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: mmmmmmnmm
: GRAPH THEORY AND COMBINATORICS

e

-

- D.Zzps, I.Dambitis

Anpotation. In the article two special graph constructions have been considered. The first
one gives counterexample 10 A.Adam hypothesis, the second how o build three - connected
graphs with exactly one Hamiltonian cycle. The third work showa an attempt (o number types

ormﬂuhnumplmm AMS BC 05CXX
wmmm

Examples of nop-Adamian multigraphs at a parameter k22 (k is the number of parailel
directed cdges) were developed by E.Griubergs in mid 70 5. The manuscript of this work was
found in the archives of E.Grinbergs in 1985, afier his death. In 1987 we have published this
mwanuscripl in Russiar (see JIara. vateu: exeromuny, oua. 31), (

It was A.Adams who first formulated hypothesis that In cach oriented finite graph with
uiﬂilﬂitytbllh‘!lliﬂil directed edge which, when reoriented produces & graph with a
smaller number of oriented cycles than there are in the original grph.

We will use ¢; 1o denote the number of oriented cycles wilhal_m;lh i, and d, for ihe
number of bypasses with a length j for the directed edge (x. y) i.e. the number of oricnled cycles
for the directed edge (y, x) with a length j. if each edge is replaced by k parallc] direcied edges,
m_mamummwmmmm

k-1 .);':t’d, - ?k“c‘ > 0.

m.awm;;m;mmammu,mumm
interscclions of straight lines forming from p24 horizontal and p vertical lines. Figure |
presents graph G, (p=4). Graph G, has the so-called basic dirccied edges, it has been proved
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that only basic directed edges must define c; and d;.

The set of basic directed edges is formed by directed edges

{{a,afi] Jlsax [L;%u

and following theorem is proved:
In graph G, at p>2 the basic directed cdge (a, a-+1) has
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o™ G ™ (c-i

i -0 il P

e (233) - (222 3(2).2,)

all the right side values of the equationsarelarger than zero al p=4.
nhwqmumwuuwk-zmmm
gy =@ h), 5y =(a, b)), il # id) Mhhﬂlm'ﬂﬂh-wdm_w
Adamian maltigraph, ;
Whea analysing the relation

£= {:

B.Grinbergs asrives al a conclusion that "ot under taking special studies one cannot reject the
possibility that st large p (p = 100, {, = 1.076), whes {, is close 10 1, graph G, changes into
non-Adamian mulligraph by replacing not all the directed edges by two parallel directed edges”.

" o this work description of the properties of graphs G, as well a3 - two G, modifications
- o cbiais other non-Adamian multigraphs is given,

T aumber of decomposing coverings of compleic graphs.

{umpubtished)

Manescript of this work of E.Grlabergs was discovered in 1990 although it has not been
wm&mnﬂlmd“hm-hhh-hﬁnm
“dmnh#MIhﬁmihﬁ-thm
and those interested in discress mathematics. When using the notes of his students, one can see
* that in this courae of lectsres B.Grinbergs alveady developed the main proofs of the theorem,
but it is likely that the final results were obtained in laic 70 5. The masuscript also has been
‘found in his work dating back to 1975 and 1975. The numerical results were certainly oblained
by E.Grisbergs without the help of computer.
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The author get interesied in the problem of the number of k - trees (k > 1) In complete
wmmumdmamwmmmuua
case of k - irees. The above research was conducied at the beginning of 70 5.

Here, E.Gribergs defines the number of different struciures in complete (directed and
nondirected) graph. He aiso defines permissible decompoaing covering as 2 subgraph of compicis
graph which contains all the verfices and whose nonemply connccled components beloog o the
given nonintersecting (two different types have no common subgraphs) s types. Trees, cycles
ﬂmmmmqﬁdeWMdMWWMH
seTve &8 ypes.

1f1,(b) Is the number of all cornocted coverings of type k (e number of h type graphs
with n labelfied vertioss), the exponential generating function (b type basic function) is

Linl= z'; 1,1 X2

; is the number of covering of | type, but

(o oy i) = (o)
m.mmuntmam

Number k-ﬁ-: will be called the order of covering, but 1,{o;} will be the number

n‘dmﬁnwﬂaﬁuwwﬂhhwmm .
I, 5 I8 the number of all coverings with an order k

1Y dla)
Ly=} tha)

iy the exponential generating function. 1-'{:1&: ﬁammmdmm
wad L300y caponential genesatig function. 1. e

The following the nem has been proved:
if the basic functions L1h] (h=12,....5) for the given s covering component types arc
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known, the below equations are valid
;j.,).ﬂ_l.&&ﬁ.ﬂ'.,

o
L - -},{E u.un] :
‘ » . §
: e m[g mm]. i

A method has been presented on how to find the number of trees of complete nondirecied
graph with v hanging vertices by means of the theorem

nir 2 3 4 5 6 7 n>?
3 . 3 0 0 0 0 0 &
| 4 12 4 0 0 0 0 16
5 (-] 60 5 [} 0 0 125
6 360 720 210 6 0 [} 1296
|23 2520{ B400| s2%0 630 7 0] 16807
] 20160 | 100800 109200 30240 1736 8| 262144

Vertex with a degree 0 has been considered as hanging veriex in k-tree. A method on
+ bow to determine the number os 2-irees with v hanging vertices has been given.

o'y 2 3 4 > e e 2-tree

2 if o -0} @ o] o 1
3 0 3 0 0 o] o 3
4 o] u 3 o o] o 15
s ol @] s af o] o 110
" o] ] &0 %0 o] o 1080
7 o 2] »e| 30} 1] o] 1w
5 of 0] om0 mew| 12320] 24| 20004
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M T, denotes the aumbes of k-trees of n mamm the followisg
equations ere proved;

T, yeat il -a t-xmm:[ j]-r}‘—ﬁ-;,-
Toix %‘T{:_ .lﬂj N

’

where Py(a) is polynomial degree k-1 with coefficieats which are whoiz sumbers(T, | =n"?),

Table prescats the number of k-irees A
wh 1 2 - Vi) i fy. ; $ " L
2 1% 0 oli. Lo
3 3|4 3 ) 0 0 0
4. 16 . L 6 i 0 or
5 125 10 45 10 i of
6 1296 j080) = 438 105 15 1}
7 16807 13377 5230 12054 210 121
8 | venes| 200me) oecos| assss| . o0 3|

mummmw !

uapubmhcd; ;

Anidn{l] umdn&&wﬁu“mdmwhﬂn'
atchives of B UGtinberps,

This peablem u{mmuwm with exactly one Hamillonian
eycle (ur -1 graph) wnmumzmmmn.mhlmm
€ Grinbergs 1o give }iim some constructions for non trivial (3-connected if possible) graphs with
e actly ope Hamiliuian cycle in order 1o cheek on the computer his programm for Mﬁmﬂu
of Humitwuran :ytl: .

In l979. E. Grinbergs !mndm lhme mld unphs gmngalm thie cmﬂm:rim_
mew o build arbitrary targe yqﬂu of the class,
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* On a combinatoricsl meeting in Moscow (1980.) it was told aboul this E.Grinbergs
 resul, putting the questions about the minimal such graph and about the exisience of a phanar
such graph. It b Interesting to mark, that LS, Melntkow {(Novosibirsk} on this same meeting told
that he had been tried early to find a triangulation with cxactly one Hamiltonian cyeic. In 1988
3.Kratochvil (Prague) and 0. Zeps proved thai such graphs don’t cxist 2]. s

Let graph G contain s-triple <x,y;z>, if there exist hree veitices x, y and 2 that

1) these is onlv one Hamiltomian path between vertices x and y,

2) there is no Hamilionian path between vertices x and 2, * 3) graph s either three -
connected ul:hmlla-- wtﬁn adding a new vertex { and edges [t,x], {t,y] and
ft.2). Thha. ¥ ; ' piig 49 :
“Tuking Iwo graphs with s-iriplss <x,y,2> and <x",y’2'>, we oblain 1-H graph if
edges Ryl iy ') e lare added, LA, _

10 every 18 graph it is casy 1 find s-triples: as x let be taken arbitrary vestex, as y and
2 - sucls vertices that the édge [x,y] goes into Hamiltonian cyele but the edge [x,2] doew't. This
gives way o construct acbilasy largs 1-11 graphs. ) :

Fig.2. Shuws two modifications of Petersen graph with s-uriples,
Using that with 9 vertices we get the minimat known 1-H graph up 10 now,



14
1. 3.9 . Fpunbepr. Tpexcosauue rpodi ¢ QANBCTICNIEM MEMNALTORCOUM HAKNOM,
P®AMN Jatenn, Purs, 1986. (B.Grinbergs. Theee-connecied graphs with exactly one
Hamiltonian cycle. Fund of programma, Riga, 1986.) ?
2. )Kratochvil, D.Zeps. On the Number of Hamilionian Cycles in Triangulations.
1.Graph Theory 12 (1988), 191-194.,

1.8ene, l,la;ﬂl;'lg. ww
rpedon ® moudmsazopwes, '

Avzoranra, B pmu CCUATIHBEDTOR 158 CHENWAARNNS RON-

Ukt sfopen: miﬁnuﬁeﬁﬁ-ﬁw Faviarisomne

l'lg:g:i va “ ~ g Oﬁ Bﬂlﬂl‘ 3 THoMONBD KoTopoll mepe-
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mmuummmﬂﬂn "
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ON THE PROBABILISTIC BASIS
OF A COMBINATORIAL IDENTITY

J. Lapigk A. Lorencs

Abstract
Soma combisatotial ideatities aso proved. The main sweald is obtained
“by comparing two differest representaiions of the probability of a suitahle
m »
AMS Subject Clamification 05A18.

Combinatorial identities invclving finile or infinite sums are widely used iu
solving varions probilems in discrele mathematics. They are also applicabls to

probiems of probability theory, especially o those of probabifities sc-
cording to thew clusical definition. A number of suetbods bave bega developed for

the purpose of proviug combinatotiel identilies. Thus the method of recurresce
relations, the melhod based ou reciprocal relations,the method of generaling func-
tiGos [1] and the general approach to evaluating suma by reducing them 1o simpls
or multiple inlograls [2] ase well knowa. The preccnt authors had came actom
intleresting idenlities of 3 combinatorial ature whes solving siatistical problems.

Allempis to prove them by the methods meniioned sbove were nol sncceseful,

thﬂhhwﬁhmh»m&pﬁﬂrd

an appeopriate event by two different methods.
Let X = (X, X;),Y = (¥y,Y3)be independent identically disiributed normal
‘random veclors with expeciations
EX = EY = u=(0,0)

Pwl:?.-YuB-g(: :). lo} < 3.


http://lk.ua

| I
Humﬁdﬁarnn.lnnmul'-?-x.'ﬂu
quﬁ!'-ﬂ-n~n"(°;°).
VorZ = Ver¥ + VarX = 3D = I:, ’;)
and Z also s & normal random vector. We can calculate the probabilily p of the
event {X)(thzlﬁul-m
p= Xy <Y Xa< Vo) = P{& > 0,5 > 0} =
1 _ A =2nn+
~[e [l 2525)

Using o substitution 5 = repsp, » =reny
S A | .r”l-
re [ [ (i) -
R 7 3 k! Al I Joue 4 Aok by S e
T irpundy & A At R,

For |p| < 1 we have

.lﬁﬁ"ﬂg . -‘+I ? afo

(bere and below Ay
(@)t =3-4-6. .. (u-9) N
(B+=1-3-5 .. (2~-1)(2+1),
iii=dli=1=1,
t21)ad

E!". .
Ih-ﬁuhnh-d’hld< l,ﬁM,-thlﬁ
following form i

R T
-%fl;—.ﬂz'"éé%&%s o

Now we sball calcalate the probability p in » different way, bat ab frst let w
coosider some simple combinatorial identitics. The Ert of them in given in [i]
and is as follows: YEE N
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Loickh = ¢ @
Proof. / For the values of 2, |2] < },
(1-"!}“-;&)_(:%:1’2)(..,“#‘ -
-i!ﬂ#’ﬂniq".
n jwo
T . - & :
tl -“).. =§§W= E"Edm-
and also 2
(-t = E et

therefore really Vk € ¥ R
' Tackh, =
' Let us denote by Sa (k) the om

&
z
§u0

sw=8e 6

T Praal PrhmOweham.

&.Ill-g(hi-xi-;%'%--ﬁ DT (dms = %ﬁﬂ__

Let us suppose thal for some r'€ N identity (3) fulfils for values of &, k < r, and
- consider the sum S, (v + 1). According Lo the sssumption

=

Salr+ l}gs“(,“,(h-i-h-r lé(% -ar~1) _
!E'I-ar'l-lﬂ +r+1 P e
y "‘r: ;‘ %(m

‘N _-uwmmmghhm“'
Fariber we shall use ibe followiag de .

~M(Am-2+1

Vm, ke N
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ST
Wgsgi——m’.u‘}ﬂ . LLEN,
vu“.g:ﬂ% -ifiﬁ.jbe,m..,

; W';%E ..i;lell,jzgl_

We will show h,md_-Mmua.mw,, Vi aud
Uy vatisly (he following identity: V2 JEN, 20, :

1

h_:ﬁ“’u =W a-my O]

Proof. Forj =t we bave

1y o (e K2 . 1
Z‘iiﬁ"“'_'“g (21 'E g = .ﬁ-n-iﬁ"“

beb unﬁi _HB.MM)‘(‘}hin;-il"';'ljl; S'ﬂ.l;—nﬂn &; :
fallcwing expression

(- o) - (% i) -

s 1 }‘:[zu-aq-m-lp am -2~ +1)
TR & 2(2s ;
'3 + 1
-2 4

luce b last cquality folows froe dentity (3). According ko ous assumpios
-k e

e Vi~ BT -

'"“ﬁ:‘)i_g.a‘v(é%*wl zn:;?: % ""(i:ﬁ‘z"""“

Thus the identily (4) is trus for every j,¢ € N, § 2 ¢. Now we slart o sxpisse
the probability of the event { X, CHFIQCY.]'ID“-IM.

.’1_= PlX,<h, X3 < Ya) ‘_ZQ‘_Z *‘_Z*_Z l;:'n
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whese
R, (p,21, 20,9, 10) =

a {:%('I"* + hh}mlll'(‘é (zim+mm), B<B<),

)= [ dn ] Ta.]'—‘:,,ﬂa
: xe(- SLALRLE) 50, e
From the inequalily _
. 3 l-u-dsi—ﬂ

nmmmmaguh Y S oy b
R (ps 2wl €

e e e
o o o 55
(A ptd)™ oy (-t A AL,

Using the substituticn y, = r cosyy, s = P sim ; Cony, 1) = réin py sit y cOb 3,
23 = rsin iy Sio @ 80 2y, we have in case [p] < 1
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aad thesefore
1R (P M 0-
Thus for valaes of p, [o] < |, we have

pslf;;’:g:-," T )d-. T&])ﬁ%ﬁ"r-

oAttt ) F ot
whera
iu= [veord | woie, i pio)= geen(-5).
Dm;m;;h-‘ddmﬂhwnhiuq&u
x‘,‘.uﬁ"_!, Ty
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= B Vi, + a0y = 20,

' Here he sk squlity follows (rom identity (4). Since
e Ty L
o
éﬁrﬁza—nﬁ”w"«tw-‘ﬁh%

fiﬁrm—r‘i-w aém‘,s‘}%}'—m

hihuh!ﬂdhmp,“f.}

et E gy %}
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Comparing formulas (1) and (5) we obtais the main result of Lhis asticls,
namely the following idenlity Y € N

Lorblem G550 ") - Lovarn ¢

I ia very eaoy to branaform identity (6) into anolber equivalent forms, for
mﬁ,-m YiEN

fWﬂ(E“’ SR """ = fcgtas - me (- 0w,

and ViEN

Fo (£ 2o mzmmm- )" fop, oonios -
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TWO FIXED POINT THEOREMS
IN A METRIC SPACE
'WITH CLOSURE OPERATOR

Inese Galina

% In this work wa prove two fixed point theorems in a
metric space with closure operator. Both theorems are theorams
stating the existence of common fixed point for families of
ings. On ths first case it is family of continuous mappings,
hat satisfying tha generalized condition of R.Kannan's theorem
f{11), and on the second case it 1s commutative family of
nonexpansive llﬂin’l with invarience property,
AMS Subject Classificetion 54H25 | 475’&0

-,

Convexity structure of an examinsd space or. set g of &
great importance in a fixed point theory. In a standardiase that
means that only subsets of vector spaces are examined. But it 1s
also possible to define convexity in a metric space. For sxampls,
one of cass is to show in a W.Tekahashi work [2), whers X is a
convex metric space with & distance d if sxists such that @
mapping W from Xexs[0;1] te X (f.e. W(x,y;1) defined for well
pairs x,yeX and ) (0s)$1)) snd valued in X satisfying

diu, Wix, yrA)) s Adla, x) + (1-A) dlu, ) for alluex, Y
4 Banach spaca gnd each of its convex subssts are Takahashi
convex metric space.

But 1t 18 not only way how to define convexity in s metric
space. Convexity structurs in a metric space we cen define alsc
by making use of closure operators,

Further we sct in a metric space X with a distance d, Let
PX be the =et of all subsets of X,

! A closure operator on X is a mapping S:FisPX
satisfying for each A,B¢PXx ths following conditions :
1) AcB=5(A)cS(B) :
2)Acs(a);
3)8(8(A) ) =51(4) .
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DEFINITION 2, A closed operator 8 on X is said to be algebraic
if for sach AcPX and x¢B(A) there exists a finite .set Fc A such
that xegS8(F).

Let & be a closure operator on X. A subset A of X is sald
to be S-closed if A=8(A). A space X is said to be S-compact {f
each centered system of "'G‘OI.dPIU.!OlI of X has a nonsmpty
intersection. Nots that interssction of S-closad subseta of X is
S-closed. For more detailed applications of closure oparators in
fixed point theory ses [3]. HNote that approach of closure
operators 1s more general as W.Takahashi convexity structure.

First of all we prove this R.Kannan's theorem ([1]) in a
metric space with closurs operator.

THEOREM (R.Kannan, 1973). Let T be a continuous mapping of a

closed convex bounded set K of a reflexive Banach space X into

itself end let T have properties:

Y Inetvis (T ly-130) X, veK _

2) on K if for every closed convax subset F of K, mapped into
itself by T and containing more than one eslements, there
exiats xef such that

jx- Txi <aup (ly-Tyl|yerF).
Then T has a unique fixed point in K.

In & case of one mapping this theorem is generalized by
A.Liepin’s ([3]) in subsymmstrical topological space with closure
operator. We are intesresting on common fixed points for family
of mappings.

THEOREM 1. Suppose (X,d) is a metric space, S is an algebraic
closure cperator on X, E(AT=S(ZTAV) =18'(a) for each AcPX and X is
8'-compact. Let exch closed ball B(x,r) (xeX, reR,,) be S-closed.
Let F be & family of continuous selfmaps of X satisfying the
following conditions:
; LIVE, g, heFVx, yex3ac] 02 {2
digix) ,hiy)) sad(x, £{x) )+ (1-m)diy, £(¥) )1
2)VxeX(3veP: vix) ex)Aye(x) 1
supld(y, £(y) ) |feF)<suplsupld (=, £(=}) |zeA(x) IfeF}),
where A(x):=MN{AePx|xeA s A=5'(A) & VIer: £(A)cA).
Than F has a unique common fixed point,

.
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v Proof.

Using Zorn's Axiom and B'-compactness of X we .concluda that
there exists a minimel nonempty 8'-closad and invariant under F
subset M of X.

: Let acM, and thers exists fcf such that f(a)ya., Since
Ala)cM, minimality of M implies that M=A{a). By 2) thare exists
& point a,eA(e)=M such that:
ri=gupld(a,, f(a,)) |fePimuplanpld(z, tm ) Isﬂlm ll'F?l
Consider the sets
Az={xeM|d(x, £(x)) sz, VEeF) and

A1 ~5(ULE(A) |fer))
its are nonemply because acA and f(a,)e€A, VieF.
. S8ince S {8 an algebraic closure operator then freely

choosing xeA, there exists a finite set scU(F(A)|feF) such that
xeS(W).

Lot gi=suplmaxid{fix).y) |vewifer], then wcUB(£(x),q)|[feF}.
Since MB(f(x),q)|feF) 18 S-closed sst as an intersection of
8-closed  sets, then S(WlcN(B(F(x),q) |[feF) and also then
XeMB(£(x).g) |£eF), .., dix,f{x))sa,VleF.

Choosing arbitrary fef. Then for freely nominate gseR,, there
exists mapoings g,heF such ihat: :
g-exmax(d(g(x) ). ~eWl=d(g(z) ,B(x)) , whers zeA.

Therefore d{x,f(x))sgsdig(x),hix))+s. (1)
By 1),(%) and zeA 1t follows that

dix, fmlid(l. iﬁt”"-ﬁ-ﬂd‘.: f(.l"x = it is valid for
erbitrary mapping fef, conssquently for others mappings of F we
have analogical estimations, tharefore XeA eand  then
AcAand U €A, VieP. This implies that £;A.-a , Veer.

Consider the set A . «X-BIUDTATIZEF) . It is nonsmpty, it is
8°~closed and by continuity of family F it is invariant under F.
By minimality of M it follows that MeA,. But A.XcHsa (f and
d - continuftiest) and 4

suplsupidix, £(x)) |xeAlferisrcauplsupid(z, £ (2)) |zeNifer) =
contradiction is obtafned.Therefore fla)=a,.yfeF.
The unigushess follows from 1): let bs two fixed points

x,,X%,€X, thenV£, g, heF3ac) 0;1 11
digix,) MIl-dh'.,.l.)lld(q.ﬂl.”-'(i-cldlxg.ﬂx.l-
wad(x;,x) + (1~a) dix,, x,) =0 .2
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2. MW
MAPPINGS WITH INVARIANCE PROPERTY.

Interesting on commutative family of nonexpansive mappings
and 1ts common fixed point. Theaorem of R.de Marr ([4]) w & 1
known:

THEOREM (R.de Marr, 19863). Let F be & commutative fTamily of
nonexpansive mappings of a convex compact set K of a Banach space
X into itself. Then F has & common fixed point. »
Similar result is proved by M.R.Taskovic (1888,[5]) for
commutative family of diameter-nonexpansive mappings.

PEFINITION 3, A mapping f:E-E (E is a Banach space) is said to
ba diameter-nonexpansive mapping 1€

If(x) - F(y) lsp {sup|x-z]|xeB)) , Vx, yEE, .
where g:R -R,, with property g(t)st,VieR,, .

in both casss essentiel invariance property of family 18
used. 1

QEFINITION 4, A femily F of nonexpansive mappings f of K into
itself is said to have invariance property in K it for any
compact Takahashi convex subsat EcK such that f(E)cE for each fef
there exists a compact subset McE Such that f(M)=M for esch fef.

This Datinition 4 ia given in a work of W.Takahashi([2]) and
the following theorem s proved:

THEOREM (W.Takahashi, '1??0_).' Let XK ba a compact Takahashi convex
metric space. If F is a Tamily of nonexpansive mappings with
invariance property in K, then the family F has a common fixed
paint. .

In the same piace he asserts that 4f F is & left amenable
semigroup of nongxpansive mappings T of a compact Takahashi
convex meiric space into K, then the family F has invariance
property in K. We note that our conception of S-closed set is
general as conception of convex set in Takahash{ convex metric
space, therefore we p_uiu similar theorem in & metric space with
glosure operator. But for this purpose we give two naw
dafinit tons.

PEFIMITION 5, A family F of mappings f of K into itsslf is said
1S have S-inver fance property in K if for eny S-compact and S-
tlpsad set EcK such that f(E)cE for each fgfF thers exists a §-
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compact subset McE such that f(M)=M for each fef.

EXAMPLE, °

X=g, d(x,y)=l x-y| , 8 - operator of closed and convex huli. F={
t(x):=kxl xeX, kel0;1]). So that f(E)cE, then

E=[a;b] ,Ya,beR andoc[ayb] - In this case M=[0]}.

DEFINITION 8, A S-closed set K of m metric space X with closure
operator § has S-normal structure if for each

S-closed subset H of K with diamHeD there exists a poini u such
that

diami > supid(x, u) |xeH}.

Note that every convex compact set K of a Banach space X has
s-normal structure if closure operator § is definad as closed and
convex hull ([8])).

THEOREM 2. Supposs (X,d) is a S-compact metric space with closure
operator B and X is & S-normal structure,Let sach closed ball
B(x,r) (xeX, reR, ) be S-closed. 17 F is a family of nonexpansive
mappings with S-invarience property in X, then the family F has
& common fixed point. i

» PROOF.

Using Zorn's Axiom and S-compagtness of X we conclude that
there axists a minimal nones>ty S-closed and invariant under F
subsst M of X.

Let agM, mnd there exists fgf such that f(e2)sa. By
E-invarignce property in X of family F impiies that exist

S-compact set McMsuchthat f(M,)=M VfeF. 1T diamM >0, then by
S-normal structurs of space X exist element ueS(M,)-N, Such that:
£y =gupld(u, x) |xei, J<diamd sdiami.

Consider the set M.=(NB(x, r)|xeM, . It is nonempty
because gey,, it is S-clofed as an intersection of S-closad sets
and S-compact, We prove that ju, is invariant under F. We assume
fresly zeM andfeF. and freely xeMcM, - Since sf(M)=M . then
exist wep, that x=f(w). Therefore d(f{z),x)=d(f(z),f(w) sd(z,w)sr
(because zen,, we, ) (2)

Thesa (2) can for all zem,, all feF and all xen,, i.e.,
-£{My) =M, VfeP. By minimality of M obviously M=M,, but

diamM sr<diami, cdiamy. The obtained contradiction completes the
proof.s



MOIE. 1f family of mappings s diemeter-nonexpansive mapping,
then assertion of Theorem 2 18 true. In Proof then (2) motivation
is following:

dif(z) ,x)=di£(2), £(w)) sp(supld(z, u) juel, }s supld(z, u) jueN, )z .
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ACTA UNIV, nnmum. par, MAT™I,, vo0l.588, (1993).1:9.29-30.

-ABSTRACT, Existence of fixed polints for nonexpansive mapping
on COmpact metric stara 1s proved.
AMS Subject Clasification S4H25.

Let X be a metric space with a distance d.
. DEFINITION 1 [11. A mapping W:X x X x [0,1)—> X 1s sald to
be a convex structure on X if and only if for all x,y<[0,1]
a(g,Wix,y,t)) = t-d(z,x)+(1-t)-d(2,y). for all g=X.

X together with & convex sStructure 18 called a Takahashi
convex metric space. :

DEFINITION 2, A nonempty subsel. A of a Tahahashl convex
metric space X 1s sald to be a T-star 1f and only 1If:

i) A 18 compact;

2) .there exists a point c=A (a star center of A) such that
Wix,ct)=A for all xeA, tei0M]1;

3) d(W(x.c,LiW(y,c,t))<d(x,y) for all x, yeA (x-y), t=lo.I(.

let f:X—>X.

DEPINITION 3, A selfmap f of X 1s sald to be nonexpansive 1If
and only 1f a(f(x),.f(y)) = d(x,y) for all x, yeX,

THEOREM. let A be a T-star in a Takahashl convex metric space
X, and let  be nonexpansive selfmap of A.

Then f has a fixed point.

PROOP. let e=R_, d:=dlam A and t<10,1[ be such that (1-1)d < .

Then A(x,W(x,c,t)r = L-d(x,x)+(1-L)-d(x,c)=
=(1-t)-dix,e) S (1-1)=d ¢« & for all x<A.

Por allex,y=A (x*y) we have
d(W(lx,.c, L) WiNy),.e,)) < dif), I(y)) = dix,y) 1f  I({x)*f(y)
and d(W(L(x).c.t),W(fy),e,1))=0 < alx,y) 1f f{x)=£(y).
By Edelstein’'s theoresn thers exisis asA such that W(fl(a),,l)=a.
Hence, d(f{a) Wif(a).c. ) )=d(f(a),a) < &,

We conclude that Infld(x,f(x))ix€A}=0. By compactness ef A
the resull follows.
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DEFINITION 4. X will be called a C-star if and only 1f:

1) X 138 compact;

2) there exists a continuous mapping V:X x (0,11 —>X such
that ¥(x.0)=x for all x<K and d(v(x,t),V(y.t)) ¢ d(x,y) for all
X, ¥=K (x<y), t=10,1[.

THEOREM. Iet X be a C-star and 1et f be nonexpansive selfmap
of X,

Then f has a fixed point.

PROOP. For all x=X and t=[0,1] we define T(x.t):=d(x,V(x,t)).

- contimious mapping on a compact space T 1is uni.tomaly
mmlnm :

Let =R . Hence, there exlsts Semr such that
Tz, t)-T(x,0)) <= for all x=X and t=(0,11: t < &,

Iet telD,1]: & < 6. Then # > IT(x,t)-(x,0)l=

=1d(x, Vix, £))-a(x,Vi{x,0) ) I=1a (X, V(x,t) )-d(x,x ) 1 =a(x,V(X, L)}
for all x=X.

Por all x.y=X (x*y) we have °°
AV, ) V(EE), 1)) < d(fx),f(y) = dx,y) U Ix=i(y) and
AVIEX), L) VIE().1))=0 < A(x.¥) of £(x)=L(¥).

By Edelstein'a theorem there exists aeX such ihat V(f(a).lL)-&.
Hence, d(f{a),V(f(a),1))=d(f(a),a) ¢ =.

We conclude that Inf {d(x,f(x))|xeX)=0. By compactness of X

the result follows.
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On orthogonal reducibility of generalized inverse.
Uldis Beriis
Susmary. Thecrsm about sufficient conditions of
«the equivalence of orthogonal reducibility of &
linear ‘'continuous operator and its generalized
inverse is proved, an extension of the concept ig

usad for closed, dense defined operator,
AMS subject classification 47A15, 15A21, 15A06 .

In investigation [3] the concept of orthogonally reducible
linear continuous operators 4is atudied in connection with
iteration procedures. This study contains also criterion, in
which the adjoint of an orthogonally reducible operator ia
orthogonally reducible,

We =study the property of orthogonal reducibility of
generalized 4inverse for an orthogonally reducible linear

*  continuous operator ill Hilbert spacs.

Let H=(X, (K ,®®] be a Hilbert space over the field IK of the
real or complex npumbers, LC(H) is the space of all linear
continuous operators from H into H, the unit operator will be
denoted as I, the domain of definition of A aa D{A), the
kernel -as N(A) and the range as R{A).

Dafinition. (3] Operator ASLC(H) 1is called orthogonally
reducible if N{I-A)l1s invariant subspace for A.

pDefinition, (2] An operator A*:D(A*)CH P2 H, which satiscies
the conditions .

AATR=A
A*ARt=pt
‘Mi’tgui
[AR)*=A*A



is called the generalized (Moore-Penrcse) inverse operator for
MELC(H}). According to classification, given in (53}, amn
operator AF:D(AY)cH = H, which satisfies

AATA=A

ATAAT=AT
is called the semi-inverse operator for AELC(H).

Obviously each generalized inverse operator is a semi
inverse operstor. It 48 well Eknown from the theory of
generalized inverses in Hilbert epaces, tha' the generalized
inverse has the unigqueness property, the semi-inverse for an
operator ASLC(H) may be not unigue[5], the generalized .
inverse is ] dense dafined closed operator with
D(A*)=R{A)+R(A}L, it 1s continuovs if and only 1f R(A) is
closed [4], in this case D(A?)=H.

To study the property of orthogonal reducibility for
generalized inverses, the following lemma if important.

Leuma. A=LC(H) is an orthegonally reducible cperator, y=H
satisfies AyeN(I-A)L,

Then yeN{I-A)L,
Proof. Since N{I-A} - clolcd s bepace of Hilbert space H, y€H
can be written as
y=y1+y2, where yiEN(I-A), y2&6N(I-A)}L. (1)
Since Ayj=y; and AyzeN(I-A)L for svery xeN(I-A)
O=<x, AYy>=<X, Ay 1 >+<X, Ay 5=<X, Ay >=<X, ¥} ? tmm-.
Hence yi=N(I-A) and yiiN(I-A), which 1@plies y1=0. Therefore
yeyzenN(1-A)L. @

In the following theorem -u!t!.cunl: conditions for the
equivalence of orthogonal reducibility of an operator and its
semi-inverse are given.

‘Theorem 1. Let A=LC(H) be muur with closed range and
ATSLC(H) is a semi-inverse for A, A and AT are. commuting
operators. ; !
Then A .is orthogonally reducible if and only if AT 48
orthogonally reducible.

Proof. At first we show that under theorem assumptions
N(I-A)=N(I-AT).

If »=H satisfies Ax=x, then from .

A(ATx) =AAL x=AATAN=AX =X (2)
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f A(ATx) =ARTx=AL A=A X {3)
Afxsx holds,
If ATxsx, then from
" AT {AX)sATAx=ATAATx=ATx=x C()
AT {Ax) sATAX=AATR=AX (s
Ax=x holds.

8ipce M{X=-A)=N(I iF), N(I-A)‘=N(I-AT)}! holds.

Let A be orthogonally reducible, ySN(I-AT)!sH(I-A)*, hence
Ay"N{I-A})*. Since Ay=AAFAy=AAATY, with respect to Lemma,
AATyRN{Z-A) and, finally, ATyaN{I-A) =N(I-AT L,

-‘nat AT De orthogonally reducible, ysH{I-AM-=N(I-AT)L, hence
~ ATYaH{IsAT)L,  Since ATy=ATAATY=ATATAy, with romct to Lemms,
ATAyER(1-AT)! and, finally, AysN(I-AT)LsN(I-AM . :
" hots that ' ndar theorem assumptions about R(A) a
generalized inverse for linear continuous orthogonally
reducible operator is orthogonally reducible if A and A* are
cossuting operators. Criterion, in which this property holds,
is given in {1). :

.The sssumption R[A) - clossd im H, is very restrictive. For
geperalized inverses of operators with nonclosed range wWe can
_ usa the o-qt ot uml uhubnscr in the lononinc

sense:
m Lot MSLC(H), A and A* are commuting ia DIA‘I
. A 49 orthegosilly reducidle if and only if $ s
S AMEE-A*IENDIAY)) SH{I-A%)E (63

lmmmmdnmuuum
‘gxaok, 81800 W(I-AJCDIA®), for weH which satisfies m.
(2) and (3) holds, thus N{I-A)cH({I-A%).
. Wor mD{A*) which satisfy A*wex (4}, (5) bolds. Therefore
. M(Z-A}WNIZ-AY) and MIT-A)N{T-ATH.

" 2at A bs orthogonally reducidle, ysD(A*) and

- yasE-atrien(z-a)t, beace Ayem(1-AM. According to proof of

theoren 1, Aﬁ-u:-w-n:-»ﬂ bolds.
3ot () bolds, y=N[I-A}, since A*-closed, N{I-A*) is closed
N, bemes (1) with - yieW(I-A*) and yeN(I-A*)}: holds,
m YOD(AY) with proparty A*yeN(I-A*)isatisfies
yer(I-A%)4, Aecerding to proof of theorem 1, for
WO{A*IN(I-AH we obtain Ayan(I-A)}l, Sisce A is continuous,
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Alel{N(I-R)ND{AT) ) )=cl (A(N(I-A)4nD(A*) ) )cN(I-A}. Let P be the
crthoprojektor onto N{I-A):, P(cl(D(A*)))ccl(P(B(A*))), hence
P(D{A*]) is dense in N(I-A)%. With respect to
R{I-P)SD(A*) (I-P - orthoprojektor onto N(I-A)}, PID(A*))CD(A*)
holas. Therefore N|I-A)iCcl(N(I-AYND(A*)). ®
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Invariant sets for splitting mapping in metric space

l. Reinfelds
Summary. The theorems of existence of typical invariant ssts
for -putt,lng ﬁ ing in complete metric space are under
the as t given mapping satisfies some natural metric

e8. These results generalize the classic ones developed
for discrete semilinear dynamical system in finite dimensional

space.
AMS Subject Classification 39852, 54H20, 34C35

6. Introduction

The main purpose of this paper is to derive invariant mani-
folds results for systems of semilinear ordinary differestial
squations and semilinear discrete dynamical systems in Buclidean
and Banach spaces to corresponding ones for mapping in complete
metric spave. Such guestion for discrete dypamical system genera-
ted by a diffecmorphism of K' onto itself is really an old re-
sult, cf. [1 = 11]. The consideration of invariant set for map-
ping is of interest in itself, however they ars useful for
obtaining various conjugacy results [9 - 14]. Moreover, applica-
.tions to some problems in biology [10], numerical analysis [11)
ete, rejuire results for mappings.

. Wain results

l’-ltla.!'haqht--tthwulthmdmp. Py
respectively, and let A be set. Consider mapping 1 R x ¥ » A =
% x ¥ x A, defined py '

T(x,7:A) = (£(X,7:3)  F{XFA)PIA} )

We will make the following hypothesis:
(d1) p,(x,z") = "Ialp‘lt(l:,fa]'v'l"t,tlllt a(a) > 0,
(H2) p (L(x:¥:A), (X, 7" s2)) = Bp(F:¥")s
(53) p (@ix,¥,A),9(x", 7' A)) 3 o (X,X") + B{A)p (¥s¥")
(H4) mapping f{-,y,A): & + X is surjective,
(H5) mapping p: A » A is bijective.
Let & = sup,afi), & = up‘lu) and A = npllu]lu].



%
‘Pafinition, The set ¥ ¢ ¥ = Iulhlnﬂﬂnﬁ with u—.—t-
to mapping 7, if T(¥) < M.
nmm.mmmumm-umhwm
uth.mphctumwﬂlxaovunu-n-.lw
with respect to first variable. The ou-nspenu.ng l-nl.-ll
satiafy functional eguations :

a5,z A),A),P(2)) = gixulx,A).A), {L.1)
L4t 20 05 00 B l'lﬂ'tl'.lhr-lhflllh R 1
Lipschits conditions ' ;
Py lBlX M) X A)) & t,p,cx.r'i. (1.3
p,l'lr-ll.rlr’-lll = l.p,u.r'l {1.4)

and estimates .
P ulf{x,x, ) RIA) ) @lx,7sR)) % (P + 'h‘,lﬂ{lali-lh {1.5)

P, (YIF:A),x) % a(l - avl )0 (MAQUE, XA PIA) ) L(X:TaA) )y (146)
vhers _

k, = lay l 1 -Iltfu .--4;';1.;” }'.

.-m(t-a-»fu-n‘ u‘n]
It ohﬂu!tl be pointed out that gk = vl.
luh!nmuhth-lamﬂudﬁ-p‘pt.
Theorem 1. Let the hypothesie (El) = (HS) bold and let
there exists mapping u,s X x A « ¥ such that "
plu (xa),ufx a)) = t.'p"(r.x'l

and

and
sup o P o (f(x,0 llnlhl)o’ll)h'lh'.(lcll-ln <t Al 7!
:rafzurﬁ'slltclua-om;:O]ma+”‘
then there exists unigue mapping Gs X x A+ ¥ satisfying (1. I.],
(1.3), (1.5) and
up, , £,(U(X, ) 8 (Xh)) € +ou,
Thesorem 2. Let thc hypothesis {(#1) "~ {(B3) bhold and lat
Tthere exists mapping vl ¥x A + X such that
P,l",lr-lblcfolr'clll 3 1p.0%:7")
and
$Up, , AUV LIV (¥ A) XA ) PAR) )i ELY, (730, 2.00) < # = (1,8)
Hl+2¢m‘l:a<l“’ﬂ:ilnds-n]lndl(1*lll < 1,
then there exists unique mapping vt ¥ x A » % utufyluq (1.2),
(L.4), (1.6) and
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g, ) £, UTIY AT (Y:A)) €+ -
Theores 3, mmwutu;-usx hold and let

there exist moppings X3 &+ X and yi A + ¥ puch thet
- SRR A A) = X (PN,

LAY Y (RN A) = ¥ (pir)).
HCOI-GFcl, £hen there exist unique mappings ut X x A 4 ¥,
vi ¥ x & 9 & sstisfying (1.1) = (1:8), w(x (A),A) = y(A) and
e A S “ b e

m lesmas,
‘et us consider the set of mappings
M) = Fus Exp-¥ | ’.w“aud‘tl".‘,] a Kp (x,x° )

Lemma l&ﬂt‘uﬂuql{k}.ﬂnmjmﬂlsa-l
. % A, defined by 9(x.A) * (F(x,u(x,X),)),p(A}}, 1# Dijective.

i m.ut'muzu-mm:pausuuu. Otherwise
there i9 {2,2) = (2 ,3%), but but p{x,A) = ®(x*,3" ). Hence according
to (a3) -i-ihl!lll ond '(§2) we get

I'.llcl‘l 2.0, (TIRUEE A ) ) H(2" u(x,A),2)) =

it o 'Itl'clhlhﬂl' sULXA),A) ) 5 agp (x,x° ).
*‘i' ﬂmmt!wtp(x,r" =0 and x =
- ‘.o ¢

lhu-t-l.ﬂn'hmmn.utumm“-
mappleg NEay e eguality

T fgE) (T A) A = X .

MNMQHIGH. lumt-lthnhuiquitn
asnd

"‘“"!"rl’ “"".’l“"i"'!‘)i“tﬂ"“h‘(’y“i‘” -

= ap TEIR(F" }.00x" A0 X) FIME’ ), u(x,A)A}) = alhp (x,5").
¥e cbtsia that # is a costraction om ¥, Thersfore for avery x s
% there is unigue ¥ « X such that ~

X (XA A) = X
 Thus ¢ ll umu.u— is proved.
ifmmmqmmzu Si{k) defined by the
equality
lhl"‘“‘a“‘!"r"cP'ln = glx,a({x,A).A).

Lesma 2. If 4 + 2affy s 1 (A< 1 if @ =0 and 3 >0 ), then
there exists k ® 0 such that B(®(k,)) c Mk ).

Proof. Taking lnto account (B3) we get
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P, (Ru) (£0x,u(X,X),A),P(A) ), (Bur) (£(x° u(x ,A),A),P(A))) =
- P‘tG"ltﬂrva'fIlcg{!' (X A),A)) 5 (7 + a{“k}ﬁit‘lrh
On the other hand, we cbtain
p(x.x") ’ﬂﬂip,(fl!-ﬂ(xﬂibll-ﬂl’lsﬂ(hlhllI L
= l{l]p‘[f(l,!ﬂx.k],l].f(l’ (X" A}, A) ) +¢8l’0,l!e!')o
It follows that z e & =
P T} = a(A) (1 = k) (£ u(X,A),X), (2 (X" ;A),A) )+
Therefore gy
Pl (U (F(x,uix,A).3),P(A)), (tu) (£(x" u(x? ,X),A),P(A))) =
3 (a7 + AK)(1 - cak)"p,lﬂr.ﬂ(t.khkl.ﬂ!‘ AO(x’ A} ,R) ).
If ik = 0 satisfies inequality :
0 s (ar + Ak)(1 ~ apk)”'s Xk, :
then B(W(k)) < W(k). Such k = 0 exists, Lf &4 + 2«fFy = 1 ( A < 1
ifg=0and ¥ > 0 ). We choose 7
— -t
k, = 2ax [1-441(1-&1{-4-‘“] -
Lemma is proved.
text let us consider the set of mappings
nc1) = (v ¥ x Ao X1 P EUALTI AN 2 dp, ) |
and let us introduce the operator & at (1) by the equality
E(RY(Yed) ¥ok) = F(GIP(¥A)eFeA),PIA) )
 Operator f is correctly defined, because mepping f{-,y:.A)t X 4+ K
is surjective and hypothesis (H1) is fulfilled.
Lemma 3, If A4 20df7y s 1 (A< 1 if @ >0 andy =0 ), then
there exists I, = 0 such that X(N(1)) < R(l,) e
- Proof. According to (El) - (B3}, we get
Pl(”(fnhli”lral)l b 'la]ﬂ‘(‘t”{?cah‘"t“ttr A)i¥id)) S
" s a(A)p ATI@(Viy A} XA ) PIAY ) TG IY (A) Y JARPIAL)) *
¥ ap (LR (Y ) X A ) IRV (Y 00,7 00)) 8
s (a(A)2{vl + &(A)) * «B)p (¥.7" )

1f ;
! 4 0= J(ayl +A) +aB s,
then R(R(I)) < R(1), Such 1 = 0 exists, If & + 2a{Fy = 1 ( & ¢}
ifpg>0and y =0 ). We choose < L
3 -1
: xo-:-pln-ntlu-m'-u'n).
Lemma is proved.

3. Proofs of theorsms




»
Pﬂl.ll of theorem 1, The set
%= [ o8 | eup, p(u(r ) uxa)) <+ e
is complete metric space, if the metric is defined by equality
S d{uu’) = sup_ 5 Pylulx,a),u’ (x,2)).
Let us prove that £ is a contraction. Let
X, = fx,u(x.A)A) = £(x0 U0 (X0 ,A),0), l; = p(A).
We have '
Pl (Bu) (x 2 ), (80" )(x 2 )) =
.- Paiﬂir'(la":ahﬂl"n" (X" A).2)) =
= (v + 3 )p, (x,x°) + 3(R)p,(u(x,A),u’(x,A}).
On the other hand ;
P“'lri..- ‘{.llp“r“!ut'f‘,la,lftx' (X, A)R)) =
- ‘{I)P‘{f(x'a“"" R} AN I(X u(x,A),2)) =
A (X8, (0’ (XA),u(x,A)) + afip (X,X).
Therafore )
P (x,x"} 3 afA)p(l - ﬂ.l"ﬂ,(ﬂ‘ (x, A}, a(xA)).
We get
Pyl {Rul(x, oA b (B ) (x, A)) =
s (laz + &% mz - m.r"+ 3(a))de, (@(E, 3}, u [x,2))
Bence
d(Bu,tu’) s (3 + n‘)dtu,u‘l. y
Ha have '
PR ) (£Lx, 0 (X,3),A),PIA)) U (FX, 0 (X,3),3),P(2)}} =
» 9,!9’(:." (X,2) A U (£(x,u (X,3),4),2(0))).
Therefore
d(fu ,u ) s, -up_& P gl u (x,2),A) 8 (F(x,u (X,4),A).P(A)))-
HBance
d{tu,u ) = d(fu,by ) + d(lu 6 ) = (3 +ﬁkldtn.ul *
¥ sup_ ) Pylaix.u (lril Aj,u il"(t-u (X, A), ). PLAY)) . (3.1)
We ob‘uin tlnt £ is a mt:ut!on on M, It involves in ¥l there is
unique mapping u satisfying functional equation (1.1).
From {3 1) we have
dlmni’ﬂ-i—ﬂhl
x sup L P (X, (X,X),3), U (f(x,u (¥, AV, 2),p(R))).
Let us prove (1.5). We Iuw
p"m(r(x.y,n,p{i_)),gu,y,.\}| 3
*P;lﬂlft!-l'.llcﬂil)-U(!l!aﬂ{l‘-i}-lhpllnl *
+ Py )L gIs, ulX AL A)) S (8 % BR e (Viulx ) ),
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mmmnmmm.um !

p,cuu'tx.r.u.fm|.n"tx.rm| s (8 +.8K) p.u.utr.m.
where (#",g",p") is m-th iterats of T. Thas the isvariant set is
ssymptotically stable in sense, that uutuq pan Atarate to
them. Theorem is proved.
Proof of theorem 2., The sat y
ne [ wen) 1o e, Al < v o]
hoq:lm-uhw. 1!2&”&!!‘“!’!
dir,v*) = sup o ﬂl"rtlh'" (A}
Mupmmtthamm We have
|, (Rey )R (7,2)) =
E up,tt(l'lr-il.r.n.t(lv‘lr.ll.r.ln -
- lﬂ (FAGIV (T A} 7eA),PIR) Lo Ag(r’ (702D 7R ), PR ) 8
= ap (W(g{viy A}, FeALPLA)) 7" (GIviyA) oy Al pIR) ) +
+ ap, (v (G TR, ) PN T (U’ (7,20 202 0P A 1)
Therefore

ditr,te’) s afl + ;:-m'v.v-).
Ne hava
CAL A SR AL u,mh 1!;“-&”.‘(',”-”.3'.!” -
= ap. (7, "{ ”’ollof:ll rﬂl"l“'.‘ff.h’o‘"'
We gat
d(tv,,v, ) = ﬂ-:l, a P tf(w tm:.r.am.mr.cr.al.r.u.rmn-
e
ditr,v,) = ditr,fr.) + ditv_,v) 5 efl ¥ u.‘mv,n +
-+ anup o P (L(r FO I SEPL AT LA RN AR E LD 43.2)
nmm:uamnh nmulmu
unique mapping ¥ nth!m u;-n eguation’ {t.t;.
From {3.2) wa have
; agr,v .} 5 (o -'ﬂou.»"-
x sup . P ifiv, u.u.r.n.r.mrp.n.g.nmmh
Let us prove (1.!;. We have
o, (x,7(7,2)) * qp,trmnnmnmm.m -
= ap (£00, 720 WIQIPIT AL P02} PIAY]) 2
& .P‘(“’a!'ﬂlr"ﬂ‘o!v‘m‘l“ - ﬂ"‘lloﬂ'l‘“t
Therefore, we cbtain (1.6). .
By using the mathamaticel m. i m
P L2 ANG (2,703) BB = (67 = 23)% 2,71 20 )
n-- is proved.
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Proof of theorem 3. Let us endow the set
n - [ e M) | uir (A)A) = ¥ (A) ]
with the metric.
4 (u,u") = sup . p,(u(x,A),u’ (X A) P, (Xex, (A1)

Then M become the complete metric space. Let u « M and let we
note that f(x,u{r,i),x) = x(P(3)), 4if x v x (2). It follows that
(Bu) (2 (P(A)) PIA)) = (2a) (£(x,(2) (X (R),2),A),P(R))) =
= gUx (R}, (X (A)A).A) = ¥ (P(A)),

uhul‘.hthMt!hamtrm!uwlo. Lat
= fix,ux,A),A) = £(x",u" (X" ,A);A)), A = p(A).
Analogously, like in theorem 1, we obtain
Pyl (Ru) (2,20, (20 ) (x, .3 )) 3 (8(A) + Al )p,(u(x,A),u’ (x,2)).
Let us estimate =
Py (x,x (A)) = "319“‘“!“(3311fl]lflx“(‘hnl!n\_'la“ *
= a(A)p LE(x,a(xn),A) X (PEA) ) ) +
# a@p, (£0x, (A}, UlX,2),8),£(X,(2) UK (A),2),A)) =
# a(A)p, (£(x,u(X,3) X)X (P(R))) + aBkp (x,x(A)).
Hence,
XX (R)) S @A) = afik ) e (x,, X, (A))
We have
P (B (X, A ) (7 ) (x,4,)) =
= (3(2) + u,ld.tu u'w,(m () =
s (A + uak M1 - agk)) ‘d tu.n'lp (x,.x ().
Therefore
d (fu,bu’) 3 (A + efk )(1 - ux,r d (a,a’).
If A + 247 < 1, then
(a+ -ﬂ,)(l - ulk.l
[1+; fia - a) - aa'sx '[zoa-&lu-n -nn] < 1.
We obtain that 2 {s a contraction on M . It involves in W  there
'umm-umfymwwsm (11' and
 sstimates (1.3) and (1.5). The fixst part of the theorem is esta-
Let us prove the existence of invariant manifold' given by
the mapping w2 ¥ x A + X,
The set

Lo [ e RL) b vy (R)R) = x (A)
becomes a complete metric space, if the metric is defined by
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d(v,r') = sup o pUYIEA) Y (2,2 1R (Fe X (A1)
Uskng tlu definition o! 2, we obtain Rv(y (A),A) = X (X). There-
fore, tr « R, 1f v ¢ B . It follows that
P,l"{’oahrtrcl“ b
3 wx{d)e ‘r‘”lrolhfﬂ'ht{”" (¥eA)¥iA)) =
= a(r)p, lﬂﬂi"l?:llrhihﬂlll:r’ (GUF (¥ A) ¥ A aPIAY)) =
s ¢IHP (V(GUV(FA) ¥R ) PIAY )P (GIVIY, A}, 7.A) RIA))) +
+ lrtl“nllr(hl}.'r' (y,2)) & azd d (v, 7" 10 (¥.¥,(A)} +
+ a(A)d (w7 o (GIV(FA) Y A) K AP(A)) ).
Lst us estimate :
P ATV (Y A)  Fuk) Wy (P(R))) =
= P Lairiy A ), XAl @ P (Y (A) sA) i Y (A) 4R)) =
= (8(A) *+ vl )e l¥.¥ (2))-
Fherefore -
P, (5v(¥)A) .8 (¥, R)) 5 (A + 2avl )d (v,¥’ )p (V¥ (2)).
We get "
d,(tv, kv ) 5 (& + 2avd )d (¥,v" ).

A + 2avd, A T ta'py <1,

We obtain that R is a mumtian on R, It involves in l thace
is unigque mapping v satisfying tnnct.lml equation (1. 2; and
. @stimates (1,4) and (1.6).
Theorem ls proved.

Remark. In the case when A is topological space, mapping T
is continuous and p is w&-m-mumru.
continuous in both variables, -

Besldes

[

4. Example
Let us consider difference equations on I in Banach spaca
xi{p # 1) = A(n)x(n) + F(a,x(n),.Fin)},
¥{n + 1) = B{n)y(n} + @(n.x{n},¥7i0)),
where x € X, y € ¥, 4d(n) and ‘B(n) ara bounded linear msappings,
A(n) is invertible, EB(n)t < MA(n)"'1" and mappings Fi Z x ¥ x ¥
» M, Bt Z.% R x ¥+ ¥ satisfies Lipschitz conditions
IF(n,x,¥) - Fin.x",7" )| s e(lx - x°| + Iy - ¥ 1},
G{n,x,¥7) - Bin,x' ., ¥ M se(ix - x| + Iy - ¥'1}).
It is easy to verify that this mapping satisfies the hypo-
Lhesis (B1) - (B5), where a = ((suptA(n)'0)'= ), g =3 =g,
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8 = sopiB(n)t + z, .i = (sup, (¥4(n) v iB(n)n) + escp 1A(n) %)
x (1 - unpu(nl 17!, The mapping given by formula x = An)x
+ Fin,x,y) for fixed y is surjective, if eda(n)'s < 1.

The condition & + 2af{f7 = 1 reduces to the inequality ¢ =
s¢ = (uup u;n)“u (1 - sup (*a(n}”'s B(n)V). Let ws note
that erd(nm)'n = 47 < 1.

Let

M = Isup AB(n) 4 sup 1a(n)”' v (1 - sup (1A(n)'s EB(n)1)),

v = sup pa(n)”r'(1 + sup, (84(n)™8 1B(n}1)).
mmtionl-rpk.t 1 for p < 2 is fulfilled, if £ s ¢
mtun-aumumuq1m
e < (1 = np(lun}“nmnm + (sup ¥a(n)” nuup B - 1)) x
x (1 = sup ¥B{n)1)(1 - sup (RA(n)"'¥ EB(n)1))"
The mdltlan a(l + tl} < 1| for v = 2 {is fulfilled, if
sup,_(14(n)7's wB(n)1) < sup | u(n] 1< 1 and
& < (1~ l’u(ﬂl 1) {1 - (wup (d{n) !
x sup,(VAn)™8 8B(n}1))(1 - sup (1A(n)™9 lnmu
nd!crv:!. .l!tsc.
The condition u.‘n is telfilled if sup  10(n,x,0)] < + =.
The condition (1.8) ls fulfilled if sup  IF(n,0,y) < + =.
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CONT1IUOUS DEPERDENCE ON FPARAMETERS
OF SOLUTIONS FOR BOUNDRRY VALUE PROBLEM
V.Ponomarev

Abstract. Sufflcient conditlons for the contiimnoes
dependence of solutions to boundary valus problems on
paraseters are given for a functional-differential equation.
AMS Subject classification 47838.

Consider boundary value problams

x'=F.x, 0.':-0, (1)
r-rkx, 8, x=0, 3 C o q2)
where  Fiac(rR")eLir w"), e sacqre")e", L L B

-w<a <b chw, me{0,1,2,...}, Bhe{},2,3,...}, AO(I, ?‘) - the
space of absolutely continuous functions xif, =" ulth the norm
|:|ﬁ-lu{tll(t||: (j,l:}:{l....,nh.:!.}.

L{r.,nn) ~ the space of Lebesque summable Ffunctions nl--li"

with the norm

'l =max ilr {t)|des deil, .00, 0} ),
L i

s’ - lncli.d'u space with tl-o norm

TR e

In the work the conditions will be given, under wiich ‘the
sequence ©of sclutions to the problem (2) converges to the
solption of the problem (1). Duz results generalize the related
ones in [1,2].

Introduce the wapping Fro 123,2,3,... in a followiig way.



. %6
T T "
Let for any nrufl! and “Ih : S [ 4
(ryx) (E)=x|a, +(by-a, ] (t-a ) (b,~a,)").

Denote by S(F,, %), ®m=0,1,2,... the set of solitions to
the boundary value problems (1), (2). '

Buppose that x eS(F_, %) existe for any m=0,1,2,... and
denote by B(x ,r) a neighbourhcod of x with radius r>p:

B(x ,r]-{nlt‘.'ﬂ B ]x-:,]a,sr}-
THEOREM. Lat the conditions bold:
. boundary value problem (1) has a uonigue solutien x, in
Bix .r).
2. mappings F, and l are continuous on Bi{x ,r)e
3, the map r is - Bouisted; o B(x,,r), l.e. ger(I ") exists
such that !ucr any xeB{x ,r) we Iun |Fx|=g,
8. v KBIX 1) for any ku{l !....l»,
S, lim 2 ~a, lim b, =t ,
k+m k kow bk o

e ”n'k"k"'lg'k'llu .

;f' 14,7 )% b=
Then lim |x -v =g
Kok I‘o )t'k'ﬂl .
Broof. Buppose, without lost of generality, that

LA Rt P )
fD’I any hke{l, :’o.a}- In view of the condition 4 the I.qll&.
kov, x, is  uniformly bmmdd m us show that it is
equicontinuous. From 4
Bl
' k .
Sk dt "x'x‘k
for any Ke{l,2,.i:}, z‘q.,. 'y and te(t ,b] we have €he
estimate



a7

=

Ilr,,r,m =) (L) | = I] Ti’—[rkr“:hn:mt

8y
b“ II(",‘ W V= IE  M () HF v X, ) (8 |de s (3)

b 5:-_—.3 ‘ll“.....k"l ' !;{Hd!:].

1
Hence the eguicontinuity follows, Without lost of generality
suppose that the sequence k+v, X, converges to the element y,
From (3) we have that for any t‘c[l‘,bn] and :.qtl.bn]
t

2
trie,)-yie,) = fareyae
: .
_ g §
and it follows that ymu..u";. Therefore from the condition 4
we conclude that yeB(® ,r). H
From 4
e - ly, *
* M Jrp-Frd, * Mm IR0 viFid, =

and the equality
t 2
-8
"n_‘hntl‘{rk‘n”!} ” I :h;:;:! U'“rkl'k“t]di
3 s %
: o

wa cbtain
L
yity-ria) = [ (g pice)ae.
b ;
Hance, y'=F y. Besides )
|0¢y'. = ;f: "n".n'n'k“a'k’u's 3

* e -ty 1 e 0 dy < 0
‘m
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and therefore y solves the problem (l1). From yﬂB{zo.r] and the
conditiop 1 we get that y=x , and hence lim I"u"h}kla .
k+a
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ON ¢ SETS, H-SETS and ¢ PERFECT FU.JCTIONS

TIL Yalvag

Summary, This psper is a generalization of the paper "On 8-closed Spaces”
of Mashhour, Allam snd Zahran (1901), (6] AMB 83 54010

L.m

Thivughout the present paper, (X, 1) and (Y, ) (or simply X and Y) denote
topological spaces on which no separstion axioms sre assumed unless explicity
stated. '

A?AEWMM¢MMM.\JMA¢£

AcA). A set, the complement of which is semi-open (resp. pre-open, a-open,
p-open) is called semi-closed (resp. pre-clgsed, a-closed, f-closed).

A set A is called s-set (resp. S-set) if for each semi-open cover (U;:iel) of A,
there exists o fnite subset I, of I such that (sdl U;:ieT) (resp. [0 :ie ], ) is a
cover of A. A pet A is called N-set (resp. 8-rigid, H-set) if for each open cover

w,:umhm'.mmuﬂuac&ﬁ..mmgfv.
A:h\i'l).

H.wwh--ﬂ-ﬁmm M_Muhiu(iu
-muumﬂ-w_mmm_wx

.l
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The following disgram is well known in any tepological space.

s-set - N-set : s
o 4
compact M-l-ﬂﬂ :
Ry L
M-.m

AmAhmtihwmmmiAnzm for sach
x& A, there exists an open et U such that xe UcllcA). 1, willk siand for the semi-

regularization topology for which the family of all regular open sats is & base. All
6-open (resp. u-on-)mhlw-!.lﬂlwbmwf.m
w) ‘

mm-t-ﬂhcnﬁramwﬂ.t)-

(X, 1) s almost regular iff z, = 5. muumw:-g x 9
regular ifft = ¢, = o

hulhwltnﬂllﬂuﬂ.ﬁ.

N—uﬂ&d‘unﬂ-ﬂﬂqmﬂhmummmh
sbove disgram),

hl“ﬂ“ﬂ&h“ﬁum&ﬁl&m»ha
regular space (X, 1),

tmut-um«owﬂll-n&ﬂt.-muﬂ

In'(K, 1), if every regular open.set is closed, thei. (X, ) is called sxtremely
disconmected (shortly, e.d). (X, ©) is e.d. then it is almost regular.

hﬂ!@utﬁw'mm&hww,dlﬂdwﬁh
in (X, 1). ?wmywwmfx.tmmct.ct.Ct Clearly an lhnlnﬂ.t)
is 1y, - mm&nthmhmm



P iy |

. )

Example. L1 The set of real numbers - R with its nsual topology ¢ is 2
regular spsce, Only X and  are.the clopen sets of { R, @) Boudnuhatot Ris
_Q., m&twmiﬂ-ﬂhmnnm

ﬂﬂ.s}hm&nucu-h But the converse is not true for any space
(!.i) Mﬂihﬂnﬂhh(&ﬂh ediffg,=1,=1.

_ mmnmmm;hotbmnmmamnmamsm
M?:hmmxummmmmm.m..mm

thlkmmhhﬁn‘lﬂﬁwmﬁrmlﬂﬂmﬂ then
- thﬂ“hm&ﬂthmmmmﬂhmm({nmﬂﬂ

M‘n‘ﬁ‘h
mmammm-m x,c&&'hmnuldclu
 BeX: ch\h,a,anmm

hIﬁmﬂyﬂmﬂl.l'qmuhm mn!!,l D and D¢ are
: ~ not countable)

H&:t\tx,}ndn.n' mmtmtnhh. then Deu ((x): xe D). Detg, .
H-ut.-r.,

h&hmmwmdﬂ-ﬂlm&nmhndm
Nmnhﬂt&qlﬂm-dilpmlnme.d..mﬂ.ﬂ.
e-set «» B-sek «» Mum Hﬂﬁzwﬂwm

A h&nhildi.
d.a\-l:;l Ilnnuﬂhcﬂnp--tﬁmﬁdusi
mda-ma &hullh-dnmdlhm

= fraX: Bnntﬂﬁnﬁmnﬂl
m.l
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‘lhﬂlowm'bhiﬁnmmkm

Latf: !a?hahmﬁnn.

a)HanMnYdeMm&inlﬂunfu ralled regular
closed function.

b)uf-lmcr-lma--d'.wmv:ﬂ.Mmmudmamm.
. ©) If A) is a-open in ¥ for esch open set A in X, then f is called a-open. |

dIHIA)hWthMWMMAhLM!hM
weakly semi-closed [8].

i)lfﬁA)iﬂl-dondinYhMM@&.&KMI“uuﬂ&d}M
ﬂnulhmm.ﬁfhu&wmhh&‘l&nfhedhﬂm
It is well mm.mm%muum

We don't give th definitions of 8-perfoct and s-perfect functions. They are
defined in [2) and [3].

If f: XY is 8-perfect, then the inverse images of H-sets are H-sets (3.1.1
Corollary in [2D). If £ X — Y is s-perfect, then the inverse images of S-sets are

§-sets (Proposition 3.3 in [3]).

The fllowing exsmple shows thet, » function which  satisfy the
conditions of Theorem 2.2 must not necessarily be either 8-perfect or s-perfect.

Example 2.1, LetX = {a, b, ¢, d), 1= (X, @, {a), (b, (a. b, (b, e}, fa, b, ]}

mtx-ax.ﬁa)-b.kb)-hld-nl&-sthm'ﬂmm-
closed, F)y) is s-set, B-set, B8-rigid, compact.

But for the subset A = {al of X,
sclg A = e}, clg A = [a, dI, A = (b}, sclg fA) = (b, &), clg (A} = (b, ¢, d).
tuig Al = Ib, cl, Rsclg A) = [b], sclg {A) @ flscly A) and clg £4) @ ficlg A).
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Hence £ is neither 6-perfoct (from 3.1.1 Corollary in {2]) nor s-perfect (from
the definition of s-perfoct function in (3D. |

Theorem 2.2 Let £bs & weakly semi-closed, pre-opc » function, and £1(y)
0-rigid for each yo Y. Then FXG) is an Hesel for ach SestGin Y.

'MHG“&MhYud{B.:knnmmd’ﬂw}.

‘For each yeG, l'i(yicu!h Since f Hﬁhb-rhﬁ there sxista a finite
ml,d?uélhﬂ'lmc ul,U; et U, = ul:"" then Uy is & regular open
set, Since f i# wealdy semi-closed, thers exista a semi-open set V, in Y such that
yeV, 1 iv,h: U, (from Theorem 8.4in {61 Weiave Gy ¥y Sinee G fa an

8-set, there axists & finite number of points yy, ¥3. ..., ¥, in Q such Mﬂcu L vy

POCY BF,)  (sines Fis pro-opin and V, is semi-open

5 and .o Proposition'3.2 in [4))
. _
<% "oy
" a -v—'—- { S —
4o SR T ST

.

Carcllary 2.8, Let (X, 7) be an almost regular space, f X—Y weakly semi- -
Mmﬂmmﬂﬂ(ﬁa—mhoﬁ,«? IFG is an 8-set, then

FUG)is -rﬂ-lat.

M&!}hlmhrlpﬂ.l’:x—ﬁwuhlym-dmdw
pre-open, and £1(y) tg-compact for esch ye Y. uar-mmmmo: is
compact. 9
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cmuu.uua.oumu.wu-qmmu
mnﬂﬂ(ﬁw&nﬁnll!ﬂhmhm&ur
set,

wuax-mhmw-um-mm
@-rigid for cach y Y, B!bmhibm

mmmau-m*m&h\'ﬂ—;
dudmdmﬂflmwhﬂp?.l-!hm&i .
is N-closed.

mm.a.ma. au.mu—u«m muﬂ-
pre-open, snd £1° %mh“”'f Mbl“hﬂsm ;

mumﬁuumuﬂ-ﬁuma“
m-ur!wwh-a,-r.mmh-“

mummﬁ MGMMM-‘-‘-
open, and £1 Muﬁdﬁrﬂw‘l Hﬂhmh 'IWE-H-
wet in XL 2

: 3 '_ -.mmx—-t °
g : _Mp'l Ee
as-mr.u-rlms-a.

mm—uuuu ;h-w u—m&
mmmw#ﬂ%ﬂﬁnﬁ'
Yhnwmﬁ-thm =

mmmummmmuausu,
ﬁwuumﬂmmunq-nvmyﬂu o

fm:u : ! a
hl‘.l-ll ye Y.N{r)cll-iﬂ hm“.ﬂrﬂb}cucﬁcﬂ- L

ﬁ-mmmmmmmzmmmuﬁuth
Y-:h&-tyc?ndﬂ(ﬂc&h fhmnl-nm:

f'lmcl‘ml:ﬂ.

3
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Mﬂ%YhWMWMPW)WM

a 213, for each ACK, ¢lg fiA) < flcl; A).

mmmwbmm,dhmedmﬁx—ﬂua
mmwm eunpmpmt inverses. If Y.is quasi

SHeS b

kmmmxh.mmm x—ﬂhp-nlmd and a-open, then fis
mw : :
: mh:ﬁmum ll'Aisnmulur
.Mﬁmwmbhwmmm a-open,

Mmmmmﬁcwcm. henee KAHRA)I'M fTA) is regular-
open set. Sincé every regular open 36t is semi-closed, fTA) is a semi-closed set.

mmum{m Luﬂu.&.wmi £ XY an

mwwhﬂf%)h&-thu&”?.wﬂhmm?m
£4G)is Ssetin X.

Itiskno o thatil xh‘rhauq-wm mrltomun-minx.
ﬁrud.ﬂ'-um.? :




Theorem 2.21. Let £ (X, £) - (Y, #) be umhﬂuﬂn— 'l‘h-nf!(ﬂ) is an
H-sot for each Heet Gin Y.

Progf: Let £ (X, %) -» (Y, 9) be an o- )pen bijection and G be an H-set in

(Y, 6). Then £ (X, ©) = (Y, 09) is an open bijection. Sivarsj showed that (Y, 9) and
(Y, Whnhmﬁmhmbﬂhnﬂ-dhﬂ,ﬂﬂ(m%m
H-get in (X, 7).

Corgllary 222, Let £ (X, 1) -5 (Y, 9) be an a-open bijection, If ¥ is quasi
Hoclosed, then X is quasiHi-closed.

Corollary 223, (Theorem 2.1 in [6)) 1f @ fanction £ (X, ©) -+ (¥, 0)is an
a-open bijection and Y is S-closed, than X is quasi-H-closed.

Corpliary 2.24, Let X be almost regular, £ X—Y a-open bijection. If G is an
H-set in Y, then F1{G) is an N-Set. £

Corallary 2.25. Let X be regular, ﬁx—.‘mmn’ﬂhnﬂ et in
Y, m—rlwmm

Cornllary 228, Let X be e.d., £ XY o-open bijection. If O is an H-set in Y,
l‘ltﬁ)kumnx. .

' mu:umep’vmm Il'?kqu-i H-closed,
&mxllrdﬂ.

Aﬁnﬂp&mmﬂhﬁunhhﬂwn&mmu
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LWIVIJAS \NIVERSI MTES :.:lnmnn mn. m.-s. (1593)
ACTA U’“.umm. ser, n’-. 'ﬁlm' (m’).”-”-w.
A NOTE ON FUZZY COMPACTNESS (+)

Jnvmoumm-dm. de PRADA VICENTE

ABSTRACT

1a this paper, we give some charasclensations of fuzzy compactness in Lowen's
scust, emphasizing the cae given in torme of ultrafilters on X', which is applied to give
an easy proof of Alexaoder’s Subbase Th Strong fuzzy compacinesd and ultra
fuszy compact are whso characterized in terms of ultrafiliers, emphasis being done
Inmw-ddmumﬁnhﬂdﬁnudm&h
lopological spaces.

Classification A.M.5.(1080): 5$A40, 0SE72
PALABRAS CLAVE: t-prefilter, t"-prefilier, fussy-compaciness, ultrafilier. -

1.- PRELIMINARIES

lalh;xpd‘kaﬂ!. will denote the intervals (0, 1] and {0, 1), as usual.
For any set A, 24V will mean:the fainily of all the finite subscis of A. We will
denote ¢ (t € 1) the fuzay subsel with constant value £

DEFINITION 1.1.- l-llAmhd.‘FCI" isn prefilteron X fand only # F ¢ 0
and:

(i) Tor all pwE Fowehave pAv € F;
M)iip2vandv € F,theap € F;
(i) o F

{*) The main part of this paper was communicated in Lthe XV Jornavas Luso-Espauhaolas
de Matemnitica in 1990, Evora (Pertugal)
r ¥
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DEFINITION 1.2- [4] Given a prefilter F the charscierisiic s=i of F with
respect to 0 in defisied as:

C(F)=[e€l:Ve €F 3z € X such that ¥(z) > a}

From the definition it is easily derived that:

C(F)=f{acl; . ¥F)
and hence, the characteristic pet of a prefiller will be either [0, c] with c €7, or
f0,¢) with e € Fs.

The number: ~
o F) = wpl{F)=inf{t; ¢, € F}
is called the chorseteristic value of u prefilter ¥

-

DEPINTTION 1.3.- 4] A preilter ¥ is called a prime prefiites if for il p, & I
such that p Vv’ € F we have cither p € Forv € 7.

DEFINITION 1.4.- j4] If F is a prefilter, then the adherence of F is defined as:
adh F = %ﬂ.

Fbﬁhl—qw&-ntdr
'l\ui-ld}'hdtlné-:

lim F= E adh ¢

-in?.(ﬂh&ﬂdal-—dpmpﬂanlmm}‘
ﬁ ™ m&dwhmmq
DEFINTRION 1.5 1] A fuzsy topologieal space (X, 5) is fusry-compact i for

ﬂﬁ*lclﬂ-thﬁ“nlzcwhdee(ﬁnﬂam
Mﬁ. (ﬁ”-dlhlzpza—t

hlmquu'. H] , be gave the chamcterization below, in terms
of prefilters and adherences:
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PROPOSITION 1.1+ Uaﬁmhﬂb’iﬂlwtﬂ' ﬁu!n:rmpdﬂ'n‘
only if each one of this conditions is sefisfied

(i) VF prefilte- on X such that C(F) # (0, we hove:
sup adh F(z) 2 o7}

(ii) VF prefilter prime an X, we m
'3_-_&-5(-)2 oF)

DEFINITION 1.6.- |5} A prefilter F on X is said to be a t-prefilter i, ¢ F.

NOTE: We call the stiention to the following facis:

(JJL{F() hi}ﬁ?klhpﬂﬂlﬂdﬁﬂﬂt&{bﬂ}-wﬁllﬂhmp
tE 0, -1

(3) C(}')=ht)d=b}'ha{tni)—pnﬂml'uemyti(ﬂ.l]andkindn
- prefilter. "
A

() dF) =t e Ve € (0] cefF mnd VEE(0,1-1] cys€F.

DEFINITION 1.7 [blﬁ'nullhclnx-nﬂlep.ﬂ,uuﬂu&ﬂlk
t-prefilter:
“‘(;]’_ l"e!x i "'[l-llﬁ ;l

For a t-prefilter ¥ on X, we call ii( ¥) the Biter:
F) = peF)

DEFINITION 1 8.- [6] Given a filter § on X and £ € [0,1), we call weo(3) the

picfilter:
e @ (el a0 e d)
Fik o prefilter F on X, we call i (%) the filter:

ie(F) = (0'L1) . wEF)

NOTE: It i5 casy lo sce that:
Clod ) =[0.8] and Clwy lal'l = {1}
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nmum-mh.ﬁmamrux we call F* the peefilier:
P"{?(m O {#deer € F)

mwﬂummmdmmwm
to the characteristic value, which will be useful in the sequel. This Is expressed
in the following lemma.

LEMMA 1.1-Let F be o prefilier F such that o(F) = 1. Thea C(F") = [0,1).

3.- SOME CHARACTERIZATIONS OF FUZZY COMPACTNESS"

mmmhﬂmmmw.'mmum
fullowing:

PROPOSITION 2.1.-Jf (X,8) is @ fuszy topological space, then the folfowing
conditions are equivalent:

- (i) (X,6) is fuzsy-compast.
(i) Mn;pnﬂhr?’:u)f:ul that C(F) = [0, 1], with ¢ € (0, 1), we have:

:g-dh Fi=z) 2t

(i) For any prefilter F on X suéh that CLF) = [0,1), with £ € (0,1), we have:
:;l& Fiz)2t.

" (in) For any ultrafilier 8§ on X and €€ (0,1}, we huve:
lﬂ;h nw.{ﬂxﬂzl

(1<)

{v) For any ultrafilier Ul on X ullelﬁ.l], we Reve:
:! o wi- ()=} 2 1.
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(vi) Por any ultrafilier U on X and € (0,1), we have:
zhw‘ﬂxc)z&

Prook ﬂnhﬁhihhhhb“n-mmm
set is an open interval, amociated to every prefiller ¥, whose characteristic sst
is & closed interval.

(45) = ().

¥ ¥ is o prefilier on X such that £(F) = [0, 1), with ¢ € (0,1}, for alt » € (D, 1)
-d"-"’i{ﬁ',l" )-

We have that C(F*) = [0,

e ¢, § F* because if ¢, € F*, there would exist p € F and ' € (s, such
thet ¢, > uAcy and hence we would have that ¢, 2 g, and then, ¢, € ¥,
but this is impossible becsuse C(F) = [0,1).
os Ve€ (0,1-35] c,4, € F* becaime s + ¢ € (a,1].
Therefore, s € (0,1) C (0,1) and we can use (i) Lo conclude
ml& Flz)2 ::;dllf'(l];s Vs €(0,8)
Consequently,

-. :g."(') 2t e

(i) = (in). pod :
It is » straightforward consequence of the fact unc(n-,m} 0.0

o ¢ € [Jwilt), beesuse 7 (a1 = X Va <t
a<t

oo Ve € (0,8), oo & [wul8h) because (¢~ ¢, 2} =D g M.
<t .

(iv)= (v).
It follows of the inclusion we (1) € [ wiH)
4 <1

(v) = (). '
Risa mdw,{li}cwfn)
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(i) = (i). -
xrh.m-ux-&uc(n-p. with ¢ € {0, 1), we call F¥ ihe
 maximsl t-prefilier which contains F, then F* = w,i,(F¥) and we have that;

aﬂ flﬂ! sup adh (FP)s) = :;-tlwuie{f')(t)
Bat ﬁ(fa)im-dm.ﬁum-(ijn‘w.ﬂ that
mpadh F(e)2¢

um&-wnmmmwwhn.w == (f.')
ad (if).p

DEFINITION 2.1.- [2] A Mww {X,8) is t-compact with ¢ €
0,3) if for ench fomily A & such that Up(t,3] = X, there exists §, € 2
n‘ i

such that U‘l"'ﬂ.l] =X,

nwmruou 2.2.- [3] A fuzsy topological space (X, §) is strong-fursy-compact
if it is t-compact, Vi€ [0,1)

mmﬂu-ﬂixﬁﬁahwwnd!ew.ll then
the following are equivalent:

(5) (X, 8) ia (1 ~t)-compact.
{ii) For any prafilier F on X mech that C{F) = [0,1), we have:

pat 3reX auch that adh Fiz)2 0.

{iii) For any ulirafiller 4 on X, we have:
' TeX suchthat Bim'[Yw,(U)z) >t
? <t

(iv) For any uitrafilter 1 on X, we have:
LS 3re ¥ such that’ tim we{U)(z) 2 0.

Prool:
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(i} +== (iv). It is well known that
(X.€) (1 — t)compact &= (X,i;-4(4)) compact, or equivalently:
Civen an ultrafilter i, there mmaexmwﬂmh:h
X endowed with the fy—4(£), therefcre:
For any p € § such that 2 € p~"(1 — £,1] we have that p~'(1 - ¢,1) € &, even
more,
for any v € §° such that = € (¥°)™(1 ~ £, 1] we have that (»*)'(1 ~¢,1] € &
Having into secount the following equivalences:

(a) z € (+)71(1 -1,1] &= 1{2) < ¢,

(®) () M-t el &= ()01 - g8 e= v T ¢ 8,
for any v € §° such that »(z) < ¢ weo have that ¥~1[t, 1] € Y, and 50,
ﬁxwreé'm:blhnv"[t.lleﬂwmmv(x)"l Hence,

il ve) 2t e lim we (UNE) 2.

"lc.:letl { ..
On the other hand, if there exists some = € X such that lim we(U)(z) > 8,
then for any » € §° such that »='[,1] € Y we bave that #(z) 2 £,
Hence, for any » € §° such that (=) < ¢, we bave that v[(,1] £ U, and
consequently, for any p € § such that = € p~"(1-t, 1] we have lhl.y“'[l-!, e
0 e (X,i1.((6)) compact o= (X,5) tcompart.
(iv) = (5). _
If ¥ is a prefilter on X such that O(F) = pl]..ﬂer.all}"thmuhndl‘
prefilter which contains F, then F# = wp (i (F#)) and we have that:

¥zeX adh F(z) 2 edb (FP)z) = ulhvg-(ip[f']ﬂ:]
But ie-(F%) is a0 usus! uitrafilber, 00 we can use (s) and we get thal
JeeX suchthat adb F(z)2¢

(ii) = fisi).
mu.mdmmqn..{un [o t):
(i) (is). ' !
This is immediate becsuse we-(U) € [J@,(H). »

o : £

COROLLARY 2.1.- If (X, 8) is « fursy topalogical space Bhen the following con-
ditions are equivalend: =
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(i) (X,8) is strony-fuzsy compact
() Por any prefilier F on X snch that C(F) = [0,1), with ¢ € (0,1}, we Adve:
3r, € X oweh that adh F(z) >t

(i53) Por any ultrafilter U on X and t € (0, 1], we have:
35, €X such el b (w,(U)z) 2t
<y

(iv) For any ulirafiller 8 on X end { € (0, 1], we have:
3z, € X such thal  Jim wy- (U)(x) 2 0.

DEFINITION 2.3.- [3] A fuzzy ‘opological space (X, §) is wltrs-fuszy-compact if
the topological space (X, i(4)) is compact.

PROPOSITION 23.- Let (X,8) be a furry lopologicel space. The following
conditions aré equivalent:

{u} (X.5) is ultra-fuszy-compaci

l'p) There cxists 3 € X auch m;«mm.ruxmuc(n-
[0, 1], with t €(0,1), we have:

adh Fx) >

(i) There esists 3 € X such that for any prefiler ¥ on X such thet C(F) =
10,1), with ¢ € (0,1), we Aave:

uﬁ.ﬂs)ztl
(i9) There exists 3 € X such that for any wltvafilier 4 on X and 1 € (0,1), we
have: :
lim )w,(8)(7) 2 1.
*a

() There exiots 3 € X such that for sny ultrafilier U on X and 8 € (0,1}, we
have:
lim we (H)(z) 2 1.

(%) There exists 2 € X such that for any siirafiller 4 on X and t € (0,1) ,
we hawe:

B w(U)(z) 2 ¢
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Proof:

(ije=(z)

By deflnition 2.3, (X, §) ulirs-fuszy-compact 4= (X.i{l‘jm

‘That is equivalent lo smy:

For any ultrafiter 8, thereedsts 2€ () U= [} U= "] w'08)
L e v %

 where the closure is comsidered in the topologieal spece (X, i(8)).

' Hence, for any ultrafiller 4 there exists £ € X such that Yy € § and
¥i € Iy with p~'[0,1] € U we have that = € p~'[0,1] and equivalently, for any
ultrafilter # exists = € X such thas Vv € &° aud V¢ € Jy with v='[1 1,1 €
we have that = € »7'[l - {,1]. Finally, we can say that for any oltrafilier U
exists = € X such that ¥t € [; we have that adh wy. (H)(z) > ¢

(i) = (iii).

Let F be a prefilter on X, mmc{f} = [0;1), for some t € (0,1). For all
s € (0,8) we call 7' = (F, feor }oeta): :

We have that C(F*) = Nl].lhtdwtl&(ﬂ.!) (0.1) and we can we (i),
to conclude !

3rEX sochthet adh F(3)> adh Fi(x) 28 Vae(0,0)
Consequently, i
3 €X wuchthas adh F(x) 21
(#) = (iv).
It in straightforward becaose: C([ Jwa () = (0,1):
<t

()= (v).
ltlolbnlmlhmdﬁnlw (u)c nu.(l.l)

(v)= (%)
Tt is a consequence of the tu:l. u,(ﬁ} Cwp= (M)

{wi) = (ii). J .
If ¥ is & prefilier on X such that €(F) = [0,4], with ¢ € (D,1), we call F# the
maximal {-prefilter which contains ¥, Thea F* = w.i{ F#) and we have that:

Ve X ailh Fz) 2 adh (F#)2) = adh wyi (57 )(z)
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But i;(F#) is an usual ultrafilter, 5o we can use (53), and we get that
3reX wachthat adhF(s)3tw

OBSERVATION: If we consider topologies in Lowen's sense, those that contain
all of the constanis, in the resulis of propositions 2.1, 2.2 and 2.3 and corollary |
2.1 we would get the equality.

OBSERVATION: From proposition 2.1 aud 2.3 and corollary 2.2 we see iamedi-
ately that
ultra-fogzy-compaciness = strong-fuzay-compactness == fussy-compactnerss

Here we get more than that, we see exactly which is the differance betweea the
three definitions of compactness and wiry the equivalence is not true.

3- AN EASY PROOF OF THE SUBBASE THEOREM

The above results allow us Lo give an easy proad of the Alexander subbase
theorem. We need s previous lemma characterizing the adherence in terms of
bases and subbases,

mtl.-.ﬁmlﬁwb;dﬁﬂw(x.l}dap#hrfnx.y
have that:
(i)llilchuml )

ulzﬂc)-%-(ﬂ

w:fam-ez-.mmlr
adh Fiz) = wz)

Shouiuict

Proof: d

(i) We firat prove the inequality <.
adh Flz) = il Wx) = ;4:}.

Binoe J C §, we can conclude: ﬂﬂ:]g%o(s).



Now, we oaly have to show that for any constant C > adh F, we have; C>
g

But adh F < C implics there musi exist ¥ € F such that »° € § and v{z, < C.
Sinee g -thum‘,&hﬂlllﬂinidl&nﬁy [p,]jucﬁ-ﬂthl
v'--gpj,-ul'hl.u:ﬁp}

Chnnquutlr :
:15"']Smm‘)"(‘]"c
u .
B 6fﬁ)hthmm.¢cw5ﬂunﬂy&mtkhﬂlw
Ccé& ¥ :

1t is only remainito prove that for any constent C > adh F it is verified:
c>» Hv(:).

auudaf«:cmu-mmm-ermnmwesma»(x)<c
Since £ is o subbase generating §,  there exists a family (i) je 012,y €

© T wsuch shat

r‘--g_' lx.in“n"“h::}‘”!‘},(-
thielwhﬂtﬁl_‘? pji2vETF,

peee B
and whenee * nq: pi;ef-
’hhn.mmthn}'hsmpl‘hamdrnmu&anmm
ij € {1,2,...,n;) such that pj, €F.
&-nquuiiy

ol v2) < inf l‘}.i,{‘} Sy sidz)=uwz)<Cn

Ve i

THEOREM 3.1.- (M)(aqu.«w §) is fussy-compact
of end only if given & subbase  gencruting § we have thal for cach family fC T
end for every o € Iy a-siihu:g:p':'u and for each ¢ € (0,a), 35, € 219

such that sup p 2 a —e.
»ES,
Prooflt
The if part is Lrivial.
* On the other hand, if (X, §) were not fuzzy-compest, by charsctesizution (v) of

m:mzl.nkm thot there exists an nltrafilier ¥ and ¢ € (0,1] such
lue adh w-(H)(z) < L.
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That is, we can choose 7 € (0, (] such that adhwi(U)z) S 1 -9 Ve X

M‘mnn--ﬂh
“ vSﬂ-s.wapZQ-nm'hv# {n €8 ; pf € we (W)}, we

ho'lh .
IIEFEOI.“-.

!'w.hthwa-ne(l.l-uﬁ.unuup.ez‘”uﬁmﬂn
1-t+y~-¢
m(::n)" ~t+q= c.ll-'u M -f+y-=X

Since 1 is an usual altrafiiter, there musl exist p € §, such that
pll-t4y-eljell
Onﬁe&nhdfiw(“}hwpthcﬁndﬂldumhm
e<y. e

BIBLIGGRAPHY
[t} R Lowen; MWM.&MWJ Math. Anal. Appl.

p;'r.no-mz R.C. Steinlege and R-H. Warren, Compactuess in Fuszy Topological
Spnces, J. Math. Anal. Appl. 02 (1078) 547-562.

mamim'q-mmmmhmwd
Spaces, J. Math. Anal. Appl. 64 (1078) 446-454.

4 i!.“h-u; WlﬁhﬂW&m Gen. Topology Appl 10 (1979)

5] MLA. de Prada Vicente and M. Macho Stadler ; t-prefilter theory, Fuzsy Sets and
Systemns, 38 (1990) 115-124.

[6] M. Mucho Stadler and M.A. dMTm!'MrWWl.Pw-
wwﬂ Fasc.1(1992) 85-108.

[7] R. Lowen; Puszy Uniform Spaces, J. Math. Anal. Appl. 82 (1982) 370-385.

JAVIER GUTIERREZ and M. A. de PRADA VICENTE

Dep. of Mathematics (UPV - EH.U.)
Apido. G44. 45080, Dillwo. SPAIN.



. Darba nugﬁ h.l:l.- telpn jaund
koapek tibas lovans no:r.nl 7 ens no ‘dﬁh

t 8 legltl arXl IWC tx‘bal un ul'lrl.fu:l-

tmpakﬁbaa rek Idoh vEribha pimérm do triju
ektIbas definfoiju ﬁﬂ-topoum 1rds=thu un
ribu analisedi,

Amnorauus. B padore NDUBONSTCy HOBHG XADEXTEDHOTARN
ROMDSKYROCTH B tupone NoeemEe ang HeGeTRAX TONOACIETBOREX
npocrpaEors. Om@ S BRX ASES B TepMasex yasrpefexsrpos,
mmamummmmw-
Ml AzexcaEmepa o Npemdase.

Kpoue t0ro, DOAYYSHE XSPSETEDEOTERS QANLEOR ROMIBRTHO-
OTH R YALTPOHAUSTROZ RONISKTSOOTR B TO[MEASX yARTDajaxs2POB.
hmmmmmmtm-
XA oYAX Tpax onpemesesnl XOMIBXTHOOYH XAS HOUSTRNX
TONOXOrEYEORAY UPOCTPaEOTE,

Received Ootobar 11, 1992


http://faai-topoloy.sk

L ]

LATVIIAS UNIVERSITATES ZINATNISKIE RAKSTI, 588, s2j. (1993)
Matemitika
ACTA UNIV, LATVIENSIS, ser. MATH., vol. 588, (1993), pp. 71-82.

The stability transformation of discrete random
processes by finite state automata:
Theory and applications

&mmmm a survey of the authors'
* investigations in the ares of implementation of qualitative
physically-based random number gencrators. The authors'
approach is based on the subilization of the process of physical
primary random number generators by a suitable finite state
sutomaton. The method allows 1o obtain discrete distributions
up 1o a given sccuracy and confidence level using the primary
genesators with inprecisely determined parameters which can
change during the time. Special anention is paid on the
problems of raie of the constructed generators. This paper is
esseutially an extended version of a talk given by J. Lapigs on
June, 18, 1992 at the 14th Nordic Conference on Mathematical
Snﬁnh.kﬁm.ﬂorm
AMS Subject Gmfhﬁu: primary 60J10, secondary
12C99, 68D15.



T2

Our investigition coucerns the problem of constructing “good”
random number generators. The use of pseudorandom number generators
does not yet have 2 satisfactory logical foundation, but the speed, stability
and accuracy of physical random number generators is far from being
perfect. If we deal with stable generators, either of discrete or continuous
distributions, then no special problems arise. Various methods exist of
transforming them into other mmmmm
parameters (see A. Lorenz (1974), A. Lovenc (1976a)). :

Serious problems occur when the parameters of the original
distribution oscillaste and the_action of the generator is not sufficiently
stabilizable by technical means. m that the random- number
generator  emits am independent sequence of random  variables

Jz»%hyﬂhdﬂ;hmmmhﬁ
mmmumdugnmmm
guarantees with probability p>1-at the rejection of the hypothesis Hy of
homogeneity: of the sequence, if for a given natural number b and for each
i there exist 5,8 such that iSs<tS i+h, and the inequality

IP(Xga]P(Xa}i>e S
holds for somen.

thﬂlﬂch*duﬂhnqnh
this connection we propose the following concept :

1) We test the primary generator using a high confidence level without
mumm«ummmm.
moderate sample size is sufficient).

2) The sequence from the prumary genesator is subjected to the logical
um-ﬂdpmwmdhmﬂum
additional testing the high coafidence level is prescrved).

In this paper the problens of finding stabilizing transformations of
discrete random processes over a finite set by means of finite siate
automata are considered. A S.Davis (1961) initiated a series of articles in
which a stochsstic automuton (s costrolled Markov chain) was
represented as & connection of a random input signal source (RSS) with a
finite (deterministic) state automaton. However, the theortlical
attractiveness and universality of this approach to implementing a
stochastic automaton depends on some ideal properties of RSSs that are
difficult to realise physically. By cousidering the relative stability (or
instability) of the RSSs employed, A.Dvoretzky and }. Wolfowitz (1951)
proposed a method of stabilizing the input process by an adder modulo a.
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' mmmdaﬁuhmdm&ehnmm
investigated also by N.Vorobyev (1954), and in automata-theoretical
terms this problem of transforming a random sequence into the uniform
distribution %g=(1/n,1/n,...,U/n) was restated by A.Gill(1962). Later this
mmmmﬂhﬁwmtlw-tl. 1976 b) and
his colleagues J.Lapipd and LMetra (1573). They developed a more
cffective technique of transformation than the adders or Gill automata
mmwmmmmm&umm
rate of the output process.

1. Basic definitions and topics.

Let Byg, be the set of finite nonhomogensous Markov chains
(X)en of order p  (uSv) over the set R=[01,...r} satisfying the
conditicn :

Yt V(xXp... X006 R#2 (P Xy y=xiXg=xy, .., Xo=xp]200), )
where @ is a positive real number. Let A=[X.Y.ZAA] be a finite state
sutomaton (FSA), XoR, Y={0,1,.2m-1), Z={01,...0-1), A: ZxX—Z,
AZ-Y. For any 29e Z and {X;) o0 € By o let us define inductively two
Mw{&)mﬂ[‘l’dmﬁmm:

ZomAlzpXo), Yo=AZo).

1t for some t (00) Zg, Z)....Z,.1 are defined then Ze=A(Zy.1, Xy and
Y=AZy). In this case the sequence {Z)0  of random variables is a
mﬁdmmﬁumm}m in general will not
be & Markov chain.

Lot us dencie for a stochastic wm;. «Pm-1) with all
pﬂnm

sup max sup  max P{er-:!?m Yo=yol-pyl
(X)eoeByar 202 @0 (yyo..yeYH2

by Q{A.T.x).
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Definition 1. mm&nmumvmmtommm
mummumm_.,mnm ]

lnlhupnpa-wmmwmwwlumﬂu
FSA A=[X.Y.ZAL] for which Y-Z-{ﬂ.l.. -n-1} and Vuzm:}-z)
MFS&A‘SWWHEB%AMI

Mcmmvaﬂmmgudwmma!bchuof
FSA which i« possible to use as stability transfonners.

2) g - circula,.. ransformer (Gauss automaton),

wnm;ummwumummm
{gn) of them is equal W 1. FSA A=[XZA] is called a g-circulant
wunsformer if XcZ={0,1,...0-1),u0d ¥xe X, 2e Z (Alz,x)=zg+x (mod n)).

b) Gill sutomaton (adder modulo a).

In the special case if g=1 and M=R=[0,l..r}, the g-circulamt
transformer is called « Gill automaton,

c)lmunqwm(hmulhimmm).

Let p bz a prime number, g=p$, Ly, be a set of all uxv matrices over
Galua ficld GR(g). :

Definition 2. FSA A={X.Z.A] is « linear sequential machine (LSM)
over GR(g), if there exist positive mumbers k.m, and matrices Cely g,
He Ly m such, that X=Lg, { . Z=ly lnd VzeZ, xe X {Mz.x)-Czﬂu).

In this paper:

(i) the class M of FSA wunsforming Markov chains from the set
By, a, intv the uniform distribution ng=(1/n.1/m,..., V/n) is described;

(ii) ﬂwmcfmnvumdﬁutﬁuulm s +5 )10 O for FSA of
the class M is estimated;

tiiiy Msuwmdmmmmushwmdmmh
destcribed;

(iv) some possible applications of the theoretical results are
(v) some possible generulizations and modifications are discussed.
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2. Stability sutomata and convergence rate.

Let A=[X,Z,A]. We will nse the s0 colled transition matrices of the
FSA A, i.e. the nxn matriges

Arslas)), 16X,

1 if Alzx)=2, .

'lm.au'w-{
0 ctherwise,

Let us denote also by A the matrix

A=li+1) X Ay,
xeX ,

Theorem I. (A.Larenc (1976 a.b, 1978 a)) The FSA A=[X,Z4]
transformss Markov chains from the set By o, inlo some madom
distribotion ®=(p.py,....Pn-1) ff the following two conditions are
satisfied:

() VxeX, 2.7 € Z (z22'=20(z,x)#A(T'%)),

(i) there exists & natural number & such that the matrix A% has a

_ Besides the only one possible positive random distribution = is
wo=(1/n,1/n,...Un), and A, T.xg)S (r+1)¥ (I-(+1)V ST

Remark 1. From cosditions (i) and (ii) of Theorem 1 it follows, that
for some natural number y all elements of the matrix AY are positive,

Remark 2, For any n there exist FSA A , satisfying conditions (1)
and (ii) of Theorem 1 with Y=Jloge, jul. Here and below Jaj=-{-a}, and [a)
is the integer part of the numbes &.
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Theorem 2. (A.Lorenc (1976 c), J Lapigi and A.Lorenc (1986)) Let
p be a prime number, r+l=g=p%, A=[XZA} be a LSM over GFg),
X=Lj,1. Z=lg ), V2eZ, xeX (A{z,x)=Cz+Hx). The LSM A transforms
Markov chains from the set Byggq into the random distribution
w=(1/g¥,1/gX,...1/¢K) iff ihe matrix C is nonsingular end matrices H, CH,
... Ck-1H are linearly independent over GF(g). Moreover functional 0 in
this case satisfies the inequality

(A, T,mg)Sg¥(1-g*+ Lo H)ITARs VI, @

The following Theorem gives us 2 lower bound of the ransformation
rate of discrete random processes into some random distribution &

Theorem 3, Let FSA A=[X.ZA] transforms Markov chains from
the set By . into the random distribution = with at least two positive

compuonents, Then
[ 1es0e )7

-
.. Remark 3. In the case oe[v/(r+1)2,1/(r+1)] the inequality
LA, T.)2((1-(r+ )e))T/2 is proved 1nd it seems very credible that the
last ineguality bolds for e J0,1/(r+1)]

3. Special subclasses of stabilizing FSA.

4) Gill automats. ’

The lower bound of the transformation rate given in Theorem 3 is
possible to improve in the case whea A is a Gilk aulomaton.

Theorem 4. (Alorenc, Jlapigl (1984)) Let A=[X.ZAl
10,1..5)cX, Z=({0,1...0-1}, r<n, VxeX, zeZ (Alz.x)=z+x (mod n)),
and{rﬂ.a}wmﬂ.lhnfu‘dummﬁmm&m
the set By o, into the random distribution %o=(1/a,1/n....,1/n) by FSA A
the following inequality fulfils

02 (A Trp2((m-1 Va) 1 {r+ DaiTovitisn] @

A.Lorenc (1976 b) has also obtained more precise formulas for the
uansformation rate of Markov chains from the set By g, (sequences of
independent random variables) and from the set By o, (simple Markov
chains) into the rundom distribution mg=(1/n,1/n,...,1/n) by the Gill
automaton A=|X Z.Al 'l}lc proofs of these results are based on the

QATRR12 (&)
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example of these results correspon-iug to the case v=0, r=1.

Theorem 5. (Alorenc (1974 b)) Let A=[X,Z A}, {01jcX,
Z={0,1,...n-1}), VxeX, zeZ (Alz.xp=z+x (mod n)). The FSA A
transforms sequences of independent random varisbles (Xy) o€ Bog
into the random distribution my=(1/n,1/n,...,1/n), and

QA Tags(p/in)pT2+pTH1-p)T),

where p=1-de(1-0)sin2(stn).

b) g - circulant transformers.

Very precise formulas are obtined in A Lorenc (1978b) for the ~
transformation rale of sequences of independent random variables from
the setBgy ; into the random distribution mp=(i/n,1/n,...;1/n) by ibe
g-circulant transformer A=[{X,Z,A) . Here again we have mentioned only
one particular example of these results comesponding to the case v=0,
o P

Theorem 6. (A.Lorenc (1978 b)) Let p be a prime number; k and g
be positive integers, n=p¥, (g.n)=1, A=[X,Z,4], (0,1)cX, Z={0,] e
VxeX, ze Z (Alz.x)=gz+x(mod n)). The FSA A transforms sequences of
independent random variables (Xi}p0€Bgq,) a0 the random
diwibnﬂouo-(lb,un. .,1/n), and

el g w“ﬁ (1ot pliTipin)|
ntmmsmz 0 .
=0 \ aptils (l-uf‘j“
where @ is the Buler fupctign,

¢) Linear sequential machines over finite Galua fields.

The following theorem characterizes the subclass of 1SM which
have the highest transformation rate known al present xfwcmmfum
sequences of random variables from the set Bg o,
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Theorem 7. (J.Lapipi and A.Lorenc (1986)) Let p be a prime
number, r+1=g=pt, Q=(gk-1)/(g-1), A={X.Z,A] be a LSM over GF(g),
Xel 1, Z=Ly 1, V2€Z, xeX (A(z,x)=Cz+Hx), matrices H, CH,...C*-1H
are finearly independent over GR(q), and the least positive integer t, such
that C* is the unit matrix over GF(g), is equal to gk-1. Then LSM A
transforms sequences of independent random variables from the set
Bo,0.q-1 into the random distribation xg=(1/q¥, 1/gK,....1/g¥), and

Q(ATx )<k 1yg ) 1-qoyl TQlgkd 43 @)

Remark 4. For sny prime number p and natural numbers k and s
there exist matrices C and H, sauisfying conditions of Theorem 7.

Remark 5. The inequality (5) becomes an equality if T/AQ is an
integer.

4. Applications.

The theoretical results - discussed above bave » number of different
applications, some of which have already been used in practice: ;

(i) they can be used for the implementation of physical random
number generators with a high confidence level and accuracy. We note
that the described LSM have excellent properties - a high stabilization
rate and, at the same time, a very simple structural implementation;

(ii) they can be used for creating the recurrence type cryplosysiems.
The actual cryptograms of these sysiems have practically non-informative
statistics; 5

(jii} they can be used as an approach to proving interesting limit
theorems, which can be expressed in classical terma of probability theary.
As an example we can mention the geieralizations given by A. Lorenc
(1986) and A.Lorenc and A. Lapigd (1990) of the results concerning
the statistical properties of clementary syminetric funcmu (see 1D.
Smith (1974)).
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5, Generalizations and modifications,
Sk % . o :

The results mantioned in previous sections are generalized in several
directions. :

A) The set Byq, of Markov chains [X()io B introduced in
A Lorenc and J.Lapip¥ (1984) for which

(i) {X)z0 is a Markov chain over the set R={01,....,r} (r22) whose
order does not exceed v(v20), and

(ii) afl transition probabilities of this Markoy chain are less than or
equal to 1-xx (ot is'a positive real namber).

Theorem 8. (ALlorenc and J.Lapipd 71984)) Let A=[X,Z,A] be a
FSA, X=RcZ={0,1,..n-1), VxeX, 26 Z (Alz.x)=zg+x(mod n)), (g.0)=1
{g21). The FSA A transforms Markov chais from. the set Bl o ; into the
random distribution mg={1/n, 1/a,..., 1/n) iff the least prime divisor p of
the number n is greater than r,

B) If we use a FSA A=[X.Y,Z.A L}, for which the function L.Z—Y
is not injective, as iransformer of Markay chains then it is not necessary
for the FSA A 1o satisfy the condition ﬂ) of Theorem 1. The study of
some properties of special block matrices which are a generalization of
the double stochastic matrices allow td® become to the following

Theorem 9. (JLapigs, ALorenc (1985)) Let m=kn, A=[X,Y,ZA L]
be a FSA, X=(0,1,..c}, Y={0,...0-1), Z={0,}...m-1}, Z=U}\Z;
1Z;i=1, and the following conditicns are satisfied:

@) Viz) ¥ (M@meZ)=Y),

(i) Vivxe X 3 (AZ;x) % (A xtee Z)=2p),

(i) TEeN V2.2 Z Ixy,...xpe X (Alzx ,...;g)"i’

ok A{;..A@.(t._l;).xg),....&gﬂ'}. §

Then FSA A transfurms Markoy chains from By g into the random
distribution 7tg=(1/n,1/n,. .. 1/n), and

QUA, T )Sc(lckaS V) THE,
where the number ¢ satisfies the inequalities (r+1)V<cSn(r+ 1)V,
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Remark 6. The principal result holds also by the following
modification of the condition (iii): _

(iii) Bvery set of states Z; of the FSA A is a subset of one cyclic
subclass of a Markov chain [Z;}p induced by a process [X;}pp with
p=0. .
C} A result analogue to Theorem 2 is possible to prove also in the
case when the Galua field GF(q) is replaced by a finite commutative ring
K with unit element. In this case the condition that matrix C is not
singular is to be replaced by the condition that detC is not a divisor of
zero of the ving K. -

Acknowledgment. Autbors are grateful to Dr. Andris Abakuks from
Birkbeck College of University of Londop for his kind belp in preparing
of the English version of this article.
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fizikali biizftu gadijumskaitju generatorn izveides problemitika. Autoru
picejas pamata ir fizikilu bazes feneratonu izcjas procesa stabilizicija ar
piem&rotu galigu determindty sutomita palidzibu. Melode jauj iegit
disksftus sadalijumus ar iepricki uzdotu precizititi un. ticamibu,
zmamojot bizes feneratorus ar laikd mainigiem un neprecizi noieiktiem
parametriem. Ipafa uzmaniba veltia konstruéjamo generatoru dtrdarbibas
jautdjumicm. Raksta pamatd ir referits, kum J.Lapigh nolasija

_. Bmmmmmm
UpOGATMETEKS RUCTPOCHNE KEYECTECHULIX (DEIWGECKHR FCHEPATOPOB
uywmmmmmuwm
SLIXONHOND OPOECCA MCXOMHMIX (PHINYECKHX rEHEPATOPOs Cayuwalumix
CHIHANOS NDH MOMOLY ROJXOAMUETD KOHCHROID ACTEPMEMHPOBSHNOND
astoMare. Meron noosonseT NOAYYATS AHCKPETHMC PACAPEACHCHHN C
3212640 TOUHOCTHIO M HANEXHOCTEID, HCTIOALIYR DAIHCHNIE FEHEPATOPM,
MOTYT MeusThcd 80 Bpemen. Ocof0Z BMUMANNE YACHCHO BOUPOCEM
GricTposedicTsas noRyuaeMsx reseparopos. B octiose paborsl moaOXERO -
coobwicune, ¢ korupsiM ua 14 xonpepemwnn Cescpaux Crpas no
-cratuctuxe 8 Pepyce (Hopeerus) asiorymaut 8 Jlnminsw,

A. Lorencs, J. Lapigd Recaived Jonuery 21, 3933
Department of Mathematics
University of Latvia
- LVY-1586 Rig;
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APPLICATION OF UHEBYSHEV INTERPOLATIONS TO BIGENPUNCTIONS
i AND EICENPORMS OP CONIC SHELIS

?.01rulis, V.Neimanis

Absiracl. Projector of Chebyshev interpolation, its properlies and
calion to delermining of eigenvalue and sigenfunclioh of
simple boundary problems are considered. AME SC 88 N 26 )

1

lagrangisn interpolation formulae with lmot-points  witch
coincide with ihe seroes of Chebyshev polynomials are convenlent
to use In discretion of boundary and = elgenvalue-eigenfunctfon
problems. As compared to finite difference or finite element
methods the formulse of thia type have the following sdvantsges:

a) in case of smooth functions the approximation accuracy
with these formulse increases (insatursbility of the method),

b) the method 15 spplyable to protlems with complicated
boundery conditions including systema of broad dlvmn.x of
boundary conditions.

mmaummmm previously [11 to
determine elgenfrequencies and eigenforms of & conic shell Its
ends being fixed. The present study sttempta to  consider
modification of the method in other casea of boundary conditions.

1st us consider mw[ adjusting a polynomial of the
arder Nt towmumume(:'[gﬂ mm;uto -

I uey=[ &‘5“{4)*&5“@%&)1’& ﬁz H1.1)
o 1, CE4A—~20,, » S

where m‘nammwumm/wf o Ty ) -
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Ghiebyshev polumxau of the 1-8t Lype, X,“w%)-“: K=1&e, N~
geroea of the polynomisl, '
The series of discrete points

{ 1, %, ;-"u} (1.2)
mmm:.ommcmummnmvnumuun interval
1,1}

i‘k“{x‘.‘,x“_’".."xﬂf — {1.3)
internal lattice of the interval [-1,1) while '
i‘,"={-f,-f} (1.4)

a8 the lattice of interval end points.
Operator SM“ defined by

S L) ={ utt), u@), ubs), o+, “l“'m)} Uy 1.8)
anr.! relauna 8 vector-—column {(,,, of dimensicn AV#Z to each
function &fx) will be called reducing operstor of the complete
Chebyshev 1sttice €, .

In & similar way operatare 3, and J, will be used:

S u(x) { Ulx), U)o, “ﬁy)} = a” (1.6)

5, u6)={ut), u)} e o

nmmmdmnmuuhvemm;mpemiu.
l.upentm Sy =na S, are lnear,
a:opemor nz'famwmumna:mmmsmf
\ naumy 1ot K, (%) be an arbitrary polynomial and M<A/vf,
men R, (¥)-] p_p}- Q,.f%) 15 a polynomial the order of which

dnaamt.axeeﬂ' Nef (1.1) lthmlomsl.hat 0”,,{5:)
18 26ro in aay point of the complote lattice We2), (. e, an)na-
% ‘Sm, )= ‘sva )= (1.2

Byuation (1.8) 1a valid also in the case 1f Sy, 1s



substituted ty Jy or S, sl Upy-ty Yy or U, . s

followa directly from (1.4) - (1.7).
4% Iot us danote D=5 - Mhen

'SM_X D}:v ﬂﬁ) = e SM‘IQ&) i BML U”,.t .

{1.9)

wnere B, 18 a aquare matrix (W) N+2) ot the srructure

C 'C‘,C&,..., C'" ™
G | dﬂ ‘{41“'; d,

e »
S _ 206-1*

c '%— d'_LL' -

T TS R 7 T S

€ fi LN SR
ﬂﬂ =€ f1 & H)k. f’@:.
: ,z : ': .; ‘F!) f —% X
A
N K=, 2,...,N;

AM” "'" ‘!ﬂ, > {,k"{,z)-..,”,

{1.18)

1.11)

(1.12)

M (a8

(1.14)

(1.16)
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lix !
E975 1%t g
6 xmx Vi f ‘.{,‘X"
f

N7 A (-K 2 § {1.186)
(A |
" 'In a similar way it can be proved that
SNDI,JU(“):BN“” ’ 'SI:D};V m’-&u‘,, (1.17)
where i .

BN a,ﬂﬂ,l ':A”:” l ’ B‘\-, c‘)‘l ;. C"'}”l' (1.18)
Iet's consider the approximation error : ;
. 8 [Um] =ux)-1 uk). (1.19)

q:um«NANu detined to pngOCt Cl-11] @l , v

u

ANH_(-"J'Z;,(‘); (-T‘%E«} ; (1.20)
ylu)] = «(x) - A, u). (1.21)

Expression (1.20) 1s interpolation over pointe 7}, of the intermal
latiice of the interval [-1,1]. Errors G,, and 7, are related o
each other by ;
- !:!:‘{ ubs)-ufy) Uf) -l

GN[a(x] Z _‘Z”[ = J k5 8 wﬁx _ﬁu.ee)
which 15 proved by obtaining 7,, from (1.20) - (1.21) and 6y -
from (1.1) and (1.19). So it 18 sufficient to consider 7, .

st Rﬁ)mmxm of Gaussian quadrature

Rp= 1 L8 e85 ) 5 i, .

while P [fgJ- resimual of spproximation of function # by
partial sum of Fourler series =



a7

| L P y
Pﬂffﬁy"’é AT Q'%j;'/ﬁ)‘g‘}a&? h.24)
=%+ if k=0 and &1, ¥ keo.
lemma 3, It F(¥)1s qifferentishle over almost all of interval
(-1, and £7k)1a a fumction of 1mited vartation, then

?A}[fﬁ'}]--ﬂv{f(xy+§_2’& @6(7;)7;(”)' (1.25)
were R (£1:)=F pa Fa./z,(c_,?.“ +ew._"_')_ e

o Substitutfon the integral In (1.24) by area (1.23)
provides

Pu [f("?y*)-‘ﬁj ~Ay &) _#le::exgvﬂ)?;&): (1.21)

which coincides with (1.25). The proof of (1.26) is given in [2]1.»

MR S '
_ ’ tﬂff&y" ’"“ch: r(f:“) goe: P,vé‘ 7;), (1.28)
where R, (%) 15 dbteratned vy (1.26).

= The proof follows from (1.25), since the right alde of 1t
18 Pourier series of Ohebyshev polynomials of the 1-st type. =

2 . og
- i e 4
Vgulpeall, >IpwlFel, =t
Its follows from thess the lemmas how residue 7, or iia norm
18 seen 10 be explicated in terms of Poinler coefficlents O
with. m 3N, It AM+tee, G, ~ O for smooth enough functiona the
sooner the emoother 1s the function £. Hence, the interpolation
formulas ave not saturstedl, but the ;,[{M—-au N-++00. Mare
exact wm_ur:au ]~ ana 6, [ 4x)] or
derivatives of them, asymptotic formmlas if A/-++¢00 etc.can be
examined,too, We shall not do 1t here.



Iet's 'eonam the problem of eigenvalues and
elgenfunctions '
Gol¥) wl)+ ) ulx) + g E)us) » Aut)=0 .,
ol -Gl L
ot ult) +foy =0, Il 4 40, =42 @2
By approximations v
aﬁ) = I ” U(J}‘fé”é’f:ﬂ} 2.3)
Dub)= Dl + DEyuch-PL, 102 Vi) o

D' ut) =D, Dub)+ D6 Db, +08, Fiuts) e 53

and reduction of thess equations-io latiice %‘ and meking mse
of (1.9) one obtains

YUneg = { w9, 4, “'&Wo; U, e
Uy, *(Brs #6101y ol L P
L, (B0 )"‘{wz é&; Uy @O
where B, 18 marrsx (1.10), i
e Yy ™9, D6, L]
Boundary conditions (2.2) in the mstrix form {s Written as
;4 + 4 =0, @.9)
Ys{UC), ] I} ~dlagbet), [-dlag(p,, p) @

Subatitiition of q" from (2.7) and (1.10) - (1.13) into (2.9)

where



- -]

(/“.f,‘ y )Uf-f'c"'”a =0 @.11)

mmanwmwmmtpnmu ‘Z" and using (2.6) -
(28). (1.10) - (1.18) gives

[ﬂ,ﬁ‘“’*é’ ﬁmjtﬁ 1[0,4 +QA~”fq,%f2u =((2.12)

-da (360, 9l -s ). ¢ @.13)
Lo 800 A, ere dotined by (1.14) - (1.16) while ,9”&

-IIA mmmmnmtmmmum aw

M * B

1 Cg;l c,;)
B s (2.14)
; Niz ﬂ o 3
wa, Aaw

where ~ ¥ :

' cu- 2" C-W gm ’ : (2.15)
G = Canlon *ConBuy by
"Qv,z ‘gmqn *Aun ﬁﬂ ' ket

l‘a
A= Con * Buw - i

Exchidiing vector ¢/, from (2.11) and (2.12), & &aystem of
mmmu&m g

( ev ME)#” =0, (2.19)

P~y *Qdﬂw"q—@ M {QJ{' Q.""""“’

Thus the eigenvalues are t?umo:-m :
since £, 15 dnown, the values of ¥(-f}ana () are fouma r1edt,
then interpolation (1.1) 1s used to obtain the elgenfunction.



30

Let us consider the problem of eigsnvalues and eigenhmctions
0f a conic shell In the matrix form, the same notations as in (11

uem.g used
adx* +8M£*C'MV*4[V=0 @.1)
(*J- LA A, "”’AJ) (3.2)
Co=% £ (A '””'Af -m*, .;) 3:3)

AODA;'JA;‘A;'AO A 8{!} m’ éare 8quare mairices of

(dimenaion 5 = 6, and

V= Vi) '(V(-'ﬂ. Y&)yeon, lf}{x)}r - (3.4)

ihe column matrix to be found under boundary conditions
bV g V), -0, [aeVisaaV B, 0 @®

where o, (+),%(¥) and corvesponaing 4 () and (%) ave 5 x 6 square
matrices comprised of the same selscted five rows of matrices Z
and

-

§i70 40,50 70§ 0000 0

0 { 0 0 0 00000

0 0 ¢ 0 0 0 0000

0.0 0 © 0 0000 (3.6)

0 0 0 0 1 Mooooo -
Zp“?%%_oo & 10000

0.0 0 % Pk 00010

%0 0 9 0-d 000

0 0 o0& & 000 0-q

0 0 0-d o 00040
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The cholice of rowa depends on the selscted  boundary
conditions. E.g., 1if both ends of the shell are fixed, 1.e., the

1-st boundary condition (see Table 1 in [11) is satisiied at  both

ihe ends, then matrices of and o, are formed from rows t - 6 of
matrixZ,, £, and B, - from rows 1-5 of matrix Z, ; 1f botn ends
of the shell are free,i.e., the 8-th boundary condition 1a
satisfied at both ends, then o, and o as well a8 /3 and /3, are
made of rows 6-10 of matrices Z, and Z respectively; if one of the
ends X=-{ 18 fixed 1.e., the 1-st conaition 1s satisfied &t this
end, then o, and 4 are made from rows -5 of 7, and Z and 1f
the other end X=/ is fixed being free in direction X , 1l.e.,
the 2-nd condition 1s scilsfied at this end , then o and 4, are
made from rows 2-6 of 7, and 7, . :

Approximations for (3.1) and (3.5) are obtained substituting
function &(¥) by column metrix V) in (2.3) - (2.5). Reducing
equations thus obtained to lattice 7, and employing equation
similar 1o (1.9) where (&) 1s substituted vy V¥ a (SA#10) -
dimensional vector 18 obtained

Voo ={VELV), V), o V)T, @1

where
VEN={ 50, 560,50, V)it o,
Vo) ={ 06, 460, -, B3 )] K213, ., 1

5

/ 2 (3.9)
ngmguﬂ ’ %;RBAM. KM, A

aa By, 1s 8 (SWeto)x(5Wef0)  matetx (1.10) wheremn  the
elements of block 20:G,, %, =4y, =



%2  ;

substituted by B<6 diagonal square matrices the preceding element
uomonwoﬂlasnnll.io.

i o RPN
O -a' 0°¢& ' .{'
i St el g i Ky
Wry% o0i% 0 e 0 Pr- 5.10
e, 0% s Nl B
0 b 0 4 ._O.__.... : g_éﬁc
0%@!”30 A
10610 Gl . R e T
CJ,M 0,40 4o ”%qvo J;ﬁvf”
|D a‘,.oé_ Y 0 "%e, 0 f”f”
SN
Bmmar:wmn!n (3.5) writen as ;
LY+ LY =0 @:12)

Y- VO] [ =aley o gL, e

V being put 1nto (3.12)fram (3.9) end (1.10) ~(1.18), (3,10),
mma

(F+15C, )V+F’C;”V

Bquation l:! 1) teing reduced to internal knot points of f;.
and using of (3.7) ~ (3.11), (1.10) ~(1.18), we  obtaln

[009‘“ +Q,.9;:Jl{ f[Q ﬁéﬂ*qd&”fq}%dfz"q (3.15)

(3.14) -

e L |
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Q'@(A"‘A’""'A")’ R - X 1)
- a&hz{'ﬂ(xd. B(%), ..., 806)), 3.7

- WCM; Clx), ., Clxy)) = (3.18)

are disgonal with carresponding block matrices along the
atagonal Matrices £, , and A, yare defined by (3.10), (3.11) and
(1.14) = (1.18) Ly, 800 A, ., ere the corresponding block
-mmmms‘ mw (2.14) -(2.18).

mmw an (3.14) and 1315) provides a

of algehraic m ®
(P +AE)V, =0 , (3.19)

m&uwmamammuMmm
subatituted according to.the new formulse (3.7) - {2.18). nenﬂ
15 8 S5V matrix. Purther calculations are simtlar to the case
of a aingle equation.

mm«nummwmnmmmpmmm
4f the equation or boundary conditions (or both of them) are not
homogeneous. In this case instead of (3.19) a asystem of
MMWM&!GIBODMM with respect
mmmv %0 be found.

References.

1. lwpymsc T.7..Hefivatnc B.Jl. Pacuer COCOTBRHHNX WACTOT W QOPM
OPTOTPOTHEX KOHWYeCKMX closover.// LU ZinStniakile raksti, - 1992.-
m-“ﬂ.. 1&. - ‘“v JW-
2. limpyauc T.7. ~ACUMATOTHYSCKWE NDEACTERAGHWA  OCTATKOB
Keagpatypiux Gopmya Taycea.// IU ZinfAtniskie reksti.- 19%2.- B676.
88J. 145, - 152, 1pp.
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T. Unpyanc, B, Hemmanuc. Mpuscxenia $opHya WHETepRoaAuMEs Yelusena
aAA ONpenensHNA cODCTRENHMNX YACTOT W $OPH KOHAUGCKHX of

Anpotamia, B cTaTe@® PACCHOTPeN NPOAXTOP MHTOP 110 YoBuue: a, erc
CPOACTRA M NPNAONONNR. PACCHATPHNBASHMMAR RBPOAKTOP NPHMENSNeTCRA AR
ofpeneneHMs COSCTROHHMAXY YACTOT M HYHKUMA B NPOCTeANNX KPaekux
sagavax. B URCTHOSTH PACCMOTDSHA METOONKA HAXOMNENHA CcOBCTBEMHMX

YACTOT N $OpPH KOHNYSCKOR OSCAOUKN MPH DASNMN - DAKp

KoHuoR, MetTon HoWeT SUTE Ced CYLRCTRBHHMX np TaKwe
AR PARONMA KPASRMX CADAN C© DPONIBONBHMMM  JANN ™ rpaAr o
ycnocenam. ViK 810 83:830. 3, ]

T, Cirulis, V.Neimanix. Cebifeva intorpollcijas formulu lietojuml
konisku caulu Ipaffrekventu un Ipagfcormu mt.lltl_w_\.‘l_.

AnoLici Ja. RakstE apskatitis Cebifeva interpollct fas projektors. LE
paly un lietojunl vienklr&dke robelprobl@mu padvliriibu un
ipadfunkei ju noteikidans. K& plelietojums apskatita melode
Ipasfrekventu un formu noteikéanal koniskal Zaulal ar dalidiem &is
Caulas galu nostiprinidanas veldiem. Bez bOtiskiim izsaioSm metode
ir lietojama arf Lief! robelpreoblému alrisink ple dalldiem
homoginiem val nehomogiiniem linslries robe?nosacl jumiem.
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SOME REMARKS ON B-SPLINES
L]

M. OGoldman

ﬁnfﬁg B.gplines wers introduced © fhu.—rg aad Schoenberg

m19 Tha de?d nitimofﬁ:l.snoﬁ{nh ased on the

s nrinot finite differencea. In thily paner the deflnition of a
:

e and conclusion on its basla properilies are made Iitauut :
to diffarerces, AMS C8 &65D07.

kti.,..,t.qn {;(...({h‘ and lat M be & natursl
munber, let's consider the apline S(i)= q‘({-{_)..-};eﬁ .

Evidently, that §(¢)=0 when t¢ ¢, wh.v.&evu- sers the co-
sfficlentaol,,.. 00, - I ¥24, thea (E-¢), =(4-4)"
i=1,,..,n , and 5{'&)“;“‘(* *’L) _,to( fc ‘llwh('i) {:&g

SN a3 g L
Procuadins from this, the nexi siaterent follows.
lgwma 1. Tﬂat N(S) denote the s=t of 211 teroes of the

riootien 5() =) o, {{-t. Yo mea [NIN{teRits t]l>m

12 and only 1t the coefficienta Oy ,...,0n OFf apllm: sch)
ars satisfying the ayat(—n o! equations

ZM $55 0, o0 LS AT (1)
- T
i
Beaing ou Lepna 1 let's prove the following thaorem.
Meores 1. Ir nE€mM+4 , then the inaquality

JWENHsRIE=t 112M 15 possible only when o =0, i=1,. .0,
Proof. Duz to the Lemma 1 5t 4a pecessary to reveal that
if NE&mMm+4 , then the ayetem (1) hag only & trivisl scluticn,
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In the osse when N=m+1{ , the number of coefficlents
Wyyiies Opu,q OF the spline S(f) 2a equal to ths number of
sqation of the system (1). 4Ap this system is homogeneous and
its determinant is positive (becsuse it is Vendesmond's deter-
ninent det (£} ).1et, Met; K20, ,m, in whioh b,¢. Ltun);
then o= 0, i=1,...,m+1 « In thd cage when Ngm , the wys-
tem 0'2 ownﬂm ond.n:h‘ of the first n equations gf the
systen (1), has nly & trivisl splution o, = .wef, =0 (dus to
the same conaiderationas as in the above mentioned cawe, when
n=M+4); 1% 12 also satisfying the other squations of the
system {1). :

Tan Theorem 1 is proved.

Let now nam+2 (g0 as sﬂ}: U (t- L.,) ). Agoor-

ding to Leans 1 the inequality IJ\"(smiiGlllbfnaH)m
in possible 4if and omly if

ﬁ‘” =0, K=0,. (2)

Let's find the set of all non-trivial uhum of the
system (2). We shall add to tha systen (2) the equation

meL
o -c.- . (3

whers C is an u-b:h'aq constant, dir!u-n.t from gero. The sys-
tem of equations (2)-(3) 1s uniquely solvable, as its determi-
nant A >0 '

1 .t

t bk

ALY D ks scek: (4)
*:“ t:" *:::. y
Aocording to Ch--ur'l rule we find 1

.=('1)" B iy, ame2, ()

where &; 1s the dotcn!.mt. received from the determinant A
by meang of removal from it the i-colunn'and the last line.
Sinos C3%0, A> 0  and A >0,i=1,. _me2 we have o/ % O
for any {={,..., m+2 .
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Bvidevtly, thot the set of all non-trivial solutiona of
tho system (2) is being exbausted by the obtsined solutions of
the systes (2)-(3), vhen C is running through sll R~to} .

Really, 4f o ,..., o sy 13 any non-trivial solution of the
"

systea (2), then o) t‘;ﬁ;é (4] s beoause in the opposite
i

onage Of , - « +, 0, , oould hove bean the solutico of the system of
: Rt x
squattons 3 ot =0 -, Ke0,. .,,m+{ , which hes only the
1]

trivisl golution.
Let's summarise the received resuls.
Rgorep 3. We eot R NN (S) s Where

mey
“*”‘Z"s ({-tﬂ: » is conteined in the interval (f“'tmoi.)

wef
it and only if the coeffioients Ofy-. .y Xy, ,n sabisfy the aye-
ten of sguations (2). The sat of all non-trivial solutions of
the syatem (2) 1s Deing exhmusted by the solutions, given by the
foruulae (5) (from which it follows that all 04 # O, i=1,...,m42].
Fow 1e%"w present the definition o% B-gpline.

m
Bafinition. e spline S(#)=) o (t-t,), iecalled n
' H
B-apline of the degresm on thenet £y,. ., tp., where
‘E,C"":*m' if end only Af afy, - -, o, . is the sclution of

the system (2)-(3), inwhich C# O (or 11£0(,,..., 0,2
' ig & non-tririel solution of the'wystem (2)).

Beorm 3. 4 mmt‘aaa S(H=Zu&(€_—£‘_:,ien 5 % s
-B--pu.no 1f and enly it Tt R‘N(S)C('Lp : Swig
Proof. As it was established, 1f S(£) 1¢ a B-gpline,then

R\N(S)C(*nfmtt) . Lot's show that RNN(S)# @
Yor this wa veveal that, for example, (£,, . )R NJY (5).

1z te (b, %) then SH)=o, ($-4)™, and 08 &, 50 , then
S(t)5£ 0 for any € (f,,t,). Mue, 12 S(E) 15 e Bopil-
ne, then ¢¢R‘-J’“-‘-’)C_: ( 13*_u't) . Conversely, if
R~N(s)< (i tmez) , thensid)=0 tor st $3 4., ,

L1
hm:)_q £t =0,k=0,...,m (gee Lemaa 1); 1f
L= g * =
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mMel

RS> N@G)Y#£ ® -"GIZ“;'& # O (woe the md of -

proof in the Theopm 2). Wils --m that s('l-) 1s & B-spline
(@ew the Definition, given above).

As we have sem, a B-gpline is being detpruined with the
saoyracy up %0 multiplier C , different from sero. B-splines
are normed in different weys by means of urnrpum.ng choice of
copstant C
tet's f1n4 the value of C from the condition Lsu\#-

e h-u ]

1= ].:um_j[zo:‘(t gj‘]‘u .f “mf’ | =
B

_=..11 2wt tS” m.,'f:«zc.m e =
o Mo ) p L e = ;_'«f

L3}
= % c (the last equality follows from (3)).

Frig hera it follows thﬂ 3
c=(-1 ) *Yeme1). " (6)

Substlwuting the obtained value of C in the formulaes (5). we
shall receive

di-::(—1) (m“')"z‘i‘l"li"..o-,nfz (7,

W shall use the notation B(Eit,. - at ., tor the
B-spline, corresponding to the.constent C =(~1) trn-r” .
Let's regard the tonmi.n; thres B-splizes when-M22

mel

B.“(t-l -E'l Itmvl) ""Z‘ ui, (f— t )_. J (a}
m4q
3.-. |(t tp'- t-n) ‘—Z P (k-% )f " (9)

i
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B, (t-.i,,---ut...)=§:31(t-t-.)* : o)
Agoording #o (2}, (3) and (6) we have 1

"l K may mey el

Z;uit..-o'. ke0,om; 3ot =(1) (mey), (11)

i= _ =1

L] my oo m ’

2 puti=o, aad? gt=G)m, b

e oy ™ N

§x§£=o. u.g,..-,m-r.ﬁ)'it::e’) m- (19"
Zeqmp 2.

c'.:':Pi.d'i.‘t)* x‘(f-"—h50| i.-z,---.tm-!. (14)

BrooZ. Piret let's show that > ;4 =0 Kk=0,...,m-{
We have 1

P ERE V5 7 1% B o ™
Pt A TARTH AR ew T o LA

From the equalitiem (12) and (13) it followe that

- X X me % *
S hf =gl PR T ST

Kt akek s cad® No
LE}L 4 =-P’t' } Za.x:'tL =_L1tma‘k'°"“!m‘3' G7)
=2 5

By replecing in the right pars of the squality (15) all the
sddenda acoording to formulae (16), (17), we get s

K
EC;{-;;O. Ra b5 2ty 10 (18)
a2 "
Sinoe the determiment def (£ ) i=2,..m#;Ke0,...; m-y,
is different from zaro, the homogenecus systes (18) have enly
& trivial solution C =+ =C, =0



100

Lempg 3.

i

): B (b7 =B it £ ) B A4, )
=2 ]

b)
myl

}:ytt b, =(t- g)&,& $i .t,.,)-[y(t £, £) - (20)

me|

Exot. "ZP“ n }_"_p;t L), - n-.&ZpL(t b, -
Pt S e R v -
e v =)

AY R4 =tt-t.)m N A

(22 B ; R TR

b) ia bd.nz proved &nnlogiaan:

B (#:t,. t.n. ~mad :_[Zh(t f; ;&&"f) ] (21)

Broof. Wrom the equalitics rm and (13) 1% mmr. wat
K M

f"{ "X;(Ft"»)* Yuun mez =05 K-O, (22)
Supposing ¢ u:t
C!’ ::},, “I._Pi I L2200 &’ FER e e e ‘z;)

1o these notation [22) scquires the following view i '
med K

gg{{thb sy Kk=0,...,m. (24)
L ]



‘.

. A
Equ‘fi : (25)

: Ez.gg“kr' _znt:ﬂs:zﬁp.’{:t —zr‘-_t':h -
-5 ﬁ*?f*r*f)*‘tﬁ S PN Ty T
-i.ght ..,Exd +Z[pt* b, (I

‘Binge, aooopding to Lesma 2, .ﬁ[k({ {.]-rn(l'.,,,-f )]f =0,

e BT ST e BN E

=( ,) m  (aee (12) o ( mn. henoe,

B )" M by N
Prom (24), (25) and (26} 1% follows thet the funciion

~ =2 — "
s[*)-z o (£~ ), 1a a B-spline (see the Definition).
(211

Lasd]
Singe -f—_l’- oy (""L' (med) _ myy 1 ;
- a (-ﬂ ml‘ml:'ll) i thot,— -tl

wa haval

f_’«(i AN S AU
]

m *'Iﬂ. (Y]

" m Ly [;P‘“-t)f "'gxl_(t "'-;f](aoo (23)),
By thie the formula {21) 1a proved.

"~



Bieoren 3.
Blt:ti )= 2t L [ BR S-8o R e am)

Proof. Prom the formulae (19) and (20) (Semsa 3), 1t

followe *-fg.r»t* h)?-gr (-1 = (G- 4B (b *...,1+
# (b= )80, (b0 1) —g[m.-t.w R4

Procseding from this, in viptme of formulse (21) lﬂ.(l‘). ws
got the formula (27).
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OF PIRCENISE CORSRANT BIVARTATE APPROXTMATION
S.Asmes

) . tion of iate fupotions b
ﬁum.&- s over rblgl.: .1.\! on r:::ue,no
sindied, It i1s proved $ the degree of approximation
mhhm by amwﬁn‘g':l:nqu:m :133:- sun of
fhe exsa$ ervor bounds om WL" are obtained. :
" AMS Subjeot Classifiostion 65D07. '

O, Imtrodyosion. A
Sot A(M)‘[t;(M“i.-O,M} for some integer M>0 be
s uniform partition of [0,1] with téM)'F";‘- + By means of
B te M), e
; 4, me Lel i , L\ 3
S Mib)= 1 ) e TETOANTE (M), TME, 1=1W,
we fhﬂno MM
SIMND = {5ty + = Zeys (M D 5NV e e R
as ths space of moah:‘oé-mt funations on [0, A7+10,1)
over the yemilar rectamgular grid  OUMN) = A(M) = A(N).
tet [ be [0,4] or [0,41-00,1]. By (1) we asnote
the space of continuous functions defined em |-, by LP( 1);
16 Peeo, the usual Icbesgie spase of P-hteuuhh funo~
tions on » equipped with the norm

_ P e o

iy AR e
supeol if il wnen peo
wel
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Further, we introduce the space L::. of abgolutely oonti-
fu0as funotions f e £0,41%00,1] with partial devivatives

.j“ 0 j(c 2 fu,n L ([g 11~10, 4}) e space W“

dlﬂ.!n by

Wbt U Lu ‘lf"‘ﬂ( L&A |fu.1)w ed jtmls‘i]
A swuciem [2] hae cbtetned the best approxization of

W:.: by subspace S(M N)

i A et 2T R Y
fets se 'j oo =FT N T 2MN - )

But usually we w:aot determine ths best spproximstion for
a given f L.,o + The goal may ba hnum’nw

mation operator A s Which mapm L into S(M N) and
has gocd approximaticn properties. It uezns that A is

=xood" to corpars with the bes® approximation for sny feL‘"
Swo of such operaiors, studied in 1 (wmee alsoc seotioms 3 _
and 4), proiide the exsotnsss

SR W RS S
felu R R R e s A
In this pape. we inoresss the degree of plecewise ocomn-
stant appreximetion with partition fron [3].

1. Approximation cperatox.
htmwmwmm }EC(UHD be defi.
nedl by the rule

5 AMED = B AM s(M;b,

. where A,,‘M) {=1,M, are 1inear fumotionale ( theve
AdM:D) = A (M) .

A well-known and ugeful wiﬂiplt for the tranefer of
univeriate aspprozimaticn methods to bivariate mu congiste
in the' tengor product scheme. Using funotiomals (M) wa
introduce operatcrs At(M) and At M) , Mnh map
C(cou-to 11) =t C(COAD):
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AT = AL (M, ),

wmeze AL (M;f0) = ALM; fC. 1) e Teton;
ATMDf = AT (M),

mere AL (Mif 1) =AM §,)) 2o tero1.
Under the mspumption that

A AT (NS =A;(NDATM)  2ee svery §eClomin 1)
we denote by Aiv(M‘N‘l func tionals

A (MWD -AMANDS =AMA DS, 1-TH, 0N
Finally, we define the spproximation operator

A(M,N)Y : C(10,41+00,11)~> S(MN) eooording to the ten-
sor product schems by the equality

AMMNEE® = 2 5 AN s 1Y 5, ()
(enere A(M,N £, ) “AMMNY§ Ps-tj(M,N;}):A;-m,m‘q-,

We assume that the funotionals Ai use the orma-
tion sbout functions valuss only on the oorresponding inter-
vals Lti,‘(M),t.(M}r. and are exact on constants. In this

1
oase operators A(M) ana A(MN) define approximetions .
of interpolation type. # :

Tnis peper i devoted to the astudy of the approximation ;
s’ T A[M,N,ﬁl,l\)r y defined pa a sum

AMN, m.n) = AGudND + A(M AN AMN),

where M, 2nd I\ are some positive intecers.

2. Integral repregentation of the errop and error bounds.
In this section we eatimate ,f- g(M,N,H‘l,\ﬂ} on W:,::
Using ths definition (3) of the operstor A(M,N,m,n‘) wo get

§ - AGLN mu)f =(§ - AGMNP) « (F-AMaNf)-
- (F-AMN).

For f- A(M‘ba]j w2 have the following results proved in (1.

(4
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Mheowen 1. If the appmoximsiion A(.M) is sxaai fow
Guwptant funotioss aud fumotionals  A(M), 1= M , e
tisly 'Iu condd tion

A.(M) wmh(,,u) du = “m)AL(M;h(. Wdu

fox every [}_ELN([ﬁJ]) » Wheve

L 4, me D24,
hat o = -y, = 3 g+ 28 428

then for _EEL.‘, we have

f (L0 - AN, £, £ - {§2mr Mt addus i

44 0
| f (0,m7k(N;t o}dm“ {“Ta HKMN;t,uo)duds;

-hm

e(M: L) = h - AM; e w, D,
\(LM Nitau, )~ Rt ke - A ke AN R ).

Bheoren 2, 'llrﬂummm E W'J—'R.ﬁom
by the equality g

Ej 1 %o x awan - Sf““(omqmdu N

“ ““(umKqu v)dudy :
el Ky %6 Lo e Kel, {{041¢[uﬂ) , 1% holde
sup lEfY = wepu + oy o 1K

Under the assumptions mads ln Sheorem 1, $aking (4) inta’
dccount, we obtain thﬂ

j(tt\ - AMN m, i b 0)- H‘ sy kM, Lyt

‘i
(8)
& s (o, “(D,ﬁ)flﬂu','l'.ﬂd‘” “ T 9 )K(M Nma | emﬁ
Il' Lo

whane

KMN, m,aY= K{mMN)+ KM aN)-K(MN).
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Pron (6) we can errive at the erroe bound

LD AMN,mps§t 1€ o et
' !j“""-:o o velnN;e, iy tR(M,N mate. ),

n
®heoren 2 guarantees that the estdma‘ . (7) is exset on W
hnm that

|ftt'n A{MNm,njit)t wclimM; £ v+

e #CON; T, 0 +|K(!«1Nm,n,h I,

tor sny (L)€ [0,41210,41.
Por farther investigetion of the value (8) it is mmefnl
to transform the expression of '

K.(MN )= KM aNY+ Q(MN mn) (2)

J(MN mh:ttun)=

= A(mM I}N He w0, b 0) *AMN He, u ot 2)-
~A(mMN; HG, L um ) - AM N Heeyou ot
He woy-het whie oy,

 vow QIMNM,N)  we a1eo nave

QIMN, mn; t'tu,x.‘) = gMm;ta)g (N n;e,0),

were (M. m: tou) - AlM; ht A0b)- A(mM he, )b,
Lot p(ﬂ b c Ch be & rectangle with sides (=0 t-b

€€, t-d.. Reotangres Pt (M) mwn (ND,i=IM LN,
of the grid Q(M N) we demote by ‘I‘M N, Supposa
that (E1)EA M Do T4 15 sasy to see tiad for WDEA (MN)

c(M;t,w) =0, kN;T,2)-0, Q[M,N,mﬂ.,t,‘t,u;o)‘ 0,

KIMN; tr v 0)=

K(M:taD 1 (u0de Pk, (ML, 0, TN,
={ KIN;2,0) ne (LEP (0, T, (M), (m (N),
0 for 11 other (1.0)¢ AL N

(A} -
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Bearefore t (m

VMDY, imm ’tu)ldu welN:e, )lqjm(N-,t,-a)db, (20)
T o)

tKlM,N;t,t,.,)h-L,.}‘!-I\C(N;t,.)l; “th Mt e lan
+ (L IKMN: .5, 001 dude,
ﬁ{,‘(M.N) }
1M N ma; t't Ny = “ IQMN, mu; t:t,uﬁ)lclucw (12)
Ai (MN)

ihe rest of the papar is evoted t3 further compu tation
of these velues for two concrete approximation=,

3. Approximation of funiiien values st middle pointg.
1t Ui(M) e the nidale point of an interval

ek, Mt M ¢ u M- &ﬁi =1 M.

Wo coneider the univariste approvimation A(M) definet on the
. basis of funationals AN |

AMf = fcuM, i-4M. (13)
As 1t was mentioned sbove, in this case the bivariate approxi-
sation A(M N) provides (2). The main result of this seo-
tion is the exsot L -bounlof i- RMN,TM’DS on W“

eoren 3. For the spproximasion  A(MN,m ) aetines
by-(3) on the basis of (13) u holdl

IR cln e
Tt 1§ AN = T N A A

Proogf. Pirst, we notice ﬂut omdiﬁm from Theorem 1
and Theorem 2 are fulfilled. So,ths estimate (B) is true and
we need the norme IK.(M Noaaste. ., )It, IK‘.(I‘I!N t )l“
picluN, T,

Let derote Q ﬂM N,m,u) Au.m Gony ,AmM_ \‘lN)

i= 1MJ <iN.I- 4ml iJl, and suppose that (tﬂeaI(HNmn),
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Ten for (UD)E A‘(hN m 'l\ we have

ic(mi; t u) = |
{Sgut u. (M ﬂ'b) when I is between { ama tl‘:(M,m), (15)
ot‘b.er'\'isa. : .
K(MM ﬂN ttu 0) (16)

sqmt ul&M,m)) wiea (UM)EPL, u.(M,nﬂ,t: (), minfe. LN ),
_Jsjpe-u) TN, 1)), won QLmEPCE M), minff u"(N,m);;: u;(N,rm,
ilsgntt utmm)rsgn(t N, n))) when m)tP(’t A Mm)T, u’(H ),
0, otherrise,
end for (W) E tM N)
Q(H,N,m.n;t.t,u,u) ih tam
) {sgnuu‘lm-zﬁm_m.lm O, e m;mpmm‘mumwm

0, otharvine
Conere W (MY =t (M), EEMm)-T, m,-,(ml*l')).

Prom (10) ¢ (15) it follows thgt
velaM; b,y =1t -w M), T = 1e- u (N, (28)
Using (3}, Ci1), &12}. (15) 2nd (17), we astmata
WKOMN,mete, 00 < (KM N b, e, +

v 10 (M N it O« GIMN,ma:t.),

1hm U'N M, I' 19 the sum of the nqunres of four
reotenygles: P( t U. M I'l'l) oA u.f(N nJ ),
Pt t "'(M m), 0 , quN i) ),

,u[MIIl) £ u (N0,
P(‘t) u (M m) tllN) "U,I(N RS
By sumcation wa get

GMM, N m,n \ ) = - u(M m)t \t - ‘lt'(N ) +

Zmu?.l. 4 . v lmt’t-?.l‘l i -1
Tab “s NI %nt u\Mm)s i o —Z,—l—N-J-

It 13 easy to sge that C(M , hay the maximal value
at the point (1,1) (vien (=N ,§=N,l--‘|li.1’=ﬂ =espoctively)



el
fMN, m.n ., =G(|~1N mn; i, 1) =
AN g el U T

= 3mi 2al T AMN T ZmN 4nMN?

Dirsot calonlations of the nomm h’((M Nmn;dA,. )lt
give *he equality

RO N, s L, O, = BOMONG monc 4 0),

Wexefore Ml = .

sup FKIMN,m st e, O < WKIMNmad 8

&metoaon e s il e i
2mM " 2N ' AMN T AmMN T AV

#aking into scoount also thal :

sup pclmi;E N, = (oM 4,00, =

teto oo & 2_'114 3
5 IK(mN;T,. l =|k{n R B
t:{:ou ; EERTY

(sée (18)), by (8) we cbtain the finsl result

;g - AMNmaf | - |R(M.N,m.n.‘. UL

Lk, 1o e

¢ Aooroxinetis of funotion intexal meen valuass
Let the ui(;}uhto approximation A(M) be defined vis

- AMf =M ? fbdt, i=TH. . (19)
1% has bess Mﬂ [1] that in this the bivariate

. approxime A(M N) den ( we ths
et L ﬂ:emll ot .:1:;'?- A(M.N mgj ‘a\vh

. Jor the spproximation A(MNRLII) defined
by (3) = the um of (19) 1% holds

feds b-RONRRY = il o R T
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)y Ppoof. Singe conditions of Theowsn ] and Theorem 2 are
fulfilled and (8) 13 true, it is suffisient to show the eque-
iy

up(nc(mM £, 5, eaclnN;x, )n WCMN e, )i )=

ERPORRn AT o B T At A
mM " AN T AMN T AmMN AnMN

S0 show (21) we nge the sstimate

KON st DKM Nt e, QN )y, ceo

which follows immediately tﬂu {9).

Buppau that (tt)i&:; (MN,m, n). en fo
wme AL,(M.N wm,n) we have
Mot M), wnen uedf(Hnﬂh

f(_‘“”?_tt‘n‘ {mm‘mpa}u) e ETE, MM, o
maMN M -t (- 0,

1-
| ceen PN AR
K"‘“""’t’*“ﬁj M- 0 - ),

SR wren (UDEPE ‘m@tﬂmp\n

and for (u;n)sﬁg(M,N)
(u-t; (M), wmea etk (M) E MY, -

M- eu-£ M) Mo ntt‘ (M),

wman UELE, (M) nwm i,

MM -0), wmen et (M), £ (M),

From (109-(12) and (23)-(25) 1% follows that

WO £, = M M) -ttt M,
(- 1 - LhLL 0+ O ;1'1 S

M, mf u)- (s)

VM e 4 mim-a)nin- QMN
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| KM oaNste, O, < 4 ﬂ({ t‘;—m.lﬂf E(Ng{.))

4maMNIT\ MM >
G nmd oML (N Y, l}%‘l‘ nc(mM;t 5,

where Jt(m Pd=4- “9’4"'.?‘4“‘?’ ZG,P (d?)e[()l]t{()ﬂ
In virtae of the equalitles

sup sc(mMst. ), = pclnM; EbLm), ) -

2 (28)

fertH (M) 5 (M nl\] Bl
SUP M,B) = (4, 4) =3,
b! (27) we obtain the estimate
* up WOMaN;Es, ), 1I((mM,l1N S )l rls
g A L ““‘“""“(m B

WMNmte, = 0QMN LA, 0
?’:L‘g\e[o,nxto i} B N % )l‘ s MN

Proa (22), (2) and {(30) we have the inequality

mngtK(N,N,m,t:t IeaiCnM, nNH,,)m[}(M,NmH 8N
(%

€ [0, urto,l]
Begldea, the equali

KMN AL, \u, KONMN:A L N, QN i 4 )li

holds bacanse of (9) &nd nonnegetivity of the functions

K(mMaN340,.,) e QINNmGLL.,) Caee (20) ent C25)).

It meang that

sup HIC(MNmask e, = IK{ML',m,nH )l
(tDet041110,1) e
2mM zmif 4th 4mMN 4rw

'.!aking into asoennt also that

sup tic(mb; £, = niclmMsd, =

teton - i ‘?'“M
sup i STy = mmN,l,.\tﬁfN

teron

(men (28)), we ormive at (21).



 (see (7)), Indesd, we have
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5. Qonclusign. .

Analysing results (2), (14) and (20) we want to point
ou$ the following.

1) e approximation A(M N m I’l) in omse (13) ie
equivalent to the one in case (19) with raspeot o emmotnona
on the olass W 1!,

2) It M=4 or Ml=4, then Theorem 3 and Theorem 4
give the equality (2) in virtue of

ACM N, m 1) = AGmMN), AMNA,n) =AM, aN)

Sup 1f - A(M,Nm,i)fl =‘—+J-_ i

feum N~ AmMN°
i
;‘;&Jf AMNADIL, = 3045 - T

3) In case M=N e spproximetion AM M) woiw L’Mz
units of information. In terms of L. we oan rewrits the
equality (2) in fom

sup lf -AM M)jll ;2L"%—‘—L"' ()

mc mappzem-uu AMN,m. 1)  in case M=N-m=n
wses L= 9M> unite of information and from (14) or (20)

1% follows that

|j AMMMMf_= iTL“%_l_-* e

Bm (31) with (32) we can conclude that for a fized L
the use of the spproximation A is more efficisnt thar
- the spproximation A with respeot 1o sxactness on the olsss

Was
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EOME QUESTIOMNs OP THE CALOULATTON STABILITY OF HANKEL
INTEGRAL POR DISCONTINUOUS PUNCTIONS. 1.

M.Belov.

Summary.This work regards the construction of Lhe stable algorlths

or inversion of Hankel Lranaform. Thizs melheod is based on Lhe
asymplotic solution for an awdliary problem of mathemat.cal
. phyaice.In the first part of the work the fornal asymptcobic
solution was obtained. The justification and the algorithm ilself
are subjects of tha second parl. AME SC &9M. A8, 8OBI0.

Bagic notation

-

1. PW) = BE@) =f 2@ 4,085, @0w>-1) 18 o0 1t el
b (]
Hankel tranaform (IRT);
74z) 18 an original function;
F(z) 1s an image. = -
2. J, 18 Bessel function.
3. M 1s tle original functions class (= 0,1,2,...,%1).
4o =
4. D, (PW)) = I w"tflw) J(m)dy, (20,00, v>-1).
% :
5. 8@ =27 p).

6. & =8® O/, 2-0,1,2,... .



0. Ay P -,zag—r.f 2(z) (n=0,1,2,...).
T S g
i/, = oft (x>0, £>0)
12. 4..37 = zﬂt .F l’.u} z (m=0,1,2,...).
i 4 ‘
13,V (8) = 2“*'* ot %l I‘,[—-‘,—-—-— vtl.f]
‘i = D.‘.Z.;..).
14. r(z) 1 Gamma - function.
15, P (a,biz), %(a,biz) are degenerale hypergsometric functions.
16. ‘- 2 ‘n.: U= gl‘;' & l
k! (2z)
(l.!l » u '.2.-0.).
IT- l.h ¥ ‘ [ ].[ z ]k *
18, (a)p = F(owk)/T{=) 18 Pohgammer's symbol.
19, z, >0 18 & point of discontimiity of the orlglaal [f=fiz),
R : .
. - " (A L R A
20. 4, I"‘J -L s ':az,-n (k= 0,1,2,...)

116

|
. !m1{3) ‘z‘f. .

2
= «"&-(x%) ==t

=
chuc ey e -




21.

1117
‘k#r - &R | e

= ! “"P) _‘t
ff. p(zy,p,8) = zrwn —rﬁf L,(8)d
{B=0,1,2,...).

(&= 0,1,2,...).

S t-p*
‘ol pt % Z -8t 3
ﬂ'u n.(.t.sJ.IPan ™ ‘) l-;r‘_ " =J I{t)
msn Ja (b= 0,1,2,..:).

a1,

: e.m)*s ) -1, + (41 ).

1,(z) 1a a modified Bessel functian.

-k ',,'*[_:}_,, ) (o0.00).

t;l) —2—{—”‘ ALY, 18 Hankel's aymbol
VT ardav-om) sy
lJ-——-"-

Fy(n.tizp) )Za.t'nv A c"n{ 15 @ Jocal asymplotic
solution at & point of dacontimity =%,

Ulat) = dy o8 * Uy g ¥ = dogay g dn, V(D By(a,tisy)
is 3 glicbal asymptotic solution when a 2-2,
M) = 9 (R s oy g V- R oy gy ) X

C X (T Pn(z, ,.tJ) is a global aaymptotic aomuon when ad-2.

»
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; »
2. v (x), W (z) = 0( ){{D.-M'() is a cutting funciion:

0, = 22, 8
.o‘:)"{hmzsi. it
in the interval 14z<2 ®_(z) 1s moriotonically decreasing from 1 to 0;
0, O< z s1/2, : .

W =114, z21,

in the interval 1/2<z=1 %, (z) 15 monotonically increasing from | to O.
i, 0

33. sgnz= {D,M <
-1, 2<0 .

34. 6/ 1a an operator with the rule:
efMu(t> = az[;f-,.] - u(t) = 1,2,3,... )

35. G§ 1s an operstor with the rule:

7 u(t), m=0
1) =
st af® af1)... afduty me,2,... .

6. Ry(z,0:2))= (T (8) - OF dpyyq ,V)%(2) - G Bylz,tix)) 1
© @8 discontimuos original impact function (n =0,1,2,...).
N, Pe i"u) are approximation imege P = F(y) wvalues.
38. AF = AP(y) 18 an image Settiig error (F = FibF).
2. fpiat) = (W) + By(z,8:2,) Bre approximate original
7 =f(x) values (0, >0, & =0;1,2,...). *

0. ‘e, = 2(2) - ?"“'nlt-t(-) 18 an original spproximation error.

The effective Instrumert for the broad class of applied
problems solution (6,9,13] is an integral Hankel transform:
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O
F) = 8G@) = I f (M, (yx)ds (WO, ¥»>-1), {1.1)

where [ = f{:)umm-islmlmuou. gnd P = P(y) 1a the
A3 usual, m'm;mesm transforma, after solving of the

problem in the image space the inversion problem becomes Lhe

central ons. mwomemuwobmntheormmu.uua KnoW

the image P. .

i - Under certain conditlons lslunnrm:m J can be obtaimsd

mmormlmegmwo

I(S) = H{F(y)) = I YR, ()dy  (0). : {1.2)

HBowever, 1ike m{{ha'inte@al Iaplace transform case [4,10],
the problem to Iind the original from a known Image 1o Incorrect
[121. "Small” changes of an image (In ™natural™ metrica for
applied problems) ¢an cause “large™ thanges of the original. So,
the analytic structure of the integral (1.2) itself 18 sdapted for
the "infinitely large” ariginal f = f(zr) changes, sccording o
Mnfinitely amall® image F = P(y) variations. As the resall,
even 'malmuic'mﬁ errcrs of the image Fly) can cause a

"largs® error (even up to the complets loss of accuracy) for ihe
mumerical calculation of the lnt.ca'a.l (1.2).
: This work regards Lhe atable algoriithm cmatmtlo;. for ihe
inversion of Hankel tranaform (IHT) in the sense of regularigation
method [12]1, when the inversion accuracy 18 In accordance with the
error of the Imags setiing .

The method presented 1in  the wom [3)] 18 used for the
construction of such algorithms. tlatns this method we ean exanine
an auxiliary problem:

u=z5¢ (@0, 1),

(1.3)
Iy Is¥,u = f{z), -
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whers a = ;
Bl-*&ﬂ%)-;u. 3 {1.4)

Using THT we can vepresent the problem's (1.3) solution when
v20) a8 follows:

-t 2
w=uin,t) = [ re J @, : (1.5)

a
where F{y) = A{f(z)) 18 an imags of the original function Jix)
dne 1o Hankel.

The Integral in the formmla (1.5) contrary to (1.2) contains
(when $>0) a stabilizing factor esp(-{y°) In the sense of the
monography [121. The presence of the atsbilizing factor leads to
the stebility of the Integral (1.5) calculation for “"small” imags
F changea.

Next, for the problem (1.3) we conatruct Bn ssymplotic
solution when ¢ —» +0. This asymptotic solutlon allows to esilmate :
the deviation of the function u = u(z,t), defined by the integral
(1.5), from the original function J ».f(3) (>0 1s fixed). Then
we conform the choice of >0 (here £0 1s the m.llﬂmum
parameter in the sense of [121) to the error of the imags P
setting. Thus we obtain a stable inversion algorithm. :

: The asymptotic solution of the problem (1.3) contains an
additional analytic information sbout the discontinucus structure
of the original f. The implementation of this additiomal
analytic information into the calculstion algorithm sllows us to
obiain the stable spproximations to the function f(z) not only in
the contimous intervals, tut in the points of discontimiity, too.

, 8o, hare the asymptotic expansion 1s an  instrument
implementing the sdditional (a priori) analytic information about
the solution structure into mmerical algorithm In t.ha most
ml.ml way.
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£.:8ee SEebntecy tebulta.:

The structure and Justification of the results depand on the
choice of the original functions class. ;

Definition {. M} 15 a set of much functions s: R, — €, that:

1) 1In the interval 10, T (for 6 y ™0) J bhas &t most a
finite mmber of points of dlacontimuity: =, < R
z -:J{!). ® = u{/,T) < 4=, and all the polnts are the points of
“-ru-num.mzmnu_ and l.n{ I2p — x, 128> O

2) sz} = 0(z"), when z — 40, and & + v + 2 >0;

3) #(z) = 0(a"), when T — =, where A< -3/2;

4) 1In every interval [z),z,,), J = 1,2,...function f has
contimuous derivatives, which don't exceed the order n (in the
end points of cantimuity), when n =e f(z) e ¢ (tz,5, 1),
-if the original f(2) when 2>0 has finite mmber of of'
discontimity: 042 (<. L. copcim , than  fiz)e0'™) (Lz, ,e0);

 B) &l®) = 2°7(s) =™ (10,2,1) (1n the end pofnts of conti-
mity), 1f when D0 f(z) hasn't points of discontinuity . than
8is) « 0™ (10, s00); 3
6) for ey 21 17®) (2)is Dycsm (B =0,1,2,..:4 1), Where D,
don't depend on 7, and
2™ 2) = § ™ 00) + 7™ 20015
T) when ze«0,1) 18®) (s By (2 20,1,2,..., 1), where

8i2) = 277(z) ana g™ (0) = g™ 40y
: Remark, Tt 1s obvioualy, that ¥ < i on.
Basing on the 1 smults (71 , we have
Temma 1. If f(z)e 2, v>-1, then for any w0 the integral
(1.1) 18 convergsnt, and, besides '

Py) = 04" ), p—40, 2.1

PW) = 0f"'), y—sie, ' @.2)
wharg o'z min(v, 4 -2) and A's maz(—$, - @ -2).
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S0, for any flz)s ¥ ,>-1, n = 0) there exists the image
Fiy) = #(f{z)), defined hy the integral (1.1).
; It 18 well known [1] that the problem’s (1.3) solution, when
valjmmmtﬁmmmmtmz '

w= ) = Rlwrare T n B e,
. ﬂ . r.1
where I,(2) 18 wodifised Bessel funciion. : ¢
lemng 2.Tet function « = w(x,t) (20,t.0) be defined ny
(2.3), where J(z)= i , »>-1. Then for any >0 ,

Um u(x, 1) = § [£(240) + 201 Mo @.4)

Remark, This lemma is true. even 1f we hsve  weaker
réqulrements to the function Jf(z). However, we shall not need
such generalizations here.

Basing on {111 when ©>0, >0 and v>-1, we have

g é .2 4 _
3 e (¥ - [m“"’ai;.ww.,twm. : (2.5)
0

Replacing (2.5) 1into (2.3) and changing the integratlon
order, we have

lemma 3, Ist the function u = u(r,t) (z0,t>0) be defined by

formula (2.3), where £ « i , v>-1. Then for any >0 and any >0
we have 1@ :

U= B (PW)) = jw"l‘a Py, (my)dy, (2.6
0 H
wheve ¥(y) = (f(z)) 13 the image of the original function J dus
Haikel, and the convergence of the integral (2.6) 18 guaraniced.g
From lemmas 2 and 3 we have ; i
fheoram 1. let f(z) « i , »>-1, and Ply) = B(/(z)). Then
for any 0

L= H, (F( = 30f(1+0) + ). 2.7)
Ha By (FW)) = J7(200) + 7120

(2.3)

i
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whers. ; (P(y)) 18 dsfined by (2.6).m

Remarck. Prom f(z) « i ,(->-1), and  B(y) = A(f(z)). In
genersl, we can't conclude that Jiz) = H(P(y)), bacause of the
posaibility that the corresponding 1integral (1.2) can  be
convergant (see lemma 1).

The formula [f(z) = #(P(y)) 1a irue only If we have some °
sdditional restrictions (5],

Conclusion. Thus, If f(z) « &) ,(n=0,1,2,...,¥20), than the
problem’'s (1.3) solution can be presented as u(z,t) = Hy (Pl
where P(y)-H(f(2)) and for any £0 1% u(z,t)= SL7 (2400 Jiz-0)1.

Fow we can regard the construction of the asymptotic (i++1)
aolution for the problem (1.3).

3. Pormal asvmptotlc solution.

When we construct the formal asymptotic solution (PAS) for
the problem (1.3), we assume that j(z) « i, »20. Tis limItatlon
will be weakensed later, :

We can also assunie that original f(z) when z>0 has only one
polint of discontinuity £ = 0. This limitation 1s not essential.
The results obtained In the seg:21 can be also spread on the
general case f(r) s I without difficulties.

When conatmct.uu PAS, we'll suppose, that

!(S)-fs{:)és.:"’“ - 8D, m0,41, @1

whare tkia;. This limitation wm_ be weakened later.

In the sequsl we assume that the distance between the point
Mmmdmtknlty: .tﬁﬂall the boundary z=0 is
sufficiently large {xJ 2 it/ “)."%0 the asymptotic (f++0)—lnterac-
tion between the interior point of discontimuity z =z, and the
boundary z=0 18 pol regarded. This limitation 1s not {almn off
latter.
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3.1, Besuler eavmplotic,

 If PAS of the squation (1.3) when &-+0 18 presented as .
sei'lea Ly powers of l._wmmd-mmtumcauad regular
aaymptotic: A

Blz.li-t){;—'bfﬂ:l Tl @3.2)

mgb— 11 il G Lot omg ' 3.3) '
o T F R

he regnlar ssympltotic satiafles the iaitial coudition of the
problem (1.3), but it Is not definad in the poinl of discontinuity
x-sjoruacrmm J and in the boundary point z=0.

Tamma 4, When =0 (z = :J) and #=D,1.2,...

1 :
2 A

By - p oWz ;h: S @ay 3.4)

whers

/K" tﬁi‘-’;l:ﬁ"l . _ 2.5)
R e 1 e ' (3.6)

"
Romark, Here amd later we sssume that lﬂ-ﬂxﬂw.m.
Iema §, When 20 t:ﬁ:,) and b= 0,1,2,...

& By = 2@ 1) ay o ;im z‘:‘:‘“uml... @.1)

" :
Bra ) (mrar 2Re g, @.8)
aad s, are detined by (3.6).

where
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nmark, & 57 - /")), wince 8, -0,
%sking into sccount (3.1) we have
Jomes 6, When B&=0,1,2,... 'we have the expansion

s --#Z:—.;, g F°,  2e10,81, S @3.9)
R o 1Y s 2af /LB ' @3.10)

From the obtained earlfer results we nave that 1f &t ths
interfor point of discontinuity 2 = u_,zt"‘) the regular
agymptotic (a.z)ummum.{tmwmn Z+40, 1t 18 not
{even formally) umiform, and,so, the construction- of the
asymptotic solution for the problam (1.3) can be iIncluded in the
biaingular problems class (8]. In the sequal we arall use some
general technical methods exposed in (8].

_ ®he special aitustion sappears when = - iw {I(:)—r"‘a(ﬂ).
Then from m.to)welnve. that » r(lwhan n=0,2,....2k2 ' and,
80, wé have

Carollary, If a = =» mmt.hs expansion (3.1) &g =0
D-B!.Z....) it 18

8t -fuaa 2%, 0,8, @.11)
M wé have

M. .2.-.. - . ’
mmumatammtﬂmwmmuc 3.2) 1a
formally uniform (the bisingularity doean't exists).

3.2, lccal ssvymptolic solution st & boundary point 0.
Since the regular muwt.oile (3.2) at & point 10, 18

unfitable we have Lo construct a different form of the asymptoric
epproximation for the problem's (1.3) solutlon. For that case we
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{mplement "quick®™ tiime =1/, where «++0 18 a param~ler. So, the
problem (1.3) 18 transformed into the rollwmc pmblam -

olu =z 38 (x>0, ©0),
lu|ﬂu15l u|,_m-!{:) s

At a boundary -0 we can Tind PAS of tha pmmm {(3.13) as
foliowa:

V= -”""’ Zﬂ“ Upltard y Ear, (3.14)

Replacing (3.14) 1Into (3.13) (usmg in (3. l3) the ment. T)
and having made ap expanglon Ly small parameter e, _povers, we
obtaln the rollowlrg pmblau to determine functions u.

w—[! -z.-] T'“h =1 -;1 'mo. r>0). /
Wl e Tl =gt B00200,  @15)

whers g, are defined by (3.1).

Using formula (2.3), we obtaln

lemma 7. Iet v20 and o242 > O, then Lhe prglem's (3.15) :
solution cmabe presented as follows:

%-
by ‘?Jﬁi‘a[*ﬂ% e

(R=0, 1.2... ) 13 (3.18)
where (P, (a,biz) 1s a degenerate hypermsef.mo function. =
Returning in (3.14) to the "old" argumeiits t-ev and -7e8,’
we have tlte local (at boundary :v-ﬂ) FAS of the problein (1.3):

Vim !; R SO St (3.17)
. Za vy(2) =Y R _
whers

(3.13)

ELl

9&('1 =

2"""5 Fe¥ r‘[ 2 ] [ w‘% ve132°), (3:18)



Iater we'll work not v ith formal asymptotic series (3.2) ag
(3.17), but with the finite sums 88 follows:

wa-3 fide R T
A V= Zoﬁ L " (3,20)
F ot .. .

wheére n=0,1,2,... and #=0,1,2,... .
We assume, that

ot oo ¥ ). w2

and, 8o,we Mimthsﬂmucn 5 in a polint of
discontimiity 2=z, of the original f-:

lenma 8, Por'any a2 0 the mmt.lm 4,“:: has  following
propertiea:

1) g = 0% (10,42(,10,2,1) (1n & point 3-2; by the lefi
cout tmuity); _ _

2) My B =08} (1040l (zpe0) (Ina mofnt 2=z, Ly the
rignt conumug). .

3) YO 4 0 «0f (10,4=0);

H YO Um A, J = Ji).e
Temia 9. Por sy & 2 0, whi 252450 and ¥>-1 the fuict fon

SplZit) = va = Za‘ ul(sj' 2.
8= ot

has the following properties:

1) 9(x,1) « 01%) (10,50);
2) 1n the reg:lon (220,150), the function W satisflea the
equation - .

l“"Tt”‘l ;
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3) for any >0 -+

tim oy - S M ¢

4) when v20 and for any £>0, ¥, « a(")un.ut) in particulsr,
wnenrzoiil lSl«-mrmbﬂ-

fo coordinate the 7AS (3.19) and (3.20) - the 'following
functiona Ay oA U &nd 4, A, .V are implemented. The fmnction
g,aa,nmdeﬂmuas: owh: 1n (3.19) I sre expended 1nto
ea (ordinary or aaymptotic) by powsrs £ +#0, then z 18
mwmms-memmrm“w

only m+1 the fivst (main) 1mmnuwwmmt«o._
Thus we have '

: CT :
_ U=) 8 t . @i22)

whare , » 18 defined by (3.10), aod &, ty (3.1).

R e V- cen e énnnnm simflarly: In
(3.20) the functions vy(z mmﬁaﬁ into nmeries by powers
g+, then 3 10 expressed by means £ = 2vT s apd in the obtainad
mmwmmmtmtﬂl (-nn)m-mm:.umu-
powers t+40.

3 Te we have

t.,,q._,v-E "-‘a- & Ma-f (3.28)

¥ext we have &n @bout. the regilar (4, J) @0
local (4, ,¥) PASS conformation.

Theorem 2, Por any n * 0 and any & = 0 in the reglon (20, $>0)
e i LY
umhvmmmummmm

SR =l D4 Uy gV = ot i ) %) B326)

where the ctting fmction o, @ 0'")((0,ml) 1s defined as
follows:
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D. 2,

o =14, 05251, (3.40)
and in the mt.mal 1sgs2 (1) monotonically decreases Trom
T %0 0. 8o, when 22 §.(z,t) = A“ ;H The cholce of the
function %, 1is not unique. However the "utf.lng function ¥, dossn'!
influence !.he "quantitative side" of the approximation, and 1a
" implemented only to obtain a smcother degree of the PAS.

Iemma 10. Porary nz 0 Lhe function 4,4 .z"u.;” bas the
following properties:
D) donyy ohn, = Of52 (1000
2) for ANy 70 Aypyy pAn H € CfF) (00,40 );
3) Ior 0
. o : 2R+5
sl
1"""44»1 t‘ﬂ:”’?‘.f"" ¥
where, 8y are defined by (3.1). =
mm,lccomjmtomswehave.trmformn 0
and any 0
R oy a7 = ot ,atn, o) = O- (3.26)
Prom (3.20), (3.18) snd (T.22) we have
Lemma 11, quwzz A>0 adaenyn=0 the =-ymtotle
expanaion

1 =
honnt,z ¥ = Aonet s An, z e s;b__);ﬁ;%k"- tage 3:20)

that allows termwise differentliation, is true.m
According Lo Jemma & and formulas (3.19) and (3.22) we have
Iemma 12, PFor any n20 and when 2=10,A( we have a
presentation ’

dp = bonyy ha "Z ! Z:J "J,Ih e (3.28)
. m If = 2 -2, then the tion

= A1 o, < Of7) (120,055ch).
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iy psrticular, only when @ & -2 we can guarantee that the function
‘n.:”" “'2n+t .ﬁ’lﬂ 13 boundsd when z=+0 and 1>0.

¥

The regular asymptotic ‘n .‘ﬂ in the point of discontinuity

of the original f(z) also has & dfscontinuity of the first
ki Hmce.uamtoatntod“ a correction function
0P (z. .:J). 80, that the function ‘n;ﬂ*r mmmm:-:,
uauld have the highar amootimesa order.

Lema 13, Let for any a = O the function P, -P‘(t.t.xﬁ {:ﬁl:l)
in the region (r = 0,1>0) satiafy the equation

E 3Ry = 1B 4 3, 4(:—:_,)2-5-‘._* ¥ (‘H_'J)L'g"h-

"R oo "R foapa
e lf«'.'J’lmJm - %#:lﬁro.

aud 6(z) 18 Delia function of Direc. Then in the reglon (2>0,1>0)

Ly *By) - T9F Uy Do) = 247 Iz, &
#0 , Lhe correction function P, can be mm as ‘Lho solution of
the rclluwlns problem:

5 3" I = LP + ‘J ﬂ‘z—z") 'h". ﬂJ 6 {“J) z}#‘t.

(30, t:0), “lmnls u, n| ‘"0-0 {3.29)

leyme 14, Por any n = 0 and when » 2 0 the problem's (3.29)
solutlon can be presented as follows:

n
B, “By(E.bizy) ;; ¢y t* 0,(x,,p,8) +Z’a, t¥ 0} (z,7,,p,8), (3.30)
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e 5+ 1, 0-4(5 ¢ ).

% = %p(yopie) e—f;Tl‘—ui?’r HLwm @)

4o
wp* o
G BEILRE azrum — ™ [ LW -
~e LW |au _ (3.33)

and I,(2) 1s modified Bessel function.s
Remark. Due to the estimates

I = —ﬂ%b +op)  w— e

o0, () - 2L (u) = —ﬂ%[z',-z-ro@]. u— @
we have the convergence of the integrala in the formulae (3.32)
and (3.33) for any B 2 0, any p>0 and any 8 = 1.
The next theoremdescribes the behavfour of the functions
: X - J
Theoren 3. For any & 2 0, for any »>-1 and & = Y5 + )=
(=0, = m;my-;-?—-n have & place the folliowing
{umm&s‘

| o3 l‘r"'_]'i " [EDH 2 ol oal,g - i) +Ot-b,)]. (3.34)
“i'*[#]% "{Mﬂ,)ﬂoa+§. 5 2 + |

LY E]
Oz (v,m)'s 2 82 } _
+t n S(R+1,8 - m3sp)+ O ( ) (3.35)
o o R e
where N e ¥, 2, = ot
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{v,m) rd*v+.) {3.38)
l‘,. - B -
llr{£ +v -A) /

la Hankel's symbol, aind

et =4 e e el (3.37)
gl ¥(a,b;z) 1s a degencrate hypergecmeiric function.s

Reingrks. 1) The estlmatea are untform Iin respect of
vel-1,N1, where —1<l<+e 13 fixed. :

2) If we replace (3.34) and (5.35) Into (3.30), then when
I, £; — 4= for the corrsction function Pn(aa expected) we have
the sxpression hich coincides with the corresponding presentation
of the correctlon fimectlon for the integral Fourler transform ([2]).

¥rom Theorem 3 we have that when g— << 1 (if ¥>1, then uhen

-1—« 1), functions ©, and Ap can be calculaled using the

asywptollc formulae (3.34) and (3.35). For example, 1f 1++0, then
the asymptotic formulas (3.34) and (2.35) fiL for the calculatlona
In cass 1,7, ZA.1 {(Aa.v, 1 vl 1a gufficlently largs).

2
(z-z
Bealdes, since &£ = ‘_l'f'!‘—' when t++0, the asymptotic

presentations of the functions R, &nd ﬂ; are  "easentially
faifferent from zero® only in a small neighbourhood of the point of
discontinulty z=r, (for example, 1t will be sufficient - to
regard  the pelghbourtood |z-z,ls €'7*). out of this regton the
asymptotic expanaions (2.34) and (3,35) can be preplaced by
"asymptolic gzero™. However, there 1a a question. Tt 18 possible
when £++0 (:J 24 501s mam. what corresponds to the condition
p = ¢l ~+10, thal the functions @, and Of impact can't Dbe
negiected, 1.e., Lha uss of the asymplotic formulae (3.34) and
(3.35) 1s not suffictent for the calculation of o and oy for all
0, when r,; = a > 0 and t++0.
The Ioi’lwmg ealimates have place 1n this direction

teams 3. 1ot p = ol , 0= Jz+ 7). then
1) when » 2 0, z # zy



133
(22,
= °[ (:-: 2 J ]
is uniform mem{ng to 0, 20, HO and k=0,1,2,...;
2) when v>-1 g {

e S
Q..O{IJ‘ ].
13 uniform concarning to p= —pl 2 8> O and R0,1,2,...
ai_ulun—lwmam:-'x.,
e o
(I-G'J)
13 uniform concerning w p = —;—l — +0 and RB=0,1,2,...}
4) when »>0
(z-z,)°
op-of 5 e
umummudmwgo. x.,m, tm:and I;D.l.z..... ..
lomma 16, let p= —p! , a-;[-ij+ ). then
1) when 21, vs0 and £ # 2,
A x[(xt_’) _(%_f.l)_a
n;-o[ @z : ]'

ia uniform concern to 0, ;rJ:vO. t>0 and k=D,1,2,...}
2) when »>-1 and z = z;

(z-z)°
. Tz 1) —1—""—]
-o[-—-l—f—ae 4 .
nh {I'xj)-
zz
1s uniform concerning Lo p = —z-rla 6 > 0 and B=0,1,2,...
3) when 0Oowct ant.!::-x"

-~
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(z-zp)°
e e g 0 +o(tp”
i Sy T {od) + 0wy}
-~ 4
18 umniform concerning to p = _E'll —40 and R=0,1,2,...}
4) when -1<v<0 and 7 * 7, IR
(z-xy)° :
JEI oAy e o)},
i @ap® foup + o)}
: Iz
ia uniform concerning to p = —Zf'l —+0 and B=0,1,2,... .»
According to the satimates obtained in Iemmas 15 and 16 we
have: 1f v»> -1 and 2,2 A~ 1 {& ~ v, when »>1), then when ¢

2
(U512 << 1) ave small, the functions @, and o) ean be

caicufm.ed by asymptotic formulse (3.34) and (3.35) and the impact
of 0, and 0f 1a essentisl only in & amall nelghbourhood of &
point £ = z, (lz-x,)s *7%). Out of this reglon 6, end 0f  are
aﬂ:mptoumiu 1 concerning to the main errors (sse theorem 6).
Ir:,nmummmm formulse (3.34) snd  (3.35)
"don't work®, then the functions @, &nd G can be calculated by
the Iintegral presentations (3.32) and (3.33).  The principle
difficulties will not appear hers, because of the Iintegrands
monotony, and in €3.32) the integrands are positive when »>-1.
The only difficulty can emerge when calculating the integral
(3.,33)mmm,m:,:",é.o‘wms-i.m“w.wm

ea3lly show, that when p-—n-lml-:ﬂ-;—'+ —:1—]

" z ; "’3 :
%(’o’}lpva) g "ﬂ“"[‘iﬁ'] e .*(l * L' L‘ 4) +
fup®

: 1
-+2:rm1)l P

W Z0d, (3.38)
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Vs - Sl < mw - L n-o(Gn ). e

U—r 4 . *
ummmmmmmmmm {(3.38).
when  ~ without principle difficulties.
&mﬂtlﬂmmoﬁmmrmlmﬂi and
°l rm'amlpla,lncaae (3.32) we can expand modified Bessel
function I, Into series and integrating termwise, we get

/Pl T X S SR (3.40)
ncz ;urwnm) i >

where & = —i~( + 2). However, we can't say, thet for the
mmerical calculation’of the function O, the obtalned series
(3.40) have eny advantage over the imtegral presentstion (3.32).

The Justification and the algorithm itself are subjects of
the second part.

I.  Apcedun B.fl. Mevo[u MameMaTHYeCKOR (WKW M CheluasbHHe
QyHKUME - M.: Hayxa,I984.,384 c.

2. Besoe M.A. YoTcRAuMEO® ENNWCREHME PAMOB W MHTErpasOB $yprLe JAMA
pespusiuX QyHRUMA .-~ JIaTe. METEMAT .eReTOHMK .~ PHra: 3uHETHE
1989, Bun.33 -.c.I25 -I33.

3. DBesoB M.A. ACHMIITOTHYECKOE peliekve cMelllanHof napadoavyecroR
SAAYM C PASPHBREMW HEUAABHEMM ycioBwaMM I.<- Yuenwe 3an.
Jave.Yiupepcur,- I1991.r,562.-¢.129 -IB0,2..- Yusuwe san.
Jlata. Yaueepcut .- 1992.-7.576.-¢.127 -I44.

4. Beaos M.A., lpyauc T.T. ACHMITTOTHYSCKHE METOMH OOpaiERMA
MHTErpaAbHEN MpecopasoBaHui.- Pura, Swdartse 1985, - 286 c.

6. Befitmen ., Spaefn A. Bucwme rtpascuengenTiue dyukuuM, T.2.
M., Hayxa, 1974 - 296 c.

6. ms..mmr.mmmme.uaummmxwm "
Mexasuie, Mocksa, 1963, a71 e.


http://I99T.-T.562.-c.I29
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7. Bwrens B.A.,lipyanwgos  A.ll.  WHTErpasphue npeolpasoERdWA W
OlEPAUHORACE WouMcenwe. M.: Hayra ,[974.- B44 c.

8. Wierd A.M. Coraecceshne BCWMITOTHHECKMX PASAONSHMA pelcHKA
KpaeBHK 3amay, - M.: Hayxa,T989.- 336 ¢. ;

9. HKopowes B.I. lerotopee sa.nl-m TEOPHH  ¥IPYTOCTH H
TETAONPOBOAHOCTH pemiseMye B ﬂecce.nm fyrumax. Tus.-Mer.
JauTep. M. 1960.- 458 c.

10. Kpisos B.M.,Crotna H.C. MeTosm npm»mnmm rweuapammm
$ypee ¥ OOpEmENKA NpecOpascesHwd Marasca. M.:  Hayka,I974.-
244 c. _

I1. Tipymuugos A.7.,5pauron D.A. MapuieB O.M. WHTerpamd W poll.
Cnenvasshee Qynwimn. M.: Hayxa,1983.- 762 c.

I2. Twxonos A.H..Apcenwd B.A. Mevoms puueuuu HEFOPPeKTHEX SAIAY.

' M.: Hayxs,1979.- 288 c. 5

13: “ ¥quara 7.C. MiTerpassise tpawpammu B suam TROPHH
ynpyrocts. Hayka,JleHMHTPEICKDE OTAEASHME. T1968,~ Mc.

M.Bence. HexoTopHe ponpoch  yCTOANHBOTO  BRGFCAEHNA  HMTeTEals

Fansenn ana peopusiux gvexoun. I.

Anwotagun. PaBota Goc A Rocrpo yeTORUNRE O S RATORMTMS
CEPLESHER NHTEr PAAWHOrO NPecOPasoRANNd 7 "keaR Meromwxa Gasupyerca
RA ACHIE (OTHYECKSH PRESRNM ACRCHOT ATSA SAGEUN HMATEHATEYSC KON

w. B n oft 4acT’| paford HOnyweHo Ql;nu'nm lac MO TOTHUSC XO®
pl'ﬂml Munucmurmmw?muarm
sacTh, VK HiQ. 651, K

H.Belovs. Da2ass sLabling aprdkinidanas melodes M-}t 1nt.zlll-
ar pirirauktdm funked jds. J.

Anct8cija, Darbs wvolbLils stabllu apréklnu ll‘.'-ulu Legd8anai Hankela
integr. transformiici Jas inyersijal. Sis metodes tlek veidolas,.
fzmantojot not.elklas matendtinkis fizikas pnllg;ro&lluc
- amimploliskos atrisindjumus. Darba pirsajld a3 tiek apskalita
Lika! formila riminid:nas metode, Pamatojums un pats risinifanas
algoritms Liks doti oirajd da] §.
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JAn the Council on Malhemalics of the Unjversity of Lalvia

On October 4, 1991, the Counci) of Ministers (l.e. the govern-
menl) of Lalvia promulgated Lthe law "The Statule on Conferment of
Scientific Degrees”; in accordance with this 'au there were estab-
lished luo scientiflic degrees in Latviat Daoctor (Dr.) and Doctor
Habilitalus (Dr. Habil.}>« The second degree is the higher one. The
Statute envisaged the creation of the s.c. promational councils (for
conferment of Doctor degrees) and habilitational councils (having
the right to confer bolth Doclor and Doclor Habil. degrees).

In order to ereate such councils It was necessary to glve preli-
minarily to some instilution the right to confer a number of first
Doclor Habil. and Doclor degrees. This right was given to the Lalvi-
an Counci! of Science (LCS).

The communily of Lalvian mathemalicians after making Lhe analy-
sis of Lhe siluation and discussing it decided:

1) to create three promotional councils each one of which repre-
senting 3 sufficlanlly vide area of malhemallesg

2) to creste only one habilitational council by including in it
praciically al) Lalvian mathematicians, who had at Lhal Llime the
degree of Doclor Sclence in Physlcs & Halhemalicsy this council

hould represent the uhole spectrum of mathamalical sclences.

Since, according to the Stalute, Lhe counci) should be founded
al a certain institution, in the role of such an institution the
faculty of physics and mathemalics of the University of Latvia was
chosen. :

After discussing possible candidatles fTor Lhe habllitatiaonal
council and voting for them persgnally,lhe Scientific Councilt of the
University (SCU) has delivered lhe carresponding proposition to the
LSC, where il uas thoroughly studied by a special commission. As Lhe
resull, on June 1992, the LCS has founded the habilllational Council
on MNathematics consisting of 11 members (experls and at the same
time the LSC has conferred upon ? of these experls the degres of Or.
Habil. in Nathematics. They are: A. Bulkis, M.~-R. Freivalds, J. Klo-
kov, A. Lepin, A. Lorencs, B. Plotkin, U. Reitums, J. Strazdins and
J« Tsarkov. (The remaining tuc of the experts were already earlier
confarred In other areas: J. Barzdins as Or. Habll. in Compuler
Science and H. Kalis as Jr. Habll. in Physics.)
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Al Lke First meating of the neuly crealed Cuuncil A. Buikis was
i« led @5 Lhe chaivman; M.-R. Frelvalds as the wvice-chalirman, and
I Pagudkina as the scientific secretary af Lha HCH. At Llhe sacond
tasting the counci) has conferred the degree of (promoled) Dr. Malh.
o 13 Latvian mathemat ictans C(having at that time the degrae of Can-
frdate in Physics L Nalhematics of the former USSR} as well as given
tigw the right to be Included as members into one of the 3 promolioc-
ai " caunclls. Thewe promotional councils, acearding to tha Statutes,
tgvw rightfull thil July, 1993, and their principal aim vas lo nos-
Lvity (4.2, to equate) the candidate degrees of the former USSR of
the Lalvian mathematiclans as the new Dr. degrees. On Ithe aolher
tand, according to the statute, the principal aim of the HCM was fo
confar a5 not to confer) Lhe degrees of Or, Habil. HMalh. and Dr.
1ath. upuin & doctorant afler tha defenca of his Thesis at a special
sesslun of Lthe Council. Al Lthe firsl ane of such sessions, which was
hald on November 19, '1992, A. Sostak has successfully defended his
Ui« Habil. Math. Thesis “Foundations of the Theory of Fuzzy Topolo-
area) Spaces”. The revievers of the Thesis we e A. Arhangel®skii wv.
falykhin (bolh from Moscou, Russia) and U. Raitems. Al the next
seision hold on January 7, 1993 T. Cirulis successfully defended Dr. .
Hubil. Math. Thesis "Asymplolic Methads in Mathemallical Physics and
Humertcal  Analysis™y his reviewers wuere A. Nikiforov (Moscou,
Russia), N, Sapagovas (Vilplus, Lilhuania) and H. Kalis. At last, on
April 29, 1993 the successfull defence of H. Kalls's DOr. Habil,
Matn. Ihesis took place; the title of Lhe Thesis Is “The Development
and Application of Speciai Mumerical Mathods for Sclution of  Prob-
tems For Nathewatical Physics, Hydrodynamics and Magnhetohydrodyna-
wics"j the revicwers were M. Felstauer (Prague, Czechia), M. Sspago-
vas IVitnlus, Lithuania) and A. Bulkis.

At the end of this article, | Jould like to express my personal
sincers hope that our HCM wil) successfully continue [1s work dn
Fulure, thal the atsosphere at {ts sessions will aluays be critical,
practical aid Triendly a2t the same lime, and Llhat all lhe Thesis
Aefeinded al the sessions will be of the world's quaiity, l.e. high
quality,

fhe chairman GF the Habllitational Council  on  Mathesafics at tre
Untversily of Latvla, professor A. Buikis
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ASYMPTOTIC METHODS IN MATHEMATICAL PHYSICS
AND NUMERICAL MATHEMATICS
Dr.Hab.Math, Thesis (Summary)

T.Cirulis

Abstract. Here we consider the most ortent results which
mades the pasis for T.Cirulis Dr. Hab. th. Thesis. In parti
cular, we develop new methods all to obtein ssymptotic
expansion of functions and discuss different spplications of
& otit expansions of functions for development of new csl-
c ion methods and for precipation of the exiathlf ones in
mathematical physics and numerical enalysis. Most effectively
the totic expansion methods can be atpliad to reslize
numerical inversions of classic integrsl trasnsformations where,
by using sdditional informstion about the singular pointas of
images, we succeeded in creat calculating algorithms of
increased precision. AMS 5C » 65D32,

symptotic

Ve are interested in finding of the ssymptotic expsnsion for
the integral

](z):_{ Pehi)f(t)dr, E~oo,asQy2cq, tae

in case, when the integrand functiom is analytic in a regiom
- containing the contour [ and the kermel function (&)
satisfies exponential ssymptotics for large [¢]. For example,
the kernel i) may be Wu’&u‘ﬂg” Y, (u),k’v(‘d e.8.
In our work [f] the asymptotic solution ofv the integral
(1.1) is obtained by means of the s.c. gradientlines method;
this method generalizes the classical metheds of a seddle point

.
-
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and of a stetionery phave.The essence of the method is that
the contur L is dsformed imto veotoriines of g13d/A{t)] ana
the following five types of points can be critical ones: y

1) the roots of the equation Affj=0 ( i.e. the knot

points of the femily of pﬂhntlimn);

2) the roots of the eguation m-o in case ﬁ{ﬁfa

(i.,e. the saddle points of the family of gradientlines);

3)  the singulsr points of tunction /4 (7);

4)  the ainguler points of function ,C(t),

5) the end points of ths comtour [,

In our mnosr-ph[l] we comsider, how to calculate esympto-
tic influence from all types of critical points snd soms gene- »
ralizetions of integrsl (1.1) when the critical points sre de-
pendent on paremeter &,

Compaving with the sasddle point metbod, in the gradientlines
wethod critical points of a new type appsar, namely these are
the roots of equation f1(f)=(0 which sre the knot points of func-
vion's A(?)  ervedientlines family. The possibilities of the
wethod visually cap be illustreted by the exsmple, in which the
ca-phtu ssymptotic expansion of the hypergecmetrical function

'E -f-} ‘in the complex .phno is obtained from the
1ntegnl pnmt-tim :

i B o

end it is the following one. If X-—+eo, Ja79Xx[< 5 then

A 1 mrﬁr'-:'l' /I (:!)M-ﬂ-r
 {oosfrrfrprf 5178, 5!

; sm[utﬁf-r ol ) B ""’”?
#k f?}!)f?’ﬂsf!ffﬁ-dm’f-!’&) X

(1. 5)
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X ;; (:,37 (@), [e-prm )T "ffmﬂﬂ(—':;) -f':

B, LA ),
; (t}{ P ""“*-hl?l (‘”-’) ‘zj (1.4)

BF 2 G4 &ﬁf “f"”’*‘)f} ,):J. s

From romlu (1.4) and (2. s) is follows thnt

B,~1, B, =~ (p7* H-Hpra)+ 7 '1"9--: (1.6)

B B?-O‘ - x*g‘ ; g;f‘&(fdff&" &-‘(f.f)f

%i 5.(.».;)1&(—4&" x‘f{«—ﬁfﬂﬂﬁ}(fﬁ)ﬁ-dqr
S ) G

As Y.L.luke moticed in His book [/g]there are not kmown
the coefficients expressions [, of ssymptotic formulse for
hypergecmetric functions ﬁ;" j only a recursion formula for
these coefficients is hmm For the function i'g this formu-
la is the following one

A(k+)B,,, -[3x‘+.zx(lfr+/a —3.:)*.23']3 ke
Aot flerp e Toc I8,

K=1,2,3, .
where B, and B, eare determined by the formulse (1.6). One

can verify that u{eulatius B& by means of the recurrent
forsule (1.8) it will coincide with (1.7).

(1.3)

(1.7)
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The ssymptotic formuls (1.3) is auit-hl. also in the case
vien of =7" (€=48), (in this situstion the formula transforms
into the msymptotic formula for Bessel functions) ss well as
in case of =-A (in this situstion polynomials ere in the both
sides of the formula (1.3)).

Asymptotic expsnaion of e function is ususlly done and used
in ceses when it is necesssry to find local epproximations of
the function in. the neighbourhood of a definite parsmetelr or m
fiXed point. In the series of our works [{,"9] we discuss some
new methods allowing to use the ssymptotic expansions; in these
methods the asymptotic e pansions sre used as additional infor-
metion concerning given functions in order to precise global
calculation methods in msthematical physics and numericsl ana-
1yeis. &

Definition 1. Assume that in the ueishbonrhond ol'l point X,
the following n;nptotio expansion of & function f is given

FE)~ Zau‘?ﬂa), X=X, (2.1)
fi=0 : .
tﬁlra {9 (x] is an ssymptotic scale. Then the number
' ? ,,j will be called the information of a function
in the nmeighbourhood ofa point X, in respect of the sca-
1. { e , (0} he first M meavers (@,, @, G, Jor this sequence
led the partisl information of the function

rheﬁ sre possible mlso ceses when informetion about
function in the neighbourhood of point X, is given Ly several
sequencas; for instance if the ssymptotic expsnsion (2,1) has
different expressions (e.g. when X>)X,*0 and X-+X,-0 ) or
depending on complex values X snd X, of 479X,

In the simpliest case when the function f is sufficiently
many times continuwously differentimble in the neighbourhood of
the point X, the information about F is determined by the
sequence of Taylor coefficients.
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The simpliest partial information about a fiXed function f in
& neighbourhood of point X, iz a,-fﬁ‘).m- information is
aslso the moat frequently u.ed in mathematical physics and nu-
merical analysis. To distinguish this simpliest informstion
which reduces to determination of the function's value in e
given point, the other informstion, i.e. the information which
is determined by other members of the sequence (Q,, a‘ ) .
will be called the a dquml information.

The general problem setting about the use of the sdditional
information is the following one:

Given a probles of mathematical ml:l.u or numerical mathe-

g Au=Ffk), x€), (2.2)

where A is a linear or non-linesar operator, f is & given
function (vector function) and 4 dis the function (vector
function) to be found. The sguation (2.2) cen be supplied '
with cne or several mdditional conditions of a certsin type,
for example ths boundsry condition

Gufoe=¥(5), 3¢ 23, 2.3

where i & definite oparator snd ¥ is s given function.

To solve the problem (2.2)+(2.3) by means of one of the
existing spproXimeté: methods suitable for the use of electro-
nic calculators, the problem is to be discretized, since elec-
tronic computers cen treat only finite information. lepending
on the chosen method this information sbout operators A end
G and the given rumucmf and ¥ cen differ. Most often
in claesical methods the simpliest information is used: namely,
the values of functions # end ¥ in the given points X €%
and Gaa.amur, often 8 much larger informstion about func-
tions snd P is known than the one uhich is directly needed
in the calculating algorithms.

For exsmple, the given functions can ba enslytic with sin-
gulsr points of & certain type. It is slso possible thet iu
some points the functions or their certain crder derivatives
bhave known gaps. In some cases it is known, that the contour



144

34@ of the ngim” has certain non-smoothness and other
peculiarities which are not axplicitly used in the calculating
slgorithms. All this forms the additional inforsation sbout the
given functions and one can imvestigate the problem how this
sdditional information could be used for the solution of ‘the
problem. In this connection one usually: has to consider seve-
ler tasks, the most important of which are the following ones.
17  In which points snd what sdditional information is to
be taken into sccount when aclving the problem (2.2)+(2.3)
by means of the chosen method.

2?9 ' In whet wey this sdditionsl information is to be taken
into account when developing a more precise calculation method.
32  To what extent the use of the additionsl information
increases the precision to compare with the use of the method

without this sdditionsl information.Usually the tasks 1° and
2° sre being considered simultanecusly by the following scheme:
heving discretiszed the problem, the chosen caloulation slgorithm
- is being considered; aproximsl solution obtained with help
of this the is dependent on cme or several psrameters
(the step f1 in the finite diff¢. enges method the natural num-
ber V showing the rumber of memuummﬁ, the
coordinate function or the number of finite elements, e.s.).
Further, ons; forms the deviation, or the error between
the precise and the proximate solution: and lcoks for the
ssymptotic formula of this devistion when the param-ters, e.g.
approaches to+#0, To determine such asymptotic formulse
one hes usually to use different kind of additional infor-
mation about given functions and cperators and this in fact
gives the answer to the question set in tesk 1°
By adding the found esysptotic expression to the proximal
solution, we obtain' the solution of the task 27 To obtain
the answer on the question set in task 3° one bas to estimete
and to compare the corresponding errors of the both solutioms.
Observe, that the sbove mentioned scheme is the simpliest
but not the only one, which can be used fn practice. However,
even to realise it, on~ often has to solve difficult asymp-
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totic problems which essentislly restrict tue spplicability
of the method. In section 4 we shall consider another scheme
of utilization of the asymptotic expansion.

2. The zevision of the intemrel guadratu e formula
by means of ssymototic eXp@nsions,

The use of tha sdditional information about the integrend
function amblaa to determine the meymptotic formulse for the
mnsndor ”(N'"n) in the important quadrature

Llpeifelas =2 p. focd+ R, G2
In our work [3] with the help of metbods of comblex wariable
functiona theory the ssymptotic t_omlu of the remainder
are found in case when thé Jmot points Xy sre uniformly situ-
sted in the interval [@,

They are different versions of trisngle, trspeziur and pars-
bolfc formulae,besides in the terminal points X=qQ snd X=§
the function may have essily interpreted singulerities. The
gsgence of this method is that certain contour imtegral in the
compleX plane is being considered, for which the corresponding
residuss sum is oqun to the quadratures sum, end the remainder

is expressed by means of an integral. The clasical net-
hods of asymptotic expansions are being epplied to this integ-
ral. As en mh. we shall cc.d.dtr the following exemple
tm[&} :

ﬁs‘)"(‘fﬂ)‘ W—.ﬂﬁ" Px), >0, B>0, el ”'*"[a,&}‘ (3.2)

ven .f A

Jeds- Laz > @)+ R @m0l ™Yo
M-f.@-a M’d Mﬂﬁ W= d~), V=minfa.p, (]
Rfam =5 @ . 3 L) G
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Q6)=- 1.‘7“_‘2)‘{“ a:[f f‘a}ﬁ"ﬁ]f l -H(.‘oj {ﬁf&- ;
(19 LI oo 5 o), O

From Iornulne (3.3)-(3.5) it is dear that to determine the
esymptotic expression of the remainder R‘v onc needs some ad-
d-tionsl information sbout F(X) (or ¥X)) in the terminsl
poiats X=Q end X= f of tohe integration interval.

To revige the simpliest Gauss - type quadrature formule one
needs quite _iffersnt additional information sbout the integrand
function! the informaticn sbout the integrend function in the
terminel points is not needed, but on the other hand it is ne-
cessary to know the gaps (whenever they exist) of the function
or of its definitasorder's derivatives in the integration in-
terval, or also the information about the singular points of
this function's snalytic extension to the compleX plane. All
this additional information is being included in the asymptotic
icrenla of the remaindsr R by means of Fourier coefficienss .-
Ws shall mention here the ronmdng result from [4] .

i1 fECt—fﬂ nnﬂf(:‘) exists slmost everywhere with bounded
variation, then for the remainder N in the Gauss guadrature
mrwna

i ﬂgr, aet Z Fi )4 RIF), =007t 3.0

the fulloumg Iomln il valid

g R
‘. Rﬂ(f}.—_z‘g(—d ") (3.7)
wHEl'e A i ‘t =
fpis [, o [ %20

et s e 4
Vit 27U, neo. B9

_In the formula (3.7) the series absolutely converges, If
1 is wnalytic in intervsl Ff,f] the series (3.7) ia also
peyptotic.

tince the Fourier coeffliclient asyisptotios for diffarant
furction classes is sufficiently well studied in the liters-
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ture, therefore from (%.7) one can eesily get alsc the soymr-
totic formulse of the remsinder A (f).

Let us consider one more exsmple illustrating how the ssymy;
totic of the remsinder of the interpcletion tormuls can be
found epplying the asymptotic of the rémsinder of the guad:a-
ture formula.

Apsume that
” #
f(ﬂ-—-?&(-ﬂ% x-&)%’a,)f%[f(’"],&““%ﬂ:“‘”
A1

FO=2 C.T6)+ fﬁﬁfa)], (3.10)

where (, ere deterained by mesns of formula (3.8). One can
easily verify the following result: if in formula (3.10)

sre replasved by the integral (3.8) ana the Gaunss type quad-
rature formula (3.6) is spplied to the integrsl, then the inter-
polation formula is obtained. Thus the remainder 7, [¥(x )]

in the interpolation formuls (3.9) can be expressed in such

e form: M-

n ] =Pl 2 RITITE) o
ﬁv[)[&)] =§-: Crox 7,;,‘@) e (3.12)

W’U*r’,,,z,, 2y (A A

From formulee(3.11) ~(3.13) cne cen cbserve how the remsin-
der 7”5(@ in the asymptotic formula can be written imowing
the Pourier coefficients (}(f)(++e)of the asymptotic formula.

We shall mention aslso that with the help of formuls (3.9)
one csn find approfimation elso for the derivative fk{x)
and in & similar way make up - their remaindera ssymptotic
formulse which slso depend on theea(f) asymptotics for large /i
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Ubserve that when the smoothmess of function f in-creases,
the a?.tricim- {‘n(ﬂ fuster approach =ero; thersfore
formuls (3.9)  has the non-saturation property. From this
point of view the interpolation type formule (3.9) is more
suitable for solution of different problems, then, say,
the method of finite differences or the method of finite ale~
pents whose spproXimationm formmlse mre satursted. (When the
swoothness of the function incressea the arror doss not dimi-
nish), i

4 ] pEot or_spproXimste

inv: »

Many linear (ss well as linearized non-linesr) problems of
wathematicel physics cem  be  solved by means of clsssi-’
cal integraltransformation. Having found first of all the ima-
ge of the solution to be discoversd, ome bas furthér to mccvmp-
lish inversion of integraltransformation. Since the inversion
&f integraltransformstion is sn incorrect problém, for its so-
lution it seems remscnable to use ssymptotic methods with
the use of ecertain additional information. Having 2
constructed the solution of the problem of mathematical phy-
sics following the sbovementioned Scheme, in the algorithm
sutomatically appesrs mlso additionsl information sbout the
glven in the original problea funotdons and region,

In our monograph [§ ] we beve 'made s detailed study of ..
different ssymptotic methods, which can be used for approXi-
uwpte inversion of Laplace and Fourier integraltransformationa.
These methods without essential changes can be carried over
the Mellin trensformations end, to some =Xtent, also over
other clsssicel integraltransformations. Teking into account
ths large size of [9] we shall mention here only the most
fmportant results. ;

17 An asymptotical interval extension method, is being
worked out; this method is besed on the following defimition:

Definition 2. Assume that we have to ealculate function .}q&'}
\bame[a;fu[- Congider the following function
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. { = !{t}’ #‘[airja
f{z?,ﬂ L #or oep S

where f;ﬂ) ' §5 & rether freely chosen function satisfying
soma geperal conditions depending on the given problem. (For
instance for Leplsce transformation where f{t) ia the ori-
ginal %o be found, (7} .1is to be chosen in such = way, thst
the corresponding Leplace integrel exists ), It §(7,7)1e the
ssymptotic expression of F(7, 7} when T-ateo, i.e.

FAT) ~ Gl T, T2ree, (8.2)
o f)=~ gt7), teloT]. .3)

Definition 2 can be used also in the intervals [0.,3], ]-ae’i-uu[ :
as wsll as in the case of a functicn of many variable. .

The approXimate formula (4.3) has some properties, the most
important of whioh are the following onep:

8) To determine the amsymptotic formula (4.2) it ia essen-
tially to use the additional information about the given func-
tiona.

" %) G(f.T) 1s generally dependent on en arbitrary function
(e.g. “on ,{ﬂi‘n formula (4.1)). This property is of a great
importance in spplicationa by changing the "free” function one
can control the exsctness of calculation directly, with the
help of celculator without any theoreticel considerstion.

27 ' The ssymptotic intervsl extension wethod is worked out
for the inversion of Laplace trensformetion in cese when the
original or certain its derivatives in some points heve gaps.

_In this case we stsrt with considering the smoothed original
found by means of the method mentioned in p, 12 The trepsition
from the smoothed original to the discontinuous originel to be
discovered is being done using the additional information sbout
character of gaps, Also for this method the theoretical egkji-

mation of the error is given.
L
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3%  Some methods for discovering the original are united
under the name Pourier - asymptotics methods. The essence of
these methods is as follows. The original f(ﬁ is being found
ss a gsum of & Fourier series with respect to ¢ definite orto-
gonal system of functions, but to determine Fourier coeffioiants
are being used both numericsl esnd msymptotic methods. The
main attention is paid to the two types of reslization of ths
method: .

a) f{ﬂ is expanded in ¥Fourier ssries in the interval
[O,fn[,for exsmple, with respect to Jacobi polinomisls dpo’

&M[/'lt’ﬁﬂ('dfﬂ end Fourier coefficients Cn are delermi-
ned in two different ways: the figat coefficients Cwq,...,(‘”
by means of simple numerical aigorithms, but the coefficients
CM",... with the help of aaymptotics formulee for CN mnﬂwn

b) ](( f) is expended in Fourier series In the interval [ 0,7"]
snd for the Fourler coefficients (), (7] the ssymptotic formulas
when Ths¢o0 for all N=Q4Z,.. are being found.

In ell discussed methods of inversion for leplace transfor-
mation vegardless of itfrealizstion we: the same additionsl
information is needed, namely:

1) the information about those singuler points of the
inage F(P) for which &P" is the largest (several points can
be with this property).

2) The informstion sbout /() in the neighbourhood of the
pointP=00,This information can be replsced by sdditionsl in-
formation sbout the original f(ﬂ in the neighbourhood of the
point f‘ =400, :

" As an example of the use of additional informetion develo-
ping a calc lation method with the help of Laplsce transfor-
zation we shall mention a problem considered in [9}.
' For the problem

P %-dwﬂ?m“)'ﬂ“: u/t-ag%&)* (4.4)
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CEuEpe)de)yo=0,

n
sz XeGCR™, p=pid, k=k(x), 9 =90
s the additional informstion one has to use the first eigen --
values 4,4, , A 8nd eigen-functions of the corresponding

., spectral problem

dﬁv{xfwa’ry-gt’ +APV=0, (V4 b@g)w —0. “®

I.
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FOUNDATIONS OF THE THEORY OF FUZZY TOFOLOGICAL SPACES
' (9nmmary of Dr. hab. Math. Thesis)
A. Bostak

IRTRODUCTION

The concept of a furzy sst introduced in 1965 by L.Zadeh[Za|
drev sttention and evoked a stesdy interest botb smong "purs"
mathematiciens and among specislists using muthematical idess
and methods when dsaling with problems of applied naturs. Among
the first to display a deep and motivated interest in fuzsy sets
were general topologists. Already as early ss in 1968 C.L, Chong
(on] has made the first attempt to “engraft" the concept of e
fuzsy set to the body of Gemeral Topolugy.

According to Chang, A fuzay topologisal space is a pair (3.l
where X is a set and T is a set of its fuzzy subsets satisfying
the following axioms: (1Ch) 0,1€T; (20h) if U, V€T , then UAV
€T, and (3Ch) if Uy€T for all Jel', then also VUje U',(Reonll
that a fuzzy (sub)set of a set X is Just & mapping Mt X -+[0,1];
the value M(x) is interpreted as the degrees to which the point i
belongs to M. The fanmily of all fussy sets of £ is denoted .
Interssctions snd unionms of fuzzy sets are defined,respectively,
&s their infimum (A) and supremum (\/), 4 usual set AC X 1s ide.
tified with $ts characteristic function A: X —+2=[0,1}. We do pot
distinguish between a comstant fuszzy set ol: X -+I and *he corrss-
ponding value del. Ths complement of M is defined as N° = 1-M.)
4 papping f£: XY where {I.‘Ex)*(!.l'!)- are fuzsy topological spu-
ces is called continuous if £~ (V) (:=Vef)eTy for all Vely .
The category of Chang fuszy topological spaces esnd continucus
mappings between them will be demoted CPFT. )

Baving poticed that in many ceses some concrets properties of
the unit interval I in the definition of a fuzzy set are unescsen-
tial and, on the other hand, too restrictive, J.A.Goguen [Go,]
generalized this concept by introducing the notiom of an I-fuzzy
cet 65 5 mapping M: X~L, whers L is a complete bounded distribu-
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tive lattiee, By substituting in Chang's definition L-fusry
sets for ordinery fussy sets, Goguen comes to the conospt of
an I-fussy topological space [Go,]. L-fuzsy.topological spaces
and naturslly defined continuous mapnings of such spaces form
s eategory CFT(L) called in the sequsl the category of Chang
I-fussy topologiocal spaces, Obviously CPT(I)=CFT and CFT(2)=
Top (the category of ordinary topological spaces).

‘At presént there is a large nux' = (at least BOO) of works
in which Chang (L-Puzsy spaces and some relsted objects are
studied (see e.g, our swvey [17]). However, the abovs exposed
spprosch to the problem and che subject of Fussy Topology seems
to be not sufficiently consistent because of the following its
shorteomings. (See also ‘eriticism in (83,1, (Di],(nsY],(Xu]l.)

Pirat, eccording to this approach ors deala with & crisp
structure T of topologiesl type on the family L of L-fussy
sets of & given sei X (d.e, ‘C'c.!sx). Bat to be consistent, one
should define’ &an L-fussy topology oo X n en L-fussy
struoture 3" of topologicsl type on the femily IX (i.e.T:1%~1).

Bpcond, most authors when studying problems of fussy topology
consider usally (1-)fuszy topologicsl spaces themselves, But,
to our opinion, in fussy situation the study of (I-)fuggy sub-
gets ia (I~)fuzsy topological spaces (in particulsr, in usual
topologiesl spaces) is of pringipal interest - this direction
has no meaningful snalogus in weusl (erisp) topology.

Third, when studying proper+ies of (I~)fussy topological spa-
ces one ususlly takes up his stand on schemea based on classic’
(1.6, two-valued) logics (e.g. & given cbject either has or
does not have a given topclogical property). However, we assume
that in fussy situation often it is: more natural to use schemss
based on multivaluesd logics (e.g. a given object may bave some
topologiesl property to a cartain degree).

The principel sim of” this Thesis is to develop a new consis-
Lent approach to the theory of L-fuszsy topological spaces which
would be free of these defects and which would include im it-
gelf ag special, in & known sense a8 crisp, cases the "standard®
theories of L-fuzzy topological spaces (and hence slso the
model of elassic topology).
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CONTENTS OF THE THESIS

Chepter O (Preliminaries) contains definitions, conatructiocns
and results from the fussy set theory used in the main text. In

particular, following [DP] , see also [Di] , we define here the
fussy inclusibn of fuszy sets M,Ne&I* by setting NS N~ inf W(x)
VE(x), Ir M,N €25, then,obviously, MEN=1 iff NCH, otherwise
MTHN«0, Many properties of relation & are in some senss analo-
gleal to the corresponding properties of the classical inclusion.
For example, NVE E AVE > (MEAA(NCE) (A,B,M,FeTX); for enoh
mepping £1X Y it holde MEN & £(M)SL(N) e.a.[9). Fussy cardi-
nals which are needed to develop the fuszy version of topologisal
theory of cardinal invariants, are defined as non-inereasing sap-
pingsd: E—1I (K is the class of ordinary cardinals) such that
2(0)=1, and £(a)=0 for some sn€ K; a usual cardinal a is identi-
fied with the fussy cardinal 2 such that 3(a)=1 snd 5(b)=0 if b>s
Ao elementary srithmetiscs of rns:y cardinals is worked out [16]
tef [Lul,lvy]).

Chapter I is devotéd to the general theory of fussy topologi-
eal spaces. In Bection 1.1 we introduce and discuss such funda-
mental concepts as a fussy topological space, a continuocus map-
ping, fuszy closurs e,a.((22],191,[17]y of also [85,1,[Kul,[Di]).

A fuzzy topology on a set X is a mapping J: X1 such that
(1) T(0)= T(1)=15 (2) T(TAV) 2 TC(WAT(V) for all U,Ve I, and
(3)T(VU,) 3 AT(U,) for each family of fussy sets Uy .rer' The
pair (X,T) ie called & fuzsy (topological) space. The inequality
J(U)> s is interpreted as the statement "the openncsu degree of a
fuzsy set U is not less than s”, and the ineguality T(U%)> s as
the statement "the closednsss degree of U is not loss than a”,
(In the Thesis we consider I-fuszy fopological spaces where L is
a complete bounded distributive lattice, and a large part of the
results are obtained in the 'context of I-fuzsy topological spa-
ces. However, here we restrict curselves with the case L-I be-
ceause it is, to our opinion, the most important one and, on the
other hand, this restriction allows us to formulate the main re-
sults more compactly and clearly: otherwise to formpulate one or
another result we often need to put special additional restrio-
tions on the lattice L (such as complete distributivity, the
existence of involution, separability, to be s chain s.a.)
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& mapping f1 XY, whers (I.Tx),(!4fr) are fuszy topological
spaces, 18 called comtinucug if Tp(£7'(V))>T(V) for eaeh YeI’,
¥Yuzay topological spaces and their continuous mappings form &
ot tegory denoted FT,

An important class of fussy spacea is conskituted by laminsted
fuzey spaces: so we call spaces the fussy topology of whiech sa-
tiafies the following strenghtened wersion of axion (1) (ef[Lo,D:

(1) T(e) = 1 for each constant e€1.
fhe complete subcategory of FT consisting of laminated spaces is
denoted LET. An isportant property of laminated fuszzy spacea is
that all constant mappings between them are continuous end hence,
in particular, the set of morphism between any two laminsted
spaces is non~-empty (of also [To,],[Xo,i).

In Bection 1.2 lattice-type properties of families of fuzsy
topologies are studied. In particular, we consider the construc-
tions of supremum and infimum for families of fuzsy topologies,
finsl snd initiasl fuszy topologies. Besides, with the help of
thie eoncepts e investigate operations of product, of direct
sup, of a quotient space and of a subspace [26],(17].

In Section 1,3 some functors in the category FT are discusssd.
In particular, we consider the natural embedding functor e:Top—
~+C#7 (CGPT), the A-modification functor A1 PT— LFT which to
every fussy space (X,T) assigns the fussy spacs (X,T) where gA
is the weskast laminated fuszzy topology dominating T , the ¢~
modificetion functor (: PT —PT dafined as ¢(X,J)=(X,¢T) where
(T= G TL(WAQ), ana L= {U7Y(p, a1 p20, verk, Tz al,
and some other funmetors [26],[17]. The behaviour of these funect-
ors in respect of different operations is being studied. In par-
ticular, it 1s proved that A mnd { commute with products. The
functors conaidered here are of d.un!:h interest for ua, Firatly,
«hen restricted to subcategories of FT, they establish some use-
ful relations between the subcategories. Bpecifically, they reas-
liss important embeddings of Top into the category FT allowing
by the same tcken to find various interpretations of the catégo-
ry Top as & cstegory of Puzzy Topology. Becondly, these func tors
gstablish some schemes useful both for constructing of special
exsmples of fuzsy spaces and in proofs of some results of
Pusey 'hp-f‘-log}'.
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Beotion 1.4 is devoted toc the study of some estegorical pro-
perties of categories of Fussy Topology. 'In particular, we es-
tablish that the subcategory CFT ia both reflective and coref.
lective in the category PP, end that the categories LFT, LOFT
endA(Top) are coreflestive in ¥ [51,(8],[18),

Local structure of a fursy space is the subjest of Bection
1.5. An esmential difference in this respect batween fuszey and
classic Topology is caused by the faet that mo full-bodied sna-
logue of the concept of & point exists in fuzzy situation. The
"80 celled fuzey points, defined as mappinge x:x I-(0,1], wheve
x £, t€(0,1]and x3(x,)=t, x.(x)=0 if xyx [PL], in their pro-
perties differ essentially from the usual poidts. Therefors tha
necesaity arises to consider, along with the belongness relation
xEEM (1o W(x,) 21), a dusd relstiom: ths so called g-coinciden-
“ce relation ioq! (:= u(x ) +% >1) [FL]; see also [K2],[17].
The sentral results of this section are characterizations of
fuesy topologies by means of thelr neighborhood and g-neighber-
hood structures [29). In particulsr: b t

‘Let (X,J) be a fuzdy spece and X be the set of its fuszay
points. Then the pmapping -Q:!-r‘-»x defined by the squality
Q(xf,0) = sup{T(V)¢ VLU, V(£ )>e% (the so ealled Q-neighbor-
hood structure of the space (X,7)) hss ths following properties
(peX, Q(p,0) 1= qp‘u)l -U,U.T.llat It)‘ . R
(19) 1f Q(U) >0, then pal; (2q) sup{ Q (V) WeT} 1 |
(39) Q, (U, AT,) > LURIAQ,(U,): (4a) 42 U=T', then G (V') 2
Q?(U)t (50) Q,(0) < sup, q,{t,}{\{ 1_4:' c:,,(vn. v, _
Conversely, if ¥ is a set and Q: X «1" —T1 satisfiss the aho_v__u
conditions (19)~(5¢), then the mapping T IX—I defined by tha
equality T(U) = mtq,(n}: pqU} is s fuzsy topology on X and
besides the corresponding Q-neigbborhood structure is Q .

The convergence theory for fusty spaces is developed in Bec-
tion 1.6, It is bysed on the concapt of a fuzzy net {PL] and on.
tts derivative concept of the convergence structure [40], The
convergance structyre of t‘u:ai spece (X,7) is defined as a
spociul mepping Con: Hix) ~ T—=I where N{x) is tha class of all
fuzry nets in the spece L. In partic lar, we estsblish here the
furzy wersion of the well-imown Kelly Theoream [Xe, p. 10861).
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Bection 1,7 is devoted to the concept of continuity defect for
a mapping of fussy spaces. It is emsentislly s fussy concept whish
hes no weaningful prototype in clessic, "ecrisp” mathematics basing
on two-valued logiscs. The defect of & -pplng 20X, T, )—-(!,Tr} at

1".1 el i defined as od,(f) = nﬂqp(!"‘ (")-Ilt(f" (YD(x):
?eI » TeM 3l (In case of ordinary topologiesl [Spaces a defect
is aithar 0, 4if the mapping is continucus, or 1, otbgrun ) ot
the results of this section we mention here the h{q“ut: ed, (g
< cd () + od,(g) (vhere £:X-Y, g: T-+3) snd the formule -q.(t:,)
= Vyod (fy) where 45,1 X7, is the diagonal pnodmt [Eleof
family of mappings f; : X =X, Vel [17] J0353,0361. "

Chspter 2 of the T esis consistinm of ten sections is devoted
to investigation of important concrete topological properties of
fussy spaces and their fussy subsets. Here we shall restrict
ourselves to the case of Chang fuzzy spaces: the study of topolo-
gical properties of general fussy spacer car be reduced to
Cbang's case by means of representation of a fussy topology T
direct system of its level Chang fussy topologies I =juer .
T(U)2& :4€(0,1]}. (et [WR] ). Besides, when formulating defini-
tions end results from Chapter 2 we confine ourselves with one
typical case: the exposition in full generality would essentially
inoresse the sise of the summary. Thus, in the sequel (X,T) or
just X stende for & Cheng fuzzy topological spacé and M for ite
arbitrary fussy subset,

In Section 2,1 separation ’ropurt:ln at _fussy spaces are atu-
died, By a Bausdorfness spectrum of (X, T) we call the set B(X)="
|bel: x,ye X, 2oy, VOO IUVET s.t. U(x)2D-E , V(7)) 2D-& ,
UE¥® 3 v~€| . Among pther we prove here:

If X is the product of fussy spaces X;, i€J, then NE(X)<
C H(X), If, besides, all spaces laminated, them tie ®qua-

1ity  nolds. [ 71,(47].

For every fussy space X H(X)=C1(A ,X°), where A 18 the dis-
gonal of the space I and C1(M,Y) is the s.c. closednsss speotrum
of a fuszy set N in a fuzsy space T [71,{17]. (In fact this is a,
fuzsy version of the clasaic characterisation’of Hauslorff spa-
ces as spaces - ) with closad diagonals.)

It meppings f,g: X~ Y are continucus, then CL(E,X) = H(X),
whers B ={ xe Xi £(x) = g(x)} [71,[17].
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Observe that the results of this seotion include in itself
as special cases many of existing separation theories in Fuszy
mlm .'.(.... G.B. L Ro,l.[ﬂo;l.[”l,[m;,ml] 2.8, )

The propergy of l-rmhrit: is studied in Segtion 2.2, A
fussy spsce (X,¥) is c¢alled E-regular, where E is a fixed fussy
spece, 1f the femily O(X,E) of all econtinucus msppings of X in-
to finite powers of E (i.s. O(I,S)t- U{O{!,l”‘): neN}) separates
points and ¢losed fussy spts of X (i.e. for every xcI, avery
closed AeT* and every £>0 thore sxists 7 O(X,E) s.t. A(x) >
3 (A (£(x))-€ [15],[271). It is proved that & spsce I is embed-
GABIY 145076 profact B Wisre ¥ L Sows vardined 42F X i¥ an B-
regular ¥ -space (the last ,roperty mesns thatVx,yeX JUeT
s.t. U(x)4U(y) - this is probadly the weakest separation-iype
property in fuszy topology). Some characterizations of E-regula-
rity are obtainmed; in particular the characterization of E-regu-
larity by means of convergence structures {15],{27). In case E=
«P(I) (Hutton's unit intervel [Bu,}) P(I)-regularity is equive-
lent to the complete regularity in the sense of Hutton-Katssras .
[Bn2] s[Eall However, the role of E-regularity in Pussy Topology
is essentislly more important thal the role of complete regulsrity
in General Topology end, on the other hand, than the rols of
its prototype - erisp E-regularity in Gemeral Topology. Ome of
the reasons for this is that in Fuzsy Topology eslong with the
fuscy interval F(I) thers exicts a number of other canonical ob-
Jects: such l_s the fuzsy probabilistic iuterval fh;]. Eklund-
Gihler's interval [EG), HBhle's intervell B85 ] e.a, saying noth-
ing sbout versions of thess spaces in categoriea of PT(L)-type.

Section 2,3. is devoted to one of the most important topolo-
gical propirﬂal.' namely, to compactness, The developed approach
to compactnesa theory is sd on ths concept of compactness
gpestrum. By the compactness spectrum of a fuzsy set M in a fus-
5y space X we sall the set O(M):={ be1: VUCT Voo ((MEVUIDB)
=(3IUC U JU £ K, MS VU, > b-E) . The value c(M)-
inf(INC(M)) is called eompsctness degree of the fuzsy set M,

If X,Y sre fuzsy spaces, uer‘ and a mapping f1 XY 1- con~
tinuous, then o(H) < o(eM) [91,(23].

Let M= I"llli be the product of fuzsy mets M;: X, »T in tha
product spece X= IX,. Then (a,b] CC(M) and

() > inf c(M). In case all M, are normed (1.e. osupM,(x;)=1)
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the equality o(M)=inf c(M,;) holds [9],[23].

irm lelx and M is closed, them C(N) C G(HA}) and o(N) <
o(MAN) [91,123]. L - b

If £1 X —Y is & closed continuous mapping, then o(£~'(8))>
>e(f)Ae(N) for esch N€I¥ where a(r)-mu\n{c(t""(ﬂ)::al).

If £: £>Y, g: I-»EZ ere closed continucus meppings, thcn
o(g:2) > elg) Aelf) [9),123]).

If bé h(X) Ac(M)A o(N) and MEN®3 b (where M,Ne 1% apd K(X)=
»supH(X)), then for each £>0 there exiat U,VET m.t, HEUZb-¢
BEV 2 b-€, UE ¥ > b-¢ [9],(23]).

The last result and a theorem atnﬁng that under certain as-
susptions on separstiom of X it holds ACL(M) N(1/2,1]= C(K)

N (1/2,1] where ACI(M) = { bel: (VW Z DX, beH(Z))>(beCi(N,2))}
is the s.c, sbaolute closedness spectrum of M [9],[23), present
an u".'l::'mallP in a sense, description of the connection betwaean
compactness propertiss of a fusszy set and the "closedness degres”
to which the fussy sct is located in the corresponding fuszy sps-
ne, These results sa well as their well-kmown crisp prototypes
assentially use separation properties of the considered spaces.
However, & peculisrity of fuzsy topology is thatmany important
{nzey epaces have very weazk separation properties. The next two .
theorems preasent "external™ dessription of compactness without
any restrictions on separatedness of the spsces. But first we
neéd to define the relative closedness spectrum RCL(},X) of =
fuzsy eet M in s fuzzy space X3 ROL(M,X) = lbel: Vx €X, Vuct,
€70,¥he(0, e J(F(x, 1> b%)a(m EVUD) )=>( AVeT, V(x"}"-)'b—z U.cu,
JUA< K (Y x (N(xl&b vE J&(V(x) > b-° )»wu‘m zb-€))) .
Bogic properties of the relative closednaees spectrum sre studied
in Thesis; in particular, these spectra are characterized by »
means of fuzzy nets, An important example of s relative closed-
ness @pectrum is expressed by the equalities RCI(F(I),F(R)) =

= RC1(R,P(R))=[0,1]. (In this connection we recell that, =23

8., Rodabaugh showed [Eo‘—_,] there is mc non-triwvial closed subset:
in the fuzzy real line F(R) [GSiW] at sll.

Theorem [33]. C(X)/N RC1(M,%)CC{M]} C RCL(M,X} .

Theorem [33). €G(M) whers M€ I°  iff bEROI(K,L) for esch
space 2 containing the space X.

In case wien X is a usual topologieal epace, the results of
this section can be interpreted as 2n altermative compictness
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theory for real-valued mappings of the spsce X (of with B, Pasyn
kor's theory; see e.g. [Pa] e.a.) The kay for such an interprets
tion is contained in the next statement: !

If X is = topological space, l'l!:l!!. bel and the sets N"1[d,1|
ars compact for all d>b°, then ¢(M)3 b, Conversaely, if c¢(M)> b
and M is upper semicontinuous, then the sets Il'1[d,1] ares coppsct
for all d >b°, In particular, if = mapping is perfect, then o(M)-
=1, and if a mapping is upper semicontinuous and ¢(M) = 1, then
the set M~ (0,1] is & -compast [91,[17].

In Section 2.5 patterned after definition of compmatness spect
rum, we introduge the concepts of Lindoléfness spectrum L(M) and
countable compactness aspectrum CO(M) of a fuzsy set M in & fussy
spoace X, Begides, we define heriditary LindelBfness spactrum of
a space X as HL(X) :=N|L(M): lel‘-t]. 0f the results of this amsc.
tion we eite here ths following:

It £, Y are fussy speces, M€ IX, HeI', them 1(MxN)31(M)A
o(N), whers L(M)=inf(IN\L(M)); if in a fuzey space (X, T ) every
VET is & countable umion of closesd fuzsy sets, then L(X)-HL{L);
if X,Y are fusey spaces and w()€ ¥, then h1(Z = Y)=h1(Y) whers
bU(T)=inf(INEL(Y)); a topological space X is hereditsry Linde-
182 iff hi(W L)=% ( @ 4is Lowen's functor (Lo.'l) £123,0131,[28].

Btarting from characteri-ation of compacta as closed Bubspaces
of Tychonoff cubes [E],[Ke], R.Engelking und S.Mrowka introduced
the concept of an E-compact space where E is a fixed Hausdorff
space [EM]. The fuzzr analogus of this notion is studied in Bec-
tiom 2.5. Obtaserve however, that the theory of E-compactness in
Fuzzy Topclogy is esgentielly different to compare with its crisp
prototype specifically hecause we have to relinguish separation
conditions of the coansidered spaces ss well as to avoid the use
¢f closed subspaces (see also comments, when discussing sections
2.7 and 2.3.). : : 3

A fuzzy set M in s fussy space X is called E-compact, where F
is .5 fixed fuzzy space, if there exist a cardinal k and a homeo-
sorphism h: XC» =% such thst RC1(hM,EY) =[0,1]. Let K(E) demote
the class of sll E-compact subsets of fuzzy spaces. We prove
that: ¥ A
The product of E-compsct fuzzy sets is E-compact;
if X is an E-regular spsce, whers & is strongly cowpact [ GS4],

and w{X) k , then for each b C(M) a homeomorphism h:X
exists such that b !Gl(hH,Bk) and hence if c(H)=1, then M E(E);
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aad w(X)& k, then for esch b€G(M) & bomeomcrphism b X<eE®
sxieta wueh that bE ROL(EM,EX) snd hence if o(M)+1, then MEK(E);
K(F(1))\Top is the olass of all compascta;
K(P(&))N Top id the olase of all realcompact spaces;
if X,E are topologiosl apaces, then X€ K(E) iff d TekK(VE).

In the second part of Sectiom 2.5 the theory of E-compast
(in particular, of completaly regular compact) extensions for
fuzsy sets is being developsd. In particulsr, a construction
sllowing to describe all E-compact extensions for a given fussy
set M in 8 fuzzy space X is presented here. [25],

The connectedness type properties are the subjeoct of Bection
2.6, By the disconnectedness spectrum of & fussy set M in a fus-~
&y space (x.‘c) we call the set D(M) ={be I:3 U, U €T, u< U, <d
141,25 M C.O.‘ VU,2b, sup (U1Aﬂz)(:)¢h}| its complement
B(M) = I\D(M) is called the connectedness spectrum of M and the
vaiue s(M)=inf D(M) is called ths cormectedness degres of M,

The msin results of this section hawe appeared in [10],{23];[17].
Among them:

Let M = ﬂﬂi ba the product of fursy sets M;: X, —1T in the

product fuszy space X = M X, . Then s(n) > f'\s(!i) and s(M) >
3 gt l(!!i). If besides a1l N, are urnoﬂ, then B(ll) = ('\B(ll)
and hence s(M) = igf s(NM,). Ay,

If X is & tupological space and a £ uppi.ng MX—>» 1
ie either closed or upen, them B(#) =[0,1].

The concept of a fuszy {pseudo)retric is introduced and stu-
died in Bection 2.7. The main result here is a metrization
criterium of Hagats-Smirnov's type for fuszy spaces.

In Section 2.8 we define and study fussy stratifiable spaces.
Stratiriable spaces are, to our op.nion, a successful gecersli-
gation of fuzzy metrizadle spaces: on one hand they have wvely
nies topologicsl properties similar to ‘boss of metric spaces
(such as jroductivity, hereditaiity, invarisnce under closed
sappings 8,a.) and, on the other hand, the definition of fuszy
stratifisble spsce:s is not based on the vse of fuzezy points and
this essantislly simplifies the study =nd uss of silch spaces
11,i21,041,1391.

The thaory of cardinol invsrlantsa in Puszy Topology iz being
devalaped in Beation 2,9, the main rasults of which are pub-
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lished in [29], e define such cardinal properties of a fosoy
eet M in a fuesy space X asm weight Wy density dy, spresd s, ,
extent &y Bouslin number oy and Lindell? number 1y « As an
example we reproduce here the definition of weight,

A family BCT is called a base of M if for each V&l thers
exist families BycB ard Oy CB® such that NAV=MA(VB) and
um‘-_-mw\a'}.- We set w(M)=min{}€K: IBcT ,|Bl<)and B is s base
for M}. The fuzey cardinal Wyt E==1 defined by the formuls
wy(a)=sup | teTs w(i-W'(£,11) >a} 1s called the weight of M.

Ir K= nni, i€], 1e the product of fuzsy sets MgeXy X, d€d,
in the product fussy space X=[1X;, then 'n‘('.u)VIJI- In
cass -nlim:onod. then Wy, <wy, .

Wy ¥ Gy P Oy Wy ¥ly and wy 3 8y 7 oy for each fuzzy set M .

ir °“1l1‘“30i“‘r“ every finite set J,cJ , then By s Xy bou,
In case sll H; are normed, \.p‘c-.“"‘c'I and Vd,,it-d" .

The last, 10th Seetion of this Chapier stands, in & known
sense, apart, Here, starting to realise A.Archangel'skii's prog-
ramme, we charsoterize some topologiecal properties of a fuzmy
space (X,T) as iocation properties of the fussy topology T in
the Tychonoff cubs ©°, Among other, we prove here:

A fussy space (X, ) is & T,-space iff T s dense in I* .[31].

It (X,T) is a T,-space, then T is opem in I” iff (X,T) is
diascrete [ 31). : -

The tightness of a fuzsy e (X, T) does not exceed k iff
T is closed in the space (7, sup(?X' ,2)X)) vhere 2% 1a the
product of |X| cepies of topology T = |{(a,1]: aeI}UjIfoa I ana
T{:'- is the k-box product of |X| copies of the topology T =
= {[0,a): se IjU{Pfon I [31].

What fuzzy topological spaces are to be comsidered is fuezj
analogues of a given topological space (X,T) 7 A known answer
to this guestion is provided in SBsction 1,2 where functors e, A,
¢ e.a were defined; these rmators' for a given topclogical specs
(X,7) aesign fuzzy topologicel spaces (X,eT), (X,AT), (X,(T) e.s.
The essential peculiarity of these functors is“that they chenge
only topologiesl structure lesving unchanged the sets of the cor-
responding spaces. However, ~lthough a fussy space of (X, AT)
type is, in n known sense, a fuzsy copy of (X,T), i% usuelly can
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Lot play in Puzsy lbpoloé; the rols which ia played by the
apsus (X,7) in Osusrel Topology. The objects of (I,f T) typs
sre, in soms sense, “too pure”™ to fulfil in Fuszy ‘!upoloy th.
job, which (X,T) ecarries out in General Topology.

A different approsch to this problem is worked out in chap-
ver III, Here two gemeral schemes sre devaloped which sllow to
construct, stertingfrom a given topological space, some sssen-
tislly méw fueszy spaces (et £GSW),[Hu],[Re|,[K1};[Lo 1e.5. )

Construstion F(X) (Sestion 3.1y see [20],[211). Lat (X, <)
vé & linearly ordered topological space and let 2(X) denote the
get of 811 non-incréasing meppings z: X ~+I such mt'l!p'(x)-‘l
sod t!rs(x)-o Define the equivalence relation ®~" on Z(X) by
satting s~ 4ff s(x")es'(x7) and s(x*)=(x*) for esch zeX
whers =(x7)-1af{s(t)s t<x}, s(x*)= sup| s(¥): t>x}s Let B(X)
denots the quotient spacs Z(X)}/w snd let & fuszy topology on
it be defined by the sutbase |r ,1.: -.bex} where r_[sj= z(at)
snd 1 (s]= 1-2{b7), The nun:ltiug fuszy space will bo donoted
Just P(X) and its leminsted modification FA(X).

Importent ezamples of applieation of this coustruction sre
spsced P(R) and ¥(I) which, up to' a natural isomorphism, sre
just the fussy real 1ine tasui and the- Intton urit 1nterv-1fhh1]
respectively.

The mepping h: X —>F(X) defined by the equality h(&}-[a 1
whers z, = {x1 xsa} , is & homeoworphic embedding of a toyolo—
giocal upau X into the fuszy space P(X).

Let X,Y be linearly ordered topolegicel spaces and lst
£iX -~ Y be a pon-cecreasing function. Assigning to each [sleF(X)
the elsment Flel= [u]eP(Y) defined by u(y)=infiz(x): 2(=zlc ¥},
ws obtainsd e mapping F: P(X) = P(Y). It is proved that the
meppings T: P(X)—~P(Y) and f1 PNX) = PN(Y) sre continpous.
Ihus copstructions F and b L can be interpreted as functors from
the gategory ORD of all linearly od.rtd spaceés and non-decras®r
sing rappinga into the category CPFT.

The relations bétwsen properties of spaces (I <) nnd F(X)
are studisd in Section 3.2. In particular, it is proved that;

CW(E(D)) = w(PME)) = w(X) for sach space X §

3 spsce X is bounded iff the spaces P(X) and PA(4) ave
ettongly compact in the sense of ['GEWly
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_ if X is not bounded, then ef(X)=1(P(X))=1(¥ (X)) whers
of(X) = m{ms YCX, T is unbounded in X) (the s.c. cofinal
character of th. spsce X) Thus 1(F(X))<1(X) end, in perticular,
spaces P(R) and P(R) sre Lindeldf.

The following properties aresequivalent: (1) X is metrisable;
(2) P(X) is stratifieble; (3) PA(X) is stratifiswvle.

Ccnstruction M, (X) (Section 3.3; see [8),0141,(17); in case
of & separable metriec space X ses [I-o,]). Let X be a topologi-
cal space, B(X) be the 6-algebra of its Borsl sets, and lat
M(XL) denote the family of all probability measures p: B(X)—1I,
Given & family } of lower semicontinuous functions U: X —1I
we define a fursy topology on M(X) by the subbase [d'u: Uejl

IH(X) where d gfp) = fﬂdp « The resulting fuszy topologi-
cal space is dmotad ] t(l) or just M.

The most important special cases of the conatruction M; are -
Mp (i.e. 3=T) and M ,qp (i.0, } =T, the family of all lower
semicontinuous. mappings from (X,T) into I),

Ir 1 (X710 —-(1.'. y) is a continucus mapping, then by set-
ting T(p)(E) = p(t’ (E)), where pe M(X) and E€ B(Y) one obtains
continuous mappings £: Mgy —~MNpy snd F1 Moy — M 0 . This al-
lows to interpret comstructions ¥, and H‘” as functors from the
category Top into the category CFT.

Let (X,T) be e topological space and lat T be a fuzsy topo-
logy on X puch that ¢T= P, Define a mapping h: (4,T)— nfcx)
by setting l:(::)-px where p, 15 the measure degenerste in x.
Then h is & homeomorphic embedding iff ? is a subbase of the
fuzey topology T . In particular, the mappings h: (X ‘l‘)-&!(l)
and hi (X,07) — M, p(X) are homesomorphic embeddings,

Uc consider aleo relations between fuzsy topologiss obtainsd
by the above scheme and the s.c. weak topologies [Ba) on seta
of probability messures, Spacifically, it is proved, that if
(X,T) is perfectly normal, then the topologies ( Ty end ¢T,,
coincide with the weak topology on M(X).

Relations between topologiecel properties of HE(LJ snd those

of the nriginalgapnc. (X,T7) are studied in Bection 3.%4.
Ir (X, is a 7,~spsce snd 3 CWT, then d("l“)) = d(x,TY
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I (X1,7) is a To-lploo and FcwT, then d(l!{;‘.'?s da(x,m) .
where K;(Z) is the subspece of M,(X) consisting of two-valued
messures [14], .

The following properties are equivalent for a normal space:
(1) (X,T) is ccuntably compaoct; (2) q’(x) is countably compact;
(3) Myq(X) is eountably compact; (8) Mu(X) is compact;

(5) M (%) is compact [1a]. .

If (X,T) is perfectly normal then the fuzsy space Hyp(X) is
b-Hausdorff for svery b>0 (i.e. V p,qe M(X) F U,VET such
- that U(p) >b, V(q) >b and UAV < b) [14].

The subject of SBection 3.5 is the study of intercomnsetions
betwaen constructions My(X) emd P(X) [ 1kl.

If X is a linearly ordered space of countable character and
witnout isolated points, then the spaces F(X) and My(X) whare
A={{x: z<v}, {x: x>a}: a,b€X} are homeomorphic. (The cor-
reaponding homsomorphism ¢ is defined by the equality ¢(p)=lz 1
whers :P(x):- iy 33 x}, i.e. to every probability measure t'g].
corresponding distribution function is aseigned.) [14], [17].

If X is a linearly orderdd space of countable weight snd with-
out isolated points, then the spaces F(X) and Mn(X)¢as well es
the spaces FA(X) and M,,(X) are homeomorphic [14],[17].

The 1ast, IVth Chapter stands by itself in the Thesis becauss
of its quite specific subject of ressarch. While in the reat of
the Thesis we were interested in the category PT(L) and its sub-
categories CPT(L) and ICFT(L) for a fixed lattice L, and beaidas
often we coafined oursslves with the special case L=I, the sub-
Ject of research in Ohapter IV is the .. ategory GFT (Genersl Caste-
gory of Puzey Bpaces) [ 17],[25], containing I-fuszy spaces with
different lattices L (ef the analogons propounding of the problem
in ca=e of Chang's spsces in B.Rodabaugh's papers [Ro'].[l?osl ;888
also [Eu)lThe objects of the categery Ge¢T are guadruples (X,L,T.E)
where X i3 a set, L and E are bounded sup-complete lattices and
T Lx - K is a mapping satisfying the axioms which are complate-
ly analogous to the ones introduced in Section 1,1, As worphisns
of GFT are taken' triples (£,9,¥): (Xq,5,,7,Ky) > (X;5,15,7,,K,)
vhore f: Xy —X5, Y1 Dy =L4 ,¥: £y K, are meppiigs, ¢ and
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y preserve arbitrely sureme dnd finite infima and, besides,
T4(g 2 Ve1) 3 Y (T(V)) for every Vi X, =L, (the last inequa-
lity is a kind of continui‘y condition) [25] .

In Section 4,2 fuszy topological catesories cousidered in
Chapters I - III end some other categoriea (both now ones and
alresdy existing in ths literature on Fuzzy Topology [Roy],[Roc)
[ HuyJ,[HR]) are characterired as subcategories of the cstegory’
GFT, For exampls, PT(I) can be characteriged as tho subcategory
GFML,Lp) of the category GFP, whose objects sre quadruples
(%,1,9,L) end whose morphisme are the triples (£,65,6)

(§: L—+L stands for the identity mapping.) Observe, that ¥P(L)
is not complete in the category GFT. Let GCFT(L) dencte the som~-
plete subcategory of the category GFT, the objects of which ara
of the kind (X,L,7,2), The category of Chang L-fuzsy topologicel
spaces CPI(L) can ba characterized now as the intersection of
tha categories GFI(L,E;) and GCFT(L). Of a known interest is al-
so the complete subcategory GFT(x) of GFT whose objects are
(=,5,7,K) where = is the one-point set. The complete subcategory
of GFT(x) constituted by objects satisfying the condition J'% 1
is isomorphic %o the category LOC of locales (Jol(ef I'.ROSD.

Basic operations in category OPT are studied in Section 4.3,
‘orio. that their definitione essentielly differ from the sorres-
ponding definitions in categories of FT(L) type {of tnosl). As
an example we dsfine here the produst in GFT,

Lot { L;: fef}be a family of sup-complete distributive bounded
lactices; following [Hu,) by Li=@Ly we denote the set whose s#le-
ments ers subsets a:f? !7*; fel'} such that (1) 4f tea and ac t,
then s ey (2) if bellb;ca, then also A= (ﬁ;),ca whore A, »
= sup h" . By setting a<b iff acb (a,bel) the set L becomes
s bounded sup-complets distributive lsttice. (B.ga if L= 2%

for sach & ", where Z; iz some set, then @ L, = 2%, {Ex].)
By the equslity Jro(t;. )=is e L) o < tr.i s mapping 4, Ly ~ T
is defined,

Coneider now a family {(X,,%,,5; +K,) 1 #rjCOB(CFT) . The , odust
of this fomily is defined 18 the gquadruple (X,L,7,K) where X «
=M%, La@L, K =®Ky and Tt 1X 5 K is the (L,K)-fuszy to-
pology on X which iz inttirl for the Tamily (p’ ey Yy del 3



168 e Py
hers p;+ X— Xy stands for the usual Frojection and Fp tLy L,
1 tKg —+ K are defined in the same way as it is done in the
previous paragraph,

It is iwportent to otmerve that each assertion in which the

product ia the category GFT is used, contains completely diffe-
rent information if compared with & similar assertion in the
realm of PT(L) type categories. One of the reasons for thie is
that the product in GFT compels the change of tha lattica.
Moreover, ® Ly = L where Ly = L for a1l ¥ iff L = 2 [Ex].
It follows from here thet for ordinary topological spaces ususl
product is equivalant to the product in the category GFT, and
hence also in each one cf ite subcategories - this is one of the
ovidences and displays of the invariance of General Topology in
Fuzzy Topology.

However, in some casss information on operations in GFT sl-
lows to extract additional information about the categorias of
FP(L) type. In partieular, it can ba spplisd in investigation
of Bubspaces of I-Tuzzy spaces (i.e. of objects of categories
FT(L)) on the hasis of L-fuzey sets. j

The problem of algebraic charsoterization of fuesy topologi-
cal spaces ion the category GOFT is studied in Section 4.4, [ 32],
[ 371,[38]. By the Flotkin semigroup of a fuzzy ce (X,L,T)
(1=(X,1,T,2)) we csll the product P(X,L,T)=C(L,L{t)xI* whers
6(X,L,T):= i(r.)-): (X,L,T) = (X,1,T)} is the endomorphism semi-
group of the space (Z,I,T) with operation "." defined as
(€24/4):0,) ((£5,0),0) = ((£,01, Wf1° /) U ). (A similar
samigroup was used in Plotkin's paper (Pl ] devoted to the theo~
ry of algsbraic automata.) By setting (f,,M,,0,)< (f;,X45,U5)

AL £, = £, 44 =4, end U, €U, we introduce a partial order
< in the semigroup P(X,L,T). Ye say that memigrcups Py = °

= P(Xy,L,T;), i=1,2, are @ -isomorphic 47f the isomorphism

G 1 Py-» P, exists such that 6(C{X, L, Ty)aTy) = C(X5,1,,T)) and
(£4,0,) < (r,’u,n?) ire 6(:./‘,114) < 6 (f,4,05). \

Laminsted fuzzy spnces are homecmorphic in the category GFT
iff their Plotkin semipgroups are W-isomorphic (32],137], [38].

This approsch can be used also when studying categories of
CFI(L) type. We say that sn ¢)-isomorphism ¢ is ricvid if
] {EQ'EL" ) = (EL).GL. a) for every ael ..
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Laminatad Chong I-fuszy spaces are homsomorphic iff their
Plotkin semigroups sre regidly isomorphic [32],[37],[23].

In the last, Ssotion %.5 the compactness theory in the cate.
gory GF? is being developed: Here ome can trace the special
features which are typicsl for concrate topologiecal Lhesriee
in the satsgory GFT.
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AUSARBETTUNC UND ANVENDUNG DER SPBZIALEN NUMERISCHEN
METHODEY ZUR IDSUNG DER PHOBLEME DER MATHEM ATISCHEN PHYSIK,
 HYDRODYNMIK UND MAGHEDHYDEODYNAMTK

H Kalls

(Habilationsarie it vom Pakbereicn
Methematik sur Erlangung des Grades einss Doktors)

Summary. Ino this Dr.habtmath. theses “he working out
and g ation of epecilal numerical methods for solving .
of pro for mathienatical physics, hydrodynanics snd megs
ne® tohydrodynanios (MED)" ngﬂl finlteifference proxi-
mations are discorited, Thare are effective nnivsras. Dume -
rioel methods {finite-difference and finite-element methods)
for the solution of boundary-valu® problems of MHD equati-
one for viscous Ipcpmprgssible flows based op monlipear
Havier-stokes apd Mexwell squations for small Reynolds and
Hertman pumbers, However, the presence of large perascters
at*firet order derivatives or small parameters st second
oxdey derivatives in the system of 2quations (lerge
Reynolds, Hartman ead others numbters) or of egquations for

matical physics cause wdditional difficulties for the
‘i licetion of ’_-nusl pothods aend they become uneffsciive
( Ettlo speed of convergence, lﬂ'rp:‘cisinn}. Thus impor-
tent to work out specisl methods of solution, the so-cslled
regular convergence computationel methods, for the regardad
problems (Doolan E.p., Killer J.J., schilders W.i., Allen

Nv, Southwell R.V., Ilhyn A d¥.), Such nethods muat be

propegated to the systew of equations for mathematical phy-
sica, Tis give the besis for the development of special
monotonous yec tor~difference schemes with perturbation coef-
ficient of function-matrix.

MMS Subjec$ Classificatlon 65§20.
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ETNIEITUNG
Die sktualitét dex Arteit

Zur letztsrZeit in der MHD siner z@hen inkompressib-
len Fllesigkelt fomiert man eine newe Richtung - die MHD
der starken Peldsy , welche voo der MHD-Technolégie inien-
eiv stimuliexrt wird (die MHD-Pumpen, die Peschleunigurgs®ppa
rete, die Eristallisationsepparét€,die fluminlumelseitrolyses
agurate und endere MHD-Gerate). Die Anwessnheit eines star-
ken Magnetfeldes fihrt fum den spesifischen MHD-Effektan,
gus Beispiel, zur Enots ighung verschiedepsr Geschwindiglmit ~
s trukturen mit den Gremschichten, Die theoretische Grund-
lege filr die Peschreibtung dieser MHD-Prusessen ist ein ab-
gsschlossenes System von partiellen Differentialgleiohungen
geeiter Ordpung mit g n Parametem bel den 1211 ltamon
eérster Ordnung (die grogen Wert®2 won ”a} f
ﬁ,) K/ Bl"_ “Zehlen). Wenn dis rnm-umrhn nlcht
srtp sipnd, existierten flr die I[Ssung der entschprechenden
MHD -G rermwertqufgaben, die sich auf dis vollen nichtlinearen
Navier-Htokes Gleichungen der Hydrodynamik stlitgen, effekti-
ve miversale pumerische Me thodon (die Differenzemethodens
und die Pinitelementsmethoden). Falls die Parmeterwsrte im
MiD-Gleichurgssystem el den partieslien Ableitungen zweiter
Ordnung kKlein odér dis pParmetsr bai den Ableitungen ereter
Ordnung grof elidasrfallt die VADStrinwmz in regulare
Geoiste und tesondere Gebiete.In den reguliren Gedieten keann
man dis Strémusgeparmme ter durch glatts mtl_onin mit end-
lichen Gredienten hnohui.hn. In den besonderen Gabieten
(die MHD-Grensschichtenm von Heritmsn und ludford) sind dis
. Gredienten der IGsungsn sehr ;mp und hier fipden schnelle
D2 mgangsprozésss statt. Des flhrt sur Veldeipérung der Kon-
vergensgeschwirdigke it und der Oensuigkeit der klasssischen
Differepsenachemen. De® Vorhandensein besonderer Gremachich~
ten mit gro Gredienten der Strdaungsparsne ter erschwehrt
dis Anwsndung von Schemen, die ghkh;rg fMir das geme
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Strimungagebiet eine hohe Genauigke it haben. Fir den Aufban
der gleichmaplg konvergierepden spesislen Differemensche -
men mys  ein Perturbatlonskosffisisnt in Schemas. e inge -
flhrt Werden. Solche spes ialén monotonen Differemepschem as
81nd picht pur fir dis IBsung der MHD-Cleichuagen mit g.wpn:
Parméter tei den Abtleitungen ereter Ordnung oder mit klei-
nen rgrset.:élh!. den Ableitungen sweiter Oxdoung effektiv ,
sonderm euch flir die IBsung der Gleichungen in weiten Para-
me terawschselgebleten. Also ifnnen die speszialen Differen-
zenschemén wWie eine wessntliche Erginzung der Standartprog-
reampake ten zur numerischen ISsung der Differentislgleichun-
gen angewandt werdem. Die speziglen numerischen Me thoden
haben 2 hauptsichliche Eigenschaften: 1) dis Anwendung ei-
nea groben Netses, 2) die Fonvergems des Alporythmus unab-
héngig von RNetsechritten, Dgs 15t wichtig zur Ifsung der
Kontinuitdtaméchanlio rendwertaufgaben m't eingeschrankten
El. i :

Fir die linearen GDE und dis Rendwertsufgaben der
mathematischen pPhysik sind solche specislen s.g. gleichm@é-

nume rische Methoden schon von ¥,Baschvalo®, WA.Iljin,

«Jemel janow, G Schischidn, R.Kelleg, Ddiller, E.Dulen um
andexen Wissenachaftlern betrechtet. Die spesialen lSsungs -
methoden plissen sur ldsung dem MHD-Gleichungsystems nnd der
nichtlinearen Gleichungen der methematischen Physik Ubertra-
Eea und susgebreitet werden. Dieser Forechungsobjekt ksnn in
altermichater Zeit die effektive Algorythmen sur 13sung der
Randwertenfgeben mit grpen parmeter verspricht wexden, Die
' gleichaiifige Konversens der spesislen Methodem kunn pur fur
einige vinfachetan Modellproblemen (eirdimensic alen und 1i-
mearen) sheoye tisch bewissen werden,

21 der Wonstruktion des Differepsenschemas sind einige
Grundforderungen su erfiillens 1) dis jpproXimation, 2) die
Stabilitit, 3) die Genauighkeit, 4) die Effektivitiit. Dis
Beatimmung der ApproX imation und der Stebilitdt stallt dis
Grundeufgabe der Teorie der Diffsrepsenschemen dar. Dis jp-
proXimstion kano men gewShnolich mis der Botwicklung der Tey~
lorreihe bis sur Gliedern einschlie lich gweiter Ordnume
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von O und 'ﬂ. erforscht werden. Wenn die Ifsung eia Grens-
sohichtoharaker (dic Bxponentislart) het, 18t diese Met-
hode uicht geneus, denn dis Approximatiopsfehler picht pur
von dep Netzechri_ttsgraden sthing ¢, aber auch von den Ab~
leitungen hichster Ordnungen der Problemsltsungen, welche -
uabekannt sind, Die Stabilitds des Differersenschemas bo-
handslt man wie die stetige Athingigkeit der disigeten -
Sung von den mtsnydgun {d:l.l Randbed ingungen, dis Anfange -
vedingungen, die rechien Seiten und dis IKoeffizianten der
Gleichungen), Zeitweilig baten wir keine genligende Thao-
rie fir die Stahuiﬁtatomhnm der pichtlinsaren Diffe-
nnunﬂchsnm Dechelb kang dis Stabllitat nuxr fiir dis 1i-
néaren oder llm_ariamrhn nunua'mma! mit dar Hilfe
des Mex imumprinz ips oder lokelen Eriteriums von Neiman gep-
rift werden, 1In diesem Poitrsg warden verschiedefs ipproxi-
mationswe ifen der Modelle der linearen eindiuensionslen und
gweidinensionslen Rendwerteufgaben mit Ricksicht auf die
apalytischen Iboungsn dieser Probleme betrachtet. Die prak-
tisch wichtigdten Problemberecnnnngresultaten (auch fr dis
mehrdiméns longle und nichtlinesre probleme), welche mit den
spésialen Methoden gewonnen -m, werden mit anderen hume-
rischen, apalytischen oder physikelischen Resultaten vergli-
ckea, Die aumerische Untersuchung gab die MSzlichkeit zum
Schlu@ viele apepifische MHD-§trémunge igenschaften chne
feusre  physikalieche  Experiments im Inatitut fiir Physik
festzustelleénin vorlisgenden Pritrag besisren slle Exgeinis-
de dor mfxnushlm und der Isung neusn m-nmemrtmr-
geben guf den spez Lalen Me thoden. Eurz betrschien wir die
Hauptprinzipien der Konstruktion der speziglen Differenzen-
scheren. Im Palle dor spproximation der eindimensionalen
Randwertsufgebén im inreguléaren Nets kann dis mﬂ;m-{nhr-
pulattmmﬁ:m von € Marchuk und . Senarski sngewendet wer-
den. In d8r Umgébung des 3I-Punkta Ketzschablons kenn die
Differentislgleichung sweiter Ordnung mit dep Ableitungen
erster Ordoung nit Ailfe der Expopeptisltransformation in
#1ine seltstkonjuglert® Pom vervundelt werden,. denn die Ko~
effisienta der Differentisigle fchung uid die rechte Saite
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s tickweise konstante Punktlonen sind, btekommen wiy des ge -
naue Differenzenschems. Weun die Koeffizmienten versnder-
lich sind,kdnnen .in der Netzschablonsungebhung die Mitiel-
werte von ihnem genommen Werden. Ym mehrdimensionalem Pall
kann die Diskretisation von einem nach dem anderen einzel-
nén Verénderlichen und dis jpproximetion von entsprecherden
eindimensionalen Differentialoperatoren mit den Differcnzen-
. operatoren sweiver Ordnung uangewendet werden ‘jhnlich kant
man die jpproximation der Dltfazantialaw_m mit den Diffe -
rentislgleichupgen zweiter Ordnupg durchfiihren. Di2 Funk-
tionen-istrisen in den Moeffizienten der Vektorsdifferenzen-
achem&® werden durch die Punktionwerte eus dem Matrixapsk-
trum ere’ghlt mit Hilfe der Legransch-Silvestesr Interpolations-
polynome, Die konetruirten speziglen Differemenschemas sind
monoton, sie beschreiben den Grepzschichitcharaikter gut und
8ind gleichm® auf lisungen des linearen ¥odellproblems
konvergen$, Die momotonen Schesas gebten die MEglich-
keit viele praktische probleme mit befriedigsnder Censuig-

ke ik in groben Netsen urd mit kledpen ERM zu lisen, Mit den -
neuen Mo thoden kann wan praktisch wicktige Protlemen der
mathematischen Physik, Hydrodynemik und Magnetohydrodynemik
in weiten Paremete rewechselgebieten su 15sen. Zwischen sol-
ohen Problemen sindeuwch ds. Problem von ‘Hant iber dis Rech-
nung der Megnet{feldeinduktion und der Geschwiniigleit in
einer frejen Verschiebunstrimung sbhéngig von elcktrischen
Strémleitungevemal tnissen auf den Elektroden.

Des pricaip der durchgehenden Rechmung erfordert die
Einheitlichieit des Differermenschemas in den Grensschichten
von Hartmen und deén reguliren Gebieten(die Kerne). In diesem
Fall werden die Gremsechichten in der Rechnung automatlsch
wiedergegeben. Spesialen 18sungemejhoden der Randwertsufga-
ten kinnen bei der Projektierung und der Ausarteitung der
pesuen MHD-Technik und Technologis verwendet werxden.
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Dis Geschichis der Arbeit
In Jehye 1964 beginnt man unter deyr Ieitung von ikademie-
witglied N.Jarenko 412 numerische Modellisrung der mdhen .n-
kompressiblen Flussigkeit,basierend euf des volls nichtline-
are Navier-Stokes Gleichungssystem . Wahrend des sweiten mecha-
nischen A'llunionskong in Moskau, War elns Arbeitsgruppe
von dep Mathemgtilks m und Mecherilen crganisiert. Der putor
nshm pn disser irbteitegruppe teil. Vom Jahre 1966 bis 1984
| ¢apien regelmipig jedes sweite : Johr dis 4'llunionssemi-
ngre Uber die pumerische Mothoden dar siéhen ‘Flussigke it statt.
Dcrhﬂtﬂ!‘hﬂ‘uhlt hat im Jehre 1963 sum erstenszal dis numeri-
chen Resultate Uter die Bewegung ©ines starren 2Zylinders in
einer allseitig unendlich susgedshnten s'dben inkompressib-
len elekiroleitenden m-.-uuu mit einen Megretfold tekom-
men; im Jehre 1971 hat er dis Dissertation des Kandidaten der
Wissenechaften "Dber einiges IBsungsmethoden des MHD-Differen~
tiglgleichupgeystems” vertsidigt, und 1991 - dis Doktor-
dissertation  “Die Berechnung der skhen inkompressiblen
elektroleitenden Fllssigkeitstrimung mit den apesiaslen nume-
rischen Me thoden im Falle des ‘n’u Paraeters” . Zum ersten-
wel war flir die neusn MHD Randwertsufgaben die Idsbarkeit
tewiesen und wurden sSystematische numerische Untersuchungen
disder Aufgaben Lin weiten Parsmeterswechselgebisten Legonnen
(d1s Hsupterteiten: [1-19]). Dis wichtigste Porachungsmetho-
de war die Anwendung der Differenscnschemas . Es waren ori-
ginalen Annghe rungsmethoden sur ISsurg den Randwertaufgaeben
von den Ramatrimungen und 'in unbteschrinktsn Gebieten aus-
gearbeitet. Die spesislen numerischen Methoden wurden in die
Aussrbeitung der Vertrsgsarteiten swischen dem Rechemeninm
der Universitat und dem Institut fir Physik der Akslemie der
Wissenschaften singefuhrt. Die Hauptresultate der Forschungen
wurden in verschisdepen Konferensen und Tagingen terichtet:
in 6 Rigesr A'llunionsseminaren Uter 48 Megne tohydrodynmmik
(1972 -1990); in B A'lluniopsséeminaren-Schulesn ber die nume-
rischen Methoden der z'shen Pllissigkeit unter der lzitung von
N .Janhenko (1972-1986); auf der 6.lntemationalen Konferens
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iibe r die nlllrhnhn Methoden der Hydrodynsmik (Tbiliesi,
1978)3° | der 6 vA'llunioustegung Uier die theorstische und
angewendte Mechenik (Teschkent, 1986); in der intemetiona-
len Seminar-Schule Hber die sathematischen Modelle, analy~
tische und numerische Methoden' der Ube rtrsgungstheorie
(Minsk, 1966); 3m  : inte mationalen Symposium IUTE Ubsr
dis fllissigen Metalls in der MED (Rige, 1988); = der inter-

' mationglén Konferéns Ubsr dils numérischén Méthodén dér Plhe-

sigkeitsdynauik (Novosibirsk, 1990); 'in 5 intemationalen
Seminaren (Karls Universitét in pPreg, 1976-1968) u.a. Dis
wissenschaftlichen Arbeiten des Autors sind hauptaichlich
in den wissenschaftlichen Zeitachriften ™Magnetchydrodyna-
nik" upd "Des nuthuatiuh! Jehrbuch Isttland's™ vertiffent-
1icht (sishe den Abachnitt "dteratur'), Podich
Weiter werden ¢is T988D  ger  yoiye des Autors [betrahtes
und die Dbersicht der Arbeiten seilt dem Jehre 1990, welche
lui:,., manmumtlm [ 11-13.15,153 picht damea a1l -
siad _ durchgefihrt . :

‘1. DIE WICHTIGSTEW MATRMATISCHEN MODELIE

Dis Strémung ¢iner sihen inkompressiblen elskiroleitem=
den FlUssigieit kann duxch des Navier-Giokes Gle ichungasys toun

DV/0t =-¢ed p19ai’+ F F -
und dh lmlll'a Gle ichung 5 .?)

netE=-28/9t, nitB'-'-/(J. (2)

huohruhn werdep , welche von dem Om's Cese s

? =6( E+Vx _B,) : (.3
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und den Kontinuivatagleichungen

divv = dwi dth =0 & )

emgarat werden milssen. :
Imt Palle der Wamenkonvektion sel es

Sy
F=704-p(T-T)),
wobves T, dis Gleichgewishttemperatur ist.

Die Epergiegleichung (die Wameleitungogle ichung) keon
in dezr Pom

3c, DT/ot= AaT+ 5 i b i

dargeetellt werden, —3 -
Wenn in (1.2),(1.3) die Wktoren E d eliminiert
sind kenn die Induktionsgleichpng in der Form .

38/ dt=not( % B) + P AB a

geschrieben wexden,
Das stetiondre slektrische Peld wird mit der Hilze des
skalaren potensials P( E’-—;qual(p) huhmbn.

nr dh ll'idhenliundln leminaren m-stmm-n kann
san von den mmagl-mmcu {1.,1) in den kertesischen
Koordinaten (llih den Druck susschlispen und eins pa-
rabolische Glefchung Mir die !1rbl1mnhion @ in der ohne-
dimepsionale Fom

Dt +udfox +V 003y = R 0+ ‘ﬁ

be kommen -ou dis, 2 -Rotoriomponente des Elektromegnet-

B R Py

(1.7)
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2, DIB SPREXALEH DIFFERENZENEETHODBY 2UR IOBUNG
DER FROBIEEEN DER WATHEM ATISCHEN PHYSIK

Die Ausgrbeltung der spesislep pumerischen Methoden
sur ISsung der Problemen der mathemetischen Physik ist
zwec kma mit den einfechsten eindizensionsien Modell~
gleichungen, eipschlieflich mit Couchy and Rendweriproble-~
men fiir GDG, su begionen [ 3,5 ]. Die gewonnenen Algoryth-
men verallgemeinern die Differenzenechemas von A.Iljin,

G Sohischidn, K.Jemeljanov, N.BachvaloW, ASauarsid,

G A axchuk. 't Tk

2.1, Dis Ddoung der Anfangs— und Randweridsufgaben fur '

gewthol iche Diffe rentialgleichurgen

In der Literatur sind viele algorythmen und Methoden
(implizite und explizite) sur lbsung Ges Couchy Problems dej
GDG kennt, zum Eeispisl), die’Methoden von Eiler, Mams,
Runge-Kutta u.e. [ 18], In expliziten Nethoden fiihrt die Sta-
bilitAtaforderung su 8tarken Beschrankungen flr dep otz -
sonritt, aber dis impligiten Methoden [ ii poy sini  schwshr
realisiertar ., In der Artels [ 5] tetrechtete spezialen
Methoden - wepden teilweise dle Mangel der klassischen
Mo thodsn  GE. 2

Die Differenzemme thoden werden im glsichmdaBigen Nets
dea Segnents (0,1]

_u)‘ £ l.xk =k£ ¥ k:_t,ﬂd, ﬂ/£=i} .1

gebildet. Fir die GD.G exeter Ordpung in einem Eismentarseg-
ment 3“: EK“XH‘] des Netzes (2.1) ist das explizite

Differenzénschema mit der erhfhenden Genaulgkeit gebildet.
o1 der Ibsung desinfangswertp roblems im Segnent ;}-‘ flir dis
linearen GUG erzter Ordnung ;.

3{(,(): q(x}g(x}; 4 (X )= p %) 2 2)
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bildet man de8 sSpesiale absolut konvergierende sigbile ex-
plisite Differspgsenschema in der Fom

(ﬁm“ 4.)/ h ={a)ac Y, @.3)

wobe i a:aﬁ) im Segpment Ji eine glatte Punktion -und -
fa)=(ah)'(explak)-1) @0

- ein perturbationsiveffisisnt ies Schemes ist .

Die Aondherung sur Idsung gm iat gleich mit der gen-

auen Wsung des prodlems (2.2) 4(Xkrs) . wenn dor moeteisi-

ent (1 konstent oder "eintriersn” 1at, d.a., Q(0)=Q, ,&‘i.

Wenn der Wert Qg ein Mittelwert der Muktion Q(X)

Sement 3',( ist Nuive

aQ =_‘Lf a(")dx /) (2.5)
k= R Xed :

denn ist das Differensenschema (2.3) gensu entsprechepd der
Idsung des Differeptialproblems (2.2) mit veranderlichem Ko~
eoffisient ( . Wenn ax-..-.af!.)' tg_f_ #ind, denn

bekommen wir die explizite Methode von Biler, welocke pur !nl.
einer edigmg £ < .z/ 1a| (a,(.o) stabil tat,

Sed Qk':(Q(‘n)fﬂ(x”.»,L ) Gann vergmpers die
Gensuigkeit des Algoritimus (2.)) Uisr eine Ordnurg im Ver-
gleich mit der Methode von Eiler, Des Differensenschems (2.3)
exhaltet seine Fomm flr die IBsung des M -Gleishungssystems
(22),wo Q(X)) Qg  dis queiratischen M X M  Matri-

: sen und 3‘0’*))5(*)1& Jg‘" - dia. M ~dimensionalen
Vektoren sind, wobel

- yla)=(ak )-4("‘70(“‘) -£) 2.°6)

= dis Matrix-Punktion der perturbationskoe ffisienten ynd
- eine Einheitsmatrix der /M -Ordoung 2104 Dis “W_nh_
tion J(Q ) keoo men mit dex Hilfe der uaktionsveste p=F(A)
aus dem Matrixspektnm und durch dis jApwendung des Interpols-
tionspolinoms von Lagressch-Gilvester terxechoen. Das expli-
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l:l.h Vektordifferenzenschema (2 .3) ist sbsolut statll,

alle Bigenwerten N ((=1;m ) der watrix A uichtpositiv

8ind, Disses Schema ist flir den Matrisen . mit sflclvedi

ge-kons tanten in den Segmentun 3- (Kx-, gly.q) Elementéen gensr .
Un das anfangswertp roblem du.- pichthomoganen linesren

010 iohung g-l(xJ_T_aa)g(x)+1{0();5‘(x¢)=#x @)

ti Begnsnt J, su lsen, mup  men salohee diskrete Aifangs-
we rtproblem ,

(‘&‘uﬂyx)m J’[a‘)(a“#x*#) (2.8)

vamwepden. Des Rroblem (2.8) hat nl.ndentons dis Gepauighe it
der sweiten omm i wenn

0=+ dtods, =4 J s

Deyx mouu-u (2 .8) exhaltet gedine !bm suf fir dis IBaung
des N. -Gleichungssystems {2.7), wenn ai Qg =~ die Matrizen

vnd 5 5' hgn) #lm ¥t - dis Vektoren sind.
Im Falls des nichtlimearen Arfangswertproblems

#(X) F(J(KJ): g(xs)'= 4. T (29

wird man im Segment 3’ die Methode von Newton benuta, Det
Algorithmus kann man ln folgender Fom bestellen:

(gxﬂ-gk)/“ -""Jf(ﬁn)e ) (2 .10)

wo BF 3 5
des 35l BoFCH). e
Das speziale explizite Schema (2.10) ist stabil, umd integr-
iort man da@ lipearisierte vou Newion mfmswerhpmblem sn-

b "’“_ Die Netemethode wird im Grunde fur ais genauen Differen -
gepschemas fur iinsarisierten Differentialgleichungen mit
konetenten Koeffizienten gebraucht L;‘],[é ]- mir dse spe-
siglen Differenzensgmoximationen des Differentimlopérators
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in einss uichtregulimen Ne % vewendel men 416 Integro-To-
ta rpolationsmethode , Dis Differenschemaes sind moposon, gud
beechreiten -dis Grepsschishten und sind gleichma kon -
vergent, wenn dér Kpeffizlent i der Lblo:t'mns gweiter Oxd~
Gumg sum Bull, oder der Koeffisient Isi der gbleitvmg erster
Urdnung nech Upendl iohkeit atrebt,
Als Ba:l.xpiel btrfhtan wir di.e Grepewertaufgabe -
Lu M -Hlu 2 i 6“ <52 x} H 2
(2:32)
4(0)=Uq a ) M) =Yg
und dis Approxismgtion in ® HI!! mmmm-n Ilh.;\i_alohs_ - 1
d1s vetapunkte. alof), k=4, N1, g’ 6%0, ?'-;"i) [ emtualt.’
Hier aind ua Hs € K ma Q0 - gtiolveise
honStenten Funktionen im Segment [O/1], ulchn in jedem
untamegmentnn[ _’,K‘J 0%, %] a5 konstentén Werten
al"”h ‘l’ abméhman. In diesem Pall km T

gin sanma Differepsenschena
{ /\a, 8 (“ﬂm }—ﬂ (ut‘ub-f) Dr.u* '?
Mo=ady, My =My ) (=-'1,M—
kons truterte werten, wo Uy ¢ Pp  dis Hetafusktisoswer-
ten sind, welche '“(xx)) #(X'x) spp roximisrensaber A“
x ) Dy sindale Sonemeskoerrisionten . Das Differen-
zepsehena (2.13) 18t monoton bei frk>0, B:>0, Dk 20,

Abhvanglg vom Foeffiz fenten{) in der Gleichupg (2.12) kann
@wan das ‘gensue Differsnzenschema (2.13) ip swei Welsen t2-
kommen,

1. Sedi Buo ; denn ird des Schema mit der Integro-
ingerpolat ionemethode geWonnen, Wenn man die Cleichung
(2.12) in einer selbatkonjugierten Fom geschrieben ist.

B = (AR s Caki). A, (M)S(qu k),
Dk"olpg =h, “’ r(hy x)';&"'”d ﬂ‘)f:j)

(2.1q

(2ay
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Sla)= 2(¢%1) >0, Hz)=Z(1-5(2),
£:=X =K ) $;=X,“3N lifn{‘:'f&;)/'z (2.19)

K+

Wenn L&“-‘{;=#(xk.); denn hat des Differenzenschema
. (2.13) die zweite jpproximationsordnung,

In Falle des ml&nn Nétzestekonmen Wir des DAiffe rensensche -
ma von I}jin

YUz taugs={) xedy
{ M(W Ug, UlL1) =Yy ) (2 186)

"y lohfz)cthlahf2)

- der Porturbstionskosffizient des Schemas 15%. :
Das Schema (2.16) ist gensu , wenm (4, 4d1§}mnltnnhn Ko -
effizienten sind,

2. Wenn 4‘ :FO dann kaon man de’ 2eneu€ Scheéma
mit der analytischen ifisung der Qleichungen (2.12) in jedem
elementaren Uatexssgment [ X, % ] wd [ K, X, ] te-

konmen durch die Pixisnmg der ¥etsfunktiouswerten 4/, , 3
“K ] ugﬂ an lndn der Segmenta. Das ﬂiﬂnumamhama

1st mosoton, Wean 1) €0  15%. In'spesislen Palle =0
tekommen wir den Algoritamus vop W .Bechvelow in der Fom ( § 20)

Jﬁlx;fﬂ_u =,'IL(X)‘: XE W
{ w(0) =Uy ) H)=HUg ,
Fhenen PG iR
prlebermy s A IE .

"salogisch kenn man des gensue Differensenschema bekuamen,
Wann CK) eice stlickweise-linesre Funktion in Jeden sSeg-

ment (X, X, J,k=4,¥ st [&]
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T Falle des Gleichungsayetem (2.12), wenn '
w, 'y fiMa, Ue d18 M —diner onelen Vastorva und

Al - a1s atrimen der m  -Ordnung siad dae
Liffesensenschens (2.13) seins Porm  ofhalt, Ry
nepn u* ) .“tti ,CPK f‘!K-' ) T fﬂ.l Vektoron,

Z,qx JQK;BK ’A'K )D& “’ Latrizen,

5(2)= 2(ep(2)-E)7 r(2)=Z'(E- s(a-))____
- di8 Mabrixruskiiones siad ( E ist afo Binheitsmatrix aer
M -Ordnung) . wenn die Matrizen .at ) Qr  symmetrisch

sipd, denp heben sie glle  yeglen .
Eigenjexte )\ | und die Matrizen A.Bg“w" puli.ths

i lgenke rte (j 31:)_ S( ,\*ﬁt), d.hy dal Diffeensen-
sshema (2 4 3),(2.14) wonoton 45t.

In den Anwepdungen epielt wichtige Rolle dis uunnn—'

tiglgle ichung « [
(\)u') + au ""{6‘)) » " rkan

we V20, Dss entsprechende monotone Differenzenschema
uird in der Porm (2,13) suchruhn [97, we

B A TS Chl)>0, A =(f s..f*vlsu )20,
D=0, ¢, = f-(&); ol (Z.28)

I % Schema {3.13) ist genam , wenn die Koeffisisnten )’
. 8 tilc bove 1me xnnnmn in jeden elomentaren Seguen-
te sind, und {-*,COM
In Pslie deo Systems (2.17) 8% ) eine posttivdetint-
be uat.rlz. Wenn dis Koeffizisuten J, @A, der Gleichun-
gen (2,12),(2,17) stetig alod, Jdann kunn man dis jpproximati-
on diener Koeffizisptun mit stlciweise #latten Punktionen
vemvendsn, zum Eispiel, der Koe £f iz fent a&) im geg-
ssat [Xe g ,X;] kann it dew Mittelwerts

LI _—(_g) I::;;,:}Ax. q-pmln.tu:t werden .
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2,2, pie nuu!l.nlﬂn Difﬁnuem sur iSsung
der M’ngﬁn fiir partielle Differeniial-
gleichumen des elliptischen Typus

Wir betrechien die Randwertaufgaben der partiellep Dif-
fereptialgleichinides elliptischen Typus
Lu= f_—f&li“a); MXz) e J2
A= KXy Xady (xeda) € AL
im Rechiteck
1 =(keta): 0< X, 284,04 %24 G ]
ait dexr Grefse OJL , wo

lu=s vf"a%x:’.,. J‘é’ufa xfl iqpa/axﬁ 0,:3'(/ ox,+ bu

= der Differentisloperator 2. Ordpung ut.‘ Y
.F,/(.'- stetigs Punktionen sind, ‘50, p{éo, |f 20,
Ersetz t man die Ableitungen im reguliren Nets

“)F[( ,;‘E';} "‘&QJ‘-"‘*!‘;*OR: ‘..ﬂ/.*fw"‘*o:‘f_, (2 20) '

. a h
durch dis Differenzen, denn bekosmt das monotone Differemsen-
schoma sweiter pp,rox imationsordounsd

Ay = @xyX) ) (X1k2) € u)ﬁ, uiee
A= HOaK) ) (k) €y,
"o D= RN, Y=Yl ), P=Plraily ) - 430 pesetoni,

tionen sSinpd, welche z die atetige Funktiopen
in Punkten doa‘euu Ly spprok imferen ,

A e
Ny=vhy a 1.4 &fﬂzg;ﬁ?zga fgg.

- der Differengenoperator mit 5-Punktachsblon '
l
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J/,_‘r-(f?../.z) th U?- J2) - ase perturvatfonskoer-
fizientsn des Schemas und M= Qmtim / IJ@} - dis
§e ts-fe tnolds £ shl sind, '
Leas Differersenschema (2.21) verallgeneinert dps @ indimen-
sionale Sohems (2.16) im Palle der zwel Dimeneionen, wenn

dia gpproximation der e indime ns ionalen nm:mthlm-
driwken

L AE v“"a«/ax., + a.?“/gxu
mik dln Diftan;lﬂnanl&:ﬁhn |

- :

Ay = % 7, tOm . s
angewepdet werden(,, — 1,.1)
Das Differersenschema in d¢h mentralen Differenzen (h-—-J, 4_)
ist monoton nur denn, wenn .

max | R.] ¢ &. @ 22)
Da® Schema (2 .21) km msn in der vekhri.don Form nrallp-
weinern, wobsi @g,Q,, & - die guedratischen Matrisen,’
u,{,, M1 9  -dis vektoren uad Yarda - eie Matrx-
funktionen sind., Im PFells der kons fanten Koeffisienten kamn
man beide problems (2.19), {2.21) ansly tisch mit der Hilfe
der Pouriepr-Reihen igsen (die naugan und, diskreten Verlan fen)
[17]. pis Heungen sind fur die wmbnmn der nume rischen
Algo rythmen gnltig.
Wenn man des gwe id imens fonsle Analog der Gleichung

- (2.17) tetrechtet

b 0" e B raGh v e =flunk),

(223)

daon bekoomt man -n dsr Approximetion im nichtregularen Nets
(41 uupmkun( x‘”) ) die Differensergl” ichungen
: *
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3(‘9(" )A‘(#,JHJ)B(#H,, gk s

1

St G dse F'mmmworh sind, welcke dis
Werten a(lﬁ"&a’) 'f( mlw) spproxiniosen,
1 t ;ﬁ ;E “siod dle foeffisienten | (dme Differen-

h-n i,sl: t mono ton, wWenn dis Eoeffiz lepten positiv sinmd),
B (ki) SCat e

J (ﬁ ;) u‘ﬂﬁ )&‘}‘KJ

J t) S(dlﬂa )vﬁJ 70)

S T W,

e J-c%) 'S (R 40 ot
L ey /p(l) A=,/ ' Jﬁ‘ ..xf”.x‘@‘f (JO,J)O
3.; =% -x(""f "(ﬁ +ha)I2, 3= (;fgmm.

und die u:ﬁPon nit den Indexen H:%_ Jt‘}ﬁ. teze ichoen

dis entaprechenden Mittelverten e:_r Netw funkiionen in dep Seg-
ten (2 I (4 H,
menten xg_) (J (x(/xic ))

| (x‘“,x& ’) (x? Xi"f))

Die Algoyythmep werdsn fir M Ve r das
" System verellgeme inert, sobei ;)z" xﬁ qi,a,g ] -d1s
Matrizen, u,{;(f’ .= 448 Vektoren und Sijrija -

Matrixtunktionen sind [ G.B_J,

]



192

2.3. Dis Msmgsmethodsn fir dis. kfengs-gamivert-
sufgaben der Gleichungep dea w-
Wir betrechten das nichts tationBre Problem
fBQﬁ:)ﬁ-= Lq + f{f:f) ] xe(o;e), +20
ul, = ¢ ke (o] - @25
“f!-ou ulx=£= 0, T20 ,
w Lu=pouox*+aou/ox - asxpirferentialausdrwk
upd ,q,{, V)@ - dis gegedenen Punktionen sind ()370),

E1i der Mssrbeitung der spesialen Methoden iat wichtig der
Foll, Wenn der Farmeter |a) grof3 oder P -ddein parme-
ter it . Aus der monotonsn pproximation (2.16) in eipem re-
gularen Hete (2.1) folgt dis gerade Methode wis eines pnfangs-
wertproblem flir (BG ] :

{ ducjdt=phid; ; rauy « 416
uo&}-‘u,uW“D; H‘{DJ; W

4, 'Y =) fele)=£xirt), (.= P) ) =M1
_Das entsprechends -punkten Schablon-Differensenshenss
| ¥ir in der pornisathelten © 0 -
(y'to-y 0o)c= sy t)+65)y ) +&) re,
| yweptyo=4(Y=0,020,
nobe i g = I’J'g,*"‘*qg;’ - dsr Dm'umcnmmk?zn
0% G 2 4 " . sz Scnmasparmeter ' ( §‘=0 - des
uiusiu schems, C=0,5 = de# Schems von Krenk-§ikwlson),
(x) - die spproximation dsr Punktion der reciten
Seite 4(:,{:) ner dor N4z, -Schichten sind’s¥enn

dle Kpeffisienten i” a kons tant sind, dann kann man
dis IMsungen dieser problemem snalytisch mit der Fourier X

(2.26)
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- Kethode pekommen. Zu dissem Zweck wird des blotonomisren-

de opontu- -Lj, A — Eigenfunktionsys tem
X.w- Pf‘*f’(-“%)mk%
K= VE opt ) 2

wmtst.
Dis Eigenwerten disssr Opsratoren sind 'ulahtlﬁ!n!'

= a% W) +9 (xT/L)*) k=1,2).

" ,;l g!v_ _fi
Ny -89 Jak.ak o
%( K P ) .’ (2 29)
=1,/

Well dis Approximation des oinrden A monotor i8%,
denn st fur des Schema (2.27) dis Stebilitatemgleichung
- F‘r@—'O,S'-(Thi Y1 -ermnisumr wesn 60,5108,
" J'het des Schema auch die sweite spproximationsordoung in
dar Zeit, Inm Palle U'SO  kem man ein:© absclut stabllen
Differensenschenn (2 27) mit swei. Parmetsmn J ll"t'e:&/
wmm. wo

LT up(—zc))/( 2¢), C=yh™.
D tolu aus a-nmmtsm-n :

yzab/), F & @

Des explisite: ssolut stabile Schema ksnn man auch fur ase
sweid imensionals Wameleitungagle ichung (2 25) bekowmen,

s L= L1+LL ) Jf"(x,_,!;) ' o

L,u =055 01%+ an 24/0x. l’w
m=4,2
Dam. 2ind dis nmcmmou;mu in dor porm

(4" -5 )y =Ny +10), 20,

(¢28)

(2.30)
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G AH\ ) K= (X’u‘z)Gu)&,“;
R v
= (1+up(-4c})/(ac),c =0 855587,

e das anfang® ~Hanive rtp roblem dsp swe id tmeps lopalen War-
wels ltungagle fohung su l6zap, waxden dis altéernisrenden
tichiungeme thoden verwandot, Zum Pedspiel, eins von dissen
Lethoden (448 Punktlonen eied naech der n«rf‘.i. Seh ioht

gusgeschlivasen) st in dey M
SR TEIE N fa g,

wo E dar B inhe l.tuup-rator .I.lt.
3,  Dis ntmgg mg sur m’ m"ur'nm'nimgq
i ert ben der mik u
MM '

In Aluchnitt 2 werdon dfs fMir dis JBoung der ODG susge-
wrie ibe e monotonen Differense nschen ® filr dis ISsung der
#nteprechepnden eindinons localen Ramdwertprobleme der Hydro-
dyemsik [ 9] wawm [ 7,10 ] ubsrtregen, I wlisdigen
orthegonslen ikurvelinisen Koord instensys om (%,9,.) ver-
wendpt men bedi der Differensisloperatorsepprox mstfon mit
dea S-Punktensheblops Differensen dfe estsprechepdsn eisdi-
sewiopalen pproximationen mit den 3-Punictonschablopns Dif-
faxensen [ 9] Wis iz Palls des oindimensional Modelles dea
stptionhren Gle mm-'nm (1.214'.’23) etrechten wir
das Sya tem dex GDG i

] (b,u)) +a,u +cw 1 11'= =4;
(53“’) +a,,w
1 (‘3“) ragH' fs )

wo dis goeffizienten und d1s Pupktionen von der Variable X

(3.1)
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sting i wind, $170, 6,70, 6370, o' =dufdx,

U.8.. Das System (3.1) kanz men in der vekiorislen Fom
(2.17) beschreiben, w

8,,00 A
"(0‘;\ 'Q"—'-OG,‘_O
o 0 63/ .?_?_g)a;,s

dis Matrisen sind, aber Als Vektoren U, heten die Ko
ortmaten 4,W) H wd 51 f51 3 » ' Das entepiscnen-

ds hmunnmm-n bat dis Powm (2.13),(2.18),
A‘k) ) A = die Natrisen, aber 4y tp‘ -din 1"-

toren sind, Dus Schama it monoton, Wenn 415 Matrisen Z=
= n{‘l =yt meele Eigenwerts haten, ater dls Eigen-
werts der Natrisenfmktionen S(2)  peattiv sind, d.1.
s 4,‘70, Be?0 . vens S(2) st muiee ser Tegrenech-
. Bilvester Interpolationsmethode berechnet wird, bekommer wi.
SChe) b5 Onmrh J‘;'Js(m,)ﬁ\ |
S@=| o S() R A
o () L 8(N) 7,
o ;.,,,-.-:q,,c B (m=1,2,3), sO)= 3N(&-4),
Is( %)= (s~ SGNIO=R) .
Dem (e OO - dTSEN 7;)"')

s(—m‘f 0

= 0
A& 0 sC%)¢€3 /,

\ /i s(;,)t, s d'Jsh..*al";)
=-| o SO 6 o

K ‘;'lk 5 A3 | S(S)‘.; (3.3)
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" t=alhilel ag=anb; 1éa (m—i,:,.?)
vooa L7 N, dwa &(x,’s:)-; s'oy.

I= Palle bg kons tan ton botﬂlhnhunl des reguliren ¥o%-

s03 kann der Differensepsusdruck Aa:‘ in folgender
Form geschrisben n:\ku : '

I\u,,:».'ﬁ [5(*2‘)9(% d, +(“x ,,_,Jf&-
‘a(aw(u,‘ a (4l ,+u,_,)f.!.] (S(-z)+s(t))

ﬂu 12+(.sf 2)-s(2)) h“ﬂu!:‘f(apu -fau;. ‘

w Z=abh, st2)- stz)=2, (SC3)+ S(z))/-z. =plz)=

H{2{3)cth(2/2) - sox rorturrurtonskostsis sont des Sohemss

*ia%. MIS der g_m* Z) ws dem Speitrm dor Matrix
3 ‘hll-.n wir

Y cg;tﬁ,o,,u& J‘:](\w\s)‘ '
k(i)-( e ) e
5 o &'3 )

- Y=y Ou) m=1rz';3'; Jj'(h-f).'-: ()O‘H‘w} /(>-3).

Dmit kSosen dis Differensengleichusgen sur lisung des Sys-

tema (3.,1) 3 regulhyen Nets durch folgende Gleichungen dar-
geatells werden

sﬂmu -+q,d£ *cwftJHo-tC‘Jj.{h)&)V-I-d‘g@'h)uﬂ_a% :
‘d& 'i'q&\'f;
‘3!’3 ”Il ‘|‘_q! H: ; 3

(3.5)
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In der Arteit [10] wixd fis Uberlegemneit der Diffe-
rense -luoh_ungcu {3.5) mit den perturbationskoeffisienten
Ym)Of i» Vergleich nit }"sseichen Agprox imstionen bessigt,

wonn der Paremetor C ist. Dis Gleichungen (3.5) un~
tersglsiden sich von den standarten Differensengleichungen
von A.J1jin mit ¢en Koeffisisnten ff , welohe im Falle
dor Wastmten Bettistenten §p, Qi fy, (M=1423), e d,

- und der Rsndbedingung ersiter Art der Ebnatruktion gensue -
Differepsenschemes sichem . Dss genmuis Differopsenschems
(2.13),(2.28),(3.3) kein man suf dss nichiregulare Hets Uber-
tragen, wepn dis Kpeffisie.ten sillclweise kopstant mind. Im
Pells der verinderlichen Mpeffisisnten hat des Differenzen~

 schema aindestens dis zweits ipproximationsordnung, wnd sise

avergiort gloicmB g, wenn Q0 Q3 oder c,d—oo.

In aén Arteiten [15,16,17) wuren andere eindimensionals ,

hydrodynasischs upd MED Modellproblemen betrschtet. Wirmer-

k*n dén Fall en, Wepn die Matrix in der Fomm

= q’. o d "
kRS Pt
' 0 3 1
1sg,0dor dia zweits Cleiohusg (3.1) in der Pom @;W)*aﬂ“

!
+eH' = ist. Denity had dis Matrix S(l‘) (32)

st el SO d6YS0, )4
s@)=[ o s(%) eb'sp )k
o W R ()
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4. - Die Eigenartizkeitsn der isisrung dsy
pume rischen Me thoden zur Iis :

sufgaban

Die Differsnzepschenss kdnnen nech folgenden Merkmasles
klposifis fext werden: 1) dis ppp roximstionsweise des
Heup tdiffereptialoptreiors in Rems (die edimseitigen und
gentralen Differenzen, die monotonen und gepausnm Jpproxi-
mationen); 2) dis Approximationsweise des Differentialope=
ratore in der Zeit (explisite, im 17site .und halbexplisite
ipproximation); 3) die spproximatiomen der Gremsbedi~gum=
gen; 4) die IBsungsmethoden des Differemzenschemaverfgh-
rens (die Statlonarisierung msthode , dis altermstives-Rich~
tungsaethodun. dis iterativen Methoden). In der letstelge it
rechnet men dis Problemen der pumerischen Hydrodynmik und
MHD bei genligend grofen Parung témm (&_, HQ,G"- Zghlen).
Deshald mlissen spesielen Netmmethoden und spders numerisohen
Verfshren mpn-hlitat wWerden, welche mit ‘nlpndn Rigen-
arten sich charaktisisrens
1) dils Amwepdung sines nicht reguliren !O'Bu mit dor Mbg~
1ic it dee Fets dicht susemmeppreJsem in den Gebisten mis
g n I§sungsg:edienteny” 2) die monoiome JpproXimation
gwe iter Ordamg der konveictiven Glhhn; 3) dis effektive
Auwendung 4es implisiten SohemesgWesdis Lbsunkider ehrdines-
#ionalen Problemen ltutbnioiu “euf die ISsung dey eindimom~
2 ionalen Problemen nmu:t. 4) dis Terbesserung der fppro-
xim at lonsme thoden der unnlmlh;m. sum Beispisl, fur
u- Tirdelfunktiony 5) die IBsung des Dunnungnhms

Mnmns Genmuigikeit,

j < Bffektiv sind die lmlhitln. Nthnd:u'ro-
renzenso.emas und dde lokalen n-h-?'io"_ﬁ-ﬂ-nmn :
far des Gleichungssyetsm in ﬂutuu feitschicht. Der cpti~
male Relaxationsparmeter ist in Jédem Netspunkt dex Diffe~
repnzengle ichurgen mii konstanten Koeffislenten su testimmen,
Die gute Kodéligleichung fir die Beatimmung des optimelen
‘Relgxetionsparemeters ist dis linears Gleichung (2.1%)=0)
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und ssine Differerssnmslog (2 21) [12,23]). ¥ir mstrechtes
den zﬂnuoupnnp ©it des Relexationsparmetar W7
(‘5 h’rtz' ) ln der hn
(x+4)
.. o ..gJ -R +

+l? la,)gm a,(‘}.1 Rlz)g(*” +9M)y
‘lq?J ) = 1, M- rJ 11

(3
wo ié“ ~ d1s petzfunktionswerten in der K -ten Iterstlon
( l‘ 0}1’2,.!: ] gil-‘; “a'\"".
‘g “4is gogependlmnfengsamn@herung 18t

K
is Dlm“m z_E.-: ( J S bat dis homogensn

@leichungen (4.3) ({f. d-0 4 » % for optimale Wlaxaticns-
parmeter u}'f” in dor fom 18t ((13,18]

W= 2l (L S1-3%"), D
Uafwfmm ey ] <1,

'ln.n is§, dann kt die Poxmel (4.4) nur daun
gULH4g, --nn | R [ €2 (Mm=14,2) 124, Diese Foruel verall -
gomeipert dis in derx Literstur bekmnten Fomela von Jung,
Rassel, Tekemitau, Strikverda, Pofte uwnd Veldmen. Di¢ Barech -
_ nungsresultaten seigen, ap die Differsneonscheued von
Iljin den Vorsug im Wergleich gu den mentralsn und sipseiti-
£00 Differememe thoden haben, Wono die Belsoldsgailverten
PL’ 2 des Netzes machsen, denn atreben div Parmme b ywer-

ten ), % wu Bull (A5h Methods yen Seidel),

Sur Moung der infangs~Rand¥ertaproblegen der mathema~
tischen Physik und MED =pislt wichtige Bolle 416 Stubilitate- -
tedinguigen und dis Geneuigheit der Differecsenschoms [ 1)

(4.1)
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idier kenn man @ohen, dej dis absolut stabilen implisiten
Differenzenschemas (die Methoden von Krank-Wikolsen, Djufort-
Praniel, Pismén-fekford, Duglas-Rekford) die Gepauix-
Fait fir Aais Ifsung der nichtstationBren uihbn nicht
garantieren. Bl der suflbsung der hﬂmmm upnd MHD
Protlemen izt o8 notwendigdie beiden goektzen (der stetigen
und diskraten Aufgaeben) su vergleichen. Ded hilft 4is vers-
chisdepen §isbilitita-Progessen (numerische vnd hydrodyna-
mische) miteinander sh vergleichen wnd die -taan-n Algorith-
men auszuarteiten ,

“POr die Oleichung (1) 1st des explisite Differemen-
schema mit der nmtncn dpprox imation (2 «2) i.n dor Yomm

Q‘)Ml = )ﬂ_‘i—du);"”wa"'& Ui “fJ'a ”)f.{’ ~;‘—'3-)

wo }“z('phfj_) dﬂ(ﬁ.‘,z)’ m=41,2 ,
R,_:[ul"‘,_&, R2=N”‘ARL; n 20,

Dis Stabilititsenslyse besisrt euf dem Meximwaprinsip,
aus d.. die Stabilititsungle ichungen folgen

b 2 R (= m), (4ud) '
TL AR (Y biop B, wm
Flir da® klessische Schema n!.t der sentralen Differensen

(;-1 Jo =4) folgt von (4.4) d1e wesentliche Ungleichung ;

= £ 2, . Vor das monotone Sohema 15t die neleichung
'(4.4) eutometisch erfillt. Dis Einchrimlungsn (4+5) in be~
sug auf den Zeitschritt T IBnnen euch fortgencamen Werden,
‘Wenn im monotonen Schemg (2.30) T =P,  1st, wd tekom-
@on wir eine: u,;auu absolut -muunnnnmmh-- <
; {4.31. f R o
"7 'Pie Gleichungen (1.1) des p“otrhchtn Schemmgm it
swel lah:)nhhn #ind in der Form

(W™w)/T = &'[T/lu) YeSIM" T, ro ey
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ve A=N+Ny,
A t‘) A"_ XX P&ua)‘o ) Aﬁ.d) =}za)’i-9gwaao )
0£G <1 .

Aug dém Meximumprins ip folgt dis Ungleichung (4.4) und
die Ungleichung ;

T iﬂq((f-ﬂ‘)(hﬁ Y i i | (47D

Die stationgre IBsung der ntf!unuenglohhunaln(ﬁ #0)
kenn mit der sbedlut stabilen Itermtionsmethode von Heldel
oder nﬂ der obene lol#.t!nn-c&oﬂn mit den optimalen Pa~

remstexn t.-)o (1 2) reslisisrt werden, Fir des Schema der
gentralen Differersen gilt nur die unte¥s Relsxationsmethode
(Wf<t).

ZUS AMENFASSUNG

Aus der Basis der pumerischen Lntsrsuchungen im Gebist
der mathematischen Physik, Hydrodynemik und MHD der s‘shen
inkompressiblen elekiroleitenden Fllssigieiten kson man
folgende Schllssén gfehen ,

1. Dis konatruierten Di.fflnnmche-- filr die ISsung

- der Grenswertproblcre iBdnen in welten Parame terewechselge-~
bisten verwendet wexden. Die n&rn:hngmm sind monoton,
sis beschreiben gut dis Gaenssohfchten und epproximieren
glsiohm smmindest mit der Gepauigieit der sweiten Ord-
nung die entsprechenden Grengpryoblemen.

2. Die Effektivitat der enthalteten spesialen Methoden
-iet fir die Ibsung der Randweriproolemen den Gleichungen mit
E n Parmmetsm bel dan Ableitungén erster Odnung begrin-

. det, Die optimelen mmnmha‘j;;‘ullcﬁ.omw und
die Stabilitatebedingungen sind fir dic monctonen Differepzen -
schegen bekomen.

3. Dis puegearbeitenen nm sussmaen mit den experi-
mentalen Mnterewhungen smogiiches | die mathema-
tischen nua.n- =u lah-ﬂl- und dis mmdhn. ghl.rln-
delle athiangig von des p.__“a, sa Wkommen |
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JICHTIGSTE BEZEICHNUNGEN

KD - dis lisgoutohydrodypanik,
Db - d1e gewshnl iehen Differentialgied chungen

£ - der Zeitpsraster. SR e ) RS
{j",‘w - die Geschvindigks it und Wirbel- vekto:en.

V, =u,| U "'J U “! - die Geaohwinﬂi&hihﬂattorupo-
‘nenten  in karﬁa iscuen Koordinaten.
W= Yy .a%v -AY - 410 2—41rb1¥uktﬁl‘kwpununﬂ oder
dig Wirtelfunktion . -.
P,rf:P rﬂﬁ’}ljl.. - der Pluesigkeitedruck und der volls

r
Tt g bruek,

Fr r - dis ‘éu.‘rran xrartuam?_-g;rd_c‘l_ar eiektmau-
~'?—~: = ) petische Kraftvektor [~ =(. (_i A 8)

B, - dis Magnetfeldsinduktions ~ITntensivitad -uml
Elekirisehfeldsvektoren. .
—y ] i
J 3 Jats Strémungadichté - und Schwrmrtbanhlnunl-
sungsvektoren.

T, T, - a1e s1extrische Strtaung, 41 uediumtenpe ratar
und dle Quellefunktion der Wame.

j’;ﬁ' P Q,F Cpy )-;{t, ,,,K dis Kosffisienten dex
Dichte, des llektrolelm.nligaug.dor kinematis -
¢hen und dynemischen Zshigleiten, der Wamsver-
breitérung, der Warme kspez Ltdt des Wameleitwer-
migong der Megnetpe muabil 1tat, der Kagne tvisko-
sitat und du Tempe raturale u\ven’;issona I{:: 95‘ y

h=(f9) ™) X=2($C)*t )

_Vo,!',lB_ojT; - die cherekterisisrepden Gzﬁlen der Gesch -

winligkelit, der Lange, der Magnetfelé ipduktion
und Temperatur.
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Rf-= yg_;,-;p__) Q,F go-'j‘: = Reynolds~ und Reynoldamagne t
: zahlen, :
Ha =Bo'-umj ﬁf= B:'/(ﬂ_fli:) = Hartmann- und
Alsvenzghlen . 3 -2
S = ﬂtﬁ. ) EF=PILO(T‘TM)" - Stjuart- und
* zﬂrﬂgofadal!n. .
S= T, R Rz aex Brextronirtels tutmumngparae o,

(:""'06)-./',0' der Strimungsrotationkosfrisient ,

Pr':.- l’/z, |)£= Gr : Pr\ - pruntl- und FeKlesshlen, -

- dar Winkel gwischen der Richtung des N.Fatln Magos tfel -
des und _der'O)L =foordinatenachse ., :

L ! JV=?"4“;JJV, A - pifferentisl-, Gradieni-,

Divergems - und LaplaSoptratore.

e .
D/D t= B/atf( V.?!dd) - d1s volle Ableituns sur Zeit.
9{3 'l‘ﬂﬁr'__lnfll_aighlaiiiﬁgé}opnrator in tezug suf die hu_
ere (rengnomale,
%(2-, ?,: ~ die sentralen Differensen sweiter und &yetor
Ordoung«
T," - dis gleichmiMgen Netzschritten sur Zeit und im Raw.

R‘=!‘/l’ - Reymoldszshl des "Nétses" mit der Jeschwindigksit-
skomponon te
= der Differenzenachemasperiurbationskeaffizient

1) =P‘ £ ot‘ Q‘/.!, _"' - das Differsmenschems von Il)in,
2) *zh/{-{-({t&fﬁ) - dga Differemenschema von Sa-
narsid,
3))“11’9l,2. - des Differsmzsnschema gegen den Strom,
o fer die Upwind-Differensen,
4) =1 -de Klassiche Schems mit sengralen Differensen,
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2%
fi,Kalls. Speciflu okaitlisko wetoZu izetride un pielietoiana

natemdtiskds fizikes , hidrodinimikes un Wagns tiskas hidro-
dinanikes problému risinéSmé. ' :

Anotécija, Galvenie hebilitBcijes darba rezultati hab.
Dr.ama®. groda legU8snal ir spec ifilu dife rencu shamu kone frus-
Bana matemStiskés fizikas ro gmhlhn risinéSanal glais pa-
rame tru lamaines dlepazond. Diferendu shémaes ir monotonas,
labi spreksts roteis 52:: un viemmérigi vismez er obrfs kér-
tas precis 1t8t1 gprole attlecigds neplrirauktés robeiprob-
léman, arddita legOfp speciflo metofu efektivitits, risi-
not robafproblémes, kurn viepn&iojumoa ir lieli paremetri %.la

imas kirtes atvesindjumiem vai mazi parsmetri pie sugsté-
otrfia) kirtes stveeinijumiem. Rotelkti optindlie relak-
8icijes metodes knefioienti un stabilitétes noSec Tjumi mono-
toném diferendu shamém, IzstrGdatos skaltlisk s metodes a
ar eimperimentsliem petijumisn deva $espdju redit nessspieia-
mu elektrovadodu viskozu Skidrumu pllemu meteaétis kos modelus
un lspatit to Ipedibas atkeribl no parane triem.

'ﬂ.l.ll.l

Depariment of Mathematice
letvian University

Riga IV-1565 . ’
JLATVIA . 4
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LATVIAW MATHEMATIOAL aocmr -

_ The Latvin Kathesatical &n.iny wia founded on January 15,
1993(!051.:%&06 on March 5, 1993), This is a yoluntery organisa-
cisns in the country.

mumuhwmﬂtﬁomm:
to sppport researches in mathematics and promete mathematical
education in the country; 5
to contect with intermational pmznlional methemstical organisa-
tions snd to represent interssts of Latviau mathematicians,

The Latvian Mathematical Bociety is headed by the Board
slected by the Common Meeting of the members of the Bociety.

At present the Board congists of 7 members: Dr. Hab. Math, Uldis
Raitums (the Chief of the Society), Dr, Math, A, Reinfelds (the
¥ice-Chief of the Society), Dr. Hab, Eath. A, Sostek (the Becre-
tery of the Society), Dr. Hsb. Math. J. Carkov, Dr. Hab. Hath,
I. Btrazdig8, Dr. Math, J. Cirulis (the Ceshier of the Bociety)
and Dp. Math, A, andSana,

The LMS establishes business-like cooperation with simiiap
organizatione in cther countries of Burope and in the world.
A useful cooperation is being established with the Estonisn
Mathematical Society, Polish Msthemsticel Scciety, Finnish Wathe-
matical Bociety, Mathemeticsl Bociety of Denmark sud some others,
Thias cooperation cnirisaau. in particular, exchange of sctual
informstion concerning the sctivities of our societiss, importent
events in mathematicsl life in the countries; exchange of infor-
mation about the main direations of seientific interest and
researches of working mathematicisns in the countriss; the
exchange of scientific and popular literaturs published with the
support of the Societies as well, as with other mathsmarie~l
publieations printed in the countries.
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The INS org nizes lectures devotsd to different actusl
directions of research in Mathematics. In particular, on Hay 19,
1993 Dr. Math. A, Reinfelds presented a lecturs in which bhe has
conc ldered some problems of the qualitative theory of dymemie
systems. The LMS s planning to publish the mtnti of these
lectures in a special series of preprints.
In future, the Journsl "Trensactions of the htvim Hathe-
matiesl Bocisty" is plamned to bs published, too,
. The LNS starts the work on the Latvisn-English-Germen-
Russian vocabulary of mathemstical terminology. This work is
scordinated by professor I. Strasdigh,

U. Reitums, the Chairman of the Latvian Matbesatical Bociety
i, Sostaks, the Besratary of the Latvian Mathematical Boeciety

MATEMATINA

Iindtniskie raksti
580.s8iurs

Anglu un vilcu valcdd

Recenzentis U.Raitumss Dr.habil.wat.: Matesstikas
3 un informdtitas institdts?

J Kepltin. Dr.math.s U Difarsncill,ie-
nEdojumsu un tuvindte aprBki-
nu metofu katedra.
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