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ANOTATION

Deriving of solutions for steady-state 3D, 2D and 1D problems of heat
transfer for cylindrical system with fin are considered in this thesis. Also, non steady-
state solutions of hyperbolic heat transfer problems for 1D cylinder and 2D
cylindrical system with fin are discussed. Semi-analytical solutions for cylindrical
system with fin with conservative averaging method are obtained. Analytical
solutions with generalised Green function method for several cylindrical systems
with fin are constructed. Some of listed models of steady-state problems are
constructed and calculation examples are presented. The obtained results are
compared and analysed.

The thesis is written in English, it contains 87 pages (including 1 Appendix),
23 figures, 300 formulae, 6 tables and 53 references.
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INTRODUCTION

Extended surfaces, or fins, are a popular topic of heat transfer [1], [2] and [3].
Fin is a surface which extends from the heat exchange object to increase the rate of
heat transfer to or from the environment. Generally this thesis is dedicated to
different heat transfer problems in cylindrical systems with extended surfaces — fins.

In chapter 1, some three-dimensional problem for one element of cylindrical
wall and fin is defined. It is assumed that the heat transfer process in the wall and the
fin is in a steady-state. Some criterions when it is possible to replace three-
dimensional formulation of problem with two- or one-dimensional statement are
given. Semi analytical 1D and 2D solutions are constructed for domains with a) ideal
contact [4], [5] and b) contact resistance. These solutions are obtained by the original
method of conservative averaging [6], [7], [8] and [9]. Calculations and results are
compared and discussed.

In chapter 2, analytical solutions for the steady state problem of cylindrical
wall and fin are discussed [10]. At first, the problem is reduced to dimensionless
arguments (see appendix A). Then, additional boundary conditions are added. Two
different cases — with homogeneous surrounding temperature and with non-
homogeneous boundary conditions — are analysed and solved with a similar method.
The solution obtained using a combination of two particular solutions by Green
function for rectangular domain [11]. Still, solutions for separate domains contain
unknown functions. Both domains are joined through conjugation conditions and
problem reduced to the inhomogeneous Fredholm equation of the second kind.

In chapter 3, hyperbolic heat transfer problems are discussed [12], [13]. To
describe the process of intensive quenching [14], [15] hyperbolic heat transfer by
professor A. Buikis is proposed [16]. It is assumed that the heat transfer process in
the wall and the fin is in a non steady-state. Solutions for the time inverse problem
for one-dimensional cylinder and two-dimensional cylindrical wall with fin are
constructed.

Importance of Subject

Processes where the main or a significant role is being played by heat transfer
are important in many different fields: technology, agriculture, medicine, and other
fields. In many cases, it is necessary to intensify the heat transfer in a device. For this
purpose, both periodic and non-periodic systems with extended surfaces with fins are
introduced. There is a wide range of applications for devices of this type and they
can be found in many places starting from home heating systems — radiators,
refrigerators, to computer hardware, jet engines and spacecrafts [1]. In recent years,
systems where porous and non-porous materials are in contact are also considered in
many fields, for example, when dealing with geological structures, composite
materials [17] etc.

The mathematical models describing thermal processes in real environments
are usually characterised by the fact that they contain elements that make




mathematical modelling difficult, for example, the environment can seldom be
considered homogenous. Very often in real life applications, a piecewise
homogenous environment can be found, when the physical parameters (heat transfer
coefficient and heat capacity) differ many times, it is often combined with different
geometrical sizes for different sub-domains.

It is important to find solutions for the non-steady processes, including
situations where very rapid temperature changes take place at the beginning of the
process. This feature is characteristic to the steel quenching process in water that can
be described using the hyperbolic heat transfer equation [16].

Examples and methods for 1D cases have been widely discussed in the
literature [3], [2], however problems with complicated domains [3], a combination of
different domains or the solutions for multidimensional problems [11] with non-
linear boundary conditions or problems in cylindrical coordinates with an axially
symmetrical domain can rarely be found in the literature, mostly as a specific
problem of mathematical physics with a solution ready for use.

The analytical solutions in the literature are often perceived as precise but not
flexible and, in the worst case, as overly complicated and difficult to understand.
However, recent trends show that the use of a combination of analytical and semi-
analytical solutions can be interesting for a wide class of problems, because they can
offer greater insight into the solution, require less computer resources and/or provide
a more precise solution [18].

The Objective of the Thesis

The main tasks of this Thesis can be divided into two parts. The first part
concerns stationary problems of mathematical physics for the classical heat transfer
equations, the second part — non-steady solutions for the hyperbolic heat equations.

Some of the main aims for this work are:

e Using different boundary, symmetry and harmonisation conditions
that describe physical processes as accurately as possible, to develop a
semi-analytical and analytical solution for stationary heat transfer
process in systems with cylindrical fin for the classical heat transfer
equation,

e To provide a solution for a group of problems of mathematical
physics that is as wide as possible,

e To develop a number of mathematical models and compare the results
obtained,

e To find analytical solutions to the unsteady time-inverse hyperbolic
heat transfer problem in a cylindrical domain,

e To find an analytical solution to the unsteady hyperbolic heat transfer
problem for a cylindrical domain with a fin.




Research Methodology

In this thesis, the method of conservative averaging is employed to acquire
the semi-analytical solutions [19]. However, the Green function method is employed
to acquire the analytical solution in non-canonical domains. All the problems of
mathematical physics first are formulated in 3D and then, using the averaging over
one of the dimensions, the 2D model is obtained.

Scientific Novelty and Main Results

This work contains the following results:

e A semi-analytical solution for a system with cylindrical fin (with an
ideal contact and contact resistance) is obtained using the method of
conservative averaging.

e A mathematical model for corresponding solutions obtained with the
method of conservative averaging has been developed for 2D and 1D
problems. Numerical calculations have been carried out using
different values of physical parameters and geometrical sizes of
domains.

e A precise analytical solution has been found using the Green’s
function method for a system with a cylindrical fin for a wide class of
problems with different boundary conditions.

e A mathematical model has been developed for solving the 2D
homogenous problem using the Green’s function. Numerical
calculations have been carried out using different values of physical
parameters and geometrical sizes of domains.

e An analytical solution for the 2D unsteady time-inverse problem for
the hyperbolic heat transfer equation in a cylindrical domain has been
found.

e An analytical solution for the 2D unsteady problem for the hyperbolic
heat transfer equation for a system with a cylindrical fin has been
found.

Application

Any of the results presented in this work can be used both from practical and
theoretical aspects.

The advantage of the semi-analytical solution is the speed of calculations of
numerical results. Semi-analytical and analytical results require much less computing
time than the numerical results using methods of finite differences or elements.
During international scientific conferences, foreign scientists have expressed interest
many times in the results obtained in this work and their possible application in large
scale computational systems.




However, the results obtained with the Green’s function method show how to
generalise the methodology for a wider range of problems when the geometry
consists of a number of canonical domains. The results acquired using the Green’s
function method have the advantage of being precise analytical solutions.

The precise analytical solution for the stationary heat transfer problem with a
non-homogenous surrounding environment allows solving problems for a cylindrical
system with an outer hydrodynamic field [20], [21].

The solutions provided by the hyperbolic heat transfer processes are
interesting in the analysis of an intensive steel quenching process [14], [15]. Special
attention is given to the question of whether the problems considered in this Thesis
can be applied to real life situations, for example, whether it is possible to obtain the
initial parameters of a mathematical model. A group of Latvian mathematicians has
taken part in such a research project since 2005. It is important to develop models for
components of complicated shapes such as, for example, the cylindrical system with
a fin, described in this work.




ACKNOWLEDGEMENTS AND DEDICATIONS

| express my greatest thanks to my supervisor Prof. Andris Buikis for
advices, encouragement, inspiration and support during all the processes of PhD
studies and during the creation of the thesis.

| also would like to express my greatest thanks to all my colleagues,
especially MSc. Phys. Juris Sennikovs, MSc. Phys. Andrejs Timuhins, Dr. Phys.
Uldis Bethers, Dr. Phys. Janis Virbulis and MSc. Phys. Tija Sile for their
psychological encouragement and all their advices. Thanks to University of Latvia,
Laboratory for Mathematical Modelling of Environmental and Technological
Processes for opportunity to use visual software components for the result
representation.

| dedicate this thesis to my family and especially express my appreciation to
my parents, who have always supported and believed in me. My very special thanks
are to 4AP team for love, inspiration and support in all possible ways.

The research was supported by the European Social Fund (ESF), University

of Latvia (LU), Council of Sciences of Latvia (ZA) and Institute of Mathematics and
Computer Science (LUMII).

10



PUBLICATIONS AND REPORTS

Publications

1. Steel quenching process as hyperbolic heat equation for cylinder, Anita Piliksere,
Margarita Buike, Andris Buikis. Proceeding of 6th Baltic Heat Transfer
Conference — BHTC2011, 2011, ISBN 978-952-15-2640-4 (CD-ROM)

2. Analytical Solution for Intensive Quenching of Cylindrical Sample, Piliksere A.,
Buikis A. Proceeding of 6™ International Scientific Colloquium of University of
Latvia, Leibniz University of Hannover. 2010, pp. 181-186. ISBN 978-9984-45-
223-4

3. Exact Analytical 3D Steady-State Solution for Cylindrical Fin, Piliksere A., Buikis
A. WSEAS Press, 2007, Topics in Advanced Theoretical and Applied Mechanics.
Proceeding of the 3 WSEAS International Conference on Applied and Theoretical
Mechanics, pp. 1-6. ISBN: 978-960-6766-19-0

4. Analytical 3D Steady-State Statement for Cylindrical Fin and some of its
Approximate Solutions, Briivere A., Buikis A. WSEAS Press, 2006, WSEAS
Transactions on Heat and Mass Transfer, Vol. 1, Issue 4, pp. 415-422. ISSN 1790-
5044

5. Some Approximate Analytical Steady-State Solutions for Cylindrical Fin, Briivere
A., Buikis. A. WSEAS Press, 2006, Proceeding of the 4" WSEAS International
Conference on Heat Transfer, Thermal Engineering and Environment, pp. 238-243.

Reports on International Scientific Conferences

1. 6™ Baltic Heat Transfer Conference (BHTC), Tampere, Finland, August 24 — 28,
2011, pp. 89 — 90. Steel quenching process as hyperbolic heat equation for
cylinder, Anita Piliksere, Margarita Buike, Andris Buikis.

2. 16" International Conference on Mathematical Modelling and Analysis, Sigulda,
Latvia, May 25-28, 2011, Issues of hyperbolic heat exchange equation in polar co-
ordinate system, Andris Buikis, Anita Piliksere.

3. European Geosciences Union General Assembly 2011, NH1.3/HS12.7, Vienna,
Austria, April 3-8, 2011. A flood risk assessment for Riga city taking account
climate changes, Anita Piliksere, Aigars Valainis, Juris Sennikovs.

4. University of Latvia, Leibniz University of Hannover, 6" International Scientific
Colloquium Modelling for Material Processing, Poster, September 16 — 17, 2010.
Analytical Solution for Intensive Quenching of Cylindrical Sample, Anita
Piliksere, Andris Buikis.

11



5. 4" WSEAS International Conference on Heat Transfer, Thermal Engineering and
Environment. Elounda, Greece, August 21-23, 2006. Some Approximate
Analytical Steady-State Solutions For Cylindrical Fin, Anita Briivere, Andris
Buikis.

6. 3" IASME / WSEAS International Conference Applied and Theoretical
Mechanics, Puerto De La Cruz, Spain, December 14-16, 2007. Exact Analytical
3D Steady-State Solution For Cylindrical Fin, Andris Buikis, Anita Piliksere.

7. Abstracts of the 11™ International Conference of Mathematical Modelling and
Analysis (MMA), Jurmala, Latvia, May 31 — June 3, 2006, p. 68. 3D Heat
Transfer In Cylindrical Wall With Fin, Anita Brivere.

8. International Conference Problems of numerical and applied mathematics, Lviv,
Ukraina, 13-16.09, 2004. Ananumuueckoe u wuciennoe cpasHeHue paziuiHslx
peutenul CmayuoHapHou 3aoauu 0as cmenku ¢ peopom, A.Byiikuc, M. Byiike,
A.BbpysBepe.

Reports on Local Scientific Conferences

1. LU 69. Konference Matematiskas modeléSanas, skaitliskas analizes un diferencu
vienadojumu sekcija, 17. februari, 2011, Térauda ridisanas cilindrisku modelu
risinajumi, Piliksere A.

2. 6™ Latvian Mathematical Conference, Abstracts, April 7-8, 2006, Liepaja, Latvia,

Three Dimensional Steady-States Heat Transfer Problem For Cylindrical Wall
With Fin, Bravere A.

3. LU 64. Konference Jauno zinatnieku sekcija, 14. februari, 2006, ,,Atrisinajumu
salidzinasana sistémai ar ribu cilindriskas koordinatés”, Briivere A.

4. LU 63. konference Matematiskas modelésanas sekcija, 10. februari, 2005,
»luvinato un precizo atrisinajumu salidzinajums sistéemam ar ribu”, Briivere A.

12



LIST OF ABBREVIATIONS

1D
2D
3D
BC
1Q
M-G

one dimensional
two dimensional
tree dimensional
boundary condition
Intensive quenching
Murray - Gardner

13



1. SOME SEMI-ANALYTICAL STEADY-STATE SOLUTIONS
FOR CYLINDRICAL FIN

1.1 Problem Introduction

Obtaining efficient cooling for the components of devices is a difficult
challenge in modern industry. It is a topical issue in refrigerators, radiators, engines
and modern electronics, etc. Often a solution using only primary surfaces does not
provide expected efficiency. A well-known solution described in literature [1], [2],
[22] is extended surfaces. An extended surface (also known as a combined
conduction-convection
system or a fin), is a object
where heat transfer by
conduction is assumed to be
one dimensional, while heat
is also transferred by
convection (and/or radigtion) / (A) (B)
from the surface in a
direction transverse to that of
conduction [2], [23]
Extended surfaces may exist
in many situations but are
commonly used as fins to
enhance heat transfer by (©) D)
increasing the surface area
available ~ for convection | Figure 1.1. Several examples of Extended surfaces
(and/or radiation). Figure 1.1 (A\) rectangular fin, (B) longitudinal fin of trapezoidal profile,
depicts several examples of (C) cylindrical spine, (D) cylindrical fin
extended surfaces. Many more different shapes are used in modern industry.

Some analytical solutions and 2D solution with method of Green function for
extended surface (Figure 1.1 (A)) with a rectangular wall and a fin in Cartesian
coordinates are given in the Master theses of author [9] and PhD thesis of M.Buike
[8]. In this work, an extended surface (Figure 1.1 (D)) with cylindrical wall with a fin
will be discussed. Usually its mathematical modelling is realised by one dimensional
steady-state assumptions and, in all cases, the finite element method is offered [1],
[24], [25]. Two dimensional analytical approximate solutions for a rectangular fin are
constructed in papers [26], [27], [28], [29], but solutions with method of Green
function are described in [27]. A number of solutions of the problem with no contact
resistance between the primary surface and the fin are offered in papers [4], [5]. In
this chapter, a number of new approximate analytical three dimensional solutions by
the original method of conservative averaging and some its simplifications (special
cases) are obtained.
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1.2 Problem Statement

Let’s discuss the following 3D heat exchange problem in periodical system
(Figure 1.2). There is hot fluid inside the cylindrical wall. The heat flows from the

inside to the outside. One element of the system
is shown in Figure 1.3. Usually for the system so-
called Murray — Gardner [1] assumptions are
formulated. They are:

1. The heat flow in the fin and the temperature
V(F,,7) at any point on the fin remain constant
with time;

2. The fin material is homogeneous; its thermal
conductivity k is the same in all directions and
remains constant;

3. The heat transfer coefficient h between the
fin and the surrounding medium is uniform and
constant over the entire surface of the fin;

4. The temperature T, of the medium

surrounding the fin is uniform;

5. The fin height is so small compared with its
length that temperature gradients across the fin
height may be neglected,;

Fin
z
— - Fin
=
E.
o
Fin
Fin

Figure 1.2. Axial section of 3D
domain

On the left side of the domain is hot liquid.
Heat transfer is oriented from the inside
to the outside.

6. The temperature at the base of
the fin is uniform;

7. There are no heat sources R+L ‘R—*

within the fin itself;
8. Heat transfer to or from the

temperature difference between
the fin and the surrounding 7.

fin is proportional to the /_/_>

medium; 0

9. There is no contact resistance
between fins in the configuration 7
or between the fin and the
surrounding medium;

10. The heat transferred through
the outermost edge of the fin is
negligible compared to that

Figure 1.3. 3D domain.
Ro — distance of the wall from the centre,

through the lateral surfaces (faces) R - distance of the fin from the centre,
of the fin L — width of the fin, Z, — height of the fin, Z — height of the wall

\

The problem discussed further differs from the assumptions above in point 9 — the
contact resistance between the wall and the fin will be taken into account.

15



1.3 Mathematical Formulation of 3D Problem and Reduction to 2D

Let’s start with accurate three-dimensional formulation of the steady-state
problem for one element of the periodical system for the cylindrical wall and fin
(Figure 1.3). Consumptions and boundary conditions of one element in this model
describe whole system. The one element of the wall (base) is placed in the domain

{f €[R,,R]Z €[0,Z] » €[0,¢]} and temperature field V,(F,Z,¢) in the wall with

Laplace equation [30], [31] is described:
10(-0v,) 8%, 1 &V,
Pl Il ey P i
ror\ or oz reop

0. (1.1)

The cylindrical fin  of length L  occupies the domain
{F e[R.R+L], Z€[0,Z,].¢ e[O,¢]} and the temperature field V (7, Z, ) fulfils the
equation:
1o(.ov) &N 1 &N
—— | — +T2+~—2—2:0.
ror\ or oz° T op
Following boundary conditions in accordance with M-G point 5) in ¢ direction are
formulated:

al

op

(1.2)

v
op

oV,

No| _ M
b aw

=0 B 5(0
The problem (1.1) - (1.2) from 3D to 2D is reduced using the following average
integral for argument ¢ :

0(F.7)= %I:V(F, 7,0)de and U, (F,2) = %j:\io(r, 7,0)dg . (1.4)

= 0. (1.3)

p=¢

p=¢ 9=0

1.3.1 Problem Formulation in Dimensionless Arguments

The following dimensionless arguments and parameters are used, to
transform problem (1.1) — (1.3) to a dimensionless problem:

F 4 R R R+L YA hZ hZ
r:_l Z:_a 5 = 01 =— 5+|: ) b: Oa = ' = ’
Z 722 %77 77 Z 2 P Ky F=
hZ J(r,z)-T U,(r,z)-T
0 0 ] ’
=——_ And temperatures:U (r,z) = ——"~2 2 U (r,z2)=—"2"'"~_ 2,
A= p (r) === Ura) ==

Here k(k,) - heat conduction coefficient for the fin (wall), h(h,) - heat
exchange coefficient for the fin (wall), Z, - height of the fin, L - length of the fin,
Z - height of the wall, T, - the surrounding temperature on the left (hot) side of the
wall, T, - the surrounding temperature on the right (cold) side of the wall and the fin.

16



Detailed description of formulation problem in dimensionless arguments is discussed
in Appendix A, Chapter A.1.

1.3.2 Description of Temperature Field in the Wall

AZ
One element of the wall 1 )
(base) (Figure 1.4) placed in the
domain § now
{rels,.s}z<0l]} and & @lh 0=0
describes the dimensionless ©=1
temperature field U,(r,z) in the U,(r,2)
wall with the equation: ko h
10( oU U " e
——(r °j+ 2=0 (15
ror\_ or oz ho|® ol u(r,z) @ h
Using Fourier’s fourth law and K
Newtown’s second law, and heat ~ — @ - Sy r
balance, boundary conditions for %
inner @ and outward @ surface Figure 1.4 Dimensionless domain diagram.
of wall are formulated as follow:
ra;r‘) +B2(1-U,)=0,r=4,, ze[0]], (1.6)
rﬁg°+ﬂ0U0:O,r=5,2e[b,1]. 1.7
r

As we consider that the domain of this problem is periodical, id est., symmetrical
against line z=0 and z =1, then there is no heat exchange on following boundaries

of wall re(6,6),z=0 and re(&,6),z=1 (@). Therefore, homogeneous
boundary conditions @ are formulated:
ou, ou,
0z |, T
The conjugation conditions @ on the surface between the wall and the fin are not an
ideal thermal contact. There is contact resistance assumed. A solution for an ideal

thermal contact with the method discussed further is described in paper [4]. Also heat
balance is fulfilled:

ouU
U0|570 :(U —(ZEJ

: k-Al . . .
There,  is « = The contact resistance is interpreted as arising from a layer

=0,r=[d,,9]. (1.8)

z=1

U,

ouU
or =hy

5.0 or

B

5+0

(1.9)

H
540

of some environment with width Al and heat conduction coefficient k.

17



1.3.3 Description of Temperature Field in the Fin

The cylindrical fin of length | occupies the domain {r €[5,5 +1],z €[0,b]}
(Figure 1.4) and the temperature field U (r, z) fulfils the equation:
10 [ 8Uj oU
S r = |+ == =0.
ror\_ or ) oz
According to Newton’s second law, following boundary conditions ® and ® for the
fin is valid:

(1.10)

%—Uwu 0, r=[5,5+1], z=b, (1.11)
z
ouU
ra—+ﬂU=0,r=5+|,Z€[0,b]. (112)
r
And homogeneous boundary conditions (®):
Yl o r=[5,5+1]. (1.13)
0z |,_,

1.4 Approximate Solution of 2D Problem for a Periodical System

The original method of conservative averaging described in Appendix A,
Chapter A.2, is used to obtain a 2D half analytical solution for problem (1.5) —
(1.13).

1.4.1 Reduction of the 2D Problem for the Fin

Similar to papers [8], [9], [26], [28] the original method of conservative
averaging is used. The 2D temperature field U(r,z) for the fin is reduced in
following form:

U(r,z)=f,(r)+(e” 1) f,(r)+(1-e*) f,(r), p=b" (1.14)
with three unknown functions f,(r),i=0,1,2. For this purpose we introduce the
integral average value of function U(r,z) inthe z - direction:

u(r) =ij(r,z)dz. (1.15)

This equality (1.15), together with boundary conditions (1.13 (®)), allows
expressing function f,(r) through f,(r) in following way:

u

. (pe* 1,(r) + pe fz(r))Lo =0

z=0
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e’ f,(r)+ pe’f,(r)=0

f,(r) =—1,(r). (1.16)
From (1.16) and assumption (1.14) follows:

U(r,z)=f,(r)+(e” =1) f,(r)—(1-e7) f,(r)

U(rz)= fo(r)+(epZ +e —2) f.(r)

U(r,z)=f,(r)+2(cosh(pz)-1) f,(r) (1.17)

Using integral value (1.15) and equation (1.17) it is possible to express function
f,(r) through function f,(r) in the following way:

u(r) = pj r)+2(cosh(pz)-1) f,(r))dz

u(r) :pfo(r)z|z +2p(m—z] f.(r)
p 0

u(r)=pf, (r)b+ 2(3'”“1) bjf (r)=2f,(r)sinh(0)
yo,

u(r) = f,(r)+2(sinh(®) -1) f,(r)

_u(r)—fo(n
h(r)= 2(sinh(1) -1)° (1.18)

Now two unknown functions fi(r), i=1,2 can be excluded from equation (1.14)
putting (1.18) into (1.17) and only two unknown functions u(r) and f,(r) are left:

U (r.2)= 1, (r)+ 2ED=D(U0) - (1)
T sinh(L)—1

U(r,2)= fo(r)(sinh(2) —1)+(cosh(pz) —1)(u(r) - f,(r))
’ sinh(L) -1

_ cosh(pz) -1 sinh(1) —cosh(pz) 1.19
) sim@®-1 " Sinh@ -1 (") (19

U(r,z

Finally, by using of the boundary condition ® (1.11) f,(r) from the last expression
(1.19), function f,(r) can be excluded in following form:

ouU psinh(pb) psinh(pb)
(§+/3sz_b s -1 "~ sinhwy -1 ()
cosh(1) -1 sinh(1) — cosh()
+'B[sinh(1)—1u(r)+ sinh(1)—1 f()j 0
(psinh(1) + B(cosh(1) —1) )u(r) = psinh(1) - B(sinh(1) - cosh(1))) f, (r)
fo(r)=wu(r), where y = sinh(1)+ Ab(cosh(1) -1) (1.20)

sinh(1)+ Ab(cosh(1)—sinh(1))

19



It can obviously be seen that representation (1.20) pasted in (1.19) gives
representation of the 2D solution U(r,z) for the fin in the form of multiplication of

two, one argument functions:

U(r,z) =u(r)®(z), (1.22)
where ®(z) from equations (1.19) and (1.20) is
(1-w)cosh(pz)+ysinh(1) -1

sinh(1) -1
(1-w)cosh(pz) +ysinh(1) —1£sinh(1)
sinh(1) -1
cosh(pz) —sinh(l)

B e
Putting equation (1.20) into equation (1.22) and unifying denominators, the
following equation is obtained:

cosh(pz) —sinh(1) B
sinh(1) + gb(cosh(1) —sinh(1))

_sinh(1) + Sb(cosh(1) - cosh(pz))

sinh(1) + gb(cosh(l) —sinh(1))
Obviously that function ®(z) >0 for all z €[0,b].

The second stage for the method of conservative averaging is to transform the
partial differential equation (1.15) for the function U(r,z) to the differential equation
for one argument, function u(r). To realise this goal, the main differential equation

(1.10) in the z - direction is integrated. And using equation (1.15), the following
connection is obtained:

li(rd_‘i}l% _1au
rdri dr) boz|,, b oz

By using the boundary condition (1.13 (®)) at z=0 for the function U(r,z) and

d(z) =

(1.22)

®(z) =1- b

(1.23)

LUl (1.24)

z=0

expressing the first derivative %—LZJ trough the function U(r,z) from the boundary

condition (1.11 (®)) at z = b the following differential equation can be obtained:

1d(rdUJ_ﬂU o (1.25)
rdr\ dr b |,

Expressing in differential equation (1.21) the function U(r, z) through the function
u(r) with the help of the equality (1.25), then the new differential equation, which
describes the 1D dimensional temperature field u(r) in the fin, is received:

1d( du) 2 _o, 1.26
rdr[rer wu(r)=0 ( )
here

u = gcp(b) . (1.27)
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By help of substitution r, = xr equation (1.26) can be rewritten in following well-
known form:

r2u"(r) +ru'(r) — (5’ +n?)u(r,) =0, wheren = 0. (1.28)

D|fferent|al equation (1.28) has a well-known solution [32] through Bessel’s
modified functions |, K,:

u(r) =C,Ky(ur) +C,l o (ur). (1.29)

Now we can exclude constant C, from equation (1.29) by using boundary condition
(1.12 (®)) and (1.21) in the following way:

(r Q + ﬂU J
ar r=5+l

:(rc Ag(ur) |, o OKy(aar)

2 or ;s . 1©(2)=0
_~ (6D (6 +1)) - K (u(5+1)) _ u
T (SNl (u(S+ )+ Blo(u(S +1)) )
Solution (1.29) using (1.30) can be written in the following way:
u(r) = Cl(,u1|0(,ul’) +K, (,Ur)) (1.31)
And from equations (1.21) and (1.31), the solution for the fin which includes only
one unknown constant C, is obtained:

U(r,z) = Cl(ﬂllo(ﬂr) +K, (,ur))(D(Z) : (1.32)

+ﬂczlo(ur)+ﬂclKo(ur)]

(1.30)

1.4.2 Reduction of the 2D Problem for the Wall

The same method of conservative averaging is used to describe the
temperature field in the wall. The approximation of the 2D temperature field U, (r, z)
for the wall is in following form:

Uy(r2) = 6,(2) +G ——j 0,(2)+ @, (1.33)

55

with three unknown functions g;(z),i =0,1,2. For this purpose, the integral average
value of function U,(r,z) inthe r - direction is introduced:

u, () = j rU,(r, z)dr. (1.34)
This equality, (1.34), together with equality (1.33), gives following equation:

Uy(2) = 252I[90<z)+(———jgl<)+ gz<z)]

21



5

U(2) = 252( go(z)+(r—;—5jgl<z)+5_15 (7‘5—%}94 )J

@) =2 (5 25 0(2)+(5 5) oo )] (O 20/54 20005

52— 57 3(5-35,)(8%-6,)

Uy (2) = 95(2) + ¢19,(2) + 0,0,(2), (1.35)

0 -0, 0 +26,
where ¢, =———, @, = 3(5+5).
0

(6+6,)0"
Let’s find the derivation of equation (1.33):

N, __ 5 _0,(2) (1.36)
or r’*  5-6, '

Now, putting into boundary condition (1.6 (®)) equations (1.36) and (1.33), the
following equation is obtained:

6Uo _(_re(@) 1,2
s X 5-6,
(] S

of 4 11 o—r _
+ﬁo[1 [g()(z){r s+ 5_§ng(z)J]L 0

fo (1= 8(2) = W (Z)+50+'§0_(§_50)

Function g, (z) from equation (1.35) is expressed:
U,(2)—g,(z) - z
9,(2) = 0(2) = 9,(2) — 6, (2)
2
and pasted to expression (1.37) in the following way:

AR (1-gy(2)) = SH 0=

+ 50 +ﬂ(?(§_5o) i UO(Z) — go(z) _(olgl(z)
6 =0, 2

K.6:(2) = Agy(2) -Buy(2) - Dy, (1.39)

+ B (1-Uy)

0,(2). (137)

(1.38)

9,(2) +

where

5+(5_50)ﬂ(§) B (5 + (5_50)13(?)
550 0,(6-6,)

0 +(5-6,)Bs
?,(5 =)

K, =

A=-f+
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B — 50 +(5_5o)ﬂc?
' ©,(6 =) ,
Now, function g,(z) from equation (1.35) is expressed as:
0,(2) = Uy(2) — 8,(2) - 9,9,(2)
2
and pasted into expression (1.37) gives:

B (1_ 90(2)) _ S+ 5 (6-8) ) Uy(2) — 9,(2) = 9,9,(2) +

06, (2]
RV ACEEY
0—9,

K,9,(2) = —A09,(2) + Buy(2) + D, , (1.41)

D, = _ﬂg :

(1.40)

9,(2),

where

K =§0+(5_50)ﬂ(§)_¢2(5+(§_§O)ﬂ(?)
i 5 =6, P60, |
S+(5-6,)8

00,

5 =_5+(5—50)ﬂ§ D, = 3°.
2 550¢1 ' 2 0

Equations (1.39) and (1.41) give:
gl(z) = algo(z) - bluo(z) - dl
0,(2) = -a,0,(2) +bu, () +d,’
5 D

Ai )
wnere d,; K’ ] K’ i K

A=

(1.42)

Putting equation (1.42) into equation (1.33), the following expression is obtained:

Uo(ra Z) = go(z) +(%_1)(a1g0(z) - bluo(z) - dl) +

o

-r
S—05 (_azgo(z) + bzuo(z) + dz)
0

+

o-r
o -0,

b d d
+(5—r)(5_250 _%JUO(Z)JF((S_r)(rZ@)_é_lr}

Equation (1.43) still has two unknown functions g,(z) and u,(z) . Therefore

different boundary and conjugations conditions on the wall to exclude these
functions will be used.

o—r
UO(F,Z)Z(1+ Sr a — azjgo(z)"‘

(1.43)
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1.4.2.1 Solution for upper Wall

Let’s find the derivation of (1.43):

Mo _ (& b, B _4
or |y (52 5 5}90() (5 5, 52] ol2) - [5 5, o

j (1.44)

The following expression is obtained from equations (1.44) and (1.43) pasted into

boundary condition (1.7)
oy,
r—2+ =
( aor AY j

o

sl A b, b d,
5((52 5 5}90() (5 . 52j Uy (2) + (5 5 52D+ﬁogo(z) 0

0o(2) =byu,(z) +d,

where b():&,dO:E,B0 0o b D, =—2 do _d K, = 8,0
K, K, 5-5, 6 ° 5-5, 5 ° 5-,

The next equation is obtained by putting equation (1.45) into equation (1.43):

0—
0— 5

R B d, _4
+(6 r)[g 5 5Ju(z)+(5 r)(5—5o &j
Uy(r,z) =Dy (r)uy(z) +y,(r),

Uo(r,z):[l ai— j(bu (2)+dy)+

where

D,(r) = (5 - r)[ 2 =0 b ba2j+b and

or o -9,

d —d.a
N=(s— 0t — o2 14d..
'//o() ( )( St 5 5, j*‘o

Now integrating partial differential equation (1.5):

5 2(°
(raUO(r’z)) +a LOrUO(r,z)dr
or

0’z
and taking into account equation (1.34), the following expression is gotten
2 ( o, j ° d,
r +
or-6; U or 5 dz?
Using boundary conditions (1.6 (®)), (1.7 (®)):

ou,
2 == (1Y), =AU

=0

2

=0.

(1.45)

—%+,BO.

(1.46)

(1.47)

(1.48)

(1.49)

24



and putting them into (1.48) we can get:

2 d®u
e ( BU,(8,2)+B2A-U, (S, z)) ~—2=0. (1.50)
Using equatlon (1.46) the equation (1.50) can be rewritten in the following form:
d®u
52_52 I:_:BO (@0(5)U0(Z) + ‘//0(5)) + ,B(? (1_ D (00U (2) — g 20 =0
0
d®u
7 KU =—Qx, (1.51)

where

oo 2800 (0) 1+ 520(9) 2 (1-ve(8)- s 9)
’ 52— L 52 -7 '
Equation (1.51) is the second order linear non homogeneous differential equation. It
can be solve with a common approach. At first, the homogeneous equation should be

solved and then one particular solution must be found [33]. The solution of the
homogeneous equation of (1.51) is:

Tk, - (152)
A —k2 =0

7, =2k

0,(z) = Ce™ + C,e™ =Ce + Cye™ (1.53)

The particular solution in form 0, (z) = A is searched, therefore:
U,'(z)=0,0,"(z) =0. (1.54)

Putting (1.54) into (1.51) we get —k,’A=-Q,, Az% then the solution for
3

differential equation (1.51) is:
Uy (2) = G, (2) + 0, (2) = Coe®* + Cpe ™" + % | (1.55)

3
Still, two unknown constants are represented. The boundary condition (1.8 (@)),
equations (1.51) and (1.46) are used to express solution through one constant:

oy,
=d,(Nu,'W)=0
o .. o (N, ‘()
Uy ‘(D) = Ckye® — Coke™ =0
C,=Ce ™. (1.56)

Now equation (1.55) through (1.56) can be written in the following way:

Uy(z) = C e e + C e ™ sz

3
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4,(2) = C, cosh(ky(2—1)) +%, (157)

3
where C, =2Ce™.

Function u,(z) is solved and now problem for upper wall reduces from (1.46)
and (1.57) to the following form

uo<r,z)=f(5—r)[b°a3r‘bl n b}‘_b;azjmo}-

Q d,a—d, d,—-dsa
C,cosh(k,(z-1D)+ =2 |+(5—-r)| =2 Ly 2 07214,
(z (ky(2-1) kgzj( )( o s A

Problem for upper wall (1.58) reduces to the problem of finding constantC,

(1.58)

1.4.2.2 Solution for Lower Wall

From (1.43) we get:

Uy (6,2) = 9,(2). (1.59)
From (1.32) we get:

U(8,2) =C, (a1, (uS) + K, (165) ) D(2), (1.60)

LI - ol ) - K, (10) 0(2), (1.61)

Using equation (1.59), (1.60) and (1.61), and putting them into conjugation condition
(1.9 (®)) at value r = following equations are obtained:

go(z) = Cleq)(Z) ) (1.62)

where F, = 41, (u6) + K, (18) — pox (g1, (16) — K, (u6)) .
Equation (1.23) is rewritten as:
®(z) = F, — F, cosh(pz), (1.63)
1
+ cosh(1) —sinh(1)

where F, = + cosh(l)}Fl.

sinh(1)

Let’s continue with equation (1.62) and (1.63) and get:

0,(2) =C,F, (F, — F, cosh(pz))

9,(2) = Cl(lf0 ~-F, cosh(pz)) , (1.64)
where F =F,F, i=0,1.
From the second conjugation condition (1.9) and (1.61), (1.63) follows:
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S ou,
or
oy,
or

= 55 Cop s, 1) K, (1) (F, ~ F cosh(om)) or

r=95

5 _ cl(E'O _F, cosh(pz)), (1.65)

r=5

WMWE=5%Wme&—&w&E,HQL
From equation (1.64) and the derivation of equation (1.43) at value r = &, follows:

oy, = = a 8
=C,(F, — F cosh(pz 2L |+
or |y 1( 0o~ "N (p ))[5_50 502j

bl b2 d2 dl
+| = - U,(z) - ot
(5; 5-6, () 5-6, &
Now submitting equations (1.65) and (1.66) in equation (1.48) the following
differential equation is obtained

(1.66)

du, 2C, (g 2z
e + Py (FO -F cosh(pz)) -
~ ~ a a1
C,(F,—Fcosh(pz))| —4—-—= |+
29, 1( o~ M (p ))[5_50 5;} i
5257 -
o, %_ b, 0,(2) - d, —d—§
0y, 00—, 0—0, O,
du, 1.67
?—UOM =FC,—H + EC, cosh(pz), (1.67)

where

20, bl b 2 z ~ a
M :r}z[?_a—} j’E: 52—52£ 1+5°F1(5—25 _%D’
0 0 0 0 0 0

F=— 2 2 5o|fo % _iz +|§o , H= 225O 2 < _d_é .
0" -0, 0—-0, o, 0°=96,"\0-0, 0
Equation (1.67) is a second order linear non homogeneous differential equation.

Similar as equation (1.51) it can be solved with a common approach. The solution of
the homogeneous equation of (1.67) is:

ddzzli‘) —u,M =0

AP-M=0

Ay =M

0,(2) = Cie™ + Cye™* = éle‘/ﬁz + éze“/m. (1.68)

Now particular solution for equation(1.67) should be found in following form:
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U,(z) = Bcosh(pz) — A (1.69)
From solution (1.69) pasted into equation (1.67) follows:
U, '(z) = Bpsinh(pz)
U, "(z) = B cosh(pz)
Bp?® cosh(pz) — (Bcosh(pz) + A)M = FC, —H + EC, cosh(pz)
g EC p_H-FC
p —M M
The solution of differential equation (1.67) looks like the sum of particular solution
(1.69) and homogeneous equation solution (1.68) in the following way:

FC,—H

(1.70)

uy(z) =Ce™ + E o2 4 Eicosh(pz) - (1.71)
p —M M
From condition conditions (1.8 (@)), (1.46) and (1.71) it follows that:
ou,
=d,(r)u,'(0)=0
o |, o (MY, '(0)
1 < 0 < 0 ClEp H
u,'(0) = C3\/M e —C4\/M e +— sinh(0) =0 (1.72)

p —M
From (1.72) it follows that, constantsC, = C,, therefore u,(z) equation (1.71) can
rewrite in the following way:
FC,—H

0,(2) = C,cosh(M 2) + ——C1cosh(pz) - | (1.73)
p —M M

where C, = 2C,.
Putting together equations (1.43), (1.64) and (1.73) follows:

Uo(r,z)=C1(Ifo—Iflcosh(pz))[1+(5_r)[ﬁ a, j}r

St 5-96,
+(5_r)(5E25 _%)'
0

C,cosh(~'M z) + 2EC1 cosh(pz) — FC,-H ),
p —M M

0| 5% 5 )
0

Now the solution for lower wall contains only two unknown constants, C, and C,.

(1.74)
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1.4.3 Solution

We have two additional conditions on functionu,(z), respectively:

Uy (b)bfo = U (b)b+0 (1.75)
and

Qo _ Oy (1.76)

T lyy  OZlpy

Also, in point (5,b), the values of functions U,(r,z) and U(r,z) must satisfy
contact resistance condition (1.9 (®)) at point (5,b):

ou(r,z)

U,(8,b)=U(3,b) -« 1.77)
(5.b)
Equations (1.73) and (1. 57) are used to satisfy equation (1.75)

H

C, cosh(k,(b—1 —=

cosh(k,(b—-1)) + K, 2 - v

. e (1.78)

=C, cosh(\mb) +Cl(p2 iy cosh(1 _MJ’

but the derivative of equation (1 73) and (1.57) is used to satisfy equation (1.76)

JMC,sinh(~Mb) " —-Cysinh(1) = (1.79)

= C,k, sinh(k, (b - 1)).
From (1.60) and (1.61) follows:

U(3,b) =C, (1, (1) + K, (u5) ) D(b) (1.80)

%(M) =Cou( w1, (1) — K (ud))@(b). (1.81)
But from (1.46) and (1.73) we get:

U,(5,b) =h, (cg cosh(¥'Mb) + szflM cosh(l) _FQ_—HJ+ d,. (1.82)
Equations (1.80), (1.81) and (1.82) are used to satisfy equation (1.77)

Cy (115 (u8) + Ko (18) = et (141, (u0) — K, (u5)) ) (b) =

(1.83)

_b [c cosh(x/Mb) + CM cosh(1) — FCRA — j+d0.

And now, the problem is reduced to the solution of three linear equations
(1.78), (1.79) and (1.83), for three unknown constants C,,i =1,2,3

29



Q, H
C, cosh(k,(b—1)) + k_322 =

E F
= C,cosh(~/M| b)+c1(p2 v cosh(l _ﬁj

C, (alo(16) + Ko (16) — ap (441, (1) — K, (145)) ) @(b) =

EC,

(1.84)
FC,—H
cosh(1) - — +d
pz _ M ( ) M J 0

=b, (Cs cosh(~'Mb) +

JMC,sinh(Mb)+ ZEPM C, sinh(l) =
p —
= C,k,sinh(k,(b—1)).
Constants C,,i =1,2,3 can be determined from system (1.84). The value of

the temperature at any point of 2D domain can be calculated using equations (1.32),
(1.58) and (1.74) and values of C,,i =1,2,3.

1.5 1D Solution as the Simple Case of the 3D Solution

Similar to papers [24], [25], a 1D solution is obtained. In this chapter, a 1D
solution by conservative averaging method from 2D solution is discussed. Semi-
analytical 1D solution is gained.

Define the following integral values for equations (1.5):
vy (r) = j: U, (r, 2)dz (1.85)
and for equation (1.10):
1 ¢b
v(r) = BIO U(r,z)dz. (1.86)

The assumption that the temperature field does not depend on z direction is
considered:

U, (r,z)=v,(r) and U (r,z) = v(r). (1.87)
Let’s integrate equation (1.5) and use boundary conditions (1.8), assumptions (1.85)
and (1.87):
113@ U,
oror\ or

l;g[rauojdz+auo| _au,| 0
o I or or oz |z:l oz |Z:0

1 A2
dz+j%dz=o
0z°

0
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1
8IUOdz

10 r—2 =0

ror or

1d/( v,

—_ | r— =0,r€ 5,5 . 1.88
rdr( dr} (0 ) ( )

Similarly equation (1.10) is integrated:

b b A2
12(réu Jde@ U dz=0

2

OFar or o Oz
b
lg(ra_ujdz+a_u _a_U =0. (189)
,ror or oz |,, 07|,
From boundary conditions (1.11) and (1.13) we get:
N _puand Y| o (1.90)
aZ 7=b a z=0
And together form equations (1.86), (1.87), (1.89) and (1.90) follows:
b
6IUdz
10 r—-2 -BU|_ =0
ror or z=b
bd(_ dv
2 r=Z|-pv=0,re(o,0+I). 1.91
rdr( drj p ( ) (1.91)

Boundary condition (1.6) is integrated and assumptions (1.85) and (1.87) used:

1 6U 1
r—2dz+B°|1-|U.dz [=0
oz | 1.

r‘zﬁ+ﬂg(1—vo):o, r=3,. (1.92)

r

From boundary condition (® 1.12), (1.86) and (1.87) follows:
rg¥+ﬂv:0,r:5+L (1.93)

Conjugation condition (® 1.9) together with equations (1.85), (1.86) and (1.87) can
be rewritten:

dv
V0|r=5—0 = V—Oc&

Boundary condition (1.7) is used as the final step for problem formulation in
following way:

dv,

dv
, B— =B — (1.94)
,dr|, ar

=6+ r=6+0
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r(jjl+ﬂov =0, r=7, (1.95)
r

but from equations (1.94) and (1.95) follows:

dv dv
rbg—=2 =rbs, —
)4 ar 5o

r=6+0
dv
rbg, —
% g )r08, 2
dv, dv
,B(brd—ro+r S+ BV j rb,BoE
,6’[ (J AT +r +ﬁ0 j rbﬁ(,%

dv, B B ﬂ _
,B(rEwLﬁovo (1 b)j— rb, i r=5. (1.96)

Now the 1D problem is formulated with equations (1.88) and (1.91) also
conditions (1.92), (1.93) and (1.96).

The equation (1.88) can be solved in the following form:
L)
dr dr

dv,

r—==_C
dr
dv, = &dr
r
v, =C,Inr+C,. (1.97)

The solution of equation (1.91) can be rewritten in a well-known form in the
following way:

bd( dv

— pv=0

rdr( drj

rv"rv'— ’g r’v=0. (1.98)

The following replacement rlzr\/g is applied and the well-known form of a

modified Bessel’s differential equation [32] obtained:
LV rv'—(r? +0%)v =0, (1.99)

with the following solution:

v(r):CSIO[\/ng+C4K0 {\/gr] (1.100)

where 1,, K, are Bessel’s modified functions.
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Together, equations (1.97) and (1.100) give the solution for the 1D problem:
Vo(r)=C,Inr+C,

. 10
V(f)=C3IO(\/%rJ+C4KO(\/%rJ (1.101)

Using boundary (1.92), (1.93) and conjugation conditions (1.96), constants
C,+C, from (1.101) can be excluded.

From (1.100) follows:

o =c.|Pi] [Pel-c, Pk | |2
v(r)_C3\/;Il£\/;] C, bKl( br}. (1.102)

Equations (1.100) and (1.102) placed in equation (1.93) give:

ol )

, r=0+I

Al

(5+I) [ (5+1) ] [ 5+I))
. (1.103)
(5+1), [~ [ (6+1) j+,8| ( 5+I)]
From (1.97) follows:
v, = % | (1.104)

Equations (1.92), (1.97) and (1.104), where r = ¢, give:

r%+ﬂ§(1—cllnr—cz)=0

C1+ﬂ(?_ﬂ(? |an1—ﬂé)C2:
B°(C, -1

_ 0(02 ) (1.105)
1- s,

Putting expressions (1.97), (1.100) and (1.102) into equation (1.94), where r =9, the
following connection is obtained:

cinssc,-ca B0 B
)

Whereas putting expressions (1.97), (1.99), (1.102) and (1.104) into equation (1.96),
where r =0, the next connection follows:

(1.106)
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'B(r£+ﬂo(c Inr+C,)(1- )j_ rbﬁo\/g(csl{\/?sJ—CAK{\/%aD

C,A(1+ B, (1-b)In5)+C, 38, (1-b) =

= C,6,\/ b1, [\/%5] ~C, 86,/ bK, [\/%5}

(1.107)

As we can see from equations (1.103), (1.105), (1.106) and (1.107), the four
unknown constants can be easily determined from the linear equation system:

_ ﬂg (Cz _1)
Y 1-401ns,

5+I

e

C,=C,
5+I

[eon]om{ [Eo)

CA(1+ B, (1- b)In5 +Czﬁﬂ0(1 b)=

o oo
e )

(1.108)

Equations (1.101) together with constants from system (1.108) give the solution of
the 1D heat transfer problem for the cylindrical system with the fin.

1.6 Calculations and Results

2D unstructured mesh [34] was constructed for numerical calculation of

problems solved with the
conservative averaging
method (see chapter 1.3.)
The node count varies
between 500700 , but
triangle count - from
800+1200 (see Fig. 1.5).

Figure 1.5. Example of unstructured 2D mesh

Software in Delphi environment for numerical solutions of 1D and 2D problems
were developed. Developed software depending on the given parameters calculates
the solution of systems of linear equations for 2D (1.84) and 1D (1.108) problems.
The software calculates values of temperature fields depending on the values of r,z
at any point of generated mesh for a 2D problem using formulae (1.74), (1.58) or
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(1.32) and for 1D problem using formula (1.101). The temperature value on each
mesh node (r, z) is displayed as a field for 2D problem and 1D as well. Extracting of
representation of the solution for 1D to 2D is done, respectively; all values for 1D
solution of temperature do not depend on the value of z. At constant value of
r =const the solution reaches the same temperature value for all values of z, but
generally ¥r reaches different temperature value. Several sections at constant value
of z through the 2D domain are constructed, thus 2D and 1D solutions can be easily
compared and temperature profile displayed.

Obviously the 1D solution for the wall has a logarithmic nature (1.101),
however 2D solution for the wall contains exponents (1.58) and (1.74), and do not
have linear nature in z direction. The question is how much do these solutions differ
one from another? Since both solutions contain quite complicated analytical
expressions, it is more affordable to compare some particular calculations using the
same input data.

Calculations were done at different input data. Most interesting of them will
be discussed (see table 1.1., 1.2. and 1.3.). Input data are summarised in Table 1.1
[35], other dimensionless parameters which are common for all numerical
calculations are presented in Table 1.2. Table 1.3 contains data which differs for each
version of the calculation. All calculations are done for problems with dimensionless
parameters; real temperatures obtained using formulae (A.13) and (A.14).

Table 1.1. Input data common of all calculations.

Parameter | T T,. A, Ky, k, k', h,, h,
. [m]
Value 121 26 | 0.00368 45 100 0.025 1000 100
Table 1.2. Input data with common dimensionless parameters
Parameter 5, 1) B B, B
Value 0.2 1.17197 0.03140 0.00314 0.00698
Table 1.3. Different input data for calculations
Parameter 1. 2. 3. 4, 5.
B, [m] 0.000445 0.000445 0.000445 0.00089 0.002225
R, [m] 0.002695 0.002695 0.002695 0.002250 0.000470
L,[m] 0.012699 0.006350 0.025398 0.012699 0.012699
b 0.141719 0.141719 0.141719 0.283439 0.708598
I 4.044585 2.022292 8.0891714 4.044585 4.044585
a 0 0 0 0 0
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Table 1.3. Different input data for calculations (continue)

Parameter 6. 7. 8.

B, [m] 0.000445 0.000445 0.000445
R, [m] 0.002695 0.002695 0.002695
L, [m] 0.012699 0.012699 0.012699
b 0.141719 0.141719 0.141719
I 4.044585 4.044585 4.044585
a 0.01333 0.1333 1.333

The solution of problems can be shown by using a table or figure. 2D solution
for the first calculation (further in text - basic calculation) is also shown in numerical
format in Table 1.4. Basic calculation of the 2D and 1D solution is shown in Figure
1.5. It is obviously that the isolines of the 1D solution are perpendicular to the r axis,
as it was mentioned previously. However, the isolines of the 2D solution are curves,
which, in general case, are not perpendicular to the r axis. In the 1D solution, we do
not see the influence of extended surface to the solution and see that the temperature
Is constant on liner = &,. The 2D solution confirms the temperature difference on the

internal surface of the wall (see Fig. 1.5 — 1.7). Tangents of isolines at the upper and
lower edges of the wall are perpendicular to the r axis because of symmetry

conditions for 2D problem.

Table 1.4. Numerical results of calculation for basic case.

\r

1.00
0.90
0.80
0.70
0.60
0.50
0.40
0.30
0.20
0.14
0.10
0.00

1.74| 232] 290 3.48] 4.06] 463 5.21

66.67

61.73

58.42

56.20

54.78

54.00

53.74

66.68

61.74

58.43

56.21

54.79

54.00

53.74

66.69

61.75

58.44

56.22

54.80

54.01

53.75
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Figure 1.5. Basic calculation results

1D solution on top and 2D solution on bottom, problem with ideal contact

Let’s shortly consider the solution for the fin. It is obviously that the isolines
for the fin barely decline to the left. It is caused by heat exchange between the
surrounding environment on the upper edge of the fin and symmetry conditions on
lower edge of the fin. This is similar to the case of the wall tangent of isolines at the
lower edge of the fin is perpendicular to the r axis.

Since a general view of both 1D and 2D solution method is obtained, further
calculation results at different input data and geometry will be discussed and
compared using basic calculation.

The fin is doubled by length in the third calculation compared to basic
calculation (Figure 1.7). It is obvious from Figure 1.7 that the prolongation of the fin
gives an effective cooling of the wall. There is an approximately 8°C difference of
the average temperature in the wall compared to the basic calculation. In case of two
times shorter fin comparing to basic calculation (Figure 1.6) temperature in the wall
is higher for approximately 14°C.
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Figure 1.6. Results of second configuration

1D solution on top and 2D solution on bottom, problem with ideal contact

Comparing temperature value in Figures 1.5, 1.6, and 1.7 at length of the fin ~1.5,
~3, ~5and ~9, it is obvious that a longer fin better cools itself and the wall as well.
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Figure 1.7. Results of third configuration
1D solution on top and 2D solution on bottom, problem with ideal contact

Influence of length of the fin is clear, still, the question of influence of fin
height to temperature distribution is open.

The height of the fin in the fourth configuration is doubled compared to the
basic configuration (Fig. 1.8). Comparing both solutions in Figures 1.5 and 1.8, is
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clear that the configuration with a higher fin has lower temperature in the wall, but
still has a higher temperature inside the fin.
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Figure 1.8. Results of fourth configuration
1D solution on top and 2D solution on bottom, problem with ideal contact

Fifth configuration consists of fin five times higher than in the basic
configuration. And Figure 1.9 once more shows and approves already known fact
from theory [2], [23], that the higher fin will better cool the wall, and temperature
gradient in the fin is less than in the case of a lower fin with same length.
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Since the fin has better heat transfer properties than the surrounding environment, it
better conducts heat from the wall and fin contact surface as well. Temperature
values at different points of 2D and 1D solution in Figure 1.9 are shown.
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Figure 1.10. Results of sixth configuration
1D solution on top and 2D solution on bottom, problem with contact resistance

All six configurations have fine compatibility between 1D and 2D solutions
in the mean of average temperatures (see, for example Fig. 1.9). Since a 1D solution
cannot show the dependence of temperature distribution on argument z, still gives
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Figure 1.11. Results of seventh configuration
1D solution on top and 2D solution on bottom, problem with contact resistance

40



quite a good evaluation of the particular case of this steady-state process.
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Figure 1.12. Temperature field of eighth configuration

The next three calculations for the case of contact resistance are done. The
rugged contact between the wall and fin is, that there is a bigger temperature
difference between both elements [23].
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Figure 1.13. Results of eight configuration
1D solution on top and 2D solution on bottom, problem with contact resistance
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The assumption that the gap between the fin and wall is filled with air is
done. It is considered that the air convection is not present since the gap is less than
<0.5mm [35]. Therefore, the coefficient, well-known in literature, of air heat
conduction 0.025 W/mK is used [35].

Several examples of contact resistance are displayed in Figures 1.10 — 1.12.
The solution of the case when contact resistance parameter « is equal to 0.01333
(see Table 1.3, sixth configuration) in Figure 1.10 is showed. It can also be
interpreted as contact resistance with an air gap approximately 10“mm in width.
Obviously, temperature changes compared to the basic configuration are relatively
small, within 1°C.

Increasing contact resistance difference between solutions of basic and other
configurations appears. Insignificant differences in the wall can be observed. The
seventh configuration has a gap ~10°mm in width (see Fig. 1.11).

Whereas increasing the gap by a jump of ten times, the 1D and 2D solution at
the contact surface of the fin and wall can be observed (Figure 1. 12). The solution
for the seventh configuration comparing with the solution of the basic configuration
shows a temperature difference in the wall for ~8°C, and a temperature difference at
the left side of the fin approx. 10°C, but approx. 6°C at the right side of the fin.

More details on constructed and applied numerical models and analysis of
their advantages and disadvantages are discussed in Chapter 2.6.

1.7 Conclusion

Some approximate three dimensional analytical solutions for a periodical
system with a cylindrical fin when the wall and the fin consist of materials which
have different thermal properties are constructed. Semi-analytical mathematical
models of the 2D and 1D solution with a conservative averaging method are
constructed. Some examples are analysed. The influence of model geometry and
contact resistance at the contact between the wall and fin to the solution is shown.
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2. ANALYTICAL 2D STEADY-STATE SOLUTION FOR
CYLINDRICAL FIN

2.1 Problem Statement

In this chapter, the steady-state heat transfer problem in the cylindrical wall
with fin is discussed. In Chapter 2.4, a similar problem as in Chapter 1.1 is described.
Also, a non-homogeneous problem with a non-homogeneous environment is
discussed. Similar methodology for a full 3D problem can be applied. It is considered
that, fluxes in ¢ direction are comparable and do not affect the solution essentially.
The correct reduction of the problem from 3D to 2D at its solution is shown. A
similar approach of the analytical solution for a rectangular fin in the Cartesian
coordinate system is discussed in the Master theses of author [9] and paper [27]. A
short description of the generalised method of the Green function is described in
Appendix A, Chapter A.3. The solution of discussed problems can be used in the
solving of more complicated problems of mathematical physics, for example,
solutions of a cylindrical fin with an outer hydrodynamic field [20], [21].

2.2 Mathematical Formulation of 3D Problem and Exact its Reduction to
Non-homogeneous 2D Problem

At first, the accurate three-dimensional formulation of the steady-state
problem for a system of cylindrical wall and fin (Figure 2.1) is considered. The one

element of the wall is placed in the domain {F €[R),R ],Z€[0,H],p €[0,®]} and
temperature field \%(F,Z,(p) in the wall is described with the Laplace equation:
1o, 0V,) &N, 1 6%,
T T2 T a2 T
ror\ or /4 r~ op
The cylindrical fin of length L  occupies the domain
{Fe[R.R,].2€[0,H,].¢[0,®]} and the temperature field V (F,Z,¢) fulfils the
equation:
1o( N N 1A
——| = |t—=+—=
Forl of ) 07 %09’
The following boundary conditions in ¢ direction is considered (other

boundary conditions will be added in non-dimensional form in chapter 2.2.1 and
2.2.2):

0. (2.1)

0. 2.2)
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~ - q (F!Z)’

op e '

v R e

a_ = qo(r! Z)! '
Plo-0 2.3)

N o

—~ = ql(r’ Z) .

op e

Equations (2.1) and (2.2)

from 3D to 2D can be reduced by
introducing the following average
integral values for argument ¢ :

Uy(F,2)= Figure 2.1. 3D domain

1 co Ro — radius of hole, R; — distance of fin from centre, R, — end of fin
_ = T (F 5 from centre, Ho — height of fin, H — height of wall, ¢ — angle of cut
o J‘ v (I’ L §D)d(0, of cylinder
T . (2.49)
U(F,2)=

1o~ .
= gfo V(F,2,p)dg.
Integration of equation (2.1) for the wall over ¢ [0, ®] gives the following
equation (exact consequence of 3D partial differential equation (2.1)):

Lplof.ov I@az\/ N M| |,
oo ror| or o7’ ~2c1> 00|, ., 00|
N - N
19 [r at{oj+a EJJ’ . 21 ARGA o 25)
ror\ or 0z rd| op qu) ago\

The first pair of boundary conditions (2.3) allows rewriting the last equality
(2.5) in the form of two- dimensional non-homogeneous equation as follows:

: ‘3( 2, j+82u0+c§0(r,2)=0, where G,(r,2) = LD =62 5 g

ForF\ oF 07° F2d

A similar equation (2.2) together with boundary condition (2.3), the second
pair can be rewritten in the following form:

18( auj od

oo 0.(F,2) ~G,(F. 2)
= r p= = +Q(F,7) =0, where Q(f,?7) = (2.7)

~2(D
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2.2.1 Problem Formulation in Dimensionless Arguments

The following dimensionless arguments and parameters to transform problem
(2.5) to dimensionless problem are used:

r 7 R,
r=—-, Z=_lp0=_’ AZ
H H H 1
ROR R
P = H 1Py = H’ H '
hH hH h,H _
Bo="— ﬁ=7, B = Ok ’ @ gh ©=0
0 0 —
b B o B "7 Ui
7’02_0, y=— 7/02_0 and ko h
P P Lo b ®
temperatures:
J — h
U(r,z):M, 0|® olh u(r,z) @ h
T, -T, k
i @ ® r
U,(r,z)-T, >
Uo(r,Z):OTbT. O po ,01 p2
Figure 2.2 Dimensionless domain diagram.

Here, k and k, - heat

conductivity coefficient for the fin and wall, hand h, -heat exchange coefficient for
the fin and wall, H, - height of the fin, L - length of the fin, H - height of the wall,
T, - the surrounding temperature on the left (hot) side (the heat source side) of the

wall, T, - the surrounding temperature on the right (cold) side (the heat sink side) of
the wall and the fin.

2.2.2 Description of Temperature Field in the Wall

One element of the wall placed in the dimensionless domain (Fig. 2.2) is now
{re[py).2€[0,1]} and the dimensionless temperature field U,(r,z) in the wall
is described with following equation:

10( oU,) oU,

——r + + r,z)=0. 2.8

rar( arj oz? Q(r.2) 28)

Additional boundary condition ® and @ are defined similarly as described in
Chapter 1.3.2:

U,

p» +7 (1-U,)=0,r=p,,2€[01], (2.9)
a;r‘) +7Uy,=0,r=p;, ze[bl]. (2.10)
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And, in contradiction to the statements of problems in paper [4] and Chapter 1.2.2,
general non-homogeneous boundary conditions on the bottom @ and the top ® of
the wall are considered:

a; o —gy(r)relppnl (2.11)

z z=0

(auo + aﬂouoj =q,(r), (2.12)
oz -

where « is a parameter with two possible values 0 or 1. This kind of construction of
boundary condition allows discussing several different problems: the second and
third kind non homogeneous BC; only the second kind non homogeneous BC. The
statement where q,(r)=q,(r)=0 and « =0 match with the problem described in

Chapter 1.

Conjugation conditions @ on the surface between the wall and the fin are
assumed as ideal thermal contact - there is no contact resistance:

ou, ouU

U0|r:p1—0 :U|r=p1+0’ 4 or - 7/05

(2.13)

r=p—0 r=p;+0

2.2.3 Description of Temperature Field in the Fin

The cylindrical fin of length I in dimensionless problem (Fig. 2.2) occupies
the domain {re[p,p,].2€[0,b]} and the temperature field U(r,z) fulfils the
equation:

10( oU o°U

=—|r— ,2)=0. 2.14

rar[r 8r)+ oz’ Q) (2.14)

The following boundary conditions on top ® and right side ® of the fin are
considered:

ouU

a—+ﬂU:0, relp,p,], z=b, (2.15)
z
aa—l:+;/U =0, r=p,, ze[0,b]. (2.16)

And non-homogeneous boundary conditions on the bottom @ of fin (similar as for
wall) are defined:

58—” —q(r).relpup,]. (217)
z z=0
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2.3 Solution of Non Steady-State Problem for 2D Sub-Domain

The solution of the non steady-state problem with axial symmetric
rectangular domain known in literature [11] is discussed in this chapter. Also main
ideas on how to use this solution for the steady-state problem with cylindrical wall
and fin are described.

Axial symmetric non steady-state heat exchange problem with positive or
negative heat source in cylindrical system of coordinates is formulated in the

following way, where U =U(r, z,t)
U (azu 100 9%

= o=t
ot o’ ror  0z°

]+CD(r,z,t). (2.18)

Problem (2.18) is formulated in domain g, <r<p,, 0< z <[ with the following
initial condition and boundary conditions (®,®,®,®) of 3" kind (Fig. 2.3):

U(r,z,0) = f(r,2), AZ
oJ | - ~ 1
6__klu =g,(z,t), r=p, l =
r
oau o ~ <
E ikl =g,zt), r=5, (219 Ol Gzt @
or o
N kG =g,r1), 2=0, g
oz 0 @ P>
Q+k4u~:g4(r,t), er. i . .
oz Figure 2.3 2D sub domain diagram.

The solution of problem (2.18) — (2.19) with mean of Green’s function is the
following:

0(r,2.0) =2, [ £1(EmB(r2,£m,0dEdn -
~2npal) [ 0,01.006(r 2, A mt-D)dnd +
s2mpa[ [ 0,07.7)6(1, 2. Bt~ D)dnde -
2, [ £,(£, 1161, 2,£,0,t—r)dédr+

+27a) [ €0,(&, 16,2, £ T t=r)dédr +

w2 [| [ a0(6,n,2)(r, &, 2 m,t—2)ddpde (2.20)
Where Green’s functions are:
G(r,z,8,m7)=G(r,§,1)-G,(z,m,1), (2.21)
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G,(r,& 1) =%ié—“[szowﬁz)—ﬂnJlunﬁz)]z H, (NH, (&) ™, (2.22)

n=l “n

G, (z.pt) =Y LolD)Pnl), (Hz(p”? U)g-sio (2.23)

and:
B, = (ﬂ‘nz + kzz)[kl‘Jo(}“n/@) + ﬂ‘n‘]l(ﬂ’nﬁl)]z - (/’an + klz)[kz‘]o(in/az) _ln‘]l(}”n/az)]2 v
Ho (1) = [KYo (43 + A s ()] 3o (Ar) ~[Kedo(Ao3) + 203, (o) oA,
(Dm(z) = lum Cos(lumz) + kSSin(zumZ)’

o k2K kg T,
=4m + =+ —(u +Kk5), 2.24

Jo (1), 3,(4),Y,(1),Y, (1) - Bessels’ functions.

But A, are positive roots of the following transcendent equation:
[KJ6(40P) + 4,31 (2,2 [KoYo (2,52) = AY1 (2, 52)] =

~ . . . (2.25)
_[szo(/inpz) - ﬁ’nJl(ﬁ’nPZ)] [k1Y0 (A.0,) + ﬂ*nYl(/lnpl)] =0.
But y, are positive roots of the following transcendent equation:
g _ Ktk (2.26)
H M=Kk,

To adapt solution (2.20) for the steady state problem (2.1) — (2.17), we can
use the general properties of Green’s function and their solutions [11]. The main idea
is presumed that the steady-state case is the boundary case of the non steady-state
problem when t — -+oo.

Since the solution of problem (2.18) — (2.19) is formulated, we can adapt
solution (2.20) for the 2D problem for a cylindrical system with fin - separately for
the wall and fin.

For simple cases with the first or second kind of boundary conditions, the
method of separation of variables can be used [36]. Based on the theorem of Steklov
[37] and property of superposition of solutions, a separate solution for particular sub-
domains can be found [38].

2.4 Solution of Homogeneous Steady State 2D Problem

In this chapter, the case of homogeneous equations for the cylindrical wall
(2.8) and fin (2.14) are analysed and, for simplicity, additionally homogeneous
boundary conditions (2.11), (2.12), (2.17) are assumed, id est.:

Q(r,2) =Qy(r,2) =0, q(r) = 6,(r) = q,(r) =0. (2.27)
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The general case (with non-homogeneous differential equations and non-
homogeneous boundary conditions) will be considered in Chapter 2.5.

2.4.1 The Separate 2D Problem for the Wall

BC (2.10) together with the conjugation conditions (2.13) can be written in
the following common form:

(6U0+ Uj [7FR(2),0<z<b
or 700 oo (0 b<z<1

10U
FO(Z) :(;E-’_Uj

Values and conditions harmonised with the nomenclature of the problem in chapter
2.3 are described in Table 2.1.

, Where (2.28)

r=p +0

Table 2.1. Formulation of problem for wall.

Oi ki Other values
0,20 =7 T a-1
v,F(2),0<z<b | k, =7, D =p
gz(z,t): o0 2 0 ~1 0
0 b<z<l B, = p,
93(r1t):0 k3=0 =1
g,(r,t)=0 k, = af, @(r,z,t)=0
u(r,z,t) =U,(r,z)

Solution (2.20) can be written in the following form because of the
homogeneity of the equation and boundary conditions for problem (2.8) — (2.13):

) 1
Up(r2) =lim2z[ [ &1 (& mG(r.2,£m)dédn +
+27p, !Lrg_[;fsng(r,Z,po,n,t—r)dndz'+ (2.29)

. t cb
+27p, lim IO IO 7oFo ()G(r, 2, p,m, t—7)dndz.

Obviously all the rest of the addends of equation (2.20) for the wall are equal to zero
due to the homogeneity of the problem or boundary conditions (see Table 4.1). It can
easily be shown that the first addend of formula (2.29) also is zero:

!Lrgzﬂj;jjé f(&mG(r,z.&n,t)dédn = (2.30)

=2z [ &1 (&) lim(G,(r,£0G,(2.7. 1) ddn
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Let’s consider !im(Gl(r,f,t)Gz(z,n,t)). From equations (2.22) and (2.23) it is
obvious that both Greens’ functions can be rewritten in following way:

G (r,S.t) z%i/x(r,é)eﬂ“zt and G,(z,7,t) = ixm (z,77)e™, (2.31)

where A and X are:

2 denoted

[ 3ohp) - )] H(DH(O) = A1) and

O D) 0y ()
Jal
Pn(2) = 14, €0S(14,,2)
Now easy we can see that
lim(G,(r,&,0)G, (2,7,1)) =

T . = 2, & 2 (232)
~Zlin| 3G T, @) |0
—0 el m=1 —0
Formula (2.29) taking into account (2.32) looks in the following way:
Uo(r,z):ZﬁﬂgIimItJ.lG(r,z,po,n,t—r)dndr+
t—o J0J0 (233)

. eteb
+ 2703, !LrLl J'O IO F(m)G(r, z, p,n,t—7)dndz.

Further, the first part of formula (2.33) will be discussed. From equation (2.21) and
properties of Greens’ function [11] order of integration can be changed:

. tpl

Ilmj j G(r,z, py,n,t—7)dndr =

t~>0010 0 : (234)
= Iimj G,(r, p,,t—7)G,(z,n,t—7)dzdn.

0t d0

Unifying equation (2.33) with the nomenclature of (2.31), the following connection
IS obtained:

|iijG(r,z,po,n,t—r)dndf:
Ilmj.ZAh(rpo)e ”ix (z,n)e “m”drdn_

Ilm.[ iix (z,7)A(r, po)e ey =
1 m=1

0t
otﬁwJ.;ZlZan r Z, Po,ﬂ)e /ln t tTde?]—

o0

I OCQ r2, 00,1 Ilmei"”” el””’”ddn_
IO m,n 0

n=1 m=1
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PSSO (rrpnlime A g,
4lofmm T (ﬂnz"':uri)
0
_leoo manpO’)' (Z"”m)
1 !'33[1 ° )d”‘
”jlz;z; ma ”’OO’ Dy, (2.35)

where men(r,Z,(f,n):Aq(r,f)'xm(zlﬂ)-

Further, equation (2.35) is integrated taking into account values of Table 4.1 and
connections (2.31):

7 o=0 A1 P0) 90 (2)

— @ (m)dy =

4 n=1 m=1 (2,2 )” '[

:%ii&z(r  P0) P (2 zumf cos( 44, 2)dn = (2.36)

b A1(r pO) m( )
| (/12 )||(pm I
Equation (2.36) pasted into formulas (2.34) and (2.33), and obtained:

n

m

7° By o~ A (1 p0) 9 (2) 1N a1,
e 2 e oy ey
n=1m=1 n T My )| P (237)
278, !imjotjob F,(2)G(r, 2, p, 7.t —7)dnd.

Further, the second part of equality (2.33) is discussed. Again, the order of
integration is changed and obtained the following:

. t ob
lim [, Fo(nG(r,z, pun t - 1)dndz =

b . t
= [ RIim [ 6(r,2,p, .t~ 7)dzdy,

Using similar methods as (2.35), equation (2.38) can partly submit in the following
way:

(2.38)

|imj‘ij ()G(F 2, pym,t—7)dpdr =

- [RmIYY e ”pl’ T

n=1 m=1

Joining equations (2.39) and (2.37) the solution for the wall in the following form is
gained:

(2.39)
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200 o o i
_7p ZA](r,po)gum(Z)S"z‘ﬂer
2 THm (12 + )||§0m”

2

A ) 3 YL )dn-

n=1 m=1

(2.40)

Using Table 4.1 and formulas (2.24) — (2.26) are obtained:
2
B, = (42 +75 ) 7090(Aup0) + 4,31 (A0) | —
2
—(ﬂf +(75) )[%Jo(ﬂtnpl)—xanl(/”anl)]2 !

Ho (1) = [ 70Y6(2026) + 4,Yi(A025) | 36 (A,F) -
~[7830(A00) + 2,31 (Aepp) [Yo (A1) (2.41)
1
lonl = Eﬂi (1+ #’%] :
But A, are the roots of the following transcendent equation:
[ 7690(2020) + 2031(20) |[70Yo (A02) = 2o (2) ] -
~[7096(0) = 231 () ][ 7o (Aas2o) + 4:Yi(A0p20) | = 0.
But w, are positive roots of the following transcendent equation:
M= pctgu,, if =1, and tgu, =0, if «=0. (2.43)

Representation (2.40) can be rewritten in a shorter form (with known function
D, (r,z)):

(2.42)

U, (r,2) =@, (r,z) + ﬂOJ F,(1)G, (1,2, 1) dn, (2.44)
where @, (r,z) and G,(r,z,p,,77) are given by expressions:
o, (r,7) =~ ﬁO ZZA‘ (.20 )0 @)sin sty (2.45)
A (Ao el
Gor.2 ) =33 ool 2 007) (2.46)

n=1 m-1 12 + Uy,
The representation (2.44)-(2.46) is not the solution because of unknown function
().

2.4.2 The Separate 2D Problem for the Fin

Conjugation conditions (2.13) are written in the following form:
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ouU
(E_ VUj (2.47)

Values and conditions unified with the nomenclature of the problem described in
chapter 2.3 represented in Table 2.2.

=7F<z),F(z>=[ia;°— J

Yo

r=p+0 r=p—0

Table 2.2. Formulation of problem for fin.

0i Ki Other values
0,(z,t)=yF(2), z[0,b] k, =y a=1
9,(2,1) =0 k, =y 5, = p,
Py =P,
gs(r,t)=0 k,=0 i =b
g,(r,t)=0 k, = o(r,z,t)=0
u(r,z,t)=U(r,2)

In the equation of the fin, similar to the case of the wall, some of addends are
zero because of the homogeneity of the boundary conditions and the problem. Using
(2.20) solution for the fin can be represented in the following form:

t pb
U(r,z) =—27p, jo jo yF()G(r,2, p, 0.t —7)dndr. (2.48)
Changing order of integration and using same idea as in (2.35) we obtain:
U<r,z)——— j FG(r,z, p,m)dn, (2.49)
where G(r,z,p,,7 iZQk'r—ZMZ) (2.50)
T (A ()

Qui(rz.&m)=A(r&)-X/(z.n),

(%) (13 - AL p) T HIHIO) = A(rE),
Bk

* 7 * denoted * * *
? (H )EW (m) = X,(z,n7) and ¢, (z) = 14 cos(y4 z) .
2

Using Table 4.2 and expressions (2.24) — (2.26) following equations obtained:
) = (%) +7°)([9oup) + A1p0 T ~[13hip) - A0 T )
He(n) =[ 1Yo (Aep) + A, (Aip,) 3541 ~
~[736(Aep) + A0, (A p) Yo (AT, (2.51)
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*

(ozz(ﬂf)z{b+ s }
2 () +p°

here 4, and 4~ are positive roots of the following transcendental equations:
[736(p) + 3. p) || Yo () = AN, (i) |-
~[730(Aep) = 23, p) |[ Yol ep) + AV, (A py) | =0,
4 = petg(u4b)- (252)

2.4.3 The Conjugation of Two Separate Problems

Easily from representations (2.47) together with (2.44) and (2.28) together
with (2.49), the two following equalities are obtained:

2 b ~
F(2) =80, 2) =" [ Fo(1)Go 00 2,1, 10) (253)
0
2p, ¢ 2
Fo(m) === [ FnG(py 110 1, 1), (2.54)
0
here:
&)(r,z):i%—d)o,
Vo Or
2 <0G
Go(r,Z,pl,UO)=70Go—a—ro, (255)

= aé ~
G(r,z,p.,m) =—+7G.
or

Equation (2.54) substituted into (2.53) allows writing out the following second kind
of Fredholm’s integral equation:

F(2)=®(p,, 2)+ [F()-T(z,)dn, (2.56)
here:
[(z,n) = (ﬂTle Ié(pl,no,pl,n)'éo(pl, Z, 1 105) A7, (2.57)

This is an inhomogeneous integral Fredholm equation of the second kind (2.56) by
the given kernel I'(z,7) . Equation (2.57) has exactly one solution [39]. Knowing

F(z) we can find from representation (2.49) the solution for the fin.
Fredholm’s method to obtain the solution of (2.56) is used. At first, interval
z(0,b) into N exact partsz, i=0,N are divided, thus z, =0, but z, =b. Now
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equation (2.56) considered in separate points z,, i=0,N can be rewritten in the
form of a system of linear equations:

F =, +Zr (2.58)

'JJ

where:
b-0
nZ)=0; unz,,-7 h:T' (2.59)
In this method we replace the integral with rectangular squaring formula, but
it can be replaced by a trapezium or any other squaring formula. It is necessary to

express @(z) and I'(z,n) to solve the system of linear equations (2.58). Let’s
express function ®(z,) using (2.55) and (2.45):

F(Zi) = Fi’ ci)(Zi) :(i)i F(Z

~ 7[:80 1 8A1 pl’pO) ¢m(zi)8inﬂm
2 ZZV o (2242l

oz ﬂo ZZAh ,E)l’po (pm)("Z)T|mlum _ (2.60)

”218 ii[l oA, (P, ) ~A(p p)J P (Z;)SIN 44,
11 Fo ( )

2 =& or 2y N
where:
oA (r,&) A
A = S lru) 4] H L (OH, (&) and
H' (1) = [ 7030 (2020) + 4,31 (Z00) | AV, (A ) (261)
~[76Yo(A00) + 2 Y1 (2o p5) [ 4,31 (A,1).
It is necessary to express G (o2, o1 m,)and G(pl,ﬂo, p,2;) forly.
From equations (2.55) and (2.46) follows:
X < 6G~ v i )
Colu 21 2u10) = Gl 1 1) ~ S0 Prr e Pre) (262)

or

Equations (2.31), (2.35) and (2.46) inserted into (2.62) can be written in the
following form:

~ o ® X Z-,
Gy (01, 2y P13105) :7022'&\1(/71':01) mz( I 7720) -
n=1 m-1 A + Ly,

- OA (o1, o) X0 (Zim,)
= or AL+

s

Il
UN

n

éM%M%)iiﬁXQWQ (2.63)

b}
n=1l m=1 +

where:
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AT m\(pppl)—w. (2.64)

Now, only left to find is the expression of é(pl,ﬂo,pl,zj). From formula (2.55) is
obtained:

oG (1,10, P1, ;)

é(plinwplizj): or +7é‘(p117701p112j)- (2.65)
From equations (2.65) and (2.50) follow:
2 X (770 Z;)
G(p1: 0, Prs Z]) 722'6& P Pr *—Jz+
k=1 1=1 (ﬂk) (,ul )
S X (770 z;) 8A<(p1 /01)
*2.2, B
(A) ()
z X (770 Z;)
G (o175 o1 Z]) ZZA —12’ (2.66)
2 e )
where:
R (pupy) « Del2222) (2.67)

Now from expressions (2.57), (2.63) and (2.66) follow:

r(z.2,)= [” plj IZEAX (1) S5 pe Xil) g o 6

0 n=1 m=1 My k=1 121 (ﬂk) (yl)z °

With the help of equations (2.31) and (2.50) expression (2.68) is written in the next
form:

70, ) s AcA o () 9 (2) 0,(2) 0,(m)
e, 72| S35 A i, -
R T (i) ) 2 ) T o]

(ﬁzp 2 0 0w A ACR(2) 00(2) j¢>. (1) - 2 (10)7
= | 22X : = (269
: GRGIIGL

_(#%p, ziiii fﬁ-k:of(zj)wm(zi)*l’n;'
[ 2 = (( ) +(uf))'(ﬂf+ﬂfn)' o -

i

where:

(2.70)

v, - 1 [sin[bﬂm(ﬂrﬂm)]+sin[buf(yl*ﬂmﬂ

m = EM*Z — 2 —Sin|:b/um (M* +ﬂm)J+sin[bur(ﬂr+ﬂm)]
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The system of linear equation (2.58) contains unknown values of function F(z) at
fixed z,, i=0,N . Function I'(z,z;) (2.70) and ®(z,) (2.60) are stated with
analytical expressions and can be calculated at any value of z; and z;. The further

set of values of F(z,) is obtained. Now, again integral in expression (2.49) with the
rectangular squaring formula is replaced in following way:

u(r,z) = ﬂ;ﬁiF(Zj)é(r,Z,pl,Zj)h. (2.71)

Heat transfer at any point of the fin using expression (2.71) can be calculated. Now,
easily the values of second unknown function F,(z) can also be calculated.

Equations (2.50) and (2.71) pasted in formula (2.28):
(120
y or

) 2B © Xr(Z,ZJ—)A;(Pl’pl)
=— > ;F(Zj)ég (ﬂ;)zﬁ_(ﬂr)z h-

2 N o © XF(Z,ZJ-) oA 1 P
-%ngmZZ ¥ *2&§ﬂ%:
=0 k=1 1=1 (ik) +(,ul) (2.72)
X[ (2,2;) z.

5 FE)LY S, e A -

j=0 k=1 I=1

r=p+0

7’p o P (Z)(0| (z;) Af
2 HmZZ T

And one more time, the rectangular squaring formula for the integral of
formula (2.44) is applied, and by means of formula (2.46) and (2.72), the value of
heat transfer at any point of the wall can be calculated:

k=1 I1=1

U,(r,z) = ®,(r,2) + ”2250 i F,(2)G, (1,2, 2,2 ). (2.73)

Equations (2.71) and (2.73) are the solutions of problem (2.8) — (2.17) when
q(r) =q,(r) =q,(r) =0 and Q(r,z) =0 (2.27).
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2.5 Solution by Non-homogeneous Environment Temperature

In this chapter, the case of non-homogeneous equations and non-
homogeneous boundary conditions is considered.

2.5.1 The Statement of the Full Mathematical Problem

As the main equations for the wall and the fin we take differential equations
(2.8), (2.14):

2

Rl e R

ror r

o 2.74)

10( oUu) oU
——|r— |+ +Q(r,z)=0.

rar( 8r] oz’ Qlr.2)

The non homogenous BC for the wall are as follows:

ouU

6[’0 —VSUO = _7(?‘90(2)1 ze€[0,1], r = py,

ouU
a—r0+7/0UO =y, HMp2), z€[bl], r=p,

2U (2.75)
8_20 =qy(r), relpy.p) 2=0,

ouU

820 + By =qy(r), relpypl z=1.

Similar are the non homogeneous boundary conditions for the fin:

ouU
E+ﬁu =,6’8(r,b), re [,01;,02], Z= b’

ouU
EJF}/U =y9(p,.z), z<[0,b], r = p,, (2.76)
ouU
E =q(r), re [pl'pz]v z=0.

To complete the full statement of generalised problem (2.74)-(2.76) the solution must
fulfil the conjugations conditions (2.13):

U,

°|p=prO_ |p=pl+0’ 4 or

U

=y — 2.77
7o or ( )

p=p—0 p=p1+0
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2.5.2 The Separate Solutions for the Wall and the Fin

In the same way as in the sub-section 2.4.1, the notation (2.28) is introduced.
Then the solution in the wall can again be presented in the same form as (2.44):

Uo(r,z)=n(r,z>+”2f° [ FonGy (1.2, pm)dn. (2.78)

Now the expression for the first term of the right hand side has a significantly
more complicated form:

Yo(r,2) = ZEﬂOES(pl,no)Go(r, 2,y 105)d175 +

+2ﬂﬂé’in90(no)éo(r, Z, Py 16)d 1 +

+2/f &0 (£6)Go (r, 2,40, 1)d¢, - (2.79)
2| £ (E)Go(r, 28,0008, +

+27z'f gtodgtoJ.Qo(égo’no)éo(rv Z, Py 1) d1,.

Po

The solution for the fin with boundary conditions (2.76) can be presented in a
similar way as for the wall:

U(r,z):lf(r,z)—7r

L [F)G(r,2. ) (280)

The expression for the first term of right hand side has the form:
b
Y(r,2) = 2770, | K )G(1, 2, py ) +
0
P2 -
+27p [ £9(£,b)G(r,2,&,b)d ¢ -
P1

) (2.81)
—272'.[ é:q(é:)é(r’ Z,é,O)df +

+22 | 202 [ Q. MB(r, 2.6 m)dn

P
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2.5.3 The Junction of Solutions for the Wall and the Fin

The following notations are introduced:
1Y, . 1Y

Y,(rz)==—=2-Y,, Y(r.z)==22+7, 2.82
o(r2) o (r,2) ot (2.82)

<0G G 4
Lo(r,z,g,n)=yOG0_a—r°, L(r,z,pl,n)=5+y(3.

The representations (2.79) and (2.81) allow to easily obtain the following two
equations:

F(2)= Y‘0(1011 z)— 277,01_[ Fo(1) Lo (o1 2, pramp)d g,
0 (2.83)

Fy(2) = Y(p,,2) — 270, [ F ()L (py, 2, 1, ).

From this system (2.83) the following second kind of Fredholm integral
equation is established:

F(2) =¥, (p,,2) + [ F)T(z,m)dn. (2.84)

Here the kernel of the Fredholm integral equation is given by the same
formula as (2.57):

I'(z,n) = (%) ILo(pl, Z, P 1o) - L(py 2, pyym)dig,. (2.85)

In its turn, the first term in the right hand side has a more complicated
expression:

Yo(py,2) = Y‘0(,01’ z)- 277;01.[?(,01’ )Lo (P12, pri100) A1, (2.86)

Evidently this second kind of Fredholm integral equation (2.84) has exact one
solution [39]. Again, by the known F(z), the representation (4.80) allows to find the
solution for the fin. In a similar way, the integral equation for the function F,(z)
can be constructed and the solution for the wall obtained.

2.6 Calculations and Results

A mathematical model for the problem described in chapter 2.4 was
developed. The visualisation of the results and principles applied are the same as in
section 1.6. The parameters used in calculations are shown in tables 1.2 and 1.3 and
correspondingly three cases (1; 2 and 5) were considered. The cases are shown in
table 1.4.
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The basic case of configuration where the Green’s function method is used
for the solution is shown in Fig. 2.4. The analytical result by method of Green’s
function can be easily compared with the solution shown in Fig. 1.5. Evidently, both
the 1D and 2D semi-analytical results obtained using the method of conservative
averaging and the analytical 2D solution using the Green’s function method have no
significant differences.
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Figure 2.4. Results of basic configuration
Problem with ideal contact, 10 eigenvalues
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When the calculations are performed using the Green’s function method, it is
necessary to take into account the time needed for computation. In Fig.2.4 the first 10
eigenvalues are used and the computation time was approx. 5 minutes. However,
when the number of eigenvalues is increased the computational time increases
significantly. In Figure 2.5, the result using the same input dataset as in Fig. 2.4 is
shown, however, this time only the first five eigenvalues are used. It is evident that
the use of only the first five eigenvalues is sufficient to produce a representative
result.
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Figure 2.5. Results of basic configuration
Problem with ideal contact, 5 eigenvalues
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In Figure 2.6, the result using the second parameter data set is shown. A
comparison with the semi-analytical solution shows that the most pronounced
differences are in the fin; in general the average temperature difference is approx.
2°C.
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Figure 2.6. Results of second configuration
Problem with ideal contact, 10 eigenvalues
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In Figure 2.7, the semi-analytical 2D, 1D and analytical 2D results are shown.
It is evident, that the features of the solution are similar; however there are small
differences in numerical values.

Depending on the nature of the physical problem in question and the
precision constraints of the results, it is possible to choose any of the models
developed in Chapter 1 and 2. Each one of them has its advantages and
disadvantages:

e The derivation of the 1D semi-analytical solution and the amount of
code that needs to be written are comparatively small. When the
calculations are carried out using the model, the result is acquired
instantaneously. A significant flaw is the fact that only one dimension
is considered and no understanding about the temperature distribution
in the 2D domain is gained.

e The mathematical derivation of the 2D semi-analytical solution
requires careful work and the amount of code increases when
compared to the 1D model. From a practical point of view, the
possibility of errors increases when the amount of derivation and code
increases. However, it is possible to relatively easily identify and
rectify the errors because the solution is reduced to the analytical
solution of a system of linear equations. The result can be obtained in
a few milliseconds.
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Figure 2.7. Results of fifth configuration
Problem with ideal contact, 2D semi-analytical solution, 1D semi-analytical solution,
2D exact analytical solution with 10 eigenvalues
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The analytical solution in 2D is the most time consuming and most
voluminous of the models considered in this work. The numerical
solution reduces to a number of different sub-problems — finding
eigenvalues, solving a Fredholm integral equation and a number of
multiple sums. Some of the sub-steps in the solution were compared
with the results from Maple software to ascertain the congruence and
the correctness of the results. This model is especially non-transparent
because of the number of multiple sums, and even if the smallest
mistakes are made it is hard to identify their cause. However, the
advantage is that it is very clear that the result of the computation is
the solution of the problem. The disadvantage of this model is the
time needed for computation that, depending on the precision needed
requires more and more resources. The increase of time needed is not
linear but exponential. Most of the resources are used for finding the
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eigenvalues (formulas (1.42), (1.43) and (1.52)) and the computation
of values for different terms that consists of the construction of
multiple sums.

2.7 Conclusions

Two 2-dimensional analytical solutions (in both cases: homogeneous chapter
(2.4) and non-homogeneous chapter (2.5) environment) for a system with cylindrical
fin when the wall and the fin consist of materials with different thermal properties is
constructed.

Numerical mathematical model of homogeneous solution is produced. Some
examples of calculation and main benefits and disadvantages of technical
performance are represented.
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3. ANALYTICAL SOLUTIONS FOR NON STEADY-STATE
HYPERBOLIC HEAT EXCHANGE EQUATION

3.1 Problem Introduction

The intensive quenching method was patented several decades ago [15], [40],
[14]. This method of intensive quenching is offered in water in contrast to other
hardening methods in oil. To describe the standard hardening process, the classical
equation is used [41], [42]. Dr. N. Kobasko has kindly provided the experimental
result shown in Figure 3.1. Curve Nr. 2 on this figure shows that the solution has the
character of an equation of hyperbolic type. In [16] it was proposed to describe the
quenching process by the hyperbolic heat equation. In the paper it was concluded
that hyperbolic type heat exchange equation better describes steel quenching physical
processes.

T.°C

800

1
600 \/

SN
\

200 —
/

2
4 8 12 16 T8

0

Figure 3.1. Function of temperature of sample (quenching from
860°C in salt water): 1 — centre; 2 — surface

Intensive quenching technical processes as well as mathematical models meet
with several difficulties caused by a number of reasons. Firstly, if cooling process of
part exceeds some critical value thin layer of water steam can form on the surface of
part and so called film boiling can begin [2]. During film boiling process component
is often fractured [13], [16], [43], [44], [45]. Then nucleate boiling process caused by
fractures begins, which means that, non linear boundary conditions are required for
mathematical process description. Secondly, there are no exact mathematical verified
solutions for parts with more complicated geometry. Usually Kondratjev number
(form factor) is used to reduce a complex problem to a problem with simpler domain.
Thirdly, solution of hyperbolical heat exchange equation requires additional initial
conditions (heat flux), that are not known; therefore issue is reduced to inverse non
steady-state problem.

Understanding of intensive quenching process requires lot of experimental
work including mathematical modelling as well. Because of the unknown values of
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initial heat flux, there are two additional conditions at the moment t =T of process
are given for further discussed problems.

Time inverted hyperbolic heat exchange problem for cylinder is discussed in
chapter 3.2. Closed form 1D solution for a thin cylinder is obtained.

In chapter 3.3, a non steady-state solution for the hyperbolic heat equation for
a cylindrical sample with fin is constructed. Usually mathematical modelling of
systems with extended surfaces is realised by one dimensional steady-state
assumptions [1], [3]. In [4], [5], [26], [28] two and three dimensional semi-analytical
and analytical solutions for the steady-state process are constructed. This technique
gives a more suitable form of the solution in the form of the Fredholm integral
equation. In this chapter, the exact 3D problem is reduced to 2D and analytical
solutions by the Green function method are obtained.

3.2 Mathematical Formulation of 3D Non Steady-State Hyperbolical Heat
Exchange Problem for Cylinder

Definition of problem in domain re(O,R), ze(0,H), te(0,T],

¢ €[0,2r] is as follows:
U U L ,0(.0U) U _,0U
o ot s o r T et (D)
ot° ot or\ or ) oz op
where 7is a known relaxation parameter (constant) from experimental results.
The additional following boundary conditions when t [0, T], ¢ €[0,2x] are
formulated:

ouU

o Ty =n(z.@o1), r=R, ze[0,H], (3.2)
oJ

E+k2U =7,(r,o,1), re[0,R], z=H, (3.3)
aa—LZJ—kSU =y5(r,o.t), re[o,R], z=0. (3.4)

Periodical (continuity) boundary conditions when re(0,R), ze<(0,H),
t €(0,T] are the following:

ou(r,z,0,t) ouU(r,z,2x,t)

U(r,z0,t)=U(r,z,2r,1), 3.5
(r,z,0,t) (r,z,27z,t) P P (3.5
Additional condition in the centre is the following:

r%—w, r—0,z€[0,Z2], te[0,T]. (3.6)

Usually for hyperbolic heat equation, the two following initial conditions are
required:

U =u’(r,z,p), t=0, re[0,R], ze[0,H],. (3.7)
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%zvo(r,z,go), t=0, re[0,R], ze[0,H].. (3.8)

Value V,(r,z,9) of initial condition (3.8) is usually unknown. Therefore two

additional conditions at the moment t =T of process are given instead of initial
condition (3.8):

u(r,z,o,T)=U.(r,z, go) (r,z,go,T) V;(r,z,9) (3.9

3.2.1 Solution for Cylinder

The simplest case when BC (3.2)-(3.4), initial conditions (3.7), (3.8) and
additional conditions (3.9) on the right hand side depend on two arguments r,z (it

means practically the thin cylinder or cylinder with rotation symmetry):

aa—LrJ+kU 7(z,1), r=R, z[0,H], (3.10)

aa—u+ku 7,(rt), re[O,R], 2=H (311)
%—L:—ku 75(r,t), re[o,R], z=0 (3.12)

We introduce on the basis of conservative averaging method [46], [47] the 2D
model:

V(r,zt) _—j u(r,z,e,t)de. (3.13)

Integration of the main differential equation (3.1) gives main 2D differential
equation:

oV v 1o( ov) &V 1 [aU|  au|
R L A e e T |
Plo-or 9Plp-o (3.14)
oV oV _190 ( avj oV
Ty —+— r— |+—.
ot ot rorl or oz
The problem for this 2D cylinder is investigated in paper [43]. In this paper
only one additional condition for classical heat equation was used:

V(r,z,T)=U,(r,z). (3.15)

The main equation (3.14) can be written in the form of the heat equation with
unknown source term:

g:az{ - a[ av] v

ot or\ or ) oz° }FF(””V) (3.16)

here:
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F(r,z,t,z,V)=f(r,z,t) -z W(r,z,t), W(r,z,t) = %t_z\/ (3.17)

5 -

The solution of the problem with known source function F for the classical

heat conduction equation has the well-known form by employing the Green function
G(r, p,z,c,t) for the finite cylinder with mixed type (second and third type)

boundary conditions [11]:

G(r’p'z’g’t):Gl(ruoit)'GZ(Z’glt)! (318)
here:
r
BTN G SRR GO NI
G,(r,pt) = R R o ®"
2R 5 (KR + 417) 35 (14)
{cos(/lm Z)+ ﬁsin(/lm z)}{cos(/lmg) + kZSin(lmg):| (3.19)
G(zc)=Y G 2 i
R k, A2+ki k, H K2 ,
79 2Tt o | 1+o%
225 Ao +ky 24, 2 A2

where ¢, >0and A, >0 are the roots of the following transcendental equations:
K, +K,
A% =Kk,

This fact allows us to write the solution in short form as the following
expression:

V(r,z,t) =T(r,z,t)—

13,(10) — kRI, (1) w(l—%}tg(zm _ (3.20)

t H R (3 21)
—ZﬂrrjdrjngpG(r,p,Z,g,t—r)W(p,g,z')dp. '
0 0 0

Here the function 1°(r,z,t) contains all the other integrals where the Green
function is multiplied by known boundary and initial conditions:

H R
I'(r,z,t)= Zﬂjdgj.puo(p,g)G(r,p, z,¢c,)dp +
0 0
t H
+2RIdrIy1(g,r)G(r, R,z,c,t—7)dc —
0 0
t R
_2zazjdrjpy2(p,r)6(r,p,Z,O,t—z‘)dp— (3.22)
0 0
t R
—ZHaZIdrIpy3(p,r)G(r, z,o,H,t—7)dp+
0 0

t H R
+27ZJ-dr.[ng.pf (0,6, 7)G(r,z,p,H,t—7)dp.
0 0 0

Now it is the right time to use the additional condition (3.9) in formula (3.21)
and reduce equality to the first kind of Fredholm type integral equation for function
W(r,z,t) :
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r(r,z,T)-U,(r,2)
2rr, '

T H R
sz‘jdgij(r,Z,p,g,T—T)W(p,g,z')dp: (3.23)
0 0 0

r

3.2.1.1 2D solution by Tihonov’s Regularization Method

The solving of the integral equation (3.23) is an ill-posed problem, but
regardless of this, it can be solved, e.g. by Tihonov regularisation method [48]. Let’s

denote the regulasized solution with W(r,z,t). Then, the approximate (regularised)
solution V/(r, z,t) follows from the formula (3.21):

V(r,z,t) =I(r,z,t) -

t H R 5 (324)
—ZETrdeJ-ng.pG(r,p, z,¢,t—7)W(p,c,7)dp.
0 0

0
From here the following expression can be written for the first time derivative
of the solution:
oV(r,z,t) or(r,zt)
ot ot

H R
~277,[ds[ pG(r, p,2,6,+0W (p,5,1)d p — (3.25)
0 0

t H R

oG(r,p,z2,c,t—7), ~

~277,[dz[dg[p (p@tg Wi (p.c.z)dp.
0 0 0

The well-known filtration property of the Green function [49] allows
rewriting the last equation in the following form:
NV (r,z,t) or(r,z,t)

- 27n'rV\~/(r, z,t)—
ot ot

(3.26)

t H R
oG(r,p,2,6,t—17),
ZETrIdTJ-ng-p ( p&tg )W(p,g,r)dp.
0 0 0

The unknown function V,(r, z) can now be obtained by passage to the limit
t — +0 in the equation (3.27). So the solution of the time inverse problem looks like
the following:

Vo(r! Z) =

TOLDvi(rz2,40) (3.27)

3.2.1.2 1D solution by Green Function Method for Thin Cylinder

The main idea of the solution will be shown for the 1D case hyperbolic heat
exchange equation. For cases of thin cylinder, it is assumed that the right side of BC
(3.11) and (3.12) do not depend on r:

69



ou

&1k =, re[OR] 2= H, (3.28)
%—sz—k3u ~7,(t). re[O,R], z=0. (3.29)

As the next step by conservative averaging, the 1D model is introduced [7]:

v(r.t) =ﬁIOHV(r,z,t)dz. (3.30)

(3.31)

Integration of the differential equation (3.1) and using BC (3.28) and (3.29)
ov.ov 10 ov) 1(ev oV
Tt == |+ —| -
ot ot ror\ or
2 —
T a—¥+@ :li(r@)_ ot Ol
ot ot ror H H

gives the main 1D differential equation:
Hl ozl EZ_J’
or

To exclude the first derivation by time, following unknown function is
substituted:

t

v(r,t)= e_zu(r,t). (3:32)
As a result from (3.31) and (3.32), the following equation is obtained:
2 _ t
ot ror\ or H 4z, H

Equation (3.33) is the Klein —Gordon equation [50] with a new BC instead of
(3.10):

ou e Z% o~y Lo
5+kIU—y1(t)e , =R, yl(t)_ﬁ [ 7z t)dz (3.34)

and updated initial conditions (3.7) — (3.8):
u=a°r), t=0, re[0,R],

gt—u:ljo(r), t=0, re[0,R]. (3:35)
The additional conditions (3.9) at final moment are the following:
u(r,T) = e?TfrUT(r), %(r,T) = eZTfr\iT(r). (3.36)
The solution of direct problem [11] is:
u(r,t) = Tﬁf’(f)%G(r,é,t)d&TU (EG(r,ENdE+
’ ’ (3.37)

t T t R ~ s K
+a’ [7,(r)e’ G (r,R,t—7)dz +IdrIMez”G(r,§,t ~7)d¢,
0 0 0

here:
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® 2 sin(t
G(r,g,t)-Riz __the o(”" 3,5 ( ‘/_)

A= au, +k2+k3,
R H

where eigenvalues of the equation can be found as positive roots of the following
transcendent equation:
K, +k
# (1) == ——=RJ, (). (3.39)

With the first end condition (3.36), it leads to the first kind of Fredholm integral
equation:

v(r,T) =U.(r) :ju°<§)§e(r,éﬁ>d§+jU°(§)G(r,§,T)dcf+
. ° . ’ (3.40)
+a2£y1(r)e(r, R,T —r)dr+£dr£%6(r,§ﬁ —7)dé.

For solution of function U°(x) we obtain the following first kind of
Fredholm integral equation:

[UCOG(r,e T)de=F(r,T),
F(nT)=Ur ()~ [U(6) S 6(r. & T)dé - (3.41)

—aZ]yl(r)G(r, R,T —7)dr —}drT%G(r,ﬁ,T _)de

If it is assumed that 7, (7) = 7,(z) then time depending heat flux, consider the
following:

8 ¢ ~0 82 p 70 a
5u(r,t)=£u (é)?G(r,é,t)d&!u ()= 6(r.&0ds +

t . B (3.42)
+a’ [y, (r)e* %G(r, R,t—7)dz +ay,(t)e’" .

Using this equation, start condition (3.8) can be found. In this case, the first
kind of Fredholm’s integral equation must be solved. If both additional conditions at
the end of process (3.9) are used, then coordinates by time in equation (3.33) can be
transformed:

t=T-t, G(x,y,f)=u(x,y, T -1). (3.43)
Equation (3.33) has a similar look:
20 A ~ & PO
TraTnga—LJ:Eg(ra—u)—k2+k30+7/3(t)_}/2(t)e2“. (3.44)
ot° ot ror\ or H H

Initial conditions look like the following:
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T

G|f:0 = u|t:T = UT (r) EZr, !
a __a

ot iy ot

The derivation of equation (3.42) by time is:

T (3.45)
=V (r)e*.

t=T

O o R &P -
gu(r,n:{uT(é)e S Or&Dds -
[V @t ZorsDds (3.46)

f

i T i
+a?[7,(0)e™ SG(rRE-dr+aln @
0

By putting £ =T =1t =0 into (3.46), the following connection is obtained.
This is initial condition (3.8), and is also direct problem:

8 . T )&
—0(r,T)=|U e —G(r, ,f dé -
o =[0:(0) Xp[ZrJ@tz (oD de
(e T)o -
_J‘VT(f)exp(2 ]—~G(r,§,t) dé+
0 7 ot =T
. (3.47)
+a2!7,1(r)exp[2;j§6(r,R,f—r)fT dr +
+a271(T)exp( T j
27,
3.2.2 Solution for Thin Disk
In case of thin disk BC (3.10) can be rewritten in the following way:
Z—\:+klv =y,(t), r=R, ze[0,H]. (3.48)
1D model introduced by averaging:
2 R
u(z,t):?j0 rv(r,z,t)dr. (3.49)

Integration of the main differential equation (3.1) and using BC (3.11) and (3.12)
give the main 2D differential equation:

o’'u ou ou 20V

T t—=—t——
"ot ot a2 Reor
ou ou ou 2k 2p(t)

— ——Uu+ :

T, —+—-=
"ot ot o2 R R

r=R

(3.50)
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Further construction of solution is similar as in case of thin cylinder (see sub-
chapter 3.2.1.2).

Equation (3.33) and (3.50) can be transformed to an ordinary differential
equation by time, by means of the conservative averaging method. Thus a semi-
analytical solution can be found. Monographs [51], [52] are useful for the solution in
more complicated cases of domain described in Chapter 3.3.

3.3 Mathematical Formulation of 3D Problem for Cylindrical Fin

Further the cylindrical wall
with fin is discussed. Let’s assume
that surface z=0 and @=0 is
middle surfaces with second type
homogeneous boundary
conditions. In other words, the
angle of the sample is 2® and
the height in z direction is 2H. All 1
other surfaces come into contact
with continuously flowing water b
at constant temperature ®, . It is

assumed that the heat exchange Figure 3.2 3D domain in dimensionless
processes on surfaces can be arguments

described by linear third type | ~- radius of hole, o, — distance of fin from centre, p, — end of fin from
.- centre, b — height of fin, 1 — height of wall, ¢ — angle of cut of cylinder
boundary conditions.

+ S0

=) T I

The steel sample is heated
up to an initial temperature V. and placed in the facility for quenching. This
physical system can be described with the following mathematical model.

Let’s start with an accurate 3D formulation of the transient problem for a
system of a cylindrical wall and fin. One element of the wall (base) is placed in the

dimensionless domain {re[p,.p,],2€[0,1],9[0,®]} . The cylindrical fin
occupies the domain {r elp.p.].2€[0b],pe [O,cD]}.

The following dimensionless arguments, parameters to transform the problem

' ' r z f r ’
to a dimensionless problem are used: r=—, z=—, p,=2%, p,=-%, p,=-"*%,
p H H Po H P H P2 H
b:i, ﬁ:h—H, 7=£, a’ :L. Here the k - heat conductivity coefficient
H k P Cp

for the fin and wall, c - is specific heat capacity, p- density, h - heat exchange
coefficient for the system, H, - height of the fin, L - length of the fin, H - height of
the wall, parameter 7 is so called relaxation time.

The most interesting shapes of this system are the following. The case when
I, = p, =0 there are two shape options:
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a) @ < 2 partial cylinder (cross section in z direction is sector) with the fin;

b) ® =2z complete cylinder with fin. Case when 1, >0 and ® =27 we
get a tube with the fin.

The dimensional temperature field of the steel sample (wall) is described by
function V,(r,z,e,t) and the following dimensionless temperature field is
Vo(r,z,p,1) = ©,

Vin _®o
means, that dimensionless temperature field V,(r,z,¢,t) in the wall is described
with the equation:
62V +%_a_2£(ravo)+a2 oV, a’ov,

introduced V, (r, z, p,t) =

, here V, is some characteristic value. It

_ LE N 3.51
8t2 ot r or\ or 07*  r? o’ (351)

Similarly, the temperature field V(r, z, ¢, t) in the fin fulfils the equation:

2 2
8\2/+8V a a(rﬂjmzav a oV (3.52)
ot ot r or\_ or 07°  r? agp
And the following boundary conditions in ¢ and z directions are formulated:
Mo —0[6\’ ﬁ’\/o] gl —0(6\’ ﬂvj ~0
ol o Pl ° e (3.53)
oV, oV, oV oV
—9 =0, =0,—| =0, =0.
|, [ 'BVO] ol ( oz ﬂvj L

Analogously the boundary conditions in r direction (one symmetry condition
and three heat exchange conditions) are formulated:

(o] afeom] =

or - o~

N avp & (3.54)
EZO_O(ar ﬂvjr_pZ:O.

The conjugations conditions on the surface between the wall and the fin are
assumed as ideal thermal contact - there is no contact resistance (it is the continuity
of temperature and the heat flux):

ouU _oy
oly0 =Yl 00 =2 ze[0,b]. (3.55)
- A ar r=p,-0 ar r=p;+0
The initial conditions are assumed in the following form:
V0|t=0 ZVOO (r’ Z’(D)’VL:() =VO (ri Z’(D)l (356)
oV, ~0 oV -
—0 =WOr, z,0),—| =W.(r,z,0). 3.57
2l o ( ¢)att:0 o(r.2,9) (3.57)

From the practical point of view, both conditions (3.57) are unrealistic. For
this case the initial heat flux must be determined theoretically. Additional conditions
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are assumed that the temperature distribution and the heat fluxes distribution at the
end of process are given (known):

V0|t:T =VT0(r! Z!(D)!VL:T :VT (r, Z,(D),

v, -0 oV " (3.58)
— =W (r,z,0),—| =W.(r,z,p).
), (r,z,p) o) H(r,2,0)
In case of @ =27, boundary condition (3.53) is in the following form:
oV, oV, Vv V
—0 -_0 ,8_ = 6_ (3.59)
a¢ ¢=0 a¢ =0 a¢ ¢=0 a¢ =0

3.3.1 Exact 3D Reduction to 2D Problem

Equations (3.51) and (3.54) can be reduced from 3D to 2D problem by
introducing the following average integral values for argument ¢ :

1 o 1 co
U(r,zt) =5j0 V(r,z,p,)dp,U, (r,2,t) =6j0 V,(r,z,9,t)dg. (3.60)
Integration of the equation (3.51) for the wall over ¢ [0, @] gives following

equation (exact consequence of 3D partial differential equation (3.51)):

o°U, au, :a—23£r6U0J+a2 U, a [av0| LY,

T

& a rorl o o vl dp| ., op)
o=0 =0
The first pair of boundary conditions (3.53) allows rewriting the last equality
in the form of two dimensional equations (assuming U, is constant regarding
argument ¢):

2 2 2 2
0 o & 0 s ) 029 g,y =22
ot ot r or or oz ro

Similarly, the dimensionless temperature field U(r,z,t) in the fin can be
described with the equation:

Y +a_u_azg(rauj+az o°U

J. (3.61)

T (3.62)

d(r)u . (3.63)

oo Ta T ral e )TN

The needed boundary conditions and conjugations conditions are defined as
follow:

8;0 -pU,=0,r=p,,z€[0,1], (3.64)

o4 pU,=0,1=p, 2elbd], (365)
r

oU

820 +pU,=0,relpy,plz=1 (3.66)
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U,

> 0,r=[py,pl2=0, (3.67)
aa—UJr,BU:O,r:pZ,Ze[O,b], (3.68)
r
ouU
—=0,r=[p,p,],2=0, (3.69)
oz
ouU
—+ =0, 1=[p.p,], 2=b, (3.70)
oU oU
U0|pl—0 - |p1+0’ aro :E : (371)
-0 p+0
The initial conditions transform into the form:
Uolp =Us (1 2).U|_, =Uy(r.2), (3.72)
oy, 0 ouU
=W, (r,z),—| =W,(r,2). 3.73
X 0()6tt:0 o(r.2) (3.73)
Additional conditions transform into following:
Uyl =U7(r,2),U]|_, =U(r,2),
3.74
Mol weer, 2, Y —w(r2). &7
ot |y ot |y

All initial and additional conditions (3.72) — (3.74) are obtained by the
integration of conditions (3.56) — (3.57) by direction ¢ regarding equation (3.60).
Equations (3.51), (3.52) in case of ® =27 taking into account the boundary
condition (3.59) are rewritten in a more simple form:

TGZUO +%:a_2£(raU0j+a2 aZUo ,

ot et ror or oz’

(3.75)
o°U oU a*> o ou , 0°U
T—+—=——|I— |[+a" —.
ot ot ror\ or oz
Let’s make the following transformation to functions v(r, z,t), v, (r, z,t):
_t _t
U(r,z,t)=e 27v(r,z,t), U,(r,z,t) =e 27v,(r,z,t). (3.76)
The main equations (3.61) and (3.62) transform in following form:
2 2 2 2
B () T 0
r or r z
‘ (3.77)
v a’l o ov) ,o% 1
— =——|r—|+& —-cov,c=——.
ot r or\ or oz vivs

Boundary conditions (3.67) - (3.74) for functions v(r,z,t), v,(r,z,t) stay in
the same form, only initial conditions (3.75), (3.76) are the following:
V0|t=o =U8(I’,Z),V|t=0 =U,(r,2), (3.78)
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0
Mol _wo(r,z)+ 20D My gy LoD (3.79)
ot t=0 ot t=0 2T
Additional conditions (3.77) are the following:
T T 0
il = U2, So e {M(nzh#}
= ’ (3.80)

T

= T
Vs =eZTUT(r,Z),@ = e [WT(r,z)jL#}.
T

t=T

3.3.2 Solution of 2D Problem

There, one shape of sample will be discussed. All other mentioned cases have
a similar methodology of research as papers [45], [53]. Let’s consider a complete
cylinder with the fin. In this case, to split up the sample into two complete cylinders
connected with surface z=b is preferred:

ov, ov

Volo_o = V.o - —|  ,re[0,p,] (3.81)

z=h+0

z=b-0 f?Z

The boundary condition for a cylinder on the right hand side (3.68) together
with the conjugation conditions (3.81) can be rewritten in following common form:

F(r,t),0<r<p,,
(%wvoj WA P F0<r,t)=(@+ﬁvj
0z o 0 Lo <r<p, 0z

The solution for the complete cylinder can be written in the well-known form
by means of the Green function, see, [11]:

(3.82)

z=b+0

t P2
Vo(r,Z,t) = Dy(r,z,1) + afJ‘dToJ. Fo (0, 70)Go (I, 2, py, b,t = 7,)d oy,
0 (3.83)

Dy (r,z,t) = Jdégojl:l+ru (So:770) + Wy (50’770)}60(“Zigo'novt)d%'

The Green function has the form:
Gy(r,z,&,m,t) =
25 (
P ;;( p1+ﬂn) P1
n (2) =cos(,2),

2
Ay =2 (”—%ﬁ;j—i. (3.84)

2
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There B, and g, are positive roots of following transcendental equations:

B = (m_l)ZJrﬂM,m cN
() _po, (3.85)
Jo(t) 14,

The representation (3.83) is not the solution because of the unknown function
F,(r,t) . As the next step some conditions for the fin are modified. The conjugations
conditions are rewritten in following form:

F(r,t),0<r<p,,
(@—ﬂvj :{ (r.) P
(674 o 0, P <I<p,

Similar to the case of formula (3.83) the solution for the fin can be
represented in following form:

(3.86)

(= 2w, |

z=b-0

t P2
v(r,z,t) = d(r,z,t) + afjdrj F(p,7)G,(r,z, p.b,t—7)d p. (3.87)
0 0

Formulae (3.83), (3.87) can be rewritten for F(r,t), F(r,t) similar as in

Chapter 2.4.3 and Fredhom’s integral equations of the second kind obtained. Similar
to papers [45], [53], the system can be reduced to one integral equation.

3.4 Conclusions

The solution of the time inverse problem in closed form for a thin cylinder is
obtained. The methodology of the solution of inverse problems in non canonical area
is described. An two-dimensional analytical solution for a system with a cylindrical
fin (when the wall and the fin consist of the same material) is obtained.
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CONCLUSIONS

The ideas concerning steady-state and non-steady-state semi-analytical and
analytical solutions for a number of systems with a different number of dimensions
are examined in this work and can be used as an additional learning tool when
studying methods of mathematical physics for problems of heat transfer. A survey of
the available literature shows that 2D problems in cylindrical coordinates for non-
canonical domains using analytical or semi-analytical solutions have not been
considered before; therefore it stands to reason that this Thesis adds to the
educational and scientific literature.

Numerical models developed in this Thesis give a better insight into the
advantages of analytical and semi-analytical solutions. Despite the fact that many
scientists regard the analytical approach as archaic; in my opinion this work shows
the solutions in a different light and highlights the contemporary flexibility and the
wide scale of their applications. Evolving technologies change the requirements for
applied methods. Therefore, in my opinion there is reason to think that, if advanced
in this direction, analytical solutions can experience their renaissance especially
concerning engineering applications in different fields.
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Appendix A. Applied Methods
A.1 Problem Reduction to a Problem with Dimensionless Arguments

In several chapters of the thesis, a basic problem is reduced to a problem in
dimensionless arguments. This kind of modification is necessary to lighten the
discussed problem and to simplify mathematical formulation. A further example of a
full 2D mathematical problem will be formulated and reduced to dimensionless
arguments shown.

Heat transfer in the
wall isUo(r,z), but in the fin  g+R o

u(r, z). Environment
temperature on the left side of
the wall, wherer <0, isT,, @ h To
but environment temperature LES
along edges where r=A, Uo(r,2)
ze(B,B+R) (denoted with B
@), re(A,A+L),z=B

(denoted with ®) and hol® @h
r=A+L,ye(0,B) (®) are

equal to T, (see Fig. A.1). 0 A A+L

@ =

Cj
—~
>
N
~

@ To

X

Q
® =~

Using the following law: heat Figure A.1. Domain of problem.
flux (g) on edge of domain is
proportional to temperature difference [2], id est.

g=hAT, (A.1)

where AT is temperature difference. Heat flux inside the domain can be described
with the following equation:

q=-k (A2)
on
where n is the normal direction [2]. Unifying both equations (A.1) and (A.2), the
following connection for boundaries is obtained

hAT =—k a : (A.3)
on
Sequentially, all edges will be discussed and connection (A.3) applied for them. The
following boundary condition applying (A.3) for edge r =0,z €(0,B+R) (denote®)
is obtained:

ou r
K, a_ro =-h, (Tl -U oj , (A.4)

Heat convection on edge @ can be described with the following connection
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ou -
K, aro —_h (UO—T(,]. (A5)

A similar connection for edges ® and ® can be obtained (taking into account flux
direction):

ka—Uz—h(L_J—Toj, (A.6)

or

kY :—h(U—Toj. (A7)
oz

Taking into account heat balance, continuity of heat flux and connection (A.2) the
following connection at the fin and wall contact surface r=A,z<(0,B) (®), is

obtained:

(A.8)

r=A-0
For case of ideal thermal contact [4] on line @, the following connection is valid:

r=A+0

U, =U
x=A-0
In case of a periodical system, id est., system symmetric regarding lines z =0 and

z=B+R, there is no heat flux on edges r(0,A),z=0 and re(0,A),z=B+R
(@)and re(A,A+L),z=0 (®), respectively:

(A.9)

Xx=A+0

=0 and oy =0. (A.10)
0z
z=1 z=0

800
oz

_800
oz

=0

Now the reduction to dimensionless arguments can be done. That means new
a dimensionless problem must be constructed within temperature range T e [0,1],
and the new domain always reduces that wall to one unit high:

r= and z = . (A.11)
B+R B+R
New values of wall width, fin length and fin height in dimensionless domain are:
_ A b oadp=_B (A12)
B+R B+R B+R
Heat transfer in the wall is:
Uo—T
Uy=—"2"
Tl _To
Uo =U,(T, -T,)+T,, (A.13)

but heat transfer in the fin is:
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_U-T,
Tl_TO
U=U(T, -T,)+T,. (A.14)

Now equations (A.11) and ((A.13) or (A.14)) pasted into the equation (A.4) gives the
following new BC for edge ®:

o,

U

+%(B+mmfugzo, (A.15)

BC for edge @:
a—U_°+%(B+R)UO ~0, (A.16)
,

0

BC for edge ®:
N N erRrU =0 (A7)
or k

and BC for edge ®:
a—L_J+E(B+ R)U =0. (A.18)
oz k

Since the coefficients in equations (A.7), (A.15) — (A.18) are constants, the following
denotations are done:

k, k, k
Similarly, problem reduction to the problem of dimensionless arguments can be done
for other discussed issues in the Thesis.

Bo (A.19)

A.2 Method of Conservative Averaging

The main idea of the conservative averaging method is assuming that the
solution has a known form of functional connection of one direction. This
assumption is done to simplify the original problem, but still conserving by means of
the average value original formulation of heat balance. The method of conservative
averaging is openly discussed in papers [7], [19]. In short, the main ideas and steps
for applied conservative averaging method for the problem described in the first
chapter are the following:

1. The solution for the fin in z direction assumed to be a combination of
exponential functions and written in the form which contains three additional
unknown functions;

The average temperature connection in z direction for the fin is defined,;

3. The solution for the wall in r direction is assumed to be a combination of
polynomial functions and written in the form which contains three additional
unknown functions;

4. The average temperature connection in r direction for the wall is defined;

N
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10.

Consequently, BC on the fin and wall is applied to exclude unknown
functions;
The solution for the wall is divided into two solutions:
a. solution for the lower wall, respectively, sub-domain which has
boundary only with the fin
b. solution for the upper wall, id est., sub-domain which has boundary
only with the outer environment
A junction condition for wall lower part and fin is applied.
Additional conditions for the unknown function are defined: Continuity of
function and its derivative at the contact of the wall and fin is requested.
At last, completing of the junction condition at the common point of all three
sub-domains (&,b) is requested.

After completing points 1 — 8, a linear system of equations is obtained. And
the solution to the original problem of the solution for the system of linear
equations is reduced.

A.3 Generalised Method of the Green Function

The main idea of the generalised method of the Green function for non

canonical domains is (1) applying of the Green function method for each canonical
sub-domain and (2) merging both analytical solutions through junction conditions.
The generalised method of the Green function is applied for problems in Chapter 2
and 3.3. Following the main steps of the method, the following may be pointed out:

1.
2.

Non-canonical domain is divided in two canonical sub-domains.

Junction conditions are combined together with boundary conditions. Non-
homogeneous boundary condition of third kind with unknown functions on
right side for each canonical sub-domain is written.

Analytical solution for each sub-domain is constructed where unknown
function in boundary condition like known function is treated. But still it is
not solution of basic problem, since it contains unknown function.

Obtained solutions with unknown function are pasted in boundary conditions
and second kind of Fredholm’s integral equation is written.

The solution of Fredholm integral equation for one sub-domain is obtained.
Thus unknown function for each sub-domain is gained.

The existence and unity of the described solution is guaranteed by the unity and
existence of the solution of Fredholm’s integral equation and the continuity of its
kernel [39].
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