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VISPARYGS DARBA RAKSTUROJUMS

Par att®lojuma t:X-Y. kur X, Y patvaligas kopas un X(\Yro,
nekust]l go punktu sauc kopas X tadu punktu x, ka f(x)=x.

Nekustlgo punktu teorijas wuzdevums ir noskaidrot, pile
kadiem nosac]jumiem uz attelojumiem, Kkopam, telpdm eksiste
attgZlojumiem nekustigie punkti. Nekustigo punktu teorija pedgjos
zadu desmitos ir neparskatami 1zpletusies, sarakstitas daudzas
grimatas. piem&ram, F.F.Bonsalls [1962], J.Kronins (Cronin)
[1964], D.R.Smarzts [1974]. S.Svaminathans (red.) [1976] .,
E.Caidlers (Zeidler) [1976], G.Aizenaks (Eisenack), C.Fenske
(1978], V.I.Istratesku [1981], K.C.Borders [1982], J.Dugund?i,
A.Granass [1982], M.R.Taskovits [1986], K.Sillings (Schilling)
[1986), K.Gebels. V.A.Kirks [19%90]7, A.G.Aksojs, M.A.Kamsi
[1990], wun tom®&r t3as neaptver visus ieglOtos rezultatus.
Noziml gus virzienus veido saspiedg@jattzlojuma (piem&@8ram, Banaha
tearema) un neizstiepjolu attelojumu (piem&ram, Kirka teor®mas)
nekustigo punktu teor@mas. Tapat rezult3ati, kuru pirmsZkumi
meklZjami Bola-Brauera teorema. Sakot ar Kakutani teor@mu, pla¥i
attistijics virziens, kas mekl® nekustigos punktus
daudzve®rtigiem att®lojumiem. Paralsli ¥iem wvirzieniem tiek
mekl®ti kopligie nekustigie punkti att®lojumu saimegm. PZEd4Ejos
gados paradas raksti par nekustigajiem punktiem ar varbOtisku
raksturu. Doktordarb3d sastapsieties tikai ar nelielu daligu no
tiem j®dzieniem un virzieniem, kuri tiek lietoti un attistis

att®lojumu nekustigo punktu teorija.

TEMAS AKTUALITATE

Ir pamats dom3at, ka viena att&lojuma gad] jumam nekustjgo
punktu teorija 1zstradata daudz pamatlgidk un gandriz jebkurail
s1tugdcijai vardtu piemckl®t atbilsto¥u rezultatu. Daudz mazidk
darbu atradisim par att®lojumu saimju nekustigajiem punktiem.
Piedavatajza doktordarhbi vienu no pamatvirzieniem veldo
att®lojumu saimju kopl go nekustl go punktu eksistences

pierdd] jumi metrisku telpu izliektds apak¥kopAas. Plerastaja

Zpratnt® par i1zlicektibu varam rundt tikair vektoru telp3s.
Nekust] go punktu teorija ir zinAmi divi veidi - V.Takaha¥i
[1970] un J.P.Fenots [1979) -, kA izliektibas struktOru defintt
patvallegd metriska telpid.

Doktordarba 1 dalas 2.nodald mTginats, dal®ji kopFjot



vektoru telpas izliektibu, defin®t metriska telpda i1zliektu kopu.
Ta®u p®&c ¥is definicijas izlrektu kopu ZkElums var neb0Ot
izliekta Kkopa un lodes ari var nebut 1zliektas. Lab3akus
jezultAatus var 1eglt doktordarba defingtajd stingri izliektaja
metrisksja telpa. FPie tam jAatzim?, ka ¥1 definicija, 1izsakot
metriskas sakaribas caur normu, (r ekvivalenta ar stingri
izliektas Banaha telpas definiciju. I dalas 3.nodald 1zfiekt)has
struktiira metriska telpa tiek defin®ta ar slfguma operatoru
palldzIbu. TA, piemPram, stingri 1zliekta metriskd telpd slTguma
operatoru var defingt ka tadu, kas katrai kopai K no &]s teclpas
piek3d3rto maziko izliekto kopu, kas satur K. Tad#jad: stingri
izliekta metriska telpa 1r viens no veidiem metriskai telpai ar
taja uzdotu sl&guma operatoru. SlZguma operatora jEdziens nav
jauns, to nekustlgo punktu teorijia wviena atté&lojuma gad]l jumam
Jau izmantojis A.Liepig¥ [1983].

lepazl $an3as . ar ekonomisko modelu teoriju liecina, Kka
cekonomikas mocdelos tirgus lidzsvara eksistenci parasti pierada
ar nekustigo punktu teorgmu palidzibu, proti, Bola-Brauera
teordmu val Kakutani teor&mu. Viens no bOotiskakajiem
piengmumiem, Jlai wvarg&tu lietot B¥1s teor&mas. 1r parpalikuma
piepras] juma funkcijas nepArtrauktiba. Doktordarba Il dalza
pied3avats pavijinit ¥o prasibu ar w-nepAartrauktu att&lojumu.
Turpat pieradits Bola-Brauera-Saudera teorBmas analogs w-
nepArtrauvktam attélojumam, k& arl, pemot ve&ria w-nepdrtraukta
att®lojuma 1pa¥ibas, konstrugts ekonomiskais modelis, kur3
tirgus lidzsvars tiek pamatots ar jauniegitis teoreémas
palldzibu. Ir pamats cer®t, ka jaunajam rezultitam var&tu bOt
pla%i pielietojumi arl citida veirda ckonomiskajos modelos.

DARBA MERKIS

') noskaidrot, kadas vektoru telpas izliektibas 1pa¥ibas tiek
lietotas att®lojumu nekustigo punktu teoriji;

) defingt patvallgd metriskd telpa izliektlibas struktdru;

> noskaidrot, ka&di nosacljumi jAapmierina telp3m, Kkopi3m,
atttlojumiem, lai attflojumu saim®m cksist®Ftu koplgi nekustigie
punkti izliektds metrisku telpu apak¥kopds:

1) prerddit Bela-Brauera teor®mas analogu w-nepartrauktam

Alt®lojumam:

5)

17pttit, k3 PBravera teor®mu pielieto ekonomisko modelu tirgus

tidzsvara pieradi jumos.



PETNIECYBAS METODES
Pamatad tiek izmantotas matematiskads, funkcionilanalizes, k3

arl topologijas metodes.

GALVENIE REZULTATI

Noskaidrotas vishie?ak nekustlgo punktu teor&mu
pieradi jumos izmantot3d3s 1zliekto kopu Ipa¥ibas.

Piemin®tas 1 pa¥ibas tiek 1zmantotas darba pieradl tajas nekustigo
punktu teorgmis.

Visparinot =stingri 1zliektas Banaha telpas jedzienu,
1zstradats stingri 1zli1ektas metriskas telpas jeédziens.
Fieradits, ka stingri izliektas metriskas telpas slZgtas un
izliektas apak¥kopas neizstiepjolu, kvazi—-nei1zstiep)o¥u un
asimptotiskl neizstiepjo¥u attélojumu nekustligo punktu kopas ir
sl®gtas un i1ziliektas. Pamatots, ka stingri izliektas metriskas
telpas definicija i1r ekvivalenta ar stingri 1zliektas Banaha
telpas definiciju, ja metriskas sakarlibas tiek 1zteiktas caur
normu.,

Att8lojumu saimju kopligo nekustigo punktu eksistences
prerad] jumos veilksmigi Jlietots sl&guma operators, kas zinim3
mtra metriskda telpa defin® izliektibas struktOru. Pieraditas
teordmas metriskds telpas ar dotu sl&guma operatoru, kur3s
attZlojumu saimes:
|) apmierina "norm3las struktQras'" nosacl jumu;

2) ir ar samazinitu orbitas diametru;
3) 1r kKvazi—-neizstiepjo%as;
4) apmierina invariances 1pa¥lbu.

leglts Bola-Brauera-Saudera teorgmas visparinZjums w-
nepartrauktam att&lojumam, 1zmantojot vienm®rl gi w—nepartraukta
att®lojuma aproksim3aciju ar nepartrauktu att&lojumu. Reidl:s
tarsnes gad] jum3d konstru®ta labiaka aproksimicija nekid vispirlgs
situfcija. Noskaidrotas w-nepartrauktu att&lojumu 1pa%ibas.
[zstradats konkrZts tirgus ekonomikas modelis, kurad tirgus
lldzsvara eksistence pieradita ar iepriek® piemin&to rezultatu

palidz] bu.

REZULTATU NQVITATE
Visi disertdcijas pamatrezultati ir jauni., tie iegOti

pEd®jo 6 gadu laika.



TEORETISKA UN PRAKTISKA NOZIME

Darbam kopum3 ir teor&tisks raksturs.

I dalas rezultitus varstu lietot nelinedro vien3adojumu
sistému atrisindjumu eksistences pierdd] jumos. Pie tam japem
vera, ka I dalas 2. un 3. nodalas rezultatu visparlgums lau) tos
lietot ne tikai telpds ar lineAru struktOru, bet arl bez tZs.

IT dalas pamatrezultatam. ka arl w-nepartrauktam
attSlojumam vargtu bt plagi pielietojumi ekonomiski1
teorttiskajos p&tljumos. Darba tiek piedavats viens Fads
ekonomiskails modelis, kura tirgus ekonomisko lldzsvaru var
pamatot ar visparinito Bola-Brauera-Saudera teor&mu w—

nepartrauktam attelojumam.

DARBA APROBACIJA

Disertacijas I dajas galvenie rezultati izklastliti Latvijas
universitiates =zinatniska)ds konferenc®s (1989.-1993.)., Tartu
universitates zinAtniskajas konferencsds (1989.-1991.), ka ar}
1991 .gada Tiraspoles (Moldavi, Ki¥ineva) topologijas wun tas
pielietojumu simpozija. Ar disert3acijas 1I dalas rezult3tiem
iepazistinati Hamburgas universitates Statistikas un
ekonometrijas institdta darbinieki (1993./94.).

PUBLIKACIJAS
Par disertacijas tému public®dti 9 raksti un | tTzes.

DARBA STRUKTUORA UN APJOMS

Disertdcija sastadv no apzimTjumu saraksta, ievada, divam
dalAm, pScvarda un literatOras saraksta. Pirmaja dala ietvertas
4 nodalas, otraja dala - 3 nodalas. LiteratOras saraksts sastav

no 99 autoru darbiem. Disertiacija izklistita uz 92 lapaspuseém.



DARBA SATURS

Turpmakaja tekst3a kursjva formul&tie rezultati un
definlcijas Ir jau =zinAmie, pAré&jie rezultiti un definicijas

1 jaunt.

IEVADS

levadd pamatota 12vE18tds tfmas aktualitate, nor3diti darba
pamatvirzieni un m&rki.

Lasita)s tiek iepazistinats ar diviem iz!liektibas veidiem.
kas defin®ti patvallga metriskd telpa un tiek lietoti nekustigo
punktu teorija. Tiek norad]l tas nekustigo punktu teorégmu
pierdd] jumos visbieZdk izmantot3ds izliekto kopu ipa¥lbas, mindti

avtori.
I DALA: ATTELOJUMU SAIMJU KOPTGIE NEKUSTIGIE PUNKTI

0.PAMATJEDZIENI, DEFINTICIJAS, ZINAMIE REZULTATI

0.nodala doti pamatjedzieni, definicijas un formulsti
svar] gakie zinamie rezultati, kas pamato neizstiepjo¥u
att&lojumu un to saimju nekustigo punktu eksistenci.
DEFINICIJA O.1. Attelojumu f:X-X (X - metriska telpa) sauc par
nerzstiepjo¥u, ja visiem x.yeX: d(f(x).f(y))<d(x.y).

V.A.Kirka teord®ma apgalvo:
TEOREMA 0.1.(V.A.Kirks [1965])
Piepemsim, ka dota refleksiva Banaha telpa X, kopa K Iir tas
(zliekta, slfgta, 1eroheXota apak¥kopa ar normaZ3lu struktiru. Ja
att&lojums f. kur¥ darbojas no kopas K sevj, Ir neizstiepjols.
tad attslojumam F eksist? nekustigals punkts.
DEFINICIJA 0.2.1zliekta; kopai K no Banaha telpas X ir normila
struktara. ja katra izliektia. ierobeZotd, nevienelement] ga kopa

HeK eksist& tads elements yeH, ka: suply-xl<diamH=suplx-yl -
XEH X, yEA

Ir bijuli vairakli mEg£inAdjumi visparinat Fo teorg&mu
att®lojumu saimém.
DEFINICIJA 0.3.FPiepemsim., ka F ir attslojumu f:K-K (K ~

patvaliga telpa) saime. Funktu x*€K sauc par saimes F kopjgo
nekustjgo punktu , Jja katram saimes atltslojumam fFeF: f(x°)=x".
Viens no variantiem. kadai jab0Ot attdlojumu saimei, lai

‘ksi1st®tu koplgs nekustigais punkts. ir komutativitate.

n
)



DEFINICIJA 0.4.Attzlojumu saimi F sauc par komutativu, ja
VxeK (K - patvallga telpa) 1zpildas nosac] jums, ka
flg(x))=g(f(x)), Vf,geF.

1974 . gada T.C.Lims VispaArinajis V.A.Kirka teore&mu

Lomutati val neizstiecpjo¥u att®lojumu saimel.

[ .DAZI 1EVADREZULTAT! PAR ATTELOJUMU SAIMJU NEKUSTIGAJIEM
PUNKTIEM

|l .nodala pieraditas Tetras nekustlgo punktu teorgmas.
Pirmas trls wvar wuzskatlit par V.A.Kirka 1epriek3%)3 nodal:
formul&tias teordmas seku visparinajumiem. V.A.Kirka teor@mas
sekds kopas K lerobeZotiba aizstata ar tada punkta peK

eksistenci, kurad virkne (f2(p)) Ir lerobeZota. Visparin3jumi

neEN
1zdariti komutativim neizstiepjolu attzZlojumu saim®m.
TEOREMA 1.1.
Pienemsim:1) X - refleksiva Banaha telpa;

2) K - netuk%a, izliekta, sl&gta X apak¥kopa;

3) kopai K ir normila struktQra;

4) F ir neizstiepjo¥%u att&lojumu, kuri darbojas no

kopas Kk sev], komutativa saime:

5) eksiste tads punkts p €K, ka kopa

S={(f;s...f) (D) |f,,..., £, €F&neN} ir ierobeZota.

Pie ¥iem nosacl jumiem att&lojumu saimei F koplgo nekustigo
punktu kopa nav tukia.
TEOREMA 1.2.
Picpemsim:1) X - stingri izliekta, refleksliva Banaha telpa:
2) R - netukZa. izliekta. slggta X apak¥kopa;
3) kopar K ir norm3ala struktOra;
4y F ir gallga skaita neizstiepjolu att&lojumu, kuri
darbojas no kopas K sevi, komutativa saime;

S) eksist® tAads punkts peK., ka virknes (f7(p)) N

katram feF 1r 1erobe?otas.

'le ¥iem nosac]l jumiem saimei F eksist& kopigs nekustigais

punkts.

Lai garantatu koplga nekustiga punkta eksistenc]
neizstiepjo%a attelojuma komutat] vai saimei bez apjoma
ierobe?ojuma Teor®mas 1.2. situicija, tad TEOREMA 1.3. 3)

nosacl jums formul®ts ¥adi: S) eksist® tads att&lojums f €F, kura

kustigo punktu kopa Fixf, ir netuk¥a. sl€gta, 1erobeZota ar



normalu struktOru.
[.nodalas p&d&; i teor®ma bOtiski at¥kiras no iepriek¥Bjam.

Taja teortma doti nosacl jumi, pile kd@diem eksist® katram saimes
att&lojumam savs, ne obligat: koplgs, nekustigais punkts.
TEOREMA 1.4.
'tenemsim:1) X - norm®ta vektoru telpa (par lauku RvaiC):

2) K - telpas X kompakta apak¥kopa:

3) F={f;,f;,...,f;} 1r galiga skaita neizstiepjoZu

attslojumu saime, kas apmierina prasibas:

a) Vx,yeK(x#*y): min{If (x)-£,(y)I]i=1.2,.....n}<x-y];

b) VxeK: convif, (x),...,f,(x)}cK.

Pie ¥Xiem nosacijumiem katram attzlojumam f;€F eksiste savs

nekustlgais punkts x;: f,(x;)=x,;, 1=1,2,...,n.

2. STINGRI IZLIEKTAS METRISKAS TELPAS

2.nodala sastav no trim apak3nodalam.
2.1.IZLIEKTAS KOPAS UN STINGRI IZLIEKTAS BANAHA TELPAS

§aja apaksnodala apskatlti zinamie rezult3ati, ka define
1zliektu kopu vektoru telpa, kZdas ir to [pa¥ibas, kA defing
stingri izliektu Banaha telpu, kad: 1r ekvivalentie formulZjumi.
DEFINICIJA 2.1.3. Banaha telpu X sauc par stingri izliektu, ja
tas vien] bas sferas katrs punkts nav jek38js punkts vienj bas
lod& ietilpsto¥ajos nogrieZnos.

Si definicija pec Apgalvojuma 2.1.1.(V.I.Istratesku [1981].
S57.1pp) ir ekvivalenta ar sekojo3u nosacl jumu Banaha telpa X:

Vx, yeX: Ix+yl=Ixl+1yl=((3A€R,, : x=Ay) V(x=0)V(y=0)) .

Neizstiepjo¥am att@lojumam stingri izliektas Banaha telpas
1zl1ekt3a un slegta apakZ¥kop3d nekustigo punktu kopa 1r 1zliekta
un slegta. SAda 1pa¥iba piemit arl citam pla¥akam att&lojumu
saim&m, piem&ram. kvazi—neizstiepjoSiem un asimptotiski
neizstiepjo¥iem att&lojumiem.
DEFINICIJA 2.1.4. (V.G.Dotsons [1972]) Attelojumu f:K-K (K -
norm&tas linedras telpas apak3kopa) sauc par kvazi-
neizstiepjo¥u. ja tam eksiste& vismaz viens nekustlgais punkts
kopa K un jebkuram fiksstam atte&lojuma f nekustjgajam punktam
rek - {f(x) -pl<sIx-pl, Vxex.
DEFINICIJA 2.1.5. (K.Gebels. V.A.Kirks [1972]) Att&lojumu f:K-K

(K = norm®tas linedras telpas apak3kopa) sauc par asimptotiski



neizstiepjo¥u, ja Vx,yeK: |f (x)-fi(y)l<kx-yl, kur (K);m IT

tadu redlu skaitlu virkne, ka 1limk,=1 (tiek piepemts, ka

1=o
k21, k;,,<k;, i=1,2,...).
2.2. IZLIEKTAS KOPAS UN STINGRI IZLIEKTAS METRISKAS TELPAS

Izliekta kopa metriskza telpia (X.,d) ar metriku d defingta

sekojo¥i:
DEFINICIJA 2.2.1. Kopu KcX sauc par 1zliektu, ja jebkuriem
diviem elementiem x,y € K un katram te[0;1] eksist® tads
elements zeK, ka izpildas wvienadibas: d(x,z)=td(x,y) un
d(z,y)=(1-1)d(x,y).

Stingri izliekta metriska telpa definZ@ta sekojo¥i:
DEFINTCIJA 2.2.2. Metrisku telpu (X,d) sauc par stingri
1zliektu, ja jebkuriem diviem elementiem x,yeX un katram te[0;1]
eksiste® viens vienjgs elements z€X tads, ka 1zp1ldas
viendadibas: d(x,z)=td(x,y) un d(z,y)=(1-t)d(x,y).

Pieradits, ka stingri 1zliekt3d metriskd telpa 1zliektu kopu
Tk&lums ir izliekta kopa (Teorgma 2.2.1.), ka stingri izliektas
metriskas telpas izliektads un sl&gtas apak3kopds neizstiepjolu
(Lemma 2.2.1.), kvazi—-neizstiepjolu (Lemma 2.2.2.) un
asimptotiski neizstiepjo¥u (Lemma 2.2.3.) atts&lojumu nekustigo
punktu kopas 1r 1zliektas un sl8gtas. Piemingtie rezultati
izmantoti Teorsmas 2.2.4. pierad] jum3.

TEOREMA 2.2.4.
Ja:;1) X - stingri 1zliekta metriska telpa:
2) patvaligiem punktiem a,b,ceX un jebkuram zeX:
d(b,z)=td(b,c) un d(z,c)=(l-t)d(b.c), kur te]O;Il[,
ir spgka nevienadiba: d(a,z)<{max{d(a,b),d(a,c)};
1) KeX - i1zliekta un kompakta kopa:
4) F 1ir a) neizstiepjo¥u att&lojumu
val b) kvazi-neizstiepjo3u att&8lojumu,
vai ¢) asimptotiski neizstiepjo¥u attelojumu,

kuri darbojas no kopas K sevi, komutativa saime;

5) visiem felF: Fixfs#g (4)b) gadl jum3a ¥is nosacijums atkrit),
tad saimei F eksist?® koplgs nekustigais punkts.
2.3.VELREIZ PAR STINGRI IZLIEKTAM BANAHA TELPAM

Pieradlts:
APGALVOJUMS 2.3.1.
i.ﬂ_“qha Lelpa X 5«—‘k|'1_i1\§i i‘lliSEl("l_illmi ir ekvivalenti:



. Vx, yeX: Ix+yl=lxl+1lyl=( (FA€R,,: x=Ay) V (x=0) V(y=0) ) ;

2.Vx,yeX Vte[0,1] 3! zex: Ix-zEtlx-yl. lz-yl=(1-¢t) Ix-¥].
Un nosl®dzot 2.nodalu, dots piem®rs stingri izliektal

metriskai telpai, kura nav stingri izliekta Banaha telpa.

3.ATTELOJUMU NEKUSTYGIE PUNKTI METRISKA TELPA AR SLEGUMA
OPERATORU

3.nodala sastav no piecdam apak¥nodalam.
3.1.SLEGUMA OPERATORI UN TO YPASTBAS

81 apak¥nodala veltita sl&@guma operatoru izp&tei. Seit
apskat{tie rezultZIti nav jauni. Autore tos talakajas Cetris
apak¥nodaldas i1zmanto att&lojumu saimju koplgo nekustligo punktu
eksistences pamatoXand metriskds telpdas ar sl®guma operatoriem.
Nozimi gakos rezultatus atzim&sim ari Zeit.

Telpas X visu apak¥kopu sistemu ap2im®sim ar PX.
DEFINICIJA 3.1.1.

Attelojumu S:PX-PX sauc par sl&guma operatoru telpa X, ja
Jehkuram divam kopam A.BeFPX izpildas:

l) AcB = S(A)cS(B):

2) AcS(A);

2) SCA)=S(S(A)).

Pieradits, ka S-sleggtu kopu sistéma telpa X ir 1nvarianta
attieciba pret Sk&®lumiem, kur kopu A€ePX sauc par S-slZgtu, ja
A=S(A) un S ir sl®guma operators telpa X.

DEFINICIJA 3.1.3.

Telpg X. kurad defindts sli8guma operators S, kopu A sauc par S-
kompaktu, ja katras tas S-sl&gtu apak3kopu centrdtas sistémas
kopu ¥k&/ums ir netuk¥a kopa.

DEFINICIJA 3.1.4.

SiPguma operatoru Sa telpd X sauc par algebrisku, ja katrai
kopai A el’X un katram punktam x€Sa(A) eksistd tdada gallega kopa
FcA. ka xeSa(F).

S0 apak¥nodalu nosiddz lemma 3.1.)., kas pamato Corna
lemmas lietoZanas korek tumu nekustigo punktu teor&mu
prerad] jumos.
3.2.ATTELOJUMU SAIMJU AR "NORMALAS STRUKTDRAS" NOSACTIJUMU
NEKUSTYIGIE PUNKTI

Pierad] tas divas teorfmas:



TEOREMA 3.2.1.

Pienemsim:1) (X.d) ir metriska telpa ar algebrisku sl&guma
operatoru S:
2) X ir S-kompakta;
3) Jjebkura si®gta lode B(x,r) (xeX, reR,,) ir
S-sl#zgta.

"'lenemsim, ka F ir neizstiepjo%u attelojumu, kas telpu X attelo

sevl , komutat]lva saime un
4) visiem feF nekustigo punktu kopa Fixf 1r netukZa
un S-slctgta;
S) VfeF,VxeX(x*f(x)) JycA(x, f):
supld(y, z) |zeA(x, f) } < diamA(x, f) -
"normAlas struktOras” nosaci jums;
kur A(x,f):=N{AePX|x€A&1=5(A) & F(A)cA}.
Pie ¥iem nosacijumiem saimei F eksist® kopigs nekustigais
punkts.
TEOREMA 3.2.2.
Pienemsim:1) (X,d)-metriska telpa ar sleguma operatoru S:
2) X ir S—-kompakta;
3) Jjebkura sl&gta lode B(x.r) (xe€X, reR,,) ir

S-slEgta.
Pienemsim, ka F ir neizstiepjoXu att®lojumu, kas telpu X att@lo
sev] , saime, kas apmierina sekojo¥us nosac] jumus:
4)3dgelo; 1 [ Vx, yeX VL, geF:
d(f(x),g(y))smax{di{x,y) :qdiam(A(x)UA(y))};
S)VxeX(AveF: vix) #»x) Jy€eA(x) :
supld(y, z) |z€A(x) }< diamA (x) .

kur A(x):=N{A€PX|xeA & A=S(A) & Vf€EF: f(A)cA}.

I'te ¥iem nosacl jumiem saimei F eksisté® kopl gs nekustigais
punkts.

Pamatots ar Pi+m®ruv 3.2.1., ka abu teor@mu 5S) nosacl jums
par "norm3aln struktfiru” ir vAjAka prasiba neka V.A.Kirka un
[.P.Beljusa rakstos, k3 ari dots Piem®rs 3.2.2.. kas par3dda, ka
nekustiegn punktu kopas S-sl®gtiba neseko no Teor&mas 3.2.1.
PArTjiem nosacl jumiem.
3.3.NERUSTYGIE PUNKTI ATTELOJUMU SAIMEM AR SAMAZINATU ORBYTAS
DIAMETRU

V.A.Kirks rakstos [1969], (1970] 1zmantojis divus

ttXkiri gus naosaci jumus par att®lojumu orbj tas diametra
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samazini¥anos. PAarnesot ¥o0s nosacl jumus uz metrisku telpu ar
algebrisku sl&guma operatoru, pierad]l tas sekojo¥as divas
teortmas att&lojumu saim&m:
TEOREMA 3.3.1.
Pienemsim:1) (X,d) ir metriska telpa ar algebrisku sl&guma
operatoru S;

2) 5(AY=8(S({AY)=:8/(A) visam AePX;

3) X ir S'-kompakta;

4) jebkura sl@gta lode B(x,r) (xeX, reR,,) 1r

S-sl&gta.
I'tenemsim, ka F ir nepartrauktu attg&lojumu, kas telpu X attezlo
sevl, saime un apmierina nosaci Jumus:
S) 3Jtelo;1[ Vx,yeX VS, geF:
d(£(x),g(y))smax{d(x,y); tdiam(A(x)UA(y))}:
6) VxeX(3veF:v(x)ex)IyeA(x):
sup{infi{sup{d(y, £®(x)) |m2n}n€l,,} feF} < diamA(x) ,

kur A(x):=N{A€PX|x€A & A=S'(A) &« VEfeF: £(A)cAl}.
't» ¥iem nosacljumiem att@lojumu saimei F eksist& kopigs
nekustlgais punkts.
TEOREMA 3.3.2., atZkiriba no 3.3.1., izmainits 6) nosacijums.
Tas tiek pavajinats seknjo¥3d veida:
6y ANeZ,, VxeX(IveF: v(x) »x)I yeA(x) :

sup{inf{sup{d(y, £®(x)) |m2n}n>N}} fEF} < diamA(x) .

kur A(x):=N{AepPX|xcA& A=S'(A) &« VfeF: f(A)cA}.
Arl pie ¥iem nosacijumiem att®lojumu saimei F eksist® kopigs
nekusti gars punkts.
3.4.KVAZI-NEIZSTIEPJOSU ATTELOJUMU SAIMJU NEKUSTIGIE PUNKTI

Ar kvazi—-neizstiepjo¥a attelojuma definlciju normeta
vektoru telpa iepazinamies 2.nodala (Definicija 2.1.4.).
V.G.Dotsona un H.F.Sentera rakst3z [1974] atrodam, ka viens no
nosaci jumiem, lai attZlojums f:A-A norm&ta line3drad telpa buUtu
kvazi-neizstiepjo¥s, ir prasiba, lai tam eksist8tu nekustigais
punkts kopad A un
Vx,yeA: |f(x)-f(y)lsalx-f(x)|+bly-f(y)l+clx-yl. (*)
kur a,b,c 20 un O<a+b+c<l. R.Kannana nekustligo punktu teor@mis
Danaha telpa ([1971], [1973]) parasti konstantes c¢=0 un a=b=0,5.
S.Reihs [1971] pieradda nekustigd punkta eksistenci attZ®lojumam

v nosaci jumu (*) pilnZ metriskd telpa.
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Doktordarba pierad]l tas divas teor8mas, kas visparina
k.Kannanma un S.Reiha rezultatus metriskas telpd3s ar sl&guma
operatoriem attslojumu saim®m.

TEOREMA 3.4.1.
Fiegemsim:1) (X.d) i1r metriska telpa ar algebrisku sl&guma
operatoru S;
2) S{AY=S(5(AY)=:S8'(A) visam AePX:
3) X ir S'-kompakta;
4) jebkura sl®gta lode B(x.r) (xeX, reR,,) ir
S-slggta.
Plepemsim, ka F ir nepartrauktu attZlojumu, kas attglo telpu X
sev]l, saime un apmierina sekojoX¥us nosacil jumus:
S)Vf,g,h€FVx,yeX3aclo;1(:
d(g(x), h(y))<ad(x, £(x))+(1-a)dly, £(y));
) VxeX(IveF:v(x) #x)d yeA(x) :
supld(y, f(y)) |feF}Ksuplsupld(z, f(z)) |zeA(x) IfeF}.
kur A(x):=N{AepPXx|xcA & A=5'(A) &« VFeF: f(A)cAl.
Pie ¥tem nosac]jumiem saimei F eksist™ viens vienigs koplgs
nekustigais punkts.
TEOREMZX 3.4.2., saglabijot pirmos Tetrus iepriek¥8jas teor@mas
nosac] jumus, pieprasot saimes F att&lojumu nepiArtraukt] bu un
5)Vf,g,heFVx,yexda,b,ceR,:0< a+b+2c<1:
d(g(x),h(y))sad(f(x),x) +bd(f(y),y) +cd(x,y);
6)VxeX(AveF:vix) *x) T yeA(x) dweA(x) :
supld(w, z) |z€A(x) }ssupld(y, £(y)) |feFi<suplsupld(z, f(2)) |z€A (x) IfeF),
kur A(x):=N{A€PX|x€A & A=S'(A) &« VFfeF: £(A)cA},
Lirk garant@ts viens vienligs koplgs nekusfigais punkts saimei F.
3.5.ATTELOJUMU SAIMJU AR INVARIANCES YPASTBU NEKUSTYGIE PUNKTI
[1970] V.Takaha¥i devis ¥adu invariances { pa¥i bas

defingjumu:
DEFINICIJA 3.5.2.
Neizstiepjo¥u aftt&lojumu saimei F={f/f:E~E. E - Takahal¥i

lzliektas metriskas telpas apak¥kopa} piem[t invariances [paZX] ba
kupd E, ja katrai kompaktal Takaha¥%i izliektai kopair KcE. kurai:
'(K)cK. VfeF, rfksisté kompakta apak¥kopa McK tada. ka f(M)=M
visiem FeF.

Gan V.Takaha¥i [1970]., gan R.de Marrs [1963], gan
M.R.Taskovi®s (19807, preridot kopgja nekust] ga punkta

cksistenct komutativim attfleojumu saim®m, itzmanto 1nvariances



| paXlbu. Doktordarba defin®ta S-invariances 1pa¥iba un S—-normala
struktOra un pieradlta athilsto¥a teorZma.
Piepemsim. ka X ir metriska telpa.

DEFINTICIJA 3.5.3.
AttZlojumu saimei F. kas attélo kopu KcX sevi. piemit
S—-invariances [pa¥lha, ja katrad kopas K S-kompakta un S-sl@gti
apak¥kopa EcK tada. ka f(E)cE visiem feF eksist® tada S-kompakta
npak¥kopa McE, ka f(M)=M visiem fefl.
DEFINYICIJA 3.5.4.
Saka, ka S-sl1®gtai kopal KeX ir S-normila struktOra, ja katra
S—sle€gta nevienelementigi apakikopad HcK eksist® tads elements
uell. ka supld(x,u)|xeH}<diamH.
Saka, ka telpal X 1ir S-normalia struktQra. ja katrai S-sisgtai
kopat telpa X ir S-normala struktora.
TEOREMA 3.5.1.
Fiepemsim:1) (X,d) - metriska telpa ar slfguma operatoru S;

2) X ir S-kompakta:

3) X ir ar S—normalu struktoru;

4) jebkura sl®gta lode B(x,r)(xeX, reR,,) ir S-slsgta.

Ta neizstiepjo¥u attdlojumu, kuri attdlo telpu ¥ sevl. saimei
F:X~X piemlt S-invariances ipaXibha telpa X, tad saimei F ir
plegs nekustlgais punkts,
[zdarita Fiezime 3.5.1., ka aeizstiepjo¥u attélojumu saimi
leorema  3.5.1. var aizstAt ar diametrali neizstiepjolu

bt lojumu saimi .
IT DALA: BOLA-BRAUERA-SAUDERA TEOREMAS STABILITATE

0. VESTURISKS APSKATS

.nodala dots [ss ieskats Brauera teor®mas [1910] v&stur®
un taAlAakaA atti sty bd. Mintts, ka pazistamas teor®mas atklajvis 1ir
baltvAcy matemAtikis Tirss Bals [1904]. VisbieXak izmantotais
Hravera teor®mas vispArinIjums ir J.Saudera teorctma [1930].
SAUDERA TEOREMA (|13 .
Ta K ir netuk¥a. kompakta un reliekta Banaha telpas X apak¥kopa,
“urdg nepdrtradkts atriTlojums o atlflo sevi. tad arttelojumam f
vksistf nekustjgals punkts.

1 .SAUDERA TEORFMAS ANALOGS W-NEPARTRAUKTAM ATTELOJUMAM

F.onodala sastdv no trim apak¥nodalam.



f.1.PAMATJEDZIENI

S.Kakutani [1943] pamato. ka Saudera tcordma  kopas
kompaktumu nevar aizstat ar kopas ierobeZotibu un sl&gtlhbu.
[Apat var konstrugt elemenidrus piem&rus. kuros, atmetot kopas
izliekt]i bas pras]bu, Saudera teors&mas secindjums nesaglabajas.
l.1.apak¥nodalas Piem®rA [.1.!. paradits, ka. ja no izliektas un
kompaktas kopas - ¥aja piem®rad , vienibas lodes, - tiek atpnemts
tikai viens pats punkts, tad var konstrugt tadu att®lojumu,
kuram nav pneviena nekust] gZ punkta un attalums starp jebkuru
ropas punktu un td att®slu ir samdrid "liels”. t.i., nelielas
kKopas "novirzes" no 1zliektlbas un kompaktibas ir bltisk:
izmaini ju¥as Saudera teor®ma formul&to situZciju.

Rodas jautajums, k& Saudera teorsmu izmainj tu nepArtraukta
AttElojuma nosac] juma paviiinaiana. Doktordarba plednavats
nepartrauktu atté€lojumu aizstat ar w—nepartrauvktu atte®liojumu.

Piepemsim. ka telpa X 1i1r metriska telpa ar metriku d,
D(f)eX Ir attelojuma f definicijas apgabals un f:D(f)-X.
DEFINTICIJA 1.1.1.

\ttelojumu f sauc par w—nepartrauktu (weR,,) punkta x,eD(f) . Ja

jebkuram pozitivam skaitlim e eksist® tads pozitivs skaitlis §,
ka jebkuram punktam xeD(f): d(x,,x)<8d 1izpildds nosacljums:

d(£(x,) . £(x)) < evw.

ln atte&lojums f ir w-nepadrtraukts jebkura definicijas apgabala
Def) punkta. tad ¥Adu attdlojumu sauc par w-nepartrauktu kopa
D) jeb w—nepfrtrauktu.
Lai realiz®tu i1espfjamo pozitivo rezultdtu. tiek 1zmantota
aproksim3cijas ideja.
DEFINTCIJA 1.1.3.
Pt lojumu giA-X, kur A metriskAds telpas X apakZkopa un AoD(f),
saue par attflojuma f:D(f)cA-X p-aproksimacijiu kopd D(f). ja
‘ebkuram kopas D(f) punktam x ir spPkaA: d(f(x)., g(x))<p., uckR,.
7inot, ka kompaktd kopA nepartraukts att€lojums 1ir arl
vienm®rigi nepartaukts, tiek defin®ts vienmPrligi w-nepArtraukts
i ttflojums un pierdadits athilsto¥s rezultadts.
DEFINICIJA (.1.4.
tTlojumu f:D(f)=X saurc par vienm®rigi w-nepartrauktu (weR,,).
jebkuram pozitivam skaitlim g eksist® tads pozitivs skaitlis
) ka jebkuriem diviem punktiem x un v nee D{F): dix.y)<§,

‘p1ldds nosact jums:t d(f{x), f(y)) < e+w.



TEOREMA 1.1.1.
Ja X ir metriska telpa, A ir kompakta apak¥kopa telpa X un
at1?lojums f:A-BeX ir w-nepdArtraukts., tad f ir vienm&rlgi 2w-
nepartraukts att&lojums.
| .2.NEPARTRAUKTA  APROKSIMEJOSA  ATTELOJUMA  EKSISTENCE  w-
NEPARTRAUKTAM ATTELOJUMAM

81 apak¥nodala ir sagatavo¥ands darbs Saudera teorsmas
visparinaXanai. Tiek pieradits sekojo¥ais:
TEOREMA 1.2.1.
Ja ¥ - norm?tta line3ra telpa. kopa AcX - kompakta, f:A-X -
vienm?frl gl w-nepaArtraukts att€lojums., tad att&lojumam f eksist®
nepiartraukta w'—aproksimicija f un f(AYcconvf(A), w'Ow.

8is teorsmas pieradi jums ir viens no vissmagakajiem visa
darba. Pirmam kArtam kopad A tiek konstru®ts noteiktu punktu
tikls M. Savukart. dal®ji atk3artojot visparinatas Titces
teor®mas pierad] jumu, tiek konstrusts attélojuma f sa¥aurinijuma
kopad M nepArtraukts turpinijums visad telpa X. Ped&jais solis -
tiek pamatots, ka iegltais turpinajums ir attélojuma f w'-

aproksimacija, w'ow,

Gad] juma. kad f:la:b]-R. eksista nepartraukta %%—

nproksimficija, w'>w. Tas pieradits Teor®ma 1.2.2..
I.3.PAMATREZULTATS

Iepriek¥¢jas apakZnodalds 1egltie rezultdati lauj pamatot:
TEOREMA 1.3.1.
In B ir netuk¥a, kompakta un izliekta Banaha telpas X apakX¥kopa.
kuru w—nepartraukts attflojums f att®lo sevi, tad kopa K eksist?
tAds punkts x*, ka d(x*, f(x*)) s2w/. w'>w.
SEKAS 1.3.1.
'a K=[a:b] un f:K=K ir w-nepartraukts, tad intervalad K eksist®
tads punkts x°, ka d(x*, f(x*))<sw/ ., w'>w,
SEKAS 1.3.2.
"+ pia dotajiem Teordmas 1.7%1.1,

nosacijumiem 1r spkA., ka § ar

vienm®rigli w-nepArtraukts att@lojums. tad Ix*eX: dix", f(x*)) sw’.

SEKAS 1.3.3.

E=[a:bh] un f:K=k ic v1enmPrligi w-—nepartraukts attelnjums. tad

/
IxeK: d(x‘,f(x'))s-%%- 8



2.TESPEJAMAIS PIELIETOJUMS EKONOMIKA
2.nodala sastav no divam apak¥nodalam.

2.1. w-NEPARTRAUKTU ATTELOJUMU TPASYBAS NORMETA TELPA

[epazi ¥anAs ar ekonomisko tirgus lidzsvara modelu teariju
(piemtram, K.J.Arrovs wun F.H.Hans [1980}] wvai R.R.Kornvals
[1984]) liecina, ka tie¥a veidd Teor®mu 1.3.1. nevar pielietot.
Rodas nepieciesami ba noskaidrot w—nepiartrauktu attelojumu
Ipa¥libas Eiklida telp3as. Neko nezaud&jot no iepriek¥8jiem
l.nodala formuletajiem rezultatiem, var visparinat w—
nepartrauktu att€lojumu sekojo¥i:
DEFINICIJA 2.1.1.
Attglojumu f:X-Y, kur X, Y - normdtas vektoru telpas, sauc par
w-nepartrauktu (weR,,) punktda x,€X. Ja jebkuram pozitivam

skattlim ¢ eksist® tAads pozitivs skaitlis 8. ka jebkuram punktam
xeX: [x-x,14< 8 izpildas nosacljums: Jf(x)-£f(x,) [,<e+w.

Ja attelojums f 1r w—nepartraukts jebkura telpas X punkta.
tad ¥Adu att®lojumu sauc par w-nepaArtrauktu telpa X jeb w-
nepArtrauktu.

I'n 1ir pieradltas sekojo¥as w-nepartraukta att®lojuma
| pa¥lbas:
TEOREMA 2.1.1.
tenemsim, ka attZFlojums {:X-Y ir w' -nepartraukts, att®lojums

:X=Y ir w''—nepArtraukts, kur X. Y ir norm®tas vektoru telpas.

e I D)

ir Y%iem nosacl jumiem f+2 ir w +w '—nepArtraitxts attslojums.

Piegemsim, ka dotas norm®tas vektoru telpas X, Y. V., Z un
ils  attdlojums XxY—~2Z. kuru pierakstisim ka reizindjumu.
\pskatisim att®lojumus :V=X un g:V=Y. Tad ar attelojumu
repzandajumue sapratisim (frg) (x):=f{x)g(x), VxeV.
TEOREMA 2.1.2.
Pienemsim, ka att®lojums :V=N ir w'-nepArtraukts, att@lojums
a:VaY ir o« '—nepArtraukts. Pie Xiem nosacljumiem fg ir
w’w’/+w’|g(x0) ]Y+w”|f(xo)lx-zl";‘-"-rtz'fw.:iit\ attf®lojums katra telpas V
PUnkta Xq -

Dall juma gad] jumd jAsamierinds tikal ar vienu vienkdar¥otu

Sttulciju.
TEOREMA 2.1.3.

Ta  f: X-[1;+»[ 1: w-nepArtraukts attE@lojums normTtd vektoru



Ir ——ﬁL——anHrtraukts attglojums katra telpas

1
telpa X, tad =
P 3 Fix;)

X punkta X, -

Zinamu lomu ekonomiskajos modelos sp®l® nep3artraukta
att®lojuma vert]i bu kopas ierobheXotiba, ja vien definicijas kopa
ir kompakta. %aja gadijuma var garant®&t ari vartlbu kapas
sompakt] bu, tatu w-nepiartravkta att&lojuma situidcija vairak par
12robe?0tl bu nevaram iegldt, to pierada Trorfm: 2.1.4. un Plem&rs
RN N
.2. EKONOMISKA MODELA PIEMERS

Lasitajam tiek piredavats K.J.Arrova un F.H.Hana [1980]

ckonomiskd tirgus modela apraksts. Pastastits, ka pie noteiktiem

(S

pientmumiem tiek garant®ts tirgus lidzsvars, proti, eksist® tada
cenu sistema, kas pilnihd apmierina raXot3Zju un patsretaju
pieprasl jumu pTc labumiem. Izmainot divus standartpien@mumus no
Yetriem, lietojot iepriek8®ja apaki¥nodaln pieradj tas w-
nepartrauktu att&lojumu [ pa¥ibas un visparinito Saudera teor&mu
w-nepArtrauktam att&lojumam, tiek pieradlita tirgus k-lidzsvara

crksistence.
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SURVEY

Let X, Y be non-empty sets and X{lyre. Let f:X-Y be a
mapping. A point xeX is said to he fixed point if f(x)=x.

The theory of fixed points is concerned with conditions on
mappings, sets, spaces which guarantee that a mapping f admits
one or more fixed points. There s a great number of
publications about this subject that had appeared in recent
vears. We quote only some monographs: F.F.Bonsall [1962],
J.Cronin [1964], D.R.Smart ([1974], S.Swaminathan (Ed) [1976],
E.Zeidler [1976], G.Eisenack, C.Fenske [1978], V.I.Istratescu
{19811, K.C.Border [1982], J.Dugundji, A.Granas [1982], M.R.
Taskovi® [1986]), K.Schilling [1986]. A considerable direction in
this theory 1is —connected with contracting mappings (e.g.
Banach’s theorem) and nonexpansive mappings (e.g. Kirk’s
theorem). Another branch presents a generalization of the Bohl-
Brouwer’s theorem. Since Kakutani“s theorem appeared the
approach based on multivalued mappings i1s developed thoroughly.
In parallel to all these directions existence of common fixed
points for families of mappings is also studied. Lately 1is
constantly growing the interest about fixed points in
probabilistic metric spaces. In this dissertation there are

represented a few bits of directions mentioned above.

ACTUALITY OF THE SUBJECT

There are reasons to believe that for one mapping case the
fixed point theory is well developed and that we can find an
appropriate result in almost any possible situation. In the case
when we have families of mappings the number of known results
are much smaller. The main part of this dissertation 1s devoted
to the study of existence of fixed points for the families of
mappings 1n convex subsets of metric spaces.

In the ordinary sense we can define convexity only in
vector spaces. There are known two ways how to define the notion
of convexity in arbitrary metric spaces — one 1is due to
W.Takahashi [1970]. other due to J.P.Penot [1979}. In the
Chapter 2 of Part | the author have tried, particularly by
following the definition of convex vector spaces, to define
convex sets In metric spaces. However, from such definition of

convexity it does not necessarily follow that intersection of
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two convex sets 1s also convex, or that all balls are convex
sets. We have better results by using notion of strictly convex
metric space, this notion is also introduced in the
dissertation. Such notion, if metric is defined through norm, is
equivalent with the notion of strictly convex Banach space.

In the Chapter 3 of Part | convexity in metric spaces 1is
defined by wusing closure operators. Thus, for example, 1in
strictly convex metric space we can define closure operator as
a mapping that each set K from given metric space maps into the
minimal convex set that contains K. Therefore, strictly convex
metric space 1is a particular instance of metric space with
closure operator. The notion of <closure operator 1s not
completely new, in the fixed point theory it is already used by
A.Liepin¥ [1983].

In the theory of modelling in economics the existence of
market equilibrium is usually proved by using some fixed point
theorem, mainly the theorem of Bohl-Brouwer and the theorem of
Kakutani. One of the main assumptions that justifies the use of
these theorems are continuity of excess demand function. In the
Part 2 of these dissertation the author considers possibility to
weaken reqiurement of continuity and use w-continuous functions
instead. There is also proved an analog of Bohl-Brouwer theorem
for w-continuous mappings, and, by taking into account the
properties of w—continuous mapping, there is constructed a model
of economy that equilibrium of market proves with the help of
this new theorem. There are reasons to believe that this result

can be used also in other economic models.

AIMS OF THE WORK

1) to find which properties of convex vector spaces are used in
the fixed point theory;

2) to define convexity structure in an arbitrary metric space:

3) to find what conditions must be satisfied by spaces, sets and
mappings in order to have common fixed points for families of
mappings in convex subsets of metric spaces;

4) to prove an analog of Bohl-Brouwer theorem for w-continuous
mapping;

3) to investigate how this theorem can be used in the proofs of

market equilibrium in the models of economy.



METHODS OF INVESTIGATION
In general there are used mathematical methods from

functional analysis and topology.

MAIN RESULTS

There have been found propertiés of convex sets that are
most commonly used in proofs of fixed point theorems. These
properties are used in the proofs of fixed point theorems given
in this dissertation.

As generalization of strictly convex Banach space a notion
of strictly convex metric space is developed in this work. It is
proved that in closed and convex subsets of strictly convex
metric spaces fixed point sets of nonexpansive, quasi-
nonexpansive and asymptotically nonexpansive mappings are closed
and convex. It Is shown that, If metric is defined through norm
then the definition of strictly convex metric spaces 1is
equivalent with definition of strictly convex Banach spaces.

In the proofs of existence of common fixed points for
families of mappings successfully is used closure operator that
up to some extent defines convexity structure 1n metric space.
There are proven theorems in metric spaces with given closure
operator in which families of mappings:

I} satisfies the "normal structure" condition;
2) are with diminishing orbital diameters;

3) are quasi-nonexpansive;

4) satisfies the invariant property.

There is obtained a generalization of Bohl-Brouwer theorem
for w-continuous mappings by using an approximation of w-
continuous mapping with a continuous mapping. For the subcase of
real numbers there is obtained a better approximation as in the
general case. The properties of w—continuous mappings are also
investigated. There is also developed particular model of market
economy in which the market equilibrium is proved with the use
of results mentioned above.

NOVELTY OF RESULTS
All main results given in this dissertation are new and are
a"btained during the last 6 years.



THEORETICAL AND PRACTICAL IMPORTANCE

In general this work has theoretical character.

The results from the Part | can be used in the proofs of
existence of solutions for systems of nonlinear equations. The
generality of results from the Chapters 2 and 3 of Part | allows
to use them not only in the spaces with linear structure, but
also 1n the spaces without 1t.

The main result from Part 2 and w-continuous mappings
probably could have a broad field of applications 1in the
theoretical studies of economy. In the work 1s proposed an
economic model in which equilibrium of market can be proved by
using generalized Bohl-Brouwer-Schauder theorem for w—continuous
mapping.

APPROBATION OF THE WORK

The main results from Part | are referred at the scientific
conferences of the University of Latvia (1989-1993), scientific
conferences of Tartu University (1989-1991) and at symposium
topology and its applications held in Tiraspol (in Kishinev,
Moldova) 1in 1991. Results from Part 2 are referred in the

Institute of Statistics and Econometry of Hamburg University
(1993-1994) .

PUBLICATIONS
The results of these dissertat.on are published in 9
articles and in | abstract.

THE STRUCTURE AND VOLUME OF THE WORK

Dissertation consists of list of notations, introduction,
two parts, afterword and bibliography. Part | contains 4
chapters, Part 2 contains 3 chapters. Bibliography contains 99
references. The volume of dissertation is 92 pages.



CONTENTS OF THE WORK

In the following text definitions and results that are
already known are printed in ifalics, definitions and results
that are printed in normal script are new.

INTRODUCTION

In the introduction of dissertation the actuality of the
chosen subject i1s motivated and the aims and scope of work are
formulated.

The reader is introduced to the two kinds of convexity that
can be defined in an arbitrary metric space and that are used 1n
the fixed point theory. There are also mentioned properties of
convex sets that are most commonly used in proofs of fixed point
theorems.

I PART: COMMON FIXED POINTS FOR FAMILIES OF MAPPINGS

0. BASIC CONCEPTS, DEFINITIONS, ALREADY KNOWN RESULTS

In Chapter 0 there are given basic concepts and definitions
of the fixed point theory. Here are also formulated most
important of already known results about existence of fixed
points for nonexpansive mappings and families of mappings.
DEFINITION 0.1. A mapping f:X-X, where X Is a metric space, 1is
said to be nonexpansive If for every x,yeX inequality
d(f(x),f(y))<d(x,y) holds.

The theorem of W.A.Kirk claims:
THEOREM 0.1.(W.A.Kirk [1965])
Let K be a bounded, closed, convex subset of a reflexive Banach
space X, and suppose that K has normal structure. If f is a
nonexpansive mapping of K into itself, then f has a fixed point.
DEFINITION 0.2. A convex set K in a Banach space X is said to
have normal structure if for each bounded and convex subset HcK,
wich contains more that one point, there is some point yeH such

that: guply-x|<diamH=suplx-yl.
xeX x.y€8

There have been several attempts to generalize this theorem
for families of mappings.



DEFINITION 0.3. Let F be a family of mappings f:K-K, where K is
an arbitrary set. The point x*€K is said to be a common fi1xed
point for the family of mappings F, if for every mapping feF
equality feF: f(x°®)=x* holds.

One from several possible properties that guaranties
existence of common fixed point for a family of mappings 1is
commutativity.

DEFINITION 0.4. A family of mappings F is commutative, 1f for
all xeK. where K 1is an arbitrary set, conditionf(g(x))=g(f(x))
holds for all f. gek.

In 1974 T.C.Lim generalized the theorem of W.A.Kirk for

commuting family of nonexpansive mappings.

. SOME INTRODUCTORY RESULTS ON FIXED POINTS FOR FAMILIES OF
MAPPINGS

In the Chapter | are proved four fixed point theorems. The
first three of them could be considered as generalizations of
corollary of the theorem of W.A.Kirk, formulated in the previous
chapter. In the corollary of W.A.Kirk theorem the boundedness of
set K is substituted with existence of point peK, such that
sequence (f?(p)) .y 1S bounded. Generalizations are given for the

also case of commuting families of nonexpansive mappings.
THEOREM 1{.1.
Let: f) X - reflexive Banach space;

2) K - nonempty, convex, closed subset of X;

3) K has a normal structure;

4) F — commuting family of nonexpansive selfmaps of K;

S) exists such point peK that set

S={(fye...of ) (D) |f,, ..., f,€F&neN} is bounded.

Then exists a common fixed point for family F.

THEOREM 1.2.
Let: {f) X - strictly convex, reflexive Banach space;
2) K - nonempty, convex, closed subset of X;

3) K has a normal structure;
4) F - commuting family of finite number of
nonexpansive selfmaps of K;
5) exists such point peK that sequences (f?(p))_,n fOr
every feF are bounded.

Then exists a common fixed point for family F.
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In order to guarantee existence of a common fixed point for
commuting family of nonexpansive mappings in the situation as
described by Theorem 1.2.. but without restriction on the
cardinality of F, condition §) in THEOREM 1.3. is formulated in
the following way: S) there exists mapping f,eF, such that set

of fixed points Fixf, is nonempty, closed, bounded and has

normal structure.

The last theorem of Chapter | 1s essentially different from
the other given before. In this theorem there are given
conditions which for every mapping from given family guarantees
existence of its own fixed point, which not necessarily 1is
common for all mappings from that family.

THEOREM 1.4.
Let: -I) X - normed vector space (R or C);
2) K - compact subset of X;
3) F={f,,f,,...,f,} is family of finite number of

nonexpansive mappings such that

a) Vx,yeK(x#y): minllf,(x)-£,(») |i=1,2,....,n}< |x-yl:
b) VxeK: convif (x),...,f,(x) lcK.
Then for every f,€EF exists its own fixed point

x;v folx,)=x;, 1=1,2,...,n.

2. STRICTLY CONVEX METRIC SPACES

Chapter 2 contains 3 sections.

2.1. CONVEX SETS AND STRICTLY CONVEX BANACH SPACES

In this section already known formulations and results are
considered: how to define convex set in vector space, what are
properties of convex sets, how to define a strictly convex
Banach space, what are equivalent formulations.

DEFINITION 2.1.3. A Banach space X i1s said to be strictly convex
if all points of unit sphere are not inner points of straight
lines in a unit ball.

By Proposition 2.1.1. (V.I.Istratescu [1981], p.57)
Definition 2.1.3. is equivalent with following condition in a
Banach space X:

Vx, veX: be+yvl=lxl+lyl=( (3A€R,,: x=Ay) V(x=0)V(y=0)) .

In convex closed subset of a strictly convex Banach space

set of fixed points for nonexpansive mapping 1s convex and
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closed. This property holds also for broader <classes of
mappings, for example, for quasi-nonexpansive and asymptotically
nonexpansive mappings.

DEFINITION 2.1.4. (V.G.Dotson [1972]) A selfmapping f of a
subset K of a normed linear space is said to be quasi-—
nonexpansive provided f has at least one fixed point in K, and
1t peK is any fixed point of £ then |f(x)-pl<lx-p| holds for all
Xek.

DEFINITION 2.1.5. (K.Goebel, W.A.Kirk [1972]) A selfmapping f of
a subset K of a normed linear space 1s said to be asymptotically

nonexpansive if for each Vx,yek: |£1(x)-f1(y)lsk/x-yl, where

(k;)4en IS @ sequence of real numbers such that limk,=1 (it is
1o

assumed that k.21, k;,.<k;, 1=1,2,...).
2.2. CONVEX SETS AND STRICLY CONVEX METRIC SPACES

Convex set in metric space (X,d) with distance d 1s defined
in the following way:

DEFINITION 2.2.1. A set KcX is said to be convex if for each
¥, yeK and for each te(0;1] there exists z€K that satisfies:
d(x,z)=td(x,y) and d(z,y)=(l-t)d(x,y).

Strictly convex metric space is defined as follows:
DEFINITION 2.2.2. A metric space X 1s said to be strictly convex
if for each x,yeX and for each te(0;1] there exists unique zeX
that satisfies: d(x,z)=td(x.y) and d(z,y)=(1-t)d(x.,y).

In this section it is proved that:

I') in strictly convex metric space intersection of a convex sets
1s convex set (Theorem 2.2.1.);

2) in convex closed subsets of strictly convex metric space sets
of fixed points for families of nonexpansive (Lemma 2.2.1.),
quasi-nonexpansive (Lemma 2.2.2.) and asymptotically
nonexpansive (Lemma 2.2.3.) mappings are convex and closed.
There results are used in the proof of Theorem 2.2.4..

THEOREM 2.2.4.

[f:1) X - strictly convex metric space;

2) for arbitrary a,b,ceX and for arbitrary zeX, such that
d(b,z)=td(b,c) and d(z,c)=(1-t)d(b,c), where telO;1[,
holds inequality: d(a,z)<max{d(a.,b),d(a,c)};

3) KX - convex and compact set;

4y F is a commuting family of

a) nonexpansive selfmaps of K or
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b) quasi-nonexpansive selfmaps of K, or
c) asymptotically nonexpansive selfmaps of K;
S) for all feF: Fixf#¢ (in case 4b) this condition
is not necessary);
then exists common fixed point for family F.
2.3. MORE ABOUT STRICTLY CONVEX BANACH SPACES
In this section the following result 1s proved:
PROPOSITION 2.3.1.
In a Banach space X the following conditions are equivalent:

UV, yveX: Ix+yl=x]+lyl= ((IreR,, : x=Ay) YV (x=0) YV (y=0) ) ;

2.Vx,yeX Vte([0,1]1 3! zeX: Ix-zFEtlx-yvl. Iz-yvl=(1-t) Ix-y].
To conclude Chapter 2 there is given an example of strictly
convex metric space which is not a strictly convex Banach space.

3. FIXED POINTS OF MAPPINGS IN METRIC SPACES WITH CLOSURE
OPERATOR

Chapter 3 contains S sections.
3.1. CLOSURE OPERATORS AND THEIR PROPERTIES

This section is devoted to the study of closure operators.
Results consider here are not new. The author of dissertation
are using there results in the following 4 sections in proofs of
theorems on existence of fixed points for families of mappings
in metric spaces with closure operators. Most important results
are mentioned also here.

Set of all subsets of space X we will denote with PX.
DEFINITION 3.1.1.

A closure operator on X is a mapping S:PX-PX for each A,BePX
satisfying:

1) AcB = S(A)cS(B);

2) AcS(A);

3) S(A)=S(S(A)).

It is known that system of S-closed sets in space X 1is
invariant with respect to intersections, where set AePX 1is
called S—-closed, if A=S(A) and S is a closure operator i1n space
X.

DEFINITION 3.1.3.

4 space X iIs said to be S-compact if each centered system of S-
closed subsets of X has a nonempty intersection.

DEFINITION 3.1.4.

A closure operator § on X 1s said to be algebraic if for each

e



AePX and xeS(A) there exists a finite set FcA such that xeS(F).

This section ends with Lemma 3.1.!. that justifies the use
of Corn Lemma in proofs of fixed point theorems.

3.2, FIXED POINTS OF FAMILIES OF MAPPINGS THAT SATISFIES THE
"NORMAL STRUCTURE" PROPERTY _
This section contains 2 theorems:
THEOREM 3.2.1.
Let: 1) (X.d) - metric space with algebraic closure operator §;

2) X - S-compact;

3) each closed ball B(x,r) (xeX, reR,,) be S-closed.
Suppose F 1s a commuting family of nonexpansive selfmaps of X
satisfying:

4) for all feF sets of fixed points Fixf are nonempty and

S-closed;

S) VfeF,VxeX(x+*f(x)) AyeA(x, f):

supld(y, z) |zeA(x, ) } < diamA(x, f) -
condition of '"normal structure";
where A(x,f):=N{A€PX|xeA&A=S(A) & f(A)cA}.
Then F has a common fixed point.
THEOREM 3.2.2.
Let: 1) (X,d) - metric space with closure operator §;

2) X - S—-compact;

3) each closed ball B(x,r) (xeX, reR,,) be S-closed.
Suppose F is a family of nonexpansive selfmaps of X satisfying:

4)3ge}0;1[ Vx,yeX VL, geF:
d(f(x),g(y))<max{d(x,y) ;qdiam(A(x)UA(y))}:
S)VxeX(dveF:v(x) #x)J yeA(x) :
supld(y, z) | z€A(x) Kk diamA(x) ,
where A(x):=N{AepPX|x€A & A=S(A) & VfeP: F(A)cA}.
Then F has a common fixed point.

With the help of Example 3.2.1. it is shown that in both
these theorems conditions S), i.e., the requirement of normal
structure, is weaker than condition which is required in results
of W.A.Kirk and L.P.Belluce. Example 3.2.2. shows that S-
closedness of set of fixed points does not follow from the other
condition of Theorem 3.2.1.

3.3. FIXED POINTS FOR FAMILIES OF MAPPINGS WITH DIMINISHING
ORBITAL DIAMETER
W.A.Kirk in papers [1969] and [1970] had used two different
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conditions of diminishing orbital diameter for a given mapping.
By transferring these conditions to metric space with closure
operator there are proved following two theorems on fixed points
for families of mappings:
THEOREM 3.3.1.
Let: 1) (X,d) - metric space with algebraic closure operator §;
2) S(AY=5(5(A))=:5/(A) for each AePX;
3) X - S’—-compact:
4) each closed ball B(x.r) (xeX, reR,,) be S-closed.
Suppose F is a family of continuous selfmaps of X satisfying:
S) 3telo;1[ Vx,yeXVFf, geF:
d(f(x),g(y))<max{d(x,y);tdiam(A(x)UA(y))}:
6) Vxex(dveF:v(x)e»x)dyeA(x):
sup{inf{sup{d(y, f®(x)) |m2nln€Z, } feF}< diamA(x) ,

where A(x):=N{AePX|x€A & A=5/(A) & VfeP: f(A)cA}.
Then F has a common fixed point.
In the THEOREM 3.3.2. the 6) condition of Theorem 3.3.1. is
strengthened in following way:

6) AN€eZ,, VxeX(3IveP:v(x)+x)dyeA(x) :
sup{inf{sup{d(y, f®(x))|m2n} n:N}} feF} < diamA (x) ,

where A(x):=N{AePX|x€A & 2=5'(A) & VfeP: f(A)cA}.
Then also F has a common fixed point.
3.4. FIXED POINTS OF FAMILIES OF QUASI-NONEXPANSIVE MAPPINGS

Definition of quasi-nonexpansive mapping in normed vector
space was given in Chapter 2 (Definition 2.1.4.). In the paper
of W.G.Dotson and H.F.Senter [1974] it is shown that one of
conditions that guarantees that mapping f:A-A in normed linear
space A 1is quasi-nonexpansive 1is the following requirement:
mapping f must have a fixed point in set A, and
Vx,y€A: |F(x)-£(y) Isalx-f(x) |+bly-£f(y) l+cix-yI. (*)
where a,b,c 20 and 0<a+b+c<l. In the R.Kannan ([1971], [1973])
fixed point theorems in Banach space usually we have c¢=0 and
a=b=0,S. S.Reich {1971] have proved existence of fixed point for
mapping that satisfies (*) in the case when metric space is
complete.

In the dissertation there are proved 2 theorems that
generalizes results of R.Kannan and S.Reich for the families of

mappings in metric spaces with closure operators.

-11-



THEOREM 3.4.1.

Let: ) (X,d) - metric space with algebraic closure operator S;
2) T(AY=5(3(AY)=:58'(A) for each AePX;
3y X - S’-compact;
4) each closed ball B(x,r) (xeX, reR,,) be S~closed.

Suppose F is a family of continuous selfmaps of X satisfying:
S)VF,g, heFVx,yeX3ac]o;1(:
d(g(x),h(y))sad(x, f(x))+(1-a)d(y, £(y));
6) VxeX(IveF: v(x) *x) I yeA(x) :
supld(y, £(y)) |feFi<suplsupld(z, £(z)) |z€A(x) }feF},
where A(x):=N{A€PX|x€cA & A=5'(A) & VfeF: f(A)cA}-
Then F has a unique common fixed point.
In the THEOREM 3.4.2. conditions S) and 6) from Theorem 3.4.1.
are replaced with:
S)VFf,qg, heFVx,yexda,b,ceR,:0< a+b+2c<1:

d(g(x).,h(y))sad(f(x),x)+bd(f(y),y)+cd(x,y);
6) VxeX(IveF: vix) #x) I yeA(x) IweA(x) :
supld (w, z) | z€A (x) Yssupld(y, £(y)) |feFi<suplsupld(z, £(2)) |z€A(x) }f€EF),
where A(x):=N{AePX|xcA& A=S/(A) & VfeF: f(A)ca).
Then also T has a unique common fixed point.
3.5. FIXED POINTS FOR FAMILIES OF MAPPINGS THAT SATISFIES
INVARIANT PROPERTY

The definition of invariant property due to W.Takahashi

[1970} is the following:

DEFINITION 3.5.2.

Let E be a compact Takahashi convex metric space. Then a family
F of nonexpansive mappings f of E into itself is said to have
invariant property in E if for any compact Takahashi convex
subset KcE such that f(K)cK for each feF, there exists a compact
subset McK such that f(M)=M for each f€F.

Invariant property is used to prove existence of common
fixed point for commuting families of mappings by several
authors: W.Takahashi [1970], R.de Marr ([1963], M.R.Taskovil
{1980]. In this dissertation S—invariat property is defined and
corresponding fixed point theorem is proved.

Let assume that X is metric space.

DEFINITION 3.5.3.
Let X be a metric space with closure operator S. Then a family
F of nonexpansive mappings f of X into itself is said to have

...12_



invariant property in X if for any S—-compact and S-closed subset
KcX such that f(K)chk for ecach feF, there exists a S-compact
subset McK such that f(M)=M for cach feF.
DEFINITION 3.5.4.
A S-closed set KeX in a metric space X with closure operator S
1s said to have S—normal structure if for each S~closed HcK wich
contains more that one point, there is some point ueH that:
supld(x, u) |xeH}<diamH .
A space X 1s said to have S-normal structure if every S-~closed
set of X has S—-normal structure.
THEOREM 3.5.1.
Let: 1) (X,d) — metric space with closure operator S;

2) X - S-compact;

3) X has normal! structure;

4) each closed ball B(x,r) (xeX, reR,,) be S-closed.

Suppose F is a family of selfmaps of X satisfying S-invariant
property. Then F has a common fixed point.

In Note 3.5.1. it is mentioned that family of nonexpansive
mappings in Theorem 3.5.1. can be substituted by family of
diametrically nonexpansive mappings.

1I PART: STABILITY OF THE BOHL-BROUWER-SCHAUDER THEOREHM

0. HISTORICAL OVERVIEW

In this section there 1s given a short overview in the
history and development of Brouwer theorem ([1910]}]. It 1is
mentioned that famous theorem was discovered by German—-Baltic
mathematician Piers Bohl 1n 1504. The most commonly used
generalization of Brouwer theorem is Schauder theorem [1930].
SCHAUDER THEOREM([1930]).
If K is a nonempty, compact. and convex subset of a Banach space
X. and f is a continuous selfmap of K, then there exists a fixed
point for f.

I. ANALOG OF SCHAUDER THEOREM FOR W-CONTINUOUS MAPPING
Chapter ! contains 3 sections.

l.1. BASIC NOTIONS
In S.Kakutani [1943] it 1s shown that in Schauder theorem
1t is not possible to substitute compactness of set with
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boundedness and closedness. Simitarly, 1t 1s possible to
construct elementary examples that do not satisfy convexity
requirement and for which conclusion of Schauder theorem 1is
false. In Example 1.!1.1. 1t is shown that, if we consider
compact and convex set (in this example a unit ball) without one
single point, then it is possible to construct such mapping that
does not have anv fixed points and for which a distance between
an arbitrary point and its mapping is relatively "large", i.e.,
small deviations from compactness and convexity requirements
have essentially changed conclusion in Schauder theorem.

Here arises a question, how situation will be changed if we
will somehow weaken continuity requirement. In this dissertation
it is offered to substitute continuous mapping with w-continuous
mapping.

Let assume that X is a metric space with a distance d. Let
D(f)cX be domain of mapping f and f:D(f)-X.

DEFINITION (.1.1.

A mapping f:D(f)-X is said to be w-continuous, weR,, , in point
X,€D(f) if for every e>0 there exists 8>0 such that whenever
xeD(f) and d(x,,x)<8 then d(f(x,),f(x))< e+w.

In the case when mapping f 1is w-continuous in any point of
domain D(f) it is said to be w—-continuous in set D(f) or w-
continuous.

In order to obtain suggested result we use the idea of
approximation.

DEFINITION 1.1.3.

A mapping g:A-X (D(f)cAcX) is said to be a p-approximation,
HeR,, of mapping F:D(f)-X in D(f) if for every point x-D(f):
d(f(x), g(x))<p holds.

We know that in a compact set continuous mapping 1s also
uniformly continuous. We will therefore define uniformly w-
continuous mapping and consider, whether a similar proposition
holds for w-continuous mapping.

DEFINITION 1.1.4.
A mapping f:D(f)-X is said to be uniformly w-continuous, weR

if for every ¢>0 there exists 8>0 such that for every two points
X, yeD(f) the relation d(x,y)<d implies d(f(x),f(y))< e+w.
THEOREM 1.1.1t.

If A is compact subset of a metric space X, and f:A-X is w-
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continuous mapping, then f is uniformly 2w-continuous mapping.
1.2. EXISTENCE OF CONTINUOUS APPROXIMATING MAPPING FOR W-
CONTINUOUS MAPPING

This section contains some introductory results used 1n
generalization of Schauder theorem. The following theorem 1is
proved:
THEOREM 1.2.1.
Suppose that X is normed linear space, that set AcX is compact,
and f:A=X is uniformly w—continuous mapping. Then for every w')>w

there exists a continuous w'-approximation £ of mapping f in set

A and Ff(A)cconvf(A) .

The proof of this theorem is one of the most difficult in
all this work. First, we construct in set A a net M of specially
selected points. Then, partially by following the proof of
zeneralized Tietze theorem, we construct 2 continuous extension?f
of mapping f:M=X to the whole space X. Finally we show that
obtained extension is w -approximation of mapping f, where w’)w.

In the case when f:{a;b]-R there exists continuous wl_
approxXximation of mapping f, where w’>w. This result i1s proved 1n
Theorem 1.2.2..
1.3. BASIC RESULT

The results obtained in previous sections allow us to prove
the following:
THEOREM 1.3.1.
et K be a nonempty, compact, and convex subset of a Banach
space X. For every w—continuous mapping F:K-<K and for every w')w
there exists a point x*ekK such that d(x*, f(x*)) <2w'.
COROLLARY 1.3.1.
If K={a;b}, and f:K-K is w-continuous, then for every w'>w there
exists a point x*€K: d(x*, f(x*)) <sw'.
COROLLARY 1.3.2.
Let f be a uniformly w-continuous mapping, and let all other
conditions of Theorem 1.3.1. be satisfied then for every w'dw
dx*ex: d(x*, f(x*)) sw'.
COROLLARY 1.3.3.
If K=[{a:b], and f:K-K is uniformly w-continuous, then for every

7
w'Ow Axek: d(x*, £(x*)) si‘z’- .
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2. POTENTIAL APPLICATIONS IN ECONOMY
Chapter 2 consists of two sections.
2.1. PROPERTIES OF W-CONTINUOUS MAPPINGS IN NORMED SPACES
Acquaintance with the theory of economic market equilibrium
(for example with K.J.Arrow and F.H.Hahn [1980] or R.R.Cornwall
[1984]) 1indicates that 1t is not possible to apply Theorem
1.3.1. directly. There arises a necessity to clear up properties
of w-continuous mappings in Euclidian space. The following
proposed modification of w—continuity allows to keep all results
already obtained in Section |I.
DEFINITION 2.1.1.
A mapping f:X-Y, where X and Y are normed vector spaces, is said

to be w-continuous., weR,,, in point x,€X if for every e>0 there

exists 8>0 such that whenever xeX and [Ix-x |z<8 then
1£(x) -£(x;) ly<e+w.
If the case when mapping f is w-continuous in all points of X it
1s said to be w-continuous in space X or w-continuous.

Let X, Y, V, Z be normed vector spaces.

The following properties of w-continuous mapping are
proved:
THEOREM 2.1.1.
Suppose that f:X-Y is a w'~-continuous mapping, g:X-Y is a w''-

continuous mapping. Then f+g 1is a w'+w’' '—continuous mapping.
We_consider mappings {:V-X and g:V-Y.. Let ¢ be arbitrary

operation, such that for all xeX, yeY we have xey:=xyeZ. With

product of mappings f and g we will understand:

(f-g) (x):=f(x)g(x), VxeV.

THEOREM 2.1.2.

Suppose that f:V-X is a w'-continuous mapping, g:V-Y is a w''-
continuous mapping. Then f-g is a ww/sw/lg(x,) ly+w/if (%) L~
continuous mapping in every point x,.

For the case of division we must be reconciled with one

simplified situation,
THEOREM 2.1.3.

If f;: X~[1;+»[ is a w-continuous mapping , then -% 1s a LA

continuous mapping in every point Xx,.

If domain of mapping 1s compact set, then boundedness of
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range of mapping plays same role in economic models. In this
case for continuous mapping we can guarantee also compactness of
range set, however, for w-continuous mapping we can guarantee
only boundedness of this set. That i1s shown by Theorem 2.1.4.
and Example 2.1.2.

2.2. EXAMPLE OF A ECONOMIC MODEL

For reader here is offered description of economic model by
K.J.Arrow and F.H.Hahn [1980}. We show, how under considered
assumptions market equilibrium is guaranteed, 1.e., that there
exi1sts such price system that demand of economic agents by goods
are satisfied. By changing 2 from 4 considered assumptions and
hy using about w-continuous mappings existence of market k-
equllibrium is proved.

AFTERWORD
In this Chapter the author have tried to give some

evaluation of results from proposed dissertation.
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Ob I A4 XAPAKTEPHU CTH KA PAD OTH

lyers X, Y - npousBoubHHe MHoxecTBa ¥ X(\Yse. Mycth f:X-Y -
orobpagxeHue. Touka xX€X HazHBaeTcd HellOZBUXHOH ToukoH oToOO paXeHHd
f, ecitn f(x)=x.

TeopHd HENOABHXHHX Toyek B NoclezHHe AecCATHIEeTHe Heodas PHMO
pacmMpHIach ; HallHcaHW MHorue KHWrH, HanpHMep, ¢ .BoHcannm [1962],
E.Kpowun [1964), Z.Cuapr [1974), C.CpamuHaTxaH (pea.) [1976],
J3.lauamep [1976]1, T .Ausenak, Il.peucke [(1978], B.{Hcrparecky
(1981], K.bopaep [1982], E.AYryHaxu, A.['paHac [1982],
M.Tackopuy [1986]), K.llununur [1986), K.Tebem, B.Kepk [1990],
A.Akcoli, M.KaMcu [1990], Ho Bce-TakH 3TH KHHI'H He oxXBaTHBADT Bce
nMolyyeHHHe pe3yIhTaTk. 3HAUHTeNbHOe HalnpaBleHHe co3ZapT TeopeMH
ANd CXMMapliiX oTobpaxeHHH (HanpWMmep, Teopema DaHaxa) u A4
HepacCTATHBaDUHX oTobpaxeHH#t (HanpuMep, TeopeMu Képka), a rtakze
pe3 YIbTATH, Y KkoTopHx HcTokH @nexaT B TeopeMde Dona-bBpayspa.
HayuHaa ¢ TeopeMH KakyrawH mHupoko pa3BHBRaeTcd HalipaBleHHe,
koTopoe HccnezyeT HeNnoABHXHHE T oU kH AT MHOTI 08 HayHH X

oTob paxeHHit . [lapannensHo Ha3 BaHHHM HalpaBll eHHSAM Takxe
paccMaT pPHBapT cg obyu e HeloZABHXHHE Touky ANd ceNeHCTB
orobpaxeHHH. B nocneaHHe roAN TNOJBHIHCH CTAThbH O HEMOABUXHHX
Toukax c B epOATHOCTHOH xapakTepucTH kol . B AH ccepTalHH

paccMarpuBaeTcd Tolbko HekorTopasy yacTh JIOHATHH H HalpaBleHHH,
koTopHe BcTpeuapTcd B TEOPHH HeMOABHXHHX Touyek.
AKTYANLHOCThH IPOBIEMATHKH

A1 oAHoro orobpaxeHHsl TeoPHA HeNOABHXHHNX Toyek pas pafoTaHa
HaMHoro ocHoBaTeJlkHee yeM An4 ceMeficTB oTob pax eHH# . B
npeanoxeHHoN AHccepTalHH I vyacTh nocpgmeHa zoka3aTenbpcTBY
cyllecTBoBaHHA oOONHX HenoABHXHHX Touek Ana ceMeHcTB orTobpaxeHHH
B BHNYKIHX ToAMHO¥XecTBax MeTpHueckux npocrpadHcTB. OOHUHO o
BHNYKNOCTH roBopadT Tolbko B BeKTOpPHHX npocTpaHcTBax. B.Takaxamu
[1870}) u E.Mlehor [1979] onpeaenuuH NOHATHEe BHNYKIOCTH B
NPOK3IBOILHOM MeTpHYyeckoM mnpocTpaHcTBe. TeM caMHM OTKpPHIIOCH
HOBOe HanpaBl€HHe B TEeOpPHH HENOABHXHHX Toyek.

Bo 2 rpase (yacTtbr 1) ZHccepTauuH, 4YacTHyHo konupys
BHNYKlocTy, pekTopHoro mnpocTpaycTsa, onpezeneno BHNIYKI o€
MHOXecTBO B T[IPOH3BONbHOM MeTpHUueckoM npocTpaHcTBe. Ho 3To
ofpeseleHHe MopoxaaeT CHTYaUHH, B KOTOPHX MepeceyeHHe BHMNYKIHX
MHOXecTB He BHNYklloe MHOxXecTBo U Takixe mapH He BHnykKiwe
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MHoxecTpa. Pe3lynpTraTy mnolyylle fmonyyapTcad B CTporo BHnykiow
MeTpHUeckoM TIpocTpaHcTBe, koTopoe ofpezeleHo B AHCCEePTAalHH .
3aMeTHM, 4YTO J3TO onpeaeneHHe 3KkBHBA€EHTHO olpeaeleHHO CTPOr oH
punykioctTy ©OanaxophHx TNPOCTPAHCTB, eCIH MeTpHUueckhe CBA3H
3anucaHy yepe3 Hopuy. B 3* rmape (vacTh I) crpykrypa BHnykmocTH
B MeTpHUeckoM TIpoCTPaHCTBe olpezeleHa ¢ JIOMOLLD OIe€paTopoB
3amukaHHd. Tak, HanpuMep, B CTporo BHNYKIOM MeTpHYyeckod
npocTpaHCTBe onepaTop 3aMhkaHHA MOXHO onpeAenHTh kak Tako#,
koTopHH Ang kaxaoro MHoxectBa K 43 3Toro npocrpaycTBa CTaBHT B
COOTBETCTBHE canoe MeHblee BHNykioe MHoxecTBo coaepxajiee K. Tak
nonyyaercsq, UTo cTporo BHNykioe weTpHueckoe NpocTpaHCTBO
onnpejielsgeT TONhko OZHH BaPHaHT MeTpHUeckoro npocTpaHcTBa C
AaHHHM ornepaTopoM 3aMHkaHHd. JloHATHe onepaTopa 3aMHkaHHA B
TeOpHH HENOABHYXHHX Touek Al8 cnyuad OZHoro oTobpaxeHHd BBET
A . Jluenwubm [1983].

O3 nakoMnmeHHe ¢ TeopHel 3koHomHueckux Mozermell nokazuypaer,
UTO CYlecTBOBaHHe paBHOBecHs puika B 3koHoMHUeckHX Mozensx
oOHYHO JokazHBaeTcs C INMOMOBLD TeopeM O HEeNOoZBHXHHX Toukax, a
HMeHHo ¢ nomomnbn  TeopedM Dona-bBpayspa Hnu KakyTann. OzHO H3
CYLeCTB eHHHX MPeANoONOXeHHH , UTODH IPHMEHATL 3>TH TEeOPeMH TO, UTO
$YHKUHA ocTaTka cnpoca HenpepwBHa. Bo 11 yacrH A CCepTauuH
NPeAlIOXeHO 3TO TIPeANonoxeHHe OCIabHTh H 3 aMeHHTb Ha w-
HenpepNBHYD YHKkUHD. B 3ToH uyacTH aAokazaH axamor Teopeuu DBoma-
Dpayspa-llaysepa ang w-HenpepHBHOr o orobpaxeHHsa M Takxe, NMpPHHHMAag
BO BHHNAHHe CBOHCTBA W-HelnpepHBHor o orobpaxeHdsds, ckoHcTpyHpoBaHa
3koyomHueckag Moaelb, B koTopol paBHoBecHe pHHka ofocHoBaHO c
noMouwbn HOBORA TeopeMhw. EcTh o©CHOBaHHe BEpPHTL, UYTO ANg 3TOro
HOBOro pe3yrbTaTa BO3MOXHH MHPOKHE NTPHMEHEeHHs B APYrHX obJacTax
3koHouuku .

LENL PABOTH

1) BHYCHHUTH, kakHe cpoficTBa BHNYKkIOCTH BekTOPHHX NPOCTPaHCTB
HCNONh3 OBAaHH B TEOPHK HENOABHXHHX Touek orTodpaxeHHH ;

2) onpezenHTb B NPOH3BONLHOH MeTpHueckoft mMpocTpaHcTBe CTPYKTYpY
BHMyknocTH ;

3) BHACHUTL, XakHM YCIOBHAM AOCNXHH YACRIETBOPATL IIPOCTPAaHCTBA,
MHOXecTBa, oTobpaxeHHd, UuTo OH A9 ceweAcTB oTobpaxeHHRH
CyllecTBoBajlH oOOmHe HenoABKHKHHEe TOYkH B MOAMHOXecTBax BHNykuux
MeTpHYyeckHXx NMpPOCTPAaHCTB ;

4) aokazarp aHanor TeopeNhH Dona-Bpaylpa ANd W-HelpepHBHOr O
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oroh paXeHHH ;
5) HucereaoBarTh 3HaAyeHHe TeopeMh Dbpayapa B aAockas arenbceTBax
3y koHoMHUyeckHx Mozel el paBHOBecHd PHHKa.

METOAWKA HCCIEAOBAHHUA

MaTeMaTHuU eckyp OCHOB Y pab orH cCoCTaBIANT MeTOoaAN
$yHKUHOHANLHOIO aHalH3a (B TOM UHCIe MeTOAH TEOPHH HEeNOABHXHHX
Toyek) H TOIOIOTHH.

OCHOBHHE PE3YJXbTATH

YcTaHoOBJleHH Haubonee ynorpebngemHe cBoHcTBa BHNOYKIHX
MHOXecTR B 2aokazaTelpcTBax TeopeM OTHOCHTeIbHO HelMoABHXHHX
Toyek. YITOMSHYTHEe cCBOfcTBa NPHMEeHEeHH B JAokaszaTelbCTBaXx TeopeN
HenoABHEHHX TOYyek B AHCCEPTAlHH .

6 chmaa nmoHATHE cTporo Bhnyknoro GaHaxoBoro MPOCTPaHCTBA,
BHpaboTaHO NMOHSTHe cTporo BHNykmoro MeTpHueckoro npocrpaHcTBa.
Jokazano, uTo B BHNYKIHX M 3aMKHYTHX [10OAMHOXecTBax CTpPOTO
BHNYkioro MmerpHuyeckoro npocrpaicTBa Al HepacTATHBADUKX , KBagdH-
HepacTATHBaALMHX H A&CHMIITOTHUecCKkH HepacTATHBAOMHX OTdDpaxeHHH
MHOXECTBO HeNOABKXHHX Touek Bunykyo v 3aMmkiyro. GbocHoBaHo, uTo
anpejeneHHe cTporo BHNYKnOro MeTpHUeckoro npocTpaHcTBa
JksuBaneHTHO ollpeley eHHD crporo BHNykjoro faHaxoBoro
NMpocTpPaHCTBa, €CIH MeTpHUeckHe CBA3H HANHCAHH Uepe3 HOPMY .

B 2o0kazaTenncTpax cymecTBoBaHHa OONHX HEMOABHXHHX Touek a7nd
ceMefcTB oOroDpaxeHH# YCMemHO HCMNONb3OBaH OlepaTop 3 aMhkaHHd,
kaTopnp B 3HayHTelkHOH Mepe oripezenseT B MeTpHYyeckoM
NpocTpaHlCTRB € cTpYkTypY BHNYKIOCTH. /lokazaHH TeopeMH  AJ4
HeTpHyeckH X MPOCTPAHCTB ¢ AaHHHM oOnepaTopoM 3aMHkaHHd, B KOTopHX
ceMefcTBO oTob paxeHHH :

1) vaoBmeTBOpsieT YCHOBHD "HOpPMAILHOH cTPYkTYpH";
2) yMeybmaeT AKameTp OPOHTH ;

3) ksazH-HepacTATHBAaDHHE ;

4) yaoeneTBOpPAeT CBOHCTBY HHBApHaAHTHOCTH .

llonyueno of6ocbuwenne Teopewud Dona-bBpayspa-llayzepa amg w-
HenpepyBHOr o orob paxeHHsa , NOIL3 YSACbh annpokcHManH el paBHOMEPHO W-
HellpepyBHOI'0 oTchpaXxeHHs HelpPepHBHHM oOToOpaxeHHeM. B cHTyauHu
BelecTeeHHoH npaMof ckoHCTpYHpPOBaHA annpokcHMaunga Honee TouHad
YeM B oDoOmEHHOM CHTYAUHH. BHACHeHH CBOACTBA W-HeNpPepHBHHX
OoTodb paweHHiy . PazpaboraHa koykpernad skoHoumHueckad Mozenbh PpHHka.
CynecrpoBanHe paBHOBecHss puHka A0kaz3aHo C NOMONLO YTIOMSIH YT OH
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TeoOpeMH .

HAYYHAS] HOBU3HA
OCHOBHHe pe3yilLTaTH Anccep'rauHH NonYUEeHH ABTOPOM B
rfocneAiue 6 jerT.

TEOPETHYECKAY] WU NIPAKTHYECKAY [ EHHOCThL

Auccepralnigd B COBOKYNTHOCTH HOCHT TeopeTHUYeckHH xapakTep.

Pes yanTaTH I  yacTH npeanonaraeTrcga HCIONBL3 OBaTh B
Zokaz aTenb CTBax CYNeCTBOBaHHA PemMeHHA ANA HelHHeHHHHX CHCTeM
ypapHeHHH . [lpH 3ToM oBuHocTh pesynbTaros I* yacru (2 y 3+
FJaBW) MO3BOIAeT ¥X HCNOIb3 O0BaTh He TOoILko B INpocTpaHcTBax ¢
THHeHHHOl cTpykrTypoll, HO H B npocTpaHcTBax H6e3 3Tolf CTPYKTYPH .

/lna . ocHoBHoro pe3yurTara II® yacTy, a Takgxe AN] wW-
HelpepHBHOr 0 oOToOpaXxeHHs BO3MOXHH TNPHMeHeHHd B TeopeTHUeckHX
HccneaoBaHHAX >koHoMuku. B paboTe mpezanoxena oaHa molenb, And
koTopoif paBHoBecHe pHHka zokazaHo c nomombon oOOUEHHOA TeopeMoH
bona-HBpays pa-llaysepa A19 w-HenpepHBHOI O OTchpaxeHHd .

AITPOBAIIHY PABOTH

Pez ynbTaTH I™ yacTH Ancceprayuy AokIazWBalHCb Ha eXer oZHHX
HayyHux koHgepeHyusx JlaTBHiickoro yHHBepcHTeTa (1989-1993),
HayyHWx koH¢epeHuHax Tapryckoro yHuBepcuTera (1989-1991), a
Takge Ha  TupacnonbckoM cHMNO3HYMe Mo obuef TOMONOIHH H eé
npHnoxedHad (1991, Kumuués, Monzosa). C coaepraukewm II* yacTh
akcceprangdH o3HakouNeHn corTpyAHHkH HHcTHTYTa CrarHcTHkH H
3koHoMerpuk B ['amf ypckou yHHBepcHTeTe (1993/94).

1l YB]IHKAU‘HH
[lo Tene A¥ ccepTallHH onybnukopaHH 10 cTaTefl H Te3HCH.

OBbEM W CTPYKTYPA PABOTH

lHccepranus cocToHT H3 cnucka ofO3HaueHHR, BBeleHHA, ABYX
uacTefi, nocrecloBHd H CNHcka JHTepaTyph .- Jleppafd 4YacTh COAEPXHT
4 rnapw, BTopag - 3 ruaBhW. CnHcok Hcmonb3iyeMofl THTepaTypH
BkioyaeTr 99 wawMeHOBaKHHA . /lHCcepTAalHA H3TOKeHa Ha 92 cTpaHHlax.



COZl EPXAHH E PAD OTH

B npeanoxeqyHoM TekcTe HabpaHHHe XypcHBow onpeielleHHA H
pe3 YIbTATH 3TC - YXe H3BecTHHe; ocTalbHHEe OonpezelleHHs H
pe3 YIbETAaTH TNpeianaraetrcqa kak yophe.

BBEZIEHUE

Bo BBezenHHH obocHoBaHa akryalbHocThb npobnemaTHkd, ykas aHH
HarpaBleHHsl H L elH paboTH.

YyTaTenr MoXeT mno3HaKONHThbCH C ABYMA BHJASMH BHMNYKIOCTH,
koTopHe onpejenedHd B MPOHIBONILHOM MeTpHUeckoM NpocTpaHCTBEe H
ynoTpebusapTCcs B TEOPHH HeNnoABHYHWX Touek. Ykazanw cBoHcTBa
BNNYKIHX MHoxXecTB, Kkoropwe 6olbme BCero HCNOIb3OBaHH B
Aockaz aTelbCTBax TeopeM O HEeNoOABHXHHX Toykax.

I'* YACTh: OBINME HEIOZBHXHHE TOUKH ZANY CEMEHCTB OTOBPAXERHH

0. OCHOBHHE IOHYTHY, OIIPEAEIEHWY, W3BECTHHE PE3YIhLTATH

B 0% rpaBe JaHH OCHOBHHE NOHATHA , oOnpezeleHHs H
COPMYTHPOBAHHN  BaxHeHmHe H3BeCTHHEe Pe3 YIbTAaTH , koTtophe
o0 OCHOBHBART CYWECTBOBAaHHE HEeNOABHXHHX Touek AN HePacTHArHBaDnLHX
oTcb paxeHHH H ANH CeMeHCTB HepacTArHBAaDWLHX OT OO paxeHHH .
OlIPEJEJEHHE 0.1. Orob paxenye f:X-X (X - NeTpHYeckoe
NpPOCTPaHCTBO) HA3WBADT HEePAacTArHBapDWHM. €COH Ald Bcex x,yeX
BNIIOTHAeTca yclopHe: d(f(x).,f(y))<d(x,y).

Teopenma B.Képka yTnepxzaer:
TEOPEMA 0.1. (B.Kopk [1965])
lycTy 2aH0 pegnekcHBHoOe Ganaxopoe npocrpaHcrBo X H K - Bunyknoe,
3amkyyroe, orpaHHyeHHoe [OIMHOXecTBOo B JpocrpaicrBe X ¢
HopnagrHOf crpykrypolt. Ecmy oraOpaxenye ., koropoe oradpaygaer
MHoxecrpo K B cebg, HepacTarHpaoyee, To A0 oTabpaxennsa f
CYecTByeT HeJoABHXHasa Todka.
OITPE/IEJEHHE 0.2. Bwnyknoe mHoxecTBo K B HaHaxoBOM IIpOCTPaHCTEBe
X obnrazaer HopuanmpHoH cTpykrypod, ecnH B kaxioM BHIykmou,
O PAHHUEHHOM , HeOAHM I eNeHTHoM MHoxecrBe HcK cyyecrsyer Tako#
Jnedenr yeH, yro:

suply-x| < diamH=suplx-yl .

xeH x, yed

B nuTepaType .H3BecTHO Heckonrko ofcOmennf >TOH TeopeMH 214
ceMefictrpa oToh pagxeHHil . :
OIPEJENEHUE 0.3. JlycTp aaHo cewefcro F orobpaxennd f:K-K (K -
TPoH3pORBLHOEe  npocrpaHcrpo). Toyka x*€K Hazwpaerca obgef
HeltogpugHON Toukold amss cemescrea F, ecuy 219 kagaoro orob paxeHHs
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f ceuepictpa F punomnaerca:f(x®)=x".

OAMH H3 BapPHaHTOR, 4YTo OH cymecTBopana obwagd HeNoABHXHAad
Toyka, 3To TpeboBaHHe KOMMYTATHBRHOCTH ceMefCcTB oToODpaxeHHH .
OlIPEJ/IEJIEHHE 0.4. CeMmericTBO F orab paxeHHH Ha3NBaercsdg
kouMyraTHBHON , ecmH AN kaxiaoro VxeK (K - npoHapompHoe
npocTpaH cTBO) BHNONHsIeTcsd ycnopHe: f(g(x))=g(f(x)), Vf,geF.

B 1974 roay T.Jum o6cbuun TeopeMmy B.Kepka ang
koMMYTaTHBHOr © ceMeHCTRa HepacTATHBaDWHX OTobpaxeHHH .

1. HEKOTOPHE PE3YJIbTATH O HEIO/IBUXHHX TOUYKAX I CEMEACTB
OTOBPAXEHHH
B 1% rjape gokazaHH UYeTHpe TeopeMH O HelNOZBHXHHX Toykax.
[leppHie TpH MOXHO cuHTaTh oOcbueHHAAMH cleacTBHH TeopeMn B.Képka
W3 TrnpeAyled TIJaBH: orpaHHyeHHocTb MHoxecTBa K 3ameHeHa Ha
cyuecrpoBaHue Takod ToukH peK , B KkoTopoH ToclieloBaTeNbHOCTh
(F?(p)) nen OCPaHHUeHa. OB6oCOWeHHA TNepeHeceHo Ha koMMYTaTHBHHE
ceMeficTBa HepacTA'HBapuHX OToO paxeHHsSX.
TEOPEMA 1.1.
llyers : 1) X - pepnekcHBHoe HaHaxopoe MPOCTPaAHCTBO;
2) K - genycroe, BuHnykioe, 3amkuyToe nozaMHoxectBo X;
3) K o6nazaer HOpPMalbHOK CTPYKTYPOH;
4) F - kouMMyTaTHBHOe ceMeHCTBO HepacCTHIMBalILHX
oTobpaxeHHH , koTopHe oTobpaxapT MHoxecTBO K B cebq;
5) cynecrByYeT Takag Touka peK, yTo MHOXecCTRO
S={(f,e...of,) (D) |£,, ..., F,€F&NnEN} orpaHHueHo.
llpr 3Tux ycnoBuAx ang cewmeficTBa F cymecresyeT ofmasg HenoaBHxHAad
Toyka. ‘
TEOPEMA 1.2.
lyeTs : 1) X - crporo BHNnYknoe, pejpnekcuBHOe HanaxoBoe
NPOCTPAHCTRBO ;
2} K - Henycrtoe, BHNnyknoe, 3aMkHyToe noaMHoxecTBO X;
3) K cbnanaer HopManbHoOl cTpykrTypoh:
4) F - KOMMYTaTHBEHOe ceMeHCTBO KoHeuHoro yycia
HepacTaruBapuyx orof paxeHu#i, koTopwe oTobpaxapT
MHoxecTBo K B cebg;
5) cymecrBYer Takag Toyka p€K, uTo nocrezoBaTenbHOCTL

(£7(p)) pen 419 kaxzoro feF orpanHueHa.

Mpu >THx ycnopuax Ana cemefictBa F cymecTsyer ofnas HenoaBHXHag
Toyka.

UTo 64 B cuTyauuu TeopeMu 1.2. rapaHTHPOBAaTh CYNecTEBOBaHHe
cOmen Hern oA BHXH OH ToY kH 214 KoMMYTATHBHOT O ceMelicTRa
HepacTarypHOXUX OToOpaxeHH# Oe3 OrpaHHYeHHs Ha MOWHOCThL, B
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Teopede 1.3. nAToe ycliopHe OPMYIHPOBaHO CIeAYDLHM oD pas owm:

5) cymecrByer Takoe orcbpaxeHHe f,€F, aumad koroporo
MHOXECTBO HEeNoZABHXHHX Toyek Pixf, Helnycroe, orpaHHUeHHoOe,
saMmkiyroe, ¢ HopMalbHO} CTPYKTYpOH .

[locneauaqa Teopenwa 1* rjaBH ecTecTEeHHO OTIHYyaeTcqg OT
nepeaymHx. B 3Toli Teopeme aaHH ycnoBxe, NpPH koTopwx aAns kaxaoro
oTob pakeHHsA CceMelCTEa cywecTBYDT cBos, He off3aTelbHo obuas,
HenoABHXHas Touyka.

TEOPEMA "1.4.

lyers : 1) X - HopuHpPOoBaHHOe BekTOpHOe NPOCTPaHCTBO (HaA
nonesMm R uiu C);
2) K - komnakrTHoOe noxauMHoxecrpo X;
3) F=(f,,f,,...,.f,} - cemeHcTBO KoHeuHoro yHcla
HepacTArHBaoWU X oTobpaxeHHH, koTopHe YZOBIeTBOPADT
YCTOBHSIMH :
a) Vx,yeK(x+y): minlIf,(x)-£,(y)|i=1.2,.....n}<x-y]:
b) VxeK: convif, (x),....f,(x)}cK.

Npu >THx ycmoBHsix Ama kagaoro orcbpaxeHHs f,€F cymecTByeT

HenozpuxHag Touka x;: f;(x;)=x,;, 1=1,2,...,n.

2. CTPOI'O BHIIYKJIHE METPAUECKHE NPOCTPAHCTBA

2'* paBa COJepXHT TPH Naparpaspa.

2.1. BHIYKJIHE MHOXECTBA Y CTPOI'O BHIIYKJIHE BAHAXOBHE IIPOCTPAHCTBA

B s3ToM naparpage paccMOTPeHH H3IBecTHHe pe3ylbTaTh, kak
onpejendTh BHMNYKlIoe MHOXecTBO B BeKTOpHOM NnpocTpaHcTBe, KkakHMHu
cBofcTpaMyd obnazapnT sBunykinme umHoxecTsa, kak onpezemuThr cTporo
vwunyknoe 6 ayaxopoe npocTpaHcTRO, kakoBH > kBHBaleHTHHE
¢OPMYTHPOBKH .

OIIPEJJFENEHHE 2.1.3. Bawaxopoe [pocTpaHcTBo X Ha3HWBAaeTcs CTPoro
BunyknwM, ecnyuy kagxaad Touka eAHHHYHOR Cpepw He [ABIgeTcHd
KHyrpenWHel ToyukohA orpes ka eJHHHYHOI'O mapa.

JTo onpezeneqpe coryacyo YrpepxaeHko 2.1.1. (B.Uerparecky,57
CTP.) >kBMBaleHTHO cIezyplieMy YCNOBHD B HaHaxXxoBOM NPOCTpaHCTBe
X: Vx,yeX: Ix+yl=Ixl+lyl=( (3AeR,,: x=Ay) ¥V (x=0) V(y=0)) .

Ang uepacTarHpBapmero orobpaXeHWsds B BHMYKIWX H 3aMkHYTHX
”OﬂMHOXECTBaK CTPOr o BRN Y}(I[OI‘O 6aHaXOBOI"O MpOCTPAHCTRaA MHOXeCTBO
HenoaBuxHHX Toyek gBngerTcd BHOYKIHM H 3aMmkHYTHM. TakuM cBofcTBOM
ohnazapT M ApyrHe ceMedHcTBa oTofpaxeHHH, HaNpHMep, Kksaiu-
HepacTarqpapnHe ¥ acHMNTOTHUYUEeckH HepacTdrHBaplKHe OoToDPpaxeHHH .
OIPEJJEJEHHE 2.1.4. (B.Zlorcon [1972]) Orobpaxenne f:K-K (K -
1OAMHO)YecTE O HOPMHPOBANHOIO IHHeHHOr © [MpOCTPaAHCTRA) Ha3HBAETCcH
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kpaz y ~HepaCTArHB aDUHM , €CIH CYHecTByeT HenoABHXHad Toyka y 3Toro
orcbpaxeHHss H 218 kaxaod ¢HkcHpoBaHHOH HENOABHY¥HOA Toukn peK
orcb paxennsg f BunogHsdercd:|f(x)-pl<lx-pl, VxeK.

Ol PE/IENERHE 2.1.5. (K.[56em. B. K& pk [1972]) lTycrs
nociezo0BaTelbEH OCTh JA€H CTBHT eIBHHX YH cex (ky) jem 2
k;21, k;,,5ky, i=1,2,... Takoe., yro %;mkj=1. Orob paxeqye f:K-K
(K - [NOAMHOKECTBO HOPMHPOBAHHOI© IHHEJHOro [1pocTpaHcTBa)

Ha3 HNBaercg AaCHMIITOTHYEeCKH HepacTAl HBADUHN , €CTH :
Vx,yeK: If1(x)-fi(y) )<k, ix-yvi-

2.2. BHIIYKTTHE MHOXECTBA WU CTPOI'O BHITYKIHE METPHUECKHUE
TPOCTPAHCTBA ) '

Bunyknoe MHoxecTBO MeTpHueckoro npocrpaHcTBa (X.,d) ¢

pacTossHHeM d onpezeleHo CIeaYDUHM oD pa3 oMm:
ONMPEAENEHUE 2.2.1. MuoxecTBo KcX HasHBaeTcH BHNYKIHM, ecIH And
100HX ABYX 3J7eMeHToB X,y € K u amg kaxaoro te[0,1] cylecTByeT
Tako#t 3n1eMeHT z€K, uTo BHNonHAnTcA paBeHcrTBa: d(x,z)=td(x,y) H
d(z,y)=(1-t)d(x,y).

Crporo BHNnyknoe MeTpHueckoe [IpPOCTPaHCTBO oOllpejeleHo

cnezypuuMm obpa3oum:
ONNPEAEIEHHE 2.2.2. MeTpuHueckoe npocrtpancTBo (X,d) yHaszwpaeTca
CTPOro BHAYKIHM, eciH ANg WoOHX ABYX 3NeMeHToB x,Yy € K m ans
kaxzoro te[0,1] cymecrsyeT Takol eauHCTBeHHHH 3TeMeHT z€K, uTo
EHIONHADTCSH PaBeHCcTBa:

d(x,z)=td(x,y) u d(z,.y)=(1-t)d(x,y).

Jlokazaqo, uTo B cTporo panykioM MeTpHyeckoM N POCTPaHCTBE
lepeceyeHxe BHMYKIHX MHOXECTB #ABIfAeTCS BHIYKIHM MHOXeCTBOM
(Teopema 2.2.1.), uTo B BHNYkidHX H 3 aMkHYTHX TMNOAMHOXecTBAaX
CTPOroc BHNYKIOro MeTpHyeckoro npocTpaHcTBa MHOXECTBO HeNOABHXHHX
Toyek 2ama  HepacTarupanmmux  (Jleuma 2.2.1.), 2ama  keasdH-
uepaCTﬂnﬁaanx (Tenma 2.2.2.) H AnA acHmMITOTHY ecky
epacrarupaoyHx (Jleuna 2.2.3.) orcbpakeHHH dBIAeTCA BHMNYKIHM H
3aMkHyTHM . YOMAHYTHEe Pe3yIbTaTH HCMolb3OBaHW B Aoka3aTenbcTBe
Teopewn 2.2.4.

TEOPEMA 2.2.4.
Ecmu:1) X - cTporo Bhnykiloe meTpHyeckoe [pPpOCTPaHCTBO;

2) AN4 NMPOU3IBOTILHHX Touyek a,b,ceX u ana kaxzaoro zeX rtakoro,

yto: d(b,z)=td(b,c) u d(z,c)=(1-t)d(b,c), rae te]0;1],

BuNoONHAeTca ycnopHe: d(a,z)<max{d(a,b),d(a,c)};

3) KeX - Bunvyknoe ¢ kounakTHoe NMHOXECTRBO;

4) F ~ koumyTaTHBHOEB cCceMeACTBO
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a) HepacTArHBapMHx oToOPaXeHHH, HIH
6) kBazH-HepacTATHBADWKHX OTOf paxeHHK HIH
B) ACHMNTOTHYeckH HepacTArHBapWHX OTODpPAaKEHHH ,
koTopde oTobpaxapT MHoxecTBo K B cebgq;
5) ang Bcex feF: Fixfz2¢ ( B cuTyauHH 4)6 3TO YcloBHe
oTnaaaet),
Torza cymecTByerT obmad HemoaBHxHad Touka A1A ceMeHcTBa F.
2.3. ENE PA3 O CTPOIO BHIIYRIHX BAHAXOBHX [IPOCTPAHCTBAX
llokaz aHo: '
YTBEPXAEHHE 2.3.1.
B BaHaxOBOM NpocTpaHcTBe clelYON}e YCNOBHA 3 KBHBAN€HTHH :
1.Vx, yex: x+yl=kxl+Ilyl=((JAeR,,: x=Ay) V (x=0) V(y=0) ) ;

2.Vx,yeX VYte(0,1] 3! zeX: Ix-zFtix-yi. |z-yl=(1-t) Ix-yi.

B 3aknouenHH 2!* rmnaBy JaH N pPHMEep CTPOro MerpHyeckoro
npoctpaHeTrBa, koropoe Hegplgercd CTPOro BHNYKIHM 6OaHaXxoOBHM
(IPOCTPAaHK CTR OM .

3. HENOZABUXHHE TOURH OTOBPAXEHWA B METPWUECKMX ITPOCTPAHCTBAX C
OIIEPATOPOM 3AMHKAHHUY

3 rgpaBa cozepyRUT NATH [apar pagos .
3.1. O[[EPATOPH 3AMHKAHWY W WX CBOWCTBA

JToT naparpag NOCBfl€H HCCIeAOBAaHHD ONepaTopoB 3 aMukaHHSA .
OnHcanHbe 32echb pe3ylbTaTH HedBTAETCS HOBHMH . ABTOpP AHCCEPTAIHH
HCMONb3 YET 3TH Ppe3yiabTaTH B CHEAYDUMX UYeTpSX [aparpapax B
o OCHOBAHWKW CylecCTBOBAHHA HENOABHXHHX Touek oTohpaxeHHH B
MeTpHyeckHX MpocTPaHCTBax Cc onepaTopoN 3aMHkanud. OTMeTHM 3 zech
BaxHelimHe pe3 ynbTaTH of oneparopax 3 aMHkaHH4 .

MioxecTBO BCex NMOAMHOXeCcTB MNpocTpaHcTBa X of o3 HayHM
yepes PX.

OIIPEJEJEHHE 3.1.1.

Orc6 pageyy e S:PX-PX Has Wpaercd offepaTopoM FaMNKkalHH4a B
npocrpancree X, ecyH AnA IOOWX JABYX MHoXecrpax A,BePX
BHIOAHAETCA :

l) AcB = S(A)cS(B);

2) AcS(A);

3) S(A)=S(5(A)).

MioxecTso A€PX HaswBaoT S-3aMmkHyTeM, ecund A=S(A), rae S
onepaTop 3aMnkanng B npocTpaHcTpe X. /okazaHo, UTO cHCTeMa S-
SaMkHyTHX MHOXecTB B TJnpocTpajcTBe X HHBAPHAHTHA OTHOCHTENRhHO
Nepeceyequl .

OTPEAEJEHHE 3.1.3.
B npocrpancrpe X, B koropoy onpezegeH oneparop 3amNkaHHA,
Miogxecrpo A Haswpaercqg S-kounakrTuuM, echy nepeceyeHye MHOXECTB
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kax10l I EHTPHPOBAHHOH CHCTEeMh S—3 aMKHYTHX [10AMHOXeCTB A Helnycro.
OlIPE/JENEHHE 3.1.4.

Oneparop 3aMw kanus Sa Ha 1pocTparcrae X  Haswpaercs
anrep pauyeckuym, ecyu ama apboro AePX m xeSa(A) cyyecrpyer Takoe
koneynoe MHoxectBo FcA, yro xeSa(F).

JToT naparpag 3akapuaer Jewma 3.1.1., koTopaa obocHOBHBaer
koppekTHOCTb Hcnonb3opaHHd Jiemun llopHa B aokozaTenhcTBax TeopeM
HeloABHXHHX Toyek.

3.2. HENOABMXHHE TOYKHW CEMEACTB OTOBPAXEHWH C  YCJIOBUEM
"HOPMAJJLHOW CTPYKTYPH"
/lokas aHH 2Be TeopeMh:
TEOPEMA 3.2.1.
[Tycrs : 1) (X,d) - meTpHyeckoe NMPOCTPAHCTBO ¢ anr edpaHyeckuUM
oriepaTopoM 3 aMhKkaHHA S;
2) X - S-kounakrro;
3) kaxawh 3amkuyTu#t map B(x,r) (xeX, reR,,)
S-3 amkuyr.
lyerb F - KoMMyTaTHBHOe ceMelCTBO HepacTATHBaPWHX OTo0 paxeHHH ,
koTopne oTobpaxanT NnpocTpaicTBo X B cebda, H
4) ang Bcex feF MHoxecTBO HenoZBHXHHX Touek Fixf
Henycro H S-3aMkHyToO;
5) VfeF, VxeX(x#*f(x)) dyeA(x, f):
supld(y, z) |z€A(x, F) } < diamA(x, f) -
ycnosye "HopManbHOH cTpPYKTYPH'";
rae A(x,f):=N{AePX|xcA & A=S(A) & £(A) cA}.
IPH DTHX ycTOBHAX cymecTBYeT oblaf HeNnoaBHRHAA Touka
ceMeficrpa F.
TEOPEMA 3.2.2.
TveTh : 1) (X,d) - MeTpuueckoe npocTpaHCTBO C QfepaTopoM
3 aMukaung S;
2) X - S-komunakruo;
3) kaxauwi 3amkHyTw# map B(x.,r) (xeX, reR,))
S-3amkuyT.
lyerh F - cemeficTBO HepacTHTHBaDWHX oToOpaxeHHl, koTopwe
orobpaxapT npocrpancrso X B cefg, U
4)3gel 0;1 [ Vx, yeX Vf, geP:
d(f(x),gly))smax{d(x,y);qgdiam(A{x)UA(y))};
5)VxeX(Aver: vix) »x) I yeA(x) :
supld(y, z) | z€A (x) }< diamA(x) .
rae A(x):=N{AePX|x€A & A=S(AR) & VEEF: f(A)cA}.
IPH 3THX YyCTOBHAX cyliecTByeT obuad HemoABHXHad Touka
CeMeficTtpa F.
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OB oCHOBAHHO (TpuMdep 3.2.1.), uTo B O6eHXx TeopeMax naToEe’
ycnopHe cjafee YCNOBHA O HOPMAJbLHOCTH CTPYKTYPH B TeopeMax
B.Kepka n J .Denmmpca. Tak xe zax JlpuuMep 3.2.2., koropu#t
nokazypaeT, UTo S-3aMkHYTOCTL MHO¥ecTBa HeNoABHXHHX Touek He
cneayeT H3 APYrHX ycnoRpHH Teopemm 3.2.1.

3.3. HENOABHXHHE TOYKH CEMEACTB OTOBPAXEHWH C YMEHLIEHHHM
OPBUTAJILHHM ZAUAMETPOM

B crargax [1969], ([1970] B.Képk Hcnonb3opanl ABa Ppa3JHUHHX
yCcnoBHA AN YMeHblleHH OpOUTaIbHOrC AHaMeTpa OTODpaxeHuy .
lepeyocyg 3TH YCHOBHA Ha MeTpHYeckoe NpoOCTPaHCTBO c ajled paHyeckHM
ofepaTopoM 3aMHKaHHA, TMNOIYUeHH cIeiyouHe JABe TeopeMhW AI4
ceMeHcTB OTOD paxeHHit .

TEOPEMA 3.3.1.
[lyeTn: 1) (¥,d) - meTpHueckoe NpPpocTpaHCTBO co anr ebpaHyeckHwM
ollepaTopoM 3 aMHkaHHa S;
2)anga Bcex S(A)=S(Z(AY)=:8/(A4);
3) X - S'-kounakTHO;
4) kaxau#t 3amkHyTH# map B(x,r) (xeX, reR,,)
S—3 amkuyr.
fyctb F - ceMmelicTBO HeNlpepuBHHX oTobOpaxenHH, koTopwe oTodpaxapnT
npocrpaHcTRO X B ceba, H
5) 3t€lo;1([ Vx,yeXVE, geF:
d(f(x),g(y))<smax{d(x,y); tdiam{A(x)UA(y))};
6) VxeX(AveP:v(x)#x)IdyeA(x):
sup{inf{sup{d(y, f*(x)) |m2n} neZ, } feF} < diamA(x) ,

rae A(x):=M{A€PX|xc€A& A=S'(A) & VFfEF: F(A)cA}.
IpH 3THX ycmoBHAx cymecTBYeT ocbmag HenoABHXHag Touka
ceMeficTpa F.
B TEOPEME 3.3.2., B ornuune or 3.3.1., H3MeHeHO [ecToe
YCIOBHe. 3TO YcloBHe ocnabjeHo B clelyoieM BHAe:
6) INeZ,, VxeX(AveF: v(x) »x) I yeA(x) :

sup{inf{sup{d(y, f®(x)) [m2n} n2N}} feF} < diamA(x) .

vae A(x):=N{AePX|xcA& A=S'(A) &VfeF: f(A)cA}.
IIPH 3THX ycnoBHax cymecTByeT obuyad HenoABHXHag Toyka
cemefictpa F.
3.4. HE[OABUXHHE TOYKW CEMEUCTB KBA3W-HEPACTATWBADIMX OTOHPAXEHWH
C  onpeaenenuen kBa3 H ~HepacTHAr HBADMH X oTobpaxeHHH B
TOPMHpPOBaHHOM BeKTOPHOM NPOCTPAHCTBE TNoO3HakoMHNIHCh Bo 2™ ruame
(Oripeseneyne 2.1.4.). B craThe [1974] B.Jllorcoda H X.CexTepa
ksazyu-HepacTdArHupapuue orcbpakeHHs PacCMaTPHBAaNTCH B CIeayouew
kinue: ecyu B MHOXecTBe A HOPMHPOBAHHOIO THHeHHOr o MPOCTPaHCTBA
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y oTobpaxeHHd f:A-A cymecTBYeT HeloABHXHad Touka H
vx,y€A: |f(x)-£(y)salx-f(x)|+bly-£(y) |+clx-yl. (™)
rae a,b,c¢ 20 y O<Ka+b+cel, ToO0 3TO orchpaxeHué - ksalzhu-
jepacrdrupapllee. B TeopeMax o HenoZBHXHHEX Toukax P.K3HH3Ha
([(1971], [1973]) B HbaHaxoBOM N pPOCTPAHCTBEe OOHYHO koHcTaHTH c=0
w a=b=0,5. C.Pafix [1971) zokazal cymecrBoBaHHe HeNOABHXHOR TOUKH
c ycnoBHeM (*) B nmonHoM MeTrpHueckoM NpocTpaHCTBE.
B ZAucepraliHH AokazaHw JABe TeopeNH, koTophwe ofobmaonT

pez yibTarh P.KsnHroHa 4 C.Palixa zan9 ceMeficTB oToOpaxeHud B
MeTpHyeckoM TIpocCTpaHCTBe C ollepaTopoM 3 amhWkaHHH .
TEOPEMA 3.4.1.
lycTh : 1) (X,d) - MerpHueckoe TpocTpaHcTBO co anr eb paHueckHUM

ofiepaTopoM 3 aMhkaHug S;

2)an9 Bcex S(AY=S(S(AY)=:8'(A);

3) X - S'-kounakrtHO;

4) kaxaw# 3amkHyTHhA map B(x,r) (xeX, reR,,)

S—3aMkHyT.
llycTh F - ceMedcTBO HenpepHBHWX oTobpaxeHH# , koropwe oTchpaxapT
npocrpaHcTBo X B cebqa, H

5)Vf,g,heFVx,yexX3dacl0;1[:

d(g(x).,h(y))sad(x, f(x))+(1-e)d(y, £(y));
6) VxeX(IveF: v(x) #x) I yeA(x) :
supld(y, £(y)) |feFi<suplsupld(z, £(z)) |z€A(x) }feF},
vae A(x):=N{AePX|xeA & A=5S'(A) &« VfeF: f(A)cA}.

TP 3THX YyCTIOBHAX cylecTBYeT eAHHCTBeHHad HenoaBHxHasa Touka
cemyefictpa F.
B TEOPEME 3.4.2., coxpaHff IlepBde UYeTHpe YCIOBHfl TNpeanayled
TeopeMH, TpeDyd HelpepwBHOCThL oTobpaxeHHH cemeficTBa F H

5)Vf,g,heFVx,yeX3a,b,ceR, :0< a+b+2c<1:

d(g(x),h(y))<ad(f(x),x)+bd(f(y),y)+cd(x.,y) ;
6) VxeX(IveF: v(x) »x)d yeA(x) dwea (x) :
supld(w, z) |z€A (x) }ssupld(y, f(y)) |feFKsuplsupld(z, f(z)) |z€A(x) }feF),

rae A(x):=N{AePX|xeA& A=S'(A) & VfeF: f(A)cA},
Takye MOXHO rapaHTHPOBATh CYIECTBOBAHHE eAHHCTBEeHHOH HeroABHXHOH
Touyky cemeficrBa F.
3.5. HEMNOABWXHHE TOYKY CEMEWCTB OTOBPAXEHMA CO CBOWCTBOM
HHBAPHAHTHOCTH

[1970] B.Takaxamu xzan creayplee olpelejedHHe CcCBoACTBa
HHBa@pPHaHTHOCTH :
ONPEJENERHE 3.5.2.
Cemellcrpo  Hepacrarupapuix  orobpaxewuds  F:={f[f:E-E, E -
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noamHoxecrpo Takaxamu BHIYKGOro MeTpHYyeckoro JJpoCTpPaHcTBa} HMeeT
cBOHCTBO HHBAPHAHTHOCTH B MHoxecTBe E, eczn B kawao# koumnakrTHoH
Takaxamn BHNykno# umHoxecTBe KcE, ama koropos f(K)cK, VfeF,
cyecTByer KkomnakrHoe noamHoxecrpo McK rakoe, yro f(M)=M zana
pcex fgF.

K B.Takaxamu [1970], u P.ze Mapp [1963], u M.TackoBHu
(19801, zockaswBag cymecTBopaHHe oOmeH HEeNoOABHXHOR Toukd A1d

KOMMYTaTHBHOr O ceMefcTBa oToOpaXxeHHH, TNONb3YOTCA CBOHCTBOM
KHBapHAHTHOCTH . B AXCcepTaluH onpeaeneyo CROHCTRO S-
HHBAapHaHTHOCTH H S-HopMalb H o# crpYkTyPH H zaoka3 ana

COOTBETCTB Yyollag TeopeMa.
[lycts X MeTpHueckoe mpocTpaHCTBO.

OMPEZENEHHE 3.5.3.
CemeficTBo oToOpaxeHHH F, koTopHe oTobpaxapT MHoxecTBo EcX B
cefd, UMeeT CBOHCTBO S-HHBAPHAHTHOCTH, eclH B kaxaoM
S-komnakTHoM u S-aamkuyrom TmoaMHoxecrBe KcE, 2ana koroporo
E(K)<K, VfeF, cywectByer S-kounakrHoe noamuioxecrso McK Takoe,
uro f(M)=M ang Bcex feF.
ONNPEAEJEHHE 3.5.4.
S—3 amkHyToe MHoxecTBOo KcX umeer S-HopMaJibHYn cTpYKTYpy, ecilH B
kaxzom S-3aMkHyTOM HeoanodTeMeHTHOM NoaMHoxecTtBe HcK cymecTByeT
Takol 3nemeHT u€H, uro supld(x, u)|xeH}<diamH.
[oBopgdT, yTo npocrpaHcTse X HMeeT S-HOPMATbHYOD CTPYKTYPY, ecnu
kaxaoe S-3amMkHyToe nozaMHoxecTBOo B JipoctpaHcTBe X HMeeT S-
HOPMATILHYD CTPYKTYPRY.
TEOPEMA 3.5.1.
llyeTy: 1) (X,d) - MeTpuHUueckoe TIPOCTPAHCTRQ C OJ[€epaTOpPOM

3 aMykaHug S;

2) X - S-kowunakrTHo;

3) X UMeeT S-HOPMaJbHYO CTPYKTYPY:

4) kaxaw# 3 aMmkuyTuf map B(x,r) (xeX, reR,,)

S—3amkHyYT.
Ecny cemelicTBo HepacTArupaplux orobpaxeduh F, koropwe orobpaxanr
npocrpaHcTee X B cebdg, HMeeT CBOHCTBO S-HHBaPHAHTHOCTH . TO

cyiiecrpyer cbumasd HenoapHxHag Touka cemeficTBa F.

OrmeyeHo (3aMerka 3.5.1.), yTo ceMeHCTBO HepaCTHTHBADUHX
orTohpaxeuufp B TeopeMe 3.5.1. MOXHO 3aMEeHHTh Ha ceMeficTBO
AHaMeTpallbHO HepacCTAr HBaLIH X OT oD paxeHHH .

_13—



I1' YACTh: YCTOHUHBOCTh TEOPEMH BOJNA-BPAYJPA-[IAYZIEPA

0. WCTOPHYECKUHA OB30P

B rnmaBe aan kpaTku#ft o563 0op HCTOPHH Pa3BHTHA TeopeMhw Dpayspa
(1910]. ABTOP H3IBECTHOH TeopeMn fABNAeTcad OanTodHemeykui
maremaTrk [lHpc Borpr [1904]. Camnoe nonyngpHoe obobleHHe Teopemn
bona-Bpayspa - 3To TeopeMma llayzepa [1930].
TEOPEMA WJAY/JEPA ([1930]).
Ecniy K Henycroe, kounmakTHoe H BHNykmoe MNOAMHOXECTBO bHaHaxopa
npocrpaHcrea, koropoe HenpepwpHoe ordbpaxeyne [ ordbpaxaer B
cebg, TO y orobpaxeHHa f CyyecTBYET HEeNOABHXHAA Touka.

1. AHAJOI' TEOPEMH WAYAEPA AN w-HEIIPEPHBHOI'O OTOBPAXEHHY

1'* rnaBa cozepXHT TPH faparpaga.
1.1. OCHOBHHE [IOHYTHE

C.Rakyrauu [1943] yrgepxaaeT, uyTo B TeopeMe llayzepa
HeB O3 MOXHO 3aMeHHTL koMmakTHocTh MHOXecTBa Ha BHOYKIocrs |
O PaHHY @eHHOCThL . MOXHO NMOCTPOHUTH 3N1eMeHTapHHe NMPHMEepH, B KOTOpHX,
onyckag TpebopaHHe BHNYKIOCTH MHOXecTBa, YTBepXZeHHe TeopewmH
llayzepa He BunonHgercqg. B I[lpuMepe 1.1.1 nokazaHo: ecmu H3
ERNyknoro u koumnakrHoro MHoxecTBa -~ B 3TOM NpHMepe, elHHHYHOr O
mapa, - yaalHTh Tolbko oaHy Toudyky, To MOXHO cKkoOHCTPOHPOBAaTb
Takoe oTofpaxeHHe, koTopoe He HMeeT HE[OABHXHOH Touku H
pPaccTodHue Mexay IToOol Toukof MHOXecTBa H e oDpa3oM copa3MepHo
"Donpmoe”, T.e., HeDonbmHe "oOTkloHeHHe' MHOXecTBa OT BHIYKjocTH
H koMnaKkTHOCTH ecTecTBeHHO M3 MeHHIH BHBoA TeopeMmh llayaepa.

[logpmgaerca Bonpoc. kak H3IMeHHTcR BHBoaA TeopeMmu llayzepa,
€CIIH ocnabyeqo YclniopHe o HellpepH BHOCTH oT'00 pax eHHH . B
AHccepTallHH TNpPeAlOXeHO HelpepWBHOe oToOpaxeHHe 3aMeHHTh Ha w-
HellpepHpHOe oTobpaxeHHe.

llyctb X - MerpHueckoe qpocTpaHcTBo ¢ MmeTpukod d, nyerh
D(f)cX - obmacTh onpeaenenus orobpaxeHHa f u £:D(f)-X.
ONPEAEJEHHE 1.1.1.
OrcOpaxenne f Haswpaerca w-HenpephBHoM (weR,,) B Touke x,€D(f),
ecny ana n1oboro uucna e€R,, cymecrByer Takoe 8€R,,, uTo a8 nd ot
Touky xeD(f): d(x,,x)<8 BunonHaeTcq ycnosue: d(f(x,),f(x))< e+w.
Ecny orofpaxenne f w-HenpepwpHoe B kaxjof Touke D(f), To Takoe
oTofi paxeHHe Ha3HBaeTcqd W-HelpepHBHHM Ha MHoORecTBe D(f) umH
POCTO W-HelpepNBHHM .

Yro 6OH pealH3HWPOBATH BO3MOXHHH [IO3HTHBHHH pe3 ynbTarT,
HCIloh3 oBaHa HAes aJinpOKCHMAalHH .
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ONPEJAEJEHHE 1.1.3. ) _
OrcbpaxeHHe g:A-X, rage A NoAMHOXecTBO MeTpHUeckoro npocrpaHcTBa
X v AoD(f) ., HazWBaercd u-annpokchmalHeHr orobpaxenHda f:D(f)cA-X
n MHoxecTBe D(f), ecnu Ang mpbol Touku xeD(f) BHnoIHAeTcq:
d(£(x)., g(x))<n, peR,.

3Hag, UYTo Ha kouMnakTHOM MHOXECTBe HellPepHRHOE OTOoOpaxeHHe
ikNdeTrcd paBHOMEPHO HelpepHBHHM, O/lpeAelleHO0 paBHOMEPHO W-
HelpepHBHOEe OTo0paxeHHe H JZokazaH COOTBETCTBYDWKH Pe3 YNbTaT.
OMPEJEJEHUE 1.1.4.
OroH paxeyue f:D(£)-X Ha3 HBaeTcH PaBHOMEPH O W-H ellpPepHBHOM

(weR,,), ecnd ama noboro uucra e€eR,, cymecrtsyer Takoi 8€R YyTo

ana nTobux ABYx Touek x,yeD(f): d(x,y)<8 BHNONHAeTCcH YycCJOBHe:
d(f(x,),f(x))<e+w.
TEOPEMA 1.1.1.
Ecnu X - MmerpHyeckoe npocrpancTBo, A - koummnakrHoe MoaMHOXecTRO
B npocrpaHcree X H orobpaxeHHe f:A-BcX —-w~Henp8pHBHOE, To f
PaRHOMEPHO W-HeNnpepWBHoe oToDpaxeHue.
1.2. CYNECTBOBAHUE HEITPEPHBHOH ATITPOKCHUMANIMKM AN w-HEIITPEPHBHOI'O
OTOBPAXEHHUYA

JTor naparpag gABlsfercay noaroropkof ocbobmeHHs Teopemu
layzepa. /lokaszana cinezypmpas TeopeMma:
TEOPEMA 1.2.1.
Ecyu X - yopuHpoBaHHOe ITHHeHlHoe npocTpaHcTpo, AcX - komnakThoe
MHoxecTBo, f:A-X - paBHOMepHO wW-HellpepHBHOe oTobpaxeHue, Toraa
CYlecTByeT HenpepWBHoe w'-annpokcuMauua f orobpaxenus f u

f(A)cconvf(A) , w'dw.
/lokas aTenb cTBO 2TOH TeopeNH dBlIdeTcqd OAHHM H3 CIOXHEeHmHX BO
Bcefl Anccepraliki. Bo-nepBux, BO MHOXecTBe A koHcTpyHpyeTcqd ceTb

M 43 onpeaenénHHHx Touek. BO-BTOPWX, YacCTHYHO [OBTOPHA
20kaz aTenpcTBO  ofcbme HHOA Teopemn  TuTye, KOHCTpPYHPYET cH
HelpepypHoe T[poZoNXeHHe Ha BCE TINpocTpaHcTBo X Ald CYXeHHd
orcbpaxeyns f Bo MHoxecTtse M. [locnmeanu#t mar - aokazaHo, YTo

MonyyeHHoe npoaonxeHHe aBIAeTca W'-annpokcuMalliell orobpaxeduu f.

/
B cuyyae, korza f:[a;b]-R, cymecTByeT HeNnpepwBHagq %%—

annpokcumanug . JTo 2okazano B Teopeme 1.2.2..
1.3. OCHOBHOW PE3YJLTAT
B npeawzaymux naparpasax olyueHHNe Pe3ylbTaTd [O3BONdeT
Aokas aTp :
TEOPEMA 1.3.1.

Ecniu K wenycroe, koumnakrTHoe H Bunyklioe NMoOAMHOXeCTBO OaHaXoBOr O
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npocrpaHcTBa X, koTopoe w-HenpepHBHoe orTofpaxeHHe f orochpaxaer
B cebd, Torza Bo MHoxecTBe K cymecTByeT Takag Toyka x°, UTo
d(x*, F(x*)) <2w!/, w'du.

CJEACTBUE 1.3.1.

Eciy K=[a;b} 4 f:K-K w-HenpepwpHoe orobpaxeHHe, To cyuwecTBYeT
Takag Touka x*€K,uTo d(x*,f(x"))s<w/, w'dw.

CIEACTBHE 1.3.2.

Ecnu npen yvcuosuax Teopemuw 1.3.1. puHnonHdgercd, uTo f paBHONMepHO
w-i{epepHBHoe arTcbpaxexHHe, To Ix*eK: d(x", f(x*)) sw/, w'dw.
CIEACTBHE 1.3.3.

Ecng K=la;b] u f:K-K paBHOMepHO w-HelpepuBHoe oTobpaxeHHe, TO

/
Ax*ek: d(x*, £(x")) s_"’z_ , WO,

2. BO3MOXHOE JIPUMEHEHHME B 3KOHOMHUKE

2! rjaBa colepXHT ABe naparpaga.
2.1. CBOHCTBA w-~HENPEPHBHOI'O OTOBPAXEHUY] B HOPMHYPOBAHHOM
[TPOCTPABCTBE

3HakoMCcTBO ¢ TeopHel 3> koHoMHUecKkHX Mozelled paBHOBEeCHA pHHka
(nanpuMmep, K.Appor, ¢.Tan [1980] wunaH P.Kopupan [1984])
nokazypaeT, 4yTo B TIpaMoM BHAae Teopemy 1.3.1. Hcrnoun3oBaTh
HeB o3 MOXHO. BoanHkaeT HeoDXOAHMOCTh BHACHHTL CBOHCTEA W-
lenpepNBHHX oTobpaxeHHH B eBKIHAOBHX fpocTpaHcTBax. HHuero He
Tepdqd H3 pe3yNbTATOB [MpeznAYllef TIaBH, MOAHGHUHPOBAHO W-
HellpepyBHoe OTODpaxeHHe B ClezyplleM BHAEe:
ONMPEAENEHUE 2.1.1.
Orob paxeHue f:¥X-Y, rae X,y - HOPMHPOBARKNEe BekTOpHHe
MpocTpaHcTBRa, HazHWBaeTcd wW-HellpepuBHoM (weR ) B Touke x.€X,
ecny ang ngpboro yHcna e€R,, cymecrsyer Takoe 8€R,,. uTo ang nob ok
Toukh xeX: |x-x,14,¢8 BHMomHAeTcs ycnoBue: |f(x)-f(x,) |, <e+w.
Ecny oTobpaxenne f w-HenpepwBHoe B kaxaoif Touke npocrpaHcTBa X,
To Takoe oTobpaxeHHe Ha3lHBaeTcd W-HelnpepWBHWM B MpocTpaHcTre X
HIIH NMPOCTO W-HelpepHBHHM .

lokaz aHH cleAyomHe CBOHCTRa W-HelMPepPHBHOr O OTO0paXeHHd :
TEOPEMA 2.1.1.
llyects f:X-Y - w'-genpepHWBHOe oToOpaxeHHe H g:X=Y - w''-
Henpepupyoe orTobpaxeHne, rae X, Y - HOPMHPOBaHHHNE& NPOCTPaHCTBA.
leH 3TUX yenoBHAX f+g aBldeTcyd W'+w''-HermpepuBHHM OTOD pageHHeM .

llyers naun HopMHPOBaHHWe BeKTopHuwe npocrpasdcrsa X, Y, V, Z,
orobpaxeHus £:V-X 4 g:V-Y. [lycTh 2aHo oTofpaxeHHe XxY-Z, koTopoe
fyzewm 3anycuBaTh MYIbTHNIHkaTHBHO. [loa npoH3BeaeHHeM OToD pageHHH
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Hyaes NMoHHMaTL (f.g) (x):=f(x)g(x), VxeV.
TEOPEMA 2.1.2.
lycth f:V-X - w'-HenpepupHoe oToHpaxeHHe H g:V=Y - w''-
HerlpepiBHoe oTobpaxeHHe. J[lp 23THx ycnoBuax fg dBIderTcqd
wiw”ew/lg(x,) ly+w”If (x,) |,-HenpepuBHEM OTOOpaxeHHeM B kaxaod Touke
X,EV.

B cnyuae aeneHue Haao CMHPHThLCA C fpocTedmeR cHTyalHeH .
TEOPEMA 2.1.3.

Ecny f: X~[1;+=[ w-HenpephWBHOe oToOpaxeHHe, Torzaa if gBNAaeTcd

T‘;o)"ﬂenpepHB}{HM orcbpaxerHem B kaxzofi Touke x,€V.

3HauyHTenbH YD polb B 3koHoMHYyeckH X Mozenax Hrpaer
Or paHHUeHHOoCTh, obpa3a HelnpepdBHOI'o oTcbpaxeHHsi, eclIH Tolbko
obnacThy onpezeneHdsd ecTb kounakrHoe MHoOXxecTBo. B 3ToMm cryyae
MOXHO T apaHTHpPOBATh Aaxe koumnakrHocrr obpaza, Ho B cliydae w-
HellpepHBHOr o oTobpaxeHHs bHonbme yeM Or PAHHUEHHOCTL HEeB O3 MOXHO
MONYUYHThL, 3To zokaizaHo B TeopeMe 2.1.4. H JIpHMepe 2.1.2.
2.2. TPUMEP SKOHOMHUECROI'O MOAEJS

YuTaTrenn mnpeanoxeHo onuHcaHue 3 koHoMuyeckoro mopens poHHka
K.Appopa u ¢.T"aHa (1980]. TJlokazano, kak npH onpezeléHHuX
NpeAnonoxeHHAX MOXHO rapaHTHpoBaTh paBHoBecuHe pHHka. A HMeHHO,
cywecTByeT Takag CHcTeMmMa UeH, NPH KOTOPOH# NONHOCTLN YAOBN ETBODPEH
Cnpoc MpPOU3ROAUTENeR H noTpebHTeneft Ha ToBapH. HWImeHdad 2Ba
NPeANoOnNOXeHHd W3 YeTpexXx B CTaHZapTHOH MOZelH, TOJNh3 YACH
loka3 aHHHMH CBOHCTBaMH W-HellpepPhBHOro oOTobpaXeHHS H HCIOoNb3 Y4
HobucHHYD TeopeMmy llayaepa ansd w-HerpepwBHOro OTcD paXeHHd,
4okaza”o cymecTBoBaHue K-paBHOBecH® phhka.

[TOCECJIOBUE
B rfocnecyoBHM aBTOP AHCCepTAallHH CTPeMHNlach OleHHTb YZayH H
HegocTaTkH nipeanaraemolf paboTH .
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IEVADS

Jlsu acu priek33 stavoZais darbs nepretend& uz absclltu
patiesibu. Bodien domatais un paveiktais var izradities jau
senakid pagiatn& izdarits vai aril kads cits nakotn® nodarbosies
tie¥1 ar 3Im paZ¥am probl&mam un iegls v&rtigakus rezultatus.
Nekusti go punktu teorija p&dejos gadu desmitos ir neparskatami
izpletusies, sarakstj tas biezu biezds gramatas, piem@ram,
F.F.Bonsalls [1962]. J.Kronins (Cronin)' [1964|, D.R.Smarts

19741, S.Svaminathans (red.) [1976], E.Caidlers (Zeidler)
119761, G.Aizenaks (Eisenack), C.Fenske 11978], V.I.Istratesku
{1981], K.C.Borders (1982], J.Dugund?i, A.Granass [1982],
M.R.Taskovi®s [1986), K.Sillings (Schilling) [1986], K.G&bels,
V.A.Kirks [1990]), A.G.Aksojs, M.A.Kamsi ([1590], un tom&r tas
neaptver visus iegUtos rezultatus. Seit JOs sastapsities tikai
ar nelielu dalinu no tiem j&dzleniem un virzieniem, kuri tiek
lietoti un attistas attdlojumu nekustigo punktu teoriji.

Jisu rokas nonaku¥ajam darbam ir divi pamatvirzieni:
Jatt®Elojumu saimju kopigo nekustigo punktu eksistence (I dala):
2)Bola-Brauera-Saudera teoré&mas attistibas vEsture un
stabilitate (II dala).

Galvenais vadmotlvs - darbl ba risinas metriskas telpas (arl
Banaha telpa ir metriska!) 1zliektd apak8kopa. Runat par
izliektu kopu pierastaja i1zpratn& varam tikai tad, ja kopa
atrodas vektoru telpa. Ir biju¥i vair3dakil varianti, ka vektoru
telpas izliektibu parnest wuz telpu, par kuru ir zinams tikai

tas, kZ taja uzdota metrika. Lidz ar to rodas jautdajums, kadas

4]
ol

ir biltiskakas 1zliekti bas 1pa¥ibas. Pamatojoties uz
#.Mengera [1928), T.Botsa [1942f, V.L.KI1 (Klee) [1951],
D.C.Keja. E.V.Vombla (1971, M.van de Vela {1980} darbiem, kxa
notur] gakas izliekt]l bas pazlmes minamas divas:

izliektu kopu 3k&lums ir izliekta kopa;

‘lekavds min®ts autora uzvards ordindlid transkripcija. Tas
%3 darits ar] turpmik pirmajd reizd sastopoties ar uzvardu,
“ira ordindlrakstiba bftitiski at3kiras no latviskojuma.

=
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2) slegtas lodes dotaja telpa ir izliektas kopas.

Ja m&s varam ¥l s [paBlbas garant&t noteiktad telpa, tad teiksim,
ka telpa ir radlta izliektibas strukttira. No nekustigo punktu
teorijas mums ir zinami divi varianti, k3a patvaligad metriska
telpd tiek 1ievesta 1izliektibas strukttra. V.Takaha¥3i [1970]
rl kojas sekojo¥i:

V.Takaha¥i izliektas metriskas telpas DEFINICIJA.

Ja (X,d) 1ir metriska telpa, kur3 eksist& tads att&lojums

W: XxXx[0;1] - X, ka:

Vx,yeX VAe[0;:;1]: d(u,W(x,y;A)) <Ad(u,x) +(1-A)d(u,y), Vuex,
tad telpu X sauc par izliektu metrisku telpu.

Izliektas metriskas telpas (X,d,W) apak&kopu K sauc par
1zliektu, ja W(x,y;R)eK visiem x,yeK un Aec(0:1].

V.Takaha¥3i izliektad metriska telpz Takaha3i izliektu kopu
¥kelums ir izliekta kopa, k& arl 1lodes ir 1izliektas kopas.
J.P.Penots [1979] darbojas daudz vienkar¥ak. Vin¥ tie3a veida
metriska telpa (X,d) apskata tadu apak¥kopu klasi C, kas satur
visas telpas X sl&gtas lodes un kura ir invarianta pret Zk&luma
operdciju. Tatad J.P.Penota apakBkopu klase C rada izliekt]bas
struktQru telpa X. Paturot‘prata mdsu m&rki par nekustigo punktu
eksistenci, kur¥ ir labakais variants?

Ka talak buUs redzams 1 dalas apakBnodali 2.2., tad tieBa
veida, daleji kop&jot vektoru telpas izliektas kopas definiciju,
m&s nenonaksim pie v&lama rezultata, proti, var atrast piem&rus,
kuros lodes nav izliektas kopas (Piem&rs 2.2.1.) un izliektu
kopu Yk&8lums nav izliekta kopa (Piem&rs 2.2.2.). Vslamo m&s
rPandaksim ar stingri izliektas metriskas telpas definicijas
palidzi bu. Apgalvojums 2.3.1. paradis, ka stingri izliektas
metriskas telpas definlcija Banaha telpas gad] juma ir
ekvivalenta ar stingri izliektas Banaha telpas definiciju. TaZu
stingri izliektas metriskas telpas situacija joprojam paliek
nenoskaidrots jautajums par lodes izliektibu. Tap&c rodas
Zinimas qrutibas pieradit labus rezultatus.

Mes piedavajam izliektibas struktiru metrisks telpa definst
I slaguma operatoru palidzibu (skatlt I dalas apak¥nodalu
-1.). Tiesa, arl Xaja situd3cija m&s esam spiesti pieprasit
1

pas loZu izliekt]lbu, ta¥u sl&gquma operatora lieto¥ana
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atvieglina pieradi jumu veik3anu. Batiba. ta ir izliekt]bas
struktQras, kada ta parastid nozimsa piemit vektoru +telpam,
pirne¥ana uz noteikta tipa att&lojumu, kuram liekam darboties
mums interes&jo¥%3ad metriskaja telpa. Stingri izliektad metriskia
telpa, piem&ram, sl&guma operatoru varam defin&t ka tadu, kas
katrai kopai no %ls telpas piek3darto mazako 1izliekto kopu.
Tadzjadi stingri izliekta metriska telpa ir viens no variantiem
metriskai telpai ar taja uzdotu sl&guma operatoru. Ar sl&quma
operatora lietojumu nekustigo punktu teorija sastopamies
A.Liepina 1983.gada raksta. Sl&guma operatora ] pa¥%ibas A.Liepin%
kopa ar saviem studentiem izp&t] jis daudzos kursa un
diplomdarbos. Sie rezultati atrodami ¥eit I dalas apakZnodala
3.1.. A.Liepin¥ ar 1983.gada rakstu iesdcis 3jaunu virzienu
nekustl go punktu teorijia: tiek mekl&ti att&lojumu nekustigie
punkti metriskds telpds ar sl&guma operatoru.

Kopuma , par3kirstot nekustlgo punktu teor&mu pierad] jumus,

varam sacit, ka visbieZak tiek 1izmantotas sekojoZ3as izliektu
kopu | pa3ibas:
1) definicija: izliekta kopa satur nogriezni, ja zinams, ka
nogrie?na gqalapunkti pieder kopai (L.E.J.Brauers ([1910], R.de
Marrs [1963], D.G&de (Godhde) [1965], K.Gsbels (Goebel) [1969],
V.G.Dotsons [1971/72], [1972)], N.A.Assads, V.A.Kirks (1972},
M.Edelsteins [1974], V.G.Dotsons, H.F.Senters [1974],
P K.F.Kuhfittings f1974], L.F.Gusemans, B.C.Peters [1975],
J.Karisti (Caristi) [1976], E.Candlers (Chandler) f1981],
J.Gornickis,M.Kruppels [1992]));

¢) ja x,,X,,...,X, pieder izliektai kopai K, tad punkts

n o
2= ;:lixi pieder kopai K, kur &;»0, i=1,2,...,n, ;:Ad=1, jeb
=1 =1

convKcK (B.Knasters, C.Kuratovskis, S.Mazurkevils [1929],
J.8auders (Schauder) ([1930], A.Tihonovs (1935], S.Kakutani
11941), M.M.Dejs (Day) i1961], K.Fans [1961], R.de Marrs [1963],
D.Gade [1964], L.P.Beljuss (Belluce), V.A.Kirks [1966],
M.Edelsteins 119656%, T.C.Lims [1974B}. M.R.Taskovi¥s [1980],
V.Takaha%i [19921):

21 izliektu kopu ¥kslums 1r izliexta kopa (V.A.Kirks [1965],
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|1981A], F.E.Brauders (Browder) [1965], L.P.Beljuss, V.A.Kirks
[1969], V.TakahaXi [1970], T.Mittels (Mitchell) 18707,
R.Kannans [1971], [1973], V.G.Dotsons [1972]|, J.P.Penots [1979],
A.Liepind [1983]}, L.GajiZa [1989], N.Sioji (Shioji) [1991)]);

4) lodes ir izliektas kopas (V.A.Kirks [1965], [1970]), ([1981A]}],
[1983], V.Takaha¥i (19707, K.Gebels, V.A.Kirks [1972],
J.P.Penots [1979], A.Liepin¥ [1983], H.K.Hu (Xu) [1991]).

Vairdk vail mazak ari m&s visas piemingtas 1pa¥lbas
izmantosim misu pierad] tajas nekusti go punktu teor&mas:
l.1pa¥%lbu - I dalas 2.nodala; 2.ipa%lbu - I dalas Teorema 1.4.,
IT dalas Teorgma 1.3.1.; 3.un 4.ipa¥ibas - visos 1 dalas
3.noda}las teor&mu pierad] jumos.

Kopas izliekti bas struktara ir tikai viens no
pamatlidzek]liem mOsu m&rka sasniegSanai. Un kads baOtu misu
mérkis? I dala m&s gribstu paradit, kadi ir nepiecieZamie
nosac] jumi att®8lojumu saimju koplga nekustliga punkta eksistencei
un cik efektivi att&lojumu nekustlgos punktus m&s varam atrast
metriskas telpas ar dotu sl&guma operatoru. I1 dala galvena
veri ba tiek pievarsta Bola-Brauera-Saudera teor&mas
stabilitatei. Proti, ka to pierdada piem&ri, tad secindajums par
nekustiga punkta eksistenci var b0t pilnigi aplams, ja m&s
lzmainam kadu no teor&mas nosacl jumiem attieclbd uz kopas veidu
(izliekta un kompakta). Var sacit, ka pie nelielam kopas
struktOras izmainam (k3 Piem&ra 1.1.1.) baotiski izmainas
galarezultats. Savukart, ki izmainisies ¥is pats galarezultats,
ja m&s nedaudz izmainlisim nosacl jumu par att&lojuma
nepirtraukt] bu? Atbildi uz 3o jautdjumu dod Teors&ma 1.3.1. Bola-
Brauera-8audera teor&ma sp2ls bOtisku lomu tirgus ekonomikas
modelu lidzsvara pierad] jumos; ir pamats cer&t, ka jaunajam
rezultatam ari varstu b0t pla&%i pielietojumi ekonomiskaijis
teorijas.

Lai atvieglinitu lasitiaja darbu, paskaidrosim mazliet
preddvatas lasdmvielas uzbfves struktiru. Doktordarbs sastav no
apzlmdjumu saraksta, ievada, divam dalam, p&cviarda un
literatlras saraksta. ApzimZjumu saraksta ietverti tikai tie
apzim&jumi, kas varbOt atXkiras no visparpienemtajiem un kas

specifiski tie¥i Zim darbam. Pirma dala ietver 4 nodalas, otra
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dala 3 nodalas. Nodalas vajadzlibas gadl juma s]ik3ak iedalitas
apak3nodalds. Galvenie rezultati formulsati ka teor&mas, maziak
svarigaki ka apgalvojumi, daZi teor&@mu pallgrezultiati, kas
nesatur, autoresprat, parak patstivigu raksturu, formul&ti kia
lemmas. Literattras saraksts sakartots autoru uzviardu
alfabstiskd seciba, atsauces darba mins&tas p&c autora uzviarda un

raksta public@&¥anas gada.



I DALA

ATTELOJUMU SAIMJU KOPIGIE
NEKUSTIGIE PUNKTI

0.PAMATJEDZIENI, DEFINICIJAS, ZINRMIE REZULTATI

Iepazistoties ar att&lojumu nekustlgo punktu teoriju, var
nonadkt pie secinajuma, ka ¥aja teorija izstradati daudzi loti

at8kirigi darbi. Viens no veidiem, k3 saklasifics&t wvisas
attelojumu nekustigo punktu eksistences teor®mas, ir ©pé&c
attslojumu skaita. Ir pamats domat, ka viena att&lojuma

gad] jumam %] . teorija izstrddita daudz pamatigak un gandriz
jebkurai situacijai varstu piemekl&t atbilstoX3u rezultatu. Ne
tik vienkar3i ir ar att&lojumu saim&m, jpa3i ar saim&m bez
apjoma ierobeZojuma. Cits variants nekustigo punktu teor&mu
klasifikacijai boitu pé&c attalojumu veida. Vienu no
ramatvirzieniem veido neizstiepjo%¥u att&lojumu nekustigo punktu

teor&mas.

Dabjgs visparindjums saspied&jatt&lojumam, kuram nekustjga
Punkta eksistence pilni metrisk3d telpa pamatota slavenaja Banaha

teor&ma, ir neizstiepjo¥s att&lojums.

DEFINTICIJA 0.1. Attslojumu f:X-X (X - metriska telpa) sauc par
neizstiepjo3u, ja visiem x,yeX: d(f(x),f(y))<«d(x,y).

Vienkar¥i piemBri par3da, Ka vispiarigia gadj jumia (piem&ram,
Pilnd metriska telpa) Zadiem attdlojumiem nekustiga punkta
eksistence nav nodro¥inata, bet no otras puses, eksists
attslojumi ar augstak minZto prasibu, kuriem ir nekustigie
Punkt; .



Piem&rs 0.1.
s x=R un VYxeR: f(x):=x+13. Skaidrs, ka

d(f(x), £(y)) =|x+13-y-13|=|x-y|sd(x.,y) =|x-y|.
bet nekustlgd punkta att&lojumam nav.ms

Piem&rs 0.2.
s ¥=R un f(x)=x. Att&lojumam f nekust]l go punktu kopa ir X.»

Interesantus rezultatus neizstiepjo¥am att&lojumam Banaha
telpas izliektas apak3kopas ieguvu¥i M.S.Brodskis un D.P.Milmans
[1548], R. de Marrs [1963], D.Gsde [1964), [1965], M.Edelsteins
[1964], [1966), V.A.Kirks (19657, [1970]), [1981A], [1981B},
(1583), F.E.Brauders [1965], L.P.Beljuss, V.A.Kirks [1966],
[1969], V.Takaha¥i [1970], V.G.Dotsons [1971/72], T.C.Lims
[1974B], L.F.Gusemans, B.C.Peters [1975]. Ka viens no

pamatrezultatiem minama 1965.gada V.A.Kirka teor&ma.

TEOREMA 0.1.(V.A.Kirks [1965])

Piepemsim, ka . dota refleks]va Banaha telpa X, kopa K ir tas
1zliekta, sl&gta, ierobeZota apakZkopa ar normalu struktOru. Ja
attelojums f, kur¥ darbojas no kopas K sev], iIr neizstiepjoss,
tad attsdlojumam f eksist& nekustjgais punkts kopa K.

81 teorsma radusies viena laika ar F.E.Braudera [1965] tada
paB%a tipa rezultitu, kas pieradits vienmérigi izliektad Banaha
telpa'!, kura vienlaicigi ir gan refleksiva, gan katrai tas
lzliektai kopai ir normala struktira. T3 k& norm3las struktQras
Jj8dziens bUs mums nepiecieZams arl valak, dodam ta formul&jumu.
Pirmo reizi normalas struktOras definicija dota M.S.Brodska un
D.P.Milmana [1948] koplgaja darba.

'Banaha telpu X sauc par vienm8rlgi izliektu, ja

Vecl0;2] 38(e)>0 Vx,yeB(0;1) : |x-ylze=2(1-8 (e)) .
| definjcija ekvivalenta ar sekojo¥o:

vx

Banaha telpa ir vienm&rjgl 1izliekta, ja jebkuram divam

virkn&m (xn) neN 7 (yﬂ)BGN, kurdm |xn|51 , |yn[|51 un limlxn-»yDﬂ:l seko,
[Tees

ka limlx,-y_[=0 .
fy .

Tienmérlqi izliekta Banaha telpa ir ari stingri 1zliekta Banaha
telpa. Par stingri izlie.<tu metrisku telpu runasim 2.nodalsx.
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DEFINICIJA 0.2.Izliektai kopai K no Banaha telpas X ir normdla
strukttra, ja katra i1zliektd, ierobeZota, nevienelement]gd kopa
HcK eksist& tads elements yeH, ka:

suply-x)<diamH=suplx-yl -
XEH x,Yy€H

Talit pec Teordmas 0.1. par3d] 3anias pasaulsd, daudzi
matematiki m&§inzajudi to visparinat neizstiepjoX¥u atte&lojumu
saimel un mekl&ju¥i tas kopjigo nekustigo punktu.

DEFINICIJA 0.3.Pienemsim, ka F ir attelojumu f:K-K (K -
patvaliga telpa) saime. Punktu x*€K sauc par saimes F koplgo

nekust] go punktu , ja katram saimes att&lojumam feP: f(x*)=x".

Dablgi rodas jautajums, kadai jabat att&lojumu saimei,
kadiem jabut papildus nosac] jumiem, lai, piem&ram, sekmigi
visparinatu V.A.Kirka Teorgmu 0.1.. Viens no variantiem 1ir

prasiba, lai att@lojumu saime b0tu komutatjva.

DEFINICIJA 0.4.Att&lojumu saimi F sauc par komutatjvu, ja
VxeKk (K - patvaliga telpa) izpildas nosac] jums, ka
flg(x))=g(f(x)), Vf,geF.

Saja sakariba radusies interesanta problsma: 3ja F ir
nepartrauktu komutati vu att&lojumu salime, kas att®&lo intervilu
[0;1] sevi, wvai tadai eksist®d kopigs nekustigais punkts?
lzradas, 3is jautadjums atrisinats negativi. V.M.Bouce [1969]
pierdda, ka eksist® divas komut&jo¥as nepartrauktas funkcijas
vien] bas intervaly, kuram nav koplga nekustliga punkta.
J.P.Huneke [1969) parada divus veidus, ka ¥3Zdas funkciijas
konstrust. Bet jau pirmais pozitivais rezultadts parad]ljies
1963.9ada. R.de Marrs komutativai neizstiepjo¥u attalojumu

saimei pierada sekojoZo:

TEOREMA 0.2.(R.de Marrs [1963])

Pienemsim, ka X ir Banaha telpa un K ir tas izliekta un kompakta
apak3kopa. Ja komutat]va neizstiepjo¥u att&lojumu saime F attélo
kopu K sevj, tad tai eksists kopjgs nekustjgais punkts.

Jau piemin&dtajd F.E.Braudera (1965] raksta atrodam:
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TEOREMA 0.3.(F.E.Brauders [1965])
Pienemsim, ka X Ir vienm&rlgil izliekta Banaha telpa un K ir tas
izliekta, sl8gta un ierobe¥ota apak3kopa. Ja komutat] va
neizstiepjosu att&lojumu saime F attdlo kopu K sevi, tad tail
eksist& koplgs nekustjgais punkts.

Ta¥u visparigu V.A.Kirka teor&mas analogu 1ilgaku laiku
nelzdevds 1egOt. Interesants ¥aja sakariba ir L.P.Beljusa un
V.A.Kirka 1966.gada raksts. Tan] atrodam divus visparinZjumus.

TEOREMA 0.4.(L.P.Beljuss, V.A.Kirks [1966])

Pienemsim, ka X Ir refleks]va Banaha telpa un K ir tas izliekta,
slB&gta un IierobeZota apak3kopa ar normalu struktOru. Ja F ir
komutat]va neizstiepjo3u att&lojumu, kas kopu K att&lo sevj,
galjga saime, tad saimei F eksist& kopjgs nekustigals punkts.

TEOREMA 0.5.(L.P.Beljuss, V.A.Kirks [1966])

FPienemsim, ka X Iir stingri izliekta, refleks]va Banaha telpa un
K ir t3s izliekta, sl&gta un ierobeZota apak3kopa. Ja F ir
komutativa neizstiepjo¥u att&lojumu saime, kas att&lo kopu K
sevl, un Ir zinams, ka Fixfeo, VYfecF, tad saimei F eksist& kopigs
nekust]gais punkts.

Otro Teorsmu O0.5. bOtiski atvieglina pieradit sekojodZa

lemma:

LEMMA 0.1.

Pienemsim, ka X ir stingri izliekta Banaha telpa un K ir t&s
izliekta un sl&gta apakZkopa. Ja neizstiepjo3s att&lojums f
attalo kopu K sev], tad att&lojumam f nekust]go punktu kopa ir
izliekta (un ar] sl&gta).

Lemmu 0.1. m&s izmantosim arl 2.nodala.
Un tikai 1974.gada T.C.Lims pilniba visparingjis V.A.Kirka
Teorsmu 0.1. komutativai neizstiepjo¥u att&lojumu saimei bez

ipjoma ierobeZXojuma.

TEOREMA 0.6.(T.C.Lims [1974B])
Pienemsim, ka X Iir refleks]jva Banaha telpa, kopa K ir tas

tzliekta, slidgta, IerobeZota apakBkopa ar norm3lu struktQru. Ja
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komutat] va neizstiepjoSu att&lojumu saime F att&lo kopu K sev],

tad tal eksist@& koplgs nekustjgais punkts kopa K.

Lai nonZktu 1jdz Zim rezultitam, T.C.Lims siki izpZtiijis
norm3alds struktQras j&dzienu ({1974A]). Pirms tam %aja virziena
krietni pastradiju¥i bija jau L.P.Beljuss, V.A.Kirks un
E.F.Steiners 1968.gada kopigaja raksts.

Var&tu teikt, ka ar pamatjédzieniem un rezultatiem m&s esam
iepazinuX¥ies, varam 3kirt talak I dalas lapaspuses.

Kopsavilkumus par neizstiepjo¥iem att&lojumiem un to
nekustigajiem punktiem wvarat lasit V.A.Kirka rakstos [1981B],
(19831, ka aril attieclgajas nodalas D.R.Smarta [1974],
V.Istratesku [1981] un J.Dugund¥i, A.Granass [1982] gramatis.



1.DAMI IEVADREZULTATI PAR ATTELOJUMU SAIMJU NERUSTTGAJIEM
PUNKTIEM

Pieversisimies V.A.Kirka Teor&mai 0.1.([1965]). Ar &is
teor&mas visparindjumu neizstiepjo3u att&lojumu komutat]vai
saimei m&s jau iepazindmies 0.nodald. TaZu tur m&s nerunajam par
vd]l vienu V.A.Kirka [1965] raksta rezultatu, kas ir 3]s Teor&mas

0.1. sekas. Proti:

TEOREMAS 0.1. SEKAS (V.A.Kirks, [1965])
Pienemsim, ka K 1I1r netuk3a, 1izliekta un sl&gta apakXkopa
refleks] vd Banaha telpa X. Piepnemsim, ka kopai K ir normdla

struktira. Ja att&lojums f:K-K ir neizstiepjo¥s un eksist& tads
kopas K punkts p, kuram virkne (f°(p)),.n 1r IlerobeXota, tad

attdlojumam  eksisté& nekust]gais punkts.

At3kirl bad no Teorgmas 0.1., Teor&mas 0.1.Sekas ir izmainlts
nosac] jums par kopas K ierobeZXotibu, tas ir aizstats ar virknes (f 2(p) } nen
lerobe¥oti bu. Var gadities, ka konkrgt3a gadi juma varbat viegliak
ir meklat taddu punktu p kopa K, kura virkne (£72(D) ) gen LT

lerobe¥ota, neka noskaidrot pa3as kopas ierobeXotibu. Radas
ideja TeorZmas 0.1. Sekas visparinat atts&lojumu saimei. Un,
atceroties brini¥kigo T.C.Lima rezultatu [1974B] (Teor&ma 0.6.),
vispiriniZjumu izdarisim neizstiepjo3u att&lojumu komutativai
Saimei. TalPu uzreiz Jjapasaka, ka att&lojumu saimes gadl juma
sareZ4i taks kldst ierobeZot] bas nosacl jums. Ir izdevies pieradit

sekojodo:

TEOREMA 1.1.
Pienemsim:1) X - refleksjva Banaha telpa;
2) K - netuk3a, 1zliekta, slagta X apak¥kopa;
3) kopai K ir normala struktdra;
4) F ir neizstiepjo3u att&lojumu, kuri darbojas no kopas K
sevi , komutat]va saime;
5) eksist& tads punkts p €K, ka kopa
S={(f,...*f ) (D) |£,, ..., [,eF&neN} ir ierobeZota.

_13_
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Pie ¥iem. nosac] jumiem att&lojumu saimel F koplgo nekustigo

punktu kopa nav tukXa.

t1Pieradi jums.
Ta ka kopa S=l(fjs...*f) (p)|f,, ..., f,€FP&neN} ir ierobeZXota,
rad eksiste tads reR,,, ka S ietilpst slB8gta 1lod& B(p,r) ar

entru punkta p un r&#Ediusu r.
Defin&sim kopas:
Koo gt =BUE e o) (D), D)X,  £,...,f,€F & neN.

51 s kopas bUs sl&gtas un izliektas ka sl&gtu un izliektu kopu
¥k&lums, un, protams, ierobeZotas. Tas bUs ari netuk¥as, jo
peXfl,__..f.. TieZam: ta ka (f,»...ef) (p)eB(p,r), tad

Io-(fy*...of) (D) I<T-

Apskatl sim kopu:

w:=UIMN K., p|£), .« Eobn=k, k41, ... 1 k=0,1,2,...}.
W ir netuk®a, 3jo peW. Kopas S 1ierobeZXotibas d&l arl kopa
s":sU{B(x,r)|xeS} ir ierobe’ota, bet WcS'. Tatad kopa W ir
lercbe¥ota. Ta ir arl izliekta, 3jo izliektu kopu virkne
(MUt K, | g |fy, oo r £oln=k, k31, ... }) oy ir augo3a.

Fikassim £€F brivi. Pieradisim, ka f:W-W. Izvalsasimies xeW,
tad eksist&s tads keN, ka xelMHK,, . |f, ..., fln=k, k+1,...}.

Tatad: (f(x)-f(f;s...of) (D) Is|x-(£,e...of) (D) lIsr visiem

f£is...of,€F, mk.

Esam iequvu¥i, ka £(x)elMMK;, . |f, ..., £ln=k+l, k+2,... )W,

Tatad f:W-W. Ta k& £ ir nepartraukts att&lojums, tad f:wW-W.
Tegota situ3dcija: F - neizstiepjoBu att@lojumu, kas att®lo

kopu W sevl, komutativa saime;W - netuk3a, izliekta, sl&gta un

ierobe¥ota kopa reflekslvi Banaha telpa; kopai W ir normiala

strukttira (WcK). Varam lietot T.C.Lima Teor&mu 0.6. un secinat,

ka atteslojumu saimei F ir kopigs nekustigais punkts.a

K3 ra3da nakoZais piemBdrs, kopas S lerobeZXotibas nosac] jums

Teorema 1.1. ir bUtisks.
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Piem&rs 1.1.
sIntervala [0;+x[ apskatisim att&lojumus, kurus defin&sim
sekojo¥i: f (x):=max{x,n!}, n=1,2,... (zim. 1.1.). Kaut ar} visi

Teorgmas 1.1. nosacljumi ir izpilditi, 1znemot nosacl jumu par

kopas S 1ierobeZotibu, saimei

F:={f,n=1,2,..." koplaga

nekust] ga punkta nav.

Skaidrs, ka katram att@lojumam

atseviBki nekust] go punktu

kopa nav tukXa: 4

Fix(f,) =[n; +e[, tapat arl 3

galigam skaitam %adu att&lo-

jumu kopigo nekustligo punktu 2;

kopa nav tukZa:

Fix(£, o £y) = 1

=[lmax{ng, n,,...,ny}, +=f, bet - .
bezgaliga att&lojumu skaita 0 ! 2 S X
gadj juma kopi gu nekust] go

punk tu nav. Pie tam,

levBrosim, ka ¥3ie attZlojumi zlm.1.1.

veido komutativu saimi. Piem&rs pam3co¥s tan] nozimg&,ka
neierobe¥otas kopas gad] juma, neiesp&jami pamatot kopiga
nekustl g3 punkta eksistenci.Mums nepiecieZama papildus

informicija.m

51 piem&ra iedvesmoti apskatisim galjga skaita att&lojumu
saimi stingri 1izliekta Banaha telpa. Ka jau 0.nodala tika
mingts, tad V.Kirka Teor&mu 0.1. stingri izliekta Banaha telpa
attelojumu saimei bez apjoma lerobeZ2o3juma vispirms izdevies
visparinat 1966.gada(L.P.Beljuss, V.A.Kirks [1966]). Izradias,
saimes gallgums un telpas stingra izliektiba atvieglina prasibu
par ierobeZot] bu.

TEOREMA 1.2.

Piepnemsim:1) X - stingri izliekta, refleksiva Banaha telpa;
2) K - netuk¥a, izliekta, sldgta X apak3kopa;
3) kopai K ir norm3dla struktQra;
4) F ir galiga skaita neizstiepjo¥u att&lojumu, kuri

darbojas no kopas K sev], komutativa saime;
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5) eksist& tads punkts peK, ka virknes (f2(p)),n katram feF

ir ierobeXotas.
Pie ¥iem nosacl jumiem saimei F eksist& Lkoplgs nekustigais

punkts.

vPier&dl jums.

Pec V.Kirka 0.1.Teor&mas Sekdm zinams, ka Fixf#¢, VEfeF. Un
ta ka X— stingri izliekta telpa, KcX - izliekta un sl&gta, f:K-K
- neizstiepjo¥i att&lojumi (feF), tad p&c Lemmas 0.1. kopas Fixf
visiem feF ir izliektas. Ta k& visi attélojumi feF ir
nepartraukti, tas bfis ari sl&gtas kopas. Pienemsim, ka
F={f,,f,,...,f,}, un pieradisim, ka

FixP=(\Fixf,|i=1,2,...,m}*@.

Pieradj jumu veiksim ar matem3atiskas indukcijas metodi pé&c
attelojumu skaita.

Indukcijas baze: m=1 - apgalvojums patieas, jo sakrit ar
V.A.Kirka Teorgmas 0.1. Sekam.

Induktivais pien&mums: m=n un FixF=n{FﬁXfﬂi=1,2,...,n}io.

Induktiva pareja. Apzlm&sim {f,,f,,...,f,} ar F' un £, ar
f. Japierada, ka

PixF=FixF' | Fixf=N{Fixf,|i=1,2,...,n+1l+ 0.

Pec induktiva pienemuma FixF'#¢. Nemsim xeFixF', tad:

£, (x)=x, Vie{l,2,...,n}. Vienadlbas

Fix)=F(f;(x))=£;(f(x)), Viel1,2,...,n} pierada, ka f£(x)€Fixf,,
1=1,2,...,n, jeb f(x)eFixF' un tatad f:FixF'~FixF'. Kopas Fixf,,
i=1,2,...,n ir netukZas, sl&Zgtas un izliektas, tap&c kopa FixF'
ir slagta un izliekta ka sl&gtu un izliektu kopu 3k&lums un p&c
indukti va pien&muma ari netuk3a.

Izveleésimies brivi zeFixf. Funkcionalis f(y):=|z-yl, y€K ir
no apak3as viji pusnep3drtraukts un 1lidz ar to sasniedz savu
mazdko v&rtibu katrda netuk33d, sl&gta un izliekta reflekslvas
Banaha telpas apak3kopa (skatit, piem&ram, V.A.Trenogins (1980],
475. lpp), tatad arl kopa FixF'. Ta ki telpa X ir stingri
izliekta, tad punktam z kopa FixF' eksist&joX¥ais tuvikais punkts z,
ir noteikts viennozimigi.

Tz ka f:FixF'-FixF', tad lidz ar to:

lz-z \=inf{|z-yl|yeFixF'} s |lz-£ (z) l=1£(2) -F(zy) I<lz-z,] -
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Secinam, ka f(z,)=z,. Tatad

z,€ (M FPixfy|i=1,2,...,n}) NFixf = FixP#o.
Teord@ma pierddlta.a
Atzim8&sim, ka rezult3itu nevar visparinat bezgallga apjoma
saimei F, jo pietrUkst zind¥anu par kopu K. Ta¥u visu "smagumu"
varam parnest uz att&lojumu saimi jeb precl zak uz vienu saimes
sctd8lojumu.

TEOREMA 1.3. _
Pienemsim:1) X - stingri izliekta, refleksjva Banzha telpa;
2) K - netukBa, izliekta, slegta X apakZkopa;
3) kopai K ir norm3ala struktdra;
4) F ir neizstiepjo¥u att&lojumu, kuri darbojas no kopas K
telpa X, komutativa saime;

5) eksist® tads att&lojums f eF, kura nekustlgo punktu kopa
Fixf, ir netuk3a, sl&gta, ierobeZota ar normalu strukturu.

Fie Xiem nosacjjumiem saimei F eksist& koplgs nekustigais
punkts.

vPierad] jums.

Viegli ieverot, ka visi attZlojumi feF kopuFixf, attzlo
sevi:ja xeFixf,unfeF, tad f(x) =f(£,(x)) =f,(£(x)) jeb f£(x)€EFixf,.
Savukart bez jau eso¥3s informicijas par kopu Pixf,, p8&c Lemmas

0.1. ir zinams, ka ta ir ari 1izliekta kopa. P&c V.A.Kirka
Teorsmas 0.1. varam secinat, ka jebkuram att&@lojumam feF eksists

nekustigais punkts kopa Fixf,. Tatu tagad varam atsaukties uz

L.P.Beljusa un V.A.Kirka Teor&mu 0.5. un secinat, ka saimes F
kopl go nekustigo punktu kopa nav tukZa.a

Iepriek¥&jie rezultiati garante attelojumu saimes koplga
nekusti gi punkta eksistenci. Ta%u tikpat labi var izradities
noderigi tie att&lojumu nekustigie punkti, kas nav kopigi. Uz
83dda tipa rezultatu mUs pamudina iepazl Zands ar D.R.Smarta
119617, M.Edelsteina [1962] un V.G.Dotsona [1971/2] darbiem.
legGitais vispar ir netradiciondals rezultats tie¥i ar to, ka
Jarant®& nekust] go punktu eksistenci katram saimes att&lojumam
atsevizki.
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TEOREMA 1.4.

Pienemsim:1) X - norm&ta vektoru telpa (par lauku RvaiC);
2) K - telpas X kompakta apakXkopa;
3) F={f,,f,,...,f,} 1ir galiga skaita neizstiepjo¥u
attedlojumu saime, kas apmierina prasibas:
a) Vx,yeK(x#y): mint|f, (x)-£,(¥)l|i=1,2,....,n}<Ix-yl:;
b) Vxek: convif (x),...,f,(x) }cK.
Pie Xiem nosaci jumiem katram att&lojumam f,€F eksist& savs

nekustigais punkts Xt f}(xi);xi,i=1,2,...,n-

vPier3di jums.
Defin&sim att&lojumus t; sekojo¥3a veida:
t;(x):=Ix-£;(x)|, i=1,2,...,n, VxeX.
PEc VeierXtrasa teor&mas seko, ka
dx,ex: t,(x;)=inft,(K), i=1.2,...,n.
Pieradisim, ka inft;(X)=0, 1=1,2,...,n.
Apskatisim att&lojumu

n

n
h, (x) :=;aifi(x) . VxeK (a=(a;,...,a,),a,»0,1i=1,2,.. .,n,;afl) :
=1 -1

No nosaci juma b) seko, ka h,: K~K.
Izv&l&simies ie€{1,2,...,n} un e€eR,, brivi. Pieradisim, ka

n
eksiste tads a (a=(a,,...,a,), aj>0,j=1,2,...,n,;aj=1), ka
1
visiem xeX: |f;(x)-h,(x)|Ke.
Ir sp&ka nevienad] bas:

n n
I£, (%) -h, (x) §=|£, (x) -; a, £ (x)I=l(1-e) £,(x)- Y a,f (x|
=1 J=1, 34

<(l-a) £, 1+ Y, a;f (01
Je1,Jei

K ir kompakta kopa vektoru telpa, tatad ta ir ierobeZXota, no
Sejienes seko, ka:

JceR,, Vxex: |f;(x)|<c.
Turpinot iepriek3&jos nov&rt&jumus, ieqlsim:

I£;(x) -h, (x) < (1-a;) c+{(1-a;) c=2c(l-a;) .
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MEs varam izvE&l&ties tadu aie]o;l[,kazc(l—ai)<e, un nemam

1-«-1 . . .
a,:= , J=1,2,...,n, J*1.
3 n-1 J J

Pieradisim, ka att&lojums h, ir stingri neizstiepjo¥s.

Patie3am: brivi izvé&latiem x,yeK (x#y) izpildas sakari bas
n n

\h, (x) -h, (y) u=ﬂ; a,f,(x) —;‘; a,f,(y) =
=1 =1

=N @ (£ () -F£,(y)) s Y e df (x)-F£,(») ]
Ig; 1 1 i ; 1 i

un ta ka visi att®&lojumi f, ir neizstiepjo3i un izpildas a), tad

n n

Ih, (%) -h (¥) I< ; «,lx-ykF Ix—ylz: a;=x-yl .
=1 =1

P&ec Edelsteina teor&mas [1962] seko, ka

dx,€X: h, (x,;) =x,.
No augstak iegOtajam nevienadlbam |f,(x,)-h (x,)I<e, i=1,2,...,n
un tikko iegtitds vienadl bas seko, ka |f;(x;)-x,I<e. Savukart no

Sejienes: Inft,(X)=0. a

Nosacl jumu a) grib&tos nosaukt par kompens3acijas principu,
jo tie¥i tas, ka jebkuram nesakri tofam punktu parim x un y varam
piemekl&t tidu saimes F att&lojumu f, kur3d punktu x un y atteélus
"savelk"” tuvak, atlauj pierad] jumda atsaukties wuz Edelsteina
teor&mas lietojumu. VarbOt var atrast v&l citus kompensiciijas
nosaci jumus? Jesp&jams, tadu ar to Xeit nenodarbosimies. MOsu
m&rkis ¥ajd nodald bija lepazities ar daZam attzZlojumu saimju
nekustigo punktu teor&mam, ar to gaisotni, kas sastopama 33da
rakstura rezultiatos. Turpmak m&s pietur&simies pie pirmajas
trijas teor&mas ies3kti cela - mekl&sim saimju koplgos

nekust] gos punktus.



1. STINGRI IZLIEKTAS METRISKAS TELPAS

2.1 . IZLIEKTAS KOPAS UN STINGRI
IZLIEKTAS BANAHA TELPAS

Saja apak¥nodala apskatisim jau zinamus rezultiatus. Tas
darits ar nolOku, lai p&c tam var&tu salldzinat ar iegUtajiem
jaunajlem j&dzieniem un lail redz®&tu at¥kiribu starp tiem.

Pienemsim, ka dota vektoru telpa X un divi tas punkti

X, yeX.

DEFINICIJA 2.1.1. Par sl&gtu nogriezni, kas savieno punktus
x,yeX, sauc visu to punktu z kopumu, kuriem ir sp&8ka sakar] ba
z=tx+(1-t)y, te[0,1]. Punktus z=tx+(1-t)y, kur te]0;1/[, sauc par
iek5¥&jiem nogrieXna punktiem.

DEFINICIJA 2.1.2. Kopu KcX sauc par izliektu, ja 1lidz ar
jebkuriem diviem punktiem x,y€K 3al kopai pieder ar] 3os punktus

savienojofais sl&gtais nogrieznis.

Atcerésimies, ka jebkura sl&gta lode
B(x,r) =lyeX|Ix-ylsr}, xeXx, reR,, ir izliekta kopa, ki arl izliektu
kopu Xk&lums ir izliekta kopa. TaZu, ka ve&lak bas redzams,
patvall ga metriska telpa 33das pa¥ibas nevar garant&t. Tapgc
apskatl sim daudz smagaku telpas nosaci jumu - stingro izliekt]bu.

DEFINICIJA 2.1.3. Banaha telpu X sauc par stingri izliektu, ja
ta3s wvienjbas sf&ras katrs punkts nav iek383j3 punkts vien]bas

lode ietilpsto¥ajos nogrieZnos.

APGALVOJUMS 2.1.1.(V.I.Istratesku [1981)], 57 lpp) Banaha telpa
X sekojoXi nosacj jumi Ir ekvivalenti:

1. X - stingri izliekta telpa;

2.¥x,y€eB(0,1) (x*y) : |Ix+yl<2’

3.Vx, yex: Ix+yl=lxl+1yl=( (IAeR,, : x=Ay) V(x=0) V(y=0) ) .

~-20-
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Atzl m&sim, ka Hilberta telpa, 1, un L,, p>»l, ir stingri
izliektas telpas. Atcer&simies ar]i O0.nodalad formul&to Lemmu
0.1.! 850 Lemmu 0.1. bieZXZi izmanto att&lojumu nekustigo punktu
eksistences pier3di jumos stingri izliektas Banaha telpas
(piem&ram, M.Edelsteins [1964]}, [1974], L.P.Beljuss, V.A.Kirks
[1966]), Z.0pials [1967], P.K.F.Kunfittings [1974]).

Ta%u ne tikai neizstiepjoZam att&lojumam stingri izliektas
Banaha telpas izliektad un slsgta apakX¥kopa nekustjgo punktu
kopa ir izliekta wun sla&gta (neizstiepijol¥3s att&lojums ir
nepartraukts!)! J3ada I1pa¥iba piemit ari citam plaBakam
attzlojumu saim&m, piem&ram, kvazi-neizstiepjoXiem un

asimptotiski neizstiepjo¥iem att&lojumiem.

DEFINICIJA 2.1.4. (V.G.Dotsons [1972]) Attslojumu f:K-K (K -
norm&tas linedras telpas apak3kopa) sauc par kvazi-
neizstiepjo3u, ja tam eksist& vismaz viens nekustlgais punkts
kopa K un jebkuram fiks&tam att&lojuma f nekust]gajam punktam
peK: |f(x) -plslx-pl. VxeK.

DEFINICIJA 2.1.5. (K.Gebels, V.A.Kirks [1972]) Att&lojumu f:K-K
(K - norm&tas linedras telpas apak3kopa) sauc par asimptotiski
neizstiepjo3u, ja

Vx,yeK: |£f1(x)-£i(y) sk lIx-yl,

kur (k,),nN ir tadu realu skait]u virkne, ka limk;=1 (tiek
1o

pienemts, ka k;21, k;, <k;, i=1,2,...).

Ka Zos jgdzienus un rezultiatus aprakstit patvallga metriska
telpy 7

2 .2. TZIL.LITEKTAS KOPAS UN STINGRTI
IZI.TEXTAS METRISKAS TELPAS
Pienemsim, ka dota metriska telpa (X,d) ar metriku Q4.

DEFINTICIJA 2.2.1. Kopu KcX sauc par izliektu, ja jebkuriem
diviem elementiem x.y € K un katram te[0,1] eksist& tads
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slements zeK, ka izpild3ds vienadibas:
d(x,z)=td(x,y) un d(z,y)=(1-t)d(x,y).

AtzimEsim, ka ¥is definlcijas nozim& sl&gtas lodes var
r-but izliektas kopas, ka arl izliektu kopu X%k&lums ir ne
enm&r izliekta kopa.

“1emBrs 2.2.1.
wApskatisim diskr&tu metrisku telpu X: d(x,y)=0, ja x=y, un
dix,y)=1, Jja x=#y, visiem x,ye€X. Tad B(u,r)={u}, ja r<i, un
Efu,r)=X, jarz1, katram ueX. Otraja gadl jum3d lode nav izliekta
kopa.w
Piem&rs 2.2.2.
mApskatisim telpu R? ar

maksimuma metriku:

R d(x,y) =maxl|y,-x,| |i=1,2},
C(l;l) VX= (x11x2) 1y= (YIIYZ) enz'
Tad lauzti Iinija ABC un
B(LSILs) nogrieznis AC ir 1zliektas

kopas. bet to Zk&lums {A,C}
nav izliekta kopa (skatit

DEFINICIJA 2.2.2.1 Metrisku

telpu (X,d) s«uc par stingri
zlm.2.2.2. izliektu, ja jebkuriem diviem
elementiem x,yeX un katram tef0,1} eksiste viens vienlgs

elements zeX tads, ka izpilddEs vienadl bas: d(x,z)=td(x,y) un
d(z,y)=(1-t)d(x,vy).

'Kad j®dziens par stingri izliektu metrisku telpu bija jau
izstradats, autore %3du definiciju atrada arl Takaha¥i [1970]
raksta. Ta¥u nekada dzilaka anallze tur nav dota. Autors izmanto
3o j&dzienu TakahaZ%i izliekt3d metriska telpa, kurad laimiga karta
ne tikai izliektu kopu ¥k&lums ir i1zliekta kopa, bet ari lodes
ir i1zliektas kopas, ka arl stingri izliektd metriska telpa
neizstiepjo3a atteélojuma nekustigo punktu kopa 1ir Takaha3i
izliekta kopa.
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No B81s Definlicijas 2.2.2., piem&ram, seko, ka telpa R? ar
Eikllda metriku ir stingri izliekta, bet ar maksimuma metriku t3za
nav stingri izliekta.

Stingri izliekta metriska telpa ir sp8ka sekojo¥Xs
rezultats:

TEOREMA 2.2.1. Ja K ir izliektu kopu saime stingri izliekta
metriska telpa (X,d), tad Nix|keK} ir izliekta kopa.

vPierZdl jums.

Pienemsim, ka x,yelWK|keK} un te[0,1]1. Tad x,yeK jebkurai
kopai KeK un tapé&c eksist® tads punkts zeK, ka izpildas
sakar] bas:

d(x,z)=td(x,y) un d(z,y)=(1-t)d(x,y).

Ta ka X ir stingri izliekta telpa, tad 33ds z ir viens vienigs.
Tapac zeflk|KeK! un teor&ma pieradita.a

Stingri izliektd metriska telpa 1ir sp&Eka Lemmas 0.1.

sekojo8s visparindjums:

LEMMA 2.2.1. Pienemsim, ka X ir stinqgri izliekta metriska telpa.
Ja attslojums f:X-X ir neizstiepjo¥s, tad ta nekustigo punktu
kopa Fixf ir izliekta.

vPiergdi jums.

Apskatisim divus brivi 1izvdletus punktus x un vy no
att&lojuma f nekustlgo punktu kopas: x,yeFixf. Izv&l&simies
te(0,1]. Sameklasim punktiem x,y un konstantei t atbilsto¥o zeX
tadu, ka: d(x,z)=td(x,y) un d(z,y)=(1-t)d(x,y). Telpas X
stingras 1izliektibas d&l tads zeX eksist&, pie tam viens
vien] gs.

Nov&rt&sim attalumu starp punktu x un y att&liem pile
att&lojuma f:

d(f(z),f(x))sd(z, x)=td(x,y) .

Ta ka xeFixf, tad d(f(z).,x)std{x.y).

Lidzigi: d(f(z),f(y))sd(z,y)=(1-t)d(x,y),
d(f(z),y)s(1-t)d(x,y).

Izmantojot trijstQra nevienidibu, att3alumu starp X un y varam

novdrtadt sekojoli:
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dix,y)sd(x, £(z))+d(£(2z),y)std(x,y)+(1-t)d(x,y) =d(x.,y) .
No Zejienes seko, ka:

d(x,f(z)) = td(x,y) un d(f(z),y) = (1-t)d(x,y).
No telpas X stingrds i1zliekt]bas seko, ka z=f(z) un zeFixf.a

Ja Definlicijas 2.1.4. un 2.1.5. norm&tu vektoru telpu
aizstdjam ar metrisku telpu un lldz ar to normas vietad lietojam

metriku, varam pieradit sekojo¥us rezultitus.

LEMMA 2.2.2.

Pienemsim, ka K 1ir sl&gta un izliekta kopa stingri 1izliekta
metrisk3d telpa X. Ja att&lojums f:K-K ir kvazi-neizstiepjoX¥s tad
td nekustIgo punktu kopa Fixf ir sl&gta un izliekta.

vPiergdi jums.

Ta k& attslojums f ir kvazi-neizstiepjo¥s, tad Fixf#p un f
ir nepartraukts att&lojums visos savos nekustigajos punktos.
Pienemsim, ka fixf nav sl&gta kopa. Tad dxedFixf: x¢Fixf. Kopas
K slagtibas d&]l xeK. Un ta k3a x¢Fixf, tad f(x)sx.

Defingsim r:=%d(f(x),x)>0. Tad eksist&s tdads yeFixf, ka
dix,y)<r. Ta ka f 1ir kvazi-neizstiepjo¥s att&lojums, tad
d(f(x),y)«d(x,y)<r, un mé&s iegUstam:

3r=d(f(x),x)cd(f(x),y)+d(y,x)<2r.

8] pretruna parada, ka sakotn&jais pien&mums bijis aplams.
Pamatosim, ka Fixf 1ir 1izliekta kopa. Pilenemsim, ka

X, yeFixf, x#y un te€]0;1[]. Mumzs jaApierdda, ka tad punkts zeX,

kur¥ izvalats sekojoZi: d(».,z)=td(x,y) un d(z,y)=(1-t)d(x,y),

pieder kopai Fixf. Ta ka kopa K ir izliekta, tad zeK. Un ta kia

f ir kvazi-neizstiepjo¥s, tad
d(f(z),x)«d(z,%x) un d(f(z).,y)=4(z,y).

Savukirt d(x,z)=td(x,y) un d(z,y)=(1-t)d(x,y)., tap&c
d(x,y)d(x,f£(z)Yy+d(f(z),vy)«
td(z,x)+d(z,y)=td(x,y)+(1-t)d(x,y)=d(x,y).

lequvam: d(x,f(z))=d(z.x)=td(x,y).

df{f(z),y)=d(z,y)=(1-t)d(x,y).

No stingras izliektibas seko, ka z=f(z) (z unitate!), tatad

zeFixf, t.i.. Fixf ir izliekta kopa.a

LEMMA 2.2.3.

Plenemsim, ka K ir slsgta un izliekta kopa stingri izliekta
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a:triskd telpa X. Ja att&lojums f:K-K ir asimptotiski

n:izstiepjo¥s, tad ta nekustlgo punktu kopa Fixf ir sl&gta un
i:liekta.

vierddl jums .
Kopas Fixf sl&gtiba seko no att&lojuma f nepiArtraukti bas.
Izvelamies divus punktus x,y no Fixf, x=#y, tad ari

fFilx), £ (y)eFixf, i=1,2,....

Nofiks&jam patvaliqu te]0;1[ un atrodam tam atbilstoSo zeK:
dix,z)=td(x,y), d(z,y)=(1-t)d(x,y). Ta ka telpa ir stingri
izliekta, tad 8ads z ir viens vienigs. Mums japierada, ka zeFixf
jeb z=f(z).

No asimptotiski neizstiepjo¥3a att®&lojuma definicijas seko,

ka
d(fi(z),x)=d(f1(z),f*(x))<k,d(z,x)=tk,d(x,y), (2.2.3.1)
d(fi(z),y)=d{fi(2),fi(y))<sk,d(z,¥y)=(1-t)k,d(x,y) . (2.2.3.2)

Izmantojot trijstura nevienadi bu un lepriekX&ijas divas

nevienidl bas, ieglisim:
di{x,y)sd(x, fi(z))+d(fi(z),y)«
<tk,d(x,y)+(1-t) k,d(x,y) =d(x,y)

Liekot i tiekties uz bezgall bu, robeZgad] juma iegfisim:
d(x,limf1(z))+d(limf1(z),y) =td(x,y) +(1-t)d(x.,y) .
Jecm fm

No (2.2.3.1) un (2.2.3.2) seko, ka
d(x,limf(z)) =td(x,y),
J-es
d(limfi(z),y)=(1-t)d(x,y), i=1,2, ..

Jees
z unitates d&l: limfi(z)=z. Tal¥u
i
z=limf i (z) =limf 1 (z)=f(limfi(z))=f(z) .
1o 1= e

Tatad Fixf ir izliekta kopa.a

l.nodala m@&s iepazinamies ar daZam teor&mam sStingri
izliektas Banaha telpas. Iedvesmojoties no Teor&mam 1.2. un
1.3., pamsd¥indsim iegQt Jjaunu rezultatu stingri 1zliekta
metrisk3a telpa.
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TEOREMA 2.2.4.
Ja:1) X - stingri izliekta metriska telpa;
2) patvaligiem punktiem a,b,ceX un jebkuram zeX:
d(b,z)=td(b,c) un d(z,c)=(1-t)d(b,c), kur te]0;1[,
ir sp&k3i nevienadlba:d(a,z)<max{d(a,b),d(a,c)};
3) KeX - izliekta un kompakta kopa;
4y F ir neizstiepjo¥%u atte&lojumu, kuri darbojas no kopas K
sevi, komutativa saime;
5) visiem feF: Fixf=z¢,
tad saimei F eksist& koplgs nekustigais punkts.

vPierad]l jums.

Pieradl jumu veiksim ar matematiskas indukcijas metodi pé&c
attelojumu skaita.

Indukcijas baze: n=1 - apgalvojums seko no teor&mas piekt:3

nosac] juma.

Induktivais pien&mums: n=k - Fixf,*eo.
1-1

ke1
Induktiva pareja. Japierada, ka [l Fixf,#e. Pac induktiva
1-1

plen&muma hF.ixfi#z. IzvElamies XEhF’ixfi*e, tad
i=1 i-1

f.(x)=x, Vie{1,2,...,,k}. Vienadibas
£ (XY =6, (£,(X))=£,(f,,(x)), Vi€(1,2,...,k} pamato, ka

fhl(x)eflpixf;,tatad fkq‘fiFﬁij"fiijfi- Japamato, ka

attelojumam f, , eksiste nekustigais punkts kopa Iﬁfﬁxfi.
i=1

Kopas Fixf,, 1=1,2,...,k ir netuk¥as, izliektas (Lemma 2.2.1.) un

slegtas (f; -nepartraukti att®lojumi!), tap&c kopa fﬁiﬁxfj ir
1=1

slegta un 1izliekta k& sl&gtu un izliektu kopu 3k&lums, un
netuk%a p&c induktiva plen&muma. ta ir kompakta kopa ki
kompaktas kopas slBgta apakskopa. IzvElamies Z€Fixf,,, -

Nepartraukta rexld mainiga funkcija T(y):=d(z,y),yeﬁFixff
i=1

:asniedz savu mazike v&rtlbu katra kompakta kopda, pienpemsim
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punkta z,. Ta k3 izpildas otrais nosaci jums, tad punktam z kopa hFixfi
1=1
eksist&joSais tuvakais elements z, ir noteikts viennozimligi (v

no pret&ja, pienem, ka eksiste vel otrs zé, kuram

d(z,z) = inf{d(z,y) |yehFixfj}. Kopa ﬁFixfi ir
1=1 1

izliekta, tap&c jebkuram te]0;1[ atradisies tads z,e ﬁpixfj, ka
1=1

dlz,, z)) =td(z,, z3) un d(zy,zd)=(1-t)d(z,, z{) -

Nemot v&r3d otro nosac] jumu:

d(z,z) <max{d(z,z,) ,d(z,2])}=1inf{d(z,x) |xeiﬁ Fixf} .
=1

Esam iequvudi, ka z: atrodas tuvak punktam z neka punkti

Z, un zé. Iequta pretruna liecina, ka piep&mums par vair3ku

tuvako punktu eksistenci bijis aplams a).

Ta ka f,,;: ﬁFixfi - hFixfi, tad:
1=1 i=1

d(z,z,)=1inf{d(z,y) |y€ﬁ Fixf;} s d(z, f,,,(z,)) =
=1

=d{(f,,,(2),£,,,(2,)) s d(z,z) . (2.2.4.1)
I'T k3 pirms tam jau parliecinajamies, ka tuvikais elements z, ir

noteikts viennozimligi, tad atliek secinidt, ka £

o1 (2Zp) =2, . Tatad

k21

N FPixf,#o.
i1

No kopas K kompaktibas seko, ka nekustigo punktu kopu
Ekslums ir netukXa kopa ar]i patvallgam att&lojumu skaitam.a

PIEZTME 2.2.1.
Ja Teor&mas 2.2.4. 4) nosac] jum3 neizstiepjo3u att&lojumu saimi
alzstajam ar kvazi-neizstiepjo3u att&lojumu saimi un atmetam 5)
nosaci juumu (tas automatiski seko no kvazi-neizstiepjoXa
attdlojuma definicijas), tad Teor&mas 2.2.4. apgalvojums paliek
sp&ka. Nevienadibas (2.2.4.1) pieradi jums saglabidjas.

L1dzigi, ja TeorzZmas 2.2.4. 4) nosac] juma neizstiepjo3u

attglojumu saimi aizstdZjam ar asimptotiskl neizstiepjo3u
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ft8lojumu saimi, tad Teor&mas 2.2.4. apgalvojums paliek sp&k:a.
Neviendadlbu (2.2.4.1) varam pamatot sekojo¥i:

d(z,z,) =inf{d(z,y) |y€1ﬁ Fixf;} <
=1
Sd(z;fik,l(zo)) =d(fik,3_(z) pfik.l(zo)) Skid(zl ZO) , 1=1,2,.

Robe%gadil juma, kad limk;=1, ieglsim, ka

EEYY

d(z, z,) :d(z,ligaf L (z)) -
w~ punkta z, unitates seko, ka zo=limfikq(zo)‘ Un ta ka
1 ~ee
zo=li§:nfiku(zo) =1ii‘arbn1.”"1,u1 (2,) =f(lii"1.nf ‘bl(zo)]=f(zo) ,

tad Teor&ma 2.2.4. arl %im gadl jumam ir pieradita a.

PIEZIME 2.2.2.

Teorgdmas 2.2.4. otrais nosac] jums izliektad metriska telpa X
nozim&, ka lodes ir 1izliektas kopas un sf&ras nesatur
"nogrieZnus’”, t.i., no nosaci juma, ka Va,b,ceX Vte]0;1[ FzeX:
d(b,z)=td(b,c), d(z,c)=(1-t)d(b,c) un ir sp8kx
nevienad] ba:d(a,z)<{max{d(a,b),d(a,c)}, seko nosac] jums, ka
Bla,r):={yl|d(a,y)<r}, reR,,, ir izliekta kopa Definicijas 2.2.1.
nozim& un VYb,ceB Vte]0:;1[ atbilstoZais zeB: d(b,z)=td(b,c) un
d(z,c)=(1-t)d(b,c), no lodes centra a atrodas stingri maz3kia

attzlumad par doto radiusu r.

2. 3. VELRET?Z2Z PAR STINGRTI
IZLIEKTAM BANAHA TELPAM

Stingri 1izliektas metriskas telpas Deflnicijd 2.2.2.mé&s
nelietojam lodes j&dzienu. Parfrazeéjot vektoru telpas j&dzienos
Definiciju 2.2.2., ieglsim:

DEFINTICIJA 2.3.1. Banaha telpu X sauc par stingri izliektu, ja:
Vx,yeX Vte(0,1] dtzeX: |x-zl=tix-yl. 1z-y}=(1-¢t) Ix-yl.

PatieZam, Xi Definicija 2.3.1. ir ekvivalenta ar
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Definlciju 2.1.3.. To m&s8 pamatosim, izmantojot zinamo

Apgalvojumu 2.1.1..

APGALVOJUMS 2.3.1.

Banaha telpd X sekojo¥i nosac]l jumi ir ekvivalenti:
1.Vx, yeX: Ix+yl=lx]+lyl= ( (AR, ,: x=Ay) Vx=0Vy=0) ;
2.¥x,yeX Vte[0,1) 3! zeX: |x-zFtIx-yl. |lz-yl=(1-¢t) |x-y].

vPier&d] jums.

= Vispirms pamatosim, ka no pirm3 nosac] juma seko otrais.

Izvelamies brivi x,yeX un te(0,1]. Ja z=(1-t)x+ty, tad:

Ix-z]l=Ilx- ((1-t) x+ty) I=tlx-yl.

1z-y1=1(1-t) x+ ty-yl=(1-¢t) Ix-yl.
Pie tam ¥ads punkts z ir viens vienigs. Pamatosim to. Piepemsim,
ka ir divi tadi punkti 21, 2,(2y ,#X, 2, ,*Y) . kuriem 1izpildas
sakar] bas:

Ix-z, l=tlx-yl, 1z, ,-yl=(1-¢t) |x-yl. (2.3.1.1)
leverosim, ka:

x-yi=lx-2, ,+2, ,-yisix-z, 1412, ,-yI=tix-yl+ (1-t) Ix-yF=Ix-yl.
Tapac ({x-z, ,) +(z, ,~¥) I=lx-2z, ,l+]lz, ,-¥l.

Ilevarojot Apgalvojuma 2.3.1. pirmo nosac] jumu, secinim, Kka:

JA€R,, :x-2,=A(2,-y) Vx-z,=0Vz ~y=0; (2.3.1.2)
3ueR,, : x-2,=p(2,-y) Vx-2,=0Vz,-y=0. (2.3.1.3)
1 A
N .3.1. , = A
o (2.3.1.2) seko, ka z 1+1X+k+1y

un no (2.3.1.3) - z,= 1 x+~Ji—y.
w+l p+1

Bet z, un z, apmierina (2.3.1.1), t3ip&c:

Moo 1 A A o _
Ix-z, 1=Ix (_l+1x+——l.+1y) I= T3] lx-yl=tlx-yl.

_ 1 A . 1 -vl= _ B
Izi—yl—l—hlm—lﬂy V"—m Ix-yl=(1-¢t) |x-yl.

No X%ejienes seko, ka 1=—I£?.

Lidzigi varam s=cinat, ka u:-IEE.
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Tatad A=p un z,=2,.
~ Tagad pamatosim, ka no otrZ nosaci juma seko pirmais.
Izvelamies x,yeX:|Ix+yl=Ilx]+1vl.
IzvElamies zeX, u=x+z un v=z-y. Tad x=u-z un y=z-v.
Tapasc Ju-zl+lz-vl=lu-z+z-vi=ju-v{.
Tatad eksiste& tads tel0,1],ka:|u-z|=tlu-v{,
Iz-vi=(1-¢t) lu-v].
Ja Z,=(1-t)u+tv, tad tas apmierina augstik min&tAs prasjibas, bet
z unitates d4d&l:
z=z,=(1-t)u+tv.
Tatad: z=(l1-t)u+tv=(1l-t) (x+z)+t(z-y)=
=(1-t)x+(1-t)z+tz-ty=(l-t)x-ty+z.

No Xejienes seko, ka 0=(l1-t)x-ty, un tatad xziﬁz}n

Ja t=0, tad z=u un x=0; ja t=1, tad z=v un y=0.a

Apgalvojuma 2.3.1. liespaidd nevajadzstu domat, ka visas
stingri izliektas metriskas telpas ir ari stingri izliektas
Banaha telpas.

Piem&rs 2.3.1.

mApskatisim metrisku telpu X:= {[a;1[|0<a<t},
d(x,y):= |a,-a,|, kur x={a,:1{ un y={a,;1{ telpas X elementi, un
kura acjmredzot nav pat vektoru telpa.

Patvaligiem x=[a;;1[, y=(a,;1[€X wun Jjebkuram te[0;1]
athilsto%oc z meklejam sekojoXa forma z:=[(1-t)a,+ta,;1(.
Skaidrs, ka

di(x,z)=|a,-(1-t) a,~ta, |=tla,-a,|=td(x,y) ,

d(z,y)=|(1-¢t)a;+ta,-a, |=(1-¢t) |a,-a,|= (1-t)d(x.,y) .

Arl unitate ir nodroXinata: v pienemsim, ka eksist® vEl otrs
elements y=(a,;1{€X,. kuram d(x,y) =td(x,y) un d(y,y)=(1-t)d(x,y) .
tatad la,~a,|=t|a,-a,| un |a,-a,|=(1-¢) |a,-a,] - Ert]bas labad
Pienemsim, ka a,>a, (pret&jo gadl jumu apskata analogiski).
lespajamas tris situacijas: 1) a,<a,5a,; 2)a,<a,<a,; 3)a,<a,sa,.
a,-a,=ta,-ta,

Yirmaya situscija: ,
R ) [—a3+a2=(1—t)a1—(l—t)a2
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(1-t)a,+ta,=a

- pretrunliga sistéma.
(2-t)a,-(1~ t)a1 a,

Otraja situacija:
a,-a,=(1- t)al-(l t)a,

- pretrunlga sistéma.
(1-¢)a, +ta,=a,

Tre¥aja situiacija:
a,-a,=(1-t)a,-(1-t)a,’

(1-t) a,+ta,=a;
legOstam,ka y=2z. 4 =

|
o
{(t+1)a1 ta,=a,
e
|

(1-t) a,+ta,=a,

Ar ko Definicija 2.3.1. labdaka par Definlciju 2.1.3.7 Katra
noteiktsa situidciija var izmantot konkr&tajam gad] jumam
piem&rotiko. Ta¥u visgparigi, 1zsakoties mazliet poEtiskak, ja
lidz ¥im, apskatot stingri izliektu Banaha telpu, darbojoXos
personu balsis bija tikai dzirdamas, tad tagad aizkars ir
atvdr*ts un redzami pa¥3i aktieri. Tom&r 3jaatzist, ka stingri
1zliektads metriskas telpas, lai pieradltu att&lojumu nekustigo
punktu eksistenci, blakus tradicionilajiem nosac] jumiem n&3kas
uzlikt citus nosac] jumus. Piem&ram, pras]ibu par sl&gtas lodes
izliektlbu. Pie tam jebkura stingri izliekt3d metriska telpa var
uzdot sl&guma operatoru, kas patvallgai kopai A piekarto maziko
izliekto kopu, kura ietver A. Par sl&guma operatoriem runasim
nako%ajad nodala. Lidz ar to varam sacit, ka stingri izliekta
metriska telpa 1ir metriskas telpas ar sl&guma operatoru
apak¥gadi jums.



J.ATTELOJUMU NEKUSTIGIE PUNKTI METRISKE TELPR AR SLEGUMA
OPERATORU

3.1.SLEGUMA OPERATORT UN TO
TPASTBAS

Telpas X visu apakXkopu sist&mu apzim&sim ar PX.

DEFINICIJA 3.1.1.
Attadlojumu S:PX-PX sauc par sl&guma operatoru telpa X, ja
jebkuram divam kopam A,BePX i1zpildas:

1) AcB =~ S(A)cS(B);

2) AcS(A);

3) S(A)=5(S(A)).

Piem&rs 3.1.1.

sPats vienkarZiakais sl®guma operators ir tads, kas dotajai
kopai jebkada veida telpa piekarto to pa3u kopu; acimredzami
visas tris ipa3lbas ir izpildltas.s

DEFINICIJA 3.1.2.
Telpd X, kurd definf&ts sl&gquma operators S, kopu AcPX sauc par
S~slagtu, ja A=S(A).

Piem&rs 3.1.2.
sNo Piem&ra 3.1.1. defin&ta sl&guma operatora seko, ka Zaja
telpa X visas kopas ir S-sl&gtas.ns

Piem&rs 3.1.3.

sJa telpad R sl&guma operatoru defin®&jam k& tadu, kas katrailR
apakBkopai piekarto slsgto 1izliekto &aulu (=mazako sl&gto
nogriezni, kas satur 3]s apak3kopas punktus), tad telpa R par S-
sl&gtam kopam uzskatisim sl&gtus sakarlgus nogrieZnus un kopas,

kas satur tikai vienu punktu.m=

_32_
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APGALVOJUMS 3.1.1.
Pienemsim, ka S ir sl&guma operators telpg X. S-sl&gto kopu
sist@ma telpa X Ir Invarianta attiec]ba pret 3k&lumiem.

vPierddj jums.
Apskatisim patvaligas S-sl&gtas kopas A,,A,,...,4, telpa X,
kur « no patvalligas indeksu kopas A.
Mums japierada, ka N{A_|a€A} ir S-sl&gta kopa, t.i.,
N{A,|leeA}=5(N{A,|acAl) .
Pec sl&guma operatora otrias ] pa3i bas
N{A,|leeA)c5(N{A, |aeAl) .
Tatad atliek vienigl pamatot, ka
MA, |ecA)o5(N{A |acA)) .
Fiks&sim brivi a,€A. Tad n{A‘JaEA}CAa° . No slaguma operatora
definicijas pirmas [ pa3] bas seko, ka
S, |laeA))c5(a,) =4, (4, ir S-slzgta!l).

Bet a, kopa A fiks&jam brivi, tap&c
N{A,|e€At>5(N{A, |aeA}) .2

Pienemsim, ka QcPX 1ir kopu sist&ma, kas 1invarianta
attiecl ba pret 3k&lumiem (ar to saprotot, ka arl XeQ,Ne:=X).
Attglojumu S,: PX~PX defin&sim ar vienadl bu

S,(A) :=M{ BeQ|BoA} katrai kopai AePX.

APGALVOJUMS 3.1.2.
Piepnemsim, ka kopu sist&ma QcPX ir ipnvarianta attiec]ba pret
5k&lumiem. Tada gad] juma S, Ir sl&guma operators kopa X un

So(PX) =0.

vPieradi jums.

Slaguma operatora definicijas pirmas divas I pa’l bas
attelojumam S, piemit saskand ar ta konstrukeiju.

Pieradisim, ka ari} tre3s definicijas 1 pa&] ba ir
apmierindta. Saskana ar otro [pa3lbu:

SO(A)cSO(SO(A)) katrai kopai AePX.

Savukart p&c S, konstrukcijas:
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5,(8,(A)) =M BeQ|B>S,(A) } un
SO(A)=n{BeQ|BDA} jebkurai kopai AePX.
Ta k& kopu sist&ma Q ir invarianta attiecibs pret Zks&lumiem, tad
5,(R)€Q. Lidz ar to SQ(SO(A))CSO(A) , kas arl bija j3pierzda.
Vel japamato, ka S, (PX)=0. Ta ka Q ir kopu sistsma, kas
invarianta attieciba pret 3k&lumiem, tad saskana ars5,
konstrukciju: SO(RX)CQ.
Fiksssim brivi AeQ. Psc 5, konstrukcijas:
5,(A4) =N{BeQ|BoA).
T ka AeQ, tad lidz ar to S,(A)cA. Izmantojot sl&guma operatoraso
otro ipa¥lbu, secinam, ka A=5,(A). Tad A€S,(PX) un OcS,(PX) .a

Pamatojoties uz ¥o Apgalvojumu 3.1.2., telpas X apak3kopu
sist&ma Q, Jja ta invarianta attieciba pret Xk&lumiem, varam

defin&t slequma operatoru S, So sl&quma operatoru sauc par kopu

sist&mas Q radito sl&guma operatoru.

Piezime 3.1.1.

1) V.Takaha®i izliekto kopu sist&ma rada sl&guma operatoru;

2y J.P.Penots [1979), k& arl V.Kirks [1981A), [1983] pieprasa,
lai metriskas telpas. apak3kopu sist&ma bUOtu invarianta
attieclbad pret Zk&lumiem, tatad arl vini paties]bda strada
metriskad telpa ar slegquma operatoru;

3) iepriek3&ja 2.nodalad defindtaji stingri izliektaja telpa
izliektas kopas rada sl&guma operatoru;

4) pienemsim, ka f:X-X. Tad, k& to viegli parbaudit, kopu
sist&ma {AcX | f (A)cA} ir invarianta attieclbd pret Sk&lumiem

un rada sla&guma operatoru, kuru piepemts apzim&t ar 5,.

(v Ja xe{A€Xx|f(A)cA}, tad tas nozim&, ka x pieder visam

kopam A, kuras ir kopas vai telpas X apakZkopas un kuras
att&lojums f att&lo sevi. Tas nozim&, ka f(x) ari pieder

visam tam pa¥am kopam A jeb f(x)ell{Aex|f(A)cA}. a)

Tatad varam saclt, ka, ja telp:a ir wuzdots sl&guma
operators, tad telpa dal&ji ir uzdota izliekt]lbas struktOra.
NepiecieXams pileprasit loZu S-sl&gt]bu.Tzdsjadi, atgrieZoties

atpakal pie nekustigo punktu teorijas, varam m&§iniat zinamos
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rezultitus no Banaha telpas 1izliektam apak3kopam parnest uz
telpam, kuras defin&ti sl&guma operatori. Pirms keramies pie 3]
darba, v&l daZi j&dzieni un rezultati.

Principidli nozimigs turpmdkajad bls kopas kompaktuma
jedziens telpas ar sl&guma operatoru. 5is ja&dziens ir analodisks
topolodiskas telpas kompaktuma j&dzienam. Vispirms atgiddinidsim,
ka kopu sist&mu sauc par centr&tu, ja katras tas gallgas
apak3siste&mas kopu ¥k&lums ir netuk3a kopa.

DEFINICIJA 3.1.3.

Telpa X, kurd defin&ts sl&guma operators S, kopu A sauc par S-
kompaktu, ja katras tas S-sl&gtu apakZkopu centr&tas sist&mas
kopu 3k&lums ir netuk3a kopa.

Izradas, ka bez parastajiem sl&guma operatoriem, mums bUs
nepiecie¥ami ba izmantot ta saucamos algebriskos sl&guma
operatorus. Kas tie tadi? Un ar ko tie at¥kiras no

lepriek¥&jiem?

DEFINICIJA 3.1.4.
Sl8guma operatoru Sa telpad X sauc par algebrisku, ja katrai
kopai A €PX un katram punktam xc€Sa(A) eksist& tada gal]ga kopa
FcA, ka xeSa(F).

Piem&rs 3.1.4.
eJa X:=R?, defin&jam

n n
Sa (A) :=conVA=(Z a,x,|neN; x,€4; a;>0, ; «;=1}, VAePX.s=
im1 1

Nekustigo punktu teor&Zmu pier3ad] jumos m&s izmantosgsim
sekojo¥u algebriskad sl&guma operatora bUtisku 1pa3]bu, kuru
nevaram garant&t parastajam, 1epriek¥ apskatitajam sl&guma

operatoram.

APGALVOJUMS 3.1.3.
Fiepnemsim, ka Sa ir algebrisks sl&guma operators telpa X. Ja

kopas A;,1=1,2,... ir Sa sl&gtas un AcA,c..., tad to

apvienojums U{A,|i=1,2,...} ir Sa-sl&gta kopa.
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vPierdd] jums.
Kopu U{A;li=1,2,...} sauc par Sa-sl&gtu, ja
Ula,li=1,2,...}=8a(U{4,|i=1,2,...D.
Pec sl&guma operatora definlcijas:
Ula,|i=1,2,...}c5a(U{A,|i=1,2,... D,
tapsc plerddisim pret&jo ieklavumu.

Izvelamies patvalligu punktu xeSa(Ula;|i=1,2,...}):; mums
jdpierdda, ka ¥is punkts pieder kopai ULAAi=1,2,...}. Pec
algebriska sl&gquma operatora definlicijas eksist& tada galiga
kopa FcUlA;|i=1,2, ...}, ka xeSa(F). Pienemsim , ka
F=bg,xa,...,x}}. Pec F definlcijas atradlisies tadas kopas
Aj,j=1,2,..,,1m msk, kurdm pieder gallgds kopas F elementi. Tatad

FCLHAﬂj=1,2,...,m}cAm.

Pec sl&guma operatora definiciijas

Sa(F)cSa(Aa,)=A4,-

Secinam, ka, ja xe€Sa(F), tad xe€A_ un tatad xeUla i=1,2,...}.s

Atz . m8sim, ka jebkur¥ telpas sl&guma operators nebQt nav
algebrisks (%¥dda sakritiba ir sp&kad diskr&tajids topolodgiskajds
telpas).

Piem&rs 3.1.5.

mX:=[0;1], S(A):=(0;1], VAePX.

Ja, piem&ram, apskatam kopu A:=10;1]<X, tad
X:=0eS(A)=[0;1]. Bet neeksist& tada galiga kopa Fc]0;1], ka
UeS(F) .=

Grib&tos las] tajus parliecinat, ka ¥aja paragrafa
apskati tais sl&guma operators nesakrit ar topolodiskoc sl&gquma
Operatoru. Atcer&simies (A.Sostaks, M.Zandere, [1977], 20.1lpp):

DEFINTCIJA 3.1.5.

Uperatoru, kas katrai kopai AcPX piekarto kopu AePX ta, ka:
1) AcA;
2)
3) o=

|
e i

7
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4) AUB=AUB jebkuram kopam A,BePX,

sauc par topolodisko sl&guma operatoru kopad X.

APGALVOJUMS 3.1.4.
Ja S Ir topolodiskais sl&guma operators kopd X, tad S ir sl&gquma
operators.

vPier&di jums.
Lai konstat&tu, ka S ir sl&guma operators, japamato sl&quma
operatora Definjcijas 3.1.1. pirma ipa3iba.
Izvel&simies brivi A,BePX tadas kopas, kuram AcB. Tad
B=AU(B\A) un p&c topologiskd sl&quma operatora Definiciijas
3.1.5. 4) nosac] juma S(B)=S(A)uUS(B\A).
L7dz ar to S(A)cS(B).a

Saikni starp abiem sl&guma operatoriem raksturo:

APGALVOJUMS 3.1.5.

FPiepnemsim: 1) S Ir sl&guma operators kopa X;
2) S(e)=¢;
3) S(AuB)=S(A)uS(B), YA, BePX.

Pie ¥iem nosac] jumiem S ir topolodiskais slBgquma operators.

Un ¥] paragriafa nosl&gumi apskatlisim Corna lemmas lietojumu
att&lojumu nekustigo punktu teorija (telpas ar sl&guma
operatoriem). JBajd nolika atkartosim daXus jsdzienus, kas
ietverti Corna lemma.

Pienemsim, ka X ir netukXa kopa.

DEFINICIJA 3.1.6.
Attieci bu ¢ kopad X sauc par dal&ju sakdrtojumu, ja katram
X, y,zeX: 1) x<x:
2) X<y & yix = X=y;
3) x5y & y<z =~ x<2Z.
Kopu X, kurda uzdots dal&js sakartojums <, sauksim par daléji
sakgrtotu kopu.

DEFINICIJA 3.1.7.

¥ sauc par sakartotu kopu, ja katram x,yeX: xsy val y<x.
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DEFINICIJA 3.1.8.
Flementu xe€X sauc par kopas AePX maZoranti, ja katram yeA:y<x.

DEFINICIJA 3.1.9.
Flementu x sauc par X maksimalo elementu, ja katram yecX:

XXy = y=X.
lietojot defin&tos j&dzienus, varam formulsdt Corna lemmu.

CORNA LEMMA
Ja X Ir dal&ji sakartota kopa, kuras katrai sak3drtotai

apakZkopal eksist& maZorante, tad kopa X eksist® maksim3lais
elements.

Corna lemmu att&lojumu nekustigo punktu teorija mas
lietosim sekojoX%a forma.

LEMMA 3.1.1.

Ja S ir sl&gquma operators kopd X un X ir S-kompakta, tad eksiste
minimdla S-sl&gta, netukXa kopa MePX sekojo3g nozim&: M Ir S-
sl8gta, netuk3a kopa, kurai, ja AcM un A ir S-sl&gta, netuk3a
kopa, tad A=M.

vPierZdi jums.
Apskatisim kopu sist&mu
W:={A€PX|A*e & A:S-sl&gta} .
Atsaucoties uz sl&guma operatora definliciju, Xc<S(X). Tatad
S(X)=X. Tas nozim&, ka X ir S-sl&gta kopa. Ta ki X=¢, tad XeW.
Tatad Weo.
Attiecibu ¢ kopa W katram A,BeW defin@sim sekojo¥i:
B<A:=«B>2A.
Tad katram A,B,CeW:
1) A<A, jo ADA;
2) A<B & B:A = A=B, jo A>B & BoA = A=B;
3) A<B & B<C =A<C, jo A> & BoC = ASC.
No ¥iem trim faktiem secindm, ka ¢ ir dal&js sakartojums kopa W.

Pienemsim, ka W,cW 1r sakartota. Apzim&sim visu W, Xkopu
sk&lumu ar A,. Ta ki katram Aew, : A, cA, tad katram AeWw,: A.2A.

Tatad: ja A,eW., tad A, ir Ww, maZorante un lemmas apgalvojums
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seko, atsaucoties uz Corna lemmu.

Pieradisim, ka A, eW. Ta ka W,ew, tad katra AeW, ir S-slE&gta
un A, ir S-sl&gta ka S-sl&gtu kopu 3k&lums.
Pien&msim, ka A ,A,,...,A,€W,. Ta k& W, ir sakartota, tad

kopas A,,A,,...,A, var sakdrtot dilsto¥a seciba:Athha._,:A“

lad ﬁA:A. . Ta ki A.ew , tad A.eWun A. #e¢. Lidz ar to esam
ge1 2 1y £ ] Iy iy

lequvu¥i, ka W, ir S-sl&gtu kopu centr&ta sist®ma. X p&c dot3a ir

S-kompakta, tatad (1 A=:A,»e. TapBc AEW.a

A€W,

3I.2.ATTELOJUMU SAIMJIU AR
"NORMALAS STRUKTURAS" NOSACTJUMU
NEKUSTTGIE PUNKTI

Sakot apskatit ¥aja apak3nodala konkr&tas nekustigo punktu
teor@mas, pirmam kartam gribs&tos pievarst uzmanibu 0.nodala
piemingtajai V.Kirka Teorgmai 0.1. un ar to saistitajiem
rezultatiem. M&s apskatisim divas teor&mas, kuras vairidk vail
mazdk var&tu uzskatit par Teor&mas 0.1. visparindjumiem. Ab3s
teoremas saglabats nosacl jums par kopas normalo struktOru, ta®u
te ta vairs nav kopas 1paZiba, galvenais smagums parnests uz

attzlojumu saimi.

TEOREMA 3.2.1.
Pienemsim:1) (X,d) 1ir metriska telpa ar algebrisku sl&guma
operatoru S;

2) X ir S-kompakta;

3) jebkura sl&gta lode B(x,r) (xeX, reR,,) ir S-sl&gta.

Pienemsim, ka F ir neizstiepjoXu att&lojumu, kas telpu X att&lo
sev] , komutat]va saime un

4) visiem feF nekustigo punktu kopa Fixf ir netuk¥a un

S-sl&gta;
5) VfeF,VxeX(x#f(x)) IyeA(x, f):
supld(y, z) |z€A(x, f) } < diamA(x, f) - "normadlas struktQras"

nosac] jums;
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kur A(x,f):=N{A€PX|x€A & A=5(A) & F(A)cA}.
Pie Xiem nosacl jumiem saimei F eksist& koplgs nekustigais

punkts.

vPier&d] jums.

Vispirms pieradisim, ka saimes F S-sl&gt3as nekust]go punktu
kopas veido centr&tu sist&mu. Pierad] jumu veiksim indukcijas
cela p&c att&lojumu skaita, piepemot, ka F ir galiga, t.i.,
F={f;|i=1,2,...,k} .

Indukcijas bdze: k=1 - apgalvojums izriet no 4) nosac] juma.

Induktivais pien&mums: k=n un ﬁFixfi *o.
1«1

Izdarisim indukt]l vo pareju, pieradisim, ka apgalvojums ir

nl
patiess, ja k=n+1, t.i., Fﬁxf5=r]Finj#o. Turpmikajos spriedumos

1=1
apzlm&sim {f,,f,,...,f)} ar F' un f,,, ar £f. P&c 1induktiva
piend8muma FixF'#¢. Parliecindsimies, ka f(FixF')cFixF'. Ja
xeFixF', tad f,(x)=x, 1=1,2,...,n. Ta ka F ir komutatlva saime,

tad: £, (f(x))=f(f;(x))=f(x), i=1,2,...,n. Esam ieguvuZi, ka f(x)
ir nekustigais punkts visiem att&lojumiem f,(1i=1,2,...,n) jeb
f(x)eFixF'. Kopa FixF' nav tukZa, tZ ir S-sl&gta ki S-sl&gtu
kopu Sk&lums un, ta ka X ir S-kompakta, tad arl FixF' 1ir S-
kompakta. Varastu lietot A.Liepina raksta {1983] ceturto teorzmu,
tikai jEZparliecinids par divu nosacl jumu izpild]l Banos:
a) katra FixF' sl&gta lode ir S-sl&gta ka S-sl&gtu kopu Bk&lums:
By (%, 1) =By (x, )N FixF'!, VxeFixF/, VreR,,:

b) katram xeFixF', katram feF (x2f(x)) kopa

Apyp (X, £) 1 =N{A€PFixF'|x€A & A=S(A) & f(A)cA} sakrlt ar kopu

A (x, £) =N A€PX|x€A & A=S(A) & F(A)cA};
tatad kopa A

izpildas normalas struktlras" nosacl jums.

Fixr!

Lietojot A.Liepina raksta (1983] teor&mu 4, iegUstam, ka eksist&

n+l
tads x°*eFixF/, ka f(x*)=x", jeb FixF/NFixf= NFixf +eo.

1=1

Ta ka telpa X ir S-kompakta, tad saimei F 1ir Kkoplgs
nekustigais punkts arl gadl jumd, ja F nav galiga.a

Pamatosim, ka mOsu pras,ba par "normalo struktQru" 1ir
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vijaka neka V.Kirka un L.Beljusa rakstos pras]lba par kopas
normalas struktlUras nepiecieX¥am]ibu. Vispirms atzim&sim, ka, ja
¥ ir telpa ar norm3lu struktQru, tad no ta seko Teoresmas 3.2.1.

piektals nosacl jums, bet ne otradi, to pieridda

Piem&rs 3.2.1.

sApskatisim telpu ¢,. kas sastd3v no uz nulli konver¥zjo3am
redlu skaitlu virkn®m x=(x,,X,,...,X, ...), IxI:=sup{x,|neN} .
Telpai ¢, nav normala struktira (jo, piem&ram, izliekta un
lerobe¥ota kopa

B,(0:1) : = {yec,|lvl<1 & VneN: y >0},
kuras diametrs diamB,(0;1):=sup{sup{|x,-y,| |neN}x,y€B, (0;1)}=1,
vigi punkti ir diametrali:
~ fiksejam x,=(x, ,Xs ,.++,%,+..)€B,(0;1), tad

Ix.-vl=sup{|x, -v
u - = - Uy

v.| |IneN} > 1-e, yeB (0;1) .

PietiekoBi lieliem neN:zhfe patvaligl 1zvelstam pietieko3i
mazam e€R,,, 1lidz ar to [Ix,-y]=1.4). Katram xeB, (0;1) defin&sim
f(x):=0. Attelojums £ kopu B,(0;1) attslo sevl un ir
neizstiepjo¥s: |f(x)-f(y)l=0s<lx-yl, Vx,yEB+(0;1)f Vienigais t3Z

nekustlgais punkts ir 0. Sl&guma operatora S lomd var npemt

slagtas izliektas taulas operatoru. Saija gitudcija
A(x,F)={tx|te[0;1]} (x#0) un, ja, piem&ram, _y:=€§, tad

sup{ly-z||z€a(x, £)} =|—;f—l < Ixl=diamA(x, f) .®

NakoZ3aji piem&ria

paradisim, ka Teor&mas 3.2.1. bl al : b=l al
nosacj jums par att&lojumu ,\ o) /~
nekustigo punktu kopas S- é \ / ;
slegtibu neseko no paArdjiem 010£ htO)
nosaci jumiem. § i R
Piem&rs 3.2.2. sDefingsim B

(0:-1)

Ixl:=max{|al, |b|}, Vx=(a, b) €R?,
X:= {xeR?|Ixls1} . f(x):=(a,lal), Vxex. zim.3.2.2.
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Sleguma operatora S loma atkal izve&l&simies sl&gtas izliektas
Zaulas operatoru. Att&lojuma f nekust] go punktu kopa
{xeX|b=|a|}tom&r nav izliekta, kaut arl visi par&jie teor&mas

nosaci jumi ir izpilditi.s

Ja m&s atsak3mies no praslbas par att&lojumu nekustlgo
punktu kopas S-sl&gtibu, tad, mazliet izmainot nosaci jumu par
"normalo struktlru” un pieprasot cieX¥akas kopsakar] bas
attglojumu saimei, bet atmetot nosac] jumu par komutativitati,
varam pieradit sekojo¥u teor&mu:

TEOREMA 3.2.2.
Pienemsim:1) (X,d)-metriska telpa ar sl&guma operatoru §S;

2) X ir S-kompakta;

3) jebkura sl&gta lode B(x,r) (xe€X, reR,,) ir S-sl&gta.
Pienemsim, ka F ir nelzstiepjo¥u att&lojumu, kas telpu X attéelo
sevi, saime, kas apmierina sekojoX¥us nosac] jumus:

4)Y3dge)0;1 [ Vx, yeX V£, geF;

d(f{x),g(y)) <max{d(x,y);qdiam(A(x)UA(y))};
5)VxeX(3veF: v(x) »x) I y€eA(x) :
supld(y, z) |z€A (x) )< diamA (x) ,

kur A(x):=N{A€PX|xcA & A=5(A) & VfeF: f(A)cA}.

Pie Xiem nosac] jumiem saimei F eksistg koplgs nekustigais
punkts.

vPieradi jums.

Psc Corna lemmas S-kompakta telpa X var konstrust t3adu
minimiZlu, netuk3u, S-sl&gtu kopu M, kas ir invarianta attiecibia
pret visiem saimes F att&lojumiem.

IzvElamies punktu aeM un plenemsim, ka eksist& tads
attelojums feF, ka f(a)#a. T3 ka A(a)cM, tad M minimalitates d&]
M sakrit ar A(a). P&c teor&mas pilektd nosac] juma eksista tads
punkts vy kopa A(a)=M, ka:

r,:=sup{d(y, z) |zeM} < diamM.

IzvElamies re Jmax{r,,gdiamM}; diamM| .

Apskatisim kopu A:= (N{B(x,r)|xeM}) (1M - ta nav tuk3a, jo
Y€A, ta ir S-sl&gta k3 S-sl&gtu kopu Xk&lums. J3apamato, ka ta ir

invarianta visiem saimes F attdlojumiem f. No pretsdja -

plenemsim, ka JzeAdgeF: g(z)g¢A. Tad eksist&d tads weM, ka
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wgB(g(z),r) - t3tad kopa A1:=B(g(z),r)DM ir kopas M 1sta

apak¥kopa. A, ir invarianta pret visiem saimes F att&lojumiem,

jo brivi izvelsdtam x€A, un feF izpildas:
d(f(x),g(z))<max{d(x,z);qdiam{(A(x)UA(z)) ]} ¢
fmax{r;gdiamM}=r (z€A un xeA,cM).
Kopa A, nav tuk¥a (g(z)e€A,) un ta ir S-slagta. Kopas M
minimalitates d&l A, =M. Bet A, ir 1sta M apak3kopa, 1ieg0ta
pretruna, talab f£(A)cA, VfeF. Kopas M minimalitates dsl: A=M.
Ta¥u (skat. Piezimi 3.2.1.):
diamA<r<{diamA(a)=diamM
Ilegota pretruna, sakotn&jais piensmums, ka 3JfeF:f(a)ra, ir

aplams.a

PIEZIME 3.2.1.
Ja A=(N{B(x, r)|xeMt)NM, tad diamA<r, VreR,, .

vPierdd] jums.

Jebkuriem diviem punktiem u un v no A izpild3as sakar] bas:
ueB(v,r) un veB(u,r), t.i., d(u,v)<r jeb

diamA= sup{d(u, v) |u, v€A} <r.a

3.3.NEKUSTTGIE PUNKTI ATTELOJUMU
SAIMEM AR SAMAZINATU ORBTTAS
DIAMETRU

Otrs nosaci jumu komplekss, ko V.Kirks izmantojis savos
rakstos [19691, [19707, ir att&lojumu orbl tas diametra
samazinaX¥ands nosac] jums. Lidzigil k3a iepriek3&8j3 paraqriafi kopas
normalas struktOras gadl juma, arl Beit orbltas diametra
samazinaX¥ands praslibu izmainisim atbilstoX3i metriskai telpail ar

sleguma operatoru.

TEOREMA 3.3.1.
Pienemsim:1) (¥X,d) ir metriska telpa ar algebrisku sl&guma

operatoru S;
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2) S(AY=S(S{AY)=:8'(A) visam AePX;

3) X ir S'-kompakta;

4) jebkura sl&gta lode B(x,r) (xeX, reR,,) ir S-slé&gta.
Pienemsim, ka F ir nepartrauktu att&lojumu, kas telpu X attezlo
sevl , saime un apmierina nosacj] jumus:

5) 3telo;1(Vx,yeX Vf,geF:

d(f(x),g(y))smax{d(x,y) ; tdiam(A(x)UA(y))};
6) VxeX(AveF:v(x)#x)Iy€eA(x):
sup{inf{sup{d(y, f®(x)) |m>n}neZ, } feF}< diamA(x) ,
kur A(x):=N{AePX|x€A& A=S'(A) & VfEF: f(A)cA}.

Pie X¥iem nosacljumiem att&lojumu saimei F eksist& koplgs

nekustigais punkts.

*Pierdd] jums.

P&c Corna lemmas S'-kompaktd telpd X var atrast tadu
minimd3lo KkKopu M, kas 1ir netukZa, S'-slégta un invarianta
attiecl b pret saimi F.

Izvelamies aeM, pienemsim, ka JfeF:f(a)=#a. Ta ka M=A(a) (jo
A(a)cM, bet M minimals kopa ), tad p&c sestd nosac] juma eksist&s
tadds punkts a,eM, ka:

q:=sup{inf{supi{d(a,, f™(a)) |m:n}n€k, } feF} < diamA(x) .
[zvelamies re]max{qg;tdiamM}; diamM( un apskatisim kopu
A:=U{N{N(B(f®(a), r)NM|m2n} feF} neZ,.} .
4 ir netuk¥a, jo a,€A, un S-sl&gta ka augoZas S-sl&gtu X

apakZkopu virknes apvienojums
( S ir algebriskais sl&guma operators, skatlit Apgalvojumu
3.1.3.). Pieradisim, ka f:A-A, VYfeF. 85im noluokam izv&lamies

ye {N{B(f™(a), r)NMm2n} feF} pie fiksata nez,, . Tad
d(y,f®(a))s<r, Vmxn, VfeF.

Varam secinat, ka
d(f(y),f(f™(a))) <max{d(y, f™(a)), tdiam(A(x)UA(y)) ]} <
<smax{r, tdiamM}=r, Vm>n, VfeF.

Tatad f(y)eNN{B(£™(a),r)\Mm>n+1} feF}n€Z,,} un f(A)cA, VfeF.

f nepartrauktibas d&l: f:A-A, VfeF.

Mminimalitates d&] A=M. IzvE&lamies peM brivi. Tad peA un katrame€R,,

=ksists&s tads p,€A: d(p,p,) <€
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Tad eksist®&s arl tads nyeZ,,: d(p,, f™(a))<xr, mxn,, VfeF.
Tatad d(p,f™(a))<r+e, m>n,, VFeEF, un

S(U{U{f 2(a) |m2n,} fEF} )< B(p, r+e) .

Ta ka e ir izvelsts patvaligi, tad

N{sU{U{£f=(a) |m2n} feF})neZ**}c B(p, ) -
Izvelamies ze{W{S(U{U{f™(a)|mzn} feF})neZ, .},
tad zeB(p,r) un zel{B(p,r)|peM}, Jjo ©p sakotneji izvalsts
patvaligi. Tatad ze(W{B(p, r)NM|peM} =: A, ,
kur A, ir netuk3a, S-sl&gta ka S-slagtu kopu Bk&lums. Pamatosim,
ka A, 1r invarianta attieclba pret saimi F. Piegemsim, ka JheF
un x€A,, ka h(x)e¢a, , t.i., 3yeM: y¢B(h(x),r). Tas nozlm&, ka
A,:=B(h(x),r)(1M ir i1sta M apakZkopa. Bet:
1) A,#0 (h(x)€A,) ;
2)A, ir S'-slegta ka S'-sl&gtu kopu Bk&lums;
3)A, ir invarianta attieclba pret att&lojumu saimi F, jo katram
z€A, un katram geF:

d(h(x),g(z)) ¢ max{d(x,z),tdiam(A(x)UA(z))} <«
¢ max{r, tdiamM} = r.

Tatad M=a, kopas M minimalitates del. Ta ka tas nav lesp&jams,
tad f(Aa,)cA,, VfeF. Kopas M minimalitates d&l M=4,. Savukart

A sr<diamM. 81 pretruna noraida piensmumu, ka 3feF: f(a)#a. »

Raksta [1970] V.Kirks apskata salidzinajumad ar rakstu
[1969] mazliet visparlgaku situ3dciju, proti, att&lojums samazina
orbj tas diametru sZkot no kaut kadas pakipes N. Bez JpaZam
gr0t] bam 11dzigu teor&mu var apskatit metriskad telpa ar sl&guma

operatoru.

TEOREMA 3.3.2.
Pienemsim:1) (X,d) 1ir metriska telpa ar algebrisku sl&qguma
operatoru S;

2) ST(A)=S(5(A))=:5'(A) visam A€PX;

3) X ir S'-kompakta:

4) jebkura sl&gta lode B(x.r) (xeX, reR,,) ir S-sl&gta.

Pienemsim, ka F ir nepartrauktu att&lojumu, kas telpu X atteélo
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sevli , saime un apmierina nosac] jumus:
5) Jdtelo;1( Vx,yeX VrE, geF:
d(f(x),g(y))smax{d(x,y);tdiam(A(x)UA(y))}:
6) IANEZ,, VxeX(AveF:v(x)=2x)d yeA(x):

supfinf{sup{d(y, f®(x)) |mzn}nz>N}} feF}< diamA(x) .
kur A(x):=N{AePX|x€A& A=S/(A) & VfeF: f(A)cA}.

Pie 3iem nosacijumiem attZlojumu saimei F eksist& kopigs
nekustigais punkts.

vPieradl jums.

Lietojot Corna lemmu, S'-~kompakta telpad X var konstrust
tddu minimdalo kopu M, kas ir netuk¥a, S'-sl&gta un invarianta
attiecibda pret att&lojumu saimi F.

Pac Teor&mas 3.3.1. saimei FN={f ¥ feF} ir koplgs

nekust] gais punkts x*eM. MEs paradisim, ka Zis x* ir ari saimes
F koplgais nekustigais punkts.
Atzim&sim, ka no M minimalitiates seko, ka M=A(x*).
Pienemsim, ka eksist& tads att&lojums feF: f(x*)=2x*. Tad
pEc sestdg nosaci juma eksist®& tads punkts yeA(x*)=M, ka:
q:=sup{inf{sup{d(y, f®(x)) |m2n} n>N}} feF} < diamM.
Apskatisim kopu Ag:= {x*, £(x*),..., £¥1(x")|f€F} .
Tad g=supl{d(y,z)|z€A,} < diamM.
Izvalesimies re]max{Q;tdiamM}; diamM[, tad S(A,)cBl(y,r).

Apskat]sim kopu A:= (N{B(w, ) |weM})NM.
Tad: 1)As#¢, jo yeA; 2)A ir S-slasgta ka S-sl&gtu kopu 3k&lums;
3)A ir invarianta attiecibd pret saimi F: v patieZam, ja eksists
tids ueA un geF, ka g(u)¢A, tad B(g(u),r)NM ir ista M apak¥kopa.
Kopa B(g(u),r)NM ir S-slegta, netuk3a (g(u)eB(g(u),r)NM) un
lnvarianta attiecib3a pret F, jo brivi izveélstam zeB(g(u),r)NM un
heF: d(g(u),h(z)) ¢ max{d(u,z),tdiam(A(u)uA(z))}<

¢ max{r,tdiamM}=r.
No M minimalitates seko, ka M=B(g(u),r)NM. B8i pretruna pabeidz
3) nosac] juma pier3dd] jumu.a

Savuk3rt tagad no M minimalitates seko, ka M=A.
Bet diamA ¢ r < diamM. 81 pretruna parada, ka sakotn&ijais

piengmums, ka x nav att@lojumu saimes kopigals nekustigais

punkts, ir aplams.a
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3.4.KVAZI-NEIZSTIEPJOSBSU
ATTELOJUMU SATMJU NEKUSTTGIE
PUNKTTI

Ar kvazi-neizstiepjoZa att&lojuma daZam lab3m 1pa¥ibam
lepazinamies jau 2.nodala (skatlit: Definiciju 2.1.4., Lemmu
2.2.2., Piezimi 2.2.1.).

V.G.Dotsona un H.F.Sentera raksti {1974] atrodam, ka viens
no nosacl jumiem, lal att&lojums f:A-~A norm&t3d linedrd telpd bOtu
kvazi-neizstiepjo3s, ir prasiba, lai tam eksistdtu nekustigais
punkts kopa A un

Vx,yeA: Mf(x)-f(y)lsalx-£(x)l+bly-£(y)l+clx-yl, (*)
kur a,b,c 20 un 0O<a+b+c<l. M&s tuvak apskatlisim divu autoru -
R.Kannana un S.Reiha - rezultatus, kuros pier3ddita nekustigia

punkta eksistence att&lojumiem, kas apmierina nosac] jumu (*).
i.Kannana teor&mas [1971], {1973] parasti konstantes <=0 un
a=b=0,5, piem&ram,

TEOREMA (R.Kannans, [1973]).
Pienemsim, ka X ir refleks]lva Banaha telpa un K ir t&as netuk3a,
sl&gta, izliekta, ierobeZota apak3kopa. Ja att&lojums T att&lo

kopu K sev] un izpildas nosac] jumi:

1) |Tx-Ty|s—; (x-TxI+1y-Ty1) , X, YEK;

Z)katrai nevienelementj gai, sl&gtal un izliektai apakZkopail F no
ropas K, kuru att&lojums T att&lo sev], eksistd tads elements
x€F, ka \x-Tx|<supily-Tyl|yeF!}.

tad pie Xiem nosac] jumiem att&lojumam T eksist& viens vienjgs
nekust] gais punkts kopa K.

Varam atgadinat, ka mums jau labi zindmais V.Kirks [1965]
ir plerad] jis lidzi ga rakstura teoré&mu neizstiepjo¥am
att®lojumanm, lietojot normalas struktfiras j&dzienu otra
nosaci juma vieta, ta%u unitate vina teor&md netiek garantsdta.

M&s gribam pieradit nekustlg3d punkta eksistenci attdlojumu
Sdimei ar visparinatu R.Kannana teor&mas 1) nosac] jumu metriska
"elpi ar sleéquma operatoru. Tiesa gan, kaut k& jam&dina apiet 2)
losac] jums, bet, ka to 1izdarit., =zinam Jjau no 1iepriekX&jiem

"fzultatiem. Viena att&lojuma gadi jumam subsimetrisksa
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topolodiska telpad ar sléguma operatoru R.Xannana teor&mas

visparindjumu ir jau veicis A.Liepin¥ ({1983].

TEOREMA 3.4.1.
Pienemsim: 1) (X,d) ir metriska telpa ar algebrisku sl&guma
operatoru S;
2) S(A)=5(85(A))=:58(A) visam AePX;
3) X ir S’-kompakta;
4) jebkura slzgta lode B(x,r) (xeX, reR,,) ir

S-sl&gta.
Pienemsim, ka F ir nepartrauktu att&lojumu saime, kas apmierina
sekojo¥%us nosaci jumus:
5)Vf,qg, heFVx,yeX3dacl0;1(:
d(g(x),h(y)) <ad(x, £(x))+(1-a)d(y, £(y));
6)VxeX(IveF:vi(x)+x)dyeA(x) :
supld(y, £(y)) |feFiKsuplsupld(z, f(2)) |zea(x) }feF},
kur A(x):=N{A€PX|xeA& A=S'(A) &« VfeF: f(A)cA}.
Pie Xiem nosac] jumiem saimei F eksist®& viens vienigs kopigs

nekust] gais punkts.

v Piergd] jums.

Pec Corna lemmas un telpas X S'-kompakt] bas var atrast tzadu
minimalu, netukdu, S'-sl&gtu kopu M, kas ir invarianta attieciba
pret visiem saimes F attelojumiem.

Izvelamies punktu aeM un pienemsim, ka eksist& tads
attelojums feF, ka f(a)#a. Ta ki A(a)cM, tad p&c M minimalitates
seko, ka M=A(a). P&ec 6) teor&mas nosac] juma eksist® tads punkts
a,€A(a)=M, ka:

r:=supld(a,, f(a,)) |feF}<suplsupld(z, f(z)) |zeA(a) }feF}.

Apskatisim kopas

A:={xeM|d(x, £(x)) sr,VfeF} un A :=S(U{f(A)|feF}),
ruras abas ir netukZBas, Jo a,€A un f(a,)€a],,VIeF.

Ta ki S 1ir algebriskais sl&guma operators, tad brlvi
izvelstam x€A, eksist®& tada gallga kopa wcU{f(A)|feF}, ka
“e8 (W) .

Pienemsim, ka g:=suplmax{d{f(x),y) |yew!feF}, tad
WeB(f(x),q) |feF}. Ta ka MUB(f(x).,q) |feF} ir S-slegta kopa ki S-
‘18qtu kopu Xk&lums, tad ScW)cFHB(f(x),q)lfeF} un tatad ari
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xeMB(f(x),q) |feF}, t.i., d(x,f(x))<q,VEeF.
Fiks&sim att&lojumu feF brivi. Brivi 1izvelatam ecR

eksisteés tadi attelojumi g,heF, ka:

g-esmaxid(g(x),y) |yewWl=d(g(z),h(z)) . kur zeA.

Lidz ar to d(x,f(x)) <gsd(g(x),h(2)) +e. (3.4.1.1)

No nosacl jumiem 5),no (3.4.1.1) un no ta, ka zeA, seko, ka

d(x, f(x))<d(z, f(z))+ lfa ~, osd(z,f(z))sr -

tas ir sp&ka brivi izvelstam attdlojumam feF, tatad ari par&jiem
saimes F attedlojumiem ieglsim analogus nov&rt&jumus, taAp&c xe€A
un lidz ar to AcAunf(x)€A, ,VfeF. No BZejienes seko ka

f:A~A ,Vf€EF.

Apskatisim kopu A2:=EI=S(U{TZA5|TEFFS. Ta nav tukX3a kopa, ta

ir S'-slagta un saimes F att&@lojumu nepartrauktlbas d&l ta ir
ar] invarianta attieciba pret jebkuru saimes F att&lojumu. Kopas
M minimalit3tes del M=3, . Bet A2=EC}_;=A (f un d -
nepartraukti!), savukart
suplsupld(x, f(x)) |x€A}feFi=r<suplsupld(z, f(z)) |zeM}feF}.
legOta pretruna. Tatad f(a)=a,VfeF.

Unitate seko no 5) nosacl juma: pienemsim, ka ir divi
nekustigie punkti

X,,X,€X, tadVf, g, heF3a€l0;1[:

d(g(x,),h(x;)) =d(x;, x;) sad(x,, £(x)) +(1-a)d(x,, f(x,) =

=ad(x,,Xx,) +(1-a)d(x,, x,}=0.a

Esam pierad] ju¥i teor&mu, kas patiesiba garants&, ka
nepartraukti att&lojumi, kas apmierina Teorémas 3.4.1.
nosacijumu 5), metrisk3d telpd ar algebrisku sl&guma operatoru
veido kvazi-neizstiepjo3u att&lojumu saimi, kurai ir kopigs
nekusti gais punkts.

S.Reihs attdlojumam, kas apmierina nosac] jumu (™),

pleradi jis sekojo¥u rezultatu

TEOREMA (S.Reihs, [1971]).
Ja X Iir pilna metriska telpa un atté&lojums T:X~X apmierina
nosacj jumu (*), tad tam eksistEZ viens vien]gs nekustjgais

punkts.
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Mazliet sa¥aurinot nosacijumu (*) un neprasot metriskas
telpas piln]lbu, bet gan tas S—kompakt]bu, varam atrast citu

attzlojumu saimi ar vienu vienigu koplgo nekust]lIgo punktu.

TEOREMA 3.4.2.
Fienemsim: 1) (X,d) ir metriska telpa ar algebrisku sl&guma
operatoru S;
2) S({AY=S(Z(A))=:5/(A) visam AePX;
3) X ir S'-kompakta;
4) jebkura slBgta lode B(x,r) (xeX, reR,,) ir
S-slegta.
Plienemsim, ka F ir nepartrauktu att&lojumu saime, kas apmierina
nosacj] jumus:

5)Vf,g,heFVx,yeXda,b,ceR, :0< a+b+2c<1:

d(g(x),h(y))<ad(f(x),x)+bd(£f(y),y)+cd(x,y);
6)VxeX(dveF:v(x)erx)A yeA(x) dweA(x) :
supld(w, z) |z€A(x) }ssupld(y, f(y)) |feF}<suplsupld(z, f(2)) |zeA(x) }feF)
kur A(x):=N{AePX|x€A & A=S'(A) &« VFeF: f(A)cA}.
Pie Xiem nosac]l jumiem saimei F eksist& viens vien]lgs nekustlgais
punkts.
vPieradi jums. *
Pamata tiek atkartots 1lepriekZ¥&jas Teor&Emas 3.4.1.
plerdd] jums. Mainis nevienadibu (3.4.1.1) secinijumu pamatojums:
d(x, f(x))sg<d(g(x),h(z)) +e<
<ad(x, f{x))+bd(z, f(z)) +cd(x, z) +e Jjeb

bd(z,flz))+cd(x,2z) , e < bd(z, £(z)) +cd(d(x, z)

d(x, f
(%, £(x)) < l-a l-a l-a

Zinams, ka d(z,f(z)) <r, jo z€A; savukart d(x,z)<2r, jo z€AcM un

XEA,cM, tatad x,zeM un p&c Teoreémas 6) nosacl juma
JweM=A(a) : suptid(w,v)|veMl<r, t.i.,
diamMs2supld(w, v) |veEM} <2r, tap&c d(x,z)<2r.

Secinam, ka d{(x,f(x))s br+2rc=z'b+2csr, jo
1-a 1-a

Oca+b+2c(l = b+2cdl-a = b1+26<1'
-a

"M1akais ka iepriek®%&3ja pierad] jumid.

mitats seko nc 5) nosacl juma:pienemsim, ka ir divi nekustigie
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punkti x,,x,€X, tad VIf,g,heF da,b,ceR,: 0<a+b+2c<1:
d(g(x,),hix,)) =d(x,,x,) <
<ad(f(x,),x,)+bd(f(x,),x,)+cd(x,,x,) =0+0+cd(x,, X,) -
Ta k& 0<«c<l, tad d(x,,Xx,)=0 a

3.5. ATTELOJUMU SAITIMJU AR
INVARIANCES TPASTBU NEKUSTTGIE
PUNKTLI

Interes&joties par neizstiepo¥u att&lojumu Kkomutat]vu
saimju kopigo nekust]go punktu, atceramies labi zinamo R.de
Marra teor&mu ([1963], skatlt 0O.nodala Teor&mu 0.2.). Lidziga
rakstura rezultatu ir pieradd]jis arl M.R.Taskovi¥s [1980]
diametrali neizstiepjo3u attzdlojumu komutat]val saimei.

DEFINICIJA 3.5.1.
Attelojumu f:E~-E (E - Banaha telpa) sauc par diametrali
neizstiepjosu, ja:
V£ (x) -f(y) I<o (supilx-zl|zeE}) ,Vx, y€eE,
kur ¢:R,,~»R,. ar Ipa3ibu @(t)st,VteR, .

Atzim&sim, ka katrs neizstiepjod3s att&lojums ir ari
diametrdli neizstiepjo¥s (plenemot, ka ¢ vienads ar 1i1dentisko
attélojumu) .

Gan R. de Marra teorémi, gan M.R.TaskoviZa gad] jumd tiek

izmantota bOtiska X¥o saimju ipa3iba: invariance.

DEFINICIJA 3.5.2.

NejzstiepjoBu att&lojumu saimel

F=\f|f:E~E,E - Takaha¥i izliekta metriska telpa) piemit
invariances ]Jpa¥%iba kopd E, ja katrai kompaktai Takahali
izliektai E apakZkopai K, kurai: f(E)cE, VYfeF, eksistg kompakta
ipaks8kopa McK tada, ka f(M)=M visiem feF.

Pirmo reizi %] definlcija atrodama V.Takaha¥%i darba [1970],

kura pierad] ta ar| sekojo3a teorzma:
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TEOREMA (V.TakahaXi, [1970]).
Ja K ir kompakta Takaha¥i izliektas metriskas telpas apakZkopa
un F ir neizstiepjosSu atté&lojumu saime ar invariances ] pasjbu

kopa K , tad saimel F eksistéd koplgs nekustjgais punkts.

Atzim&sim, ka mUsu j&dziens par S-sl&gtu kopu ir
visparl gaks j&dziens ki izliekta kopa TakahaX%i iziektd metriska
telpa, tape&c apskatisim metrisku telpu ar sl&guma operatoru,
kury dota att&lojumu saime ar invariances 1pa%lbu un,
noskaidrosim jautajumu par %1s saimes koplgo nekustigo punktu.
Sim nolQkam mums b0Os nepiecieZmas divas jaunas definicijas.

Pienemsim, ka X ir metriska telpa.

DEFINTCIJA 3.5.3.

Attelojumu saimei F, kas att&lo kopu KX sevi, piemlit §S-
invariances ]paZlba, ja katrad kopas K S-kompakta un S-slagtz
apak3kopa EcK tada, ka f(E)cE visiem feF, eksist& tada S-
kompakta apakZkopa McE, ka f(M)=M visiem feF.

Piem&rs 3.5.1.

»X=R, d(x,v)=l x-yl , S - izliektas un sl&gtas &Zaulas
operators; P={f(x) : kx | x€X, ke]0;1]} un,
E=la;b] ,Va, beR(a<b) unoela;b]l. B5aja gadl juma M={0}, kas ir ari
5]s saimes F kopigais nekustigais punkts.s

DEFINICIJA 3.5.4.

Saka, ka S-sl&gtai kopai KX ir S-normala struktQra, ja katrid S-
slagta nevienelementi gd apak3kopd HcK eksiste tads elements ueH,
ka supld(x,u) |xeH}<diamH.

Saka, ka telpai X ir S-normala strukttra, ja katrai S-sl&gtai
kopai telpa X ir S-normala struktura.

Atzim8sim, ka katrai izliektai un kompaktai kopai K Banaha
telpa X ir S-normala strukttora (V.I.Istratesku, [1981], 60.lpp),
Ja telpa X sl&gquma operators S tiek defin&ts ka izliektiads un
sldgtas Taulas operators.

Nemot v&ra jaunos j&dzienus, varam pleradit:

TEOREMA 3.5.1.

Pienemsim:1) (X,d) - metriska telpa ar sl&guma operatoru S;
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2) X ir S-kompakta;
3) X ir ar S-normalu struktQru;
4) Jjebkura sl&gta lode B(x,r) (xeX, reR,,) ir S-slégta.

Ja neizstiepjo3u attslojumu saimei F:X-X piemit Sinvariances

ipa3lba telpd X, tad saimei F ir kopigs nekustigais punkts.

vPierZdi jums.

Izmantojot Corna lemmu un telpas S-kompaktumu, varam atrast
minimalo netuk3c S-sl&gto un attieclba pret saimi F invarianto
telpas X apakXZkopu M.

Piepemsim, ka M satur vairak nekad vienu punktu, un
rienemsim, ka ir tads punkts aeM, kuram eksist®& tads saimes F
attdlojums f, ka f(a)#a. PE&c saimes F S-invariances 1pa¥]bas
telpa X seko, ka -eksist& tada S-kompakta kopa McM, ka
f(M,) =M, ,VfEF. Ja diamM,>0, tad no telpas X S-normalas struktlras
seko, ka eksistz tads elements ueS(M,)=M,, ka

r:=supld(u, x) |xeM, IKdiamM, <diamM.

Apskatisim kopu Mb::(ﬂ{B(x;r)]xEAaHM%ﬁ Ta nav tukXa, Jjo
ueM,, ta ir S-sl&gta ka S-sl&gtu kopu 3Zk&lums un ta 1ir S-
kompakta. Pieradisim, ka M, ir invarianta attieciba pret saimi
F. Izv&lasimies brivi Z€M,un f€F. Brivi izv&l&tam xeM c M, - ﬁ)f(bﬁ):ﬁa
- eksist& tads weM,, ka x=f(w) . Tapsc
Af(z),x)=d(f(2),f(w))d(z.w)<r (Jo zEM,, weM,) . (3.5.1.1)
Sadas nevienadlbas bOs spska visiem zeM,, visiem feF un visienm
XeM,, t.i.,f(M,)cM, VfeEF. No M minimalitates seko, ka M=M,, bet
diamM,<r<diamM,<diamM. Pretruna radusies no piep&muma, ka kopZ

M ir vairak neka viens punkts.a

PIEZTME 3.5.1.

Ja attslojumu saime F ir diametrdli neizstiejo%a, teorgmas
apgalvojums paliek sp&k3. Pieradl juma atliek pamatot
nevienadibu (3.5.1.1):

d(f(z),x)=d(f(z), f{(w)) s (supld(z,u) |ueM, }s supld(z, u) |lueM, }<r .



1T DALA

BOLA-BRAUERA-SAUDERA
TEOREMAS STABILITATE

).VESTURISKS APSKATS

Viena no lievErojamikajam nekustigd punkta eksistences
feor&mam tika iegGta 20.gs. sakum3a, un 3Sobrid pla&3akai
matematiku saimei t& pazistama k& holandieXu matematika
L.Brauera teorgma. Sikotnzja formul&jumada %] teor&ma apgalvoja
(p&c J.Dugund?i un A.Granass [1982], 46.1pp):

BRAUERA TEOREMA ([1910), pieradjta 1909.gada, gad] juma, ja n=3).

n
Ja V":={x|x={xy;%,...},x;=0,Vi>n,;:|xﬂsl} un nepartraukts
1

attelojums f att&lo V2 sevl, tad att&lojumam f eksiste
nekustjgais punkts.

Ta¥u, ka pamatoju3i A.D. MiXZkis un I.M.Rabinovi&s [1955] (un
ne tikai wvini vien!), tad pirmsakumi ¥]ls teor&mas idejai
mekl&jami baltvacu matematika Pirsa Bola darba {1904].
J.Dugund%i un A.Granass [1982] gramata (46.1lpp) pieradits, ka

P.Bola un L.E.J.Brauera teor&mu formul&jumi ir ekvivalenti.

BOLA TEOREMA ([1904), gad] juma, ija n=3).
FPienemsim, ka nepdrtraukts attglcjums f att&lo kopu V? kopd

E% ={x|x={x,,%,...}, x;=0,Vi>n}. Tad vai nu Ix*eV": f(x*)=x",

va] ar] Ixedv": x=Af(x), 0<A<1l. "
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P.Bols %o teorEmu ieqgfist ki pastarpinitu rezultiatu, un
tap&c ilgu laiku matemzatiskajdas aprindids tas netiek paman]ts.
Teorgmu P.Bols lzmanto plerad] jum&a, lai pamatotu, ka
diferenciilvieniddojumu sist&mai ar noteiktam ] pa3ibam eksists
atrisinajums, 1lidz ar to pirms tam 1iegOto rezultatu par
nekust]l ga punkta eksistenci vin® Ipa¥l neizcel.

Tatu V.I.Istratesku [1981] raksta (113.1lpp), ka ekvivalenta
rezultata formul&jums atrodams ari H.Puankare& 1886.gada darba.

Laika gaita Bola-Brauera teor&ma ir vairikkart visparinata.

Vispirms 7Z.Adamars (J.Hadamard [1910]) devis pirmo pieradi jumu

gall gdimensionals telpad R?(neN) , izmantojot Kronekera indeksus.
1912.g9ada Brauers devis citu pierddi] jumu, izmantojot simpleksu
aproksim3cijas tehniku. V&l c¢itu sameklésim J.V.Aleksandera
[1922] un G.D.Birkhoffa, O0.D.Kelloga [1922] rakstos. Populariko
Bola-Brauera teor&mas pieradi jumu izatradajusi Knasters-
Kuratovskis-MazurkeviZs [1929), tas balstits uz E.Spernera lemmu

11928]. Bodienas matematiki pazist sekojodu formulZjumu:

SAUDERA TEOREMA([1930]).
Ja nepdrtraukts att&lojums f netuk¥u, kompaktu un izliektu
BEanaha telpas apak3kopu attglo sev], tad att&lojumam f eksisté&

nekust] gais punkts.

81 s teoremas pieradi jumu atradisim J.Saudera {1930] raksta.
Ret vB&sture ar to v&l nav beiqusies. 1935.gad3d A.Tihonovs
“audera teor&mas analogu pier&adijis lokali izliektd topolodiska
vektoru telpa. Ar 1941.gada rakstu S.Kakutani 1i1esdk Bola-
Brauera-8audera teoré&mas iesp&jamos visparinigjumus
daudzvartigiem att&lojumiem. Savukart V.L.K1] 1955 .qgada
pamatojis, ka katram nepartrauktam att&lojumam lokzli izliektas
ropolodiskas vektoru telpas 1zliekta apakZkopid eksiste tikai tad
nekustigais punkts, Jja 31 kopa 1r ari kompakta. 1967.gada
H.E.3carfs 1zstradijis algoritmu (b3z3tu uz OBpernera lemmu)
tuvinatal nekustj gd punkta atraZanail, kuru var lietot nekustiga

unkta mekl&3%3an3 ar kompijlGtera palldzibu.

Ir zinami wvairzZki Brauera un Saudera teoremu pilerad] jumu
'eidi. Ar tiem wvaram lep=zz]ties, piem®ram, E.Burgera [1959],
.B.Tompkina (1964, H.Nikaido [1968, 1970], E.Kleina [1973],
.Smartza 119741, J.Franklina 11980}, K.J.Arrova, F.H.Hana (Hahn)

1930 | L.lmsternika. V.Soholeva 1382, K.C.Bordera [1985]



_56_

darbos. Sam&ra izsmelo3u inform3ciju par Bola-Brauera-Saudera
teorémas attistibas gaitu varam atrast J.DugundZi, A.Granass
|1982]7 wun V.I.Istratesku {1981])] gramatas. Tadu slavenika
nekustigo punktu teor&ma joprojam nedod mieru matematiku
pratiem. Td, piem&ram, v&l 1981.gada K.Grogera rakstd paradi jies
jauns Brauera teor&mas pierddl jums, ka ar] 1991.gada N.Sioji
rakstd tiek visparinita Knastera-Kuratovska-MazurkeviZa teoréma.

Un dro¥i vien tie nav p&d&ejie tezultati.



| SAUDERA TEOREMAS ANALOGS H-NEPERTRAURTAM ATTELOJUMAM

1.1 . PAMATIEDZIENT

Grib&tos wuzsvert, ka kopas K kompaktums un 1izliektiba
Saudera teor®&m3a ir bUtiskas praslbas. S.Kakutani raksta [1943]
un I.Kronina (Cronin) gramata ([1964] (124.1pp) atradisim
piem&rus, kas parada, ka Saudera teorsma kopas kompaktuma
prasi bu nevar aizstiat ar ierobe¥otibu un slzgtlbu.

Apskatisim vienu interesantu piem&ru.

Piem&rs 1.1.1.

sK=B(0;1)\{0} «R2. 81 kopa nav

1 ne kompakta, ne 1izliekta, un
m&s varam vuzdot kopa K t3du

attslojumu f:K-K, kurs ir

nepAartraukts, bet kuram nav

0 | nekustl ga punkta. Att&lojumu f
R defin&jam sekojo¥a velids:

1(x) jebkuram x€K atrodam stara,

kas iziet no 0O punkta un iet

<

caur x, krustpunktu y ar rinka

liniju, un "parblidam" %0 y pa
loku ar garumu h, 0<h<2x.
zlm.1.1.1. IegOtais punkts tad arl ir
f(x) (skatit zim.1.1.1.).m

Piemers pardda, %a, kaut kopai K 1lidz 1izliektai un
tompaktai kopai B{(0:1) pietrilkst viena paZ%a punkta, secinajums
nar nekustigad punkta eksistenci nepartrauktam att&lojumam var
bt aplams. Tatad pie nelield@m kopas B(0;1) struktOras izmaipam
var panakt, ka attzalums starp x un £(x) ir "liels" visiem x€K.

Bet ka izmain] tos Saudera teors&mas secindjums, ja
nepartraukta att#lojuma vietd m&s apskatitu ne noteikti
nepartrauktu attdlojumu? Bet., plem&ram, tadu, kam ir lesp&jami

“irtraukuma punkti?



_58_

Pienemsim, ka X ir metriska telpa ar metriku d, D(f)<X ir

attdlojuma f definicijas kopa un f£:D(f)-X.

DEFINTCIJA 1.1.1,.
Attezlojumu f sauc par w-nepartrauktu (weR,,) punkta x,eD(f), ija

katram pozitivam skaitlim ¢ eksist®& tads pozitivs skaitlis 8, ka

visiem punktiem xeD(f): d(x,, x)<d izpildas nosacj jums:

d(£(x)), F(X)) < e+w.

DEFINTCIJA 1.1.2.

Ja attdlojums f ir w-nepartraukts jebkura definicijas apgabala
D(f) punkta, tad 3a3du att&lojumu sauc par w-nepartrauktu kopa
D(f) jeb w-nepartrauktu.

Ja pienemam, ka w=0, legUstam nepiartraukta attglojuma
definiciju. Ideja par w-nepartrauktu att&lojumu nav Jjauna.
Piem&ram, M.Burgina un A.Sostaka raksta [1992] m&s sastopamies
ar j&dzienu '"nepartrauktibas defekts'". Salidzinot definicijas,
janonik pie secinadjuma, ka Definlcijas 1.1.1. un 1.1.2. min&tais
lielums w nav nekas cits ka Z%is ''nepartrauktlibas defekts'" pie
nosaci juma, ka w ir iesp&jamais mazikais skaitlis, kas apmierina

Definjeciju 1.1.1. visos D(f) punktos.

Piem&rs 1.1.2.
sDirihla funkcija f:R-{0,1}, kas defin&ta sekojo¥i:

VxeR: £(x) : ={%)" ’;‘Z‘i’

lr l-nepiartraukta.s

Piemerd 1.1.2. Dirihle funkeciju m&s varam uzskatit ari par
10-nepartrauktu vai pat 10}°-nepartrauktu - Definicija 1.1.2. ir
izpildl ta. M&s negrib&tu wuzlikt stingrakus nosac] jumus uz w
1zvali. Tafu, domajot par iespZjamo redlo situdciju, gribam w
izveleties p&c iesp&jas mazu.

Darbojoties tieZd veidd ar w-nepartrauktu att&lojumu, gruti
pateikt, kads izskatisies Saudera teor&mas analogs, ja aizstajam
nepartrauktu att®lojumu ar w-nepartrauktu attslojumu. Varbut

izmantot aproksimidciijas ideju 7
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DEFINTCIJA 1.1.3.
Attglojumu g:A-X, kur A 1ir metriskas telpas X apakXkopa un
AoD(Ff) . sauc par att&lojuma f£:D(f)cA-X p-aproksimiciju kopa
D(£), ja jebkuram kopas D(f) punktam x: d(f(x), g(x))<pn, ueR,.
Ta ki nepartraukts atteglojums kompakta kopa ir arl
vienm&rigli nepartaukts, defingsim vienm&rigi w-nepiartraukta
att®lojuma j&dzienu un apskat]l sim kopsakar] bu starp w—
nepartrauktu un vienm&rigi w-nepartrauktu att®lojumu metriskas
telpas kompakta apak3kopza.

DEFINICIJA 1.1.4.
Attslojumu f£:D(f)-X sauc par vienm&rlgl w-nepartrauktu (weR,, ).,

ja katram pozitlvam skaitlim ¢ eksist& tads pozitivs skaitlis §,
ka wvisiem punktiem x un y no D(f): d(x,y)<$§, izpildas
nosaci jums:d(f(x),f(y))< e+w.

TEOREMA 1.1.1.

Ja X ir metriska telpa, A ir kompakta apakB3kopa telpa X un
attdlojums f:A-X ir w-nepartraukts, tad f ir vienmerigi 2w-
nepartraukts att&lojums.

vPierZdl jums.

Pienemsim, ka att&lojums f ir w-nepartraukts kopa A, t.i.,
katra kopas A punktd x izpildas:

Ve>0 38>0 VyeA: d(x,y) <8 = df(x).f(y))<e+w,
un pienemsim, ka att&lojums f nav vienm&rigi 2w-nepartraukts
kopa A, t.1i.,

Je >0 V8>0 Ix, yeA: d(x, ¥} <8 un d(f(X),f(y))2e,+2w.

Izvelésimies tadu pozitivu skaitlu 8 virkni, ka:1limé =0 .

P

Tad eksistes tadas virknes (x.), .. (Vo) pen' Xp, Y,EA, ka:
d(x,, y,) <8, und(f(x,), f(y,))2e,+2w, n=1,2,....

Tz k3 kopa A ir kempakta, tad no virknes (x,),n var izvelsties

tadu apak¥virkni (x,),n, kura konverd® uz punktu x,€a; tieXi

tapat no virknes (y,)_.n var izvEl&ties tadu apak¥virkni (Va,) ken -

kas konver4® uz to palu x,€A (jo:
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d(y, %) sd (¥, , x, ) +d(x, , X,) <8, +d (X, , X,) k—;o+d(x0,xo) =0).

No attelojuma f w-nepartrauktibas punkta X,EA seko:
d(£(x, ), f(x,))<e+wun d(£(y,), £(x))<e+w.

tatad ,ja k tiecas uz bezgalibu, ieglsim:
d(f(x, ), f(y,))<d(f(x,), f(x,))+d(£(x,), £y, ))<2e+2w.

Ta ka e 1izvelets patvalligi, tad liekot e tiekties wuz 0, bus
sp&kad nova&rt&jums: d(f(xm),fﬂy5))s 2w.

Bet p&c virknu (x,)_ . un (y,) .y konstrukcijas seko, ka:
d(f(xn') ,f(ynk))z e, +2w, k=1,2,....

Ieguta pretruna starp p&d&jam divam nevienddl bam pamato, ka
sakotn&jais plenemums bijis aplams. a

Piem®&rs 1.1.3.

1

sFunkcija f(x):= ln;}’ x€10;1] par3ada, ka uzlabot Teor&mas
0 , x=0

1.1.1. secinaZjumu nav iesp&jams.

Intervdla ]0;1] funkcija f ir nepartraukta, punkta 0 ta ir
l-nepartraukta, [0;1] tad ir vienm&rigi 2-nepartraukta funkcija

(v izvadlamies divas punktu virknes (xLLEN,(ngEN no intervala
[0;17:

XI/):L un Xt/)’:_i'—l n=01112r e
T+4NT 3n+4nn

abas ¥ s virknes ir bezgalligi mazas un tada ir ar]l to starpiba,
tap&c pietieko¥i mazam 2>e>0 wun p&c patikas mazam 5>0

atradisies tads punktu paris xﬁ un.xge]o;l[, ka|z¢—xﬂ|<6 un

|£(x}) -£(x)) |=]1-(~1)|=2>e & ).
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1.2 . NEPARTRAUKTA APROKSIMEJOSA
ATTELOJUMA EKSISTENCE
w—NEPARTRAUKTAM ATTELOJUMAM

Soli pa solitim m&s tuvojamies me&rkim. VarbOt vienm&rjgl w-
nepartrauktam att&lojumam 1zliektd un kompakta Banaha telpas

apakikopd var atrast nepartrauktu aproksim®djoZu attslojumu?

TEOREMA 1.2.1.
Ja X - norm&ta linedara telpa,
kopa AcX - kompakta,
f:2-X - vienmBrigi w-nepartraukts attglojums,

tad attBlojumam f eksist® nepartraukta w'-aproksimacija f

un f(AYcconvf(A) , w''w.

vPieradl jums.

Fikssjam e’eR,. t3, lai w+e/sw/. No f vienmé&rigis
w-nepartraukt] bas seko:

3850 Vx, yeA: d(X,y)<d = d(f(x), f(y))<e/+w.

Tz ka A ir kompakta kopa normdr3d vektoru telpa X, tad

katram pozitivam skaitlim y varam konstrugt galligu y-tiklu kopa

A.TzvElamies y::ég un apzlm&jam t1kla punktu kopu ar
8
My=la,.a,. ... a,) tad ac UBla, 2.
i=1

Pierzad] sim, ka att&lojuma f sa¥aurindajumam kopa M, eksiste

iT
4ol
ol
~
+
H

‘aukts turpindjums visd telpa X (tatad arl kopa A). Ideja

¥im pierad] jumam radusies no visparin3itds Titces teorémas

E.Borsuks 19671, 77.lpp), kura apgalvo, ka, ja A Ir sl&gta
pak3kopa metriskz telpd X un Y ir lok&ii 1izliekta linedra

olpa, tad katram attélojumam f:A-Y eksist®d nepdrtraukts

urpinijums F:X-Y un f(X)c convf(A). Misu gadl juma M,=A, X

sakrit ar Y. M&s atkartosim zttedlojuma F konstrukciju un ta

izmantosim ¥os spriedumus aproksimacl jas
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TEOREMA (K.Borsuks, 70.lpp). Ja kopa G ir metriskas telpas X
val&ja apak3kopa, tad 3al kopai eksist& kanoniskais parklajums
attiec]j ba pret X.

(DEFINICIJA (K.Borsuks, 69.1pp). Kanoniskais parklajums
attiec] ba pret telpu X Ir tdds val&jas kopas GcX val&js
parklajums O={ U,}, peM. kur¥ apmierina nosac] jumus:

1)U ir lokali gallgs, t.i., katram kopas G punktam a eksista
tdda 5] punkta apkartne V, ka 5k&lums VﬂUM nav tuk3a kopa tikail

galj gam Iindeksu skaitam u;
Z2)katram punktam aeX\G un katrai 5] punkta apkdartnei V<X eksist&
tada 3] punkta a apkartne WcX, ka, ja ¥k&lums Uuﬂw nav tuk3a

kopa, tad U“CV.)

Pec 31s teor&mas kopai X\M, eksistZ kanoniskais parklajums
{Gu}, peM. Izvelamies katra kopa G, punktu X, un samekl&jam tam
tadu atbilsto¥o punktu a,eM, , lai d(x“,a“)<2d(xp,M5)-

d(x, X\G,)
Y dix, x\G,)
uled

nav vienadi

Pinkta xeXx\M, att&lojumi tu(X):=

ar 0 tikai gali gam indeksu skaitam peM. Patie3am: jebkur® punktsxeXx\M,
pieder wvismaz vienai un ne vairdk k3 galigam skaitam kopu
Gu ( {G,.} ~ lokali galigs piArklajums! ), tAp&c sauc&ja summa 1ir

stingri pozitiva. AttZlojumi t,:X\M, -~ R. Skaidrs, ka t,(x)20 un

dix,0G) oy AU G

t (x)= = =1

2 S at Gy Y dtx Gy
pem w'ed

YxeX\M,, pie tam r"(x)>0 tad un tikai tad, ja X€G, -

Ta ka parklajums {G} 1ir lokali galigs, tad katramx ex\M,
eksist® tada 31 punkta apkartne U, telpa X\M,, ka nosaci jums
UOnGu¢ @ izpildas tikai galigai indeksu kopai BorByreos By
Tapec jebkuram punktam xeU;:

d(x, X\G,)
d(X,X\G, ) +...+d(X, X\G, ) '

T, (x)=
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tatad attelojums T, ir nepartraukts.
Pienemot, ka

£(x) ’ XeMb'
T(x) =\ ¥ 1, (x) fla,), xEX\M,-
WEM

m&s leqgUstam atte@lojumu Ff:X-X, kas turpina att&lojumu fiMy~X un
kura v&rtibas pieder kopai convf(My) . Ta ki Mca, tad
I(A) c T(X)c convf(M,) c convE(A) .

Pieradisim, ka att&lojums F ir nepartraukts.

No ta, ka kopas Xx\M, parklajums {G“} ir lokali galigs un
kopa M, ir sl&gta, seko, ka Jjebkuram punktam pe X\Ma eksiste
tada apkartne UcX\M;, kas 3Zkelas tikai ar kopam {G,} galiga
skaita, teiksim ar kopam pr,sz,...,Gh. Tap&c jebkuram xeU
attslojums T, (x) bas at¥kirigs no 0 tikai tad, ja p sakrit ar
kddu no indeksiem u,, i=1,2,...,n. Ta k& katrs no atté&lojumiem

T t ir nepartraukts, tad att&lojums f ir nepArtraukts

EEERATS
jebkura kopa pe€ X\M,.

Atliek pamatot f nepZartrauktibu kopia M, -

Piegemsim, ka V ir punkta f{(p)=rf(p) (peMy) brivi izvE&leta
izliekta apkiartne telpa ¥ (X ir lokali izliekta telpa). Mums
jdatrod tada punkta p apk3rtne U,€X, ka _f(Uo) cV.

Piepemsim, ka X(p,r) ir val&ja lode telpa X ar centru

punktd p un radiusu r. T3 k3 f ir nepartraukts kopa M, ., tad
eksist® tads e>0, ka f(MNK(p,e))cV. Ta ka {G”} ir kanoniskatis
parkl3jums, tad punktam p telpad X eksist& tada apkartne U,, kura

ietilpst lod& K(p,e) un, ja tas Zk&lums ar kaut kadu piarklijuma

kopu Gu veido netuk3u kopu, tad 3] G‘l leklaujas lods K(p,%g).

Apskatot s3kotn®ji 1zv&l&tos punktus X,€G, . redzam, Kka
d(p,a,) sd(p, x,) +d(x,.a,) < Te+2d(x,. M) < e

(jo: XREGHCK(D;—;B) un d(xu,Ma) sd(xu,p) s-_};c, Jo pEM,) .



_64_

Tatad T(x)=f(x)€eV, ja xeMNU,. un katram x no (X\M,) NU,

var atrast tadus indeksus p,,p,,...,H, lai XEiQGH un X nepieder

nevienal citali parklajuma kopai G, H*Py, i=1,2,...,n. legustam,

ka tm>0’i:1'2' ...,0,un t“(x) =0 visiem citiem indeksiem p. Seko,
n n

ka:F(x) =) t,(x) f(a,) =; t,, (%) fla,) ., pie kam ¥ r”=; t, =1. Ta
WEM -1 LEM -1

ka xeG, NU,, tad fla,)€V, un ta ka kopa V ir izliekta, tad
f(x)ev. Tatad F(U,) cV. f nepartrauktibas pieradl jums pabeigts.

Pamatosim, ka attglojums ¥ ir att&lojuma f w-aproksimacija

¥opad A. 5im noluokam izvEl&simies patvaligu punktu xeA. Ja XEM, ,

tad d(f(x),f(x))=0<w. Ja x¢M,, tad x€cA\M, jeb xcX\M, . Apskatisim

punkta x valgju apkartni K(x, ﬁ) fiks&tam neN. {G“} ir telpasX\Ma
n

kanoniskais parklajums, tap&c atradlisies punkta x tada apkartne

U,, ka UoCX\Ma' U,cK(x, i) un, ja tas 5kalums ar parkldajuma kopuG“
n

nav tukXa kopa, tad Guc}((x,ﬁ). Atceroties, ka izvedlati punkti
n

X, €G,:d(x,,a,) <2d(x,, M) .

varam noverte&t attialumu:

1 K 1
d(x,a,) <d(x,x,)+d(x,,a,) <Eb+2 > 56+;6
ot o)
(Piezime. xeUB(a;;—) un
1wl 2
xEGcK(x,i)cGB(ai;i)CA, tapac
e n i=1 2

)

JaeM,: d(xu;a)sE jeb d(xu,M,,)sz5

—2—-)

Liekot n tiekties uz bezgalibu, iegUsim novErt&jumu: d(x,au)<6.

Ta ka {Gu} ir lokali galigs parklainms, tad punkta x ap]r(a"\rtnéUG

atrad] sies galigs skaits kopu G ,...,G tadu, ka xeﬁG un X
By Ba I=1 By
nepieder nevienai citai p3rklzijuma kopai. No Xejienes sekao, ka
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rH(x)>0, 1=1,2,...,n, zmr“(x) =0 par&jiem p. Tatad

T(x)=Y 1, (x)fla,), 1, (x)>0, i=1,2,...,n, un p&Cc T, (X)
1=1

rux(x)=1. I 7 k&5 d(x,apl)<6. tadgd

M-

fefin] cijas
-l

|

d(f(x),f(ah))<e’+w, un tI ka telpa X ir norm&ta line3ra telpa,

tad  d(F(x), £(x)) =d(} x, fla,), £(x)) =
1=1

n n n
:Ig tll‘(f(aul-) -f(X) IZI; tl-l,{f(au't) _g tuif(x) l:

=Y M f(a,) -£0) 1Y £, (e/+w) =
I=1 1=1

n

= (e/+w) 2 rpi=c’+ws w!
=

jeb d(F(x), f(x)) sw/. a

Apgalvot, ka 1iegftais rezultats ir pats labakais visz

situicijis més nevaram. FPiem&ranm,

S

ja f:]a;b}-R. Izr3d3as, &adsa

gadl jumd aproksimZjo¥o att#&lojumu m&s varam piemekl&t ar labzaku

novErt&jumu neks Teorg&mas 1.2.1. formul&jumi.

TEOREMA 1.2.2.
Ta f:la;b|~-R ir vienmerigi

/
eksist®& nepartraukta Aég—aproksimacija g, w'ow,.

vPierad] jums.
NofikszZjam eeR,, t3, lai e+wgw

iepartraukt] bas eksist® tads 80, ka:
Ux,yela;bl : | x-y{<8 = |Ff(x)-f(y) [< e+w.

Yonstrudjam intervala [a:b] &8-tiklu {x,.x,....,x,} sekojo

veldia=x,<x,<{x,<...<x.=b,

w-rnepartraukts attslojums, tad tam
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| %=X, | <8, x, %2, ,, k=1,2,...,n.
k k-1 k k-1

Apzlmésim att&lojuma f videjas vErtlbas intervalos A,:= [x,.;:X,] .

k=1,2,...,n, ar v,:= m";Mk, k=1,2,...,n, kur
me:= Inf{f(x) |x€A,} un M,:= sup({f(x)|xea,}, un atte&lojuma ¢
videjas varti bas intervalos A,/(:z Xk'12+xk; Xk;Xk‘l , k=1,2,...,n-1,
1
M
ar V,I(:z mk; k, k=1,2,...,n-1, kur

my: = inf{f(x) |xeA,’c] un My: = sup{f(x) |x€A}} .

Funkcijas f aproksim®jo¥o funkciju g defin&sim sekojoli:

X +X
gl(x) - = Vll Xg{xo; 02 1];
X, +X
- k-lz k
(x):= (VI—V)+V,
G L Xy %y k™ Vi X
kKT 5
2
Xp-1*Xp
g(x) =1 XQ{ ) ,xk], k=1,2, ,1-1;
X-X,_
grix) := k-1 (Ve Vie1) +Viq,
k-1+xk_x
2 k‘l
X,  +X
xgl:‘xk-1; k_]é k}l k_213' s 11
X +X

Fd
Attslojums g ir nepartraukts un tas ir attelojuma f g—

aproksimdacija. PatieX%am, ja brivi izvE&l&tais xela;b] sakrit ar

+

. X *X
x., k=0,1,...,n., vai ar %" k=1,2,....n,



/ ] X, +X .
tad lf(X)—g(X)|:Os;, un, Jja xe€ 0 1| vai xe

Xo1

/
rad, acimredzami. ka |f(x) -g(x) < w;-e S—;— {skatit zim.1.2.2.).

zim.1.2.2.

K1t Xp | Xt Xpan
2 2

Apskatlsim gadl jumu, kad xe] l Pec punktu

X ¥ Xy Xt X,y
2 2

X, k=0,1,...,n, 1zvEles seko, ka =& un tas

¢ 28
2

nozlm&, ka jebkuriem

X +X X, X
u,ve} “'12 5, kzk'l[: [E(u) -£(v) [<e+w.
Ja xe xk'l*xk;xk , tad gk(x)E[Vk;v,’(] R -

€ (0;1) 1 gp(x) =bvy+(L-£) vi.
Lidz ar to varam novartst:
|£(x) -g(x)|=g(x)-g,(x)]|=

S| (E+(1-8)) F(x) - (Ev+(1-t) vi) | <

!

SEIF(x)-v|+(1-t) [F(x) -vi|=



Ky T X
2

;xk[c (X, ix) =4, tad F(x)elmi; MLl , t.i.,
JAE[0:1]: £(x)=Am+(1-A,) M,

un, ta k3a vienlaicligi xe

2 2

X +X
k-1 k_x c
2 'K

Xy 1 +X, Xt
k1" Xk Xk Xk“]:A;/(. tad
Ny . / l Iy agl
f(x)E[mk;Mk] , E.1., 3}.,(6 [0,'1] H f(X) =}-kﬂ7k+(1—xk)Mk-
Turpinct novart&¥anu, iegUstam: -

| £(x)-g(x) | <

/ /
mk+Mk

+(1-t) Meml+ (L-Ah) M-

M
SER M+ (1-A,) M, ~ m"; k

=t A= 2y my= (A=Y M [+ (1-0) | (M- 2y mpr (Ah-Ly ML |«
2 2 2 2
1 ;1 / /
St’lk'j§’|mk‘M}|*(1‘C)|lk‘75||mk‘k&|5
e i -0-L o

1 1 e+w _ w'
< =t(e+w)+=(1-t) (e+w) = < —.
5 ( ) > ( ) ( ) >

2
- . Xt Xy, . ) . .
Gad] jum&, kad Xe]xk;—liélil[, ieglsim tieXi tadu pa¥u
novadrt&jumu. T3i k3 E23ds novérte&jums nav atkarigs no k
(k=1,2,...,n-1) izvEles un ar]l no x izvéles, tad galu gald pie

s3kotneji fikse&ta g>0 esam ieguvuli, ka

| £(x) -g(x) | < e;ws_zh a
zradis, ka Teor&m3d 1.2.2. ieglto novErt&jumu uzlabot

Piem&rs 1.2.1.
sPiemsrz 1.1.2. aplikotajai T

fienmdri gl l-nepartraukta, a2ksist® ne
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g(x):=%, VxeR. Acimredzami, ka labaku aproksimaciju tan]
nozimé&, ka d(f(x),g(x)) bitu maziaks par %, VxeR, leglt nav

iesp®jams . »

1.3 . PAMATREZULTATS
Teorgmas 1.1.1. un 1.2.1. lauj pamatot sekojo¥u rezultatu:

TEOREMA 1.3.1.
Ja K ir netuk¥a, kompakta un izliekta Banaha telpas X apak3kopsa.
kuru w-nepartraukts att&lojums £ att&lo sevl, tad kopa K eksiste

tads punkts x*, ka d(x*, f(x")) <2w/, w'ow.

vPier#Zdl jums.

Ta ka kopa K ir kompakta, tad p&c Teor&mas 1.1.1.
w-nepartrauktais attdlojums £ 1r ar]l vienmé&rigi 2w-nepartraukts.
Savakdart, lietojot Teorgmu 1.2.1., vienm&rigi 2w-nepiartrauktam
att&lojumam f eksist& nepartraukta 2w'-aproksimacija g, w'>w. Ta
¥d g ir nepartraukts attédlojums, kas att&lo kepu K sev]
(g(K) c convf(K)ck, jo kecpa K ir izliekta), tad varam lietot
Saudera teor&mu, saskanad ar kuru kopad K eksist®& tads punkts

X*€K, ka: g(x*)=x*. Lidz ar to: d(x*, f(x")) =d(g{x*),f{x*)) <2w’.»

Jev&rojot Teordmu 1.1.1, 1.2.1. un 1.2.2., ka ari Bola-

Brauera-Saudera teor&mas secinijumus, varam pieradit:

SEKAS 1.3.1.
Ja K={a;b] un f:K-K ir w-nepartraukts, tad intervalia K eksizt®

tads punkts x°*, ka d(x°',f({x"))sw/, w' o w,.

SEKAS 1.3.2.

Ja pie dotajiem Tecr®mas 1.3.1. nosac] jumiem ir sp&ka, ka f ir
vienm&r] gi w-nepartraukts attZlojums, tad Ix*eK: d(x*, f(x*)) <w/,
w' W,

SEKAS 1.3.3.

Ja K=[a;k] un f:E-K ir vienm®#rligil w-nepartraukts attslojums, tad

/
Ax'ex: dix*, f(x)) <1)



2. 1ESPEJAMAIS PIELIETOJUMS EXONOMIXA

Pat matematiskajas aprindas nereti tiek uzdots jautajums,
val apskatamajam matematiskajam rezultitam ir atrodams kaut kads
pielietojums. Lal nomierinitu jautdtiaju pratus, varam sacit, ka
nekust] go punktu teoriju lieto ekonomiskajos modelos. Konkr&tak,
tirgus lidzsvara eksistenci parasti pierdda ar Brauera vai
Kakutani teorsmu paljdzibu (skatit, piem., J.T.Svartcu [1961],
E.Dirkeru [1974], K.J.Arrovu, F.H.Hanu [1980], R.R.Kornvalu
(Cornwall) [1984}). Zinot to un dom3a3jot par to, 1ir radusies ¥%j
darba 2.dala. Un, 3ja nodala 2.2. apskatltais modelis nav pats
labakais, tad tikai tap&c, ka ¥1s piemdrs ir sakums.

2.1 . w—NEPARTRAUKTU ATTELOJUMU
TPASTBAS NORMETZA TELPX

Iepazistoties ar tirgus 1lidzsvara teoriju, janon3ak pie
secinijuma, ka tie¥a veidad lietot Teor&mu 1.3.1. par w-
nepartraukta att&lojuma w-nekustigo punktu pagaidam nevaram.
Nongkam pie secinijuma, ka teorija prasa taldku attistibu.
Vispirmam k&rtaim modific&sim w-nepartraukta attelojuma jasdzienu
gadl jumam. kurad f:X-=Y, un p&c tam noskaidrosim w-nepartrauktu

atta&lojumu kopas invarianci pret aritmetiskajam operacijam.

DEFINTCIJA 2.1.1.
Att®lojumu f:¥X-Y, kur X, Y - norme&tas vektoru telpas, sauc par
w-nepartrauktu (weR,,) punkta X, €X ja katram pozitlivam skaitlime
eksistE tads pozitivs skaltlis 6, ka visiem punktiem
€KX Ix-X,§4<8 1zpildas nosacl jums: |f(x)-f(x,) |,<e+w.

Ja att&lojums f ir w-nepartraukts jebkura telpas X punktiad,
tad 33du att&lojumu sauc par w-nepirtrauktu telpa ¥ jeb

w-nepartrauktu.
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Piem&rs 2.1.1.
sVisparindta Dirihl& funkcija fF:R°-{0;1}, kas defins&ta

1, Vxelx,, ..., x )i x;€0

kojo¥i: Vx= PR eR?: ;= 1
sekoj x=(x, Xp) (x) {0’ Ix,ele, . .o x):x,el

ir l-nepartraukta.ws

Lidziga veida varam modific&t vienm&rligi w-nepartraukta
attelojuma definiciju. Atbilsto¥i formul&tas Teor&mas 1.1.1. un

1.2.1. izmantosim TeorZmas 2.1.4. pieradd] jumia.

TEOREMA 2.1.1.

Pienemsim, ka att&lojums f:X-Y ir w'-nepartraukts, attglojums

g:¥=Y ir w''~nepartraukts, X, Y ir norm&tas vektoru telpas. Tad

f+g ir w'+w''-nepartraukts atté&lojums.

vPierddl jums.
Brivi izv&lamies punktu X,€X un ¢>0. Ta ka f ir

w'-nepartraukts attglojums, tad

36, €R,, VXEX: | x-x,4<8 = I (x) -£(x,) |y<%+w',

un, t3 k3 g 1ir w''-nepartraukts att&glojums, tad

38,€R,, VXEX: x-x,],<8,= 19(x) -g(x,) Iy<% +w’.

Defing&jam 8:= min{d4,,8,} , tad
Vx€X: [x-Xylz<8 = [(£(x)+g(x)) - (£(x,) +g(x,)) lly=
=H{f(x) -£(x)) +(g(x) -g(x,)) |, IE(x) -£(x,) ly+lg(x) -g(Xx,) |4<

<%+w’+-§- +w’=g+w/+w”. a

SEKAS 2.1.1.
Ja f:K-Y ir w-nepartraukts atts&lojums un g:K-Y ir nepdrtraukts

att®lojums, tad f+g ir w-nepdrtraukts attzlojums.

Lai rundtu par w-nepartrauktu att&lojumu reiziniajumu,
vispirms vienosimies, ko m&s saprotam ar 7&dzienu '"reizinijums"”

normdta vektoru telpZz.
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DEFINICIJA 2.1.2.(S.Langs [1976], 118.1pp)
Pienemsim, ka X, Y, 2 Ir norm&tas vektoru telpas. Par vektoru
aeX, veY reizindajumu sauc atté&lojumu, kas pdarim (a,v)eEXxY
piekd@3rto elementu aveZ un kas apmierina sekojo3us nosac] jumus:
1.Ja a,beX un veY, tad (a+b)v=av+bv.

Ja aeX un u,veY, tad a(u+v)=au+av.
2.Ja ceR, aeX, veY, tad (ca)v=c(av)=a(cv).
3.VaeX VveY: |avl,<lal dvly-

Ka vienkar3Ziko piem&ru varam min&t vektoru skal3ro
reizindjumu telpa R~”.

Pienemsim, ka dots reizinajums XxY-2Z. Apskatisim
att®8lojumus f:K-X un g:K-Y, K 1ir norm&tas vektoru telpas V
apakZkopa. Tad ar attslojumu reizin&ajumu sapratisim

(f-g) (x):i=f(x)g(x)., VXEK.

TEOREMA 2.1.2.
Pienemsim, ka att®&lojums f:V-X ir w'-nepartraukts, attz&lojums

gq:V=Y ir w''-nepartraukts, V, X, Y ir norm&tas vektoru telpas.

Pie Xiem nosacl jumiem f-g ir w/w”’+w/lg(x,) |,+w"|f(x,) |y nepartraukts

attdlojums katra telpas V punkta x,.

vPier&di jums.

Brivi izv&lamies punktu x,€V un e>0. Defin&jam

el :%(—W’—W”—Ig(xo) by~ 1£ (o) Der (wTewTelg (x,) I+ £ () Iy) 2+8e) > 0.

Ta ka £ ir w'-nepartraukts att&lojums, tad 38,cR,, VxeV:
x-x,0,<8,=1f(x) -f(x,) fy<e’+w/. Ta ka g ir w''-nepartraukts
attdlojums, tad 38,€R,, VxeV: Ix-x,0,<8, =g (x) -g(x,) | ,<e’+w".
[zvelamies &8:=min{8,,8,}., tad VxeV:|x-x |, <8 =
1£(x) g(x) -£(x,) g(x) =1£(x) gl{x) -F{x,) gix)+f(x,) g(x)-f(x,) glxy) lz<
<lg(x) (£(x) -F(x)) I+ £(x) (g(x) -g(x)) 1=
=[(g(x) -g(x,) +g(xy) ) (£{X) -£(x)) I,+1£(x,) I,lg(x) -g(x,) ly<
sHg (%) —g (x,) AL (%) =£(x5) Ly lg (X)) I, E(x) ~£(xo) L+ DL (X)) Uxlg (Xx) g (x,) |
<(elsw’y (el+w) +lg(xy) Iy (e/+w!) +1£(x,) I, (e/+w”) =

=elel+elw/velw +wiw + g (x,) 1,2/ + g (xy) lyw/'+HE (x,) 1,2/ +1 £ (x,) fxw” .
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Atliek pamatot, ka

Iy !!

e'e/+e'w/ve'w’+1g (x,) 1,&/+1£ (x,) I,&/= ¢ .
Apzlm@sim w/+w/+lg(x,) l,+1f(x,) |, =: t. Pamatosim, ka (e/)2+e/t=¢ .

Aizvietojot sakotnzji izvEelato gk-%ﬁhﬂ+qe-d vErtibu, iegUOsim:

1 (t2+4e-2¢ t2+4e+t2)+—;-(\/t:2+42—t) t=

4
= L2 1, t2+4e+e—it2+it\/t2+43 =g. A
2 2 2 2
SEKAS 2.1.2.

Ja £:V-X ir w-nepartraukts attélojums un g:V-=Y 1r nepartraukts
attelojums, tad f-g ir |g(x0|yw—nep§rtraukts attZlojums katra

telpas V punkti3 X, -

SEKAS 2.1.3.
Ja f:V-X ir w-nepartraukts attélojums un c ir konstante,tadc'f

ir |c|w-nepartraukts att&lojums.

Sekas 2.1.4.
Ja f:¥-Y ir w'-nepartraukts att&lojums wun g:X=Y ir w''-
nepartraukts attelojums, X, Y norm&tas vektoru telpas, tad f-g

ir w'+w''-nepartraukts att&lojums.

vPieradi jums.
Pec Sekam 2.1.3. -gq= (-1)g ir w''-nepartraukts att&lojums
dotaja punkta, taps&c, ievE@rojot Teoreému 2.1.1., f£+(-1)g=f-g 1r

w'+w''-nepartraukts att&lojums.a

Dall juma gad] jum3 apmierindsimies tikat ar vienu

vienkdr%otu situ3aciju.

TEOREMA 2.1.3.

Ja f: X-[1;+»[ 1r w-nepartraukts att&lojums norm&ta vektoru

telpa X, tad 1 ir — ¥ -nepartraukts att®@lojums katra telpas
£ £(x,)

X punkta x,-



*Pierddi jums.

Brivi izvElamies punktu x,eX un e >, defin&jam e’:=cf(x%).
™ ka f 1ir w-nepirtraukts attélojums, tad

3850: VxeX: Ix-x,l,<d=|f(x)-f(x,) |<e/+w.
Tzda gadi jumi:

11|
£(x) £(x,)
|f(x,)~f{x) | evw

F0 E(xy) | E(x)E(x)

elrw = Sf(XO) +w=g+ w 4
STE(xy) | f(xp) £(x,)

Zinamu lomu ekonomiskajos modelos sp&l& nepartraukta
attslojuma vErti bu kopas 1erobeXotiba, ja vien definicijas kopa
ir kompakta. Bada situ3cija var garante ari vartibu kopas
Fompakti bu, ta¥u w-nepartraukta att&lojuma gadl juma vairik par
lerobe%otibu i1eglt nevar.

TEOREMA 2.1.4.
Fienemsim, ka X, Y ir norm#tas line3dras telpas, kopa A ir
Fompakta telpas ¥ apakZkopa un f:A-Y 1r w-nepartraukts

attdlojums. Tad kopa f(A) 1r 1erobheZota.

*Pieradi jums.

Pec Teor&mas 1.1.1. f 1ir vienm@rigl 2w-nepartraukts
attelojums. Psc Teor&mas 1.2.1. vienm&rigli 2w-nepartrauktam
attdlojumam eksist® nepartraukta 2w'-aproksimacija F kopa A,
#'vw. T k& A ir kompakta kopa un F nepiartraukts attdlojums, tadZ(A)
Yompakta kopa, tatad ierobheZota:

dreR,,3xef(A): T(A)cB(x, 1)

2 k3 T ir £ 2w'-aproksimaciia, tad d(F(z2),f(2))s2w/, YzeAa. Lidz
ir to T(AY<R(x, r+2w') £t.1., attdlojums £ ir ierobheZots.a
Kompaktas kopa att&la kompaktibu pie w-nepartraukta
= juma nevar garant®t, o pamato kaut vail 2is piemdrs:
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Piem&rs 2.1.2.
mf:[0;1]-10;1].

1
-, x=0
2
f(x):=14x, x€]J0;1[ - tas 1ir k-nepartraukts att&lojums, kuram
1, x=1
2

vegrtibu kopa f£([0;1])=]0;1[ nav kompakta.ns
2. 2. EKONOMISKA MODELLA PIEMERS

Saja apak¥nodala m&s dosim ekonomiska modela aprakstu, kads
atrodams K.J.Arrova un F.H.Hana [1980] gramata (16.-29.1pp),
veiksim atbilstoZ3as izmailnas un uzlabojumus, izdarisim
atbilstoX¥us secinijumus.

Piepemsim, ka ir n da?3di labumi (preces un pakalpojumi),
pat&r&tiji un raZotaji. Katrs paterstajs var buot ar] raXotidjs,
k& ar] otradl - katrs raXotajs var blOt patsrstajs. Patsr&tajus
un raZotajus kopum3 pienemts saukt par ekonomiskiem agentiem. Ja

m&s raksturojam ar x, pat&r&tdaja h lemumu attieclba pret i-to
labumu, tad xm(O nozlmé&, ka i ir labums, ko pieddavi pat&r&taijs

h, un XMZO nozilm&, ka i ir labums, ko pleprasa pat&r&tajs h

(iLetverot arl 0 piepras] jumu). Tad Xi:=§:xh, noz] mé 1-t3 labuma
T

kopumu, ko piedava (ja x;<0) val pieprasa (ja x,>0) visi
pataretiji kopumd. Ja mEs raksturojam ar Yn, ra¥Yotija f l&mumu
attiecl bd pret i-to labumu, tad ar 5Q}<0 sapratisim, ka 1-to
labumu ra%otajs f pieprasa, un ar yﬁzo sapratisim, ka i-to
labumu ra?otdis f piedava (ietverot arl 0 piedavijumu). Tad

yi;=§:yfI nozlm® i-ta labuma kopumu, ko piedava (Jja y;20) vail
13

pieprasa (ja y,<0) visi raZotdji kopuma. Ar x, sapratlisim to i-

fa labuma daudzumu, kas apskatamaji laika bridl ir dots ka

sikotngjais labuma daudzums Jjeb resursi. Atzim@sim, Xa tas
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vienm&r ir nenegativs lielums. Tirgus lidzsvars ir saistits ar
at8kirl go ra2otdju un pat&r&taju lemumu saviencjam]lbu. Kop&jais
piedavajums ir summa no labumu produkcijas un labumiem, kas

saraZoti lidz ¥im. Tadia gadljumada 1i-tad labuma pileprasi juma

parpalikums ir o,:=x,-y,-x,, kur i=1,...,n.

PIENEMUMS 1.

Pienemsim, ka p:=(p,,...,p,) ir doto n labumu cenu vektors, un

plenemsim, ka piepras]juma parpalikumu o, ir iesp&jams izteikt

k& funkciju no p. éo funkciju apzlm&sim ar z,;, i=1,...,n, tad
z, (P)
_ z, (P) . _ .
z,(p)=x,(p) -y,(P) -x,(P) . z(p) = p kop&jda  pilepras] juma
z,(p)

parpalikuma funkcija 2.

PIENEMUMS 2.
z(p)=2(kp), VYp>O un k>0.

Pien&mums 2 apgalvo, ka visu cenu m&roga maina attieclba
pret visZm prec&m vienlaiclgi pieprasi juma parpalikuma funkcijas
vdrtibu neizmaina. Jeb - ja vienlailcigil k-kaArtigil izmaina algas
un cenas, tad patiesi ba pirkt- un pardot-spé&ja nav
izmain] jusies.

No Pien&muma 2 seko, ka cenu vektors ir norm&jams un t3pé&c
var uzskatit, ka tas plieder n-dimensiju simpleksam

n
Sn:=h>|§:£a=l.‘p>0}- M&s 1zsl&dzam situdciju ar negativam cenam
i=1

un ieszp&ju visam cen3dm vienlaicigi bdt vienddam ar 0.

PIENEMUMS 3' jeb Valrasa likums.
VpeS,: pz(p)=0.

a1

Ka motivacijun ¥im Pien®&mumam 3' var ming&t sekojoZo. Visu
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A1
ra¥otaju noliks ir maksimiz&t to pelnu. py:=(p,,...,py)|.--| ir

Yn

visu ra?otaju kop&ja pelna, varam pienemt,ka py 1ir vienm&r
nenegativs lielums. Pat&r&taji kontroleé raZotiajus (raZotaji un
patdrétiji noteiktds situdcijas nondk mainltas lomas). Tas

nozlm&, ka katrs pat&r&tajs h sanem zinamu dalu d,20 no raZotaju

kopg&jdas pelnas (§:c%=1). Katrs pateérstajs h izvslas tikai tadu
h

Xn
1
Xy:=|...|, kas apmierina vina budXeta nevienadl bu px,-px,-d,py<0
th
Xp,
(kur E;:= e ir sakotn®djo labumu, kas atrodas patérstija h
Xn,

riciba, daudzuma vektors). PatsrBtijs h vienm®r dod priek3roku
vektoram x, par x,, ja xﬁ>x/, un nekad neizv&las darblbu, ja
lesp&jama labaka. Tiek panakts, ka x, vienm&r tiek izv&lets ta,
lai ;ua—pii—dbpy:o. Sasumm& jot p&d&jo vienddlbu pa visiem

pat&r&tdjiem h, ieglsim pz=0.

PIENEMUMS 4°'.
Kop&ja pieprasi juma parpalikuma funkcija 2 ir nepartraukta visa

defin] ¢c1jas apgabalza S, -

No Pienpzgmuma 4' seko, ka z(S,) 1ir ierobe¥ota kopa, jo S,

ir kompakta kopa. Pamatojoties uz Teoré&mu 2.1.4.,2(5))
lerobe?otiba saglabasies arl pie pien&muma, Jja =2z ir w-

nepartraukts attelojums.

PIENEMUMS 4.
KopZgja pieprasl juma parpalikuma funkcija 2 ir w-nepdartraukta

visid defin]cijas apgabala 5.
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Kop&ja plepras] juma p3rpalikuma funkcijas nepdrtrauktiba
nozim&, ka pie nelielam cenu vektora izmainam, maz izmainlsies
kop&ja piepras] juma pdrpalikuma funkcijas vE&rtiba. Tatad 3is
funkcl jas nepartrauktiba atspogulo faktu, ka modelis apraksta
stabilas ekonomiskas situacijas. Pien&mums par kop&jas
piepras] juma parpalikuma funkcijas w-nepartrauktlibu ©paver
iesp&ju modeli lietot ar] nestabilu (piem&ram, parejas tipa)

ekonomisko situaciju aprakstos.

DEFINICIJA 2.2.1.

Cenu vektoru p®esS, sauc par tirgus lldzsvaru, ja z(p®)<0.

Standarta situdcija, Ja izpildas Pien&mumi 1,2,3',4', var

apgalvot, ka eksist& tirgus lidzsvars, t.i., eksist& tads cenu
vektors p®eS,. kas pilniba apmierina ra¥otaju un pat&rs&tiju

piepras] jumu p&c labumiem. Acimredzami, ka, Jja z(p) ir w-

nepartraukta funkcija, Zads apgalvojums var&tu but aplams.

DEFINICIJA 2.2.2.

Cenu vektoru P°€ES, sauc par tirgus k-lidzsvaru, ja
Y z,(p) sk, keR,,.
z,(p")>0

No cenu vektora Definicijas 2.2.2. seko. ka pilepras] juma
parpalikuma funkcijas pozitivo koordinatu summa ir ierobeZota.
Varam ar]l saclt, ka konstante k raksturo novirzi no tirgus

li1dzsvara Definicijas 2.2.1. izpratng& jeb tas ir neapmierinzata
pieprasl juma daudzums, kur3 pie dota p°*eS, ir maksimalais

ilesp&jamais.

Izdarisim sekojoBu pienZmumu:

PIENEMUMS 3.
3y>0: ¥< E p;, VDES,.

Z;(p)<O

No y eksistences seko, ka pie Jjebkura cenu vektora pesS,

izvaeles ir tadi labumi, kuru cenas nav 0 un ekonomisko adentu

piepras] jums p®c ¥iem labumiem ir apmierinats.
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Zim.2.2.1. 1ilustr&d divas situdcijas divu labumu gad]l jum3a,
kad izpildas vienlaiclgi standartpien&mumi 1,2,3',4" un

Pien&mums 3.

z2(p) z(p)
z(p) z(p)
' z.(
z,(p) ; AP
z(p) .
H ZI(P) |
0 > 1 P, 0 $ | P,
0 (0) (o, mf © (P
|
zim. 2.2.1

Zlm&jums par3dda, ka divu labumu gad] jumd tirqus lldzsvara

cenu vektors p* nevar b0t vienads ar (0;1) vai (1;0).

Turpmak pienemsim, ka telpa R? normu esam defin&juli

n
sekojoX¥i |x1=;:|xi[, x=(x;,...,x,) €R”.
5

TEOREMA 2.2.1.

‘2 lzpildas piep®mumi 1,2,3,4 un w<1l, tad eksistas k-lidzsvara
Il

nw?+(n+l) w

cenu vektors p*eS,. kur k)
y-nw

vPier3d] jums.

Vispirms konstru&sim att&lojumu 7P(p) sekojoZ3a veida:

r(p):=_P*MP} _ o |
® pMpIe T(p)=(t,(P), ..., t,(P))
M(p)=(m (P),...,m,(pP)) . .m(p):=maxi0,z,(p)}, i=1,...,n un
l (P)
@:=|.., . Tad Osti(P)=pi:# <1, i=1,...,n un, lev&rojot

1 /n-dim 1+ m;(p)
I=1



m,(p) definiciju.

1]

E(p1+m1(p)) 1+ E z;(p)

n
i = i (p)>0
t (P) = 1=1 = Zi =1
i
12 1+ Y z/p) 1+ Y, z,(p)
z;(p)>0 z;p)>o0

Tarad P(p): S,~S,-

Noskaidrasim, k3da nepartrauktibas veida ir Zis attdlojums.
D+M(p) ir w-nepartraukts att&lojums (p&c Sekam 2.1.1.).
(p+M(p)Ye 1r wjef=w(i+1+...+1)=nw-nepartraukts attslojums (ps&c

Sekam 2.1.2.). (p+M(p))e=1+ E z;{p): S,~[1;=[ un ir

z1(p)>0
wn-nepartraukts attslojums, tapeéc — 1  ir nw -
(p+M(p)) e 1+ Y z(p)
z,(P)>0

nepirtraukts attdlojums (Teor®ma 2.1.3.). Un, lietojot Teor&mu

2.1.2., secinam, ka T“’“%

2

nw . nwip+M(p) | _

w
1+ Y z;(p) 1+ Y z;(p 1+ Y z(p)
z;{p)>0

z;{p)>0 z(p)>0

nwlswenwsnw Yz, (p)

= 2:(p)>0 -nepartraukts attelojums.
1+ Y z;(p)
z(p)>0
Ta ki s, - izliexta un kompakta kopa norm&t3 vektoru telpa
R? un T(p): S-S, tad pBC Teor&mas 1.3.1. dptes,:
nw?+ (n+l) wrnw E z;(p*) +a
IT(p*) -p <2 ZALEL , a€R, ..
1+ Y z;(p")
zy(P")>0
eipd Rn dotds normas se=ko!
- L) 5 M *
17(p*) -p*1-|—BZMIPD -




k]

p.]:.+mi<p.) -
=1+ 2 z,(p*) *

z;{p")1>»0

pi+m;(p*)-pi-pi Y, z;(p")
z;(p*)>0
1=1 1+ E Z.i (p.)

z;(p"}>0

[t}
5]
IA

nw?+ (n+1l) winw Y z;(p°) +a
<2 z{p")>0

1+ }: z;(p°)

z,(p*)>0

Ta ka 1+ Y z;(p")>0, tad
z;(p*)>0

Y

=1

m(p*)-p; Y, z,(p*)
z,(p*)>0

<2[nw?+(n+1l) wenw Y. z,(p*) +a).

z,(p*)>0
Atceroties, ka defins&tas mi(p‘) vert]lbas, nevienad] bas kreiso
pusi varam uzrakstit divu summu veldd:

E -p; E z;(p*) |+ E

z;(p)-pi Y, z;(pP)

z;{p") <0 z;(p")>0 z;(p°) >0 z (p*)>0
= Y z;p Y, pi+v Y lz;@-pl Y zi(pY |-
z.(p")>0 z (p7)s0 zy(pTY>0 z,(p")>0
Teverojot redlu skaitlu modulu IpaXibas (latb|<lal+|b|!), varam
turpinac:
Y zev Y pit| ¥ (zmen-pl ¥ zip)s
z;{(p°)>0 z,(p*) <0 z,(p")>0 z,(p*)>0 |
< Y z;p" p;+ Y, lzp-pi Y oz (pY)|-
z,(p")>0 z/(p*) <0 zy(p) >0 z,(p*)>0
AtgrieX¥oties pie sikotnE&jdas nevienddi bas, leglsim
. . » A
Y z;(pY pi+| Y |[z:(p")-pi z; (P ||=
z,(p") >0 z (pt) <0 z,(p") >0 z;(p")>0
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2 Y z;p) Y pi<2nw+(n+l)winw Yy Zi(p')ﬂz]. Ta ka

zy(pT)>0 z,(p*) <0 z,(p*")1>0

vy ¥ zp< Y oz (p') Y pi< nw?s(ns1)winw Y z(p)va,

z;(p")>0 z;{p*)>0 z;(p") sC z,;(p°)>0
2
; . we+ (n+1) w+ : . _
tad z z;(p") < L (n+1) wva jeb 2: z,(p*) sk, kur
7 Y —nw -
z;(p*)>0 z,(p®)>0

2
x> ¥ +(D+1)W, ko ari grib&jar pleradit.a

Y-nw

Tegnta formula Teoregmda 2.2.1. lauj ekonomiski interpretét
daZus jauna modela parametrus (piem&ram, n - labumu veidu
skaits) at¥kiriba no klasiskas situacijas, kura attieclgiem
parametriem ¥adas interpretacijas nav vai ar] t3 1ir izteikta

vismaz virspusgeji.



PECVERDS

Baja Pecvardi gribstos vElreiz uzsvd8rt darba lielikos
leguvumus un neveiksmes autores v&rt&jumi.

Noskaidrotas visbhie2ak nekustigo punktu teoremu
pierdd] jumos izmantot3ds 1zliekto kopu 1 palibas, kuras visas tiek
izmantotas darbi pierad| tajdas nekustl go punktu teore&mis.

Visparinot stingri izliektas Banaha telpas jedzienu,
izstradats stingri izliektas metriskas telpas j&dziens.
Pieradits, ka stingri izliektas metriskas telpas sl&gtis un
izliektas apak3Zkopdas neizstiepjo3u, kvazi-neizstiepjo¥u un
asimptotiskil neizstiepjo3u att&lojumu nekustigo punktu kopas ir
sl&gtas un 1zliektas. Pamatots, ka stingri izliektas metriskas
telpas definicija ir ekvivalenta ar stingri 1zliektas Banaha
telpas definlciiju, Jja metriskds sakaribas tiek 1izteiktas ar
normu. Nav lzdevies pieradit vail atrast atbilstoXu pretpiem&ru,
kas noliegtu. ka slegtas lodes stingri izliekta metriska telpia
ir 1zliektas kopas. Japiezim&, ka stingri 1zliekta metriska
telpa ir specidlgadl jums metriskai telpai ar dotu sl&guma
operatoru.

Att&lojumu saimju kopigo nekustigo punktu eksistences
pierddi jumos veiksmigi lietots sl&guma operators, Xkas zinama
m&ra metriskd telpa defingd izlisktlbas struktiru. Izstriadata
pieradd] jumu tehnika lauj metriska telpa ar sl&guma operatoru
visparinat tos rezultitus, kuri 1egiti v3ji kompaktds Banaha
telpas apak3kopas. Sl&guma operatoru 1zmanto¥ana atvieglina
pieradj jumu sh@mas velk¥anu, talu ple viena blakusnosac] juma -
slegtam lodem jabut S-slegtam. Pierzdi] tas teoremas metriskas
telpds ar dotu slé&guma operatoru, kurds att&lojumu saimes:

1) apmierina "normilas struktfiras" nosac] jumu;
2) ir ar samazinitu orbl tas diametru;
3) 1r kvazi-neizstiepijolas;
4) apmierina invariances |pa%]bu,
Fromocijas darba I1 dalz 1eqiits Rola-Brauera-Saudera

teor@mas visp3arinijums w-nepartrauktam att&lojumam, ilzmantojot



vienm&rigi w-nepartraukta attslojuma aproksimaciju ar
nepartrauktu attZlojumu. Realas taisnes gad]l juma konstrugta
labaka aproksimacija nekad vispdar]gd situdcija. Noskaidrotas w-
nepidrtrauktu att&lojumu ipa¥lbas. Izstradats konkréts tirgus
ekonomikas modelis, kura tirgus lidzsvara eksistence pier3adjta
ar iepriek3 pieminé&to rezultiatu palidzibu. No ieprieks
zinamajiem modeliem "stabilas'" ekonomikas vieta Baja model]l tiek
apskatlita mazak stabila, kuras rezultitd tirgus lidzsvara
stavokli i1etekm& virkne parametru, kuri ir indiferenti attiec]ba
pret ljdzsvara eksistenci crabilaja ekonomiks. Tegitajam
rezultatam varstu bt pla¥i pielietojumil ekonomiskajias teorijas.
leglitais Bola-Brauera-Saudera teor&mas vispirinajums liek domat,
ka, atbilsto¥i modific&jot situ3dciju, varsdtu ar] atbilstoX(¥i
visparinidt Kakutani teora@mu. Tas butu lodisks turpinZjums
disertacijd alzsdaktajai II dalas te&mai.

Disertdciji ilegfitie rezult3ti public&ti 10 rakstos da¥ados
Yurnilos. Par iegttajiem I dalas rezultatiem autore ir
stast] jusi LU =zinatniskajas konferences (1989.-1993.), Tartu
universitates =zinatniskaijids konferencés (1989.-1991.), ka ari
1991.gada Tiraspoles (Moldava, KiZineva) topolodijas un tas
plelietojumu simpozija. IT dalas rezultati 1zdiskut&ti ar
Hamburgas universitates Sratistikas un ekonometrijas institfita
darbinieklem.

Kop¥ 1984 .gada es pazlstu docentu Andri Liepinu, un kop3
1986 .gada m&s kopigi esam "mekl&juZi'" nekustigos punktus. DaZus
=sam  atraduii. Es pateicos savam zinatniskajam vaditajam
A.Liepinam par to darbu un laiku, ko vinX% ir veltijis man.

Idejas darba II dalai raduX¥das, dom3jot par nekustlgo punktu
teorijas pielietojumiem ekonomikZd. Esmu pateiclbu parada
Hamburgas universitates Statistikas un ekonometrijas institGta
darbiniekiem, |pa¥i Hamburgas universitates profesoram Haraldam

Berfam, kura pasparn® p&d&jo gadu man bija lemts stradat.
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