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Notations

N set of natural numbers.
R set of real numbers.
R4 set of strictly positive real numbers.
ci, Ca, ... constants of global scope.
¢1, Co,. .. constants of a proof scope.
R set of real n-tuples.
a-b Euclidean inner product of a, b € R™.
|al Euclidean norm of a € R™.
A closure of a set A C R" according to Euclidean norm.
dist(A, B) distance between sets A, B C R".
diam(A) diameter of a set A C R™.
ab a closed line segment between a, b € R"™.
B(a, 1) an open ball with center a € R and radius 7.
S(a, T) a sphere with center a € R™ and radius 7.
T, Y, 2 elements of R?, or R3.
01} boundary of a domain €.
v outward unit normal of a surface I'.
w2 Lebesque measure over R2.
w3 Lebesque measure over R3.
Ar Lebesque surface measure over a surface I'.
fla restriction (or trace) of a function f: B — R
on the subset A C B.
1 first order derivative of a function f: R — R.
i second order derivative of a function f: R — R.
oif first order partial derivative along z;-axis
of a function f: Q +— R.
Vf gradient of a function f: Q +— R.
V- (Vf) Laplasian of a function f : Q — R.
X dual space for a normed space X.
vl x norm of v € X, where X is normed space.
(-, ) duality pairing for a normed space X and its dual space X*.
M(A, w) vector space of w-measurable functions f: A — R.
Ly(A) space of p-integrable (p € [1, +o0]) functions f: A — R.
Ly(2) subspace of L,(Q) (p € [1, +00]), which consists of functions
{v e Ly,(Q):0v=0}.
H,(2) Sobolev space {v € La(f2) : 0jv € Lo(R2) for i € {1, 2, 3}}.
H(Q,T) subspace of Hj(f2), which consists of functions
{ve Hi(Q):v|r =0 Ap-a.e. on I'}, where I" C 99.
Vp(,T) subspace of H;(f2), which consists of functions



Vp(2, Ty, T'g)

Lip(A)
cl(4)

a, b,...
A B,...

AoB

{ve Hi(Q) :v|r € L,(I")} and equipped

with anorm |- o) = |-l + -l

Here we assume that p € [1, +o00] and I' C 09.
subspace of Hy(Q2, I'1), which consists of elements
{ve Hi(Q,T1):v|r, € Ly(I'2)} and equipped

with a norm |[- |l o p, 1) = I 1@, 0) + 1 (o) -
Here we assume that p € [1, +00] and I'y, T'y C 99.
space of Lipschitz continuous functions f : A — R.
space of functions f : A — R with continuous first
order partial derivatives.

lowercase bold Roman letters denote functionals over
functional spaces.

uppercase bold Roman letters denote operators between
functional spaces.

composition of operators A and B (if A, B are linear,
then we simply write AB).

denotes operators (functionals) of type X x Y — Z
(X, Y, Z are normed spaces), such that
[o[v](w)|lz/llwlly — 0, as [Jw[ly — 0 (for every fixed v € X).
identity operator.

space of linear bounded operators from a normed
space X to a normed space Y.



Chapter 1

Introduction

This thesis was developed at Faculty of Physics and Mathematics of Univer-
sity of Latvia under supervision of professor Uldis Raitums. The research was
supported by Europe Social Fund (contract 2004/0001/VPD1/ESF/PIAA/
04/NP/3.2.3.1/0001/0001/0063) and Latvian Council of Science (grant 01.04
41).

This work is devoted to sensitivity analysis for an optimal control prob-
lem of conductive-radiative heat transfer arising in the glass fabric industry
and primarily it is based on the author’s earlier published papers (|Bi03],
[Bi051], [Bi052]), where are covered various mathematical aspects of the op-
timal control model for treatment of glass fabric sheets in high temperature
furnaces.

Mathematical models for treatment of simultaneous conductive, convec-
tive and radiative heat transfer were developed relatively recently. Here it
is important to note the publications of Tiithonen and Laitinen (see [LT97],
[LT98], [LT00]) at the end of 1990s and early 2000s. By mathematical formal-
ization of simultaneous conductive-radiative heat transfer in grey materials
they came to models with semilinear elliptic and parabolic boundary value
problems, for which they established basic results on existence of solutions.
We widely use this approach in this thesis, since there is only slight adapta-
tion necessary for those models to serve our needs.

After the series of works of Tiihonen and Laitinen, there was a short
break in research of the mathematical models of conductive-radiative heat
transfer. However, in recent years some interesting papers have been pub-
lished by Mayer, Philip and Troltzsch (see [MPT04|, [Ma05]). The research
topic of these publications is optimal control of temperature gradient in high
temperature furnaces of crystal growth. In order to deal with simultaneous
conductive-radiative heat transfer, which play important role in this case,
approach proposed by Tiihonen and Laitinen there is heavily exploited. The
main problems considered by Mayer, Philip and Troltzsch are necessary and
sufficient optimality conditions, as well as existence of the optimal state.



Although mathematical models considered by Mayer, Philip, Troltzsch
and by us appear to be similar, they have some principal differences (we
are using temperature on the surface of the heaters as a control, whereas in
[MPTO04], [Ma05] the control is volume heat source). As result, techniques
that can be used for mathematical analysis of those models are different.

As it was already mentioned, the source for the problem considered by
this thesis is glass fabric industry. Usually glass fiber is saturated with oil
before weaving of fabric. After the fabric is produced, oil, which has been
added before, must be removed. This can be achieved by oil burn out at high
temperature in a special furnace. A sheet of glass fabric, after it has been
weaved, is dragged with constant speed through this furnace, where it heats
up and oil burns out. Unfortunately, quick glass fabric cooling after it has left
the furnace leads to mechanical resistance degradation of produced product
(see [BF99| for more details). Therefore, in order to maximize quality of
produced fabric, a way to ensure uniform and slow cooling of the fabric
sheet must be found via changing of physical characteristics of the furnace.

In this work we consider a simplified situation from [BF99]|, where oil burn
out is neglected and process is steady in time. Here the furnace consists of
heater system {Q; CR3:i € {1, ..., m}} (see Fig. 1.1). A thin fabric sheet
Qp = (=li,l1) x (=l2,l2) x (=6,9) of thickness 26 is dragged through the
furnace with a constant speed.

’ ‘ ~_heater

‘ ‘ moving fabric
1 sheet ()

SN i
5 /

Ty

[
€2
“heater

Figure 1.1: Construction of the furnace

Due to high temperature 7}, on the heaters (1000-1100K) intensive heat
transfer processes occur in the furnace (see Fig. 1.2). Since space between



heaters and sheet is filled with transparent medium (air), but, on other
hand, the fabric sheet and the heaters are opaque for heat radiation, then
considerable heat flux exists on the surface of the sheet 3; = Uie{3,...,6} S;
(see Fig. 1.4 for more details about geometry of the problem) and on the
heater-air interface >y = Uie{l,...,m} 0€; due to heat radiation emission,
absorption and reflection. In addition, heat exchange with surrounding air
also occurs on the interface ¥ = 37 U X5 and this considerably influences
overall heat flow in the furnace. On other hand, heat transfer inside the
domain € occurs only via conduction and medium movement, since, as it
was already mentioned, glass fabric is opaque for heat radiation.

air (temp. Ty)

air (temp. Ty)

Figure 1.2: Heat exchange in the furnace

In mathematical terms the overall heat balance in €2 ¢ can be described
by a boundary value problem:

V. (BiVT) — ky(1T) =0 in Q,

—v-V(kiT)=¢q on X, (1)
— v V(1 T) =0 on S, '
T = Te on Sl,

where T is temperature of the fabric in Qy, T, is temperature of the fabric on
the surface S; (see Fig. 1.3 for more details about geometry of the problem),
q is heat flux through the interface 3, v is outer unit normal to 09y, k;
is thermal conductivity of the fabric and kg is normalized velocity of sheet
movement.



Figure 1.3: Geometry of the furnace

In order to optimize temperature field T and to achieve uniform and slow
cooling effect of the fabric sheet after it has been heated up in the furnace,
let us introduce an optimal control problem:

(J(T) — min,
V- (kiVT) — ko(00T) = 0 in Q,
vV T) = ),
v-VikiT) =4 o (1.2)
—v-V(kiT)=0 on Sa,
T=T, on Sy,
T e V5(Qf, 21),
T € {v € Loo(E2) : 0 < w(z) < u},

(for definition of the space V5(§2f, ¥1) see Notations), where 7" is chosen
as state variable, T} - as control variable, but the cost functional J(7T') is
defined as:

J(T) ;:/Q (T — Ty)? dws.
f

Here T, is a temperature field in 2y, which we would like to achieve by
varying the control T}. It should have high temperature near the entrance
of the furnace to initialize oil burnout and it should also uniformly and slowly
decrease at the exit of the furnace. Actually, the cost functional J(7') shows
deviation of the real temperature field 7" from desired Ty (in Ly sense).
Since radiative heat transfer is taken into account in our model, then
the heat flux ¢ has nonlocal and nonlinear dependence from temperature



Tsr, = (T|x,, Th) on the interface ¥. In the explicit form it can be expressed
by the following formula:

q=Q(Ts) = G(|Tsp|*Tun) + k3(Tsp, — T,), (1.3)

where T} is temperature of air nearby X, k3 is convective heat transfer coef-
ficient (here it is assumed that ks is strictly positive constant, nevertheless
the analysis can also be performed for the case, when k3 = 0). Since X is
diffuse grey surface in our case (see [BF99]), then G € Z(L5/4(%), L5/4(%))
and it will have the following representation formula:

G=0LI-K)(I-(I-LK) 'L
where o is the Stefan-Boltzmann constant, L € .2 (Ls5/4(X), Ls/4(%)):
L(v)(z) = e(x)v(z) =€,

but K € .Z(L5/4(%), Ls/4(%)) represents irradiation on the interface X:

K (v)(x) = / ke, 9)0(x, y)o(y) dAs(y) ves,
R R }ﬁ) !cz;@(y), G-, e

xz,y € X.

o( ) 1, if z, y mutually see each other
m? = .
Y 0, otherwise

The function e characterizes emissivity on the interface ¥ and for physical
and mathematical reasons we assume that ¢; < e <1 on X for some strictly
positive constant c;.

To overcome some mathematical problems that would rise to prove exis-
tence of T, in the formula (1.3) we write | Ty Ty, instead of physically more
reasonable T (according to Stefan’s law). As we will see later on, this re-
placement don’t affect the final result in any way, because under appropriate
mathematical conditions the function Ty will be non-negative.

As we will see in Chapter 2, for every finite partition of X into Ax-
measurable and mutually disjoint subsets {4; C ¥ : ¢ € {1,...,n}, ¥ =
Uieqa, .., n} Ai} the formula (1.3) can be rewritten in the matrix form:

qla, Qaa, - Quaa Tsnla,

qla, Qaa, - Qa,a, Tsnla,

where Qa,4; : Ls(A;) — Ls/a(4;) (4, j € {1,..., n}) are block components
of the operator Q.



Now, by putting n = 2, A} = X1, As = X5 in the formula (1.4) and,
hence, by expressing the flux ¢|y, in an explicit form it becomes possible to
rewrite the optimal control problem (1.2) in the new form:

(J(T) — min,
V- (k1VT) — ko(T) = 0 in Q,
—v-V(kiT) = Qux (T) + Qu,x, (Th)  on Xy, (15)
—v-V(kT)=0 on So,
T=T, on S,
T e V5(Qf, 21),
Ty € {v € Loo(X2) : 0 < w(z) < u}.

As we will see later, every state T, satisfying the state equation of (1.5)
for some admissible control T}, can be represented in the form T = u + T,
where Ty € V5(€2f, 31) is extension of T¢ into the domain Q2 and u is solution
of the variational equality:

/Q (k1(V(u + T*) : Vn) + kg(al(u + T*>)T]) dws
f

+ [ Quis(ut Tndrs, = — / Qs (Th)n dAs,
21 Z1

Vn € Vs(Q, S1, £1)  (1.6)

(for definition of the spaces Vs(Q, $1), V5(Qy, S1, £1) see Notations).

Under certain mathematical assumptions the variational equality (1.6)
has solutions in the function space V5(Q 7, 51, X1). Existence of solutions for
such type of variational equalities was already established by Tiihonen and
Laitinen (see [LT00]). They proved coercivity and pseudomonotonity for an
operator defined by a variational form and thereafter on basis of the Brezis’
theorem came to a conclusion about existence of solutions. We solve this
question in a slightly different manner. We prove that semilinear differential
operator defined by left-hand side of (1.6) is coercive and can be represented
as sum of a monotone and a weakly continuous operators. But then from
general existence theorems (see [GGZT74]) it follows that there exists at least
one solution u of (1.6).

As we will see later, natural constraints on T}, T¢, Tj:

OSTQSH 01’121,
OSTeS,Uf onS'l,
0<Tp<p on X,

and some specific properties of Qx,5,, Qs,x, yield non-negativity and bound-
edness of u + T. Indeed, by using a technique introduced in [Bi051] and by
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bearing in mind that the variational equality (1.6) holds, it can be shown
that:
0<(u+Ty) <p ae inQy. (1.7)

The proof of (1.7) will be given in Chapter 3.

In continuation to analysis of (1.5) the next important issue to prove
is uniqueness of the state T for every fixed control T} and thus existence
of a control-to-state operator T' = I'(7}). Indeed, uniqueness of T can be
established by putting special sample functions 7 € V5(Qf, S1, ¥1) in the
variational form (1.6) and, thereafter, by getting the following estimates for
arbitrary state-control pairs (T, Ty,), (T, T},):

|T — T’\Lm(ﬂf) <43y — Thll 1o (50); (1.8)
7= Tl < 0T = Thll ) (1.9)

As it is easy to see, (1.8), (1.9) imply not only existence of T, but also its
Lipschitz continuity.

In conclusion of analysis of (1.5) we derive Fréchet differentiability of the
cost functional J(I'(T})):

J(@(Ty)) — T(L(Ty)) = (Th)(Th, — Tn) + o[Th) (1 Th — Thllpoo(za))s (1.10)

where ([T},] € L*_ (32), but T}, Tj, are arbitrary admissible controls. This
result is obtained by proving Fréchet differentiability of the operator I' and,
thereafter, by applying the chain rule on J(I'(71})).

Nevertheless, although the problem (1.5) precisely models relationship
between temperature T" and T}, its usage is inconvenient in practice. The
main reason for this is the fact that geometry of (2 is strongly degenerated,
since the fabric sheet is very thin. For example, sheet’s thickness-width ratio
is about 1/15000. Therefore, to handle this problem, some passage should
be made from the original model (1.5) to a new model.

In Chapter 4 the asymptotic analysis is performed to investigate be-
haviour of 7" in the domain €2y and on the surface Yy = S5 U Sg, as 6 — 0
(see Fig. 1.4 for more details about geometry of the problem). As it turns
out, for small ¢ values T' can be effectively approximated with some function
T:

1 -
5 (T — T)? dws — 0, as & — 0, (1.11)
Qy
/ (T —T)?d\s, — 0, as § — 0, (1.12)
Yo

where T is solution of the problem:

{ 95T =0 in Q, (113

A(QZOEO (T) + szzo (Th)) =0 on Y.

11



Here A € £ (L5;4(X0), Ls/4(X0)) is defined as:

X1, T2, 6) +’U(x17 o, _5)
2

but Qs,s, : Ls5(X0) = Ls/a(X0), Qsyxy ¢ Ls(¥2) = Lsu(Xo) are taken

from (1.4) after putting n = 3, A1 = o, A = 31 \ X, Az = 9. Notice,

that both T, T are dependent from the parameter §, but we will omit this

dependence in our further notations.

v
A(v)(z1, z2, x3) = ( (21, x2, 23) € Xy,

- Ss

~s,
Figure 1.4: Glass fabric sheet

The previous result suggests that it would be reasonable to replace the
problem (1.5) with the following one:

J(T) — min,

A(Qsy50(T) + Qs,(Th)) = 0 on Yo, (1.14)
T S {’U S L5(Qf) 1030 = 0},
(T} € {v € Loo(X2) : 0 <w(z) < p},

where T is chosen as state function, but T}, - as control variable.

Similarly as it was in the case of (1.5), the analysis of the optimal con-
trol problem (1.14) we will start by proving existence the state 7. Indeed,
by using the contraction mapping theorem it can be shown that for every
admissible control T}, the state equation of (1.14) can have one and only one
solution 7 in the functional space Lo (€) (for definition of the space Loo(€2)
see Notations), and, therefore, there exists an unique defined control-to-state
operator T = I'(T},). As we will see in Chapter 4, T will be Lipschitz contin-
uous and Fréchet differentiable as mapping between appropriate functional
spaces. Furthermore, on basis of previously mentioned results we will be
able to obtain an analogue of the formula (1.10):

J(@(Ty)) — T(L(Ty)) = {Th)(Th, — Tn) + o[Th) (1 Th — Thllpoo(za))s (1.15)

where ([T},] € L% (X2), but T}, T}, are arbitrary admissible controls.

12



Chapter 2

Preliminaries

2.1 Geometry of the furnace

As it was set down in Chapter 1, let the furnace consists of heater system
{€ c R?:i € {1,...,m}} and let a thin fabric sheet Qf = (—l1,l;) x
(—la,l2) x (—6,0) is dragged through the furnace with a constant speed.
Further the sides of 2y we will denote by

Sl = {anQf:J,’l:ll}, S2 = {angfi:IZl:—ll},
53 = {anQf:l'Q:lQ}, S4 = {$€8Qf:x2:—l2},
S5 1= {$Ean:x3=5}, Se 1= {%E@Qf:.%'g:—(s}.

The surfaces g, X1, X9, 2, mentioned in Chapter 1, we define as

Yo := S5 U Sg,

Y1 := 53U S, U S5 U Sg,

Yo 1= U 09,
i€{l,...,m}

X=X UX,,

but overall volume in the furnace, filled with opaque medium, as

Q=0;0( |J @)

€{1,...,m}

Throughout this thesis we put the following assumptions on geometry of
the furnace:

Al [ € R+, Iy € R+, o€ R+, 6 < min{ll, lg},
A2 For Ag,us,-almost every x € S; U Sy and every y € Uie{l,...,m} o0
cos(v(), (y — 7)) < 0.

13



Furthermore, we assume that there exist some d € Ry, I € R, such that:

A3 For every ¢ € {1,..., m} Q; is bounded Lipschitz domain with the
constants d, [, i.e. for every xg € 0€); there exist a transformation of
coordinates y = I'[xo](x — xg) (T'[zp] is orthogonal 3 x 3 matrix) and a
Lipschitz continuous function f[xg] € Lip(R?) (with Lipschitz constant
[) such that for transformed coordinates we have

9% N Cra={(y1, y2, y3) € R® 1 y3 = flzo](y1, y2)} N Cra,
QN Cra= {1, y2, y3) € R 1 y3 > flwo)(y1, y2)} N Cl 4,

where

Cra={(y1, y2, y3) € R® 1 yf + 43 < d°, —2ld < y3 < 2d};

A4 For every i € {1, ..., m} dist(Qy,Q;) > d;

A5 For every i, j € {1, ..., m}, if i # j, then dist(€2;,Q;) > d.

2.2 Further mathematical assumptions

We assume that the following conditions hold on quantities and functions
occurring in (1.5), (1.6):

Bl p € [0, +00);

B2 ky € Ry, ko €0, 400), kg € Ry;

B3 T. € Loo(S1), 0 < Te(z) < p Ag,-a.e. on Si;

B4 Tj € Loo(X2), 0 < Tj(z) < p Ay,-a.e. on Xg;

B5 T, € Loo(X), 0 < Ty(x) < p Ay, -a.e. on X,

B6 T, € Hi(2f) N Loo(S2f), Ti(x) = Te(x) As;-a.e. on Si.

Notice, that the assumption B6 is easy to fulfill, if T, € Lip(S7) and if we
define the function T as

T*(.%'l, X2, .2133) = Te(xg, :Eg) (.%'1, X9, .21?3) € Qf.
Let
U={veLx(X):0<v(z)<pAs,-a.e. onx € 3o}

be the set of admissible controls and let Ty, = (T'|x,, T},) denote temperature
on the interface 3.

14



2.3 Heat transfer on interface

As it was mentioned in Chapter 1 heat flux through the interface X exists
due to radiative heat transfer and due to heat exchange with surrounding
air.

In order to describe pure radiative heat transfer, we will adopt a math-
ematical model, proposed by Tiihonen and Laitinen in [LT00] for physical
systems with entirely opaque and transparent components, separated by dif-
fuse grey interfaces.

Let 0 € Ry be the Stefan-Boltzmann constant and let € € Lo (X) be
the emissivity of the surface ¥. For mathematical and physical reasons we
assume that

Je1 € (0, 1] : 1 < €e(z) <1 Ag-ae. on z € . (2.1)

In order to characterize intensity of radiative heat exchange between
different interface points, let us introduce the function

=yl T,y €N

|cos (v(2),(y—2))llcos (v(y).(z=y))| ;¢ Jv(z) and Jv(y)
k(z,y) = ’
(@ y) 0, otherwise

and the visibility factor

1, ifzgnQ =10
Oz, y) =< x,y €.
C2 {0, otherwise Y

The visibility factor shows, if an arbitrary pair of interface points x, y mutu-
ally see each other and heat radiation can directly propagate between them.
In proofs, what will follow, we will use the following properties of the visi-
bility factor 6(x, y) and the function k(z, y)0(z, y).

Lemma 2.3.1
Ifz, y € ¥ and if there exists v(x) and cos(v(z), (y—x)) <0, then O(x, y) =
0.

Lemma 2.3.2
i 0< [ok(x, y)0(x, y) dAs(y) < 1 for every x € By;

ii. 3ep € [0, 1) : 0 < [ k(z, y)0(x, y) dAs(y) < ¢ for every x € 3.

iii. k(z, )0(z, y) = k(y, )0(x, y) forallz € ¥, y € 3;
iv. k(z, y)0(z,y) >0 forallz € ¥,y € X.
<« Proof of 2.3.2ii and 2.3.2iv is straightforward.
Proof of 2.3.2i. Let us fix arbitrary x € X3. The inequality 0 <
Js k(x, y)0(z, y) dAs(y) is direct consequence of 2.3.2iv, if only there exists

an integral [y, k(z, )0(z, y) dAs(y).

15



If v(x) does not exist, then proof of the inequality [y, k(x, y)0(z, y) dAs(y) <
1 is straightforward, since k(z, y)0(z, y) = 0 for every y € 3.

Let us prove the inequality [ k(z,y)dAs(y) < 1 for a nontrivial case,
when v(x) exists. For this reason we define sets:

Ay =Q\ B(z, 1),
Byr={2eR:z=a+tly—x),y € Apr,t €[1, +00)} N B(z, dmaz),

where 7 € (0, dmin], dmin = min{d, 2ld} and d,., = diam(£2). Notice, that
B, 7 is nonempty for every 7 € (0, dpn], therefore, we can define functions
fi:Bzr— R (1 €{1, 2, 3}):

fily) == %(yz —x;), if cos(v(zx), (y —x)) >0
M 0, otherwise.

Since f1 € CI(EJC,T), fo € Cl(Egm), f3 € CI(E%T) and B, r can be rep-
resented as union of m + 1 Lipschitz domains, then the Gauss’s formula
holds:

3 3
/B ;(&fi(y)) dws(y) = /83 ; vi(y) fi(y) ddop, . (y). (2.2)
Now, let us define:

Si(z, 7):={z¢€ S(x, 7):cos(v(z), (2 —z)) >0},

where 7 € R,. It is easy to verify that the following equalities hold:

3
cos(v(z), (x —
Z vi(y) fily) = (v( T)W_g v) for A\op, .-a.e. y € 0B, NSy (x, 7),
i=1
3
cos(v(zx), (y —x
Z vi(y) fily) = ( (7732 (y =) for Ao, ,-a.e. y € 0By N Sy (T, dmaz),
i=1 max
3

Z vi(y) fi(y) = k(z, y)0(x, y) for A\pp, ,-a.e. y € 0B, N X,
i=1
3
> vy fily) =0 for Agp, -ace. y € OBy, \ (S (2, 7) US4, dimaa) UL),
i=1
3
Z(aifi(y)) =0 forae y€ By

i=1

16



and, therefore, (2.2) will give

/ k(. 1)0(z, y) dop, . ()
9By.,NS

/ cos(v(x), (y —
OBy, +NS+(x, dmax) Wd%laz

) / cos(v(z), (y — x)) d\oB, . (Y)
8By NSy (z,7) -

T2

) dros, . ()

</ cos(v(a), (y - 2))
— 2
Syt (z, dmaz) 7I-dmaa:

AAS (@, dynar) () = 1. (2.3)

The family of sets {0B,; NX : 7 € (0, din]} is monotone and increasing,
as the parameter 7 decreases. Moreover, Lemma 2.3.1 guaranties that {y €
Y k(z, 9)0(z, y) # 0} C Ure(o, i) (0Ba,r N E), therefore, 2.3.2iv together
with (2.3) will give:

/k(x, y)0(z, y) dAs(y) S/ k(z, y)0(z, y) dAs(y) < 1.
b Ure(o,dy,,,] (0Ba,7015)

Proof of 2.8.211 is almost identical with the proof of 2.3.2i. It slightly
differs in case, when z € ¥; and there exists v(z). As we will see, in this
case it is possible to get "better" estimate than (2.3). Indeed, if we denote

Cp:={z€ Si(x, dppaz) : (22 — 582)2 + (23 — 553)2 > d2}7

then due to Al, A2, A4 we will have By, N S4(x, dimqez) C Cy for every
7 € (0, dpin). Therefore

/ k(x, y)0(x, y) dM\oB, . (y)
8B, ,N%

cos(v(z), (y — x))
/ =) g )
OBz, +NS+(z, dmax) mazx

cos(v(z), (y —x
—/ ) gy ) dNoB, . (y)
OBg,+NS4(x,T)

T

cos\v(xr), —x
S / ( (7TC)Z2 (y )) dAS(Ivdmaa:)(y) = C2,

max

where ¢z € [0, 1) does not depend on z and 7. The last estimate afterwards
will yield

[ ko ot ) drs) < o
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According to proposed radiative heat transfer model (see [LT00] for more
details), the function k(z, y)0(x, y) can be used to calculate irradiation from
the incoming radiation p:

K (p)(x) = / k(. 9)0(z, y)p(y) drs(y) =€ 5.

Moreover, the p and Ty, on the interface ¥ will be related in the following
way:
(I—(I-L)K)(p) = L(o|Ten|*Ten), (2.4)

where
L(v)(z) == e(x)v(x) z € X.

This way, by taking into account radiative and convective heat transfer pro-
cesses on the interface 3, the overall heat flux ¢ through 3 can be expressed
by the following formula:

q=I-K)(p) + ks(Ter, — Ty). (2.5)
Now, let us enumerate some useful properties of the operators K, L.

Lemma 2.3.3
For every fixed p € [1, +00]:

i. K is linear and bounded from Ly(%) to Ly(¥) and || K| 2(r,(z), 1,(=)) <
L;
ii. (K(v), w) = (v, K(w)) for every v € Ly(%), w € Lp;—1)(X);
iii. ifv € Ly(X) and v > 0 Ag-a.e. on ¥, then K(v) > 0 Ayp-a.e. on X.

< The assertion 2.3.3i will follow due to estimate 2.3.2i (see [DS57] for more
details). Similarly, the assertions 2.3.3ii, 2.3.3iii will follow from 2.3.2iii,
2.3.2iv, respectively.

| 2

Lemma 2.3.4
For every fixed p € [1, +00]:

i. L is linear and bounded from Ly(X) to L,(X);
ii. [ T-Lllgw,m) 0,m)=0-c) <1

iii. if v € L,(¥) and v > 0 Ag-a.e. on X, then (I —L)(v) > 0 Ag-a.e. on
>

Since 2.3.3i, 2.3.4ii, 2.3.3iii and 2.3.4iii hold, then there exists the inverse
operator (I — (I — L)K)™L.
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Lemma 2.3.5
For every fixed p € [1, +00] there exists

[e.o]

I-I-LK) "= (I-LK)"

n=0

as linear and bounded operator from L,(X) to L,(X). Furthermore, if v €
Ly,(X) and v > 0 Ag-a.e. on ¥, then (I — (I - L)K) !(v) > 0 Ag-a.e. on .

Now, by applying the operator (I — (I — L)K)~! on both sides of (2.4) we
will get

p= (I (I-L)K)'L(o|TuTu) = (1~ LK) L(0] T *Tis). (2.6)

n=0
Next, for convenience let us define:
G :=oL - oLK(I - (I-L)K) 'L,
H:=T-L+LKI-(I-LK) 'L
Basic properties of these operators are given by the following lemma.

Lemma 2.3.6
For every fixed p € [1, +00]:

i. G, H are linear and bounded from L,(X) to L,(X);
ii. G=0(I-H);
iii. if v € L,(X) and v > 0 Ax-a.e. on 3, then H(v) > 0 Ap-a.e. on X.

iv. (G(v), w) = (v, G(w)), (H(v), w) = (v, H(w)) for every v € L,(¥),
w € Ly/p-1)(2);

v. G(1) > 0 Ag-a.e. on X;
vi. Jez € (0, 1] : G(1) > ocs Ay, -a.e. on Xg;
vii. [[H| 2(z,(=), L,z) < 1-

<« The assertions 2.3.6i-2.3.6v, 2.3.6vii can be proved by using results of
Lemma 2.3.3, Lemma 2.3.4 and Lemma 2.3.5 (see |[LT98|, [LT00]). The
assertion 2.3.6vi can be proved in a similar way as 2.3.6v, however, in this
case the proof will be based on the estimate 2.3.2ii and 2.3.6iv.

>

Now, if we define

Q(Tn) = (1= K)(I — (I~ L)K) ' L(o|Tsn*Ton) + ks(Ton — Ty),

19



then (2.5) together with (2.6) will yield the formula (1.3):
q=Q(Ts) = G(|Ts|>Tsp) + ks(Tsp, — Ty).

Next, in order to split the operator Q into "blocks" and to derive the
formula (1.4), let us introduce some auxiliary operators. Let A is an arbitrary
As-measurable subset of ¥ and let us define a restriction type operator on

M(E, Ay): M) ’
AlV) = VA

Let us also define an extension type operator on M(A, A4):

v on A

Nav) = {0 on £\ A.

Then for every p € [1, +o0]
My € Z(Ly(X), Lyp(A)), IMall 2,5, Ly(a) = 1,
Ny € L(Ly(A), Lp(X)), INall2(z,a), L,(x) = 1.

Now, one can easily check that for every finite partition of ¥ into As-
measurable and mutually disjoint subsets {A; C ¥ : i € {1,...,n}, ¥ =
Uieqa, .., n} Ai} the formula (1.4) will hold

q’Al QAlAl QAnAl Tsh’Al
. - . : . ,

Q|An QA1An T QAnAn Tsh|An
if we will put
QAiAj:MAjOQONAi i,je{l,...,n}.

Moreover, if we now define for arbitrary Ayx-measurable sets A C X,
B C ¥ that

Qap:=MpoQoN,, Gup:=MpGN,, Hyp:=MpHN,,
then these operators will have the following properties.

Lemma 2.3.7
For every fixed p € [1, +0o0] and arbitrary chosen Ay,-measurable sets A C X,
BcCX:

i. Qap maps Lyy(A) to L,(B), but Gap, Hap are linear and bounded
from Ly(A) to Ly(B);

i ifv e L4p(A), then QAA(U) = GAA(”U|3’U) + (U — Tg’A),‘
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iii. Gya =o0(I—Hap);

iv. if AN B =0 and v € Lay(A), then Qap(v) = Gap(|v|*v);

v. if ANB =0, then Gap = —oHpg;

vi. if v € L,(A) and v > 0 Ag-a.e. on A, then Hyp(v) > 0 Ap-a.e. on B;

vii. (Gaa(v), w) = (v, Gaa(w)), (Haa(v), w) = (v, Hqa(w)) for every
NS Lp(A), w € Lp/(p—l)(A);

viii. if ANB =0 and AUB =%, then G4(1) + Gpa(1) > 0 Ag-a.e. on
A;

ix. [[Haallzr,a), L4y < (1—c3) <1;

IN

X [[HaBllz(r,(a), L) < 1.

<« The assertions 2.3.7i-2.3.7viii, 2.3.7x directly follow from Lemma 2.3.6,
the formula (1.3) and properties of the operators Mp, N4. The assertion
2.3.7ix can be proved in a similar way as 2.3.6vii. At the first step by using
the estimate 2.3.6vi and 2.3.7vi, 2.3.7vii we can show that

Haall 2L, (a), Lia)y < (1 —c3),
IHaall 2L (a), Looay) < (1 —c3).
Then from the Riesz interpolation theorem it will follow that for every p &
(1, +o00)
Haallz(r,(a), £,y < (1 —c3)
(see [LT98], [LT00]).
>

2.4 Preliminaries for reduced problem

Let us define
Qf = (—ll,ll) X (—lg,lg).

In Chapter 4 we will investigate asymptotic behaviour of T, as 6 — 0.
Some proofs there will be based on technique, when functions of class Lo,
are made smooth and differentiable via applying some mollifying operator.

Therefore, for arbitrary 7 € Ry and v € Loo(Qy) let us define

T, (0)(x) = /Q o (o, Yo(y) dwr =€ Q.
f

where
[z —y|

3
gT(x? y) = max{ﬁ(l - )70} T,y € Qf
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As it turns out, T can be used as mollifier of functions of the class Lo (Qy).
Indeed, it is easy to verify that images of this operator will have the following
properties.

Lemma 2.4.1
Ifve Lo(Qf) and 0 < v(x) < ¢ ae. in Qf for some ¢ € [0, +00), then
for every T € Ry.:

i Tr(v) € CHQy);
ii. 0 <Tr(v)(x) < ¢ ae in Qf;
iii. |[VT-(v)(z)]* <18(¢1/7)? a.e. in Qy.

Furthermore, T;(v) — v in La(Qy), as 7 — 0.
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Chapter 3

Analysis of original problem

3.1 Existence of the state T

Let us start sensitivity analysis of the optimal control problem (1.5) by
rewriting the variational equality (1.6) in operator form. For this reason
let us define functionals:

fi(v, ) = /Q (k1 (Vv - Vn) + ko(01v)n) dws —I-/E kzvn dAs,
f 1

v, M E V5(Qf, Sl, 21),

By(u, 1) = /2 s (v + T30 + T))n ds,
1
v, n € V5(Qy, S1, 1),

and

Ba(w, ) = /E G, (lwfPw)n dAs, + /E kaTyn ds,
1 1

¥
w e LOO(EQ), ne V5(Qf, Sl, 21)

- / (et (VT - V) + ko (D To)n) dws — | ksTon dis,
Qy

By using embedding theorems for Hy(€y, S1) and by taking into account
properties of the functions T}, T},, T} and the operators Gy, x,, Gx,x,, one
can get that fi(v, -) € VE(Qy, S, Y1), fao(v, +) € V& (Qy, S1, T1), f3(w, ) €
Ve (Qf, S1, ¥1) for every fixed v € V5(Qy, S1, X1), w € Loo(E2). Therefore,
if we define the following operators:

Bl(’U) = fl(’l), ‘), BQ(’U) = fg(v, '), Bg(’u}) = fg(w, ‘),
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then
B1 . %(Qf, Sl, 21) g V5*(Qf, Sl, 21),
By : V5(Qy, S1, B1) — Vi (Qy, S1, 51),
B; : Loo(X2) — Vi (Qy, S1, 21).

Now, by using the introduced operators, we can rewrite the variational
equality (1.6) in the following form:

Bl(u) + Bg(u) = Bg(Th). (31)

Let us prove existence of solutions for this equation by using methodology
from |GGZT74].

Lemma 3.1.1
The operator B is monotone, radial-continuous (see [GGZ74] for definitions)
and there exists a constant ¢4 € Ry such that

C4””H§-h(ﬂf,51) < fl(’l), 1)) Yv € Hl(Qf, Sl) (3.2)

<« Let us fix arbitrary v € H(Qy, S1). Then due to properties of the
constants ki, ko, k3:

fi(v, v) ::/Q (k1(Vv - Vo) + k2 (01v)v) dws + . k3v? d\y,
f 1
2/ kl(Vv-Vv)dwg—i-/ k2 (01v)v dws
Qf 2y
2
:/ kl(vU.vu)dwng/ - s,
Qf SQ

> k1(Vov-Vov)dws. (3.3)
Qf

As v e Hy(Sy, S1), then

61||1)H%2(Qf) < / (Vv - Vo) dws
Qy
for some constant ¢; € Ry such that it does not depend on chosen v (see
[LU68]). Therefore, if we take ¢4 = kj min{1, ¢;}/2, then (3.3) will give
C4H”H%11(Qf,sl) <fi(v, v).
Now, as V5(Qy, S1, £1) C Hi(Qy, S1) and as (3.2) holds, then By will
be radial-continuous and monotone due to its linearity (see [GGZT74]).

>
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Lemma 3.1.2
The operator By is weakly continuous (see [GGZ74] for definition).

< Let us fix arbitrary sequence {v, }nen C %(Qf, S1, ¥1) such that there
exists some v, € V5(Qf, S1, ¥1) that v, — v, in V5(Qf, Si, ¥1), as n —
—+00.
As V5(Qy, S1, 1) is embedded both in L5(31) and in Hy (€, S1), then
Up — Uy in L5(X1) and also in Hy(Qy, S1), as n — +oo. But then there
must exist some constants ¢; € Ry, éa € Ry such that:

[onll sy < e llonllm @) < €2 VneN. (3-4)

Now, let us look at the sequence {|v, +T%|? (v, +T%) }nen and let us prove
that vy + T%[*(vn + T%) = [vs + Tu]? (ve + %) in L5 4(51), as n — 4o0.
Since (3.4) holds, then there exists another constant ¢3 € Ry such that

|||Un+T*|3(Un+T*)||L5/4(El) S 63 VnE N.

Therefore, as Ls/4(31) is reflexive, then there must exist at least one Ly /4 (31)-
weakly convergent subsequence of {|v, + T4|?(vn + T%) }nen.

If we want to show that |v, + Tu]3(v, + Ti) — |vx + Tul?(vs + T%) in
L5/4(%1), as n — +oo, it is sufficientlly to prove that for every Ls/,(X1)-
weakly convergent subsequence {|vy, +7%|*(vn, +T) ren there will be |vy,, +
T2 (Uny, + Ti) = |vs 4+ Tu]? (vs + Tx) in Lgj4(E1), as k — +oc.

Let us fix arbitrary Ls /4(21)—Weakly convergent subsequence {|v,, +
Ty > (Un,, + Ti)}ren, where |vp, + Til3 (v, + Th) = Ve € Lgju(S1), as
k — 4o00. As embedding of H;(2¢, S1) into La(X1) is completely con-
tinuous, then [|v,, — vsl/r,x,) — 0, as k — +o00. But then without loss of
generality it is reasonable to assume that v,, — vs Ag,-a.e. on ¥; and thus
U, + Tel®(vny, + Ti) — |vs + T2 (vs + Ti) Asy-ace. on X, as k — +o0.
Since simultaneously we have that |vy, +T*|3(vnk +Ty) = Vs, as k — 400,
then there must be |vy + Ti|3(vi + Ti) = vix (see [GGZT4], for instance).

Now, as both Gyn, € Z(L5/4(31), Ls4(X1)) and |vy, + Til*(vn +
T.) = |vx + T (vs + T.) in Ly;4(X1), as n — 400, then also Gy, s, (|vn +
TP (vn 4+ T%)) = Gz, (Jox + Ti* (v« +T%)) in Lg/4(31), as n — +o0. Since
V})(Qf, S1, ¥1) is embedded in L5(X;), then this means that

£o(vn, 1) = f2(ve, 1) V¥ € V5(Qyp, S1, 1),

as n — +00.
>

Lemma 3.1.3
The operator By + By is coercive (see [GGZT74] for definition).
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<« To prove this lemma, it should be sufficiently to show that there exist
some constants ¢5 € Ry, ¢ € [0, +00) such that:

05(Hv||‘~/5(9f751721) —1)2 — ¢ < fi (v, v) + fa(v, v) (3.5)

Let us fix arbitrary v € V5(Qy, S1, £1). We can write

for every v € V5(Qy, S1, 1), where Hv||V5(Qf,S1721) > 1.

£2(v, v) :/ s, ([0 + TP (v +T) (0 + T) dhs,
3
- [ Gun (vt TP+ T ds, (36)
P
Due to 2.3.71 we have

/ Gy,s, (v + TP (v + 7)) Th d)s,
31

<Gz, ([0 + TulPP (v + Tl gy () 1 Tell L 52
<éflv+ T*H%s(zl)HT*HLs(zl) < éflv + T*H%s(zl)
< 62(||7)HL5(E1) + HT*HL5(21))4‘ (37)

Due to 2.3.7i, 2.3.7iii, 2.3.7ix we also have

/ Gz ([0 + TP (v + T.))(w + T0) dis,
P

:a/ WA TP dds, — o [ Hsys, (04 TP+ T) (v + T.) drs,
21 E1

> oo+ Tull7, s,y — olHz,s, (Jv+ T (v + Tl s aenllv + Till s (s1)

> ocsl|v+ Tl s, 2 ocalvllsm) = 1Tillzs(2)° (3.8)

Therefore, in view of (3.6), (3.7), (3.8), we will get

5
(v, 0) 2 S alvls,
=0

and, since ¢g = ocz € Ry, then there exist constants ¢z € Ry, é4 € [0, +00)
such that

~ 5 ~

esllolls ) — b4 < £a(v, 0). (3.9)

Notice, that both é3, é4 here do not depend on v.
Next, let us define for every 7 € [1, +00) the following set:

Er = {€ € V5(Qp, S1, 1) : €llvg oy, 50, m0) = T
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Then for arbitrary chosen 7 € [1, +00), v € Z; due to estimates (3.2), (3.9)
we will have

f1(vr, vr) + f2(vr, v7) > ca(7 — ||UTHL5(E1))2 + éBHUTHi(El) —C4
> gleliEH{CzL(T —1€llzscz)? + esllEl 2, s} — é

> mm{;‘*’ IS

Now, if we choose ¢5 = min{ca, ¢é3}/2, cg = ¢4, then we will get (3.5).

>

Now, Lemma 3.1.1, Lemma 3.1.2, Lemma 3.1.3 together with the fact
that the variational equality (1.6) can be rewritten as the equation (3.1)
imply the following existence result (see [GGZT74]):

Theorem 3.1.4

For every fixed control Tj, € U the variational equality (1.6) has at least one
solution u € V5(Qf, S1, ¥1) and thus for every fixed control T, € U there
exists at least one feasible state T' of the optimal control problem (1.5).

3.2 Boundedness of the state T

In order to prove boundedness of the state T" we will use technique introduced
in [Bi051]. Let us start by proving that 7' is non-negative.

Theorem 3.2.1

If u € V5(Qy, S1, X1) is a solution of (1.6) for some fixed T}, € U, then
0 < u(z) + Ty(x) a.e. in Qy. Therefore, if T is a feasible state of (1.5) for
some fixed Tj, € U, then 0 < T'(x) a.e. in Qy.

< Let us suppose that inequality 0 < wu(z) 4+ Tx(x) does not hold a.e. in
Q.
Let us define the function

n(z) = min{u(z) + Ti(x), 0} x € Q.
According to the previous assumption, n # 0. Moreover, since Ty(xz) > 0

Ag;-a.e. on Sp and u € %(Qf, Si, ¥1), then n € V5(Qf, S1, X1).
As n # 0 and n € V5(Qy, Si, X1), then

/ kv (V(u+Ty) - Vn) dws :/ k1| Vn|? dws > 0. (3.10)
Qp Qp

27



In addition, the following inequality will hold:

k 2
/ kg(é?l(u—i—T*))ndwg—/ kg(am)ndw;e,—/ QTnd)\SQ >0. (3.11)
Qf Qf Sa

Next, since Tp(z) > 0 Ay,-a.e. on Xy and n(z) < 0 Ay, -a.e. on ¥, then
2.3.7v, 2.3.7vi will yield

[ G (TP T dAs, = / oHy,s, (1T Tnds, <0.  (3.12)
31 P

Similarly, since Ty(z) > 0 Ay, -a.e. on Xj, then we will get

/ kE3T,ndXs, <O0. (3.13)
3

In order to obtain an estimate for the integral

[ Gos(u+ TP+ Tmars,
P
we define the function
y(z) := max{u(z) + Tx(z), 0} =z € Qy.
Properties of i and ~ yield:

[u(z) + Tu(@)]P (u(z) + Tu(x)) = In(2)Pr(z) + [y()]*y(z) (3.14)

and
n(z)y(z) =0 (3.15)

Ay,-a.e. on Xj.
Now, as the operator Gy, x, is linear, then the equality (3.14) implies

/ Gy (u+ TP+ T))ndis,
3
- [ Gum(nPmnars, + / G5, (W) drs,. (3.16)
1 1

From 2.3.7i, 2.3.7iii, 2.3.7ix it follows that

/ Gy, (P n)ndis, = o / nlf dhs, — o / Hy,s, (InP)n ds,
1 31 31

> UHTIH“Z;,(&) - 0||H2121(\77|377)||L5/4(21)HTlHLs,(El)
> oes||nllz, s, > 0. (3.17)
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Since y(z) > 0, n(z) < 0 Ay,-a.e. on ¥, then due to 2.3.7iii, 2.3.7vi, (3.15)
we will get

/ G5, (W) dis, = o / B das, — o / Hy, s, (1%7)n dAs,
1 31 21

=0 HE121(|’7|3’7)77d)‘E1 > 0. (318)
P
Therefore, the estimates (3.17), (3.18) together with the formula (3.16) will
yield
G,z (Ju+ T*(u+ T.))ndAs, > 0. (3.19)
P

Next, we also have

/ k3(u + Ty)ndXs, :/ ksn*d\s, > 0. (3.20)
21 E1

Now, by putting the estimates (3.10), (3.11), (3.12), (3.13), (3.19), (3.20)
together, we will get

/Q (er(V(u + T - Vi + ka(01 (u+ o)) duwss
f

+ | Gus (u+ TP (u+T))ndrs, + | ks(u+ T)ndAs,
31 P

+ GE221(’Th‘3Th)77 d)‘21 —/ k3Tg17 d)\zl > 0.
21 E1

But this inequality contradicts with the equality (1.6) for the given 7.

| 2

As we see, the last theorem justifies using |Tsp|*Tsp, instead of T3 to
characterize intensity of emitted radiation by the interface ¥ (for example,
see (1.3), (2.4)), since now it turns out that Ty, is non-negative function
for every given T, € U. If we would used T? instead of |Tsp|>Tsp, from the
beginning, then it would be hard to prove coercivity of the operator B; + B
and, therefore, also existence of T'.

After non-negativity of the state T is proved, we are ready to prove its
boundedness from above.

Theorem 3.2.2

If u € V5(Qy, S1, X1) is a solution of (1.6) for some fixed Tj, € U, then
w(z) + Ty(z) < p ae. in Qp. Therefore, if T is a feasible state of (1.5) for
some fixed Ty, € U, then T'(x) < p a.e. in Q.
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<« As it was in the case of Theorem 3.2.1, here we will use similar proof
technique. Therefore, let us suppose that inequality u(z) + Ty(x) < u does

not hold a.e. in €.
Let us define the functions:

n(z) := max{u(x) + Tx(x) — pu, 0} =€ Qy,
y(x) == min{u(z) + Ti(x), p} =€ Qy.

According to the previous assumption, n # 0. Moreover, since Ty (z) <

Ag,-a.e. on Sy and u € V5(Qy, S, 1), then n € V5(Qy, S1, T1).
Next, the following estimates hold

/ ki(V(u+Ty) - V) dws > 0,
Qf
/ oo (91 (1 + T )y ds > 0

Qf

by analogy with (3.10), (3.11).
In order to estimate the integral

/ (G (Ju+ TP+ 1)) + Gy, (ITHPTh))n dAs:,

P

let us introduce the sets:

A:={x € X :n(zx) >0},
B:={x € X :n(x) <0}

Properties of i and ~ yield:
u(z) + Ti(x) = n(x) + v(x) Ag,-a.e. on .
Therefore, due to Theorem 3.2.1:

u(z) + To(@)|* (u(z) + Ti(2)) = (u(z) + Ti(z))*
=n(x)* + 4n(x)*y(z) + 6n(x)*y(2)* + 4n(z)y(x)®

+y(z)* Ag,-a.e. on ¥y,

Furhermore, it is easy to check that the following estimates hold:

v(x) = p Ay, -a.e. on the A,
v(x) < p Ay, -a.e. on the B.
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Now, as the operator Gy, x, is linear, then the equality (3.23) gives

/ Gy (fu+ o (u+ T))ndis,
3

= . G2121(774)77d>\21 +/Z‘ 4G2121(773'7)77d>‘21
1 1

+/ 6G2121(772’72)77d)\21 +/ 4G2121(77'72)77d)‘21
21 E1

+ G2121(74)7’d>‘21' (3.26)
b}

Let us estimate the expression

G5, (7 dAs, + / Gy, (ThPT)n dAs,
21 E1

From (3.24), (3.25), 2.3.7vi it follows that Hy, 5, (v*)(2) < Hy,x, (u*)(2)
Ay, -a.e. on . Therefore, due to 2.3.7iii we will have:
G5, (V) (@)n(2) = o (v

z)n(z) — Hy,s, (v*) (2)n(x))
> o ()

)
77(3?> —Hy,x, (:U’ )(33 77(95))
=!Gy x, (1)(z)n(z) A\g,-a.e. on A. (3.27)

In addition, as we have that n(z) = 0 Ag,-a.e. on B, then:
Gz, (V) (@)n(@) = p' G5, (1)(2)0(2) = 0 Agj-ae. on B, (3.28)

Next, due to B4 and 2.3.7vi we have Hy,x, (|Th[3T})(z) < Hy,x, (u*)(2)
Ay, -a.e. on . Therefore, 2.3.7v will yield:

Gy,s, (1T Th) (2)n(x) = —oHs, s, (| Th]*Th) (z)n(z)
> —oHy,x, (M4)(9C)"7($) = M4GE221(1)($)77(x) As;-a.e. on Xp. (3.29)

Now, due to (3.27), (3.28), (3.29), 2.3.7viii, we will have:

g Gy, x, (vh)ndis, + . Gy,s, (1T’ Th)n dAs,
1 1

> / J (G (1) + Gy, (1) dAg, > 0. (3.30)
PR

Next, let us estimate the integrals:

G2121 (771'7471')77 d)\Zl (S {17 2,3, 4}'
P
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From (3.24), (3.25), 2.3.7vi it follows that Hy, s, (7'v*7%)(z) < Hyg,x, (u*~") ()
Ax,-a.e. on . Therefore, 2.3.7iii will give

Gy, ('Y ) (@)n(z) = (v (2)n' (z) — Hy, s, (0 ) (2)n(2))
= o(u* ' (@) — Heyx, (0" (2)n ()

> opt i (L (z) — Hy, s, () (2)n(x)) As,-ae. on A, (3.31)

In addition, since n(x) =0 Ay,-a.e. on B, then

Gy, x, ("' ) (@)n(x) = op* ' (" (2) — Hy,x, (") (2)n(z)) = 0
As,-a.e. on B. (3.32)

Now, due to (3.31), (3.32), 2.3.7i, 2.3.7ix we will have

. GZ121 (77117472‘)77 d)‘El > /Z Uu4fi(77i+1 - H2121 (Ui)ﬁ) d)\zl
1 1
> o Tl sy — ol T I s 2 )z im0 10 (0

> oeayit [l ) 2 0. (3:33)

The estimates (3.30), (3.33) and the formula (3.26) yield:

/ (G (Ju+ T3 (u + ) + Gy (ITHP Ty dAsy 2 0. (3.34)

3

Next, since u(z) + Tx(x) > p Ayp,-a.e. on A and as n(z) = 0 Ay,-a.e. on
B, then due to B5 we have:

(w(z) + Ti(x) — Ty(x))n(z) > 0 Ag,-a.e. on Xy.

Therefore, it follows that
/ k3(u+ Ty — Tg)ndArs, > 0. (3.35)
21

Now, by putting the estimates (3.21), (3.22), (3.34), (3.35) together, we
will get

/Q (1 (V(u+T,) - Vi + ko (00 (u+ To))) dos
f
+ [ Gz, (lu+ TP (u+ T))mdrg, + | ks(u+To)ndAs,

1 ¥

+ GE221(’Th‘3Th)77 d)‘21 —/ k3Tg?7 d)\zl > 0.
21 E1

But the last inequality contradicts with the equality (1.6) for the given 7.
| 2
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3.3 Continuous dependence and uniqueness of so-
lutions

In this section we will prove existence of the control-to-state operator T' =
I'(T}) and obtain its Lipschitz continuity in appropriate functional spaces.
Let us start with the following lemma.

Lemma 3.3.1
For every two arbitrary chosen state-control pairs (T, Ty), (T, Ty,) the fol-
lowing inequalities hold:

IT = Ty < 431 Th — Thll Lo (5s); (3.36)
1T =T ne ) < 45N TH — Thll Lo (s0)- (3.37)

<« At the first step of the proof let us prove that T'(x) — T(z) < 4p3(|T}, —
ThHLoo(Zg) a.e. in Qf.

Let us suppose that this inequality does not hold and let us define the
constant

é1 o= (43 Th — Thll p )

and the functions:

n(z) == max{T(z) — T(zx) — é1, 0} =€ Qy,
y(x) := min{T(z) — T(z), &1} z € Q.

According to our assumption, n # 0. Moreover, since T'(z) — T(z) < &
Ag,-a.e. on Sy {md (T - T) € ‘/},(Qf, S, 21), then n € V},(Qf, S, 21).

Since n € V5(€, Si, 1), then the following equalities must hold (see
(1.6)):

/Q by (VT - V) + ko (01 T)1y) dovs
f

+ QE121 (T)T]d)\zl = - QEQEl (Th)nd)\217
21 E1

/Q ey (VT - V) + ko (4 T)) dovs
f

+ QEIEI (T)nd)\zl = - QEQEI (Th)nd)‘zr
21 E1
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If we now substract the second equality from the first one, then due to
Theorem 3.2.1 we will get

/ (k(V(T — T) - V) + k(0 (T — 7)) doos

Qf

+ | Ggx, (T —TYnd)s, + / k3(T —T)nd)s,
P

¥

=— | Gy, (T} —=THndrs,. (3.38)
¥

Since n # 0 and n € V5(Qf, S1, ¥1), then the following inequalities will
hold:

ki(V(T =T)-Vn)dws = | ki|Vn|? dws > 0, (3.39)
Qf Qf

/ ko (01(T — T'))n dws = / ka(imndws = [ —=— d)\52 >0. (3.40)
Q Qs So

Now, one can easily check that
T(z) — T(z) = n(z) + y(z) As,-a.e. on By,

therefore, since the operator Gy, x, is linear, then

/ (G, (T — T4 + Gy, (T} — T1))ndAs,
P

-y

=0 7=0

4—q
E / G2121 4=i=j ]Tl)nd)\z;l

+ GEQZl (T;Ll — T;Ll)n CD\ZU (3.41)
31

where ¢;; € Ry for every i € {0, 1, 2, 3}, j € {0, ..., 4 —i}. Furthermore,
there will be ¢og = 1.
Next, let us introduce the sets:

A:={z € X :n(x) >0},
B:={z € ¥ :n(x) <0}
Then properties of 17 and ~ then will yield:

1 Ax,-a.e. on A, (3.42)
Ay, -a.e. on B. (3.43)

v(z) =
v(z)

IN
Q> O
ok

Now, let us estimate the expression

Gzlzl ('74)77d/\21 + GZQEl (T;zl - Ti%)nd/\ih’
21 E1
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From (3.24), (3.25), 2.3.7vi it follows that Hy, s, (v*)(2) < Hy,yx, (¢])(2)
Ax,-a.e. on . Therefore, 2.3.7iii will give

Gy,s, (v)(@)n(z) = o(y*(2)n(z) — Hy,x, (v") (2)n(z))
> o(en(z) — Hy,s, (&) (2)n(2))
= ¢]Gyx,x, (1)(x)n(z) Ag,-a.e. on A. (3.44)

In addition, since we have n(x) =0 Ay,-a.e. on B, then

Gz, (V) (@)n(x) = EGs,ys, ((@)n(e) = 0 Ag,-ae. on B, (3.45)

Next, due to B4, 2.3.7vi we will have Hy,x, (T} — T)(z) < Hs,x, (44°|| Ty —
Thll oo (52)) (%) Asy-ae. on . Therefore, 2.3.7v will yield

GE221 (T;ll )(53)77(33) = _0H2221 (T;Ll - Tﬁl)(ﬁﬂ)ﬁ(ﬂf)
> aHZZZl(éil)(:c)n(x) = C1G2221(1)( )n(x) As,-a.e. on X, (3.46)

Now, due to (3.44), (3.45), (3.46), 2.3.7viii, we will have:
Gy 5, (74)77 dAs, + G5y (T;Ll - Tﬁl)ﬁ dAs,
21 E1
Z/ éil(G2121(1) + GE2Z1(1))77d)‘21 > 0. (3-47)
PN
Next, let us estimate the integrals
Gsi:y (747i7j77jj7i)77d)‘217
P

where ¢ € {0, 1, 2,3}, j € {0,...,4— i} and i, j are not simultaneously
zeros. For this purpose let us deﬁne the functions f;; := nJT’ Then from
(3.42), (3.43), 2.3.7vi it follows that Hy, s, (Y4777 f;;)(2) < Hglgl(c1 v flj)( x)
Ay, -a.e. on Xp. Therefore, 2.3.7iii will give

Gs,s, (" wa)( z)n(z)
o(v* (@) fi(x) — Hy,x, (v fij) (@)n(=)
= a(é% I fij(@) = Hyy, (777 fi) (@)n()
> o1 (fij(x) — Hyy s, (fi)(@))n(2) As,-a.e. on A, (3.48)

In addition, since n(x) =0 Ay,-a.e. on B, then

Gy, (Y7 fi) (@)n(z) = 0¢) " (fij(2) — Hy,s, (fij)(2))n(z) = 0
Ay, -a.e. on B. (3.49)
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Now, due to (3.48), (3.49), 2.3.7i, 2.3.7ix we will have

Gy3, (74_i_j77jj—‘i)77 dAs, > / Uéllliiij(fij - HElEl(fij))n dAs,

31

> Uéil_i_jHTIHLl(El)(Hfz‘jHLoo(zl) — [Hsys, (fij) oo z0)
> oesét 0l ol fillLe ) > 0. (3.50)

P

Now, the estimates (3.47), (3.50) together with the formula (3.41) imply
that

Gy, (T — Ty drs, + / Gy, (T} — Tndrs, > 0. (3.51)
21 E1

~

Next, since T'(z) —T'(x) > ¢1 Ax,-a.e. on A and n(z) =0 Ayg,-a.e. on B,
then due to B5 we have

(T'(x) = T'(z))n(z) > 0 Ay,-a.e. on .

Therefore, it follows that
/ k3(T — T)ndAs, > 0. (3.52)
¥

Now, by putting the estimates (3.39), (3.40), (3.51), (3.52) together, we
will get

/Q (Y (T — T) - V) + koD (T — 7)) doos
f

+ [ Gy,5, (T —THnd)s, + / k3(T — T)ndAs,
21 E1

+ GE221 (T;zl - Ti?)n d)\zl > 0.
31

But the last inequality contradicts with the equality (3.41), what shows that
there must hold

T(z) — T(z) < 43T — Thll 1 (s,) a-e. in z € Q. (3.53)
Next, by performing similar analysis, we can prove that

T(x) — T(x) < 43Ty — Thll 1o (s) 6. inz € Q. (3.54)

But then by putting (3.53), (3.54) together we will get (3.36), (3.38).
>

Now, by using Lemma 3.3.1 it is easy to get the following result.
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Theorem 3.3.2

There exists an unique defined control-to-state operator T = I'(T}) of the
optimal control problem (1.5) as mapping from U to Hy(§y). Furthermore,
for every two arbitrary chosen controls Ty, € U, Ty, € U the following in-
equalities hold:

IT(Th) — D(Tn)ll £y < 430Th — Thll Lo ()
IT(Th) = D(TW) | oo sy < 45 Th = Thll oo (s0)-

3.4 Linearized equation

In order to get the final result - Fréchet differentiability of the cost func-
tional J(I'(T})) (see the formula (1.10)), let us prove some results about a
"linearized" operator of B; + Bo.

Let us define the functionals:

f4('l), m, 1/}) = / GZ121(W"U)77d)\21 v, nE Hl(Qfa Sl)? ,(/) € LOO(El)v
>

f5(w7 n, 79) = / G2221(|19|w)77d)‘21 w, v e LOO(EQ)a ne Hl(Qf’ Sl)
P

By using embedding theorems for Hy(€y, S1) and by taking into account
properties of the operators Gy, x,, Gs,x,, one can get that fi(v, -, ¢) €
Hi(Qy, S1) for every fixed v € Hi(§f, S1), ¥ € Loo(X1) and f5(w, -, 9) €
H{ (g, S1) for every fixed w, ¥ € Loo(X2). Therefore, if we define the
following operators:

B4[1/}KU) = f4(va K 7/1)7
B5[19](w) = fS(wv i) 79)7

then By[y)] : Hi(Qy, S1) — H{ (S, S1) for every fixed ¢ € Loo(X1) and
Bs[V] : Loo(X2) — H{ (2, S1) for every fixed ¥ € Loo(32). Furthermore,
Bulu] € Z(H\(Qy, $1). Hi (. 1)), Bsld] € Z(L(Ta), Hi (Y, $1)). In
addition, it is easy to see that also By € Z(H1 (82, S1), H{ (Qf, S1)).

In view of the previous considerations, it turns out that By + By[y)] €
ZL(H1(Qy, S1), Hf (2, S1)) for every fixed ¢ € Loo(X1). In order, to prove
existence of an inverse operator (By + By[]) ™! for an arbitrary chosen ¢ €
Lo (X1), let us obtain some temporary results.

Lemma 3.4.1
The equation

B1(§) + Ba[y](§) =0 (3.55)

can have only a trivial solution & for every fixed parameter 1 € Loo(31).
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< Let us fix arbitrary ¢ € Lo (21) and let us assume that the statement of
this lemma does not hold and, therefore, there exists some nontrivial solution
£ € Hi(Qy, S1) of (3.55).

It is easy to prove that the equality |¢(z)|¢(x) = 0 can not hold Ay, -a.e.
on X, because, if it would be so, then due to linearity of Gy,x, there will
be

/E G&&(W\f)’?d)\zl =0

for every n € Hi(Sy, S1), i.e. By[p](§) = 0. Therefore, due to the equa-
tion (3.55) there will be B;(§) = 0. The estimate (3.2) in its turn (see
Lemma 3.1.1) yields that there exists By' € Z(H}(Qy, S1), H1(Qy, S1)),
and, therefore, it follows that {(x) = 0 a.e. in Q. But this result contradicts
with the assumption that £ was a nontrivial solution of (3.55).

Let us define the functions:

nr(z) == max{min{{(x)/7,1}, -1} z € Qf, 7€ (0, 1]
n(x) :=sign{{(x)} x € Qy,
Yr(x) == max{{(z), 7} + min{{(x), -7} € Qf, 7€ (0, 1].
It is easy to see that n, € Hy(SQy, S1), v € Hi(2f, S1) for every fixed

7€ (0, 1].
Now, we will have the following estimates:

/ k1 (VE- V) dws > / k‘17'|V177\2dw3 >0 (3.56)
Qy Qy

and

/ k(1) duos = / (7 (D1 )1+ (01 ])) oo
Qf o

T
:/ ko (T 4 [yo) drs, > 0. (3.57)
S5 2

Next, 2.3.7i, 2.3.7iii, 2.3.7vii, 2.3.7ix give
/E GElzl(Wﬁ)Ud)\El :/Z |¢|€GE121(77) dAy,
1 1

— o /E I¥iendis, - /E [VIEH 5, () A,

> [€llLym0) — 1€y =0 IHs 5 (D Lo (1)
> c3l| €l =) > 0. (3.58)

Since [[n: — /L, (=) — 0, as 7 — 0, then also

[ G (19 s, — /E Gy, (416 dAs,
1 1
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as 7 — 0. But then due to (3.58) there must exist some 79 € (0, 1] such that
the following estimate holds

/E Gy, (01E)r dAs, > 0 (3.59)

for every 7 € (0, 79].
In addition, we also have the inequality

/ ksénr dAs, > 0. (3.60)
1

Now, by putting the estimates (3.56), (3.57), (3.59), (3.60) together, we
will get

/ (k1 (VE - V) + ka(016n,)) duos + / ks dhs,
Qf ZJ1

= [ G vl i, >0
1

for every 7 € (0, 79]. But the last inequality contradicts with the equation
(3.55) and this shows that the assumption about non-triviality of { was
wrong.

| 2

Lemma 3.4.2
The operator By[v)] is completely continuous for every fixed parameter ) €
Loo(39).

< Let us fix arbitrary ¢ € Lo(X1) and a bounded sequence {vy,}nen in
Hi(Q2¢, S1). As embedding of Hy(€Qy, S1) in La(¥1) is completely contin-
uous, then there exists some subsequence {vy, }reny and v, € La(X;) such
that vy, — v, in Ly(X1), as k — +oo. Next, due to 2.3.7i we will have that
Gy, 5, (|9|vn,) — Gy,s, ([¢0|vs) in La(X1), as k — +oo. Finally, as La(X1)
is embedded in H{ (2, S1), then this will yield that B4[y)](vn, ) — Ba[¢](vs)
in H{(Qy, S1), as k — 4o0.

| 2

Now, on basis of the previous two lemmas it is possible to prove the
following result.

Lemma 3.4.3
For every fixed parameter 1 € Lo, (X1) there exists the inverse operator
(B1 +Bu[y])~" € Z(Hf (2, S1), Hi(y, S1))-
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< Let usfix arbitrary ¢ € Lo (21). Due to the estimate (3.2) (see Lemma 3.1.1),
there exists By' € Z(Hj(Qy, S1), Hi(Qy, S1)). Therefore, there will hold
the following equalities:
B; + By[¢] = B1(I+ By 'By[y)), (3.61)
I+ B, 'Bi[y] = By (B1 + Ba[t]). (3.62)
Since the opeator By[¢)] is completely continuous (see Lemma 3.4.2),

then also the operator B1_1B4[¢] will be completely continuous. Next, the
equality (3.62) and Lemma 3.4.1 imply that an equation

€+ B 'By[v)(€) =0

can have only trivial solutions. But then, due to Fredholm alternative, there
will exist the bounded inverse (I + B 'By[¢])~t.

Finally, since there exist B! and (I + By 'By4[t)])~!, then the equality
(3.61) implies existence of bounded inverse (B1 + By[¢]) L.

>

3.5 Fréchet differentiability

In this section we will finalize analysis of the optimal control problem (1.5).
As a result, we will prove Fréchet differentiability of the control-to-state
operator T' = I'(T) and the cost functional J(IT'(1})) (see the formula
(1.10)).

Let us start with the Fréchet differentiability of the control-to-state op-
erator T' = I'(T},).

Theorem 3.5.1
For every two arbitrary chosen controls Ty, € U, T, € U the following formula
holds:

IT(T3) —T(Th) = ATW)(Th—Tw) i1, 0, 51) = OITR) 1Tk =Tl £ (52)) (3.63)
where A[T},] € L (Loo(E2), Hi(2f, S1)).
<« Let us fix arbitrary state-control pairs (T, Ty,), (T, T},) and let us tem-
porarily denote:
w=T-T, a=1T- Y =4|T)?, 9 =4|T,>.

Lemma 3.4.3 and the equation imply that

T,
(3.1)
L(Ty) — T(Ty) — (B + By[y])*(Bs(1}) — B3(Th))
=(T-T)- (BI+B [¥]) " (Bs(Th) — Bs(Th))
= (B1+ Bu[¢)]) " ((B1 + Ba[¢])(T = T) — (B1 + Ba) (@) + (Bi + Ba)(w))
= (B1+ B4[¢])” (B4[¢](T —T) — Ba(a) + Ba(u)).
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By using the last equality, we can get that

IT(T5) — T(Th) — By + Ba[y)]) " (Bs(Th) — B3(Th))l iy, 51)
< NB1 + Bu[v]) @y, s0), 112, 51))
x | Ba(@t) — Ba(u) — Ba[)](T — Tl sz (), 51)-  (3.64)

Next, due to (3.64) and Lemma 3.3.1, we can write

|IT(T3) — T(Ty) — (By + Ba[y]) "1 (Bs(Th) — B3 (Th)ll i 94, 51)
|Th = Tl Lo (52)
IB2(it) — Ba(u) — Ba[v(T — T)| iz (., 51)
1T =Tl p (o)
<é |Gs,s, (IT]PT — \AT’?’T —ATT = T) Loz '
1T = Tros)

At the same time the following formula holds:

<&

(3.65)

[TPT —|TPT — 4T*(T - T)
_ /1 12|T + H(T = T)|(T + (T — TY)(F — T)*(1 — ¢) dt.
0

If we now put the last equality in the inequality (3.65), then due to Theo-
rem 3.2.1, Theorem 3.2.2 and the assertion 2.3.7i we will get that

|IT(T3) — T(Ty) — (By + Ba[y]) " 1(Bs(Th) — Bs(Th)l my 94, 51)
|Th = Tl Lo (52)
< o Mo AT + 4T = DT + (T = DT = TP2(A = &) dllp )
1T =Tl s)
< &7 =Ty (366)

Next, let us temporarily define the functional
f(n) == | Gsys,(@(Th —Tn)*)ndrs, 1€ Hi(Q, S1),
where
1 A ~
w = / 12|T + (T, — Tp)|(Th + t(Ty, — Tr)) (1 — t) dt.
0

By using embedding theorems for H;(€f, S1) and by taking into account

properties of the operator Gyx,x, and the functions T}, 1), one can get that
fe Hf(Qf, Sl) and

€112 (2, 50) < E5l1G sz, (@ (Th=Th)*) | (za) < 6l Th=Thll7 (z,)- (3-67)
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Since the following formula holds:
Tl T — |Tn|*Th, — 4T3 *(Th — Tn)
= /01 12|Ty, + H(Th — Th)[(Th + t(Th — T)) (T — Tn)* (1 — ) dt,
then we can write:
Bs(T}) — Bs(Th) = —Bs[0](T) — Tn) — £(n). (3.68)

Now, from (3.66), (3.67), (3.68) it will follow that

IT(T3) — T(Th) — (B + Ba[y]) " (=Bs[9)(Th — Tn))l 1y, 51)
1T — Thll 1o (50)

S  fllar @, s
< el T =Tl + ér 1@, 51)

1Th — Thll Lo (52)
< |7 =T poisi) + 81T — Thll Lo (s2)-

It is easy to see that the last inequality yields statement of this theorem, if

one will choose
A[T;] = —(B1 + By[¢]) 'Bs[v].

Finally, one can easily check that the cost functional [7(T') is Fréchet
differentiable as mapping from H;(€f, S1) to R. If we now combine this
result with the previous theorem, then by applying the chain rule for the
functional J(I'(T},)) it is easy to get the following theorem.

Theorem 3.5.2
For every two arbitrary chosen controls Ty, € U, T, € U the following formula
holds (see the formula (1.10)):

~

J(D(Th)) = T(T(Th)) = (L) (Th — Tw) + o[Tu] (1T — Till o))

where ([T},] € L% (X2).
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Chapter 4

Analysis of reduced problem

4.1 Boundedness of gradient

Before we start sensitivity analysis of the optimal control problem (1.14)
and justify transition from the original problem (1.5) to reduced one, let us
define the following functions:

h(z) == —Gs,s, (Th) () + ksTy(x) + oHyg, 5, (T (z) x € ¥y,
hi(z) i= =Gy, (T3 () + k3Ty(x) + oHy, 5,(T*)(2) x €85,
gi(x) := —Gx,s,(Ti) () + k3T (z) + oHsy s, (T*) () x €5,
fi(z) == —Gsys, (T (x) + k3 Ty(2) x €8,

where i € {3, 4, 5, 6}. Due to Theorem 3.2.1 and Theorem 3.2.2 we have
0 < T(x) < p Ap,-a.e. on Xp. But this fact together with properties
of the operators Gyx,x»,, Gyx,s;, Hy,n,, Hs,s,, Hy,s, (see Lemma 2.3.7)
and Bl, B2, B4, B5 will give boundedness of the functions h, h;, g;, fi
(i €43,4,5,6}):

h € Loo(21), 0 < h(z) < 2u* + ksp Ay -a.e. on ¥y,
hi € Loo(S:), 0 < hi(x) < 2u* 4 k3p Ag,-a.e. on S,
9i € Loo(Si), 0 < gi(z) < 20t + ksp As;-a.e. on Sj,
fi € Loo(Si), 0 < fi(x) < pwt 4 ksp Ag;-a.e. on S;.

Now, one can easily check that by replacing u + T, with 7' it is possible
to rewrite the variational equality (1.6) as

/ (h(VT - V) + ka(81T ) duos
Qy
+/ O'T477d)\§;1+/ ksTnd\y,
21 Z1

:/ hnd)\gl Vn € V5(Qf, S, 21). (4.1)
31
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Let us also introduce the following functions:

g5(x1, x2) + ge(x1, x2)

g+ (1, T2, T3) 1= (w1, 2, x3) € Ly,

2
g—(z1, T3, T3) 1= g5(o1, 72) g 96(a1, 72) (z1, 22, 73) € Qy,
(w1, 33, 73) = Ts1/4(95) (w1, T2) 42- Ts1/4(g6) (1, 72) (21, 22, 23) € O,
&(x1, mo, x3) := min{ag1 mlr;f(l;l/;, l;/Q}, 1} (21, T2, x3) € Qy,
g(z1, 12) := g5(z1, 22) ;rg@(xl, =2) (z1, 22) € Qy,
Fa, ) = f5(x1, x2) ;r Jo(w1, x2) (21, v2) € Q.

Let us recall that Qf = (—I1,11) x (—l2,l2), but T, is mollifier (see Chapter 2
for more details). After applying results of Lemma 2.4.1 it is possible to get
that

V|2 dws < 144¢211156'/?, (4.2)
2y
A i l1/2 l1/21
) Ve[ dawy < 22004 111’ 2 M2 512 (4.3)
f

Now, let us prove boundedness of H|VT\2§2||L1(Qf).

Lemma 4.1.1
There exists a constant cg € [0, +00) such that for every state-control pair
(T, Ty) of (1.5) there is

/ VT 262 dws < cq. (4.4)
0

Furthermore, here cg does not depend on the parameter 6.
<« Let us define the function
n =T

It is easy to see that 1 € V5(Qy, S1, X1).
Since the functions T, h, 1 are uniformly bounded with respect to §, then

’/ O’T477 dAs, |+ ksTn d)\§)1’ + ’ hnd\s,| < é1. (4.5)
1 3 ]
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Next, for arbitrary chosen 7 € Ry we have

[ ka(0 T dus| = | / o (01 T)TE2 v
Qy Qy

< kot / (O1T)2€? dw3+@ / T2€2 dws
Qf 4T Qf

and, therefore, if we choose 7 = kj/4ka, then due to uniform boundedness
of T" with respect to 6 we will have

k
|| ko(nT)ndws| < 41/ IVT2€2 dws + é,. (4.6)
0 Qf
For every arbitrary chosen 7 € R, we also have

/ ki(VT - Vn)dws > ky [ |VT]*€* dws
Qf Qy
— kit | |VTPE? dws — L} IVEPT? dws
Qf 4T Qf

and, if we choose 7 = 1/4 this time, then due to uniform boundedness of T’
with respect to § and the estimate (4.3) we will have

k (VT - V) dws > ?’T/ VT |22 dws — é3, (4.7)
Qf

Qy

Now, since n € V5(Qf, S1, 1), then the integral equality (4.1) must hold
for this 7. If we will combine (4.1) with the estimates (4.5), (4.6), (4.7), then
this will yield (4.4) for some ¢g € [0, +00). Here ¢g will be independent on
the parameter § (¢1, ¢2, €3 are non-negative and independent on 9).

>

4.2 Asymptotic behaviour of 7" in domain

In this section we investigate asymptotic behaviour of the state T in the
degenerating domain Q, as § — 0.

Lemma 4.2.1
For every fixed T}, € U the corresponding state T of (1.5) has the following
asymptotic behaviour:

1
| (oT* + k3T — g1 )? dws — 0,
§ Ja,

as 6 — 0.
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<« Let us define the function
n = (T + k3T — §)€2.

It is easy to see that n € V5(Qf, S1, 31).
Since the estimates (4.2), (4.3), (4.4) hold and the functions 7', ¢ are
uniformly bounded with respect to d, then

/|V77|2dW3§/ 48(UT3+k3)2§4|VT|2dw3+/ 1264V g|? dws
Qy Qy Qp

+/ 24(oTH + k3T — §)%€*| Ve dws < &1 (4.8)
2y
Next, due to the same reasons we will have

/ kl(VT : V?]) dwg
Qy
= kl/ (40T3 + k3)E2|VT P dws — k1 | &X(VT - V§) dws
Qp Qp
+ ki / 2(0T* + k3T — §)&(VT - VE) dws
Qy
> bl @199 den)! ([ VTP o)
Qf Qy

~hn / (6T + ksT — §)2|VEP dus) V2 / VTPE dusy) '
Qy Qf

> —&6'%, (4.9)

ko T)de = by | T)(OT* 4 kT — §)€° de

Qf Qy

> / (0T + ksT — )26 dug) ([ [T P2 duos)
Qf Qy
> —&30Y2. (4.10)

Now, let us get an upper estimate for the integral

— / oT4nd)y,.
PN

By using the Gauss’s formula we can rewrite this integral as

o
—/ oT*nd\g, = —/ 5(83(T477333))dw3—/ oT4nd\s,us,. (4.11)
DR Qf S3USy
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We also have the following expansion:
o 4 4o, 4
g(ag(T 7]1'3)) dw;g == FT (83T)17:1;3 du}3
£y 2y

1
+/ gT4(é?317)3v3 dwg—i—/ oT*n dws. (4.12)
0, 0 0 Jo,

Since the estimates (4.4), (4.8) hold and the functions T', g, n are uniformly
bounded with respect to §, then

/ 4£T3(83T)7]:L’3 dw:),
Q; 0
> ([ 1650 TOOT 4 T - 7€ o)
Qf
y (/ VT2€2 du) /7]
Qf

> —64(/ (%xg)deg)l/Q > —¢50%/2, (4.13)
Qf

/ %T4(33?7)333 dws
Qy

> ([ G den) ([ (9 den)
Q5 2

> —66(/Q (%xg)de3)1/2 > —¢76Y2 (4.14)
f

and
/ oTnd\s,us, > —ésd. (4.15)
S3USy

Now, if we put (4.11), (4.12), (4.13), (4.14), (4.15) together, then finally we
will get

1
— / oT*ndls, < —= / 0T dws + ¢90*/2. (4.16)
ol 0 Jo,

Next, by using Gauss’s formula and estimation techniques introduced
before, one can get the following estimates:

1
hdis, < < [ gindws + é100"2, (4.17)
o 0 Qy

1
— ksTndls, < —= k3 Tndws + 611(51/2. 4.18
1
ol 0 Ja,
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Now, since n € V5(Qf, S1, ¥1), then the integral equality (4.1) must hold
for this n. If we will combine (4.1) with estimates (4.9), (4.10), (4.16), (4.17),
(4.18), then this will yield the following inequality for some ¢15 € [0, +00),
which will be independent on the parameter § (éa, ¢3, ¢ég, ¢10, ¢11 are non-
negative and independent on §):

1
e < 5 [ (g - 0Tt = kT
1) Q;

1.e.

1
5/9 (JT4 + k3T — g+)77 dwsg < 612(51/4. (4.19)
f

If we now consider the set Qlf = {x € Qf : {(x) = 1}, then (4.19) will imply
1
5/ (O'T4 + k3T — g+)2 dws < 612(51/4
Ql
s

1 .
*t3 /, (0T* + k3T — g4 )|g4 — §l dws
Q
f
and, therefore, for an arbitrary 7 € R, we will have

1
3 /, (0T + k3T — g4)? dws < 1204
Q
s

T 1 .
+ g // (O'T4 + k3T — g+)2 dw;», + ﬂ (g+ - 9)2 dCU?,.
Qf T Qp

Now, if we put 7 = 1/2 in the last expression, then due to uniform bound-
edness of T' with respect to & we will get

1
g /Q’ (O'T4 + k3T - g+)2 dw?,
f

< 2819014 + 0(153/ (91 — )% dws < 261264
Qy

¢ ¢
+ 2 (Ts0a(g5) — g5) dAs, + — / (Ts1/4(g6) — g6)* d)sq-
2 Ss 2 Se

But the last inequality together with Lemma 2.4.1 imply that

1
5 /Q (6T* + k3T — g4)? dws — 0, (4.20)
f

as 0 — 0. At the same time Qf\Q/f =(0 ﬁ) X (—=la, l2) x (=0, 9),

’ min{li/Q7 l;/Q}
and, since the functions T', g5 are uniformly bounded with respect to ¢, then

/ (0T* + k3T — g4 )? dws < 140%/2,
Qf\Q}
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and, therefore, we will have that

1

= (oT* + k3T — g4 )% dws — 0, (4.21)
0 Japa,

as § — 0.
If we now put the formulas (4.20), (4.21) together, then this will yield
the statement of this lemma.

>

4.3 Asymptotic behaviour of 7' on boundary

In this section we investigate asymptotic behaviour of the state 7" on the
boundary of the degenerating domain €2, as 6 — 0.

Lemma 4.3.1
For every fixed T}, € U the corresponding state T of (1.5) has the following
asymptotic behaviour on the boundary:

/ (oT* 4 k3T — g4 )*d\s, — 0,
o

as d — 0.

<« Proof of this lemma is similar to the proof of the previous lemma. There-
fore, let us define the function

0= (0T + ksT — §)&2.

It is easy to see that n € Vg,(Qf, S1, 21).
Next, the following estimates hold

/ V|2 dws < ¢, (4.22)

Qy

/ ki (VT - V) dws > —é6Y4, (4.23)
Qy

/ ko (01 T)n dws > —é36/ (4.24)
Qf

by analogy with (4.8), (4.9), (4.10).
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Now, since the functions 7', i are uniformly bounded with respect to
on the surface Yo, then we get that

— / oT*nd)s,
¥

< — / O'T4T] d)\S3US4 - / O'T47] d)\Ss)USe
S3USy S5USe

< &40 — / oT4nd)\s, — / oTnd\s,. (4.25)
S Se

5

Similarly one can get
/ (h — k‘gT)?] d)\gl S 655
>
+/S (95 — ksT)ndAs; +/S (96 — ksT)mdAs,. (4.26)
5 6

Since n € V5(Qf, S1, ¥1), then the integral equality (4.1) must hold for
this 1. If we now combine it with the estimates (4.23), (4.24), (4.25), (4.26),
then the following inequality will hold:

e < /S (g5 — oT* — ksT)ndhs,
5
g6 — oT* — k3T)nd)s,

gr —oT* — ksT)nd)sg,

+/56(
:/EO(
- /S aondas, + | onadrs,. (@21)

Se

Next, by using of Gauss’s formula, we will have

—/55 g-ndXrs; +/ g-ndAsg =/ (95(g-n)) dws =/ 9—(03n) dws.

Se oF oF

(4.28)
Since the estimates (4.4), (4.22) hold and the function g_ is uniformly
bounded with respect to §, then

/ g—(03n) dws < (/ il dw3)1/2(/ IVn|? dws)/? < ;0612 (4.29)
Q Qy y

Now, due to the equality (4.28) and the estimates (4.27), (4.29) the following
inequality will hold for some ég € [0, +00), which will be independent on ¢
(see (4.19)):

(oT* + k3T — gy )ndrg, < égd/4, (4.30)
Yo
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Further proof of this lemma is similar with the proof of Lemma 4.2.1 (see
after (4.19)). However, the proof in this case will be based on the estimate
(4.30) instead of using of (4.19).

| 2

4.4 Reduced problem

In this section we will perform sensitivity analysis of the optimal control
problem (1.14). We will start by proving existence of feasible states for
this problem. As it will turn out, there exists exactly one feasible state T
for every fixed admissible control T}, therefore, this fact will automatically
yield existence of the control-to-state operator T = T'\(T}). Afterwards we
will obtain Lipschitz continuity and Fréchet differentiability of the control-
to-state operator T = f‘(Th) in appropriate functional spaces. Finally, we
will prove Fréchet differentiability of the cost functional J(I'(T})) (see the
formula (1.15)).
Let us start with some definitions. Let us define the function

a(t) == o|t]Pr + kst T ER.

Since
d (1) =do|r> +ks >0 VreR,

then due to the implicit function theorem there exists a function b: R — R
such that
bla(t)) =1 VT eR.

Next, let us also define the function
o(r) == olb(1)]?b(1) T ER.

Lemma 4.4.1
There exist some constants cip € [0, +00), c¢11 € [0, +00), c12 € [0, +00),
c13 € [0, +00) such that for all T € R the following estimates hold:

b'(7)] < cio, (4.31)
(1) < ey (4.32)
0" (7)| < eaa, (4.33)
|(7)] < eas. (4.34)

<« Let us fix arbitrary 7 € R.
As b is inverse function of a, then we will have
1

o) + ks) — ks’

V'(7)] =

o1



For the second order derivative the previous estimate will yield

240]b(m) PV (7)] _ {24;7 3
GoTb(r) 5 + k)2 = 16k5

()] =

Now, according to definition of the function ¢, we will get

4olb(r)[?
(4o |b(T)|? + k3)

/()] = dalb(r) PV (7)] = <1

And again, for the second order derivative the estimate for |b/(7)| yields

120[b() P[0/ ()] | 4802 [b(T)[*[¥/(7)]
(4o |b(T)]3+ k3) (4o |b(7)|3 + k3)?
120b(7)|? N 4802 |b(7)|?
= k3(4o(b(T)]2 + k3)  ks(4o[b(T)[* + k3)?

2
< k max{ 5 120k3,4802k3}.
3

" (7)]

AN

Now, in order to finish the proof, let us take:

1 240

clo = & c1q = max{

16k5}

2 3
c1g =1, c13 = o max{ , 120ks, 4802k3}

Now, let us recall that Q¢ = (—l1,{1) x (—l2,l2) and introduce the fol-
lowing operators:

1, 1.2) S Qf7
X1, ) S Qf7

Wi(v) (1, 22) := e(v(ar, 2))

Wa(v)(@1, 22) := b(v(a1, 22))

Ay (v)(2q, 22) = v(z1, x2, §) + v(w1, T2, —9)
(
(

2
As(v) (1, 2, x3) = v(x1, T2) x1, T2, T3) € Xy,

A3(v)(w1, 2, 23) 1= v(21, T2)

(
(
(I 132) € Qf,
(
(

x1, T2, x3) €
For convenience let us also define:

U;(v) := AjHy,x,Az(v), Us(v) := —A1Gy,x, (v?) + ks A1 (Tyls,)-
Basic properties of these operators are formulated in the following lemma.

Lemma 4.4.2
For every fixed p € [1,+o0]:
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i. Wy is Lipschitz continuous from L,(Qf) to L,(Q¢) with Lipschitz
constant less or equal to 1;

ii. Wy is Lipschitz continuous from L,(Qyf) to L,(Q¢) with Lipschitz
constant less or equal to 1/ks;

iii. (W2)™! maps Lap(Qy) to Ly(Qy);

iv. Aj is linear and bounded from L,(Qy) to Ep(Qf) C Ly (Qy) (for defi-
nition of the spaces L,(§1¢) see Notations);

V. U1 is linear and bounded from Lp(Qf) to Lp(Qf) and HU1||$(LP(Qf),Lp(Qf)) <

(I—c3) <1;
vi. Uy maps Luy(X2) to Ly(Qf);

< Let us fix p € [1,400] and some arbitrary functions v € L,(Qy), 0 €

L,(Qy). Since
b(0) =0, ¢(0)=0,

then due to the estimates (4.31), (4.32) we will have:

c(0(21, 2)) — c(v(w1, 22))| < [0(21, T2) — v(21, T2)],
o, 22)) = bo(on, )] < 22200 20
lc(v(z1, 22))| < |v(z1, 2)],
b(u(an, 22))] < 70 72l

for almost every (x1, x2) € @, and, therefore, this will yield 4.4.2i, 4.4.2ii.
Now, let us fix an arbitrary function v € L4y,(Qy). Since

(W2)"!(v) = ofv’v + ks,

then 4.4.2iii follows automatically.
4.4.2iv also follows automatically. Since it can be proved that A; €

Z(Lp(Xo), Lp(Qy)), Az € ZL(Lp(Qf), Lp(X0)) and [|A1l 2L, (50, Ly (Qs) =
1, HA2H$(LP(Qf),Lp(Eo)) =1, therefore, due to 2.3.7i, 2.3.7ix, B5 and defini-

tions of U, Uy we will get 4.4.2v, 4.4.2vi.

| 2

Now, since A = AgA; (for definition of A see Chapter 1), therefore we
can rewrite the problem (1.13) as

93T =0 in Qf,
AsA1(Qsx,s,(T) + Qsyx (Th)) =0 on %,
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where T' € Loo(Qy) is the unknown function. Furthermore, by using a trans-
formation T' = A3(T') the last problem can be to reduced to a single equation

(I—U;0Wy)o (W) HT) = Uy(Th), (4.35)

where now T' € Loo(Qy) is the unknown function.
By using properties of the operators W1, U there can be proved the
following result.

Lemma 4.4.3
For every fixed p € [1, +o00] there exists a Lipschitz continuous inverse oper-

ator
(o]

(I-UpoWy) ' =) (UoWy)", (4.36)

n=0

which maps L,(Q¢) to Ly(Qy).
<« Let us fix p € [1,400], w € L,(Qy) and let us consider the equation
(I-Ui0oWq)(v) =w, (4.37)

where v is the unknown variable.

There exists exactly one solution of (4.37) due to the contraction mapping
theorem. Indeed, if we choose arbitrary functions v € L,(Q¢), 0 € Ly(Qy),
then 4.4.2i, 4.4.2v imply that

(U 0 W1)(8) — (Ur 0o W1)(0)l|1,0,)
<ULll2 (@), Lo@) [W1(0) = Wi)|l1, ;)
< (1 =c3)llo = vz,

This shows that U; o Wy is Lipschitz continuous as mapping from L,(Qy)
to L,(Qy) and its Lipschitz constant is less than 1. Moreover, this property
is sufficient for the assertion of the lemma.

>

If we now apply the operator Wy o (I — Uy o W1)~! to both sides of
(4.35) then for every fixed T}, € U we will get

T =Wsyo(I—U;oW;) ! oUy(T}),
and, since T' = A3(T"), then for every fixed Tj € U there will be
T=A30Wy0(I—Uj;0oW;) LoUy(T}). (4.38)
Next, it can be shown that for arbitrary T}, € U, Ty eU

1U2(T3) = Ua(Ti)l i) < 42 NT0 = Thll o 5a)-
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Therefore, since the operator Azo Wyo (I—Ujo W)™l is Lipschitz contin-
uous as mapping from Lo (Qf) to Loo(£2f) (see results of the previous two
lemmas), then due to (4.38) we will have the following result.

Theorem 4.4.4

For every fixed control Tj, € U there exists one and only one feasible state T
of the optimal control problem (1.14) and, therefore, there exists an unique
defined control-to-state operator T = f‘(Th) of the optimal control problem
(1.14) as mapping from U to Loo(Qf) C Loo(Qy). Furthermore, there ex-
its some constant c14 € [0, +00) such that for every two arbitrary chosen
controls Tj, € U, Ty, € U the following inequality holds:

IT(Th) — DTl 1)) < 14l Th = Thll o (s0)-

In order to get the final result - Fréchet differentiability of the cost func-
tional 7 (T'(T})) (see the formula (1.15)), let us prove Fréchet differentiabil-
ity of the control-to-state operator T' = I'(T},). Therefore, for every fixed
1) € Lo (Qy) let us define:

Wi[Y](v) (21, 22) := ¢ (Y(21, 22))v(21, T2) (21, 22) € Qy,
W [](v) (21, 22) := V' (P (21, 22))v(21, 22) (21, 22) € Q.
Lemma 4.4.5

For every fixed p € [1, 400] and ¢ € Lo (Qy) operators W3[y)|, Wyu[y] are
linear and bounded from L,(Qy) to L,(Qy) and

IWslllzw,@p. o@ = L IWalblllz@, @), Lo@p) < 1/ks:

<« Let us fix arbitrary v € L,(Qf), ¥ € Loo(Qf). Then due to (4.31), (4.32)
we will have

(W (21, z2))v(21, 22)| < |v(21, 22)],

V' (b(1, z2))v(21, 22)] < W
3

for almost every (z1, z2) € Q.
>

Lemma 4.4.6
For every fixed p € [1, 4+00] and ¢ € Lo(Qy) there exists a linear and
bounded inverse operator

o0

(I-UWs[g]) ' =D (U1 Wsly])", (4.39)

n=0

which maps L,(Qr) to Ly(Qy).
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<« This result can be easily proved by using the contraction mapping the-
orem. Indeed, due to 4.4.2v and Lemma 4.4.5 we have

IOWs Wl 2@, 0@ < IU1ll20@p), 1@ Wl 2 rp@p), Lo <1
>
Next, for convenience let us define
S1:=I-=UioWy), So[¢] := (I —-UiWs[y]),
where ¢ € Lo (Qy), and let us prove a temporary lemma.

Lemma 4.4.7
Wi, Wy, Sy, Sfl are Fréchet differentiable as mappings from Lo (Qf) to
L (Qy), but Uy is Fréchet differentiable as mapping from U to Loo(Qy).

<« Let us fix arbitrary v € Loo(Qf), 0 € Loo(Q). Since
c(d(z1, 1)) = c(v(z1, 12)) + ¢ (v(1, 22))(0(21, T2) — V(T1, T2))

1
+ [/0 (@, 7) + H(6(x1, @) — v(31, 22)))(1 — 1) dt

X (B(x1, x2) — v(21, 2))7]

b(0(x1, 22)) = b(v(w1, 22)) + b (v(21, 22))(0(21, 22) — v(21, 2))

/ W (01, m9) + 1D (@1, 22) — v(w1, 22)))(1 — 1) dt
x (0(z1, m2) — v(21, 22))°]
for almost every (1, x2) € Qy, then
[W1(9) — Wi(v) = W3[v](d —v)|[L.@))
19 = vl 1o (@)

o '+ 10 — ) (@ = 0)*(1 = D) dt] 1. o))

19— vllLe@))

<ao—vllo@p:

[W(8) = Wa(v) = Walo)(0 — v)[l1..(0)
1= vl
o V' + 10— )@ = 0)* (1 = ) dt 1 o))

19 = vl @p)

< &0 = vllLe(@p)-
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But these estimates prove Fréchet differentiability of the operators Wi, Wo.

Next, since
Si=I-U; oWy,

then due to differentiability of W1 and 4.4.2v we will get differentiability of
Si.

Now, let us prove differentiability of the operator Sl_l. Therefore, let us
fix arbitrary v € Loo(Qf), ¥ € Loo(Qy) and let us denote

w:= ST (v), :=S70).

then

1S71(8) = S7 ! (v) = S2[S1 ()] M0 — )l Lwiq))
< IS2[w] M 2L (@), Lo (@) IS1(0) = S1(w) — Safw] (b — w)| ()

Next, due to Lipschitz continuity of ST* (see Lemma 4.4.3) we will have

1871(9) — 871 (v) = S2[S ()] 7@ — v)ll L))
19 = vl L@y
[S1(w) — S1(w) — Sofw|(w — w)| 1@
19 = vl Loo@))
_IS1(@) = S1(w) — Saw](w — w)| L. (@)

< ¢4 -
[0 — v L@

<cs3

Since S; is differentiable, then the last inequality will yield Fréchet differen-
tiability of the operator Sl_l.

Finally, in order to prove Fréchet differentiability of Us it is sufficient to
show differentiability of the operator v — v* as mapping from U to Lo (X2).
But for arbitrary chosen v € U, v € U we have

[0 — vt — 403 (0 — v) || ()

[6 = ol
o 1200 + (8 = 0)2(0 — 0)2(1 — 1) dt]|p )
19 = || Lo (s2)

< 6510 = v poo (20)-

o7



Now, on basis of the representation formula (4.38) and results of the
previous lemma we will automatically obtain Fréchet differentiability of the
control-to-state operator T' = I'(T},).

Theorem 4.4.8
For every two arbitrary chosen controls Ty, € U, T, € U the following formula
holds:

IT(Th) = T(Th) = AThl(Th = Tu)ll 1.2 = O[Th] (1 Th = Tl £ (s0)), (4.40)

where A[T},] € Z(Loo(X2), Loo(2))).

Finally, one can easily check that the cost functional J(T) is Fréchet
differentiable as mapping from L. (€2y) to R. If we now combine this result
with the previous lemma, then by applying the chain rule for the functional

J(I(T}h)) we will get the following theorem.

Theorem 4.4.9
For every two arbitrary chosen controls Ty, € U, T, € U the following formula
holds (see the formula (1.15)):

J(@(Ty)) — T(L(Ty)) = {Th)(Th, — Ty) + o[Th) (1T — Thll o (50)):

where ([T},] € L*_(Z2).

4.5 Relationship between original and reduced prob-
lems

In this section we will establish relationship between the original problem

(1.5) and the reduced problem (1.14). In other words, we will prove that for

small values of ¢ the state function 7" can be effectively approximated by the
state function 7.

Theorem 4.5.1
For every fixed control Ty, € U there exist the following limits:

1
5 Ja,

/ (T —T)?dAs, — 0,
Yo

(T — T)2 dw;g — 0,

as 6 — 0.
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<« Let us define the functions

Yi(z1, x2) := T(x1, 22, —0) (21, 22) € Qy,
Yo(x1, x2) := T(1, x2, 9) (21, 72) € Qy
and
V3 =0t + kv, Y4 = oy + ks
Since

173 = vallzo@p) < s = dllza@p) + 119 — all o)

(for definition of the function § see at the begining of this chapter), then,
due to Lemma 4.3.1 we will get

173 = vall L@y — 0,

as § — 0. Furthermore, Lipschitz continuity of W (see Lemma 4.4.2) will
imply that

ol = llLa@) = IWi1(3) = Wi a0, < 11 — vl o))
Therefore, we will have

1M = %llza(@,) — 0, (4.41)

as 0 — 0.
If we now define

V5(x1, T2, x3) = 1(z1, 2) (21, 22, T3) € o,

then due to Lipschitz continuity of S; (see Lemma 4.4.3) we will have

Ivs = ST (N lap) < liS1(33) = Fllzacoy)
= él”'y?) - UAlHEOEO ('7?) - fHLz(Qf) (4'42)

(for definition of the function f see at the begining of this chapter).

Since
Vs5(x1, T2, x3) = 11 (21, T2) (21, x2, x3) € S5,
T(x1, x2, x3) = Y1(21, T2) (21, T2, x3) € S,
v5(x1, x2, 3) = Y1 (21, 22) (21, x2, x3) € Se,
T(z1, z2, x3) = y2(x1, 22) (21, x2, x3) € Se,

then (4.41) yields that
175 = Tl (s0) = O,

99



as 0 — 0. Therefore, due to 2.3.7v and Lemma 4.3.1 we will get

73 — c A1 Hsyx, (73) — Flza@p)
— |73 = oA Hs50 (TY) = fliLaop) = 173 = 9llz20,) — 0
as 0 — 0. In addition, since the estimate (4.42) holds, then

Ivs =S (Nl za@,) — 0 (4.43)
as § — 0.
Next, by using similar techniques, one can prove that
1va = S (Dl Loy — 0 (4.44)
as 0 — 0.

Finally, due to 4.4.2ii, 4.4.2iii we will have

/ (T — T)? d)s,
Yo

(W20 W5 (1) — Wa0ST(f))? dwsy

S—

Qy

+ <W2°W2_1( 2) — W20 S7(f))? dwy

H(Q\_‘

< ﬁ ’Y3 - )2 dws + (’Y4 —S7H(f))? dws,

k‘2
and, therefore, (4.43), (4 44) will imply that

/ (T —T)?d\s, — 0, (4.45)
2o

as § — 0.
Now, let us define the function

v = oT* + k3T

and also
TT(xb :L‘2) = T(:Ela €2, 7-) (1'1, LUQ) € Qf7 TE [_67 (ﬂa
Vr(21, T2) = (21, T2, T) (21, 22) € Qy, T €[4, 4]

Due to (4.43), Lemma 4.2.1 and Lemma 4.3.1 we will get

/ / + — STH))? dwy dr
5 Q;
/ / -73) dw2 dr — / / dwz dr
s Q; 5 Q;

5 (UT4 + k3T — g4 )* dws — 0,
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as 0 — 0, and, therefore, 4.4.2ii, 4.4.2iii will imply that

1

= (T—T)2dw3
) Q;
1 /9 R
_5/5/62 (W30 W5 H(T}) — Wa 0 STH(f))? dws dr
- f
1 ’ —1( F\\2
< o5k (vr =871 (/)" dwa dT — 0,
k3(5 —5JQy
as 6 — 0.
>
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