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Abstract

In this thesis we develop the theory of measure and integral in the context of
L-sets, when L is a complete, completely distributive lattice with the minimum t-norm.
The main purpose of this thesis is to introduce the concept of measure and integral taking
values in the L-fuzzy real line. We suggest the construction of L-fuzzy valued measure
by extending the measure defined on c-algebra of crisp sets to L-fuzzy valued measure
defined on the tribe of L-sets. We introduce the L-fuzzy valued integral over the L-set
with respect to an L-fuzzy valued measure, consider its properties and describe methods
of L-fuzzy valued integration. We define an L-fuzzy valued norm using the L-fuzzy
valued integral and apply it to estimate the error of approximation of real valued func-

tions on L-set.

MSC: 03E72, 28E10, 26E50, 28A05, 28A12, 28A20, 28A25.

Key words and phrases: L-set, L-fuzzy real number, L-fuzzy real measure, L-fuzzy

valued integral, L-fuzzy valued norm, approximation error.



Anotacija

Promocijas darba méra un integrala koncepcijas ir attistitas L-kopu teorijas kon-
teksta, kur L ir pilns, pilnigi distributivs rezgis ar minimuma t-normu. Darba mérkis
ir izstradat meéra un integrala jédzienus gadijuma, kad ne tikai kopas, bet arT méra un
integrala vertibas ir L-nestriktas. Darba izstradata vispariga shéma parasto kopu meéra
turpinajumam lidz L-kopu méram ar vérttbam L-nestriktaja realaja taisné. Ir definéts
L-nestrikti vertigs integralis pa mérojamu L-kopu péc L-nestrikti vértiga méra, izpétitas
ta ipasibas un aprakstitas integréSanas metodes. Izmantojot integrali ir uzdota L-nestrikti
vertiga norma, kura raksturo mérojamas funkcijas L-kopas. Ir aprakstiti dazi L-nestrikti

vertigas normas lietojumi funkciju aproksimaciju teorija.

MSC: 03E72, 28E10, 26E50, 28A05, 28A12, 28A20, 28A25.

Atslegvardi: L-kopa, L-nestrikti reala taisne, L-nestrikti vértigs meérs, L-nestrikti

vertigs integralis, aproksimacijas kluda.
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Introduction

The history of measure theory starts in the late 19th and early 20th centuries by the
works of E. Borel, H. Lebesgue, J. Radon and M. Frechet, among others. H. Lebesgue
is known as a person that stands in the very beginning of the measure and integral the-
ory foundation. In his "Lectures on integration and search for primitive functions" he
challenged the goal to find a (non-negative) measure on the real line that would have
existed for all bounded sets, and would satisfy three conditions: congruent sets have
equal measure (i.e. the measure is invariant under the symmetry operations and transfer),
measure is countably additive and measure of interval (0, 1) is equal to 1. Lebesgue’s
studies have found a broad scientific response and were continued and developed by
many mathematicians: E. Borel, M. Riess, G. Vitali, M. Frechet etc.

The main applications of measures are in the foundations of the Lebesgue integral, in
A. Kolmogorov’s axiomatisation of probability theory and in ergodic theory. In integra-
tion theory, specifying a measure allows one to define integrals on spaces more general
than subsets of Euclidean space; moreover, the integral with respect to Lebesgue mea-
sure on Euclidean spaces is more general and has a richer theory than its predecessor, the
Riemann integral. Probability theory considers measures that assign to the whole set the
size 1, and considers measurable subsets to be events whose probability is given by the
measure. Ergodic theory considers measures that are invariant under, or arise naturally
from, a dynamical system.

Since the notion of measure was introduced the several ways to generalize this con-
cept where attempted. In certain purposes it is useful to have a "measure" whose values
are not restricted to the non-negative reals or infinity. For example, the countably ad-
ditive set function with values in the (signed) real numbers is called a signed measure,
while such a function with values in complex numbers is called a complex measure.
Measures that take values in Banach spaces have been studied extensively. A mea-
sure that takes values in the set of self-adjoint projections on a Hilbert space is called

a projection-valued measure; these are used in functional analysis for the spectral the-
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orem. When it is necessary to distinguish the usual measures which take non-negative
values from generalizations, the term positive measure is used. Positive measures are
closed under conical combination but not general linear combination, while signed mea-
sures are the linear closure of positive measures. Another generalization is the finitely
additive measure, which are sometimes called contents. This is the same as a measure,
except that instead of requiring countable additivity we only require finite additivity.

As one can see all these ways to generalize the concept of measure in some sense is
just manipulation with the properties of measure as a mapping (c-additivity, additivity)
and its domain (c-algebra, algebra, semiring) or range (R, R,RU{e}). Absolutely
new possibilities for generalization of measure and integral have been discovered when
the innovative theory of fuzzy sets were introduced.

Fuzzy mathematics forms a branch of mathematics related to fuzzy set theory and
fuzzy logic. The actual history of the fuzzy sets theory starts in 1965 when L. A. Zadeh
work [32] entitled "Fuzzy Sets" was published in the journal "Information and Control".
Then in 1968 J. A. Gogen in [6] has developed and improved Zadeh ideas by imple-
menting the concept of an L-set. L-set concept led to enormous interest, both among
mathematicians - academics, as well as between the professionals who use mathemati-
cal ideas, concepts and results of various real process modelling.

A fuzzy subset A of a set X is a function (also called a membership function)
A :X — L, where L is the interval [0,1]. This function is also called a membership
function. A membership function is a generalization of a characteristic function. More
generally, instead of [0, 1] one can use a complete lattice L in a definition of L-fuzzy
subset A. Usually, a fuzzification of mathematical concepts is based on a generalization
of these concepts from characteristic functions to membership functions. For exam-
ple, having two fuzzy subsets: the intersection and union can be defined as min and
max of their membership functions. Instead of min and max one can use t-norm and
t-conorm, respectively, for example, min can be replaced by multiplication. A straight-
forward fuzzification is usually based on min and max operations because in this case
more properties of traditional mathematics can be extended to the fuzzy case.

The concept of an L-set creates applications in many other mathematical disciplines.
Among them are also the measure and integral theory. In real processes there are often
situations when the object is a set of "washed out" boundaries in the sense that a given
element may belong to a given set to a greater or lower degree. Integral theory, which

arose from this kind of practical tasks is rapidly evolving and increasingly is being suc-



cessfully implemented. One can find plenty of papers devoted to the concept of measure
and integral in the fuzzy context. Quite worthwhile approach to classify all types of
measures in fuzzy sense was introduced by E. P. Klement and S. Weber in the joint pa-
per called "Generalized measures" [[17]. We just recall here some of the most important
definitions to highlight all the diversity of the measure concept in fuzzy context and
point out the area of possible widening to existing results.

We have already mentioned before that generalization process of measure by its na-
ture reminds a "game" where we are "playing" with the mapping properties, its domain
or range. As we see in [17] E. P. Klement and S. Weber put the "game rules" into
the following frames: having a c-complete lattice as domain and G-complete, lattice
ordered commutative semigroup as a range, the mapping satisfying boundary condi-
tion, valuation property and left-continuity can be considered as a generalized mea-
sure. Then for the different cases of domain and range the following examples of
generalized measure can be described: probability measures of fuzzy events ([33]), pos-
sibility measures ([24], [34], [35]), fuzzy probability measures ([[10], [[14]), fuzzy-valued
fuzzy measures ([12]]), decomposable measures ([30]]), measures of fuzzy sets ([29]).

Since the concept of integral comes along with the measure concept very closely, it
is worth to mention that diversity of the integral in the fuzzy context does not inferior to
the variety of measure concept. As examples of well known approaches to define fuzzy
integral Sugeno, Choquet and Sipos integrals should be mentioned. The tremendous
scope of papers devoted to the concept of fuzzy integral obviously requires proper clas-
sification. The concept of general and universal integrals that can be defined on arbitrary
measurable spaces introduced in [16]] by E. P. Klement, R. Mesiar, E. Pap, obviously,
is a worthwhile attempt to clarify the overall picture in the entire diversity of multiple
integral definitions. For instance, the Choquet and the Sugeno integrals are well-known
examples of universal integrals.

Answering the question: "Should the measure of an L-set be a real number or it
should have a fuzzy nature same as the set that it characterizes?" we give a preference
to the second option. The same question can be addressed to the integral case. The fact
that the majority of papers deals with the measure or integral defined as a real valued
function we considered as a major lack.

To address this shortcoming, the work is intended to investigate measure and integral
as an L-fuzzy valued structure. At that point we had to choose one of the several (quite

different) approaches to the concept of an L-fuzzy real number. We decided in favour



of fuzzy real numbers, as they were first defined by B. Hutton [9], and then thoroughly
studied in a series of papers (see e.g. [21], [22], [23], [25]). The preference of using
this approach for defining L-fuzzy real numbers is motivated by our intention to develop
results on approximation from [[1], [2].

Although, there are also some works where L-fuzzy valued measures and integral are
involved, they used an alternative (essentially different) definition of a fuzzy real num-
ber (see e.g. [5], [31]). As an exception we can mention the E. P. Klement’s approach
(see e.g. [12], [17]) where fuzzy-valued measures take values in the collection of all
probability distribution functions. The authors of the previously mentioned works
devoted to a concept of fuzzy measure are mainly interested in finding appropriate
definitions and studying the properties of this measures. As different from these works
our main interest is in presenting the construction for a measure as well as calculation
methods and possible applications for the integral.

I believe that this research work is very topical, because it combines the L-structure
study, which is traditional to Latvian mathematicians (see e.g. [26]), as well as mea-
sure and integral theory further development, which opens a very wide range of pack-
age options. L-sets and the associated objects research in Latvia is conducted from
the mid 80th leading by professor A. Sostak. These studies have gained international
recognition. It is anticipated that the thesis results will actively continue traditional
studies of Latvian mathematics in the theory of L-sets and also successfully develop this

theoretical mathematics perspective direction.

Goal and objectives

The main objective of the doctoral thesis is to develop a theory of measure and
integral in the L-fuzzy context, to generalize the constructions of measure and integral
in the case when not only sets but also measure and integral take L-fuzzy values, where
L is a complete, completely distributive lattice with the minimum t-norm.

The tasks of the thesis are strongly correlated with its goal:

1. to suggest a general scheme for extension of a crisp measure to an L-fuzzy valued

measure taking values in the L-fuzzy real line,

2. to introduce the concept of an L-fuzzy valued integral of a real valued non-
negative measurable function over an L-set with respect to the L-fuzzy valued

measure,



3. to investigate the properties of an L-fuzzy valued integral and consider possible

calculation methods,

4. to introduce the concept of an L-fuzzy valued norm by using the concept of an

L-fuzzy valued integral,

5. to describe some possible applications of an L-fuzzy valued norm in the approxi-

mation theory.

Thesis structure
This thesis is structured in the following way.

Chapter 1 presents a general overview of necessary preliminaries. Starting with
some concepts from the lattice theory continuing with the definition of an L-set and
describing operations with L-sets by using concepts of triangular norm and conorm as
well as involution. Then considering the notion of L-fuzzy real numbers and operations
with them such as addition, countable addition and multiplication by a real number,
as well as infimum and supremum of a set of L-fuzzy real numbers. Next the classes
of L-sets introduced such as T-tribes, T-clans and T-semirings and also L-fuzzy valued
functions defined on classes of L-sets and taking values in the range of non-negative
L-fuzzy real numbers.

Chapter 2 contains the definitions of L-fuzzy valued measure, L-fuzzy valued
elementary measure and L-fuzzy valued exterior measure. The main aim of the
second chapter is to develop a construction of an L-fuzzy valued measure by extend-
ing a measure defined on a ¢-algebra of crisp sets to an L-fuzzy valued measure defined
on a T-tribe of L-sets in the case when T is the minimum t-norm. In order to realize
the construction we consider the following steps: first, we describe the L-fuzzy valued
elementary measured construction, second, we develop an approach to build the L-fuzzy
valued exterior measure on the basis of the L-fuzzy valued elementary measure, then we
describe the T-tribe of L-sets that are measurable with respect to the L-fuzzy valued
exterior measure and, finally, we present the method of narrowing the L-fuzzy valued
exterior measure to the L-fuzzy valued measure defined on the T-tribe.

Chapter 3 presents the concept of an L-fuzzy valued integral of a real valued func-
tion over an L-set with respect to an L-fuzzy valued measure. The definition of integral
implemented stepwise: first considering the case when the integrand is a characteris-

tic function, then extending it to the case when the integrand is a simple non-negative
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measurable function and, finally, the case with non-negative measurable function. Ba-
sic properties of an L-fuzzy valued integral are proved. Inspired by the fact from the
classical measure theory stating that an integral of a given non-negative function can be
considered as a measure we obtain two different approaches to define an L-fuzzy valued
integral. The second approach shows that an L-fuzzy valued integral can be obtained by
considering the measure V¢ using a crisp measure v and then extending it to the L-fuzzy
valued measure fiy according to the construction described in Chapter 2. Finally we
show that both approaches give us equivalent ways to define the L-fuzzy valued integral,

i.e. uy = fiy. This result can be described by the following diagram:

vV — u
\J \J
Vi o Hf

The second approach to the definition gives us an opportunity to simplify calculations
of the L-fuzzy valued integral. Some special cases of integration for different types of
L-sets are described.

Chapter 4 shows some possible applications of an L-fuzzy valued integral in
approximation theory. For problems that can be solved only approximately, the no-
tion of the error of a method of approximation plays the fundamental role. In order to
estimate the quality of approximation on an L-fuzzy set, we need an appropriate L-fuzzy
analogue of a norm. We introduce an L-fuzzy valued norm defined by an L-fuzzy valued
integral with respect to an L-fuzzy valued measure u. We describe the space .2 (E, X, )
of an L-fuzzy integrable over a measurable L-set E € X real valued functions. We also
show how the introduced L-fuzzy valued norm can be applied to estimate on E the error
of approximation of real valued functions f € ] (E,X,u). And, finally, some numerical

examples are mentioned.

Approbation

The results obtained in the process of thesis writing have been presented at 12 in-
ternational conferences: three EUSFLAT (European Society for Fuzzy Logic and
Technology) conferences in 2007, 2009 and 2011 ([C02], [CO8], [C12]); three FSTA
(Fuzzy Set Theory and Applications) conferences in 2008, 2010 and 2012 ([CO1], [CO7],
[C10]); three MMA (Mathematical Modelling and Analysis) conferences in 2009, 2010
and 2011 ([C04], [CO06], [C0O9]); AGOP (Aggregation Operators) conference in 2011
[CO3]; APLIMAT (Applied Mathematics) conference in 2011 [COS5], ICTAA (Interna-

11



tional Conference on Topological Algebras and Applications) conference in 2008 [C11];
at 5 domestic conferences: three Conferences of University of Latvia in 2007, 2008 and
2009 ([C13], [C15], [C16]); two Conferences of Latvian Mathematical Society in 2006
and 2008 ([C14], [C17]); and at 4 international seminars ([C18]-[C21]).

The main results of the research have been reflected in 7 scientific publications [P1]-
[P7] and 11 conference abstracts listed in p[72]
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Chapter 1

Preliminaries

1.1 Lattices and t-norms

In matters where lattices are involved, our main sources of references are [3], [4]. How-

ever we reproduce here some definitions, notations and results.

Definition 1.1.1. A poset (L, <) is a set L in which a binary relation < is defined, which
satisfies for all o, B,y € L the following conditions:

o o <« (reflexivity),
o ifa<PBandP < a, then o= (antisymmetry),
o ifou < PandP <, then o <y (transitivity).

Definition 1.1.2. Let (L,<) be a poset and A be a subset of L. An element o. € L is
called:

e upper bound of A iff B<aforall € A;

e join of A iff it is an upper bound of A and for every other upper bound 7y of A it
holds that o. < ;

e lower bound of A iff o < P forall B € A;

e meet of A iff it is a lower bound of A and for every other lower bound Y of A it
holds that y < q.

Note that the join and meet of an arbitrary subset (if they exist) are unique. We write

VA and a V b to denote the joins, and A A and a A b to denote the meets.
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Lattices and t-norms

Definition 1.1.3. A poset (L, <) is called a lattice iff it is closed under finite joins and

meets.
For convenience, going forward we write L meaning lattice (L, <).

Definition 1.1.4. A lattice L is called as a bounded lattice if it contains \/ L (the greatest
element or maximum) and /\ L (the least element or minimum), denoted 1; and Or by

convenience.

Any lattice can be converted into a bounded lattice by adding a greatest and least ele-
ments, and every non-empty finite lattice is bounded, by taking the join (resp., meet) of

all elements.

Definition 1.1.5. A poset is called a complete lattice if all its subsets have both a join

and a meet.

In particular, every complete lattice is a bounded lattice.
Since lattices come with two binary operations, it is natural to ask whether one of them

distributes over the other.

Definition 1.1.6. A lattice L is called a distributive lattice if for any three elements

o, B,Y € L one of the following axioms is satisfied:
o aV(BAY)=(aVB)A(aVy)
o an(BVY)=(aAB)V(aAY).

In the mathematical area of order theory, a completely distributive lattice is a lattice in

which arbitrary joins distribute over arbitrary meets.

Definition 1.1.7. A lattice L is said to be completely distributive if for any doubly in-
dexed family {0 x|j € J,k € K;} C L, we have

A Vo=V Ao,

jel kek; feF jeJ

where F is the set of choice functions f choosing for each index j € J some index
f(j) € Kj.

Going forward we work only with lattices which are complete and completely distribu-

tive. Complete distributivity is a self-dual property, i.e. dualizing the above statement
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Lattices and t-norms

yields the same class of complete lattices. Note that the unit interval [0, 1], ordered in
the natural way, is a completely distributive lattice and the power set lattice for any set
X is a completely distributive lattice.

In order to describe the operations with L-sets, such as intersection, union and difference,
we consider functions defined in L x L, which satisfy such important properties like
associativity, commutativity and monotonicity. Such functions are known as triangular
norms and triangular conorms. Also, to describe the complementary of an L-set and
the difference between L-sets we need a concept of involution. Our sources for the

references regarding t-norms and t-conorms are [15]], [27].

Definition 1.1.8. A function T : L x L — L is called a triangular norm (t-norm for short)
if it satisfies the following conditions for all a.,B,y € L:

o T(a,1z) =1,

o T(a,B) < T(a,y) whenever B <,
o T(o,B)=T(B, )

o T(a,T(B,Y)) =T(T(x.B),7)-

A function S : L X L — L is called a triangular conorm (t-conorm for short) if it satisfies

the following conditions for all o.,B,y € L:
o S(,0.) =0,
o S(a,B) < S(0t,Y) whenever B <y,
o S(a,B)=S(B, ),
o S(a,S(B,7)) = S(S(cx, B), ).

A function N : L — L is called an order reversing involution if it satisfies the following

conditions for all o, € L:
e N(N(o)) =0,

e N(a) > N(B) whenever o. < B.
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L-sets

Note that N(0z) = 1 and N(1.) = 0p.
If a lattice L provided with a t-norm 7 and an involution N, then the corresponding

t-conorm is the function S : L X L — L defined by

S(o,B) = N(T(N(a), N(B)))-

It is easily seen that given a t-conorm § and an involution N, then T : L x L — L, defined
by
T (o, f) = N(S(N(a),N(B)))

is a t-norm whose corresponding t-conorm is exactly the t-conorm S we started with.

Example 1.1.1.
Some of the most important pairs of t-norms and its corresponding t-conorms are the
minimum Ty and the maximum Sy, the product Tp and the probabilistic sum Sp, the
Lukasiewicz t-norm Ty, and the Lukasievicz t-conorm Sy, given by, respectively:

Ty (o, B) = min(o,B), Su(a,B) = max(a,B),

Tp(o,B) = - B, Sp(o,B) =o+p—a-B,

T (o, B) = max(0,a+PB—1), Sp(o,B)=min(1,a+B).
Note that the Lukaciewicz t-norm and product t-norm are defined in case when L = [0, 1],

but minimum t-norm we can define for arbitrary lattice.

1.2 L-sets

Given a (crisp) universe X and a complete, completely distributive lattice L, an L-fuzzy

subset A of X (or, briefly, an L-set A) is characterized by its membership function
A: X — L,

where for x € X the value A(x) is interpreted as the degree of membership of x in the
L-set A. Thus, we do not make distinction between an L-set and its membership func-
tion. The class of all L-fuzzy subsets of X will be denoted LX. It is obvious that each

crisp subset of X is just a special case of an L-set.

Example 1.2.1. A very special role is played in this survey by the following example of
L-sets. For M C X, o € L we define the L-set A(M,o.) : X — L by

o, xeM,
Op, x¢ M.

(AM, 0))(x) = {

16



L-sets

Ly | A(M,a)

0y e x

Figure 1.1: L-set A(M, o)

The operations with L-sets A, B € X such as intersection, union and difference are de-
fined by using a triangular norm 7, its corresponding triangular conorm § and an invo-
lution N:

(ATB)(x) = T(A(x), B(x)),

(ASB)(x) = S(A(x), B(x)),
(ADB)(x) = T(A(x),N(B(x)))-

The operations for a sequence of L-sets (A,),cn such as intersection and union are

defined in the following way:

(o)

(T A = /\ j]An(x) = A\ (A1(X) TA2(X) T ... TAu(x)),

neN neN
( §1An)(x) —\/ élAn(x) — \/ (A1(x) SA2(x)S ... SA(x)).
n= neN"" neN

Within this section all definitions are given for the case when T is an arbitrary t-norm.

We also describe a concept of T'-disjointness.

Definition 1.2.1. A finite family of L-sets A1,A», ... A, is said to be T-disjoint (see e.g.
[13]) iff for each k € {1,...,n}

n
S Aj) TA,=0.
J=1,j#k

A countable family of L-sets is said to be T-disjoint iff every finite subfamily of this
Sfamily is T-disjoint.

For the crisp sets such as @ or X we do not distinct the set and its characteristic function.

For example, for all x € R we have 0(x) = 0.

17



Classes of L-sets

1.3 Classes of L-sets

In order to consider L-fuzzy valued functions we describe such classes of L-sets as
semirings, clans and tribes. We start with 7-semirings (defined by analogy with the

classical case, see e.g. [7]]).

Definition 1.3.1. A class ¢ C L* is called a T -semiring on X iff the following properties

are satisfied:
e Dcp
e forall A,B € pwe have ATB € g,
e forall A,B € (o there exist such T-disjoint L-sets A1,A»,...,A, € § that
ADB= glA,-.

In matters where T-clans and T-tribes are involved, our main source of references is [13]].

Definition 1.3.2. A class </ C LX is called a T-clan on X iff the following properties are
satisfied:

o ) cu
e forall A € of/we have N(A) € &7,
e forall A,B € o/we have ATB € 4.

Definition 1.3.3. A class X C LX is called a T-tribe on X iff the following properties are
satisfied:

e DX,
e forall A€ X we have N(A) € X,

o)

e for all sequences (A,)pen C X we have T A, € L.
1

n—=

Example 1.3.1. The class of L-sets from Example forms a T-semiring:

o={AM,a) | M C X ando. € L}.
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L-fuzzy real line

1.4 L-fuzzy real line

For our purposes we use the L-fuzzy real numbers as they were first defined by B. Hut-

ton [9] and then studied thoroughly in a series of papers (see e.g. [18]], [21], [22], [23]).
Definition 1.4.1. An L-fuzzy real number is a function z : R — L such that

e zis non-increasing, i.e. t} < tp = z(t1) > z(t2),

o Az(t) =0r Vz(r) = 1L,

t t
e zis left semi-continuous, i.e. for all ty € R we have N z(t) = z(to).
1<ty

In the original papers on this subject (see [9]], [18]], [21]) the L-fuzzy real numbers were
defined not as order reversing functions, but as equivalence classes of such functions.
However each class of equivalence has a unique left semi-continuous representative and
therefore an L-fuzzy real number can be identified with this representative.

The set of all L-fuzzy real numbers is called the L-fuzzy real line and it is denoted
by R(L). An L-fuzzy real number z is called non-negative if z(0) = 1. We denote by
R (L) the set of all non-negative L-fuzzy real numbers.

The ordinary real line R can be identified with the subspace {z, | a € R} of R(L) by

assigning to a real number a € R the fuzzy real number z, defined by

Iy, ift<a,
Za(t):{ .

Or, ift >a.

Operations with L-fuzzy real numbers such as addition & and multiplication by a

real positive number are defined as follows:

(z1®22)( \/{Z1 Nzt —7T)}, (rz)(t) =z(£).

r

The supremum and the infimum of a set of non-negative L-fuzzy numbers F C
R (L) are defined by the formulas (see e.g. [1]], [2]):

(Inf F)(1)= N\{z(t) |[z€ F}, t €R,

Sup F =Inf{z|z€R(L),z > 7 forall{ € F}.

Due to F is bounded from below it is easy to see that Inf F is an L-fuzzy real number.
In case F is bounded from above (i.e. there exists zg € R(L) such that z < zq for all

z€ F), Sup F is an L-fuzzy real number, otherwise the condition
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L-fuzzy real line

ASupF (1) =0

t

does not necessarily hold.
Going forward we will need also the countable addition of non-negative fuzzy real
numbers. Given a sequence of non-negative fuzzy real numbers (z,),en C R4 (L) we

consider the countable sum

Pz =Sup{zi ®22® ...z, | n €N}

n=1

In the case when

AED=)(0) 20,
t n=1

(o)

the series € z, diverges.
n=1

Example 1.4.1. For a € Ry and o € L by z(a,) we denote a special type of non-

negative L-fuzzy real numbers

1L7 t < 07
(zla,0))(1) =9 @, 0<t<a,
Oz, t > a,
that will play an important role in our work.
z(t)
1,

z(a,a)

Figure 1.2: L-fuzzy real number z(a, o)

Note that:
e aj,ap € Ry = z(a1,0) Dz(az, ) = z(a1 + a2,0);
o rcRy = rz(a,a) = z(ra,a);
e g;cRyieJandsup{a;|i€J} < Hoo=

= Sup{z(a;,a) | i€ J} =z(sup{a; | i € J}, Q).
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L-fuzzy valued functions

1.5

L-fuzzy valued functions

Let J# be a class of L-sets. Within this section some basic properties of an L-fuzzy

valued function n : #— R, (L) are considered.

Definition 1.5.1. An L-fuzzy valued function 1 is called

T-additive
ifforall A,B € J suchthat ATB=0 and ASB € ¢ it holds

N(ASB) =n(A) ®n(B);

countably T-additive

if for all (Ay)pen C K such that (Vi,j e N:i# j=A;TAj=0)and S A, € X
=1

it holds ’

a T-valuation
ifforall A,B € # such that AT B, ASB € ¥ we have

NATB)®&N(ASB) =n(A) &n(B);

left T -continuous
if for all (Ap)pen C A suchthat S A, =A € #andVneN:A, <A, we have

n=1

Sup{n(An) | n € N} =n(A);

countably T -semiadditive
if for all (Ay)neny C K and for all A € H suchthat A< S A, we have

n=1

n(A) < Pn(An).

n=1

Remark 1.5.1. Ifn is a T-valuation and (0) = Oy, then M is also T-additive, the con-

verse not being generally true (see e.g. [l13]). It is obvious that countably T-additive

functions are always T-additive.
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Chapter 2

Construction of L-fuzzy valued

measure

This section is devoted to an L-fuzzy valued generalization of the classical concept of
measure. Referring to the paper [17] that type of generalization is called a triangular
norm based measures.

We consider such L-fuzzy valued functions as T-measure, elementary T-measure and
exterior T-measure. We also suggest a construction that allows us to extend a measure
defined on a G-algebra of crisp sets to the L-fuzzy valued Tj;-measure defined on the

Tys-tribe.

2.1 L-fuzzy valued measures

Definition 2.1.1. An L-fuzzy valued function 1 : & — R (L) satisfying boundary con-
dition n(0) = z(0,1z) is called

e an L-fuzzy valued T-measure

if #'is a T-tribe and 1 is left T-continuous T -valuation;

e an L-fuzzy valued countably T-additive measure

if Z'is a T-tribe and M is countably T-additive T -valuation;

e an L-fuzzy valued elementary T-measure

if #is a T-semiring and 1 is T-additive;

e an L-fuzzy valued exterior T-measure

if #=LX and W is countably T-semiadditive.
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Construction of L-fuzzy valued elementary measure

Remark 2.1.1. L-fuzzy valued measures are countably T-additive functions.

All main results of the thesis obtained in the case when 7 is the minimum t-norm, al-
though, some of them are true in the case of other t-norms as well. Going forward we
mean 7)s every time the t-norm concept is involved and we use A,V instead of T,S when
operations with L-sets are mentioned. Also for convenience, we say L-fuzzy valued mea-

sure meaning L-fuzzy valued Ty;-measure.

2.2 Construction of L-fuzzy valued elementary measure

Let ® be a G-algebra of "crisp" subsets of X and v is a finite measure v : @ — [0, +o0).
Our aim is to construct an L-fuzzy valued measure u on a Ty/-clan by extension a crisp
measure V. To achieve this we generalize the well known construction of "classic" mea-
sure theory (see e.g. [7]) to the L-fuzzy case.

To realize the construction we use the special type of L-sets with respect to G-algebra
@ of crisp sets on X (see Example[I.2.1). For M € ®, a. € L we consider L-sets A(M, a):

o, xeEM,
Op, x¢ M.

(A(M, 1)) (x) = {
Proposition 2.2.1. The class of L-sets
p={AM,q)]M c Pand o€ L}
is a Tys-semiring.

Proof.
For all A(M,a),B(K,B) € ¢ we have

AM,0) AB(K,B)=C(MNK,oAB) € g

and
AM,0)\B(K,B) =A1(M\K,a)VA,(MNK,aaAN(B)),

where
A(M\K,0), Ay,(MNK,aAN(B)) € .

Taking into account that also 0 = A(0,0.) € @, it is proved that @ is a Ty/-semiring. [
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Construction of L-fuzzy valued elementary measure

We define an L-fuzzy valued function m on the Tjs-semiring g by the formula
m(AM,o)) = z(v(M), ), where

1z, t <0,
(z(v(iM),0)(r) =< a, 0<t<V(M),
Or, I>V(M),

is an L-fuzzy real number.
Proposition 2.2.2. m is an L-fuzzy valued elementary measure.

Proof.
It is easy to see that m(0) = z(v(0),0) = zo and the equality

m(A(M, o)) ©m(B(K,B)) = m(A(M, o) vV B(K,B))

is true if A(M, o) = 0 or B(K,B) = 0.
Now let us consider A(M, o), B(K,B) €  such that

A(M,0) AB(K,B) =0, A(M,a) UB(K,B) € g and 0. # 01, # 0.

It follows that MNK =0 or a A =0r. If MNK = 0 then . = P and in this case

m(A(M, o)) &m(B(K, o)) = z(v(M), o) ®z(V(K), ) =
=z(v(M)+Vv(K),o) = z(V(MUK),a) = m(A(M,a) VB(K,)).

If M N K # 0 then it is sufficient to consider the case when oA B = Oz. In this case

o and [3 are incomparable (due to the assumptions that o = O, B # 0r). Because of
AM, ) VB(K,B)=Ci(MNK,aVB)VC(M\K,a) VC3(K\M,B) € g
we obtain that K\ M =0, M\ K = 0 and hence M = K. Then
m(A(M, ) & m(B(M,B)) = 2(v(M), &) & 2(v(M),B) =

= 2(v(M), oV B) = m(C(M, 0V B)) = m(A(M, o)V B(M,B)).

By this we prove that m is Tys-additive. U
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Measurable L-sets

2.3 Measurable L-sets

For every E € LX we define an L-fuzzy valued function m* : LX — R, (L) as follows

m*(E) = Inf{ém(En) | (Ep)pen C 90 E < {o/ E,).
n=1

n=1

Remark 2.3.1.

e For every E € LX there always exists a sequence (Ey)peny C 0 E < \/ Ep. It is
n=1
enough to take E1(X,11). Thus, m* is bounded from above in the following sense:

m*(E) < z(v(X), 1) for all E € LX.
e Forall E € @ we have m*(E) = m(E).

e Let us note that defining m*(E) we can consider only Ty-disjoint sequences
(En)nGN-

Proposition 2.3.1. m* is a countably Ty;-semiadditive L-fuzzy valued function.

Proof. Let us consider a sequence (A,),en C LX and an L-set A € LX such that

A< S A, . To prove the inequality

n=1

we take sequences (B} )ren € 0 such that
Ap <V Bi,n€N. Then
k=1

A<\ A<\ VB
n=1 n=1k=1
and hence

m*(A) < @@m(BZ)

n=1 k=1
Taking into account that this inequality holds independent of the choice of sequences

(B} )ken we obtain

This proposition means that m* is an L-fuzzy valued exterior measure.
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Measurable L-sets

Proposition 2.3.2. For all A,B € LX we have

m*(A) @m*(B) > m*(AANB) &m*(AV B).

Proof. For given L-sets A and B we consider two Ty,-disjoint sequences:

<3

(Ci(M;,0))ien C 2: A < \/ G,

1

(Dj(Kj,Bj))jen C 2: B< \/ Dj,
j=1

~.

8

and define the following Tj,-disjoint sequence
(Hij(Lij;Yij))i,j€N7 with Lij =M,; ﬂKJ‘ and Yij = 0 A Bi'
Obviously, ANB< '\ V Hjj.

ieNieN
As to L-set AV B we can cover it with elements of three sequences:

(Hij(Lijaxij))i,jGN with Lij = MiﬂKj, }Vij = OC,'\/B,',
(Ci(M;,0))ien with  M; = M;\ | J K,

jeN
(Dj(lzjyﬁj))jeN with Kj = KJ’\ UMi.
ieN
Now let us transform the sum @ m*(C;) & @ m*(D;). We use the following notation:
i=1 j=1

F(Lij,04), FL(Lij,B;). i, j € N.

Because of ¢-additivity of measure v we get

[e)

v(M;) =v(M;)+ Y v(L;j),i €N,

It follows )
m*(C;) = z(v(M;), o) = z(v(M;) + Z’IV(L”)’%) _
-
= 2(v(¥:), 00) & P =(v(Lij), o) = m* (C:) & P " ().
Jj=1 =1



Measurable L-sets

Since

we continue

D' (@) & D () o DD () > DD (Hy)

i=1 j=1 i=1 j=1 i=1 j=1
>m*(AANB)®&m*(AVB).

v

So independent of the choice of sequences (C;)icn, (D) jen it holds

(o) (o)

@m*(ci)@@m*(Dj) >m*(ANB) ®m*(AVB).
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Construction of L-fuzzy valued measure

Finally, by taking the infimum we obtain
m*(A) @m*(B) > m*(AANB) m*(AV B).
O

Next we define the concept of m*-measurable L-sets. We generalize the concept of

measurability in the sense of Caratheodory (see e.g. [7]]).

Definition 2.3.1. An L-set A € L is called a m*-measurable L-set, if it satisfies the
following conditions for all L-sets E € LX :

(i) m*(A)em*(E) =m*(ANE)®m*(AVE),
(ii) m*(N(A)) ®@m*(E) =m*(N(A) NE)©m*(N(A) VE).
We denote by X the class of all m*-measurable L-sets. Some obvious properties of X:
e 0, XeX,

e AcT = N(A)€X.

2.4 Construction of L-fuzzy valued measure

In this section we will prove that the class X of all m*-measurable L-sets is a Tys-tribe

and the restriction of m* to X is an L-fuzzy valued measure.
Proposition 2.4.1. Class X is a Tys-clan.

Proof. For given L-sets A1,A, € ¥ and E € LX we will prove the equality
m* (E)®m*(A] NAy) =m* (EN (A1 NAy)) @m*(EV (A AAp)). (2.1)
Since A and A, are m*-measurable we have
m*(A)) &@m*(Ay) = m* (A NAy) dm* (A1 VAy),

m* (AiNE)®m" (A VE) =m"(A;) &m*(E).
Now by summing up these two equalities we obtain

m*(A))®&m*(Ay) em* (A|NE)Em* (A VE) =
=m" (A1 NA2) ©m* (A1 V Ar) ©m*(Ar) ©@m" (E).

(2.2)
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Construction of L-fuzzy valued measure

Let us transform now the left part of (2.2)). To do this we use (2.3) and (2.4):
m* (A1) @ [m*(A2) ®m*(E NAy)| =
= m*(Al) D [m*(E NAj /\Az) @m*((E /\A]) \/Az)] =

= m*(E NAL AAL) ©m*((EAAD) VAL VA @m*(((ENAL)VAY) AAY) = 2
=m* (ENA]NA2) &m* (A1 VAy) &m*((EVA) NAY)
and
m* (EVA))®m(A|AN(EVAy)) =
=m"(EV(A|NA2)VA))&m" (EVA| NAy NAL) = (2.4)

=m"(EV (A1 NA2))@&m"(Ay).
Next we substitute (2.3) and (2.4) in (2.2):
m (ENA; NAy) &m* (A1 VA2) @m™(EV (A1 NAg)) &m*(A)) =
= m*(Al /\Az) om* (Al \/Az) om* (Al) @m*(E)

Finally, we obtain (2.1)).
By analogy it can be proved that

m*(E) EBm*(Al \/Az) = m*(E/\ (Al \/Az)) @m*(E\/ (Al \/Az)).

Taking into account that N(A; VA;) = N(A]) AN(Az) and N(A] AA2) =N(A1)VN(A3),
we get that A| VA and A; A A, are m*-measurable. O

Proposition 2.4.2. m* is a Ty;-additive L-fuzzy valued function on L.
Proof. We will show that for 7j; - disjoint L-sets A1,A», ...,A, € X it holds

m*(\/Ai) = @m*(A,-).
] i=1

i=1
For n = 2 by using m*-measurability and T), - disjointness of Aj,A; we obtain

m* (A1) &m*(Ay) =m* (A1 VAy)) @m™ (A NA2) =m™ (A VAy) &m”™(0) = m™ (A VA).

Now we assume that the equality holds for a given n € N and we prove it for n+ 1

Tys-disjoint sets A1,Az,...,Ap+1 €X

n+1 n n
m*(\/ Ax) = m* (\) A)VAnr1) = m*(\) A) @ m* (A1) =
k=1 k=1 k=1
n n+1
- @Wﬁ(Ak) +m*(An+l) = @m*(Ak).
k=1 1
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Construction of L-fuzzy valued measure

Theorem 2.4.1. For all Ty-disjoint sequences of m*-measurable L-sets (A, )nen it holds

For a given n € N we have

m*(\/ Ax) <m*(\/ (4))
k=1 k=1
and . .
m*(\/ Ax)) = EPm* (Ax)
k=1 k=1
Hence

@m*(Ak) <m*( \O}Ak).
k=1 k=1

Now by taking the supremum we obtain

ém*(Ak) < m*({o/Ak).
k=1 k=1

Proposition 2.4.3. o C X

Proof. First we will show that for a given A(H, o) € g and all E € LX it holds
m* (A)em"(E)=m*"(AVE)®m"(ANE).

Because of Proposition [2.3.2]it is sufficient to prove the inequality
m*(A)@em*(E) <m"(AVE)®m"(ANE).

We consider two Tys-disjoint sequences (Cr(My, Br))ken C 0 and (Dy (K, Yk))ken C £
such that N N
AVE < \/ Crand ANE < \/ Dy
k=1 k=1

and define two new sequences

(Fe(Mi \ H,By))ken and (Gi(H N My, Br) Jken-
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Construction of L-fuzzy valued measure

By Tys-additivity of m it holds
m(Gy) ®m(F;) =m(Cy), k € N.

Taking into account

A<\ GrandE < (\/ F)V(\/ G,
k=1 k=1 k=1

we obtain

k=1
m*(E) < EPm(Fr) © @m(Dy)
k=1 k=1

Summing up

— é(m(Gk) om(F))® ém(Dk) = ém(ck) &P m(Dy).
k k=1 k=1

—1 k=1
So independent of a choice of sequences (Cy)ren and (Dy)gen it holds

[ [ee]

@m(Ck) ® @m(Dk) >m"(A) em*(E).

k=1 k=1
Finally, by taking infimum we get

m*(A)@em*(E) <m"(AVE)®m* (ANE).

Since
N(A)=Bi(H,N(a))VBy(X\H,1p),

where B|(H,N(a)),B2(X \ H,11) € @, the equality

m*(N(A)) @m*(E) =m"(N(A)NE)®m"(N(A) VE)
can be proved by analogy. 0
Theorem 2.4.2. For all sequences of m*-measurable L-sets (E,)nen such that Vn € N :

E, < E,; it holds

(o)

Sup{m*(E,) | n€ N} =m*( \/ E,).

n=1
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Construction of L-fuzzy valued measure

Proof. 1t is obviously that

[}

Sup{m*(E,) | ne N} < m*(\/ E,).

n=1
To prove the inverse inequality let us rewrite Sup{m*(E,) | n € N} by using the defini-
tion of m*(E,),n € N :
Sup{m*(E,) | n€ N} =

_ Sup{nf {@m(BL) | (Blen C 9+ En < \/ B} | ne N} =

k=1 k=1
— Inf{Sup{@m(B}) | ne N} | (Blien C 9:En < \/ BY).
k=1 k=1

Let us note that in this formula you can take only Ty-disjoint sequences (B} )ien, 1 € N,

such that N .
\VBi<\/ Bt neN.
k=1 k=1

Let us denote

Av=\/B},neN, A=\/A,=\/ /B

k=1 n=1 n=1k=1
Then

o)

m*(A,) = EBm(BZ), neN,
k=1
and

Sup{m*(E,) | n € N} = Inf{Sup{m*(A,) | n € N} | (B )ken C 9: E, < \/ B}}.
k=1

It is clear that

Let us prove that
Sup{m*(A,) | n € N} =m*(A).

For a given value oo = m*(A)(tp) we consider sets
A={xeX :A(x) >a}, A%={xeX :A,(x) >a}, neN.
Taking into account that A” = 15;1 Bl,ncN,and A* = GIA,‘}, we obtain that
- n=
AYA*e @, neN, and 79 =Vv(A%) =limV(AY).

Now the equality follows from the fact, that Sup{m*(A,) | n € N} is left semi-
continuous at tp = V(A%) and m*(A4,)(v(A%)) > a, n € N. O
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Construction of L-fuzzy valued measure

Theorem 2.4.3. Class X is a Ty-tribe.

Proof. Let us consider a sequence of m*-measurable L-sets (E,),cn C X. First we notice

that

<3

m*(

E,) = Sup{m*('\_n/l E)|neN).

n=1

n
Now taking into account that \/ E; is m*-measurable we obtain that for all L-sets B € LX
i=1
and for all n € N:

m*(i\"/1 E) ®m*(B) = m*((i\"/1 E)AB) @Wﬁ((i\"/1 E)VB).

This means that for all n € N

(o) [}

m'(V E)om(B) <m'(V E)AB)&m'(V E)VB),

and hence

o) [e]

Sup(m*(V £) | ne Nyom'(8) <m*(V E)AB)&m(V E)VB).

Finally we obtain

(o)

m (/| Ey) ®m*(B) = <<§ E,) AB)®m*((\/ Ex)VB),

By analogy the result can be proved for /\ ]
Now let us denote by u the restriction of m* to Ty-tribe X:
u:X—Ry (L), u(E)=m*(E) forall E € X.

As the final result, by extension of a crisp measure v we obtain L-fuzzy valued measure

u: X — R (L) such that
o ulp=m,
o Ulp=V.

The last equality means that for every M € @ it holds u(A(M, 1)) = zy(u)-
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Chapter 3
L-fuzzy valued integral

In this section we define an L-fuzzy valued integral by analogy with the classical
Lebesgue integral (see e.g. [[7]). We consider the case when the integrand is a non-

negative real valued function that is driven by applications.

3.1 Definition of L-fuzzy valued integral

We consider an L-fuzzy valued integral

[ 1 du
E

where

e F is a measurable L-set, i.e. £ € X,
e f:X — Ris anon-negative measurable function with respect to G-algebra P,

e uis an L-fuzzy valued measure obtained by the construction described above.

By analogy with the classical case we define an L-fuzzy valued integral stepwise, first,
considering the case when integrand f is a characteristic function, then the case with
f as a simple non-negative function and, finally, the case when f is a non-negative

measurable function.

Case 1

f is a characteristic function:

I, xeC
X)=Xc(x) = , where C € D.
fx) =%c(x) {OL,x¢C
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Definition of L-fuzzy valued integral

Integral defined as follows:

/XcdHZM(E/\C)-
E

Note that u(E A C) is an L-fuzzy real number and in the case when E € 2X we get

1z, I‘SV(EQC)

HENC)) = { 0z, t>V(ENC)

Case 2

f 1s a simple non-negative measurable function (for short SNMF):

/(i ciXc;) du= @ci u(CiNE),
i=1

7 i=1

whenever

—-cieRy, Ciedforalli=1,...,n,
— Xc; is the characteristic function of C; , i =1, ...,n,

- Cy,...,C, are pairwise disjoint sets.

Case 3

f 1s a non-negative measurable function f (for short NMF):

/fd,u:Sup{/gd,u\gSfandgisSNMF}.
E E

For I = [ f du due to properties of the supremum of a set of L-fuzzy numbers, we have
E

o I/ is non-increasing, i.e. 1y <t = I¢(t1) > L1 (12),
o VIy(t) =1z,
t

e I is left semi-continuous, i.e. for all o € R we have A I;(¢) =1s(to).
1<ty
These are the properties of the L-fuzzy real numbers except one boundary condition that

we need to require additionally. As a result we come up with the following definition.

Definition 3.1.1. We say that a non-negative measurable function f is integrable over
L-set E iff

/\]If(l) =0;.
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Definition of L-fuzzy valued integral

As known from the classical theory, a function considered as integrable when not only
the integral exists but it also has a finite value and that is why the definition of an inte-

grable function over an L-set looks natural to us.
Remark 3.1.1.

e Let us note that if f is non-negative integrable over X with respect to measure V

then it is also L-fuzzy integrable over every E € X.

e [fa function f is integrable on the set SuppE with respect to measure V then it is

also integrable on the L-set E with respect to L-fuzzy valued measure p.

Proposition 3.1.1. For every crisp set M € ® and o. € L it holds:

[ fdu==([ rav.1).

M M

/ Fdu= z(/f av, ).
AM,0) M

Proof. The equality for the crisp set is obvious. We prove the equality for L-set A(M, o).
n
For f = Y} cixc, we get
i=1

/Zc,qu,u EBC,,UC/\AMOL @c,z vIMNG),a) =

ch v(MNG), —z/fdvoc
i=1

In the case when f is NMF we have

/ fdu= Sup{z(/g dv,a) | g < f and g is SNMF} =
A(M,a) M

:z(sup{/g dv,o | g < f and g is SNMF}, o) :z(/fdv,(x).
M
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Properties of L-fuzzy valued integral

3.2 Properties of L-fuzzy valued integral

In this section we consider properties of an L-fuzzy valued integral of L-fuzzy integrable
functions. Here L-sets E,E, (n € N) are measurable and functions f, f, (n € N) are

integrable.

(1) reRy = [rfdu=r[ fdu
E E

n
Proof. In the case when integrand f = Y c¢;Xc, is SNMF the equality follows from
i=1

n

@(FC,‘) ”(Ci/\E) = réC,’,Ll(C,‘/\E).

i=1 i=1
Considering the case when f is NMF and r > 0O (if r = O then the equality is

obvious) we have

/rfd,u:Sup{/g du|g <rf, and g is SNMF} =
E E

:rsup{/fdm § < s, and gis SNMF}:r/fdy.
E E

I2) it =>gf1d,u < Effzdﬂ
Proof. From

{/gd,u\ggfl andgisSNMF}C{/gd,u|g§f2andgisSNMF}
E E

it follows

Sup{/g du| g < fi and g is SNMF} < Sup{/g du| g < f» and g is SNMF}.
E E

]

(I3) ElSEzﬁEffd#SEffle
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Properties of L-fuzzy valued integral

Proof. The inequality

Sup{/gdv\ggfandgisSNMF} gSup{/gdv]ggfandgisSNMF}
E Ep
holds due to

n
/gd,u < /gdy, where g = Z ciXc; 1s SNMF.
E E =1

The last inequality is equivalent to

n n
B i u(CiNE) < EPci u(CiNEy),
i—1 i—1

that holds because of monotonicity of u. [

(I4) (Ek)kGN tEy < Epqq and kVNEk =FE= ffd,u = Sup{ffd,u ‘ ke N}
€ E Ex

n
Proof. We start with the case when f = Y} ¢;)c, is SNMF:
=1

=

/fd,u: B i t(CiNE) = Sup{ED ci n(CiAEy) | k€ N} :Sup{/fd,u |k €N},
Now to prove the equality when f is NMF we show both inequalities ">" and
”SH.

The inequality [ f du> [ f dufor all k € N implies the inequality
E Eg

[ £ du=supd [ rdu|ken).
Ey

E

Taking into account that for all functions g (g is SNMF and g < f) we have

[ g du=sup{ [ g du|keN} < Sup{ [ f du| ke N},
E E E

it follows that

/fd,u:Sup{/gd,u|gisSNMFandg§f}§Sup{/fdy|k€N}.
E E Ey

(I5) (fn)neN 2 Ju < fuy1 and r}grolofn :fésup{Effn du ’ ne N} :E[‘fd‘u
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Properties of L-fuzzy valued integral

Proof. To prove the equality we show that both inequalities "<" and ">".
The inequality

Sup( [ fudu|neNy < [ £ du
E E

holds due to property (I2). To show the opposite inequality by using a function g
(g is SNMF and g < f) and a number ¢ € (0, 1) we define

M, ={xeX| fulx) >cg(x), ce(0,1)} and E, = EAM,, n € N.

Obviously, M, <M, 1 and |J M,, = X. Now we have

neN
[fduz [ fuduz [ cgan
E EAM, EAM,
Sup{/fndulneN}ZcSup{ / gdulneN}t=c / g du.
E EAM, \V E,
neN
It follows
Sup{/fnd,u|n€N}Zc/fd,u.
E E
And finally,

Supl [ fudu|neNy = [ fan
E E

d6) [(fi+f2)du= [ fidu® [ fodu
E E E

Proof. Again we start with the case when integrands are SNMF:

n k p
fi=Y cixe, =Y. bjxs, i+ fa=) axa-
i=1 =1 I=1

J

k P
U Bj= UA;=X. Then

n
We suppose that | C; =
i=1 j=1 =1

1=

m n k m
/(f1 + fo)du=EPa n(ANE) = PP P as u(AAC;AB; NE) =

z I=1 i=1 j=11=1

n k m
= DD D (ci+b)) u(A NC;NB;AE) =

i=1 j=11=1
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Alternative definition of L-fuzzy valued integral

n

k m k nom
:@C,’@@y(Al/\Ci/\Bj/\E))@@bj@@‘u(Al/\Ci/\Bj/\E)):
=1 j=11=I

j=1 i=1 =1
k

— (e u(CiNE) &b, u(B;AE) = [ fiduo [ fodu
=1 E E

j=1
Now we consider the case when integrands are NMF. Then we can find
non-increasing sequences of SNMF (g,)uen and (hy,)pen: lim g, = f1 and
n—yoo
lim h, = f>.
n—oo

Hence,

[ #1due [ g2 du=supl [ gu dulne Ny @ Sup{ [ hy dulne N} =
E E E E

= Sup{ [ (gn+ 1) du|n €N} = [ (fi+ f2)d

I7) E\xNEx=0= [ fdu= [ fdu® [ fdu
E|\VE, E; E>

Proof. Again we start with the case when integrand f = Z ¢i Xc; 1s SNMF:

l_

/fd,u @cl,uC/\ E|VE)) @c, (GAE) Du(CiNE)) =
E\VE, i=1

i=1

— DGR @@clucm )= [ faus [ fan
E E,

To prove the equality when f is NMF we consider a non-increasing sequence of

SNMF (g,)nen such that li_r>n gn, = f and apply the technique described in the
Nn—yo0

proof of the previous property. O

3.3 Alternative definition of L-fuzzy valued integral

From the classical measure theory (see e.g. [7]]) it is known that having a measure v and

non-negative measurable function f we can get a new measure V¢ defined as following

V(M) = /f dv, M € ®.
M
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Alternative definition of L-fuzzy valued integral

In this section we apply the same approach in the fuzzy case. For a given real valued non-

negative integrable over X function f we consider us : ¥ — R (L) defined as follows:

ur(E) =/fdu, EcX.
E

Theorem 3.3.1. uy is an L-fuzzy valued measure.

Proof. Due to the integral property uy is left Ty/-continuous. We need to prove that uy

is a Tys-valuation, i.e.
,uf(El VE) EB,Llf(El NEy) = yf(El) @,Uf(El) forall E1,Ey € X.

n
Again we start with the case when integrand f = ) ¢; X¢; 1s SNMF and then continue

1=
for the case when f is NMF by taking a non-increasing sequence of SNMF (g, ),en such
that lim g, = f. [
n—o0
As we can see L-fuzzy valued measure uy was obtained by the following scheme:

e first extending crisp measure v using the construction described in section[2.2];

e second defining a measure by using an integral with respect to L-fuzzy valued

measure .

We can also show that us can be obtained in another way described by the following

diagram:
vV — u
\J \
Vg — Uy

For a given 6-algebra ® C 2% and a finite measure v : ® — R, we define measure v ras

following:
V(M) = /fdv, Me ®.
M

Then an L-fuzzy valued measure fiy can be obtained by using the same scheme as in
section 2.2

e We define an L-fuzzy valued function m : o — R, (L) by

my(AM, ) = z(vy(M), ),
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Alternative definition of L-fuzzy valued integral

and we extend it to the L-fuzzy valued function m}'i : X — R, (L) as following:

E) = Inf (@my(E) | (Eoen < 9 E <\ B2}
n=1

n=1

e We denote by X the class of all so called m}—measurable L-sets E € LX such that
for all B € LX it holds

my(B) ©my(E) =mp(BAE)Dmy(BVE),

m(N(E)) @ m's(B) = m(N(E) AB) & mis(N(E) V B).

e Finally, considering iy as the restriction of m}? to Xy we obtain the L-fuzzy valued

measure: fif(E) =m}(E), E € Xy.

To show the equivalence of both definitions of an L-fuzzy valued integral described

above we consider the following theorem.

Theorem 3.3.2. For all integrable non-negative functions f it holds:
(T1) XC Xy,

(T2) for all E € ¥ we have us(E) = jif(E).

To prove Theorem we use the following Lemma.

Lemma 3.3.1. For all E € LX it holds:

(L1) if f is SNMF (i.e. f= {‘, ciXc;) then
i=1

EBC, (ENG));

(L2) if (fn)nen is a sequence of SNMF such that
Jo < fut1 and lim f,, = f, then
n—soo

my(E) = Sup{m; (E)|n € N}.

Proof. (L1) First we show that equality holds for an L-set E = A(M,a) € . Taking

into account the properties of L-fuzzy real numbers we get:

me(AM,a)) =z(vi(M),0) =z /fdv o)
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Alternative definition of L-fuzzy valued integral

zz(/ici Xc; dV,OC) :Z<ici V<M/\Ci)70(‘) =
i=1

M i=1

—@c, VIMAG), @c, AM,0) AG;).

Now for a Ty-disjoint sequence of L-sets (Ej)reny C § such that E < \/ E; we obtain:
k=1

@ @@c, (Ex NC;) @c, @mEk/\C
k=1 i=1 =

k=1 i=1

Finally, recalling the definition of m:

my(E) = Inf {émf(Ew | (Ex)ken C 90 E < {o/ El =
k=1 k=1

=i Inf {Pm(ENC) | (Eken C @ E < \/Ek} @c, “(ENG).
i=1 k=1 k=1 i=1

(L2) We start with an L-set E = A(M, ) € . Using the properties of L-fuzzy real

numbers we get:
Sup{my,(A(M,))|n € N} = Sup{z(vy,(M),o)|n € N} =
= 2(sup(vy, (M), &) = 2(vy (M), o) = ms(A(M, 1))
n
Now taking any E € LX and the fact that L if completely distributive lattice we obtain:

Sup {m} (E)|n € N} =

= Sup{ Inf {Pmy,(Ex) | (Ex)ken C @ E < \/ Ex}ln € N} =
k=1 k=1

= Inf{ Sup {Pmy, (Ex)|n € N}|(Ep)ren C 9 E < \/ Ex} =
k=1 k=1

= DB 25 < / By

k=1

Now coming back to theorem 3.3.2]
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Alternative definition of L-fuzzy valued integral

n
Proof. (T1) We consider E € X and start with the case when f - SNMF or f = } ¢;)c;.
i=1
Forevery i € {1,...,n} if E € ¥ then E AC; € X and following for all B € LX we have

m* (EANC))@®&m* (BAC;) =m*(EABAC;)®&m*((ENC;)V (BAC)).

Now multiplying the equality by ¢; and summing up by i we obtain

(oo} (o)

Pleim*(ENC) &P (cim* (BAC)) =

i=1 i=1
oo

= é(ci m*(EABAG;)) & (ci m*((EAC)V (BAC))).
=1 i=1
And finally appl}l/ing Lemma [3.3.1}
my(E) ©my(B) =m(EANB)©my(EVB).
By analogy we can prove the second equality
my(N(E)) ©my(B) = my(N(E) N\B) ©m}(N(E)V B).
In the case when f is NMF there exists a sequence of SNMF
(fu)nen t fu < fat1 and lim f, = f.

For all f,, it holds

m; (E)©my (B) =my (EAB)@my (EVB).
Now taking Sup we obtain

Sup{m (E)|n € N} © Sup{m} (B)|n € N} =

= Sup{my, (E AB)|n € N} ® Sup{m}, (EV B)|n € N}.
And due to Lemma

m(E) @ m's(B) = m(E AB) &m(E V B).

The same logic can be used to prove the second equality.
(T2) We start again with SNMF f. Using Lemma [3.3.1| we see that

ur(B) = [ f du=@ein(EnC) = eim' (ENC) =m}(E) = i (E)
E i=1 i=1
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Integration over measurable fuzzy sets

In the case when f is NMF we use a sequence

(fn)neN “fn < fuy1 and ’}glgofn =f.

By using Lemma 3.3.T|and the fact, that for SNMF the equality uy, = fi, is true, we get:

ur(E) = [ f du=Sup( [ fu du | € N} = Sup{yy, (E) [n € N} =
E E
= Supiii,(E) |n € N} = my(E) = iy (E).

O

This result gives us an opportunity to define an L-fuzzy valued integral by applying the
following formula:
[ du=iis(E), Ecx.
E
Summarizing, we want to mention that both ways of defining the L-fuzzy val-

ued integral have their own motivation. The first approach has a theoretical founda-
tion, while the second approach gives us an opportunity to simplify calculations of the

L-fuzzy valued integral.

3.4 Integration over measurable fuzzy sets

In this section we suggest a method of calculation of the fuzzy valued integral over a
measurable fuzzy set E in the case when L = [0, 1] and E is NMF (i.e. E is measurable
with respect to ¢-algebra ®). The main idea of the method is based on the following
reasoning. The fuzzy set we want to integrate over can be viewed as a non-negative
function. Let us assume that this function is measurable with respect to c-algebra ®.
It is known that every non-negative measurable function can be presented as a limit
of a non-decreasing sequence of SNMF. Obviously, every fuzzy set that is SNMF can
be presented as the union of Ty,-disjoint fuzzy sets from the class g. And the L-fuzzy

valued integral over an element from the class g can be easily calculated.

This observation gives a reason for the following theorem.

Theorem 3.4.1. IfE : X — [0,1] is a measurable function with respect to G-algebra P,

then fuzzy set E is measurable with respect to Ty-tribe L.
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Integration over measurable fuzzy sets

We describe the method gradually depending on the type of a fuzzy set E: first
considering the case when E is an element of the class g, then extend it to the case
when E is SNMF or a finite union of elements from the class  and, finally, the case
when E is NMF.

3.4.1 Integration over A(M,q)

To show that for all A(M,a) € g it holds

/ fd/,z:z(/fdv,om

AM,0) M

we use some special properties of the addition of fuzzy numbers z(a,o) described in
subsection [[L4.1l

n
For f =) cixc, we get
i=1

/ E ciXc,du = @ci u(CiNAM, ) =
i=1 i=1
o

_@c, v(MNG), _ch, v(MNG), —z/fdvoc.

In the case when f is NMF we have

/ fdu= Sup{z/gdvoc | g < fand g is SNMF} =
AM,o)

:z(sup{/g dv,o | g < f and g is SNMF}, o) :z(/fdv,oc).
M

3.4.2 Integration over SNMF E

If E is SNMF then E(R) = {0, ..., 0, }. We assume that
o >0 > ...> 0, and M; = E~Y(oy), i=1,...,n.
Then
o i#j=MNM;=0;
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Integration over measurable fuzzy sets

1 z(fo dv,a)

fodv

Figure 3.1: Integral [ fdu
A(M,o)

n
o = \/A(M,‘,OC,‘);
=1

1=

i
e E% = |J Mj, where E% is the a;-cut of fuzzy set E .
j=1

Taking into account the property of addition of fuzzy numbers:
(

1,t <0,
oy, 0 <t <ay,
n
(D z(ai, o)) (1) =
i=1 Qit1, a1 +...+a; <t <ay+..4+ait1,
\ 0,t>ar+...+ay,

we obtain

E/fduzé / fdu=§z</fdv,ai>=

=g (oy,My) M;
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Integration over measurable fuzzy sets

(1,1< [ fav, L, t< [ fav,
M, E%
i i+1 o, | fdv<t< fav,
= Q;, Z f de <t S Z f de7 = l Egi EQ{H
jZle j:1Mj
o " Oy, [ fdv<t< [ fav,
0,t>Y [ fdv, E%n—1 Eon
\ J=1M; | 0, otherwise.
X
B E—
e S 4 &
) S e i 4 )
i | = : € :
0
!fdv ffdv dev ,,,ffd‘-.! !fdv t
E% E% E%41 E%n-1 E%n

Figure 3.2: Integral [ f du, where E is SNMF
E

3.4.3 Integration over NMF E

As was already mentioned every NMF E can be presented as the limit of a non-
decreasing sequence of SNMF. To describe this sequence we use the same logic as in

the previous subsection. Let us take a sequence (E,),cn such as:
o £,(R)={af,..0f }, neN;

oo >0, i=1,.,k—1neN;
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Integration over measurable fuzzy sets

o Mi={x|E(x)=oi},
:{X|OC< () ll}l_ vkny, n €N

kl’[
o E,=\ E(a",M"), n€N;
i=1

e E=\E,.
n

Denoting

I:E/fd,u and /, :E/fdy

we get
I=Sup{/fd,u\n€N}:Sup{In|n€N}.
E,
From the last equality we can get an approximate value of / by fixing n. Obviously, the

integral accuracy in this case will be dependent on 7 .
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Chapter 4

Applications of L-fuzzy valued integral

in approximation theory

4.1 L-fuzzy valued norm

For a given linear space Y by the analogy with the classical case we consider the concept

of a norm taking values in R (L).

Definition 4.1.1.
An L-fuzzy valued norm on a linear space Y is a function || -|| : Y — Ry (L) with the

following properties: for all r € R and all y,y1,y, €Y it holds

o [yl =2(0,11) < y =0y,

o [[ryll = Irlllyl

’

o [yr+y2l <yl @lly2ll

For the space (A, ®,Vv) with a finite measure v and A € ® we denote by F the linear
space of all real valued functions that are integrable over A with respect to the measure
v. We suppose that Fj is the subspace of F that contains all functions which are equal to
0 almost everywhere. Then .7 (A, ®, V) is the factor space F /Fy. We do not distinguish
the functions of the space .77 (A, ®, V) that are equal almost everywhere with respect to

the measure v. The norm of a function f € £ (A, ®,V) is defined with

£y = [ 1fl av.
A
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Generalizing to the fuzzy case we use an L-set E instead of a set A and consider the

space .Z1(E, X, u) equipped with the L-fuzzy valued norm defined by the formula:
171 = [ 11 du
E

where u is an L-fuzzy valued measure and E € X. We denote by £ (E, X, u) the space
of all L-fuzzy integrable over E real valued functions.

It is easy to show that the function
H ’ Hﬂ : gl(EaZnu) - R+(L)
defined above satisfies the conditions of an L-fuzzy valued norm:

o ||f|l.=2z(0,1z) iff f is equal to O almost everywhere,
o lrfll=Jlrflav=Irl J1fdv=rllfll

* |If +f2||u:bf|f1 + /2] duég(|f1|+|fz|) du =
= J1fildu& [1f2) du = [ fill® [l F21le

4.2 Function approximation error on L-sets

For problems which can be solved only approximately the notion of the error of a method
of approximation plays the fundamental role. A classical task of the approximation
theory is to estimate the error of approximation for a given class of real valued functions
defined on a crisp set. For us it seems natural to consider the case when the set we
interpolate over is an L-set, meaning that our interest is more focused at some parts of
the set we approximate over and maybe not so much important on the rest part of the
set.

In order to estimate the quality of approximation on an L-fuzzy set, we need an
appropriate L-fuzzy analogue of a norm. In this section we apply the L-fuzzy norm
introduced above to investigate the error of approximation on an L-fuzzy set E of a real

valued function f.

4.2.1 Theoretical background

Let us suppose that E € X and f € % (suppE,®,v) . We consider a method of approx-

imation described by
o L (suppE, ®,v) = U,
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Function approximation error on L-sets

where % C £ (suppE,®,V) is a finite-dimensional space of functions used for approx-

imation. For example, it could be a space of polynomials or splines.

Definition 4.2.1. The error of approximation < of a function f on an L-fuzzy set E is
defined as follows:

e(f, A E) = | f = f |l

Notice that the error of approximation in this case is characterized by an L-fuzzy real
number which is obtained as the L-fuzzy valued integral over E. The introduced concept
allows us to develop the well known idea of an optimal error method of approximation
for this case. It is the method whose error is the infimum of the errors of all methods for

a given problem characterized by L-fuzzy numbers.

Definition 4.2.2. A method /o is called an optimal error method iff

e(fw'Q{OEyE) -
=Inf {e(f,AE) | o L (suppE,P,v) — U}.

This approach gives us a possibility to consider some extremal problems of approx-
imation on L-fuzzy sets in the context of [1], [2], but it is not the principal aim of this
paper. Our intention is to show how the most optimal decision can be taken when com-

paring several methods based on the error value.

4.2.2 Numerical example

In this subsection we illustrate with some numerical examples the dependence of the
error e(f, <, E) on method <7 and set E. We suppose that L = [0,1], X = [0, 1] and
v is the Lebesgue measure, and we consider the errors of approximation of the given

function
1

=130

(the Runge example) by two methods:

e approximation 7| by the Lagrange interpolation polynomial of degree 10 with

respect to the uniform mesh on [0, 1],

e approximation .o/> by the interpolation natural cubic spline with respect to the

same uniform mesh on [0, 1],
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on two different L-sets £; and E:

{

E1 (X)

1, x€][0,0.2], 1.25x, x€10,0.8],
Ey(x) =

1.25(1 —x), x € [0.2,1], 1, x €10.8,1].

0 0:.2 0:.4 U:.E 0:.8 :;.

Figure 4.1: The graphs of L-sets E; and E;

The errors e(f,./;, E;) of approximation of the function f on the L-set E; by the

method <7}, i = 1,2, j = 1,2, are presented in the following table. Take into account that

in the table we use the notation:

e(fa'Q{jaEi)(t) = Q.
e(f7M>El) e(f7M7E2> e(f;f/Qf%El) e(fa%aEZ)

t o t o 1t o t o
6.3508-10% 0.0 6.3508-10~% 0.0 28.2092-10~% 0.0 28.2092-10~% 0.0
6.2584-107% 0.1 0.9613-107* 0.1 28.1501-10~% 0.1 10.4002-10~* 0.1
6.2388-107% 0.2 0.3556-107% 0.2 28.1325-10~% 02 4.3225-100* 0.2
6.2302-107% 03 0.2124-107% 03 28.1258-107% 03 1.6781-107* 0.3
6.2245-10% 04 0.1658-10% 04 28.1216-107% 04 0.6252-107* 04
6.2193-10% 0.5 0.1467-10% 0.5 28.1087-10~% 0.5 0.2681-107* 0.5
6.2141-107% 0.6 0.1381-10% 0.6 28.0879-10~% 0.6 0.1353-107* 0.6
6.2079-107% 0.7 0.1334-10% 0.7 28.0013-107% 0.7 0.1059-10~* 0.7
6.1984-107% 0.8 0.1296-10~% 0.8 27.8377-10~*% 0.8 0.0953-10~* 0.8
6.1775-10% 0.9 0.1251-10% 0.9 27.4130-10~% 0.9 0.0860-10~* 0.9
6.0979-10% 1.0 0.1173-10% 1.0 25.6889-10~% 1.0 0.0816-107* 1.0

53



Function approximation error on L-sets

Let us note that

suppEy = suppE; = [0, 1]

and
e(f,,[0,1]) = 6.3509- 104,

e(f,a%,[0,1]) = 28.2092- 104,

but it is easy to see that the error of approximation .<7;, j = 1,2, on the set E is essentially
less than the error on the set E;.

To compare both L-fuzzy values one can use Figure [4.2] left chart for approxima-
tion o#; (i.e. by the Lagrange interpolation polynomial) and Figure 4.2 right chart for

approximation % (i.e. by the interpolation natural cubic spline).

1 1
0,8 - 0,8 -
0,6 - 0,6
0,4 - 0,4 -
0.2 0,2 -

0 T T T T T T 1 0 T T T T T 1

0 0,0001 0,0002 0,0003 0,0004 0,0005 0,0006 0,0007 0 0,0005 0,001 0,0015 0,002 0,0025 0,003
—error of Al on E1 —error of Al on E2 error of A2 on E1 —error of A2 on E2

Figure 4.2: The graphs of errors o = e(f,.271,E1)(t), o= e(f, 9, Ex)(t), o = e(f, 9%, E1)(t)
and .= e(f, 4, Ex) (1)

It is also interesting to see how both approximations 2| and .5 performing on the

L-set E5. As we can see from Figure 4.3] there is no obvious preference to any of two

1 =

0,8

'

0,6

’

0,4 -

’

0,2 1

’

0 T T T 1
0 0,00001 0,00002 0,00003 0,00004
—error of Al on E2 —error of A2 on E2

Figure 4.3: The graphs of errors o = e(f,.27), E>)(t) and o = e(f, %, E)(t)
approximations, because they perform different on different levels.
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Summarizing, we want to highlight that approximation error defined as an L-fuzzy
number gives us opportunity to develop a strategy for choosing most optimal approxi-
mation algorithm on an L-set. As was illustrated in the previous example avoiding the
"fuzziness" of the set we interpolate over and comparing the errors on the support of the

L-set, we can fail with the choice of the best strategy.

4.3 Error of approximation on L-sets for classes of func-

tions

As shown in the previous section, applying L-fuzzy valued integral to define the ap-
proximation error gives us a good tool to compare efficiency of different approximation
methods and helps us to make more accurate decisions when choosing the most optimal
approximation way on an L-set. Despite the numerical example [4.2.2] described above,
when it comes to real life our knowledge about the function we want to approximate is
rather limited, with some values maybe. That is why for us it seems natural to consider

estimation of the approximation error on classes of functions.

4.3.1 Theoretical background

In[4.2.1] the space .£] was mentioned. Now let us consider space .%, = .Z),[0, 1], where
1 < p < co with the norm || - ||, defined as follows:
1
1 p

£y = ([ 1707 where 1 < p <o
0

and
Ifllp = sup [f(x)], where p=co.
x€[0,1]
Also we consider the space fp” of functions f that satisfy the following conditions:
e there exists (n — 1) derivative f"~1) and it is absolutely continuous on [0, 1],

o fWe 2,

In other words, ,,%p" is the set of n degree indefinite integrals from functions f € .Z),.
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Error of approximation on L-sets for classes of functions

Particularly, we observe the class containing functions f € .i”p” with bounded deriva-
tives. We denote by KWI;‘(n =1,2,...;1 < p < o) the class of all functions f € Xp”
satisfying

171y <K, K €R..
We know that every function f € .Z), can be represented as follows

1

nill i i 1 n n—
flx) = E)Ef()(o)x + (n_l)!o/ﬂ ) () (x — )"~

Let us denote

1
pra@) = X, £9(0) ¢
i=0 "
and
| 1
= (n)
() = oy O/ £ ()1 (5, )l
where
x—u)" ', x>u,
<pn1<x,u>=<x—u>1—1={( Sz
0, u>Xx.
Hence,
f(x) = pn—l(x) +rl’l—1(-x)a
where

® p,_1 isthe (n— 1)-degree Taylor polynomial of f centred at 0,
e 1,1 is an integral form of the remainder.

Now we want to estimate the error of approximation .o of function f. We do the follow-

ing assumptions regarding the choice of approximation method .o

e for all ¢ € P,_; we have /g = g, where P,_ is the class of all polynomials with

degree at most (n—1);

e approximation .27 is linear;
1

o for r(x) = [ g(u) h(x,u) du it holds
0

1

(7)) = [ ) (/i) d

0

where approximation .« applied only to argument x of function /.

56



Error of approximation on L-sets for classes of functions

Taking into account these assumptions we obtain:
f_df: (pn—l +rn—1) _d(pn—l +rn—1) =

= (pn—l_bQ{pn—l)'i'(rn—l_bQ{rn—l) =rp_1 — A Ip_1.

Coming back to initial notations:

S = (Ff)(x) = ra1(x) = (Fra1)(x) =

1
_ 1 /f(n)(u)(Pn—l(x u n—l /f sz(pn 1(x Lt)) du =
0

NP1 (x,u) — Q1 (x,u)) du

We denote by U,_(x,u) the kernel of the integral representation of the error f — o7 f

and define it as follows:

Pn1 (¥, ) — Q1 (¥, )
(n—1)! .

Up—1(x,u) =

Finally, we get
flx)— / FO U, (x,u) du.

Now considering the error on an L-set £ we obtain:

1

J1r=antau< [ (1@l )| dw di

E E 0

Having this estimation for the approximation error we can observe how it will be calcu-

lated for particular classes of functions.

e In the case when f € KW/ the norm of f (") is bounded as follows

£ Hl—/\f w) du< K

and then

/|f %f|du<//|f 0||Un1 (50| ) d <
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< [(J U @) sup [Un1(x.)| dio) du =
E

uel0,1]

— [Csup [Uprte)] [ 167 )l du) da <K [ sup U (x0)]
E

0 7 uel0,1]

If = /fllu < K / sup 01 ()| d.
ue0,1

e In the case when f € KW/ the norm of f) is bounded as follows

L™l = sup |f"(w)] <K

uel0,1]
and then |
[1r=stfldu< [ (150,150 du) du<
E E 0
§K// n—1(x,u)| du) du.
Hence,

[ %f\ly<l<// Un—1(x,u)| du) dp.

4.3.2 Numerical example

In this subsection we illustrate by some numerical examples how to use the technique
described above. We consider classes KW' and KW when n = 1, i.e. the classes of
functions such that the first derivative is bounded: K Wl1 and KW

We examine the approximation <7 by polygons (i.e. the first degree splines) with

respect to a mesh {xg,x1,...,x;} on [0, 1] over L-set E defined as follows:

ﬂﬂ:{l—mxeﬂm

0, otherwise.

In this case

1, x> u,
(p()(x?u) =
0,x < u.
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And if x;_1 < x < x; then

Xi—X

Yox o Xi-1 <u<Xx,
Uo(x,u) = § —3=t, x<u<x,
O, u ¢ [x,,l,xi].
Class KW
Denoting

Zw=/(/1|U0(x,u)|du)d
E 0

1S = Sl < K Zeo.

for f € KW, we have

Considering the case when x;_1| < x < x; we obtain

/|onu|du—/|onu|du—/ du—}—/x kel
Xl—.xll xl_'xll

Xi—1 Xi—1

Xi — X1
In the case of the uniform mesh {xp,xi,...,x¢} on [0, 1] for every x € [0,1] denoting

h =x; —x;_1 we have

[tsaan=3{5} (- (31)

going forward we mean by [r| the integer part and by {r} the fractional part of r € R.
This integral for the uniform mesh with 11 (i.e. k = 10) knots is plotted on the Figure

4.4

The next step is to integrate this function over the L-set E. Applying the calculation
method described in subsection for all o € [0, 1] we obtain

o ([ {5 oo {5

Now by choosing o according to any mesh on the [0, 1] we can get the integral value as

accurate as we want. For example, taking the uniform mesh of [0, 1] with step 0.01:
op=1,00 =0.99,00 =0.98, ...,0100 = 0,
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1 s

1
Figure 4.4: The graph of integral [ |Up(x,u)| du
0

0 0,005 0,01 0,015 0,02 0,025 0,03 0,035

Figure 4.5: The graph of z.
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we obtain fuzzy real number z., plotted on Figure[4.5]

Changing from the uniform mesh to the following:

x0=0,x1 =0.02,x =0.03,x3 =0.05,x4 = 0.1,x5 = 0.15,

x6 = 0.25,x7 = 0.35,x3 = 0.55,x9 = 0.75,x19 = 1.00,

we, obviously, obtain a different approximation error bound. On Figure [4.6| both ap-

proximation errors bounds are plotted with uniform and non-uniform meshes.

1,0

0,8 -

0,6 -

0,4 -

0,2 |

0,0 T T T T T 1
0 0,01 0,02 0,03 0,04 0,05 0,06

Figure 4.6: Comparison of the error bounds with the uniform and non-uniform meshes

In the crisp case we would give a preference for the method with the uniform mesh,
while in the fuzzy case the decision is not that obvious, meaning that on the higher

levels (o0 > 0.6) the method with the non-uniform mesh performing better.

Class KW/

Taking into consideration that Up(x,u) = 0 when x € [x;_1,x;], u € [xj_1,x;] and i # j,
for class K Wll we can get more accurate error estimation by the following reasoning.
Let us denote E; = E A [x;_1,x;],i = 1,...,k. Then

If- %flly—@// 0 |Uo(x0) dudp

llE

Xi

k k X
= [ (| Ir Wt dujaye < D / ( sup [Uo(x)] [ 17/ (w)] dudys =
/ o

X ue[xi_l,x,-] X1
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Xi

k
~@ [ 1fwldu [ sup [Up(xu)lda <

i=1," | E, wEi-1x]

<sup{[ sup Kb(””ﬂdulf——l,,k}E:u/|f )ldu =

E; 1] x, 1
1

—Mm/ sup  [Un(xoldu | = 1.k} [1fa)ldu <

u€lxj1.xj] 0

<me/ sup  |Uo(r,u)|dp | j=1,..k}.

€ [xj1.x]

Now denoting
wl—/ sup  |Uo(x,u)|du,i=1,...k,

Efxj-1.x)]
z1 = Sup{wi|i=1,...,k},

we have
|f —dfllu <K z1.

Considering the case when x;_1 < x < x; we obtain

Xi—X Xi—1TXi ]+xl
X; X
sup  |Up(x,u)| =< %51 7 pers ’
p 0t X—Xi—1 Xi—1TXi 1+xz
UE [Xy—1,Xi] e <x <X,
This function is plotted on the following graph:
0 Xiq Xi 1

Figure 4.7: The graph of sup  |Up(x,u)|

UE[x;—1,x;]
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Taking integral over E; we get:

1-o

wi (o) = / sup |Up(x,u)|dx, when 1 —x; <o <1 —x;_;.
- UE[Xj—1 Xi]
Hence,
l—o—xi— l—o—xi— i ~
Wi (@) = L (z_%) whenxi <1—a< 3%
and

3 —(1—o i—(1—o — ;
w-_l((x)zzhi—%(2—w>,whenx’17+x’< 1 —o<ux;.

It is easy to see that
3

In the case when 7 & [0, 2/;] we have
1,1<0,
wi(t) = ;
0,1r> Zhi'

To obtain value z; we take Sup of all fuzzy numbers w;, i =1,...,k.
These numbers as well as z; for uniform mesh with 11 knots are plotted on Figure
(the dashed lines for w;, i = 1, ...,k and the even line for z7).

17\

Figure 4.8: The graphs of w; and z; in the case of the uniform mesh

Changing from the uniform mesh to the following:
x0=0,x; =0.02,x; =0.03,x3 =0.05,x4 = 0.1,x5 = 0.15,
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-0,10 0,00 0,10 0,20 0,30

Figure 4.9: The graphs of w; and z; in the case of non-uniform mesh

x6 = 0.25,x7 = 0.35,x3 = 0.55,x9 = 0.75,x19 = 1.00,
we obtain the integrals displayed on Figure [4.9]
To compare methods with the uniform and non-uniform meshes Figure d.10]is pre-

sented. As we can see there is no obvious decision on what method is more preferable:

1225~

06 1

| T
08 1 \
\

04 4

02 4

0,1 -0,05 0,05 01 0,15 02 025 03 0,35

02 -

Figure 4.10: Comparison of the errors with the uniform and non uniform meshes

in the case when we are interested in points with the membership level close to 1 both
methods have the same error bound, while on points with the membership degree in
[0.5,0.98], obviously, the method with the non-uniform mesh is better, but on levels be-

low 0.5 the error of approximation significantly lower for the method with the uniform
mesh.
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Conclusions

To conclude I would like to say that in my belief the overall goal of the thesis has been

achieved:

e the concept of an L-fuzzy valued measure defined on T-tribe and taking values in
the L-fuzzy real line is introduced, in the case when L is complete, completely

distributive lattice,

e construction for an L-fuzzy valued measure is developed by extending the crisp

finite measure,

e considered the concept of an L-fuzzy valued integral, the properties of integral are

investigated and calculations methods described,

e some possible applications of an L-fuzzy valued integral in the approximation

theory are suggested.

I believe that this research work is very relevant since it combines the L-structure
study, which is traditional to Latvian mathematicians, as well as measure and integral
theory further development. These studies could potentially contribute to Latvian re-
searches and investigations of many valued structures and subsequently develop this

perspective direction of theoretical mathematics.
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