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Abstr-act
The thesis is devoted to the study of analysis automation possibilities (decidability and
undecidability of reachability, infinite behaviour possibility and bisimulation equiva-
lence problems) for various kinds of real time system specification formalisms. The
investigated formalisms are based on finite state model control structure enriched in
various ways to reflect data and time dependencies of the modelled system behaviour.

Decidable proved are, first, the vertex rea.chability and infinite behaviour possi-
bility (infinite fea.siblepath existence) problems for progra.ms in a simple theoretical
programming language, ca.lled LTIBA, which is an enrichment of the Finite State
Machine model with variables, suitable for modelling real time system behaviour de-
pendencies both on quantitative time constraints (the LTIM system of commands)
and external data (the LBASE system of commands). An effective symbolic charac-
teristic of the sets of all fea.sibleprogram paths in the terms of path set projectivity is
also given for LBASE, LTIM and LTIBA progra.ms whenever possible. The undecid-
ability of the vertex rea.chability problem is proved for programs in a language LTIM'
which is a slight variation of the considered time constraint specification language
LTIM.

In the thesis also the strong and weak (abstra.cted from system internal actions)
hisimula.tionequivalence problems are proved decidable for the formalism of Parallel
Timer Processes (PTP), which are provided with th~ real time labelled transition sys-
tem semantics and allow to express in a direct way the quantitative time constraints
on the behaviour of concurrent real time systems. Various enrichments of the basic
PTP model by additional features (including the processes with the dependencies on
external data) are also considered and investigated w.r.t. decidability of the vertex
reachability, infinite path fea.sibilityand bisimulation equivalence problems. An unde-
cidability result regarding the considered algorithmic problems is obtained for a class
of timed processes supplied with memory cells for moving the timer value information
along the time axis.

Finally, in the appendix an example of the rea.chabilityand path fea.sibilityanalysis
of a simple real time system, specified as a process in the C.C.LT.T. telecommunica-
tion system specification language SDL, is presented.
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.Anot.acija
Disertacija veltita dazadu reala laika sist.ernu apr akst a forrnalisrnu arializes auto-
matizacijas iespeju izpetei (petita atrisinamiba sasniedz arnibas. bezgaligas dar bibas
iespejas un bisimulacijas ekvivalences algoritrniskajarn rnasu problernarn) Aplukoro
apraksta formiilismu pamata Qemts gallga automata modelis, ka.s bagatinats ar Iidzek-
[iem, ka.s [auj aprakstit modelejarno sisternu darbibas at.karibu no laika un datiern.

Algoritrniska atrisinarniba pieradHa, vispirrns, programmas virsot.nes sasniedza-
mibas un bezgallga realizejarna cela eksistences (bezgaligas program mas darbibas
iespejas) problem am programrnarn vienkarsa teoretiska valoda LTIBA. Katra prog-
ramma valoda LTIBA lidz ar galIgu vadibas grafu satur mainigos , kas at.lau] apr akstit
rnodelejamas reala laika sistemas atkaribu gao no ternporali kvant.it ativiem nosa-
cijumiem (LTIM komandu sistema), gan arf no arejiern datiem (LBASE komandu
sistema). Situa.cija..s, kuras tas iespejams, apliikojarno va.lodu LBASE, LTIM un
LTIBA prograrnmu realizejamo ce]u kopam dots efektivs simbolisks raksturojums
projektivitates terminos. Virsotnes sasniedzamibas problemas algorit.rnisk a neatr isi-
namiba pieradita prograrnrnarn valoda LTIM', ka.s tikai nedaudz atskiras no petitas
temporalo atkaribu specifikaciju va.lodas LTIM.

Darba pieradita ari' stingras un vaja..s (no sistemas darbibas ieksejiern noti kumiem
abstrahetas] bisimulacijas ekvivalences problernu algoritrniska atrisinamiba paralelo
tairneru procesu (PTP) modelim, kurarn defineta reala laika iez'imeto pareju sisternu
sernantika, un kas atlauj dabiska veida aprakst.it paralelu sisternu atkaribu no tem-
porali kvantitativajiern nosacijurniem. Virsotnes sesniedzamibas, bezgalIgas darbibas
iespejes un bisimulacijas ekvivalences problemu algoritrniska atrisinarniba petit.a aTI
daZa.d.iern PTP modela paplasinajurniern a.r papildus sisternu apr akst a lidzekliern (t.sk.
procesiem ar arejo datu atkaribas atteJcianas iespejam). BisimuJii.cijas ekvivalences
un virsotnes sasniedzamibes problemu neatrisinarnlbas rezultets ieguts ar at.minas
silnam paplasinatu tairneru procesu klasei.

Darba pielikuma apliikots pierners vienkarsas reala laika sistemas, kas uzdota ka
process C.C.I.T.T. telekornunikaciju specifikaciju valoda SDL, sesniedzamibas un ce]u
realizejamibas analizei.
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AHHOT&Il:H.lI

~ pa60Ta ~ MCCJJell(lIl3HH ~ ~ aHaJlI.I3&

pa3JlWlHbIXM¥l.eneHorreMptaJIHCrOBpet.eiH (~I Ha pa3pelllHM)CTh MllCCOIlbJe npo&

.neMbI ~ JllBM:))JGl[lC' 6ecJ<oHe<nDI pa6am H 6~ 3KIlMll3JJeHI'-

HOCTH~ PIlCOoCI'peJlHLJe ~ 6a3HpyJorcJI Ha I'IOIUrne ICOHe'HlrO llB'l'OolaTa, paClIlHPeHHOI"O

3,lIj!CI,pa31IH'IHblMH CIlOC06aMH!WI o6ecrJe1eoo:I ~ OmtC8HHll3<lBl£IDdX:'Df pa&m,I

MO/l.~ CHCTeM OT IlpeMeHHIoIX ycII:lIlHHH H OT lUlHHbDC.

~ ~ n<lJ(33BHa CHIL'mlIa!WI MIIaX.I!bIX npo6neMLJ.()C'mlIGIM:l

'I'M BeJXIlllHhI H IlO3II.«llI<Kl ~ pa6am !WI nporpaMM B HeClJl)J(H)M ~

KOM Jl3hJKe LTIBA, ~ pac:JDHpeHHeM Ja:He'H>-1lIm:MlTI«lH MC¥lenH nyreM BIle,lJ£HIDI

Ilepel-EHHblX H ~ IlI>lpIl3Ifil> ~ ~ CH:TeMI.I, KaK OT TeMr/()-

pa11LHO KOIIH'IeC'l'BeHIX ~ (CK:TeMa ~ LTIM), TalC. OT BHeUIHHX ~IX

(CHC'reMIl. J<OMM:flIlnLBASE).B CHI')'BUKlIX, ~~ IICfIM:DKRCl,~ CHMIlOI1H'If.CKO

OI1HCllffile MHl>IlfCl'B BCeX peaJIJl3)'PMoIX nyreH B nptI1lIIMlolllX ~IX Jl3h1KDll LBASE,

LTIM, LTIBA JJ,lIHO B Tep&IHllJC npoeI<TIIIHlCTH ~ Hepa3pellAlMlCTh npo&

JJeMbI Lf.l)C'nrJIGlM: BeJIlHlbI .!I,CIal3llHll !WI IlJllX1BMM B Jl3hJKe LTIM', xoropoe 'I'OIlhW

I1OHeMHOI"y ~ OT ~ BLIIIJe Jl3b1K& ornIl:8HHll' IlpeMeHHIoIX ~

LTIM.

B pa6cYre JJ,OIal3llHa TtlIOfIe pa3pe1II1D.«lCn. C'I'JlOfOH H CJlll60H (~ OT BHY-

TpeHHHX: co6LmIiiJ CHCTeMbI) ~ 3KBHIlaIIeHmOC' !WI ~ 11pODt.COl8 C

napaJ1eln.IlblMH '1'aHMepaMH (PTP), ~ ~ ~ IlpeI>tiIH Onpe.lte1EHHYIO

llOC'pe,I:II:'l CH:TeM IICNe'IeHHbIX ~ H ~ rIpllMbIM o6pa3oM OIIHCaTh 3&-

~ napane1lhHb1X CH:TeM pe1IJIYlOfO ape.eHH OT BpeMeHH> KOIIH4eC'llleHH ycJ1l:lIlMH.

P83peIIlHt.DCTh npo6neM ~ BeJI11HHbI, BaN:l>KIlOC'l\I ~ pa6cym H 61t-

c~ ~KmIl!ll1IeHll« HCC1IP,DPIlaHa TllIOIle!WI HeI<OrOJ:LIX JlIlCIIlHIleHHM 0CIDlH0fI

Mene1IH PTP (~TaIOIQ!~!WI 0IlI«:aHHlI ~ ~IX CW;-

TeMOT lJ,llHHhlX~ Pe1YJIbTaT ~ ~IX ~ npo6neM

IIOlIy'leH!WI1UIaCCa TetoRlpIIJlLHLlX ~ HMeKJIlJfX JI'IclOOI nawmJ !WI nepeIlJIH)I<eHH

~IX 3Hll'eHMft no Bpet.rHHDH OCM.

Ii.aKoftiJ, B ~ ~ I1JMM!P llH&1IH3a Jl.(lC'l"H)IOO H ~

nyreii B ~ HeClD>I<HCM CHC'I'eM1>I peam,mro BpeMejlH, 3a.IlllHHOO IlJlOl.'lCCOM Ha

Jl3hJKe SDL, pa3jlIIliorlIHH M10CIT !WI omaHWI ~IX CHCTeM.
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Chapter 1

Introd uction

1.1 "Real Time Systems"

The term "real time system" is often used in different situations to denote different
categories of objects. in our case Jet us have as the starting point the convention to put
in the real time system category any object whose behaviour is observed witb respect
to a "time" dimension, assumed on its turn to coincide with the usual category of
time, shared by most of people (we are not looking at the relativity theory treatment
of the time, mathematically the "time" dimension might be identified with the real
number axis provided with some additive arithmetics).

A lot of "objects" we encounter in various situations fall under tbis definition
of real time systems. The example list could be started by a simple gas-cooker in
a kitchen, by numerous kinds of vending and bank machines. by the electric lamp
on my table, or a sensor giving temperature measurements in reaction to the actual
temperature fluctuations in some environment. Regarding more "serious" examples
of real time systems, one could consider telephone exchanges, computers and their
networks, offices, banks, aircrafts and their control systems, etc. Also every buman
being him- or herself can be viewed as a (very complicated) real time system. Tbe
earth's atmosphere is also a real time system, perhaps one of the most complicated
(save the human beings themselves) we are to deal with in our everyday life.

The thesis is devoted to the analysis of models of real time systems. Generally.
a model of one system, S, is some other system S' which has some "important"
properties common with S and is "simpler" than S due to not taking into account
(due to the abstracting from) some S properties which are considered as "irrelevant".
We shall be more precise about the kind of models under consideration a little below.

One can distinguish at least two principal purposes for which the real time system
models can be used:

• to describe or to discover the regularities in the behaviour (the rules determining
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the behaviour) of some existing r.t.s. [e.g. in order to learn, how to use it for
our purposes, or to adopt our behaviour to the system (as in the case of the
weather (the atmosphere));

• to investigate the properties and the behaviour of some system which we want to
build (most commonly, in order to ensure ourselves that we are actually going to
build a system which has sufficiently many properties common with our desire).

The contribution of the thesis is oriented mostly towards the second purpose,
however, nobody forbids in principle to apply the below considered models and their
analysis algorithms also to the already existing systems, were there a necessity for it.
It is also not the primary aim to consider here very complicated r.t.s, as the humans
or the atmosphere, it would be nice, if the contributed ideas could help in the analysis
of real time systems of "medium complexity" size.

1.2 Symbolic Models of Real Time Systems

Over the last decades of years a lot of models (or, rather, model classes), oriented to
the applications in the real time system design and manufacturing have appeared and
been widely used. They are ranging from probably the simplest one, the Finite state
machines ("FSM", for short), to theoretical and practical real time system specifica-
tion languages with wide variety of offered system modelling constructions (on the
theoretical side, various process calculi like CCS [MiI80,Mi189].CSP [H0a85], Petri
Nets [Pe62] (see also [ReS5]), temporal logics [Em9l], etc. As to the practical real
time specification languages, one could mention, for instance, SDL [CC89], LOTOS
[IS089a] and ESTELLE [IS089b]). What is common for all these model classes, is
their symbolic nature which allows to have a computer support in building, modifying
and ana.lyzing them.

One can notice that even a computerized model is assumed to reflect all the logical
(including timed) behaviour of the entire system, it is considerably cheepet to build
such a model, if compared with the building of some preliminary version of the system
itself from any kind of hardware (or even by "somelow-levelprogramming language).
Observe also that such a preliminary version of a system is almost inevitably being a
subject of rather drastic changes afterwards.

So, a possible methodology for the use of models in the real time system manufac-
turing could be, as follows: first, build a model of the system you want to construct,
second, make sure (up to the level of confidence,determined by your requirements and
possibilities) that your model is correct (in most of the cases it might be necessary to
make some modifications to the model), third, using the final model as a specification,
implement the real system itself (this implementation also can be, in principle, at least
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partially mechanized (auiomated j ). One can use tbe model l the specification) also
for automated test case generation for the system's implementation

In a stepwise design methodology of real time systems a series of models for a
system can be used: at early design stages only some general svst.ern properties (e.g.
the block structure and signal routing, etc.) are modelled. the model is afterwards
step-by-step refined, so making the system specification more and more precise.

If one has obtained a detailed symbolic model of some r.t ,s. (say, a program in some
executabJevery high level specification language, such as SDL or LOTOS), it becomes
possible to study its behaviour in various environments (to "run" the program on
various test examples), so finding out and getting rid of a number of bugs both in the
model implementation and, perhaps, also in some principal design decisions (when the
model of the system behaves in a way not expected before, and the requirement for the
system not to behave so was not realized up to this time). Various program dynamic
(runtime) analysis techniques (program annotation, etc.) can be successfully applied
at this stage. One can also develop and use various de buggers for error detecting and
localization in the model (see, for example, [KE89], [BKA89)) There is an ongoing
research [BKM91, Kal91] to obtain methods for SDL program testing automation,
intended to capture both program control and data information, also resulting in a
tool ultimately oriented towards improving the r.t.s. model quality. One can observe.
as in [ABBCK91], that the need in various tools to improve the reliability of r.t.s. is
relatively higher than the need of corresponding tools for the most of non- real-time
applications since the real time systems have relatively higher demands on reliability
(consider, e.g., a system controlling an aircraft, or even a nuclear reactor. Nobody will
be satisfied also, if some widely used communication protocol shows up some errors
time and again).

In the case of very safety-critical systems it might be possible to prove some de-
sirable properties of the system, however, this task seems to be very work-consuming
and must be done individually for every modification of the system There are al-
ready some proof-assistance systems (in general, not particularly designed for prov-
ing programs correct) which may help to make computer-checked proofs, see IBMi9,
GMW79] (at the considered level of confidence, perhaps. the" manually" carried proofs
do not convince strong enough about the model "correctness" for it is possible to make
errors also in proofs (for example, by overlooking some possibilities when performing
a huge case analysis), as they could have been made in the programs)). It should
be noted, however, that the formal property proving nowadays cannot be carried out
for the systems of practical size; also in the case it turns possible to prove some
correctness properties in principle, one can find this proving too costly,
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1.3 Automation of Model Analysis

As observed above, the real time system model property proving is a very hard job.
One might want to see, if there could be some tools for this proving automation,
which, say, given a specification of the system by some kind of model (for instance, as
a program in SDL) and a property, formalized in some logics, returns either a proof or
a disproof of this property possession by the system. Not difficult to see that this plan
cannot be fulfilled in its full generality since one is faced very soon with the deciding
of undecidable problems (equivalent to, say, the halting node reachability for Turing
machines). However, the model analysis automation possibility is so attractive, that it
is reasonable to make a (further) abstraction from some features of the model (system)
in order to obtain a simpler model (with some more of the modelled system behaviour
properties not reflected), whiCh could be the subject of the (some kind of) analysis
automation.

What is usually abstracted out in order to obtain automatically analysable models
of real time systems, are any kind of system data dependencies. Also quantitative real
time constraints (stating, for instance, that an event b cannot be performed before 3
seconds have passed after an occurrence of some other event a) are usually a subject
of such an abstraction. Various infinite control structures like process signal queues
in SDL systems use to he replaced by their hounded ~approximations" .

So, by abstracting of a number of more or less "unirnportant" system work char-
acteristics, one obtains a simple model like a Finite state machine (a finite directed
graph with nodes interpreted as "states" and edges interpreted as "transitions" be-
tween these states, every transition has ascribed a label, which is interpreted as an
"event" observable during the system's behaviour). Provided with such a model one
can easily test the reac1lability of a given state, also find out, if the machine satisfies
some temporal logic property (see ICES86] for this approach carried out systemat-
ically), it is also possible to provide algorithms for automated checking of various
equivalences between two systems (most popular kinds of equivalence are (in the or-
der of increasing strength) the trace (language) equivalence, the failures equivalence
[Hoa.85]and the bisimula.tion equivalence IParSI, MiIS9]). For the FSM models it is
easy to check also the presence/absence of deadlocks. The check whether a given sys-
tem can exhibit an infinite behaviour (or is forced to terminate after a finite number
of steps) is also straightforward.

A number of important properties of real time systems still can he checked using
the FSM-like models (one can observe that a "parallel composition" of two real time
systems, both modelled by FSMs, also can be expressed as a Finite state machine,
so the FSM analysis techniques can be used also to check various synchronization
problems in concurrent r.t.s.}, However, there are also many cases when the system's
behaviour is crucially influenced by, say, quantitative time measurements. If two
processes, A and B, are working in parallel, it might be very important, whether
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a certain signal from A to B is produced by A and consumed by B before a timer
in B times out. Also an external observer may wish to distinguish a system which
gives a response to some his stimulus in 5 seconds from another one. giving the same
reaction, but only delayed for 7 or S seconds. In such cases the FSM model appears
to be too rougb for adequate modelling of the desired real time behaviour (real time
system). A similar problem arises also, if the modelled system appears to be essentially
dependent on some other data from an infinite domain of values, as. say, integer or
rational numbers (any dependencies on finite-valued data can be, at least in principle,
modelled by a FSM with the set of states coinciding with the set of all possible data
values. However, if the number of possible data values gets very large, this approach
also is to be abandoned due to the practical infeasibility).

The most common solution to this problem consists in designing models (model
classes) for real time systems which are, first, richer than FSMs in that they are
able to reflect, at least partially, the desired system properties (e.g., the dependencies
on quantitative timed constraints) and, second, permit automated analysis of one or
other kind (it may well be that the reachability problem for the models in such an
"enriched" model class is decidable, whereas some equivalence problem is not; even
more, for Parallel Timer Processes, considered below, the bisirnulation equivalence
problem turns out to be decidable, while the trace and failure equivalence problems
are not).

The thesis is devoted to the study of possible enrichments of the FSM model by
features allowing to specify the system behaviour dependencies on quantitative timed
constraints and integer-valued data and the elaboration of suitable algorithms for
these enriched model analysis. We generally assume the density of the time domain
(time axis, going beyond the model system's execution), so any event, which is allowed
to appear in some time interval [t\,t1] within the model behaviour (t\ and t1 are
real-valued time constants), may appear at any real moment within this interval
(actually, for toe decidability purposes the domain of allowed action/event firing times
is assumed to consist of rational numbers).

The main theoretical results of the thesis are

• deciding algorithms for the reachability and infinite behaviour possibility (infi-
nite feasible path existence) problems for programs in a simple language LTIBA.
allowing specification of both data and time dependencies of real time systems,
and

• deciding algorithms for strong and weak (abstracted from internal actions)
bisirnulation equivalence problems for Parallel Timer Processes, a model com-
positional model with the real time semantics, designed for the specification of
the quantitative time dependencies of concurrent r.t.s.

We also explain the relations between the considered models and investigate some
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variations of them in order both to outline the extendability of the obtained algorithms
to more general timing specification formalisms and to show the limits of the real time
system analysis automation possibilities (various undecidability results obtained).

Before proceeding to a more formal treatment of these problems, we outline the
considered models and obtained results in some more detail and give some points to
the background and related work by others.

1.4 Languages for Specifying Data and Time De-
pendencies

1.4.1 Dependencies on Integer Valued Data

First of all we consider a "programming language" LBASE, which in addition to the
finite-state control structure permits in every program a finite number of integer-
valued internal variables with the following possible commands (here x, yare variable
names, c is an integer constant):

• ?x, input of a (new) value from the program input gate into the variable x;

• x <- y (x <- c), assign the value of the variable y (the constant c) to x;

• x < y (x < c, c < y), compare the values of the two specified variables (or the
variable and the constant), the decision on further program control flow can
depend on the result of this comparison;

• NOP, a dummy operator.

No arithmetical transformation of data is permitted in LBASE programs. However,
the infinite domain of possible data values (integer numbers) makes the standard FSM
analysis techniques based on the "state-space" exploration not directly applicable for
LBASE programs.

The language LBASE is a slight dialect (simplification) of the base programming
language Lo, considered in [BBK74, BBK77, ABBCK91J (we do not care here about
the input tapes for the programs, the program output operators are not considered,
as well (the usage of the output operators does not contribute theoretically any new
modellingabilities into the language). The STOP operators of Lo are simply replaced
by dead-end nodes here).

It was proved first in [BBK74] (the first English version can be found in [BBK77J)
that the statement (node, vertex) reachability problem for Lo programs is decidable.
Actually, these papers consider a more practical problem of automated complete test
system generation according to the well-known testing criterion C1 - covering of all
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feasible (executable on some input) program branches, what, of course. includes the
deciding which branches in the program are feasible.

To say some more words about the background, in [BKB74. BBI~77 .. -\uzS4a.
Auz84b] the reachability problem was proved decidable also for programs with more
complicated data dependencies, including various kinds of counters. stack and direct
access files, see [ABBCK91] for a survey. However, as the data structures in programs
become more complicated, the node reachability problem becomes undecidable very
soon {it is enough to have two 2-way counters provided with the test for 0, or even
one I-way counter provided with the constant assignment to the counter and the
comparison of the counter and other variable values [BKB74] (see also Section 8.2)).

All the work, done previously for the automated analysis of Lo-programs and its
modifications, was oriented to the non-real-time applications, considering a program
as an object which, having started at some time on some finite amount of input data,
normally executes a finite number of steps and outputs a result (the case when a
program executes forever was considered as an abnormality). So, in the "white-box"
approach to the program analysis taken (the program control structure is assumed
observable during the program execution) the program behaviour was normally char-
acterized by the set of all finite feasible paths in it. As to the real time applications, it
is usual to assume (at least theoretically) that the system under specification is going
to work endlessly ad infinitum by reading more and more input data, as they arrive
at the system's input. So a number of important problems concerning the infinite
behaviour of the system (and its model) arise, say,

• can a given system, specified by a LBASE program, exhibit an infinite behaviour
at all (i.e. is there an infinite feasible path in the given program), or the system
is always forced to terminate after finite number of execution steps,

• is a given program statement reachable within such an infinite behaviour, or

• is the system able to visit some designated nodes (for instance, the nodes with
input statements attached to tbem) infinitely often within some behaviour (or
is it able to avoid some statements in an infinite run), etc.

In Part I of the thesis the reader can find all these problems proved decidable for
LBASE programs from program texts, see Section 1.4.3 for a more detailed obtained
result outline.

1.4.2 Time Constraint Specification Languages

Concerning the time constraints in real time system specifications. we come- up with
the following simple language (a slight modification of LBASE). called LTIM. Every
program in LTIM is allowed to have. first, a finite number of rat ional-valued variables
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with permitted operations over them just as for LBASE program variables (input,
assignment, comparison, NOP). One special variable z, named real time counter can
also be used in any LTIM program in the followingoperations:

• Z ~ Xi, assigning the value of Xi to z, provided that the value of z does not de-
crease via this assignment. The decision for further control flow in the program
can he done depending upon whether or not the value of z actually was not less
than Xi before the assignment .

• Xi +- z + C, assigning the value of z increased by C to Xi (for the sake of simplicity
only nonnegative C& are allowed here).

It is important to note that the real time counter z cannot appear in the program
input operators, or as the lefthand side of an assignment operator (so, there is no way
to decrease the z value during the program execution).

When using a program in the language LTIM to model the quantitative timed
aspects of some r.t.s. behaviour, the program is assumed to read step by step all the
sequence of the system transition (event) firing times from its input gate. The "time
counting" for LTIM programs is "absolute", and for every moment of the modelled
system behaviour the value of the program real time counter z at the corresponding
program execution moment is used to represent the numeric value of the "current
system clock reading" (the current numeric value of the time moment in the system).
Any time a new system event firing time is read by the program, the value of its real
time counter is advanced to hold this new time moment by the positive assignment
operator. The variable activation operators of the program naturally represent the
timer setting in the modelled r.t.s.; the timer timeout in the system can be represented
in the program by the z value advancement up to the value of sometimes previously
activated variable (and the control flow passing along the appropriate edge in the
program graph).

The real time system modelling by means of the programming language LTIM
constructs is considered in some detail in Section 9.2.

Having defined two simple languages LBASE and LTIM, wecome up with a unified
formalism, called the language LTIBA, containing the facilities of the both simple
languages.

The usage of the language LTIBA programs in the r.t.s. behaviour modelling allows
to describe at least to some extent the dependencies of r.t.s. both on the timing and
external data constraints, see Section 10.4 for these modelling possibilities considered
in some detail.

Let us note just that according to the above given interpretation the time moments
in LTIBA (LTIM) programs can be treated as some kind of data - a feature which could
be useful in various situations, e.g., when reasoning about real time office information
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syst.ems with input and output messages often carrying parameters of the tvpe "time
moment" .

1.4.3 Results

The main results in Part I, containing a detailed discussion on the languages LBASE.
LTIM, LTIBA, can be grouped, as follows:

First, the vertex reachability problem for LTIBA programs is proved decidable.
Tbis decidability follows from a more general result stating that the set of all finite
feasible paths of an arbitrary LTIBA program P can be given a characteristic of being
tbe set of projections of all paths in some FSM, effectively construable from P (let
us call the program path sets with this property projective). This result implies also
that certain kinds of program verification problems (those, concerning finite feasible
statement and branch sequences) can be dealt with automatically.

Second, decidable for LTIBA programs is also the problem of infinite feasible path
exist.ence (the problem of program ability to exhibit an infinite behaviour). Regarding
tbe characterization of the set of all infinite feasible paths in LTIBA programs. a direct
analogue of the path set projectivity does not bold, in general, for there can be infinite
not feasible paths with ail finite prefixes feasible both in LTIM and LBASE programs.
We propose instead a similar, slightly weaker, property of program infinite path sets,
called "F- projectivity" (the specified path set must coincide with the projection set of
all fair paths in a FSM provided with a special set of designated states; a path in such
a machine is fair iff it visits some of the designated states infinitely often). It is proved
that for all LTIM programs the sets of infinite feasible paths are indeed (effectively)
F-projective. F-projective in LTIM programs are also various other interesting infinite
path sets, e.g., the set of paths executable with no bound on the "limit value" of the
real time counter, etc. As to the LBASE case, a simple example shows that also the
F-projectivity criterion is not always satisfied by the set of all infinite feasible paths
in a program (so not giving such a hope also in the general case of the whole language
LTIBA).

Other infinite path feasibility problems, such as whether there exists an infinite
feasible path, containing a given node infinitely often/at least once, are showed for
LTIBA programs decidable, as well. We consider also the algorithms effectively gen·
erating the infinite program work histories which visit the specified program nodes
the desired number of times. These algorithms can be used to generate for determin·
istic LTIBA programs some kind of "infinite tests" which could guide the program
behaviour according to, say, some fairness-style correctness conditions.

Third, it is showed that for a slight modification of the language LTIM, where
the rational data type for the language program variables is replaced by integers (all
the variable handling commands remain the same), the vertex reachability problem
becomes undecidable. This result gives a new class of programs with counter having
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undecidable vertex reachability problem (if a one-way counter can be compared with
other program variables, there is no need in order to obtain the undecidability to
have a possibility to reset the counter to explicit constants from time to time). The
result gives also some evidence about the "modelling power" of LTIM constructs. It
is possible to interpret the result also as an instance of comparison of the possibil-
ities to analyze discrete and dense data structures with "the same" constructs over
them, where in the dense case "the battle is won" (for the most of models intended
to capture the timed behaviour of r.t.s, the situation is quite opposite: in the discrete
case the treatment of the time information fully reduces to the analysis of some FSM
model, whilst in the corresponding dense case the generated state space is "essentially
infinite" and so cannot be dealt with. by a straightforward exploration).

We consider also two sublanguages of LTIM, called LTIMo and LBASQ (see Sec-
tion 3.2 for definitions), which are useful in various aspects of the r.t.s. behaviour
modelling and admit nicer characteristics of the infinite feasible path sets (the pro-
jectivity property) than the whole general language LTIM.

The language LTIM and LTIBA construct interpretation within the real time
semantics allows to obtain the analysis automation results for a family of Parallel
Timer Process models, discussed below in Section 1.5. We give also an example in
Appendix B, how the obta.ined LTIBA program analysis algorithms can be used in
automation of the analysis and testing of programs in the C.C.LT.T. telecommuni-
cation system specification language SDL [CC89]. It is showed, for instance, how
to solve a problem of automatic complete test system generation for SDL processes
(according to some analogue of the testing completeness critenon CI ).

Most of the results listed in this section are published in Section 9 and Section 10
of [ABBCK91], written by the author (the results concerning the analysis of finite
path feasibility and the modelling of the SDL constructs), and ICer92a], where the
infinite path feasibility problems for LTIBA programs and the undecidability result
for programs in the integer-valued modification of LTIM are considered.

1.5 Parallel Timer Processes

The languages LBASE, LTlM and LTIBA for specifying the dependencies of real
time systems on data and/or time constraints allow to specify these dependencies
(especially in the case of the time constraint modelling) in an indirect way via the
standard programming data structures (variables, counters, etc.).

The direst way of representing the timing information when modelling real time
systems consists in the usage of models which also have some notion of time (usually,
still associated with some mathematical data structure, resembling the important
properties of the "real time", [e.g., the set of all nonnegative real numbers provided
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with comparison and constant addition operations)) and interpreting the real system
timing behaviour using the model timing features. We call such models provided with
the notion of time the models wit]: tbe real time semantics.

We consider one such model class, called Parallel Timer Processes ("PTP"s), able
to model the r.t ,s. behaviour dependencies on the quantitative timed constraints (see
Section 9.1 for a formal definition of the model).

For expressing the quantitative timed constraints in a sequential system it may
seem natural to introduce special "delay" or "waiting" primitives, associated with
certain time periods, and insert them into the system's behaviour between the con-
secutive events the "time distance" between which is of importance. However, the idea
of treating these "waiting" actions as primitives does not work, if combining the real
time systems in parallel: neither can these "actions" be considered as interleaving,
nor it is possible to consider them as indivisible entities for synchronization. Another
idea for the time constraint expression, which is implemented also in the PTP model
(no claim about the originality, see [MF76), [CC89] and [ACD90) for actually the same
idea exploited) is not to introduce the "delays" of the system as its work primitives,
but provide the system with some facilities which can "measure" the time interval
lengths between various events.

Intuitively, a PTP is a finite state machine provided with a number of "timers"
for controlling its timed behaviour. 'Every timer is an abstract device that can be set
up to give its timeout after certain specified period of time. In the PTP model every
timer is represented as a variable, which can receive its initial value by its setting,
say t <- 5. After the setting the timer value is assumed to decrease synchronously in
accordance with some global clock and, having reached the 0 value, the timer is said
to give its timeout.

Every timer during the process execution is set up when a transition along some
edge in the process occurs. On the other hand, every transition along an edge in
the process may require some timers to have reached the 0 value, this way the idea
that some certain period of time must have been passed between t.he transitions is
implemented. Every PTP also has an explicitly specified initial timer value setting.

The edges in the PTPs are divided into two classes: the first ones (we call them
instantaneous and colour red) have the property that, if a transition along such an
edge is enabled (i.e. all t.he needed timers have reached the 0 value), it must be
immediately executed. The second class of the process edges. called possibly ",aiting
and coloured black, can allow the transitions along them to be delayed for some time,
e.g. until the process environment decides this transit.ion to be performed.

The semantics of Parallel Timer Processes is given operationally in the terms of
labelled transition systems ("LTS"). Every edge in a PTP is assumed to have ascribed
to it a label from a given finite set L of action names, interpreted during the process
behaviour as the actions the process participates in (such actions can be either signal
input/output, reading a data value from a bus, or even offering a cup of coffee by



1.5. PARALLEL TIMER PROCESSES 15

some coffee-machine). Following the idea of timed transition systems of [Wan90),we
define for every PTP P in the set of its states the relations P' ~ P", meaning that
the process can move from the state P' to P" by performing the action a E L, and
P' ~ P" for d ~ 0 (we assume d E Q+O), representing the process delay transitions
and meaning that the process state P' can be transferred into P" just by letting the
time to pass for d units.

The PTP model is demonstrated to have a compositional semantics (a number of
static process algebra combinators, including both the CCS-like and CSP-Iike parallel
composition, are defined for PTPs, see Chapter 14), this allows to model as PTPs
wide subsets of algebraic timed specification formalisms Timed CCS of [Wan90]and
Timed CSP, as presented operationally in [Sch91J.

The PTP model has a number of features common with the already existing models
of the Timed Graph family (see [ACD90], [NSY91J),Section 1.6 outlines the cornmon
and different points in these models.

We consider also various possible extensions of Parallel Timer Processes (processes
with inactive timers, processes with nondeterministic timer settings etc.), either al-
lowing to reduce the size of the system specifications, or introducing some new time-
modelling features (e.g. the ability to set a timer nondeterministically to some value
in a specified (bounded or unbounded) time interval).

Concerning the specification of rea.!time systems with the dependencies on both
data and time constraints, wepropose some enrichments of the PTP model with either
integer or rational valued external data (see Section IDA).

1.5.1 Modelling and Reachability

In Section 9.2 we give a method for modelling Parallel Timer Processes by LTIM pro-
grams (actually, a subset of LTIM, called LTIMo, suffices for this modelling purpose).
The most important point in this modelling is the precise demonstration how the Ian-
guage LTIM constructs can be used in the real time system modelling. It also allows
to obtain an algorithm for deciding the vertex reachability problem for PTPs proved
already decidable by other (direct) methods for a related model of Timed Graphs in
[ACD90].

Regarding the considered extensions of PTPs, we also show how to model them
using the programs in the languages LTIM and LTIBA, so illustrating the need and
sufficiencyof the considered simple theoretical language constructs to model various
real time constructions (e.g., it is showed that it is not possible to model processes
with unbounded nondeterministic timer settings by LTIMo programs, the whole class
of the LTIM programs suffices for this modelling).

Regarding the analysis of the timed specification formalisms with data dependen-
cies, an interesting result shows that really very slight changes in the definition of the
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corresponding PTP extensions (called in Section 10.4 PTPBs and PTPBos) put the
obtained specification model class either on the side of models with decidable vertex
reacbability problem, or on that with the vertex reach ability problem being undecid·
able. In the case of the decidable model of PTPBos this decidability is proved via
the modelling of the considered data dependent processes by LTIBA programs. The
algorithms of this modelling can be also used to decide for PTPBos other algorithmic
problems, discussed in Section 1.4 and considered more thoroughly in Part I (consider,
e.g., an infinite feasible fair path existence problem).

We obtain also an undecidability result of the vertex reachability problem for the
parallel timer processes with memory cells ("PTPM"s). Intuitively, a memory cell
can be used to store the value of a timer (when some transition is executed) and to
retrieve it afterwards at some later moment of time. A typical example of a timed
process with a memory cell is the ice-hockey timer (formalized in the process calculi
Timed CCS in [Wan91b]), whose time-counting can be at any moment interrupted and
afterwards restarted with the time period value being the one it had at the moment
of the interruption.

This undecidability result may look not very surprising since the adding of some
extra constructors to any language may well turn some algorithmic problems for it
undecidable. The point in the PTPM model consideration can be seen both for the
timed behaviour it represents and its seeming "similarities" with the PTPQ model (an
extension of PTPs with rational-valued data) considered in Section 10.4 and having
the vertex reacbability problem decidable.

1.5.2 Bisimulation Equivalences for PTPs

The vertex reachability problem is just the simplest theoretical aJgoritbmic problem
in the analysis of models of real time systems. For the sake of real time system
verification one might often want also to show that his/her implemented system is
"equivalent" in some sense to a specification of the system. It would be really nice, if
such "equivalence" test could be performed automatically for some class of models.

As to the models for quantitative time constraint specification, a result obtained in
[AD90] states the undecidability of the timed trace inclusion problem for Timed Biichi
automata ("TBA "). This result can be easily extended to show also the undecidability
of the trace equivalence problem for TBAs (see Section 1.6 for some remarks regarding
the TBA model). One might naturally want to see. whether there is some decidable
equivalence property for concurrent systems with timing.

Since the semantics of Parallel Timer Processes is given by labelled transition
systems one can, following [ParSl] and [Wan90]. define the bisimulalion equivalence
for PTPs. The idea of the bisimulation equivalence is that two processes P1 and P2
are equivalent, iff there exists a binary relation R <;;; SP, x SP, (SP denotes the set of
the process P states) such that
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• the pair (S~l, S~2) of the process PI and P2 initial states is in R, and

• for every pair (s, r) E R, if by some transition (real or delay) from s it is
possible to move to some state s', tberr there exists the same transition (the
transition labelled by the same action) from r to such a.state r' ESP, for which
the resulting pair of process states (s',,.-') E R (the converse with s and r in
changed roles must also bold).

It is proved in the thesis that the problem, whether two given Parallel Timer Processes
are bisirnilar (bisimulation equivalent), or not, is decida.ble.

One can notice that the bisimulation equivalence is the strongest equivalence for
the specification models with the LTS semantics (see, e.g., [MiI89]).

We consider also the so-called weak bisimulation equivalences (observation equiv-
alences) which declare some actions from the process action repertoire to be invisible
and for every pair of process states request that every generalized transition (perhaps
containing in it an arbitrary number of "invisible" transitions) from the state of one
process must be matched by some appropriate generalized transition from the cor-
responding state of the other process (see Section 11.1 for precise definitions, made
in accordance with [Wan90]). It is proved in the thesis that also weak bisimulation
equivalence problem for Parallel Timer Processes is decidable.

The decidability of both strong and weak bisirnulation equivalences is shown also
for a class of processes with nondeterministic timer settings (requiring the nondeter-
minism in these settings to be bounded).

Among the enrichments of PTPs which have decidable bisimulation equivalence
problem fa.llalso the processes with rational-valued external data. Regarding the pro-
cesseswith integer-valued external data the bisirnulation equivalence problem seems
to be much harder (undecidable?), though the reachability problem also for this pro-
cess class can be easily dealt with using the modelling of the processes by LTIBA
programs.

As to the previous and related work on deciding bisimulation equivalences for
timed specification formalisms, the decidability results were obtained only regarding
rather simple process classes, namely, in [HLW91]the strong bisimula.tion equivalence
was proveddecidable for the class of regular (i.e. built without the parallel composition
operator) Timed CCS processes (these processes can be, in fact, modelled as PTPs
with one timer). In IChe9I] a similar decidability result was obtained for recursion-free
finite timed processes.

The results regarding the decidability of bisirnulation equivalences are published
in [Cer92b](full proofs in a slightly simplified case) and [Cer92c] (a conference paper
describing the general results). Both of these papers contain also some discussion
on the undecidability of the vertex rea.chability problem for the timed processes with
memory. An early paper on the deciding strong bisimulation equivalence for a vari-
ant of PTPs is [Cerlll], it also outlines one possible way of interpreting Timed CCS
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processes from 1V.;a.o901as PTPs (the way of TCCS modelling as PTPs considered in
[Cer9l] differs from tbat considered here in Section 14.2). The results regarding the
automated analysis of r. t.s. specification formalisms (the enricbments of PTPs) cov-
ering both tbe system data and time dependencies are unpublished for tbe moment.

1.6 Comparison with Related Work

The tbeoretical background of the languages LBASE, LTIM and LTIBA bas already
been discussed in Section 1.4.1. We consider here the related approaches to the
analysis of quantitative-constrained real time system specifications.

The first nontrivial result concerning time-constrained r. t.s. model analysis was
the enumerative analysis algorithm in [BM83] for Time Petri Nets ("TPN", for short)
[MF76] (in fact, solving the reachability problem for bounded TPNs).

Timing information in TPNs is closely tied up with the net transition firing mech-
anism, so specializing the possible general results on analyzability of time-dependent
systems to a particular model class with time and certain kind of structure informa-
tion (every transition of the net has associated two real numbers a and b, a :S b,
called the earliest and latest transition firing times, respectively. The transition in
the net is allowed to fire when it has been continuously enabled for a time units; when
the total transition continuous ena.bledness time reaches b time units, the transition
is forced to fire). Regarding the TPN model one can look a.lso [GMMP89], where
various transition firing enforcement mechanisms for TPNs are discussed.

As to more recent formalisms for time constraint specification and analysis, the
family of Timed Graph models IAC090], [A090], INSY91] has become rather popular
(also the PTP model introduced here in Section 1.5 can be considered as some variant
of Timed Graphs).

A Timed Grapb ("TG"), defined originally in [AC090], is an automaton provided
with a finite number of clocks which are assumed to be the variables whose values
are synchronously increasing along the passage of time. It is allowed to reset these
variable values to 0 at the automaton transition firing times The conditions for the
automaton's transition enabledness are obtained by observing the" current" values of
the clocks (comparing them with a priori given constants).

It is proved in [ACD90] that the model checking for TGs w.r.t . branching-time
temporal logic formulae (provided also with some means for expressing timed be-
havioural properties) is decidable (this result, clearly, means also tbe decidability of
the vertex reach ability problem for TGs). Using similar methods (time region graph
construction). in [AD901 the language emptiness problem for Timed Biichi automata
("TBA") is proved decidable. As mentioned already above, in [.'\090] the language in-
clusion problem for TBAs is proved undecidable (intuitively, a TBA is a Timed Graph
provided with edge labels and Biichi-style acceptance conditions over the timed traces
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of the automaton).
Regarding the quantitative time constraint modelling approach by the languages

LTIM and LTIBA, it can be viewed, first, as a theoretical clarification of the relations
between the typical real time system specification constructs and standard program-
ming techniques, as the program variables and counters are. As observed already in
Section 1.4.2, the treatment of the time moment information as data for the modelling
programs also could be useful for some kind of applications.

The LTIM.system of commands is also somewhat more powerful time constraint
specification formalism, if compared to other existing models with decidable vertex
reachability problem (Timed Graphs), see, e.g., the modelling of the PTPNs of Sec-
tion 10.3 by LTIM programs (one can find some more timed systems which can be
described as LTIM programs, but cannot be modelled as TGs). However, the point
is to be made about the indirect way of the time constraint expression in the lan-
guage LTIM, what may appear not very convenient for the use of the language by
practitioners.

When comparing the language LTIBA to other existing r.t.s, specification for-
rnalisms, investigated w.r.t. the analysis automation possibility, an important point
is the language LTIBA ability to reflect the system dependencies on both the timing
and data constraints. The infinite path feasibility studies in data-dependent for-
malisms are also novel. Regarding the feasibility of infinite paths in time-dependent
formalisms, the TG and TBA models already are given the semantics in the terms
of infinite traces of the corresponding automata. So, from a practical standpoint,
the novelty of the infinite path feasibility studies in LTIM programs is mostly associ-
ated with the coping with the generality of the langua.ge LTIM constructs (for Timed
Graphs and similar timing specification formalisms the infinite path feasibility does
not appear as a more serious problem, if compared to the finite path feasibility).

Regarding the Parallel Timer Process model, considered in Part II, its. most im-
portant difference from TGs is the defined operational semantics (labelled transition
system), yielding the possibility to consider the bisimulation equivalences between
PTPs (the TG model bas the semantics just in the terms of completed traces}'.

The most "visible" difference between PTPs and TGs is the mechanism of ex-
pressing the time constraints: for PTPs this is done by setting a timer initially up
to some value and then waiting until the timer decreases downto 0, while the TGs
model a particular time interval by initial resetting of a continuously increasing clock

'If compand to the TG model, as defined in [ACD90]. PTPs also do not have !.he requirement
of no more than finite number of transitions, performed in a finite time (it is important to remove
this requirement to be able to define the LTS semantics), and they are allowed to have a number
of transitions within a single time moment (one could define also the LTS semantics for processes
not allowed to have more than one transition associated with one moment of time. however. the
algebraic theory of processes becomes much nicer, if the transitions of such kind are allowed).
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to 0 and observing the value of the clock in order to find out whether the interval has
been passed.

It is of some importance to have a formalism with decreasing timers when looking
for an interpretation of the language LTIM constructs in the real time. Some ex-
tended PTP variations (consider especially the processes with nondeterministic timer
settings) also outline some new theoretical situations regarding the time constraint
analysis (observe also some "duality" in the time constraint handling by TGs and
PTPs (clocks vs. timers)).

Therea.lready exists also a variant of TGs (also using increasing clocks, as the
original model), defined in [NSY91] and called Action Timed Grapbs (" ATG"s), which
is provided with the LTS semantics (and, so, the notions of bisimulation equivalence)'.

PTPs differ from ATGs basically by the design decisions regarding the ways how a
transition along some edge can be forced to execute. In the PTP model the necessity
of the transition firing is made explicit by denoting the edge with which the transition
is associated as red, while in ATGs the transition firing necessity depends on a rather
complex statement regarding all possible values of the clocks in the process "waiting
future" and the enabJedness conditions of other edges. We consider the ATG model
thoroughly in Appendix A and show how the PTP analysis algorithms (deciding of
the bisimulation equivalences) can be modified to apply to the analysis of ATGs.

The most important novel point in the PTP model presentation is in the provided
strong and weak bisimuIation equivalence deciding algorithms for the processes. The
enrichments of PTPs, especially those provided with internal data variables, outline
also some possibilities and impossibilities of the reachability analysis in the data
dependent formalisms with real time semantics.

As to the deciding bisimulation equivalences for other timed specification for-
malisms, an interesting interpretation of the results of the thesis can be obtained
regarding the decidability and undecidability of the equivalences for various classes
of Timed CCS processes defined in [Wan90], [Wan91a] and [Wan91 b] (note that the
notions of the strong and weak bisimulations are central in the theory of TCCS), see
Section 14.2 and Chapter 15 for a discussion on this interpretation topic. Let us note
that it is due to the chosen edge firing enforcement mechanism for PTPs that we can
translate the nets of regular TCCS processes into the PTP model in a rather direct
way.

'One could notice tbat the method or defining tbe semantics for ATGs in [NSY91] does not
assign a well defined semantics to the class or all ATGs (tbe so-called "time-stop" processes. which
are neither able to perform a real transition, nor can wail for any amount of Lime, appear in some
situations, though, possibly considered as pathological),
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1.7 Organization of the Material

Part I contains the investigation of the reachability and various infinite path feasibil-
ity problems for programs in the languages LBASE, LTIM and LTIBA (the outline
of the part contents can be found in Section lA). The presentation of the material of
Part I begins with some mathematical background from graph and automata theory
(Chapter 2), developing the notation and simple results for future use. Chapter 3
gives the definitions of the languages LBASE, LTIM and LTIBA, as well as the al-
gorithmic problems of program analysis (path feasibility and vertex reachability). In
Chapter 4 most of the constructions needed for deciding the statement reachability
problem and characterizing finite feasible path sets in LBASE, LTIM and LTIBA pro-
grams are given. The last points in these problems are resolved by the path inequality
system technique (Chapter 5), useful also afterwards when reasoning about the infi-
nite path feasibility (see especially Section 5.3). The infinite path feasibility analysis
in LBASE and LTIM programs is done in Chapter 6 and Chapter 7, respectively.
Chapter 7 discusses also the implications of obtained results for LTIBA programs.
Finally, Chapter 8 shows the undecidability of the vertex reachability problem for
LTIM programs with integer data type (instead of otherwise used rationals).

Part II is mostly devoted to the development and analysis of the Parallel Timer
Process model and its enrichments. In Section 9.1 the basic model of PTPs is intro-
duced and a simple example of a real time system, specified as a PTP, is considered.
Section 9.2 gives the methodology of the real time construct, used in the definition
of PTPs, expressing in the programming language LTIM. In Chapter 10 a number
of possible enrichments of the PTP model is considered, the most important being
the processes with external data dependencies, described in Section lOA. Also the
vertex reachability problem deciding algorithms for the considered PTP enrichments
are outlined there.

The strong and weak bisimulation equivalence problems for PTPs are proved de-
cidable in Chapter 11 and Chapter 12, respectively. In Chapter 13 the bisimulation
equivalence deciding algorithms are outlined also for the processes with nondeter-
ministic timer settings and the processes with rational-valued data variables. The
compositional properties of the PTP model are considered in Chapter 14, giving also
one possible way of Timed CCS process modelling by PTPs. Finally, Chapter 15 shows
the undecidability of the vertex reachability and bisimulation equivalence problems
for the PTP model enrichment by memory cells. .

In Appendix A we show the applicability of the obtained bisirnulation deciding
algorithms to the Action Timed Graph model.

Appendix B is devoted to the analysis of a simple real time system (a process,
controlling a passenger lift), specified in the C.C.I.T.T. specification language SDL;
also the complete set of test data for the considered lift process is constructed.
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Chapter 2

Mathematical Preliminaries

In the following chapters we define the programs in the languages LBASE, LTIM,
LTIBA formally as labelled grapbs. We are also going to characterize the program
path feasibility in the labelled graph terms. To provide some background for the
further studies we, first, refresh some more or less standard graph-theoretic notions
(labelled graph, edge, path, path coordinate, etc.) and, second, introduce at the
graph-theoretic level some new notions for characterizing finite and infinite path sets
in labelled graphs (various kinds of projectivity). Both of these problems are dealt
with during this chapter.

2.1 Labelled Graphs
Let us mean by a labelled graph a nine-tuple

G= (V,E,J,t,Lv,lv,LE,IE,ng), where

• V is a finite set of vertexes and E is a finite set of edges;

• f : E -+ V and t : E -+ V give for every edge e E E its source and target
vertexes, respectively;

• Lv is a set of vertex labels and Iv : V -+ Lv is a vertex labelling function;

• LE is a set of edge labels and IE : E -+ LE is an edge labelling function, finally,

• n~ E V is the graph's initial vertex.

We consider also labelled graphs with acceptance conditions, the graphs of this
kind are defined as tuples

G = (V,E,J,t,Lv,lv,LE,IE,ng,SF,SI),
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where, in addition to the graph components. SF ~ V and SI ~ \: are called the finite
and infinite acceptance sets for G. respectively.

Definition 2.1 A finite (resp. infinite) path in the labelled graph G is any seouetice
of the jorm Q = noen,n,e" ...• nk (resp. 0 = noeo,n,e" .. .] where n; E V(G) and
e, E E(G), as well as f(e;) = n, and t(ei) = n;+1 for all used edge indices i.

We introduce for every path Q the set Cnd" of its coordinates in a way

• C'Rd" = {D, 1, ... , k} for a finite path a = noen.· .. , nk. and

• C'Rd" = N = {D, 1,2, ... } for an infinite path a.

For a finite path Q we call k = card(CRd,,) - 1 the length of Q (intuitively. the path's
length is the number of edges in the path). We use the square brackets l. ] to denote
the optionaJity of the last element in an arbitrary path, so the sequence

denotes arbitrary finite or infinite path in a specified graph.

Definition 2.2 A path Q = noeo. n, e" ... [, nk] in the graph G is called initial, if it
starts from the graph initial vert a (i.e., if no = n~).

We also call a path a starting from the graph G vertex n E Van-path in G.

Definition 2.3 A path Q (either initial or not) in the graph with acceptance condi-
tWn.s is called accepting if

• for a finite path Q its final vertex nk is in the set SF,

• for an infinite path Q the vertexes of the path n, E SI for infinitely many indices
i (we call an infinite accepting path also fair).

For the purpose of the future use we define for two paths Q and ;3 in G, such that
the path a = noen. n, e, •...• nk is finite and the path f3 starts with the last vertex of
o (i.e, fJ = nkek, nk+' ek+l,·· . [, nk+.]). the concatenation o + 13 in a way

Notation. Given an arbitrary graph G with or without acceptance conditions. we
let V(G), E(G). LI'(G), LE(G) to denote the sets of vertexes, edges, vertex and
edge labels of the graph G respectively. The notation of lc and tc is further on
used for the graph G edge-vertex incidence functions / and g. For G being a graph



2.2. PROJECTNE PATH SETS

with acceptance conditions let Sp(G) and S](G) denote the corresponding finite and
infinite acceptance sets of G.

Given a labelled graph G, let us denote by 'P](G) the set of all finite paths of G
and by Pw(G) the set of all infinite paths of G. For G being a graph with acceptance
conditions, let 'P].a(G) be the set of all finite accepting paths in G and 'P..,.c (G) - the
set of alJ infinite accepting (fair) paths in G. The corresponding sets of initial paths
of G (finite, infinite, finite accepting, fair) are denoted by 'PJ(G), P~(G), PJ .c (G) and
'P~.•(G) respectively.

2.2 Projective Path Sets

In this section we introduce some simple notions for characterization of path sets in
the labeJled graphs, useful later on when speaking about the sets of all (finite, infinite)
feasible paths in programs.

Definition 2.4 Given two labelled graphs G and H, such that Lv(H) = V(G) and
Ls(H) = E(G), we call a path Q = noeo,Dlet, ... [,nk] in G a projection o] a path
c! = noeo, nl eJ, ... [, nk] in H, written Q = proj( Q'), iJ the path Q coincides with the
path c/ vertex and edge label sequence, i.e., iJ

• C'Rd,. = C'Rd,.. and

• n; = IV(H)(n;) and e, = lE(H)(e;) [or all iE Cnd" (i < k [or the edge labels in
the case oj finite Q, Q').

We can look at the projection operator proj as at a function mapping the set of paths
of a given graph H onto the set of sequences of certain kind. In this spirit we allow
to write proj(X X) for X X ~ 'P](H) U 'Pw(H) being a subset of the graph H path
set to denote the set of the projections of the paths of X X .

In what follows we will be more interested in the characterization of the initial
path sets, therefore we develop the projectivity theory on the basis of them.

Definition 2.5 Given a set of finite paths U ~ 'Pj(G) of a labelled graph G, we call
a graph H a projectivee [or the path set U, iJ U coincides with the set oj projections
oj all finite initial paths of H, i.e. proj(P}(H)) = U.

For U ~ 'PJ(G) being a set of finite paths of a graph G we call a graph H with a finite
acceptance condition a T-projeetivee for U, if U = proj(P},.(H)).
For U ~ 'P..,(G) being a set of infinite paths in G we call the graph H for U

• w-projectivee, if U = proj(~(H)),

• F-projectivee, if U = proj('P~,.(H)).
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Definition 2.6 A set U of finite paths in a labelled graph G '" called [classicaltu}

• projective. if there exists a labelled graph H which is a projeciioec for U.

• T-projective, if there exists a Tcprojectivee for U.

A set U of infinite paths in G is called dassically

• w-projective, if there exists an w-projeclivee H for U,

• F-projective, if there exists an F-projectivee for U.

In the case, if this will not lead to confusion, we will use the term "project ivity" also
to denote the w-projectivity of infinite path sets.

In what follows we will be more interested in the effective versions of projectivities
rather than the classical ones defined above for we want the projectivees for some
graph path sets (e.g., the sets of all feasible paths in programs) to be built effectively
from input of the graphs from some given classes.

Definition 2.7 Let S be a set of labelled graphs and let for every G E S U (G) be
some finite set, effectively computable from G. Let P( G, u) ~ PJ( G) for every graph
G E S and every u E U(G) be some set of finite paths in G.

We roll the family of the graph path sets

{P(G,u) ~ pJ(G) I G E 5 & u E U(G)}

eJIectively projective iff

• for every G E Sand u E U (G) the set P( G, u) is classically projective and

• there exists an algorithm which, given the graph G E S and an element u E
U(G), produces a projectivee for P(G).

For the simplicity of formulations we allow ourselves to speak about the effective
projectivities of the graph path sets P(G,u) "for every given G E S and u E U(G)",
understanding by this the effective projectivity of the whole graph path set family.
We allow also to omit the class S in the definition of the effective projectivity, if it is
clear from the context.

In a similar way we define the effective versions of T-projectivity of finite path sets
and w-projectivity and Fvproject ivity of infinite path sets in graphs from S. Let us
further on, unless otherwise stated, mean by the path set projectivities the effective
versions of them.

The following simple properties of the projective path sets appear useful in various
situations of the program path feasibility analysis. Let LL be a class of labelled graphs,
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we consider the effective projectivities of the path sets in the graphs G E II. For
the sake of simplicity we do not consider the dependence of the graph path sets on
additional parameters u E U(G), the generalization of the results to the case with the
parameters is completely stra.ightforward.

Lemma 2.8 If for e"Dery graph G E IL finite path sets A( G) ~ PJ(G) and B( G) ~
PJ( G) are projective (reap. T'-projectiue] then also the sets C( G) = A( G) n B( G) and
D(G) = A(G) U B(G) are projeeti"De (resp. Tsprojectiue),

Proof: Let HA be a projectivee for A(G) and HB-a projectivee for B{G). We show
how to construct the projectivees He and HD for the path sets C{G) and D(G)
respectively, so proving the effective projectivity of C(G) and D(G).

Let V(Hc) = {(n,m) E V(HA) x V(HB) Ilv(HA)(n) = IV(HB)(m)} with the vertex
(n,m) labelled by IV(Hc)«n,m)) = IV(HA)(n). As to the edges in He, let us draw an
edge e from (n,m) to (n',m') labelled by I if and only if there are edges labelled by
I both in HA from n to n' and in HB from m to m'. It is easy to see that He is the
desired projectivee for C(G) provided the graph initial vertex, n~c = (n:', n~B).

As to the T-projectivity of C( G), it suffices to define for the gTaph He the finite
acceptance set SF(He) = {(n, m) In E SF{HA), mE SF(HB)}.

For the set D( G) the corresponding projectivees are constructed, by taking a copy
of HA and a copy of HB, as well as a new initial vertex n~D. We label the vertex n~D

by ng and define it to have the outgoing edges with targets and labels of both all
edges outgoing in HA, from n~A and all edges outgoing in HB from n:B (in the case
of HA and HB being the T-projectivees, the finite acceptance set for HD is defined as
SF(HA)USF(HB) un, where n = {n:D}, if either n~A E SF(HA), or n:B E SF(HB),

n = o otherwise). 0

Lemma 2.9 If for e"Derygraph G E LL infinite path sets A(G) ~ ~(G) and B(G) ~
"P~(G) are ia-projectioe (reap. F-projectilJe) then also the sets C(G) = A(G) n B(G)
and D(G) = A(G) U B(G) are w-projectilJe (reap. Fvprojectioe}.

Proof: The cases of D(G) projectivities are dealt with by the same method, as in
the proof of Lemma 2.8.

As to the set C(G), we construct a graph He, as in the proof of Lemma 2.8. Easy
to see that He is an w-projectivee of C{G).

In the case of F-projectivity of A(G) and B{G) we construct also first the graph
He. We construct furthermore a new graph H~ provided with an infinite acceptance
set, which will serve as the F-projectivee for C(G). We define every vertex of He to
be a pair (z,a) with z = (n,m) E V{Hc) and a E {D,1,2}. An edge from (z,a) to
(z',a') with the label I in He is drawn if and only if

• there is an edge [rom z to z' labelled by I in He and
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• one of the following holds:

- 0 = a' = 1 or 0 = 0' = 2, or

- 0 = 0, 0' = 2 and z = (n, m) with n E SI(HA), or

- a = 0, a' = 1 and z = (n,m) with m E SI(HB), or

- a = 1, a' = 0 and z' = (n',m') with n' E SI(HA), or

- 0 = 2, a' = 0 and z' = (n', m') with m' E SI(Ha).

We define the graph's He initial vertex to be ((n~A, n:!B),l) and the infinite accep-
tance set SI(He) = {(z,o) I a = O}.

It is easy to see that in He accepting are only those paths which infinitely many
times visit both the vertexes ((n,m),a) with n E SI(HA) and the ones with m E
SI(Ha) (for a path to be accepting in He, it must for at least one a E P,2} both
infinitely many times leave the region of vertexes with the second component a and
infinitely many times return to it, what is possible only if the path infinitely many
times visits both ((n,m),a) for n E S/(HA) and for m E SI(Ha)). So, if a path in
H~ is accepting, its projection belongs to both A( C) and B( C).

On the other hand, for every path 0 E A(C) n B(C) it is easy to find a path 0'

in He such that both 0' is accepting and 0 = proj(o'), when one builds the path 0'

inductively, it suffices to choose the target vertex (z, a) of the current edge with a = 0
whenever possi ble. 0

We show also the following sufficient condition for the path set projectivity which
is often in one or other {arm used in program reachability graph construction (see. for
instance [BBK74, ABBCK91 j), we will find it later on useful also for our purposes.

Lemma 2_10 If in every labelled graph CELL every finite path 0 E PJ(C) luis an
effective (computable from o ) characteristic S(o) such that

• for all 0 E 11(C) the characteristic S(o) E S for a finite characteristic set S,
and .

• for all o,f3 E 'PJ(C) ending with one vertex n E V(C) for all paths I starting
from n in C 5(0 + /) = s(,B + 1),

tben for every SO ~ S the set of paths A(C) = {o E PJ(C) 15(0) E SO} l.S (effec-
tively) T-projective.

Proof: We construct a T-projectivee H for the set A(C). Every vertex of H is a pair
(n,S) for n E V( C), 5 E S, and is labelled by n. We build the graph H inductively
by starting with the initial vertex n{! = (ng,S(nf)) (nf is a path of length 0 in C)
and draw an edge from (n, S) to (n', S'), labelled bye E E(C). whenever both
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• the edge e in G leads from n to n', and

• there exists an initial path a' ending w.ith (n, S) in the already drawn part of
H, such that for a = proj(a') S(o + ne,n') = S'.

It is easy to see both that this edge drawing process eventually stops (since both the
sets V(G) and S are finite) and that for any a' being an initial path in H, which
ends with (n, S) and has 0 = proj(a'), the characteristic 5(0) = S. Now it remains
to define tbe finite acceptance set SF(H) = V(G) x SO for J{, so easily obtaining the
required T-projectivity.O

For the sake of completeness in studying the notions of the path set projectivity,
we investigate also the closeness under the complement of various kinds of projective
graph path set classes.

As it is easy to see from simple examples, both in the cases of finite and infinite
projective path set classes the complement.a.bility property does not hold. As to the
T-projectivity and F-projectivity, the following results together with Lemma 2.8 and
Lemma 2.9 show that these path set classes are closed under all boolean algebraic
operations.

Lemma 2.11 If for every graph G E LL a finite path set A(G) ~ P}(G) is T-
projective, then also its complement B(G) = 1"j(G) \ A(G) is T-projective.

Proof: First of all define for an arbitrary labelled graph Hits cbaracterizing au-
tomaton H" as a finite automaton with the set of states V(H) and external (input)
alphabet V(H) x £(H) x V(H). For every edge e E £(H), leading from nl = fH(e)
to n2 = tHee) in H, in H" a corresponding edge e from nl to n2, labelled by the
triple (n\, e, n2), is drawn. The initial vertex of H" is defined to be n{j and the set
of accepting states is SF(H) (the automaton H" accepts some words in the alphabet
V(H) x E(H) x V(H) according to the standard finite automaton word accepting
discipline). -

In order to show the T-projectivity of B(G), we start with a T-projectivee HA

for A( G). We build a characterizing automaton H~ for H A and afterwards translate
each its edge label (fH(e),e,tH(e)) into (/(JH(e)),I'(e),I(tH(e))) for 1 = IV(H) and
I' = lECH) being the H vertex and edge labelling functions, respectively. Let us denote
the obtained automaton by H'. It is easy to see that H' accepts those and only those
words in the alphabet V(G) x E(G) x V(G) which correspond to the paths 0 E A(G)
of G (corresponding to tbe path a = noeo, n, e" ... ,n. in G is the word

1t is easy to see that the language of the words corresponding to G paths fJ E B( G) can
be accepted by some finite automaton witb tbe external alphabet V (G) x E( G) x V( G)
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for it is the intersection of the language of G characteriaing automaton GO with the
complement .of H' language. The Tvprojectivity of B(G) follows immediately.O

Lemma 2.12 If for every grnph G E £L (In 'nfinite path set A(G) 0; P~iG) is F-
projt:(:tft}f;, then also its complement B(G) == ~(G) \ A(C) is F.pro)t:(:tiTJf.

Pro;,.;.f, Th •• proof follow. precisely the same lines as the proof of l,..>mma 2.1 1, using
the infinite path acceptance condition 51(H) instea-d of SF(H). The most sopbisti-
catedstep or the proof is to show the complementability of Buchi-acceprable iofini re
word language class, for it the reader is referred to, for instance, ISVW87j.D



Chapter 3

Language Definitions

We begin with the definition of the programming language LBASE for dealing with
integer-valued data-

3.1 The Language LBASE
Every program P in the language (family of programs) LBASE is a labelled graph

P = (V, E, I,t, Lv , Iv, LE, IE, n~)

(see Section 2.1) provided with a finite number of integer-valued internal variables
x\, ... ,Xon and, intuitively, with an input gate for receiving the variable values from
the environment of the program. .

Every edge of the program P (i.e. e E E) is labelled either by ~ + ~ or by ~ -" (i.e.
Ie(e) E LE = {~+"," ~"} for all e E E). Every P vertex n E V(P) is labelled by an
operator of one of the following kind (c denotes bere any integer constant, i.e. c E Z.
Here and in the following we use the convention to put variable and constant names
in boldface whenever they are used as syntactical parts of operators, otherwise (in
matbematical expressions, etc.) they are put in italics):

• ?Xi for 1 ~ i ~m, the input operator, denotes the reading of a (new) value
from the program input gate into the variable X;;

• Xi <- Xj (Xi +- c) for 1 ~ i,j ~m and c E Z, the assignment operator, denotes
the assigning of the value of the variablez , (the constant c) to X;;

• Xi < Xj (Xi < c, c < xj) for 1 ~ i,j ~ m and c E Z, the comparison operator,
denotes the comparison of the two variables (or the variable and the constant),
during the execution produces an output flag" + " or " - ", depending on
whether the actual values of x.,x, satisfy the operator's inequality or not (used
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to determine the outgoing edges of the current vertex along which the further
program control flow can be passed);

• NOP, the dummy operator, does not have any effect on t.he variable values and
allows any further control flow.

We consider also LBASE programs with acceptance sets by introducing in the tuple
for program definition arbitrary subsets SF and SI of the program vertex set V.

Further on let us use the notation p(n) (instead of Iv(n)) to denote the operator,
attached to a program vertex Tl E V.

Intuitively, at the beginning of the program execution every variable z , is assigned
the "value" O. During the program execution every program variable can assume
integer values, i.e. at every moment of the program execution the program "variable
value vector" is an element of Z'". Let us give the formal semantics for program
operators in the terms of variable value vector transformation and the effects the
operators impose on the further program control flow.

For arbitrary LBASE program P we define its set of variable value vectors, denoted
by Vp, to be Z'", where m is the program P variable set cardinality. We call the
element iit = (0, ... ,0) E Vp the initial P variable value vector. We denote the
components of any m-dimensional vector ii E Z'" as v.x" ... , ii.xm (so stressing the
relation between the variable value vector components and the program variables (the
value of the variable Xi in the vector v E Z •.•.•is ii,xi))'

Let iiJx; +- c] for any vector ii E zm denotes another vector ii' with all but the ith
component coinciding with corresponding components of v (i.e. for j of i ii'.x, = ii.x,).
the ith component of ii' is taken to be c (ii'.Xi = C, it is required that c E Z for this
construction being admissible).

The semantics for every language operator p is given as two following functions:

• <pp, the variable value transformation function, for p being an assignment, com-
parison or dummy operator <p. : Vp -+ Vp, for an input operator p q,p : Vp X Z -+

zm (the extra Z intuitively standing for the domain of values, appearing at the
program input gate) and

• ,p. : Vp -+ 2(-+-:-") (!/;. : Vp X Z -+ 2(-+"'---)), the set-valued function of
admitted operator's output flags.

Assume ii E Vp = z-, c E Z, I S i,j S m, the definitions of functions dip and !/;p for
a program operator p are, as follows:

• for p being an input operator ?Xi rP.( v, c) = iiJXi +- c], !/;.( ii, c) = {" + "};

• for p being an assignment operator x, ~ Xj d>p(ii) = ,'7):r, ~ t-;'.:r,), for p being
the operator Xi ~ c 6.(,-;,) = ii(Xi +- c], in both cases wp('-;') = r + "}:
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• for a comparison operator p always 4>.( v) = v, the output flag function is defined,
as follows:

- if p is an operator Xi < Xj then 1/J.(V) = {n + n}, if v.x; < ii.x j, otherwise
tP.(V) = {n _ n},

- if p is an operator c < xJ then ",.(V) = {n + n}, if c < v.Xj, otherwise
tP.(ii) = {n _ ~},

- if p is an operator Xi < c then tP.( v) = {~ + ~}, if v.x; < c, otherwise
"'.(V) = {n _ n};

• for p being NOP always 4>p(V)= v and tP.(ii) = t +", n - "}.

The semantics of a whole LBASE program is defined by its state transition system:

(V x Vp, E, --+, (n~, v~)} where

• V x Vp is the set of system's states (i.e. every state of the system is a pair (n, V)
where n E V is a program vertex and jj E Vp is a variable value vector);

• 5{; = (n{;, v&,) is the system's initial state (intuitively, the program execution
begins from its initial vertex n&, with every variable initialized with 0 value);

• --+~ (V x Vp) x E x (V x Vp) is the transition relation between states (every
transition has its start state, end state and is labelled by some program edge
e E E), defined the following way (we use the more comprehensible notation
51 ~ 82 to denote (8), e, 8Z) E--+):

(n), tit) .s; (nz, vz)
iff the edge e is leading from nl to nz, the edge label IE(e) E "'p(n,j(VI) and
the new variable value vector Vz = ¢l'ln,j(VI) (for p(nl) being an input operator
IE(e) E "'p{n,)(Vha) and V2 = ¢P/n,j(vI,a) for some integer a E Z. For the
purpose of the path feasibility studies it is not necessary to consider the inputs
of different values as different transitions, however later on we will sometimes
use the notation 81 ~ 82 to denote that the transition from 51 to 82 is done
along the edge e by reading the value a from the environment).

Without loosing generality we can assume that for every vertex n E V(P) for a
LBASE program P with either an input or assignment operator pen) attached all
outgoing edges are labelled by n + ~ (according to the defined semantics (state tran-
sition system) the ~ - "<labelled edges from these vertexes cannot affect the program
behaviour in any way).

One more observation to be made is that the programs in the language are, in
general, highly nondeterministic for we do not impose any requirements on the ways
of the program connectivity (the number of, say, ~ + "<Iabelled edges, outgoing from
one vertex in the program is not a priori bounded).
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3.2 Languages LTIM and LTIBA

Every program in LTIM also, as the LBASE programs are, is a graph provided with
a finite number of internal variables and (intuitively) with an input gate for receiving
variable values from the environment. The first difference of LTIM programs from
LBASE programs is thai every program variable may assume rational values (instead
of integer ones in LBASE), rational are also the values the program receives through
its input gate.

The programs in LTIM has as the permitted vertex labels (operators ascribed to
its vertexes) first of all the analogues of LBASE operators (here c denotes a rational
constant):

• ?x, the input operator;

• Xi +- Xj (Xi +- C), the assignment operator;

• Xi < Xj (Xi < c, C < Xj), the comparison operator;

• NOP, dummy operator.

Furthermore, every LTIM program has one special internal variable z , named the real
time counter, with the following operators at the program vertexes permitted:

• z:- Xi, the positive assignment operator, assigns the value of Xi to z , provided
that the value of z does not decrease via this assignment. The operator produces
the output flag "+", if the assignment was successful, otherwise [i.e., if the value
of Xi is less than that of z) the" -" flag is produced (the value of z is not changed
in this case);

• Xi +- Z + c, the variable activation operator, assigns the value of z increased by
c to Xi (for the sake of simplicity only nonnegative c's are allowed here).

As in the LBASE case, we require every LTIM program P edge e E E( P) to have a
labellECP)(e) E {" + "," - "}. We consider also the LTIM programs with acceptance
conditions by introducing in the program (labelled graph) defining tuple arbitrary
subsets 5F and 5, of the program vertex set V, as well as use the notation p(n)
(instead of lv(n)) to denote the operator, attached to a program vertex n E \/

We give the formal semantics of LTIM programs in a way similar to the defining
semantics for LBASE programs in Section 3.1.

Since every program variable now may assume rational values. we define for ar-
bitrary LTIM program P its set of variable value vectors, denoted by Vp. to be
Q+o X Qm, where m is the number of ordinary P variables (not including the real
time counter). by Q+O we denote here and further on the set of nonnegative rational
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numbers (the usage of Q for the set of all rationals is standard). We define the ele-
ment vt = (0, ... ,0) E Vp to be the initial P variable value vector. Let us denote
the components of any m + l-dimensional vector v E Q+O X Qm as V.Z, V.Xh .... v.xm

(with the intention to use such vectors v as program the program P variable value
vectors)

As in the case of LBASE programs, we introduce the notation iijx; .- c] for
v E Q+O X Qm, c E Q+O and i = 0,1, ... , m (assume Xo == z. meaning by == the
syntactical identity) in a way

• VIxi +- C).Xi = c and

• iijx; +- c).Xj = v.Xj for Xj 't Xi·

The semantics for every LTIM operator p is given as two functions:

• ¢., the variable value transformation function, for p being an assignment, com-
parison or dummy operator ¢. : Vp -+ Vp, for an input operator p ¢.:
Vp x Q -+ Vp and

• lj;. ; Vp -+ 2{"+""-") (lj;" : Vp x Q ....•2{"+"'"-") for an input operator p), the
set-valued function of admitted operator's output flags.

Assume v E Vp, cEQ, 15 i,j 5 m, the definitions of functions ¢" and ,p" for input,
assignment and comparison and dummy (NOP) operator p in the program P are
precisely the same, as for corresponding LBASE operators (see Section 3.1). For p
being a specific LTIM operator, its semantics is defined, as follows:

• if p is a positive assignment operator z ;!:.. Xj then

- if V.z 5 V.X, then ¢,,(ii) = iijz +- v.x,] and ,p,,(v) = {" + "},
- otherwise (i.e., if v.z > v.x,) ¢,,(v) = v and ¢,,(v) = {" - "};

• for p being a variable activation operator Xi +- Z + C ¢.(v) = iijXi +- v.z + c]
and lj;,,(ii) = {" +"}.

The semantics of a whole LTIM program is defined by its state transrtron system
just as for LBASE programs (see Section 3.1) with the only exception being a E Q
(instead of a E Z) taken as the second argument in the semantic functions ¢" and ¢"
for an input operator p.

As in the case of LBASE programs we assume that for every vertex n E V( P) for a
LTIM program P with either an input or assignment, or variable activation operator
p( n) attached all outgoing edges are labelled by " + " .

It is important to note that the LTIM program real time counter z cannot appear
in the input operators, as well as the lefthand side of any assignment operator. So the
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variable z is not subject for arbitrary value assignment, one can find out that there is
no way to decrease the z value during the program execution. Easy to see that without
this or some other discipline limiting the use of the counter variable (i.e .. if we allow
it to receive arbitrary values from the input and retain all other kinds of operators in
the programs), we could not obtain any decidability results for algorithmic problems
in the considered program analysis.

The language LTIM appears to be able to express rather general time-dependent
behaviour of real time systems (see Section 9.2 and Section 10 below for the detailed
discussion on the real time system modelling by LTIM programs). We consider also
some sublanguages of LTIM the programs in which appear later on to be the subject
of easier automated analysis.

First of such languages, we call it LBASQ, is the language consisting of LTIM
programs witbout real time' counter. To put it otherwise, in the language LBASQ
programs are permitted just the language LBASE operators, except that all constants
used in them can be arbitrary rationals, as well as all program variables are rational-
valued. For the analysis of LBASQ programs it is the best to consult Section 4.4
where the absence of the real time counter in the programs is exploited in order to
obtain more general results than those possible for the general case of LTIM programs.

Yet another sublanguage of LTIM, useful when modelling temporal quantitative
constraints on r.t.s. is LTIMo which constrains the programs of using the LTIM oper-
ators by dividing the ordinary program variables into two categories (along with the
ordinary variables every LTIMo program can have also a real time counter):

• simple variables Xl, X2," . ,X" allowed to appear just in the comparison, variable
activation and both sides of the assignment operators;

• a single special input variable I which is the only program variable which can be
used in the input operators and the right-hand side of the positive assignment
operators. It is required also that no assignment of the form x, <-- x is used in
the program (i.e. there is no way, how to get an arbitrary value from the input
into a simple variable except than moving this value through z).

An important language considered in the theses is LTIBA wit.h every program Pin
it allowed to have both a finite number of integer valued variables If, xf, .... I~ with
allowed LBASE operators over them and a finite number of rational valued variables
z,xr.xr. ... ,x~ with allowed LTIM operators (z is the real time counter). Every
vertex in a LTIBA program P has either a LTIM or LBASE operator. ascribed to it
(type mismatch in LTIBA programs is forbidden).

As in the LBASE and LTIM programs, every edge of P has either a label {"' +"}
or {~ - ~}, one of the program vertexes, n{;, is marked as initial. We follow also the
conventions not to ascribe {" - "} labels to the edges outgoing from the vertexes with
input, assignment or variable activation operators.
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Given a LTIBA program P we define for it the variable value sets Vp = Z'" and
V~ = Q+o X Qn, let Vp = Vp x V~.

For the sake of simplicity in defining the semantics of the program P we asso-
ciate with it a LBASE program pB which is obtained from P by replacing all LTIM
operators, used in P by a LBASE operator NOP (clearly, PB is a LBASE program,
moreover V(PB) = V(P) and E(pB) = E(P), changed are just the program vertex
labels) and a LTIM program pT, obtained from P by replacing all LBASE operators
by a LTIM operator NOP.

Clearly, VPB = Vp and VpT = V~. Let the program P initial variable value vector
;;t = «:vtT) for «: being the program pB initial variable value vector and vr
being the initial variable value vector for the program pT.

The semantics of P is defined as in the case of LBASE and LTIM programs by
the state transition system

(V(P) x Vp,E(p),-,(n~,v~)) where

• V x Vp is the set of system's states

• 5b = (nt:,vt) is the system's initial state

• ---->~ (V(P) x Vp) x E(P) x (V(P) x Vp) is the transition relation between
states defined in a way (using the notation 51 ~ 52 to denote (51, e, 52) E-):

iff both

- (nt, v~) ~ (n2' ii:) in pB and

- (ni>iif) ~ (n2,iif) in pT.

3.3 Feasibility and Reachability
Let LL denote any of the three programming languages LBASE, LTIM and LTIBA.

We define for any finite or infinite path Q = noeo, nleh ... [, ilk] in aLL-program
P the selectors for the ith vertex of Q to be n,(Q) = il; and the itb edge by ei(Q) = e,.
For a finite path Q the last vertex of Q is denoted by n.(Q) (i.e. n.(Q) = ilk).

A history of aLL-program P is any sequence

with s, = (n;, ii,) for every used index i, provided s, ~ 5'+1 for every i; i :::::k: - I in
the case of the finit~ sequence 13.
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We define also the selectors s,(,8) = So, e;(B) = e.. as well as n;(3) = 71, and
v;(.8) = v; to denote the ith state. edge, graph vertex and variable value vector of
}3. respectively. For a finite history fJ we define also s.(}3) = St. n.(8) = nk and
v.(j3) = Vk to denote the last state, vertex and variable value vector of the history ;3.

We call a history f3 of aprogram initial if the history's first state so(,8) is the initial
state sb of the program's state transition system.

It is according to the definition of the history that for a every history ,8 the sequence
0'(,6) = no(fJ)eo(fJ), nl(f3)el(,6), ... [. n.(,B)] is a path in the program. let us say that
the history f3 goes along the path 0'(,8) in the program. Let for every history ,B along
the path 0' in the program the set of coordinates CRdp = eRda·

Definition 3.1 A path Ct in a program P is called weakly feasible iff there is a history
along it. An initial path 0' in a program is called feasible iff it has an initial program
history along it.

It is easy to see that there can be initial paths in LL programs. which are weakly
feasible, but not feasible, e.g. in the case of LBASE program one can consider a
one-edge path

x> O;-+"; ?y

provided the vertex to which the operator "x > 0" is ascribed to is the program P
initial vertex nf: (it is for the sake of readability that we show in the examples here
and further on only the path vertex and edge labels).

Definition 3.2 Let P be a LL-program with acceptance sets SF(P) for finite paths
and S/( P) for infinite paths. We call an initial path 0' in P correct iff it is accepting.
A vertex n E V(P) is called

• reachable iff it is contained in some feasible path 0 [i.e. n = n;(o) for some i);

• correctly reachable iff it is contained in some feasible correct path of P:

• f-correctly reachable iff it is contained in some finite feasible correct path of P;

• us-correctly reachable iff it is contained in some infinite correct path of P.

It is easy to see that both f-correct reachability and u}- correct reachabiliry as well as
ordinary reachability problems for every LL-program P reduce to the correct reacha-
bility by choosing appropriate acceptance sets SF(P), S/(P):

• reachability: SF(P) = V(P). SI(P) = II(P) (actually, S/(P) is irrelevant);

• f-correct reachability: SF(P) = SF(P), SI(P) = 0;

• w-correct reachability: SFtP) = 0, SI(P) = SltP).
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Solving the vertex reachability problem for some class of programs, it is sometimes
useful to demonstrate in the case of the positive answer on the reachability, how the
given vertex is reached. In the case of the ordinary reachability this problem can
be simply solved by exhibiting a history along some path, leading to this vertex. If,
however, some kind of correct vertex reechability is considered, it seems useful that
one could exhibit such a history reaching the given vertex, which could be continued
along some accepting path. For the case of f-correct reachability the problem can be
solved by exhibiting a history along the whole accepting path, containing the given
vertex (this path is finite). As to the w-correet reachability we have, in general,
no ways, how to define the whole history along some fair path in the program in a
finite time. To overcome this problem we define the following notion of the history
computing (generating) by an algorithm.

Definition 3.3 We say that an algorithm M computes (generates) an infinite history
II along a path Q in a LL program P, if on the input of the path Q coordinate k E
C'Icd; = N and the program P variable Xi, the algorithm M in a finite time outputs
the value ih(v).x; of the variable Xi in the history v at the path Q coordinate k.

One could allow such an algorithm to use various possibly infinite input data struc-
tures containing the description of the path Q (or some other extra input, specified for
each concrete history computing problem separately). However, since the algorithm
is required to work in finite time (= finite number of steps), it can use for determin-
ing the value ih(v).x; for fixed i and k only the information from some finite path Q

fragment (finite region of the input data in general).

In what follows, we proceed to deciding the considered reachability problems,
as well as investigate the possibilities to characterize (in the terms of projectivity,
see Section 2.2) the sets of feasible (correct) paths in LBASE, LTiM and LTIBA
programs.



Chapter 4

Finite Path Feasibility

The aim of this chapter is to give the most of the proof of the following theorem:

Theorem 4.1 The set of all finite feasible paths of every LTIBA program is effectively
projective.

We base the proof of the finite feasible path set projectivity in given LTIBA
program P on the explicit construction of the graph containing as projections of
paths all feasible paths in P. The proofs of the finite feasible path set projectivity
are given for LBASE and LTIM programs independently, i.e. we prove

Theorem 4.2 There exists an algorithm which, given a LBASE program P, con-
structs for it a graph G( P) such that the set of all finite [tnitial} feasible paths in P
coincides with the set of the projections of all finite initial paths i1l G( P).

Theorem 4.3 There exists an algorithm which, given a LTIM program P, constructs
for it a graph G( P) such that the set of all finite (initial) feasible paths in P coincides
with the set of the projections of all finite initial paths i1l G( P).

After having proved Theorem 4.2 and Theorem 4.3, the overall result of Theo-
rem 4.1 for LTIBA programs can be obtained according to Lemma 2.8 the following
way.

Given a LTIBA program P we construct for it the LBASE program pB by re-
placing all LTIM operators in P by a LBASE operator NOP and the program pT by
replacing all LBASE operators of P by NOP. Easy to see that a sequence

f3 = (no, (v~, v6) leo, (nl, (v~, vi))el,' .. [, (n.,(vf, v[))]

is a history of P along a path Q if and only if both

• {38 = (no. v<f)eo, (n ,. L'~)el' ... [, (nk. vf) I is a history of pB along 0 and
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• I3T = (no, v[)eo, (n), VDel'" . I, (nk, u[)] is a history of pT along Q.

SO, a path 0 in P is feasible if and only if it is feasible both in pB and Pl', the
applicability of Lemma 2.8 is straightforward ..

Before we start the description of the projectivees, called also the path feasibility
graphs, for LBASE and LTIM programs, let us note that the constructions (including
the graphs themselves) made during the proof are to be used afterwards (in the infinite
path feasibility analysis) also without direct relation to the theorem.

4.1 Variable Vector Value Set Partitionings
We begin with the description of the path feasibility graph vertexes for LBASE and
LTIM programs. For this purpose we define for a given LBASE or LTIM program
p a finite partitioning Cp of the set Vp of all program P variable value vectors the
following wa.y.

Let Cm;n be the minimal and Cm= the maximal among the constants, used in
the operators of P, and the initial variable value O. Let Cons(P) = {Cm;n,Cm,n +
1.... , Cmu} be the set of P constants (recall that we have agreed to have all constants
for both LBASE and LTIM programs integers), Vars(P) = {Xl, X2,' .. , Xm} - the set
of P variables, let Ap = Cons(P) U Vars(P).

Let for a variable value vector v E Vp and a constant c E C ons( P) always v.c =
c E Z (we already ha.ve the notation on v.x to denote the value of the variable X in
the vector v).

We consider first the case of a LBASE program P.

Definition 4.4 Two variable value vectors VI E Vp and V2 E Vp of a LBASE program
P are called equivalent, written VI ~ ~, and belong to one Cp-equivalence class iff
for any a, s e Ap the relation vl.a ~ vI.b holds if and only if the relation V2.a ~ V2·b
does.

Intuitively, two variable value vectors for a LBASE program P are equivalent, if
they coincide on P variable and constant value ordering.

Example 4.5 If the program P has constants -1 and 5 and variables Xl.' ", x., then
the variable value vectors

VI = (0, 6, 16, -7) and Vz = (0, 8, 1991, -2)

are equivalent, but

VJ= (0, 6, 16, -7) and v.i(l, 6, 16, -7)

are not, since VJ,XI = 0 E {Cm,n,' .. , Cm • .,}, while V•. XI = I # O.
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It is easy to see that every element of Cp of a LBASE program P can be cliarac-
terized by a simple inequality system, which determines the ordering of all program
variable and constant values (representing all the constants {c",," ..... c",ar}) on the
number line.

For v E Q-Hl X Qm being a variable value vector for a LTIM program P we define
for any additive expression expr over P variables and constants its value F.exor w.r.t ,
ii in a way that v.e = c and

v.expr, + v.expr2 = v.(expr, + expr2)' ii.exprl - v.expr2 = v.(expr, - expr~)

(for z E Vars(P) V.X is already defined as the value of x). We define the set Sp(v)
of base expressions (called further also base points), associated with iJ, to consist of

• all P variables and constants a E Ap,

• the expressions x + c for a variable z E Vars(P) and c E Z, such that both
ii.z :S V.X :S V.z + Cmu and V.z :S v.x + c :S ii.z + Cmaz (notice that c can be also
negative).

Example 4.6 Let a program P have constants 0, I and 3 and variables z, t,. t2. t3 let
for the value vector ii ii.z = 15.43, v.t, = 16.2, ii.t2 = 17.43, ii.t3 = 19. Then the set
Sp(V) contains the following base points:

• 0, I, 3, Z, t" t2 and t3,

• z + I, z + 2, Z + 3 (we treat the expressions like z and z + ° as identical) and

• t, + I, t, + 2, t2 - 2, t2 - I, and t2 + I (there is no base point of the form t3 + c
for c E Z, because v.t3 ::; V.Z + 3 does not hold).

Definition 4.7 The partitioning Cp fOT a LTIM program P is defined by the equiva-
lence relation ~, such that for v" ii2 E VP VI ~ V2 iff

• for all expr,expr' E Sp v,.expr:S v,.expr' if and only ifv1.expr::; v1.expr'.

Intuitively, one Cp-equivalence class for a LTIM program P consists of all variable
vector values which coincide on

• variable and constant value ordering,

• integral parts and ordering of fractional parts for all expression e, = X; -: values
laying between 0 and Cm.z
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Example 4.8 Let a program P and its variable value vector v be those described in
Example .1.6. Example ~.6 already gives us the set of base points Bp(ii) = Bp(C)
for V E C. The equivalence class C COnsists of those and only those vectors v with
op(ii) = Bp(C) for which the values v.b for b E BP(C) turns into evidence the
following inequality system:

0<1 < 3 < z = t2 - 2 < t1 < Z + 1 = t2 - 1 < tt + 1,
tl + 1 < z + 2 = t2 < tl + 2 < z + 3 = t2 + 1 < t3.

We call any element C E Cp for either LBASE or LTIM program P a (variable)

configuration of P. For P being a.LTIM program let for any configuration C Bp(C) ~
op(v) for some (=for every) v E C. For the sake of uniformity we define Bp(C) = Ap
for every C E Cp for every LBASE program P.

Proposition 4.9 The set Cp of all configurations for any program P either in LBASE
or LTIM is finite.

Proof: In the LBASE case it is obvious tha.t the fi..nitenumber of all program variables
and constants can be ordered on the number line only in finitely many different ways.

For P being a LTIM program, notice that there are only fi..nitelymany different base
point sets Bp( v) for v E Vp (for any variable or constant x E Ap no more than c",,,,,+ I
expressions of the form z + c for c E Z may satisfy V.z ~ v.x, v.x + c ~ v.z + c",,,,,,
as well as the expression x + c may belong to Bp(ii) only if -c", ••• :S c ~ Cm...r). For
every base point set Bp = Bp(v) for some v the points of Bp can be ordered on the
number line only in finite number of different ways (actually, these orderings are far
from being all feasible, however, this is not important for proving the finiteness).O

We define for every configuration C E Cp of either LBASE or LTIM program P the
relations <c. ~c and =c for a, s e Bp(C) (for a, bE Ap, if P is a LBASE program)
In a way that

• a ~c b iff v.a ~ v.b for some (= for every) v E C;

• a =c b iff a ~c b and b ~c a;

• a <c b iff a ~c b and not b ~c a (not a =c b).

lYeuse also a ~c b as a synonym to b :Sc a and a >c b as a synonym to b <c a.
For a variable value vector v E Vp let (til denote the configuration C E Cp to

\Chichthe value vector v belongs to: v E C.
It is easy to see that for P being either LBASE or LTIM program, the Cp-

equivalence class (vn containing the initial variable value vector ((0,0, ... ,0)) is
,ingleton (i.e. (vn = {vb})'
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4.2 Path Feasibility Graphs

In this section we define the path feasibility graphs BG(P) based on the introduced
variable value set partitionings C» (Section 4.1) for both LBASE and LTIM programs
P (actually the constructions of this section can be performed provided that Cp is
an arbitrary finite program P variable value set partitioning with the singleton class
(iit) for program initial variable value vector).

Let us associate with the program P and its variable value set partitioning Cp a
family of Cp-gra.phs. A graph G is said to be a Cp-graph, iff

• the set of its vertexes V(G) ~ V(P) x C» (i.e. every vertex in G is a pair (n, C)
for n E V(P), C E Cp);

• Iv«n,C}) = n E V(P) for every (n,C) E V(C);

• E(C) ~ E(P) x C» x Cp, every edge e = (e,CI,C)) E E(C) is leading from
faCe) = (fp(e.),C,) to tG(e) = (tp(e),G,) and is labelled by Ie(e) = e E E(P);

• the initial vertex of C is n~ = (nt, (iitJ)·

A maximal Cp-graph, denoted MG(P), is defined as a Cp-graph with the set of
vertexes V(C) = V(P) x Cp and the set of edges E(C) = E(P) x Cp x C»,

Intuitively, the maximal Cp-graph is a graph which is obtained by taking card( Cp)

copies of the program P, one copy for each configuration C E C» and afterwards
drawing all edges from (n;, Gj) to (n;, Cj) whenever an edge from n; to n; is drawn in
P. The whole fa.mily of Cp-graphs is obtained by erasing in various ways some edges
of MG(P). -

Definition 4.10 We call a Cp-graph C for a LBASE or LTIM program P the basic
graph, denoted BC(P) provided G has an edge e == (e, C" C,) leading from (n" C,)
to (n" G,) if and only if there exist variable value vectors iiI E Cl and iiz E C, such
that (n" iiI) ~ (n" v,) in the P state transition system.

The remainder of the proof of Theorem 4.2 and Theorem 4.3 is devoted to

• the proof that the graph BC(P) is indeed a path feasibility graph for every
LBASE or LTIM program P, and

• the demonstration of the effectivity of the graph BC( P) construction from the
input of the given program P.

In fact, we study the properties of the graphs BG(P) in slightly more detail tban
needed for the proofs of the theorems because of these graph further usability in the
program infinite path feasibility analysis.
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Given a path
er = (no, Co}io, (nl' C1}el"" [, (nk, Ck)]

in an arbitrary Cp-graph G we define the selectors ni(a}, Ci(er} and e;(a} to denote the
ltb program vertex, Cp-equivaJence class and program edge on the path a, respectively
(i.e. nita) = n., Ci(a) = C. and ei(a) = lE(G)(e.)). The similar notation of n.(a),
C.(o) is used to denote the last program vertex and Cp-equivaJence class of a finite
path a. Let us define also for every G edge e = (e, C), C2} the corresponding program
edge label to be l/(e) = lE(p)(lE(G)(e)) = lE(p)(e) E {" +"," - "},

Now we define for every Cp-graph also the set of its bistories, so giving some
semantics to the syntactical Cp-graph construction done so far.

Let f3 = (no, vo}eo, ... [, (nk' Vk)] be a history of the program P, then for an ar-
bitrary Cp-graph G we ca.ll f3 a history along a path a = (1l<l, Co}eo, ... [, (nk' Ck)]
in G iff CRdf3 = CRda and for all i E CRd •• both Vi E C. and e; is labelled by 'e,
(equivalently, e. = (e.,Ci(a),Ci+1(a)}).

Intuitively, a Cp-graph is a "refinement" of the program P in a sense it admits
along any path a only those P histories in which after every step the program variable
value vector satisfies the configuration (belongs to the Cp-equivalence class), ascribed
to the current vertex of the path.

Definition 4.11 A path a (either initial or not) in a Cp-graph G is called feasible
iff there exists a history of G along a.

Observe that in the case of the Cp-graphs we do not distinguish between the feasibility
and weak feasibility of the graph paths, as it was done for the programs.

Fact 4.12 Every history v of any (not necessarily basic) Cp-graph G along a finite
or infinite path a is also a history of P along proj(a}. For Q being an initial path in
G the history v is initial along proj(a).

Proof: Follows from definitions, observing in the case of the initiaJity the property
of (un being singleton: [vn = {vn.D
Fact 4.13 Every history f3 along a path Q in P is also a history along a path Q', such
that Q = proj(a'}, in the Cp- basic graph BG(P}. Moreover, if f3 is initial, the path
0' also can be chosen initial in BG(P).

Proof: Given a history

(J = (no, iio}eo, (n), vl}e), ... [, (nk, Vk)]

the corresponding path in BG(P} is of the form
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the existence of the appropriate e;s is due to the definition of BC( P).
The initiality of 0' is also straightforward from the definitions. 0
As one can see, in the basic graph BC( P) every path with the length J (containing

only one edge in it) is feasible, no matter what partitioning Cp of the program variable
vector value set one chooses (actually, for this purpose also the trivial partitioning
with 1 element containing all the set Vp would do, though it is not admitted here for
in this case the set (tin is not singleton).

Definition 4.14 A basic graph BC(P) is called perfect, if every finite path in BC(P)
is feasible.

Proposition 4.15 For a perfect graph BG(P) the set of all finite feasible paths in
the program P coincides with the set of projections of all finite initial paths in BG( P).

Proof: Straightforward from Fact 4.12, Fact 4.13 and the definitions of path feasibility
in programs and Cp-graphs.O

Corollary 4.16 If there exists an algorithm which, given a program P, constructs a
perfect graph BG(P), then the set of all finite feasible paths of P is projective.

It is easy to see that similar results can also be obtained for the Tvprojectivity of the
set of all finite feasible correct (accepting) paths of the program P (one simply defines
the finite accept.a.nce condition for the graph BG(P) in a way (n, C) E SF( BG(P))
iff n E SF(P)).

In order to complete the proof of Theorem 4.1 we show the perfectness of the basic
graphs BG(P) for hath LBASE and LTIM programs w.r.t. the partitionings C» defined
in Section 4.1 (Lemma 4.17 and Lemma 4.29), as well as the effectivity of the graph
BG(P) construction from given program P (Proposition 5.5 and Proposition 5.10).

4.3 LBASE: Perfectness of BG(P)

Lemma 4.17 Every finite path in the basic Cp-graph BG(P) for qioen LBASE pro-
gram P is feasible (i.e. for every LBASE program P the graph BG(P) is perfect).

Proof: We obtain the statement of the lemma as a corollary of the following more
general result.

Let us cal] a path 0 in BG(P) feasible with the initial value (n, 0 (with the final
value (n',V')), if there exist a history v along 0 such that (no(v). vo(v)) = (n,0
(respectively, (n.(v), ii.(v)} = (n', V'}).

Lemma 4.18 If an initial finite path 0 in BC(P) is feasible with the final value
(n,V') and a (finite or infinite) path fJ is feasible with the initial value (.uT") for
some 17' E (t7), then the path Q + fJ is feasible.
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Having proved the lemma, it is now completely straightforward to use the induction
on the path length in order to obtain the proof of Lemma 4.17. The following is
another interesting corollary of Lemma 4.18.

Corollary 4.19 If two paths Q and fJ in BC(P) end with the same vertex, then for
an arbitrary (finite or infinite) path "I in BG( P) the path Q + { is feasible if and only
if the path fJ + { is.

Proof of Lemma 4.18: Let C = IV'] = 1ii'1 E Cpo The proof idea is to show that
there is e e c, such that both Q is feasible with the final value (n, V) and fJ is feasible
with (n, ii) as the-initial value, this allows us to build explicitly a history along Q + fJ
in BC( Pl. We begin with the notion of a P-uniform mapping and some its properties.

Definition 4.20 We call a mapping p : Z -+ Z P-unifonn, if for every z , y E Z

• x < y implies p(x) < p(y), i.e. p is strictly monotone, and

• p( Cmin) :::: Cmin and p( Cma..:r) = Cm.ar, i.e. p preserves all the constants c E
Cons(P) = {c",;n, ... , c", •.•.}.

We extend any mapping p : Z -+ Z in a polymorph..ic manner also to the structures,
containing integers as elements in a way the mapping p replaces any integer component
x with p(x) and does not change the structure's components of other types, e.g., for
a vector v E Z'"

p(v) = (P(V.Xl),P(V.X2)"'" p(v.x",)).

Fact 4.21 For a P-uniform mapping p and any ii E Vp IVl = (p(ii)).

Proof: Follows from definitions. 0
The following is the main point in the proof of Lemma 4.18:

Lemma 4.22 For a P-uniform mapping p and an arbitrary history v along a path {
In BC( P) the sequence p( v) is also a history of BG( P) along {.

Proof: According to the definition of the history, it is enough to check that, if
(nt,vl) ~ (n2,v2), then also (nl,p(vd) ~ (n2'p(iS)), Fact 4.21 will ensure that
the new history p(v) goes along the same path in BG(P) as the history u .

Consider the language LBASE operator p, associated with the program P vertex
n\. It is straightforward according to the definitions of the semantic functions tPp and
t!.'p (see Chapter 3) that for p being an input operator
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and for p 'being an assignment, comparison or dummy operator

The existence of the transition (n"p(vl)) ~ (n2,p(v2)) (provided there exists
the transition (n" VI) ~ (n2, V2)) now is straightforward from the definition of the
transition relation ---+ in the program? state transition system.O

Definition 4.23 Given two variable value vectors V, and V2 satisfying the same con-
figuration C = (VI) = (V2) , we call the vector V, sparser than V2 if for any two proqrarn
variables x.,xi E Vars(P)

Fact 4.24 For any two vectors VI and V2 with (v,] = (V2) = C there exists a vector
vJ E C such that vJ is sparser than both given vectors V, and V2'

Proof: The vector vJ can be constructed, as follows. For all variables Yl, Y2,' .. ,Y.
greater than Cmaz in C and ordered in ascending order according to C (i .e. Cmaz 'Sc Yl,
Y; ::;c Y'+I 'Vi), define

One can similarly define also the vJ·values for variables, less than Cm," in C. It is
obvious that the constructed vector V3 is sparser than both VI and V2'O

Fact 4.25 For any two variable value vectors VI and V2, such that V2 is sparser than
VI, there exists a P-uniform mapping p with p(vl.a) = V2.a for every P variable or
constant a E Ap.

Proof: Define p(c) = c for all c E Cons(?). For I> Cma.r let vl.a(I) be the maximal
of values v,.a for a E Ap, which is does not exceed x. Let us define

For I < Cm;n one defines

p(I) = v2.b(I) - (vl.b(x) - z ), where

vl.b(x) is the minimal of values vI.a which are not less than z . It is because of the
sparseness of V2 w.r.t. VI that the defined mapping p is strictly monotone. The P
constant preservation by p is by definition.O

Given the variable value vectors V' and V" with (V) = [V'] = C Jet i' E C be a
vector which is sparser both than V' and l~" (see Fact 4.24). Due to Fact 4.25 there are
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P·uniform mappings PI and P2 such that p,(ii'} = P2(ii"} = v. Let III be the history
along 0- in BG(P) with the final value (n, ii'). Lemma 4.22 guarantees that pdlld
also is a history along 0- in BG(?), its final variable value vector is

In a similar way one establishes that />2(112) is a history along fJ with jj as initial
variable value vector: v = VO(P2(1I2))' It is according to the definition of the history
that we can glue the obtained two histories together so obtaining e history along 0 + fJ
in BG(P), what means the feasibility of the path 0 + fJ in BG(P).O

So we have completed the proof of Lemma 4.18. Since we have the result of
Lemma 4.17 as a corollary, it remains for the proof of Theorem 4.2 to show only the
effectivity of the graph BG(P} construction from the text of the program P, what is
done in Proposition 5.5 using the path inequality system techniques (see Chapter 5).

4.4 Basic Graphs for LBASQ programs

Although the projectivity of the set of all finite feasible paths for LTIM programs is
demonstrated in the full generality in Section 4.5 and Section 5.2, we consider here
an alternative approach for proving projective the sets of all finite feasible paths in
LBASQ programs (LTIM programs without the real time counter, intuitively, the
LBASE programs with the rational-valued variables).

Let us given a LBASQ program? define the partitioning Cp of the P variable
value set Vp = Qm, as it was done in Definition 4.4 for LBASE programs, by taking
two variable value vectors VI and V2 equivalent, if they coincide on P variable and
constant value ordering (i.e., iff for any a, s e Ap vI·a 5: vI.b iff V2·a 5: v2.b).

We construct also the (LBASE-like) basic graph BG(P) according to the parti-
tioning Cp, as described in Section 4.2.

Lemma 4.26 For every history II along a finite path 0 in the basic groph BG(P)
of a LBASQ program P and every one-edge path fJ = (n, C)e, (n', C') with (n, C) =
(n.(o). C.(o-)) there exists a history II' along 0' = 0 + fJ with v;(II').a = v;(II).a for all
1 E C7?.do and a E Ap [i.e. II' is a continuation of II).

roof: Since fJ is a path in BG(P) we have for e = IE(BG(P))(e) (n. V) ~ (n', ii')
·jth ij E C and ii' E C'. Since V.(II) E C, we can exhibit a monotone mapping
: Q -+ Q with p(v.a) = v.(II).a for all a E Ap. Easy to see that the history II,

ntinued by (n, p( v))e, (n, p( ii')) is the desired history 11'.0

orollary 4.27 For every LBASQ program P its LBASE-like basic graph BG(P) is
erfeet.
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Proof: The feasibility of every finite path in BC( P) is straightforward by induction
from Lemma 4.26.0

The effectiveness of the graph BC( P) construction for LBASQ programs is ob-
tained in a similar way as for LBASE programs in Section 5.1, we do not consider the
details.

Observe, that an analogue of Lemma 4.26 for LBASE programs does not hold,
In the case of integer-valued variables we cannot exhibit the corresponding monotone
mapping p : Z -+ Z with p( v,a) = v.( v ).a for all a E Ap for in the case v,a = 17, v.b =
19 and v.(v).a = 1992, v.(v).b = 1993 we are required to define p(17) = 1992 and
p(19) = 1993, but what to do with p(18) (observe the monotonicity)? We have dealt
with the problem of finding a history along the prolonged path in the case of LBASE
programs by some updating of the given initial history by a P-uniform mapping in
order to get the final history variable value vector "sufficiently sparse".

As a straightforward corollary from Lemma 4.26 we obtain also

Fact 4.28 Every infinite path in the (LBASE-like) basic graph BC(P) for a LBASQ
program P is feasible.

Proof: Given an infinite path 0 in BC(P) we consider the sequence °0.0" ... of all
its finite prefixes. According to Lemma 4.26 we have a sequence of finite histories
VO,VI,"" the history v, along the path 0" with Vi(V,+j) = Vi(Vi) for all i,j E N. So
we obtain a history v along 0 by defining Vi(V) = Vi(V;) for all i E N (intuitively, v is
a "pointwise limit" of tbe history sequence Vo, V" ... ).0

As the analogue of Lemma 4.26 for LBASE programs does not hold we need to
look for other techniques for studying the infinite path feasibility in LBASE programs,
what is done in Chapter 6.

4.5 LTIM: Perfectness of BG(P)

Lemma 4.29 Every finite path in the basic Cp-graph BC(P) for given LTIM program
P is feasible (i.e. for every LTIM program P the graph BC(P) is perfect).

Proof: First of all we introduce two kinds of mappings, which we need for the proof.

Definition 4.30 We call a mapping p : Q ~ Q u-siable iff p is st.ronqb) monotone
and p(x) = x 'Vx < u.

A strongly monotone mapping a : Q ~ Q is called v-uniform iff

• a preserves all P constants (i. e. a( c) = c for all c E C erns( P)) and

• a(x + c) = a(x) + C for all x ~ u , c EN.
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As in the case of mappings Z --- Z, we extend the mappings Q --- Q in a poly-
morphic manner to other structures, containing rationals as elements in a way these
mappings apply to all components of the rational type and do not change any com-
ponents of other types.

Lemma 4.31 If an initial finite path a in BG(?) has a history III along it and a
(finite or infinite) path fJ with (n.(a),C.(ll')) = (no(fJ),Co(fJ)) has a history "2 along
II. then there is a history 113along a + fJ such that

where the mapping p is v.(lId.z + Cm=-stable and a is ii'o(1I2).z-uniform. Moreover,
ti,e variable value vector V;(V3) can be effectively computed given the variable value
vectors v.(v,), VO(V2), as well as V;(II,), ifi < k, and V;_.(V2), ifi > k.

Intuitively, the lemma is just a stronger version of an analogue of Lemma 4.18 for
I.TIM programs. We need the lemma in this formulation afterwards when we study
Lne infinite path feasibility in LTIM programs.

Proof of Lemma 4.31:

Proposition 4.32 Given a finite history v = (no, vo)eo, (n" vIle" ... , (n •• v.) of a
LTIM program P along a path Q in BG(P), for every v k;» z + Cmaz-stable mapping p
the sequence

IS also a history along Q.

Proof: First of all, since p is ih.z + Cm=-stable, it follows from the definition of
the configuration and the fact that Vi ~ k v;.z + Cmaz S V•. Z + Cmo-r that for all
I :S Ie [p(v;)J = (v;}. The check that a transition (n,p(V)) ~ (n',p(V')) is in the
P slate transition system, given this transition system contains (n, V) ~ (n', ill
is straigrttforward from the transition system definition (i.e. the semantics of LTlM
programs). 0

Proposition 4.33 For a finite or infinite history II along Q in BG(P), starting with
ino. vol. for every vo.z-uniform 'ffillpping a the sequence U(II) is also a history of
BG(?) along Q.
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Proof: Similar to the proof of Proposition 4.32. For all i E CRda acr(Vi(V))! = ~l~,(V)]
because a is also iii(v).z-uniform, this leads to the coincidence of the base point sets
Bp(".(v.(v))) == Bp(Vi(V)) (for all x E Ap,c E Z

cr(v.(v)).z:::: ",(v'(lI)).x,,,.(v.(v)).x + c:::: cr(iii(lI)).Z + c",or

if and only if
ii'(lI).z:::: v'(lI).x, iii(lI).X + c:::: Vi(lI).Z + c",or),

as well as the base point orderings.
The transition relation preservation by o is also straightforward from the defini-

tions, notice that for the input statement pin) given (n,V) ~ (n',il) one obtains

(n,cr(v)} e~) (n',,,.(i1)}.o

Lemma 4.34 For~, iii E C E Cp of a LTIM program P there exists a V,.Z + c",or-
stable mapping p and v2.z-uniform mapping a such thai p(v,) = "'(V1) == V3 E C. The
mappings p and". can be computed given the vectors V, and V2'

Proof: First of all define the values cr(V2.X.) == V"X, for the base points Xi E Sp(C)
with z, ::;c Z + Cm= and extend the definition of a to the pair of intervals J - CO, V2'Z +
Cm=] --> J - CO, VI.Z + e-rl in a piecewise linear way with the graph corner points at
already defined values (taking into account also cr(c) == c for c E Cons(P». It follows
from the definition of the partitioning Cp that such a value definition does not violate
the uniformity of a. In what follows, the mapping o is extended to Q --> Q defining
cr(x) == a(x - I) + 1 for x> V2'Z + Cmo.z.

It is easy to see that also a VI'Z + Cmo.r-stable mapping p can be defined to meet
p(ii,) = "'(V2)'O

Lemma 4.34 together with Proposition 4.32 and Proposition 4.33 give an explicit
way how to obtain every variable value vector of a history 113 demanded in Lemma 4.31.
so giving also the proof of the lernma.D

Having proved Lemma 4.31, it is straightforward to follow the same induction
arguments as in the LBASE case in order to obtain the proof of Lemma 4.29.0

Now in order to complete the proof of Theorem 4.1 it remains to show only the
effectiveness of the basic Cp-graph construction for LBASE and LTIM programs,
wha.t is dealt with by the techniques of Chapter 5. Perhaps the reader call find this
effectivity rather obvious because the only thing needed is to determine automatically
which paths of the length one (i.e, containing only one edge) in the maximal Cp-graphs
MG(P) for LBASE and LTIM programs P are feasible.



Chapter 5

Path Inequality Systems

In this chapter we develop the path inequality system technique (for the paths in
program path feasibility graphs) which allows bath to demonstrate the effectivity of
the basic graph construction for bath LBASE and LTIM programs, so completing the
proof of Theorem 4.1, and serves as the basis for the infinite path feasibility analysis
in the programs (see especially Section 5.3).

5.1 Path Inequality Systems for LBASE
Let G be a Cp-graph for a LBASE program P. Let us fix an arbitrary finite or infinite
path a in G. We obtain in this section same symbolic characteristic of the set of
all histories along a in G in a farm of inequality system, allowing to establish the
effectivity of the BG(P) construction from MG(P) far LBASE programs P.

First of all we define for the path a the set 'Pt" of points an a, each point being a
pair (a; r) for a program variable or constant a E Ap and a path coordinate r E eRA"
(so Pt" == Ap x CRdo). Given a history fJ along a in G one can associate with it a
mapping r/l : Pt; -+ Z, defined

fp((a;r» = v.(fJ)·a,

Ie. tbe mapping r/l gives for every point on a its "value" an the history fJ (recall
that for a constant c E Ap the natation v.c is used to denote simply the value of c).
Let us call the mapping r/l the generator of the history fl.

In a similar way, every mapping r ; 'Pt" -+ Z is a. generator of a sequence

fir = (no(a), f(i; O))e.J(a), (ndo), f(i; I»el(a), ... [, (nk(o), f(i; k»]

for k == card(C'R.d,,)-1 being the length of 0 and r(i; i) for every i used as a shorthand
of

(f(Xl; i), r(x,; i), ... , r(x",; i».
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Let us call the sequence /3r the sequence generated b.,' the mapping r.
It is easy to see that not all sequences generated by mappings r are histories of G

along Q, however, some of them are. In particular, for any history t3 along the path
Q the sequence, generated by the generator of /3 is the history .8 itself (i.e. /3r. = (3).

The idea of the path Q inequality system is to give a simple symbolic characteristic
of all mappings r which correspond to (are generators of) the histories along Q.

Let for an arbitrary program P operator p and an arbitrary a E Ap we say that
a ub p (a unchanged by p) if and only if p does not assign a new value to a (obviously,
for any P constant c, cub p, no matter which operator p is). The only cases when
the relation a ub p does not hold is when a is the variable into which the input or
assignment operator puts the value.

Let for a given program P vertex 12 E V (P) and edge label I E {" + ", n _ n} for
I,y E Ap

• I <••./ y, if p(n) is a comparison operator x < y and 1= n + n, and

• Y ~n.I I, if p(n) is a comparison operator x < y and 1=" - ", or else y <".1 X.

The relation ~" in the set 'Pt" of points along Q is defined the following way:

• (a;r)~ •• (b;r) fora,b E Ap and r,r+l E CRd" whenever a ~".t b for 12 = 12.(Q)

and 1= ISIP)(e.(Q)) (the inequalities requested by the statement exit labels on
the path are reflected),

• if a ub p(n,(o)) for a E Ap, r,r + 1 E CRd o , then (a;r) ::0" (a;r + 1) and
(a;r+ I)~" (air),

• if a ~C,(,,) b for a, b E Ap, then (a; r) ::0" (b; r) (after every execution step the
program variable values satisfy the corresponding configuration),

• the relation :::;" is transitive, i.e. for w" W2, W3 E 'Pt", if w, :::;"W2 and W2 :::;" W3,

then also w, ::0" W3·

Let us call for an arbitrary path Q the set of inequalities {WI :::;" W2 I W" W2 E Pt,,}
the patb Q inequality system and denote it by N".

Easy to see that for every Q the relation ~" is a partial order. We define also an
equivalence relation =" such that w =" w' for w, w' E 'Pt" if and only if w :::;" w'
and w' ~" w. Let w <" w' for w, w' E 'Pt" if and only if w ~" w' and the inverse
w' ~" w does not hold. Let w' ~" w mean w :::;"w' and w' >" w be another notation
for w <" w'.

Example 5.1 Lei P have 3 variables, denoted here by x,y and 11, as well as the
constanLs Cm •• = O. Cm.r = 1. Let in a Cp- graph G the path
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p(no) =?u and p(nd = x +- y,
U(i.;) = Is(p)(ls(G)(ei») =" +" for i = 0,1,
o <co 1 <Co x <Co y <Co u,
o <c, 1 <c, X <c, Y <c, u and
o <c, 1 <c, X =c, Y <c, u.

Then the path inequality system N" looks as follows:
(0 0) =" (0; 1) =" (0; 2) <" (1; 0) =" (1; 1) =" (1; 2) <, (x; 0),
(x;O) =0 (x;l) <" (x;2) =0 (y;O) =" (y;l) =" (y;2),
(y;2) <0 (u;O), (y;2) <" (u;l) =0 (u;2), but the points (u;O) and (u;l) are ~o

Incomparable.

Definition 5.2 Given a path 0 in a Cp-graph G, we call a mapping f :Pt" --. Z a
solution of N" if and only if

• Tic E Canst?) : ftc; r) = c,

• for any two points WI, W:l E Pt,,:

1. if w, =" W:l then r(wd = r(W2)

2. if WI <" W2 then r(wd < f(W2)'

Proposition 5.3 For every po.th 0 in a Cp-graph G euery solution I' of No generates
a history of G along Q.

Proof: Consider the sequence

generated by some solution I' of N". In order to prove that fJr is a h.istory along Q,

it suffices to prove that

• for every i E C'R.ti" f(i; i) E Ci(o) and

• for every i E C'R.tio, i -=F k

(ni(Q),f(i;i» ~ (n;+I(o),f(i;i + 1»),

what is straightforward from the definitions of the path 0 inequality system and the
program P state transition system (observe, that we do not have : - <labelled outgoing
edges from the program nodes with attached input or assignment operators). 0
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Proposition 5.4 Every history along 0 in a Cp-graph C is generated by some solu-
tion oj the path 0 inequality system .No.

Proof: Follows from definitions. 0

Proposition 5.5 The construction oj the basic graphs BC(?) [or LBASE programs
P Jrom the given program text is effective.

Proof: First of all, given a LBASE program? it is easy to build for it the maximal
Cp.graph MC(?) (see Section 4.2). According to the definition of BC(?), in order to
obtain the graph BC(?) from MC(P) it suffices to determine and erase all infeasible
edges in MC(?) (i.e, the edges for which the path containing only this edge does not
have any history v along it (no points about any initiality of v)).

One can easily check whether for given edge e = (e, C1, C2) the inequality system
of the path a. = (fp(e), C1}e, (tp( e), C2) in MG(?) is contradictory or not. Due to
the Proposition 5.3 and Proposition 5.4 this check will give also the answer about the
path at feasibility.o

So we have completed the proof of Theorem 4.2.0

Lemma 5.6 There exists an algonthm which, given a finite path 0 in BC(?) f07' a
LBASE program P exhibits a history u of P along a.

Proof: Any algorithm for solving the path inequality systems (i.e. linear inequality
systems over integer variable values) yields some solution r of No (since 0 is feasible,
there is a solution of ./II,,). Take v to be the history, generated by r.O

We do not consider here the methods for solving path inequality systems, let us
note just that the very special form of the systems pla.ys a crucial role for the solving
process.

Corollary 5.7 There exists an algorithm which, given an initial finite path 0 in a
LBASE program P

• detennines, whether a is [easible; and,

• iJ a is feasible, exhibits a program history along o .

Proof: The path a is feasible if and only if it is a projection of some initial path 0'

in BC(P) (Proposition 4.15 and Lemma 4.17). Any history along 0' in BC(?) is also
an initial history along 0.0
Note. Actually there is no need in the construction of the whole graph BC(?) for
deciding feasibility of a certain program P path 0, it is enough to consider only that
part of BC(?) which has as projections all feasible initial subpaths of a. In [BBK74]
even a simpler approach was chosen by associating a path inequality svst.ern directly
with a path in the program.
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Corollary 5.8 There exists an algorithm which, given a vertex n E \I(P) of a LBASE
program P

• decides, whether n is reachable (f-correctly reachable); and

• if n is reachable (f-correctly reachable), exhibits an initial program P history II
along an [acceptinq} path a of P, which contains n, i.e. n = n;(II) = ni(a) for
some i E Cnd".

Proof: Given the vertex n E VIP) we can look in the graph BC(P), whether there
is a vertex (n, G) E V(BC(P)) for some G E Cp which is contained in some initial
(Initial accepting) path a' in BC(P) (an initial path in BC(P) is called accepting. if
It ends with (n'. G') for n' being an accepting vertex in P and G' E Cp). Let a be the
projection of a'. Clearly, a is feasible. We obtain the needed history II along a using
tbe deciding algorithm of Proposition 5.i.O

Let us note that the actual graph BC(P) building process should not necessarily
go through the construction of the maximal graph MC(P). One can for given con-
figuration G E Cp, program vertex n E V(P) with its operator pin) and edge e s.t.
fp(e) = n construct all configurations G' for which there exist v E G, a E Z and
c' E C' such that (n, G) ~ (tp(e), G'). In the case of the comparison or dummy op-
erator one needs only to consider the configuration G' = G, for assignment operators
also the configuration G' is uniquely determined. If p( n) is an input operator, one must
consider "all possible places" where the value a can be put w.r.t. the configuration G.

This method of inductive building of the graph BC(P) allows to avoid the con-
struction of a usually very large number of unneeded maximal graph vertexes. so
saving a both the time and space resources for the rea.chability analysis. Actually also
the "optimized" algorithms have in the worst case both the runtime and used mem-
ory exponential in the number m of the program variables, however only gathering all
possible optimizations one can hope to obtain practically feasible program analysis
i:lgorithms (see Section B.4.1 in Appendix B for the outline of some further possible
path feasibility graph reduction techniques).

5.2 Path Inequality Systems: LTIM

In a similar way as for LBASE programs, we consider a Cp-graph C of a LTIM program
P. and define an inequality system oN" for every path a in G.

We define for the path a the set 'Pt" of points on a. in a way 'Pt" = {(b; r) IrE
~T?d" bE Bp(Gr(a))} (i.e. r is a coordinate on a and b is a base point of the rth
configuration of a).

Given a history f3 along a in G we associate with it a mapping I'6 : 'Pto -+ Q.
defined

fl/((a; r)) = vr(f3).a
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and called the generator of fJ.
Easy to see that every mapping r :Pio -+ Q is a generator of the sequence

fJr = (no(a), r(i; D))eo(a), (nl(a), r(i; 1))<:,(a), ... I, (n.(o-), r(i; k))]

for k = card( CRdo) - I, provided for every i

As in the LBASE case, we call the sequence .Sr the sequence generated by the mapping
r.

Also in the case of a LTIM program P it is easy to see that for any history {3along
the path 0- the sequence, generated by the generator of {3 is the history j3 itself (i.e.
f3r~= fJ).

Let for an arbitrary program P operator p and an arbitrary a E Ap we say that
a ub p (a unchanged by p) if and only if p does not assign a new value to a. We
extend also the predicate ub p also to expressions in a way that, if expr, ub p and
expr2 ub p, then also expr, + expr2 ub p and expr, - expr2 ub p (it is especially
important, that whenever a ub p for a E Vars( P) then for all c E Z a + c ub pl.

Let for a given program P vertex n E V (P) and edge label I E {"' + "',"' - "'} for
x,y E Ap

• z <..; y, if p(n) is a comparison operator x < y and 1= r, + "',
• y ::::n,I z , if p(n) is a comparison operator x < y and 1="' - ",

• z <n.1 z , if p(n) is a positive assignment operator z':' x and 1= "' -",

• Z ::::n,1 z , if p(n) is a positive assignment operator z .:. x and 1= "' + ".

We let also x ::::n,1 y whenever x <«: y.
The relation ::::0 in the set Pio of points along 0- is defined similarly, as for LBASE

programs:

• (ai r) ::::0 (b; r) for a, b E Ap and r, r+ 1 E CRdo whenever a :Sn,1 b for n = n,(o-)
and 1= 19(p)(er(a»)

• if a ub p(nr(a)) for a E Bp(Cr(o-)) n Bp(C'+l(a)), r,r + 1 E CRdo, then
(a;r):so (a;r+ 1) and (air + 1):S0 (air),

• if a ::::c.(o) b for a, i e Bp(C,(o-)), then (a; r) :So (b; r),

• the relation ::::0 is transitive, i.e. for WI, W1. W3 E Pio• if WI :So W1 and w, :So W3.

then also WI :So W3·
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The path Q inequality system is defined as the set of inequalities A~ = {WI ::0:",W2 I
u, . W2 E Pt,,}.

Let also in the LTIM case W =", WI for w, WI E Pt", if and only if W ::0:",WI and
u' ~'" W, as well as, W <", WI if and only if w ::0:" w' and the inverse w' ::0:", w does not
hold. Let WI ~'" W mean w ::0:" w' and w' >", W be another notation for w <", WI.

Definition 5.9 Given a path Ct in a Cp-graph G of a LTIM program P and a set
A ~ Pt" we call a mapping f" : A ....•Q a solution of No w.d. A if and only if

• "Ie E Cons(P) : fA(e; r) = c,

• for any two points WI, W2 E A:

1. if WI =", W2 then f"(wl) = f"(ID2)

2. if WI <", W2 then f"(wJl < f"(ID2), as well as

• for (a; r), (b; r) E A, such that b = a + c [c E Z), always f"(b) = f"(a) + c.

A mapping r :Pt; ....•Q is a solution of No, if it is a solution of N", w.r.!. Pt",.

Similarly, as in the LBASE case, it can be obtained from the definitions that the
analogues of Proposition 5.3 and Proposition 5.4 hold also for Cp-graphs of LTIM
programs.

Proposition 5.10 The construction of the graphs BG(P) for LTIM programs P from
the program text is effective.

Proof: As in the proof of Proposition 5.5 we construct first the maximal Cp-graph
.\IG(P). In order to obtain the needed graph BG(P) it remains only to check whether
[or given edge e = (e, CII C2) in MG(P) the inequality system of the path Ct. =
(fp(e), CI)e, (tp(e), C2) in MG(P) has a solution or not, and in the case of the solution
existence effectively exhibit one. Indeed, the process of finding a solution for N", = No.
(as well as the process of finding a solution for any MG(P) path inequality system)
reduces to solving a simple system of linear equations and inequalities W.r.t. the values
of tbe points (a; r) E Pto with a E Vars(P) being program P variables (all equations
and inequalities of the system are of the form f(1D})Ar(W2) +c for W E Pto and c E Z,
-c", •• ::; c::O:Cm •.• " A E {=, <.::O:}). One can observe that also for LTIM programs we
do not have the obviously infeasible" - <labelled edges, outgoing from vertexes with
~ither input, assignment or variable activation (x .- z + c) operators ascribed.O

Proposition 5.10 completes the proof of Theorem 4.3 (see Lemma 4.29), so resolv-
mg also last missing points in the proof of Theorem 4.1.0

As in the case of LBASE programs, we have also for LTIM programs the following
re:;ult.
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Lemma 5.11 There exists an algorithm uihich, given a finite path 0' 111 BG(P) [or a
LTIM program P exhibits a history ~ of P along Q.

Proof: Any algorithm for solving the path inequality systems (i.e. linear inequality
systems over rational variable values) yields some solution r of No (since 0' is feasible,
there is a solution of No). Take v 1.0 be tbe history, generated by r.D

Concerning the general case of the analysis of LTlBA programs we have the fol-
lowing consequences of the proof of Theorem 4.l.

Corollary 5.12 The LTIBA program uertez reachability problem is decidable.

Proof: Build a projectivee H for the set of all finite feasible paths in given program
P and look whether there is a path Q in H from the initial vertex to some vertex
n' E V(H), labelled by the given P vertex n.D

Corollary 5.13 The set o] ail finite correct (accepting) paths for a LTIBA program
with finite acceptance set is T-projective.

Proof: As in the proof of Theorem 4.1, we can due to Lemma 2.8 consider the cases
of LBASE and LTIM programs independently. For P being either a LBASE or LTIM
program with the finite acceptance set SF"(P) <;;; V(P) let in the basic graph BG(P)
SF"(BG(P)) = {(n,C) E V(BG(P)) In E SFtP)}.

Due to Proposition 4.15 (note the perfectness of BG(P) according to Lemma. 4.17
(LBASE) and Lemma 4.29 (LTIM))

• every finite acceptiug feasible path a in P is a projection of some initial path
0" in BG(P), a' is accepting according to the definition of SdBG(P)) due to
n.(a) = n.(a');

• the projection of every finite initial accepting path in BG(P) is a feasible ac-
cepting path in P.D

Corollary 5.14 The [-correct reachability problem for LTIBA program uertezes is
decidable.

Proof: Build a T-projectivee H for the set of a.11finite feasible paths in given program
P and look whether there is an accepting initial path a in H containing some vertex
n' E V(H) which is labelled by the given P vertex n.D

Observing the fact that a path in a LTIBA program P is feasible if and only if it
is feasible in both the programs pB and pT (see Section 3.2) and using the effectivity
of the solving of path inequality system both for LBASE and LTIM program basic
graphs (Lemma 5.6 and Lemma 5.11), we obtain also for LTIBA programs (see note
in Section 5.1 after the proof of Corollary 5.i) the following result.
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Corollary 5.15 There exists an algorithm which, given an initial finite path Q in a
LTIBA program P

• determines, whether a is feasible; and,

• if a is feasible, exhibits a program history along Ct.

Corollary 5.16 There exists an algorithm which, given a vertex n E II(P) of a
LTIBA progrnm P

• decides, whether n is reachable (f-correctly reachable); and,

• if n is reachable (f-correctly reachable), exhibits an initial program P history v
along an (accepting) path a of P, which contains n.

Proof: Follows from the proofs of Corollary 5.12 and Corollary 5.14 by Corol-
lary 5.15.0

5.3 Point Classes

In what follows we develop some further techniques for infinite path feasibility analysis
in both LBASE and LTIM programs.

From now on let us concentrate on the analysis of the basic graphs for LBASE
and LTIM programs out of the whole family af Cp-graphs, defined in Section 4.2.
The similar definitions of path inequality systems in basic graphs BG( P) for tbe
LBASE and LTIM programs allows to make some constructions for programs in these
languages in a uniform way, we assume that P is a LL-program for LL being either
LBASE or LTIM.

First of all we mention some simple and useful properties of the path inequality
systems in the graphs BC(P) for LL programs P.

Fact 5.17 The inequality system No for every finite path Q in BG(P) for a LL
program P is not contradictory, i. e. there is a solution of No.

Proof: Follows from Theorem 4.1 and Proposition 5.4 (consider also its analogue for
LTlM programs).O

Fact 5.18 For etlery path Ct in BC(P) and every r E C'"R.do a, bE BP(C.(a)) the
Inequality (a; r) ~" (b; r) holds if and only if a ~c.(,,) b does.
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Proof: Follows from Fact 5.17: since Ar" is not contradictory, there cannot be anv
inequality of the sort (a; r ) ::::0 (b: r) without the corresponding a ::::CI") b (notice
that for all a, i e Bp(C) always either a <c b. or b <c a or a =c b).O

Fact 5.18 eliminates the need to consider the inequalities a ::::" b generated by
a ::;n.(,.),1 b in the definition of the path inequality systems - every such inequality is
already contained in N,. because of the corresponding inequality in the graph vertex
(nr(er), CrIer)) configuration Cr(o).

Let us for a being a path in BG(P) for a LL program P and r E C'Rd.o define the
set of points 'Pt,.(r) associated with the path o coordinate r in a way

'Pt,.(r) = {(a;u) E 'Pt" I r = u}

(for a LBASE program P '<Iu'Pt,.(u) = {(a;u) I a E Ap}, in the LTIM case Pto(u) =
{(a;u) I a E Bp(C~(er»)}).

Fact 5.19 If(a; t) ::::,.(b; t+r) for (a; t), (b; t+r) E 'Pto, then for every i = 1, ... ,r-I
there exists w E 'Pt,.(t + i) such that (a; t) ::::"w ::::"(b; t + r).

Proof: Let (a;s)::::~ (b;u) for (a;s),(b;u) E 'Pto ill either s = u and a::::c b for
C = C~(er), or a = b, S = u + 1 and a ub p(n~(o)), or else a = b, u = S + 1 and
a ub p(n,(a)). Since::::,. is the transitive closure of ::;~, (a; t) ::;0 (b; t + r) implies the
existence of an inequality chain (a; t) ::;~ w, ::::~W1 ::;~ .. - ::::~ (b; t + r) easy to see
that w~ E 'Pt,,(t + i) for at least one w. in the sequence.O

A similar result can be easily obtained also for the relation ~o-

Fact 5.20 If w, =,. IV< for w, E Pto(t) and W2 E Pto(t + r) then for every i
1, ... , r - 1 there exists w E 'Pt,,(t + i) such that w =" w,_

Proof: Easily obtained from Fact 5.19.0
The following simple result guarantees the "locality" of the relations ::::0' ~o, so

allowing to mix the usage of the inequality system of the whole path o with the
inequality system of a path er fragment 8 when considering the points within the
fragment p.

Fact 5.21 Let 8 be a subpath of o in BG(P) from ith to jth path a coordinate
(i,j E CRd,.). Then for wE 'Pt,,(i) and w~ E 'Pto(j) w::::o w' if and only if w ::::13 w'
and w ~o w' if and only if w ?13 w'.

Proof: Follows from Fact 5.IS, Fact 5.19 and the definition of ::::".0
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We consider the set Pto of points along a path o in BG( P) and define a parti-
tioning Q" =0 {((w))" I WEPt,,} of Pt" according to the equivalence relation =", i.e.
((WI))" = ((W2))0 iff WI =" W2 for any two WhW2 E Pto. We often omit the index o
in the denotation of the =0 - equivalence classes if it is clear from the context.

Definition 5.22 We call any element oj Qo [i,e. any =" . equivalence class) the
point class along the path cr.

We introduce also the extended set of point classes 00 = Q" U {-oo, +oo}. We
extend the inequalities <0' =", S" to be defined also for the (extended) point classes
along the given path o, we will allow ourselves even to mix the points and point
classes in some such inequalities. By definition, Vii; E 00 -00 S" W So +00, for
wE Q" we have -00 <0 w <" +00.

The following notion of the point class stability is very important in studying the
infinite path feasibility for LBASE programs.

Definition 5.23 Given an infinite path o in BG(P) we call a point class Ii; E Q"
stable along the path o iJ and only if there exists u E N such that for all u' 2:: u one
can find some P variable or constant a E Ap (a base point a E Bp(C.,(cr))) with the
point (a; u') E w.

Intuitively a point class corresponds to the "life-cycle" of a "value" in the program
during its execution along the path o: the "value" is read from the input (at this
time the first element of the point class appears in Pi,,), afterwards it can "visit"
(be assigned and re-assigned to) various variables, may be at some path coordinate
the value "disappears" from the program since it becomes not held by any program
variable or constant (the constants hold only their own fixed values, of course). A
point class is stable if it represents a "value" which never disappears from the program
while executing along the infinite path o (obviously, every point class, containing a
constant at some stage, contains this constant forever and, so, is stable, however,
there can be also other stable point classes along the path (e.g. when some variable
keeps its "value" forever)).

Fact 5.24 The number of stable point classes along an infinite path in BG( P) for a
LBASE program P does not exceed the number card(Ap) of program P variables and
constants.

Proof: Starting from some point in the path after every execution step every stable
point class must be represented by some variable or constant (i.e. for some u E Nand
every u' ~ u for every stable point class Ii; there exists a E Ap with (a; u') E w).O

Now we obtain some means for analyzing more carefully the relation ::;" for a
given path cr. More precisely, given a point (a;r) of the variable (constant) a at
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some coordinate r in the path, we want to know for every natural s. which points at
the coordinate r + s are greater. which are less and which incomparable with (a: r)
according to the relations :So, <0 (these constructions are afterwards used in both the
LBASE and LTIM program infinite path feasibility analysis).

Definition 5.25 Given a path o and a point (a; r) E Pto lef us define for a natural
s, such that r + s E eRdo

• the lower bound of (a; r) at the coordinate r + S on 0 as the point class
inf",((a; r)' s) E Q", such that.

1. if w :S", (a; r) for no w E Pto(s + r), then info((a; r), s) = -00,

2. otherwise, inf",((a; r)' s) = (((b; r + s))o. where (b; r + s) is thf maximal of
points at the coordinate r + s with (b; r + s) ::0:0 (a; r) (for every (b', s + r) E
Pto(s + r), ifb <c ••• b', then (b';r + s):So (a;r) is not contained in No);

• the upper bound of (a; r) at the coordinate r + S on 0 as the point. class
sup",((a; r), s) E Q", such that

1. if (a; r)::::", w for no w E Pt,,(s + r), then supo((a; r), 5) = +00,

2. otherwise, sup,,((a;r),s) = (((b;r+s)))o, where (b;r+s) is the minimal of
points at the coordinate r + s with (a; r) :So (b; r + s) (for every (b', s + r) E
Pt,,(s + r), if b' <c ••• b, then (a; r) :So (bl

; r + s) is not contained in No).

Example 5.26 For the path Cl from Example 5.1

inf,,((x; 0), 2) = (((1; 2)))0 = {(1; 0), (1; 1), (1,2)}
sup",((x; 0), 2) = (((y; 2)))", = {(x; 2), (y; 2), ... }
inf",((z; 0), 2) = (((y; 2)))0
suPo((z; 0), 2) = +00.

Following there are some simple and useful properties of the point bounds. Let 0

be a fixed path in BC(?) for a LL program P

Fact 5.27 If (a; r) :S", (b; r) for some a, b, r then for every 5

• inf",((a; r), s) :S", inf",((b; r), s),

• sup",((a; r), s) :S", sup",((b; r), s).

Proof: Follows from the transitivity of :S0.0

Fact 5.28 If ((w)) = ((w')) = LV E Qo for u: E Pt",(t) and w' E Pto(t + r) then also
tV = sup",(w, r ) = info(w, r).
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Proof: Straightforward from definitions.O

Fact 5.29 If for some w E "Pto and some r info( w, r) = sUPo(w, r) then also ((w)) =
lDf.,(w,r) = suPo(w, r).

Proof: Follows from Fact 5.20 and the definitions.O

Proposition 5.30 For everyw = (a;i) E "Pto,foreveryj,k E N, such that i+j+k E
CRJi.,

• SUp.,(w,k + j) ~o suPo(w, k) and

• inf.,(w, k + j):S., info(w, k).

Proof: According to Fact 5.19 there exists w' E "Pto(k) such that w :S., w' :S.,
sup.,(w,k + j). According to Fact 5.18 for the configuration C;+k(a), the only possi-
bility not to contradict the definition of sup., is to take w' ~o suPo(w, k). The result
for the upper bounds follows by the transitivity of ~.,. The case of the lower bounds
is treated similarly. 0

Proposition 5.31 If(b;t+r) E sup.,((a;t),r) thensup ••((b;t+r),s) = supo((a;t),r+
s) for every s. Similarly, if (b;t + r) E info((a;t),r) then info((b;t + r),s) =
inf.,((a; t),r + s) for every s.

Proof: Let (b; t + r) E supo((a; t), r). Due to Proposition 5.30 supo((a; t), r + s) ~.,
(6;I+r). If w ~o (b; t+r) for some w E "Pto(t +r+s) such tha.t w <0 supo((a; t), r+s),
Fact 5.19 gives w' E "Pto(t + r) with (a; t) :So w' :So w. In both cases, if either
1J:

t
J <., (6; t + r), or not, a contradiction with the definition of upper bound follows,
a supo((a;t),r + s) = sup.,((b;t + r),s). The case of the lower bounds is treated
i"lilarly.O

Let us call this result the transitivity of lower and upper bounds of points.



Chapter 6

LBASE: Infinite Feasible Paths

It is easy to see that there can be infinite not feasible paths with all finite prefixes
feasible in both LBASE and LTIM programs, e.g.

?x;"+"; ?y;"+"; 3:x<y;"+"; ?v;"+"; v<y;"+"; y<-v;"+": goto3: and

?x;"+"; 2:y<x;"+"; z.:':.y;"+-; y<-z+I;"+"; goto2:.

So, at least for some LBASE and LTIM programs P their basic graphs contain
infinite infeasible paths. Moreover, it is not obvious how to find out whether the given
program has an infinite feasible path at all. This chapter addresses the problem for
LBASE programs.

Theorem 6.1 There is an algorithm which, given a LBASE program P, decides
whether it has an infinite feasible path.

Proof: According to Fact 4.12 and Fact 4.13, an infinite initial path in the program
P is feasible if and only if it is a projection of some initial feasible path in BC(P). So,
instead of deciding the existence of an infinite feasible path in the program, we can
decide the existence of such a path in its basic graph. In what follows, the variable
value information after every execution step, contained in basic graph vertexes will
be in essential use by the deciding algorithm.

Theorem 6.2 There is an algorithm which, given the graph BC(P) for a LBASE
program P, decides whether it has an initial infinite feasible path.

Proof: The idea of the proof is to find a property PP of finite paths in BC( P) such
that

• every infinite feasible path contains as subpath at least one path satisfying PP,
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• an infinite path in BG(P), consisting of infinitely many times repeated path
satisfying PP, is feasible, and

• it is decidable whether there is a finite path satisfying PP in BG(P).

6.1 Accomplished Loops
We start with the definitions yielding the notion of an accomplished loop which is
afterwards proved to be able to serve as the abovementioned finite path property PP.

Let us call any P variable and constant set A ~ Ap constant holding, if Cons(P) ~
A.

Given a constant holding (and so nonempty) set A ~ Ap and a configuration
C E Cp, Jet M = M(A, C) be one of the elements of A, such that 'Va E A : a <c M
and m = mIA, C) E A such that 'Va E A : m <c a (it may be the case that some
of the variables M, m are not uniquely determined, in such a case take any suitable
variable or constant).

Let us introduce a partitioning {BA,c,UA,c,LA,cl of the set Ap in a way:

• BA.C = {a E Ap I m :Sc a :Sc M)' we call this set the bounded interval of C
w.r.t. A;

• UA.C = {a E Ap I M <c a}, the upper interval of C w.r.t. A;

• LA.C = {a E Ap I a <c m}, the lower interval of C w.r.t. A.

Definition 6.3 We call a finite path a with Cnd" = [D, I, ... , k} a (n, C, A, k)- loop
for (n, C) E V(BG(P)) and A ~ Ap being a constant holding set iff

• (ll{)(a),Co(a)) = (nk(a),Ck(a)) = (n,C),

• (((a; 0)))" = (((a; k)))" for all a E A.

\ (n, C, A, k)-loop in BG(P) is a path of the length k, starting and ending in the
same vertex (n, C), provided for all a E A

• the point classes (see Definition 5.22) containing (a; 0) have representants (a'; i) E
(((a; 0)))" with a' E Ap for all coordinates i along the path Q, and

• these representants for i being the path's last coordinate k come back to the
variables a, i.e. 'Va E A: (a; k) E (((a; 0)))".

\ path in BG(P) is called a (n, C, A)-loop, if it is a (n, C, A, k)-loop for some kEN.

Definition 6.4 We call a (n, C, A, k) - loop Q in BG(P) accomplished if
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• for every a E BA.c U UA.c the lower bound inf,,((a; 0), k)
s e A,

(((b: k») f07 so rn e

• for every a E BA.c U LA.c the upper bound sup,,((a; 0), k) = (((b: k») for some
bE A.

Intuitively, a path Q is a (n, C, A)-loop whenever the variables and constants a E A
have persistent values along Ct (these values can be stored in other variables for the
intermediate path coordinates). The property of o being an accomplished loop tells
that the upper and lower bounds of all other program variables at the beginning of
the path reduce along the path to these variables with the persistent values (save the
upper bounds of variables upper the largest variable from A and the lower bounds of
variables below A).

Due to the finiteness of the sets V(P),Cp,Ap, the proof of the Theorem 6.2 now
follows from the following three lemmas:

Lemma 6.5 ET>ery [easible infinite path in BG(P) contains a fragment, which is an
accomplished (n,C,A,k) -loop for some n E V(P),C E Cp,k EN and A C;; Ap-
constant holding set of P variables and constants.

Lemma 6.6 ET>ery infinite path Ct" in BG(P), which after some initial fragment ')
consists of infinitely many times repeated accomplished loop Ct, is feasible. Moreover,
there exists an algorithm which given the initial fragment 'Y and the loop o In BG( P)
computes some history along Ct" •

Lemma 6.7 There exists an algorithm which, given a vertex (n, C) in BG( P) and
a constant holding set A C;; Ap, decides whether there is an accomplished (n,C,A)-
loop in BG(P).

It is easy to see that, having proved these lemmas, one can look for the existence of
an accomplished loop in BG(P), which is reachable (in the graph theoretic sense) from
the graph initial vertex, by using the algorithm yielded by Lemma 6.7 on all possible
arguments n, C, A. If in some case an appropriate accomplished loop is found, we
have got, according to Lemma 6.6, a cyclic infinite feasible path in the BG( P) (and
so, in the program Pl. If it turns out that in no case of n , C, A a corresponding
accomplished loop exist, then according to Lemma 6.5 there is no infinite feasible
path in BG(P) (in P).

Before proving the lemmas let us note that we do not claim the feasibility of every
infinite feasible path which infinitely many times contains an accomplished loop, the
proof of Theorem 6.17 below gives a counterexample. Lemma 6.6 just asserts the
feasibility of infinite paths which, starting from some point contain nothing else but
some infinitely many times repeating accomplished loop.
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6.2 Existence of Accomplished Loop
Proof of Lemma 6.5: Let us assume that we have in BG(P) an infinite feasible path
u. Let W•. = {WI, ... ,W.} be the set of stable point classes along a (the finiteness
of the setW •. is by Fact 5.24). Let for every W E W.. #(w) be the least path
o coordinate i for which the equation w = (((a; i))) •. holds for some a E Ap, let
# •. = max{#(w) I w E W•.} (#•. E end" is the least path a coordinate at which
all stable point classes along a already have their representants, clearly, for every
ill E W•. and every i ~ #•.there exists a representant (a; i) E w).

Clearly, some of BG(P) vertexes are repeated in a infinitely many times, let us
take one of them, say (n, G), and let j), j2,' .. be an infinite sequence of increasing
indices j such that jl ~ #c , which have the vertex (nAa), Gj(a)) coincident with
(n,C).

Let X(w,i) E Ap for w E W •.,i E N denotes some P variable or constant a such
that (((a;j;))) = w. Let Xi: W•. --+ Ap for every i be the mapping with x;(w) = X(w, i)
for every w E Wo.

Since the set Ap is finite, there exist a mapping X : Wo --+ Ap which is (exten-
sionally) equal with x; for infinitely many indices i. Let us fix one such mapping X
and define a subsequence (J')'EN = (j;.).eN of (j;);eN such that x;. = X for every s.

We define the set A E Ap by letting a E A for a E Ap if and only if a =c b for
some bE X(W o ) = {X(w) I w E Wo }.

Now consider the sequence of finite paths

fl. = (nil (a), Gil (a))el" ... , (n,.(a), CI.(a)),

and prove that for some sufficiently large s the path fl. is an accomplished loop.
First of all, it is clear from the construction that for every s the path fl. is a

(n,C,A,I. -/d -loop.
In order to prove that for some s the path fl. is accomplished (n, G, A, I. - Id -

loop, assume the contrary. Without loosing generality, let for some a E BA.,c U U A..,C
for every u E N info ((a; Id, u) is not a stable point class along a (the case of unstable
upper bound is analogical),

Observe that a E BA.,c U UA.,C means a ~c m(A,G). Since Gda) = G we
obtain that (a;ld ~ o (m(A,G);ld. Due to the monotonicity of the lower bounds
(see Fact 5.27) for all u

inf o ((a;/I)'u)~ •. inf •.((m(A,G);ld,u) = (((m(A,C);ld)) o

(observethat m(A, G) E A by the definition of m, so the point class (((m(A, C); II))) •.
is stable along 0).

Due to the feasibility of the path a there exists a history v along it, generated by
some mapping f. :Pt o --+ Z which preserves the relations "0 ••• <•.,=c (see Defini-
tion 5.2), let jl = f.((m(A,C); Id).
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The non-stability of the point classes inf",((a;ltl, til, u E N means that for m-
finitely many coordinates u, the classes irtfo((a; /,), Ui) are different. Moreover, due
to the Proposition 5.30, for tij > u, always

inf",((a; I,), tiJ <", info((a; Id, u.).

Let ti" ti2, ... be such a sequence of the increasing coordinates u, with all the point
classes w(ti;) = inf",((a; I,), u.) different. Then the sequence

is an infinite decreasing sequence of integers having the lower bound jJ. < I';(w( ti;))
for every i, a contradiction.D

6.3 Accomplished Loops: Sufficiency

Proof of Lemma 6.6:
Let us prove first that every path o" in BG( P) which consists of infinitely many

times repeated accomplished (n, C, A, k) -loop a (without any pre-period) is feasible.
First of all consider the inequality system No of the path o. Let us call all the point
classes (((a; 0)))0 for all a E A stable along 0 (by the definition of an accomplished
loop for every such a (((a; 0))) = (((a; k))), so also for every i ~k one can find s « Ap

with (((b; i))) = (((a; 0))). Recall that up to now we had defined stable point classes
only along infinite paths).

Lemma 6.8 The path 0 inequality system N", has a solution r :Pt", ---> Z such that
for every a E BA..c (i.e. for every variable or constant a in the bounded interval of C
w.r.t. A) f(a;O) = f(a;k).

Let us introduce a new inequality system N~, which consists of all the No inequalities,
as well as of the ones (a; 0) =' (a; k) for all a E BA.,c. To prove the lemma means to
prove that the new system has a solution. Let us denote by =: the transitive closure
of the relation (=", U =') E Pt", x Pt"" as well as by ~: the transitive closure of
~'" U =', let W <; Wi, if W ~~ w' and not w =~ w'.

Definition 6.9 Let u.s call sequence of Ar~ inequalities W, A, w2A2 ., . wnAn w" where
Wi E Pt", for every i the increasing loop, if for every i :s; n Ai is either::;o or =' and
A. =<",.

Obviously, did N~contain an increasing loop, it were contradictory.
We prove the inverse, i.e., if Ar~ does not contain an increasing loop, it has a

solution.
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Let us show, how to define the values f(io) for nonnegative W E Pt~ (i.e. for Ii·

with (0;0) :S~w). Obviously, any constant is :S" - comparable with every W E Pt~,
[he case of w :S" (0; 0) is analogous with the considered one.

For any w E Pt~ whenever w =" (c;O) for some c E Canst?) let f(w) = c.
Consider now the points from the set W = {w I w~" (c",aziO)}. Due to the absence
of an increasing loop in .N~,one can order all the points w E W in a finite sequence
W\,W2, ... ,W. in a way to meet

• Wj < W; for no i < j and,

• if W; =~ W;+ •• then for all r :::;s also W; =~ W;+r

(assume we have found which points W E W are to be taken as w" W2, ... , W;_I and
we want to determine W;, the ith element of the sequence. In the case, if there is no
not yet chosen points which are =~-equal with W;_], one can let Wi to be one of the
points for which Wj <~ W; holds for no Wj E W \ {WI, ... , Wi-I}: did not such Wi

exist, we could get an increasing loop).
Clearly, one can define now step by step the values f(w;), starting from i = 1 to

, = s, letting few,) = c",az + J and for every i > 1 few;) = f(w;_d, if Wi =~ W;_I,

otherwise few;) = f(w;-d + 1, so obtaining the needed solution T of .N~.
Now in order to prove Lemma 6.8, it remains to prove the absence of increasing

loops in .N~.

Lemma 6.10 There is no increasing loop in N~.

Proof: Assume the contrary: there is in .N~an increasing loop

:\ote that N" is not contradictory, so Ai is =' for at least one i. Due to the transitivity
of ::;~and the implications

W, :::;~ W2 <" W:l => W, <" W3,

referred to further on as the transitivity of <"" one may assume that the given in-
creasing loop consists only of boundary points, i.e. for every i either Wi = (a; 0) or
w, = (a; k) for some a. Since Cola) = Ck(a), then (a; 0) :S" (b; 0) if and only if
(a: Ie) :S~ (b; k) (recall Fact 5.18). So, if an increasing loop contains a fragment

(a; 0) =' (a; k) :::;0 (b; k) =' (b; 0),

tbis fragment can be replaced by (a; 0):::;", (b; 0) and can be further reduced by the
Ira.nsitivity with the reduced loop still remaining to be increasing.
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Hence, if there exists an increasing loop in N~, there also exists an increasing loop
in one of the following two forms:

(aliO) =' (al;k) ~'" (a2;0) =' (a2; k) ~'" ~'" (a,;O) =' (a,; k) <0 (al; 0), or

(al; k) =' (al; 0) ~'" (a2; k) =' (a2; 0) ~'" ~o (a,; k) =' (a,; 0) <", (al; k).

In the first case there are two possibilities: either al S::co("') a" or ai >co(") a.+l for
some i. For both alternatives we easily conclude that (b; 0) =' (b; k) <", (b; 0) for some
b (recall the definition of ='), so, (b; k) <", (b; 0) for some b E BA.C Were we taken the
increasing loop of the second form. this would lead us to the inequality (b; k) >" (b; 0)
for some b E BA,c. Because of the full symmetry, let us consider further only one
case, say, that of (b;k) <", (b;O).

According to the definition of an accomplished loop,

inf((b; 0), k) = (((a; k))) = (((a; 0)))

for some a E A. Clearly, a f. b, easy to see also (((a; 0))) f. (((b; 0))) (otherwise,
due to Cola) = Ck(a), one could conclude also (((b;O))) = (((b; k))), what contradicts
(b;k) <", (b;O)).

By the definition of the lower bound (a; k) S::'" (b; 0), so since (a; 0) =", (a; k), also
[c; 0) ~,,(b;O), Hence by Fact 5,18 a ~Co(,,) b, so a S::c.(",) b, as well. Since a f.c.(",) b,
one concludes a <c.(",) b, this brings the inequality (b; k) <", (b;O) in contradiction
with the definition of inf((b;O), k) = (((a; k))). 00

Now let us continue the proof of Lemma 6,6, namely, the proof of the feasibility
of the path a", consisting of the infinitely many times repeated accomplished loop a.

Let us start to define the solution r :pi",. -+ Z, yielding some history along c. (let
us note just that the set Pio' is infinite).

Lemma 6.8 ensures us about the possibility to assign in a consistent way the integer
values for all stable point classes along a" and all points between them, i.e. for all
w E pi",. such that

(((m(A,C);O)))=(((m(A,C);ix k))) ~",. w ~o' (((M(A,C);O)))=(((M(A,C);ixk))),

it is enough to consider one solution ro of N~and for every point w = (a; t x k + r)
with r < k define [(w) = rota; r )

In order to exhibit a complete solution r of N",. it remains to define I'{u») for

W >",' Wmu= (((M(A, C); 0)))",. and w <0' w",;n = (((m(A. e); 0)))0"

Easy to see that these are independent tasks, due to the full symmetry let us consider
only the case of the points greater than Wmor'
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Following the argument similar to that used in the proof of Lemma 6.8. if we
could exhibit a sequence WI, W2, ... of all points Wi >,., Wmnr such that wJ <0' W;

for no i < j and Wi =0' Wj implying W; =0' w. for all s between i and i. we could
step by step define the values f(w) for all W >0' Wmoz in a way f(Wi+d = I'[u»}, if
LL·,+1=0' Wi, and f(wi+d = f(Wi) + 1 otherwise.

We exhibit the sequence WI, W2, ... and define the values I'(WI)' I'( W2), ... by
scanning inductively all the path o" coordinates 0,1,2, ... and at each coordinate
k define the points Wi, Wi+I, ... , Wi+. (provided the points upto W;_l were defined
before the kth coordinate) to cover all the points (a; t) >,., Wmnr with t :S k for which
iDfo·((a;t),k - t) = Wmar and which are not defined to be Wj for j < i (i.e. which
have info.((a; t), k - 1 - t) >,., Wmar (clearly, t < k)).

Since the inequality system No is not contradictory, we can for every k order all
the points Wi, Wi+l, ... , Wi+. to be defined at the path o' coordinate k and define their
values r(w) in a consistent way with :S,.•. It follows from the definition of inf,.. and
the stability of Wmar that also W :S,.. w' is not possible for W defined at a coordinate
later than w', hence the sequence Wi with Wj <,.. Wi for no i < j and Wi =,.. Wj

implying Wi =,.. w. for all s between i and j can be (effectively) exhibited and the
solution r, effectively defined for all W in this sequence.

The existence of the history /I along o' is finally demonstrated by observing that
every point W >,.. Wmoz sometimes appears in the sequence (Wi);eN. Really, according
to the definition of an accomplished loop and the tra.nsitivity of inf,.. (see Proposi-
tion 5.31) we have for every (a; t) >0' Wm•.•. that inf,..((a; t), r) = Wm= at least when
ODefull 0 - loop is contained between the coordinates t and t + r in 0'.

Observe that we have provided an algorithm defining a solution I' : Pt,.. -+ Z
of the path Q' inequaJity system N,.., so demonstrating also the effectivity of the
generation of a history along Q', let us denote the history, generated by I', by vr.

If the path o' in BG(P) is prefixed by some initial path ,,/, so obtaining an infinite
path "/+ Q', the existence of a history along "/+ Q" is by Lemma 4.18 (a history /I"'r

along "1 is by Lemma 4.17 and Lemma 5.6).
For the algorithm, genera.ting a history along "/ + Q', observe that the uniform

mappings Pi in the proof of Lemma 4.18 can be computed effectively from v.(/I"'r) and
tio(ur) (see Fact 4.24 and Fact 4.25). 0

6.4 Accomplished Loops: Decidability
Proof of Lemma 6.7: We call a path a in BG( P) a (n, C)-path, if Q is starting
from (n,C) (i.e., if (no(a),Co(a)) = (n,C)).

Let for arbitrary finite (n, C}-path a of the length k = card(CRlio - 1) for all
I, E Vars(P)

• sUPo·x; = {a E Ap I (a; k) E SUp,.((x;; 0), k)},
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• inf",.x; = {a E Ap I (a;k) E inf",((x,;O).k)}.
--+ del .--+ de! .

Let sup", = (SUP",.Xh"" sup",.xm) and inf ; = (mf",.xh···, inf",.I m).
Proposition 6.11 If two paths Q and fJ end untl» the same vertex (n', C) in BC(P)

--+ -+ --+--+
and inf",=inf/l, as well as sUP",=suP/l' then for every {, starting from (n'. C'),

--+ -+

inf"'+'r=inf/l+~' as well as
-+ --+

sup,,+~=suP/l+' .

Proof: Follows from the transitivity of bounds, see Proposition 5.31.0

Proposition 6.12 A (n, C)-path Q in BC(P) is an accomplished (n, C, A, k)-loop for
some kEN if and only if

• a E sup",.a, a E inf",.a for all a E An Vars(P),

• for every variable x E BA.c U UA.c the set inf",.x contains at least one a E A,

• for every variable x E BA.c U LA.C the set SUp",.I contains at least one a E A

Proof: Follows from the definition of an accomplished loop.O
-+ -+

Fact 6.13 The set of all possible distinct pairs (sup; inf",) for Q being a (n, C)-path
in BC(P) is finite.

Proof: Follows from the finiteness of Ap.O

Lemma 6.14 The set of all accomplished (n,C,A)-loops in the graph BC(P) for
given (n,C) E V(BC(P)) and a constant holding set A <;;; Ap is T-project.ive.

Proof: Follows from Lemma 2.10 according to Proposition 6.11, Proposition 6.12 and
Fact 6.13.0

The result of Lemma 6.7 now is a direct consequence from Lemma 6.14.0
So we have proved all the lemmas, needed for the proof of Theorem 6.2, so proving

also the theorem itself, as well as Theorem 6.1.00

Corollary 6.15 The problem of whether a given LBASE program P has an infinite
feasible path containing a given vertex Tl in its graph, is decidable.

Proof: Test for the existence of an accomplished loop in the basic graph BC(P)
which is reachable (in the graph theoretic sense) from the BC(P) initial vertex via
some vertex (n, C) for some C E Cp.O

Corollary 6.16 If a LBASE program P contains an infinite feasible path, then if
contains also an infinite periodic feasible path (possibly unih some pre-period).

Proof: Follows from Lemma 6.05 and Lemma 6.6.0
For a realtime system the existence of a periodic infinite feasible path is a rather

natural feature saying that the system has a normal "execution cycle".
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6.5 Feasible Fair Paths
As one can see from the following example, the set of all infinite feasible paths in
given LBASE program may be not characterizable as the set of projections of all fair
paths in some finite graph:

?x; x> 0;" +"; A:?y; y < X;"+"; B:?v; v < y;"+"; Y f- v; y > o;~
1 t I"+·~

an infinite path in this program is feasible iff the sequence a of A and B labels in it
belongs to the set (AB+)W and 3k such that there are no more than k adjacent B's
in Q. SOwe have proved the following result.

Theorem 6.17 The set of all feasible infinite paths in a given LBASE program P is
not necessarily F-projedive. -

At the same time it is possible to check, whether a given LBASE program has an
Infinite feasible path satisfying some fairness conditions.

Theorem 6.18 There exists an algorithm which, given a LBASE program? with a
fairness set FS ~ V(?), decides whether there is an infinite feasible fair path in P
(i. e. a path containing some vertex n E F S infinitely often).

Proof: We define the fairness set BFS ~ V(BG(?)) for the vertexes of BG(?)
in a way (n,C) E BFS iff n E FS. An accomplished loop in BG(P) is ca.Iled
F-accomplished iff it contains at least one vertex from BFS.

Lemma 6.19 Every infinite feasible fair path in the basic graph BG(?) of a LBASE
program? contains at least one Fsaceomplished loop.

Proof: Given an infinite feasible fair path Ct in BG(?), consider the sequence of
paths {3. defined in the proof of Lemma 6.5. Let flo' be that of these paths which is an
accomplished loop. Clearly, the paths fl. are accomplished loops also for all s 2:: s',
Since 0 is a fair path, the path ;3. for some s contains a vertex (n', C') E BF S, so ;3.
ISF-accomplished.O

Now, in a full analogy with the proof of Theorem 6.2, we decide, whether there is
a F-accomplished (n, C, A)-loop in BG(?), which is reachable in the graph-theoretic
sense from the BG(?) initial vertex. If some such F-accomplished loop Ct is found,
the path 0" consisting of infinitely many times repeated loop Ct with some necessary
pre-period is both feasible (according to Lemma 6.6, taking into account Lemma 4.17
dnd Lemma 4.18) and fair (since there is at least one vertex from BFS in every
Instance of the loop a). If the answer is that there is no (reachable) F-a.ccomplished
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loops in BG(P), we obtain according to Lemma 6.19 that there is no infinite feasible
fair path in BG(P).

As to the deciding of the existence of a F-accomplished (n,C,A)-loop for given
(n, C) E V(BG(P)) and a constant holding set A ~ Ap, notice that both tbe
sets of accomplished (n, C, A)-loops and paths containing at least one vertex from
BFS are Tvprojective (see Lemma 6.14 for the case of the accomplished Joops).
Lemma. 2.8 guarantees the T-projectivity also of these set intersection - the set of all
F-accomplished (n, C, A)-loops, so obtaining the decidability of the F-accomplished
(n, C, A )-loop existence problem. 0

Let us note that using the infinite feasible fair path existence decision algorithm,
yielded by the proof of Theorem 6.18, we can decide for LBASE programs also the
correct statement rea.chability problems, considered in Section 3.3.

Corollary 6.20 The problem oj w-correct vertex reachability [or LBASE programs is
decidable.

Corollary 6.21 The problem oj correct vertex reachability [or LEASE programs is
decidable.

The corresponding results with some proof ideas demonstrated are given in Sec-
tion 7.5 for the more general case of LTIBA programs, here we do not focus on the
proof of the corollaries.



Chapter 7

Infinite Path Feasibility: LTIM
and LTIBA

As observed already in Chapter 6, there can be infinite not feasible paths with all finite
prefixes feasible also in LTIM programs. In this chapter we obtain the characteristics
of the set of all infinite feasible paths in LTIM programs in the tenus of F-projectivity,
as well as discuss the decidable infinite path feasibility problems for the programs in
tbe "united" language LTIBA.

Theorem 7.1 The set of all infinite feasible paths for every LTIM program P is
F.projective.

Observe that we can using the already established results easily have a more
general result for a sublanguage of LTIM:

Fact 7.2 The set of all infinite feasible paths for every LBASQ program P is w-
projective.

Proof: Follows from Fact 4.28 and the effectivity of the LBASE-like basic graph
construction for LBASQ programs (see Section 5.1 ).0

For the characteristic of the set of all infinite feasible paths in LTIMo programs,
see Corollary 7.12.

As in the case of LBASE and LBASQ programs, we study the infinite path feasi-
bility in the basic graph of the given program P. We obtain the result of Theorem 7.1
from the following

Theorem 7.3 There exists an algorithm which given a graph BC(P) for a LTIM
program P constructs an F-projedivu for the set of all infinite initial feasible paths
'0 BC(?) .

.'vforeover. if the graph BC(P) is provided with a fairness set FS ~ V(BC(P)),
Go F-projectivee can be constructed for the set of all feasible fair paths in BC(?).
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Proof: In order to prove that some infinite path in a given basic graph BG'( P) is
feasible, we follow the same general idea of exhibiting a sequence of ,.pointwise con-
vergent" histories along the finite prefixes of the given path, which turned useful for
LBASQ program basic graphs in the proof of Fact 4.28. However. since we do not
have the analogue of Lemma 4.26 for LTIM programs, we are to define the objects.
converging to the overall history in more tricky ways, which are applicable only to
certain classes of BG(P) paths (see the proofs of Lemma 7.7 and Lemma 7.11). We
are giving also a symbolic characteristic of the set of all feasible paths in BC( P)
(Lemma 7.5) what allows to obtain the needed F-projectivity of the feasible path set
(see Section 7.4).

First of all, if the program P does not have positive constants and, so, does not
have variable activation operators (except the ones of the form t - z), every infinite
path in BG(P) becomes obviously feasible (actually the LTIM programs without
positive constants are even simpler than LBASQ programs), so the graph BG'l P)
with the infinite path acceptance set taken to be V(BC(P)) serves as the desired
F-projectivee (actually, even as an w·projectivee).

7.1 Progressing and Conservative Paths
Let us call a LTIM program nontrivial, if it contains at least one positive constant
c > 0 and consider in this section only the LTIM programs of this kind. We start to
obtain some symbolic characteristic of every feasible initial infinite path in BG(P).

Definition 7.4 An infinite path Q in BC(P) for a LTIM program P is said to be:

• progressing, if for every natural k and every point w E Pto( k) there exists j E N
such that inf.,(w;j) :So (z + Cmaz; k + j);

• conservative, if there exists j E N such that sUPo((z + I; j), k)) >0 (z; j + k) for
every kEN (i.e. the inequality (z + I; j) :So (z; j + k) does not hold for any k).

Lemma 7.5 An infinite initial path in the feasibility graph BC(P) f07· a nontrnnal
LTIM program P is feasible if and only if it IS either progressing or conservative.

Proof: We prove the following:

• every infinite initial feasible path in BC(P) is either progressing or conservative,

• every initial conservative path in BC(P) is feasible, and

• every initial progressing non-conservative path in BC( P) is feasible.
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Lemma 7.6 Every feasible initial path in BG(P) for a nontrivial LTIM proqram P
,$ either progressing or conservative.

Proof: Consider an infinite initial feasible path 0 in BG(P) as well as an initial
history v of BG( P) along o. There are two possibilities: either the sequence of values
(vi(v).Z);eN is bounded by some constant M (i.e. v;(v).z < M for all i EN), or for
every M E Q there exists i E N such that Vi(V).Z > M.

In the first ca.se there exists i E N with Vj(v).z + 1 > Vj+k(v).z for a.I1kEN, so
it is easy to conclude that the path 0 is conservative (were it not so, some inequality
of the form (z + 1; k) So (z; k + j) would be present in the 0 inequality system .No,
what implies that the mapping f. generating the history v is not a solution of No, a
contradiction.

As to the case of v;(v).z > M for all M, it is easy to see in a similar way that the
path ex must be progressing.D

7.2 Feasibility of Conservative Paths
Lemma 7.7 Every initial conservative path in BG(P) for a nontrivial LTIM program
P is feasible.

Proof: A path 0 in BG(P) is called fully conservative, if the inequality (z + 1;0):s0
(z; k) does not hold for any k, We prove that every fully conservative path in BG(P)
is feasible, the general result of the feasibility of arbitrary conservative paths follows
from Lemma 4.31 and the feasibility of all finite paths in BG(P) [Lemma 4.29).

Let ex be a fully conservative path in BG(P). We obtain a solution (see Defini-
tion 5.9) I' :Pto -+ Q of its inequality system No as the pointwise limit of mappings
I', : Pta. -+ Q for 0i being the prefix (initial subpath) of 0 with the length i and C
being the solution of No w.r.t. the point set Pto;.

Let fa be some solution of the "path" 00 = (no(o),Co(o)} inequality system
satisfying the inequality

fo(x; 0) > ro(z + Cmoz; 0) + 1

for every z E Bp(Co(o)) with z >c,,(o) z + Cm..., (easy to see that z E Vars(P) for
every such x).

Let 8 be the shortest distance between any two non-equal values I'o(x; 0), I'o(y; 0)
for x, y E Bp(Co(o)), we define 80 = 8/3 as well as for all i 8'H = 6;/2.

Let us define for every i E N the set Co in a wa.y

C; = {(x; k) E Pto Ik :S i & (x; k) So (z + Cm...,; ill·

The sequence of mappings (C)'eN is defined inductively in a way that for all i
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• for w E L, fi(W) < ro(z + Cmar;O) + I and

• forwEPte>,\£i f;(w) > fo(z + Cmar;O) + I.

Assume that we have already defined a mapping F, which is a solution of At" w.r.t.
the point set Pte>, and satisfies these requirements, we are to show, how to define a
corresponding mapping f,+\.

We let /Ii be the history along the initial fragment a. of the path a. generated by
fi. Since there exists a history along the one-edge path

a' = (n;(a),Ci(a))e.;(a), (n'+I(a),Ci+I(O))

then according to Lemma 4.31 there exists also a history /1;+1 along the path 0i+1 =
o, + a', such that for all points (x; k) E Pte>, Vk(Vi+d.x = p(Vk(V;).:r) for some
Vi(/li).Z + Cmar-stable mapping p. Let us denote the generator of the history Vi+1 by
I" (f" : Pte>'., -+ Q already is a solution of N" w.r.t. the point set Pt", •• , we will
obtain the mapping [;+1 from the mapping I" by changing some its values slightly.
in order for f;+1 to meet the additional requirements, imposed on the mappings ri).

For the sake of comprehensibility let us introduce the notation I; for the points
(z + Cm=; i) along the path a.

Due to the stability of the mapping p we have

• f"(w) = fi(w) for all wE L, (observe that w :Se> Ii for all wE £;) and

• f"(w) > fi(Zi) for all w E Pte>, \ L, (observe the strong monotonicity of pl.
Let us define fH1(W) = f"(w) = f;(w) for all wE £i.
Now we want to define the values ri+l(w) for w E 6, = £;+1 \ L; (the definition

of C+dw) for w ~ Li+l is done afterwards). The point set 6, consists, in general, of
two disjoint point sets

6,0 = £i+l n Pte>(i + I)

(the points at the new coordinate i + I) and

(the points w E Pte>, for which w :S" Zi+l but not w Se> Ii)'
Let U ~ 6,0 be the least set of points (x; i + I) with either (z ; i + I) =" (b; i) for

some (b;i) ELi, or z = y + c for c E Z and (y;i + I) E U (intuitively, the set U is
the set of points w a.t the coordinate i+ I the values few) of which are unequivocally
determined for any solution r of the path 0'.+\ inequality system by the definition of
the values r(w') = f;+dw') for w' E £i), let us call every point wE U uiberited.

Fact 7.8 For every r"(z;i + I)-uniform mapping a (see Definition 4-30) satisfying
a(r"(w)) = f"(w) for all wE U and for w = =, the mapping I'" : £;+1 -> Q defined
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• r+(w) = f"(w) for wE L; and

• r+(w) = er(f"(w)) for w E ~,

is a solution of No w.r. t. the point set L;+I .

Proof: Follows from the definition of the path inequality system solution (Defini-
tion 5.9) by observing that er(f"(w)) > r"(z;) for all wE Y, observe aJso Z;+I E U.O

Let V = ~o \ U be the set of points, ca.lled new at the coordinate i + 1. We define
for every new point w its basement bas(w) to be the largest (w.r.t. ~o) point among
the inherited ones and z;, which are less than w (clearly, all "the points, considered
here, are mutually comparable w.r.t. ~o).

It can be obtained from the definition of the partitioning Cp for LTIM programs
that one can define the r" (z; i + 1)-uniform mapping a considered in Fact 7.8 in a
way to meet f+(w) < r+(bas(w)) + Oi+l for all w E V, let us define fi+tlW) = r+(w)
for w E Li+l for one such fixed mapping r+.

Regarding the aJrea.dy defined values of L+I we can prove

Fact 7.9 L+I (z + Cm.r; i + I) < fo(z + Cm.r; 0) + l.

Proof: We prove that r;+1 (z; i+ 1) < I'o(z+ 1; 0), what is equivalent to the statement
of the fact.

Let for every t = 0, 1, ... , i + I binf] t) be the maximal of points w E "Pto( t) with
w ~o (z;i + 1) (binf(t) can be looked at as a "backwards lower bound" of (z;i + 1)
at the path a coordinate t), (i.e. we require in addition to w ~o (z; i+ 1) that for
all w' E "Pto(t) whenever w' ~o (z; i+ 1), then also w' ~o w (we do not demand the
syntactica.l uniqueness of binf(t), just take one point which meets the requirements of
the definition)). Let

binf(t) = (b,;t) E "PtoU) for all t.

Due 1.0 the non-decreasing nature of the program rea.! time counter z for all t z ~c b,
for C = C,(o). Since a is fully conservative, we obtain also that for all t b,:Sc z + 1,
were it not so, we could obtain

(z; i+ 1) ~o binf(t) ~o (z + 1; t) ~o (z + 1; 0),

a contradiction with the full conservativity of o.
According to the definition of the mappings I', (observe also fj+k(w) = rj(w) for

allw E L}) we have that for aJI t < i+ 1

f'+I(binf(t + 1)) - f,(binf(t)) < 0,+1,

Indeed, always binf(t) E £,. So we obtain
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f;+I(=; i + 1) = fi+l(binf(i + 1)) < fo(binf(O)) + (61 + 62 + .. - + <5,+Il <
< fo(= + LO) - <5+ &0 < fo(=;O) + I,

as requested (observe that

fo(binf(O)) < fo(z + 1;0) - 6 due to binf(O) <0 (z + 1;0)

according to the definition of fo and 0).0
According to the definition of the set L:;+I we obtain from Fact 7.9 that f;+I(W) <

f o(zo) for all w E L:;+I'

For (x; k) ~ .c;+1 we define the values f;+I(X; k) the following way:

• for k :s i always f;+I(x; k) = f;(x; k), as well as

• C+I(x;i + 1) = f;(b;i) whenever (x;i + 1) =0.+1 (b;i) for some b. Otherwise
define f;+I(b; i + 1) = !lex) for some value

(such values !lex) can always be chosen in a way f;+1 becomes a solution of No
w.r.t. Pt"'+1 \L:;+1 since

fi(b; i) > fo(z + Cm"",; 0) + 1 for all (b; i) E Pt.; \ .c.+1

and for any two rationals values z , y E Q such that x < y there always exists
v E Q such that x < v < y).

Now it is easy to see also that f;+1 is the solution of No w.r.t. the whole point
set 'Pt",+l since the definition of the set L:;+I does not admit any inequality W :So w'
to hold for w' E L:;+I and w E PtO,+1 \ L:'+I' ohserve also that the points (b; i + 1) E
Ptoi+1 \'£:;+I are not involved in any relation b = b' + c for b' E B p( C;+ I (Q)).

In order to show that we obtain the solution of No as a limit of the sequence
(f;)iEN it remains to show the convergence of (f;(W))iEN for every w E Ptc" what on
its turn follows from the fact that whenever f;(w) E Q for some i, we have

• if w E L, then for every j both wE .c'+J and C+j(w) = f;(w),

• else, i.e., if w e Pt«, \ c; then either

- for every j w ~ L;+J and, so, f;+J(w) = f,(w), or else

- wE .c'+j for some j, what is the case considered above.

So we have completed the proof of Lemma 7.7.0
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Lemma 7.10 There exists an algorithm which for every cyclic conservative path a' =
'"I + (3" in BG(P) given its pre-period -y and period fl computes some history along 0'.

Proof: For 0' = -y + fl" being an infinite co~serva.tive path in BG(P) consisting of
the pre-period -y and infinitely many times repeated loop (path) fl we have according
to the 0' conservativity that there exists a coordinate k starting from which the tail
of 0' is fully conservative. Due to the cyclic nature of p. we conclude that fully
conservative is already the path °= fl·.

Let us show an algorithm which computes a.history v along the fully conservative
cyclic path 0, the computability of some history along the overall initial path d will
then follow according to Lemma 4.31 and Lemma 5.1l.

For o being any fully conservative path in BG(P) the construction of some appro-
priate mapping f;+1 from I', in the proof of Lemma 7.7 can be easily done effectively.
The only problem with computing a history along any fully conservative path in
BG(P) is the uncertainty for a given point wEPt", \ L. whether or not wE Lk for
some kEN. This uncertainty can be resolved positively, in principle, at arbitrarily
large ks. We show how to overcome this problem for the cyclic fully conservative path
o in BG(P).

Let (n, C) = (no(t,), Co(P}} = (n.(fJ), C.((3)). We denote by k the length of the
loop fl.

Let for z E BP(C) with x >c z + c",..., (equivalently, (x; kq) f/. Lkq for all q EN;
clearly, we have x E Vars(P)) define b(x) E Vars(P) U {+oo} to meet

• (b(x); k) =" sup,,((x; 0), k), jf sup,,((x; 0), k) >" (z + c",...,; k), and

• b(x) == z, if sup,,((x; 0), k) :S" (z + c",...,; k).

According to the definition of the sets L. we easily obtain that for q E N (x; kq) f/. L.
for all i if and only if for lI(x) == z for no j EN, what can be easily tested due
to the monotonicity of b and the finiteness of the set of considered variables x. The
monotonicity and transitivity of the point bounds (Fact 5.27 and Proposition 5.31)
allow to determine whether wE!. for some i also for other points along o.D

7.3 Feasibility of Progressing Paths

Lemma 7.11 Every initial progressing non-conservative path o in BG(P} for a non-
trivial LTIM program P is feasible. Moreover, there exists an algorithm which com-

put es a hisUJry along every such o.

Proof: Let o be an initial progressing non-conservative path in BG(P). Let 00, 0lt···

be the sequence of all finite prefixes (initial subpaths) of o.
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In order to prove the feasibility of Q we exhibit a solution (see Definition .j.9)
r : Pto .....•Q of the path Q inequality system No. We define for every k: E N the sets

.c. = {(x; i) E Pto Ii::; k & info((x; i),k - i) <0 (z + Cm os; ; k)} and

E. = {(x; i) E Pi; Ii::; k & (x; i) =0 (z + Cmar; k)},
let Vk .c~ = .c. u E •.

Since Q is progressing, for every natural k and every point w E Pto( k) there exists
j E N with

info(w,j) ::::0 (z + c",oz; k + j)
Due to the non-conservativity of Q

(z + c",oz; k + j) <0 (z + c",ar; k + j')

for some j' > i. so, according to the definition of info, for every natural k and every
point w E Pto(k) one can find jf E N with

info(w,j') <0 (z + c",oz; k + i'). so

Pto = U.eN.c •. Clearly, also Pto = UkEN.c~, as well as .c~ <;; .c~+l for all kEN.
We obtain the solution r as a pointwise limit of the sequence of mappings (r.heN

such that for all k r.:.c~ .....•Q, each r. being a solution of No w.r.t. .c~ (see
Definition 5.9). Easy to see that, if we could exhibit such a convergent sequence of
mappings r., the limit mapping r : Pto -+ Q would be a solution of No w.r.t. Pto.

Now let us define the mappings rk satisfying for every k the additional requirement
that for all w E.c~ r.(w)::; rk(Zk) (recal.l that we use the shorthand Zi to denote
the point (z + Cmar; i) E Pto).

First of all for every variable x E Var s( P) and constant c E Cans( P) let r o(1: +
COO) = c EN, as well as ro(x;O) = 0 and ro(c;O) = c.

Assume that we have defined an appropriate mapping I', : .c: .....•Q - a solution of
No w.r.t . .c:; we show, how to define r;+l : .c:+1 •...•• Q - a corresponding solution of
No w.r.t . .c:+I.

First of all let r? : Pto, .....•Q be a solution of the path Q inequality system No
w.r.t. the point set Pt",., which is consistent with I', for w E .c: (clearly the appropriate
values r?(w) for w >0 z; can be defined).

According to Lemma 4.31 and the relations between the program histories and
their generator mappings we obtain a mapping I" : Pto •••.....• Q which is a solution
of No w.r.t. the point set Pto, •• and meets r"(w) = r?(w) = f;(w) for all wE.c; (it
is of importance that for all wE.c: we have r?(w) = r;(w) ::; ritZ;)).

The mapping r" can be "almost" taken as the seeked mapping r'+1 with the
only possible exceptions that r"(w) > r"(z;+I! for some wE .c:+I. Since r"(w) is a
solution of No w.r.t. PtO ••

I
• we easily conclude that in this case w E [} for
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being the set of points w which are So-incomparable with Z;+l.
For w E .c:+l \ 6. we define f;+dw) = f-(w). As to w E 6., observe first that the

set f). can be non-empty only if Z,+l >0 z, (equivalently, if (z; i+ 1) >0 (z; i». In this
case the corrections made to the values I"]w) before taking them as the corresponding
values f'+l(w) are the following.

Let Wo be the largest point (w.r.t. So) from the set

{w E Pta;+1 I w < z;+d U {z;}

(clearly, all points from this set are Sa-comparable). We define a strongly monotone
mapping x : Q .....•Q satisfying 1l"(x) Ejr-(wo),f"(z;+t}[ for all x E Q and let for
wE!::J.

f;+I(W) = ll"(r"(w».

It is easy to see that any mapping fi+J : .c:+J .....•Q defined the above described way
both is a solution of Na w.r.t . .c:+l and meets f;+l(w) S f,+l(Z,+I) for all w.

So we have completed the inductive step of the construction of an appropriate
mapping f~1 from fi. Clearly, the construction of some mapping f;+l can be done
effectively from the given mapping fi. So we have completed both the proofs of
Lemma 7.11 and Lemma 7.5. 00

We can apply the obtained result of Lemma 7.5 to the analysis of the programs
in the sublanguage LTIMo of LTIM by observing that every path in the basic graph
BC(P) for a LTIMo program P is either conservative (in this case the value of z is kept
constant forever along the path starting from some path coordinate), or progressing
(x is the only variable for which the inequality (x; k) >a (z +Cm.r; k) can hold at some
path coordinate k and whenever the positive assignment operator is executed at the
coordinate k+ I, the lower bound of (x; k) becomes obviously equal with (z + Cmar; I).
So we have obtained the following result.

Corollary 7.12 Every infinite path in the graph BC(P) for a LTIUJ program P is
feasible (the set of infinite feasible paths for a LTIMo program P is w-projedive).

Let us just note that actually the theory of progressing and conservative paths
was not fully needed in order to obtain this corollary, it was just an easy way to state
it in the presence of the general theory, developed mostly for other purposes.

7_4 F-projectivity of Path Sets

Lemma 7.13 There exists an algorithm which, given a graph BG(P) for a nontriv-
Ial LTIM program P constructs an F-projectivee for all initial conservative paths in
BC(p).
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Proof: First of all we show, how to build F-projectivees for all fully conservative paths
starting from one fixed vertex (n, C) E V(BC(P)) (i.e. fully conservative (n, C)-paths
in BC(P)), the construction of the F-projectivee required by the lemma will be given
afterwards.

Let us associate with every finite (n, G)-path 0- in BC( P) a characteristic 5( a) =
sup",((z + 1;0), k) for k being the length of 0-. It is easy to see according to the
definition and properties of the upper point bounds (see Section 5.3) that whenever
two (n,G)-paths 0- and (3 end with the same vertex (n',C') E V(BC(P)) and have
S(o-) = SUJ), then for every (n', G')-path --y in BC(P) 5(0- + --y) = 5((3 + --y). Clearly,
also the set of all possible S(0-) values for various 0- is finite (always

5(0-) E SF, = {b E Bp(C) I G E Cp}).

So, we ca.nconstruct in a similar way, as in the proof of Lemma 2.10, a finite labelled
graph H(n,C) with the vertexes ((n',G'),b) for (n',C') E V(BC(P)) and s e Bp(G')
such that for every ((n,G),z + I)-path 0-', ending with ((n',G'),b) in H(n.C) the
projection 0- = proj(o-') is a (n,G)-path in BC(P), ending with (n',C), and having
the characteristic 5(0-) = b.

We associate with the graph H(n,C) the infinite acceptance (fairness) set

5r(H(n.C») = {((n',G'),b) I b >c' z}.

Let us also delete the "garbage" consisting of the vertexes ((n',G'),b) with b :Sc' z
together with all edges incoming in and outgoing from these vertexes. It is easy to
see that the obtained graph H(n.C} serves as the desired F-projectivee for all fully
conservative (n,G)-paths in BC(P).

In order to have an F-projectivee for all initial conservative paths in BC( P) let us
take first the graph BC(P) itself and label every vertex and edge in it by itself). For
every edge e in the considered graph, leading from (n, G) to (n', G'), let us introduce
a new edge from (n, G) to the initial vertex of H(n',C'), labelled also bye. Let the
initial vertex of the newly obtained graph H be that of BC(P) and the infinite
acceptance set be the union of all infinite acceptance sets for all graphs H(n.C) for
(n,G) E V(BC(P)). Since an initial path in BC(P) is conservative if and only if
some its postfix (a terminal subpath) is fully conservative, the graph H can be taken
as the requested F-projectivee for all initial conservative paths in BC( Pl. Observe
also that all constructions made in order to obtain the graph H from BC( P) are
effective.0

Lemma 7.14 There exists an algorithm which, given a graph BC(P) [or a nontriv-
ial LTIM program P constructs an F-projeetivee for all initial progressing paths in
BC(P).
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Proof: Let us show how to build the F-projectivees for the sets of all progressing
(n, C)-paths which contain the vertex (n, G) infinitely often. The F-projectivees for
initial paths in BG(?), containing some specific vertex (n, G) infinitely often are easily
obtained due to the fact that the addition of an initial fragment to the path in BG(?)
does not change the path property of being or being not progressing (observe Fact 5.27
and Proposition 5.31). An F-projectivee of the set of all initial progressing paths in
BC(P) can be built according to Lemma 2.9 (observe the finiteness of V(BG(P»,
every infinite progressing path in BG(?) contains at least one graph vertex infinitely
often).

Assume that we have the vertex (n, C) fixed and consider the (n, G)-paths in
BC(P). Let m E Bp(C) be the maxima/base point of Bp(C), the only nontrivial case
to consider is m >c z + Cm.., (otherwise the construction of the needed Fvprojectivee
is trivial).

Let for every finite (n, C)-path 0 in BG(?) the characteristic 5(0)=inf,,((m; 0), k)
for k being the length of o. It is easy to see according to the definition and properties
of the lower point bounds (see Section 5.3) that whenever two (n, G)-paths 0 and
,8 end with the same vertex (n',C') E V(BG(?» and have 5(0) = 5(fJ), then for
every (n', G')-path 'Y in BG(?) 5(0 + 'Y) = 5(fJ + 'Y). Clearly, also the set of all
possible 5(0) values for various 0 is finite. So, we can construct in a similar way, as
in the proof of Lemma 2.10, a finite labelled graph H with the vertexes ((n', G'), b) for
(n', G') E V(BG(?) and bE Bp(G'), such that for every ((n, C), m)-path o', ending
with ((n', G'), b) in H the projection 0 = praj(o') is a (n, C)-path in BG(?), ending
with (n',C') and having the characteristic 5(0) = b.

We introduce in the graph H one more vertex ((n, C), *), labelled by (n, C) and
having the following incoming and outgoing edges:

• an incoming edge, labelled by e E E(BG(?» from x E V(H) whenever an edge
labelled by e is drawn in H from x to ((n, G),b) for some b :Sc z + Cm •••. ;

• outgoing edges with the same labels and targets, as the edges leading from
((n,G),m).

Let the graph H initial vertex be ((n, G), m) and the infinite acceptance set 51(H) =
\((n,G),*)}.

In order to prove that H is an F-projectivee for the set of all progressing (n, C)-
paths which contain the vertex (n, C) infinitely often, let us observe first that due to
Fact 5.27 and Proposition 5.31 an (n, C)-path, containing the vertex (n, C) infinitely
often is progressing if and only if there exists a sequence of the path 0 vertexes
((n,,(o),C;,(O»)iEN such that

• for all j (n;,(a),C;,(a» = (n,C) and
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• S(oJ) Sc Z + Cmar for every path oJ defined as the fragment of o from
(n,,(o-),C;,(o-)) to (n;,,, (o),C.,., (0-))

(since the vertex (n, C) is contained in 0 infinitely often we can wait for (n., (0), Co, (0-))
insertion in the defined sequence of path 0- vertexes until 5(0-'-1) Sc Z + Cmax, it is
due to the progressivity of 0- that such a moment will be eveniueliy reached at some
Cl' coordinate).

Now it is easy to see that both

• for the projection 0- = proj(o') of any accepting path 0' in H the abovedefined
sequence of the path 0 coordinates ij can be chosen (let us take the sequence
of indices ij for which the ijth vertex of 0-' is ((n, C), *)), and

• for every path 0- with the abovedefined sequence of coordinates ij there exists
an initial path 0-' in H such that both 0- = proj(o') and for every i) the ijth
vertex of 01 is ((n,C), *).

So we conclude the proof of Lemma 7.14.0
The proof of Theorem 7.3, and so also the proof of Theorem 7.1 now is obtained

from Lemma 7.5, Lemma 7.13 and Lemma 7.14 using also Lemma 2.9 for building the
needed Fvprojectivees for the sets of paths being either conservative or progressing in
the graphs BC(P). Lemma 2.9 is used also to build the F-projectivee for the set of
all feasible fair paths in BC(P).oo

There is one more interesting path set in every LTIM program (the graph BC(P)
for a program P), namely the set of all paths feasible with no bound on the limit value
of the real time counter z , let us ca.ll these paths non-Zeno feasible both in a program
P and its graph BC(P). It turns out that the set of all non-Zeno feasible paths in
every graph BC(P) for a LTIM program P (and, so, in the program P itself) is also
F-projective. We do not consider the detailed proof, just note the following results:

Lem~a 7.15 An infinite path 0 in BC(P) for a LTIM program P is non-Zeno
feasible if and only if for every kEN the inequality (z; k + I) SO (z + 1; k) does
not hold for some I [i.e. sUPo(z; k + I) >0 (z + 1; k) for some I).

Proof idea: Clearly, for every non-Zeno feasible path for every k the corresponding
I can be found.

In order to prove the reverse, show that for every history Vk along the prefix o-k

of 0 there exists a continuation Vk+/ of Vk (perhaps with some values ;'.(Vk)'X >
Vk(Vk).Z + <:mar modified) along 0k+' such that Vk+,(Vk+,).Z > Vk(Vk).Z + 1.0

Lemma 7.16 There exists an algorithm which, given a graph BC(P) for a LTIM
program P constructs an F-projectivee for all initial paths 0- in BC(P) such that for
all k sUPo(z; k + I) >0 (z + I; k) for some I.

Proof: Similar to the proof of Lemma 7.14.0
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7.5 Infinite Path Feasibility in LTIBA
•

ln this section we sum up the results obtained both for LBASE and LTIM programs
in order to characterize the possibilities to analyze the infinite path feasibility in the
programs in the language LTIBA containing the means for the description of both
data and time dependencies.

Theorem 7.17 There is an algorithm which, given a LTIBA program P, decides,
whether it has an infinite feasible path. There is an algorithm which, given a LTIBA
program P with an infinite acceptance set, decides, whether it has an infinite feasible
fair path.

If the progmm P contains an infinite feasible (fair) path, the deciding algorithm
can be asked to compute a history along one such path.

Proof: Consider the LTIM program pT which is obtained from P by replacing all
LBASEoperators of P by the dummy LTIM operator NOP and the LBASE program
pB which is obtained from P by replacing all LTIM operators of P by the LBASE
operator NOP (see Section 3.2). Consider the basic graph BG(pT) of the program
rr, According to Theorem 7.3, let us build an F-projectivee H(P) for the set of all
infinite initial feasible (fair) paths in BG(pT).

Every vertex n E V(H(P)) is labelled by some program P vertex n = ly(n) E
Ii(P) (actually, is labelled by some BG(PT) vertex, which is on its turn labelled by
n E ViP)), as well as every edge e E E(H(P)) has a labeIIE(e) E E(P).

We construct a LBASE program HB from H(P) by replacing every H(P) vertex
label n E ViP) by its pB operator pin) (if the vertex n has a LTIM operator p
associated with it in P then pin) is the dummy LBASE operator NOP) and every
H(P) edge label e E E(P) by the edge e label IE(P) E {" + n, n - n} in P.

According to Theorem 6.18 one can decide whether the program HB has an infinite
feasiblefair path (the fairness set for the program HB is inherited from the graph
H(P)).

If some infinite fair path 0 in HB is found, we can take, according to Lemma 6.5
and Lemma 6.6 0 to be a path consisting of infinitely many times repeated accom-
plished (F-accomplished) loop. According to Lemma 6.6 we can generate a history
/,B along the HB pa.th o.

Consider the path 0 in H(P) (the vertexes and edges of H(P), as well as the
vertexand edge incidence are in H(P) the same, as in HB), let 0' be the projection
of Q in BG(pT). Since 0 is cyclic in H(P), so is 0' in BG(pT). Since H(P) is
an F-projectivee of the set of all initial infinite feasible (fair) paths in BG(PT), we
have that the path 0' is feasible (and fa.ir). According to Lemma 7.5, the path 0' is
either progressing, or conservative. Since 0' is cyclic, it is easily decidable, whether
it is conservative, or not, so in each case one can generate a history vT along 0' (see
Lemma7.10 and Lemma 7.11).
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Let a" be the projection of the BG(PT) path a' in pT (and, so, in P), Clearly.
we have that vT is a history along a" in pT It is also straightforward from the
construction of HB and the construction of the path a" that the defined HB history
vB is also a history along a" in the LBASE program pB, so we have demonstrated
the existence of an infinite feasible (fair, according to the construction) path 0" in P
together with an algorithm generating a history along a",

On the other hand, if there is an infinite feasible (fair) path a in P, it is a projection
of some initial fair path a' in BG(pT), what on its turn is a projection of some initial
fair path o" in H(P). Observe that an is also an initial fair path in HB, as well as that
the HB path a" vertex and edge label sequence (which is the only information which
determines the feasibility of a path) coincides with that of the pB path a, Since a is
feasible in pB, also 0" is feasible in HB; so we conclude that 0" is an initial feasible
fair path in HB.D

Corollary 7.18 There exists an algorithm which given a vertex n E V(P) for a
LTlBA program P decides whether there exists an infinite feasible path in P contaimng
the vertex n infinitely often.

Proof: Follows from Theorem 7,17 by defining the fairness set for the program P to
be {n}.D

As to the possibilities to characterize the set of all infinite feasible paths in LTIBA
programs, we can note the following

Corollary 7.19 The set of all feasible infinite paths in a qiuen LTIBA progmm P is
not necessarily F-projective.

Proof: Follows from Theorem 6.17 since every LBASE program is also a LTIBA
program. 0

However, as in the case for both LBASE and LTIM programs, we have

Corollary 7.20 If a LTlBA progmm P contains an infinite feasible path, then it
contains also an infinite periodic feasible path (possibly with some pre-period).

Proof: Lemma 6.5 and Lemma 6.6 allow to find a periodic feasible path III the
program HB from the proof of Theorem 7.1 7.0

Let us note that using the infinite feasible fair path existence decision algorithm,
yielded by the proof of Theorem 7.17, we can decide for LTIBA programs also the
correct statement reachability problems, considered in Section 3.3.

Corollary 7.21 The problem of co-correct vertex reachability for LTIBA programs
is decidable. Moreover, if some vertex n in a program P is w-correctly reachable,
there exists an algorithm generating a history of P along an infinite accepting path a
containing the vertex n.
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Proof: Construct for the given program P and vertex n E V(P) an F-projectivee
F(P) of the set of all fair paths in P containing n (at this point we have no claim about
the feasibility of the paths, clearly, such a projectivee F(P) can be constructed). We
define a program P' as the one obtained from F(P) by replacing every F(P) vertex
label n = IV(F(p})(ii) E ViP) by the P operator p{n) and every edge label e E E(P) by
IEIP)(e) E {" +"," - "}. Clearly, there exists an infinite feasible fair path, containing
n, in P if and only if there exists an infinite feasible fair path in P', what is decidable
according to Theorem 7.17. Moreover, every history along an infinite feasible fair
path a in P', generated by the algorithm of Theorem 7.17, is also a history along the
projection a' of a in P, what is a fair path in P and contains the given vertex n.D

Corollary 7.22 The problem o] whether a given LTIBA program P has an infinite
feasible path containing a given vertex n in its graph, is decidable.

Proof: Follows from Corollary 7.21.0

Corollary 7.23 The problem oj correct vertex reachability Jor LTIBA programs is
decidable. Moreover, iJ some vertex n in a program P is correctly reachable, there
exists an algorithm generating a history oj P along an accepting path 0 containing
the vertex n.

Proof: Follows from Corollary 5.14, Corollary 5.16 and Corollary 7.21.0



Chapter 8

Programs With Integer Counters

The main aim of this chapter is to prove the undecidability of the vertex reachability
problem for programs in the language LTIM', what is the variant of LTIM over integer-
valued variables. We give also some background illustrating the decidability and
undecidability results for various program classes with integer counters known so far.
An interesting result, yielding a subclass of LTIM' programs with decidable vertex
reachability problem, is considered in Section 8.3.

8.1 Undecidability of Reachability for LTIM'
We define the langua.ge LTlM' the following way.

Every program in LTIM' is assumed to have a finite number of integer-valued ordi-
nary variables Xl, X2, ... , X", and a counter z with the following operators permitted:

• all LBASE operators (input, assignment, comparison) over the ordinary vari-
ables Xi;

• z < x and x < z - the LBASE comparison between z and ordinary variables;

• a counter increasement z •....z + 1, increasing the value of the counter z by 1.

The program begins its execution from its initial vertex and all variable values set to
O. The formal semantics of LTIM' programs is given in a similar way, as for LBASE
and LTIM programs in Chapter 3.

We have included in the system of operators of LTIM' only those which are needed
in order to prove the undecidability of the vertex reachability problem. As to the
counter increasement operator z •....z + 1, it can be easily modelled by operators
which syntactically more resemble LTIM operators (variable activation and positive
assignment) as a block:
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~X+-Z+IH zt-x ~

Theorem 8.1 The statement (vertex) reachability problem for LTIM' programs is
undecidable.

Proof: The proof follows from the well-known result (see [Min67]) that for every
recursive function '1'; there exists a. so-called Minsky machine which computes the
function 'P;. Every Minsky machine is a program which uses only two counters ZI
and h in the following allowed operations:

I Zj +- Zj + 1 I, I Zj +- Zj - 1 I, r1 Zj = 0 h, 1 STOP I.
Without the loss of generality we can consider only those Minsky machines which
have 0 as the initial value for both its counters Z1 and 22- We demonstrate the
undecidability of the vertex rea.chability problem for LTIM' programs by showing,
how to construct for every considered Minsky machine M a corresponding LTIM'
program P(M) which has a special end vertex @ E V(P(M)) reachable if and only if
At stops its execution with the final counter values Zi = Z; = O.

For every Minsky machine M the corresponding LTIM' program P(M) will have
.J ordinary internal variables at, a2, bt, ~ and z , as well as the counter z. For v E
iaI, a2, bt,~} we define the macro v +- ~v+l to stand for the following sequence of
operators:

-1?x Hx>vHv+-x~
First of all we show, how to construct for every Minsky machine's instruction its

modelling block of LTIM' operators:
I. Zj +- Zj + 1, the counter increasment (i = 1,2):

2. Zi +- Zj - 1, the counter decreasment (i = 1,2):

1 Zj = 0, the test for 0 (i = 1,2):

f_:_: ~+_: _+__ bi_=Z_!
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4. STOP, the halting operator:

---1al=Z N a2=Z f-±--l b1=z N b2=Z ~@

The program P(M) is constructed from the given Minsky machine M by replacing
every M instruction by the its modelling block. Let ViM) be the set of the machine
M vertexes, we define a configuration of M as a triple (n, PI,h) for n E ViM) and
Pl,h E N being the values of the counters Z\ and Z" respectively. We say that
a program P(M) state (n',0 for n E V(P(M)) and ii E N X ZS models the given
configuration (n, PI, h) of the machine M, if n' = n E V(M) and

ii.~ - v.z = v.z - v.a) = PI; v.~ - ii.z = ii.z - ii.a, = P2·

H the machine M stops with the values of counters Z), Z, being p) = P, = 0, then
P(M) can reach its vertex @ by a history v proceeding along the same path, as M,
and executing every macro-operator v +- ~v+ 1 as v +- v + 1 (i.e. the corresponding
value read from the input into the variable x in each case must be just v + I), in this
case for the sequence CI, C" ... ,Ck of M configurations there is a sequence 51 , 5" ... ,5k

of P(M) states in v such that s; models c, for all i ::; k, and Sk = (@, iio) for some iio
with

so the vertex @ is reachable in P(M).

On the other hand, if the vertex @ is reachable in P(M), then consider an initial
history v along a path a in P(M), which contains @.

Observe that in every history v' of P(M) we have according to the P(M) con-
struction that, if n;(v') E ViM) (i.e., if the ith vertex of the history v' is also the
machine M vertex), then both

As to the history v, if for some ni(v) E ViM) we have either

V;.~ - Vi.Z = (ii;.z - ii;.ad + d, or v;.~ - iii.Z = (iii.z - v;.a,) + d,

for d > 0 then for all j ~ i with OJ(v) E V(M) also

Since at the end of the history v we have

ii.bl - ii.z = ii.z - v.a, = 0, and ii.~ - ii.z = ii.2 - ,-;.02 = O.
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we conclude also

for all i with n;(v) E V(M).
This means that in the history v every P(M) macro-operator v +- ~v+1 was

actually executed by increasing the value of v just by l.
Clearly, the path a consists of consequent fragments, each fragment modelling one

machine M instruction, let a' be the path in M which corresponds to the P(M) path
c. It is straightforward to prove by induction using the construction of P(M) that the
machine M executes along the path a' and that for s" S2, ... ,Sk being the sequence
of states S; = (n., v.) in v for which n. E V (M) and CI, C2, •.. ,Ck being the sequence
of M configurations each c, is modelled by so'

Since the vertex @ appears in P(M) only in the modelling fragment of the M
halting operator, we establish also that M indeed stops with 0 final values of its
counters ZI and Z2.0

8.2 Comparison with Background

In this section we formulate some already known decidability and undecidability re-
sults for the vertex rea.chability problem for some program classes which permit the
use of counters in the programs.

Let us define the language L1 by allowing programs in it to have all the facilities
of LBASE, as well as one special counter variable z with the permitted operations
I,eing the assignments z +- C for C E Z, the standard two-way counter operations:
z ~ Z + I, Z +- Z - 1 and the test z = 0 with 2 exits: "+- and - -".

The language L2 is defined by enriching the LBASE program facilities in another
way: every program in L2 is allowed to have in the addition to all LBASE facilities a
special counter variable z with the permitted operations z +- c for c E Z, the counter
increasment z +- z + I, and the test z < x (x < z) with 2 exits: - + - and "-" for
I being an ordinary program variable. Notice that there is no counter decreasment
Dperations in the language ~, the counter used by any program in the language is
'one-way" .

Theorem 8.2 [BBK77}. The vertex reachability problem is decidable for L1 pro-
grams, but undecidable for ~ programs.

It can be learned from the theorem that the comparison of the counter variable
with an ordinary variable (which can receive its value from the input) is rather lethal
for the deciding of the rea.chability (it is possible to obtain the undecidability even if
considering only one one-way counter in the programs). The proof of the theorem.
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given in [BBK77], uses the modelling of a Minsky machine's configuration sequence
by the input to the program. the counter is used just to check that the sequence of
values appearing on the input encodes such a sequence (what can be easily done. if
the counter can be r~et to the constants as many times, as needed).

The result of Theorem 8.1, obtained originally in this work, is stronger since it
allows to get the undecidability of the reachability problem out of the program class for
which the comparison between the counter and ordinary (input) variables is allowed,
but which do not have the possibility to decrease the counter in any way.

8.3 "Positive" LTIM Programs

Comparing the time constraint specification formalisms over the discrete (integer)
and dense (rational) time variable value domains, the result of Theorem 8.1 vs. the
Corollary 5.12 seems at first sight rather surprising for the "normal" intuition tells
us that the discrete case should be the subject of an easier analysis automation (as
it is in the most of other timed specification formalisms). What is the reason for the
undecidability of the vertex reachability for LTIM' programs, is the infinite discrete
structure with every element of it being "individual" in some sense (this "individu-
ality" can be characterized by the property that whenever x < y for I, y E Z, then
also x :S y - 1). U one disables this "individuality" property of integers in one or
another way, the vertex reachability problem for the programs of the restricted kind
may again become decidable, as it is shown by the following result (outlined).

Let us call a path in a LTIM program "positive", if every exit from a comparison
operator in it is labelled by • -" (recall that we have only strong inequalities x < y,
x < c, x < c admitted in the LTIM comparison operators) and every exit from the
positive assignment operator is labelled by • +". Let us call a history fl of a LTIM
program P integer-valued, if for every i E CRd{J and every x E Vars(P) we have
ih(/J).x E Z. We call a path o in a LTIM program integer feasible, if there is an
integer-valued history along it.

Lemma 8.3 Every feasible positive path in a LTIM progmm P with all explicit con-
stants being integers is also integer feasible.

Proof: Consider a feasible path (} in a given program P with all explicit constants
being integers, let fJ be some history along o. The integer valued history fl' along 0

is obtained from the history fJ by defining for all I E CRd; and a E V ar s( P)

v;(f1').a = lv;(,B).a J

(by lxJ we denote the "integral part" of the real number x [i.c. the largest integer
which does not exceed x)). Since for x:S y we have always also lxJ :s lyJ· as well as
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for an integer constant c always Lx + cJ = l x J + c, we obtain that f3' is a history along
o from the semantics (state transition system) definition for the LTIM programs (the
positivity of the path a guarantees that at no point at the path the further control
AolI'is passed in accordance with x < y for some variable values x and y, in which
case the analogue lxJ < lyJ would not necessarily hold).O

Let us call a LTIM program "positive", if ail the oonstants used in its comparison
and variable activation operators are integers and it has only positive paths. Clearly,
we obtain from Lemma 8.3 the following result

Theorem 8.4 The set of ail [easible paths in a positiue LTIM program coincides with
the set of its integer [easible paths.

Observe that a path in a LTIM' program is feasible if and only if it is integer feasible
in "the same" LTIM program Oust having the variable values interpreted over the
variable value space of rational numbers), so, in fact the result of Theorem 8.4 together
with Theorem 4.3 allows to give the projectivity characteristics to the set of all finite
feasible paths in a given positive LTIM' program, what implies the decidability of the
vertex reachability for positive LTIM' programs.

Regarding the path feasibility analysis for positive LTIMo programs, the program
feasible path set coincidence with the set of all integer feasible paths allows to use
for this analysis, in fact, just simple FSM state space enumeration techniques, which
apply to the integer valued analogues of the LTIMo programs.
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Models With RealTime Semantics



Chapter 9

Parallel Timer Processes

We begin the consideration of real time specification models by the Parallel Timer
Processes (see Section 1.5 for some motivation) for which the decidability of both the
vertex reachability and the strong and weak bisimulation equivalence problems (see
Chapter II and Chapter 12) are demonstrated.

In this chapter we introduce the basic model of PTPs (Section 9.1) and show the
decidability of the reachahility problem for PTPs via modelling of PTPs by LTIMo
programs (see Sect.ion 9.2). Further on a number of possible enrichment.s of the basic
PTP model which st.iIl retain decidable at. least the vertex reachability problem are
considered in Chapt.er 10.

9.1 The Basic PTP Model
Assume that we have a predefined finite set L of events. We define the basic model
(model class) of Parallel Timer Processes over the event set L.

Let G = (V, E, j, t, L, lab) be a finite edge-labelled graph with t.he set of vertexes
V, the set. of edges E, the set of edge labels L being the set of events, and t.he edge
labelling funct.ion lab: E --+ L (when compared with labelled graphs from Sect.ion 2.1,
lhe graph G does not have vertex labels, t.he graph's initial vertex also is not specified
vet).

We assume that in the graph G every edge e E E is coloured either red (instanta-
neous) or black (possibly waiting), we denote the set of red edges of G by Rand t.hat
of black ones by B.

Given such a graph G and a finite set of timers (time variables) T, we define a
timer automaton by associating with every e E E :

• a set ')'(e) .:; T of timers, called the edge e condition (on what timers the
transit.ions along e depend) and
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• a timer setting function 4>(e) ; T -> T U Q+o (every t.imer can be set either to
some nonnegative rational constant, or to some (other) timer value. some timer
values may remain unchanged).

We denote a concrete timer setting function ¢ : T -> T U Q+o by a vectorial
assignment

or, if no confusion can arise, also as a vector of simple assignments

Moreover, it for some i E T we have ¢itt) = t, the corresponding simple assignment
can be omitted (see below the semantics for the intuitive justification).

For ell = (V, E, f, t, L,lab, T, ,,/, ¢i) being a timer automaton we define the set of its
states to be

s· = {(v,o) Iv E V, 0; T -> Q+O}.

The parallel timer process (PTP, for short, called also timed process, if no confu-
sion can arise) is defined as a pair P = (ell,s), where ell = (V,E,!,I, L,lab,T,"/,¢i) is
a timer automaton and s E S· is defined to be the process P initial state.

For the process (ell, s) with the set of timers T = {tl, /2,' . _,1m} let Vi ~ m

0, ~ o(t,) and g = (0], ... , Om).

Example 9.1 In order to have some illustration for the constructs, used in the Par-
allel Timer Process definition, consider a process P with

Vertexes
Timers
Edges

Vl) U2;

T = {tlot2,t3,t.};
el from VI to U2, red, labelled by a,

condition {tl, t3}.
timer setting (iI, 1.2, t3, t.) +- (t2, 7, 1.2, 5);

e2 from V2 to VI, red, labelled by a,
condition {tlo t.},
timer setting (iI, t2, t3) +- (3, 6, t2);

e3 from U2 to VI, black, labelled by b,
condition {t3},
timer setting (t3) t- (t.) and

Initial state So = (VI, (0.7,3.14,2,0)) (the vector (0.7,3.14,2,0) is the encoding of the
function 0 with o(td = 0.7,o(t2) = 3.14, etc.).

The pictorial representation of P is given in Figure 9.1. Here and further on we
follow the convention to represent the black edges as dashed. Notice also the way,
bow the initial state of the process is depicted.
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a

--------,
I
I

Figure 9.1: A Parallel Timer Process

For a timer automaton <1>we interpret all its edge labels a E L as the real events
which may occur during the "life time" of the processes, associated with <1>(such an
action can be either a sending or receiving a signal, reading or writing some data, some
kind of synchronization, or any other kind of communication with the automaton's
environment; we abstract here from the nature of the actions).

For every real action a there are certain rules (see below the formal definition)
according to which a process, which is allowed to perform a, is changed to another
process (associated with the same automaton <1»while performing the action (the
automaton <1>changes its state while executing the action a). To formalize this be-
haviour we define below for every a E L the transition rela.tion ~ in the set s: x S~
with P --.':.....Q meaning that the process P can perform the action a and then become
Q

Every process P = (4), s) is assumed to work in time, to formalize this behaviour
lie define also, as in [Wan90], a special kind of dela.yactions ((d) with d E Q+O for

the processes, meaaing by the relation P ~ Q that the process P can become Q
just by letting time to pass for d units.

Every real (non-delay) action, occurring in the process, is associated with the
change of the process initial vertex along some edge of the timer automaton, so we
define first the relations ~ for e E E and a E L.

Let <I>= (V, E, I, t, L,lab, T",,p) be a timer automaton, then

(<1>,(v, <5» ~ (<1>,(v',<5'»,

if the edge e E E is leading from v to v' and is labelled by lab(e) = a, and

• for every t E ,(e) <5(t) = 0 (timing enabling condition; the transition of the
process along the edge is possible only when the values of timers this edge
depends on have reached 0) and
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• for every timer t E T its new value 8'(1) is computed by the setting ",(e) in a
way:

- if ¢(e)(t) = c E Q+o, then 8'(t) = c,

- if ¢(e)(t) = t' E T, then 8'(t) = 8(1').

Let (4), (v,o}) .s.. (4),(v',8'}) iff (4), (v,o}) ~ (4), (v',8')) for some e E E.

For delay tra.nsitions:

(4), (v,o)) ~ (<I>,(v,8')) iff

• for every red edge e E R outgoing from v (i.e. having I(e) = v) there exists
t E ,(e) with 8(t) ~ d (no red edge will be enabled during the waiting of
d seconds. If a transition along a red edge is enabled, a longer delay of the
process at the current vertex is not possible (either this tra.nsition, or some
other, must fire immediately)},

• for every t E T 8'(t) = 8(t) e d, where x e y ~ max{O,x - y} for all x,y (tbe
values of all timers are synchronously decreasing downto 0 along the passage of
time).

Let for s, s' E ~ S ~ s' whenever (4), s) ~ (<I>,s') for 1/ being either a E L or
e(d) with dE Q+o.

Example 9.2 For the timed process from Example 9.1 the following chain of tr ansi-
tions is possi ble:

So = (VI, (0.7, 3.14, 2, 0)),
SI = (Vl'(O, 1.14,0, OJ),
S2 = (V2' (1.14, 7, 1.14, 5)},
S3 = (V2' (0, 5.86, 0, 3.86}),
S4 = (VI, (0, 5.86, 3.86, 3.86)},
Ss = (VI, (0, 2, 0, O)}

Since there are no enabled red edges at S3, the process could, starting from it.
develop also as

.(2.2S) b .(1.61)
$3 ~ 56 ---+ 57 ---+ Sf>'" ~ or

S3 .~) S6 ~ 59 ~ S,O ... , where
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56 = (V2, (0, 3.61, 0, 1.61»,
57 = (VI, (0, 3.61, 1.61, 1.61»,
58 = (V2, (0, 2, 0, 0»,
59 = (VI> (3, 6, 2, 0»,
510 = (V" (0, 3, 0, 0».

Concerning the labelled transition system semantics of Parallel Timer Processes
the followingimportant properties can be observed:

• time determinacy ([Wan90J) meaning that, if P ~ P' and P ~ P", then
pl=plI;

. .. ([W 90]) . h P «d+e) P'·f d ] if p «d) P" ,(.)• tIme contmwty an , meaning t a.t --+ I an on y I --+ --+

P' for some P";

• time-stop freeness (this property is similar to the deadlock-freeness considered
in [NSY91J),meaning that for every PTP P always

- either P ~ P(d) for every dE Q+O for some P(d), or

- P ~ P' ~ P" for some d E Q+O and some a E L.

Let us assume that the given set of L of events contains a special event (action)
TEL assuming the transitions -2... to be internal transitions of the process, they ale
invisiblefor any external observer of the process. We define L« = L \ {T} be the set
of all visible events from the set L (this set is usually ranged over by 0').

The presence or absence of the T labels in the processes is absolutely irrelevant
whenone studies the vertex reachability problem in the processes (see Section 9.2).
The T actions become important when one studies various equivalences between pro-
cesses(e.g., the weak bisimulation equivalence defined in Section 11.1) which want to
consider two processes as equivalent, if they exhibit the same observable behaviour,
nomatter how many and what internal actions each one of these processes performs.
.\Iso the compositional operators for processes (see Chapter 14) may distinguish be-
tweenvisible and internal actions of the processes.

It is not claimed that Parallel Timer Processes is a completely new model; it has
" number of constructions, similar to the models of the Timed Graph family (see
:AD90],[ACD90]and [NSY91J). Some discussion 011 the relations between PTPs and
(,ther timed specification formalisms is done in Section 1.6 and Appendix A.
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9.1.1 A Simple Example

Let us show how the PTPs can be used in the description of a simple real time
process in telephone exchanges, which controls the timed aspects of the dialling of
phone numbers by the abonents. it is assumed that a phone number is a sequence
of digits containing at least two digits. The abonent dials all the number's digits
one after another and leaves some time between the dialling of any two digits. The
controlling process is assumed to interrupt the number dialling in any of the following
three cases:

• the first digit of the number does not arrive in 30 seconds after the beginning
of the dialling (picking up the receiver);

• the current digit which is not the first does not arrive in 20 seconds after the
arrival of the previous digit; and

• the total time delay from the beginning of the number dialling reaches 60 sec-
onds.

The process shown in Figure 9.2 has the following external events as the labels on
its edges: "Call", "Digit", "Tim" and "Connect". The number dialling begins with
the event "Call", the reception of every digit is modelled by the event "Digit". The
event "Tim" means the interruption of the number dialling (the corresponding signal
is sent to the abonent ) and the event "Connect" stands for the successful completion
of the number dialling. The process timer set is T = {D, T}, where D controls the
current digit arrival time (observe that the timer D is set on different edges to different
values (timeout periods)), and the timer T controls the total number dialling time.
The process vertexes are "SLEEP", "WFD" (Waiting First Digit), "WD" (Waiting
Digits) and "CONN". Wedefine also every edge labelled by the label" Call" or "Digit"
to be black (these events are normally initiated by the environment of the process),
all edges in the process labelled by either "Tim" or "Connect" are red, the transitions
along these edges (timeout, or succesfuJ completion) must occur as soon as they are
enabled. The initial state of the process is assumed to be the pair consisting of the
vertex "SLEEP" and the timer value assignment 8 with 8(t) = 0 for all t E T.

9.2 Modelling of PTPs by LTIM Programs

In this section weshow, how the Parallel Timer Processes, introduced in Section 9.1,
can be modelled by LTIMa programs. Sa we both illustrate one possible methodology
of the language LTIM (see Section 3.2) construct interpretation in a model with real
time semantics and obtain some useful results about the path set projectivity in PTPs
(implying the decidability of the reachability problem for PTPs).
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{T} Tim

Tim

D<-20 ~--;--

{T} Tim

Connect
o

Figure 9.2: A Dialling Control Process

It should be noted tha.t the vertex rea.chability problem for a model similar to
PTPs (Timed Graphs) is already solved in [ACD90] by the method of time regions,
without any use of intermediate models (like LTIMo programs in our ca.se). The pri-
mary interest in the PTP as LTIM program modelling methodology is in showing the
relations between the analysis of programs (processes) with rea.! time semantics (ex-

pressed in the terms of the constructs like the relations ~) and programs with other
data structures. Some further points about this relation can be found in Chapter 10,
where by a similar process modelling techniques the vertex rea.cha.bilityproblem is
proved decidable for more genera.!model classes with the real time semantics.

Let us introduce first some notation. Let for a PTP A = (ell, s) with

ell = (V, E, I,t, L, lab, T, 'Y,¢) and S = (v,5)

• 4>= 4>(A), and st = s together with vt = v and 8A = 8;

• V(A) == V(eIl) = V, E(A) == E(~) = E, T(A) == T(4)) = T, 0 = 'Y, ifJA = ¢,
and

• SA == S. (i.e. the set of the process A states is defined to coincide with the set
of the automaton 4>states).

Let 6.A be the set of all mappings T ....•Q+O (so, SA = VeAl X DA).

For a PTP A == (ell, s) we call a.sequence

(si,ei: (d;,(1i),Si+l})ieN (or, «si,ei: (di,(1i),Si+l»i<k)

Ie." infinite (resp. finite) initiaJ history of A work provided
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• So = s and s; E SA for all i,

• .s, ~~ S,H with d, E Q+o, (T, E L for all i.

Associated with these histories there are paths voeo, vlel,·.· and voeo, vlel,.··, Uk in
the graph (see Section 2.1) AG = (V,E,f,t,L,lab,v~) of the process A (see Sec-
tion 2.1, let us say further on "in the process A"), with s, = (u,, e5') for all i_ Let
us say, as in the case of LTIBA programs, that the defined histories go along the
associated paths.

We call a path in the timed process A initial, if it begins with the vertex v{
An initial path in the process A is called feasible, if there is an initial history along

it. A vertex v E V(A) is called reachable, if it is contained in some feasible initial
path of A.

Theorem 9.3 There exists an algorithm which, given a Parallel Timer Process A
constructs a projectivee for the set of all (both finite and infinite) feasible paths in A.

Corollary 9.4 The vertex reachability problem for Parallel Timer Processes is decid-
able.

Proof of Theorem 9.3: Given a PTP A we construct for it first the modelling
LTIMo program M(A).

We let the program M(A) vertex set to contain, first, the set of all process A
vertexes: V(A) <;; V(M(A)) (some other vertexes of M(A) will appear later on). We
define for every A timer t E '1" a corresponding variable z' in the program M(A). For
every program M(A) variable value vector v E VM(A) let O(ii) be the mapping e5 E 6,1

defined
o(t) = v.x' e v.z for all t E T(A)

(z is the real time counter of the program M(A) and e is the positive minus operation).
Let us say that the program variable value vector v is modelling the process timer
value assignment O( ii) (it can be the case that for one process timer value assignment
there are more than one modelJing program variable value vectors).

We say also that the program M(A) state s = (n,0 for n E V(A) (recall V(A) s::
V(M(A))) models the process A state

7I"5(S) ~( (n,O(v)).

We complete the modelling program construction by building for every process
A edge e E E(A) leading from a vertex n to n' a program fragment of the LTIMo
operators which is to be put between the vertexes nand n' in M(A) and allows a
modelling program history (transition chain) through the fragment from the program
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slate s '= (n. i') to some state s' '= (nt, ii') if and only if the process A can do a
transition along e (possibly preceded by some waiting) from "5(S) to "5(S') (see
Lemma 9.5 for the modelling statement expressed more precisely).

Assume that we have an edge e E E(A), leading from n to n' in A, let ,(e) '=
{t\, ... .r,}. The edge e is modelled in M(A) by the program fragment, having the
followingblock structure:

n: ... -@---@-- n':

Figure 9.3: Modelling Block Structure

where x is the input variable for M(A) (recall the definition of the programming
language LTIMo in Section 3.2) and the blocks AD, ASS and A, B, ... , C are defined
in the following.

We clarify simultaneously also the roles which are plaid in the modelling by every
block, so we assume that the program is executing the modelling fragment, starting
from some state (n, Vn) which corresponds to the process state (n,o) for fJ '= O(vn).
Let the program variable value vectors at the beginning of every block AD, A, B,.
be denoted by VA.O, VA., VB, ... respectively.

• The block AD checks that after waiting d = VAO'Z - vn.z units of time in the
state (n,o) the transition along the edge e in A is enabled (i.e. for all t E ,(e)
o(t) S d). It is defined to be the chain

--l z<xt} H z<x~ ~ ... ---1z<xt• ~

• The blocks A, E, ... , C are associated everyone with one outgoing red edge from
the vertex n in the process. Every of these blocks checks that the corresponding
red edge did not become enabled before waiting d units of time (SQ preventing
the process ability to wait d units and then execute a transition along the edge
e). The block, corresponding to a red edge e' with ,( e'l = {Uk' .,u.} is defined
as

Figure 9.4: The A,B, ...,C blocks
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• The block ASS models the timer setting ¢(e) by the changing the program
M(A) variable values in order to obtain b' == O(vn,). It contains for every A
timer t E T such that .p(e)(t) # t the assignment operator

- xt •.....Z + c, if ¢(e)(t) '" c E Q+O, and

- Xl +-- XU, if ¢(e)(t) '" u E T

(since the timer setting .p(e) has the vectorial semantics, it can be needed in
some cases to replace some of these assignment operators by a pair of operators
xO +-- XU and Xl •....• Xo where XO is an auxiliary variable, the first of these
operators must be put in the assignment sequence before any assignment with
XU as the lefthand side).

We add into the program M(A) also the initializing fragment, containing the
assignments Xl +-- bAtt) for ill t E T(A).

Let us define for every program M(A) edge e the corresponding process A edge
f'" 1re( e) to be the edge in the modelling fragment of which the program edge e lies.

Let for n,n' E V(A), d E Q+o and f E E(A)

(n,0 ~ (n',J) mean that

• il.z == ii.z + d and

• there exists a finite history v of M(A) with (n, ii) as the initial value and with
(n',il) as the final value such that 1rE(ei(v)) == f for all i < card(C1?.d").

Lemma 9.5 If (n, b) ~~ (n',6') in the process A, and the program variable value

vector u E VM(A) is taken such that O(U) == b, then we have also (n, ii) s: (n', il) in
the program M(A) for some ii' with 0(;;') '" b'.

Reverse, if (n, V) ~ (n', ii') in the modelling program M(A) and a == lab( e) E L,

)
c(tI} c:a

tben (n,O(ii) -+~ (n',8(ii')).

Proof: Follows from the construction of the modelling program.O

Let us introduce for the program M(A) the finite and infinite acceptance sets
SF(M(A)) == Sr(M(A)) == V(A).

We define for every initial accepting path Q in M(A) a corresponding path "p(o:)
to be the path ex' == noCo, ... [, Ok] in the process A for which

• no, OJ, .•. [, nk] is the sequence of all path 0: vertexes which belong to V(A), and

• for every two vertexes n, and n,+! in Q' every program ,\-I(A) edge e which lies
in the path 0: between n, and n,+! has ;;-de) '" e..
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Lemma 9.6 A n initial path 0.' in the process A is feasible if and only if there exists
a feasible initial accepting M (A) path 0. with a' = l:"p( 0.).

Proof: Let 0 be a (finite or infinite) feasible accepting path in M(A) and 0.' = r.p(o.).
Let us denote by il> i2, ••. [, ikl the sequence of all indices i for which the ith vertex

of the path 0. ni(o.) E ViA). Then for every history v along 0 in M(A) we have

(ni,(V),V,,(V» ~ (nij+'(v),v,,+,(v», where

• f.J = ll"E(e,,(o.» and

• d = V,,+,.2 - Vi,.2 for every two adjacent indices ij and ii+l·

According to Lemma 9.5 the sequence

vi = (((iij,5j),ej: O"j,(iij+l>oj+l»)

for (nJ,.sj) = 7fs((ni,(v),Vi,(V») and ej = 1l"e(e;,), O"j = lab(ej) for all j is a history
of the process A along 0.'. The initiality of v' in A is by the construction of M(A)
and the initiality of v in M(A).

Reverse, if the path 0' is feasible in A, the existence of an appropriate feasible
initial path 0. in M(A) also is straightforward from Lemma 9.5.0

Finally, we show how to construct for the process A the graph G(A) which is the
projectivee for both the sets of all finite and infinite feasible paths in A. Having built
the modelling program M(A) for the process A, let us build a projeetivee BG(M(A»
for the set of a.ll initial finite feasible paths of M(A) (see Theorem 4.3). Since M(A)
is a LTIMo program, the graph BG(M(A» is also a projectivee (w-projectivee) for
the set of all infinite feasible paths in M(A) (see Lemma 1.12).

Given the graph BG(M(A», the construction of CiA) is done, as follows:

• V(G(A» = ((n,G) E V(BG(M(A») In E ViA)}, a vertex (n,G) in G(A) is
labelled by n E ViA);

• there is an edge from (n, G) to (n', G'), labelled by e E E(A), if and only ifthere
exists a path {3in BG(M(A» from (n, G) to (n', G') with jl"E(e,({3» == e for all
i < card(CRdfj) (i.e. for all program M(A) edges in the projection of {3).

• tbe graph G(A) initial vertex is (vA. Gt) where Gt = lVO'] for the M(A) variable
value vector vt which is obtained after the executing the initializing fragment
with the assignments Xl +- .sA(t) for all t E T(A) (clearly, 6(iit) == .sA. it is
according to the definition of configuration for LTIM programs that the set ct
is singleton (the scaling of number line must be done before in order to make
all program constants integers».
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Figure 9.5: The "Positive" A,B, ... ,C blocks

The proof that G(A) is the needed initial projectivee for the set of all feasible paths
in A is straightforward. 0

Note. The presented modelling methodology of PTPs by LTIMo programs in
general admits also non-positive paths in the obtained modelling programs (see Sec-
tion 8.3 for the definition of a "positive" LTIM program). However, if one changes
the transition impossibility controlling blocks A,B, ... ,C (depicted in Figure 9.4), as
shown in Figure 9.5 (in fact we just introduce a somewhat wide nondeterminism in
the programs), it can be easily seen that for every PTP A its modelling program
M(A) is a positive LTIMo program (all the modelling characterizing results remain
true also for the "new" modelling program).

It is easy to define the notion of an integer valued history and integer feasible
paths (as well as integer reachable vertexes) also for PTPs, as it was done for LTIM
programs in Section 8.3. Using the positivity of the modelling program, as well as
the result of Theorem 8.4 we easily obtain the following result characterizing the set
of all feasible paths in a PTP.

Theorem 9.7 The set of all feasible paths in an arbitrary PTP with all explicit Con-
stant used in the timer settings and the initial timer value assignment being integers
is feasible if and only if ·it is integer feasible.

This result gives yet another way for the deciding the vertex reachability problem
for Parallel Timer Processes.



Chapter 10

Enrichments of PTPs

In this chapter we consider some enrichments of the Parallel Timer Process model
which can be introduced still retaining the possibility of the automated rea.chability
analysis. We look also for the ways how the additional specification constructs can
be modelled by means of the languages LTIM and LTrBA. Of particular importance
III this chapter is Section 10.4, where the data dependent enrichments of PTPs are
considered and studied w.r.t, their analysis automation possibilities.

10.1 Processes with Inactive Timers
In various timed specification formalisms, the programming language SOL [CC89]
fJeinga typical example, a timer uses to be an abstract device which can be either
active (set up to produce a timeout after some period of time), or inactive (never
going to produce a timeout without a prior activation]. Only if a timer is active,
It has in a given process state an associated time value showing the time remaining
Lefore its timeout. The inactive timer idea. can be easily adopted also for PTPs the
followingway (we ca.ll the newly obtained processes the PTPs with Undefined values,
Or simply "PTPU"s, for short).

Let u be a special timer value ("u" for "undefined"), u If. Q. We let u 8 d = u
for all d E Q+O (the values u 8 u and d 8 u for d E Q+o are not defined), let
-+0
Q =0 Q+OU{u}. The value u is assumed to be also incomparable with the numbers
on being less or grea.ter (i.e. no one of the relations u < d, d < u, u = d holds for any
d,,: Q+O).

The definition of PTPUs now is simply obtained from the basic definition of PTPs
1 see Section 9.1) by, first, allowing every process state to be a pair (v,b) for v E V(P)
and {; : T -> cro (instead of " : T -> Q+O), and, second, allowing the value u to
Appear in the timer settings associated with the process edges (i.e. for every edge e of
, PTPU A 4>(e): T -> T Ucrol.
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Figure 10.1 shows, how the process controlling the timing aspects of the phone
number dialling, described in Section 9.1.1, can be rewritten to exploit the undefined
timer value possibility to reduce the process vertex set cardinality (observe that we
have here an auxiliary timer L which can assume only the values 0 and u ). For the
sake of illustration we replace the only timer D, controlling in Figure 9.2 the current
digit arrival time by two timers: F for controlling the first digit arrival time and N
for the "next" (not the first) digit arrival time.

T+-60; F +- 30;
N +-u; L+-u

Tim
{F} {N} Tim

-, - {T} Tim

F+-u;
N +-20;
£+-0

I{£}
I Digit
I

+-------

Connect
e

Figure 10.1: A PTPU for Dialling Control

It is easy to see that the proof of Theorem 9.3 can be easily generalized to apply
also to the processes with undefined timer values, what means also the decidability
of the vertex reachability problem for PTPUs.

The idea of dealing with the undefined timer values consist in modelling of them
by the corresponding program variables assuming a certain fixed otherwise not used
value, say, -I. So, every edge e timer setting ¢(e) with ¢(e)(t) == u causes the
operator Xl +- (-1) to be included in the corresponding modelling program fragment
(the block ASS associated with e).

It is not difficult to define the appropriate mapping B : VM(Aj -+ 6,A and to invent
the modelling fragments in LTIMo which should be used as the blocks AO, A, E, ... , C
and ASS in order to obtain the analogue of Lemma 9.5 holding, we do not consider
the details.

10.2 Processes with Extended Time Conditions
One particular peculiarity of the PTP model is that the timer value conditions which
allow a transition along a given edge to be performed are of the form b( ti) == 0 for
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ail ti E '"Y(e). It seems useful sometimes to have these conditions of a more general
kind. allowing, as in the Timed Graph model [ACD90, AD90] them to be boolean
expressions over the predicates t.sc; for t, E T, >. E {<,~, =,~, >} and c, E Q+o. A
transition along an edge e with such condition in the generalized process, called EPTP.
ISenabled in a state (v, 0) for v = I( e) if and only if the condition's boolean expression
Interpreted in the standard way over the timer values li(tl), ... , 8(tk) evaluates to
true. Again, whether a transition along an enabled edge must be executed, or a
further delay of the process is allowed, is the matter of the edge e colour (i.e. either
e is red or black). In order to obtain the time-stop freeness of the process labelled
transition systems let us require that every predicate b over the timer values, which is
associated with a red edge, is dosed in the sense that only the non-strong inequalities,
joined by the positive connectives (i.e. &. or v) are allowed to define b.

The extended time conditions do not cause any very principal problems in applying
the above considered schema of the deciding the vertex reachability problem for the
processes by reducing it to the finite and infinite path set projectivity of LTIMo
programs. The most important new point, if compared with the modelling of the
basic PTPs, here appears in the constructions for the check, whether in the current
process state (n, 8) the transition, requiring the conditions, say, 8( t) > 5 and o(u) :S 7,
can be performed, or not. As in the proof of Theorem 9.3 (see Figure 9.3) we input
first the (absolute) time moment of the transition firing (?x), then assign it positively
to z. It remains to check now that the current value of x' is greater than z + 5 and
that the value of XV is not greater than z + 7, what is done, as follows (observe that
the variable x does not carry any essential information at this moment and we are
free to use it as an auxiliary variable):

-1x+-z+s~1 x<xt HX+-Z+7H x<xu
~

10.3 Processes with Nondeterministic Timer Set-
tings

The ability to ascribe the same external behavior (=the same label) to both red (in-
stitntaneous) and black (possibly waiting) edges in a PTP gives a possibility to express
lr. the PTP model nondeterministic interval-like delays saying that, for example, an
action a is going to be executed in a process P between 3 and 5 seconds passed after
'orne other action b was performed. These are constructs, typical in Time Petri Nets
!\!F76, GMMP89] (see also Section 1.6 for some discussion).

\ Here we look at another possibility to introduce delays of nondeterministic length
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in the PTP model, First of all, let I(Q+O) be the set of all intervals of Q+o, i.e.

We obtain the definition of a PTP with Nondeterministic timer setting (a PTPI\' ,
for short) from the definition of PTP by letting for every process edge e E E to have
the timer setting

(intuitively, every timer can be assigned either the value of other timer. or some value
from a specified time value interval).

The semantics of such a timer setting is defined to have early binding of the
concrete ti value from the specified interval at the moment of the setting execution
(the moment of a transition firing along the edge), i.e. for ¢( e)( t) = [CI, C1] we require
in the definition of the transition

(v,6)~(v',6')

that 6'(t;) E [CI,C1] n Q+O, (in the other cases the corresponding interval (i.e. ]C"C2],
etc.) must be taken instead of Ic" C1))'

We call a PTPN bounded, if all nondeterministic timer settings on its edges have
finite upper delay bounds C1 < +00. The model of bounded PTPNs appears to have
theoretically approximately the same expressive power, as standard PTPs and can be
analyzed both W.r.t. reacha.bility, path feasibility and equivalence by almost the same
methods, as developed for PTPs. However, the unboundedness of the nondeterminism
brings essentially new problems in the process analysis (PTPNs can not be any longer
modelled by LTIMo programs (in a sense of retaining a homomorphism between the
state sets), more general LTIM constructs are needed). In the case of the unbounded
nondeterminism some in.finite not feasible paths with all finite prefixes feasible may
appear in the processes and their modelling programs (see e.g. Figure 10.2), so elimi-
nating also the possibility of modelling PTPNs by LTIMo programs also in the sense
of the path feasibility.
For modelling PTPNs by LTIM programs one can use the same schema as in the
modelling of PTPs by LTIMo programs. Also the state modelling relation 1C 5 : V( A) x
VM( ..••j --> S ..•.can be taken precisely the same as in the proof of Theorem 9.3. The only
difference appears in the edge modelling fragments just in the block ASS modelling
the timer setting, when for ¢(e)(t) = h,C1[ we have the modelling fragment

--1 ?xL H<-Z+CIH x'<x H-Z+C2H x'<x ~

For, say, ¢(e)(t) = [CI' +oo[ the corresponding modelling fragment is

--1 ?x' H-Z+CIH x'<x j-=--
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Figure 10.2: lnfinite Infeasible Path: An Example

One can observe that in the case of the only bounded nondeterminism in a PTPN
A all infinite paths in the modelling program M(A) path feasibility graph BG(M(A»
are progressing in the sense of Section 7.1, so, according to Lemma 7.5 we again have
the initial projectivity of the sets of both finite and infinite feasible path sets in A.
As to the unbounded nondeterminism, a counterexample to the infinite feasible path
set initial projectivity is straightforward (Figure 10.2 again).

It is possible to prove for bounded PTPNs also the decidability of bisimuJation
equivalences(see Section 13.1), this decidability is hardly believable for the unbounded
PTPNs, even in the simplest case of the strong bisimulation (it is still an open prob-
lem).

10.4 Processes with Data Parameters

In tb.issection we consider a more principal possibility to enrich the PTP model by
introducing in it the integer-valued data (we call the newly obtained processes the
PTPBs CBn for the LBASE system of commands over the parameters).

Assuming predefined the set finite L of events the processes can participate in, we
definea PTPB process to be a pair P == (ell,s) for ellbeing a TD-automaton CT" for
""limenand non for "data"]:

ell== (V, E, L, lab, T, W, labw, 'rr, """tw,¢>T, ¢w), where

• V, E, L and T are the sets of ellvertexes, edges, edge labels and timers, respec-
tively, lab: E -> L is the elledge labelling function (see the definition of PTPs
in Section 9.1);

• for every e E E """(T(e) and ¢>T(e} are the timer condition and timer setting,
associated with e, also defined already for PTPs;

• w == {XI,X2, ... ,Xn} is a finite set of integer-valued variables;
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• labw : E -> W ascribes to every process edge a variable;

• for every automaton's edge e E E I'w(e) is called the variable value condition,
associated with e, and is an arbitrary boolean formula built by the connectives
&, V and ~ from the elementary predicates of tbe form a < b, wbere every of
the elements a and b is either a process variable x E W, or an integer constant
c E Z (let us call the formulas of this kind linear);

• for every automaton's edge e E E ¢w(e): W -+ W U Z is the variable setting
function (analogous to the timer settings 9'>1'( e')); we have also

s = (vI;, 0:, o~) for vI; E V, b:: T -> Q+o and b~ : W -> Z being the process initial
state, Every state of the process also is a triple (v, bT, bw) for v E V, OT: T -> Q+o
and Ow : W -> Z.

The idea behind the semantics of PTPBs is that every real transition of the process
along an edge e E E is associated both witb the event /ab( e) ELand with the input
of some integer value into the variable labw(e) E W. Given an edge e E E with
lab(e) = a E L, the transition ~ for u E Z from the state (v,bT,bw) s.t. v = f(e)
along e with the input of the value u into the variable labw( e) = z, is possible iff both

• OT(t;) = 0 for all t, E 'YT(e) and

• the interpreta.tion of the formula 'Yw(e) over the variable values COw ( x) for x E W,
defined

COw(x) = ow(x) for x =f. Xi, and OOw(x;) = 11

evaluates to true (treating the meaning of the inequality signs and the logica.l
connectives in the standard way). Observe that variable value condition is
interpreted taking into account the new value of the input variable x, = /abw( e),

The target state of such a transition along e is (t( e), 0T' b~) where t( e) is the target
vertex of e and 0T' o(y are obtained from Or and COw by the settings 9'>1'( e) and <1>w(e)
in a standard way:

• bT(t) = Or(t'), if if>T(e)(t) = t' E T, and

• IiT(t) = c, if 9'>1'(e)(t) = c E Q+o, as well as

• b(y(x) = COw(y), if ¢w(e)(x) = yEW, and

• o~(x) = c, if <pw(e)(x) = c E Z,

We retain for PTPBs the edge colouring (red and black edges) and assume that
a transition along a red edge must occur as soon as it is enabled (if there are some
values u E Z for which the transition is enabled and some others for which the
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condition 1w(e) forbids the transition, one of the enabling values must be taken and
the transition along the edge has to be executed immediately).

The definition of the semantics of PTPBs is completed by saying that they admit
also the delay transitions ~ during which no variable values are changed and tbe
timers change their values by synchronous decreasing downto 0 as in the case of basic
PTPs. More precisely,

(oll,(v,Sr,c5w)) ~ (<ll,(v,c5~,c5w)) iff

• for every red edge e E R outgoing from v either

- there exists t E 1T(e) with Sr(t) ~ d, or
- (or all u E Z the variable value condition ')W(e) interpreted over the values

OOw(x) yields false (iffor some u E Z a transition along a red edge can be
executed, no further delay is possible);

• for every t E T c5T(t) = c5T(t) e d.

Using the facilities offered by PTPBs wegive in Figure 10.3a slightly more detailed
·specification" of the phone number dialling control process (see Section 9.1.1, as well
as figure 9.2 and Figure 10.1). First of all we replace the "fictive" timer L from the
PTPU specification (Figure 10.1) by an (integer-valued) variable x. More importantly,
every signal "Digit", incoming into the process now carries an integer parameter d
which is to be bound between 0 and 9 (which digit has been dialled). In our toy
example it is not possible to deliver any reasonable information about all the dialled
digits to the connection seeking process (initiated by the event "Connect"), so we
deliverjust the lest digit of the dialled number. Formally, this delivery is done by the
··input" of some value into another variable, n, however the:variable value condition
requires this new value to coincide with the current value of d. So, if the connection
seeking process "synchronizes" with our process on the event "Connect" by offering
any variable value for this synchronization, the synchronization will necessary be
performed on the value of d.

At first sight it seems rather obvious to generalize the modelling methodology,
given in the proof of Theorem 9.3 (see Lemma 9.5) also to the case of the PTPB
modelling by LTlBA programs. However, the situation turns so that we have the
following,at first sight rather surprising result:

Theorem 10.1 The vertex reachability problem for PTPBs is undecidable.

Proof sketch: The construction, presented in Figure 10.4, allows to increase the
'.c!ueof an arbitrary variable a by I every time when the path fragment from the
lertex V to the vertex Viis executed (@ is an auxiliary vertex from which no other
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Tim {N},() Tim

{T}, () Tim

IDigit, ?d
10, (x>0,0:Sd:S9)
I

+-------

0, (no=d)
Connect, ?n

-\ --
igit, ?d

I :0, (0:Sd:S9):1D=2ol
+-~

Figure 10.3: The PTPB phone

?b
0, (a < b) ?x

{td,(a<x<b)

Figure lOA: A Variable Increasment in PTPB

vertex is reachable, every edge in this fragment is red): had b received any other
value [i.e, not that of a + I) greater than the value of a, the process execution would
reach the vertex @ since the transition, pending on the timer tl becomes enabled in I
second after the process reaching the UU vertex. So, such a block can be used as the
operation a .- a + 1 in any machine with counters. The variable value decreasrnent is
done in a similar way, recall for the undecidability that in PTPBs we have unlimited
possibilities to use the variable comparison operation.O

It turns out that we can restrict the PTPB model just slightly in order to retain
the decidability of the vertex reacbability (and the finite feasible path set projectivity)
for the restricted model, called PTPBo.

First of all, given a linear formula (predicate) 'YW over the variables x E W, let
us call 'YW semi-closed w.LL z, E W, if the formula contains positively (i.e. within
an even number of negations) no more than one occurrence of inequalities x, < a
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and a < Xi for a being either a variable X E W, or an integer constant (the number
of negative occurrences of these inequalities (corresponding naturally to the positive
occurrences of inequalities z, ~ a and a ~ x;) is not limited).

We call a PTPB A a PTPBo, if for every red edge e E E(A) its variable condition
,w(e) is semi-closed w.r.t. the edge input variable labw(e) E W (the variable value
conditions on black edges are not constrained by any additional requirements).

Even a simpler natural way of restricting PTPBs when seeking the decidability
of the vertex reachability problem would be rather acceptable: one could simply
forbid any use of the input variable value in the inequality system determining the
possibility of the transitions along the edge. However, as the further results show,
this is not necessary, so we manage to save a considerable modelling power of the
decidable specification formalism (also the phone number dialling process, described
in Figure 10.3 is a PTPBo).

We define for PTPBs the notions of the process graph, path, history, feasible path,
etc. the same way as it is done for PTPs in Section 9.2.

Given a PTPB A we let fl~ to be the set of all mappings EJT: T(A) -; Q+O and
""~ to be the set of all mappings EJw : W(A) -; Z.

Theorem 10.2 There exists an algorithm which, given a PTP!30 A constructs a pro-
jectivee for the set of all finite feasible paths in A.

Corollary 10.3 The vertex reachability problem for PTP!30s is decidable.

Proof of Theorem 10.2: Given a PTPBo A we construct for it the modelling LTiBA
program M(A) following similar lines, as in the proof of Theorem 9.3 for the PTP
modelling.

'vVelet first the program M(A) vertex set to contain the set of the process A
vertexes: V(A) ~ V(M(A)) (some other vertexes of M(A) will appear later on).

We define for every A timer t ETa corresponding LTIM variable xT in the
program M(A), for every A variable yEW the LBASE variable x: is defined in
\I(A), as well.

For every program M(A) variable value vector v= (vB, ifF) E VM(A) let OT(ifF) be
the mapping 0T E t>.~defined

fJr(t) = vT.x; e vT.z for all t E T(A),

let BB(vB) = OB E t>.~be defined by

OB(y) = vB.x: for all y E W(A).

Let us say that the program variable value vector v is modelling the process timer
and variable value assignment O(i!) = (OT(ifF),OB(vB)).
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We say also that the program M(A) state s = (n, V)for n E V(A) (recall V(A) <;;:
V(M(A))) is modelling the process A state

7rS(s) ~ (n,O(v)).

As in the case of modelling PTPs by LTIMo programs, we define the modelling
program fragments, corresponding to the process A edges in order to meet

Lemma 10.4 If (n, 5) ~~ (n', 5') in the PTPB process A, and the program
variable value vector v E VM(A) is taken such that O(U) = 6, tben we have also

(n, U) ~ (n', v) in the program M(A) for some v with O(V') = 5'.
Reverse, if (n,V) ~ (n',v) in the modelling program M(A) and (7 = lab(e) E L,

"") .(d) .'" ( , )tben (n,l!(v) --->---> n ,l!(V') .

(The definition of the relation --+ is just the same, as in the proof of Theorem 9.3,
take into account that now every M(A) variable value vector v is a pair (uB,iJT)
and that the existence of the history v in M (A) is equivalent to the existence of
corresponding histories /lB and /IT in the programs M(A)8 and M(Al (see Section 3.2
for the definitions of the programs pB and pT from given LTIBA program P)).

The modelling of one edge e E E(A) is also done following similar lines, as the
modelling of PTP edges in the proof of Theorem 9.3, however, some technical details
are additional.

Lemma 10.5 For every linear formula '"1 over the variable set W there exists a
LBASE program block B(-y) with one entry and two exits (labelled by • +' and' - r ),

such that the computation of the block starting from the variable values

V.I~ = 68(y) for all yEW

leads to the ezit : +. if and only if the process variable values 6B satisfy the formula
"'I; otherwise the computation always leads to the • -' exit.

Proof: The elementary predicates are translated, as follows(here and further on the
little labels on the edges denote the exits of the modelling block components (program
operators; blocks, corresponding to subfonnulae), while the labels, shown as the edge
targets denote the exits of the whole block):

y > c: and y > u:
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As to the composed formulas, their translations by the program blocks are obtained
inductively on the subformula structure the following way (here B(-y) denotes the
block for translating the formula 1'):

The correctness of the translation is straightforward. 0
As in the modelling of PTPs. we consider an edge e E E(A), leading from n to n'

in a PTPB A, let-y(e) = {tl, ... ,t.}. The modelling block structure for the edge e in
M(A) is similar to that in Figure 9.3, however, some slight additions and changes are
present (the input of a LBASE variable x: which corresponds to the process variable
y = labw(e) E W, the block AO is moved to the end of the modelling chain for it
makes use of the new value of x: while the A, B, ... , C blocks need the "old" value):

... ~n':

Figure 10.5: Modelling Block Structure: LT1BA

The blocks AO, ASS and A, B •... , C have the same principal roles as in Figure 9.3,
The block AOchecks the sa.tisfication of the edge e conditions (both 6(t;) = 0 for

i, E -IT( e) after waiting of d time units and 1W (observe the interpretation of""1wover
the variable value assignment e5fv. including the value, received from the input):

-1z<~ H z<~ ~ ... --1 z<~ MB(-rw(e)) f-
The block ASS is obtained from the settings h(e) and tPw(e) as in the modelling

of PTPs (for every variable x: the assignment x~ .- x~ for u = alw(e)(y) E W
iX~ t- c for c = <f>w(e)(y) E Z) is present (similarly for variables x; for t E 7)).
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Up to this point the constructions made were possible also for the whole class of
PTPBs. The problem in the modelling PTPB processes is that we cannot in general
build for given red edge e a corresponding LTIBA block which allows a control flow
through it if and only if tbere does not exist any input value for which the transition
along e becomes enabled (because of the fulfillment of the condition I'w(e)), the
example in Theorem 10.1 is based just on this point, see Figure IDA.

In the case of PTPBos we obtain the modelling possibility from the following
important result (combined with Lemma 10.5).

Lemma 10.6 For every linear formula "t over the set W of integer-valued variables.
if I' is semi-closed w.r.t, yEW, then there exists a corresponding linear formula 1'0

over the set of variables WO = W \ {y} such that

• ,./ is true for fixed variable values .s(x), x E WO jf and only jf

• there exists a value u = 6(y) E Z such that -y is true for the variable values 6( x),
xE W.

Moreover, for every such -y the corresponding formula -yo can be effectively obtained
from "t-

Proof: Exclude the variable y from the formula -y by replacing every chain of relations
a>'ly>'2b for Xl, X2 E WO U Z and >.; E {<,:S} by a sb, where>' is the strongest of the
relations >';. Due to the semi-closeness of "t no more than one of A; is strong inequality
«), so in the case of the validity of -yoover some variable value assignment .s, also the
value of y yielding the validity of "'I can be found, we do not consider further details.D

Now the modification of the transition impossibility controlling blocks (Figure 9.4)
is straightforward: the block, corresponding to a red edge e' with "'IT ( e') = {U\. , .. ,u,}
is defined as:

Figure 10,6: Transition Impossibility Controlling Blocks

We acid into the program M(A) also the initializing fragment, containing the
assignments x[ •.....s*(t) for all t E 7(A) and x: .....6~(y) for all y E WeAl

The rest of the proof of the theorem is very similar to the case of the basic PTPs
(Theorem 9.3)' its detailed consideration is omitted (since the graph BC( M (.4)) has
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not been defined for LTIBA programs, we have to use simply some Tvprojectivee
for the set of all finite feasible accepting paths in M (A) (obtained in the proof of
Theorem 4.1 from the graphs BG(M(A)B) and BG(M(A)V) by Lemma 2.8).0

Via the modelling of PTPBos by LTIBA programs (Lemma 10.4) on can prove
also various interesting results about the infinite path feasibility in PTPBos (see Sec-
tion 7.5 for some list of results in LTIBA program analysis).

There is also another alternative for introducing the data in the parallel timer
model: we obtain the definition of a PTP with Rational data (PTPQ, for short) if we
replace the integer data type of the non-timer variables in the definition of PTPBs by
lhe rational one. '

For the linear formulas over rational-valued variables the requirement of semi-
closeness is not necessary for an analogue of Lemma 10.6 to hold. So, using a sim-
ilar schema, as in the PTPBo modelling, one can model every PT PQ in the lan-
guage, called, say, LTIQo, every program in which is allowed to have two complects
of rational-valued variables: one of them with allowed LTIMo commands over them
!used in handling the timed aspects of the process behaviour) and the other without
the real time counter and allowed LBASQ commands (used in handling the data as-
pects of the process behaviour), any interaction between both the variable complects
is forbidden (clearly, every LTlQo program is also a LTIM program).

Since the programs in both the languages LTlMo and LBASQ have w-projective
infinite feasible path sets (see Corollary 7.12 and Fact 7.2), the w-projectivity re-
sult holds also for the sets of all infinite feasible paths in LTIQo programs due to
Lemma 2.9.

Using the modelling of PTPQs by LTIQo programs one shows the w-projectivity
of the set of all infinite feasible paths also for PTPQs (an analogue of Lemma 9.5
~nd Lemma 10.4 is useful for the modelling correctness proof, we do not consider the
details).

In Section 13.2 we give also the principal schema of the deciding bisimulation
equivalences for PTPQs (in fact we consider for the sake of simplicity only the strong
equivalence), what is interesting to mention is that a similar algorithm if tried on
lhe deciding bisimulation equivalences for PTPBos, runs into serious problems about
which it is not clear for the moment, how they can be dealt with at all.
,~IIthe above considered enrichments of the PTP model still retained the decidability
of, at least, the process vertex reachability problem (as it will be seen from the proofs
of Chapter 11 and Chapter 12, the most of the enriched models (save the cases of not
bounded PTPNs and the integer data dependent formalisms PTPB, PTPBo) permit
«lso the automated bisimulation equivalence decision). However, it is very easy to
e'lend the PTP model also in a way to have all the interesting analysis problems,
'Includingthe vertex reachability, undecidable, a very natural (and rather "similar" to
PTPQs) such extension is considered in Chapter 15.



Chapter 11

Deciding Bisimulation
Equivalences

This chapter is devoted to the deciding bisirnulation equivalences for Parallel Timer
Processes. After the definitions of the equivalences in Section ILl we consider the
notion of region (symbolic) processes which playa crucial role in the deciding al-
gorithms (Section 11.2) and show the algorithm of deciding the strong bisimulation
equivalence in Section 1l.3. The further arguments, needed in the deciding of the
weak bisimulation equivalence, are postponed to the next chapter.

11.1 Strong and Weak Equivalences

Let A ~f L u [e] d) Id E Q+O} be the set of all actions ranged over by i>.

We define the strong timed bisimuJation equivalence in the set P of timed processes
in the usual way (see IHLW91j):

Definition ILl Let F(R) be the set of all (P, Q) E P x P satisfying

i) whenever P .z. P' then Q .z., Q' with (P',Q') E R for some Q',
ii) whenever Q ~ Q' then P ~ P' WIth (P',Q') E R for some P'.

Then R is a timed bisimulation if R <;; F( R). We define the timed bisimuJation
equivalence, written ~, to be the greatest jixpoint of F.

We prove in this chapter the following theorem.

Theorem 11.2 There is an algorithm which, given two Parallel Timer Processes A
and B, decides whether A ~ B or not.
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It has been proved to be often useful to abstract from certain actions when ob-
servinga process behavior, this leads to the notion of weak (abstracted) bisimuJation
equivalencein process algebras. In our case with the semantics of processes given by
the timed transition systems we face two principal alternatives whether to abstract
from timed transitions in the process behaviour or not.

Here we choose to have the timed transitions (i.e. ~) non-abstractable (as it was
done in {Wan91bJ). As to the time abstracted case we just note that the equivalence
obtained this way still depends on the timing constraints on the behaviour of the
process: these constraints can eliminate some stilJ observable action sequences as
impossible. The reader may himself convince that this equivalence can be shown
decidable by using the path set projectivity techniques, demonstrated for PTPs in
Section 9.2, combined with the standard bisimulation deciding algorithms for Finite
State Machines (see e.g. [KS83J).

Let P ~ Q if and only if P( .z,)'Q (i.e. P may become Q by doing a sequence
of ..!-..-transitions). Define for Q E Lo the relation P ~ Q as P ~~~ Q. For

delay transitions let, as in [Wan90JP ~ Q whenever

for some d1, d2, ••• ,dk with d1 + ~ + ... dk = d.
Intuitively, ~ is rather complex relation for it allows the abstracted waiting to

be split into elementary waitings by the r-actions at arbitrary time moments and
without a priori bound on the number of the splitting moments (we afterwards show
such an a posteriori bound, see Lemma 12.4).

Letting v to range over Lo U {f(d) IdE Q+O} we can now define the weak timed

bisimulation for timed processes (observe that P ~ Q iff P ~ Q):

Definition 11.3 Let F( R) be the set of all (P, Q) E P x P satisfying

i) whenever P ~ P' then Q ~ Q' with (P', Q/) E R for some Q',
ii} whenever Q ~ Q' then P ~ P' with (PI, Q/) E R for some P'.

Then R is a weak timed bisimulation, if R ~ F(R}. We define the weak timed
olsjmuJationequivalence, written ~, to be the gr-wtest fixpoint of F.

Theorem 11.4 There is an algorithm which, given two Parallel Timer Processes A
and B, decides whether A ~ B or not.

Observe that the result of Theorem 11.2follows from that of Theorem 11.4 in the
caseof no edges in the processes A and B are labelled with the T-actions.
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Let for a given finite process P = (W. (v, 8)) d( P) be the set of processes (w, (t·'. 8'))
with v' being a vertex in W graph and 8'( t) ::; cP for every P timer I, where cP is defined
to be a constant which exceeds both all timer values from 6 and all constants used
in 4>edge assignments. It is easy to see that every P derivative (= a process which
can be obtained from P by performing some sequence of transitions) falls into the
set <i(P) (the converse might not he true). So, without loosing generality in deciding
whether A ~ B, A::::: B one can consider ~ and :::::to be the maximal bisimulations
in the set J(A) x d(B) <;:: P x P.

11.2 Symbolic Processes

Without the loss of generality we assume that all the explicit constants c, used in the
edge timer value assignment vectors 4>(e) in the graphs of A and B, are integers (were
it not so one could change the scale of the number line to ensure it; easy to see that
the behaviour of the processes is not affected by the scale change).

In order to decide whether A ~ B, A::::: B we give an effective characteristic (by
the means of a finite partitioning) of all bisirnilar process pairs within d(A) x d(B)
in a way described below (it turns out to be too rough for the proof to consider
partitionings of d(A) and d(B) independently: the proof cornerstone Lemma 11.7
does not hold for any nontrivial partitioning of d(A) x d(B) which is obtained as the
product of independent partitionings of J(A) and d(B)).

For T = {II, 12, ... , 1m} being a finite set of timers, let us represent every T timer
value assignment b : T -+ Q+o as the vector (6(1", ... ,6(1",)) E (Q+o)m. Let ~ he
an equivalence relation in the set tJ.7 of T timer value assignments such that 61 ~ 62

if and only if

• W(I;)J = l<52(1;)J for every i = 1, ... ,n and

• for every i.i

{bi(I,)} ~ {bi(tj}} if and only if W(t,)} ~ W(IJ)}

{bi(I;)} = 0 if and only if W(I;)} = 0

(here [z] denotes the "integral part" of I, i.e. the largest integer, which is not greater
than z , and {x) stands for the fractional part of x (i .e. {x) = x - lx J )).

Given <5E tJ.7, let us denote the equivalence class C <;:: tJ.7 W.Lt. ~ with 6 E C by
C(S) and call it the time region of T, corresponding to 6.

Given a timer value assignment one can easily compute its corresponding time
region (one can use the time region representations. say, by linear inequality systems
in order to make all computations with them effective).
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Example 11.5 1fT = {t\,t2,'" ,t7} and 6 = (0.7,1,1.23,4,17.23, 17.75. 17.75),
then the time region C(6) can be described as an inequality system
C( 6) = (0 < tl < 1 = t2 < t3 < 2 < 4 = t. < 17 < ts < t6 = t7 < 18,
0= {t2) = {t.} < {t3} = {ts} < (td < {t6} = {t7}).

Clearly, if for every t E T and every timer value assignment 6 E Ll ~ LlT always
o(i) E [O,c] ~ Q+O, then the set of the corresponding time regions {C(c) 16 E Ll) is
finite.

The presented time region construction is actually the same, as used in [ACD90J for
demonstrating the effectivity of the model checking procedure over Timed Graphs.
One may see also [ABBCK91] to find out other situations, where similar ideas of
variable value space partitioning have worked in deciding reachability for various
classes of data-dependent programs.

Definition 11.6 Let P; = (4)A,(VP,,cP;)) E J(A), Q. = (4)B, (vO"co.» E d(B), we
say that (PI, QI) ~ (P2, Q2) iff

• vP, = vf', and VOl = vO, (i.e. the vertexes of corresponding processes coincide)
and

• 'tP, :: 'tQ• ~ 5f', :: 50" where :: denotes the concatenation of two vectors.

It is important to notice that for (PI, QI) ~ (P2• Q2) it is not enough to have
l'P, = vf'" vo. = VO' and cp• 2' 6P', cO. 2' cO,. one needs also the timer values in PI
to be ordered w.r.t. the timer values in QI the same wa.yas the timer values in P2 are
ordered w.r. t. those in Q2.

Lemma 11.7 Let PI,P2 E J(A}, QI,Q2 E d(B), such that (PI,QI) - (P2,Q2)'
Then PI :::::QI if and only if P2 :::::Q2'

Proof: Let us give another characteristic of the equivalent process pairs:

Definition 11.8 We call a mapping p : Q+O --+ Q+O uniform if

• p is strongly monotone (x> y implies p(x) > pry»),

• p(x} + c = p(x + c) for every natural c and every x E Q+a,

• prO) = o.
We extend any mapping p : Q+O --+ Q+O in a polymorphic manner to any struc-
.ures containing nonnegative rationals as elements in such a way that the mapping
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P is applied to every component a E Q+o of the structure and does not change illlY
component of other type, for example.

P(6,,02, ... ,6m) = (p(61),p(02), ... ,p(om)),

as well as for P E d(A), Q E d(B) p(P,Q) = (P',Q'), where P' and Q' have the
same vertices as P and Q respectively, but the corresponding timer vector SP' :: SQ' =
p(SP :: SQ), etc. The proofs of the following facts easily follow from definitions:

Fact 11.9 (P" QI) ~ (P2, Q2) if and only if there exists a uniform mapping p. such
thai (PI,QI) = p«P2,Q2)).

Fact 11.10 Whenever p : Q+o -+ Q+o is a uniform mapping, then for every dE Q+o
the mapping a«, defined Pd(X) = p(x + d) - p(d) for every z , is also uniform.

Fact 11.11 Whenever p : Q+o -+ Q+O is a uniform mapping, then for every d, d' E

Q+o and every x E Q+O

Proof:
(Pd)d'(X) = Pd(X + d') - Pd(d') =
= p(x + d + If) - p(d) - (p(d + d') - p(d)) =
= p(x + d + If) - p(d + d') = Pd+d'(X),O

Proposition 11.12 Whenever P2 = p(PIl for the processes PI, P2 E d( A) ud( B) and
some uniform mapping P, then,

• if PI ...!:.., P;, then P2 ...!:.., p(P;),

f P <Cd) P' th P «p(d)) (P')
• I 1 ----+ l' en 2 ---+ Pd I}

if P <Cd) p' th P <Ip(d)) (P')
• I I ==> I I en 2 ~ Pd I'

Proof: Consider first the untimed transitions. Since PI and P2 have the same graph
vertex, as well as the same timers with 0 values and, so, the same transitions along the
same edges enabled, the result follows by observing that for every possible newly ap-
pearing timer value c E N (remember scaling') p(c) = c (because of the p uniformity),
use induction along the (...!:..,)" derivation for the transition ~.

As to the timed transitions consider first the case PI ~ P;. Let PI have a state

(v,o), then the state of P2 is (v,p(o)). By the definition of ~ for every red edge e.
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outgoing from v, there exists I; E "I(e), such that 0(1;) ~ d. By the monotonicity of p
,(.(d))

for every such t; p(o(t.)) ~ p(d), so P2 --+ P; for some P;.
In order to prove that P; = Pdt P;) it remains to consult the defini tions of the

. . elati ,(d) d h . (f P' id ?transrtion relation --+ an t e mapping Pd or every I timer I; consi er _ cases
whether ott;) ~ d or o(t;) > d, in both the result follows easily).

The general case of P, ~ P; follows from Fact l Ll l by the induction along the

elementary transition chain in the derivation ~.o

Let P :::::;'Q if and only if P, ::::Q, for some (Ph Q,) ~ (P, Q). By showing that
:::::'is a weak bisimulation we complete the proof of the lemma.

Take some P ~ Q, let P,:::: Q, and (P"Q,) ~ (P,Q), then (P1,Q,) = p((P,Q))
for some uniform p (Fact 11.9). By Proposition 11.12 whenever P ~ P' then PI ~
p(P'). Since PI:::: Q" then also QI ~ Q; for some Q; with p(PI) ::::Q;. Since the
inverse of a uniform mapping is also uniform, Proposition 11.12 gives Q ~ p-I(Q;),
easy to see tha.t (PI,p-I(Q;)) ~ (p(P'),Q;) and so P':::::' p-I(Q;), as requested.

All the other cases (including the timed ones) are very similar to the considered
one, their detailed analysis is omitted.D

Now let us consider a partitioning XA.B of the set d(A) x d(B), generated by ~.
easy to see that it is finite (for every P E d(A) U d(B) any its timer value does not
exceed max{c\eB}). For arbitrary P E d(A), Q E d(B) let us denote by X(P, Q) the
element in this partitioning to which the pair (P, Q) belongs to and call it a region
process, corresponding to (P, Q) (one could call the region processes also symbolic
processes due to their symbolic nature).

For the completion of the proof of Theorem 11.4 it suffices to check whether for a
given set X ~ XA,B the corresponding set of process pairs Rx = {(P, Q) I X(P, Q) E
X} is a. bisimulation (observe that there is only a finite number of different symbolic
process sets X ~ X-"'.8), we deal with these problems in Section 11.3 for the case
of strong bisimu.lation and in Chapter 12 for the weak bisimulation (see especially
Section 12.2).

11.3 Deciding Strong Equivalence

For the sake of simplicity we consider first the deciding of the strong (i .e, non-
abstracted) bisimulation equivalence. We begin with some results, characterizing
the "waiting behaviour" of the processes.

Let for PEP P(d) be the process which is obtained from the process P by letting

time to pass for d units (P ~ P(d)) provided P can perform such a waiting (observe
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that according to the semantics of timed processes [t.ime-deterrninacv property) such
process P(d) is always unique for every P and d).

We let p.(P) for PEP to denote the minimal nonzero P timer value fractional part
(if all timer values in P are integers, let p.(P) = 1), let p.(P,Q) = min{p.(P),p.(Q)}.
We call a process P stable, written P ~, if and only if there exists d > 0, such that

P~P(d).

Fact 11.13 For PEP, if P~, then for all d S p.(P) P ~ P(d).
For P E d(A) and Q E d(B), if P ~ and Q ~ then for all d, d' E)O, p.(P, Q)[
always P(d),Q(d),P(d'),Q(d') exist and X(P(d),Q(d)) = X(P(d').Q(d')).

Proof: Follows from the semantics of processes and the definition of region processes
(equivalence relation ~).O

Definition 11.14 Let for X = X(P,Q) E XA.B with P ~ and Q ~

• nexto(X) = X(P(p./2), Q(p./2)) and

• nextdX) = X(P(p.),Q(p.)), where p. = p.(P,Q).

According to Proposition 11.12 and since for (P',Q') = p((P",Q")) for uniform
p always p.(P',Q') = p(p.(P",Q")), we obtain that the operation nextl for region
processes is well (uniquely) defined. In order to obtain the well-definedness of nex1o,
consider also the monotonicity of p and Fact 11.13.

The following result is used below (see Lemma 11.17) to obtain a symbolic char-
acteristic of waiting for region processes.

Lemma 11.15 Given a set Rx = {(P,Q) I X(P,Q) E X} with X c;;: ,1'...•.6, the
following two statements are equivalent:

1. for every (P, Q) E Rx and every d > 0 whenever P ~ P( d) then also Q ~
Q(d) and (P(d),Q(d)) E R»; and

e. for every X = X(P,Q) E x, if P~, then both nexto(X) E X and neztl(X) E
X.

Proof: Consider (1.) :} (2.) and assume (P,Q) fixed. Since P ~. according to

Fact 11.13 for all d E !O,p.(P,Q)] P ~ P(d). According to (I.) we obtain that also

Q ~ Q(d) for all d E [0, p.(P, Q)], moreover (P(p.(P, Q)/2), Q(p.(P, Q)/2)) ERA.
hence nex/o(P,Q) E X, and (P(p.(P,Q)),Q(p.(P,Q))) E Rx. so, nextdP,Q) E X.

. «(d)
As to (2.) :} (1.), assume (P,Q) E Rx and dE Q+O With P - P(d) fixed, and

consider the sequence
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• Po = P and Qo = Q, as well as

• P,+1 = Pi(p.;) and Q'+1 = Qi(/Li) (we abbreviate /Li = p(P,. Qi)).

According to (2.) we inductively establish that (P., Q.) E Rx for all i all the time the
elements (P.,Q.) can be defined. If at some stage either Pk(Pk), or Qk(Pk) does not
exist, we have (Pk,Qk) E Rx• so we conclude according to (2.) and Fact 11.13 that
the process P cannot continue its waiting: Pk ;t!., in this case we have J.Lo+ J.L1+
... + J.Lk-l ~ d.

Since for every i the sum J.Lo + J.L1+ ... + J.Lican be expressed as f + c for f being a
fractional part of some P or Q timer value and c E N (it followsfrom the semantics
of timed processes), as welJas both the processes P and Q have just finite number of
different timer value fractional parts, no more than finite number of the elements in
the defined sequence can occur before the time moment d is reached.

So we have either P(d) = Pi and Q(d) = Q. for some i, or P(d) = Pi (J.L')
and Q(d) = Q.(J.L') with J.L'< p.;. in both cases we obtain (P(d).Q(d)) E Rx ac-
cording to (2.) (observe that X(P.(p').Q.(p')) = X(P.(p.;/2),Qi(p;/2)) according to
Fact 11.13).0

Let us introduce in the set XA.B of region processes the relations...!.....for o E L in
a way X ...!.....X' iff there exist (P, Q) E X and (P', Q') E X' such that P ...!.....P' and
Q ..::.....Q'. We use the following notion of symbolic bisimulation in order to give an
efficient characteristic of the set of all bisimilar process pairs (P, Q) E deAl x deB):

Definition 11.16 The set X E XA.B is a strong symbolic bisimulation if and only if
for all X = X(P,Q) E X

• whenever P .z, P' then X .z, X (P', Q') E X for some Q';

• uihenener Q ~ Q' then X"::"'" X(P', Q') E X for some P';

• whenever P ~. or Q ~, then both nexto(X) E X and nextl(X) E X.

Since every (strong) bisimulation Rx ~ deAl x deB) contains together with every
pair of timed processes (P.Q) also all process pairs (p'.Q') with X(P'.Q') = X(P,Q)
(see Lemma 11.7) and the set XA.B of all region processes is finite, the following two
results complete the proof of Theorem 11.2 (decidability of strong timed bisimulation
equivalence for PTPs).

Lemma 11.17 The set Rx = ({P,Q) I X(P,Q) E X} is a strong timed bisimulation
if and only if the set X is a strong symbolic bisimulation.

Proof: Easily obtained from Lemma 11.15, Proposition II.l2 and the definitions.D
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Lemma 11.18 It is decidable whether a given set X ~ X,o,8 is a strollg symbolic
bisimulatioll,

Proof: In order tocheck, whether X is a symbolic bisimulaiion (i.e, whether R~ is
a strong timed bisimulation), we take lor every XE X a r,epreseotalive(P,Q)E X,
Since fOl' every tr E L the set of zr-denvatives Pof every given timed process Po
is finite [i,e, the &Ilt {P E. 'P I Po .z: P'}). the check whether for all P',f1 with
P ...!... P' there exists Q' with both Q"'!'" Q'and X(P',Q') E X (as well as the case
with Ps and Qs in ch.anged roles) is effective. As to the·case of timed transitions, the
check, whether for given x « XA,a with either P ~ or Q ~ for some (={orevery)
representative {p. Q} E X the processes ne:J:to(X) and ne,%td X) existand belong LO
X are dearly effective.D



Chapter 12

Deciding Weak Equivalence

In this chapter we complete the proof of Theorem 11.4 (decidabilityof weak bisimula-
tion equivalence for Parallel Timer Processes). We begin with some technica.l points
about the timer value inheritance.

12.1 Timer Value Inheritance

In this section we briefly consider some technical points regarding the timer value
maintenance along the process derivations. The results of this section will be used to
prove the correctness of the weak bisimulation deciding algorithms below.

Definition 12.1 Let PEP and P ~ P~. We say that a process P~ timer t inherits
the value from the process P timer to E T(P) along the given derivation P ~ P~,
if for every process P' contained in this derivation and having P ~ P' there exists
a timer t' E T(P) with 6P'(t') = 6P(tO) - d' (50, also cP_(t) = 6P(tO) - d).

Proposition 12.2 If P ~ P~for d < 1, then for every P~ timer t E T(P~) = T(P)
with 0 < {cp_( t)} < 1 - d the timer t inherits its value from some P timer to E T (P)
with {6P (to)} > o.

Proof: Assume the contrary and look for the earliest process P' in the given derivation

p ~ P« such that the P~ timer t inherits its value from some P' timer t', let P' ~ P~
for d' :S d. Since P' is the earliest such process, we infer, according to the semantics
of timed processes and the agreement to have all constants used in P timer settings
integers, that cP'(t') E N. The definition of the timer value inheritance gives us
5Pd(t) = 6P'(t') - if, due to if :S d we obtain {6Pd(t)} ~ 1 - d, a contradiction (the
case d' = 0 is excluded by the proposition requirements).O
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Fact 12.3 Whenever P ~ Pd, Q ~ o, for d < Il(P, Q) we have Jl(Pd, Qd) 2
Jl(P,Q) -d.

Proof: Straightforward from Proposition 12.2 and the definition of Jl(P, Q).O

Lemma 12.4 Let lor a sequence of process pairs «p.,Q.).eJ with I = N, or 1=
,Cd·) ,(d;).

0,1, ... ,s for some sEN, we have Pi ~ p'+1 and Q. =* Q'+I tmth d. = Jl(Pi, Qi)
for all i. Then for kP = card(T(Po)), kQ = card(T(Qo» and i > u(e + kQ + 1)
with u E N-arbitrory we have do+ d1 + ... + d'-1 2 U.

Proof: Let for every i do + d1 + ... + di-1 = p,. According to Proposition 12.2
we obtain that, if P'+I = Pi + Jl(p., Qi) < I, then every Pi timer i' with {SP, (t')} =
P.(Pi,Qi) inherits its value from some Po timer t with {SPO(t)} > 0, as well as every
Q; timer t' with {~;(t')} = Jl(P.,Qi) inherits its value from some Qo timer t with
{SQo(t)} > O.

Since the processes Po a.ndQo have together no more than kP + kQ different timer
value fractional parts, the dela.ysPi ElO,1[ can be for no more tha.t v: + kQ different
indices i, so we have PkPHO+I > 1. We can now repeat the construction by taking
(PkPHO+1>QkPHO+l) instead of (Po,Qo) as many times, as needed, so obtaining the
result of the lemma..0

12.2 Deciding Weak Equivalence

For the deciding whether the processes A and B are weakly bisirnilar , we follow the
same principal lines, as in the deciding strong equivalence, considered in Section 11.3.
We define first the generalized ("weak") versions of the next operators for process
pairs.
Let for P E d(A), Q E deB) for Jl = Jl(P, Q)

WT ,(d)
• whenever P ---+ then NoA(P, Q) = {X(P(d), Qd) I Q ==> Qd & 0 < d < Jl} and

Nt(P,Q) = {X(P(Jl),Q/) I Q ~ Q'}, as well as

WT ,(d)
• whenever Q ---+ then NoB(P,Q) = {Xd,Q(d)) I P ==> Pd & 0 < d < Jl} and

N{J(P, Q) = {X(P', Q(Jl» I P ~ P'}

Fact 12.5 For (P,Q) S;:(P',Q/) always Nf(P, Q) = Nf(P', Q'), where I = A, Band
j = 0,1.

Proof: Follows from Proposition 11.12.0
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Fact 12.6 For every X E NOA(P, Q) and for every d E]O, /liP, Q)! there exists Qd
with both Q ~ Qd and (P(d),Qd) EX.

Proof: According to the definition of NOAand the transition relation ~ we ~ave

with d; > 0 and d1 + d2 + ... + d", = tf for some tf E]O,/liP, Q)[.
It is easy to see by the induction along the Qd' derivation that if we change in the

derivation of Qd' the values of d; to dis in a way di > 0 and ~ + ~ + ... + d~ = d, we
obtain the needed derivation of Qd with X(P(d),Qd) = X(P(d'),Qd')'O

A similar result can be obtained also for the set Nt.
Note: In the case both the processes A and B satisfy the maximal progress assump-
tion, stating that r-Iabels in the processes can be ascribed only to red (instantaneous)
edges [i.e, the internal actions in the processes must occur as soon as enabled), the
defined sets No"'(P, Q), N~(P, Q), NoB(p, Q) and N1B(p, Q), and, so, also all the de-
cidingalgorithm and its correctness proof given below become much simpler (we could

have, for instance, that A!J.(P,Q) = {X(P(d),Qd) I Q ~ Q' ~ Qd & ° < d < Ill)·
However,since the overall proof follows the same principal ideas as the proof of The-
orem 11.2 (see Section 11.3), we consider just the general case and leave to find the
simplifications, obtained in the maximal progress case, for the reader himself.

The following lemma plays an important role.in obtaining symbolic characteristics
of weak bisimulations Rx ~ deAl x deB).

Lemma 12.7 Given a set X ~ XA.B with Rx = {(P, Q) I X(P, Q) E X the following
two statements are equivalent:

. 'Cd) ,(d)
1. for every (P, Q) E Rx and every d > 0, if P ---+ P(d) then Q ==> Qd for some

Qd with (P(d), Qd) E Rx; and

fl. for every X(P, Q) E X, if P ~, then both X' E Nt n X and X" E N1A n X
for some X', X".

Proof: (1.) ~ (2.) follows from Fact 11.13and the definitions of NoA and N1A.
As to (2.) ~ (1.) assume (P,Q) E Rx and consider the sequence

(Po, Qo), (Ph QI), (P2, Q2)"'" where

• Po = P and Qo = Q (So, X(Po,Qo) E X), as well as
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• Pi+! = Pi(/Li) and Q; ~ Q;+) with X(P;+I,Qi+d E Nt(P"Q,) n X (we
abbreviate /Li = /L(Pi,Q;)), such Q;+1 can always be taken due to (2.) provided
X(Pi,Qi) E X and P;~.

Clearly, if P ~ P(d), then either the sequence of (Pi, Qi) is infinite, or Pi = P(d')
for d' ~ d for some i (the end of the sequence can be reached at Pk only when Pk 7!.).
According to Lemma 12.4 Pi = P(d') for d' ~ d for some i in every case.

So, for a fixed value d with existing P(d) we have either

• P(d) = Pi for some i, in this case (P(d), Qi) E Rx as well as Q ~ Qi; or

• P(d) = Pi(/L') with /L' < /Li again we have X(P;, Qi) E X with Q «(~') Q•. so we

obtain (P(d),Qd) E Rx for some Qd with Q ~ Qd from (2.) using Fact 12.6.0

In what follows we give a symbolic characteristic of every weak bisimulation Rx ~
d(A) x d(B).

We introduce for /I E Lo U {f} in the set XA,B of region processes the relations ~
in a way X ~ X' iff there exist (P,Q) E X and (PI,Q') E X' such that P ~ pi
and Q~Q'.

Definition 12.8 Let for any X ~ XA,B F"(X) be the set of all X(P, Q) satisfying

• if P ~ P', then X(P, Q) ~ X(P', 0') E X for some Q';

• ifQ ~ Q', then X(P,Q) ~ X(P',Q') E X for some P';

• if P~, then both X' E Nt"(P,Q) nX and X" E N)A(P,Q) n X for some
X', X"; and

• if Q ~, then both X' E NoB(p, Q) n X and X" E N1B(p, Q) n X for some
X',X".

Then X is a weak symbolic bisimulation, if X ~ F"(X).

The proof of Theorem 11.4 (the decidability of the weak bisimulation equivalence)
now can be completed by showing the following two results.

Lemma 12.9 For X E Xu and Rx = {(P,Q) I X(P,Q) E XA.B} X is a weak
symbolic bisimulation if and only if Rx is a weak (timed) bisimulation.

Lemma 12.10 It is decidable, whether a given set X ~ XA.B is a weak symbolic
bisimulation.
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Corollary 12.11 It is decidable, whether there exists a weak symbolic bisimulation
X with X(A,B) E X.

Proof of Lemma 12.9: Let X be a weak symbolic bisimulation, In order to prove
that Rx is a weak (timed) bisimulation, take (P, Q) E Rx. Since X is a weak symbolic
bisimulation and due to Lemma 11.7 all O! for O! E Lv and f- moves by P can be
matched by the corresponding moves of Q, and vice versa (whenever P ~ P', then
X(P, Q) ~ X(P', Q') E X, according to the definition of ~ for region processes
Q ~ Q'. (P',Q') E s, since X(P,Q) EX).

We show, how ~ find a corresponding match Q' with Q ~ Q' and (P', Q') E Rx
[or P' with P ~ P' (the case of Ps and Qs in opposite roles is analogous).

Since P ~ P', we have a derivation

P _ R c TV 'ld, \ P c rv ,(d,l P. Q' ·ld.) Q ' Q' _ Q- 0 ==> '0":-':'+ 1 ==> '1":"":+ 2'" r-I ---+ r ==> r - d

for dl + ... + dr = d and d; > 0 for all i. We inductively establish that there exist
Q;, Qi for all i such that

• (Pi, Qi) E Rx and (pt, Q';) E Rx, as well as

«1';) .(",) ,• Q ==:} Qi and Q ~ Qi for Pi = dl + d2 + ... + d.;.

Q; ~ Q: with (pt,Qil E Rx provided (Pi,Qi) E Rx is proved already above;

Qi '~) Q'+I with (Pi+I,Q'+I) E Rx for (Pi,Qil E Rx folJowsfrom Lemma 12.7.

The proof that for every weak timed bisirnulation Rx = {(P, Q) I X(P, Q) E X}
the set X is a weak symbolic bisimulation is straightforward from the definitions,
Fact 12.5 and Lemma 12.7.0

Proof of Lemma 12.10: Since for every pair of timed processes (P, Q) E d(A) xd(B)
the set of process pairs (PI, 0') with P ~ P' and Q ~ Q' for every v E LoU {(}
is finite and effectively computable from (P, Q) (though the set of all corresponding
derivations can be infinite due to the repeating r-loops, observe that the all newly ap-
pearing timer values in the processes in these derivations are integers from a bounded
interval), Proposition 11.12 guarantees the decidability of the untimed match exis-
tence for all processes X(P,Q) with either P~, or Q~.

Let us demonstrate the effectivity of the check, whether for given X E X with
P ~ for some (=for all, see Proposition 11.12) (P,Q) E X both the sets

NOA(P,Q) nx and N/'(P,Q) n X



CHAPTER 12. DECIDING WEAK EQUIVALENCE 138

are not empty. Due to the finiteness of XA.B it suffices to show the algorithms.
generating the sets NoA(P, Q) and Nt(P, Q) from the given processes P E d(A) and
Q E d(B).

For this purpose we generalize slightly the notion of the region process (compare
the following definition with Definition 11.6).

Definition 12.12 Let for a given set T of timers we denote by f:1T the set of all
timer value assignments 6 : T ....• Q+o. Let for PI, P2 E cl(A), QI, Q2 E el( B) and
6\62 E f:1T we say that (PIoQl' 61) ~ (P2,Q2,02) iff

(see Section 11.2 for the definition of the relation ~ for timer value vectors).

Let XI.B be the partitioning of (d(A) x d(B)) x f:1T, generated by the relation ss, let
for every triple (P,Q,6) E cl(A) x d(B) x t::,.T X(P,Q,6) denotes the element of the
partitioning XI,B to which the triple belongs to (i.e. (P,Q,6) E X(P,Q,6)) and is
called a (refined) region process, corresponding to (P, Q, 6).

Let us mention the following simple properties of the refined region processes.

Fact 12.13 WheneverX(P,Q,6) = X(P',Q',6') for any6,6', then alwaysX(P,Q) =
X(P',Q').

Proof: Follows from definitions.D

Fact 12.14 (P"Q},o') ~ (P2,Q2,62) if and only if there exists a uniform mapping
p, such that (PIoQ},OI) =.p«P2,Q2,fJ2)).

Proof: Follows from definitions.D
Let for a given triple (P,Q,6) p(P,Q,6) be the minimal timer value fractional

part among either P or Q timer values, or the values 6(t) for t E T.

Fact 12.15 For P E d(A), Q E d(B) and 6 E f:1T, if P ~ and Q~, then for all
d,d' E]O,iJ(P,Q,6)[ always P(d),Q(d),P(d'),Q(d') exist and

X(P(d), Q(d), 68 d) = X(P(d'), Q(tI), 68 d').

Proof: Follows from the semantics of processes and the definition of refined region
processes. 0

Definition 12.16 We define the processes nexto(X) and nexll(X) for X(P.Q,6) E
XI.B with iJ( P, Q, 6) = iJ in a way
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• next)(X(P, Q, 8)) = X(P(Jl), Q(Jl),8 e Jl) and

• nexto(X(P,Q,8)) = X(P(Jlf2),Q(p.f2),oeJlf2).

Fact 12.17 For every region process X E XI.s the processes nexto(X) and next,(X)
are unique {i.e. the operations nexto and next, over the refined region processes are
well-defined) .

Proof: Assume X(P,Q,8) = X(P',Q',o'). According to Fact 12.14 (P',Q',8') =
p( (P. Q, 0)) for some uniform p. So we ha.ve J!( P' , Q' , 0') = p(p.( P, Q, 0) ), denote
p. = Jl(P, Q, 8).

Clearly, (8P :: 8Q :: 8) e Jl ~ p(8P :: 8Q :: 8) e p(Jl). so

X(P(p.), Q(p.), 8 e p.) = X(P'(p(p.)), Q'(p(Jl)), 8' e p(Jl)),

what means the well-definedness of next).
In a. similar wa.y

X(P(Jl/2), Q(Jlf2), 8 e Jl/2) = X(P'(p(p./2)), Q'(p(Jl/2)), 8' e p(p./2)).

According to Fact 12.15 and the uniformity of p we have also

X(P(Jl/2). Q(Jl/2), 8 e Jl/2) = X(P'(p(p.)f2). Q'(p(p.)/2), 8' e p(p.)f2),

i.e. the well-defined.ness of nexto.O

Now let us continue the proof of Lemma. 12.10. Let us define T = {to} and let
OO(to) = 1+ p.(P, Q). Let for every region process X E XI.s the transitions ~, ....::..
and ~ for the process Q edge e E E(Q) (=for the process B edge) with lab(e) = T

be defined as

• X -.:.... next;f(X),

• X ....::..next[(X) and

• X(P' .•Q',o) ~ X(P',Q",0) for e E E(O') with Q' ~ 0".

Let ~.Q be the set of region processes X(P',Q'.o) which are reacbable from
X(P,Q,60) using the defined transitions -..:.. and ~. Let Rp,Q ~ R'J",Q be the set of
processes with a derivation containing at least one -..:.. transition. We let also FrP,Q to
be the set of region processes, reachable from processes of ~.Q by one""::" transition,
followed by a number of ~ transitions.

Easy to see that both the sets Rp.Q and FrP,Q can be computed in a finite time
from the given processes P E d(A) and Q E d(B).

The proof of Lemma 12.10 now is completed by providing a simple decision algo-
rithm via the following result.
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Proposition 12.18 J!J.(P,Q) == {X(P',Q') 136: X(P',Q',6) E Rp.Q} and
N~(P,Q) == {X(P',Q') 136: X(P',Q',6) E R'P,Q}'

Proof: Consider first X(P(d), Qd) E NOA(P, Q). According to the definition of Nt
we have Q ~ Qd for some d E)O, Jl(P, Q)[, so according to the definition of ~ we
can obtain

Q_Q ' Q,,(d,lQ ' Q,'(d'\Q ... Q' '(d')Q ( Q'_Q- 0 ==> 0"":"':+ 1 ==> 1"":"':+ 2 r-I ---+ r ==> r - d

with d1 + ... + dr == d and d; > ° for all i. Easy to see that for P; == d, + ... + d, Iii

• for every i S x X(P(pi),Qi,oo - Pi) ~~ ... ~ X(P(p;),Q:,oo - Pi) with
ej E E( Q) for j == 1,2, ... ,U, as well as

• for every i < x X(P(Pi), Q:,oo - Pi) -..:... X(P(p;+d, Q;+1o00 - pi+d (according
to Fact 12.3 and the definition of 00 we have Jl(P(p;),Qi,6° - Pi)? di+1),

so we inductively along the derivation of Qd conclude that all the abovementioned
region processes X(P(Pi), Q;, 00 - Pi) and X(P(Pi), Q:, 00 - P.) belong to the set m,.Q'
so also

X(P(d),Qd,oo - Prj E ifp,Q'

Since d > 0, we have x > 0, so

as requested.
As to X(P(Jl),Q,,) E NJ(P,Q), consider again a derivation

Q _ Q ' Q' ,(d,l Q ' Q' 'ld,) Q ... Q' ,(d.) Q ' Q' _ Q- 0 ==> 0 -:.....:.+ I ==> I ---+ 2 r-l ----+ r ==> r - IJ.

with d1 + '" + dr == Jl and d, > 0 for all i.
As in the above case we establish X(P(Pr-d,Q~_l'oo - Pr-d E m,Q' Fact 12.3

gives us

Jl(P(Pr-d, Q~-l' 00 - PH) ? Jl(P, Q, 00) - pr-I,

according to tbe definition of 00 we obtain

so, according to the definition of""::"', we obtain X(P(Jl),Qr,OO - Jl) E R'P.Q' hence
also X(P(Jl),Q",OO - Jl) E FeP,Q' as requested.
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Assume now X € ROp,Q' l.et us prove that (P(d),Q~,,5Jl-d) E X for some d E [0,1'[
and some Q~ with Q ~ Q~.

Since X E u:.,Q' it has ••.derivation from X(P, Q, CO) by the defined .....:...and ~
transitions. We find 1.Oe delay d and the process Q~ inductively along the derivation
of X. For the empty derivationtake t! == ° and Qo == Q.

Regaxding the induction step for X E HJ.,Q assume X == X(P(d)., Q~,F?- d) with

d E \0, ~land Q.~ Q~. Consider 2 cases:

• X .z., X' == X(P(d),Q',F? - d), in this case Q~ ~ Q' and, so, Q ~ Q'
follows from the definition of the transrtion relation ~;

• X ...:.....X', according to Fact 12.5 we have

X' = X(P(d + tI), Q4(tf), ~ - (d + tI)) for tI = (f'(P(d), Qd' ~ - d))/2,

'IJ+d'ldearly Q ::::::::}QJ(d').

It is easy to see that, if there is at least one"":"" transition in the derivation of X, we
have also the corresponding dela.y d > O.

For X E lfp,Q consider again the derivation of X by ....:..., ~ and ...:.:.. from
X( P, Q, CO), the existence of appropriate Q~. again is straightforward.Cl



Chapter 13

Equivalences for PTP
Enrichments

In this cha.pter we outline the bisimula.tion equiva.lence decida.bility proofs for two
enrichments of the basic PTP model. Rega.rding the processes with nondeterminis-
tic timer settings (see Section 13.1) the obta.ined result appears to be mostly of the
theoretical interest for it is just outlining a. slightly more general model with timing
with the decidable both strong and weak bisimula.tion equivalences. The second reo
sult rega.rding the processes with the dependencies on rational-valued external data
could be, at least in principle, of la.rger practical importance for the principa.lly new
modelling abilities possessed by the processes (however, only a brief outline of the
proof is given in Section 13.2).

13.1 Processes with Nondeterministic Timer Set-
tings

In this section we consider the deciding bisimulation equivalences for bounded PTPNs
(see Section 10.3). The PTPNs have already got labelled transition system semantics,
the definition of bisimulation equiva.lences for them is standard (see Definition 11.1
and Definition 11.3).

Regarding the deciding the strong equivalence for PTPNs, it does not conta.in a.ny
new ideas, if compa.red with the basic PTP ca.se. Since the decida.bility of the strong
equiva.lencefollows from the decidability of the weak one, we further on focus only on
the weak equivalence for PTPNs.

Also the proof of the decidability of the weak bisirnulation equivalence for PTPNs
appears just to be a.generalization of the corresponding proof for the basic PTPs and
follows the same schema. What turns the situa.tion with PTPNs more complicated,
is that we cannot give any upper bound for the number of times per time unit when



13.1. PROCESSES WITH NONDETERMINISTIC TIMER SETTINGS 143

some timer in the process reaches the 0 value (so, possibly enabling a transition along
a new edge), Lemma 12.4 does not generally hold for PTPNs.

Theorem 13.1 There exists an algorithm which, given two bounded PTPNs A and
B, decides whether A - B"A::::::B, or not.

Proof outline: First of all observe that the generalization of Lemma 11.7 and Propo-
sition 11.12 to the case of PTPNs is completely straightforward (one does not need
even the boundedness at this stage) with the only new point in showing that, if
p ~ pi, then for a uniform mapping p also p(P) ~ p(P'), what can be dealt with
by observing that all interval bounds in the edge e timer setting are (taken) integers.v-
The finiteness of the intervals in the edge timer settings is important to ensure the .
finiteness of the region process set XA.B' '

Let us show, how, given a set X ~ XA.B, check, whether the corresponding set

Rx = ({P,Q) I X(P,Q) E X} ~ d(A) x d(B)

is a weak bisimulation (in the case of the strong bisimulation the proof continue to
go precisely along the same lines, as in the case of PTPs, and is demonstrated in
Section 11.3).

Clearly, given X E X and a representative (P, Q) EX, the test whether all real
(i.e. ~ or ~) transitions of P into pi can be matched by corresponding transitions
of Q with the resulting pair of processes in Rx is straightforward, though in the case
of nondeterministic settings there can be infinitely many different target states after
performed some real transition, these states can be easily grouped W.r.t. the region
processes the pairs (P', Q) belong to.

Using the techniques similar to those of the proofs in Section 12.2 one can reduce
the proof of the decidability of whether Rx for given X is a bisimulation to the
following lemma.

Lemma 13.2 Given (P,Q) E R» such that P ~, it is decidable whether for all

dE [O,Il(P)] there exists Qd with both Q ~ Qd and (P(d),Qd) E Rx.

Note: Observe that we are using here p(P) instead of Il(P, Q) used in the formulation
of Lemma 12.4 for Lemma 12.4 being not generally true for PTPNs. The building of
the sequence

(Po, Qo), (PI>QI)' (P2, Q2)"'"
as in the proof of Lemma 12.7 now is based on the idea of P;+I = Pi(p(Pi)) and is
used together with the result of Lemma 13.2 directly in the proof of the dec.idability
whether for a given pair of processes (P, Q) E X E X all .±2. moves of one. process

t(d)
can be matched by ==:} moves of another process.
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Proof: Let fl\, fll,' .. ,fl. be all different P and Q timer value fractional parts with
0< fll < ... < fl. = fl(P).

We define T = {t1,t2, .•. ,t.} and let ~(t;) = 1 + fl; for all i = 1,2, ... ,5. Let
us define for every refined region process X E ~'I.Bthe transitions X .....:....nextl(X),
X ....::, next[(X) and X(P',Q',o) ~ X(P',Q",o) for e E E(Q') with Q' ~ Q"
(observe that the transition ~ of the region processes can still have more than one
target for the same source process). Let ~ denotes any sequence of""':"" and ...::..
transitions.

Let Rp,Q be the set of region processes X (P', Q',0) which

• are reachable from X(P, Q, 00) using the defined transitions .....:....,...::..and ~,
and

• have o(t.) ~ 1 (i.e. we consider the waiting only until the least P timer value
fractional part reduces to 0).

Easy to see that the set Rp,Q can be computed in a finite time from the given processes
P E d(A) and Q E d(B).

Fact 13.3 Whenever (P(d), Q', 0) E X E Rp•Q we have 0 = ~ - d.

Proof. Followsfrom definitions.O
Let X = {X(P', Q',o) I X(P', Q') E X}. Easy to see that the proof of Lemma 13.2

can be obtained from the following result.

- ,(",lLemma 13.4 For Q' E d(B) Q = Q' and (P(Jl;), Qj.,} E Rx if and only if
X(P(p.;), 0',0) E Rp,Q n X for some 0 with ott;) = i.

Given d with fl; < d < Jl;+1 (resp. d < JlI) there exists Qd with Q ~ Qd and
(P(d),Qd) E Rx if and only if X(P(d'),Q',o) E Rp,Q n X for some o.r,s with
ott;) < I < O(t;+I) (resp. 1 < 0(t1)).

Note: Have one proved the lemma, it would be possible for every interval lJl;,Jl;+d
(and every fixed delay value Jl;) to look in the generated set Rp,Q whether it contains
a region process with corresponding values o(tj), which belongs to X, so finding out

the answer about the timed match Qd with Q ~ Qd and (P(d), Qd) E X existence
for all d ::; Jl(P) = Jl ••

Proof of Lemma 13.4: Let for d, d' ::; Jl( P) = Jl. d ~ d' whenever dAJl; iff d' AJl;
for AE {::;, ~}, i E {I, ... ,5}. Consider the following two propositions.

Proposition 13.5 IfQ ~ Qd for some s e [0,Jl.], then X(P(d). Qd, ~ -d) E Rp,Q'
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Proof: According to the definition of ~ we have

Q = Qo ~ Q~ ~ QI ~ Q~ ~ Q,'" Q~_I ~ Q", ~ Q~ = o,
with dl + ... + d", = d and d; > 0 for all i. Easy to see that for Pi = dl + ... + d; Vi

• for every i $ x X(P(Pi), Qi, ffl- Pi) ..!4~ ... ~ X(P(P;), Qi, ffl- Pi) with
ej E E(Q) for j = 1,2, ... ,u, as well as

• for every i < x X(P(Pi),Qi,ffl- Pi) ~ X(P(Pi+Il,Qi+l,ffl- Pi+l)'O

Proposition 13.6 Given d E [O,P.], whenever (P(tfl),Q',ffl- tfl) E X E Rp,Q for

some tfl ~ d, there exists Qd with Q ~ Qd and (P( d), Qd, ffl- d) EX. .

Proof: We prove first that (P(d'), Qd" ffl -If) E X with Q ~ Qd for some d' E
[0, P.]. Since X E Rp,Q, it has a derivation from X(P, Q, ffl) by the defined --.:....,....::..,
and ~ transitions. We find the delay If and the process Qd' inductively along the
derivation of X. For the empty derivation take If = 0 and Qo = Q.

Assume for X E Rp,Q X = X (P( d'), Qd, ffl - d') with Q ~ Q'd' Consider 3
cases:

• X ~ X' = X(P(d'),Q',{fl- d'), in this case Qd ~ Q' and, so, Q ~ Q'
follows from the definition of the transition relation ~;

• X --.:....X', we have X' = X(P(d' + d"),Qd(d"),ffl- (d' + d"»

for d" = (p(P(d'),Qd,ffl- d')}/2 and Q '(~') Qd(d");

• X ....::..,X', we have X' = X(P(d' + d"),Qd(d"),ffl- (d' + d"»

for Ifl = p(P(d'), Qd, ffl- If), again Q '(~") Qd( d").

Observe that in the case of d = Pi we have also tfl = Pi, the proved result gives us
already the needed Qd with (iJ ~ Qd for in this case (P(d'), Qd', ffl- d') E X requires
SO(ti} - d' = 1 (we have

(P(tfl, Q', ffl- tfl) E X and ffl(ti) - tfl = ffl(ti) - Pi = 1,

hence ffl( ti) - If = 1 (recall the definition of region processes), so, d' = tu-
Since Q ~ Qd" we have a derivation

Q Q • Q' .(d,) Q • Q' «d,l Q Q' .(d.l Q .s: Q' _ Q:= 0 ~ 0 --+ 1 ==> 1"':-:'+ 2 . . . r_
1

...:......:..t r -,..-. .:r - tI'

for dl + ... + d", = d' and Ii; > 0 for all i. The idea is to change the delays and the
timer values in this derivation slightly in order to have it ending with Qd and have
X(P(d), a: ffl-d) = X(P(tf), Qd', ffl- d').

Since in the case /li < d < Pi+l we also have Pi < tfl < /li+1 and, so, Pi < tf < Pi+l
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we let J.Lo = 0 to allow to treat the case d < JJI uniformly), we can take a uniform
mapping p : Q+O --+ Q+o (see Definition 11.8) satisfying ,

• p(x) = x for all x E [JJ(P), I] and for x = JJi, iSs;

• p(d') = d.

It followsfrom Fact 11.10, Fad ILl! and Proposition 11.12 that we obtain the deriva-
tion of Qd with X(P(d), Qd, 0<'- d) = X(P(cf), Qd" 0<'- d') by changing every timer
value 9 = 6Q·(t) of the process Qu, placed in the derivation of Qd' in a way Q ~ Qu,
to Pd"(g).o

The result of Lemma 13.4 and, so Lemma 13.2, now can be obtained from Propo-
sition 13.5, Proposition 13.6 and Fact 13.3.000

13.2 Processes with Data Dependencies
In this section webriefly outline the bisimulation deciding algorithms for the processes
which can depend both on quantitative time constraints and rational-valued external
data, namely, we consider PTPQs from Section 10.4.

We assume that PTPQs have already got the semantics in the terms of labelled
transition systems (analogically with PTPBs) over the transitions ~ for (J E L,
u E Q, and ~ for dE Q+o. So, the definitions of the bisimulation equivalences for
PTPQs is standard (for the sake of simplicity we consider only the strong bisimula-
tions, defined to be the relations R <;; pQ x pQ such that for every (P, Q) E R and
every v E (L x Q) U {f(d)ld E Q+O}

i) whenever P .z, P' then Q .z, Q' with (P',Q/) E R for some Q',
ii) whenever Q ~ Q' then P ~ P' with (P',Q') E R for some P'

and the strong bisimulation equivalence, written -, defined as the largest strong
bisimulation).

Theorem 13.7 There exists an algorithm which given two PTPQs A and B decides
whether A - B, or not.

Proof outline: The proof follows the same principal lines, as the proof of Theo-
rem 11.2, we outline the different points.

First of all we construct the region processes. For this purpose we assume all timed
constants (those used in the settings 1T(e)) in both the graphs of A and B integers.

We define also an equivalence relation ~L in the set of the data variable value
vectors 6w : (W(A) U W(B)) --+ Q in a way that 61 ~L tJl jf for every t, t'
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• ,pet) ::; c wet) ~ c) iff 02(t) ::; c wet) ~ c), here c is any constant used either
in A, B graph edge variable settings 4>w(e), or in conditions '"(wee).

Two process pairs (Ph Q,) and (P2, Q2) for Pi E deAl and Qi E deB) with the
corresponding states

(vP;,~,6:Z) and (VQi,6$\~)

are called equivalent, written {P" Q,} ~p (P2, Q2)' if and only if

• 6f' :: 6$' ~ 6!f :: 6$' (d. Definition 11.6) and

• 6~ ::~ ~L 6::::: ~'.
A region process is a class of equivalent process pairs.

The uniform mapping technique is also used to characterize the equivalent process
pairs, in fact we have that {Ph Q,} ~p (P2, Q2) if and only if

• 6f' :: 6$' = p(6!f :: 6$') and

• 6~ :: ~1 = PL(6::: :: ~)
for a uniform P (see Definition 11.8) and a strongly monotone, A and B data constant
preserving, mapping PL.

The analogues of Proposition 11.12 and Lemma 11.7 for PTPQs with the defined
equivalence relation ~p are obtained in a similar way, as the original results are for
PTPs. Observe that the data part of the PTPQs is insensitive to the process waiting,
so also the symbolic characteristic of the bisimulations is obtained for PTPQs in a
rather similar way, as for PTPs (see Definition 11.16), one just defines for P E pQ
P ~ P' wpenever P ~ P' for some u E Q. Also the decidability of the symbolic
bisimulation predicate for PTPQ region processes can be obtained easily.0

If one tries to obtain in a similar way a bisimulation deciding algorithm for PTPBos
the first problem encountered would be the unawareness, how to obtain an appropriate
finite partitioning of the data variable value space to have an analogue of Lemma 11.7
holding. Intuitively, the difficulty lies in the "individuality" of every integer number,
which can be sooner or later forced to appear in the possibility or impossibility of
some chains of transitions.
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h is hardly believable that the bisimulation equivalence problems for PTPBo,s
could be decidable by ally method, howevee, this hypotheses still needs some kiod
of proof statement. Perhaps one could look abo to some very restricted cases of
PTPBs, e.g., to the processes, pennittil1g the comparison of the data variables in the
edge conditions only on being equal or not equal, (actually, for just this class the
deeidability of the bisimulation equivalence problems seems to be the case).



Chapter 14

Compositional Properties of PTPs
- \

The Parallel Timer Process model allows a number of useful algebraic operations to
be defined over the processes, these are mostly various kinds of static process algebra
cornbinators, such as hiding, renaming, parallel composition, etc (see [Hoa.85, Mi189]
for the use of combinators in process algebras).

In this chapter we show how two kinds of parallel composition operators can be
defined for PTPs: one in the spirit of the esp parallel composition ([Hoa.85]), see
Section 14.1, the other one (considered in Section 14.2) resembling the parallel com-
position of Timed ees ([Mil89), [Wan90]). We define in Section 14.2 also other
eeS-style static process algebra cornbinators and discuss how to use these composi-
tionality properties for the modelling of a large class of Timed ees processes from
[Wan90] by PTPs. Such a modelling allows us to decide bisimulation equivalences for
the considered class of TeeS processes (called here TeeS nets).

For the sake of simplicity we do not consider in this chapter the processes with
value-passing (such as PTPBs and PTPQs from Section 10.4), we restrict our attention
just to the basic PTP model.

Let for a Parallel Timer Process A we write v ~A v' for v,v' E V(A) and
e E E(A) with fee) = v, tee) = v' and lab(e) = (7,

Technically, if we have a mapping ¢ : 7 ....•7 U Q+O for some finite set 7 then
define for a finite set X the mapping

(¢ x X) : (7 x X) ....• (7 x X) U Q+O

in a way that for every x E X
• (¢ x X)(t,x») = (¢(t),x) whenever ¢(t) E 7, and

• (¢ x X)(t,x») = ¢(t), if ¢(t) E Q+O.
For T.. and 12 being disjoint sets and the mappings ¢I : T.. ....• T, U Q+o and ¢2 : 72 -+

72 U Q+O let the mapping

¢ = (¢I * ¢2) : (7i U 12) ....•(7i U 72) U Q+O
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be defined as ¢I(t) '= ¢I(t) for t E 7i and ¢I(t) = q)2(t) for t E T2.

14.1 csr-ui« composition

Recall that we have L to be the set of events for PTPs (used as edge labels), as well
as L '= Lo U {r} for r ~ Lo being an invisible (internal) event.

Let for a timed process A rlabs(A) ~ L denote the set of labels which are ascribed
to the red edges in A (i.e. rlabs(A) '= {17 ELI 3e E R ~ E(A) with lab( e) '= 17}).

Let A and B be timed processes and K ~ La with

K n (rlabs(A) U rlabs(B)) '= 0 •

be some set of visible events. We define the process C '= A I [K] Icsp B called the
(eSP-like) parallel composition of A and B with the synchronization on the event set
K in a way

• V(C) = V(A) x V(B) and

• T(C) = ((t,I) It E T(A)} U {(t,2) It E T(B)},

as well as (u, w) ~c (v', w') for 17 E L if and only if one of the following holds:

• 17 E L \ K, w '= w' E V(B) and v ~A v' for some e E E(A), the colour of e is
inherited from that of e and

- -rC(e) = -yAle) x {I},

- ¢lc(e) = ¢lA(e) x {I}; or

• o E L \ K, v = v' E V(A) and w ~B w' for some e E E(B), the colour of e is
inherited from that of e and

- -rc(e) '= ~(e) x {2},

- ¢lC(e) = ¢lB(e) x {2}; or

• a E K and v ~A v', W ~B w' for some e E E(A), e' E E(B) (in this case
the colour of e necessarily is black) and

- -rC(e) = -yAle) x {I} U -rB(e') x {2} and

- ¢lc(e) = (¢lA(e') x {l}) * (¢lB(e") x {2}).
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The initial state of C is defined in a way vC = (VA, v8) and EF is a mapping with
oCt (t, 1» = OA(t) for t E 7(A) and OC((t, 2» = 58(t) for t E 7(B).

Intuitively, two processes, working in parallel, are assumed to synchronize on all
real visible actions q E K (they necessarily must be ascribed to black edges), in all
other cases the actions can be performed by the processes A and B independently.

The soundness of the defined parallel composition operator w.r.t. the rules defining
the operational semantics for the Timed CSP processes (see [Sch9IJ) is justified by
the following results which follow immedia.tely from the composite process definition
and the semantics (labelled transition system) of PTPs.

Theorem 14.1 A I [K) Icsp B ~ C for Q E K if and only if C = A' I [KJ \esp'
B' and A ~ A', B ~ B' for some A', B'.

Theorem 14.2 A I [K) Icsp B ~ C for a E L \ K if and only if C = A' I
[K] Icsp B' with either

• a E L, B = B' and A ~ A' for some A', or

• a E L, A = A' and B ~ B' for some B'.

Theorem 14.3 A I [K] Icsp B ~ C if and only if C = A' I [K] Icsp B' with
A~A',B~B'.

14.2 CCS-like composition
In this section we describe another parallel composition operator (or a subset of Paral-
lel Timer Processes, resembling the parallel composition (synchronization) of the pro-
cess algebra CCS [MiI80, Mi189] treating the time modelling, as in [Wan90, Wan91a,
Wan91b].

For this purpose we assume that for every visible event Q E Lo there exists a
complementary event Ci E Lo such that '(i = Q.

We call a Parallel Timer Process A a TCCS-like process, if an edge e in A automa-
ton is red if and only if it is labelled by the invisible action TEL (this guarantees, by
the way, the property of the processes, called in [Wan90] the maximal progress, stating
that every internal action in a process must occur as soon as it becomes enabled).

For A and B being TCCS-like timed processes, let the process C = A I/ccs B
called the (CCS-like) parallel composition of A and B be defined to have

• V(C) = V(A) x V(B),

• 7(C) = {(t, I) I t E 7(A)} U {(t,2) It E 7(B)} and
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• (v,w) ~c (v',w') for a (JE L in the following three cases (we do not discuss
the edge colours separately since they are determined by the edge labels):

- w = Wi E V(B) and v ~A Vi for some e E E(A), as well as ,c(e)
-rAte) x {I} and "P(e) = t,/>A(e)x {l}; or

- v = v' E V(A) and w ~B Wi for some e E E(B), as well as -rc(i~) =
-;fi(e) x {2}, "F(e) = ¢B(e) x {2}; or

- (J = T and v ~A Vi, W ~B Wi for some e E E(A), e' E E(8) and
a, Q E Lo provided

•. -rC(e) = -rAte) x {l} U ,B(e') x {2} and
•. cfF(e) = cflA(e') x {l} *cflB(e") x {2}.

As in the case of the eSP-communication, the initial state of C is defined in a way
vC = (vo4,VB) and iF being a mapping with oC«t,l)) = Oo4(t) for t E 7(A) and
oC((t, 2)) = .sB(t) for t E 7(B),

Intuitively, two processes, working in parallel, are assumed to be able to synchro-
nize on all complementary pairs of visible actions a, Q E Lo (unlike the case of the
eSP-like parallel composition, in this case the actions a E Lo still can be executed
without the participation of the other component, what makes some restrictions on
such an independent execution is the necessary instantaneous performance of the in-
ternal action whenever both the "complementary" actions become available). Some
further operations like restriction of ees ([MiI89]) can be used to prevent a process
to exhibit the transitions associated with certain visible actions, so, for instance, en-
forcing in some cases the process to wait for the complementary action to become
enabled (if no other alternatives are offered).

The soundness of the defined parallel composition operator w.r.t. the rules defining
the operational semantics for the Timed ees processes (see, for example [Wan90]) is
justified by the following results which follow immediately from the composite process
definition and the semantics (labelled transition system) of PTPs.

Fact 14.4 A CeS-li1ce parallel composition of two TCCS-like timed processes also is
a TeeS-like timed process.

Let for given PTP P for every edge e E E(P) outgoing from the P initial vertex
(i.e. f(e) = vP) jj(P,e) = max{oP(t) I t E -r(e)} (according to the definition of
the processes jj( P, e) is the earliest time when a transition of P along e may occur
provided no other transitions fire before). Let for a E L

E(a,P) = {e E E(P) I f(e) = vP & lab(e) = a}
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(E(a,P) is the set of the a-labelled P edges, outgoing from its initial vertex). We
define for every a E Lo the earliest o-enabledness time of P (provided no other
transi tions fire before) to be

I'(P,o) = min {jl(P,e) leE E(o,P)}

The following results again are straightforward from the definitions.

Theorem 14.5 A Ilccs B ~ C if and only if

• for every a E £0 either I'(A, a) ~ d, or I1(B, a) ~ d, and

• C= A'llccsB' withA~A',B~B'.

Theorem 14.6 A \Ices B ~ C for a E Lo if and only if C = A' \Ices B' for
some A', B' with either

• B = B' and A ~ A', or

• A = A' and B ~ B'.

Theorem 14.7 A Ilccs B .z; C if and only if C = A' Ilccs B' for some A', B'
with either

• B = B' and A -.:.. A', or

• A = A' and B -.:.. B', or

• A ~ A' and B ~ B' for some a,a E £0.

In particular, these results show that, if one succeeds to interpret two Timed CCS
processes (see [Wan90)) as PTPs, their parallel composition also can be interpreted
as a PTP retaining the consistence with the Timed CCS process semantics.

We define also rela.belling and restriction combinators of CCS (inherited also by
Timed CCS) for TCCS·like Parallel Timer Processes.

Let A be a TCCS-Iike PTP and 9 : Lo -+ Lo be a bijective ma.pping which for
every o E Lo satisfies g(a) = 9(0). We assume also 9(T) = T and define the process
A[yJ (the process A, relabelled by the function 9) in a way:

• V(A[y)) = V(A), T(A[y]) = 7(A) and E(AlgJ) = E(A) (also the edge incidence
functions f and t, as well as the conditions -y and timer settings ¢ are inherited
by A[yJ from A);
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• for every e E E(A) the label of e in A[gJ

As to the restriction combinator, given a process A and a label set K ~ Lo such
that a E K implies Q E K, the process A \K (A with the restriction not to participate
in-the events from K) is defined by erasing all edges e from A automaton which are
labelled by lab(e) E K.

Clearly, we have the following results which justify the soundness of the defined
operators w.r.t. the original semantics of Timed CCS, given in [Wan90] (neither the
bijectivity of g, nor the complement preservation is important for the proofs of The-
orem 14.8 and Theorem 14.9. These properties, already present in the TCCS calculi,
just guarantee some nice laws to hold in the obtained algebra):

Theorem 14.8 For every (1 E L AlgJ ~ B if and only if A ~ B' for (1 = g((1'),
B = B'[g].

Theorem 14.9 A[gJ~ B if and only if A ~ B' with B = B'[gJ.

Theorem 14.10 For (1 E L A\K .z, B if and only if A .z, B', B = B'\K and
u¢ K.

Theorem 14.11 A\K ~ B if and only if A ~ B' and B 0= B'\K.

Proof: Observe tha.t while constructing A\K we ha.venot eliminated any red edge
from the process A graph.O

So we ha.ve defined for PTPs a.ll the Timed CCS static combinators (parallel
composition, restriction and relabelling). Let us consider also the class of regular
TCCS processes which is constructed by the combinators

• NIL, the process constant which can do nothing but idle:
NIL ~ NIL for every dE Q+o;

• action 'prefix a.P for (1 ELand II. process P denotes the process which first
does (1 and then behaves a.s P (for (7 = a =I T also an arbitrary delay of (1.P is
possible):

(1.P ~ P and o:.P ~ «r.
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• summation P + Q which has the following semantic rules:

P...!.....P' . Q...!.....Q'

P+Q...!.....P" P+Q~Q'

P~P', Q~Q'

P+Q~P'+Q' '

as well as mutually recursive guarded defining equations (see [Wan90], or [HLW91)
for the class of regular TCCS processes described more precisely).

Let us call a TCCS net every process which is obtained from regular processes by'
(possibly repeated) use of parallel composition, restriction and relabelling combinators
(with the semantics, as defined in [Wan90)).

The modelling of regular TCCS processes as PTPs clearly can be done effec-
tively in one or other way (one can even manage to exhibit such a translation into
one-timer PTPs, if considering the semantics modelling up to the weak bisimulation
equivalence), we do not consider the details. Let us just note that, observing the de-
cidability of both strong and weak bisimulation equivalences for PTPs (Theorem 11.2
and Theorem 11.4), we have the outline of the proof of the following result.

and

Theorem 14.12 The strong and weak bisimulation equivcJencesfor Timed CCS nets
are decidable.

It is not difficult to "cook" also various other parallel composition operators for
PTPs, perhaps also some making more essential use of the red edges with visible
labels in the processes. If one considers EPTPs, introduced in Section 10.2 the par-
allel composition with the broadcast communication between processes, introduced
in [Pra.91], can also be easily modelled (actually, as the result of this modelling some
kind of timed broadcasting process model will appear).

For some undecidability results concerning the analysis of Timed CCS processes
see also Chapter 15.



Chapter 15

Timed Processes with Memory

Though the PTP model, introduced in Section 9.1, and its enrichments, considered
in Chapter 10, allow to describe infinite behaviour in time with overlapping time con-
strained intervals (simultaneous decreasing of timers for a number of parallel system's
components), these models still are not able to express every reasonable timed be-
haviour. As a very simple example of such behaviour one can consider an ice-hockey
timer (Wa.n91b]which can be interrupted at any time after the initial start-up and
later restarted with the value of the remaining time interval (i.e. the time left before
the time-out) the same it possessed a.t the moment of the interruption. One can easily
add to the PTP model some additional means, say, the memory cells for storing the
current timer values and retrieving them afterwards in appropriate moments (it is
reasonable to associate such moments with the real transitions in the process), which
would allow to capture also this kind of timed behaviour.

More precisely, one obtains a parallel timer process with memory (PTPM, for
short), if one adds to a given PTP

A = ((V,E,L,Iab,T,-y,~),(v,o))

a set M of memory cells and extends every edge timer setting .p(e) for e E E to be
the timer and memory cell setting

4>(e) : (T U M) -+ (7 U M) U Q+<l.

Intuitively, the new operations to be performed while executing the transitions along
some process edges are of the sort of "remember": mi +- ti and "retrieve": ti +- m,
for ti E T,m; E M (the assignment of constants to memory cells and the value of
one memory eelJ to another is of less interest).

The semantics (labelled transition system) of PTPMs can be easily obtained as
a generalization of that of PTPs: every state for a PTPM A consists of its graph's
vertex and a value assignment 0 : TUM -+ Q+O both for timers and memory cells.
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Every timer and memory cell setting ¢(e) is "executed" every time when a transition
along the edge e fires, and it works, as for PTPs, by defining the new values h'(u) for
u E TUM in a way

• h'(u) = h(u'), if u' = ¢(e)(u) E TUM, and

• h'(u) = c, if c = ¢(e)(u) E Q+O.

The main difference of the memory cells from the timers is that the values of the
memory cells do not decrease during the passage of time as the timer values do
(whenever

«II) <I(t, (v, h)) -+ (t, (u, 0 )),

then h'(rn) = hem) for every m EM).
The following results show that the bisimulation equivalence deciding algorithms

developed for PTPs cannot be extended to cope also with PTPMs.
Let for any PTPM A d(A) denote the set of derivatives of A (the least set

containing A and closed under the transition relation).
Wecall a vertex v E V in a given PTPM A = (t,so) reachable if (t, (v, h)) E d(A)

for some timer and memory cell value assignment h.

Theorem 15.1 The vertex re4chability problem for PTPMs with 5 timers and 1 mem-
ory cell is undecidable.

Corollary 15.2 The bisimulation equivalence problem PTPMs with 5 timers and I
memory cell is undecidable.

Proof of Theorem 15.1: We consider a variant of Minsky machines (defined
originally in [Min67J) with the allowed operations for every counter Z. (i = 1,2)
being (compare with the proof of Theorem 8.1 in Section 8.1)

I Zi +- Zj + 1 I, I ZI +- Zj ell, r1 Zj = 0 h, I STOP I,where

by the definition x e y = max{O, x - y}. Weassume also that every Minsky machine
has 0 as the initial values of its counters. The proof of the theorem is done by reducing
the halting problem of the Minsky machines to the vertex reachability problem for
PTPMs.

It is easy to see that one can effectivelyconstruct for a given Minsky machine M
with 0 initial values for its counters a corresponding bounded machine B(M), with
variables Xl' X2, X3 and allowed operations over them

• Xi +- x;/2 for i = 1,2,3,

• Xi +- Xi + Xl> Xl +- Xi e Xl for i = 2,3,
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• tests z, = 0 with 2 exits (labelled" + nand" - n), i = 2,3,

setting the variable values initially as Xl = 1/2, X1 = 0, X3 = 0, in a way that

• every M vertex v has its corresponding vertex b(v) in B(M) graph, reachable
in B(M) iff v is reachable in M,

• during the B(M) execution all variable Xi values remain strictly less than I,

• if the value of Xi (i = 2,3) differs from the value of X j or from some of constants
0, I, then the corresponding difference it is not less than the value of Xl'

The idea of the modelling of M work in B(M) consists in representing M counter
values ZI and Z1 as the values of fractions X1/XI and X3/XI (XI works as the "unit"
to measure the values of the "counters" X2 and X3). In any case, when M executes a
counter increase instruction, B(M) first decreases all its variable values by half and
executes the corresponding increase (by xd instruction afterwards.

Now in order to complete the proof it remains to show how to model (in the sense
of the vertex reachability) the bounded machine's B(M) work by a finite PTPM
P(M) with 5 timers and 1 memory cell.

Let us denote the P(M) timers by to,tl,t2,t3,t4 and the memory cell by m. The
set of P(M) graph vertexes contains, first, all B(M) vertexes (the other vertexes will
appear further on during the modelling construction). Let P(M) have also a special
vertex @ from which no other vertexes are reachable. The construction of P(M) is
done by the independent building of fragments corresponding to the edges in B(M)
in a way described below.

Also during the runtime P(M) is intended to simulate every B(M) instruction
execution by executing the fragment which corresponds to this instruction. In order
to achieve such a simulation one of P(M) timers, to, is used for giving time-outs after
every full initially fixed time unit. The timers tl, t2, t3 are intended to have at the to
time-out moments the corresponding values of B( M) variables Xl, X1, X3 (the timer t4

and the memory cell m are playing an auxiliary role in the modelling constructions).
The key idea of the modelling is in the way how to keep the value of some timer

ti unchanged in some execution step (between two adjacent to timeouts; notice that
the timers always decrease synchronously with the passage of time). The solution to
this problem consists in the setting of the value of this timer to 1 (by a transition
along a red edge) immediately after it reaches the 0 value (the time intervals between
adjacent to timeouts are also precisely 1). Further on, if the value of some timer is
the subject of change during some execution step, the moments of transition firing in
the process can be used to make the necessary timer and memory cell value setting
(to make all the assignments contained in this setting).
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Every edge in P(M) is described belowby its condition and timer and memory cell
setting, as well as its source and target vertexes (we do not count for edge labels, as
they do not have any effect on the vertex reachability). Unless otherwise stated, any
edge in P(M) is assumed to be red (every transition along the edge must be executed
as soon as it is enabled). Let us call an edge e, with the condition -r(e) = {to} (stating
that a transition along e can be executed whenever eS(ti) = 0) and setting t, +- 1 a
simple edge with ti. When a simple edge has the same source and target vertexes, it
is called also a simple loop. Now we can describe the modelling construction itself.

If B(M) has an edge from V. to Vb, associated with the execution of an operation
Xi+- Xi+ X} (i = 2,3), in P(M) this edge is modelled by:

• the assignment m +- t} (remember) added to every edge, incoming into v.;

• simple loops with t} and tS_i around V.;

• an edge from v. to v~with the condition {q and the setting t; +- m (retrieve);

• a simple edge from v~ to Vb with to.

If B(M) has an edge from v. to Vb, associated with the execution of an operation
Xi +- xi8x} (i=2,3), in P(M) this edge is modelled by, first, the fragment for checking
that eS(t;) =f. 1 (it can be the case that ti has been set to 1 right before the process
P(M) enters the vertex v. (by executing some other transition at the same time
moment), we have to eliminate such a possibility), which consists of:

• the assignment m +- t} added to every edge, incoming into V.;

• a simple edge with ti from v. to v~,setting also t. +- m;

• edges with the condition {to} from v~ to @ and from v. to @;

• an edge with the condition {t.} from v~ to v~ (here we use the idea that, if
eS(ti)< 1, then also eS(ti)+ 6(t}) $ 1 (eS(t) here denotes the timer's t value at the
last to timeout moment), which in its turn is justified by the abovementioned
invariant relation between the values of Xi'Sand ti's at to timeout moments; the
xis cannot be too close to 1 according to the B(M) construction);

• simple loops with t} and tS_i around v., v~,v~;

• a simple edge with to from v~ to w•.

The following P(M) fragment from w. to Vb performs the actual subtraction, provided
that the value of t; initially does not happen to be 1:
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• a simple loop with t5_; around w.;

• simple edges from w. to w~ with t, and ti, both containing also ,<ssignments
m to- ti;

• a simple edge from w~ to Vb with to, assigning also ti +- m (retrieve].

If SCM) has an edge from v. to Vb associated with the operation Xi +- x;f2, it is
modelled in P(M) the following way:

• simple loops with tl, t2, t3 around v.;

• a black edge with 0 condition and setting t. +- 1 around v.;

• a simple edge with to from v. to v~, setting also m <- t. (the memory cell m now
(in the moment of the execution along this edge) contains the actual (relative)
moment of the black transition firing, it will turn out that the further normal
execution of the process is possible only if <5(t;) f. 1 and <5(t;) = 2 x c(m»;

• an edge with the condition {t;} from v~ to <9;

• an edge with the condition {t.} and setting t. +- m (retrieve) from v~ to v~;

• edges with the conditions {t.} and {t;} from v; to @;

• an edge with the condition {r,, t.} and setting t. +- 1 from v~ to v:";

• a simple edge with to from v:' to w., assigning also t, +- m;

• simple loops with t), tk (those of tl, t2, t3 which are not t;) around {,.:,v;, v;/;

• fragment for checking that <5(t.) f. 1, as described above (in the successful case
leads from w. to Vb).

If SCM) has edges from v. to Vb, if Xi = 0, and to vc, if Xi f. 0, (i = 2,3), then
P(M) contains the following fragment for modelling this decision:

• from v. to w. a test for <5(t;) f. 1;

• a simple loop with t5_; around w.;

• a simple edge with tl from w. to w~ (in the case if the process has entered w~,
clearly, <5(t;) ~ d(td > 0 (,s(t) here stand for timer values at the last to timeout
momentj );
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• simple loops around w~ with t2, t3;

• a simple edge with to from w~ to Vc;

• a simple edge with ti from w. to w:;

• simple loops with tll t5-0 around w:;

• an edge with the condition {to} from w: to 0;

• an edge with the condition {to, to} and the setting to +- I from w: to Vb.

One defines the initial vertex of P(M) to be that of B(M), the initial timer value
vector for P(M) is 60 = I, 01 = 0.5, Oi = 0 for i= 2,3,4, 6(m) = O. Now it is not
difficult to see that a vertex Vr in B( M) is reachable if and only if the same vertex Vz

is reachable in P(M), so the decidability of the vertex reachability problem for timed
processes with memory cells would imply the decidability of the reachability (halting)
problem for Minsky machines, a contradiction.D

A similar undecidability result can be obtained for PTPMs with 2 timers and 4
memory cells (3 memory cells can simulate the bounded machine's B(M) variables
XI,'x2 and %3, the timers and the fourth memory cell are enough for performing the
bounded machine's operations). For PTPMs with I-timer and n memory cells both
the strong and weak bisimulation equivalence problems are easily decidable.

In fact, the undecidability result obtained here does not depend crucia.l1yon the
exact PTPMmodel chosen here, but is inevitable for every sufficiently general timed
formalism in which the timers are not uniform, i.e. they can change their values
with different speeds, (here - some timers can be held, i.e. stored into memory cells
(with values decreasing with the speed 0), the others decrease synchronously with the
passage of time (their value decreasing speed is 1(or, the value change speed is -1,
if one wants to measure positively the increasing timers (docks))).

The assignment operations between timers and memory cells, used in the mod-
elling of the bounded machine B(M) in the proof above, can be easily replaced by
simple "holding" and "releasing" of timers (any timer setting tl +- t2 can be done by
setting both t1 and t2 to 1 at the moment when t2 has reached 0 in the modelling
schema above).

As a particular example of such a "different speed timer" formalism one can con-
sider the process ca.lculiTimed ecs (TCeS) (the version with time variables, defined
in [Wan9Ia, Wan91bJ, not the simplest version of TCCS nets, considered in Sec-
tion 14.2 and defined in accordance with [Wan90J). We assume the TCeS processes
provided with the process constants with explicit time parameters (or, equivalently,
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the rec combinator for time-parameterized processes)". A typical sequential Timed
ces process is (compare Section 14.2)

£(2).a.£(3).b@t.P(t),

where a and b are action names, £(d) stands for a delay of d time units, the b@t
construction records into the time variable t the time of the actual b action firing
W.r.t. the moment, when it was enabled (offered to the environment) first. After the
execution of b@t the free variable t in P(t) is bound by the value recorded by @t.
The TeeS contain also all usual ees (see [MiI80,Mi189])combinators (sum, parallel
composition, hiding, renaming), for the precise definition of TeeS one ca.n look in,
say, [Wan91a.J.

In order to obtain the undecidability of the bisimulation equivalence for TCeS
processes it is enough to consider the class R of "regular" processes (built without
the parallel composition, restriction and relabelling) with time variables (one ca.n
allow only left-associative "positive minus" e operation in time expressions).

Really, given a PTPM P, one ca.nassociate with every vertex v of P one Timed
ees process constant K(v) (with time parameters, carrying the P timer value infor-
mation at the states, associated with v). The defining equation for this constant is
obtained as the sum of expressions corresponding to all outgoing edges from v (we do
not consider the technical details).

One of the reasons for introducing the time variables in the Timed ees [Wan91aJ,
clearly, was the desire to obtain algebraic timed process calculi with interleaving se-
mantics (the expansion theorem, allowing to eliminate (up to the bisimulation equiv-
alence) the parallel composition from the process specifications). However, as it can
be seen from Theorem 14.12 a.nd the results of this chapter, the proposed method
in [Wan91a] of obtaining algebraically nicer calculi destroys other nice property of
them, namely, the decidability of the bisimulation equivalence (as well as any other
nontrivial algorithmic problems over the processes).

So, a dilemma. of expansion theorem vs, decidability for timed specification for-
malisms appears. It looks likely to be the case that there cannot be any interleaving
timed specification formalism which would be rich enough (PTPs, or TeeS-nets in-
cluded) and have decidable at least the vertex reachability (or, stronger, bisimulation
equivalence) problems, however, this requires some further investigation.

'There are a number of principal examples of using process constants with time parameters
in TCCS [Wan91bJ (including also the abovementioned example of ice-hockey timer), though the
original formal syntax and semantics of the calculi in [Wan9la, Wan91b) for the sake of simplicity
eliminate these processes,
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Conclusions

In the thesis work a variety of results characterizing the decidability of the vertex
reachability, infinite behaviour possibility and bisimulation equivalences are obtained
for various classes of data and time dependent real time system specification for-
malisms (see Introduction to the thesis for a detailed outline of the obtained results
and some discussion on the related work). Here we give just a brief summary of the
obtained results with some points made also to the possible emerging applications and
methodological interpretation, some possible future research lines are also mentioned.
In Section 16.1 we give some points about the most important proof methods, used
to obtain the results of the thesis.

The first group of the thesis results is devoted to effective characterizations of the
sets of finite and infinite feasible paths in simple theoretical programming languages
LBASE, LTIM, LTIBA and some their modifications. Regarding the program vertex
reachability problem and the effective symbolic characterizations of the sets of all finite
feasible program paths for these languages, a rather complete solution is obtained
(observe the path set projectivity property, proved in Theorem 4.1). We give also
some evidence for the "unextendability" of the obtained results to a "more powerful"
specification formalism (as the language LTW' appears to be).

As to the infinite path feasibility in the programs, the obtained positive result tell
us about the decidability of the infinite feasible path existence in a given program
in any of these languages (also the existence of an infinite feasible fair path, etc. can
be decided, see Section 7.5 for the result summary). Regarding the infinite feasible
pa.th set characterizations, these path sets only in LTIM programs obey, in general,
some kind of the projectivity property. An interesting theoretical problem for future
investigation could be the looking, if there exists for the infinite feasible pa.th sets in
LBASE programs some effective characteristics of any kind (not just the projectivity
(and F-projectivity) disproved here for this purpose); one can observe the relations of
this problem to the inductive solving possibilities of simple infinite inequality systems
over integers.
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We have investigated also the algorithms for computing the histories along the
finite and infinite feasible paths in LTIBA programs (see Corollary 5.16 and Corol-
lary 7.23). These algorithms can be used in the automatic generation of complete test
sets for deterministic LTIBA programs (we assume the testing completeness criterion
to be C, - the covering of all feasible branches of the program). Let us consider the
LTIBA programs with acceptance conditions (both for finite and infinite paths) and
call a test for a program (a sequence of the values, appearing on the program input
gate) correct, if it guides the program behaviour along a finite or infinite accepting
path. We call a program branch correctly feasible, if it is executed on some correct test
for the program. According to Corollary 7.23 (in fact, we use just a slightly modified
version of it) we can for every program branch determine whether it is correctly fea-
sible, and in the case it is, exhibit an initial (finite or infinite) program history along
an accepting path, which contains the given branch. Next, it is easy to get for every
correctly feasible branch a test forcing the program execution in accordance with the
corresponding computed history. This way we obtain the algorithm for generating a
finite set of correct tests, covering all correctly feasible branches of the given LTIBA
program (one may prefer either the generating algorithms for infinite correct tests in
the spirit of Definition 3.3, or the finite initial fragments of these tests to be present
in the finite correct CTS, either of these requirements can be satisfied).

The results obtained regarding the models with real time semantics fall again in
two principal groups. First, we have the various results characterizing the decidability
of the process vertex reachability and related problems both for the considered basic
PTP model and a number of its enrichments. The positive results of this kind are
obtained by modelling the considered real time system specification formalisms in
the (various sublanguages of) the above studied programming language LTIBA. This
modelling is, first, illustrative in that it allows to see the relations between the analysis
of formalisms with real time semantics and that of programs with simple "ordinary"
data structures (variables, counters). Perhaps more important point in this modelling
is that it allows to transfer to the considered PTP enrichments (notice especially the
data-dependent formalism PTPBo) the analysis automation algorithms, developed for
LTIBA programs.

It should be noted that regarding the PTPB model family (PTPBs, PTPBos and
PTPQs) some further work is to be done in order to provide them with the compo-
sitional semantics, however, already the obtained results, showing the decidability of
the vertex reachability problem for PTPBos and undecidability for PTPBs seem to
be imposing rather natural constraints on data and time dependent r.t.s, specification
formalisms with real time semantics, which are to be met in order to have decidable
at least the vertex reachability problem.

In the same "reachability result" group for the specification models with real
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time semantics fall also in a slightly more intuitive way presented approach to the
SDL process analysis and testing automation, considered in Appendix B. One can
find in this appendix the illustration of the application of some (already previously
existing) general program reachability graph minimization methods in "tailoring"
the elaborated theoretical LTIBA program analysis algorithms to some slightly more
practical situations.

The second group of results regarding the specification formalisms with real time
semantics deal with another kind of very natural real time system analysis problem,
i.e. we show the decidability of strong and weak bisimulation equivalences for Par-
allel Timer Processes and some of their enrichments. The results of this group are
obtained without any use of intermediate models, however, the used methods are, in
principle, the same, as exploited to obtain the LBASE and LTIM program analysis:
results (finite partitioning of process state sets (though with some nuances here), the
uniform mapping technique, see Section 16.1 for some further comments). It is in-
teresting to point out also that the bisimulation equivalence can be proved decidable
for all considered real time specification formalisms with the "limit closed" sets of
feasible paths (PTPs, bounded PTPNs, PTPQs, also ATCs, as it can be seen from
Appendix A - the models in which every infinite path is feasible whenever all its finite
prefixes are feasible; for PTPUs and EPTPs the bisimulation equivalence can also
be shown decidable in a similar way). As to the r.t.s. specification formalisms with
the decidable vertex reachability problem, but not limit closed path sets (PTPBos
and unbounded PTPNs) the bisimulation equivalence deciding problems are left open
here, actually their decidability is hardly believable.

In the thesis we have considered a number of similar specification formalisms over
discrete (integer) and dense (rational) data and time "domains" (the languages LTIM
and LTIM', LBASE and LBASQ, the data-dependent formalisms PTPB and PTPQ,
etc.). As one can observe, for all such situations in the case of the dense variable
value space stronger analysis automation results can be obtained (save the exception
of "positive" LTIM and LTIM' programs, considered in Section 8.3). The seeming
contradiction with usually the opposite situation when some discrete systems can
be analyzed by the standard FSM "state exploration" techniques, while the corre-
sponding dense systems cannot due to their "essentially infinite" state space, can be
removed observing that the difficulties in the discrete system analysis are brought in
by the presence of infinite discrete structures (such as the integer numbers are), see
Section 8.3 and Section 13.2 for some additional comments regarding this compari-
son. We just note that for an analogue of PTPMs over the discrete time domain all
the problems, which have proved undecidable for PTPMs themselves (as defined over
the dense domain in Chapter 15), can be decided by rather standard FSM analysis
techniques.
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It can be noted also that the thesis does not discuss the complexity issues of the
considered deciding algorithms. In fact, all the principal obtained algorithms (ver-
tex rea.chability and infinite behaviour possibility for LTIBA programs, strong and
weak bisimulation equivalences for PTPs and tbeir extensions) are, roughly speaking,
worst-case polynomial in the size of the programs (processes) and exponential in the
program variable (timer) set cardinality. The ca.Iculation of the theoretical worst-case
bounds for the algorithm complexity is an interesting problem, however, it seems to
contain no principally new ideas. These bounds also seem to be not very illuminating
for the algorithm work characteristic in real situations, for these reasons, as well as
for the sake of brevity, they are omitted.

Regarding the practical aspects of the possible obtained algorithm implementation
and optimization some points are given in Appendix B. There exists also a wide
variety of further more or less general resource-saving methods in the state-space
exploration algorithms, one can see [BKM9I], [Lar92] and [VC9I] to obtain at least
some intuition about some possible methods of this kind. Hopefully, some of these
methods could be used also in the optimization of the deciding algorithms presented
bere.

16.1 Proof Techniques

In this section we give some points about the main methods used to obtain the results
of the thesis.

Regarding the considered undecidability results, all of them were obtained by re-
ducing some well-known unsolvable problem to the examined one, this is the most
common way to cope with this kind of problems in general.

More important, some interesting methods can be found in the proofs showing the
decidability of one or other algorithmic problem.

First, most of the obtained principal results use the idea of the infinite program or
process stale set partitioning into a finite set of classes, each class of the states having
all "essential" properties in common, so making it possible to consider such a class
as one vertex in a finite model of the system (e.g., its path feasibility graph), see
Section 4.1, Section 11.2 and Section 13.2 for some applications. This principle is not
in general novel and has already been successfully used, for instance, in [Auz84b] and
IACD90J- A novel its application in the thesis is associated with the partitioning of
process pair state sets when deciding bisimulation equivalences for PTPs (see Sec-
tion 11.2 for details).
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Second, we have proposed in the thesis an original method of uniform mappings (see
Section 4.3, Section 4.5, Section 11.2 and Section 13.2 for some applications) for for-
malizing the relations between the program/system work histories which contain at
some point different elements from one program state set equivalence class (consider
especially Proposition 11.12, as well as Lemma 4.22, Proposition 4.32 and Proposi-
tion 4.33). .

Third, a number of important results in Part I were formulated in the terms of the
path set projectivity, introduced in Section2.2. It seems that the path set projectivity
could be just that abstraction in the terms of which the feasible path sets of programs
with data dependencies should be characterized in order to have the possibility to '.
obtain as the corollary the applicability of various FSM analysis techniques to the
considered data dependent formalisms. The projective path sets in the graphs are
shown to obey simple algebraic properties, as illustrated in Section 2.2. However,
this methodology is applied in the thesis just to obtain concrete results, no general
investigation about its suitability is performed.
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Appendix A

Bisimulations for Action Timed
Graphs

We have already obtained some results about the deciding bisimulation equivalences
for timed specification formalisms, other than PTPs (see Theorem 14.12).

In this chapter we consider one more model, the Action Timed Graphs, intro-
duced in [NSY91.]and being perhaps the closest specification formalism to PTP. We
show, how the strong and weak bisimulation deciding algorithms, developed for PTPs
in Chapter 11 and Chapter 12, can be modified to apply for deciding bisimulation
equivalences for ATGs. Some relations between the ATG model and the PTPs are
already discussed in Section 1.6.

We have some slight technical changes in the presentation of the ATG model, if
compared with the original paper [NSY91], made mostly for the sake of some uni-
formity with other presented material. Our definition of ATGs is also more specific
than in that [NSY91]for we describe precisely the class of graphs being the subject
of automated analysis (in the way, borrowed from the definition of Timed Graphs in
[ACD90]),this class of graphs is rich enough to cover all the applications, considered
in INSY91].

As in the case of PTPs, we assume L to be a predefined set of events. Let
G = (V, E,f, I, L,lab, ug) be a finite edge-labelled graph with ug as the initial vertex.

A clock is defined to be a variable taking its va.luesfrom Q+O. For G being the
edge-labelled graph and T = {II, ... , In} being a finite set of clocks, an Action Timed
Grapb is defined by associating with every edge e E E

• a time condition b(e) E B(T) for B(T) being the set of all linear predicates
over the clock value set (Q+o)n (every predicate b E B(T) is represented by
a boolean formula built by the standard logical connectives V, & and ~ from
the elementary predicates in the forms t;AC, t;Alj for li,lj E T, c E Q+O and
AE {<,~,2:,>});and
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• a clock reset set r( e) ~ T.

Given an arbitrary clock value vector f = (t~, ... , t~) E (Q+'l)" and a predicate
b E B(7), the interpretation of b over f yields either the value true, or the value
false in a standard way.

Let for any clock value vector f = (t~, ... , t~) and d E Q+O the vector t+ d be
(t~ + d, ... , t~ + d).

Let b for b E B(T) be a predicate which is true for given clock value vector t jff
b(t + d) holds for some d E Q+O (intuitively, b holds sometimes in the future, see
the operational semantics). It can be proved that for b being a linear predicate, the
predicate b also can be represented as linear. '

Following [NSY91j we define for every vertex v E V the predicate en(v) over the
clock value vectors as

en(v) ~ U{b(e) I f(e) = v}

(the predicate en(v) gives all clock value vectors for which the predicate b(e) for some
edge e outgoing from v is satisfied).

Given the set of clocks r ~ 7 let 4>. : (Q+O)" -+ (Q+'l)" be the function which
resets the values of the clocks t E r to 0 and does not change the values of other
clocks, i.e. we have

4>.«t~,... , t~» = (tl, ... , t~) for

• t~= 0, if t; E r, and

• t) = t?, ift; E (7\ r).

The operational semantics of ATGs ([NSY91j) is given as a labelled transition
system based on the relations ~ for a ELand ~ for d E ,Q+O. It is defined to
have the states (v,i) for v E V and f E (Q+O)" (the initial state is (v~,O» and the
transitions in accordance with the followingtwo rules

v = f(e), v' = t(e),b(i}
-------- and
(v, i) ~ (v', 4>.«)(1)

~)(f+d)
it .(01) - .

(V,t, -+ (v,t + d)

Intuitively, the first semantic rule tells that a real transition can be executed from
the state (v, i) to the state (v', tI) at possibly another node, if the clock value vec-
tor f satisfies the predicate b, and that, during this execution the clock value vector
changes from f to 4>.(.)(1) (some clocks are reset to 0). As to the second rule, it ex-
presses both the condition on the possible execution remaining (waiting) at the same
node (stating that some transition from this state must remain eventually enabled)
and the rule for the clock value changing during the waiting (synchronous increasing).
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We outline the bisimulation equivalence deciding algorithm for ATGs just by
stressing the different points in it, if compared with the bisimulation equivalence
deciding for PTPs, demonstrated in Chapter 11 and Chapter 12.

The weak bisimulation equivalence (based on the relations ~ and ~) for ATGs
is defined by abstracting from some "internal" actions in the standard way (e.g. as
for PTPs in Section 11.1), we do not consider the details here.

Given two ATGs GI = (NI, T},~, --+1) and G2 = (N2, T2, n~, --+2), observe first
tha.t, the constants, used in the predicates bE B(T;) are integers by definition.

As in the case of PTPs we define the time regions R(SI,S2) (symbolic processes)
of state pairs (SI' S2) for s, = (ni, t:) being a state of G; with the only difference
that we do not care for the ordering of the clock values, greater than Cmaz - the
largest constant, used in the given graph transition clock value predicates (this idea
is explained in details for the time regions built for one TG in [ACD90J).

In order to obtain the analogues of Proposition 11.12, Fact 11.9 and Lemma 11.7,
which form the cornerstone for deciding bisimulation equivalences in the PTP case,
we have to change the definition of the uniform mapping slightly.

Definition A.I A mapping p : Q-+ Q is called Cmaz-unifonD, iff

• p is strongly monotone,

• p(x - c) = p(x) - c for x $ Cm= and c E N (it is important that this equality
holds also for c > x), and

• p(O) = o.
Let for a Cmaz-uniform mapping p and x,d E Q

p(d) = Cmaz - p(c - d) and Pd(X) = p(x - d) + p(d).

Proposition A.2 For 51 and S2 being the states of either GI, or G2, satisfying S2 =
p(s.) for the Cmaz,uniform mapping p, we have

• whenever 51 ~ 5;, then 52 ~ p(s;), and

Lemma A.3 For SI, 5~ being the states of GI and S2, s; being the states of G2 with
R(SI,S2) = R(s;,s;) always Sl :::::S2 if and only if s~ :::::s;.

We do not consider the proofs of tbe proposition and tbe lemma in detail bere, they
can be done using a similar schema, as in the PTP case (observing the definition
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peculiarities of ATGs).

Observe that for Action Tirned Graphs it is not always true that the existence
of the tra.nsitions s ~ for all tf < d implies the existence of the "limit" transition
s ~, as is was in the PTP case (see Fact 11.13). If, however, for some ATG Gall
the tra.nsition clock predica.tes are built by positive logica.l connectives from "upwards
closed" elementary predicates (i.e. not admitting the form t; < c (notice the strong
inequality), the form t; ~ c, as well as t, > c, t; ~ c, t;>.tj are admitted). For
such "closed" ATGs the further deciding of both the strong and weak bisimulation
equivalences can be done relying on the same symbolic relations, as defined for PTPs'
(just taking into account the increasing nature of the clocks in ATGs vs. the decreasing
nature of the timers in PTPs).

As to the non-closed ATGs, the deciding algorithms also ca.n easily obtained,
following similar lines, as in the PTP case, however, the symbolic transition relations
for "bisimilar" region detecting must be chosen in slightly different way, e.g. in the
case of the strong bisimulation (Definition 11.16), the timed case of the transition
relation should be split into two:

WT WT• whenever P --+, or Q ----+, then nexto(X) E X, and

wTO WTP WTB
• whenever P ----+, or Q ----+, then nextl (X) EX, where A ----+ mea.ns that

« ••)A ----+ for p = p(A, B)

(of course, in the case of ATGs the definitions of p(P, Q) and nexti(P, Q) must be
taken the "dual" ones w.r.t, the corresponding definitions for PTPs).

So, we have given a brief outline of the proof of the following

Theorem A.4 The strong and weak bisimulation equivalence problems for Action
Timed Graphs are decidable.

One ca.nobtain similar decidability results also for various generalisations of ATGs
(which are still Action Timed Graphs in the sense of [NSY91]), allowing more general
timer reset functions associated with the graph edges. Since this generalisation does
not require any new ideas, a.nd the "generalised" ATGs have not yet been considered
in any applications, it is not considered in detail here. Clearly, one cannot hope to
obtain the bisimulation deciding a.lgoritlrms for the models with undecidable vertex
rea.chability problem (see [ACD90] for some notes).
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Example of a Real Time System
Analysis

We consider an example of how a real time system with both data and quantitative
time constraints can be specified and analyzed. For this purpose we choose to use the
language SOL ICC89] for writing the specification of the example (the language SOL
is widely practically used in specification of real time systems in telecommunication,
and other kinds).

We introduce here the subset of the SOL language, needed for the example spec-
ification, and outline some possibilities of the SOL program analysis. In particular,
the possibility of automatic complete test set generation for the SOL processes is
considered.

As to the example itself, we consider the specification of a passenger lift control
program which is, first, described as an SOL process, then, modelled in the program-
ming language LTIBA. An initial projectivee for the set of all feasible finite paths in
the obtained LTIDA program is also given and a complete test set construction for
the SOL lift process is performed (on the basis of the LTIBA program path feasibility
graph).

The presented example is not fully practical for both some simplifications made
in the specification in comparison with even simple real lifts and the informal style of
the presentation. The example just shows some possible role which can be played by
the considered algorithms in the r. t.s. analysis. In fact, for the purpose of practical
use these algorithms still have to (and can) be rounded by a number of resource-
saving tricks (most of them already existing, just not considered in the main part of
the theses). One can see [ABBCK91J for this optimization approach carried through
in more systematic way. A more practical approach to the SOL program analysis,
which is also going to capture both the program dependencies on data and on timers
(and involves the consideration of SOL systems which consist of several structural
components (processes)) can be found in [BKM91]'[KaI91J.
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B.l Example Specification Language: SDL

We describe the subset of the language SDL [CC89) used in the example specifica.tion
below. For the sake of readability most of the permitted language constructions are
introduced via examples. We also follow the terminology traditional for SDL in that
the "states" for a process a.revertexes of special kind in its graph (see below), they a.re
not to be mixed with the states of the labelled transition systems, giving the process
semantics.

Only one SDL process is used to describe the rea.!time system. SDL process is a
program executing in rea.!time and communica.tingwith the environment by mea.nsof
signals. SDL process has an input queue into which the environment at certain time'
moments puts the signals for the process (a time moment can be arbitrary rational,
time counting begins at the process start). An input signal for the process may
have Certain number of integer valued parameters, the signal is recorded in the queue
together with a.l1its parameters. The process has also output signals, these signals are
sent to the environment at certain time moments a.ccordingto the process program
(process diagram), as a reaction to the input signals.

SDL process is a finite state machine extended by the notions of variable and time
and provided with some special statements. More precisely, SDL process is assumed to
be able to use finite number of integer-valued internal variables, the process diagram
can contain the followingconstructions (statements).
1. START - the beginning of the process execution. We assume that a.llprocess inter-
nal variables a.re initialized to 0 at the execution of STAJIT. We depict the statement
in the diagram the following way:

(ST~RT)

2. STATE/INPUT - the complex for awaiting/reading of input signals. It has the
following form in the process diagram:

Here Q is a state name, SI and 52 are the names of signals awaited in this state, x
and y are process internal variables to which the values of the parameters conveyed
by signal S2 are assigned at consumption (rea.ding) ofS2.

If the process has reached the sta.te Q during its execution, it is awaiting for the
arrival of some signa.! in the input queue. At the moment when a signal arrives,
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it is consumed (and the corresponding assignments of parameter values to internal
variables performed). Further control flow in the diagram depends on the name of
the consumed signal (we assume that every signal in the process input queue, which
is not awaited in the current state of the process, is not consumed by the process and
simply disappears from the queue).
3. OUTPUT - signal sending statement. It has the form

S(x) >
and denotes the sending a signal to the environment at the" current" moment in
the process execution (when the instruction in the diagram is reached). Here S is
the signal name and x is the process internal. variable whose value is assigned to the
parameter of the signal.
4. TASK - internal action statement, representing the assignments to the internal
variables of the process, e.g.,

I x:= y I, 1 x:= 5 I.
5. DECISION - variable comparison statement (in fact, the same, as used in the
language LBASE):

V ~
We allow also the decision statements with some exits unspecified (i.e. pending) in the
process diagram. IT the process reaches such a pending exit within some its behaviour,
we call this behaviour incorrect.

6. SET, RESET statements and timer signa.ls.
Every SDL process has a predefined function now at every time moment returning

the numeric value of the moment (certain nonnegative rational). A process may have
a finite number of timers, each timer being intuitively an "alarm-clock" which can be
set up to send a special signal after the expiring of some certain specified time interval
(d. the notion of timer in PTPUs, Section 10.1).

A timer in SDL process can be set up by the instruction (statement)

lset(now + c,TI)1

Here TI is the timer name and c - an integer constant (a timer is said to be active
after its setting). The activity of the timer TI before it "rings" can be disrupted by
the following statement:
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reset(Tl)

When the interval of the timer activity expires (i.e. c time units have passed after its
setting) and it has not received the reset statement, a special signal is put into the
process input queue, the signal name being the same as the timer name. This signal
can be consumed at process states (a special input branch, corresponding to the timer
signal has to be added to the state):

%-->~~l
As to the cases of the timer signals not awaited in some states, we assume their
disappearance from the input queue, just the same way as ignored are the external
input signals to the process.

If some already active timer is set, an automatic reset is executed for the timer
before the new setting (so,"at every moment of the process execution no more than I
"copy" of the timers of each name can be active). The timer reset (either explicit, or
implicit by the new setting) also removesaJl the signals with the corresponding name
from the process input queue (if there are such).

The execution of the process begins with START statement at the time moment
now = 0, further processing is performed in accordance with the process diagram.
We assume that aJl internal actions of the process (assignment, comparison, signal
sending/consuming, timer setting/resetting) are performed instantaneously, so the
function now may change its value (the time may progress) only if the process waits
for some signal (either external one, or a timer signal) in some state.

B.l.l Histories and Tests for SDL Processes

For the purpose of the SDL program analysis we introduce the notion of the process
history.

First, a path in a. SDL process P is every graph-theoretical path in the process
diagram.

At every moment of the process execution the process variable value vector, cor-
responding to this moment is defined in an obvious wa.y. Let T(P) be the process
P timer set, we define the timer value assignment 6 : T(P) -t Q, corresponding to
the process execution moment to assign to an active timer t the value of the absolute
time moment when"the timer t is going to give its timeout. For an inactive timer t
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define ott) = -1 (compare with the value definition for PTPUs in Section 10.1, we
have just some design changes here).

A history of the process P is any sequence

where nj E V(P) are the process P vertexes (placeholders for the all abovedefined
SOL operators, except input), Vj E Zk are P variable value vectors (k is the number
of P variables) and OJ are P timer value assignments provided

• a = noeo, nl e" ... , nk is an initial path in the process, and

• the process execution along the path a from the process initial variable and
timer values, performing the transition along the edge e, at a the time moment
hi with the target variable value vector V;+l and timer value assignment 0;+1> is
consistent with the defined process execution semantics;

• no two transitions, corresponding to signal consumption (either external input
signals, or the signals from timers) are simultaneous.

For the sake of simplicity we consider only finite initial histories of SOL processes.
IT compared with the histories in PTP-like models, considered in Chapter 9 and

Chapter 10, the histories of SOL processes differ mostly in that they have the absolute
time' describing the transition firing moments (i.e. the time relative to the beginning
of the process execution) and the timer values are expressed in the terms of the
absolute time of the process execution, whilst for PTP-like models every transition in
a history contains just the information about how much time has been passed from
the previous transition firing moment, as well as the timer values are relative to the
"current" time moment. The absolute time semantics for SDL processes is naturally
inherent in the language constructs (the function now), while for PTP-like models the
relative time based semantics definition was more suitable for studying the properties
like bisimulation equivalence (though there is no principal differences between the two
forms for real time system semantics expressing).

Every history v of a SOL process has associated in a natural wayan input signal
sequence

(S;,h;,x;), where

S; is the ith consumed input signal name (while executing in accordance with v), h;
is the time moment of the signal input (= the moment of the signal arrival into the
queue) and x; is the parameter value vector, conveyed by the signal (note that the
timer signals are not included in this sequence since they are internal for the process).

For the purpose of the illustrativity let us depict the above considered input signal
sequence as
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(51 (XI) at hI), ... , (Sk(Xk) at hk).

One could the same way consider also the output signal sequence for the process, or
even a combined one, were there any interest"in them.

The input signal sequences for SOL processes are important in that they can be
considered as tests for given process.

From the practical viewpoint it is fair to consider the SOL processes as a determin-
istic specification formalism (the determinism here means no more than one history
for every test, we have already got rid of simultaneously incoming signals which could
be eventually the only source for some non-determinism in the process behaviour).
This means that we can state the problem of exhaustive testing of the processes w.r.t.
some process structural element coverage criteria, e.g., one could consider the pro-
cess test case sets which force the process to execute all feasible (executable on some
input) branches both of the STATE/INPUT complexes and the DECISION state-
ments, let us call the testing criterion requiring such coverage CI for SOL processes
(it is a straight analogue of the widely practically used program testing completeness
criterion CI).

In what follows, we demonstrate (both via some general observations and on the
basis of an example) how the program analysis methods presented so far allow, given
a SOL process, automatically generate for it some set of test cases, which is complete
w.r.t. the completeness criterion C\ (in fact, we are using here just very simple results
regarding the finite path feasibility in LTIBA programs (Theorem 4.1 and correspond-
ing corollaries in Section 5.2)). We are going also to consider only correct tests for
the processes, i.e. the tests not leading the process execution to the pending exits in
DECISION statements.

B.2 Passenger Lift Specification
As an example to be considered w.r.t. the program analysis and automatic complete
test set generation, we describe as a SOL process a control program for some kind of
passenger lift. Let us give first some informal explanation of the process behaviour,

The environment for the lift control process consists of lift users and lift hardware.
A lift user can press a call button in every floor thus sending the signal S with

one parameter denoting the number of the call floor to the process, Besides that the
user can press any button in the lift-cage to pass the request for the lift to go to some
floor, so the signal R with the parameter denoting the destination floor number is sent
to the process. In some situations the user can also generate signals FU (FloorUp)
and FD (FloorDown) by leaving the lift-cage and entering it, respectively (i.e. by the
changing the status of the cage floor).

The lift hardware consists of lift driving motor, controlled by the signals MUp,
MDown and MStop. lift door motor (controlled by the signals MDI (open the door),
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MD2 (close the door) and MDStop) and some sensors informing the process about
the physical state of the lift. The following signals from sensors are considered: Z(x)
- floor number x is reached, DOp (Door is Open), DC (Door is Closed).

The behaviour of the lift can be characterized by the following properties:

• the lift has no memory for the user requests, signals S(x), R(x) are accepted
for the processing only after the previous request has been executed;

• if an empty lift with the open door stays in some floor for more than 20 seconds,
the door becomes being closed;

• if the status of the cage floor has changed while the door is closing (i.e. somebody
managed to enter or to leave the cage), the closing of the door is interrupted, and
the door opens. Besides, if the door was heing closed to execute some request
to go somewhere, the request is canceled.

The SDL process specification of the lift is given in Figure B.I, Figure B.2 and
Figure B.3.

B.3 Modelling of SDL Processes in LTIBA
The modelling of SDL processes as LTlBA programs is done following the same prin-
cipal lines, as the modelling of PTPs in Section 9.2 and PTPBos in Section 10.4.

The idea. of the SDL process history simulation by a history of the modelling
LTIBA program work consists in representing the value of the process function now
at some point in the process history by the value of the modelling program real time
counter z at the 'corresponding" point in the program history. Every time when a
new signal is read by the process from the process input queue, the time moment of
this signal arrival is read in by the modelling program, it is then positively assigned
to the program rea.! time counter z , so guaranteeing the non-decreasment of the time
between the processing of two input signals. For the sake of brevity in modelling the
strong advancement of the time we define in the language LTIM (and, so, in LTIBA)
a macro-operator

~

z •....t as a block ~===_z.....t_~

The only difference of the macro-operator z ~ t from the positive assignment op-
erator z t. t is that in the case of values of z and t coinciding in the former case
the further program execution is passed along the - - - exit, while in the later one
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1* FI=O means Floor is Up,
FI=1 means Floor is Down */

Figure B.1: Lift Process: 1
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set(now+20,TI)

Figure B.2: Lift Process: 2

( Wait Enter )
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rlMDStop)
~ ~ __ I I I

I x:= y I
@,---

Fl:= 0 Fl:= 1

Figure B.3: Lift Process: 3
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the corresponding outgoing edge label must be • + •. The modelling of SDL process
constructs by constructs of the language LTIBA in order to meet the abovementioned
correspondence between the process and program histories is done, as follows:
1. The process START statement is transformed into the LTIBA program start label,
denoting the program initial vertex.
2. The STATE/INPUT complex

~--->-S~~(-X)---->-S-3~X'Y)

is transformed, as shown in Figure BA.
As to the LTlM system of commands we again, as in the case of the modelling

of PTPs, are satisfied with the LTIMo subset of them. In the example the variable
t is assumed to be the LTIMo input variable of the modelling program (see Sec-
tion 3.2 for the notion of the input variable explained). The outgoing edges from the
STATE/INPUT complex are corresponding to the outgoing edges from the process
state vertex. We put the la.bels SI, S2, ... , Sk on these program edges to describe
which program branch (edge) corresponds to which branch (edge) of the process.
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Q:

Figure B.4: STATE/INPUT complex modelling

3. The process output signals are not reflected in the modelling program at all for
they do not affect the process path feasibility test case generation (tests do consist
only of process input signals, the output signal sequence is observable, wben the pro-
cess is executing on some test).

4. The modelling of the process timers is done the following way.

We define a process P timer T statically active in a state Q whenever there exists
a path 0 from the process START vertex to Q such that among the timer T treating
operators ("set T", "reset T" and consumption of the T signal) the last one is "set
T" (i.e. the timer T is active "after the path 0"). The timer T is always active in Q,
if T is active after every path from the process START vertex to Q and for every such
path in all the states after the last "set T" operator in the path the signal from T is
awaited (observe that we do not impose any claim on the feasibility of the considered
paths, so the statical activity and always activity of given process timer in a given
state can be easily checked by some standard graph algorithms).

As to the considered lift process (Figures B.l , B.2 , B.3), we have in it only one
timer, Tl. The only process state, in which Tl is active is WaitEnter, one can easily
see that Tl is also always active in WaitEnter.

Given a process P we introduce for every its timer Ti a LTIM variable t' into the
modelling program and add for all such variables the assignment operators ti •....(-1)
in the program graph to be executed at the beginning of the program work (this
assignment simply reflects in the modelling program the initial inactivity of all process
timers).

The process operators for timer treating are modelled in the program, as follows:
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[set(now + c,Ti) I and

reset(Ti) I:
Now let us consider the modelling of the STATE/INPUT complex

~-->-~l
in the presence of statically active timers in the state Q (the states without statically
active timers are modelled, as explained in (2.)). Let the set of statically active timers
in Q be {Tl, T2} (we show the modelling translation on the example, covering a.llthe
principal possibilities), then the considered STATE/INPUT complex is translated,
as demonstrated in Figure B.5 (this modelling situation resembles the PTP edge
modelling by LTIM programs, done in Section 9.2: if some transition fires at some
moment (here the moment is read from the input into the variable t), this firing will
be correct only if no red edge (=no branch, pending on some timer signal) require a
transition along it to be performed earlier).

Notice the presence of a loop, labelled by the timer T2. The signal from T2 is
not awaited in the state Q, however, if the timer times out in such a not appropriate
moment, its signal is ignored and the timer itself is made "inactive" (actually at this
point we are using the modelling of SDL processes by LTIBA programs to explain
the semantics of the SDL processes themselves in more detail than it was done in the
intuitive description in Section B.l).

II for some state Q some timers Ti active in this state are always active in it, we
can the corresponding modelling fragment

~_-l + ti>t
~I-

replace by a simpler one:

for the value of ti being greater than -1 every time the modelling program reaches
this block.

Using the described modelling algorithm we obtain the lift process modelling pro-
gram in LTIBA, as depicted in Figure B.6 and Figure B.7 (for the sake of brevity we
have shortened some names of the states, it is completely straightforward to establish
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t1 •...•(-1)

Figure B.5: TheTraaslation of "Timered" States
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the correspondence relation between them).
The following brief statements about the abovedefined SDL process as LTIBA

program modelling algorithm can be made.
Given a path a in a SDL process P, one can in a natural way associate with it

paths a' in its modelling program M(P), which visit the same vertexes in the same
order, as the path a goes through in P, and have the edges between these vertexes
modelling the corresponding path a edges (see Section 9.2 for an analogic path relation
1rp between the paths in PTPs and their modelling LTIM programs), let us call all
such paths a' the codes of a in M(P).

Let for any process history v along a path a in P we call modelling program,
M(P) history v' along some program path a' coding the process path a the code of
the history v provided

• the value of the function now at the end of the history v coincides with V:(v').z
- the value of z at the end of the history v',

• for every P timer Ti at the end of the histories v and v' respectively we have
6(Ti) = ifT.t',

• the P variable values at the end of It coincide with the corresponding modelling
program LBASE variable values at the end of v'; and

• for every v prefix v, there exists a IIprefix rI; which is the code of Vi.

A path a in the process modelling program is accepting, if it ends with some
vertex, corresponding to a SDL state of the process (equivalently, if the path Q is the
code of some process path). One can easily obtain the followingresult characterizing
the defined coding relation:

Lemma B.l For every SDL process P history a there exists precisely one modelling
program history, which is the code of Q. Besides that, every modelling program history
along an accepting path in the program is a code of some process history, and the coding
relation between histories are both ways effective.

B.4 Analysis of SDL Processes
We begin this section with some theoretical remarks regarding the possibilities of the
automated analysis and complete test case generation for SDL processes, then we
proceed to the lift process example on the basis of which the ways of LTlBA program
path feasibility graph usage in the complete set test generation for SDL processes
is explained. Some points regarding the optimizations of the path feasibility graph
construction for LTIBA programs (if compared with the algorithm, given in the proof
of Theorem 4.1) are also considered.
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FlyU:

x<y
+

FlyD:

+

C DOpn

Figure B.6: Lift Process: LTIBA: 1
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Figure B.7: Lift Process: LTIBA: 2
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From Lemma B.1 it follows that a path in a SOL process is feasible if and only if
it has a feasible code in the modelling program. Since according to Corollary 5.13 the
set of all feasible accepting paths in the modelling LTIBA program is T-projective (see
Section 2.2 for the definitions), we obtain a similar T-projectivity result for the set
of all finite feasible paths in given SOL process, what allows to solve e.g. the process
vertex reachability problem.

Moreover, since we have the result of Corollary 5.16 for LTIBA programs (actually
we use a slight its modification), we can for every feasible branch in given program
(i.e. the branch, executable within some initial program history) effectively exhibit
the history on which this branch is covered. So we can, given a LTIBA program,
effectively exhibit a finite set of its histories which traverse the all feasible given
program branches. If one exhibits such a history set for a LTIBA program which is
modelling an SDL process P, Lemma B.1 guarantees that these histories are the codes
of the process P histories which also cover all feasible branches in P. Since the step
from an SOL process history to its associated input signal sequence is straightforward
and all the needed constructions are clearly effective, we have

Theorem B.2 There exists an algorithm which, given a SDL process, generates for
it a complete test set w.r.t. the testing completeness criterion C1.

In fact, the result of the theorem can be generalized also to apply to SOL systems
which contain several parallel processes, one just needs to constrain the signal queue
lengths in the system (for SOL systems consisting of two processes provided with
infinite queues and two signals going each way between them, the process vertex
reachability problem can be easily shown undecidable).

Now let us consider the CTS generation for the lift process, specified in Fig-
ures B.1, B.2, B.3 and presented as a program in LTIBA in Figures B.6 and B.7. We
build first a finite path feasibility graph (initial T-projectivee for the set of all finite
feasible paths) of the lift program in LTIBA.

BA.l Path Feasibility Graphs: Optimizations
According to the definition of the path feasibility graph G(P) for a given program P it
may be the case that one path in the program is the projection of more than one path
in its path feasibility graph. Also both the LBASE and LTIM program path feasibility
graphs BG(P) (and, so, the path feasibility graph for the LTIBA programs), built in
the proof of Theorem 4.1 usually have this facility.

One can notice that for P being either a LBASE, or LTIM program, every vertex
in the path feasibility graph BG(P) is a pair (n, C) for n being a program P vertex
and C E Cp being a program variable configu.ration. Let for an arbitrary path 0' in
the program P the context S(O') be defined as the set of all configurations, which can
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be reached in BG(P) along the path 0, more precisely, let

Sp(o) = {C E Cp130': 0 = proj(or') & C.(a') = C}.

Clearly, one can, given a LBASE or LTIM program P, compute for it a finite
path feasibility graph with the vertexes (n, S) for S =5(0) for some P path ex with
n.(ex) = n, one just has to draw the edges between these vertexes in a way that an
edge, labelled by a program P edge from (n,S) to (n',S) is drawn if and only if

for every C' E S' there exists C E S such that
there exists an e-labelled edge in BG(P) from (n,C) to (n',C').

This approach of the program path feasibility graph construction for LBASE pro-
grams was developed in [BBK74, BBK77] (see also [ABBCK91] for a survey) and it
leads in practical examples to the path feasibility graphs of considerably smaller size
than BG(P)s considered above. The path context approach becomes especially at-
tractive since one can manage to provide the configuration set S(o) with a comparably
short and effective characteristics by the means of inequality systems (just as the vari-
able configurations for both LBASE and LTlM programs were characterized above in
Section 4.1) w.r.t. the "current" variable values after the execution of the path ex. The
state-space saving effect arises since the variable configurations for LBASE programs
contain the information about the mutual relations of all pairs of variables, while the
path contexts S(o) do not require the determination of the unimportant (in some
sense) ordering of the variable pair values. The reason of the choosing the variable
configuration approach in this work was the intention to use the graph BG(P) also for
infinite path feasibility analysis, where, at least for our approach the full information
about the variable value comparisons after every operator execution was necessary
(see e.g. the definition of an accomplished loop in Section 6.1).

As to the case of LTIM programs, the path contexts are defined the same way, as
for LBASE programs, however, it may be not the case that a particular context S(o)
can be characterized by a simple inequality system w.r.t. the "current" variable values
after the execution of the path a, in general, some more complex data structures are
needed. One possible solution to this problem is given in [ABBCK91], where every of
the path contexts S(o) is again partitioned into several subsets (each of them being a
configuration set, reachable along the path 0). This way both the obtained graph can
be shown to be a path feasibility graph for the given program, and every its vertex
becomes a pair (n,S) for n being a program vertex, and S - some set of program
variable configurations with their union being a solution set of some simple linear
inequality system.

However, given a LTIMo program P, for every path 0 in it the defined context
S(a) obeys the property of being a solution set of some simple inequality system,
so the further its splitting is not necessary. Just for the sake of brevity in the path



APPENDIX B. EXAMPLE OF A REAL TIME SYSTEM ANALYSIS 194

feasibility graph for the lift program two such splittings were made (see Figure B.9),
we save this way just about 9 reachability graph vertexes.

It could be at least theoretica.lly an interesting problem to find the algorithms
looking for the "optimal" finite path feasibility graphs in given programs (these algo-
rithms also themselves should run in a reasonable time), however, it is not touched in
the thesis.

There are two more simplifications which are taken into account when building
the path feasibility graph for the LTIBA lift program.

First, we put in the graph only the vertexes, corresponding to the program vertexes
which are essentially located [ABBCK91], namely, a vertex class containing at least
one vertex for every loop in the program (we require also all accepting lift program
vertexes to be present).

Second, some of the path contexts (inequality systems) are simplified by the ex-
cluding variables whose values may become to be used in the future only after some
prior assignment (i.e. the "current" values of these variables are "irrelevant" for the
further behaviour of the program), see [ABBCK91] for a more detailed explanation
(just note that only program structure analysis techniques are used in this step to
make the decision about the "inessentiality" of some variables).

B.4.2 A Path Feasibility Graph for LTIBA Lift
The vertexes of the path feasibility graph are pairs (n, S) where n is an essentially
located program vertex and S is an inequality system characterizing the program
variable values (both LBA5E and LTIM variables (base points) are taken into account)
after the program paths leading to this vertex (more precisely, the program paths
which are the projections of the graph paths leading to (n, S)).

The label of a given edge in the graph describes the path between the corresponding
essentially located vertexes in the program, which corresponds to this edge. For the
full description of such a path it suffices to denote the exits of the a.llprogram operators
(vertexes), where a real decision is being made (i.e. which have more than one exit),
see the graph.

In order to make the graph more readable we choose to denote all cyclic edges
around the vertexes by these edge labels put in the parentheses in the vertex descrip-
tion itself, e.g.,

WR,56(S,R-- )

means that there are loops around the vertex WR,56 which are labelled by Sand
R - -. Ii the asterisks (**) are put in the parentheses for some graph vertex, look
for another vertex with the same name, where all outgoing edges from it are specified.
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Figure B.8: Path Feasibility Graph: 1

The path feasibility graph for LTIBA lift program is presented in Figure B.8 and
Figure B.9 and the explanation of the "context" components of the graph vertexes is
given in Figure 8.10.

B.4.3 A CompleteTest Set for Lift Process
Given the path feasibility graph for the LTlBA lift program, we can look for every
given branch b of the program, whether it is a projection of some branch in the graph.
1£such a graph branch is found, we can consider an initial path Q in the graph, con-
taining this branch and find some program history /I along this path (in the case, if
there is no such branch in the graph, the corresponding program branch b is infeasi-
ble). The input signal sequence of the process history, coded by /I, yields a test for
the SDL lift process, covering the process branch, which corresponds to b. Choosing
some order of the program branch consideration, one can obtain, for instance, the
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Figure B.9: Pa.th Feasibility Gra.ph: 2

DOpn,S9(**)
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51:
52:
53:
54:
55:
56:
57:
58:
59:
510:
511: .
512:
513:
514:
515:
516:
517:

-1 = t1 '< 0 = z,
-1 = t1 < 0 < z,
-1 = t1 < 0 < z,
0< z < z + 20 = t1,

0< Z < t1 < z + 20,
-1 = t1 < 0 < z,
-1 = t1 < 0 < z,
-1 = t1 < 0 < z,
-1 = t1 < 0 < z,
o <"z < z + 20 = tl,
0< z < t1 < z + 20,
-1 = t1 < 0 < z,
-1 = t1 < 0 < z,
-1 = t1 < 0 < z,
-1 = t1 < 0 < z,
-1 = t1 < 0 < z,
-1 = t1 < 0 < z,

y= I,
Y = 1,
x = Y = 1,/
X =y = I,
x = Y = 1,
x= Y = I,
X> Y = I,
x> Y > 1,
x=y> I,
x= Y > 1,
x=Y> I,
X = Y > 1,
s > I,
X> Y > I,
0< X < y,
0< X < y,
X> Y = I,
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FI =0
Fl =0
FI =0
Fl=O
Fl=O
Fl = 1
Fl = 1
Fl= 1
Fl = 1
FI=O
FI=O
FI =0
FI = 0
Fl=O
FI=O
FI = 1
FI=O.

Figure B.1O: Path Feasibility Gra.ph: Contexts
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Test Nl. (R(O) at 1).

Test N2. (S(3) at 1), (S(O) at 2), (R(O) at 3), (Z(2) at 4).

Test N3. (S(2) at I), (Z(2) at 2), (S(O) at 3), (R(O) at 4), (FO at 5), (FU at 6).

Test N4. (S(I) at I), (OOp at 2), (S(O) at 3), (R(O) at 4) (observe that tills test
invokes the timer signal T'I to come at the moment 22).

Test N5. (S(I) at 1), (OOp at 2), (FO at 3), (5(0) at 4), (R(I) at 5).

Test N6. (S(I) at I), (OOp at 2), (FD at 3), (R(2) at 4), (S(O) at 5), (R(O) at 6).

Test N7. (S(I) at I), (DOp at 2), (FO at 3), (R(2) at 4), (OC at 5), (Z(2) at 6),
(OOp at 7).

Test N8. (S(3) at 1), (Z(3) at 2), (OOp at 3), (OC at 24), (S(I) at 25), (S(O) at 26),
(R(O) at 27)' (Z{2) at 28), (Z(I) at 29).

Test N9. (5(1) at I), (OOp at 2), (FO at 23).

Test NIO. (S(I) at I), (OOp at 2), (FO at 3), (R(2) at 4), (YU at 5).

Test NIL (S(2) at I), (Z(2) at 2), (OOp at 3), (FO at 4), (R(I) at 5).

Figure B.ll: A Complete Test Set for Lift Process

coUection of the tests for the lift process, which form the needed Complete Test Set
(according to Cd, as shown in Figure B.ll


