 3 × 10 − 3 = 27 normal modes. When the mass of lithium is changed, six
shifts are larger than the others (obviously all modes are somehow altered, but in some
cases the effect is negligible). In the simulation, the mass can be modified arbitrarily. In the
Li case, the mass has been reduced from 7 to 6 Dalton (mass variation ∼ −14%). The Nb
mass has been changed from 93 to 96 Dalton (∼ +3%) . It is important to classify the modes
by symmetry: during the isotopic substitution, the modes shift by a different amount, and
the relative position of the eigenvalues may be altered. Symmetry can help to identify
which is which. The isotopic shifts (in cm−1) in Figure 4 are calculated according to the
following equation:

∆ν̃ = ν̃(7Li)− ν̃(6Li)

∆ν̃ = ν̃(93Nb)− ν̃(96Nb)
(2)

In the R3c polymorph, the following six modes are the ones with the largest shift as a
consequence of the 7Li→ 6Li substitution: two modes at 227 cm−1 (the two eigenvalues
have a few decimals of difference) with symmetry A1 and A2 (the latter is IR-inactive for
symmetry and not detectable in the vibrational spectrum). The two couples of doubly
degenerate E modes are at 343 cm−1 and 436 cm−1. These shifts are well depicted in the
top-left panel of Figures 4 and 5 and they are negative according to Equation (2). In the
same polymorph the 93Nb → 96Nb change produces a minor shift with respect to the
lithium case. The six Nb modes are the double degenerate E modes at 200 and 668 cm−1 and
the IR-inactive A2 modes at 286 and 392 cm−1. Note that in this case the mass is increasing,
and then the shift has the opposite sign with respect to the Li case.

In the case of the R3̄c polymorph, the largest shifts are the two double degenerate
modes Eg at 415 and 474 cm−1 and one double degenerate Eu mode at 427 cm−1 when
the 7Li→ 6Li substitution is performed. When the Nb mass is increased (93Nb→ 96Nb)
the modes with the largest shifts are the two double degenerate Eu modes at −113 and
388 cm−1, and the two modes of A1u symmetry at 304 and 421 cm−1.

The previous lines show that the mode at i215 cm−1 is not one of the six with the
largest Li and Nb isotopic shift. We investigated then specifically the effect of increasing
the mass (up to 100%) of oxygen, as well as lithium and niobium, on the wavenumber of
this mode. Figure 5 shows that the largest shift in the wavenumber is obtained when the
oxygen mass is altered.

Figure 6, to the left, shows the components of the A2u eigenvector, with a large
displacement of the oxygen atoms, and a consequent deformation of the octahedron. The
Li movement in the opposite direction maintains the center of mass invariant.

A final question can be asked, concerning the transformation of the i215 cm−1 mode
in going from the PE to the FE phase. When symmetry reduces, the A2u irreducible
representation becomes A2. Following the transformation step by step, it has been possible
to connect the mode at i215 cm−1 to the one at +227 cm−1, shown to the right of Figure 6.
In this case only the Li atom is moving, and the dipole variation is much smaller than for
the imaginary mode, so that the intensity of this mode in the FE structure is much smaller
than the one of the i215 cm−1 mode.
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Figure 4. Effect of the isotopic substitutions 7Li→ 6Li (left panels) and 93Nb→ 96Nb (right panels)
for the stable ferroelectric phase (top panels) and not stable paraelectric phase (bottom panels). The
horizontal axis reports the wavenumbers obtained with the standard isotopes as in Figure 2; the
vertical axis is the shift due to the isotopic substitution. Asterisks indicate imaginary wavenumbers.
Blue bars represent modes not detectable in the spectra because they are IR-forbidden for symmetry.
The symmetry of the modes is given in brackets.

Figure 5. Analysis of the mode with imaginary wavenumber i215 cm−1 of the paraelectric phase.
In the horizontal axis the percentage increase of the mass of lithium (black square), oxygen (red
circle) and niobium (blue triangle) is reported. On the y-axis the resulting wavenumbers difference
are shown.
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Figure 6. Representation of the i215 cm−1 mode in the paraelectric phase (left) and the corresponding
mode at 227 cm−1 of the ferroelectric phase (right). The numbers on the arrows are the atomic
displacements (in Bohr) at the classical amplitude.

4. Conclusions

Two polymorphs of LiNbO3 have been investigated, and their structural, electronic
and vibrational properties analyzed. The principal results of this investigation can be
summarized as follows:

1. The global hybrid B3LYP calculations reproduce accurately the crystallographic data
proposed in the literature, with a small underestimation of the cell parameters and the
vibrational features [48]. The R3c system is a non-centro-symmetric structure with a
large octahedral distortion due to the Jahn–Teller effect. The R3̄c centro-symmetric
form has a perfect octahedral structure, in which the niobium atoms coordinate six
equivalent oxygen atoms.

2. The R3c polymorph is more stable than R3̄c by about 0.32 eV.
3. The infrared spectra characterizing the two systems are quite different. The R3c

one is dominated by four main peaks at 200, 319, 588 and 639 cm−1. The mode at
904 cm−1 is not visible in the spectrum because it is IR-inactive for symmetry reasons
(A2 symmetry).
In addition, the R3̄ spectrum presents four main peaks, spanning from 388 and
529 cm−1, with other minor features. As for the R3c system, the highest vibration at
898 cm−1 is not visible in the IR spectrum (A2g symmetry).
When comparing the set of vibrational modes of the two structures, the only clearly
common mode is the highest one, at 904 cm−1 for R3̄c and just 6 cm−1 redshifted
in R3̄c.

4. The R3̄c spectrum is characterized by four imaginary eigenvalues, indicating a ge-
ometrical instability. At 0 K this structure is then unstable with respect to many
Cartesian coordinates. Scanning the PES along the vibrational modes with imaginary
wavenumbers it turns out that all of them present a double minimum around the
common maximum of the PE structure. However, the minima of the mode with the
i215 cm−1 wavenumber are much deeper than the minima of the three other modes.
This A2u mode is the channel for the PE to FE transition.

5. The isotopic substitution shows that the i215 cm−1 is mainly contributed by oxygen,
as the graphical animation of the mode confirms.

In summary, the paraelectric to ferroelectric transition involves all the atoms in the
cell. However, a single coordinate, the A2u mode with the i215 cm−1 wavenumber, can
describe most of the displacements occurring in the phase transition.
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