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ABSTRACT 

The PhD thesis is devoted to the theoretical study of new magnetohydrodynamic 
(MHD) problems on a flow of a conducting fluid in an initial part of a channel at the 
condition that fluid flows into the channel through the split of finite width or through a hole of 
finite radius on the channel’s lateral side. Problems are solved for plane and circular channels 
of infinite length. The cases of longitudinal and transverse magnetic fields are studied in 
detail. The exact analytical solution of the problems is obtained in Stokes and inductionless 
approximation in the form of convergent improper integrals. On the basis of the obtained 
solutions the velocity field of the flow is analysed. In addition, the asymptotic solution at 
large Hartmann numbers is obtained. 

The MHD problem on the influence of cross flow on a main flow in an infinitely long 
plane channel in a strong external magnetic field is also studied analytically in this work.  
This problem is solved in Oseen and inductionless approximation both for the longitudinal 
and transverse magnetic field. The field of perturbation velocity is analysed for different 
Hartmann and Reynolds numbers in detail. The dependence of the length of the initial part of 
the channel on the Hartman number is also studied.  

All these problems are closely related to applications in metallurgy, where MHD 
phenomena are exploited to control and manipulate metals, and in design of fusion reactor 
where liquid metals are used both to produce tritium that fuels the reactor and for removing 
plasma’s impurities and protecting solid surfaces from overheating and corrosion.  

Solving problems on an inflow of a conducting fluid into a half-space through a split 
of finite width or studying a developing flow the initial part of channels, the uniform velocity 
profile or parabolic velocity profile usually is given at the channel’s entrance region. One part 
of the PhD thesis is devoted to the analytical study of dependence of full pressure force at the 
entrance region on the profile of boundary velocity at this region. Using the example of two 
hydrodynamic and two MHD problems on an inflow of viscous fluid (conducting fluid for 
MHD problem) into a half-space through a split of finite width or through a hole of finite 
radius it is shown that if an uniform inlet velocity profile is given at the entrance then the full 
pressure force at the entrance of region is equal to infinity and, consequently, such flow is 
physically unrealistic. It is shown also, that if the velocity of the fluid at the entrance of region 
is given as a parabolic function then the full pressure force at the entrance will be finite. To 
the author’s knowledge, this fact is not reported in the literature. The new asymptotic 
solutions for MHD problems are obtained at large Hartmann numbers for physically realistic 
cases. 

Method of integral transforms is used in the thesis for problems solving. Numerical 
calculations were carried out by using the package “Mathematica”. 
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ANOTĀCIJA 

Šis darbs ir teorētisks pētījums jaunu magnetohidrodinamisku (MHD) problēmu 
risināšanai par elektrovadoša šķidruma plūsmu kanālos stiprā magnētiskā laukā, kad šķidrums 
ietek kanālos caur galīga platuma spraugu vai caur galīga rādiusa atveri kanāla sānu malā. 
Tiek aplūkots bezgalīga garuma plakans un cilindrisks kanāls. Detalizēti ir izpētīti 
garenvirziena un šķērsvirziena magnētiskā lauka gadījumi. Sevišķa uzmanība pievērsta 
plūsmas izpētei kanālu sākotnējā apgabalā, kurā notiek plūsmas attīstība. Precīzi analītiskie 
atrisinājumi ir iegūti konverģentu neīsto integrāļu formā. Pamatojoties uz iegūtajiem 
atrisinājumiem, veikta plūsmas ātruma lauka skaitliskā analīze. Turklāt ir iegūti uzdevumu 
asimptotiskie atrisinājumi lieliem Hartmana skaitļiem. 

Darbā analītiski tiek pētīta jauna MHD problēma par šķērsplūsmas ietekmi uz galveno 
plūsmu plakanā kanālā spēcīga magnētiskā lauka klātbūtnē. Problēma ir atrisināta 
šķērsvirziena un garenvirziena magnētiskajam laukam Ozeena un bezindukcijas tuvinājumā. 
Ātruma vektoru lauks ir izpētīts dažādiem Hartmana un Reinoldsa skaitļiem. Ir izpētīta 
sākotnējā apgabala garuma atkarība no Hartmana un Reinoldsa skaitļiem.  

Visas šīs problēmas ir cieši saistītas ar lietojumiem metalurģijā un materiālu apstrādē, 
kur MHD parādības, ko rada elektrovadošu šķidrumu mijiedarbība ar magnētisko lauku, plaši 
izmanto, lai kontrolētu un manipulētu dažādus elektrovadošus materiālus, kā arī kodolsintēzes 
reaktora projektēšanā, kur šķidrais metāls tiek izmantots gan tritija ražošanai, kas kalpo kā 
degviela reaktoram, gan arī plazmas piemaisījumu noņemšanai un cieto virsmu aizsargāšanai 
no pārkāršanas un korozijas. 

Risinot uzdevumus par šķidruma ietecēšanu pustelpā caur galīga platuma spraugu vai 
pētot attīstošo plūsmu kanālu sākotnējā apgabalā, parasti uz ieejas pustelpā vai uz kanāla 
ieejas uzdot vai nu vienmērīgu ātruma profilu vai arī parabolisko ātruma profilu. Promocijas 
darbā analītiski tiek pētīta pilna spiediena spēka atkarība no funkcijas veida, ar kuru ir uzdots 
robežnosacījums ātrumam šķidruma ieplūdes apgabalā. Šīs atkarības pētījums tiek veikts, 
risinot divas hidrodinamiskas problēmas un divas līdzīgas MHD problēmas par viskoza 
šķidruma (vadoša šķidruma MHD problēmām) ietecēšanu pustelpā caur plakanu spraugu vai 
caur apaļu atveri. Šķidruma ātrums ieplūdes apgabalā tika uzdots kā konstanta funkcija 
(funkcija ar galīgiem pārtraukumiem) vai kā paraboliska funkcija (kā nepārtraukta funkcija). 
Cik autoram ir zināms, šī atkarība netika pētīta agrāk. Jauni asimptotiski atrisinājumi pie 
lieliem Hartmana skaitļiem ir iegūti MHD uzdevumam gadījumā, kad uz ieejas apgabalā ir 
uzdots paraboliskais ātruma profils. 

Uzdevumu risināšanai tika izmantota integrālo transformāciju metode. Skaitliskie 
aprēķini veikti ar programmu paketi „Mathematica”. 
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INTRODUCTION 

This work is devoted to a theoretical study of some new magnetohydrodynamic (MHD) 

problems on a flow of a conducting fluid in the initial part of a plane or circular channels in 

the presence of a strong external magnetic field. Namely, the case of inflow of conducting 

fluid through a finite width split or finite radius hole on the lateral side of the channel is 

considered. 

Flows of a conducting fluid in external magnetic field produce a variety of new effects, 

which are not realizable in usual hydrodynamics. Magnetohydrodynamics (MHD) analyzes 

these phenomena. It also studies the arising of a flow of a conducting fluid due to the current 

passing through the fluid (so-called electrically induced vortex-type flows). MHD describes 

the frontier area combining classical fluid mechanics and electrodynamics. It is a relatively 

young discipline in natural science and engineering, starting with the pioneering work of 

Hartmann [138] on a liquid metal duct flow under the influence of a strong external magnetic 

field (1937). Today MHD has developed into a vast field of applied and fundamental research 

in engineering and physical science. 

Nowadays electromagnetic methods of action on electrically conducting medium are 

widely used both in technical devices such as pumps, flow meters, generators and industrial 

processes in metallurgy and material processing, in chemical industry, industrial power 

engineering and nuclear engineering. MHD effects are exploited to control and manipulate 

various conducting materials.  

In metallurgy and material processing different kind of magnetic fields (alternating, travelling, 

rotating, steady magnetic fields) are routinely used to heat, melt and cast conducting 

materials, to stir and levitate liquid metals, and to control the motion of melt ([31], [32], [39], 

[40], [48], [124]). For instance, in the continuous casting of large steel stabs, an intense static 

magnetic field (around 0.5 T) is commonly used to suppress motion within mould, i.e. 

suppress unwanted eddies vortices and the motion of submerged jets that feeds the mould 

from above. Electromagnetic stirring is used in casting operations to homogenize liquid zones 

of partially solidified ingots. The result is a fine structured, homogeneous ingot. Rotating 

magnetic fields are used in stirring. To melt and cast a metal in a single operation, induction 

furnaces, skull melting furnaces and cold crucible induction furnaces are used. Another 

common application of MHD in metallurgy is MHD separation that is used for 

electromagnetic removal of non-metallic inclusions from melts and metal extraction from 
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oxides and slag. I.e. MHD is used for cleaning liquid metals of impurities as well as for the 

separation of multiphase systems into their components. 

Nowadays electromagnetic pumps and their modifications are widely used in 

metallurgy and materials processing in order to transport and dose (exact batching) melting 

metal (see [39], [124]). The advantages of MHD pumps over mechanical pumps are: the 

absence of moving and rotating parts (this increases their reliability), noiseless operations 

(better vibration and noise characteristics), relative simplicity of control, being completely 

hermetically sealed. They can be utilized even with chemically aggressive, reactive and very 

hot fluids. Therefore, they are used also in chemical industry. [31], [32] contains an outline of 

the latest advances in metallurgical applications of MHD and a short history of 

electrometallurgy. See also [124]. 

Channels, in particular narrow channels, are common parts of many MHD devices. 

Therefore, investigation of MHD phenomena in plane layers and channels with conducting 

fluids is quite important both for understanding the basic mechanisms and for improving the 

existing industrial processes and for developing new MHD devices. 

The study of MHD flows of liquid metal in ducts and channels in the presence of a 

strong external magnetic field is of a particular interest in the last four decades. It is related to 

the development of fusion reactors TOKAMAKS where plasma is confined by a strong 

magnetic field (see [108], [119], [53], [50]). It is planned to use liquid metals (LM) in 

different blocks of the reactor to produce tritium that fuels the reactor, to remove plasma’s 

impurities and to protect solid surfaces from overheating and corrosion. One such block is the 

blanket of the reactor (see [68], [16], [53], [50]).  

Let us briefly consider the main ideas of fusion reactor and liquid metal applications in 

it. The goal of this development is the realization of controlled thermonuclear fusion. It could 

lead to a significant contribution to future energy demands. In a fusion reaction, two light 

atomic nuclei fuse together to form heavier ones with a release of a large amount of energy. 

These reactions are the energy source of Sun and stars. In the fusion reactor deuterium and 

tritium will be used as the fuel. If a nucleus of deuterium fuses with a nucleus of tritium, a 

nucleus of Helium is produced and neutron is released. The energy released is 17.6 MeV per 

reaction. In macroscopic terms, just 1kg of this fuel would release 810 kWh of energy and 

would provide the requirements of 1 GW (electrical) power station for a day. It should be 

noted that about 80% of the fusion energy is released in the form of high-energy neutrons. 

Reactions between the fuel components tritium and deuterium require temperatures above 100 

million degrees centigrade, so that confinement using solid walls is not possible. 
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Figure 0.1. Two nuclei of deuterium and tritium fuse together to form helium, a neutron, and a  
large amount of energy. 

 

At these temperatures the fuels are ionized and form electrically highly conducting plasma 

and can be confined by strong magnetic field to a defined volume. During the past decades 

different concepts of magnetic confinement have been investigated and studied, but the 

tokamak system with plasma confinement in toroidal vacuum vessel by a strong magnetic 

field (~10T), is considered as more attractive and suitable for the creation of fusion reactor 

([106], [108]). Tokamaks have proven their capabilities for plasma confinement in a number 

of experiments in several countries (see, for example [106]). But in all experiments the time 

of plasma confinement was too short and energy realised in experiments was much smaller 

than the energy required for experiments. Nowadays Europe, USA, Russia and Japan are 

combining their efforts in developing the first thermonuclear reactor based on tokammak, 

which is known as ITER –International Thermonuclear Experimental Reactor. It will be the 

first fusion reactor to create more energy than it requires. The goal of ITER is to demonstrate 

the scientific and technological feasibility of fusion energy for peaceful purposes ([106], [1]). 

Details about ITER and about advantages of fusion energy can be found at the official Internet 

site of ITER [http://www.iter.org]. 

Liquid metal is used in different blocks of a reactor with the aim of removing plasma’s 

impurities and protecting solid surfaces from overheating and corrosion. One such block is the 

blanket of the reactor ([108], [10]; [42], [116], [16], [106]). 

Blanket is the solid component that, surrounding the plasma, covers the interior 

surfaces of the Vacuum Vessel and has three main functions. The neutrons are slowed down 

in the Blanket, where their kinetic energy is transformed into heat energy and collected by the 

coolants. In a fusion power plant, this energy will be used for electrical power production. 

E =17.6 MeV 

8800%%  ooff  eenneerrggyy  rreelleeaassee    
((1144..11  MMeeVV))  

2200%%  ooff  eenneerrggyy  rreelleeaassee  
((33..55  MMeeVV))  



 9

 

 

 

 

 

 

 

 

 

                                              Figure 0.2. Scheme of reactor Tokamak   

 

 In absorbing neutrons the blanket provides shielding to solid surface of the Vessel and the 

superconducting Magnets from the heat and neutron fluxes of the fusion reaction, thus 

avoiding both radiation damage and heating of the magnetic field coils. The blanket is also 

responsible for the breeding of tritium, one of the fuel components that is not a naturally 

occurring isotope but can be obtained from liquid metal ([53], [16], [68]). At present there are 

several blankets under development in the international fusion community ([122], [53], [15], 

[16], [68]). In some design concepts for the blankets, liquid metals (Lithium or eutectic alloy 

lead-lithium) is used only as breeder material and helium or water is considered as possible 

coolants (so-called separately cooled blanket). In such a blanket the breeder is circulated at 

low speed only for tritium extraction. There are other concepts in which the liquid metal 

serves as breeder material and as coolant (self-cooled blanket) in which all released heat 

energy is removed only by a molten metal, flowing in the blanket at high enough speed 

([122], [87]). A combination of both ideas results in the so-called dual-coolant blanket, where 

first wall and structure are cooled by helium and breeding zone is self-cooled ([106]). In 

Buhler [16] some liquid metal blankets are outlined that have been promoted during the last 

decades of fusion research and key issues concerning the liquid-metal flow in a fusion 

environment are briefly discussed.  

Since the LM motion in the systems of Tokamak reactor, including the blanket, occurs 

in a strong magnetic field (10Т) (see [108], [119]; [50]), the MHD effects become significant 

and it is important to take them into account already on the stage of projecting. The 

interaction between the circulating liquid metal with a strong magnetic field leads to a 
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formation of large electromagnetic body forces. These forces determine the flow distribution 

(its structure) of liquid metal and produce large MHD pressure gradients. The resulting MHD 

pressure drop leads to the necessity of making the large pressure gradients for metal pumping, 

which, in turn, cause excessive pumping power loss and prohibitively large metal stresses. 

Besides, the flow distribution strongly affects the heat transfer characteristics of the blanket in 

general, and the first wall coolant channels in particular. Thus, the influence of the magnetic 

field on the LM flow in blanket’s ducts and MHD effects must be taken into account on 

developing a multi-channel design of the blanket. In the recent past the issue of LM 

employment in blankets, including MHD effects, was the subject of many articles and 

reviews. There are several reviews of LM MHD flows in fusion-relevant conditions, focusing 

on the common types of LM blankets (see, for example, [47], [69], [68], [16], [61]), and a few 

papers considering specific issues associated with concrete blanket design ([87], [78], [79], 

[83], [84]). The main MHD issues to be discussed for the liquid metal coolant systems are the 

MHD pressure drop, flow distribution, electrical insulation, magnetic field non-uniformity 

effects, multi-channel (Madarame) effect, heat transfer, etc.  

Design and construction of LM cooled fusion blankets requires detailed knowledge of 

MHD duct and channel flow. Special attention should be paid to the MHD phenomena 

occurring in the LM path transit sections, where a substantial change of the flow direction 

relative to the magnetic field direction takes place. Thus, it is important to study flows in 

bends, expansions, contractions, manifolds and other complex geometry flows. It is to be 

noted that for the self-cooled and dual-cooled blanket, the most important MHD task is the 

determination of pressure losses. Significant MHD pressure drop, occurring in above 

mentioned geometric complexities of channels, is needed to direct the LM flow through the 

flow system and blanket ([15]).   
 

So, in order to ensure a successful and effective use of electromagnetic phenomena in 

industrial processes and technical systems, a very good understanding of the effects of the 

application of a magnetic field (also of strong magnetic fields) on the flow of electrically 

conducting fluid in channels and various geometric elements is required. Both experimental 

and theoretical studies of these problems are important.  

 The motion of a conducting fluid in an external magnetic field is described by the 

system of partial differential equations that consists of Navier-Stokes equation including the 

term of electromagnetic force, Maxwell’s equations and Ohm’s low (see [115], [111]). Due 

to the nonlinearity of these equations, the number of exact solutions in MHD is limited. (By 
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the exact solution we mean an analytical solution, which is obtained when all the terms in 

governing equations are taken into account). Exact solutions are possible only in the case of 

the simplest flow geometry, simplest form of magnetic field, in the presence of symmetry and 

so on. For the MHD flows in channels the possibility of obtaining exact solutions was 

practically exhausted by 1970. Review of the exact solutions can be found, for instance, in 

[113]. Therefore most solutions for MHD problem are approximate, and have been obtained 

either by simplified flow models or by approximate methods, for example, by asymptotic 

expansions. With more complex flows and different forms of the magnetic fields the task of 

obtaining analytical solutions become more complicated. Therefore numerical methods are 

widely used for solving these MHD problems, especially 3D problems (see e.q. [75], [44]). 

Nowadays numerical codes are developed that are able to simulate MHD flows in arbitrary 

geometries and for any orientation of the applied field. During the last decade few attempts 

are made to develop 3D software also for analysis of MHD flows in strong magnetic fields 

(e.q. [3], [62], [73], [84]).  

However, analytical solutions do not loose their importance (even if these solutions 

are obtained for simplified flows). First, analytical solutions give the qualitative picture of the 

flow and the main characteristic of the flow can be estimated. It is important for a general 

understanding of MHD flows. Second, analytical solutions are useful because they can be 

used as benchmark problems for testing numerical algorithms. Hence, it is always of interest 

to extend the class of problems for which an analytical solution can be found.  

The present work is devoted to the theoretical study of the new MHD problems on a 

flow of conducting fluid in channels in the presence of a strong magnetic field for the case 

where fluid is flowing into channels through a split of finite width or through a hole of finite 

radius on the lateral side of the channel. Plane and circular channels of infinite length are 

considered. Particular attention is paid to the study of the flow in the initial part of the 

channel. 

To solve problems on an inflow of conducting fluid into a half-space through a split of 

finite width or to study developing flow in the initial part of channels, a uniform velocity 

profile or parabolic velocity profile is usually given at the entrance of region (for example 

[139], [140], [141], [142], [143], [144]). In some works (for example [127], [137]) the case of 

an arbitrary velocity profile at the channel’s inlet region has been also considered. In all these 

works the velocity distribution, the distribution of pressure or the temperature field have been 

studied, but to the author’s knowledge, the dependence of full pressure force at the entrance 

on the entrance velocity profile has been not studied in literature. Therefore, one part of the 
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PhD thesis is devoted to the analytical study of this dependence by solving two hydrodynamic 

and two MHD problems on an inflow of viscous fluid (or conducting fluid for MHD 

problems) into a half-space through a split of finite width or through a hole of finite radius. 

Both the case of a uniform inlet velocity profile and the case of a parabolic inlet velocity 

profile are considered in the thesis.  

In this work another new problem is studied analytically, i.e. the MHD problem on an 

influence of a cross flow on a main flow in an infinitely long plane channel in a strong 

magnetic field.  

All problems considered in this work are described mathematically by the system of 

partial differential equations and are solved by means of integral transform, i.e. by using 

Fourier or Hankel transforms.  
 

The structure of the thesis: 
 

This work consists of an introduction, four chapters and conclusions.  
 

1) The 1st chapter is dedicated to the analytical study of the new MHD problem on an inflow 

of a conducting fluid into a plane channel through a split of finite width on the lateral side of 

the channel. Cases of longitudinal and transverse magnetic fields are studied in detail. Stokes 

and inductionless approximations are used for problem solving. The exact analytical solution 

of the problem is obtained in the form of convergent improper integrals by using Fourier 

transform. On the basis of obtained results the velocity field is studied numerically. In the 

case of longitudinal magnetic field, numerical calculations show that the velocity has the M-

shaped profiles in the entrance region of the channel at large Hartmann numbers. The physical 

explanation of these velocity profiles is given in the thesis. The asymptotic solution of the 

problem at Hartmann number Ha→∞ is also obtained. In this part of the thesis the important 

practical result has been obtained for the case of transverse magnetic field, namely, a pressure 

gradient which is proportional to the square of the Hartmann number is needed for the turning 

the flow by the angle 90 degrees at large Hartmann numbers, while for pumping the fluid we 

need a pressure gradient which is proportional to only the first power of the Hartmann 

number.  
 

2)  The 2nd chapter of the thesis is devoted to the theoretical study of problems on an inflow 

of conducting fluid into channels in the presence of the rotational symmetry in the geometry 

of the flow. Namely, two problems are solved analytically: the MHD problem on an inflow of 

a conducting fluid into a plane channel through a round hole of finite radius on a channel’s 
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lateral side and the MHD problem on an inflow of conducting fluid into a circular channel 

through a split on channel’s lateral side. 

For the plane channel the case of transverse magnetic fields is studied in detail. For the round 

channel the problem is solved for longitudinal magnetic field. Both problems are solved in 

Stokes and inductionless approximations. Hankel transform is used for the solution. 

Analytical solution of the problem for cylindrical channel is obtained by transforming the 4th 

order linear differential operator with varying coefficients into a product of two differential 

operators of second order. Similar M-shaped velocity’s profiles in the entrance region of the 

round channel were obtained for longitudinal magnetic field at large Hartman numbers. 

Asymptotic solution of these problems at Hartmann number Ha→∞ is obtained. 
 

3) In the 3rd part of the thesis the dependence between the boundary velocity profile given at 

the entrance and the full force of the pressure at the entrance region is studied by means of 

analytical solutions of two hydrodynamic problems and two similar MHD problems. Namely, 

the analytical solutions of two hydrodynamic and two MHD problems on an inflow of a 

viscous fluid (conducting fluid for MHD problems) into a half-space through a plane slit of 

finite width or through a round hole are obtained. The problems are solved in the Stokes 

approximation (for MHD problems the inductionless approximation is additionally used). For 

each problem two cases are considered: the case of uniform inlet velocity profile at the 

entrance of region and the case of parabolic inlet velocity profile at the entrance. It is shown 

that in the first case the full pressure force at the entrance is equal to infinity and, 

consequently, such flow is physically unrealistic. In the second case the full pressure at the 

entrance of the region has finite value. In the case of the plane split the solution hydrodynamic 

problem is obtained in terms of elementary functions, but in the case of the round hole the 

solution is obtained in the form of integrals containing Bessel functions. For the MHD 

problem the solution is obtained in the form of improper convergent integrals. The new 

asymptotic solutions for MHD problems are obtained at large Hartmann numbers for the case 

of parabolic inlet velocity profile. 
 

4) In the 4th chapter the analytical solution is obtained for the problem on a MHD flow of 

conducting fluid in the initial part of a plane channel at the presence of a cross flow. Both the 

longitudinal magnetic field and transverse magnetic field is considered. The problem is solved 

in Oseen and inductionless approximation by using Fourier transform provided that only the 

velocity of fluid is prescribed at the entrance of the channel. Note, that in solving the problem 

of a flow of viscous fluid in the initial part of the channel by using the Oseen approximation, 
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it is usually assumed that the velocity and the pressure of the fluid are given at the entrance of 

the channel ([127], [113]). In our opinion, these boundary conditions overdetermine the 

problem. It is sufficient to prescribe only the velocity at the entrance of the channel, and that 

is done in the present work. The dependence of the length of the initial part Linit on the 

Hartman number is analyzed. Additionally, the field of perturbation velocity is studied for 

different Hartmann and Reynolds numbers.  
 

5) The results of all the work are described in the conclusion.  

0.1. Governing equations.  

In this section the governing equations of MHD are presented. In addition, the important 

dimensionless parameters and assumptions used in this work are discussed.   

In general, the system of MHD equations describing the motion of conducting fluid in 

external magnetic field consists of (see [115], [111], [72]): 

1) Navier-Stokes equation of motion including electromagnetic body force BjFe
~~ ×=  (so-

called Lorentz force): 

⎥⎦
⎤

⎢⎣
⎡ ×+∇+∇−=⎟

⎠
⎞⎜

⎝
⎛ ∇⋅+

∂
∂ BjVPVV

t
V ~~1~~1~~~

2

ρ
γ

ρ
; (0.1) 

2) Equation of mass continuity for incompressible fluids, such as liquid metals: 

0~ =Vdiv ; (0.2) 

3) The generalized Ohm’s law for a slowly movable medium in a magnetic field (the velocity 

of medium is much smaller than speed of light): 

⎟
⎠
⎞⎜

⎝
⎛ ×+= BVEj ~~~~ σ ; (0.3) 

4) Maxwell’s equations: 

Ecurl
t
B ~
~
~

−=
∂
∂ , (0.4) 

t
EBcurlj ~
~~1~

∂
∂

−= ε
µ

, (0.5) 
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0~ =Bdiv ,     (0.6)   

ε
ρeEdiv =~ , (0.7) 

where 2

2

2

2
2

~~,~~ yx
e

y
e

x yx ∂
∂

∂
∂

∂
∂

∂
∂

+=∇+=∇   is the Laplace operator;  

 V~  is the velocity of the fluid; P~  is the pressure; σ  is the electrical conductivity, ρ  is the 

density, γ  is the kinematic viscosity of the fluid; B~  is the vector of magnetic induction, E~  is 

the electric field vector, j~  is the electric current  density; ε  is the absolute electric 

permittivity of the fluid; µ  is the absolute magnetic permeability of the  fluid. If the fluid is 

not magnetic, then 7
0 104 −⋅=≈ πµµ ms/AV ⋅⋅ , where 0µ  is a magnetic permeability in free 

space. 

 
Note: in this work dimensional quantities are denoted by symbols with tilde, while their 

dimensionless counterparts – by the same symbols without the tilde. 

 
Let us briefly consider the physical significance of these equations. 

Equation (0.1) describes the motion of a conducting fluid in magnetic field and takes into 

account the action of pressure force Pgrad~ , viscosity force V~2∇γ , inertia force VV ~~
⎟
⎠
⎞⎜

⎝
⎛ ∇⋅  

and electromagnetic body Lorenz force Bj ~~×  on the element of moving medium. The 

presence of the electromagnetic Lorenz force generated in the conducting fluid due to the 

interaction of current j~  with the magnetic field B~ , represents the major difference between 

magnetohydrodynamics and classical hydrodynamics. The electromagnetic force not only 

exerts an influence on the flow of conducting fluid, but it itself is also changed under the 

influence of the flow ([89]; [72], [111]). 

The Ohm’s low (0.3) states that the motion of the conducting fluid in magnetic field 

induces an electrical current in the fluid. In general, electric field E~  in this law depends not 

only on the difference of the potentials acting from outside, but also on the particular 

conditions of the moving medium.  

Eq.(0.4), or Faraday’s law, states that an alternating magnetic field also creates a  

vortex of electrical field. In turn, the electrical current passing through the conducting fluid 
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induces its own magnetic field according to Eq.(0.5), or Amper’s law. The second term in 

Eq.(0.5), 
t
E
~
~

∂
∂

− ε , is called the displacement current. One must take this term into account for 

fast electromagnetic processes like the propagation of electromagnetic waves, but for slowly 

varying electromagnetic process in which velocity and related time scales are much smaller 

compared to the speed of light, one can neglect this term. Working with a conducting fluid 

one usually neglects this term, due to the fact that conducting current is much larger than the 

displacement current ([71], [32]). Therefore, the conducting fluid Amper’s law (0.5) can be 

written in the form: 

Bcurlj ~1~
µ

= . (0.8) 

Taking the divergence of Eq. (0.8) one obtains the charge conservation law: 

0~ =jdiv . (0.9) 

It also follows from Eq.(0.4), that in a steady case ( 0~/ =∂∂ t ) an electrical field is a potential 

field and it can be expressed in term of the  gradient of a potential ϕ : 

ϕ~~ gradE −= . (0.10) 

Last equation Eq.(0.7) of the system (0.1)-(0.7) states that the electric field is created 

by electric charge. For a good conducting fluid such as liquid metal (there isn’t point charge 

in the fluid) this equation has the form 

0~ =Ediv . (0.11) 

Another frequently used equation is the Induction equation:  

BBVcurl
t
B ~1)~~(~
~

2∇=×−
∂
∂

σµ
. (0.12) 

This equation is obtained by equating j of Eqs. (0.3.) and (0.8), applying the operator  curl 

and using Eqs.(0.4) and (0.6).  

Using formula ( ) ( ) adivbbdivabaabbacurl ⋅−⋅+∇⋅−∇⋅=× )(  and Eqs.(0.2), (0.6), the 

Induction equation (0.12) can be also written in the form: 
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             BVBBV
t
B ~1~~~~
~
~

∆=⎟
⎠
⎞⎜

⎝
⎛ ∇⋅−⎟

⎠
⎞⎜

⎝
⎛ ∇⋅+

∂
∂

µσ
. (0.13) 

This induction equation suggests (describes) that in the applied external magnetic field eB  the 

motion of a conducting fluid induces electrical currents, which induce their own magnetic 

field iB  and the total magnetic field is the sum of the external magnetic field and induced 

magnetic field ie BBB ~~~
+= . Thus, the flow of conducting fluid in the external magnetic field 

modifies the magnetic field inside the volume of the fluid according to Eq.(0.13). 

The equations (0.12) and (0.13) are mostly used in problems that analyse the 

dependence of a full magnetic field on liquid’s speed, and conversely, i.e. in formulations for 

the induced magnetic field instead of the current density. In this case, it is convenient to 

eliminate the current density and electrical field from the full system of equations (0.1)-(0.7). 

For these problems the electromagnetic force in the equation of fluid motion (0.1), is 

represented only by induction of the magnetic field  BBcurlFe
~~1~ ×=

µ
. Therefore, the 

equation of fluid motion has the form   

⎥⎦
⎤

⎢⎣
⎡ ×+∇+∇−=⎟

⎠
⎞⎜

⎝
⎛ ∇⋅+

∂
∂ BBcurlVPVV

t
V ~~1~~1~~
~
~

2

ρµ
γ

ρ
 (0.14) 

and Eqs. (0.13) and (0.6) are used instead of the system (0.1)-(0.7). 

Note that Eq.(0.14) can be also written in the form: 

BBVPVV
t
V

m
~~1~~1~~~

2 ⎟
⎠
⎞⎜

⎝
⎛ ∇⋅+∇+∇−=⎟

⎠
⎞⎜

⎝
⎛ ∇⋅+

∂
∂

ρµ
γ

ρ
, (0.15) 

where µ2/~~~ 2BPPm +=  is so-called total pressure. 

 

 We introduce dimensionless variables using h, V0 , B0, h/V0 , V0B0 , ρνV0/h as 

scales of the length, the velocity, magnetic field, time, electrical field and pressure, 

respectively. Scales V0 and h are chosen in the thesis depending on the problem. For 

problems on an inflow of conducting fluid in channels, we choose the half-width of the 

channel as a scale of length h, and the magnitude of average velocity V0 at the entrance 

of the channel is chosen as a scale of the velocity. In all problems, considered in the 

thesis, B0 is the magnitude of external magnetic field.  
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 Therefore we obtain the following non-dimensional form of the system of MHD 

equations for the flow of electrically conducting fluid in an external magnetic field: 

( ) [ ]BjHaVPVV
t
V

×+∇+−∇=∇⋅+
∂
∂ 22ReRe , (0.16) 

0=Vdiv , (0.17) 

BVEj ×+= , (0.18) 

Ecurl
t
B

−=
∂
∂ , (0.19) 

Bcurljm =Re , (0.20) 

0=jdiv  , (0.21) 

0=Ediv ,    0=Bdiv .                                                                         (0.22) ,(0.23) 

 

The nondimensional Induction equation Eq.(0.13) has the form:  

( ) ( ) BVBBV
t
B

m

2

Re
1

∇=∇⋅−∇⋅+
∂
∂ . (0.24) 

In this system the following dimensionless parameters are used: 

γ
hV0Re =                       is the Reynolds number. It represents the ratio of inertial to viscous 

                                      forces in  the flow. 

0Re hVm µσ=               is the magnetic Reynolds number and it can be interpreted as the ratio  

                                     of the  induced magnetic field to the applied external magnetic field. 

Re

2

0

2
0 Ha

V
hB

N ==
ρ
σ

       is the Stuart number or interaction parameter, which characterizes the  

                                     ratio of  electromagnetic to inertial forces. 

ργ
σhBNHa 0Re =⋅=  , the Hartmann number, which characterizes the ratio of  

                                             electromagnetic to viscous forces. The Hartmann number is  

                                             sufficiently high for all liquid metals. 

 



 19

The mathematical description of the problems in this work is based on the following 

assumptions: 
 

1) We consider the stationary ( 0/ =∂∂ t ) laminar flow of incompressible, viscous and 

electrically conducting fluid.  

2) All physical properties of the fluid (magnetic permeabilityµ , the electrical conductivity σ  

and the kinematic viscosityν ) are assumed to be constant. 

3) We consider MHD flows in a uniform external magnetic field eB . 

4) The magnetic Reynolds number is much less than one 1Re <<m  (for Lithium blankets, 

for example, 13 1010Re −− −=m , (see [42]). In this case we can use so-called inductionless 

approximation (see [111], [115],[130]), where we take into account the induced currents, 

but neglect the magnetic field created by these currents. In other words, we assume that 

the fluid flows in a strong magnetic field eB  and the magnetic field induced by currents 

in the fluid is negligible compared to the externally applied field ei BB << . The 

dimensional Navier-Stokes equation (0.1) in inductionless approximation has the form: 

ee BBVEVPVV
t
V ~~~~~~1~~~

2 ×⎥⎦
⎤

⎢⎣
⎡ ×++∇+∇−=⎟

⎠
⎞⎜

⎝
⎛ ∇⋅+

∂
∂

ρ
σγ

ρ
. (0.25) 

At these assumptions the system of non-dimensional MHD equations (0.16)-(0.23) has 

the form: 

( ) [ ] ee BBVEHaVPVV ××++∇+−∇=∇⋅ 22Re , (0.26) 

0=Vdiv , (0.27) 

0=jdiv  , (0.28) 

0=Ediv . (0.29)  

As it was mentioned before, due to the nonlinearity of MHD equations, solution of both two-

dimensional and three-dimensional MHD equations is associated with considerable 

difficulties. Exact solutions for these equations have been obtained only for very specific 

problems. (By the exact solution we mean an analytical solution, which is obtained when all 

the terms in governing equations are taken into account). However, for many applications 

these equations can be linearized by using two linearization schemes known as Oseen and 
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Stokes approximations (See, for example, [111], [135], [20]). These two approximations are 

also used in the PhD thesis in order to construct analytical solutions of MHD equations:  

1) In the Stokes approximation, the nonlinear term VV
~~

⎟
⎠
⎞⎜

⎝
⎛ ∇⋅  that corresponds to the inertia 

force, is neglected in Eq.(0.26);  

2) In the Oseen approximation inertia force is partially taken into account by means of 

linearization of nonlinear term VV
~~

⎟
⎠
⎞⎜

⎝
⎛ ∇⋅ .  For this purpose the perturbation of the velosity 

ueVVU 0

~~
−=  is introduced and only linear terms with respect to the perturbation are retained 

in equation. As a result, one uses linearized term UV
~~

0 ⎟
⎠
⎞⎜

⎝
⎛ ∇⋅  instead of the nonlinear term, 

where 0V =const (for example, 0V  is a magnitude of an averaged velocity of the fluid at 

infinity) ([109]). 
 

 The theorem of the existence and uniqueness of solutions both for the problem of 

Stokes flow and for the problem of Oseen flow is proved in [111]. Note that the Stokes 

paradox, which takes place in ordinary hydrodynamics, is absent in MHD problems, at least 

in the case of slowly decreasing at infinity magnetic field (see [111]). Therefore, in MHD 

there are more cases where one can use Stokes approximation and Oseen approximation, than 

in hydrodynamics and these approximations give good results (see [111], [135], [109], [108], 

[120], [121]). For example, these approximations are widely used for the problems on MHD 

flow in channels and for jet flows. Note that Stokes and Oseen approximations work well in 

strong magnetic field (N >> 1, M >> 1).  

 Different techniques have been applied to analyticaly solve linearized MHD equations 

for simple configurations, such as the method of separation of variables, matched asymptotic 

expansions, a singular perturbations method, integral equation techniques and so on. In this 

work we use integral transform technique, namely Fourier and Hankel transforms are used for 

the solution of linearized MHD equations. 

Solving the problems on an inflow of conducting fluid into a plane channel through a 

split on the channel’s lateral side, the following fact is taken into account in the thesis: the 

electric field is constant in all domain of fluid motion in the case of a plane-parallel flow and 

this electrical field does not affect the velocity distribution ([111]). If a transverse magnetic 

field is located in the plane of the flow and both the flow and magnetic field are stationary, 

then the intensity of electric field is constant in the whole domain of the flow and this 
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intensity vector is perpendicular to the plane of the flow. constEE z == . Even if xE  and 

0≠yE , they don’t affect the motion of the fluid and one can put 0== yx EE  (see. [111])] 

Solving new problems on MHD flow in channels, the results are also compared with 

well-known fully developed Poiseuille and Hartmann flows (see [113], [111]). The Poiseuille 

flow problem is the classic and simple problem of viscous and laminar flow in hydrodynamics 

(see for example [123]). Poiseuille flow occurs in viscous fluid moving between two plates 

whose length and width is much greater than the distance separating them, when the flow is 

driven by a pressure gradient in the direction of the flow in the absence of the magnetic field. 

Poiseuille flow has the parabolic distribution of velocity (Fig.0.3). The same velocity profile 

occurs in the similar MHD problem on conducting flow between two nonconducting parallel 

plates in the presence of longitudinal external magnetic field (i.e. when magnetic field is 

parallel the flow direction), since the Lorenz force doesn’t affect the flow in this case ([111]).  

 

x

y

02a

0=σ

0=σ
y

e eBB 0=
z

Hartmann flow

Poiseille flow

 

Figure 0.3. The geometry of the flow in a plane channel. 

 

 The MHD analogue of the plane Poiseuielle flow problem is the Hartmann problem on 

a fully developed flow of conducting fluid in the gap between two infinitely long parallel 

nonconducting plates under the influence of pressure gradient in external transverse magnetic 

field (see, for instance, [111], [72]). In this case, the velocity profile has a plane shape in the 

centre of the channel, and it sharply goes to zero near the channel’s walls. This flow is known 

as Hartman flow (see Fig.0.3). With an increasing Hartmann number the velocity profile 

flattens in the channel core and exhibits thin boundary layers near the walls. The thickness of 

this boundary layer is 1~ −Haδ . This phenomenon is called Hartman effect. 
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Figure 0.4. The geometry of the channel for the  Hartmann flow. 

 
 

Note, that the same Hartmann flow occurs in a rectangular duct with the large aspect ratio 

b/a>>1 in the presence of a transverse external magnetic field if the channel’s walls bz ±=  

have the conductivity wσ  which is much larger than conductivity of the fluid, but the walls 

ay ±=  are non-conducting and external magnetic field is perpendicular to channel walls 

ay ±=  (see Fig.0.4). 

 
0.2. Review of literature 

         Beginning in the twenties, MHD flows of viscous electrically conducting fluids inside 

channels have been considered by many researchers for various situations. As was mentioned 

above, the number of exact solutions in MHD is limited due to nonlinearity of the Navier-

Stokes equations. By the exact solution we mean an analytical solution, which is obtained 

when all the terms in governing equations are taken into account. For the MHD flows in 

channels the possibility of obtaining exact solutions was practically exhausted by 1970. 

Review of the analytical solutions of the problems on MHD flows in channels, including 

exact solutions, can be found, for example, in ([113], [72]). Therefore, only the most 

important theoretical papers, which are close to the theme of the thesis, are considered below. 

We also consider the most important theoretical papers devoted to jet flows in magnetic 

fields. In addition, experimental works dedicated to MHD flows in channels of different 

geometry, which are closely related to the PhD thesis are briefly summarized below.  

We start the survey with the analysis of fundamental papers devoted to fully 

developed flows in pipes whose cross-section does not vary with respect to the longitudinal 

coordinate. In addition, only the case of a constant magnetic field is considered here. In this 
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case, exact solutions of MHD equations exist for some simple shapes of the cross-section of 

the pipe. The flow is fully developed if the velocity profile is no longer changing in the main 

flow direction, i.e. a flow that has reached a stable steady state driven by a constant pressure 

gradient. 

Hartmann (1937) first investigated experimentally and theoretically a steady fully 

developed MHD flow in the gap between two infinite parallel nonconducting plates driven by 

a constant pressure gradient (see [138]). The external magnetic field is uniform and 

perpendicular to the two channel walls. The lateral channel walls are at infinity. The velocity 

V and induced magnetic field B depend only on one coordinate so that it is a one dimensional 

problem. The dimensionless solution for velocity V was obtained in the form: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ⋅
−

−⋅
⋅

=
)cosh(

)cosh(1
)sinh()cosh(

)cosh()(
Ha

yHa
HaHaHa

HaHayV    

For sufficiently high Hartmann numbers the flow is characterized by a core with uniform 

velocity and by thin boundary layers along the plates. These layers are called Hartmann layers 

and they are present along walls on which the magnetic field has a normal component. This 

investigation provided fundamental knowledge for the development of several MHD devices 

such as MHD pumps, generators, brakes and flow meters (see [72]). Later Chang and 

Lundgren in work [19] found an analytical solution for a similar problem for conducting 

walls. The case of two plates with equal conductivities 021 ≠= σσ  was considered. More 

general case where the conductivites are not equal ( 21 σσ ≠ ) was presented in [25].   

There are two classes of analytical solutions for two-dimensional MHD channel flows. 

The first class, limited to certain channel geometries, comprises the exact solutions which 

may be represented by series expansion of eigenfunctions (Fourier series). The second class 

of solutions may be obtained as an asymptotic approximation for large Hartmann number 

(see, for example, [72]).  

For simple rectangular channel geometries (where two-dimensional MHD flows occur) 

exact analytical solutions have been obtained only in the case of certain combinations of 

relative conductivities of the walls that are parallel and perpendicular to the magnetic field 

(see [72], [113]). Shercliff (see [89]) was the first who found an exact solution for 2D MHD 

flows in rectangular ducts with insulating walls in transverse magnetic field. He pointed out 

the existence of a second type of boundary layers near walls parallel to the magnetic field, 

known as side or parallel layers. Later a similar problem was solved for sloping magnetic 
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field by Sloan in [81] and Eraslan in [22]. Chang and Lundgren in [19] and Ufland in [129] 

obtained exact solutions for MHD flow in channel with perfectly conducting walls. This 

configuration represents one of the several cases considered by Hunt in [45]. Hunt analyzed 

two cases: 1) the case of MHD flows in ducts with perfectly conducting Hartmans walls 

(which are perpendicular to the magnetic field) and thin conducting side walls (which are 

parallel to the magnetic field), and 2) the case with thin Hartmann walls of arbitrary 

conductivity and insulating side walls. The solution was found by using Fourier series 

expansion for the velocity and magnetic field. He examined also the solution for large 

Hartmann numbers and found out that a variation in the conductivity of the sidewalls has a 

strong effect on the velocity profile in the parallel boundary layers and on the volume flux 

carried by these layers. It is shown that in the first case for sufficiently large Ha the velocity in 

the core of the flow is almost constant. Thin boundary layers appear only near the walls: 

Hartmann layers of thickness )( 1−HaO near the walls perpendicular to the field and side 

layers (or shear layers) of thickness )( 2/1−HaO near the walls parallel to the field. In the 

second case the velocity in side boundary layers is of order )( 2/1HaO while it is of order 

)( 2/1−HaO in the core. This means that the velocity profile along the channel and 

perpendicular to magnetic field has a typical M-type profile. In the case of perfectly 

conducting lateral walls this effect disappears and the velocity profile is similar to the profile 

for the channel where all walls are nonconducting.  

Cases with arbitrary conductivity of the walls have to be solved by numerical methods 

or analytically by asymptotic analysis that focuses on the main phenomena and valid for high 

Hartmann numbers and interaction parameters (see, for example, [104], [93], [92]). The same 

comment applies also to 3D flows that occur in bends, expansions, contractions, manifolds 

and other complex geometry flows. Three-dimensional MHD flows in channels with 

nonconducting walls are considered in [120] for the first time. 

Note that the most useful approaches for asymptotical analysis of MHD flows in 

channels for blanket conditions are so called “core flow approximation” (for large Hartmann 

numbers) which neglects inertial and viscous terms ([13], [96], [95]) and methods of matched 

asymptotic expansions (see, for example, [12] and [72]). For obtaining the approximate 

solutions by using the second method, the flow domain is divided into the ‘core’ region and 

the boundary layer regions. The ‘core’ region is located far from the walls and the viscosity is 

not taken into account in this region. Boundary layer regions are located near channel walls 

where the viscosity plays an important role. For each region a simplified set of conservation 
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equations holds, which may be solved analytically. The solutions are adjusted to the boundary 

conditions at the wall and they are matched to each other in order to get a smooth transition 

between subdomains.  

Devices, which have a cylindrical pipe of large length, located in almost constant 

magnetic field often occur in applications as the major component (in particular, in flow 

meters). The action of the magnetic field on the fluid flow in such a pipe is physically similar 

to the flow in a square duct. However, in this case it is difficult to define precisely the domain 

of existence of Hartmann layers and layers of larger thickness. The exact analytical solution 

was obtained for the problem on MHD flow in insulating circular ducts in uniform magnetic 

field in [128], [26]. The solution was obtained in the form of a series of orthogonal functions 

(Bessel functions depending on the radius and cosine function depending on the angle), 

which, as many other series in magnetohydrodynamics, is slowly convergent for large Ha. 

Asymptotic solution of this problem for Нa>>1 was obtained in the paper [91] by Shercliff 

using the method of matched asymptotic expansions. The analysis of the solution indicated 

that side layers do not form for the flow in a circular pipe and there exists a boundary layer of 

another type which does not affect the flow in other regions. This boundary layer appears in 

the neigborhood of the points where the normal component of the magnetic field is equal to 

zero. The problem for this boundary layer was solved later in [80]. 

It was shown later in the papers [120], [121], [90] that abrupt change of the cross-

section of the channel, conductivity of the walls, and induction of the magnetic field can lead 

to the formation of free boundary layers and M-shaped velocity profile. The mechanism of the 

formation of M-shaped velocity profile is related to the vortex character of the 

electromagnetic force and is discussed in detail in [115]. It was pointed out in the same work 

that M-shaped velocity profile is observed only in flows, which are symmetric with respect to 

the longitudinal axis of the flow direction and induction vector of the magnetic field. In 

general the action of constant magnetic field can lead to highly nonuniform and asymmetric 

structure of the flow with respect to the channel cross-section. 

As was mentioned above, it is important to study MHD flows in channels of different 

cross-sections: bends, expansions, contractions, manifolds and other complex geometry flows 

for metallurgy applications and applications in fusion technology. In this case it is important 

to analyse MHD processes that occur when the flow makes a turn in a magnetic field, when 

transition from the flow in a circular channel occurs to the flow in a channel with high aspect 

ratio, when abrupt expansion of the channel occurs and so on. 
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It is important to study MHD flows in channels with high aspect ratio for  metallurgical 

applications and the development of Tokamak reactor. For example, MHD flow in 

magnetohydrodynamic devices often can be considered as a plane parallel flow since the part 

of a MHD device that is located between the poles of a magnet usually has the form of a 

narrow rectangular channel. The conceptual idea of a liquid blanket for a Tokamak nuclear 

reactor was presented in [50], [122] where heat exchange is organized using a system of 

slotted channels (channels with high aspect ratio) and the slotted channel concept was 

considered as a method for MHD pressure drop reduction in a liquid metal cooled blanket 

design.  Hence, analysis of MHD flows in such channels in a strong magnetic field is very 

important.  

Many papers are devoted to the experimental analysis of flows in channels with high 

aspect ratio. А review of experimental results on MHD flow in slotted channels is presented 

for example in [23]. Analytical solution of the problem for a steady flow of a viscous 

electrically conducting fluid in a channel with high aspect ratio under external pressure 

gradient was obtained by [125]. Approximate method of Galerkin - Kantorovich was used in 

the analysis. The obtained solution takes into account finite conductivity of all walls (parallel 

and perpendicular to the field).  

Later MHD processes in slotted channels that are similar for blanket problems were 

studied experimentally (see [38], [118]). Namely the MHD phenomena caused by a 900 turn 

of the flow, flow transition from a circular pipe flow to a flow in a channel with high aspect 

ratio, and flow resulting in an abrupt expansion of the channel was studied. The dependence 

of the pressure drop in the model on the value of the mean flow rate velocity was studied. 

Distributions of the electric potential on the wide walls of the slotted channel and the velocity 

distribution of the developed flow in the channel were obtained in experiments. In addition, 

M-shaped velocity distributions of the velocity of such developed flow were obtained in the 

work. The results indicate that as the intensity of the magnetic field increases the influence of 

inertia forces on the flow of a liquid metal in a channel with high aspect ratio and M-shaped 

velocity profiles become more pronounced.  

As was pointed out above flows in a plane channel can be considered as the first 

approximation to the flow in a channel with a high aspect ratio and in the present thesis we 

study analytically the flow of a conducting fluid in a plane channel for two cases: (a) for the 

case where fluid flows into a channel through a plane split at the channel’s lateral side and (b) 

for the case where the fluid inflows a channel through a round hole. Note that problems on 
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inflow of a submerged jet into bounded space are fundamental MHD problems and are quite 

often considered in literature.  

We consider in short the most important theoretical works devoted to the problems on 

inflow of a submerged jet into semi-space in a magnetic field. These problems have already 

been fairly fully studied and the generalization of the results obtained before the seventies can 

be found, for example, in [135]. The study of the MHD problems on the plane or round 

submerged jet flowing into half-space is usually restricted by the case where width of split or 

the radius of hole are negligibly small (see [135], [28]). The majority of such problems are 

analyzed using boundary layers approximations and inductionless approximations. A number 

of self-similar solutions are obtained. The existence of self-similar solutions for plane 

submerged jet are considered in [70].  

The effect of a transverse magnetic field on the development of a two-dimensional 

submerged plane jet (the jet comes out of an infinitely long thin slit) of conducting fluid was 

examined by Moreau ([70], [21]) for the first time. He obtained a self-similar solution for the 

dimensionless velocity profile in a boundary-layer approximation representing the balance 

between inertia, magnetic and viscous forces. Quantitative characteristics are proposed in [94] 

and later in [117] which can be used to describe all the major parameters of the jet (flow rate 

etc.) and obtain the complete solution of the problem in a boundary layer approximation.  In 

[94], the impulse in the initial cross-section of the jet was used as such characteristic for the 

case of a uniform magnetic field. In this work the problem was solved also for the case where 

applied transverse magnetic field is an arbitrary function of the x coordinate. In this work self-

similar solution was obtained also for the case of laminar radial slit jet.  

The same problem on the effect of an applied uniform transverse magnetic field on the 

development of a two-dimensional jet of incompressible fluid was examined also in [64]. In 

this paper qualitatively the same phenomenon – disappearance of the jet at the finite distance 

from the source – was obtained when all the viscous forces were neglected. It is shown that 

the viscous similarity solution obtained by Moreau is relevant when M=RN<<1, but for 

M=RN>>1 the inviscid treatment is appropriate and this solution is irrelevant and boundary 

layer theory breaks down. This article provides the alternative description of the inviscid flow 

for M>>1 and a general solution for this case is obtained. For inviscid jet two cases were 

considered: jet has top-hat profile at x=0 and the initial profile is yyU 2sech),0( = .  It was 

noted in this work that the boundary layer theory breaks down as the stopping plane is 
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approached. Finally, the development of a jet of conducting fluid into in nonconducting 

environment is considered. 

The problems on a free jet in uniform homogeneous magnetic field (for two-

dimensional boundary layer equations) were also solved by other authors. They employed 

different methods to solve these problems, for example, it was solved by method of expansion 

of stream function in a series of small parameters in ( [76], [82], [126], [132]), by the integral 

method in ([88], [34], [35]) and also by methods involving the asymptotic boundary layer, 

for example in [94]. All the obtained solutions indicate that by applying external magnetic 

field one can change the shape of the expanded jet.  

Several papers were also devoted to the analytical solution of problems for a submerged 

jet in longitudinal magnetic field (see, for example ([43], [35], [60], [49],[27]). 

An axisymmetric jet flow of a viscous incompressible conducting fluid in a strong 

longitudinal magnetic field in a satellite flow is studied in [29] by using a linear 

approximation. Neglecting the induced magnetic field, within the framework of the theory of 

a MHD boundary layer the authors obtained a self-similar solution for a jet with given 

momentum. Authors investigated the effect of the satellite flow on the profile of the axial 

velocity component. The exact self-similar solution was obtained for a linearized system of 

equations of a MHD boundary layer. Authors studied jet flow at large distance from the 

source in a strong magnetic field. Jets within a concurrent flow were studied also in [117], 

[107].  

Note that under the presence of co-flowing stream where in addition to some integral 

characteristic of the jet one needs to use also a characteristic of the coflowing stream it is not 

possible to construct self-similar solutions [135]. Traditional methods of analysis in these 

cases are based on linearization of the equations of motion which leads to either complete 

elimination of inertia terms (Stokes’ approximation) or to partial retention of these terms 

(Oseen’s approximation).  
 

As it was mentioned above, the study of the MHD problems on the plane or round 

submerged jet flowing into a half-space is usually restricted to cases of negligibly small width 

of a split or negligibly small radius of a hole and only some papers are devoted to jet flows 

from a split of finite width. For example, two-dimensional mixing problem in a uniform co-

flowing stream is solved in [131] where initial velocity u=u0   and magnetic field 

perpendicular to the flow were specified. The solution is obtained under boundary layer 

approximation and inductionless approximation ([135]).  
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Explicit solution of the similar problem on jet flow from a nozzle with finite crossection 

of elliptic shape into a halfspace with co-flowing stream is obtained in ([86]). The problem 

was solved in inductionless approximation. Oseen’s approximation is used to linearize the 

governing system of equations. The viscous boundary layer approximation is used for the 

solution. 

Later a self-similar solution in a boundary layer approximation is obtained in [136] for a 

two-dimensional problem of a plane jet flowing into a halfspace from a split of a finite width. 

The impulse in the initial cross-section of the jet and half-width of the jet at x=0 are 

considered as quantitative characteristics for the complete solution of the problem. Initial flow 

rate can be used instead of the half-width of the jet.  

 Exact analytical solution for the similar problem on a plane submerged jet flowing 

into half space through split of finite width under the action of a sloping uniform magnetic 

field was obtained in Stokes and inductionless approximation in [5]. The problem was solved 

by means of the method of integral transform, namely, by using the Fourier transform. Two 

cases of a longitudinal and transverse magnetic field are examined in detail. The asymptotic 

solution of the problem was obtained for these cases for large Hartmann numbers. All 

boundary layers as well as the asymptotic of the pressure force at the fluid inflowing into half-

space have been found for longitudinal and perpendicular strong magnetic fields. 

In the thesis we consider the similar problem on a MHD flow, where the conducting 

fluid is flowing into a channel through a split of finite width or through a hole of finite radius 

on the lateral side of channel. Plane and round channels are considered in present work.  

These problems are solved analytically using integral transforms in Stokes’ and inductionless 

approximation.  

It was pointed out above that from a practical point of view the problem of a submerged 

jet in a finite region is the most important one. It cannot be solved theoretically using an exact 

formulation of the problem.  

One problem that is related to it is the flow in a channel with abrupt enlargement. 

Expansions and contractions, as it was mentioned above, are important geometric elements in 

liquid metal devices and the study of the flow in such geometries is a key issue for 

applications in fusion reactor blankets where the flow is distributed from small pipes to large 

boxes. They are also basic geometric components of any liquid metal device.  

Flow in channels with sudden enlargement of the cross-section is well investigated both 

experimentally (in 60s and 70s) and numerically (see, for example, [112], [110]; [24], [17], 

[11], [18], [77]).  
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A detailed survey of experimental results can be found in [112], [135]. One of the first 

experiments, which studied the influence of confinement of a jet in a rectangular duct with 

insulating walls, was carried out by Branover and Sherbinin (see [112]) . They analyzed a 

flow in a plane channel with sudden expansion in a perpendicular magnetic field. 

Nonmonotonic M-shaped velocity profiles are found for the first time. It is shown in 

experiments that the jet flowing from the plane slit into a wide rectangular part of the channel 

in a magnetic field that is perpendicular to the split is separated under the action of a magnetic 

field into two plane jets flowing near walls parallel to the field and rotated by 90 degrees 

relative to the output stream. This effect is clearly seen in strong magnetic fields ([101], [102], 

[103]). Experimental studies were related both to the study of the velocity distribution in the 

flow ([112] [110]) and potential distribution near sudden expansions and contractors ([24]);  

pressure distribution along the duct under sudden expansion ([17], [11]). 

In [97] the numerical study is presented for the problem on a flow of a viscous 

incompressible fluid, arising when a flat laminar jet flows into a plane channel through the 

split of finite width in the front section of the channel   under the influence of a magnetic field 

(for Rem<<1). The problem was reduced to the following problem: a jet of fluid flows into a 

plane channel through a slit whose width is one-tenth of the channel width. An external 

uniform magnetic field is in the direction transverse to the channel. The induced currents are 

assumed to be short circuited through electrodes (the side walls of the channel). The initial 

velocity profile is taken to be uniform (the value of the velocity at the entrance is equal to 

unity). In the calculations the position of the slit on the end wall of the channel is varied 

relative to its axis, and the values of the Reynold’s R and Hartmann number Ha are also 

varied.   

Now let us in short consider most important theoretical works devoted to these flows in 

channels with expansions. 

Hunt and Leibovich in [46] studied the two-dimensional MHD flow in linear duct 

expansion under the action of a strong uniform transverse magnetic field under the 

assumption that N>>1, Ha>>1 and Rem<<1. As an example, they considered MHD flows in a 

duct with single side linear expansion and  in a duct formed by two different channels of 

uniform cross-section connected by a smooth linear expansion  i.e. the expansions was given 

as  1±=y  for 0<x  and )tan1( αxy +±=  for 0>x . They first tried to understand the 

structure of parallel layer in duct flow. These layers are formed along the magnetic field either 

at the solid walls parallel to the applied magnetic field, or inside the fluid at the 

discontinuities of the duct geometry, electrical conductivity of duct walls, etc.  They 
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examined the flow in three separate regions: in the 'core' region in which the pressure gradient 

is balanced by electro- magnetic forces; in Hartmann boundary layers where electromagnetic 

forces are balanced by viscous forces and in thin layers parallel to the magnetic field in which 

electromagnetic forces, inertial forces, and the pressure gradient balance each other. By 

expanding the solution as a series in descending powers of N they calculated the velocity 

distribution for the 'core' region, and in Hartmann boundary layer for finite values of N 

attainable in the laboratory.  

Three-dimensional flow in a rectangular channel with smooth expansion in a strong 

perpendicular uniform magnetic field is considered in [98], [99] for the case of insulating 

walls. Authors analyzed the flow by using inertialess approximation. Method of asymptotic 

expansions is used for the solution. It is found that jets are formed in the neighbourhood of 

lateral walls in the case of nonconducting walls. The velocity in the jets is of the order of 

)( 2/1HaO  while in the core the velocity is of order )( 2/1−HaO , i.e., the velocity profile in the 

plane perpendicular to the magnetic field has a clearly seen M-shaped form. Similar problem 

for smooth expansions with thin conducting walls was considered later by Walker in [104] by 

using the same assumptions, namely high Hartmann number and interaction parameters. 

Similar but not so pronounced changes of the velocity profile were also obtained in ([101], 

[102], [103]) for the flow in a circular duct with expansion for the cases of conducting or 

nonconducting walls. 

 Later Molokov in [65] solved two-dimensional problem for the sudden duct 

expansion. The problem was solved by means of two methods: the method of matched 

asymptotic expansions for high values of Ha , N and Re and the numerical method to verify 

the asymptotic analysis.  

Buhler in [14] considered MHD flow in a duct formed by two different rectangular 

channels of uniform cross-section connected by a smooth expansion. The problem was 

studied also by using asymptotic technique. For the analysis, inertia forces are neglected in 

comparison with Lorentz or pressure force for ∞→N . He performed a study of the flow, 

reducing progressively the length of the expansion. This analysis shows that 3D effects 

disappear for very long expansion. With decreasing expansion length 3D effects become more 

important. For approaching the geometry of a sudden expansion, namely for an infinitesimally 

small expansion length, the pressure drop increases and in this limiting situation viscous 

internal layers become important and stronger 3D phenomena occur.  
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Note that all the previous analytical investigations are based on the assumptions of 

strong applied magnetic fields (Ha >>1) and negligible inertial effects in the core region 

(N>>1). The study of a wider range of parameters which allows, for example, the 

investigation of the effects of inertia forces, can be performed only by a fully numerical 

approach. A range of papers are devoted to numerical analysis of 3D MHD flows in duct with 

single-sided sudden expansion (a sudden expansion of one channel’s wall)  ([2], [74], [51]). 

Several works are devoted also to numerical analysis of 3D MHD phenomena in symmetric 

sudden expansions (see, for example, [63]).  

In closing of review of literature about the jets in the bounded space, we note some 

more works where the geometry of the flow is similar to problem considered in these theses. 

In the last couple years several works were devoted to the numerical study of the problems on 

impinging jets in magnetic field. For example, in [52] authors numerically investigate the 

effects of magnetic field on the two-dimensional fluid flow and heat transfer of confined 

impinging slot jet in channel (investigate two-dimensional fluid and heat transfer in the 

confined impinging slot jet flow) in the presence of applied magnetic field. In this problem 

the uniform slot jet with velocity u=1 flows into the channel though the split of width D and 

impinge on the opposite wall. The magnetic field is perpendicular to the flow plane. They 

obtained the numerical solution for unsteady two dimensional Navier-Stokes and energy 

equations using (equations for liquid flow and heat transfer) by using the finite volume 

method.  
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1. MHD PROBLEM ON AN INFLOW OF A CONDUCTING FLUID 

INTO A PLANE CHANNEL THROUGH A SPLIT ON THE CHANNEL’S 

LATERAL SIDE  

This part of thesis is devoted to the analytical study of the new MHD problem on an 

inflow of conducting fluid into a plane channel through a split of finite width on the channel’s 

lateral side. Cases of longitudinal and transverse magnetic fields are studied in detail (see also 

author’s papers [6], [7], [58]). 

1.1. General formulation of the problem. The case of a sloping external 

magnetic field. 

The mathematical and geometric formulation of the problem is given in this part of the 

thesis and main idea of solution is described for the case of a sloping magnetic field. 
 

Formulation of the problem: A plane channel with a conducting fluid is located in the region  

D={- h < y~ < h , ∞<<∞− x~ , ∞<<∞− z~ }. On the channel’s lateral side y~ = - h  there is a 

split in the region { LxL ~~~ <<− , hy −=~ , ∞<<∞− z~ }. Conducting fluid flows into the 

channel through the split with constant velocity y0eV G . A strong uniform external magnetic 

field eB
G

is applied under the angle α to the split, i.e. 

yx
e eBeBB GGG

⋅+⋅= αα sincos 00 . (1.1) 

The geometry of the flow is shown in Fig.1.1. 
 

y~

x~

h

D

α

eB
G

α

eB
G

y
hy

eVV GG
0

~ =
−=

L~−
h−

L~

 

Figure 1.1. The geometry of the flow in the plane channel with a split on the channel’s lateral side. 

The case of a sloping magnetic field. 



 34

We consider the case of nonconducting walls hy ±=~  and perfectly conducting lateral 

sidewalls ±∞=z~ . In this case the electrical field can be assumed to be zero. This is not an 

essential assumption for two-dimensional flows. It is shown in [111] that in the case of 

stationary external magnetic field 
G
Be  located in the plane of flow, the intensity of electrical 

field is of constant magnitude in all the domain of the flow and the vector of this intensity is 

perpendicular to the plane of flow. Thus, if the motion of fluid occurs in the X Y plane, then 

xE  and yE  don’t affect the motion and we can assume that 0== yx EE . In this case 

constEz =  (see [111]). 

One more assumption is used below. We suppose that induced streams do not flow 

through the split hy −=~ , LxL ~~~ <<−   in the region hy −<<∞− ~ . 

We introduce dimensionless variables using h (half-width of the channel) as the 

scale of length, V0 (velocity of fluid in the split in the entrance region) as the scale of  

velocity and B0, V0B0, ρνV0/h as the scales of magnetic field, electrical field and pressure, 

respectively, where σ, ρ, ν  are, respectively , the conductivity, the density and the 

viscosity of the fluid. 

MHD equations (0.26)-(0.27) in Stokes and inductionless approximation have the 

form (see [115]): 

0)(2 =××++∆+∇− BB eeVEHaVP GGGGG
, (1.2) 

,0=+
y

V
x

V yx

∂
∂

∂
∂

 (1.3) 

where    2

2

2

2

yx ∂
∂

∂
∂

+=∆ ,  

    yyxx eyxVeyxVV GGG
),(),( +=  is the velocity of the fluid,  

   ),( yxP is the pressure,  

    yxB eee GGG
⋅+⋅= βα coscos  is the unit vector of external magnetic field, 

   zz eEE GK
⋅=         is the intensity of electrical field, 

     
ρν
σhBHa 0=  is the Hartmann number. 
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For the determination of the constant constEz = , we use the fact that this flow is the 

Hartmann flow in a plane channel in external magnetic field y
e eBB

GG
⋅= αsin0  as x→∞. 

Therefore, in the case of nonconductive channel walls, we have 

zexsignE GG
)(

2
sin

⋅−=
α . (1.4) 

Projecting Eq.(1.2) onto the x and y axes, we obtain the problem in the form: 

0)cossin(sin2 =−+⋅−∆+− ααα
∂
∂

yxzx VVEHaV
x
P

 , (1.5) 

0cossincos2 =−+⋅+∆+− )VV(EHaV
y
P

yxzy ααα
∂
∂ , (1.6) 

0=
∂

∂
+

∂
∂

y
V

x
V yx . (1.7) 

This problem can be written as: 

0)cossin(sin2 =α−α⋅α−∆+
∂
∂

− yxx
m VVHaV
x

P , (1.8) 

0cossincos2 =α−α⋅α+∆+
∂
∂

− )V(VHaV
y

P
yxy

m , (1.9) 

0=
∂

∂
+

∂
∂

y
V

x
V yx    (1.10) 

     where yEHaxEHaPP zzm ⋅⋅+⋅⋅−= αα cossin 22 ,    

     or       )sign(
2

cossin
2
sin 222

xyHaxHaPPm ⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅

⋅⋅
−⋅

⋅
−=

ααα . (1.11) 

The boundary conditions are: 

⎩
⎨
⎧

−∈
−∉

==−=
),(,1
),(,0

,0:1
LLx
LLx

VVy yx ; (1.12) 

0:1 === yx VVy ,       where   hLL /~= . (1.13) 

       )sign()(: xyVVx x ⋅→±∞→ ∞ ,             constA
dx

dP
x
P

=≡→
∂
∂ ∞ , (1.14) 

where xeyVyV GG
⋅= ∞∞ )()(  and constAdxdP =≡∞ /  are the velocity of the flow and the 

pressure gradient in the channel sufficiently far away from the entrance region. 
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Functions )(yV∞  and dxdP /∞  depend on the external magnetic field and satisfy the 

following equations (see [111], [113]): 
 

1) In the case of the longitudinal external magnetic field x
e eBB GG

⋅= 0  ( 0=α ) the Poiseuille 

flow takes place at ±∞→x  and the velocity )(yV∞

G
 with pressure gradient dxdP /∞  

satisfy equation 

Aconst
dy

yVd
dx

dP
≡== ∞∞

2

2 )( . (1.15) 

2) In the case of the transverse magnetic field y
e eBB GG

⋅= 0  ( 2/πα = ) the Hartmann flow 

takes place at ±∞→x  and )(yV∞

G
 with dxdP /∞   satisfy  equation 

AconstyVHa
dy

yVd
dx

dP
≡=−= ∞

∞∞ )()( 2
2

2

. (1.16) 

3) In the case of sloping magnetic field yx
e eBeBB GGG

⋅+⋅= αα sincos 00  the Hartman flow 

with Ha⋅sinα instead of Ha takes place at ∞→x : 

AconstyVHa
dy

yVd
dx

dP
≡=⋅−= ∞

∞∞ )(sin)( 22
2

2

α  (1.17) 

The boundary conditions for these equations are:  1±=y :    0)( =∞ yV . 
 

Solution of the problem:  To obtain the solution of the problem we use the complex Fourier 

transform with respect to x: 

dxeyxfyxfFyf xi∫
+∞

∞−

−== λ

π
λ ),(

2
1)],([),(ˆ . (1.18) 

Since xV  and xP ∂∂ /  do not tend to zero at ±∞→x , we introduce the following new 

functions for the velocity and pressure gradient before using the Fourier transform: 

)()arctan(2 yVxVV new
∞⋅−=
GGG

π
      and       Ax

x
P

x
P m

new

⋅−
∂
∂

=
∂

∂ )arctan(2
π

 (1.19) 

so that 0→new
xV    and   0→

∂
∂

x
Pnew

    as    ±∞→x . 
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As a result, the velocity of the fluid in the channel can be written as: 

yyx
new

x eyxVeyVxyxVV GGG
⋅+⋅⎟

⎠
⎞

⎜
⎝
⎛ ⋅+= ∞ ),()()arctan(2),(

π
.     (1.20) 

 Eq.(1.8) becomes: 

+−⋅−
+

−∆+⋅−− ∞ )cossin(sin)(
)1(

4)arctan(2 2
22 ααα

ππ∂
∂

y
new

x
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x
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m VVHayV

x
xVAx

x
P

 

0)(sin)()arctan(2 22
2

2

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅−

∂
∂

⋅+ ∞
∞ yVHa
y

yVx α
π

. 

Since the velocity )(yV∞  in this case satisfies Eq.(1.17) for the Hartmann flow, the last 

equation can be written as: 

0)cossin(sin)(
)1(

4 2
22 =−⋅−

+
−∆+− ∞ ααα
π∂

∂
y

new
x

new
x

new
m VVHayV

x
xV

x
P

. 

As a result, problem (1.8)-(1.14) for the new functions has the form: 

0)(
)1(

4)cossin(sin 22
2 =

+
−−⋅−∆+− ∞ yV

x
xVVHaV

x
P

y
new

x
new

x

new
m

π
ααα

∂
∂

,   (1.21) 

0)()arctan(2sincossincos
2

2 =⋅+−⋅+∆+− ∞ yVxHa)V(VHaV
y

P
y

new
xy

new
m

π
αααα

∂
∂

, (1.22) 

0)(
1

12
2 =

+
++ ∞ yV

xy
V

x
V y

new
x

π∂
∂

∂
∂

.     (1.23) 

Boundary conditions are: 

⎩
⎨
⎧

−∈
−∉

==−=
),(,1
),(,0

,0:1
LLx
LLx

VVy y
new

x ;     (1.24) 

0:1 === y
new

x VVy .    (1.25) 

0: →±∞→ new
xVx ,       0→

∂
∂

x
Pnew

.   (1.26) 
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Applying the complex Fourier transform (1.18) to Eqs.(1.21)-(1.25) we get the 

system of ordinary differential equations for the Fourier transforms 

)],([),(ˆ yxVFyV new
xx =λ , )],([),(ˆ yxVFyV yy =λ , )],([),(ˆ yxPFyP new

m=λ  with the 

corresponding boundary conditions: 

0)()(ˆ)cosˆsinˆ(sinˆˆ
3

2 =+−⋅−+− ∞ yVfVVHaVPi yxx λαααλ L , (1.27) 

0)()(ˆsincos)cosˆsinˆ(cosˆˆ
1

22 =⋅+−⋅++− ∞ yVfHaVVHaV
dy
Pd

yxy λαααααL , (1.28) 

0)()(ˆ
ˆ

ˆ
2 =++ ∞ yVf

dy
Vd

Vi y
x λλ , (1.29) 

where operator L  is 2

2
2

dy
fdff +⋅−= λL , (1.30) 

λππ
λ

λ−

⋅−=⎥⎦
⎤

⎢⎣
⎡ ⋅=

eixFf 2)arctan(2)(1̂ , (1.31) 

λ

ππ
λ −⋅=⎥⎦

⎤
⎢⎣
⎡

+
⋅= e

x
Ff 2

1
12)(ˆ

22 , (1.32) 

( ) λ
ππ

λ λ ⋅⋅⋅=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
⋅

−
= −ei

x
xFf 2

1
4)(ˆ

223 . (1.33) 

The boundary conditions have the form: 

( )
λ
λ

π
LVVy yx

sin2ˆ,0ˆ:1 ==−= ; (1.34) 

0ˆ,0ˆ:1 === yx VVy . (1.35) 

Eliminating xV̂  and P̂  from the system (1.27)-(1.29), we get the 4th order 

differential equation for yV̂ : 

0),(ˆˆˆˆ
321

)4( =−+′−″− yZVaVaVaV yyyy λ , (1.36) 

where    

αλλαλαλ 2224
3

2
2

222
1 cos,2sin,sin2 HaaHaiaHaa +==+= , (1.37) 
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( )+⋅+′+⋅′+⋅′′′−= ∞∞∞ )(ˆ)(ˆ)()(ˆsin)()(ˆ),( 32
2

2
22

2 λλλλλαλλ fifyVfHayVfVyZ  

                ( ))(ˆ)(ˆsincos)( 21
22 λλλλλλ fifHayV ⋅+⋅′′′+ ∞ . 

Taking into account formulae (1.31)-(1.33) and the fact that )(yV∞ satisfies Eq.(1.17), we 

obtain 

0),( =yZ λ . 

Thus, the differential equation for yV̂  has the form: 

0ˆˆˆˆ
321

)4( =+′−″− yyyy VaVaVaV .         (1.38) 

The characteristic equation for Eq.(1.38) is: 

032
2

1
4 =+−− akakak . (1.39) 

The 4th order algebraic equation (1.39) with coefficients (1.37) can be transformed 

to the following form: 

2222 )cossin()( α⋅⋅λ+α⋅⋅=λ− HaiHakk . (1.40) 

The roots of this equation are: 

24,312,1 sin,sin DkDk ±−=±= αµαµ , (1.41) 

where  

)cos2(sin 22
2,1 αµλλαµ iD ±+=     and          µ2=Ha . (1.42) 

As a result, the general solution to the differential equation (1.38) has the form  

)cosh()cosh()sinh()sinh(),(ˆ
44332211 ykCykCykCykCyVy +++=λ  (1.43) 

or 

))cosh(())cosh(())sinh(())sinh((),(ˆ
4321 yeCyeCyeCyeCyV yBiyBiyBiyBi

y −+++−++= −−λ , 

where  C1,...,C4 are  arbitrary constants,   AA −=−+=+ αµαµ sin)(,sin)(    

λλµλµλ cos2Im,sinRe 1
222

1 ==+== DBDA .  
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In order to determine constants C1-C4, one has to use boundary conditions (1.34) 

and (1.35) and Eq. (1.29) which gives 

1at0/ˆ ±== ydyVd y . (1.44) 

One can get the solution of the problem by determining xV̂  from Eq.(1.29), Pi ˆλ−  from 

Eq.(1.27), dyPd /ˆ  from (1.28) and applying the inverse Fourier transform in form  

( )dxxixyfdxeyfyfFyxf xi ∫∫
+∞

∞−

+∞

∞−

− +=== λλλ
π

λ
π

λ λ sincos),(ˆ
2
1),(ˆ

2
1)],(ˆ[),( 1 .    (1.45) 

 

In the next two paragraphs two special cases are considered in detail: 

1) the external magnetic field x
e eBB GG

0=  is parallel to the x-axis (so-called longitudinal 
magnetic field ( 0=α )) 

2) the external magnetic field y
e eBB GG

0=  is parallel to the y-axis (so-called transverse 
magnetic field ( 2/πα = )) 

 

In order to simplify the solution of these problems and reduce the number of 

constants C1,..., C4 in Eq.(1.43) we divide each problems into two sub-problems: odd 

and even problems with respect to y, by considering a plane channel with two splits on 

its lateral sides hy ±=~   in the region LxL ~~~ <<− . 

 

1) The odd problem with respect to y (see Fig.1.2): the fluid with velocities ( ) 2/0 yeV G∓ , 

flows into the channel through both splits at hy ±=~ . 
 

0

y
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y eVV GG
02
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−=

x0
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y
hy

y eVV GG
02

1~ −=
=

L~− L~

h

h−

y~

x~

 

Figure 1.2. Plane channel with a split. The geometry of the flow for the odd problem. 
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The nondimensional boundary conditions are: 

⎩
⎨
⎧

−∈
−∉

==±=
),(,2/1

),(,0
,0:1

LLx
LLx

VVy yx ∓
  (1.46) 

   and )sign()(: xyVVx x ⋅→±∞→ ∞ ,             constA
x

P
x
P

==
∂
∂

→
∂
∂ ∞ . (1.47) 

To solve this problem, new functions for the velocity and pressure gradient are to be 

introduced according to (1.19). Boundary conditions for these functions are:  

⎩
⎨
⎧

−∈
−∉

==±=
),(,2/1

),(,0
,0:1

LLx
LLx

VVy y
new

x ∓
 (1.48) 

0: →±∞→ new
xVx ,      0/ →∂∂ xPnew . (1.49) 

After the applying to it the Fourier transform becomes: 

( )
λ
λ

π
LVy y

sin2
2
1ˆ:1 ∓=±= ,  0ˆ =xV . (1.50) 

In this problem yV  is an odd function with respect to y, therefore the coefficients 

043 == CC  in Eq.(1.43).  

 

2) The even problem with respect to y (see Fig.1.3): the fluid with velocity ( ) 2/0 yeV G  

flows into the channel through the split in plane hy −=~  and flows out with the same 

velocity through the split in hy =~ . 
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Figure 1.3. Plane channel with a split. The geometry of the flow for the even problem. 
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The nondimensional boundary conditions for this problem are: 

      
⎩
⎨
⎧

−∈
−∉

==±=
),(,2/1
),(,0

,0:1
LLx
LLx

VVy yx   (1.51) 

   and       0: →±∞→ xVx ,             0/ →∂∂ xP . (1.52) 

There is no need to introduce new functions in this case, due to xV  and xP ∂∂ /  tend to zero at 

±∞→x . Therefore, one has to solve the problem (1.8)-(1.11) with boundary conditions 

(1.51), (1.52) or the problem (1.21)-(1.23) with the same boundary conditions and with 

0)( =∞ yV                      and               0/ ==∂∂ ∞ AxP  (1.53) 

After applying the Fourier transform to the boundary conditions (1.51) we have: 

( )
λ
λ

π
LVy y

sin2
2
1ˆ:1 =±= ,        0ˆ =xV . (1.54) 

Solving the even problem, one must take into account that yV  is an even function with respect 

to y in this problem and the coefficients 021 == CC  in Eq.(1.43).  
 

3) The solution of the general problem is equal to the sum of solutions for the odd and 

even problems with respect to y. 

 1.2. Solution of the problem for the longitudinal magnetic field   

In this part of the thesis we solve the problem for the longitudinal magnetic field 

x
e eBB GG

0= . The problem is described by the system (1.8)-(1.11) with 0=α  that has the form:  

0=∆+− xV
x
P
∂
∂

 ,    (1.55) 

02 =−∆+− yy VHaV
y

P
∂
∂

, (1.56) 

0=+
y

V
x

V yx

∂
∂

∂
∂

. (1.57) 

Boundary conditions for the problem are given by (1.12) - (1.14). 

Note that in the case 0=α , PPm =  since 0=zE  (see formula (1.4)). We solve the problem 

by dividing it into odd and even sub problems with respect to y. 
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1.2.1. Longitudinal magnetic field. Solution of the odd problem with respect to y  

We solve the odd problem with respect to y, i.e. the system (1.55)-(1.57) with 

boundary conditions (1.46), (1.47). The geometry of the flow is shown in Fig.1.2  

As it was mentioned above, we have to introduce new functions for the velocity and pressure 

gradient according to (1.19) to solve the odd problem:  

)()arctan(2 yVxVV new
∞⋅−=
GGG

π
      and       Ax

x
P

x
Pnew

⋅−
∂
∂

=
∂

∂ )arctan(2
π

. 

In the case of longitudinal magnetic field, the Poiseuille flow takes place at ±∞→x  and 

functions   )(yV∞

G
 and AxP ≡∂∂ ∞ /  satisfy Eq.(1.15). 

The system of equations (1.21)-(1.23) for new functions in the case of longitudinal magnetic 

field has the form:  

0)(
)1(

4
22 =

+
−∆+− ∞ yV

x
xV

x
P new

x

new

π∂
∂ , (1.58) 

02 =−∆+− yy

new

VHaV
y

P
∂

∂ , (1.59) 

0)(
1

12
2 =

+
++ ∞ yV

xy
V

x
V y

new
x

π∂
∂

∂
∂

. (1.60) 

Boundary conditions for this system are given by (1.48) and (1.49). 
 

The corresponding system of ordinary differential equations for the Fourier transforms 

)],([),(ˆ yxVFyV new
xx =λ , )],([),(ˆ yxVFyV yy =λ , )],([),(ˆ yxPFyP new=λ  consist of 

Eqs.(1.27)-(1.30) with 0=α  and boundary conditions (1.50) and has the form:  

0)()(ˆˆˆ
3 =++− ∞ yVfVPi x λλ L , (1.61) 

0ˆˆˆ
2 =−+− yy VHaV

dy
Pd L , (1.62) 

0)()(ˆ
ˆ

ˆ
2 =++ ∞ yVf

dy
Vd

Vi y
x λλ , (1.63) 
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( )
λ
λ

π
LVy y

sin2
2
1ˆ:1 ∓=±= ,  0ˆ =xV . (1.64) 

where 2

2
2

dy
fdff +−= λL , functions )(ˆ

2 λf , )(3̂ λf  are defined by (1.32) and (1.33). 

 

Science the function yV̂  is the odd function with respect to y, we obtain the general 

solution of the system (1.61)-(1.63) for yV̂  using formula (1.43) and taking 0=α  and 

043 == CC . As a result we have: 

ykCykCyVy 2211 sinhsinh),(ˆ +=λ , (1.65) 

where         λλλλ HaikHaik ⋅−=⋅+= 2
2

2
1 ,  . (1.66) 

In order to determine constant 1C  and 2C  we use boundary condition (1.64) and 

following additional boundary condition derived from Eq.(1.63): 

0
ˆ

=
dy
Vd y at    1=y . (1.67) 

As a result, we have 

( )
λ
λ

π
λ LykkkykkkyVy

sin)sinhcoshsinhcosh(1
2
1),(ˆ

122211
1

⋅⋅−⋅
∆
⋅= , (1.68) 

where   2111221 sinhcoshsinhcosh kkkkkk ⋅−⋅=∆ . 
 

Determining xV̂  from Eq.(1.63), we obtain: 

( ) )()(ˆsin)coshcoshcosh(cosh
2

),(ˆ
222112

1

224

yVfiLykkykkHaiyVx ∞+⋅⋅−⋅
∆
+

⋅−= λ
λλ

λλλ
π

λ ,

 (1.69) 

Taking into account formulae (1.32) and (1.33), the last term of (1.69) can be written as 

)(ˆ2)()(ˆ
12 λ

πλ
λ

λ
λ feiyVfi

−=⋅= −
∞ . 
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Thus, 

( ) )()(ˆsin)coshcoshcosh(cosh
2

),(ˆ
122112

1

224

yVfLykkykkHaiyVx ∞−⋅⋅−⋅
∆
+

⋅−= λ
λ
λλλ

π
λ .

 (1.70) 

Determining Pi ˆλ  from Eq. (1.61) and 
dy
Pd ˆ

from Eq.(1.62) we obtain: 

λ
λλλ

π
LykkkHaiykkkHaiHa

yd
Pd sin)sinhcosh)(sinhcosh)((1

2

ˆ
211122

1

⋅⋅++⋅−
∆

−=  (1.71) 

 

( )
+⋅⋅+⋅

∆
+

=
λ
λλλ

π
λ LykkykkHaHaPi sin)coshcoshcosh(cosh

2
ˆ

1221
1

224

 

( ) )()(ˆ)(ˆ)(ˆ
131

2 yVfff ∞′′⋅−++ λλλλ  (1.72) 

Taking into account formulae (1.31) and (1.33), we have     )(ˆ)(ˆ
31

2 λλλ ff −= . 

Therefore, Eq.(1.72) can be written in the form 

( ) )()(ˆsin)coshcoshcosh(cosh
2

ˆ
11221

1

22

yVfLykkykkHaHaPi ∞′′⋅−⋅⋅+⋅
∆
+

= λ
λ
λλ

π
λ . (1.73) 

In order to obtain the solution to the problem we apply the inverse complex Fourier 

transform (1.45) to functions ),(ˆ yVx λ , ),(ˆ yVy λ , yyP ∂∂ /),(ˆ λ  and Pi ˆλ  in 

(1.68),(1.70),(1.71),(1.73) taking into account the fact that the functions ),(ˆ yVy λ and 

ydPd /ˆ  are even functions with respect to λ , and the functions ),(ˆ yVx λ  and Pi ˆλ  are odd 

functions with respect to λ . We also use formula (1.31), i.e.  [ ] )arctan(2)(1̂
1 xfF ⋅=−

π
λ , 

formulae (1.19) and the fact that [ ]
x
PPiF
∂
∂

=− ˆ1 λ . 

As a result, we get the solution to the odd problem for the longitudinal magnetic field in the 

form of convergent improper integrals:  

λ
λ

λλλ
π

dxLykkykkHayxVx
sinsin)coshcoshcosh(cosh1),( 2112

0 1

22

⋅⋅−⋅
∆
+

= ∫
∞

, (1.74) 
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λ
λ

λλ
π

dxLykkkykkkyxVy
cossin)sinhcoshsinhcosh(11),( 122211

0 1

⋅⋅−⋅
∆

= ∫
∞

, (1.75) 

λλλλ
π

dxLykkykkHaiHa
x
P sinsin)coshcoshcosh(cosh 1221

0 1

22

⋅⋅+⋅
∆
+

=
∂
∂

∫
∞

, (1.76) 

λ
λ

λλλλ
π∂

∂ dxLykkkHaiykkkHaiHa
y
P cossin)sinhcosh)(sinhcosh)((1

211122
0 1

⋅⋅++⋅−
∆

−= ∫
∞

 (1.77) 

where   2111221 sinhcoshsinhcosh kkkkkk ⋅−⋅=∆ , 
 

    λλλλ HaikHaik  , 2
2

2
1 ⋅−=⋅+= . 

 

We obtain the limits  xPyxV mxxx
∂∂ /lim,),(lim

∞→∞→
 for this problem to check solution. For 

this purpose we put tx =λ  in (1.74), (1.75) and (1.76) and pass to limit as x→∞. The 

investigation shows that 0→yV , )(yVV px →  at  ∞→x , where )(yVp  Poiseille’s flow 

velocity in the plane channel of width h2  with nonconducting walls, if the average velocity 

in the channel is equal to 0V .  

1.2.2. Longitudinal magnetic field. Solution of the even problem with respect to y  

In the present part of the thesis we solve the even problem with respect to y for the 

longitudinal magnetic field, i.e. we solve the system (1.55)-(1.57) with boundary conditions 

(1.51), (1.52). The geometry of the flow is shown in Fig.1.3. As it was mentioned above, there 

is no need to introduce new functions for velocity and pressure gradient in this case, due to xV  

and xP ∂∂ /  tends to zero at ±∞→x . The system of ordinary differential equations for the 

Fourier transforms )],([),(ˆ yxVFyV xx =λ , )],([),(ˆ yxVFyV yy =λ , )],([),(ˆ yxPFyP =λ  for 

this problem has the form (1.61)-(1.63) with conditions (1.53), i.e.: 

0ˆˆ =+− xVPi Lλ , (1.78) 

0ˆˆˆ
2 =−+− yy VHaV

dy
Pd L , (1.79) 

0
ˆ

ˆ =+
dy
Vd

Vi y
xλ , (1.80) 

where operator L is given by formula (1.30).  
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Boundary conditions for this system are given by (1.54) and have the form  

( )
λ
λ

π
LVy y

sin2
2
1ˆ:1 =±= ,  0ˆ =xV . (1.81) 

Since yV̂  is the even function with respect to y in this problem and the constants 

021 == CC  in Eq.(1.43), the general solution of the system (1.78)-(1.80) for yV̂  is: 

ykCykCyVy 2413 coshcosh),(ˆ +=λ . (1.82) 

In order to determine 3C  and 4C  we use boundary conditions (1.81) and (1.67). 

Determining xV̂  from Eq.(1.80), Pi ˆλ  from (1.78) and dyPd /ˆ  from (1.79) and 

applying the inverse Fourier transform (1.45) to these functions we obtain the solution 

to the even problem (1.55)-(1.57) with boundary conditions (1.51), (1.52) in the form of 

convergent improper integrals: 

λ
λ

λλλ
π

dxLykkykkHayxVx
sinsin)sinhsinhsinh(sinh1),( 1221

0 2

22

⋅⋅−⋅
∆
+

= ∫
∞

, (1.83) 

λ
λ

λλ
π

dxLykkkykkkyxVy
cossin)coshsinhcoshsinh(11),( 211122

0 2

⋅⋅−⋅
∆

= ∫
∞

, (1.84) 

λλλλ
π

dxLykkykkHaiHa
x
P sinsin)sinhsinhsinh(sinh 2112

0 2

22

⋅⋅+⋅
∆
+

−=
∂
∂

∫
∞

, (1.85) 

λ
λ

λλλλ
π∂

∂ dxLykkkHaiykkkHaiHa
y
P cossin)coshsinh)(coshsin)((1

211122
0 2

⋅⋅++⋅−
∆

= ∫
∞

,

 (1.86) 

where   2111222 coshsinhcoshsinh kkkkkk ⋅−⋅=∆ ,     
 

              λλλλ HaikHaik  , 2
2

2
1 ⋅−=⋅+= . 
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1.2.3. Longitudinal magnetic field. Numerical results and discussion. 

On the basis of the obtained results in the form of improper integrals, the velocity field was 

studied numerically by using the package “Mathematica”.  
 

1)  Odd problem with respect to y: 
 

Fig.1.4 plots the profiles of the velocity component xV  calculated by means formula (1.74) 

for Ha=10, Ha=20, Ha=50. Note that component xV  is an even function with respect to y. 
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It can be seen from Fig.1.4 that at 10≥Ha  the velocity component xV  has the M-

shaped profiles in the channel’s initial part. Note, that the M-shaped profiles become more 

pronounced as the Hartmann number increases.  

For qualitative explanation of this phenomenon, we evaluate the electromagnetic 

force at the entrance of the channel. The vector of current density is equal to  

{ } z
eee

yy
eB

V
BVBVj GGGG

2
0,0,0,

2
1,0 0

011
σσσ −=×

⎭
⎬
⎫

⎩
⎨
⎧⋅=×=

−=−=
. 
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Figure 1.4. Profiles of the velocity component xV  

for the odd problem  and x
e eBB GG

0=  

               (Vp is the Poiseuille flow). 
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Consequently, the electromagnetic force on the entrance of the channel is  

{ } y
eeee

y
eB

V
BB

V
BjF GGGG

200

1
)(

2
0,0,

2
,0,0

σσ
−=×

⎭
⎬
⎫

⎩
⎨
⎧ −=×=

−=
.  

Similarly, at 1=y  we have:       y
ee

y
eB

V
BjF GGGG

20

1
)(

2
σ

=×=
=

. 

It means that the electromagnetic force acts on the fluid in the direction of the channel’s 

wall. In addition, we can see that the larger velocity’s component Vy and Hartmann 

number, the larger the electromagnetic force. This electromagnetic force creates the M-

shaped profile of velocity’s component Vx. 

In addition, it can be seen from Fig. 1.4 that the stronger is the magnetic field (the 

Hartmann number is larger) the farther away from the entrance region the flow 

approaches the Poiseille’s flow, i.e. the length of the initial part increases. In the present 

problem the initial part of the channel is defined as the part where the x-component of the 

velocity ),( yxV
G

differs from the Poiseuille flow pV  by less than 1%. 

 

2) Even problem with respect to y: 
 

Fig.1.5 presents the profiles of the velocity component xV  calculated by means formula 

(1.83) for 01 ≤≤− y . In this case the function xV  is an odd function with respect to y.  
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Figure 1.5. Profiles of the velocity component xV  

for the even problem and x
e eBB GG

0= . 
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Figure 1.6. Profiles of the velocity component 

xV  for the general problem and  x
e eBB GG

0=   

(               Vp is the Poiseuille flow)  

It can be seen from Fig. 1.5 that 0→xV at ∞→x  and the magnitude of the velocity 

component xV  slower approach zero as the Hartmann number increases. In addition, in the 

channel’s entrance region the component ),( yxVx of the velocity has the M-shaped profiles 

for small x ( 51 << x ) and large Hartmann numbers ( 50=Ha ). 

 

3) The general problem for the case of longitudinal magnetic field: 
 

The solutions of the general problem (1.8)-(1.10), (1.12)-(1.13) at 0=α  are equal to the 

sum of solutions for the even and odd problems. The profiles of the velocity component xV  

are shown in Fig.1.6 for the Hartmann numbers Ha=10, Ha=20 and  Ha=50.  

 

-1 -0.5 0.5 1

0.2

0.4

0.6

0.8

1

1.2 Ha=10Vx

y

x=1.1
x=1.5

x=2

x=3
x=5 Vp

-1 -0.5 0.5 1

0.25

0.5

0.75

1

1.25

1.5
Ha=20

Vx

y

x=1.1

x=1.5

x=2

x=3

x=5

x=10 Vp

 
 

 

 

 

 

One can see that near the entrance split the flow mostly occurs along the wall with the 

split (at 1−=y ). As the Hartmann number increases, the layer of the flow is getting narrower 

and the velocity increases in this layer. The Poiseuille flow takes place at a distance from the 

entrance split. In addition, when the Hartmann number grows (i.e. with the increase of the 

intensity of the magnetic field), the flow in the channel slowly approaches Poiseuille flow. 

For instance, for 10=Ha  Poiseuille flow takes place already at 6=x , for 20=Ha  at 12=x  
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and for 50=Ha  only at 20>x . So initL  increases as the Hartmann number grows. initL  is the 

length of the initial part of the channel, where the x component of the velocity ),( yxV
G

of the 

fluid differs from the velocity of the Poiseuille flow PV  by less than 1%. 

1.3. Solution of the problem for the transverse magnetic field  

In this part of the thesis we solve the problem on an inflow of a conducting fluid into a 

plane channel through the split on the channel’s lateral side for the transverse external 

field y
e eBB GG

0= . In this case 
2
πα =  in Eqs. (1.8)-(1.10) and the system of dimensionless 

equations that describes this problem has the form: 

02 =−∆+− xx
m VHaV
x

P
∂
∂

 ,    (1.87) 

0=∆+− y
m V
y

P
∂
∂

, (1.88) 

0=+
y

V
x

V yx

∂
∂

∂
∂

. (1.89) 

)sign(
2

2

xxHaPPm ⋅−=  (see formula (1.11)). 

Similarly as it was done for the longitudinal magnetic field, we solve the problem by splitting 

it into odd and even sub problems with respect to y. 

1.3.1. Transverse magnetic field. Solution of the odd problem with respect to y  

The geometry of the flow is shown in Fig.1.2, but the external magnetic field is 

perpendicular to the channel’s walls. We solve the odd problem with respect to y, i.e. 

the system (1.87)-(1.89) with boundary conditions (1.46), (1.47). 

In the case of transverse magnetic field )(yV∞  is the velocity of the Hartmann flow and 

satisfies Eq.(1.16). 

To solve the problem we have to introduce new functions for velocity and pressure 

gradient according to (1.19), as it was done in the case of slopping magnetic field: 
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)()arctan(2 yVxVV new
∞⋅−=
GGG

π
      and       Ax

x
P

x
P m

new

⋅−
∂
∂

=
∂

∂ )arctan(2
π

. 

Then the system of equations (1.21)-(1.23) for new functions  newV
G

 and newP  in the case of 

transverse magnetic field has the form:  

0)(
)1(

4 2
22 =−

+
−∆+− ∞ x

new
x

new

VHayV
x
xV

x
P

π∂
∂ , (1.90) 

0=∆+− y

new

V
y

P
∂

∂ , (1.91) 

0)(
1

12
2 =

+
++ ∞ yV

xy
V

x
V y

new
x

π∂
∂

∂
∂

. (1.92) 

 

Boundary conditions for the odd problem are given by (1.48) and (1.49). 
 

The corresponding system (1.27)-(1.29) of ordinary differential equations for Fourier 

transforms )],([),(ˆ yxVFyV new
xx =λ , )],([),(ˆ yxVFyV yy =λ , )],([),(ˆ yxPFyP new=λ  with 

the boundary conditions (1.50)  has the form:   

0)()(ˆˆˆˆ
3

2 =+−+− ∞ yVfVHaVPi xx λλ L , (1.93) 

0ˆˆ
=+− yV

dy
Pd L , (1.94) 

0)()(ˆ
ˆ

ˆ
2 =++ ∞ yVf

dy
Vd

Vi y
x λλ , (1.95) 

 

( )
λ
λ

π
LVy y

sin2
2
1ˆ:1 ∓=±= ,   0ˆ =xV . (1.96) 

where  2

2
2

dy
fdff +−= λL   and )(ˆ

2 λf , )(3̂ λf  are defined by formulae (1.32) and (1.33). 

Since the function yV̂  is the odd function with respect to y in the odd problem, the 

general solution for the yV̂  can be obtained from (1.43) putting 043 == CC  and taking 

into account that 
2
πα = . 
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As a result we have:  

ykCykCyVy 2211 sinhsinh),(ˆ +=λ   (1.97) 

where  C1,...,C2 are arbitrary constants and   

22
2

22
1 , λµµλµµ +−=++= kk . (1.98) 

In order to determine 1C  and 2C  we use boundary condition (1.96) and following 

additional boundary condition derived from Eq.(1.95): 

0
ˆ

=
dy
Vd y at    1=y . (1.99) 

As a result, we have 

( )
λ
λ

π
λ LykkkykkkyVy

sin)sinhcoshsinhcosh(1
2
1),(ˆ

122211
1

⋅⋅−⋅
∆
⋅= , (1.100) 

where   2111221 sinhcoshsinhcosh kkkkkk ⋅−⋅=∆ . 
 

Determining xV̂  from Eq.(1.95) we obtain: 

( ) )()(ˆsin)coshcoshcosh(cosh1
2

),(ˆ
22112

1

yVfiLykkykkiyVx ∞+⋅⋅−⋅
∆
⋅= λ

λ
λ

π
λ , (1.101) 

Taking into account formulae (1.32) and (1.31), the last term of (1.101) can be simplified. 

Thus we have: 

( ) )()(ˆsin)coshcoshcosh(cosh1
2

),(ˆ
12112

1

yVfLykkykkiyVx ∞−⋅⋅−⋅
∆
⋅= λλ

π
λ . (1.102) 

 

Determining Pi ˆλ  from Eq. (1.93) and dyPd /ˆ from Eq.(1.94) we obtain: 

)sin()sinhcoshsinh(cosh
2

ˆ
1221

1

LykkykkHa
y
P λλ

π∂
∂

⋅⋅−⋅
∆

−=  (1.103) 
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( ) SLykkkykkkHaiPi +⋅⋅−⋅
∆

⋅
−= λ

π
λ sin)coshcoshcoshcosh(1

2
ˆ

122211
1

  (1.104) 

where  

( )∞∞∞∞ ′′+−+−⋅= VVHafiVfiyVfS 22
23

)(ˆ
)(ˆ)()(ˆ

λ
λλλλ  (1.105) 

Taking into account formulae (1.32), (1.33) and the fact that function ∞V  satisfies Eq.(1.16), 

we obtain 

AfS ⋅−= )(1̂ λ . 

Therefore, Eq.(1.104) can be written in the form 

( ) AfLykkkykkkHaiPi ⋅−⋅⋅−⋅
∆

⋅
−= )(ˆsin)coshcoshcoshcosh(1

2
ˆ

1122211
1

λλ
π

λ . (1.106) 

Applying the inverse complex Fourier transform (1.45) to the functions xV̂ , yV̂ ,  

dyPd /ˆ  and Pi ˆλ  in (1.102), (1.100), (1.103), (1.106) , we take into account the fact that the 

functions yV̂ and ydPd /ˆ  are even functions with respect to λ  and the functions xV̂  and 

Pi ˆλ  are odd functions with respect to λ . We also use formula (1.31), i.e.  

[ ] )arctan(2)(1̂
1 xfF ⋅=−

π
λ , formulae (1.19) and the fact that  [ ]

x
PPiF
∂
∂

=− ˆ1 λ . 

As a result, we have the solution to problem odd with respect problem (1.87)-(1.89), (1.46)-

(1.47) for the case of transverse magnetic field in the form of convergent improper integrals:  

λλλ
π

dxLykkykkyxVx sinsin)coshcoshcosh(cosh11),( 2112
0 1

⋅⋅−⋅
∆

−= ∫
∞

, (1.107) 

λ
λ

λλ
π

dxLykkkykkkyxVy
cossin)sinhcoshsinhcosh(11),( 122211

0 1

⋅⋅−⋅
∆

= ∫
∞

, (1.108) 

λλλ
π

dxLykkkykkkHa
x

Pm sinsin)coshcoshcoshcosh(1
122211

0 1

⋅⋅−⋅
∆

−=
∂
∂

∫
∞

, (1.109) 

λλλλ
π∂

∂
dxLykkykkHa

y
Pm cossin)sinhcoshsinh(cosh 1221

0 1

⋅⋅−⋅
∆

−= ∫
∞

 (1.110) 

where   2111221 sinhcoshsinhcosh kkkkkk −⋅=∆  , 

      22
2

22
1 , λµµλµµ +−=++= kk . 



 55

We obtain limits  xPyxV mxxx
∂∂ /lim,),(lim

∞→∞→
.  For this purpose we put tx =λ  in 

(1.107), (1.109) and pass to limit as x→∞.: The analysis shows that 

( )
( )

⎟
⎠
⎞

⎜
⎝
⎛ ⋅
−

−
== ∞∞→ Ha

yHa
HaHa

HaLyVVxx cosh
cosh1

tanh2
)(lim       and      0→yV , ( 1.111 ) 

HaHa
HaL

x
Pm

x tanh2
lim

3

−
−=

∂
∂

∞→
 (1.112) 

Formulae (1.111)-(1.112) coincide with the Hartmann flow in the plane channel of width 2 

with nonconducting walls, if the average velocity in the channel is equal to ½L (see [6]). 

Consequently, formula (1.111) may be used for the calculation of the length of the initial part 

of the channel initL  on which flow in the channel pass into the Hartmann flow (1.111).  

 

The asymptotic evaluation of the solution at Ha →∞ for the odd case: 
 

As it was mentioned in the introduction of the thesis, the greatest interest for 

applications in the reactor Tokamak is the determination of the following limits:  

1

lim
−=

∞→
y

m

y
P
∂
∂

µ
  and         

1

lim
−=

∞→
y

m

x
P
∂
∂

µ
 . 

We have 
µ
λµλµµµµλ
2

,2
2

22
2

22
1 −→+−=→++= kk  at ∞→µ , where 

2/Ha=µ .  Then it follows from (1.109) and (1.110) that 
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 (1.113) 

( ) ( )
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xLHaL
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2sinsinlim 2

2
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2

λ
λ

λλ
π∂

∂
µ

  (1.114) 

It follows from (1.113) and (1.114), that at large Hartmann numbers, the pressure 

gradient which is proportional to the square of the Hartmann number is needed for turning the 
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flow on the angle 90 degrees, while for pumping of the fluid we need the pressure gradient 

which is proportional to only the first power of the Hartmann number.  

 

1.3.2. Transverse magnetic field. Solution of the even problem with respect to y  

The geometry of the flow is shown in Fig.1.3, but the magnetic field is 

perpendicular to the channel’s wall. The problem is described by the system of 

equations is (1.87)-(1.89) with boundary conditions (1.51)-(1.52). 

The system of ordinary differential equations for the Fourier transforms 

)],([),(ˆ yxVFyV xx =λ , )],([),(ˆ yxVFyV yy =λ ,  )],([),(ˆ yxPFyP m=λ  has the form:  

0ˆˆˆ 2 =−+− xxm VHaVPi Lλ , (1.115) 

0ˆˆ
=+− y

m V
dy
Pd L , (1.116) 

0
ˆ

ˆ =+
dy
Vd

Vi y
xλ , (1.117) 

where   2

2
2

dy
fdff +⋅−= λL .  

Boundary conditions for this problem are described by (1.54) and have the form: 

( )
λ
λ

π
LVy y

sin2
2
1ˆ:1 =±= ,  0ˆ =xV . (1.118) 

Since the function yV̂  is the even function with respect to y in this problem, the general 

solution for the yV̂  can be obtained from (1.43) putting 021 == CC  and taking 
2
πα = .  

As a result we have:  

ykCykCyVy 2413 coshcosh),(ˆ +=λ  (1.119) 

where C3,...,C4 are arbitrary constants and  21 , kk  are given by formula (1.98) 
 

In order to determine 3C  and 4C  we use boundary condition (1.118) and Eq.(1.99). 
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Determining after that xV̂ , Pi ˆλ , dyPd m /ˆ   from the system and applying the inverse 

Fourier transform to them we obtain the solution to the even problem (1.87)-(1.89) with 

boundary conditions (1.51)-(1.52). in the form of convergent improper integrals: 

λλλ
π

dxLykkykkyxVx sinsin)sinhsinhsinh(sinh11),( 2112
0 2

⋅⋅−⋅
∆

= ∫
∞

, (1.120) 

λ
λ

λλ
π

dxLykkkykkkyxVy
cossin)coshsinhcoshsinh(11),( 211122

0 2

⋅⋅−⋅
∆

= ∫
∞

, (1.121) 

λλλ
π∂

∂
dxLykkkykkkHa

x
yxPm sinsin)sinhsinhsinhsinh(1),(

211122
0 2

⋅⋅−⋅
∆

−= ∫
∞

, (1.122) 

λλλλ
π∂

∂ dxLykkykkHa
y

yxPm cossin)coshsinhcosh(sinh),(
2112

0 2

⋅⋅−⋅
∆

−= ∫
∞

. (1.123) 

2111222 coshsinhcoshsinh kkkkkk ⋅⋅−⋅=∆  (1.124) 

In this case Pm=O(1) as Ha→∞ , so the principal contribution to the pressure gradient as 

Ha→∞ gives the odd with respect to y case.  

 

1.3.3. Transverse magnetic field. Numerical results and discussion 

1) The odd problem with respect to y: 
 

Fig.1.7 plots the profiles of the velocity component xV  calculated by means formula 

(1.107) for Ha=10, Ha=20 and Ha=50 for L=1 (Fig.1.7A) and for L=4 ((Fig.1.7B). Note 

that the component xV  is an even function with respect to y. 

It can be seen from Fig.1.7 that xV  has the M-shaped profiles only near to the 

entrance hole ( 1.11 ≤≤ r  at На=10 and 1.11 <≤ r  На=50) for L=1. However, even at 

small distance from the entrance, the flow approaches the Hartmann flow in a plane 

channel in the transverse magnetic field. With the increase of L, the length of initial part 

of the channel increases. For L=4 the Hartmann flow takes place only at x=4. Note that 

in the present problem the initial part of the channel is defined to be the part where the x-
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component of the velocity ),( yxV
G

differs from the Hartmann flow hartV  by less than 1%. In 

addition, at L=4, velocity component rV  don’t have  M-shaped profiles. 
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Figure 1.7A. Profiles for the x component xV of the 

velocity V
G

 for the odd problem and y
e eBB GG

0=   
at L=1   (---  Vhart is the Hartmann flow). 

Figure 1.7B. Profiles for the x component xV of the 

velocity V
G

 for the odd problem and y
e eBB GG

0=   at 
L=4   (  ---   Vhart is the Hartmann flow). 
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2) The even problem with respect to y: 
 

Fig.1.8 plots the x profiles of the velocity component xV  calculated by means formula 

(1.120) for the Hartmann numbers Ha=10, Ha=20 and Ha=50 for 01 ≤≤− y . In this case 

the function xV  is an odd function with respect to y. 

One can see from Fig.1.8 that xV  differs from zero only near the entrance region ( 2≤r  

for 10=Ha  and 5.1<r  for 50=Ha ). In addition, in Fig.1.8 for some values of x the 

component xV  is negative at 01 <<− y  and Ha=10. However, since the fluid inflows into the 

channel through the hole on 1−=y , the x-component of the velocity must be positive for 

01 <<− y  at Ha=0. It means that there exists an opposite flow in the region in transverse 

magnetic field. It occurs due to a vortex generated in the channel (see Fig.1.9 ). Note that the 

velocity of the fluid in this vortex is very small. The vector field of velocity for Ha=10 is 

shown in Fig.1.9. 
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Figure 1.8. Profiles of the velocity x component xV  for the even problem and y
e eBB GG

0= ,  L=1 
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Figure 1.9. Velocity field for the even problem and y
e eBB GG

0= , L=1 at Ha=10. 
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3) Numerical results for the general problem: 

 

The solution to general problem (1.5)-(1.7) at α=π/2 with boundary conditions (1.12), 

(1.13) is equal to the sum of the solutions of odd and  even problems with respect to y. Figure 

1.10 plots the results of calculation of the x-component ),( yxVx  of the velocity for the 

general problem for the Hartmann numbers Ha=10 and Ha=50. One can see that, similarly to 

the previous case, the profiles of the velocity component xV  differ from the Hartmann flow 

profiles only near the entrance region. For Ha=10 the flow approaches the Hartmann flow at 

2≥x and in the case Ha=50 the Hartmann flow takes the place at 5.1≥x  
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Figure 1.10. Profiles of the velocity component xV  for the general problem and y
e B eB GG

0= , L=1. 
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2. MHD PROBLEM ON AN INFLOW OF A CONDUCTING FLUID 

INTO A CHANNEL THROUGH THE CHANNEL’S LATERAL SIDE IN 

THE PRESENCE OF ROTATIONAL SYMMETRY 

In this part of the PhD thesis we consider problems similar to the problems in the 

previous part, but with a presence of the rotational symmetry in the geometry of the flow. 

Two problems are solved in this chapter: 

1) MHD problem on an inflow of conducting fluid into a plane channel through a round hole 

of finite radius in the channel’s lateral side (see also [6], [57], [59]). 

2)  MHD problem on an inflow of conducting fluid into a round channel through a split in the 

channel’s lateral side (see also [7]). 

2.1. MHD problem on an inflow of a conducting fluid into a plane channel 

through a round hole of finite radius in the channel’s lateral side 

2.1.1. Formulation of the problem. 

The plane channel with a conducting fluid is located in the region 

D:{ +∞≤≤ r~0 , πϕ 2~0 ≤≤ , hzh ≤≤− ~ } ( r~ ,ϕ~ , z~ - cylindrical coordinates). The conducting 

fluid flows into the channel with the constant velocity zeV G
0  through a round hole of finite 

radius R~ , located in the channel’s lateral side. It is supposed that the channel’s walls hz ±=~  

are non-conducting. It is also assumed that induced streams do not flow through the hole 

{ hz −=~ , Rr ~~0 << } in the region hz −<<∞− ~ . The geometry of the flow is shown in 

Fig.2.1.  
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Figure 2.1. The geometry of the flow for the plane channel with the hole in the channel’s lateral side. 
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We consider the case of the transverse magnetic field, i.e. the external magnetic field 

z
e eB GG

0B=  is parallel to the z~ -axis. 

We introduce dimensionless variables using the half-width of channel h as the length 

scale; the magnitude of the velocity of fluid in the entrance region V0  as the velocity 

scale, and B0, V0B0 , ρνV0/h as the scales of magnetic field, electrical field and pressure, 

respectively, where σ  is the conductivity, ρ  is the  density and ν  is the viscosity of the fluid. 

Dimensionless MHD equations in cylindrical coordinates in Stokes and inductionless 

approximation have the form (see [111]): 

PeeVEHaV BB ∇=××++∆
GGGGG

)(2 , (2.1) 

0=Vdiv
G

, (2.2) 

where    zzrr ezrVezrVV GGG
),(),( +=     is the velocity of the fluid, ),( zrP  is the pressure,  

            zrB eee GGG
⋅+⋅= αα sincos   is the unit vector of external magnetic field, 

                    )()( 020 zz
r

rr VLe
r
VVLeV GGG

+−=∆ ,  2

2

2

2

0
1

zrrr
L

∂
∂

+
∂
∂

+
∂
∂

= . 

For this problem the intensity of electrical field 0=E  (see for example [111]). 

In the case of transverse magnetic the system (2.1)- (2.2) in projections onto the r and z axes 

has the form: 

02
1 =−+− rr VHaVL

r
P

∂
∂ , (2.3) 

00 =+− zVL
z
P

∂
∂ , (2.4) 

0)(1
=⋅+ r

z Vr
rrz

V
∂
∂

∂
∂ . (2.5) 

The dimesionless boundary conditions are: 

1−=z :  0=rV ,     
⎩
⎨
⎧

>
≤≤

=
Rr

Rr
Vz ,0

0,1
       (2.6) 

1=z :  0=rV ,   0=zV , (2.7) 

           0: →±∞→ rVr ,     0→
∂
∂

r
P ,     

 where 1L  is the operator 201
1
r

LL −= ,    hRR /~= .       
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Due to the axial symmetry of the problem with respect to r, the Hankel transform (see 

[4]) is used for the solution of the problem. The Hankel transform of order 1 with respect to r  

is applied to the functions ),( zrVr , rzrP ∂∂ /),(  and the Hankel transform of order 0 is 

applied to the functions ),( zrVz  and zzrP ∂∂ /),( , i.e. 

rdrrJVzV rr )(),(ˆ
1

0

λλ ∫
∞

= ,       drrrJVzV zz )(),(ˆ
0

0 λλ ∫
∞

= ,     drrrPJzP )(),(ˆ
0

0 λλ ∫
∞

= , (2.8) 

where )( rJ λν  is the Bessel function of order ν (ν =0, 1). 
 

As a result, we get the system of ordinary differential equations for the Hankel 

transforms ),(ˆ zVr λ , ),(ˆ zVz λ , ),(ˆ zP λ : 

0ˆˆˆˆ 2
2

2
2 =−+− r

r
r VHa

dz
Vd

VP λλ , (2.9) 

0
ˆ

ˆˆ
2

2
2 =+−−

dz
VdV

zd
Pd z

zλ , (2.10) 

0ˆˆ
=+ r

z V
dz
Vd

λ . (2.11) 

Eliminating rV̂ and P̂  from this system, we obtain the differential equation for zV̂ : 

( ) 0ˆˆ2ˆ 422)4( =⋅+″⋅+− zzz VVHaV λλ , (2.12) 

The general solution to Eq. (2.12) has the form: 

zkCzkCzkCzkCzVz 24132211 coshcoshsinhsinh),(ˆ +++=λ   (2.13) 

where   

 22
2

22
1 , λµµλµµ +−=++= kk , (2.14) 

          C1,...,C4 are  arbitrary constants  and   2/Ha=µ . 
 

In order to simplify the problem and reduce the number of constants C1,..., C4 in 

(2.13), we divide the problem into two sub-problems: odd problem with respect to z and 

the even problem, as it was done in Chapter 1. For this purpose, we consider a plane 

channel with two holes in it’s lateral sides hz ±=  in region Rr ~~0 <<  .  
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1) Odd problem with respect to z (Fig.2.2): the fluid with velocities ( ) 2/0 zeV G∓  flows into 

the channel through the both holes at hz ±=~ .  
 

2) Even problem with respect to z (Fig.2.3): the fluid with velocity ( ) 2/0 zeV G  flows into the 

channel through the hole at hz −=~  and flows out with the same velocity through the hole at 

hz =~ .  

3) The solution of the general problem is equal to the sum of solutions to odd end even 

problems. 

 

2.1.2. Solution of the odd problem with respect to z 

The odd problem with respect to z is the problem on an inflow of fluid into the channel  

through the holes at hz ±=~ .  The geometry of the flow is shown in Fig.2.2. 

The dimensionless boundary conditions for the problem are 

1±=z :  0=rV ,     
⎩
⎨
⎧

>
≤≤

=
Rr

Rr
Vz ,0

0,2/1∓
           (2.15) 

0: →±∞→ xVr ,    0/ →∂∂ xP .              (2.16) 

Applying the Hankel transforms (2.8) to these boundary conditions, we obtain 

1±=z :     0ˆ =rV ,     
λ
λ )(

2
1ˆ 1 RJR

Vz

⋅
= ∓     (2.17) 
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Figure 2.2. Plane channel with a round hole. The odd problem with respect to z. 
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For the odd problem, zV̂  is the odd function with respect to z and, therefore 043 == CC  

in Eq.(2.13), i.e. 

zkCzkCzVz 2211 sinhsinh),(ˆ +=λ     (2.18) 

In order to determine 1C  and 2C  we use boundary condition (2.17) and the additional 

boundary condition obtained from Eq.(2.11), i.e. 

1=z :   
λ
λ )(

2
1ˆ 1 RJR

Vz

⋅
−=         and        0

ˆ
=

dz
Vd z .     (2.19) 

As a result, we have 

( )
λ
λ

λ
RJ

zkkkzkkkRzVz
1

122211
1

)sinhcoshsinhcosh(1
2

),(ˆ ⋅⋅−⋅
∆
⋅= ,     (2.20) 

where             2111221 sinhcoshsinhcosh kkkkkk ⋅−⋅=∆ ,   (2.21) 

                     and   21, kk   are given by formula (2.14).                     
 

 Determining rV̂  from Eq.(2.11), we obtain: 

                    )()coshcoshcosh(cosh1
2

ˆ
11221

1

RJzkkzkkRVr λ⋅⋅−⋅
∆

=      (2.22) 

We also determine P̂λ  from Eq. (2.9) and dzPd /ˆ from Eq.(2.10): 

           )()coshcoshcoshcosh(1
2

ˆ
1122211

1

2

RJzkkkzkkkRHaP λλ ⋅⋅−⋅
∆
⋅

⋅
−= ,     (2.23) 

          )()sinhcoshsinh(cosh1
2

ˆ
11221

1

RJzkkzkkRHa
zd
Pd λλ ⋅⋅⋅−⋅

∆
⋅

⋅
−= .     (2.24) 

In order to obtain the solution to the odd problem, we apply the inverse complex 

Hankel transform. As a result, the solution of problem (2.3)–(2.5) with boundary conditions 

(2.15), (2.16) takes the form of convergent improper integrals:  

λλλλ drJRJzkkzkkRzrVr )()()coshcoshcosh(cosh1
2

),( 111221
0 1

⋅⋅⋅⋅−⋅
∆

= ∫
∞

, (2.25) 

λλλ drJRJzkkkzkkkRzrVz )()()sinhcoshsinhcosh(1
2

),( 01122211
0 1

⋅⋅⋅−⋅
∆

= ∫
∞

, (2.26) 
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λλλλ drJRJzkkkzkkkRHa
r
P )()()coshcoshcoshcosh(1

2 11122211
0 1

2

⋅⋅⋅⋅−⋅
∆

⋅
−=

∂
∂

∫
∞

, (2.27) 

λλλλ
∂
∂ drJRJzkkzkkRHa

z
P )()()sinhcoshsinh(cosh1

2 01
2

1221
0 1

⋅⋅⋅⋅−⋅
∆

⋅
−= ∫

∞

, (2.28) 

where        22
2

22
1 , λµµλµµ +−=++= kk , 

                  2111221 sinhcoshsinhcosh kkkkkk ⋅−⋅=∆ . 

 

Asymptotic evaluations at ∞→r  and ∞→Ha for the odd problem: 
 

1) In order to obtain   rr
V

∞→
lim ,  

r
P

r ∂
∂

∞→
lim , we substitute tr =λ   in (2.25) and (2.27) and pass to 

limit as ∞→r . As a result, we obtain 

E
r

RdttJE
r

RzrVrr 2
)(

2
),(lim

0
1 =⋅= ∫

∞

∞→
, (2.29) 

where  

⎟
⎠
⎞

⎜
⎝
⎛ ⋅
−

−
=

Ha
zHa

HaHa
HaE

cosh
)cosh(1

tanh
, (2.30) 

and 

G
r

RHadttJG
r

RHa
r
P

r 2
)(

2
lim

2

0
1

2

−=⋅−= ∫
∞

∞→ ∂
∂  (2.31) 

where    
)tanh(

1
HaHa

G
−

= . (2.32) 

 It follows from Eq.(2.29) and (2.31) that at sufficient distance from the entrance region, 

the profiles of the rV  component are the same as for a Hartmann flow in a plane channel 

in transverse magnetic field (i.e. the Hartmann flow takes place at ∞→r ), but the 

magnitude of the velocity and pressure gradient are inversely proportional to the distance 

from the hole. It corresponds to the conservation law of flow rate.     
 

2) The analysis of the pressure gradient at large Hartmann numbers has the greatest interest 

for applications in the reactor Tokamak. Thus, we determine the limits 
r
P

∂
∂

µ ∞→
lim  and 

hzz
P

−=
∞→ ∂
∂

µ
lim  ( Ha

2
1

=µ ).k.  
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We have 
µ
λµλµµµµλ
2

,2
2

22
2

22
1 −→+−=→++= kk   at ∞→µ , where 

2/Ha=µ .  Then it follows from (2.27) and (2.28) that 

⎪
⎪
⎩

⎪⎪
⎨

⎧

+∞<≤−

≤<−
=−= ∫

∞

∞→
rR

r
RHa

RrrHa

d
rJRJRHa

r
P

,
4

0,
4)()(

2
lim 22

2

0

11
2

λ
λ

λλ
∂
∂

µ
 (2.33) 

(see [105], p.443), 

)(~
2

)()(
2

lim
0

01 rFRHad
rJRJRHa

z
P ⋅

−=
⋅

−= ∫
∞

∞→
λ

λ
λλ

∂
∂

µ
, (2.34) 

where              

⎪
⎪
⎩

⎪
⎪
⎨

⎧

∞<<⎟⎟
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⋅

<<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
rR

r
RF

r
R

Rr
R
rF
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,,2,

2
1,

2
1

2

0,,1,
2
1,

2
1

)(~

2

2

2

2

 (2.35) 

 

and F(α, β, γ, z) is the hypergeometric function ( see [30], formulae 6.574(1), 6.574(3)). 

 

2.1.3.   Solution of the even problem with respect to z 

The geometry of the flow for the even problem with respect to z is shown in Fig.2.3.  

The dimensionless boundary conditions for this problem are: 

1±=z :  0=rV ,     
⎩
⎨
⎧

>
≤≤

=
Rr

Rr
Vz ,0

0,2/1
          (2.36) 

0: →±∞→ xVr ,    0/ →∂∂ xP .              (2.37) 
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Figure 2.3. Plane channel with a round hole. The even problem with respect to z. 
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After applying the Hankel transform (2.8) to boundary conditions (2.36)-(2.37) we have: 

1±=z :     0ˆ =rV ,     
λ
λ )(

2
1ˆ 1 RJR

Vz

⋅
=     (2.38) 

It must be taken into account that zV̂  is the even function with respect to z for the even 

problem and, therefore, 021 == CC  in (2.13), i.e. 

zkCzkCzVz 2413 coshcosh),(ˆ +=λ     (2.39) 

In order to determine 3C  and 4C  we use boundary condition (2.38) and Eq.(2.11). 

As a result, we obtain: 

( )
λ
λ

λ
RJ

zkkkzkkkRzVz
1

211122
2

)coshsinhcoshsinh(1
2

),(ˆ ⋅⋅−⋅
∆
⋅= ,     (2.40) 

         where   1212122 sinhcoshsinhcosh kkkkkk ⋅−⋅=∆ . 
 

Determining rV̂  from Eq.(2.11), we get: 

( )RJzkkzkkRzVr λλ 12112
2

)sinhsinhsinh(sinh1
2

),(ˆ ⋅⋅−⋅
∆
⋅−=     (2.41) 

Determining P̂λ  and dzPd /ˆ  from the system (2.9)-(2.10) we obtain: 

             )()sinhsinhsinhsinh(1
2

ˆ
1211122

2

RJzkkkzkkkRHaP λλ ⋅⋅−⋅
∆
⋅

⋅
= ,    (2.42) 

             )()coshsinhcosh(sinh1
2

ˆ
12112

2

RJzkkzkkRHa
z
P λλ
∂
∂

⋅⋅⋅−⋅
∆
⋅

⋅
−=     (2.43) 

Applying the inverse complex Hankel transform to (2.40), (2.41), (2.42), (2.43) we 

obtain the solution to the problem (2.3)–(2.5) with boundary conditions (2.36), (2.37) in the 

form of convergent improper integrals:  

λλλλ drJRJzkkzkkRzrVr )()()sinhsinhsinh(sinh1
2

),( 112112
0 2

⋅⋅⋅⋅−⋅
∆

= ∫
∞

,    (2.44) 

λλλ drJRJzkkkzkkkRzrVz )()()coshsinhcoshsinh(1
2

),( 01211122
0 2

⋅⋅⋅−⋅
∆

= ∫
∞

,    (2.45) 
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λλλλ drJRJzkkkzkkkRHa
r
P )()()sinhsinhsinhsinh(1

2 11211122
0 2

⋅⋅⋅⋅−⋅
∆

⋅
−=

∂
∂

∫
∞

,    (2.46) 

λλλλ
∂
∂ drJRJzkkzkkRHa

z
P )()()coshsinhcosh(sinh1

2 01
2

2112
0 2

⋅⋅⋅⋅−⋅
∆

⋅
−= ∫

∞

,    (2.47) 

where                 22
2

22
1 , λµµλµµ +−=++= kk , 

                        1212122 sinhcoshsinhcosh kkkkkk ⋅−⋅=∆ . 

 
2.1.4. Numerical results and discussion 

1) The odd problem: 

 

 The results of calculations of the velocity component rV  for the odd problem at the 

Hartmann numbers Ha=10 and Ha=50 are shown in Fig.2.4. The component rV  is an odd 

function with respect to z. One can see that rV  has the M-shaped profiles only near the 

entrance hole ( 1.11 ≤≤ r  at На=10 and 1.11 <≤ r  На=50). Even at a small distance from 

the entrance, the profiles of the rV - component are the same as for a Hartmann flow in a 

plane channel in transverse magnetic field. The magnitude of the velocity is inversely 

proportional to the distance from the hole. 

 

0.2 0.4 0.6 0.8 1

0.05

0.1

0.15

0.2

0.25

Ha=10Vr

z

r=1.01
r=1.1

r=1.5

r=2

r=3

r=6
r=4

   0.2 0.4 0.6 0.8 1

0.05

0.1

0.15

0.2

0.25

0.3 Ha=50Vr

z

r=1.01

r=1.1

r=1.5

r=2

r=3

r=6
r=4

 
 

Figure 2.4. Profiles of the velocity radial component rV  for  the odd problem at  R=1. 
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2) The even problem:  
 

Fig.2.5 shows the results of calculation of the r-component ),( zrVr  of the velocity by means 

of formula (2.44). One can see that rV  differs from zero only near the entrance region ( 2≤r  

for 10=Ha  and 5.1<r  for 50=Ha ). Besides, in Fig.2.5 for some values of r the 

component rV  is positive at 10 ≤< r  and Ha=10. However, since the fluid flows out through 

the hole at 1=z , the r-component of the velocity must be negative for 10 << r  at Ha=0. It 

means that in the transverse magnetic field there exists the opposite flow in the region 

10 << z . It occurs due to vortices generated in the channel (see Fig.2.6 ). The velocity of fluid 

in this vortex is very small. The vector field of velocity for Ha=10 is shown in Fig.2.6 
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Figure 2.5. Profiles of the velocity radial component rV  for the even problem at R=1. 
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Figure 2.6. Velocity field for the even problem at  R=1 and  Ha=10. 
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3) The general problem: 

The solution of the general problem is equal to the sum of solutions to the odd and even 

problems with respect to z. Fig.2.7 plots the results of calculation of the r-component ),( zrVr  

of the velocity for the general problem at the Hartmann numbers Ha=10 and Ha=50. One can 

see that similarly to the previous case, the profiles of the velocity component rV  differ from 

the Hartmann flow profiles only near the entrance region. The magnitude of the velocity is 

inversely proportional to the distance from the hole. 
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Figure 2.7. Profiles of the velocity radial component rV  for the general problem at R=1. 

 

 

2.2. Analytical solution for magnetohydrodynamical problem on a flow 

of conducting fluid in the initial part of a circular channel. 

2.2.1. Formulation of the problem.  

The circular channel is located in region  D~ ={ ∞+<<∞−<≤<≤ zRr ~,2~0,~0 πϕ }. 

There is a split in the channel's lateral surface in the region { dzdRr ~~~,~ ≤≤−= }. The 

conducting fluid flows into the channel through this split with constant velocity reVV GG
0

~ −= . 

We consider the case of longitudinal magnetic field, i.e. the external magnetic field z
e eBB GG

0=  

is parallel to the z axis.  The geometry of the flow is shown in Fig.2.8. Both the velocity field 

of the flow and the distribution of pressure in the channel will be studied in the problem. 

 



 72

0

r~

z~R

reVV
Rr

GG
0

~ −=
=

zeBB GG
0

~ =

d~d~−

 

Figure 2.8. Circular channel. The geometry of the flow. 
 

We consider the case of nonconducting walls Rr =~ .  We assume also, that induced streams 

do not flow through the split Rr =~ , dzd ~~~
<<−  in the region +∞<< rR ~ . In this 

problem 0=E
G

 (see [111]).  

The dimensionless variables are introduced using the radius R of the channel as the 

length scale; the magnitude of the velocity of the fluid in the entrance region V0 as the 

velocity scale, and B0, V0B0 , ρ0νV0/R as the scales of magnetic field, electrical field and 

pressure, respectively, where σ  is the conductivity, ρ  is the  density and ν  is the viscosity of 

the fluid. 

We use the dimensionless MHD equations in cylindrical coordinates in Stokes and 

inductionless approximation Eqs.(2.1)-(2.2). In projections on the r- and z- axes the 

problem has the form: 

0)( 2
1 =−+

∂
∂

− rVHaL
r
P , (2.48) 

00 =+
∂
∂

− zVL
z
P , (2.49) 

0)(1
=+ r

z rV
rrz

V
∂
∂

∂
∂ , (2.50) 

where   2

2

2

2

0
1

zrrr
L

∂
∂

+
∂
∂

+
∂
∂

= ,   2
01 /1 rLL −= . 

The boundary conditions are: 

1=r :  0=zV ,     
⎩
⎨
⎧

−∉
−∈−

=
),(,0
),(,1

ddz
ddz

Vr        (2.51) 

)sign()(: zrVVz z ⋅→±∞→ ∞ ,   ( ) ( )PP sign z A sign z
z z

∞∂∂
→ ⋅ ≡ ⋅

∂ ∂
, (2.52) 

where  Rdd /~
= , constA = .  
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Function )(rV∞  and dzdP /∞  are the velocity of the flow and the pressure gradient in the 
channel sufficiently far away from the entrance region and satisfy the following equation (see 
[111], [113]) 

0)(1
=⋅+− ∞∞

dr
dVr

rd
d

rdz
dP   (2.53) 

with the boundary condition:    1=r :    0)( =∞ rV .   

 
2.2.2. Solution of the problem  

In order to solve problem (2.48)-(2.52), we use the symmetry of the problem with 

respect to z, that is, we use the fact that the velocity component ),( zrVr  and pressure ),( zrP  

are even functions with respect to z, but the component ),( zrVz  is the odd function with 

respect to z. This means that the functions ),( zrVr  and ),( zrVz  satisfy additional boundary 

conditions: 

10,0 <<= rz  :     .0,0 =
∂
∂

=
z

VV r
z  (2.54) 

Therefore, problem (2.48)-(2.52) can be solved by the Fourier cosine and Fourier sine 

transforms. Since zV  and zP ∂∂ /  do not tends to zero at ±∞→z , we introduce new 

functions for the velocity and pressure gradient before using these transforms:  

z
new erVzVV GGG

⋅⋅−= ∞ )()arctan(2
π

    and     Az
z
P

z
P new

⋅−
∂
∂

=
∂

∂ )arctan(2
π

  (2.55) 

As a result, the problem has the form:  

0)( 2
1 =−+− r

new

VHaL
r

P
∂
∂ , (2.56) 

( )
0

1
2)(2

220 =
+

⋅−+− ∞
z
zrVVL

z
P new

z

new

π∂
∂ , (2.57) 

0
1

1)(2)(1
2 =

+
⋅++ ∞ z

rVrV
rrz

V
r

new
z

π∂
∂

∂
∂ . (2.58) 

 

 

 



 74

Boundary conditions are:  

1=r :  0=new
zV ,     1, ( , )

0, ( , )r

z d d
V

z d d
− ∈ −⎧

= ⎨ ∉ −⎩
  (2.59) 

0: →±∞→ new
zVz ,       0→

∂
∂

z
P new

.  (2.60) 

We apply the Fourier cosine transform with respect to z to equations (2.56), (2.58) and 

to Vr  in boundary conditions (2.59) and the Fourier sine transform to equation (2.57) and to 

Vz  in boundary conditions (2.59): 

dzzzrVrV r
c

r λ
π

=λ ∫
∞

cos),(2),(
0

,        dzzzrVrV new
z

s
z λ

π
λ sin),(2),(

0
∫
∞

= ,  

dzzzrPrP newc λ
π

λ cos),(2),(
0
∫
∞

= . 

We also use: 

( ) ⎥⎦
⎤

⎢⎣
⎡
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=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
222 1

1
1

2
z

F
z
zF cs λ . (2.61) 

As a result, we obtain the following system of ordinary differential equations for the unknown 
functions [ ]),(),( zrVFrV r

cc
r =λ ,      [ ]),(),( zrVFrV new

z
ss

z =λ ,   [ ]),(),( zrPFrP newcc =λ :  

0)( 2
1 =−+− c

rr

c

VHaL
dr

dP , (2.62) 

0)()(2
0 =⋅⋅−+ ∞ λλ

π
λ cs

zr
c FrVVLP , (2.63) 

( ) 0)()(21
=⋅++ ∞ λ

π
λ cc

r
s

z FrVrV
dr
d

r
V , (2.64) 

were    2
2

2

0
1 λ−+=

dr
d

rdr
dL r ,     201

1
r

LL rr −= ,    un   ⎥⎦
⎤

⎢⎣
⎡
+

= 21
1)(
z

FF cc λ . 

The boundary conditions are: 

r=1:  ( )
λ
λ

π
λ drV c

r
sin2),( −= ,        0=s

zV  . (2.65) 
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Eliminating the functions ),( λrV s
z , ),( λrPc  from the system (2.62)- (2.64), we obtain 

the equation for ),( λrV c
r : 

.0)(~2)~( 222
1

2
0 =++− c

r
c

rr
c

rrr VHaVLVLL
rd

d λλλ  (2.66) 

where   
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d
r
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1~
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d
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1~
r

LL rr −= . (2.67) 

Operators rL0
~  and rL1

~  satisfy the relationship  

aLaL
rd

d
rr 10

~]~[ = .     

By using the previous formula, we simplify Eq. (2.66) in the following way: 
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Thus, we have   

[ ]c
rrr

c
rrr VLLVLL

rd
d

110
~~)~( = . (2.68) 

Substituting Eq.(2.68) into Eq.(2.66), we obtain a linear differential operator of 4th order 

for the function  Vr
c(r, λ): 

.0)(~2~ 222
1

22
1 =++− c

r
c

rr
c

rr VHaVLVL λλλ  (2.69) 

Operator in left-hand side of (2.69) can be transformed into the product of two linear 

differential operators of second order: 

,0)~)(~( 2
21

2
11 =−− c

rrr VkLkL   (2.70) 

where         λ−λ=λ+λ= iHakiHak 2
2

2
1 , . (2.71) 
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The solution of Eq.(2.70), bounded at 0=r , has the form  

)) 212111 rkICrkIC)λ(r,V с
r (+(=  (2.72) 

where C1, C2 are arbitrary constants, )(1 zI  is the modified Bessel function of the first kind of 

order 1. 

 To determine constants C1, C2  we use boundary condition (2.65) and the following condition 

obtained from Eq.(2.64): 

0)(
1

=
=r

c
rrV

dr
d . (2.73) 

As a result, we have:   

)()(1),()(1
10122021 kIkACkIkAC λλ

∆
−=

∆
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where 

( ) )()()()(,sin2)( 1120221101 kIkIkkIkIkdA −=∆=
λ
λ

π
λ . (2.75) 

We obtain function s
zV̂  from Eq.(2.64): 

( ) )()(2))1)(r, 20221011 rVFrkIkCrkIkCV
c

s
z ∞⋅⋅−(+(−=

λ
λ

πλ
λ  (2.76) 

We get functions cPλ and dr
dPc

 from Eqs. (2.62)-(2.63) taking into account the following 

formulae 
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2
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2
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Then 
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λ )(2)()( 20221011 , (2.78) 
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In order to obtain the solution to the problem, we apply the inverse Fourier sine and 

Fourier cosine transforms to functions ),( λrV c
r , ),( λrV s

z , drdPc /  and cPλ−  in (2.76) 

(2.77), (2.78) taking into account the fact that c
new

s P
z

PF λ−=⎥
⎦

⎤
⎢
⎣

⎡
∂

∂ . We use also formulae 

(2.55)  and te following formula:  

[ ])arctan(
1

11)(
2 zF

z
FF sc

c

=⎥⎦
⎤

⎢⎣
⎡
+

=
λλ

λ . 

As a result, we get the solution to the problem (2.48)-(2.52) in the form of convergent 

improper integrals: 

[ ] λλλ+λ
π

= ∫
∞

dzrkIcrkIcVr cos)()()()(2

0
212111 , (2.79) 

[ ] λ
λ
λ

λ+λ
π

−= ∫
∞

dzrkIkcrkIkczrVz
sin)()()()(2),(

0
20221011 , (2.80) 

[ ] λλλ−λ
π

=
∂
∂

∫
∞

dzrkIcrkIc
r
P cos)()(~)()(~2

0
212111 , (2.81) 

[ ] λλλ−λ
π

−=
∂
∂

∫
∞

dzrkIkcrkIkciHa
z
P sin)()()()(2

0
20221011 , (2.82) 

where     )()(1)(),()(1)( 10122021 kIkAckIkAc λλλλ
∆

−=
∆

= ,    

   )()()(~),()()(~
2211 λ⋅+λ⋅=λλ⋅−λ⋅=λ cHaiHaccHaiHac , 

   ( ) )()()()(,sin2)( 1120221101 kIkIkkIkIkdA −=∆=
λ
λ

π
λ . 
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2.2.3. Numerical results for the circular channel.  

The results of calculation of zV  by means of formula (2.80) at Ha=10, Ha=20, Ha=50 

and d=1 are shown in Fig.2.9.  
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Figure 2.9. Circular channel. The velocity profiles at d=1  (Vp is the Poiseuille flow).  

 

It follows from calculations that at Ha ≥20 the velocity component Vz(r,z) has the M-

shaped profile in the initial part of the channel. It happens due to the electromagnetic force 

at the entrance of the channel is  

 r
eee

dz
r

e

dz
r eBVBBVBjF GGGGGGG

2
0

0
1

0
1 )()( σσ =××=×=

<<
=

<<
= .  

This electromagnetic force acts on the fluid in the direction of the channel's wall. The 

greater are the values of Vr and Ha, the larger is this force. This force creates the M-shaped 

profile of the velocity component Vz. 
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2.2.4. The asymptotic evaluation of the solution at z→∞ and Ha →∞  

1) We calculate the limit ),(lim zrVzz ∞→
. Substituting λz = t into Eq.(2.80) and passing to limit 

as z→∞, we obtain 

).1(4),(),(lim 2rLrVzrVzz
−=∞=

∞→
 (2.83) 

This formula gives the Poiseuille flow in a circular channel. Consequently, formula 

(2.83) may be used for calculation of length L∞ on which the solution (2.80) approaches the 

Poiseuille flow (2.83). The calculations give that at d=1 and Ha=10; 20; 50 the values of L∞  

are equal to 3.5; 7; 15, respectively (see Fig.2.9).  
 

2) The greatest interest for applications is to determine the limit  
1

)(lim
=

∞→ ∂
∂

r
Ha r

P .  

We use the following asymptotic formula 

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+

π
=

z
O

z
ezI

z

n
11

2
)( ,    n=0,1,     ∞→z ,      (2.84) 

in formula (2.81), which is valid in the following cases: a) ,∞→λ  Ha= const ; b) ,∞→Ha  

00 >=λ=λ const  and c) ∞→λ   and ∞→Ha . Integral (2.81) converge uniformly in region 

10 0 <≤< rr . The integrand in (2.81) is continuous in the region +∞<λ≤λ< 00 . At 0=λ  

the integrand has a removable singularity. We split the region of integration in integral (2.81) 

into two regions 00 λ≤λ≤  and +∞<λ≤λ 0 . We can choose 0λ  to be so small that the 

integral in region 00 λ≤λ≤  becomes as small as we need for all Ha>0. Therefore, we use the 

asymptotic formula  (2.84) below at once in the whole region +∞<λ≤0 . 

Using Eq.(2.84) we obtain that in region 10 0 <≤< rr  the integral (2.81) has the 

following form at ∞→Ha : 

( ) λ
λ

λλλλ
π
λϕ dzLeiHaeiHa
rr

P krkr cossin)(
21 )1()1(

0

−−−−
∞

⋅−⋅+⋅=
∂
∂

+∫  (2.85) 

where ( )iHaiHaHa −+++= λλλλϕ 22)( . 
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We will improve the convergence of integral (2.85) in region 10 0 <≤< rr  before 

passing to the limit as 1→r  in the integrand. We take into account that the multiplier at the 

exponents in Eq.(2.85) is equivalent to 22λ  at ∞→λ . Therefore, in order to improve the 

convergence of integral (2.85), we rewrite it in the form 

( )( )[∫
∞

−− +⋅+−+=
∂
∂

0

)1(22 1
1 rkeiHa

rr
P λλλλϕ

π
     

( )( ) ] λ
λ

λλλλλλϕ dzLeiHa rk cossin)1(22 2 −−⋅+−−+  (2.86) 

where    10 0 <≤< rr  and ∞→Ha . 

The calculation shows that  

2,1,0sinlim
0

)1(

01
==λ⋅λλ∫

∞
−−

−→
ideL rk

r
i .  (2.87) 

Passing to limits 1→r and using (2.87) we obtain from (2.86) that 

( )[ ] ∫∫
∞∞

∞→
= λ

λλ
π

=λ
λ

λλ
λ−+λ+λ+λ

π
=

∂
∂

0

2

0

22222

1

cossin2cossin22lim zLHadzLHaHa
r
P

Ha
r

 

Consequently, at ∞→Ha  we have  

⎩
⎨
⎧

−∉
<<−

=
∂
∂

= ).,(,0
,2

1 LLz
LzLHa

r
P

r

 (2.89) 

Formula (2.89) gives the asymptotic of integral (2.81) at ∞→Ha  and 1=r . It follows 

from (2.89) that at large Hartmann numbers, the pressure gradient which is proportional to the 

square of the Hartmann number is needed for turning the flow on the angle 90 degrees in the 

circular channel.  
 

For calculations of rP ∂∂ /  at 1=r  and finite Hartmann number 0≠Ha  by using 

Eq.(2.81) we also have to improve the convergence of integral (2.81) in region 10 0 <≤< rr  

before passing to the limit as 1→r  by similar way as it was done for integral in (2.85). As a 

result we obtain  
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∫
∞

=

−
⎢
⎢
⎣

⎡

−λ−+λ

−λ++λ
+λ

π
=

∂
∂

0 21101120

2110112022

1 )()()()(
)()()()(2

kIkIiHakIkIiHa
kIkIiHakIkIiHa

HaiHa
r
P

r

  

] λ
λ

λλ
λ− dzL cossin2 2 . (2.90) 

The integral (2.90) converges in ordinary sense and it is available for the calculation by using 

package “Mathematica”. 

The results of calculation by means formula (2.90) at 0=z  and formula (2.89) are 

given in Table 2.1. Relative error between numerical results by formulae (2.90) and (2.89) 

tends to zero as ∞→Ha . 

 
Ha 

1
/

=
∂∂

r
rP  , 

 (2.102) 

2
1

/ HarP
r

=∂∂
=

, 

(2.101) 

Absolute error δ Relative error 

δ/Ha2 *100% 

20 

40 

60 

80 

100 

120 

140 

160 

180 

200 

413.38 

1628.20 

3644.30 

6461.70 

10080.00 

14500.00 

19722.00 

25744.00 

32568.00 

40194.00 

400 

1600 

3600 

6400 

10000 

14400 

19600 

25600 

32400 

40000 

13.38 

28.2 

44.3 

61.7 

80 

100 

122 

144 

168 

194 

3.34 

1.76 

1.23 

0.96 

0.8 

0.7 

0.62 

0.57 

0.52 

0.49 
 

Table 2.1. Absolute and relative error between results by formulae (2.90) and (2.89). 
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3. THE DEPENDENCE BETWEEN THE BOUNDARY VELOCITY 

PROFILE OF THE FLUID AND THE FULL PRESSURE FORCE AT 

THE ENTRANCE OF REGION. 

In this part of the PhD thesis we study the dependence between the profile of the 

boundary velocity of the fluid and the full pressure force at the entrance region by means of 

analytical solution of two hydrodynamic problems on an inflow of a viscous fluid into a half-

space through a plane split or through a round hole and two similar MHD problems (see also 

[8], [54]). For each problem two cases are considered: the case of uniform inlet velocity 

profile at the entrance of region and the case of parabolic inlet velocity profile at the entrance. 

It is shown that the full pressure force at the entrance region is equal to infinity if the uniform 

velocity profile is given at the entry into a half-space, consequently, such problem is 

physically unrealistic. But if the boundary velocity profile is given as a continuous function, 

the full pressure force at the entrance region has finite value and the problem is physically 

realistic. The problems are solved in the Stokes approximation. The inductionless 

approximation was used for the MHD problems. Author assumes that this phenomenon also 

takes place in exact nonlinear formulation. The new asymptotic solutions for MHD problems 

are obtained at large Hartmann number for the case of parabolic boundary velocity profile. 

3.1. The dependence between the boundary velocity profile of the fluid 

and the full pressure force at the entrance of region in hydrodynamic 

problems. 

3.1.1. The problem on a plane jet flowing into a half-space through a split of finite 
width  

We consider a half-space with viscous fluid located in the region D:{ +∞<< y~0 , 

+∞<<∞− zx ~,~ }. This half-space is bounded by the impermeable plate in the plane 0~ =y  

with the split in the region { LxL ≤≤− ~ , +∞<<∞−= zy ~,0~ }. Viscous fluid flows into the 

half-space through this split with given velocity yexVV ⋅⋅= )(~
0 ψ . The geometry of the flow 

one can see on Fig.3.1.  
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L-L
yexVV ⋅= )(~

0

x~

y~

 

Fig.3.1. Plate with the plane split. The geometry of the flow. 

 

We introduce the dimensionless variables in this problem using L-half width of the split 

as the scale of length, 0V  as the scale of the velocity LV /0ρν as the scale of pressure. 

We use the nondimensional Navier-Stokes equations in Stokes approximation: 

,0=∆+∇− VP  (3.1) 

0=
∂

∂
+

∂
∂

y
V

x
V yx , (3.2) 

where  yyxx eyxVeyxVV ),(),( +=  is the velocity of the fluid,  P is the pressure,  

           2

2

2

2

yx ∂
∂

+
∂
∂

=∆ ,   yx e
y

e
x ∂

∂
+

∂
∂

=∇   . 

Projecting Eq (3.1) on the x- and y- axis, we obtain the problem in the form  

0=∆+− xV
x
P

∂
∂ ,      (3.3) 

0=∆+− yV
y
P

∂
∂ , (3.4) 

0=+
y

V
x

V yx

∂
∂

∂
∂

. (3.5) 

The boundary conditions are: 

0=y : 0=xV ,
⎩
⎨
⎧

− ∉
− ∈

= 
)1;1(x,0
)1;1( x),(

 
x

Vy

ψ
,  (3.6) 

0,:22 →∞→+ yx VVyx . (3.7) 
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To study the dependence between the profile of the boundary velocity and the full pressure 

force on this boundary, two cases for the velocity of the fluid at the entrance of the region are 

considered: 
 

1) The uniform inlet velocity profile is given at the entrance: yeV ⋅= 1 .  In this case the 

function  1)( =xψ ;  

2)   The parabolic inlet velocity profile is given at the entrance: yexV )1( 2−= .  

           Then )1()( 2xx −=ψ . 
 

In order to solve problem (3.3)-(3.7) we use the symmetry of the problem with respect 

to x, that is, we use the fact that the velocity component ),( yxVy  and pressure ),( yxP  are 

even functions with respect to x, but the component ),( yxVx  is odd function with respect to x. 

Therefore, the problem can be solved by means of Fourier cosine and Fourier sine transforms, 

namely, we apply the Fourier sine transform with respect to x to equations (3.3), (3.5) and to 

xV  in boundary conditions (3.6) and we apply Fourier cosine transform to equation (3.4) and 

to yV  to boundary conditions (3.6): 

dxxyxVyV y
c

y λ
π

λ cos),(2),(
0
∫
∞

= ,  (3.8) 

dxxyxVyV x
s

x λ
π

λ sin),(2),(
0
∫
∞

= ,  (3.9) 

dxxyxPyPc λ
π

λ cos),(2),(
0
∫
∞

= . (3.10) 

As a result, we obtain the following system of ordinary differential equations for 

unknown functions ),( yV s
x λ , ),( yV c

y λ ,  ),( yPc λ : 

02

2
2 =+− s

x
s

x
c V

dy
dVP λλ ,  (3.11) 

02

2
2 =+−− c

y
c

y

c

V
dy
dV

dy
dP λ

 (3.12) 

0=+
dy

dV
V

c
ys

xλ .  (3.13) 
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We also apply the transforms (3.8)-(3.9) to boundary conditions (3.6): 

y=0:      =)0,(λc
yV dxxx λψ

π
λψ cos)(2)(ˆ

1

0
∫= ,       0)0,( =λs

xV . (3.14) 

Eliminating the functions ),( yV s
x λ and ),( yPc λ ,  from system (3.11)-(3.13) we obtain 

the equation for ),( yV c
y λ  : 

02 4
2

2
2

4

4

=+− c
y

c
y

c
y V

dy
Vd

dy
Vd

λλ . (3.15) 

The solution of Eq.(3.15), that tends to 0 at  ∞→∞→ yx ,   has the form  

yyc
y yeCeCV λλ −− += 21 , (3.16) 

where 1C , 2C  are constants.  

To determine constants 1C , 2C  we use boundary conditions (3.14) and the following 

additional boundary obtained from (3.13) and (3.14): 

0=
=oy

c
yV

dy
d . (3.17) 

As a result, we have 

)(ˆ),(ˆ 121 λψλλλψ === CCC  (3.18) 

Therefore, 

( )yeV yc
y λλψ λ += − 1)(ˆ . (3.19) 

Determining ),( yV s
x λ  and ),(Pc yλ  from the system (3.11)-(3.13) and using the inverse 

Fourier sine and Fourier cosine transforms, we obtain the solution to the problem (3.3)-(3.7) 

with boundary conditions (3.6)-(3.7) in the form: 

λλλψλ
π

λ xdyeV y
y cos)(ˆ)1(2

0
∫
∞

− += , (3.20) 

λλλψλ
π

λ dxyeV y
x sin)(ˆ2

0
∫
∞

−= , (3.21) 
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λλλψλ
π

λ dxe
y
P y cos)(ˆ22

0

2∫
∞

−−=
∂
∂ , (3.22) 

λλλψλ
π

λ xde
x
P y sin)(ˆ22

0

2∫
∞

−−=
∂
∂ , (3.23) 

λλλψλ
π

λ dxeP y cos)(ˆ22
0
∫
∞

−= , (3.24) 

function )(ˆ λψ  is given by (3.14). 
 

The full pressure force at the entrance into the half-space is equal to  

∫∫ ∫∫
∞

=

∞
−

=
=

⎭
⎬
⎫

⎩
⎨
⎧

==
0

1

0 00

1

0

sin)(ˆ24cos)(ˆ242 λλλψ
π

λλλψλ
π

λ xddxxdedxPF
y

y
oy

  (3.25) 

 

1) The viscous fluid flows into the half-space through the split with velocity  ye1V ⋅= . 
 

In this case  1)( =xψ  in (3.6), i.e. the boundary conditions (3.6) have the form:  

0=y : 0=xV ,
⎩
⎨
⎧

− ∉
− ∈

= 
)1;1(x,0
)1;1( x,1

 yV    .  (3.26) 

0,:22 →∞→+ yx VVyx  

In this case function )(ˆ λψ  in (3.14) has the form:  

λ
λ

π
λλψ sin2)0,()(ˆ == c

yV . (3.27) 

Substituting )(ˆ λψ  into Eqs.(3.20)-(3.24) we obtain the solution of problem (3.3)-(3.5) 

with boundary conditions (3.26) in the form of convergent improper integrals: 

λ
λ

λλ
λ

π
λ dxyeV y

y
cossin

)1(2

0
∫
∞

− += , (3.28) 

λλλ
π

λ dxyeV y
x sinsin2

0
∫
∞

−= , (3.29) 
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λλλλ
π

λ dxe
y
P y cossin4

0
∫
∞

−−=
∂
∂ , (3.30) 

λλλλ
π

λ xde
x
P y sinsin4

0
∫
∞

−−=
∂
∂ , (3.31) 

λλλ
π

λ dxeP y cossin4

0
∫
∞

−= . (3.32) 

Integrals (2.28)-(3.32) were analytically evaluated by using Laplace transform 

[ ] ∫
∞

−=
0

)()( λλ λ deFyfL y  and its properties (see [4]). As a result, we obtained the solution of 

the problem in the form of elementary functions: 

⎥
⎦

⎤
⎢
⎣

⎡
++

+
+

+−
−

+
+

−
−

−= 2222 )1(
)1(

)1(
)1(

1
arctan

1
arctan1

yx
xy

yx
xy

x
y

x
yVy π

π
,           if  0<x<1 

⎥
⎦

⎤
⎢
⎣

⎡
++

+
+

+−
−

+
+

−
−

−= 2222 )1(
)1(

)1(
)1(

1
arctan

1
arctan1

yx
xy

yx
xy

x
y

x
yVy π

,               if  x>1   

 

⎥
⎦

⎤
⎢
⎣

⎡
++

−
+−

= 2222

2

)1(
1

)1(
1

yxyx
yVx π

, 

( ) ( ) ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

++

+
+

−+

−
−=

∂
∂

222222 )1(
1

)1(
14

xy
x

xy
xy

y
P

π
, 

( )
( )

( )
( ) ⎥

⎥
⎦

⎤

⎢
⎢
⎣

⎡

++

+−
−

−+

−−
−=

∂
∂

222

22

222

22

)1(
1

)1(
12

xy
xy

xy
xy

x
P

π
, 

⎥
⎦

⎤
⎢
⎣

⎡
++

+
−

+−
−

= 2222 )1(
1

)1(
12

yx
x

yx
xP

π
. 

Substituting )(ˆ λψ  from formula (3.27) into (3.25) we obtain the full pressure force at the 

entrance into the half-space in the form: 

λ
λ

λ
π

dF ∫
∞

=
0

2sin8  (3.33) 

The integral (3.33) diverges and, consequently, the full pressure in this case is ∞=F . 
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2) The fluid flows into a half-space through the split with velocity  y
2 e)x(1V −=  

 

In this case 21)( xx −=ψ  in (3.6), i.e. the boundary conditions (3.6) have the form: 

0=y : 0=xV ,
⎩
⎨
⎧

− ∉
− ∈−

= 
)1;1(x,0
)1;1( x,1

 
2x

Vy    .  (3.34) 

0,:22 →∞→+ yx VVyx . (3.35) 

Function )(ˆ λψ  from (3.14) in the case of parabolic profile of the inlet velocity has the form:  

== )0,()(ˆ λλψ c
yV 3

cossin22
λ

λλλ
π

− . (3.36) 

Substituting )(ˆ λψ from (3.36) into Eqs.(3.20)-(3.24), we obtain the solution of problem (3.3)-

(3.5) with boundary conditions (3.34) in the form of convergent improper integrals: 

λλ
λ

λλλλ
π

λ xdyeV y
y coscossin)1(4

3
0

−
+= ∫

∞
− , (3.37) 

λλ
λ

λλλ
π

λ dxyeV y
x sincossin4

0
2∫

∞
− −

= , (3.38) 

λλ
λ

λλλ
π

λ dxe
y
P y coscossin8

0
∫
∞

− −
−=

∂
∂ , (3.39) 

λλ
λ

λλλ
π

λ dxe
x
P y sincossin8

0
∫
∞

− −
−=

∂
∂ , (3.40) 

λλ
λ

λλλ
π

λ dxeP y coscossin8

0
2∫

∞
− −

= . (3.41) 

Integrals (3.37)-(3.41) were evaluated analytically by using Laplace transform and its 

properties. As a result, the solution of the problem was obtained in the form of elementary 

functions: 

⎥
⎦

⎤
⎢
⎣

⎡

+−
++

−
+

+
−

+−= 22

22

)1(
)1(

211
24
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yxLnx
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π
 ,             if  0<x<1; 

⎥
⎦
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⎡
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−
+

+
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+= 22
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)1(
)1(

211
24
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x
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x
yyarctgP

π
,                      if x>1; 
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⎥
⎦
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⎢
⎣
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x

yarctgyxyyVy −+⎟
⎠
⎞

⎜
⎝
⎛

+
+

−
−−−+−=

ππ
,            if  0<x<1; 

⎟
⎠
⎞

⎜
⎝
⎛

+
+

−
−−−=

x
yarctg

x
yarctgyxyVy 11

)1(12 22

ππ
,                                    if  x>1; 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

++
+−

+
+

−
−

−= 22

22

)1(
)1(

211
2

yx
yxLny

x
yxarctg

x
yxarctgxyVx π

π
,                  if  0<x<1; 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

++
+−

+
+

−
−

−= 22

22

)1(
)1(

211
2

yx
yxLny

x
yxarctg

x
yxarctgyVx π

,                      if  x>1. 

The full pressure at the entrance of the half-space in this case has the form: 

∫
∞ −

=
0

3 sincossin16 λλ
λ

λλλ
π

dF  (3.42) 

Integral in (3.42) converges and it is equal to F=1/2. So, if the profile of the boundary 

velocity at the entrance into the half-space is given as a parabolic function, then the full 

pressure at the entrance of the half-space, in contrast to the previous case, has finite value.  

 
3.1.2. The problem on a round jet flowing into a half-space through a round hole of 

finite radius. 

In this part of the thesis the problem similar to the one considered in the previous 

section of the thesis, is solved for the case where fluid flows into the half-space 0~ ≥z  through 

a round hole of finite radius.  The geometry of the flow is shown in Fig.3.2.  
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Figure 3.2. Plate with a round hole. The geometry of the fow. 

 

The half-space with a fluid is located in the region D:{ +∞<< z~0 , +∞<< r~0 } ( r~ , 

ϕ~ , z~  are the cylindrical coordinates). There is an impermeable plate in the plane 0~ =z  with 

a round hole in the region { Rr ≤≤ ~0 , 0~ =z }. The viscous fluid flows into the half-space 

through this hole with given velocity zerVV ⋅⋅= )(~
0 ϕ . 

We introduce the dimensionless quantities using the values R, 0V , RV /0ρν  as scales of 

length, velocity and pressure, respectively. 

We use the nondimensional Navier-Stokes equations in polar coordinate system and 

Stokes approximation. In projections on the r- and z- axis these equations have the form:  

02 =⎟
⎠
⎞

⎜
⎝
⎛ −∆+−

r
VV

r
P r

r∂
∂ ,  (3.43) 

0=∆+− zV
z
P

∂
∂ , (3. 44) 

( ) 01
=+

z
VrV

rr
z

r ∂
∂

∂
∂ . (3.45) 

where    zzrr ezrVezrVV ),(),( +=  is the velocity of the fluid, P is the pressure,  

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

∂
∂

+
∂
∂

=∆
r

r
rrz

1
2

2

. 

 

The dimensionless boundary conditions are: 

⎩
⎨
⎧

>
<

=  =
1,0
1),(

:0z
r
rr

Vz

ϕ
,   0=rV . (3.46) 

0,:22 →∞→+ zr VVzr  . (3.47) 
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In order to solve problem (3.45)-(3.49) we use the Hankel transform (2.8) with respect to r:  

drrJzrrVzV rr )(),(),(ˆ
1

0

λλ ∫
∞

= ,  (3.48) 

drrJzrrVzV zz )(),(),(ˆ
0

0

λλ ∫
∞

= ,  (3.49) 

drrJzrrPzP )(),(),(ˆ
0

0

λλ ∫
∞

= . (3.50) 

where )( rJ λν are the Bessel functions of order ν  ( 1,0=ν ). 

As a result we obtain the following system of ordinary differential equations for unknown 

functions zr VVP ˆ,ˆ,ˆ : 

0ˆˆˆ
2

2
2 =+− rr V

dz
dVP λλ , (3.51) 

0ˆˆˆ
2

2
2 =+−− zz V

dz
dV

dz
Pd λ  (3.52) 

0
ˆ

ˆ =+
dz
VdV z

rλ  .  (3.53) 

We also apply Hankel transforms to boundary conditions (3.46): 

z=0:   ∫==
1

0
0 )()()(ˆˆ drrrJrVz λϕλϕ ,   0ˆ =rV . (3.54) 

Eliminating the functions ),(ˆ rVr λ , ),(ˆ rP λ  from system (3.51)-(3.53) we obtain the 

differential equation for ),(ˆ rVz λ : 

0ˆ
ˆ

2
ˆ

4
2

2
2

4

4

=+− y
zz V

dz
Vd

dz
Vd

λλ . (3.55) 

The general solution to this equation that tends to 0 at ∞→z  has the form:  

zz
z zeCeCV λλ −− += 21

ˆ , (3.56) 

where C1, C2 are constants. 
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To determine constants C1 and C2 we use boundary condition (3.54) and the following 

additional boundary condition, that one can obtain from (3.53) and (3.54):  

0ˆ =
=oz

zV
dz
d . (3.57) 

As a result, we get the solution for ),(ˆ zVz λ  in the form: 

)1()(ˆ),(ˆ zezV z
z λλϕλ λ +⋅⋅= −  (3.58) 

 

Determining rV̂  and P̂  from the system (3.51)-(3.53) and using the inverse Hankel 

transforms, we obtain the solution of the problem: 

λλλλλϕ λ drJzeV z
z ∫

∞
− +=

0
0 )()1()(ˆ , (3.59) 

λλλϕλ λ drJezV z
r ∫

∞
−=

0
1

2 )()(ˆ  (3.60) 

λλλϕλ λ drJeP z∫
∞

−=
0

0
2 )()(ˆ2 , (3.61) 

λλλϕλ λ drJe
z
P z∫

∞
−−=

∂
∂

0
0

3 )()(ˆ2 , (3.62) 

λλλϕλ λ drJe
r
P z∫

∞
−−=

∂
∂

0
1

3 )()(ˆ2  (3.63) 

The full pressure force at the entrance into the half-space is: 

rdrdrJrdrPF
z ∫ ∫∫

⎭
⎬
⎫

⎩
⎨
⎧

==
∞

=

1

0 0
0

2
1

0
0

)()(ˆ42 λλλϕλππ  (3.64) 

Changing the order of integration in (3.64) and evaluating the integral with respect to r we 

obtain: 

∫
∞

=
0

1 )()(ˆ4 λλλϕλπ dJF  (3.65) 

 

Similarly to the previous paragraph, we consider two cases:  

1) the viscous fluid flows into the half-space through the hole with velocity zeV ⋅= 1  

2)   the viscous fluid flows into the half-space through the hole with velocity zerV )1( 2−= . 



 93

1) The fluid flows into the half-space through the round hole with velocity ze1V ⋅=  
 

In this case 1)( =rϕ   in boundary condition (3.46) and the function  )(ˆ λϕ  in (3.54) has the 

form:  

)(1)(1)0,(ˆ)(ˆ 1

1

0
0 λ

λ
λλλϕ JdrrrJVz ∫ =⋅== . (3.66) 

Substituting )(ˆ λϕ  from (3.66) into Eqs (3.59)-(3.63) we obtain the solution of problem in the 

form of convergent improper integrals: 

λλλλλ drJJzeV z
z ∫

∞
− +=

0
01 )()()1( , (3.67) 

λλλ λ drJrJzeV z
r ∫

∞
−=

0
11 )()( , (3.68) 

λλλ λ drJrJeP z∫
∞

−=
0

01 )()(2 , (3.69) 

λλλ λ drJrJe
z
P z∫

∞
−−=

∂
∂

0
01

2 )()(2 , (3.70) 

λλλ λ drJrJe
r
P z∫

∞
−−=

∂
∂

0
11

2 )()(2 . (3.71) 

Substituting function )(ˆ λϕ  from (3.66) into (3.65) we obtain the full pressure force at the 

entrance region in the form  

∫
∞

=
0

2
1 )(4 λλπ dJF . (3.72) 

To evaluate this integral we use the following asymptotic formula (see [114]): 

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛ −−=

λ
ππλ

πλ
λ 1

42
cos2)( OnJ n . 

For 1=n  we have 

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛ −=

λ
πλ

πλ
λ 1

4
3cos2)(1 OJ . (3.73) 
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We consider integral ∫
∞

N

dJ λλ)(2
1 . For sufficiently large N  one can substitute (3.73) into this 

integral instead )(1 λJ . 

As a result, one obtains integral λ
λ

λd
N
∫
∞ 2cos . This integral diverges, consequently the integral 

(3.72) also diverges and full pressure at the entrance is ∞=F . 

 

2) The fluid flows into the half-space through the round hole with velocity ze)r(1V 2−=  
 

In this case 21)( rr −=ϕ  in boundary conditions (3.46) and the function )(ˆ λϕ in (3.54) has 

the form: 

         )(2)()1()(ˆ 2

1

0
20

2 λ
λ

λλϕ JdrrrJr∫ =⋅−= . (3.74) 

Substituting function )(ˆ λϕ from (3.74) into the formulae (3.59)-(3.63) we obtain the solution 

of the problem  for the case of the continuous velocity on the entrance region in the form: 

λ
λ

λλ
λλ d

rJJ
zeV z

z ∫
∞

− +=
0

02 )()(
)1(2 , (3.75) 

λλλ drJrJzeV z
r ∫

∞
−=

0
12 )()(2  (3.76) 

λλλ drJrJeP z∫
∞

−=
0

02 )()(4 , (3.77) 

λλλ λ drJrJe
z
P z∫

∞
−−=

∂
∂

0
02 )()(4 , (3.78) 

λλλ λ drJrJe
r
P z∫

∞
−−=

∂
∂

0
12 )()(4  (3.79) 

 

Substituting )(ˆ λϕ also into (3.65) and using formula from [114] we obtain the full 

pressure force at the entrance into half-space:  



 95

( )
ππλ

λ
λλ

π
3

16

1
2
31

2
32

2
3)1(

8
)()(

8
0

21 =
Γ⎟

⎠
⎞

⎜
⎝
⎛ +Γ⎟

⎠
⎞

⎜
⎝
⎛Γ

⎟
⎠
⎞

⎜
⎝
⎛ΓΓ

== ∫
∞

d
JJ

F . (3.80) 

So, integral (3.80) converges, consequently, the full pressure F at the entrance into a half-

space has a finite value and, therefore, the problem is physically realistic in the case of 

parabolic profile of the inlet velocity. 

3.2. The dependence between the boundary velocity profile of the fluid 

and the full pressure force at the entrance of region for MHD problems 

In this part we consider the MHD analogue of problems considered in the first part of the 

Chapter 3. 
 

3.2.1. The MHD problem on a plane jet flowing fluid into a half-space through a 
plane split of finite width 

We solve the problem considered in §3.1.1 on an inflow of conducting fluid into a half-

space 0~ >y  with a given velocity )(0 xV ψ  through a split of finite width located in the region 

{ 0~ =y , LxL ≤≤− ~ , +∞<<∞− z~ }, but with the presence of external magnetic field that is 

parallel to the y-axis, i.e. y
e eBB 0

~ = . We introduce the dimensionless quantities similarly to 

§3.1.1, but as a scale of magnetic field the magnitude 0B  is used. 

We use dimensionless MHD equations (1.5)-(1.7) in the Stokes and inductionless 

approximation, i.e.:  

02 =−∆+
∂

− xx VHaV
x
P∂ ,  (3.81) 

0=∆+
∂

− yV
y
P∂ , (3.82) 

0=
∂

+
∂ y

V
x

V yx ∂∂
,  (3.83) 

yyxx eyxVeyxVV ),(),( +=  is the velocity of fluid, ),( yxPP = is the pressure of the fluid. 
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Boundary conditions are described by Eqs.(3.6), (3.7), i.e. 

0=y : 0=xV ,  
⎩
⎨
⎧

−∉
−∈

=
)1,1(,0

)1,1(),(
x
xx

Vy

ψ
, (3.84) 

0,:22 →∞→+ yx VVyx . (3.85) 

For the solution of the problem we use the Fourier cosine and Fourier sine transforms 

(similarly to the problem considered in paragraph 3.1.1). As the result, the solution to the 

problem has the form: 

λλλλψµ
π

λ dxey
Ha

yxV fy
x ∫

∞
⋅−=

0

)( )sin()(ˆ)sinh(4),( , (3.86) 

λλλψµµµλ
π

λ dxyyfe
Ha

yxV fy
y ∫

∞
− +=

0

)( )cos()(ˆ)]cosh()sinh()([4),( , (3.87) 

λλλψµµµλ
π

λ dxyyfeyxP fy∫
∞

− +=
0

)( )cos()(ˆ)]sinh()cosh()([4),( , (3.88) 

where  

22)( µλλ +=f , Ha5.0=µ ,  (3.89) 

dxxx∫=
1

0

cos)(2)(ˆ λψ
π

λψ . (3.90) 

 

The full pressure force on the entrance of the half-space is equal to: 

∫ =
=

1

0
0

2 dxPF
y

= ∫
∞

− +
0

221 sin)(ˆ8 λ
λ

λλψµλπ d . (3.91) 

 

Similarly to the paragraph 3.1.1., two cases are considered for the problem: 
 

1) the conducting fluid flows into the half-space through the split with velocity yeV ⋅= 1 ; 

2) the conducting fluid flows into the half-space with the parabolic velocity ye)x(V ⋅−= 21 . 

 

 

 



 97

1) the conducting fluid flows into the half-space through the split with velocity ye1V ⋅=  

 

It means that function 1)( =xψ  in (3.84) and the function )(ˆ λψ  has the form (3.27).  

The full pressure at the entrance into half-space for this case is:  

∫
∞

+=
0

2

2
22 )(sin8 λ

λ
λµλ

π
dF . (3.92) 

This integral diverge, ∞=F , and, consequently, the flow with boundary velocity yeV ⋅= 1  is 

physically unrealistic. 

 

2) the conducting fluid flows into the half-space through the split with velocity 

y
2 e)x(1V ⋅−=  

 

In this case the function )(ˆ λψ  has the form (3.36) and the full pressure at the entrance 

into half-space is 

∫
∞

⎟
⎠
⎞

⎜
⎝
⎛ −

+⋅=
0

2
22 sincossin1216 λλ

λ
λλλµλ

ππ
dF . (3.93) 

This integral is converged and, consequently, the flow with parabolic boundary velocity is 

physically realistic.  

 

The asymptotic solution at ∞→Ha  is also obtained for this case: 

HadHaF
Ha π

λλ
λ

λλλ
ππ

2
3
4sincossin28lim

0
4 =⎟

⎠
⎞

⎜
⎝
⎛ −

= ∫
∞

∞→
, (3.94) 

0lim =
∞→ xHa
V ,              )1()1(lim 2 xxVyHa

−−=
∞→

η , (3.95) 

)1()1(2
2
1coscossin24lim 2

0
3 xxHaxdHaP

Ha
−−⋅=⎟

⎠
⎞

⎜
⎝
⎛ −

= ∫
∞

∞→
η

π
λλ

λ
λλλ

ππ
. (3.96) 

where )(xη  is the Heaviside step function. 

 



 98

3.2.2. The MHD problem on a round jet flowing into a half-space through a round 
hole of finite radius.  

In this paragraph we study the dependence between the profile of the boundary velocity 

and the full pressure force at the entrance region for the problem considered in §3.1.2 on an 

inflow of conducting fluid into the half-space 0~ >z  through the round hole of finite radius R, 

but with the presence of the external magnetic field z
e eBB 0

~ =  that is perpendicular to the 

plane. The fluid flows into the half-space with the given velocity )(0 rV ϕ . The dimensionless 

quantities are the same as in §3.2.1, only as the scale of length in this problem we take radius 

of the hole R .  

Dimensionless MHD equations in Stokes and inductionless approximation in cylindrical 

coordinate system have the form of Eqs.(2.3)-(2.5), i.e.: 

0)( 2
1 =−+

∂
∂

rVHaL
r
P ,  (3.97) 

00 =+
∂
∂

zVL
z
P , (3.98) 

0)(1
=

∂
∂

+
∂

∂
r

rV
rz

V rz , (3.99) 

where ⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

∂
∂

+
∂
∂

=
r

r
rrz

L 1
2

2

0 ,    201
1
r

LL −= , 

zzrr eVeVV +=  is the velocity of the fluid, P(r,z) is the pressure. 
 

 The boundary conditions are given by Eqs.(3.46)-(3.47) and have the form:  

0=z : 0=rV ,  
⎩
⎨
⎧

−∉
−∈

=
)1,1(,0
)1,1(),(

r
rr

Vz

ϕ
, (3.100) 

∞→+ 22 zr : 0→rV , 0→zV . (3.101) 

 For the solution of the problem we use the Hankel transform of order 1 with respect to 

r for function ),( zrVr  and the Hankel transform of order 0 with respect to r for functions 

),( zrVz  and P(r, z) (similarly, as it was done in § 3.1.2.). As a result we obtain the solution of 

the problem (3.97)-(3.101) in the form: 
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λλλλϕλ drJJee
Ha

zrV zkzk
r ∫

∞

−=
0

11
2 )()()(ˆ)(1),( 12 , (3.102) 

λλλλϕ drJekek
Ha

zrV zkzk
z ∫

∞

−=
0

012 )()(ˆ)(2),( 21 , (3.103) 

λλλλϕ drJekekzrP zkzk∫
∞

+−=
0

012 )()(ˆ)(2),( 21 , (3.104) 

where  

            )( 22
1 µµλ ++−=k , )( 22

2 µµλ −+−=k , (3.105) 

  drrrJr∫=
1

0
0 )()()(ˆ λϕλϕ , (3.106) 

µ2=Ha , )( rJ λν   ( 1,0=ν ) are the Bessel functions of order ν . 
 

The full pressure force at the entrance of the half-space is equal to: 

∫ =
=

1

0
0

2 rdrPF
z

π = ∫
∞

+
0

1
22 )()(ˆ4 λλµλλϕπ dJ . (3.107) 

1) the conducting fluid flows into a half-space through the hole with velocity ze1V ⋅=  
 

Then 1)( =rϕ  and the function )(ˆ λϕ  in Eq.(3.106) has the form (3.66), i.e. 

λ
λ

λλϕ
)(

)()(ˆ 1
1

0
0

J
drrrJ ==∫ . (3.108) 

Formulae (3.102)-(3.106) with (3.108) describe the solution of the problem for the case 

of the constant velocity zeV ⋅= 1  in the entrance region. The full pressure force at the 

entrance region for the problem is: 

∫
∞

+=
0

2
122 )(

4 λ
λ

λ
µλπ d

J
F . (3.109) 

With the aim to study the convergence of the integral (3.109) we consider the following 

integral:  

         ∫
∞

+
N

d
J

λ
λ

λ
µλ

)(2
122 . (3.110) 
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For sufficiently large N we can use the asymptotic formula (3.73) for )(1 λJ , as a result we 

obtain the integral in the form: 

∫
∞ −

+
N

dλ
λ

πλµλ 2

2
22 )4/3(cos . (3.111) 

This integral diverges and, consequently, the integral (3.109) also diverges, ∞=F , then the 

flow with inlet velocity zeV ⋅= 1  is physically unrealistic. 

 

2) the conducting fluid flows into a half-space with the parabolic velocity z
2 e)r(1V −= . 

 

In this case )r(r 21)( −=ϕ  and the function in Eq.(3.106) has the form of (3.74), i.e., 

2
2

1

0
0

2 )(
2)()1()(ˆ

λ
λ

λλϕ
J

drrrJr =−=∫ . (3.112) 

Formulae (3.102)-(3.106) with (3.112) describe the solution of the problem in the case of 

parabolic boundary velocity and the full pressure force at the entrance region is: 

∫
∞ +

=
0

212

22

)()(8 λλλ
λ

µλ
π dJJF ,  (3.113) 

Integral (3.113) converges and, consequently, the flow with parabolic boundary velocity is 

physically realistic. 
 

The asymptotic solution at ∞→Ha  is also obtained for the problem:  

∫
∞

∞→
=

0
2

21 )()(4lim λ
λ

λλ
π d

JJ
HaF

Ha
=(see [30], formula 6.574(2))= Ha⋅π

2
1 . (3.114) 

)1(lim r
Ha
rVrHa

−=
∞→

η , )1()1(lim 2 rrVzHa
−⋅−=

∞→
η ,  

)1()1(lim 2 rrHaP
Ha

−⋅−=
∞→

η . (3.115) 

Note, that formulae (3.115) were obtained by using formula 6.575(1) in [30]. 
 

Thus, in this part of the thesis, on the considering two hydrodynamic and two similar 

MHD problems on an inflow of viscous fluid (conducting fluid for MHD problems) into a 
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half-space through a plane split and through a round hole, it is shown that the full pressure 

force at the entrance region is equal to the infinity if the boundary velocity has a uniform 

profile and, consequently, such problem is physically unrealistic. But if the boundary velocity 

is given as a parabolic (continuous) function, the full pressure force at the entrance region has 

finite value and the problem is physically realistic. Moreover, the new asymptotic solutions 

for MHD problems are obtained at large Hartmann numbers for the case of parabolic 

boundary velocity profile. 
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4. ANALYTICAL SOLUTION TO THE MHD PROBLEM ON THE 
INFLUENCE OF CROSS FLOW ON THE MAIN FLOW IN THE 

INITIAL PART OF A PLANE CHANNEL  

In this chapter the analytical solution is obtained for the problem on a MHD flow of a 

conducting fluid in a plane channel in the presence of a cross flow. Namely, we solve the 

problem on a MHD flow in the initial part of a plane channel if the conducting fluid flows 

into the channel through a split in one channel’s lateral side and flows out through the split in 

its other lateral side in the presence of a main flow in the channel (see also author’s papers 

[9], [55], [56]). The influence of the cross flow on the main flow in the channel is studied. 

The problem is solved analytically in Oseen and inductionless approximations by using the 

Fourier transform.  

As it was mentioned in the Introduction, on solving the problem on a flow of viscous fluid in 

the initial part of the channel by using the Oseen approximation it is usually assumed, that the 

velocity and the pressure of the fluid are given at the entrance of the channel [127]. In our 

opinion, these boundary conditions overdetermine the problem and it is sufficient to prescribe 

only the velocity at the entrance of the channel. Thus, in the thesis the problem is solved by 

using the Oseen approximation with the assumption that only the velocity of the fluid is given 

at the entrance of the channel, i.e. without the pressure assignment at the entrance. Note, that 

the results of previous chapter will be taken into account on solving the problem, namely, the 

velocity at the entrance of the channel is given as a continuous function, i.e. as a parabolic 

function. The problem is solved for a transverse and longitudinal magnetic field. The 

dependence of the length of the initial part Linit on the Hartman and Reynolds numbers is 

analyzed. Besides, the field of perturbation velocity is studied for different Hartmann and 

Reynolds numbers. 

4.1. Formulation of the problem 

The plane channel with a flowing conducting fluid is located in the region 

D~ :{ ∞+<<∞−<≤− zxhyh ~,~;~ }. There are two splits in the region { LxL ~~~ ≤≤− } on the 

channel's lateral sides hy ±=~ . The conducting fluid with the constant velocity 

( ) yent exLVV 22 ~~~~ −=  flows into the channel through a split in the channel’s wall at hy −=~  

and flows out with the same velocity through the split at hy =~ . 
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     Two cases are considered:  

1) the uniform external magnetic field eB  is parallel to the y-axis (transverse magnetic field) 

2) the uniform external magnetic field eB  is parallel to the x-axis (longitudinal magnetic field) 
 

The velocity of the main flow in the channel at the sufficient distance from the entrance 

region )y(V ~~
∞  depends on the external magnetic field. In the transverse magnetic field the 

Hartman flow exists at a sufficient distance from the entrance region of the channel, 

i.e. )y(V)y(VV Hartmx

~~~~~lim~ == ∞±∞→
. The geometry of the flow for the transverse magnetic field is 

shown in Fig.4.1. For the longitudinal magnetic field, the Poiseuille flow takes place at a 

sufficient distance from the entrance region of the channel )y(V)y(VV px

~~~~~lim~ == ∞±∞→
.  
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Figure 4.1. Plane channel with a cross flow. The geometry of the flow for transverse magnetic field. 

The velocity )y,x(V ~~~  of the fluid in the channel can be written as: 

( ) yyxx e)y,x(VeV)y,x(VV ~~~~~~~~ ++= ∞ . (4.1) 

To solve the problem, we define a new function, so-called the perturbation velocity 

yyxxnew e)y,x(Ve)y,x(VVVV ~~~~~~~~~ +=−= ∞ .  (4.2) 

The MHD equations in inductionless and Oseen approximation for the new velocity have the 

form: 
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( ) ee
newnewnew BBVE

ρ
σVγP

ρ
VV ×⎥⎦

⎤
⎢⎣
⎡ ×++∆+∇−=∇⋅ ~~1~

0 ,      (4.3) 

0~ =∇ newV , (4.4) 

where   2

2

2

2

yx ∂
∂

∂
∂

+=∆ , yx e
y

e
x ∂

∂
∂
∂

+=∇ ; 

σ,ρ,ν  are the conductivity, density and viscosity of the fluid, respectively;  

xeVV ⋅= 00 ,  0V   is the average velocity of the fluid at the cross section of the channel. 
 

We introduce dimensionless variables using the half-width of channel, h, as the length 

scale, the average velocity of the fluid at the cross section of the channel, V0, as the velocity 

scale and B0, V0B0 , ρνV0/h as scales of magnetic field, electrical field and pressure, 

respectively. 

Then the dimensionless MHD equations (4.3)-(4.4) in inductionless approximation are: 

( ) BBnewnewnewx e)eV(HaVPVe ××+∆+−∇=∇ 2Re ,  (4.5) 

0=∇ newV , (4.6) 

where Be  is the unit vector of the external magnetic field,  

           ν/Re 0 LV=  is the Reynolds number,  

          )/(0 ρνσhBHa =  is the Hartmann number.  

 

The boundary conditions are 

( )⎩
⎨
⎧

−∈−
−∉

==±=
),(,

),(,0
,0:1 22 LLxxLV

LLx
VVy

ent
yx  (4.7) 

0,0: →→±∞→ yx VVx , (4.8) 

where hLL /~= , 0/~ VVV entent = ,  L~2  is the width of the split in the channel’s wall. 
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4.2. The solution of the problem for the transverse magnetic field  

In the case of transverse external magnetic field y
e eBB 0=  there exists the Hartman 

flow at the sufficient distance from the entrance region of the channel, i.e. (y)V(y)V Hartm=∞ . In 

the inductionless approximation the velocity of the Hatrmann flow has the form (see [111]): 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ⋅
−

−
=

)cosh(
)cosh(

1
)tanh( Ha

yHa
HaHa

HaVHartm  (4.9) 

Projecting equations (4.5), (4.6) onto the x- and y- axis and taking into account that 

yB ee = , the problem takes the form:  

x
xxx VHa

y
V

x
V

x
P

x
V 2

2

2

2

2

Re −
∂
∂

+
∂
∂

+
∂

−=
∂
∂

∂
, (4.10) 

2

2

2

2

Re
y
V

x
V

y
P

x
V yyy

∂

∂
+

∂

∂
+

∂
−=

∂

∂

∂
, (4.11) 

0=
∂

+
∂

y
V

x
V yx

∂∂
 (4.12) 

We use the complex Fourier transform with respect to x for the solution of this system (see 

formula (1.18)). As a result, the following system of ordinary differential equations is 

obtained for the Fourier transforms ),(ˆ yVx λ , ),(ˆ yVy λ , ),(ˆ yP λ : 

x
x

xx VHa
dy

VdVPiVi 2
2

2
2

ˆ
ˆˆˆRe −−λ+λ=λ− , (4.13) 

2

2
2

ˆ
ˆˆˆRe

dy
Vd

V
dy
PdVi y

yy −λ+=λ− , (4.14) 

0
ˆ

ˆ =+λ
dy
Vd

Vi y
x . (4.15) 

The boundary conditions (4.7)-(4.8) become 

,0ˆ:1 =±= xVy   )(ˆcossin4ˆ
2

λλ
λ
λ

πλ ent
ent

y VLLLV
V ≡⎟

⎠
⎞

⎜
⎝
⎛ −= , (4.16) 
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Eliminating xV̂  and P̂  from Eqs.(4.13)-(4.15), one gets the 4th order differential 

equation for yV̂ : 

0ˆ)Re(ˆ)2Re(ˆ 2222)4( =++″++− yyy ViVHaiV λλλλλ . (4.17) 

In order to solve this equation, the following additional boundary condition is used, which can 

be obtained from Eq.(4.15) taking into account boundary condition (4.16) for xV̂ : 

0
ˆ

:1 =±=
dy
Vd

y y . (4.18) 

The characteristic equation for differential equation (4.17) can be written in the form: 

( ) ( ) 0Re 2222222 =+−−− kHakik λλλ . (4.19) 

The roots of this equation are 

1
2

1 Dk += λ ,   2
2

2 Dk += λ ,   13 kk −= ,     24 kk −= , (4.20) 

where         

( ) ⎟
⎠
⎞

⎜
⎝
⎛ ++⋅++⋅= 2222

1 4ReRe
2
1 HaHaiHaiD λλ ,  

( ) ⎟
⎠
⎞

⎜
⎝
⎛ ++⋅−+⋅= 2222

2 4ReRe
2
1 HaHaiHaiD λλ . 

Due to the velocity component ),( yxVy  is an odd function with respect to y, the 

solution of differential equation (4.17) with boundary conditions (4.16), (4.18) takes the form: 

enty V
ykkkykkk

V ˆcoshsinhcoshsinhˆ 211122 ⋅
∆

⋅−⋅
= , (4.21) 

where               211122 coshsinhcoshsinh kkkkkk ⋅−⋅=∆ . (4.22) 

Functions ),(ˆ yVx λ  and ),(ˆ yP λ  are determined by substituting Eq.(4.21) into Eq.(4.14) 

and Eq.(4.15). Applying to them the inverse Fourier transform, we obtain the solution of 

problem (4.10)-(4.12) with boundary conditions (4.7)-(4.8) in the form of convergent 

improper integrals: 
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λ
λπ

λ deVykkkykkkkkiyxV xi
entx ⋅⋅−⋅

⋅∆
⋅

= ∫
∞

∞−

ˆ)sinhsinhsinhsinh(
2
1),( 211122

21 , (4.23) 

λ
π

λ deVykkkykkkyxV xi
enty ⋅

∆
⋅−⋅

= ∫
∞

∞−

ˆcoshsinhcoshsinh
2
1),( 211122 , (4.24) 

( ) λ
λπ

λ deVykkDykkDkik
x
P xi

ent ⋅⋅−⋅
⋅∆

−
=

∂
∂

∫
∞

∞−

ˆsinhsinhsinhsinh
2
1

211122
21 , (4.25) 

λ
λπ

λ deVykkkDykkkDkk
y
P xi

ent ⋅⋅−⋅
⋅∆

−
=

∂
∂

∫
∞

∞−

ˆ)coshsinhcoshsinh(
2
1

21211212
21 , (4.26) 

where                       ⎟
⎠
⎞

⎜
⎝
⎛ −= LLLV

V ent
ent λ

λ
λ

πλ
λ cossin4

)(ˆ
2

. (4.27) 

 

Numerical results for the transverse magnetic field: 

 

On the basis of obtained solution, the length of the initial part initL , where the x 

component of the velocity ),( yxV of fluid in channel differs from the velocity of the Hartman 

flow HartmV  by less than 1%, is analyzed numerically. initL  is usually calculated in the center 

of the channel, i.e. at y=0. In our case, due to the x component of the velocity is equal to 

HartmV   at y=0  for all x, initL  is calculated at y=-0.5. The dependence of the length of the 

initial part initL  on the Reynolds number for different Hartmann numbers is shown in Fig.4.2. 

initL  was calculated  provided that L=1 and 1=entV .  
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Figure 4.2. The dependence of length of the initial part initL  on Re at y=-0.5 for y
e eBB 0= . 
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As one can see from Fig.4.2, at fixed Hartmann number the increase in Reynolds 

number (i.e. in effect of inertial force) leads to the increase in the length of the initial part 

initL . Besides, initL  decreases as the Hartmann number grows. It means that with the increase 

in the intensity of magnetic field, the flow of conducting fluid in channel faster approaches 

Hartmann flow. 

Fig. 4.3 presents the results of calculation of the x-component xV  of the perturbation 

velocity newV  by means of formula (4.23) at Ha=8, Ha=20 and Re=5 and Re=35. 
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Figure 4.3. Profiles for the x component ),( yxVx of the perturbation velocity newV  for y
e eBB 0= . 

One can see that in the channel’s entrance region the component ),( yxVx of velocity newV  has 

M-shaped profile for small x ( 5.11 << x ). Besides, for some values of x the component 

( , )xV x y  is positive. But due to the fluid flowing out through the split on 1=y , the x-

component of the velocity newV ,  must be negative for 10 << y  at Ha=0.  It means that in the 

region 10 << y  there exists the opposite flow in transverse magnetic field. It happens 

because the cross-flow generates vortexes in the channel ( Fig.4.5 ).  

The vector field of perturbation velocity newV  are shown in Fig.4.4 and Fig.4.5. 



 109

-1 -0.5 0.5 1
y

1.02

1.04

1.06

1.08

1.1

xHa=5, Re=5

-1 -0.5 0.5 1
y

1.02

1.04

1.06

1.08

1.1

1.12

xHa=20, Re=5

 

Figure 4.4. The vector field of perturbation velocity newV  for 1.10 ≤< x  and y
e eBB 0= . 
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Figure 4.5. The vector field of perturbation velocity newV  for 30 ≤< x  and y
e eBB 0= .
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4.3. The solution of the problem for the longitudinal magnetic field  

In the case of the longitudinal magnetic field x
e eBB 0=  the Poiseuille flow takes the 

place at a sufficient distance from the entrance region of the channel, i.e.  

xp e
h
yV)y(V)y(V ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−==∞ 2

2

0

~
1

4
3~~~~ , (4.28) 

where 0V  is a magnitude of a average velocity of the fluid at the cross section of the channel. 

Projecting Eqs. (4.5)-(4.6) onto the x- and y- axis and taking into account that xB ee = , 

the problem has the form:  

2

2

2

2

Re
y
V

x
V

x
P

x
V xxx

∂
∂

+
∂
∂

+
∂
∂

−=
∂
∂

, (4.29) 

y
yyy VHa

y
V

x
V

y
P

x
V 2

2

2

2

2

Re −
∂

∂
+

∂

∂
+

∂
∂

−=
∂

∂
, (4.30) 

0=
∂

∂
+

∂
∂

y
V

x
V yx . (4.31) 

The boundary conditions for the problem are described by (4.7) and (4.8). 
 

Applying the complex Fourier transform (1.18) with respect to x to the problem (4.29)-(4.31), 

one gets the system of ordinary differentials equations for the Fourier transforms 

),(ˆ),,(ˆ),,(ˆ yPyVyV yx λλλ  in the following form: 

2

2
2

ˆ
ˆˆˆRe

dy
Vd

VPiVi x
xx −+=− λλλ ,  (4.32) 

y
y

yy VHa
dy

Vd
V

dy
PdVi ˆ

ˆ
ˆˆˆRe 2

2

2
2 −−+=− λλ ,  (4.33) 

0
ˆ

ˆ =+
dy
Vd

Vi y
xλ . (4.34) 

Boundary conditions for this problem have the form of (4.16) and (4.18), i.e. 

,0ˆ:1 =±= xVy   )(ˆcossin4ˆ
2

λλ
λ
λ

πλ ent
ent

y VLLLV
V ≡⎟

⎠
⎞

⎜
⎝
⎛ −= , (4.35) 

0/ˆ:1 =±= dyVdy y . (4.36) 
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Eliminating xV̂  and P̂  from the system (4.32)-(4.34), we obtain the 4th order differential 

equation for yV̂ : 

0ˆ)Re(ˆ)2Re(ˆ 2222)4( =+λ+λλ+″λ+λ− yyy VHaiViV . (4.37) 

The characteristic equation for this differential equation can be transform to the form: 

( ) ( ) 0Re 2222222 =λ+λ−λ−λ− Hakik . (4.38) 

The roots of  (4.38) are: 

*
1

2
1 Dik λλ += , *

2
2

2 Dik λλ += , 13 kk −= , 23 kk −= , (4.39) 

where  ( )22*
1 4ReRe

2
1 HaD ++= , ( )22*

2 4ReRe
2
1 HaD +−= . 

As a result, the solution of equation (4.37) with the boundary conditions (4.35), (4.36) has the 

form: 

( ) enty VykkkykkkyV ˆcoshsinhcoshsinh1),(ˆ
211122 ⋅−⋅

∆
=λ  , (4.40) 

where  211122 coshsinhcoshsinh kkkkkk ⋅−⋅=∆ .                                            (4.41) 

We determine the functions ),(ˆ yVx λ  and ),(ˆ yP λ , substituting (4.40) into (4.34) and 

(4.32). Using after that the inverse Fourier transform, we obtain the solution of problem for 

the case of longitudinal magnetic field in the form of improper convergent integrals: 

λ
λ
λ

π
λ de

V
ykkykkkkiyxV xient

x ⋅⋅⋅−⋅
∆

= ∫
∞

∞−

)(ˆ
)sinhsinhsinh(sinh

2
),( 2112

21  , (4.42) 

λλ
π

λ deVykkkykkkyxV xi
enty ⋅⋅⋅−⋅

∆
= ∫

∞

∞−

)(ˆ)coshsinhcoshsinh(1
2
1),( 211122 , (4.43) 

λλ
π

λ deVykkDykkDkk
x
P xi

ent ⋅⋅⋅−⋅
∆

=
∂
∂

∫
∞

∞−

)(ˆ)sinhsinhsinhsinh(
2
1

21
*

112
*

2
21 , (4.44) 

λ
λ
λ

π
λ de

V
ykkkDykkkDkik

y
P xient ⋅⋅⋅−⋅

∆
=

∂
∂

∫
∞

∞−

)(ˆ
)coshsinhcoshsinh(

2
1

212
*

1121
*

2
21 ,

 (4.45) 

where              
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                          *
1

2
1 Dik λλ += ,                    *

2
2

2 Dik λλ += ,  

                  ( )22*
1 4ReRe

2
1 HaD ++= ,   ( )22*

2 4ReRe
2
1 HaD +−= , 

                          211122 coshsinhcoshsinh kkkkkk ⋅−⋅=∆ . 

 

 

Numerical results for the longitudinal magnetic field 

 

On the basis of obtained results, we study the dependence of the length of the initial part 

initL  on the Reynolds and Hartmann numbers. In the present problem the initial part of the 

channel is the part, where the x-component of the velocity (x,y)V  differs from the Poiseuille 

flow pV  by less than 1%. 

Fig.4.6 presents the results of calculation of the length of the initial part initL  at y=0.5 

and at Ha=5; 6; 7; 8; 9; 10; 15; 20 on the condition that L=1 and 1=entV .  initL  is calculated 

with precision 001.0± . 
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Figure 4.6. The dependence of the length of the initial part initL  on Re at y=0.5 for x
e eBB 0= . 

One can see from Fig.4.6., that initL  increases at growing Hartmann number. Besides, 

the increase in the Reynolds number leads to the increase in the length of the initial part at 

fixed Hartmann numbers. The dependence of the value initL  on Reynolds number becomes 

linear at large Hartmann numbers.  
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Fig.4.7 presents the profiles of perturbation velocity pnew VVV −=  and Fig.4.8 shows 

the vector field of perturbation velocity for different Ha and Re numbers. 
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Figure 4.7. Profiles for x component ),( yxVx of the perturbation velocity newV  for x
e eBB 0= . 

As it can be seen from the Fig.4.7, the opposite flow doesn’t appear in the channel in 

the case of the longitudinal field, because the cross flow doesn’t generate vortexes in the 

channel (see Fig.4.8). In the channel’s entrance region the component ),( yxVx of velocity 

newV  has more pronounced M-shaped profiles for small x than in the case of transverse 

magnetic field. 
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Figure 4.8. The vector field of perturbation velocity  newV   for x
e eBB 0= .. 

 

The value initL  is the function of 4 parameters: Reynolds number Re, Hartmann number 

Ha, velocity of the fluid at the entrance region of the channel entV  and the half-width L of the 

splits in the channel’s walls. The count of the parameters can be reduced to three, if we 

suppose, that the half-width L of the splits tends to zero ( 0→L ) and ∞→entV , so that 

product constQLV entent == . It means that the fluid inflows into the channel through the 

infinitesimal narrow split 0=x  in the plate 1−=y  with given consumption entQ  and flows 

out from the channel with the same consumption through the narrow split in the plate 1=y . 

Besides,      ( ) )/(4ˆlim 2

0
πλλ ententL

QV =
→

 and   ),(Re, entinitinit QHaLL =   in this case. 
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CONCLUSIONS 
 

The present thesis is devoted to the theoretical study of new magnetohydrodynamical 

(MHD) problems on a flow of a conducting fluid in the initial part of a channel under the 

condition that a conducting fluid flows into a channel through a split of finite width or 

through a hole of finite radius on the channel’s lateral side in the presence of external 

magnetic field. Problems were solved for plane and circular channels of infinite length. On 

the basis of the obtained solutions the vector field of the velocity was analysed and the 

dependence of the length of the initial part of the channel on Hartmann number was studied. 

Asymptotic solutions of the problems at Hartmann large numbers were also obtained.  

In this thesis one more problem was studied, namely, the dependence of the full 

pressure force at the entrance region on the profile of the boundary velocity at entrance was 

studied analytically by means of analytical solution of two hydrodynamic problems and two 

similar MHD problems on an inflow of the viscous fluid (or conducting fluid for MHD 

problems) into a half-space through a split of finite width or through a hole of finite radius.  

For the solution of the problems integral transforms were used, namely, Fourier 

transform and Hankel transform. Numerical calculations were performed using the package 

“Mathematica 5.0”. 

The problems considered in this work are closely related to applications in blanket of a 

fusion reactor. 
 

Main results obtained in this PhD thesis are: 
 

1)  In the 1st part of PhD thesis the new MHD problem on an inflow of a conducting fluid 

into a plane channel through a split of finite width on the channel’s lateral side was solved 

analytically in Stokes and inductionless approximation by using the Fourier transform. The 

problem was solved by dividing it into two subproblems: even and odd problems with 

respect to the axis perpendicular to the channel’s walls. The cases of longitudinal and 

transverse magnetic fields were studied in detail. The solutions of the problems were 

obtained in the form of convergent improper integrals. On the basis of obtained analytical 

solutions the velocity fields were studied numerically. It was shown that the effect of the 

longitudinal magnetic field is more pronounced than the effect of the transverse magnetic 

field.  
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Results for longitudinal magnetic field: 

• For the odd problem with respect to y, numerical calculations show that the velocity 

component xV  has M-shaped profiles in the entrance region of the channel at large 

Hartmann numbers. The M-shaped profiles become more pronounced as the Hartmann 

number increases. The physical explanation of these velocity profiles was given in the 

thesis.  

• For the even problem with respect to y these M-shaped profiles aren’t so much 

pronounced.  

• For the general problem, which solution is equal to the sum of even and odd problems, 

the numerical results show, that in strong longitudinal magnetic field the flows mostly 

occur along the wall with the split. As the Hartmann number increases, the layer of the 

flow is getting narrower and the velocity increases in this layer. The Poiseuille flow 

takes place at a distance from the entrance split. In addition, when the Hartmann number 

grows (i.e. the intensity of the magnetic field increases) the length of the initial part of 

the channel initL  increases and the flow in the channel slowly approaches Poiseuille 

flow as the Hartmann number grows.  
 

Results for transverse magnetic field: 

• For the transverse magnetic field, the flow in the channel differs from the Hartmann 

flow only near the entrance region and Hartman flow is approached very quickly also 

for small Hartmann numbers.  

• In the even problem with respect to y, the profiles of the velocity component xV  also 

differ from zero only near the entrance region and there exists an opposite flow in the 

channel in the transverse magnetic field. It happens due to a vortex generated in the 

channel.  

• In addition, asymptotic solutions of the problems at large Hartmann numbers are 

obtained for the transverse magnetic field and important practical result has been 

obtained for this problem. It says that at large Hartmann numbers, a pressure gradient 

which is proportional to the square of the Hartmann number is needed for turning the 

flow through an angle 090 , while for pumping the fluid we need a pressure gradient 

which is proportional to only the first power of the Hartmann number.  
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2) In the 2nd part of the thesis the analytical solutions of new MHD problems on an inflow of 

a conducting fluid into a channel through the channel’s lateral side in the presence of 

rotational symmetry were obtained and the following two problems were solved:  
 

a)  the MHD problem on an inflow of a conducting fluid into a plane channel through a 

round hole of finite radius on channel’s lateral side; 
 

b) the MHD problem on an inflow of a conducting fluid into a round channel through a 

split of finite width on the channel’s lateral side. 
 

Both problems were solved in Stokes and inductionless approximation by using Hankel 

transform.  
 

a) The first problem on an inflow of a conducting jet into a plane channel through a 

round hole of finite radius on the channel’s lateral side was solved for the case of 

transverse magnetic field. The analytical solution of the problem was obtained by dividing 

the problem into the odd and even problems with respect to axis perpendicular to the walls 

of channel. Velocity profiles of the velocity radial component rV  are obtained numerically 

at Ha=10 and Ha=50. 

• The results of calculation of velocity component rV  shows that the velocity 

profiles differ from the Hartmann flow only near the entrance region.   

• In this problem the magnitude of the velocity is inversely proportional to the distance 

from the hole. 

• Similarly to the problem solved in the 1st part, for the even problem, there exists an 

opposite flow in the transverse magnetic field. It occurs due to a vortex generated in 

the channel. At large Hartmann numbers ( 50≥Ha ) the opposite flow is absent. 
 

b) The second problem solved in this part of the theses, i.e. the MHD problem on an 

inflow of a conducting fluid into a cylindrical channel through a split of finite width 

on the channel’s lateral side, was solved only for longitudinal magnetic field. The 

analytical solution of the problem was also obtained in the form of convergent improper 

integrals. The velocity field was studied numerically on the basis of the obtained 

analytical solutions. As a result, M-shaped velocity profiles were obtained in the 

entrance region of the channel at large Hartman numbers for the velocity component zV . 

The M-shaped profiles become more pronounced as the Hartmann number increases. 

The physical explanation of these velocity profiles is given in the thesis. It was also 

shown that when the Hartmann number grows, the flow in the channel slowly 
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approaches Poiseuille flow. Asymptotic solution of the problem at large Hartmann 

numbers was also obtained. 

 

3) In the 3rd part of the PhD thesis the dependence of the full pressure force in the entrance 

region on the profile of the inlet velocity in this region was studied analytically by means of 

analytical solution of two hydrodynamic problems and two MHD problems on an inflow of a 

viscous fluid (or conducting fluid for MHD problems) into a half-space through a plane split 

of finite width or through a round hole of finite radius. Both the case of a uniform inlet 

velocity profile and the case of a parabolic velocity profile were considered in the thesis. 

It was shown in this part of the thesis that the full pressure force at the entrance region is 

equal to infinity if the profile of the boundary velocity is uniform and, consequently, such 

problem is physically unrealistic. But if the profile of the boundary velocity is a parabolic 

function, the full pressure force at the entrance region has a finite value and the problem is 

physically realistic. The problems have been solved in the Stokes approximation (and 

inductionless approximation for MHD problems). In the case of the plane split the solution of 

the hydrodynamic problem was obtained in terms of elementary functions, but in the case of 

round hole the solution was obtained in the form of convergent integrals containing Bessel 

functions. For the MHD problems the solutions were obtained in the form of improver 

convergent integrals. The new asymptotic solutions for MHD problems were obtained at large 

Hartmann number ( ∞→Ha ) for the case of parabolic profile of the inlet velocity. 

 

4) In 4th chapter of the PhD thesis the analytical solution was obtained for the new MHD 

problem on the influence of a cross flow on the main flow in an infinitely long plane 

channel in a presence of a strong external magnetic field. Both the longitudinal and 

transverse magnetic fields were considered. The problem was solved in Oseen and 

inductionless approximation by using the Fourier transform, provided that only the velocity 

of fluid is prescribed at the entrance of the channel. The solution of the problem was 

obtained in the form of convergent improper integrals. The field of perturbation velocity 

was analysed numerically for different Hartmann and Reynolds numbers. Numerical 

calculations give the M-shaped velocity profile at the initial part of channel at large 

Hartmann numbers. The vector fields of perturbation velocity were also presented for 

different Hartmann and Reynolds numbers. Besides, the dependence of the length of the 

initial part of the channel Linit  on the Hartman and Reynolds numbers was studied.  
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Results for transverse magnetic field: 

• It is shown that the increase in the Reynolds number leads to the increase in the length 

of the initial part  of the channel initL ; 

• With the increase in the intensity of magnetic field, the flow of conducting fluid in 

channel faster approaches Hartmann flow;  

• The cross-flow in the transverse magnetic field generates vortices in the channel. 
 

Results for longitudinal magnetic field: 

• In the longitudinal magnetic field the increase in the Reynolds number also leads to the 

increase in the length of the initial part initL ; 

• The initial part of the channel initL  increase, when Hartmann number grows (the flow in 

the channel slower approaches Poiseuille flow);  

• The dependence of the value initL  on Reynolds number becomes linear in a strong 

magnetic field.  
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 Appendix 1 
NOMENKLATURE 

List of Latin symbols 
 

B             the vector of magnetic induction 
eB           the vector external magnetic field  

0B           the magnitude of applied external magnetic field 

E            the electric field vector 

 h             the half-width of the channel 

j             the electric current  density 

)( rJ λν     the Bessel functions of order ν 

L            the half-width of the split 

L            the operator  2

2
2

dy
fdff +⋅−= λL  

P              the pressure; 

 t               time 

V              the velocity of the fluid 

0V             the characteristic velocity 

Ha           the Hartmann number 

N              the Stuart number 

Re            the Reynolds number 

mRe          the magnetic Reynolds number 

 
List of Greek symbols 

 
)(xΓ      is Euler gamma function 
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µ           is the absolute magnetic permeability of the  fluid 

0µ          is a magnetic permeability in free space 

σ           is the electrical conductivity of the fluid 

ρ           is the density of the fluid 

γ            is the kinematic viscosity of the fluid 

ε            is the absolute electric permittivity of the fluid 

)(xη       is the Heaviside step function 

 

Coordinate systems 

 

(x,y,z)     Cartesian coordinates,     Rzyx ∈,,  

( zr ,,ϕ )     cylindrical coordinates,  Rr ∈≤≤≥ ,20,0 πϕ  
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