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XraJuma publice t i i inä tn ioka darbs r e a u l t a t i , kaa legdtJ 
11! I. - 199 3.g. LO natemStikaa katedru an IO Katemflt i ias an 
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k laa . IrajuaB i e t v e r t i e z ln f l tn l sk l e r a k e t l na t l ek r e o e n s a t i . 

B c ö o p H « E u n e o i peayjo-wra BBVHHUX aco.se flow HEB , noiy^aH-
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yHHBepciTeta, aHOMiyw miemtta» m aB$opyaiara JfaraaioKoro 
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BoatMHoiBo aa onyöjnaoBaHBMx B edopsaxe pesyjatatOB noxyteHH aa 
aapiox 1991 - 1993 I T . Bunnemuie 8 odopaax pyxonaoa. aar. npaBaao, 
aa paflasaapTDTCa. 
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and l i i a t i tu t e e o o l l a b o r a t l w ; with mathematioiana of Latv ian 
Unlvera l ty . Bie works included in the p r o c e e d i n g Renera l ly 
are not reviewed by r e f e r e e s . 
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ACTA ÜBT?.U17IHISI3, aar. JUff l . , v o l . 5 8 8 , (1993), PP.7-14. 

AN OVERVIEW OP THREE WORKS OP B.GR1NBERGS IN 
GRAPH THEORY AND COMBINATORICS 

U.Zeps, J.Dambiüs 

Annotation. In the article iwo special graph constructions nave been considered. Hie first 
one give* counterexample lo A. Adam hypothesis, Use second howlo build three - connected 
graphs with exactly one Ilamiltonian cycle. The third work shows an attempt to number types 
of subgraplis in the complete graph. j jg j gC 05CXX 

Examples of am-Adimian muWftapha. 

Examples of non-Adamian mulligraplis at a parameter k £2 (k is the number of parallel 

directed edges) were developed by HGriubcrgs in raid 70 a. The manuscript of this work was 

found in the archives of RGrinbergs in 1985, after his death. In 1987 we have published (his 

manuscript m Russiar (see J IBTB. MOTGU . exteroitiim, uun. 31). 

II was A.Adams who first formulated hypothesis that in each oriented finite graph with 

oriented cycles there exists a directed edge which, when reoriented produces a graph with a 

smaller number of oriented cycles than there are in the original graph. 

We will use c, to denote the number of oriented cycles with a length i, and dj for ihe 

number of bypasses with a length j for the directed edge (x. y) i.e. the number of oricuted cycles 

for the directed edge (y, x) with a length j . If each edge is replaced by k parallel directed edges, 

the number of oriented cycles, when reversing arbitrary edge, grows provided 

Jc-1 • y j t i d , -J^k'-'c, > 0. 

Here, E.Uiiobcrgs defines a special class of oriented graphs Of whose vertices arc 

interactions of straight lines forming from p&4 horizontal and p vertical lines. I:igure I 

presents graph Gt <p=H). Graph Gp has the so-called basic directed edges, it has been proved 



a 

•hat only bask «ireeled edges must define c, and dj. 

Tlie set of basic directed edges is formed by directed edges 

j ( a . a . l ) , 1 

and following thtorein is proved: 

In graph Gp at p&2 the basic directed edge (a, a+1) has 



all the right aide value* of the equation*arelarger than aero at pS4. 

So, hi graph O, aajlirlag each directed edge (a, b) by k -2 paialiel directed edges 

(«ti - (a, b), e u - (a. b), II •> i2) then is formed a graph which is an example of two-

ROrinbergs arrive* at a coachoaos thai •not ander taUag apeciai studies one cannot reject the 

priiiBjflilj mat at large p (p - 100, - 1.076), whea ff is dote to I, graph changes into 

aoa-Adaauaa aaabtajaptt by repladag not all (be orated edge* by two parallel directed edge**. 

at *has work acscriptlon of aha properties of graphs Gp a* well as. two modificationt 

to obtaia other wm-A r l i i i * ataMgrqili b atvea. 

Mmarript of thi* work of B-Orlahug* was discovered • 1990 although it has not been 

ahuuanai a-nia He started to read a coarse of luhsfu la waahinatnr^ 

Huh raj of —jhrialin. la the • lihiadui 1971 he read course of lectures to both the students 

sod those interested ia discrete aiaaV»eücs. Whea «sing (he notes of hit students, one can see 

aaat • aa* c a m of lactam ROrinbergs already developed the rnata proofs of the liitaax*. 

but it i* likely that ate fatal resaha wen obuaaed ia late 70 i. The aaaaaacript also hat been 

found ia his work datiag back lo 1973 aad 197«. The numerical results were certainly obtained 

by E.Griabertx wrthow the help of cwatwtu. 



The author get interested fat the problem of the wttBher of k - treet (k > I ) In ̂ atahei 

giauh when evaluating the number of trees ia arbitrary graph and generalizing this idea to the 

case of k - uses. The above research was conducted at the beginning of TO t. 

Here, B-Gruibergs defines the number of different structures ia complete (directed and 

oondirecled) graph. He also defines permissible decomposing covering u I lubgrtph of ccwpleta 

graph which contains all the vertices and whoso oooatnpty traatKClBil compoctents belong to the 

gives rKJcaiumttxtiag (two atfTereat typos have ao rnataipa aiogrnaoi) t types. Tree*, cycles 

and connected graphs with oae cycle aad one hanging vertei (degree of the type equals one) can 

serve as type*. 

If l,(h) Is the number of all conaorMw coverings of type h (the rr'mber of h typt graphs 

with n labelled vertices), the exponential generating function (h type bask: function) is 

a, is the number of covering of I type, but 

( «| . " l " J - { a j 
denotes a vector which is the Signatare of cuiatlag 

* 

Number ° i will be called Uta order of covering, but l a {a i ) will be the nurnbar 

of all coverings with a given signature, while L{o,| will be the exponential generating fuoctioa 

\ t i It the number of all coverings with an order I 

is the exponential generating function. J « " ^ J « . » will denote the number of all coverings 

and ' *4p *"« eaponeatitl generating function. 

The follmking thi icm has been proved: 

if the basic functions ! |h| th-1,2 s) for the given s covering component types arc 
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known, Hie below equations are valid 

s - , . £ ( g . £ l i . . ) \ 

L • e x j s j g ( T J I L ) J . 

A method has been presented on how to find the number of trees of complete nondireeled 

graph with v banging vertices by means of the theorem 

alt 2 3 4 S t 7 a - 1 

3 3 0 0 0 0 0 3 

4 13 4 0 0 0 0 16 

5 60 60 s 0 0 0 125 

6 360 720 210 6 0 0 1296 

7 2520 8400 5250 630 7 0 16807 

a 20160 IOC 800 109200 I B M 1736 8 262144 

Vertex with a degree 0 has beta csmshhsrad) at hanging vertex in k-tree. A method on 

how to determine the number oi 2-trees with v hanging vertices has been given. 

n/v 1 3 4 5* 6 ' 7 2-tree 

a 1 0 0 O 0 0 1 

3 0 3 0 0 0 0 3 

4 0 12 3 0 0 0 IS 

s 0 60 so 0 0 0 no 

i 0 360 630 90 0 0 1080 

7 0 2520 7560 3150 147 0 13377 

1 0 m a t 92400 75600 12320 224 200704 
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ait 1 2 3 4 5 t 

2 1 1 0 0 0 0 

3 3 3 1 0 0 0 

4 Id 43 6 1 0 0 

s I2S 110 45 10 1 0 

105 IS 1 6 1296 1080 433 105 IS 1 

16807 21 7 16807 13377 5250 1295 210 21 

1 262144 200704 76608 18S65 3220 378 

riitce - connected traphs with only one Hamillonian cycle. 

(unpublished) 

Ankle |li is prepared by D.Zeps from several peaces of anuiuscript found in the 

archives of bti i inheres. 

I hi'. ,IR .i.lrui ol the existence of ilnee connected graph with exactly ore ilomilloman 

cycle (of I II rraph) KOrinbergs called Zeps problem, because D.Zeps in 1978 asked 

C (Irnbergs to give hint some constructions for non trivial (3-coonectol if possible) graphs with 

exactly one llainiliiuiiau cycle in order to check on the computer his programm for the finding 

ul llaruiltouian cycle 

la ID"). h liiinbeigs found ;uch three • connected graphs giving also die construction 

r.c« i ' build aibinary large graphs of the class. 

If t,^ denotes the number of k-trees of n vertices, of complete graph, the following 

equations are proved: 

^ • » ' u ' i i j ' § , - . i , , , ^ ( 5 ) S 

where Pk(n) it polynomial degree k-1 with coefncienls which are whole numbenfl'^, - n*') . 

Table presents the number of k-lrecs 
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Flg.2. Slums \*u modifications of Petersen graph with s triples 

Using that with 9 vertices we get the minimal known I I I graph up to now. 

On a cc«nblnatoricsl meeting in Moscow (1980.) il was laid about (his B.Grinbergs 

result, patting live cjvestions about the minima] such graph and about the existence of a planar 

such graph. It Is interesting to mark, (hat L.S.Melnlkow (Novosibirsk) on (his same meeting told 

that he had been tried early to find a trinmjulation with exactly one FlamUionian cycle. In 1988 

J.Kratochvt! (Praque) and U.Zeps proved that such graphs don't exist [2]. 

Let graph Q contain s-triple <x,y,z>, if there exist three vertices x, y and x (lia( 

1) there is onlv one HsmUtotaan path between vertices x and y, 

2) (here is no Hamilionian path between vertices x and x, 3) graph is either three -

connected or it becomes Urea - coiutccted when adding a new vertex t and edges [t.xj, [l.yj and 

Taking two graphs with s-trtples <x,y, i> and < x \ y \ i , > , we obtain l-H graph If 

edges (Ay'l, [y^x'J, [x,-'] are added. 

In every l-H graph i( is easy to find s-trtprct: as x let be taken arbitrary vertex, as y and 

z - such vertices that the edge (x,yj goes into Hamiltonian cycle but the edge (x,z) doesn't. This 

gives way to construct arbitrary largo l-H graphs. 
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1. 3.fl.rpnu6epr. Tpexcesmiue rpn4>M c eaMHcrneiHHU rnuaBbTOBoauu ajusraii. 

P * A I I J I B T B H I , Pars, 1986. (tlOriivbergs. Threo-connee»«J graphi with exactly CAB 

HIMILTONUUI cycle. Fund of program™, Riga, 1986.) 

2. i.Kratochvil, D.Zeps. On (he Number of Hamihvjruan Cycle* to l̂ faaaaakwkaae. 

J.Qraph Theory 12 (1988), 191-194.. 

l .Senc. BJataSatac. Odaop rytx padoT 3.rp*ndepTa no Teopan 
rpagon a TOitdHBaTO?ff»*. 

a fapTan* » . B padoTS paccuarritBaBTca I M oneniiaaa*fHe KOR-
CTpyRHH r p a w » . neppaa aoHcrpyraaa onpoBeOTse? rnnoTesy 
Ä.ar»ira, iTopaa uosBoaaei crpoBT* rp&lpk c QJIRHB raviUBTOBOBiw 
nrawoa. B Tpe re i padoTe asaa r a o p c m . o nouottaD ROTopoa nepe-
•neaeRa paiRCfe nanrparJiH noaaoro rr^cje. 

grafuj A.Adama hipoterra pnNptemerui, otrl- grafttt ar vierai Hamilton» dxlu. TretaJI darbt 
formultta bwrtma, u kuru paBcbabu paraeaiiRi pthaa gnfa dadacBe ipekignfi 

Acbvĉ rhadâ aaeata. We would like to thank firm 'Bellie Tec*rK*ogie* Ud." who supports the 

Buaagunent of ROrmtergs scientific*! heritjg». 
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ON THE PROBABILISTIC BASIS 
OF A COMBINATORIAL IDENTITY 

J . Lapinl A . Loren c* 

AbsUkct 

Sean caahikklorikl irlsalilist an proved- Tk« suis I M » a obuikad 
'•» eoapkriki I n A f a a l ispi—.l.liu., of tk. prokkfcOUy of * N U U M 
•»«*i 

AVIS Ssbjscl CU-iickUo. OSAlf. 

Combiasloiikl idtnlitiss involving finita or infinite Mima I N widely uaad iu 
solving various problenu ia datacte mathematics. They ere kkw appararik to 
problem* of probability theory, especiklly to those of rilmlatrng pro hk hi Ii lira w> 
cordiag to then- claaairal definition. A number of methods haw been developed (or 
the parpom of proving comhpsaAoiaal identities. Thus Iba method1 of recurrence 
talalinaa, lbs method baud oa radproeal relklion*,lh« method of ganeralmg fnac-
lk.ua [1] aad the general approach to evaluating tu ma by reducing them to »1101* 
Of multipl* integrals [2] us well lusowa. The präsent authors bad cam* serosa 
aleraatug idea lilies of a combiaatorial nature wbea •airing sUtiiUckl problem*. 
Allinpt* to pcovs them by Ih* mat hod* mrationsrl abova war* not sncceaful. 
But it lurnsd öat to be praaiia* to prove them by computing lb* probability ol 
aa kppropcikW evant by two rtinVrval tpsihod*. 

U l X = (AT,,X, ) ,Y = (Yuy,)be iad^meadenl identically djatribulcd noimal 
random vector* with especl^tioo* 

BX = EY = n = {0,0) 

kad with varikaee mktriots 

YarX = VarY = D w < i . 

http://lk.ua


Lei n* consider a random vector £ es V - X. Theo 

BZ-EY-EX = - u - u = (f>;0), 

Vor/ = Vary + VarJT = 2D i ( i ^ ) 
end Z also i» a normal iauJom voclor. Wo can ralmletn Uta probaHEty p of Iba 
event {X, < Yi.X, < Y>) aa (olkrwr: 

p = < y,, AT, < y , } = P { 2 , > 0,Äi > 0} -

Using a «nbatitutioa i, = rsosyi, sj = rainy 

3» y l-0ä3e> 4 U^y/l-f 4 JT 
For W < I TM hava 

•sca-a-aT 1 

(bere and beb» 

(2*)lt.»2-4 6 ... ( a s - l ) » , 

(lt + l ) l l = 1-3 6 ... ( 3 t - J ) ( 2 « + l ) , 

(-1)11 = « 1 - 1 I I - 1, 

t 2 1 ) a « d 

kbaxefan aar valaca af/>, W < 1, Iba probability p i 
Hb »laut aarm 

ia Iba 

4 2 » £ i ( a ) n (2 » - r l ) " 

NOVJ wa abaB calcalaie Iba ranbarslsy p ia adsSaraal «ey, bat at frat btt aa 
mnainW soma auspia rnaaUaatonal aaaalilaa Tba trat of tbaaa ia airsa ia [I] 
udaaatobo«* : V i e N 
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(») 

Proof. Poe U M » h a of *, |*| < } , 

(CO 

(i - 4 » ) - = E E ^ c j , ^ = t •* EöfcCfc*. 
I ' M M )-> 

«•dabo 

d-tar'-Eiv, 
B 

ibaatfera itatly V* e H 

U l «a d«vol« by 5« (*) Iba nun 

Vm,*€>y 
(lm + H + l)H 

* »< *> • ' a»(2.»it w 

Proof. For t s D w kava 

Ut aa aajppcae thai br aoatt r C /Y ideality (3) fobua for rataea of t, t £ r, and 
ccauader lb. mm S„(r + 1). According lo Ik* kanmptioa 

(3m + 3r-f 1)CI . (2m+ aV +1)11 ( 3 m - » r - I ) (bn + J> + 3)0 
" s*i»!> + r^WTW " V . » { » r + » ) H 

Ucnca we raa coecfade Ut l •dcoltty (3) a irsc fat m r r IC/Y. 
Fartbaa w. abaH rata Ike Mowtag « 



ja 

VK .ill . LU« by ruu io f malbrmaliral iitdiwtinn that Ike quantum H/t, end 
l\, satisfy Um foBowiag kbmlity: Vf j e /**, y > I, 

Pcimf. Kof j = t we have 

1 „ . f ( a . - i M i n H / i 
(»>« M * • > ) » "SS * (*• ) » (st-at-iyn"" 

I cl ua now MBiui t last ideality (4) ia Iran tot array .1, ; < m, aavd corraader iho 
Wk-wuig upttaaoa 

( W > ' ( 3 m - * + , K . P ~ ' ) ~ { * ' f r - i - r f - ) ' 

1 ' (2m - it -f aa - 1)1! (2m - at - 3a -f 1) 
(2m - at + 1)11 £j 3'(2*)l! a-*: 

(»m+1)11 
2-*> (am -at + i)i!(30ir 

Ii. .c Iba mat oqaably tobowa traraa ideality (3). Accenting to 0« ••iimplii» 

^ , _ ( 3 m - I - l ) l ! ^ " l 5 5 ! T ^ " 

- 1 A (3.-1)11 (3m+l )U 1 
(3*^1 . Ä J i * * ^ - * » - 1)" 3 - M (2m-J»+ l ) ' l ( * )J< IW 

Tfcua lb* ideality («> o> trae tot every j , t C H, j £ t- Now we dart to excuse 
tbc orcdjabthly oi lh« .veal {X, < Vi, Xt < Vi) ia a diflereal tonn. 
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X Ftp P I * ) * , * 

M I 

Man 

K « r p ( - i ± d ± Ä U 4 ) . ft. (p, , „ „ , „ , „ J a , , . 

Prom La« iaoqaafiir 

wt eWrir« Uta Ucwka « l i B i t k » of < . I>, « i , t,, >i,»,^ 

|R»(p.*i.*j 1pi.») l < 

and M M 

-«a -•• -aa -at \ • r 

Uaingiaaaiibrtitutio. v, = rCo.»»,, W - r M c n coa^, a, = raU W a b ^ c o a ^ ( 

^ r r n ^ n ^ a a ^ n a i n m c H i (p) < 1 
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I*. W I S «r> ( n + 1)1 { J»*« 

H W < , . I » « 

A-
tad ihutfuie 

Tbiu lot valoet of p, |o] < J, « hive 

(t*W 
— • 0, 

Uucct cUrnUtioaa ueiag U M method of pulial iaUc/Uto» g m aa, that 

»u.a. 
(at- i ) i i (a»-

„ ( a . " - ^ (at+ ».-! )!• 
'«••»--äTTi a-.-f.aO" ' 

_ (a, - iy- f {fi (a. - ' (a. - i)ii 1 

http://a-.-f.aO
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Hen UM Un equably fellow, from kknüiy (4). Since 

£ (»;' - a<)i " 
, x (at)[(aj-at)i , ' i 
iL W W - * ) " fc^«**-«-

£. (at), (aji - at + i)i " w * « * C = ( a , > » ) i ( a + iyi''«-

farther we have that far every p, |p| < J, 

Cocaraaraaa; fanaaba ( I ) end (8) en obLei. Uu caak neeU of tail eitide, 
aaaoaty UM faaewie* ideality V; € H 

£ WW, . f f w - » + » - i ) » V „ f ( » - » ) " . , /,) 

ä ( a « + i « ( » j -at ) ! a>-»"(a.)!f ; £ , ( * > " ( » + •) w 

It ia very aaay to liaav.fo.in ideality (6) iato another eqeivalaat foraaa, fat 
eaample, aa folowe: V> E Ä 

(t - | W 4 - *> ( f - • 
and V;€ftf 

http://liaav.fo.in
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TWO FIXED POINT THEOREMS 
IN A METRIC SPACE 

WITH CLOSURE OPERATOR 

Inaae Oaltoa 

ata^taftv. In tn ia work « • prove two f ixed point theurem* in a 
metric space wttti closure operator . Both theorem* are thaore.i.s 
s ta t tng the existence of common f ixed point f o r fan i l taa of 
mappings. On the f i r s t case i t ia family of continuous mappings, 
that aat la fytng the general ized cond i t ion of R.Kannan'a theorem 
( [ ! ) ) , and on the aecond caae I t la commutative family of 
nonexpanstva mapping* » I t h invar iance property . 
AMB Subiact C lasa i f i ca t i on S4H25 , 

Convexity atructura of an examined space or set is of * 
great importance in a f ixed point theory . In a standarocasa that 
neans that only aubaets of vector spaces ere axarninad. But it Is 
a lao poss ib le t o def ine convexity in a metr ic apaca. For example, 
one of caae ia to a how in a W.Takatiaahi work [ 2 ] , where X fa a 
convex metric space with a diatance d i f ax ia ta auch that a 
mapping W from X «X* (0 ; t ) to X ( i . e . w(x ,y ;J . ) defined lor a l l 
pa i rs x.ycX and x ( o s i s i l ) and valued in X aat la fytng 

d ( u , r V ( x , > ; l ) l t l d ( u . x ) * ( l - X ) d ( u , y ) f o ra l lueJ f . 
A Banacn apace and each of I t s convex subssts are lakafiasnt 
convex metric space. 

But i t ts not only nay how to de f ine convex i ty in a metr ic 
apace. Convexity atructura in a metr i c apaca era can define a lao 
by making uss of closure operators . 

Further ns set in a metr ic space x efttti a diatance d. l e t 
PX ha ths sst of s l l subsets of X. 

DEFINITION I , A closure operator on X ia a mapping S:FX-*M 
sa t i s f y ing for each A.BcP* the fo l l ow ing condi t ions : 

I >AcB-»S(A)cS(B) ; 
2 )AcS(AI ; 
3 )S (5 (A ) l »S IA ) • 
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DEFINITION 2 . A closed operator 8 on X ia said to ba a lgebra ic 
i f for each A e PX tnd xr/S (A) there ax ia ta a f i n i t e eat Fc A auch 
that x cS (F ) . 

Let S be a cloaura operator on X. A aubaat A of X ia aatd 
to be S-cloeod i f A « 8 ( A ) . A apaca X is aaid to ba 8-compect I f 
each centered system of S-cloaed aubaete of X hat a nonempty 
in te rsec t i on . Not* that in t e r sec t i on o f S-cloasd subsets of X I t 
S-closed. For more de ta i l ed app l i ca t i ons of Closurs operator* In 
f ixed point theory sss [ 3 ] . Nots that approach of c losure 
ooerators is more general aa W.Takahashi convexi ty s t ructure . 

I .GENERALIZATION OF R• KANNAN FIXED POINT THEOREM. 

F i rs t of a l l we prove t h i s R.Kannen's theorem ( [ I ] ) in e 
metric space with c loaure ope ra to r . 

THEOREM (R.Kennen. 1973 ) . Let T ba a continuous mapping of a 
c losed convex bounded aet K of a r e f l e x i v e Benech apaca X nto 
i t s e l f and let T have p r o p e r t i e s : 

1) ]Tx-Ty\t± Hx-Txi'ly-Tyl). x.yCK, 

2) on K I f foi every c losed convex subsst F of K, mapped Into 
I t s e l f by T and containing mors than ons elements, there 
ex lata xeF such that 

|a> 1*1 < *>up (|y- Ty\ \y*r). 
Than T has a unique f i x e d point in K. 

In a case of one mapping t h i s theorem i s genera l i zed by 
A . l i e p l n ' s ( [ 3 ] ) in subsymmstrlcal t opo l o g i c a l apace with cloaura 
operator . We are i n t e r e s t i ng on common f i x ed pointa fo r family 
of mappinga. 

THEOREM I . Suppose (X ,d ) I s a metr io spscs , S la an a lgebra ic 
cloaure operator on X, 5 (A ) -3(51 A ) ) • iS 1 (A) for each AePX and X la 
8'-compact. Let each cloaed ba l l B ( x , r ) (xcX, r c l . . ) be S-cloaed. 
Let F ba a family of continuous a* I f maps o f X sa t i s f y ing the 
fo l lowing cond i t i ons : 

1) V/, g, her V*. y e * 3ac) 0 /111 
d ( r r (x ) , M y ) 1 * « d U , / ( * ) » • ( l - « ) d ( y , fly)) i 

2) VxeXOvTr": v(x> » x ) 3 y e A ( x ) • 
•trpfcf (y, fly)) |/er)< eupttupfdi t. /(ar)) |scA <*} iter}. 

where A( x ):-f"l(AeFXlxeA& A-s'(A) t V f c f i C(A)&a). 
Then F has a unique common f i x ed p o i n t . 

» 
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» Proo f . 
Using Zorn ' * Axiom and 8 ' -compactnets of X we cone In du thai 

thara s x i s t s a minimal nonempty S ' - c losed and Invariant under F 
aubaet H of x . 

Let a«M, and there ex lata f f f auch thst f ( a ) - a . s ince 
A(a)c*>. minimality of at tmpllea that M=A(a). By 21 there extern 
a point a tcA(a)>M auch that : 

r laaruptaMa,, f ( * , ) ) |f«Pl<«rir/»r«*d(*-, t ( a ) ) | «M(a ) ljt&). 
Consider the seta 

*:-ljt6#f|cfU, f*(*l )ar.Vf"Cr , l and 
A . i -S iU l fW ) |f€Pl> . 

I ta are nonempty becauae a,«A and /(a, ) €*, . V f c f -

Since S l e en a lgebraic c loaure opere tor then f ree ly 
choosing xeA, there ex i s t s a f i n i t e aet •vcUt/(A> |feF) such that 
xeS(W). 

Let d : - s u p u M x l d ( f (x) ,y) lyewlf eF l . then r*. T l s i f <x>.<ji \feF' • 
Since f l lB l f lx ) ,cj)\feF) le S-cloeed eat ae an intersect ion of 
6-clossd s e t s , then S (w)cn iS ( f (x) . g)\f€F) and also then 
x tn iBU 'x I . c j ) |/€*'>. I . e . . d ( x , f ( x ) ) SQ .V f€F . 

Choosing arb i t rary f f f . Then fo r f r e e l y nominate «€• , . there 
ex i s t s mapoinga g.hfF auch that : 
o>etaasx(d<cr(x>.ji ^-ea; l-cf (o( « ) .x i ( « ) ) . "here zfA. 
Therefore d ( x , f f x ) ) sensdfyCx) , h ( » ) ) *a . ( t ) 
By ! ) , ( « ) and i e A I t fo l lows that 

d U , f ( j r ) ) i d { i , :in))*-£g-,+ <HM.£(*)itx - I « I « " • ' » < • ' o r 

a rb i t ra ry mapping feF. constguantly fo r others meppings of F ws 
have analog ica l est imations, there fore xgA end then 
a\cAawf/(jr)ca a >v/e*'. This Implies that /,A,-Aj .V/f f . 

Consider the sat ^ . . ^ . » { U l f l J e l ItTarJ")) - I t 1 a nonempty. I t l e 
8 '-c1osed and by continuity of family F i t la Invariant under F. 
By minimality o f M i t fo l lows that as-A, • But Aj-A^cJ.a ( f and 
d - c o n t i n u i t i e a l ) end 
aupLsupldfx, f ( x ) ) |x€AIfer-I-Kauplaupttf (a. /(a) )\*eM)lePI 
contrad ic t ion le obta ined.Therefor* f ( a ) = a,vfrjF. 

The uniqueness fo l lows from 1): l e t be two f ixed points 
x,,x,Mr, thenVf , ,o ,heF3e€)0; t d 

d f g t x . ) , h ( x , ) ) - d f jq.x.) *etd(x, ./ (* , ) V • U - « ) d l x j . / Ix . ) -

- * d ( > V * » ) • U - « >d l x - . x . ) -o 



i,COMMON F1XE0 POINT FOR COMMUTATIVE FAMILY Of MONEXPANSIVE 
UAPPINOS «LTH IHVAH1ANCE PBOPEBTT. 

Interest ing on cornmutattve family of nonexpaniive mapping* 
ana i t s common f i n d po int* Thaoraa o f R.da Marr ( ( 4 ] ) w a l l 
known: 

THEOREM (R.da Marr, 1963). Let F ba a commutetlve family of 
nonexpane'.va napping* of a convex compact aet K of a Danach apace 
« into i t s e l f . Th*n F he* e common f i x e d po in t . 

Similar result la proved by u.R.Taskovic ( 1886 , ( 5 ] ) f o r 
cammutative family of dlamater-nonexpanalva mapping*. 

Ksf IrsIIIQa a . A mapping f:E-E (E 1a a Banech apace) 1* ssid t o 
ba dtametsr-nonaxpanaiva mapping I f : 
|f(x) - f ( y ) Urn <»uplLx-»||«eÄ», V x . y e s , • 
ahafa a v l . , - 1 . . with property • (£) a t , Ve * * , , . 

In both caaia essent ia l invar lance property of family 1a 
used, 

DEFINITION 4. A family F of nonexpanaive mapping* f of K in t o 
i t as l f 1* aaid to have invar lance property In K i f for any 
compact Takahashi convsx subset EcK such that f (E ) c£ for eech feF 
there ex t e t s a coepact aubset McE such that f(M)=M for eech teF. 

This Oaf lni t lon 4 ia g iven in a work of W.Takahaahi ( ( 2 } ) and 
the fo l lowing theorem le proved: 

THEOREM (W.Takehaihl. 1970). Let K be a compact Takariaahl convex 
metric apace. I f F ie a fami ly of nonexpansiva mappings wi th 
invar lance properly In K, then the family F hat a common f i x ed 
point . 

In ih* same piece he aaserta that i f F l a s l s f t amenable 
semigroup of nonexpanaive mappings T of a compact Takahasht 
con.ex metr ic sptcs in to K, then the family F ha* invarianca 
property in K. M* note that our conception of S-cloaed est t s 
general a* conception of convex sst in Tsksnashl convex metr ic 
*P*ce, there fore •• prove s imi lar theorem in e metric space with 
(.losure operator . But for t h i s purpose we g ive two n*w 
d*f m i t ions. 

BEFihMflÖM 5 X A family F of mapping* f of K in to i t s e l f is sa id 
to have S-inver lance property in K i f for any 3- compact end 5 -
clossd set EcK such that f (E ) c£ for each Iff there ex ta ts a S-
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compact »ubsot McE auch that f(M)>M for aach f f F 

EXAMPLE. 1 

X«t. d ( x , y ) « | x-y| , 8 - operator of closed and convex hu l l . F = l 
f (x ) :=kx| tfX, k f ] 0 ; 1 ] ) . So that f<E)eE, then 
E>[a,b) .Va.t*t.andOe[*ib] • In th is ceaa M=(o ) . 

DEFINITION 8. A S-closed set K of a metric apace X with closure 
operator S has S-normal structure 1f for eech 
S-closed subset H of K with diamHaO there e x i s t s a ooin; u such 
that 

diaatfOaupidlx, u) |xErV>-

Note that every convex compact set K of e Banach space x has 
a-normal atructura I f cloaure operator 8 is def ined es closed and 
convex hull ( [ 8 ] ) . 

THEOREM 2. Suppose (X.d l ia a S-compact metric space with closure 
operetor S and X 1a a S-normal at ructure.Let each closed ba l l 
B ( x , r ) (xcX, r c l , . ) bo S-c lossd. It F is a family of nonexpansive 
mappinga with S invarisnce property in X, then the family F has 
e common f i x ed po in t . 

» PROOF. 
Using Zorn's Axiom and S-compactness of X we conclude that 

there ex i s t s a minimal nonerraty S-closed end invariant under F 
eubeet M of X. 

Let OfM, and there e x i e t s f EF such that f (a ) r -e . By 
S-invariance property in X of family F impl ies that ex is t 
8-compact eet H^Mavch that/'af,)-t^,VfFF- I f diamH,>0 , then by 
S-normal atructura o f apace X exist element ueSCM,)-«, auch tha t : 

n -flirpicf(u,x) {xet^UdiamftidlaciH-

Consider th* Bet H0: - (HlßU, r ) Ixefr^liX. I t i s nonempty 
because ueH„, i t i s S-clos'ed ee sn in te rsec t i on of S-closad sets 
and S-compact. We prove that n0 Is invariant under F. Via assure 
f r e e l y *ew 0andfeF. and f r e e l y xeH^M^ - Mnc*j • / < « , ) - * , , then 
ex i e t weit, that x = f ( w ) . Therefore d ( f < z > . x > = d ( f ( i ) , t ( w ) > s d < t . w ) s r 
(Becauseze « 0 . vex, > ( 2 ) 
Theee ( 2 ) can for a l l «•«*„, a l l f «F and a l l x€M0. i . e . . 
./(hf0)cnf0,Vf"€F. By minimality of M obviously H-Mg. but 
dia^^r<diajra^sdfaun»f. Ths obtained contradict ion completes the 
p r o o f . « 
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Hilfe-, I f family of mapping* ta D I U N I T « r - n o n « x p « n ! l v « napping, 
than assart ion of Thaorara 2 1* t rue . In Proof than ( 2 ) Motivat ion 
ia fo l l owing : 

d< f (a) , * ) - d ( / ( « ) , /(art) « e (auptdla, u) IUEM, U aupldlx, u) |ucit. I « r . 
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P. .La in m.—oaj—imsomm—a Hageamirifli TeiKt—•—»9TfBi»CKPN 

nrgcTPtBcm c gntfngrgn nimhBHHB. 
AHHotauws. B AIFCORE aokasaaa AAE leorenv o HenoaiusHoS ROIKE 

T MEINMECKO* NEOCTEAACTEE c ONEAAROAON asHMkSHaa. B otoax 
raopeaai >icc>iraraaerca eeaeBCTSO otolpaiiM»», koiopoe • NER-ao* 
CAGMSE ECTK CA«A«CIAO HENREAUBHAX ORO6R»aa*Hii», koroaoe 
»aosxeraofaer OEOSAEHHONY ycaosaa R.KANNAN, a TO arocon eagiaa -
nerecraHoeoMHoe ceneacreo H t r i c i i r a i n i x i OT06PAAEHH9 co 
CAOACIAOA a n a U « N r H O C I * . 
S4K 517.98 

l .Qal ina . Olv 
sUoume ooeretoru. 

Anot tc t la . Oarbl p t e r ld l taa d i vas nekusttgB punkts tsorBmae 
metr'ska te lpa ar aiaguma operatoru. Abas teorSmas piarBdlte 
koplga nekustlga punkta ekslstenca ettalojuma aaimei. PirmeJS 
GADIJUN.A ta ir neplrtrauktu at t i to jumu saime, kas apmierlna 
R.xannana teortmae vtspBrinatu nosecljumu, o t r a j l gadljuma t l i r 
net i s t tep josu attslojumu komutatlva aaima er tnverlencea ipa l lbu . 
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LATVIJA3 U1TV*ER3IT'TE3 ZTBltHlürSS HA KS TT., 588. sOj . (1993) 
Ueteoat ika 

ACTA UHIV.UT?IEII3ia, aar. MA-H.. »01 .583 . (1993).PP.29-30. 

PIXKD POINTS OP MAPPINGS ON NONCONVEX SETS 
I.Kuprane, A.Lleplp.3 

ABSTRACT. Existence of fixed pointa for nonexpanalve mapping 
on compact, metric stars la proved. 
AHS Subject Claslflcatlon 54fl25. 

Let X be a metric spar a with a distance d. 
DEPIKITION 1 [ I I . A mapping W:X x X x [0.1) —> X la said to 

be a convex structure on X If and only If for all x.y*lO.U 
aU.W'x.y.t ) ) s t .d(E.x)+( i -t ) -d(« .y) . for all e»X. 

X together with a convex structure la called a TaKahashl 
convex metric apace. 

DEFINITION 2. A nonempty subset A of a Tukaliaatil convex 
metric space X Is said to be a T-star If and only If: 

O A Is compact: 
2) there exists a point c«A (a star center of A) such that 

t/(x.ct)«A for all x«A. WQAft 

3) d (W (x.c . inW (y.c.t) )<d(x.y) for all x, y*A (X ' y ) . t«)o.l£. 
Let f:X->X. 
DEFINITION 3. A selfraap f of X Is said to be nonexpanslve If 

and only If d ( f (x ) , f (y ) ) £ d(x.y) for all x. y«X. 
THEOREM, let A be a T-star in a Takahashl convex metric Bpace 

X, and let f be nonexpanslve selfmap of A. 
Then f has a fixed point. 
PROOP. Let d:=dlam A and t«10.H be such that ( i - t )d < « . 
Then dU.W(x.c,t)v £ t«d(x.x)+(1-t)-d(x.c)« 

= ( l - t ) -d<x.o s i l -t ) «d < « for all x*A. 
For all*x,y*A (x«y) we have 

ü(W(f(x>.r,t.).W(r vy).c.t)> < d t f ( x ) . f<y ) ) * d(x,yj ir /(x)"f(y) 
and d(W(Kx).c.t) .Wifiy).c.t) ) -0 < d<x.yj If fu )= f ty ) . 
By Edelsieln'3 theorem there exists n*k auch that. W(fta), : , t ) » a . 
Hence. d<f(a).Vi(f (a>.c.t>;sdif (a).a> < *. 

r We ccncltKle that Inf(d(x.f ix))lx*Ai-0. By compactness Of A 
the i-esul,t follows. 



HITIOH 4. X will be called a C-star If and only If: 
1) X la compact; 
2) there exists a continuous mapping v;X x lo . l l—>X such 

that V(x.G"«=x for a l l x«X and d (v (x . t ) .V (y . t ) ) < d(x.y) for all 
x. y»X <x-y>. t-)0.1t. 

THEOREM. Let X be a C-star and let f be nonexpanslve selfmap 
of X. 

Then f has a fixed point. 
PR0OP. P o t all x«X and t «CO .U we define T(x .t ) :=d (x .V(x . t ) ) . 

A3 continuous mapping on a compact apace T la uniformsij 
continuous. 

Let Hence, there exists « « R + such that 
l T (x . t ) -T (x , o ) l < « for all x«X and Ulb.il: t < * . 

Let t«CO,U: t < 6. Then « > IT'x.t)-<x.O)l = 
-ld(x.v;x . t ) ) -d(x.V(x,0)) l=ld(x.V<x . t ) ) -d(x,x)l=d(x,V(x . t ) ) 

for aU x-X. 
For a l l x.y«X fjpy) we nave *" 

d<V( f (x ) . t ) .V<f (y ) , t> ) < d<f<x).f<y) s d(x . jr> IX f (x ) - f <y) and 
d(V(f (x) .t ) ,V(f (y) .tn=0 < d(x.y) of f (x )= f (y ) . 
By Bdelsteln's theorem there exists a«X such that V(f<a>.i)-&. 
Hence, d'f<a).V(f<a),t) )-d(f<a).a) < « . 

» e conclude th3t Inf <d(x.f(x))tx«X}«0. By c ooTpac tness of X 
the result follows. 
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U W I J A 3 UBIVER3ITÄT1S ZMTST3KIat EAK3TI, 588.sej . (1993) 
Bo lesat lka 

A C T A UTIIV.UTVlJ'aia, aar. V A T H , , TOl .588, ( l 993 ) . PP .31 -34 . 

On orthogonal reduclbility of generalized inverse. 

Uldls BerkJs 

flUMlfirv Thaorea about au f f l c l en t condi t ions of 
•the equivalence of orthogonal r e d u c l b i l i t y o f a 

l i nea r continuous operator and l ta genera l i zed 
Inverse la proved, an extanalon o f the concept l a 
used fo r c losed , danae def ined operator . 
AMS subject c l a s s i f i c a t i o n 47A15, 15A21, 15A06 . 

In inves t i ga t i on [ 3 ) tha concept of or thogonal ly reducible 
l inear continuous operators i s studied in connection with 
I t e ra t i on procedures. This study contains a l s o c r i t e r i on , in 
which the adjo lat of an or thogonal ly reduc ib le operator I s 
orthogonal ly reduc ib le . 

He study tbt property o f orthogonal r e d u c l b i l i t y cf 
genera l i zed inverse fo r an orthogonal ly reducib le l inear 
contlnuoua operator in Hi lber t apace. 

Let H»(x-,»X,<•.•>! be a H i lber t apace over the f i e l d K of the 
rea l or complex nunbera, LC(H) i s tha space of a l l l i nea r 
contlnuoua operators fron H in t o H, the unit operator w i l l ba 
denoted as I , the donain o f de f in i t i on o f A aa D I A ) . the 
kernel aa N ( A ) and the range as R I A ) . 

D e f i n i t i o n i n opsrator AeLC(H) la c a l l e d orthogonal ly 
reducible I f N ( I - A ) l l a invar iant aubspace fo r A. 

D e f i n i t i o n , 121 An operator A ' : D ( A * ) C H H H . which a a t l s t l e s 
the condit ions a 

AA*A=A 
A*AA*«a* 
(AA 4 ) "=AA» 
(A *A ) ' =A »A 
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4) 

I i sa i l ed tha generalized. (Moore-Penroae) inverse operator (Ol 
M L C ( H ) . According to c l e a e i f l c a t l o n , g iven in ( 5 ) . an 
operator A R : D ( a r > C H t-»H. which s a t i s f i e s 

AA rA«A 
ArAAr.nr 

is ca l l ed the eaal - inverse operator f o r A C L C I H J . 

Obviously each genera l l zad lnveraa operetor la a seal 
invarae operator . I t l a we l l known f roa the theory of 
general ized Inverses In H i l b e r t spsces, tha* the genera l ised 
inverse has the uniqueness proper ty , the sea l - inve rse f o r an 
operetor A « L C ( H ) aay ba not u n l q u e ( 5 ] , the genera l ised 
inverse l a a dense de f ined c l o sed operetor with 
D ( A + ) > R ( A ) « B . ( A ) 1 , i t I s continuous i f and only I f R ( A ) La 
closed 1 4 ) , In th is cess D ( A * ) " H -

To study the property of orthogonal r e d u c l b i l i t y for 
genera l i zed Inverses , the f o l l o w i n g lesaaa I s Important. 

L a a a a . A E L C I H I la an or thogona l l y reduc ib le operator , yell 
s a t i s f i e s A y e R ( I - A ) 1 . 
Then y w N ( I - A ) A . 
Haul,, s ince N ( I - A ; - c losed s bepace of H i l b e r t space H , ywH 
osn be wr i t ten as 

y * y i *Y2 . where y x « M ( I - A ) , y j C a K I - A ) 1 . (J ) 
Since A y i * y X and A y j e H ' I - A ) 1 . f o r every M N ( I - A ) 
0«<x,Ay>»<x,Ayi>+<x,Ay2>a<x,Ayi>=<x,yi> ho lds . 
Hence y , ^ N ( l - A ) and y i i N ( I - A ) , which ia ip l les y i = 0 . Therefore 
y - y ^ N U - A ) 1 . • 

In the fo l lowing theorea a u f f i c i e n t condlt lone f o r the 
equivalence of orthogonal r e d u c l b i l i t y of an operator and I t s 
sea l - inverse are g i ven . 

Thao r ea 1 . Let A S L C ( H ) be operator wi th cloaad range and 
A C S L C I H ) i a a sea l - inverse for A, A sn'l A r are commuting 

operators. ' 
Thea A is orthogonal ly r educ ib l e I f and only I f At* l a 
orthogonal ly reducib le . 

» r oo f . At f i r s t we show that under theorem aasoaptlons 
N ( t - A ) > N ( I - A f ) . 

I f x*H aa t l s f l e a Ax>x, than f r o * 
A ( Arx ) «AA rX"AArAx»AX"X (2 ) 

http://ArAAr.nr
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A( A r x ) •AA r at «A r Ax»A R X (3 ) 

A f » . x holds. 

I f A " "x .s . than froa 

Ar(Ax).Ai"Aj(»ArAArx»Arx=x ' ( 4 ) 
A r ( A x ) » A r A X " A A r x « A X (S) 

Ax»x ho lds . 
» Ines M ( I - A ) » H ( l \t), » < I - A i " - . " U - A r ) i ho lds. 

Let A bo orthogonal ly reduc ib le , yONd -A? ) " • . » • ( I - A ) 1 , hence 
A y - « ( I - A ) A . s ince Ay • A A r Ay» A A A r y , wi th respect t o Leeaa, 
AArywH( I -A ) 1 and, f i n a l l y , A > " y e « ( I - A ) ' • • • ( I - A f A . 

bet A r be orthogonal ly reduc ib le , y * N i i - A ) 1 » N ( i - A r ) i , hence 
aJfyan' i -Arj i . Suae* ArywArAAry-AfAtAy, wi th respect to Laaaa, 
A t A T « « ( l - A r ) l and. f i n a l l y , Ayeili(X-Ar)i-sKi-A)-*- . • 

Not* that ' oder thaorea aasuaptioas about B ( A ) • 
genera l ised inverse f o r l i n e a r continuous orthogonal ly 
reducib le operator la or thogona l l y reducible I f A and A* are 
coaaratlng operators . C r i t e r i o n , l a which th i s property ho lds , 
l a g iven l a [ 1 J . 

Tha asaTaaption » ( A ) - c losed la H, la vary r e s t r i c t i v e . For 
geoara l i t ed lnversaa of operators with noncloaad range we can 
aa* tha concept o f orthogonal r e d u c l b i l i t y In the fo l lowing 
sensei 

TSaatraTI t t a t aa tc (H ) , A and A* are coaarutlng l a D(A* ] . 
A l a ort i togoaai iy reducible i f and only I f 
A*<s l ( ! -A* » *nD|A» ) » c s 1 ( I - A » l A I « ) 
(The orthoawaal ooerpleaent a lwaya^s aaauaed t o be In H ) 
Staat*, Since « ( I - a ) c d ( a « ) , for x«n which s a t i s f i e s Ax.* , 
(a> aast ( J ) ho lds , tarn» » ( I -A )ca i ( l -A* ) . 
rar « < » > ) «ahlch aa t la f y a * X « X ( 4 ) , ( » ho lds . Therefore 
• ( l - » I « e j ' I - A * , a a « • U W M * » « ' ! - » . * ) - 1 . 

t a t A b « orthogonal ly r educ ib l e , y*D(A*> and 
y « a i ( I - A * » 1 w m i - » ) i . haae* A y * h ( i A ) 1 . According t o proof of 
thaorea 1, A * y * h ( i - A ) 4 « « ( i - A + ) A ho lds . 

l o t | « ) holds. y w m i - A r * . a l o e * A*-c loeed, K ( I - A * ) la c losed 
la haaoa ( l ) with y r a a d - R * ) aad y j a m i - A * ) 1 ho lds , 

the re f o r * yo ) » (A 4 ) with property A+y *M ( : -A » ) i s e t i s f t e a 
y t ( I - a * ) " - , According t o proof o f thooroa 1 , f o r 
yaOfA^V-wId-Ar 1 ar* Obtain A y * « ( I - A ) l . Since A la continuous, 
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A ( c l ( N I I - A ) , ^ D ( A * ) ) ) c : c l ( A | H ( I - A ) - , . - > D ( A * ) ) ) t N ( I - A | ' . Let P be the 

orthoprojektor onto N ( I - A ) 1 , P ' c l ( D ( A * ) ) | c c l ( P ( 0 ( A * ) ) ) , hence 
PID(A 4 ) ) l e dense In N ( I - A ) 1 . with respect to 

B ( I - P ) C : D ( A + , ( i - p - or thopro jektor onto H ( I - A ) ) , P ( D ( A * ) ) C D ( A+) 
holos. Therefore H I I - A l ^ c l l f M I - A j V i D ' A * ) ) . • 
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LATVIJAS UTflTEraiTÄT25 ZUIÄmSKUä R-.K3TI, 588.o «J . (1993) 
KatemStlka 

AOTA üT f l r - .UWEra iS , ae r . HAK. , v o l . 5 8 8 , (1993) .pp.35-44. 

Invar iant aata for s p l i t t i n g supping in metr ic apace 
A. Reinfe lds 

fi'lWIirv The theoreme of ex latence of t y p i c a l invar iant aete 
fo r a p l i t t i n g mapping in complete snetric epace are proved under 
the assumption that given mapping s a t l e f l e a eome natural metr ic 
i nequa l i t l ea . Theaa reaulta g ene ra l i z e the o l a e e l o onee developed 
fo r d i s c r e t e eea i l inear dynamical eyatea in f i n i t e dimensional 
space. 

AUS Subject C lass i f i ca t i on 39B52, 54120, 34C35 

0. Introduct ion 
The mela purpose of t h i s paper l e t o d e r i v e invar iant naui-

fo lda reaulta for syatema of aeatl l lnear ordinary d i f f e r e n t i a l 
equatione and eamilinear d i s c r e t e dynamical ayateme in Euclidean 
and Banach a paces t o corresponding ones fo r mapping in complete 
metr ic apaoe. Such question fo r d i s c r e t e dynamical eyatem genera­
ted by a di f feomorphisa of R N onto i t s e l f ia r e a l l y aw Old r e ­
su l t , o f . ( 1 - 11 ] . The cons iderat ion of invar iant eet f o r map­
ping la of In t e r es t in i t s e l f , however they ere ueaful for 
obtaining var ious conjugacy r e s u l t s [9 - 1 4 ) . Moreover, app l l ea -
tlona t o eome prob l em in b io l ogy ( 1 0 ] , numerical analys is ( 11 ) 
e t c . require reaulta fo r mappings. 

1. Taala r e su l t s * 
Lot I and T ba complete metr ic epacae wi th metrics pf, p ( 

r e spec t i v e l y , and l e t A be e e t . Conaider mapping Tl I i T « i * 
I x V a A, def ined oy 

T ( x , y , A ) - ( f ( r , y , A ) , f f ( r , y , X ) , p ( M ) . 
•a w i l l make the fo l l ow ing hypothesist 

(HI ) 0, 'at .X ' ) a > ( A ) p | ( < ( R , * , k ) > f ( r ' , ] r , A ) ) , a ( A ) > 0, 
(to) p , ( f ( * , y , A ) , f ( x , y , i ) ) s 0 p 1 ( y , y ' ) . 
( W ) P , < p ; ( x , r , A ) , g ( x ' , y \ » ) ) a T P , ( x , r ' ) * a ( * ) P 1 ( y . y ' 1 , 
( M ) mapping f ( - , y , A ) i I o I i a e a r j e c t l v e , 
( R S ) mapping p i A -a A is b i j e c t l v e . 
Let a - aup A o (X ) , a - eup A 4(A) and A - sup A<z(X)8(1|. 



* 
o»ri.n i t ion. Hi Ht I c I > I > i ii invar iant with r—pect 

to mapping 7 , I f T{M) C H. 
He consider a caaa whan tha invar iant aat oan ba) represented 

aa tha graph of tapping ui a . A -» ¥ or r i V x a * L ipaoh i t i 
with tea pact t o f i r at v a r i a b l e . Tha corresponding am pn I age 
aat ta iy functional equations 

u ( f ( f , i i ( x , A ) , * ) , p < i ) ) - g ( s , u ( x . A ) , A ) , ( 1 .1 ) 

« - ( rJy ,A ) ,7 . » ) - r ( » ' r t r , » ) . r . A ) . r ( » l > . ( !•*> 
Llpaahlta oonditioaa 

p , ( u ( x , » , , u ( « ' , A l » » h y r ^ x . x ' ) , ( 1 . J ) 

P,trtr.*).rlT'.*U * VaU.r') < l - « l 

ana aatinataa 
p,Wi*,r,A),nx)ug{M.r,A)i - { > - , # • - ) p , ( H ( x , » ) . r > . u - s » 

P .HMr .AJ.x) » a ( l - afl0i'\irigiM.r,H,p(X)),tig,f.XU, 
whars 

lc0 - Ja» [ 1 - A • 4(1 - A ) * - ia'fir ) 
and 

1 0 - 2a* ( I - A • J(l - A ) * - 4cr ,0T j 
I t ahould ba pointad out that fikg - T l , . 

How wo foraailate tha main raanl ta of tha paper. 
Thaorea 1. l e t the hypothesis ( I I ) - (HS) hold and Jet 

there e x i s t s napping u^i I « A - T such that 

p a ( u 0 ( x , » ) , u e { x ' , » ) ) s h ^ j x . x ' ) 
and . " 

, u p . . l ' »a < l , o , ' ' ( * ' 0 o , " ' 1 >' X , ' p ' * ' ' ' B ' j r 'V , t ' * , , * ' » " * "• H*" 
I f a • latWi > 1 ( i < 1 I f I • 0 and i > 0. I and * • fl*0 < 1, 

then there e x i s t s unique napping ui x > A -» » sa t ia fy ing ( 1 . 1 ) , 

| 1 . » ) ' , (1 .5 ) and 

•up. Ä P J ( u ( x , » ) , u 0 | x , l ) ) < • - . 

Thaorea. 2. l e t 'the hypothesis' ( I I ) ' - <B5) hold and l e t 

there ex is ts mapping r g i V a A « I auch that 

p , | r a ( y . i ) , r 0 ( y , » ) ) s i ^ f y . y ' ) 
and 

• u p > . » P , t r 0 ( g | r 0 ( » . A ) . r . h ) v P < h » l . « ' < » 0 « r . * > . r . » » » < * • ' . ' ( ! • • ) 
i f A +' 2a-f0> . I ( a < l i f 0 > 0 and » - 0 ) and a ( l • >1 0 ) < 1, 
then there e x i s t s uniqus supping r i T . A « s s t i s f y ing ( 1 . 2 ) , 
( 1 . 4 ) , (1 .6 ) end 



n 

Theo ras. a. Let 'the hypot h e a l » ( B l ) - (H5) hold and l e t 
there e v i c t sapping* r } i a - I end y Q t A * t each Chat 

» • ( * ; < * ) . j ; JA ) ^ j - x , ( p ( » ) | , 
« « ; ( * > « / , ( » ) . * ) - r 0 ( p ( h ) ) . 

It A » ZewTp*} < 1, «.hen there e x i s t unique mapping* at I x A -» V, 
r i • M A * « «aclafyino- (1.1) - ( l . « ) , w|x 0<h),A» - y 0 (A> and 

S. htrxillnrjr l e—aa . 
Let a* oanslder the ee t o f napping* 

•<k ) - | « i * « A - * l p t ( o ( x « * - ) , ü ( x - , » ) ) a kp | ( x , x ' ) j . 
ten an X, Le t era* < i and a * • < * ) • Then napping pi I a A « I 

a A, detlnaoby 91*.X) v ( r ( x , u ( x ,X ) .A ) , p ( X ) ) , la bljactlwe. 
Proof. At f r e t l e t a* a how that * i a i n j e c t i v e . Otharwiae 

thor* la ( x , » ) * ( x * , * ' ) , bat p ( x . l ) - p ( r - , l ' | . Banco according 
t o IBS) and — l o g (81) oad (82) « i g e t 

P , « » . - * * » a a p l ( r ( x . o t x , » ) , X ) , f ( x ' n ( x , » ) , X ) ) -
m mß^WM- tatW.UMtH*" ,u(X,\) ,\)) • aJMtp,(x,X* ) . 

Sine* ofOt < I , I t follow* lasted Late ly that p ^ x . x - ) - 0 and x -
• a* . • 

I h * a*** ahow that F l a B U T J e c t l v e . Le t ua de f ine now a 
atappiag « i X -. I by the equality 

f ( A ( i ) ( u ( r , A ) , A ) - x t , 
hooordlnei to ( B l ) and (BA ) , f ox every x e I there l e unique t ( x ) 
•»•* 

• . ( • ( x M l * * ) ) • a a . 1 | r m « ) , o t : » T , a ) , » ) , f ( » ( x ' ) , a ( x , i ) , i ) ) -
- ap^|/<B|aT* ) > a|« ' , - t ) , - i ) , r ( « (ar ' ) ,u (x ,A ) , l| ) - o * *p 1 ( x ,x ' ) . 

Pa obtain that * ia a oootrection oa I . Therefore f o r every x [ e 
B there l e unices* x • • each that 

f ( x , u ( x , » ) , M - x t . 
Tha* e to b*"r*ot lv** T i )i la proved. 

Bast Introduce tha operator C a t • ( * ) def ined by the 
• qna l i t y 

( e a ) < f < x . v ( x , l ) , l ) , p ( i ) ) - g ( x , o ( x , A ) , A ) . 
l i ea i a. Xt a * 7affr s 1 ( A < 1 i f fi - 0 mod » > 0 ) , then 

there e x i e t s kg * 0 such that ( ( • ( * , ) ) c • ( * „ ) • 
Proof. Taxing Into account (B3) we get 
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3. Proofs of thoorw 

P a { ( « u ) ( ' C « . u ( » r » ) . * ) . P ( * » ) . ( t o ) ( r ( i ' , a ( x - , * ) , X ) f p ( X ) ) ) -

- P , < f f < * . n « * » * > F » ) . » « ! < « ' . » ) , » > ) • t » • « ( X ) , t ) p J ( x , x > ) . 
00 the other band, we obtain 

p ^ x , * * ) » « ( x i p ^ r c x . u t z . A t . k i . r d ' f t i c x . x i . - t ) ) « 
a a l X J p ^ f l x . u f x . X I . X J . / C x ' . o i x * , ! ) , * ) ) + e p h p ^ x , ! - ) . 

I t fo l lows tha t AV 
p , ( x , x " ) a o ( X ) ( l - a i 3 ' 0 " , p , ( r ( x , a { x , X » , X ) , f ( x ' , o ( x ' , X ) , X ) ) . 

Therefore 
P , ( ( r u ) ( r ( X , u ( i , X ) , X ) , p ( X ) ) , ( t u ) Iti*'. " ( J f . * ) . » ) . P < » ) ) ) -
s (or * h h ) ( l - a p * f , p l ( f < x , u < x , X ) , X ) , f ( x ' , u ( x ' , A ) , X ) ) . 

I f k « 0 « s t i e f l e « inequa l i t y 
0 * (aj + aft)<1 - ap l t f ' e h , 

then E ( » ( k ) ) c » ( H ) . Such It a 0 e x i e t a . I f A • 2n-Tp7 • 1 { A < 1 
i f A - 0 and t > 0 ) . We ohooaa 

h 0 - 2«T [ 1 - A • 4 (1 - A ) 1 - 4 a , p » ] . 
1 sans la proved. 

Hext l e t ue consider tha ee t o f steppinqa 
» ( i ) • [ r i t . A ' l l P , ( > " ( y . * ) , r ( y - , X ) ) a J p , ( y , r ) j 

and l o t ue Introduce the operator ft a t Jl ( l ) by tha equa l i t y 
r- (t-r(y,A),y,A) - r ( o < r ( y , X ) , y , A ) , p ( » > > . 

Operator t i a c o r r e c t l y de f ined , because napping f ( - , y , X ) i X + X 
i s eu r j e c t i v o and hypotheaie ( h i ) 1st f u l f i l l e d . 

f ureas 3. I f A • 2af$r « 1 [ t < 1 I f » > 0 snd I • « |, then 
there e x i s t s lQ a 0 such that t ( * ( l o ) ) c B ( l 0 ) . 

Proo f . According t o ( h i ) - (13), we gait 
P , ( » r ( y , X ) , t r ( y ' , X ) ) * o ( X ) p i ( f ( I r ( y , X ) , y , X ) , f ( r r ( y ' , X ) . y , x ) ) a 

a a ( X ) p I ( r ( f f ( r ( y , h ) , y , A ) , p ( X ) ) , r C a ( r ( y , X » , y - , X ) , p ( X ) ) ) • 

• ( a ( X ) l ( r l • • ( ! ) ) • o * ) p t ( y , y * ) . 
I f 

0 a J(orJ * o| + <*P * l, 
then 1(11(1)) c * ( 1 ) . Such 1 e 0 e x i s t s , I f 1 * 2UFFL7 * 1 ( A < 1 
i f 6 > 0 and T - 0 ) . Me chooae 

I 0 - laß [ 1 - A + 4 (1 - A ) * - 4 « , A » j . 
ZfAaaaSBBBal l a ) pTfTVfJKi . 
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Proof of thaorea 1. Tha se t 

» - ( u a *lkg) I sup, A P a ( u ( x , X ) , u o ( x , X ) ) < • - ) 
i a coarplata aratrio apaca, i f tha aa t r l a i a def ined by equa l i t y 

d ( u . u ' ) - eup. 4 pa{tHK,X),a-
Lett ue prove that t ia a contrac t ion . Let 

X, - / ( x , u ( x . X ) , X ) - tlx- ,U-(f ,X),X), xt - p ( X ) . 
No have 

r» l {|aUj>(x i,A l ) ,<tu- j i x ^ x j ) -
- P a < « - ( x . a ( x , X ) , A ) . g ( x ' , u ' ( x ' , X ) , X ) ) a 

« ( » • « ( X j ^ j p ^ x . x - ) • e O ) p t C u < x . M , u ' ( x . X ) ) . 
On the other hand 

p , ( r , x ' ) « a{X)piit(x,aix,X),X),tlx-,mx, X ) ,X ) ) -
- <HX)pt(t(x' ,u'tx- ,X),i),t{x' ,u{x,X),\)) * 

a « ( X | f l p t ( u * ( x , X ) , u ( r . X ) ) * aßk^x.x'). 
Therefore 

p , ( x , x ' ) « a ( » ) r ) | l - a»k0)->paiu-lx,X),mx,Xi)-
He get 

P .J J t uXx , , * , ) , (Eu")<VV> * 
• ( ( a t + A A o ) ( ( l - adh, ) " ' * M » l >P tC»<A\»»,U> |x,X) ) . 

Benoe 
d(Eu.tu ' ) « ( 8 • p h o ) d ( a , u - ) . 

He heve 
P , « i t o

0 l ( f ( x , u o ( x , A ) , » ) , p ( X ) ) , a o ( f ( x , u 0 ( r , X l , A ) , p ( X ) l ) -

- P l l f f ( r . u o ( * . » ) / M , u o ( f ( x , u o ( x , X ) , X ) , p ( X ) ) ) . 
Therefore 

d ( tu 0 , u 0 ) * s u p i A P l ( r / ( r , u o ( x , x ) , X ) . a 0 ( f ( x , a o ( x , X J , X ) . p ( X H ) . 
Bence * 

d ( lu ,u 0 i • d ( tu,eu o ) + d ( t u 0 , u o ) » ( « + flh0)d(u,uo) f 

* • u p . . X P , l a C ' . u
0 l * . ' ' ) ' M . a o ( f ( x , u o ( x , X ) . X ) , p ( X M ) - ( 3 - D 

He obtain that t ia a contract ion on » . I t involvaa in Et there l e 
unique napping u sat is fy ing functional equetion ( 1 . 1 ) . 

Fron (3 .1 ) we have 

d(u,u 0 > * ( I - I - ßko)'% K 
a eup^ A p J ( g ( r , u o ( » , X ) , X ) , u o ( f ( r , u o ( r , X ) , X ) , p ( A ) ) ) . 

Let us prove ( l . S ) . Ue have 

P , ( u l f ( x . y , x ) , p ( X ) ) , g ( r , y , A ) ) s 
a P s ( u ( f | x , y , X ) , p ( X ) ) , t / ( f ( r . u ( s , X ) , X ) . p ( X ) ) | • 

* P , ( f f ( s , y . » ) . a U . u ( * , X ) . A ) ) s fa * 0h | j )P 1 , ( y .u (x .X|) . 
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Ualng tha mathematical induction, wn obtain ' 

P , (u ( f " (x , r .A ) ,p" (X)| .0 > ( - r , l ' , » ) » * (a • 0 * c . > * P , < J r ' U ( * ' M ' ' 
where (/",o",p") ia n-tb i t a r a t « of T. Thoa tha invariant aat ia 
aaymptotloally atabla in aanaa, that arbitrary point iterate to 
then. Thaorea ie proved. 

Froof of theorem a. The aat 
H - [ o e » ( i 0 ) I aop r x P , ( r<7 ,A ) , r 0 (y ,X ) ) < • - ] 

ia oomplate aetr lo apaoe, i f tha metric i a defined by 
d ( r . r ' ) - aup r x p^rir.Xl.Wlr.k)). 

Let aa prove that t in a contraction. Wa have 
P , ( «> ' «7 . * ) . » r ' (y . *n « 

- •W> I ( r ( a ( r (y , l » .y ,X» ,p (X ) ) , r ' { g ( r ' (y .X ) , r .> . ) »P ( * jn • 
« «P l ( r ( a ( r ( y ,X^y ,h ) , r t xn . r * 'CO ( » - ( y .Ä » . r . » ) . P ( » > » ) • 

• « p , ( r M o ( r ( r . » ) r y . * ) . p « » > » . r J ( p < r ' ( y » » i . r » A ) » p ( » » » ) . 
Therefor* 

d ' t r . t r ' ) a a ( l • F l a ) d ( r , r ' ) . 
.we have 

p , < ^ 0 ( » v * > . » a < y . . ' . u » - p . l f i t r . ' r . * ) » * • » » > . t i w ^ y . x y , r , x ^ -

He get 

Therefore 
<*{«r,r 0 ) a d ' t r . l r , ) • «H**,,rmi * « ( i *• T l . W F . r . ) • 

• aaup y x P . l f f V y . X i . y . x j . r ^ p t v ^ y . M . y , » ) , » ! » » » . (3 .2 ) 
* * obtain that t is a oontraotloa on ft. Xt lnvolvoa l a « there l a 
unique mapping r satisfying faaotlosaal eapaatloa ( 1 . 1 ) . 
From (3.2) wa have 

a enpF ^ P , ( f ( r 0 ( y ,X ) ,y ,X ) . r ,|p1» - # « r .X ) ,y .X ) r p (X ) ) ) . 
Lot us prove ( 1 . 6 ) . We have 

P,(x.r(y,x)) « <v,<f (x,r ,X|.<(r (y, i ) , : r ,X) ) -
• « p , < m . r ^ » . r ( a ( » ( y . * i . r . * ) . p ( i ) H » 

s ap 1 ( f ( x . y ,X ) , r ( g ( x # r ,X ) 4 p ( * ) ) ) • « » l ^ l x . r j y , » ) ) . 
Therefore, wa obtain ( 1 . 6 ) . 
By ualng tha mathamatload induct l oo , wa obtain 

p , ( « * ( * . y . i ) . F ( g , , ( x , f , x ) , p , ( X ) r ) * ( « " • - F i ^ ' p ^ - t . M y , » ) ) . 
Tljs<0 f a t a l JVaa pXCrVaKl • 
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Proof of theorem 3. Let as endow the ee t 

» „ • ( » « " " -V i •(«.<*»,.») • r„i») ) 
with the we t r i o . 

d a ( u ,u - ) - e u p i X p a ( u ( r , X ) , u ' ( • r . A M ( P , ( * r I 0 ( • ' ) M " , . 
Then l l 0 become the complete metr ic epace. Let u « » n and l e t un 
note that f ( x , u ( r , A ) , A ) • i 0 ( p ( X ( ) , 11 > • » „ ( » ) • I t fo l lowe that 

' • " u ) ( * 0 l P < » l ) . P ( M ) - ( t u l ( f { x 0 ( A ) . u ( r o ( A ) , A ) , A ) , p ( * ) n -
- • 7 ( r 0 ( A ) , u ( i o ( A » . A ) . A ) - r „ ( P ( » ) l . 

or ta a I l o . We must prove that t i e a contract ion on »> 0 . Let 

f ( x , u ( x , A | , A ) - f ( x * , u ' ( x ' , A ) , A ) ) , Xt - p[X). 
Analogously, l i k e in theorem 1, we obtain 

P 1 ( ( E U ) ( x | , A l l / ( t u * M X , , * , ) ) a <» (* , ) • « * o ) p a ( u ( x , A ) , u ' ( r , A » ) . 
Let ue est imate 

P , « » . * „ « * > ) « e ( A ) p i ( f ( x , u ( x , A ) , * ) , f ( x B ( A ) , u ( x , A ) , A l ) a 
* *lX)Pl{r(x,iHx,X),X),xolpiXH) * 

* a p , ( f ( X ( ( ( A ) , u ( x , A ) , A ) , f ( X 0 ( A ) f u ( r 0 ( A ) , A ) , A ) ) a 
* aiX)plltix,mx,X),X),xo(p{X))) * a p h o p | ( r , x 0 ( A ) ) . 

Hence, 

P , ( X , r o ( A ) ) a « ( A ) ( 1 - etffc^f'p, (x, , x o ( A , ) ) . 
He have 

P a < ( « n ) ' x l , * l ) , ( & r H x l , A l > ) « 
s (3 (A ) • flko)da(u,u-)p|(x,x0(A)) » 

s (A • c#h0)(l - u f l ) r 8 ) - , d l ( u , u ' | p i ( x i , x o ( A l ) ) . 
Therefore 

cy&l.br') a (A * u8Jt 0 ) ( l - oqWt 0 ) - , d t (U ,U ' ) . 
H A * 2o4flT < 1, then 

( A j j r f l * o ) ( l - *Bk0)~'- ^ _ 

- { 1 + A - 4 ( 1 - A ) ' - ia*07 Jf 1 • A • 4(1 - A ) * - 4a , f lr J < 1. 
He obtain that I ia a contract ion on f t . I t Invo lvee in *» tbeze 

e o 
i s unique napping a sa t i s f y ing functional equation ( 1 . 1 ) end 
est imates ( 1 . 3 ) and ( 1 . 5 ) . Tha f i r e t part o f the theorem i e e s t a ­
b l i shed . 

Let us prove the ex is tence o f invar iant manifold g i ven by 
the mapping r i v » A • t. 
Tha ee t 

tier. i.etae e complete metric epace, i f the smrtrio i s defined by 
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Uuli.g tha de f in i t i on o f f, we obta in « v ( y o ( A ) , A ) - • , ( * ) . There­
fore , t> • « a , i f r » » 0 . I t fo l lows tha t 

n , « « ><y . » > . t r *Cy ,A ) ) « 

» a ( » ) p 1 ( f ( * r ( y , * » , r . * ) . f ( » > ' ( y , - ' ) . y , A ) l -
- o ( A ) P l ( i r ( a < r | y , A ) , y , A j , p { Ä | ) » » " ( o ( r ' ( y . A ) . y . » ) . P ( * ) ) ) « 
* <H*)Pl(r[gir[f,X),7,1),pl*)),W ia(T{y.\\.y.k),pl*))) • 

• a r l ^ J r j y . A l . r ' j F . * ) ) « a r l ^ r . r « ) P A ( 7 . 7 0 ( X > ) + 
+ a ( A | d l ( r , r ' ) p t ( a ( r ( y . A ) , y , A ) , y 0 » p ( A M ) . 

Let un eetisuste 

p,(ffC(y,»),r.*).y,(p(*))) -
- P , l y i r ( y , A ) , y , A ) , a ( r ( y o ( * ) , A | , y 0 ( A » , A ) ) » 

* (•(») • »i0)ptly.yo(*))-
iTsaieflii a 

P i ( l K l y , A ) , t r ' ( y . » l ) « (A • a a r l . l r f . j r . r ' ) P , ( y . y 0 ( A ) ) . 
He 9«t 

^ ( t r . t r - i • (a • 2a r » l < 1 l d 1 ( r . r -> . 
Beaidea 

A • Ja»J0 - 1 - • ! ( » - A ) * - 4a*8» < 1. 
Wa obtain that I la a cont rac t ion on Jl . I t involvaa in 51 tl 

o o 

la unique napping r ea t i a f y lng funct ional equation (1 .2 ) 
estimates (1 .4 ) and ( 1 . 6 ) . 
THF iram le proved. 

Reatark. In the caee when A ia t opo l o g i c a l apaca, napping r 
ia continuous and p i a honeonorpfian tha Mappings u and r axe 
contlnuoua in both var iab lae . 
4. taaaple 

Let us coneidac d i f f e r ence equations on Z in Banacb apace 
x (n + 1) - * ( n ) x ( n ) • r ( n , x ( n ) , y ( n ) | , 
y (n + 1) - B (n ) y (n ) * fl(n,x(n),y(n)), 

»iioia a « I , y c t, a ( n ) end B(n) e re bounded l inear mappings, 
J|n) ia invur t lb l e , lB (n ) l < I 4 (n ) ' i r > and napplngs Fl I x I > * 
' I, Di 1 > I > « ' « s a t i e f i e e L i pech i t s condit ions 

I F (n . x . y ) - F ( n , x ' , r H » e ( l x - *' I * 17 - y" I ) . 
|0 ( n , « , y ) - 0 < n , x ' , y ) i a c ( l x - r- I + ly - y ' 11 • 

I t i a aaay to v e r i f y that th ia napping e a t i s f i e s tha hypo­
t o n i a (B l| - (US) , where a - ( ( eup M ( n f ' s I ' - c f ' , 0 - j - c, 
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com-IIIUOUS D E P E H D E H C E OH P A R A M E T E R S 

O F S O L U T I O N S F O R BOURBARY VALUE P R O B L E M 
V. P o n o B B i e v 

AliBtrBBt • Su f f i c i en t conüitloua foe the continuous 
dependence of solut ions to boundary value pioblasui on 
parameters are given for a f u nc t i ona l - d i f f e r en t i a l equation. 
AUS Subject c l a a a i f i c a t l o n 47B38. 

Consider boundary value problems 

x ' - V ' V " 0 ' M» 

where AC( lm.Kn) -L( IH,*n), I . . " " ) V „ I
m"l*m' • 

—<am<bm<*m, S K ( 0 , 1 . 2 . . . . > , n , J t « < 1 . 2 , 3 , . . . ) , J C ' I ^ e ? ' ) - the 
space of absolutely contlnuoua functions s i l ^ - f t " with the note) 

M c _ - » ' s * { l « 1 <tU» d . t i « u »»«*•„}• 
L ( / a > R n ) - the space of Lebesqua eiissaeble functions X I I ^ ' H " 
with the nora 

TOLa"""*! J l V 1 ' ' * * * s l l , . . . , n i } . 

R N - Euc l id ' s spaoe with the noma 

In tha work the condit ione w i l l bo g iven, under wl ich tha 

sequence o f solut ions t o the problem ( 2 ) converges to the 
solut ion of the problea ( 1 ) . Our resu l t s genara l i z e the re la ted 

ones in 1 1 , 2 ) . 

Inttoduce the stepping »' f c, 2 , 3 , ' . T . in a f o l l ow ! ig way. 



Lei lot any » i r f c ^ n and t*Ik 

Denote by , # » . m-0,1,2. the eet of S o l u t i o n » t o 

the boundary value problt ( 1 ) . O ) . 
Snppoee thet *a

mS(F
mi*m) e x i a t e for eny m-0,1,2, 

denote by B ( x n , r ) a neighbourhood o f » o wi th radiua r>0i 

B ( r 0 , r ) - ( « A C ( I o , l . n H I t - ' J ^ r ) . 

a^nwaun. Let the condi t ions bo ld ) 

and 

1. boundary value problem (1 ) haa a unique eo la t i on * Q in 

• I V ) , 
2. mappings FQ and * g are continuoue on B ( x 0 , r ) , 

3. the map Fg i s bounded on B ( r o , r ) , i . e . g»lllglan) ex la ta 

auch that for any r « B ( x o , r ) we have |re>|ao;, 

• • rkx)fBl*0'r) for any k « { l , 2 , . . . » , 
S. lim 8 v v 

T H E N JJI" I VVn l a " 0 ' - ^ 
Proof. Suppose, without l o s t o f g e n e r a l i t y , that 

for any k * ( l , 2 , . . . } . Ia v i ew of the cond i t i on 4 tha sequence 

>" r ) , ' i , I " uniformly bounded, 

egulcontinuoue. Prom 

Let ue ahow that i t ia 

for any hat 1,2, 

est imate 

.), t^ia^b^ and B ^ t we have Che 
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• 
t . 

0 o * I * 

Bancs tha aquicontInuity fo l lowa. Without l oa t of genera l i t y 
suppoae that tba sequence k-v^x^ converges t o tha eleaenL y . 
Proa ( 3 ) wa have that for any t s| « a i b 0 ) and ' , « < * , . b j 

|r (t,|-y«c,H » j g ( t ( d t 

• o 

and i t fol lowa that y « J C ( r o , n " i . Therefore f r oa tha condit ion 4 
we conclude that yaJ9(s | ) , r ) . 

Froa 

l i - \ray-vkFkxklu . 

- n - iFor-Vh ' i t l io • I V i i V W « - I u " 0 

end the equa l i t y 

r ^ * 
' V K I I ' I - ' V I , " " ' j E^äf I W l » 1 " " 

we obtain 

y<t » -y (a> - J ( r D y ) ( t|dt . 

Uauce, y ' -F o y . Den idee 

i v i . • **; lv*ViiVVar*A * 
1 iv-Vh'hiR • J I - iVhMa -

l » W » V - « r « V < l . » l - || a-ir^-tWM»< c> d t| 1 

""^i; J l ' W i . » , ' - < V A " , » . i V r f i i " , , l * ' [.« 
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and therefore y aolvee the problem ( 1 ) . Froai ysfl (r o ,r ) and the 

condition 1 we get that y-* D . end hence lim l x
0 - ,

h
, j , l r o " ° • 
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ON «-«CT8, II ami 9 CKUFE« ,T Fl rt.TTOMS 

TJL Terrae 

fliinuairr This paper i* a generaliiation of the paper 'On & dosed Spaces* 
of Mashhoux, Allam and Kahren (1991), (8) »HS 80 34010 

1. fnlmrliirrinn 

Throughout the prsaent paper, (X, t) and (Y, 0) (or simply X and Y) de not* 

topological spaces on which no separation axioms are assumed unless cipliaty 

stated 

A est A is semi-open (rasp, pre-open, a open, ß-open) iff AcA (resp. A c * , 

Act AcA). A sat, the iiwarseiiwaw of which is semi-open (reap, pre-open, a-open, 
ß-open) is called serm-dosed (resp. prs-dosed. a-dosed, ß-dosed). 

Aast A U called e-eet (reap. Soai ) If tor each semi-open oarer (U t : ie I) of A. 

Ibers exists a Baute subeet I, of I auch thai ttej U,: ic 1J (reap. f3\ : ia I 0 ) is a 

cover of A. A set A is called N-set (reap. 8-ripd, H-eet) i f for each open oarer 

lUj : ieD, there exiata'a finite subeet I . such that A c u fjj , (rasp. A c ^ ' t ) , . 

I f a topological space ia aa H set (rasp. N set, S-set, s-s*t) as bains i u 
> boat, it it o i l ed quasi - H-doaed (reap. N-doeed, Sdoeed. s-doaed). 
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Tb» following diagram ia wail known in any topological apace. 

s-set-> N-set 

compact -r> 8-aat - » H-eet 

^ a v , * 
N-aet - » 8-rigid 

A set A in (X, t) is called regular-open (reap. 0-open) if A « A (reap, for each 
as A, there exiata an open <•** U auch that x « UcDcAX t, wilt stand for tha aaaa> 
regulariiation topology for which tb* family of alt regular open eats ia a baa*. All 
0-open (reap, a-open) seta form a topology on X, this topology is denoted by Tg (reap. 
* * ) . 

The following an well known for a topological epace (X, t ) . 

(X, t ) la almost regular iff t , * to . (X, t ) is semi-regular iff \ • t, . (X, t ) is 

regular iff \ • t , a f*. 

In an almost regular apace (X, t), 

N-set *-» 8 rigid «-» H set *-» tg -compact set (from Theorem 3.6 in [8] and whs 

above diagram). 

In a at mi-regular apaca, it la known that compact set w N-aet, aa in • 
regular apace (X, t ) , 

t-compact set «-> N-aet *+ 6-rigid *-» H-aet«-»t» - compact set 

In (X. t ) , if every regular open aat ia closed, thai. (X, t ) is called extremely 
disconnected (shortly, s.d.). IfOC, t) is e.<L then it ia almost regular. 

t l X I will denote the topology which has the base the family of ail dopen seta 
in (X. t). For any topological space (X, t ) , t ^ c tac t , c t . Clearly an H-aet in (X, t ) 
is Vo • compact. But tha converse is not true. 
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F.sampl* } l Tha let of real Dumber» R with its usual topology U ia a 

regular space. Only X and 0 are tha dopen seta of ( R, U). So each subset of R ia 

Vqo - rompect But any open interval ia not an H set * 

If (X, t ) ia ed., then t, • 19 • Iq, . But the converse ia not true for any space 

(X, t ) . Clearly I fX is ttalta then, (X, t ) U s.d. H T t , - t 0 O«Tg. 

Esarapln 1.3. (Tliia is an example of Gillman and Jeriaon and it ia the 
Example 7.2 in [1]). Let X be an uncountable set and choose a point x,eX. The 
topology t an X is generated by having all seta Ul open for xm^ and if igcO then 
G is open if X-Q ia countable. It was shown that (X, t) is not a.d. ([1J, page 246) 
But, t , « t g = Cqo . 

The family of dopen set* CO00 - IACX : XgsA, A* U countable)^ 

(BcX: BcX\ btg), B is countable) 

The family of tegular open seta ROOD • COOtXjfDcXX fxj : D and D* are 

not countable) 

If DcX\|x 0 I and D, D* are not countable, than D - o ((a): xeD) . D* t t o . 

H a a c a t c - t O D . 

In [91, it was shewn that s-seta and Il-aeta are the same in an a.d. space. 

Now, we have tha fallowing diagram in an e.d. space (X, t ) . 

s-eat «-• 8-aa* t-t N-aet t-t 6-rigid«-« H-aet *-* tg-compact sat *+t c o-compact set 

ftvaanbertAefX. 

dg A • I x « X : D n A a 0 tor each open set U containing x I 

fl eeialHneuie of A - sdn A (It ia called s-d&.,ure of A in [3]) 

- JxaX: 0 n A * 0 aar each aeau-coen est U 

rontaiftint • ) 
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Tb* following deöuitiou* are known. 

L M f: X-*Y b* * funrtiou. 

a> 11 RA) ia dosed in Y for «ach regular doaad aal A in X, (hen f ia i died regular 

iluaed function. 

b) I f f * 07) c r-> (V) for each open aat V in Y, Iben f is called almost open. 

. c) if RA) ia a-open in Y for each open aet A in X, then f ia called a-open. 

d) IT RA) i* senti-doeed in Y for each regular doaed eet A in X. then f ia called 

weakly a ami-doaed [6]. 

e) If RA) is p-doaed in Y for each dosed set A in X, then f ia called ft-doaed. 

0 If RA) is ore-open in Y for each open set A in X, than f ia called pre-open. 

It is wall known that a function f is almoat-oper. iff it ia pre-open. 

We don't give the definitions of 6-perfect and a-perfect function*. They are 

denned in (3) and (3). 

Iff. X-»Y i* 6 perfect, then tha invars* images or H-seta are H-aet* (3.1.1 

Corollary in [2]). If f. X - » Y i* a-perfect, then the inverse images of S-seta are 

S-w'la I Proposition 3.3 in (31). 

The following example show* that, a function which satisfy the 
•million* of Theorem 2.2 n»u« not necessarily be either 8-perfect ore-perfect 

R«ampl» 2 l U l X - la, b. c, d), t - (X. 0, la), (bl, la, bl, (b, cl, la, b. ell 

Let I: X X. Ra ) » b. Rb) - b, Rc ) « c, Sd) - c. f is pre-open and weakly semi-

closed, fHy) ia a-aet, 8 set, S-rigid, compact. 

Qui for the subset A - la! of X. 

ad* A > lal. ei« A » la. dl, RA) - lb), sd* RA) <= lb. c), de RA) • lb, c, dl. 

ii. i . A) - lb, cl, Rsd. A) = |bl, ad« RA) a Rad, A) and d „ RAlo: Ada A). 
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Corollary 2.8. Let (X, t ) be an almost regular space, f: X - »Y weakly semi-
doaed and pre-open, and f 1 (y) tg-compact for each ye Y. If G is an 8-set, then 

f ' (G ) is on N-set 

-forollary 2 a Let OC, T) be s regular space, f: X-tY weakly semi-doaed and 
pre-open, and f 1 (y) ie-eompaet for each ye Y. If G is an 8-aet, then f ' ( G ) la 
compact 

Hence fit neither 6-peHect (from 3.1.1 Corollary in 12]) nor «-perfect (from 
the definition of a-perf»ct function in (3)). 

T W — m a a Let f be a weakly aerni-cloaad, pre-oprn function, and f 1 ( y ) 

0—rigid for each ye Y. Then f HO) ia an H-aet tor each 8-aet G in Y. 

Etaatu Lot G be an S-*et in Y and {11}: ie l) an open cover of f ' (G ) . 

For each y «Q , f ( y ) e uTJ,. Since f 1 (y) ia 8-rigid there arista a finite 
• '. e' a 

subset Ly of I such that f"1 (y) c V TJ|. Let U , - U' U t then Ü , ta a regular open 

aat. Since f is) weakly semi-dosed, there exiata a semi-open set V , in Y auch that 

y e V , , f » (Vpc U , (from Theorem 3.4 in (6]). We have Oc\JVr 8inee G is an 

S-eat, there exists a finita number of pointa y j . y» y„ in G such that Gcü 7^. 

f 1 (G) c u f 1 (Ty.) (eines f is pre-open and ia semi-open 

and fi. JI Propoaition 3 J in [4]) 



54 

Carollan 2.B. Let (X, i ) be an e.d. space, C X- »Y weakly semi rinsed and 
pre-open, and f 1 (y) r^-cornpact for each yeY. If43 ia aa S-eet, than f*<0) ia aa »-

Cordlarr 26. Let C X- .Y be weakly aeroi closed and pre-open, and f » (y) 

9-rigid for each yeY. I f Y ia Bdoaed, than Z ia quaun H-doeed 

Corollary 2.7. Lea (X, he an almnat twgwlar apaca, g X-tV esaaHy eeaai-
dosed and pre-open, and f 1 (y) ta-ootnpact for each ye Y. 1. Y ta B daaad, than X 
l a H a l l i l , 

Corollary 2.8. Let (X. i ) be a repiOar space, f. X-»Y weakly semi-dosed aad 
pre-open, and f 1 (y) ta-compact for each ye Y ITT ia S-dosad, than X ia compact. 

Cflrollary 2.9. L e t « , t ) be ed . apace, t X - »Y weakly aerni-doaad and pre-
open, and f 1 (y) Xco-cowpect for each ye Y. I f Y US-dosed, IhenX ia a-doeed. 

Corollary 2.10 Let fY. Ol ha ad. apace. P. X-»Y aaaasdv samj-eloaed and nre-
open. and fWy)9-rigJdfor each ywY. irGtetW«oo>nar4;fo T i t a 
eat in X. 

Corollary 2.11. (Theorem SJS ia (6]). Let be an tud. apaca and f: X- *Y a 
weakly sami-dosed, ahncst-open aurjection aad » » < y > b » « ^ f o r aachyaY. K G 
is S-sM to Y, then f » (G) U Saat 

CranillaTT 8.12. (Theorems J.7 ia l «D. Let X U a»e.d-spec* , £ X - »Ybe 
weakly aenu-doeed. almoat-open erjrjertioo and f 1 ( y ) be csxnpect for each ye Y. if 
Y ia aa S-doaed space, than X ia S-doeed. 

lamina g ia If( X-»Y is refuhu doaed, [in •pan, than for each ya Y ao4 
each open aat U cotUaining FMj), than ia urxMtveet V containing y auch that 

E o o L U t y a Y . f > ( y ) c U a B d U be an cpan set. f k y ) c U c f t c 0. nance 

k r h O a i e r v i f U regular d o e e ^ t ^ 

Y auch that y * V and f K V ) c ö . Suxa f ia pre-epao. e t ' o m f W c 
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Theorem 2 .14 , If-fi X-«Y i* regular dosed, pre-open and f ' ( y ) 6-rigid for 
each ya Y, then I is Ö-perfect. 

Proof, From (9,6) in (3] and Lemma 2.13, for each AcX, d e ITA) c flc!e A ) . 
Now, from 3.4.1 Corollary in Ol f ia 8-perfect. 

V aTlTf^ ~* '?"'' ' •••'̂ --•'•V •' ' ft^|r^^^^,X^ii'i'tsiaife^"Ä''tlolUii-ifc 
Corollary 2.13 Iff: X-» Y is regular doaed, pre-open and f ' ( y ) 6-rigid for 

each yeY, thea tha invert* images of U-sets are H-seta. 

Waget the similar corollaries aa we do after Theorem 2.2 by accepting X or 
Y respectively almost regular or regular or a.d. For example: 

Corollary 2.16 LetfX. t ) be an e.d. specs, I: X- *Y regular dosed and pre-
open, and f*1 (y) tcocoiopBct lor each y» Y. I fO it an H-set, then f MO) is an a-eet 

Corollary 2 17, ( T W e m 2.3 in [6J> U l (X, x) be an eA. space, f: X - »Y be a 
regular closed, almost-open sinjection, and f 1 (y) be 3-tct for each y «Y . I f G ia an 
n-eetin Y, t i . o f-'iOJ i.- S-set in X. 

Corollary 2.1A (Theorem 2.4 in IG]> U t (X, t) be an cd . space, f:.X-»Y be a 

regular doaed, almost-open turjection with compact point inverses. If Y ia quasi 

II 1111 aâ fTJlllSijl iy'Va TT^jaaall' . 

Umma 2.19. U t X b a ed.space.Iff: X-+YispVcloaed anda-open, then f it 

weakly semi closed and- pre-open. 

Proof: It is known that every a-open function is pre-open. If A is a regular 
dosed set, since Xia e.d.,' A is open tit- tha same time. So RA) is an u-open, 

6-cloaed act. We get UTA)]* c ITA) c ( (IA)!* , hence ft A Wit A ) ] * and HA) it regular-
open aat. Sine* every regular open sat ia temi-doaed, ITA) is a aemidosed tel. 

Corollary 2 M (Theorem 2 H in ft\Y Let X he ad. space and fi X-»Y an 

a-open, M u s e d surjection and f Ky) be S-set for each ye Y. If G is S-set in Y, then 

f k G ) US-set in X. 

It is kno n thai if f: X-.Y ia an open bgcetion, then f >(G) is an H-sei in X, 
for «Vieh H-set G in Y. 
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A N O T E O N F U Z Z Y C O M P A C T N E S S ( ' ) 

JAVIER GUTIERREZ and M.A de PRADA VICENTE 
Univeniidad de) Pale Vaaoo-Eoakal Ilcrriko UmbertÄUtee 

ABSTRACT 
la ihn paper, wt give urae charsctentalloae of fuzzy com pert new In Lowen'a 

kim , emphaaiaiag Ike aat given ia terms of sltraiHtera oa -V, which ii applied to give 
an easy proof of Alexanders Subbaaa Tbcoram. Strong fussy com pact not and ultra 
fuzzy compactness an th» characterized ia terms of ultrafilura, emphasis being dona 
in the analogic and differences between the three definitions of compactncea ia fussy 
lopceogica) ipaces. 

CUasiacalioo A.M.S.{1980): 54A40. 03E72 
PA LA BRAS CLAVE t- prefllter, t'-prefUter, fusay-compaelneaa, ultraniler. 

I.- PRELIMINARIES 

In the iHi(uel, h and I, will denote the intervals (0,1] and |0,1), aa usual. 
For any act A, 2,A) will mean the family of all the finite aubsets of A. We wiU 
denote C| (1 € /) the fuzzy subset with constant value I. 

DEFINITION 11-14| A eubeet f C f ' i l i pre/üier on X if and only if T «i I 
and: 

(i ) foi all ( i , i / { ? , « e have i i A n c ? ; 

In) i l • J'p and i € T. theo u 6 T\ 

(St) c* i T 

I ' I 1 lie maio part UF tits pnper was communicated in the XV Jornaoaa LuaoEipaiuVolaa 
d* Maternities ill 1000. E.oia (Portugal) 
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ta a iiastsiaiisnl paper, [4], be gave the characterisation below, in terms 
of presUters and adherence*: 

DEFINITION 1.2.- HI Oiim » premier «" tbe cAareclerürir tri al F with 
respect to 0 ii defined aa: 

C(,r) - ( • € / : V» € T 3z C JT fneh that p(x) > aj 

From the definition Ii ia easily derived that: 

and hence, the characteristic set of a premier will be either |0,c| «rith c£/, m 
fO,e)wHhc€/a-

The namber: 

oJ^O - mtpC(F) - inf {< ; c, C F) 

is called the characteristic earn* of a pre&lter -T 

DEFINITION 1 3 (4| A prefiUer T is called a prim* prefllter if for all j . , v <z I * 
such that hare either ( i € / o r ^ 6 / . 

DEFINITION 1.4.-14| H T ia a prefllter, theo tief eiaereace of jr is defined as: 

adh T - its' V 

V being the fussy topological cloaure of v. 
The haul of T ia defined aa: 

l i m ^ = inf adhC 

where is the set of aal minimal prime prefiltera finers than T. 

le |l| town defined fittsy-eoanparlneea in the following way. 

DEFINITION I.5.- (i| A fussy topofaayal apace (X,i) is /urr» corneae! if for 
each faaaiiy ß C 6 and a e J, such that supp > o and for all « e (O.ol, there 

«*» 
exist* /9, € 2<" such that sup p > a - «. 
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1 H0P0S1T10N 1.1- (4.1 A /ear, iofolagietl t?»a(X,S) itfnity compact if an« 
only if each aat af Ait conditions is satisfied. 

(i) V*" fTcfMf ea X awe thatC{T) «* (0 ) , »c Aee*. 

i u o t J h ^ ( r ) > e { ^ ) 

Iii) IT fnfUlct prime ea X, we aeee: 

»gada ^xj^ein 

DEFINITION 1.6.-15| A prefllter ^ o o X i s s a i d t o b e * l-pre^ier if c, f T. 

NOTE: We call the attention to the following facta: 

li) C{T) = |0, (j <=> 7 is a t-prefilter and it is not a (t + <)-prefilter fur every 
« e (o, l -1|. 

I ii I C (? ) = |0, ( ) <=» y m a (« - ej-piedlter for every e € (0, (| and it ia not a 
I prefllter. 

i 
( ih) c(^l = l «=>V« 6(0.1] c . if and V« 6 (0,1-1) c t ( ( y . 

DEFINITION 17.- |5| Given a Biter 3 on X and I I |0, 1 ) , we call u>f<f) the 
t-prefilter: 

wi( J) = 4#a C /* ; ( * _ , { l , l| € J) 

tor a I prefllter y on X, we call i,( 7) the filter: 

•.OT-{•-'<«. » I i * « * ! 

DEFINITION 18-10| Given a filter 3 on Y end I t JO, 1 i. we call - , - (3) the 

pialhwj 
«..(») = UP 6 / * ; « - ' ( M | 6 » ) ) 

Par a prefllter T on X, we call Ir-l*! tlie filler: 

:•{?) = lp-'N.>! kifi 

NOTE It is ca., to ace thai: 

t-Vi(3)) = |0.l| and C(u.1.t3))«=|U.t) 



DEFINITION 1.0.-17) For a given a pcefiltex 7 aa X, we »11 7' the prefllter-

This prefllter has the advantage of containing the com ten' corresponding 
to the characteristic value, which wiB be useful in the sequel. This Is expressed 
in the following 1"""» 

LEMMA 1.1.-1*1 7 *e a fitfiher 7 nek that c[7) at t. T V * C(7') = (O.f). 

J.- SOME CHARACTERIZATIONS OF FUZZY COMPACTNESS 

The results contnined in (4), about fuzzy compactness, bring us to the 
following; 

PROPOSITION 2.1.-7/ (Jt,») Ü * ftun fepeteeicaf jpsva, tkes Ih, /ollewm* 

coaaib'tiRs are ejuiteJcni 

(i) {X,i) ü/azzt-comsecL 

(u) For any erejUter 7 on X nek litt C{7) = (0, l\, milk t 6 (0,1), wc tan. 

fail Per any srefifter ^ ea X nek lit! Ci7) = (0,1). witA t € (0,1|, wc **•«.-

t 
adh 7(t) > I. 

supadh 7{z) > I 
afS 

(i»,> Per any ultra^licr U *e X aa* < € (0,1), we k * « : 

Inn ^< 

(*) For «at aitraShcr U on V tad t e (0,1), wc ***c . 

3 Kmw,.(UXx) >f . 

* 



I i 
(m) A r aas tltm/Ultr Ii on X esel I 6 (0,1), wc U 

«DÜ«Wr<UX«)cl<. 

P roof: Tbe first Ihfag to be dona ie to construct a ptefliter whose characteristic 
set it so open internal, associated to every prefllter T, whose characteristic eat 
is a closed interval. 

m)n>m 
I f ^ a i prefllter on X such that C(F) - |0,f), with I 6 (0,1|, for sH a € (O.t) 
- w e r f / - - ' r , M , « . a ) . 
WehswthaiC(J r , )-|0,af: 

• e, « y because if c, € >t% there would exist o l / « i d i ' 6 (a,l) euch 
that c. > <. A c and hence we would have that e, > p, and then, c, € f. 
bat this is iropoeeible because C(F) sa (0,1). 

•• Vi 6 (0,1 - >| «v*, € J " because i f <C(a, 1) 

Taasnsfare, a € (0,1) £ (0,1) and we can use (ii) to conclude 

sup edh T{T) > iup edb T'tx) > i V*€(0, t ) 

Cotiaequently, 

sur , «H , j r ( , ) lH . 

r*; •*(**»/ 
It Is s strsighUorward eoruasxieoce of the fact that C{f\u.{U)) m |0.i): 

e<« 

• c€Qw, (U ) ,becausee . - ' f e . l l .X Va < I. 
sen 

.. v« c (o,it, t he-use «,-.',(! - «, 1| = • i u. 
X I 

o;..(.). 
U follows of tbe iuchteiuoi*.(U) C f) w^U) 

x i 

It it a eoneeonence of w,(U) C w, . (U) 



<«)•*•(*)• 
Ii r ia a premier oa X such that C(70 - |0,(], with l «WO, I ) , we call 7* the 
m**4****1 l-preflller which cool aim jr, then T* — u>,i|(Jr*) and we have that: 

«f. adh ?(z) 2 ~J «dh (r»X«) - " P . * * wA(r"X») 

But it an usual ultraiilter, ao we can use (m) and we get that 

eupadh.F(x)2< 

We finita the proof just pointing out that, by proposition 1.1, (i) «=» (ii) 
and (in), a 

DEFINITION 2.1.- (2) A fuxxr topotefpcal apace (X,i) ia I unpad with t C 
(0,1) if for eech fiirnily &*Z l auch that IJai 'Vf, 1] - X , there exhta A € 2<" 

et» 
auch that |J p- ' ( » . 1| - X. 

aCA 

DEFINITION 2.2.- (S| A fuuy topological apace (X.S) It Jtroa#/«iry-c<na»acl 
if itial-eornpaet.VtelO.l) 

PROPOSITION 24.- // (X, S) it a /«oy tesefeeicef .pace ant t 6 (0,1), liea 
t i l /ollouraa art efareafraL-

' i ; lX ,Ä) ia ( l - t ) .ear .s .e t 

fill Far ana pre/Uler ^ ea X a*c* tiol C ( / ) * (0,f). wc have: 

^ 3 » 6 X sscaUal adh ^ ( i ) > I. 

'tri) For en, mflrajUfer U ea X, we *a»e. 

3 * € X jut* <Aa( UmfJu , (UKx )> l -
•<i 

(iv) Far esy mltrnfillcr U aa .V, we Aeec. 

?.r - X atcA Aat Ihn L V I U!; i) L-1. 

Proof. 



>4 
( i ) *=-> (iv). It ii well known that 
(X.l) (1 - t)-eornpnct *=> (X,i ,_, (n) ) compact, or equivmlrntly: 
Given an ultnifiller It, there exist* some x € X such that 11 converge* to x In 
X endowed with the topology it-i(S), therefore: 
For any 11 € 4 such that x € u~' ( I - f, 1] we have that u _ l ( l -1,1) € U, even 
more, 
for any v € Sc such that x € ( s - T ' O -1.1] we have that ( v ' ) - ' ( l - 1,1) € 11 
Having into account the following equivalences: 

(a) z e ( ! / ' ) - ' ( ! - M l * = * - K * J < « . 
(b) (*- )-* ( ! - 1.1| € U ««=> (^)- ' (0.1 - «1 4 U <=> " " ' [ ' • I| t 

we obtain, 
lor any i' € t' such that v(x) < t we have that Vl[t, 11 g U, and so, 
for any v € f such that *-. ' [ « , 1] e U we have that v{x) > f. Hence, 

farf * f * ) > f « = »Ümw r . (UX* ) > f-
•-'(•.ileU *> 

On the other hand, if there exist* some x € X such that lim w,.(U)fx) > I, 
then for any v € S' such that »r-'ft, 1) € U we have that *{T) > t. 
Hence, for any u e S' auch that v(x) < t, we have thai *•"'(«, t) if It, sad 
consequently, for anv>ie »such that x € u - , ( l - t , l ) we have that ; i _ l ( l - t , l | 6 
II « = * (X, i ,_ , ( « ) ) empört ea* (X.S) l-enrnpert 

o; •*(•»;• 
If ^ is a prefllter on AT such that C(F) - (0,4], we call J** the maximal t* 
prefllter which contains T, then 7* " a>r>('ir ( ^ * ) ) and wc have that: 

Vx € X adh *•(*) > sdb (J=*X») - «dh a., . ( i , . (y*)H») 

But i r ( J r * ) ia aa usual ultrafilter, to we can use fei and we get that 

3 x 6 X such thai a d h j r ( z ) > ( 

(»)*(>»)• 
This is a consequence of the equality C(f~J w,\'U)) • [0,f): 

r<l 
C.ui* f- i . l 
This is immediate because w,.(U) c J"|u»,(lt). a 

*<• » 

COROLLARY 11.- lf(X,f) it a/mrnjr toseleyiVef spare nrn «Ar fallowing con­
ditions ere rraiseleat: . 
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DEFINITION 2.3 - (3| A fusijr •opolofcicsJ spar* (X,t) is allra fuuy compact if 
lue topological space (X,i(i)) is compact. 

PROPOSITION 2.S.- i=l ( I t ) k » lam topoloaicel space Ike /eUorw* 
coailtionj an eauraient: 

(i) IX,i) it a/lra/un-compact 

(ii) Tken exists t € X nek tkat far say pnfiner 7 ea X nek IkatC^T) -
|0,«L aaasl€(0, l ) . SKkas.. 

arJh^(x)>« . 

(in) saerx csuls i C X nek last far ana srcJUter 7 on X nek tkat C(7) • 
|0,l), tails t€(0,l|, n*ka*t: 

•A 71*12 t. 

(ia) Then ezuti i € X sacs tkat for say aUrafiiUr ii on X and I € (0,1|, ax 
ftesc-

lim n--(uH»)>«-

(a) Tken cat it, x € X aac* taal /ar say ultrafiiltt U ea X aaa* I € (0,1|, ew 
mmm 

Kmwr-(UK*)><-

(%i) Tkcra exist, i e X nek tkat for ang attraflttr U on X and I € (0,1) , 

hmw, ( l lX « )> t . 

(i) (X , l ) it imnij./Miy rampart 

(ii) Tar esy fnfittcr 7 on X nek tkat C(7) m (0,1), .ilk ( £ (0,1J, » r I t a 

3x, € X face met s.u. 7{i.) >t 

(Hi) A r say ultrofilUr U on X and IP (0. I|, art »*«.-

3s,€JC nek tkat Urn f j w . ( U ) ( r , ) > ( . 

• <i 

('is) A r say idrrsltiter II ss X aaaf i € (0,1|. » r eas*: 

3s, € X « r A Hal lirnw,.(U)(r,) > l . 
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If ia a prefllter on X such that C(X) = |0, i], with I £ (0,1). wc call T* the 
maximal t-prefilter which contains F. Then ' ' " = and we have thai: 

VsCX a imy^x )>adh ( r »Kx ) -adhu, i « ( r »H* ( 

Proofi 

By deflrutkm 13, (X,4) ullra-fuxxy - com pact « - * (X,i((Tj) compact. 
That it equivalent to say: 
For any ultrsfilter U, thereexists x 6 f ) 17 - f] V •* f ) n'MC'l-

i/eU t/fU »-'|«r|«U 
"«««• .«<"«'• 

where the cloture ü considered in the topological space (X, i{S)). 
Hence, for any ultrafilter U there exists *.€ X such that V/i € 6 and 

ii 6 /, with /i~'(0,t| € U we hove that s C *a—*f0,1] and equivaiently, for any 
ultrafilter U exists r € X such thai Vf 6 i' and VI € J, with f - ' ( l - € U 
we have that s € »"'Jl - 1,1]. Finally, we can say that far any ultrafilter U 
exists x € X such that V( € It we have that ndb -i,-(UXx) i t 
(»)=> ('»)• 
Let T be a prefllter on X, such that C{?} • (0,1), for some t 6 (0,1|. For all 
s € (0,1) we call T - (T, fe„ , , 4 ( . . a ) . 
We have that £(*•') - (O.a), therefore, * € (0,f) (0,1) and we can use (Hj, 
to conclude 

3x6 X auch that arlh f ( x ) > adh ^ ' ( x ) > a Vs 6(0.1) 

Consequently, 

3 x £ X such thai adh/- (x )> » 

•> (-i.i. 
It is streightforwsrd because: C ( f )w . (U ) ) = (0,1): 

»<i 

f r e / o f . l , 
It follows from the inclusion u>, (U) C |~)w,(U) 

»<l 

It is a c-insr.uier.rc of UK fact: u , (U ) C w,- (U | 

http://c-insr.uier.rc
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(Ü) tjfil trim* ess* E u e saMest oeaenstraj t; 

a d h * , * ) - at u(*) 

Proof. 

(i) We first prove the inequality <\. 
a d h ^ x ) - W P t » ) - W ^ , ) . 

Ft* 
Sino* 0 c S, we can conclude: adh T\t) £ inf »fx). 

Pit 

Bnt ft to usual ultrafilter, I O K C U U H (wi), and we get thai 

i r € X each that adh F{s) 2 I a 

OBSERVATION: If we eoruoder topcHOgiea in Loweu'i aense, those that contain 
all of the constant*, fat the rendu of propositions 2.1, 2.2 and 2.3 and corollary 
2.1 we would get the equality. 

OBSERVATION: From proposition 2.1 and 2.3 and corollary 24 we see inmedi-
ateiy that 

ultra-fiisxy-compact nets »•* rtrong-fuuy compactness =*• fuasy-eompactnr« 

Here we get more than that, are see exactly which is the difference between the 
three definitions of compactness and why the equivalence is not true. 

3.- A N EASY PROOF OP T H E SUBDASE THEOREM 

The above results allow us to give an easy proof of the Alexander subbaat 
theorem. We need a previous lemma charactevtstng tha adherence in terms of 
bases aad subcases. 

LEMMA 11.-Grata a/easy tstefa/icsl swta (,X,() end s mfilltr 
las* fclai 

(i) tjß it a lese aeaavsaias t; 

adh T(T) - iad *<T1 
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THEOREM 3 1 (Alexander) (A /un tesefeetcal aaace (X, 4) ia /axxy-ormyacl 
%] and oa/f i/ eisca a jssiaie E ocaeiaUns 4 vac ftaee t&el /er eack /emtfy tCS 
eaa* /er every a C fa » « « lAal sup /. > o ana* /er esc* c € (0,n), 3p\ € 2*" 

.«* 
lack (Aat aup ;i > a - «. 

»€*. 
Hroofi 
The if part is trivial. 
On i he other hand, if [X.6) were not fuzzy-compact, by charade bat ion ,'•..) <J 
proposition 2.1, we know that tliere exists an ultrafilter 11 and I 6 (0,1) auch 
that •uyedr,w,-(u)(x) < t. 

Now, wo only luv« to show that for any constant C > adh 7, we luve: C > 
inf,*,, 

Aß 
But adh 7 < C implies there must exial ve7 auch thai e 6 and i/(x. < C. 
Since ß is a base generating S, then there exist a family lf,),(J C /I such that 
v' = supu,, and whence, v = jrtf/ij . 
Consequently: 

•(,)<jjf j/.J(x)-Kx)<C 

fa/ In the aame way, the inequality < follows eeaily from the fact llial 
EC 4 

It ia only iemas> to prove that for any constant C > adh 7 ,it ia verified: 
C> inf *<x). 

But adh 7 < C impBes there must exist v e 7 such ihsl i* € i and v(x) < C. 
Since E ia a subbese generating i, there exists * family [fHlljfl.M.I, .mi C 
E such that 
a-' « sup inf au, or, K - inf su|> ajj. 

i f ' - ' - •, « J l e l X - « 

Then, for any ; € J wc have that sup pjj > v 6 ̂ , 
and whence " eup «5, 6 7-
Taking into account that 7 is a prime prefllter, we draw thai there muat exist 
i, 6 {1,2,...,«,) such that 6 ̂ . 
Consequently 

inf Hx)< inf «5 (̂(xJ< inf _ sup pj.jx) «= i/(x) < Ca 



Thal is, we can choose 7 «I « « h that adh w,.(U)(*) £ < - 7 V» E X. 
Usisglsaaina XI , we can write 

haf *• < tt-y, or equrvalently, aap« £ C I - H T » where - 'r(U)|, we 

r*sji 
have thai 

riß 
Now, by tha IfpothemU, (or any < 6 (0,1 - I + 1 ] , then exist ft 6 2 " 1 such that sup a > 

1 - t + y - t 
Theaefore (sup « . } - ' ( » + /."'(l - 1 + 7 - e, 1| - X. 

Since 11 is an usual ullraSiter, there roust exist si € A each that 
^ - ' i l - « + 7 - « , l ] € U . 
On the other hand p* € u>r(U) becar.e u € A C ** and we find a contradiction by choosing 
c < 7 - « 
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H.Qutlerrea. H.A. d.6 Prada T l a a n t a . Pa 
AnotSo l ia . Darba s n i e g t i faal-topclofcLBku t e lpa Jauni 

koupaktlbne l ovaaa nortnfl rakaturerjurai. Vfens no t l aa acta 
u l t r a f i l t r u ternir .os, kaa l ou j l e gu t jaunu, T l enkaräu p l e -
rSdljunn Aleksandera teorenml per pr lek f ib&z l . OltradTiltru 
t.TQinoB l e g f l t l arZ e t ingrSa kcupuktxbas un u l t r a f a z l -
kotspaktxbas reksturo j ural. M e l a rCr tba p l o v l /a ta 3o t r l j u 
k o a p k t l b a s d e f l n l o l j a faa i - topo loy .sk8m te lpoa U d s l b u un 
atSVlr lbu ana l l aa l . 

I. ryraeppoo. H.A. Ja Dpejifl B m e a r a . Saueixa o uewrmt 
KoarnaKTHOOTa. 

AHHoraiiHfl. B paoote npmBOjtBTOpj hobho lapenapBOtiua 
rcatinaKTHocTn b ryaojra Smtma viz sesemua Tooajorntwnx 
npoofpaHOTB. Ojjb i s a ax j&w b TepatBHax y^iptfJajtoTpoB, 
tto nosBOJHM voxfiMih Bosos npoonoe jra*asaTan,cTso toope­
tal AaencattÄspa o npejtoase. 

Kpoiie f a r o , nojrjrqasa xspsa^epaoraica oas&RoA kcichktho-
on • yjaipeHQieraoS usuxaicraoon a ta faaaax yjttrpa$axb?poB. 
SHflujifajttHoe BRiaaiHia jjfftmvtOM oöoyxHBHBB cxosorae • pas— 
j n u atix tpex onpesejBHatt nMrarraooTB kjdj m w i u i 
Tonoj ior i^eoKu npooipeBOTB. 
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Our iQvestigitioo concerns das problem of constructing "good* 
random number generators. The use of pseudorandom number generators 
does not yet have s satisfactory logical foundation, but (he (raced, stability 
and accuracy of physical random number generators is far from being 
perfect If we deal with stable generators, either of discrete or continuous 
distributions, then no special problems arise. Various methods exist of 
transforming them into other stable distributions with precisely known 
parameters (tee A. Lorenz (1974), A. Lortrnc (1976a)). 

Serious problems occur when the parameters of the original 
distribution oscillate and the action of the generator is not sufficiently 
stabilnable by technical means. Assuming that the random number 
generator emits an üsJependestt wigrwajti of random variables 
X,JC2,....Xa,..., the probttm of testing homogeneity arises. In this 
connection there appears the problem of finding a value n(e) which 
guarantees with probability p> l -a the rejection of the hypothesis Ho of 
homogeneity of the sequence, if f e e given natural numberh and for each 
i there exist M such that iSKtS i+h, and the inequality 

I P { X , < n ) * ( X r < a J I > « , 
holds for some a. 

Clearly, tor very small e and a the value of n wül be very large, la 
mis conitrxtadi we ptopoac the following concept: 

1) We test the primary tyravrasTa a a t ^ a attests 
demanding the precise estimation of the parameters (ia this situation a 
moderate sample t o e is sufficient). 

2) The sequence from the primary generator is subjected to (he logical 
transform which giltst I aat i high accuracy of the parameters (thus without 
additional testing the high confidence level is preserved). 

In this paper the problems of finding stabilizing transformations of 
discrete random processes over a finite set by means of finite state 
arjtomata are considered. A.S.Davis (1961) initialed a series of articles in 
which a *rrirhas>ir aatnataiina (a cswtrolled Markov chain) was 
represented as a cxwrsxtion of a random input signal source (RSS) with a 
finite (deterministic) slate automaton. However, the theoretical 
attractiveness and universality of this approach to taxoteineoüng a 
stodtattir automaton depends on some ideal properties of RSSs that are 
difficult to realise physically. By considering the relative stability (or 
instability) of the RSSs employed, A.Dvoretiky and J.Wolfowitz (1951) 
proposed a method of stabilizing the input process by an adder modulo o. 
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by Q(A.T.tc). 

The stabilizing properties of addrrs in terms of finite Abelian groups were 
investigated also by N.Vorobyev (1934), and in automata-theoretical 
terms this problem of transforming a random sequence into the uniform 
distribution Kn=<i/n,l/n,. .,1/n) was restated by A.Gill(1962). Later this 
stabilization method was generalized by A.Lorencs (1974 a, 1976 b) and 
his colleagues J.LapurJ and L Metre (1973). They developed a more 
effective technique of transformation than the adders or Gill automata 
and also applied new more precise estimation methods of the stabilization 
rate of the output process. 

1. Bask deflations and tropics. 

Let By.ov be the aet of finite nonhomogeneous Markov chains 
(X()|20 of order u (jiSv) over the set R=(O.I,...,r) satisfying the 
COOtCattlGC 

Vt V(»^.^io)eRt*2 (P(X I ti-xfXr=xt Xn-soleW). (1) 
where a b a positive real number. Let A-LX.YZAA] be a finite state 
atnoasasoa (FSA), X=>R. Y-IO.I m-11. 2>{0,l,....n-l), A: ZxX->Z, 
"kZ—>Y. For any iqcZ and ( X , ) ^ e B v a j let us define inductively two 
following sequeoces [ZI)QQ sad (Yt)ao of random variables: 

Zo-AXzoJCo), Yo»>-<Zo). 
If for some t (t>0) Zr> Z| Z .̂j are defined then Zr-AfZt-i^t) and 

Yr=A(Zt). m mas case the teqaeoce [Z,)qq of random variables b a 
Markov chain of order pv+1 and the sequence ( Y , ) ^ in general will not 
be a Markov cfcaia. 

Let us denote for a itorfiaitir vector soKpo-pi... ,Prn-l) with ail 
positive ccByuutjiti 

sap max sap nun rP(YHT=ylY,»y, Yo-yol-Pyl 
(XtlceOaBv^ io«Z (20 (y-yo,-. .yi* Y*+* 
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Definition 1. FSA A transforms Markov chains from (he set B v n , 
iuto the random distribution it iff limr-*.. Q ( A , T . K H ) . 

In this paper we concentrate our attention (except the section 5 ) on 
FSA A=|X,Y.ZAX| for which Y=Z-((l.l n-IJ and Vz€Z(A<i>i). 
Sudt FSA A we describe by the triple A=PC7,A|. 

There are several interesting and important subclasses of the class of 
PSA which is possible to use as stability tntnsfonnert. 

a) g - oirculai.. transformer (Gauss automaton). 
Let n and g be natural numbers and the greatest common divisor 

lg,n) of them is equal to I. FSA A=iX.Z.A] is called a g-circulant 
uTUTsformer it XcZ=(0.i.. ..n-1 ),aud Vxe.X. aeZ(A(z,x)arzg+x (mod n)L 

b) Gilt automaioo (adder modulo n). 
In the specisl case if g=l and X=R=|i>.l.. ,;). the g-circulant 

tunsturtnsr is called a Gill automaton. 
c) Linear sequential machines (linear finite stale automata). 
Let p be a prime number. cp»p*. Lu iV be a set of all uxv matrices over 

Galua field GF(q). 
Di-fluitiun 2. FSA A=JX Z.AJ is a linear sequential machine (LSM) 

over ClFtq * if there exuu positive numbers k.m. and matrices Ce Lgjt, 
Ue I » [,, such, thai X^Ln, i . Z=>L±t and VreZ, xeX <A(z,x)=Czi-Hx). 

In mis paper 
(i) the class M of PSA transforming Markov chains from the set 

H, .,, min the uniform distribution it<r=f l/n,I/n,..., 1/n) is described; 
(ii) the rate cf convergence of functional fl(.,.,.) to 0 for FSA o f 

the class M is estimated; 
iiii) the subclass of FSA having das highest rate of convergence is 

described, 
(iv) some possible applications o f die theoretical results are 

discussed; 
(v)some possible generalization i and modification? are discussed. 
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a,,' <x>=' 
f 1 if Ml.*)**, • 

0 ctfvmvae. 

Lei ui denote also by A me matrix 

A - l A r + D X A x . 
u X 

Theorem 1. (A.Lorenc (1976 a.b. 1978 a)) The F S A A = { X . Z ^ ) 
transforms Markov chain* from die set B y i ( V r into some random 

distribntion «=(po,pi Pn-i) iff the following two conditions are 

satisfied: 
<i) VxeX, fctf e Z (z«'=»A(2,x)*AuV». 
fti) there exists a natural number % such that the matrix A? has a 

positive column. 
Besides the only one possible positive random distribution % is 

X0=<l/o.IM. ..1/n), and tl(A,T.Ko)S ( r+ l ) » ( l - ( r + l ) v cÄ+v^/ß+v) ] . 

Remark 1. From conditions (i ) and (ii) of Theorem 1 it follows, that 

for some natural number y all elements of the matrix AY are positive. 

Remark 2. For any n there exist FSA A , satisfying conditions (i ) 

and (ii) of Theorem 1 with T=]k>g,+|n( Here and below )aj=-l-a). and [a] 

is the integer part of the number a. 

2. Stability automata and convergence rate. 

Let K=\X,7JA We will use the no called transition matrices of the 
PSA A, i.e. the nxn matriges 

A ^ a ^ x ) ) . xeX. 
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Theorem 2. (A.Lorenc (1976 cX J LapioJ and A-Lorenc (1986)) Let 
p be a prime number, r+l*q=p«, A - H X ^ A ) be a LSM over GP(q), 
X=Li,i. ZsaLti. VzeZ, JUSX (A(z,r>=Cz+Hx). The LSM A üimsforms 
Markov chains from the set Bv.a.n-i u M O 1 0 6 r 4 n 4 J o m distribution 
K(p(I/qk. l/qk,...l/qk) iff ihe matrix C is noosingular and nutnccs H, CH, 
... C k | H are linearly independent over GRq). Moreover functional • in 
this case satisfies the mequality 

l^AXxn^ni-q^^vy^/ft+v)!. (2) 
The following Theorem gives us a lower bound of the transformation 

rate of discrete random processes into some random distribution x. 
Theorem 3. Let FSA A=[X^AJ transforms Markov chains from 

the set Bvaj into the random distribution % with at least two positive 
components. Then 

/ l-tt+l)a\T 

Q(A,T.Jt)21/2 I 1 (3) 
\ l-U-l)o/ 

Remark 3. in the case aetr/(r+l>2.1/(r+i)| the inequality 
kt(A,T,jt>2((Hr+l>a);r/2 is proved xnd- it seems very credible that (he 
last inequality holds tor etc J0.1/(r+l)J. 

3. Special inkrliiiri of riahaarang FSA. 

a) GUI automata. 
The lower bound of the transformation rate given in Theorem 3 is 

possible to improve in (he case when A is a Gill automaton. 
Theorem .4 (A.Lorenc. J.LapinS (1984)) Ul A={X.Z,A). 

(0.1 r}cX. Z=(0.1....n-1), r<n, VaeX. zeZ (A(a.x)az+x (mod n)). 
and (r+1 ,n)=ra>l. Then for the trarsformation rale of Markov chains from 
(he set B v a , into the random distribution *o=(l/n.l/n 1/n) by FSA A 
the following inequality fulfils 

ü lA-LaeJ^tm-1 )/nX I -(r+1 )a)l(T+v)»X I +v)l . (4) 
A.Lorenc (1976 b) has also obtained more precise formulas for die 

transformation rate of Markov chains from the set Bi> „ , (sequences of 
independent random variables) and from the set B| i 0 U (simple Markov 
chains) into (he random disbibution \iv.Mw. ,l/r,i by the Gill 
auiomainn A=| <7..\j ihe proofs of these results ate based un the 

file:///iv.Mw
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property of circulant matrices thai they can all be reduced to the diagonal 
form with the same orthogonal transformation. The following result is an 
example of these results corresponding to the case v=0. r= 1. 

Theorem 5. (AAorenc (1974 b)) Let A=[X,ZA), {0,1 )cX. 
Z=(0,l,...,n-l). VxeX. z«=Z (A(z,x>ari+x (mod n)). The FSA A 
transforms sequences of independent random variables I Xil^oe Bo.a.l 
inro the random distribution Xr>=<l/n,l/n,...,l/n), and 

Q(A,T.lio)S(p/n)(pT/2+pT/(|i))T), 

where p= I -4ct( 1 -a)s in ît/n). 
b ) g - circulant transformers. 
Very precise formulas are obtained in A.Loreac (1978b) for the 

transformation rate of sequences of independent random variables from 
the seiBo,u,r mto die random distribution no=(l/n.l/n.....l/n) by the 
g-circulant trasaformer A=fX,Zui| • Here again wc have mentioned only 
one particular example of these results corresponding to the case v=0, 
i-l. ' 

Theorem 6. (A.Loreac (1978 b)) Let p be a prime number, k and g 
be positive integers, n-p*. (g.n)-I. A»|X,Z^|, (0,1 |cX, Z=(0.1 n 1). 
VxeX, Z 6 Z (A(z,x)Bgz+x(mod n)). The FSA A transforms sequences of 
independent random variables IX,)U0eBo,a,i into the random 
distribution *o=<l/ii.l/n,...,l/n), and 

k-l 
n<-4,T,*o)SI/n I tp(p ki) 

aaH+0-a&> \ |J|Trtptn)i 

a P k ' , + (l-a)P k+' 

where ID is the Ruler function 
c) Lluear sequential machines over finite Galua fields. 
The following theorem characterizes the subclass of 1 SM which 

have the highest transformation rate known at present if we transform 
sequences uf random variables from the sei B(i f , , 
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Theorem 7. (J.Lapinl and A.Lore oc (1986)) Lei p be i 
mimber. r+I=q=p«. Q-KqMWq-l), A=[X,ZA] be a LSM over GF(q). 
XoLi.!. Z=Lfc|. VzeZ, xeX (A(z,x)=Cz+Hx). matrices H, CH C*-'H 
are linearly independent over GF(q), and the least positive integer t, such 
that C* is the unit matrix over GF(q). is equal to qM. Then LSM A 
transforms sequences of independent random variables from the set 
Brt.a.q-l utto the random distribution x^l/qk.l/qk.....l/qk). sad 

OfAXx « ( q M y q ^ l ^ l T ' Q J q « - " . (5) 

Remark 4. For any prime number p and natural numbers a and s 
there exist matrices C and H, satisfying conditions of Theorem 7. 

Remark 5. The inequality (5) becomes an equality if T/Q is an 
integer. 

4. Applications. 

The theoretical results discussed above have a number of different 
applications, some of which have already been used in practice: 

(i) they can be used for the implementation of physical random 
mimber generators with a high confidence level and accuracy. We note 
that the described LSM have excellent properties - a high stabilization 
rite and, at the same time, a very simple structural implementation; 

(ii) they can be used for creating the recurrence type cryptoaysatana. 
The actual cryptograms of these systems have practically non-informative 
statistics; 

(iii) they can be used as an approach to proving interesting limit 
theorems, which can be expressed in classical terms of probability theory. 
As an example we can mention the generalizations given by A. Lorenc 
(1986) and A. Lorenc and A. Lapinl (1990) of the results concerning 
the statistical properties of elementary symmetric functions (see J.D. 
Smith (1974)). 
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5. Generalizations and modifications. 
•''.-it"' ' ' f e '>>;• ; -• t> 

The results nuntioned in previous sections are generalized in several 
directions. 

A) The set B^a,, of Markov chains (XJ.^o is introduced in 
A.Loreac and J.Lapin5 (1984) for which 

(i) {X,)«20 is a Markov chain over the set R=(0.1 r) (rZ2) whose 
order does not exceed v(v20), and 

(ii) ail transition probabilities of this Markov chain are less than or 
equal to 1 -o (a is a positive real number). 

Theorem 8. (A.Lorenc and J.LapinS (1984)) Let A=[X,Z,A| be a 
FSA, X^RcZ=(0,l n-l}, VxeX, ieZ (A(z.x)azg+x(mod n)), (g.n)=l 
(gtri). The FSA A transforms Markov chains from the set B o > a r into die 
random distribution JioMl'n, I/o,..., i/n) iff the least prime divisor p of 
the number n is greater than r. 

B) If we use a FSA A=>[X.Y,ZA>1. for which the function AiZ-tY 

is not injectivc, as transformer of Markov chains then h is not necessary 
for the FSA A to satisfy the condition ft) of Theorem 1. The study of 
some properties of special block matrices which arc a generalization of 
the double stochastic matrices allow to* become to the following 
extension. 

Theorem 9. (J.Lapüjs. AXorenc (1985)) Lei m=kn. A=IX.Y.ZAX] 
be a FSA. X - { 0 , L . . ^ J . Y=(0.1,...,n-I). Z=|0,l m l } . Z-Ujl iZj , 
IZ,i=ii. and the following conditions are satisfied: 

(i) V i f a Z j ) ^ lAWIzeZil-Y). 
(H) ViVxeXj j (A(Z*x) < # (A(z.x)tz6Zi)=Zj). 
( l i i ) J^eN V/,z'eZ 3*i X;J6 X (A(z.x|...x£<)dSJ 

fB ot..j>A(ta|).X2) » «> « • ) . 

Then FSA A transforms Markov chains from B,. „ , into the random 

distribution rc<i=< I/n.I/n.. ..I/n). and 
fKA.T,it,,)Sc(l-ckcr%+v^T«4*v)|> 

where the number c satisfies the inequalities <r+1 )v<cSn(r +1 ) v. 
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Remark 6. The principal result holds also by Ihe following 
modification of the condition (iii): 

(iii'l Every set of states Zj of the FSA A is a subset of one cyclic 
subclass of a Markov chain {Ztlao induced by a process ( X I ) Q O with 
U=o. 

C) A result analogue to Theorem 2 is possible to prove also in (he 
case when (he Galon field GF(q) is replaced by a finite commutative ting 
K with unit element. In (his case the condition that matrix C is not 
singular is (o be replaced by the condition that detC is not a divisor of 
zero of the ring K. 

Acknowledgment- Authors are grateful to Dr. Andris Abakuks from 
Birkbeck College of University of London foi his kind help in preparing 
of the English version of this article. 
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A JlopeHu. ̂ JlansMbtu. Ora6asanrpvKHuee npeoOpaaosawic jmcgpembtx 
PivsaAtujx npoueccoi apn aonotun toness ux BeTensatgapoaaHHbm 
aBTonaTOB: reopn« a npaiioaremut. ' 

Ajuprauaa. B patore nan ocsop *ccaeaoaannA aaropoa no 
apofiaessaraiKS aocTpoeHira nsecraeaatax tptnH4ecKHX reneparopoB 
caytaftHMx wHcea. noaxaa. aaropoa ocaosaa aa usee ciBOsuaaaaaia 
aaciomtoro opouecca "*rtnin tpinnHecKax reaeparopoa cayqaauwx 
cuituuioa npu noaouta nozxonxuKro KOHCHHOTO aerepuMUHposauHoro 
aarouaTf Meroa nojaoaser naayian, ajtcaperHue pacirpeaeaetuoi c 
lajtaHHoA TOHHOCTUO u HaflexotocTMo, acnoauya oaJHCHwe retteparopu, 
aepoaTHOCTHbie napaaterou Koropatx oapeoeaeMU nejiocnrroMHO TOHHO H 
Moryr uemrrbca so apeweiiH. Ocoooe BHUSUHHC yaeoeao aonpocaM 
OucTpoaeAcraaa oosytaeMbix reaeparopoa. B ocuoae paöoru noaoaceHO 
coofiuteHHe, c aorcpbiM ua 14 KotttpepeiutHH Cesepaux Crpau no 
craTHCTHKe a Pepyce (Hopaeraa) atacrynsut $1 Jlamutbui. 

A Lorencs. J. LapinS Rece i ved January 2 1 , 1953 
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A.Lorencs. J 1-apirJ piakrctu gadijumprocesu subilizeiuss parveidoiums 
ar galigieoi delerminetiem aulomatiem: teoriia uc pielietoiumi. 

Anoiaeiia. Ralsia sniegts parskats par autoru peüjumiem kvaliiativu 
frzikäli bazctu gadijumskait|u fceneratoru izveides problematikä. Auloru 
pieejas pamaia ir fizikalu bazes generatom izejas process stabi uzacäa ar 
piemerotu galigu determinant aiuomaoi palidzibu. Metode |auj iegui 
diskieius sadafJjumus ar ieprieki uzdotu precizinti un tkamibu, 
rzmamojol bazea genera torus ar btiki nwinigiem un neprecizi noteiknem 
parametriem. Ipasa uzmaniba velt'ta konstruejamo gcneraioru audarbibas 
jsutajumicm. Raksta pamatä ir refertu, kuru J.LapiyS noiasija 
14. Ziemehi Valstu Statistik aa Konference Remsa, Norvegija, 1992. 
gada 18. junija. 
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APPLICATION 0? OHBBYSHEV IWERPOLATIOHS TO Bia&WUNCTIONS 
ARD HGHfPOWB OP CONIC SHELLS 

T.ClruUe, V.Nelmanls 

Abstract. Projaetcr of Chabyshav Interrelat ion, l ta proparllas and 
»pol iea l lon to datarmlnlng oT «lganvalua and alganTimctloh or 
alapla boundary p r o b l M a ara> eonsldwad. AMS SC OO M 2 E 

i. Projector of Chebrahev Interpolation and lta properties. 

Legranglan Interpolation formulae with knot-points witch 
coincide with Ute serosa of Chebjartev polynomials are convenient 
to use In discretion of boundary and elgenvaluo-elgenfunctlon 
probletnB. An compared to finite difference or finite element 
methods the formulae of this type have the following advantages: 

a) In case of smooth functions the approximation accuracy 
with these formulae Increases (lnaaturablllty of the method), 

b) the method Is apply/able to problems wl»h complicated 
boundary conditions Including systems of broad diversity of 
boundary conditions. 

Cheoyabev Interpolations have been used previously 111 to 
determine elgenfrequencles and elgenforas of a conic shell Its 
ends being fixed. The present study attempts to consider 
modification of the method in other cases of boundary conditions. 

let us consider projector /y adjusting a polynomial of the 
order N*1 to any function U(x)e C[-1,l] sccordlng to 

where #7 ,̂, Is a sot of polynomials of the order N+1 , 7^{*) -
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i fay:, Ghebyuhev polynomlala of the 1-st type, XH=C03^jj^, H-fa-.jN-
serosa of the polynomial. 

The serlea of discrete points 

la referred to as the complete Ohabyahev lattice of the Interval 
t - i .n. 

TN-{Xt>XX>-->X*} - (1.3) 
internal lattice of the Interval C-i,t) while 

as the lattice of Interval end points. 
Operator defined by 

$ A M a M = f a H ' U ( i ) ' a M j ' ' ' U ( J c ^ T s u n h <' - 5 ) 

and relating a vector-column ^• /^, i d of dimension A/iZ to each 
function U(x) will be called reducing operator of the complete 
Ohebyahev lattice . 

In a similar way operators and Q J will be used: 

\u(*)={u(-0,«0)}T-^. 
She operators thus defined have the following properties. 

\\ Operators I*,, , 5 V and Sx are linear. 
2! Operator/^ reflects any polynomial of the order /72<A>/. 

• o Really, let r?mfr) be an arbitrary polynomial and tntfi/ti. 
Then Rm(*)-INPJ*)'Ö^A) la s polynomial the order of which 
does not exceed A>/ • rrom ( i . t ) i t Is easy to see that Q^,/*) 
la sero in any point of the complete lattice (N+l), f*j§ Q..Ck)*0* 

Equation (1 .8 ) la valid also in the case if S Is 
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aubatltuted by «5̂  or Sx end by - ^ y or . Thla 
followa directly from n . i ) - (1.7). 

*'. Let ue denote Z)-^ • Then 

where ö A > la a sxpjare matrix {[V+yxf/y/U) of the airucture 

C 

(1.10) a 
where 

A/a 

1 1 C 

-(/V^J | . 0 ) gt (1.11) 

c 

d 

<1.«2) 

JO. * • 

K-t, j/V; 

(1 .M) 

11.16) 



xr^y 4-xi ***** 
) _ 3 x e _ / m K "•»« 

»//_ v * l ' 

In a similar way It can be proved that 

SN0IN^)-B^, SxDlNu(*)-B^, ( , . .7, 
where 

Let's consider the approximation error 

• e>A/ WW] 'UM-Itf • (1 •19) 

Operator Is defined to project C[~f.l] ° " $1*1-1 

the error being expressed as 

*N [**MJ ' <*(*> ~ \ ' (1.21) 
Expression (1.20) Is Interpolation over points TN of the Internal 
lattice of the Interval 1-1,11. Errors <o^ and lN are related to 
each other by 

which Is proved by obtaining from (1.20) - (1.21) and ti -
from (1.1) and (f.19). So it Is sufficient to consider 1^ . 

Let RJif) be residual of Gaussian quadrature 

while Q^[ß^- residual of approximation of function f by 
partial sum of Fourier series -



Q7 

0.24) 

TiMITB T- If /^Ols differentlable over almost all of Interval 
1-1,11 and f'(x)\a a Xunctlon of lUilted variation, then 

a Substitution the Integral In (1.24) by area (1.23) 
provides A/-/ 

which colncldea with (1.25). Die proof of (1.26) la given In tel.* 
4J0BB\JL 

where ^J^k) 1* determined by (1.26). 
o Ova proof follows from (1.26), alnce the right aide of It 

Is Fourier series of Ghebyahev polynomials of the 1-st type. • 
Craaegtu-ncies. " * « g 

Ita follows from these the lemmas how residue 7V or Its norm 
Is seen to be explicated In terms of Pourler coefficients 
with m > A/. I f i\j-> t*o, Cm— 0 for amooth enough functions the 
Booner the smoother Is the function/. Hence, the interpolation 
formulae are not saturated, but the l,Jf(*}]- 0 il /V—voo. More 
exact expressions for residues 1N[f(vj and &Nlu(x)] or 
derivatives of them, asymptotic fcrrmulae If A/-*too etc.can be 
examined,too. We shall not do it here. 
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(2.2) 

(2.3) 

By approximations 

(2.5) 

and reduction of these equations to lattice T\ and making ose 
of (1.9) one obtains 

<*m - {"(''J* «V> « . 6 ) 

1 « matrix ( 1 . 1 0 ) . 

Boundary conditions (2.2) In the matrix £ 0 » Is written a s 

where 

Substitution of from (2.7) and <i.io) - (1.13) into (2.9) 

G . A P P L I C A T I O N Ql Vtfatim ümskIaMv» to tt» P R O B L E M O T s l a ß z . 

let 's consider tne problem of eigenvalues and 
elgenfunctlons 



provides 

Reducing (2.1} to internal knot points' 7Y, and using (2.6) -
(2.8).J1.10) - (1.18) gives 

where 

H a t r i c e s ^ and Z^^,are defined try (1.14) - (1.16) while Jd„ , 
and A ^ ^ , are the corresponding block matrices comprising ' : 

where 

C t , t * Cfc,* * • (2.16) 

Excluding vector from (8.11) and (2.12). a system of 
algebraic equations is obtained 

wnere 

thus the eigenvalues are approximated by those of matrix P.. 
Since f^/ls known, the values of U(-$mA U(t) are found f irst , 
than Interpolation (i .1) is used to obtain the eigen function. 
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iL,BlKänvalues and aluanfunctlorm ot conic ahall at different wava 
of filing its ends, 

Let ua consider the problem of eigenvalues and elgenfunctlons 
of a conic shell In the matrix form, the same notations as in (1) 
being used: 

where 

( 3 .1 ) 

dimension 5 x 6 , and 

the column matrix to be found under boundary conditions 

KAMT/W) VH^-O, [^M^(x)V'(4X. "0 <3.5) 

where D,(x),OFA(x) and corresponding Afcjaui ßt(x) are 5 - 5 square 
matrices ccmprlsed of the same selected five rows of matrices Z 
and . ' 

(3.2) 

(3.3) 

•are square matrices of 

( 3 . 4 ) 

5: 

/ 
0 

0 

0 

0 

t. 

0 

i 

0 

0 

0 

0 

0 

/ 

0 

0 

0 0 

0 

0 

0 

/ 

0 

0 D,. 

O 
0 

0 

o 

X 
0 0 
r, md. 

o 

0 

0 

0 

1 

0 

x äEtßX 
0 

ft 

4 

0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

1 0 0 0 0 

0 0 0 1 0 

0 < 0 0 0 

0 0 0 0 
- 4 

0 0 0 4 0 

(3.6) 
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The choice or rows depends on the selected boundary 
conditions. E.g., If both ends of the shell are fixed, I .e. , the 
l-st boundary condition (see Table 1 In (11) Is satisfied at both 
the ends, then matrices tf, and are formed from rows i - 6 of 
matrix 2t, /3, and jix - from rows 1 -6 of matrix £ » \ If both ends 
of the shell ore free,i.e., tin 8-th boundary condition la 
satisfied at both ends, then and d% as well as and /3A are 
made of rows 6-10 of matrices 2, and irrespectively; if one of the 
ends JC—/ is fixed I .e . , the i-st condition is satisfied at this 
eud, then dt and fi, are made from rows 1 -5 of 2, and 2^, and If 
the other end X-/ la fixed being free In direction X , I .e . , 
the 2-nd condition Is sctlsfled at this end , then cLx and fiK are 
made from rows 2-6 of 2, and2 t -

Approximations for (3.1) and (3.5) are obtained substituting 
function U(x) by column matrix \'(x) in (2.3) - (2.5). Reducing 
equations thus obtained to lattice f^.fi and employing equation 
similar to (1.9) where U(n) Is substituted by If*/a (S/Vt/O) 
dimensional vector Is obtained 

Vm ={ V(-<lV(<), V(XI),:;VM}T\ (3.T) 
where 

V(**)WJ,., ,K~<A,:., A/; 
v' *b v v**B* v 

and la a (fM*/0)x($V+/0) matrix (1.10) wherein the 

e la -nta * b l 0 < * " a t r l c a a ZA , 2^ " * AvJA/ » 

(3.8) 

( 3 .9 ) 



9 1 

-? . . ^4L? IT 
V\t o\\o 

0 fifi 

He 0 0 

0 

K,~° fife ° 
Boundary conditions (3.5) can be wrltan as 

(3.10) 

(3.11) 

(3.12) 

\ ^ being put into (3.12)from (3.9) and (1.10) -(1.13), (3,10), 
yields 

Equation (3.1) being reduced to Internal knot points of , 
aal using of (3.7) - (3.11), (1.10) - (1.18), we obtain 

wliere 

substituted by 5*6 dlnfjnnnl equare matrices the preceding element 
being on the diagonal. I .e. , 
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Qc~diQg(A0,Al/,...,A<l)) 

Qt -cUa$(6(*J,Bl*J,ß(*j)t 
(3.16) 

(3.17) 

(3.IB) 

are diagonal matrices with corresponding block matrices along the 
diagonal.tetrlcea S)fJi and A ^ a r e defined by (3.10), (3.11) and 
(1.14) - (1.16) while X^, and are the corresponding block 
matrices comprising ß * ^ according to (2.14) -(2.18). 

Exclusion ol vector V£ from (3.14) and (3.16) provides a 
system of algebraic equations • 

where Is calculated from (2.20) where the matrices are 
substituted according to the new formulae (3.7) - (3.18). Here P„ 
Is a 5/V*.Wmatrix. Further calculations are similar to the case 
of a single equation. 

the method can be used directly to solve the boundary problem 
If the equation or boundary conditions (or both of them) ere not 
homogeneous. In this case instead of (3.19) a system of 
unhomogeneous linear algebraic equations Is Obtained with respect 
to the vector to be found. 
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T UMpynKc. B H » «m»h<c . n.pH*on»HH« $opny* HHTapnoHHuMHH MaOMa»»* 
pa* onpapanawia co6ct»«iihu< «jacTcr ti $oph KOHrfoaoKHX ü O o « o t w 
AHHQT»awn. B cTaTk* p » « m T p « H npoexTop MHTapacuinuiiH H«6uaaaa, aro 
c»occt«« m n p a n w w « . P » c c H » T p m » » m i « npoaxTcp n p » w » » » r c « cui* 
onpaoejiaHit* c o » c t » w « i k i » e tor m $yH*uM« • n p a c T M » x KpiMiix 
UUVtX . B UaCTHOCTN paCC HOT paH A HBTOnaKa H»Xa«MMX« COSCTSaHHUX 
Mac tot m 4opM x c i w m m m otxxoqui npM l u H u x cnoeooax D»«p»l1«»NM« 
KoMuoa. Marofl Hoaravr ourk c«3 cy^acnaHKiix R̂ HarMaHun npMHaHS« tic«« 
nan paaaMK« Kpaaaux aaoan c nponmo/ikmim x H n M K u r « rpaHMuiiuiw 
ycjioaaaHH. XBJC BlO. ear oao. ». a 

T . g r i a i a . V.Wlaanls . Cabltava l n ta rpo l l e t J «s formulu llatojuml 
konlcku caulu IpaCf rakvanCu un Ipaftf or«»u notalktanl. 
AnotScl Ja. Rakttl apskatl Is Cable* va 1 nlarpol l e i |aa p-ojaktore. t i 
I pa ft I baa un 11 atoJ UKl vianklrSJko robalproblSmu Ipaftvlrtlbu un 
Ipaftfunkclju nota-lktanl. KM plei latojua* apskatlta natod* 
I patfr akvanffu un Coram nolal k ft anal konlakal faul al ar dalldlaai ftls 
Caulac galu nostlprlnllana.« valdlam. Bn bOtlaklm lzmalolm netoda 
l r llatojama arl tlaCi rob«Jproblemu alriclnlftanal pla da l id i a * 
honogSnlam val riahoaogdnlaai l lnalr laai robalnomclJumlam. 
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Raioa boulv. I l l '"'. ' . . 

LV- l e s e . Riga Rece ived Harco ?3, 1993 
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U W I J A 3 UHIVüäSISaVBS ""niÄTWISKIB RAK3TI, 508. BO j . (1993) 
IIa tecstlka 

A d a ÜTfiT.UOTIüJSia, ue*. UABi. , vol.SBS, (199 3),PP.95-102. 

sous aatARXs cat B - S P U B B S 

M. Qoliaan 

äha tract; 3-upllnea vier a lntroduoed by Curry axui- Sohoenberg 
In 1947 C l l . d a definition of th i s notion in baaed on the 
theory of f i n i t e difference,]. In ti ia paper the definition of a 
B-B?lLr>e and conclusion on I t s ba.ilo propertiaa are aade altauut 
f in i ta dlffereiioee. A*8 CB 65D07. 

U t { , , . I R , t<< ... < \n , and l e t m bo a naturol 
nunbar. l e t 1 a oonaider the apllne S ( t ) = ^ o / i (t.~{ \'"t e R " 

Evidently, that S ( i ) = 0 "hen t £ i 4 , ahitevar were the c o -

aff iuienta « * , , . . , OCK . I f t * tr. . ^ " J ^ - " M N C i ^ k r * , 
1 = 1 , . . , a . and S ( i ) = £ c f . ( t - t . f = £cV v JT C " f k f l f t k = 

Frocoodlng free tl.iu, the uexi atatocent fol lows. 
le.coa 1. I t t jV" (S) denote tha eet of a l l teroen o f tha 

funotion S ( t ) » f ; a - ( t - t i . ) * . » e u |JfCS)n{t«Rlt»t„}|>tn 

I f and only I f the i «:.t.i 0£, , . . . , o t^ o f apllne S Ci ) 
ars uatiafyintj the aystt-a" of equations 

J],o/. t i = 0 , k « 0 , • ,nv. ( 1 ) 

Baaing ou Locna 1 l e t ' s prove tho following tbcoram. 
foooroq 1. 1/ l t i m . f i , t!:en tha lnaquality 

|J"r(S)a{t«R|t»tÄ||>ni «» possible only when OCL=0, U l . . , a . 
Pror.f. Oui *.o U.s Las.-... 1 5t l a sc : r.- to r a v » l that 

i f A < j m + 1 i then tie systara ( l ) hau only a t r i v i a l aoluticu. 

http://ltim.fi
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In the o i s t wher. ft = tn -t- 1 , the mm bar o f o o e f f l o l e n t a 
A , , . . . , « m M o f the ap l ine 5 ( t ) l a äqual t o ttaa nuaber o f 
aquation o f tha ayat ia ( l ) . a * th in system l a hcmoganeoua and 
l t a -lutarmlnant l a p o s i t i v e Cbaoausa i t l a Tandaaatoad'a de t e r -

nlnant e l t t it-y ) , l - V >nvH- ,K>0 , . . ,m . , i n whioh fc,<.. <<im*a), 
t h a n « L a O, 1*1. - • • ,m-M . I n tha" oaaa whan 0. < rn , tha sye -
tan o f equatlone o s c a l a t l n * o f tha tlrat n equations «f tha 
ayeten ( 1 ) , ha a only a t r i v i a l s o lu t i on of, = • *aen*0 Cone to 
tha asm a ooneiderat iona aa I n tha ab ova mentioned oaaa, whan 
n. = rrtr 1 ) i I t l a a lao a a t l a f y l n g tha o ther aquatlona o f tha 

•J8t«B ( 1 ) . 
l h « Bieoreo 1 l a provad. „,!_ n 

t a t now n»m*Z Cao as S ( - c ) = 2 « ,
i . ( ' t - K ) + >• * *oos» . 

e lng to Lemma 1 tha i n e q u a l i t y JJ\f<S) f l , 4 * R I i » t m > i } f > » U 
In poaalbla I f and on ly i f 

y . t t ^ o . i c - 0 , . . . « * 

L e t ' s f i nd tha sat o f a l l uon—t r i v i a l eo lut lona o f the 
eyatea ( 2 ) . » e . h a l l add t o tha ayatan ( 2 ) tha equation 

, r»»i 

( a ) 

(3) 

whara C la en a rb i t r a r y c ons t an t , d i f f e r e n t fron ae ro , the aye-
tea o f aquatlona ( 2 ) - ( 3 ) l a un ique ly s o l v a b l e , as l t a determi­
nant A > 0 • 

A = 

1 I 
± t 

1 

*awa 

Aoo ord lng to dram e r ' a r u l e we f i n d ' 

or* L » 1 , . . .,»n.+2. 

( 4 ) 

( 5 ) 

nbare A;_ la the determinant, r e c e i v ed f ron the de tera lnant A 
by mean* o f rata ora l from i t tha i - o o lunn' and the l a s t l i n e . 
3tnoe C ^ O , A> O and A t > 0 , L * 1 , ,m»£,we have o/^^e O 
for any t » 1 , . . . , m.-r4 . 



B r l d e c t l y , that the get o f a l l n o n - t r i v i a l aolutluoa o f 
tho system (2) l a bein? exhausted by tha ob ta lced so lut ion* of 
tha e r « tan (2 ) -C 33 • "ban C l a running throuah a l l ffi\[o) . 
B e a l l j , I f of,, . . . , o( m.to l a any n o n - t r i v i a l so lut ion Of tho 

" ** »itl 
aysteo C 2 ) , then $~*iti 1 beoauao In the oppos i te 

o »aa Or, , . . • ,<xn,x oould hare bean the ao lu t l eo o f the systeei of 
*!»• ,K 

equations 2_. o « ' l t L = o , k ^ O , . . . , whioh has only tha 
Ut 

t r i v i a l s o lu t i on . 
1 s t ' a suoaarlse the r e c e i v ed r e s u l t . 
asaorcB f. the se t JV"(S) , ahere 

a*t 
S(i):*5~of. t 1« conta ined ia tha I n t e r v a l ( t , , 

I f and on ly i f tha o o e f f i o l c n t a Ouj,- • ..» <*in,*z a a t i s f y tha aya­
teo o f equations ( 2 ) . tha aat o f a l l n o n - t r i v i a l aolutlona o f 
the system (2) l a being exhausted by the s o lu t i ons , g iven by the 
formulae C 5 ) Cfron wbloh I t f o l l owa that a l l Of l T * O, i=1,.. .,m*l). 
Vers l i t ' a present tha d e f i n i t i o n o f f B -sp l ine . 

D e f i n i t i o n . » e sp l ine SO* ) = 5jV t ( i - t j , ) " ca l l ed a 

X 
B-apl ine of the degree t n 00 tha ne t t , , . . , t n n , where 

t 4» • » « < ' t - * t » l f • a A o n l y l f * «> • • » ^m.-.! 1« tha so lu t i on of 

the eyatea (2)-( 3 ) , in which C ^ O Cor i f f of,, . . , « m t i 

l a a n o n - t r l r l a l so lut ion o f the'ayateai ( 2 ) ) . 
tteoran 1. A function S C ^ ^ a f ^ t - * ^ , i e K t 1* 

B-apl lno I f and only I f R^JV"(S)C t m . t ) . 
Proo f . Aa I t was ea tab l lahed . I f 5 ( t ) l a a B-apl ine, then 

fC^JVCs) <Z (i, , i m . x ) . K e f a show tha t R^Jf 'S )^ 
Xxrr th ia » a r e v e a l that , f o r example, , * t ) c R "VJY"(5)-
I f fc« then S ( 4 ) a s c x ' 1 r t - t i | ) ^ , and as a f ^ O , th-m 
S ( t ) ^ t O f o r any t « ( t , , t t ) . feus, i f l a a B - s p l l -

na, than 0^ft^«tf'CS)<= ( * i » i n . » ) . Conversely, I f 

R -~-JV(S)f= (t^t^.tj , then 5 ( i ) = 0 f o r a l l t ^ t ^ . t , 

hence 2 _ 0 ( ^ = 0 , k = 0 , Caae taaaa l ) » I f 



i*1 

2 ) . pBOOf 

' aee the D e f i n i t i o n , g i ven a b o v o ) . 
Aa « e have aaen, a B-apl ine l a be ing determined wi th the 

eoouraoy up t o n u l t l p l l a r C , d i f f e r e n t f ron aero . B-apl lnaa 
are named In d i f f e r e n t aava by neens o f oorre "?ond lng ohoioe o f 
j ocs tent C • V o t 

U V a f i nd the va lue of C frocn the oond l t l on j S ( t W i - 1 

« e have i 

= « . . . t r = 7 n W r - S c o o \ R = 

- M i 
rati 

( tha l a a t e qua l i t y f o l l owe f roa ( 3 ) ) . 

K-tc Hera i t f o l l e aa that 

( 6 ) 

Subst i tut ing tbe obtained va lue o f C In the foroulaa ( 9 ) , " a 
•ha l l r e c e i v e 

1 , 1 A -

« • = ( - 1 ) ( m . - i ) - ^ i - , t - m . i ( 7 ) 

Me aha l l uaa tha notat ion B (t . + . „ . 4 ^ f o r tha 
0-sp l in t , oorreapondlng to tbe constant C = ( - 1 ) ( • » » » , ) • 
Le t ' e regard the fo l l ow ing th ree B -ap l l r . ee when • fri f 2, 1 

ß ^ C t - . i , . . t m . a ) = 2 3 - t i ) + . - ( a ) 

"Ml 

L>1 
(9 ) 

http://B-apllr.ee
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loordlng so ( 2 1 , ( 3 ) and ( 6 ) we bar « t 
•hi k ">•!. » . l 

r p i t i - O . K . O « . - « ; £ rw, 
I M " i 

i : j r . i i =0 ,K -o , . . . , n t - i - . ^J f . t . = ( - f ) m . ( 1 3 ) -

C i ^ ^ t V O + ^ U - t e 0 ' 1 -2 , , m * i ( 14 ) 
iSSai. fixmt. l e t ' e aha* that C ^ i " 0 .k=0,.. ,m-i 

* • have • 

•a FC ™ ' K . i i i * , K k "ii k.i 

- « ^ H Ä V - a * • C 1 5 > 

Fron tha equal it ies ( 1 2 ) and ( 1 3 ) I t followa that 

E M * = _ M . ' E X * i = - . L s C ' k - ° - c m 

By replacing In the r i gh t pa r t of tha equal ity ( l 5 > a l l tha 
addenda aooording to formulae ( I S ) , ( 1 7 ) , we gat • 

2 l c i f k = 0 , k . o , . . . ) m - i Cia) 

Slnoa tha dataralnant i » t ( T t ) , l - Z , - -,»vM; k « 0 , . , m.-i, 

l a di f ferent froa aero, tha hoaoganeoua sjrstaa ( 18 ) hare only 
a t r i v i a l solution C,» • • • » C m . , » 0. 
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l>2 

m.1 _ m« „.. « 1 ' m-l 

i . TT« t"l 

i «1 i*1 > 1 

i»1 • « > & 

b) l a fculaK prored e ca l o f c l o e l l y . 

Ldc-aa 4. 

y** u) - -^^[|W-o: -^ . T x ] . (2i ) 

Froof . »i'Q<a the « g u a l l t l e d ( 1 2 ) and ( 1 3 ) i t rol lowa t l iat 

Supposing that 

s , = J»« '• 5 i - f V k •4 = 2 ' • • • > m H i ( 2 3 ) 

In tn«se nota t ion [88 ) acquires the f o l l o w i n g v l d * 1 

•) 

1=1 

b ) 

frooj. 



* 0 10* 

•Sinoe, anoordlna, to b m 2, ^[ (^(t i -*£, )+p , ' l ( *p.t ' -0]^« s 0» 

•es Cl2) end (13 ) ) , henna, 

S - H f V c W U ( 2 5 ) 
rroa ( 2 4 ) , ( 2 5 ) and (26) i t f o l l o v a that tha function 

S ^ ) " 1 / " < * ; ( * - * % ) , *• » 3 -ap l lne ( a e e tha D e f i n i t i o n ) , 
i n 

a«*i 
c<t _ _C_5 (-1) = nwj <_ SlUOt) 

»b have* 
ajtl 

H? « « I T« En 

r ^ l l ^ - ' r - f ^ - i t ] ^ " « C23» 

3j thla the formula ( 2 1 ) l a proved. 
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i%**tSÄVM^fXsf ' -I " •• 5 ii; l r'i^"%-'*IK^"w^8WB 

tfaaoran 1. 

Paftf. * r < « tb« f o n u l M C » ) aad C20) ( h u i 3 ) , 1* 

Proaee<llng f r o . tfala, l a r l r t a e of foraulae C.21) tad ( 1 4 ) . « • 
gat the foraula C 2 7 ) . 
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atfi 3 -aplalnu deiinloijfl un to pamstlpttÄIbu pieradljuaoa lsnan-
totas t lka l llneÄru rlenadcguaw alateau vlankarfiBe l pa i l baa , 
ne leaa lato« tur gal lgo diferanöu j l d s l e n u . 

M.rojaXMBH. SaaeTanae 0 B -cnaataaa. 

AHHOTana«. B-cnaatJtu duaa BBexeBw lappa: 1 l u o a p r o a > 
IS VI F. UBpUeaeHie aroro n o a v i w tmo O C H O M B O aa reopaa K O -
HeiHtfx pasBocrel. B Ä S B B O B saaetre onpezexeHJie B - c u a l a a • 
BH3QJ O C H O B B U X ero CBOdCTB 0CyB8CTBX«€»C« des n p H 3 « ' K B B * K O -
•e<nmc pa iaoc ie l ; HonoauyoTC« aaa> mpocTetnae o e x e i M 0 c i c -
Teuax xueftaux ypSBHeB*,». 7 1 1 5 1 7 . 5 . 

Depertnent of la th aaa t ioa «eaalwad Apri l 5. 1993 
Latrlau Unircralty 
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u w u i a in?rtHei**TBS zMABnan» r acs t i , s b ö . B S J . ( 1 9 9 3 ) 

Mmtama ttlca 
A C T A u n r . u t v i a i s i s , tum., W O I . S B B , C » 9 3 ) . P P . 1 0 3 - 1 1 4 . 

or p i k B U S camiira b i tah ia ib ArTBOxnuBo» 

S.Aaamss 

Jhe opproxiaation o f b lvar la te funotlona by 

Jleoewiae oonstant functions orav regular gr id on reo tangle 
• studied. Zt la proved that tbe degree of approxlaatlon 

aas be laoreaaed by oone trusting the operator aa the eon of 
three Interpolation type op era tor a on apeolal g r ide , 
aha exaot error bounda en era obtained. 
AUS Sabjeot o laaa l f loat loa 65DO7. 

0. Introduotlon. 
tat A C M V l t ^ M M U O . M } for s o . a l n t . g a » M>0 be 

a aualfom part i t ion of [ 0 , 1 ] with t l M ) - ^ r . By aaans o f 
functlona 1 n 

e I M t ' a J ^ o - U L T ^ M . U M C , _ ^ 
M ™ . « » <j 0 f M t e t u ^ l M t J M X t . c H X , 1-0*1. 

we define M K 

S l M . M = f & a , t ) - E Z c i . & ( M ; « S . ( N ; t ) | c i . € R " l 
«• u i > 4 « 1 J J 

aa tha rpaoe of pleoewlee o one tan t funotlona on [0 ,11*10,1] 
era* tha regular reotangulax gr id ACM.M ) - A ( M ) » A ( N ) 

ta t I ba [0 , - f ] Or . l 0 . - iM0.1j . By CCD *a denote 
tha apaoa of oontinuoua funotlona defined on I . b y L p l I ) . 
I * p s ° o i tha usual lebeague spaoa of p - l a t e grab la f-ino-

tlona on I , equipped with tha norm 

"f'P " l (| , ito),PdU^ , W h M P<0° 
SUp i rUu l j (U ) l ( , when p = ° o 

http://so.alnt.ga�
http://Or.l0.-iM0.1j
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In this papa, we lnoreaae tha degree of pleoewlae oon-
atant approxiaatlon with pa r t i t i on fron [ 3 ] • 

1. a B P rox,tettioq gpmt jB» . 

l e i the approximation of funotlona | € C(C0,1l) be de f i ­
ned by tha rule M 

.J — A(M;f,t)- g AtlM;J) *£M;t>. 
where A t '^), 1*4,M. are l inear funotiooala ( thers 

Ai(M;f) = Ai(M)jf ) . 
1 well-known and uaeful p r inc ip le for tha transfer e f 

univariate approxiaatlon Mathoda to b l va r l a te onea uooela*e 
in the tensor produot scheme. Ualng furotionale A:(M) 
introduoe operatcra AHM) and A* (M) , which nap 
C(C0,O»C0,U) into1 C(C0,13)» 

Furth« ! - , w « In traduce the space L ^ of abeolutely oont l -
nuoua funotlona f es CO,4.] " [ 0 , 1 ] with pa r t i a l derivative« 

r*3 r-'T'% u w m o . « ) . . mwi. 
de f i n e by 

wt4fci21 iflw(.,o)«^vf°-x.)i^Min<.i]. 
A.tf.Av.Tk.laa [ a ] ham obtained th« baat approximation of 

by aahapaoe S(M,N) 

But uauslly we cannot detaralna the beat approziaation for 
a « I ren J fc L ^ . nhe goal aay ha to eonatruot aa approxi­
mation operator A , which a ape l_ ^ la to S(M,N) and 
has good appxoxiaatlwi prop er t l e a . I t neann that Af la , 
"good" to oar pare with tha beat approximation for any TfcL 
two o f auch opera core, atudind la 1 Caae alao aeotloaa 3 
and 4 ) , protide tha exactness 
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A*(M)J-~ A{(M;J.. ) f 

*here 

A-(M)f - A* (M;f , . ) , 
-here A- ( M , { ,1) - AjlM | J C t , . ) ) f o r UrO.ll. 
Ifa'ler the aaaunntlon that 

r \ ( M ) Aj(N^f - A i W ^ D i * » every }eCClO,1HO), J) 
we denote by A ^ I M . N ^ funct lona ls 

A l / M 1 N ) J - A i C M ) A ' ( N ) } - A ^ A - ( M ) } > U ^ j M T R 
f i n a l l y , we de f ine tha approximation operator 

eooording to the ten­
sor prodnot sohrae by the e q u a l i t y 

A(M,N;J, t,0 . g | A^(M,tv!;p s . ( M ; i ) s ^ t ) 
( t h « . A(M,N;f,.,.r-rA(H,N>f A,:(M,N;f)-A,(M>j)^ 

*"e nsaisoe that tlie funot lonale A;(M) uae the Informa­
t ion about funct ions va lues only on tbe corresponding I n t e r ­
v a l s L l i - ( C M \ t ^ M K and a r e axaot on oonstants . In th i s 
oase operators A(M} and A(M,NO d e f i n e appro xim a Mona 
o f In t e rpo la t i on type . 

"fills paper in devoted to the study o f the approximation 

J_ —* A(M,M,ni,ll)f , rtefined aa a sum 

A(M,N,rn.rO« ACiuM.NO * A(M,nN)-A(M,M"), o) 
where 01 and ft are aom« p o s i t i v e i n t e g e r s . 

2. I n t e g ra l representat ion o f tile e r ror anl e r r o r bounds. 

In t h i s sec t ion w 0 es t imate jf- A(M,N,m,ll)| on 
Usinj; the d e f i n i t i o n if) o f the operator ACM.N,"!,̂  we g e t 

I - Ä(H,N,.u,.Of =(} -A'>,M.K,)j).(j-A(M,,uM)j)- U ) 

r a/ A P -(f-A(M,N)J). 
Por V - A ( M , K ) T " a have the f o l l ow ing r e o u l t i proved in Cl 1-



jos 
aheoa-»a 1 . I f tha approximation A O ' O l a axaat f a s 

j t f i aWnt fanet loos and funot lonala 

t l a f j tha ooudlkion , 

f a . « « , Ij £ L^CtO.U) , « h e » e 

men fox-

j ( i& - A C M . N ; f , t , t ) - \ J < 1 ' M ( u . o ) i c ( M , t , u ) ü i u 

4 44 0 C 5 ) 

•! P1 k« * c l N , t , ü ) ü o t \\ f ' % N ; t , t , i i tfdud* 
0 00 

«hexe 

^ ( M - . t . u , . k t l . u v A C M - A c . u j . t ^ , 

Phaoaea 2. lex- tha funot iona l E "• • R , de f ined 
ujr kha e q u a l i t i j 

E J - J j l 4 * U , 0 ) i c t ( t O ( l u * J f ü ' ° ( ü , t > - ) K ; ^ 0 ) d u + 

« \ « * Kt,<CteL(CLü,4.n M « K £ L 4 ( l U , - « l . [ U , U ) , 1 , h o l a . 

S U p 1 E { \ « . K t » t * IK^I; 4 1IV 11 . 

U&da* tha aiauaptiona aade In ffteorea 1 , talcing ( 4 ) In to 
account, *>a obta in that • 

Ht.ti - A (M,tt .m.n; j , i .cV [ f ' " " « t .o^ imH. ly j r ta . 
4 * t a 

%k ,0 )K( Ni N m ,(\ 4 l t U M u t o 
o tb 

where 
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fron C6) we eon arrive a t the arrow bound 

l J d p - Ä ( M , N , m , t r , J . t t ) i 4 l J ' , - , , , ( . , o ^ l K : ( m M . t , . ) l ; 

* ^ h o , . ) l ^ l K : M ; t , . V l f , \ l i ( ( M ) , , m . n - t , t , . . 3 1 , . 
theorea 2 gaarmntees that the eet laa ' ( 7 ) l a exaot on W ^ . 
I t aaans that 

s i i p i f i t , t ) - Ä C M X " v . « ; W . O i - i K ( m M i t , . ) i ^ 

for any ( t , f ) e [0,1] » [0,1 ] . 
Vor farther Investigation of the value ( 8 ) I t la aaafnl 

to tranefora tha expression o f PC < 

K ( M . r J > . » 0 - K C r t M . - i N V Q ( M , M . m , n ) , tA 

- A ( i n M , i v N ; H [ . 1 . , u , «3\t , t V A (M,NJ;M( . ) . 1 u 1 o x t ' t V 

- A C mM,N ; H i . . . MXtV A ( M , nN; H i . , « fi\t x \ 
H li > t >-u., 'v-V r i ( t , u ^ r U . ' t > * e - \ 

Ve» QlM.Nrn.a) w. also have 

Q(M,N,m.n;t,t,ii ,0 •= o t H ^ ^ ^ Q ( K ' , n ; t , v \ 

- h ~ . ^ l M , m ; t , u ) = A ( M ; f * . , u \ 0 - A ( m M j i u u \ i ) . 
l e t PlO.,6,C ,d) bs a reotangla with sides t-0 . , t= | i , 

t - C , t - & . Heots-iglea 
of the grid A(M,Nl) w , denote by Au. 'M 1\J; • Ssppose 
1iV»»[tpeA L-(M,N). I t U easy to sss that for V l l ^ A (M,V) 

i c ( M ; t , u ) - 0 , K - W , T , i > V c , Q t M K r r u i ^ t i u . t - V O , 

* { ^c^.^i;t,'0 ,) fas i u , W € P l O , t t ^ M ^ . C K X t i t N ' ) ) . 

\_0 for a l l Otts» LU&t A ^ K r , " , . 
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(10) 

t $ i iK : (M ,N ; t , t , u , ^K ludo > 

' jQtM.W.m.ii^.t,.,.)^ =* tQ(M,N,m,«i;t,'t>'Uj5)|clu(lö-. C12) 

AijCM.N) 
ihe r e s t o f the paper l a devoted to f a r the r ooaputat loo 

of tbeaa va lues f o r two concre t e appro x lms t i cns , 

) . *Btff°«sB»».Bn 9t fHB 'Uon TftlUtB at «nadi« Bolnta. 

l e t U^CM) be the aldrt le p o i n t o f an i n t e r v a l 

»"*] *- t KA * 

Wo con e ld or the un ivar ia t e approximation A (M) de f ined on the 
bas is o f funotlonala 

Aa I t was mentioned above, In t h i s case the b i v a r l a t e approx i ­

aat lon A ( t v 1,N) prov ides ( 2 ) . B io nein r e s u l t of th is s ec ­

t ion i s tha exact L -bound o f 

theorem 1. f o r the approximation A(M,M,m,a) de f ined 
by - (3) on the bae is o f (13) I t ho lda 

sup I (-Ä(MN,to,a)f l - 4; ̂  4r + i r Aür Air>.tl4) 
, , L i , t J J ~ mM fiH 4MN 4mMN 4aMfl 

Proo f . f i r s t , we n o t i c e tha t oond l t i ona f roa Theorea 1 
and Theorea 2 a re f u l f i l l e d . So, tha ea t i n a t e ( B ) i a true and 
ae need tha norme lK(M,N,IU,ll ; t , 1 , ., , itc(mM; t, ) l„ 

iM.M.j^.N.i'^m.j'-t.ll, and auppoae that^t.t^A^CM.Njll.li). 

'h.urefore 



Cl7) 

Pi an f o r me have ic(mM;t.u). 
fŝ rilt 1j!(M,Hl)) , whenU i s between t and Û M̂ rtl), C l5 ) 

|_0, ottiervilao, 

K(mM,nN ; t , t ,u ;tr)- , o&) 

Sfjwt- uf(M,«ö), W h « (u,v)eP(t,u[(M,m\tj''(N..aX nwi|t,uj(N/i)]>. 
srjna-u./(N, r ib, when ŵ /ePtti'CMĵ â̂ iM̂ j.t.û tl.n.)), 

0, otherwise, , and for (U,U) & ÂlM.Ni) 
Q(M,M,m.a ; t ,T ,u ,u ) = ; 

f s c j a i m M - t f ( M . ^ 

\P , o t b a r n l a e 

C there ffäft » l^ 'W^ ' 
?roa CiO) -nd Cl5> i t follows th|t 

nclmM;t,.)i,-it-utHmX ruc($;t,.)y»»t-«J(K^.i ( i e ) 

Us ln S C9i, C x i ) , Cl2) , (15 ) and Cl7>, we est isate hK(M>N,.n>a;t.t,.>.)»1 c iKtmM.ilNit.t,.,}*, + 
t mMm^.,** (̂HH,m<li;tlO, 
there (jln.ftl,lll.fljt,t) i a t^e S U E of the anu&roa of four 

reo tangles: 

P( t , itflM.'iO, 0 , u / ( N , u , >, 

Pi A . uf(M,m), t . U : ' (N, iv ) ) , 

P (#l),u;lM,tnU^), UVN.II)). By ouBXc.tlou wa fcct 

GlM,N,m,i\;»>t) = it-<(M,ni)i it-li'CMi * 
It ia ea-̂ y :c -Jut c (M^ | jB, i l ; • . hia Ute j ia i io i l value 
at the point ( 1 , 1 ) Uhen i = M^j»N,i--Ht.j '-II respect ive ly ) 
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lb(M.N,m,n,...)l 0 0«G(to,N,m,ri; 1,0 -
. J _ I « \ \ . . 
' 2mM" 2nH 4MN 4mMN 4nMN • 

Dlreot oalonlatione of the. no* * I K (M,N,m t l , \ ,\, . , . ) I 4 

give the equality 

lK(M,N,m.n; •L.l.-.X = G(M,N,m,nJ ,\). 
wherefore 

»up lK(M,N,m,a;t,t>.,.)llMKlH.K,m.a;i,1>.,X-
ttmo.iMcvn I _ _ i _ J _ f _L_ 

= 2mM v2nN * 4MN~ 4mMN~4n.MN" 
waking Into aoooast a lao that 

sup nc(mN;t\/i, - i ic (mW;^. , ) i,-4- • 

sup i KCnrJ i t , ) ! , - IK tnKJ • 4 - - i -
Caae ( 1 8 ) ) , by CS) wa obtain tha f i n a l r e s u l t 

s u p i{-ÄCM,N,m,ft)j» - |RCM,N.m,a;1,C.)l. 

« . AnproilBfttlan of funotion ln tea ra l Bean Talnaa. 

t a t tha univariate approximation A(M) ba defined v i a 

tiOM) • 

AL(M)f-M j fcfidt, U4,M. ci9) 
I t baa been proved in L l ] that l a this oaae tha b lva r l a ta 
approxiaatlon A(H,rv) a lao provides) LzfWmow wa obtain the 
exact L^»*«wnd a f tha e r ro r f-A(M,N,mji)j ° » V\l ̂  • 

Theorea 4. for tha approximation A(M,N,m,U) defined 
by C3) on tha beala ef (19) I t holda 



( 2 1 ) 

i l l 

K(mM,nN;t;tii,o)« 

"nMii-£Hia\ 
; l « r 1 l t J (N jH>U ) , 

[l-muMNdjM.mVu.Kti' (K.aVo), 

-h«WtPlt^Mn.\t,l|' , (NAt) 

L -h-Cuj3)^Pd--,(M.ngt,t! (N«i\t) 

and f o r lU,'D)£&lAM,N') 

Mcl '-AKti-t^CM.n^) -Mim -'C IM.111Y11), 

•ban 

M i t ^ O - u , . « h a . u e i t ^ U X t - W ) . 

Vroa (10- ) . - ( i2 ) and C23 ) - (25 ) I t f o l l o a a that 

tK0iM;t,.)lt i ^ n i N U d f t M . f u V t ^ S d - t ^ C M ^ I ) , 

f » a . a « ^ C ( t ' o ^ ( m t h U i ' n j ^ H h 

( 2 3 ) 

24) 

Ĉ lM.m-Jt.-u,« (25 ) 

( £ ) 

Proof . 3 l o o a oand l t l oaa o f «he cut so 1 and Biaoaea 2 ax a 
f u l f i l l e i and ( S ) l a trua, 1 « l a s u f f i c i e n t t o aba* the eojaar-
XllJT _ 

s u p (I*(mM;t,.'ii.riicCnN l 0 1 X m , a ; t , T , . , \ > 

tfc,t)€[0,.l*r.G,'.j . J _ J _ < _J 
"mM aN 4MN 4mMN 4aMN 1 

•o shaar ( 2 1 1 aa n*a tha aatlmate 

•b l ob f o l l ows laaasdlate l j f roc ( 9 ) . 

Suppose that (fc.tj € A ĵ (M,Kj,m,a>) . »han f a . 

luvüOeAu(M,N,m.iO w . U f . 
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( 2 7 ) 

(28) 

-hare lUCO.^ ) » , -4ctf>.4oLtft*4Qte>1-IolV, ( O l f e j e t O . l l » © , * . ] . 
I a v i r t u e o f the e q u a l i t i e s 

s u p • i cCmM;t , . , i i . - nc(niM;f|(M,iu\\= ^ ; 

sup J l t o , p - J i ( J . O . - a , 

by ( 2 7 ) " e obta in the est imate 
.upiKOnMAKI;it,..X=lK:(mM,»iN;iJ,.,.)i-

Ualng ( 2 S ) - • g e t £mM 2.llN 4lTUlMN * 

( ^€£0 ,11 *10 ,4 } W W 

From ( 2 2 ) , ( 2 9 ) and ( 3 0 ) w e h e r e the I n e q u a l i t y 

Besides, the equa l i t y 

holds because o f ( 9 ) and n o n n e g a t i v l t y o f the ftinotlonn 

K(mMjiW;M,.,.^ « a Q(M)J,nui;U>.,.) ( * « (?4) « * ( 2 5 ) ) . 
I t Dean a that 

(Uyto, iMO,i ] = _ i _ + . ± < J L_ 
2mM ZnM 4MN 4m.MN 4nMN" 

Joking In to aooount a lao tha t 

ULO.O < U 7 1 M 

5 u 4 0 i t c ( n N ; O l , * » K ( u M ; 4 = 

tetö.n Z n N 

(nea ( 2 8 ) ) , wo a r r i v e at ( 2 1 ) . 
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5- Popelualon. 

Analyoing reau l ta ( 2 ) , C l4 ) and C20) we want to po1n» 
out tha f o l l ow ing . 

1 ) tha approximation A(M,N,m,fl) I n oaaa t l 3 ) 1» 
equiva lent to the one In oaaa ( 1 9 ) with raapaot to exantn-m 
on tha olaoa W ^ . 

2 ) I f m « l or f\ = 1 , than Theorae 3 and theorem 4 
g i v e the equa l i t y ( 2 ) In v i r t u e o f 

Ä(M,N,m.,0 « A(m.M,N\ Ä>\,N,<i,rvVA(M,'«M) 
( s e e ( 3 ) ) . Indeed, aa have 

3 ) In oaaa the approximation 
un i t e o f Information. In t ama o f L we a an r e w r i t e the 
equa l i t y ( 2 ) i n form 

A i t the approximation A(M,N,m,*i) in o-me M=KI*m*ri 
•aea L- unit? o f In format ion and from ( 1 4 ) or ( 2 0 ) 
i t f o i l owe that 

jap IJ - MM,MKM)f l „ - ft c*> 
Comparing ( 3 1 ) wi th ( 3 2 ) we oan conclude that fo r a f i x ed L 
tha uae o f the approximation A ! • ac re a f f l o l e n t than 
tha approximation A w i th reapaot to exaotneae on the o laae 
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AOTA OWTV.UWTfftt lS, a e r . MATH., v o l . S » , ( 1993 ) ,pp . 115-136-

E O W QUBSTIOfcö OP THE CAL01114JI0II STABILITY 0? RANK HL 
INTBUKAL FOR DISCOniROODS FIB1CTI0MS. 1. 

for tha lnvar »loci oT Hankai i n n i f o t « . Thl« method la b i s » ! on th* 
aajTBplotle a o l u t l o n for an auxi l iary prob lM et u l h t i u t . •-»I 
physlca.In tha f l ra t part of tha work tha formal aaympt • • i 
aolutlon «aa obtained. Tha> Justification and that algorithm 11**1 ( 
w a subjects of tha sacond part Akt» SC eHM.HSr. OBB10. 

I> fill) * H (/ (x ) ) = xf{x) ^ (MtX lx . (v>0.v>-\) la fii li.rwjrai 

Sankel transform (IHT); 
fix) la an original function; 
fix) la an Image. ** 

2. ^ Iß Beaael function. 

3 . la t l * original functions claao (n= o . l . Z , . . . , " ) 1 ) . 

" .Be l o v 

Baelc notat ion 

o 

4. ntvur>) = J ve-Wfw j , F ( » ) Jvixy)äy. (t>o,«>o, f > - i ) . 

0 

6. 

5. 

gj • « f W ( 0 ) / W , B- 0,1,?. 





21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

ao: 

31. 

U 7 

J " 0 

(*= U.1,2. . . . ) . 

,U)dl 
^ - W ' P ' 8 ; " 2 - r ^ ^ * 
<*- 0,1,2, . . . ) . 

. - * i £ < t ) l<tt ( « - 0 . 1 , 2 , . . . ) . 

La a modified Bossel function. 

p - • 8 - ^ ) I * > 0 - ' > ° >• 

r ( i t f + • ) 
iy,m) r — i la Bankers symbol. 

•ir<£ + » - • ) 

( » . • ) * - \ 1> -1 .B ) ) + (P+1.B)]. 

a. - ^ 
2*T 

n n 

P n ( i , t ;x j ) =JJ£*k ** ^ * ]T A * ** ° i 1 8 a , o c a J aö* ' n P' - o t l c 

solution at a point of discontinuity x -ij. 

la a global asymptotic solution when <> 2-2. 

< ( * . t) - V * f ^ • ( i ^ , , -| V - *} ( ^ ^ > a AnJ) x 
x * 0 ( x H P n ( x , t ; i j ) Is a global asymptotic solution wlieu o<-2. 
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I 0, x *2. 
•o<*> - I 1, 0 * X * 1 . 

In tlw Interval 1«XS2 * 0 ( i ) Is monotonically decreasing from 1 to 0; 

r o, o* x *i/2, 
• .<*>," ( i . x * i . 

in the Interval 1/2*321 »j (x) la monotonically increasing from 1 to 0. 
, I, XXI 

33. Bgn X = I 0, X-0 , 
1 - 1 , x<0 . 

34. o| B ) Is an operator with the rule: 

G J " W - 2 u ( ^ 7 j - U(t) < • - 1.2,3.... ) . 

35. CJ la an operator with the rule: 

|

u(t>, n-o 

OpHlPrt)... fljlVt) »-1.2 

36. y x . t ; * , ) * ( ^ ( x ) - C? 4 2 , H l > f ? ) * 0 ( x ) - d} P n ( x . t ;x ; ) la 
a dlacontlnuoe original Impact function (n -0 ,1 ,2 , . . . ) . 

37. f - f{y) are approximation lmaga f - F(y) values. 

38. a* • of(j/) is an Image settliig error <f » ? W ) . 
39. 7„<x,n » <^» t(?(J7» • jyx.tpjj ' ive approximate original 

/ - / ( x ) values (x>0, t>0, n -0 ,1 ,2 , . . . ) . 

40. p_ « / ( * ) - ?_(*,t)| la an original approximation error. 
" * |t=t(«) 

the problem and solution method. 

Tbe effective Instrument far the broad class of applied 
problems solution [6,9,13] la an Integral Hantel transform: 

(-) 
32. • , < * ) , »,<x) • 0 <£0,*»C) Is a cutting function: 
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PUl) - • < / ( * > ) - J x/(x)J„(,tthle (y>0. «>-1) , (1.1) 
0 

where / - /(a) la an original function, and t - P(y) la the 
ccrrespondiiig lmaga. 

Aa usual, ualiig Integral tranalorna, after solving of the 
problem In tbe Image space the Inversion problem becunea Ute 
central one. the problem la to obtain the original /, If we know 
the Image P. 

Under certain conditions [51 the original / can be obtained 
by means of HanKel integral too: 

+» 
/(x) - Ä(FCV)) - J yP{y)Ju(xy)& (x>0). (1.2) 

0 
However, like In the Integral Iaplace transform case [4,10), 

the problem to find the original from a known Image la lncoirect 
[121. "Small" changes of an Image (In "natural" metrics for 
applied problems) can cause "large" Changes of the original. So, 
the analytic structure of the Integral (1.2) Itself 1B adapted tor 
the "Infinitely large" original / - fix) changes, according to 
."Infinitely small" image P = Pin) variations. Aa the result, 
even "Insignificant? errors of the Image P(y) can cause a 
"larga" error (even up to the complete loas of accuracy) for the 
numerical calculation of the Integral (1.2). 

This work regards the stable algorithm constiiiettor. for the 
Inversion of Ranke 1 ti-anaforx (IHT) In the sense of regularleallon 
method [12], when the Inversion accuracy Is In accordance with the 
error of the image setting . 

The method presented In the work (31 Is used for the 
construction of such algorithms. Using this method we can examine 
an auxiliary problem: 

lu = x-|¥- (z>0. »>0). 
1 (1.3) 

'r~tO |l-+0 



1 2 0 

where a 

lining IHT we can represent tre problem's (1.3) solution when 
> ?o HB follows: 

• - U t r . t ) - J | « - t » ' P(|,) Jv(xy)Uy. (1.5) 
a 

where F(y) = l?(/(x)) Is an Imago of the original function fix) 
dne to Hankel. 

The Integral la the formula (1.S) contrary to (1.2) contains 
iwhen t>0) a stabilising factor e xpHV 2 ) In the sense of the 
monograpfty [121. Tne presence of the stabilising factor leads to 
the stability of the Integral (1.5) calculation for "small" Image 
F changes. 

iext. for the problem (1.3) we construct an asymptotic 
solution when ( —» +0. This asymptotic solution allows to estimate 
the deviation of the function u - u (x . t ) , defined by the integral 
(1.5), fron the original function / » ./ ( * ) ( » 0 Is fixed), then 
we conform the choice of t>0 (hare t>0 Is the regular leal Ion 
parameter In the sense of (12)) to the error of the Image f 
setting. Thus we obtain a stable Inversion algorithm. 

The aaymptotlc solution of the problem (1.3) contains an 
additional analytic Information about the discontinuous structure 
of the original /. The Implementation of this additional 
analytic Information into the calculation algorithm allows us to 
obtain the stable approximations to the function fix) not only In 
the continuous Intervals, but In the points of discontinuity, too. 

So, hare the asymptotic expansion Is an Instrument 
Implementing the additional (a priori ) analytic Information about 
the solution structure Into numerical algorithm In the most 
natural way. 
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g . Soma nrnllBilnar» reaulta. 

The structure and Justification of the results depend on the 
choice of the original 1unctions class. 

Definition 1. if la a set of such functions /: « + —• * , that: 
1 ) in the interval 1 0 , Tl (for a j T>Q) / has at moat a 

finite number of points of discontinuity: i 1 < *g < •-• « j , , wherp 
x, - ijfj). m - uif.T) < - H » , and all the points are the points of 
the first kind discontinuity and In/ ixk - x_l**> 0 ; 

k,n * 
2 ) /(x; - 0(x"), when x — » + 0 , a r jd « * « + 2 > 0 ; 

3 ) /(x) - 0(x r t ) , when where /»< - 3 / 2 ; 
4 ) in every Interval t i j .x^, ) , / - 1,2,...function / has 

continuous derivatives, which don't exceed the order n (In the 
end points of continuity), when n - » /(x) • ( fXj , ,Xj t | l ) , 

. if the original fix) when x>0 has finite number of points of 
discontinuity: 0 < x , < X 2 < . . . <x»<+*> , than /(«)-«<"> (Cay ,*•£); 

5) g(x) - x~*/(x) «C^dO, « , ! ) (in the end points of conti 
unity). If when r>0 /(x) hasn't points of discontinuity . than 

Six) « 0 { B ) ( [ 0 , + - » ( ) ; 

6 ) forenyx' i l/ ( i > (x ) l * ly*-» (ft - 0 , 1 , 2 , . . . » « ) , where 
don't depend on /, and 

/<*)(x) - £ (/^(axO) • / t Ä ) ( x - 0 ) ) ; 
T) whan x « ( 0 , 1 ) ig < Ä ) (x)js Dj, (h - 0 , 1 , 2 n), where 

«(x) - *"V<x> and g ( W ( 0 ) - g w ( + 0 ) . 

rteBBlfc, It Is obviously, that if <= if ,aon. 
Basing on the 1 jsulta (Tl , we have 
T«Bma i If /(x>» ftf , " > - 1 , then for any v>Q the integral 

( 1 . 1 ) la convergent, and, besides 
P(B) - Od/'). W - m O , ( 2 . D 
P(|f) - 0 0 / ' ) . | , — * - . ( 2 2 ) 

where »•* •UK*,-* - 2 ) and ft'* an r ( - J , - •» - « ) . • 



So. for any fix)* ill . ' . " > - • , n * 0) there exists the Image 
f b> • « ( / U J ) . defined by the integral ( 1 . 1 ) . 

I t Is well known CU that the problem's (1 .3) solution, whan 
" i n can be presented by corresponding Green function: 

r V 8 

" " W ' - i l K ^ r v ( | | f - X J y t 

a ' 

wneid i „ (x ) la modified Beasel function. 
i<emra 2,Lei function u = u(*,t) (x>0,t^0) be defined by 

u J), where / ( i ) « l£ , »> -1 . then for any x>0 

Ilm U(X.t ) - i (/(*+0) + / ( X - O ) J . (2 .4) 

Kemark. Tnta lemma Is true even I f we neve weaker 
requirements to the function fix). However, we shall net need 
such generalizations here. 

Baaing on (111 when t>0. T>Q and »»>-l, we have 

2 t » r v < f r > - Jye"1*' <ruix»)lvPV)&V. (2-5) 
0 

hep lacing (2.5) into (2 .3) and changing the integration 
Order, we lav© 

lemma 3. l e t the function u - u(x,t) (x>Q,t>0) be defined by 
formula (2 .3) , where / « , *>-1. Then for any x>0 and any 1>0 
we have ^ 

U = », (?(*)) • Jve _< I'%<vW l,(i!,)dy, (2.6) 

0 
where fin) * H(f{x)) la the Image of the original function / due 
HanKel, and the convergence of the integral (2 .6) la guaranteed.• 

from lemmas 2 and 3 we have 
Theorem. 1. Let / (* ) • *£ , " > - 1 . and P(y) - « ( / { * ) ) . Then 

for any i>0 

Ma 8 , IP (V) ) • Jr/<**0) + / ( X - O ) l . (2.7) 
t*4Q 1 i 

\ 
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where.ffj(P;y)) la defined by {2.6).m 

Remark, Prom fix) - , ( - > - » ) , and F(y) = R{f(x)). In 
general, we can't conclude that / ( i ) - lf(F(y)), because of the 
posalblllty that the corresponding Integral (1.2) can I* 
convergent (nee lemma 1). 

The formula fix) = ff(P(y)) la true only If we have some 
additional restrictions (51. 

Conclusion. Thus, If fix) « ,<n=o,i,? vat)), than the 
problem's (1.3) solution can be presented as u(x, l ) = « , (Fiyl). 
where P(y)Wf(/(x)) and for any x>0 11* u(x,t)= ll/(r+0)+ /<x-0)l. 

How we can regard the construction of the asymptotic ( I - ' in 
solution for the problem (1.3). 

3. Formal asymptotic solution. 

When we construct the formal asymptotic solution (PAS) for 
the problem (1.3), we assume that fix) * l £ , »£0. This limitation 
will be weakened later. 

We can also assume that original fix) when z>0 has only one 
point of discontinuity x - Xj>n. This limitation la not essential. 
The results obtained In the s*o el can be also spread on the 
general case fix) « without difficulties. 

When constructing PAS, we'll suppose, that 

/(x) - x°gix) 'T gk x * 4 0 , g„ = ^TjT 1 0*. x-JO.M. (3.1 > 

where 0<*<xj. This limitation will be weakened later. 
In the sequel we assume that the distance between tlie point 

of interior discontinuity x - ij>0 and the boundary x~0 is 
sufficiently large (x, * t l / A ) . So tlie asymptotic (t*+0)-interac­
tion between tha Interior point of discontinuity x - x. and the­

reto 

boundary x-0 18 not regarded. This limitation Is not 
latter. 

off 
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If " i S of the equation (1 .3 ) when i « « 0 la presented aa 
OBI loa uj powern of t, we can easy obtain the. so called regular 
aajmptotlc: 

B(x.«) - I * f(x) . (3.2) 

wtere , a 

V i 1 - ^ • J f T a T ""7 <3-3> 
the ragular asymptotic satisfies the initial condition of the 

Htuoiem (1.3) , but It Is not defined in the point of discontinuity 
x -ij of the original / and In the boundary point x-O. 

lenjHia i . When x>0 (x " X j ) and a -0 ,1 .2 , . . . 

I*/ - / ( 2 * > ( X ) + ^Jj- JT XlfiX*(X)*ltB . (3 .4) 

I . . - ^ ( Z - a i ) f • ] * • * • 0 » ' « 

• • . • . ' ( W R L R ' «3.6) 
• 

HCilHi Here and later we nnmaan that £ « 0 when aun. 
I - * 

IalBBa 6, When x>0 (x * Xj ) and a> 0 .1 ,2 , . . . 

I L*/ . ,<&\>W I ( 3 T ) 
where t „ 

A » H a l f 1 t l * 2 » , - l - 4 i . l l » • « 

and Sj^, are defined by (3 .6 ) . • 

wiMire 

4 
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Vi - ̂ t^U-*2^)» <a'°> 
From the obtained earlier reaulta we have that If at the 

Interior point of discontinuity x - x, {Xj * t 1 ' * ) the ragilsr 
asymptotic (3.2) la formally uniform, than when x*+0. It la not 
(even formally) uniform, and,so, the construction of the 
asymptotic solution for the problem (1.3) can be Included In the 
blalngular problems class f81. In the sequel we at1 all use BOOM 

general technical methods exposed In (81. 
The special altuatlon appears when <• - *» (/(x) -x*"« (x) ) . 

Then from (3.10) we have, that w
a jfO when a>0,2.....2k-2 ' and, 

eo, we have 
Corollary. I f o = tv and in the expansion (3-D ^ p - O 

(•=0.1.2....) it is 
+— 

« ( x ) "JTâ, ^* • (3,11) 

then we have 

& ' J^*2m.. *2*+2- • » • » . * « . < 3 " ' 2 > 

fc-C.1,2,... . • ^ 
In this case at a point x-0 the regular asymptotic (3.2) la 

formally uniform (the blslngularlty doesn't exists). 

3.2. local asymptotic solution at a ^rotary point xM3. 

Since the regular asymptotic (3.2) at a point x=C, la 
unf liable we have to construct a different form of the asymptotic 
approximation for the problem's (1.3) solution. For thai case we 

- fe tj • / ( 1 ) ( x > . since t%,^ 0. 

Taking Into account (3.1) wa have 
When JfO.1.2,... we have the expansion 



Implement "quick" lime * - t/« , wnere »*+0 la a parameter. So, the 
problem (1.3) la transformed Into the following problem 

•Tu - (x>0, r > 0 ) , 

*t. a boundary x-n we can fir l P»S of tho problem (3.13) as 
follows: 

(3.13) 

(3.14) 

Replacing (3.14) Into (3.13) (using In (3.13) the argument. <) 
and having made an expansion uj small parameter « , _povera, we 
obtain the following problem to determine functions u*. : 

(«>0, r>0). 

*|'»+0 * 
(*=0,1.2....) , (3.15) 

where ere defined by (3.1). 
Using formula (2.3). we obtain 
lerem L_ Let >*0 and > 0, then the problem's (3.15) 

solution can be presented aa follows: 

=..^f[-r.^^L.M^. £) 
<JW).1,2,...). 13.16) 

where , P, <a,b;x) is a degenerate hypergeoinetrlo function. • 
Returning In (3.14) to the "old" arguments t-* r and x-^'i, 

we have the local (at boundary x-0) FiS of the problem (1.3): 

where 

V 2 ^ z -
2rT 

(3.17) 
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u b(zJ| 

2/i 

); 

3.3, laYrcpyoUc. erpanalwifl CAFGRNAVLON, 

later we' l l work not v 1th formal asymptotic series (3.2) and 
(3.17), tut with the finite sums as follows: 

where n=0.1.2,... and *=0,i,2 
We assume, that 

and, so,we define the function A^ jJ In a point of 
discontinuity x~Xj of the original f-f(x). 

L&Tima 6. Por any a 2 o the function JJ has following 
properties: 

1) ^JJ - aj~l ((0,4-1.10.1,1) (In a point t - i j hy tha left 
continuity);' 

2 ) ^.x0 * ct",x ( fO. -^ f . t */* ! ) ( i « a Tolnt i=x, by the 
right continuity); 

3) » » 0 a„ jff « O J * ° (10.+-C); 

4) » 1 ) 0 Zf. J/ = / ( * ) . • 

Lemma 9. Per any • * 0, when »+2**'>0 and the function 
• kg. 

• « » • • > - V a ? " ^ 

lias the following properties: 

1) V 1 - 1 * cul U>°'*>. 
2) in the region (x-0,t>0), the function « B satisfies the 

equation 
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. (3.22) 
S -

2vT 
where »j^lß defined by (3.10), aod gj by ( 3 . 1 ) . 

The function AMJ/L Jf can be constructed similarly: In 
(3.20) the functions üj,u5 are expanded Into series by powers 
«•+•, then z la expressed by mean? x - 2V? s and In the obtained 
expression we keep only the first n+1 (main) Item relative to the 
powers t*+o. 
> Bus we have 

* ^ ( 3 ' 2 3 ) 

next we have en important theorem about the regular (A^JI) and 
local ( A^yT ) PASS conformation. 

Theorem 2. For any n * 0 and any • * 0 la the region (x>0. t>0) 
i W W - * 

^ J i and ijj^T fem the composite asymptotic expansion: 

where the cutting function » . - C l ' * ) ( [0. . -C) la defined aa 
follows: 

3) lor any x>0 

4) whan »*0 and for any tX), •„ • O ^ K O . - M K ) In particular, 
wneu "*0 |s « <*> f or any t>0.» 

"Ix-rO 
To coordinate the PAS (3.19) and* (3.20) the following 

functions i,, ̂  ^ and ^ ^ J are titiplfinwnted. The function 
At gin JJ ls'defined as follows: In (3.19) i j / pre expended Into 
series'(ordinary or asymptotic) by powers x *+0, then x la 
expressed by means of a - and in the obtained formula we 
only n+1 the first (main) Item relative to the powers r*+0. 
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to. x * 2 . 
V * > " J 1. 0 *xs 

and In tha Interval i « r s 2 * 0 < I ) monotonlcnlly decreases from 
1 to 0. So, whan x*?-5 n (x,t ) - AaJ*- The choice of the 
runctlon •„ la not unique. However the catting function » e doesn't 
Influence the "quantitative aide" of the approximation, and 1B 
Implemented only to obtain a smoother degree of tlie PA3. 

Lemma 10. Poi any n r 0 the function « j - ^ ' I t*n Jl nns the 
following properties: 

2) f c ranyx* ) ^ n f 1 . A.x" « ^ «°.^>: 
3) for any x>0 

2n*i 

l ^ n . l . A . x " - ^ / ^ . 
where, gj aro defined by (3.1). • 

Corollary. According to Lemma 9 we have, that for any n * Ü 
and any x>0 

\ * 0 < ' & » \ .** - * * i , * W > " °- ' 3- 2 6 > 

Prom (3.20), (3.18) and (C.22) we have 
Lemma 11. For any : * * > o and any n * o the -jn;rtotl<-

exparuion 2 n + 1 ^ u 

V i , « " - ^ 1 ,« w -1 «j I -f̂ ,ft' > 
that allowa termwiae differentiation, 18 true." 

According to Lerrima 6 and formulas (3.19) and (3.22) we have 
Lemma 12. Por any n*0 ind when r*10,M we have a 

presentation 

Vx° " 4zml y.i.x0 -Z I «J uJ.fc W - 2 8 » 

Corollary. If « * -2, then the function 

W - W z V x " 0 < x 
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in particular, only when * 2 we can guarantee that the function 
*n z v ' *2n*\ z*n r" 1 8 oounded when x-+0 and r>0. 

-kjgaL flajBEtot ic floMlon at the point Ql aiBcgntljmltJ 

the regular aaymptotlc ^ JJ In the point of discontinuity 
i - j - of the original /(x) also 'has a discontinuity of the first 
kind. Hence, we have to add to 4,, Jl a correction function 
P n-P_<x,t;«.), so, that the function V̂ JFF+P,, in the point x • Xj 
would have the higher smoothness order. " 

lemma 13. Let far any n * q the function P n -P n (x ,t ; x j ) ixj>0) 
In tbe region (x * 0,t>0) aatlsfy the equation 

*?T*n * **n * 

where 

ana Is Delia function of Dlrac. Then In the region (x>0,t>0) 

1 <V**V - *-IR < W V • ' - n T ^ 1 / - • 
BV) , the correction function P„ can be found as the solution of 
the following problem: 

U>ll. !>•) , !Pn| j * f. P_, -0 (3.25) 
"|x«iO "11—0 

Lemma 14. Par any n £ 0 and when " * 0 the problem's (3.29) 
j iiiiilori can be presented as follows: 

n n 
!(i VRix.f.ij) ^ I* " f c (x^.p.s) • jT^k ' * ^«rKf.*?••>. (3-30) 
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where P - . » - £(i • LH «: " ! 

** ft 
o » - «,<*-,.P..J - 2 - 7 ^ - J " ^ - T W * * » • » , 

«S(x.x,,P,e>- J ^ - e " ~ [x, !„<«) -

- X T ^ ( U ) ] d U (3.33) 

end r v (x ) la modified Beseel function." 
Reroarfc. Due to the estimates 

r„<w) - - ^ ( 1 + 0(1)). u — +-; 

XjJ v(U) - xl£(u) - [xj -x + 0(1)]. u — +-

we have the convergence of the Integrals In the formulae (3.32) 
and (3.33) for any ft * 0. any p>0 and any B * 1. 

The next theorem describes the behaviour of the functions " f c 

and when P—*+•>. 

fDBSBkX 
xx 

3j. For any ft * O.for any «>-l and a = jf-JI- + - j * ] « 
xx. ^ 

(x>0. x.>0) when P - ^ —» +•» have a place the following 
asymptotic expansions: 

°s- i fcsH* °'Zj {-2«TW»-*/) *r •<* • ±. xj) + 

> • [ < * , • ) * , - ( » ' , • ) • * ] , A X + X , 1 
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a > 3 and i 
The following estimates have plifc.o In this direction follow 

La, Let p - - j j J . « - \[Tj * x 1 ) . 
i ) wtien v * 0, x " Xj 

ni * * * • ) 
(*,•) - — — , <3.36) 

• / r ( 2 • P - A ) 

ia UdiiKel'a symbol, aiid 

( - . • ) ' - £ f ( - l.m) * («-.1,».)) (3.3T) 
mui *;.!,[;; i'i la a degenerate hyparg&ometrlc function." 

Remarks. 1) The estimates are uniform ta respect of 
-I i , f j . where -Kf<+*» Is fixed. 

2) If we replace (3 .34 ) and ( 3 . 3 a ) Into (3.30), than when 
i. tj — •<« for tlie conviction function P„(aa expected) we have 
the expreaalon .hlch coincides with the corresponding presentation 
ui the coirectlon fane Hoc for the Integral Fourier transform 121. 

Prom Theorem 3 we have that when ^ — << 1 (If »»>1, then wnen 
if J 

fx « I ) • functions o f c and o £ can be calculated ualng the 
asyiupto' tc formulae (3 .34 ) and , ( 3 . 3 5 ) . For example. If 1-+0, then 
the asymptotic formulae ( 3 .34 ) and ( 3 . 35 ) f i t for the calculations 
In caaa x,x, u . l (4 ~~ »•, Lf »>i Is sufficiently large). 

a U - x , ) a 

Besides', since Bj - — T T * — , when t**0, the asymptotic 
iicaenutlons of the functions o f c and o j are "essentially 
different from zero" only In a small neighbourhood of the point of 
discontinuity x=x, (Tor example, It wil l be sufficient to 
regard the nelghlxjurh-wd |x-x,|s t 1 / 4 ) . Out of this region the 
asymptotic expansions (3 .34 ) and (3 .35 ) can be replaced by 
"asymptotic zero". However, there la a question. It Is possible 

i. n i-tQ (x. * > 0 la fixed), what corresponds to the condition 
a , ' , 

P - "'^t l h a L t n f e functions and o f t impact can't be 
neglected, i .e., tha use of the asymptotic formulae (3 .34 ) and 
(3 .35) is not sufficient for the calculation of o f t and o£ fo r all 
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3 ) when - 1 < " < 0 and x « 1 . 

la uniform concerning 1 0 p - —• + 0 and ft=o,i,P,.. 
4 ) when v>o 

la uniform concerning to x>0, x , > 0 , t>o and fc=0,i,2, 
xx, J . f x x . . 

y*nma. t$, Let p = . a - + J, then 

'a 1 ) when , "-O and x * Xj 

(X-Xjf 

* l <x-x,r J 
la uniform concerning to x>0, *j>0, t>0 and fc*0,i,2,...; 

2 ) when *>-l and x " Xj 

xx. 
la uniform concerning to p « * 0 > Q and * = 0 , t , 2 , . 

a) when 0<«<t and x » x , 
4) J 

] • 
la uniform concerning to x>G, Xj>0, t>u ana k - 0 , 1 , 2 , . . . 

2 ) when " > - 1 
(X-Xjf 

°fc - <>(«/ • " _ 7 f ^ ]• ' 
X X , • 

Is uniform concerning to p . —pf * ö > 0 and fc=o,l , 2 
x, 
( x - x f ) a 
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l x -x , ) a 

(X-X, ) ' 
a » 4 t { 0 ( x j ) + 0 ( t p v ) } , 

la uniform concerning to p - —gj4 —»+0 and 6=0,1,2,...; 
4 ) when - I w O and x •» x, 

XX. 
la uniform concerning to p - —»+0 and ft*0,t,2 • 

According to the estimates obtained In Lemmas 15 and 16 we 
have: If »> -1 and x, * A ~ 1 {a - v, when »>\), then when t 

f<1g >t « i ] are small, the functions and oj can be 
calculated by asymptotic formulae (3.34) and (3.35) and the impact 
of Oj, find ojj ia essential only In a small neighbourhood of a 

point x - x , (|x-x,|* I 1 ' * ) . Out of this region and o* are 
asymptotically small concerning to the main errors (seo theorem 6). 

If ij Is small and asymptotic formulae (3.34) and (3.35) 
"don't work", then the functions and can be calculated by 
the Integral presentations (3.32) and (3.33). The principle 
difficulties will not appear here, because of the Integrands 
monotony, and In £3.32) the Integrands are positive whan »> - l . 

The only difficulty can emerge when calculating -_ne integral 
(3.33) In the case, when r - Xj, 1.9S when a - 1. Bow ever, we can 

easily show, that when p - and a « Jf-j- • -5^-) 

x 1 -x3 J 

oJ(*.*,,p,e) - - a a n f M ^ ) ^ ] 5 « " J • ( * «• f\, \,\ »J> • 

*-> b 
1 f (u-pr ... 

e _ s u I „ ( X r * , . U X * i . (3.38) 2x r(fc+i 
r (u-p 

4T 



135 

x , -? f= 

53 • f r ( « « * . l ) ( 2 e ) , ' + Z B 

where < - - j j - f r 2 + x^). However, we can't say, that for the 
numerical calculation of the function Q F T , the obtained series 
(3.40) have any advantage over the integral presentation (3.32). 

The Justification and the algorithm Itself are subjects of 
the second part. 

Ptt ft: ."«|.'.:eH. 
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OyHKUMH - M.: Kayica,1964.,384 c. 

2. Beaoe H.A. ycrcBwHBoe auMHcxeHHe paaoB H HHTerpa*OB «ypte A A S 
pe3pwBHUx $yHKUKfl."Tiare.MareMar.e*eroflHHK.- P U T S : 3nHaT«e 
1989. EUn.33 - C.I25 -132. 

3. BeaoB M.A. AcHMnroTHMecKoe peuieuHe CMeuisüHofl napaoojmiecKofl 
aaoaHM c paapuBKUMM HawajLHHMH VCJIOBMHMH I . < V v4etu*3 3an. 
JlBTB.yHHBepcHT.- I99T.-T.562.-c.I29 -160 ,2. ' ' ' y>«HUe 3an. 
JIaTB.yHMBepcMT.- 1992.-T. 576.-c.127 -144. 

4. BesoB H.A., UxpyxMC T.T. AcMHnroTH'iecKMe M£TO,BU oöpameHHH 
MHTerpaxbHux npeoopasoaaHHfl.- Pwa, 3HHSTHe 1986. - 286 c. 

5. BeHTMeH P., SpneflH A. BucuiHe TpaHcueWjeHTHue «JUHKUHM. T.2. 
M.,HayKa, 1974 - 296 c. 

6. rpeCt 3.,M3TUQ P. «yHKUMM BeCCeJlfl H HX fipHJXiXScHHrt K tytiHKe U 
MexaH«ce.MocKBa,I963 . 371 c. 

wnere 

Wv{*.xj.u) - XjIuM - xZJOO - ixj - i ) - o ( ^tjj ) . ( 3 . 3 » ) 

t i—• + • • * 
We can make tbe numerical calculation of the Integral ( 3 . 3 8 ) . 

when x m without principle difficult lea. 
The oUier presentations can be obtained for functions n f c and 

o£ for example, in caae (3.32) we can expand modified Bassel 
function Iu Into series and Integrating termwlae, we get 

http://I99T.-T.562.-c.I29
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M. Eanoa. Hmnoi o\iua tonpocu ycToauHBoro BU 'WCaawta w»«T«rpai4 

r»n»»<i» ana p « j p m » i i m x f « B « a i < « . I. 
Aimorjuan. PaOc.T» c o c H n » a nocrpooHnn > c t o » u h i o t o aaropMTNa 
eSpaaatra» « » t « r p u v » o r o apaoSpaaoaawnn I"/ k * / i h Mtronaxa eaaupyvTcn 
aa *CH!CT l O T R M t C K - H p * M » H N H » ' B C'MQr ITMbüOft a&OanH lUTIrtUTKUVCKCa 
$ManirH. B ntpana ' j i c t i p iOoru n c i y < ( » H O ^opMtflbHo* » c m m d t o t i i i # c k o # 

P h w k O O o c m c * j h h « n c i N aJircpnTH ueptuMm T-yoyr j u m m i o BTopoa 
» k t » . vjot ma. am. 

H.Balova. Da»»«, atablliia apr**inia«rt»a —todaa Karücl» l n t a y a t l a n 
ar pBrtraufctaa funkclja». I-
*not act Ja. Dmrt» volU Is atab l lu i p r H l n u m'.oZu l*gOSar.»i Hankala . 
lntoqr l l la tranaforaSclJaa Invara l ja l . Sis taatodas tlafc vt iootn , 
lzaantojot nol.eilrlaa natamJtlaklc f l i l k » « pal I gprobl ( u t 
aaliLptoUskoa alrlilnajinmji. Darba p l r u j i U| J t la* apskal l t* 
tlkol formal a r l l ln lC . -nu Mtad » . Fa ma Inj u m un p a i « rlElnXftanas 
algoritas tlka dotl otraJÄ .ia) a. 

Dcpartaant cf Hatbaaatlca 
Uhivaralty of Latvia 
Ralpa b. 10 
LV-15BO Riga 
Latvia 
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On October 4, 1991, the Council of Minister« U . B . the jo . t rn -
menl) of Latvia proaul g*ited tha lau "Tha Statuta Oh Conferment of 
Sciantif lc Degrees") in accordance ulth this lau lhara wart estab-
!i shad luo scientif ic dagraas in Latvia: Doctor (Or.) and Doctor 
Habi l l t j lus (Or. Habi t . ) . Tht second degree If the higher one. The 
Statute envisaged the creation of the s .c . promotional councils (far 
conferment of Doctor degrees) and habt 11 tat lonal councils (having 
the right to confer both Ooctor and Doctor Habil . degrees). 

In order to create such councils It uas necessary lo give pre l i -
minarlly to tone institution tha right to confer a number of f i rst 
Doctor Habil. and Ooctor degrees. This right uas given to the Latvi­
an Council of Science (LCS). 

The community of Latvian mathematicians after making the analy­
sts of the situation and discussing it decided: 

1) to create three promotional councils each one of uhlch repre­
senting a sufficiently uide area of mathematlesi 

2) to create only one hat I>1 tatlonal council by Including in it 
practically a l l Latvian mathematicians, uho had at that time the 
degree ol Doctor Science in Physics & Mathematics! this council 
hould represent the uhole spectrum of mathematical sciences. 

Since, according to tha Statuta, tha council shuuld be founded 
at a certain Institution, in the role of such an Institution tha 
faculty of physics and mathematics of the University of Latvia was 
chosen. 

After discussing possible candidates for the hablIitatlonal 
council and voting for them per sari a 11 r, the Scientif ic Council of the 
University (SCU) has delivered the corresponding proposition to the 
LSC, uhere it uas thoroughly studied by a special commission. As the 
resu l t , on June 1992, the LCS has founded the habl11 tational Council 
on Mathematics consisting of 11 members (experts and at tha same 
time the LSC has conferred upon 9 of these experts the degree of Dr. 
Habil . in Mathematics. They are: A. Bulkls, M.-R. Fretvalds. J . Klo-
kov, A. Lepin, A. Lorencs, B. Plotkln, U. Raitums, J. Strazdins and 
J. Tsarkov. (Tha remaining tuo of tha experts ware already earl ier 
conferred in other areas: J. Barzdins as Or. Habit. In Compute' 
Science and H. Kalis as Or. Habil . In Physics.> 

In tht Council on, n» tht aal Its, nf tha Uiilvtr>ll> uf Latvia 
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A| I i s f i r s t uT the i . t u i , J « U O Cadneil A. Butkis uas 
i=.i ai Ii.« chait'MO« M.-R. F i i w i l d t as th » vice-chairman, and 

i l uu jk l i i a as Ii.« s c i a n l l f l c secre tary of tha n c n . AI Iha second 
. . i i na II.« council has conferred tha degra« .of (p roao l td ) Dr. Hath, 

ii* 13 t . i . . ,-. math«mal Iclans (having at that tin.* tha d *g r « * of Can 
i i j . l v In Physics t Mathematics of Iha formar USSR) as uall as givan 
n a . . . tl.« n g h l to be Included as aeabars into on* of Ih* 3 proaol l o -
ii. ' counci l i t fhewe promotional counci lS i acciirding la tha S ta tu te , 
iti • i i g h l f u l l t i l l July, 1 9 9 3 , and the i r pr inc ipa l aim uas to nos-

i . i l e . to equate) Ihe candidate degrees of the former USSR of 
Me Latvian mathematicians as Ihe nau Or. degrees . On Iha other 
i i , i . according lo the s ta tu te , the pr inc ipa l aim or the HCH uas to 
.unfar ( ' i i not t . „ » f « . ; Iha degrees of Or. Hab i l . Oath, and Or. 
' , ir , . upuii a ductuiant a f ter the defence of h i s Ihes i s at a specia l 
. t j j l u i . of Iha Council . AI tha f i r s t one of such sess ions, uhich uai> 
: .11 un November 1 9 , 1 9 9 2 , A- Soslak has successful ly defended his 
tli . Habi l . .un . . Ihes l t "Fomdat ion* o f the Theory of Fully Topolu -
• I I Spaces". Ihe reviewers of the Thesis ue « A. Ar hang*I'sk11 u. 
Mul,khin (both from Moscou, Russia) and U. Rai terns. At th* next 
s * i i i on l.old on January ?, 1993 T. C i r u l l s succ*ss fu l ly defended Or. 
•tubil- rtalh. Thesis "Asymptotic Methods in Mathematical Physics and 
'tuner leal Ana l y s i s " ! his rev iewers were A. N lk i forov (Moscou, 
Russia ) , M. Sapagovas (V i l n ius , L i thuan ia ) and H. K a i l s . At l a s t , on 
Apr i l 2 9 . 1993 th* successful ! de fence of H. K a l l s ' s Dr. Hab i l . 
Ndtr,. Ihesis look placet the t l t l * of th* Thesis I s "The Development 
j i i j A r K I i cat i ur. ol Special Numerical Methods for Solut ion of Prob­
lem» I m Mathematical Phys ics , Hydrodynamics and Magnetohydrodyna-
h lcs " ! Ih* r * v l *u » r t u*r* M. F* is tau*r (Prague, Czech ia ) , M. Sapagc-

(V i ln ius , Lithuania) and A. Butkia. 

At Ih* end of this a r t i c l e , 1 would l ika to a i p r e i s my personal 
. m e t r e :.up« thai our HCIt u l l l successful I , continue i t s uork In 
future, that Ih* ataosphera at i t * sessions u l l l aluars t * c r i t i c a l , 
pract ica l ai.d Triandly at the same t ime, and that a l l tha Thesis 
lefti.ded at Ihe sessions u l l l be cf the u o r l d ' s qua l i t y , i . e . high 
. u a l i t , . 

• h« chairman ut t he Hab i 111 at i onal Council on Mathematics at the 
üi.l . i s i l , ot l . t / l e , i i o f tssu/ A . Buikls 

http://iij.lv
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aatemBtlka 
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ASYMPTOTIC METHODS IH MATHEMATICAL PHYSICS 
AND NUMERICAL MATHEMATICS 

Dr.Hab.Math. Theaia (Sumaary) 

T . C i r u l l a 

Aba t r a c t . Hera we cona lder tha aoat important r esu l t s which 
•ade tne oasis f o r T . C i r u l l a Dr . Hab. Math. Theaia . In pa r t i 
cu la r , we develop new methods a l l ow ing to obta in asymptotic 
expansion of functions and diacuaa d i f f e r e n t app l i ca t i ons of 
eayaptot ic expanaiona o f funct ions f o r development of new cal 
cu l a t i o o methods and f o r p r e c i a a t l o n o f tbe e x i s t i n g onea in 
aatheaat i ca l phyaiea and numerical a n a l y s i s . Moat e f f e c t i v e ! ; 
the asymptotic expansion methoda can be appl ied t o r e a l I c e 
numerical invers ions o f c l a s s i c In t eg ra l transformations where, 
by using add i t i ona l in format ion about the s ingu lar pointa of 
images, we succeeded in c r e a t i n g ca l cu la t ing algorithms of 
incraaaed p r e c i a i on . AMS SC 65M, 65D32. 

1 . Method of g r a d l e n t l i n e s f o r f ind ing aavamtotic 
expansions of i n t e g r a l s . 

Va are in te res ted In f i n d i n g of the asyap to t l c expansion l o l 
the i n t e g r a l 

In case, when tha Integrand funct ion la a n a l y t i c In a r eg i on 
£0 containing the contour L and the kerne l funct ion ^P(ti) 
aa t i a f i e a exponent ia l e ayap to t i ca f o r l a rge \U.\. for eJcasrple, 

t o . kernel (ftu) —7 ba *fU,SiU, $(u), K,(u),t(„(u) 
l a our work [f] the asyap to t l c so lu t i on o f the I n t e g r a l 

( 1 . 1 ) l a obtained by aaans o f tha a . c . p rad i en t l l n e s method; 
t h i s method genera l i s es tha c l a s s i c a l arthoda of a saddle po int 
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•ud o f a s ta t i onary phaua.lhe essence of tha method la that 

tha contur L l a deformed In to v a e t o r l i n e a o f yiQdlÄ(t)\ and 

tha f o l l ow ing f i v e typea Of po lnta can be c r i t i c a l oneai 

1 ) the roo ta of tha aquat ion Aft)M0 i t h B taot 

polnta of the family of g r a d i e n t l i n e a ) j 

2 ) tha roo ta of tha aquat ion fl(t)"0 * » oaaa A(£)+0 
( i . e . the aaddle polnta o f tha f ami l y o f g r a d l e n t l i n a a ) { 

3) the air.gular po lnta o f funct ion A(t)i 
A ) the a ingular po lnta o f func t i on f("t); 
5) the end polnta o f tha contour [_. 

In our monograph £f] we cons ide r , bow t o ca l cu la t e a eyap to -

t i c in f luence f r o » a l l typaa o f c r i t i c a l po in t e and soma gene-

ra l i aa t i ona of i n t e g r a l ( 1 . 1 ) when the c r i t i c a l polnta are d e ­

pendant on parameter 2 . 
Compering wi th tbe aaddle po in t method, i n the g r a d i e n t l i n e s 

method c r i t i c a l polnta o f a neat type appear, namely tbeae are 

tha roota of equation n (T)M0 which are the knot polnta of func­

t i on 'a A(T) g rad i en t l inea f a m i l y . The p o a a i b i l i t i e a o f the 

method v l aua l l y can be i l l u s t r a t e d by tha example, i n which tbe 

complete aeymptotic expansion o f the hypergeometr ica l func t i on 

F ' l ' t ' I in the complex p lane ia obtained from the 

in t eg ra l presentat ion j 

and i t i a the f o l l ow ing one. I f X-*«o,lai^Xl<fTthen 

( 1 . 3 ) 
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*1 ̂ « rt*-/*™*0ty+m+tfg)'* 
M'O m ' / •, ( 1 . 3 ) 

where 

Froa foraulae ( 1 . 4 ) and ( 1 . 5 ) i s f o l l owa tha t 

Aa T.L.Luke no t i ced in hia book [ /o]there are not known 
tha c o a f f i c i a n t a express ions ßK of a syap to t l c formulae f o r 
hypergeoae t r i c functions p f*p+i j only a r ecurs ion formula f o r 
these c o e f f i c i e n t s i s known. For the funct ion thia formu­
la l a tha f o l l o w i n g one 

K= 1,2,3,... 

where ß0 and ß are determined by the formulae ( 1 . 6 ) . One 
can v e r i f y that ca l cu la t ing by aeans o f the recurrent 
fo rau la ( 1 . 8 ) i t w i l l co inc ide w i th ( 1 . 7 ) . 

i 

-too 
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/(**) ~ Z °« 9n(*) .X^X" 
{&(*)} i-

f i - ö 
where i flfl_(x)} i a an aaymptot io s c a l e . Then the number 
sequence (d^) w i l l be o a l l e d the in format ion of a funct ion 

•f in the neighbourhood o fa p o i n t Xa i n raapeot o f the sca ­
l e { QH(x)}.,Bba f i r s t 171 membera (da, f2 / ( — f^Jo f t h i s sequence 
la c a l l e d tbe p a r t i a l in fo rmat ion o f the funct ion 

There are poss ib l e a l s o cases when in format ion about 
function in the neighbourhood of po in t Xg i a g iven by a e ve ra l 
sequences; f o r instance i f the s synp to t i c expansion (2 ,1 ) has 
d i f f e r e n t expresaiona ( e . g . when X-*X^O and X-*Xg~0 ) o r 
depending on complex va lues X and X0 ot^QIgX. 

In tbe s lmpl i es t case when the func t i on -f i a s u f f i c i e n t l y 
many times continuously d i f f e r e n t i a b l e in the neighbourhood o f 
the po in t Xe * * * in format ion about f i a de t e rmine ! by the 
sequence of Tay lo r c o e f f i c i e n t s . 

The asymptotic formula ( 1 . 3 ) I s s u i t a b l e a l so in the case 
when d"T famJ&), ( i n t h i s s i t u a t i o n the formula transforms 
Into the asymptotic formula f o r Besee l func t i ons ) aa we l l aa 
in eaae o( = -tl ( i n t h i s s i t u a t i o n polynomials are in the both 
aides of the formula ( 1 . 3 ) ) . 

j , * K »MP»4 aoheaa f o r a p p l i c a t i o n s o f aaynptot lc expansions 
to c rea te and p r e c i s e c a l c u l a t i n g methods. 

asymptotic expansion o f a func t i on ia usual ly done and uaed 
in caaee when i t ia neceaaary t o f i n d l o c a l approximations o f 
tbe function in the neighbourhood o f a d e f i n i t e parameter o r • 
f i xed po in t . In the a e r i e s o f our works [J(,~9] " * discuss some 
new methods a l l ow ing t o use the asymptot ic expansions; in theae 
methods the asymptotic e pensions a r e used as add i t i ona l i n f o r ­
mation concerning g i ven funotlona i n o rder t o p r ec i s e g l oba l 
ca l cu la t i on methods In mathematical phys i cs and numerical ana­
l y s i s . * 

De f in i t i on 1. Assume tha t in the neighbourhood of a po in t JC0 

the f o l l ow ing asymptotic expansion of a funct ion / i s g i ven 
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Tha a i » p l i e a t p a r t i a l i n f o r m a t i o n a b o u t a f i x e d f u n c t i o n f i n 
a n e i g h b o u r h o o d of p o i n t X0 l a «yjÄ^.Thie i n f o r m a t i o n l a 
a l a o t h e a o a t f r e q u e n t l y u«.ed i n m a t h e m a t i c a l p h y s i c s and n u -
m e r l e a l a n a l y a i a . To d l a t i n g u i a h t h i s a i a p l l e a t i n f o r m a t i o n 
which r e d u c e s t o d e t e r m i n a t i o n o f t h e f u n c t i o n ' s v a l u e i n a 
g i v e n p o i n t , t h e o t h e r i n f o r m a t i o n , i . e . t h e i n f o r m a t i o n w h i c h 
i a d e t e r m i n e d by o t h e r members o f t b e s e q u e n c e (Qtl Q^>.. .) 
w i l l be c a l l e d t h e a d d i t i o n a l i n f o r m a t i o n . 

Tbe g e n e r a l p rob lem a e t t i n g a b o u t t h e uae o f t h e a d d i t i o n * ! 
i n f o r m a t i o n i a tba f o l l o w i n g onei 

G i v e n a problem of m a t h e m a t i c a l p h y s i c s o r n u m e r i c a l m a t h e ­
m a t i c s 

Au xeS), ( 2 . 2 ) 

where A i s a l i n e a r o r n o n - l i n e a r o p e r a t o r , i s a g i v e n 
f u n c t i o n ( v e c t o r f u n c t i o n ) and U. i a t h e f u n c t i o n ( v e c t o r 
f u n c t i o n ) t o b e f o u n d . The e g u a t i o n ( 2 . 2 ) c a n b e s u p p l i e d 
w i t h one o r s e v e r a l a d d i t i o n a l c o n d i t i o n a of a c e r t a i n t y p e , 
f o r e x a m p l e t h e boundary c o n d i t i o n 

where (j i s a d e f i n i t e o p e r a t o r a n d ^ i i > g i v e n f u n c t i o n . 

To s o l v e t h e prob lem ( 2 . 2 ) * ( 2 . 3 ) by meana o f one of t h e 
e X l a t i n g a p p r o x i m a t e : methods s u i t a b l e f o r t h e u s e of e l e c t r o ­
n i c c e l o u l a t o r a , t h e p r o b l e m i s t o be d i a c r e t i e e d , s i n c e e l e c ­
t r o n i c c o m p u t e r s can t r e a t o n l y f i n i t e i n f o r m a t i o n . Depending 
on t h e c h o s e n method t h i s i n f o r m a t i o n about o p e r a t o r s A a n d 
6 and t h e g i v e n f u n c t i o n s -f and *P can d i f f e r . Moat o f t e n 

i n c l a s s i c a l methods t b e a i m p l l e a t i n f o r m a t i o n i s uaedi n a m e l y , 
t b a v a l u e a o f f u n c t i o n s -f and V9 i n t b e g i v e n p o i n t s XK€.S) 
and S^fdj). However , o f t e n a much l a r g e r i n f o r m a t i o n about f u n c ­
t i o n s y and *f i s known t h a n t h e one which i s d i r e c t l y n e e d e d 
i n t h e c a l c u l a t i n g a l g o r i t h m s . 

Vor e x a m p l e , t h e g i v e n f u n c t i o n s can be a n a l y t i c w i t h s i n ­
g u l a r p o i n t s o f a c e r t a i n t y p e . I t i a a l a o p o s s i b l e t h a t m 
a o a e p o l n t a t b e f u n c t i o n s o r t h e i r c e r t a i n o r d e r d e r i v a t i v e s 
have known g a p a . In a o a e c a a e a i t l a known, t h a t t h e c o n t o u r 
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of tlie region X) baa certain non-aaootnnaas and other 
peouliarit lea which are not exp l i c i t l y used in the ca lculat ing 
algorithm*. A l l thia forma tha addit ional information about tha 
given functions and one can invest igate tha problem how thia 
additional Information could be used for the solution of the 
problea. In thia connection one usual ly ' hex to conaider eeve-
ler tasks, the moat important of which are the following ones. 

1? In which pointa end what addit ional information i a to 
be taken into account when aolving the problea (2 .2 )+ (2 .3 ) 
by aeana of the chosen aethod. 

2? In what way th i s addit ional information le to be taken 
Into account when developing a aore precise calculation aethod. 

3? To what extent the uae of the addit ional information 
increases the precision to comp«re with tha uae of the aethod 
without thia additional information.Usually the tasks 1° and 
2° are being considered simultaneously by the fol lowing scheme: 
having diacretixed the problea, the choaen calculat ion algorithm 
la being considered; «proximal aolutlon obtained with help 
of thia algorithm ia dependent on one or several parameters 
(tha atep A in the f i n i t e d i f f t enoee aethod the natural nua-
ber N showing the rusher of knot pointa in the region X), tha 
coordinate function or the number of f in i te eleaenta, e . a . ) . 

Further, one, forms the deviat ion, o r the error between 
the precise and the proximate so lut ion- and looka f o r the 
aayaptotic formula of thia deviat ion when tha paraa-tera , e . g . 

N approacbea t o r » . To determine auch aayaptotic foraulae 
one haa usually to uae d i f ferent kind of addit ional i n fo r ­
mation about given functions and operators and thia in fact 
gives tha answer to the question set in task 1? 

By adding the found aayaptotic expression to the proximal 
aolutlon, we obtain - the solut ion of the task 2? To obtain 
the answer on the question aet in task 3? one haa to eat laate 
wnd to compare tha corresponding errore of the both so lut ions . 

Observe, that tee above mentioned acheae l a the s l ap l i e a t 
but not the only one, which can be used in pract i ce . However, 
even to res l i t e I t , on- often has to solve d i f f i c u l t aayarp-
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t o t i c p r o b l e m s which e s s e n t i a l l y r e s t r i c t t o e a p p l i c a b i l i t y 
o f t b e method . I n s e c t i o n *» we s h a l l c o n s i d e r a n o t h e r a c h e a e 
of u t i l i s a t i o n o f t h e a s y a p t o t i e e x p a n s i o n . 

2i *H#/ « T i » l 9 n of vtW ^"tepjyg^ q u a d r a t u a f o r m u l a 
hy — a n a of a s y m p t o t i c e x p a n s i o n s . 

The u s e o f t h e a d d i t i o n a l i n f o r m a t i o n a b o u t t h e i n t e g r a n d 
f u n c t i o n e n a b l e s t o d e t e r m i n e t h e a s y m p t o t i c f o r m u l a e f o r t h e 
r e m a i n d e r RM (N-**»o) i n t h e i m p o r t a n t q u a d r a t u r e 

. *V A/-/ 

I n our work [3] w i t h t b e h e l p of methods o f complex v a r i a b l e 
f u n o t l o n a t h e o r y the a s y m p t o t i c f o r m u l a e o f * b e r e m a i n d e r 
a r e found i n c a s e when the? k n o t p o i n t s XK a r e u n i f o r m l y s i t u ­
a t e d i n t h e i n t e r v a l [CL, i] 

They a r e d i f f e r e n t v e r s i o n s o f t r i a n g l e , t r a p e z i u s and p a r a 
b o l l o f o r m u l a e j b e s i d e s I n t h e t e r m i n a l p o l n t a X"d and X.-&-
t b a f u n c t i o n +• may h a v e e a s i l y i n t e r p r e t e d s i n g u l a r i t i e s . Tbe 
a s a e n c e o f t h i s method i s t h a t c e r t a i n c o n t o u r i n t e g r a l i n t h e 
complex p l a n a i a b e i n g c o n s i d e r e d , f o r w h i c h t h a c o r r e s p o n d i n g 
r e s i d u e s sum ' a e q u a l t o t h e q u a d r a t u r e s s u a , snd t h e r e m a i n d e r 
Rpj i s e x p r e s s e d by means o f an i n t e g r a l . Tha c l a s i c a l n e t -

hods o f a s y m p t o t i c e x p a n s i o n s a r e b e i n g a p p l i e d t o t h i s i n t e g ­
r a l , km a n e x a m p l e , we s h a l l c o n s i d e r t h a f o l l o w i n g example 
f r c f 3 j . 

I f 

t h a n J a 

~£ + £ ml , CM) ' 
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( 3 . 8 ) 

In the formula (3 .? ) the ser ies absolutely converges. I f 
f i s analytic in interval (-/,// the aer ies (3-7) ia a lao 

aayaptotic. 
; Ince the Fcui le i coeff icient uyrptot iou for dl f farant 

fanvctlon classes is suf f ic ient ly wel l stud it-, in the l i t e m -

from foraulae ( 3 . 3 ) - ( 3 . 5 ) i t i s dear that to deteraine the 
tsymptotic expression of the remainder R^ one needs aoae ad-
j - t i ona l information about -f(x) ( o r V(XJ ) in tbe terminal 
points X = Q and of the integrat ion interva l . 

lu revise the simpliest Gauaa - type quadrature formula one 
needa quite .. liferent additional information about the integrand 
function: the information about the integrand function in the 
terminal points is not needed, but on the other hand i t ia ne­
cessary to know the gapa (whenever tbey e x i s t ) of the function 
o r of i t s de f in i te .order 's der ivat ives in the integration In ­
tel val , or a lao the information about the singular points of 
this (unction's analytic extension to the complex plane. A l l 
th is additional information i s being included in the asyaptotlc 
formula of the remainder R^ by means of Fourier coeffiolen*s.-
Wb shall mention here the fo l lowing resu l t from [/»] . 

if ftrCtW] maiLf(x) exiata almost everywhere with bounded 
.'(•nation, then for the remainder r^y in the Gaus? quadrature 
lortoilaa ^ 

the following formula ia va l id 
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t a r e , there fo re from (7.7) one i an e e s i l v pet a l ec tbe soyar.-
t o t i o formulae of the remainder Rfjf)-

Let U 8 consider one more example i l l u s t r a t i n g how t h e spy mi­
t o t i c of tbe remainder of the i n t e r p o l a t i o n formula can be 
found apply ing tbe asymptotic o f tbe remainder of the quad, a-
ture formula. 

Assume that 

where 0K e re determined by means of formula ( 3 . S ) . One can 
eas i l y v e r i f y the fo l l ow ing r e s u l t : i f in formula (3 .10) 
are replaced by the in t eg ra l (3.8) int . the Danas t yp » Quad­
ra ture formula (3.6) l a app l i ed t o the i n t e g r a l , then the i n t e r ­
po l a t i on formula is obta ined. Thun the remainder ^f^,ff^fii)J 
i n the in t e rpo l a t i on formula (3.9) can be expressed in s'ich 
a form: A/-/ 

where + a o 

Prom formulae(5 . 1 1) - ( 3 . 1 3 ) one con observe how the remain­
der t h e aaymptotic formula can be wr i t t en knowing 
the Four i e r c o e f f i c i e n t a Cfff) (K-***^^ tne asymptotic formula. 

We sha l l mention a l s o that wi th tbe he lp o f formula (3.9) 
one can f i nd approximation a l s o f o r the d e r i v a t i v e (x) 
and in a s i m i l a r way make up : ' t h e i r remainders asymptotic 
formulae which a l s o depend on the Cn(f) asymptotice f o r l a r g e '1 
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<». Applications of asymptotic expansions for approximate 
inversion of lntenraltranaformation. 

many linear (as well aa linearised non-3 ineer) problems of 
batnematical physics can be solved by means of classi­
cal integraltranaformation. Having found f irst of a l l the ima­
ge of the aolutlon to be dlacoveidd, one has further to aocosp-
lish inversion of integraltranaforaatioo. Since the inversion 
if integraltranafornation la an incorrect problea, for its so­
lution it aeaaa reaaonable to uae aayaptotic aethoda with 
the uae of certain additional information. Having 
constructed the aolutlon of the problem of mathematical phy­
sics following the aboveaentioned aoheae, in the algorithm 
automatically appeara alao additional information about tha 
given in the original problea functions and region. 

In our monograph [ $ ] we have Bade a detailed study of 
different aayaptotic aethoda, which can be used for approXi-
aate inversion of Laplace and Fourier integraltranaformations. 
These methods without essential changes can be carried over 
the Mellin transformations and, to some extent, also over 
other classical integraltranaforaations. Taking into account 
the large alee of [_9] we shall aentlon here only the most 
laportant reaulta. 

1? An asymptotical interval extenaion method, is being 
•orked out; this aethod ia based on tbe following definition: 

Definition 2. Assume that we have to calculate function -j(t) 
J\erett[0,Tot>[. Consider the following function 

observe that when the smoothness of function -f increases, 
iLo ooefficients Cn(f) fmeter approach aero; therefore 
formula (3.9) haa the non-saturation property. Fron this 
point of view tbe Interpolation type formula (3>9) ia avore 
auitable for aolutlon of different problems, then, amy, 
tbe method of finite diXferanoea or tbe method of finite e le ­
ments whose approximation formulae ere saturated. (When the 
smoothness of the function increasea the error does not dlnl-
nlab). 
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wtar* fi(t) ia a rstbar freely chosen function satisfying 
sons genera.} eondir-iooe depending cn the given problea. (For 
instance tor laplaca traneforaatioc where f(t) i a *h" o r i _ 

ginal to ha foundt ft(£) ia to be chosen in auch a way, that 
the corresponding Laplace integral exists ), If Q(t,T) ia the 
asyaptotic expression off(t,T) when i .e . 

fiW-gft.T),^**, (...a) 

then l t , 

Definition 2 can be ueed also in the intervals \p-to]J J-oo^toof 
as wall as in the case of a function of man; variable. 

Tha approximate formula (4.3) baa aoae propertiea, the most 
Important of whioh axe the following oneoi 

a) To determine the asymptotic formula (4.2) i t ia essen­
tially to use the additional information about tha given funo­
tlona. 

b) Q\t,Tl l s generally dependent on en arbitrary function 
(e.g. on ff(t)in formula (4 .1 ) ) . This property ia of a great 
Importance in applications by changing the "free" function one 
can control the exactness of calculation directly, with the 
help of calculator, without any theoretical consideration. 

2? The asymptotic interval extension method ia worked out 
for the inversion of Laplace transformation in case when tbe 
original or certain ita derivatives in some points have gaps. 
In this esse we start with considering tbe emoothad original 
found by means of tba method mentioned in p. 1? The transition 
from tbe smoothed original to the discontinuous original to be 
discovered ia being done using the additional Information about 
character of gaps, also for this method the theoretical ejuj£-
mation of tbe error ia given. 
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3? Soae aethoda l o r d i s c o v e r i n g the o r i g i n a l are united 
under tbe naae Fourier - e s yap tp t i c s aethoda. The essence o f 
these aethoda i s as f o l l o w s . The o r i g i n a l f(f) l a being found 
aa a sua of a Fourier a e r i e s with r e spec t t o a d a f i n l t e o r t o -
gcnal system of funct ions , but to determine Four i e r c o e f f i c i e n t * 
are being useu both numerical and asymptot ic aethoda. The 
main a t t en t i on ia paid t o the two types of r e a l i z a t i o n of the 
aethodi 

a ) jf(t) i s expanded in Cour ier a e r i e s In the i n t e r v a l 
f 0 , , o o f , f o r example, with r espec t t o Jacobi p o l i n o n l e l s 4>0, 

P^fl^i-^GXpfc-IJT)] ' n d ' o u r i ' r c o e f f i c i e n t s CN are d e t e r a i -
ned In two d i f f e r e n t waya: the f i j -at c o e f f i c i e n t s ^OJ^/I" J^A/ 
by aeana o f simple numerical a l go r i thms , but the c o e f f i c i e n t s 
C^,... wi th the help of aaymptot ics f o rau lae f o r v h e n ^ » f a » 

b) F(T) I " expanded in Four i e r s e r i e s In the i n t e r v a l [OJR] 
and f o r the Fourier c o e f f i c i e n t s Cn(T) 

tbe asyap to t l c fo rau lae 
when T-tfoo f o r a l l e ra be ing found. 

In a l l discussed aethoda o f i n v e r s i o n f o r Laplace t r a n s f o r ­
a t i o n regard l ess of i t f r e a l i s a t i o n wa- the ssae add i t i ona l 
Information i s needed, namely: 

1 ) the Information about thoae s ingu la r po in ts o f the 
image F(p) f o r which RnpK i s the l a r g e s t ( s e v e ra l pointa can 
be with t h i a p r o p e r t y ) . 

2 ) The information about F(p) I n the neighbourhood o f thr 
polnt/D»oo. Thia information can be r ep l a c ed by add i t i ona l i n ­
formation about the o r i g i n a l f(t) i n the ne ighborhood of the 
po int (=+oo, 

i s an exaap le of the uae o f a d d i t i o n a l informat ion d e v e l o ­
ping a c a l c l a t i o n aethod wi th the he lp or Laplace t r ana f o r - ~> 
nation we s h a l l mention a prob l ea cons idered in [9], 

For the prob l ea 
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where xtßc f K~K(X), $ 

as tbe add i t i ona l informat ion one has t o use tbe f i r s t e i g e n ­
va lues 2l,,\,»;\*tiA e i gen- funct ions of the corresponi ing 
spec t ra l problem 
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A . Bostak 

rUTHODOCTIOB 

Tha concept of a fuzzy aet introduced in 1965 by L.Z'idih | | 
draw a t t en t i on and evoked a steady ln t e rea t both aaoog "pure " 
mathematicians and among s p e c i a l i s t s using mathematical j d e » e 
and methods when dea l ing with problems o f appl ied nature . Auon& 
tbe f i r s t to d i sp lay a deep and mot ivated i n t e r e s t in fuzsy HOI , 
were genera l t o p o l o g i s t s . A l ready am ear ly as in 1968 O.L. Qbong 
[Ob] has made tha f i r s t attempt to " eng ra f t " the concept of a 
fussy ae t to tbe body o f General Topo logy . 

According to Chang, • fussy t o p o l o g i c a l apace ia a pa i r (J ... 
where Z i s a s e t and IT i s a aet o f i t s fussy aubaets s a t i s f y i n g 
the f o l l ow ing a x i o s s : ( l C h ) 0 , 1 t t | (2Ch) i f U , T £ t ' , then UAV 
t r , and (3Ch) i f 0 * « T f o r a l l / t T , then alao V/U/t r . ( B e o » l l 

that a fuzzy (sub)aet o f a sat X i s Just a mapping M: 1 - » ( 0 , 1 ] ; 
the v i l u e M(x) i s In terpre ted as the degree to which the poln< i 
belongs to H. The fa rally of a l l Xussy se t s o f i i s denoted 3* . 
I n t e r s e c t i o n s and unions o f fuzsy aeta are d e f i n e d , r e s p e c t i v e l y , 
as t h e i r inflmura ( A ) and aupremum ( V ) . A usual set ACX i s id « . . 
t i f i e d wi th i t s oha rac t e r l a t i c funct ion At X - »>2»|0,1|. Ma do not 
d i s t i n gu i sh between a' constant fuzsy aet d > X - - » I and the c o r r e s ­
ponding va lue « t l . The complement o f M ia de f ined as M c » 1-B.) 
A napping f t X-*X where ( X , t ^ ) . ( T/C j ) are fussy t o p o l o g i c a l spa 
cas i a c a l l e d continuous i f f ( V ) < : - ? • * ) « • t % f o r a l l V t T y . 
The category of Chang fuzzy t o p o l o g i c a l spaces and continuous 
mappings between them w i l l be denoted CFT. 

Having no t i ced that in many cssas some concre te p rope r t i e s of 
tbe unit i n t e r v a l I in the d e f i n i t i o n of a fussy eet are unessen­
t i a l a n l , on the other hand, too r e s t r i c t i v e , J.A.Goguen COo,,] 
g ene ra l i z ed t h i s concept by introducing the not ion of an L - fuszy 
se t as a mapping H: X-*-L, where L i s a complete bounded d is t r ibu-
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l i v » l a t t i c e . By aubat i tut ing in Chang"a d e f i n i t i o n L-fuany 
aata f o r ordinary foaay aata , Qoguea ooaea t o tha conoept o f 
an L-fuasy t o p o l o g i c a l apaca [ 0 o 2 J . L - f o i s y . t o p o l o g i c a l spaces 
aod na tura l l y def ined contlnuoua mappings o f auch apaeaa form 
a oat a gory C!FT(L) c a l l e d In tha seque l the ca t ego ry o f Chang 
L-fuasy topo log i ca l apaces. Obv ious ly GFT(I)»Cn and CPT (2 ) -
Top ( tha category of ordinary t o p o l o g i c a l apaoea ) . 

'At preaent there l a a l a rge nua'.ar ( a t l e a s t 800) of works 
In which Chang (L - ) ?u£sy spacea and eome r e l a t e d ob jects are 
studied (aee e . g . our survey [ 1 7 ] ) . However, the above exposed 
approach to the problem and che sub jec t o f Pussy Topology saeme 
to be not s u f f i c i e n t l y cons is tent because o f the f o l l o w i n g i t a 
shortcomings. (Bee a lso c r i t i c i s m In [Bo., J, fD i ] ,C!:ST], LKuj. ) 

f i r s t , according to th i s approach oca d ea l s with a c r i sp 
atructura X o f t opo l o g i c a l type on the f a m i l y i / o f L - f ossy 
aata o f a g iven set X ( i . e . TTC L * ) . But t o be cona la tent , one 
abpuld de f ine an L-fussy t opo l o gy or, X as an L-fuasy 
e t rooture T o f t opo l o g i c a l type on the f am i l y L X ( i . e . J s L X — I ) . 

Second, moat authors when study ing problems o f fussy topo logy 
oonelder usa l l y ( L - ) f ua t y t o p o l o g i c a l apaces themselves. But . 
to our op in ion, in fus ty s i t u a t i o n the atudy o f ( L - ) f u i n sub­
sets in ( L - ) fusay t opo l o g i c a l spacea ( I n p a r t i c u l a r , in usual 
t opo log i ca l apaoea) i a of p r i n c i p a l i n t e r e s t - t h i s d i r e c t i o n 
has no meaningful analogue in usual ( c r i s p ) t opo l ogy . 

Th i rd , when atudylng proper " l ea o f ( L - ) f u s s y t opo l o g i c a l apa­
eaa one usual ly takea up hia stand on schemes baaed on c l a s s i o 
( I . e . two-valued) l o g i e a ( e . g . a g i v e n ob j eo t e i t h e r haa or 
doea not have a given t o p o l o g i c a l p r o p e r t y ) . However, we assume 
that in fussy s i tua t i on o f ten i t ls i more natura l to use schemes 
based on multivalued l o g i c a ( e . g . a g i ven ob"Jeot may have some 
topo log ica l property t o a c e r t a i n d e g r e e ) . 

Tha p r inc ipa l aim o f th i s Theaia in t o deve lop a new eoaa la -
taot approach to toe theory o f L- futay t o p o l o g i c a l aosces which 
• ould be f r e e o f these de f e c t s and which would Include In i t -
aa l f aa apeo i a l , la a known aenee aa e r i a p , caaea the "s tandard" 
tbaor lea of L—futiy t o p o l o g i c a l spacea (and hence a lao the 
aodel o f e l aaa i e t opo l o gy ) . 
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C0BTKHT8 0? THE THESIS 

Chapter 0 ( P T e l l a l n a r i a a ) containa d e f i n i t i o n e , oonatruetiona 
and reaulta f r oa the fussy aet theory used In the main t e x t . In 
p a r t i c u l a r , f o l l ow ing [DP ] , aaa a lao [ D i J , wa de f ine here the 
fussy Inc lus ion o f fussy ae ta H . N t I * by s e t t i n g M c s » In f M c(xj 
V H ( x ) . I f H.KtiZ*, then ,obv ious ly , B C B . 1 i f f HCH, otherwise 
HCH-O. Many proper t i es o f r e l a t i o n 2 are in aoae sense analo­
g i c a l t o tbe corresponding p r ope r t i e s o f the c l aaa l oa l inc lus ion . 
For example, H V » 2 i V B ^ (MC A) A (HC B) (A,B,M,H e I 1 ) , f o r eaob 
napping f i X - * T i t holde H C » « f ( M ) c f ( H ) e.a . f9J. Fussy e a r d l -
na l a which are needed t o deve lop the fussy vers ion o f t opo l og i ca l 
theory o f c a r d i n a l i n v a r i a n t s , are de f ined aa non- increas ing asp 
p ings X i X - * - I (K la the c l a ss o f ord inary ca rd ina l s ) auch that 
* ( 0 ) - 1 , a n d < ( a ) - 0 fo r aoae a t K; a usual card ina l a i a i d en t i ­
f i e d with tha fussy ca rd ina l a such that a ( a ) - 1 and a ( b ) - 0 I f b>a 
An elementary a r l t b a e t l o s o f fussy card ina l s l a worked out (16] 
( o f f l u ] , [ • > ] ) . 

Chspter I I s devoted t o the genera l theory o f fassy t o p o l o g i ­
c a l spaces. In Sect ion 1.1 we Introduce and discuss such funda­
mental conoepta aa a fussy t o p o l o g i c a l apace, a contlnuoua map­
p ing , fussy c loaure e . a . ( T22) , r 9J , f l 7J j o f a lao f Hö,,] , f Ku) , ( D i ] ) . 

A fussy topo logy on a aat X l a a mapping J"t I * - * ! auch that 
( 1 ) T ( 0 ) - T ( D - 1 | (2) J (OAV) > intOAJX?) f o r « 11 U.Te I 1 , and 
( 3 ) T ( VO,.) > AT(uy) f o r each f ami l y o f fussy aata 0> ,rtr. Tha 
p a i r (X ,T> l a c a l l e d a fussy ( t o p o l o g i c a l ) apace. The inequa l i t y 
7 ( 0 ) » a l a In terpre ted as tha atateaent " tha opennts-j degree o f a 
f a s s y aet 0 l a not leas than a " , and tbe Inequa l i t y T ( u * ) » a aa 
tha atateaent " t h e -.losedness degree o f 0 l a not l o s s than a " . 
( I n tha Theaia we consider L- fussy t o p o l o g i c a l spacea where L i s 
a complete bounded d i s t r i b u t i v e l a t t i c e , and a l a r g e par t o f the 
r e au l t a are obtained in the'cor. text o f L- fussy t o p o l o g i c a l spa­
c e a . However, here we r e a t r i c t ourse lves with the case L - I be ­
cause i t i e , to our op in ion , the aoat important one and, on the 
o the r hand, th i a r e s t r i c t i o n al lowa us t o formulate tha aaln r e ­
s u l t s more coapact ly and c l e a r l y : o tberwiae to formulate one o r 
another r e s u l t we often need t o put sp e c i a l add i t i ona l r e s t r i c ­
t i ons on tha l a t t i c e L (such aa complete d i a t r i b u t i v i t y , the 
ex i s t ence o f i nvo lu t i on , a e p a r a b i l i t y , t o be a ohain a . a . ) 
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a mapping f t X-»T, where ( X . T ^ ) , ( 1 . 7 ^ ) a re fussy t opo l o g i c a l 
u p a o s , i a c a l l e d contlnncua i f T j ( i * ( ¥ ) ) > T ^ ( T ) f o r each T e l 1 , 
fuzzy t opo l og i ca l epacea and the i r cont inuous nappinga form a 
outegory denoted FT. 

in important o laas of fussy spaces i s cons t i tu ted by lao lnated 
fuggy apacas: ao we c a l l apaeea tha fuzsy topo logy o f which sa­
t i s f i e s the f o l l ow ing strengthened v e r s i on o f az ion (1) ( c f [ L o , ] ) : 

( 1 X ) T ( e ) • 1 f o r each constant c e l . 
The complete subcategory o f FT c o n s i s t i n g o f laminated spaces i s 
denoted LFT. I n important p roper ty o f l aa lna t ed fuzzy apaoea la 
that a l l oonatant aappings between thea are continuous and hence, 
in p a r t i c u l a r , the se t o f morphiam between any two laminated 
apneas ia non-empty ( c f a l s o CLo^ ] .CLog i ) . 

In Sect ion 1.2 l a t t i c e - t y p e p r o p e r t i e s o f f a m i l i e s of fuzzy 
topo log ies are studied. In p a r t i c u l a r , we consider the construc­
t i ons o f aupreaua and infimum f o r f a m i l i e s o f fuzsy t o p o l o g i e s , 
f i n a l and i n i t i a l fuzzy t o p o l o g i e s . Bes ides , with the help o f 
th i s concepts «e i n v e s t i g a t e opera t i ons o f product , of d i r e c t 
eup, of a quot ient space and o f a aubspace (261 , (17 ] . 

In Seot lon 1,3 aoae functors in the ca tegory FT axe d iscussed. 
In p a r t i c u l a r , we consider the na tura l embedding functor e tTop— 
- * C * T (C~FT) , tha A-modlf i eac l on functor A.i F T - » L P T which to 

every fuzsy space (X ,T ) ass igns the fuzsy apace ( X , T * ) w h e r e 7 * 
la tha weakest laminated fussy t opo l ogy dominating T , the C -
a o d i f l c e t l o n f u n c t o r ' s F T - » F T de f i ned as c (X ,3 " ) - (X , t7 ' ) where 
t 9 " - ^ U £ 0 » A o O , and i £ » { r r 1 ( « , l ) : ftJO, B e l * , T ( t J ) * <*•], 
anu aooa o ther functor8 ( 2 6 l , [ 17 ] . The behaviour o f these funo t -
ore in respect o f d i f f e r e n t ope ra t i ons ia being s tud i ed . In par­
t i c u l a r , i t i s proved that A and t commute with producta. The 
functors considered bere are o f double i n t e r e s t f o r us. F i r s t l y , 
• ben r e a t r i e t e d to subcategor ies o f FT, they es tab l i sh aoae use­
fu l r e l a t i one between the subca t e go r i e s . S p e c i f i c a l l y , they rea­
l i s e important eabeddinge o f Top i n t o the ca tegory FT a l l ow ing 
by the aame token to f ind var ious I n t e r p r e t a t i o n s of the ca t ego ­
ry Top aa a category of Fuzzy Topo logy . Secondly, these functors 
es tab l i sh some schemes useful born f o r const ruct ing of spec i a l 
ox..mplas of fuszy spaeea and in p r o o f s of aoae r esu l t s o f 
fu.-.iy Topology. 
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Seot ion 1.4 l a devotod to tha atudy o f Bono oa tago r i oa l p r o -
per t iaa of oategor iaa of Pussy Topo logy . In p a r t i c u l a r , wa a s -
t eb l i ah that tha subeatego-j CFT la both r e f l e c t i v a and c o r e f -
lact iva In tha category FT, and that tha c a t e g o r i e s LOT, LOOT 
end'A.(Top) are corefleotiTe In OT [ 5 ] , ( 6 ] , f l 8 ] . 

Loca l atructura of a fussy apace l a the eubjeot of Seot ion 
1.5- An e s s e n t i a l difference i n t h i s respect between fuasy and 
o l a s s l o Topology is caused by the f e o t that no fu l l - bod i ed ana­
logue o f the concept o f a po in t e x i s t s in fussy s i t u a t i o n . Tha 
so c a l l e d fuzzy po in t s , de f ined aa mappings x * : X - » ( 0 , 1 ] , vhei-e 
x c t X , t e ( 0 , l ] a n d x j ( x 0 ) - t , x * ( x ) - 0 i f x f x Q f P L ) , in t h e i r p r o ­
p e r t i e s d i f f e r e s s e n t i a l l y f r o a the usual p o i n t s . There fo re the 
nece s s i t y a r i s e s to conaid9r, a long wi th the belongnees r e l a t i o n 
x * S h ( : - H ( i 0 ) i t ) , a dual r e l a t i o n : tha ao c a l l e d q -co inc lden-
co r e l a t i o n xa£o*. ( : - H ( x 0 ) + t >1) I" P L ] ; see a lao [ l a j , [17J. 
The ' c en t r a l r e s u l t s o f th ia s e c t i o n are charac t e r i sa t i ons o f 
f utsy t opo l o g i e s by means o f t h e i r neighborhood and o—neighbor­
hood s t ructures [ 2 9 ) . In p a r t i c u l a r : 

L e t (X ,3 ) be a fozsy space and JE be the a e t of i t s fussy 
p o i n t s . Then the sapping Q: X ' l * - * ! de f ined by the equa l i t y 
Q (x£ ,0 ) - s u p { T ( T ) i T S D, V ( x 0 ) > c ° ( t h e so c a l l e d Q-neighbor-
hood atructura o f tha apace haa the f o l l ow ing p rope r t i ea 

( p t X , Q(P.O) l * Qp(D) . O . U ^ U g « ! 1 ) : 

O « ) « Q p ( D ) > 0 , « » n V<fli ( 2 q ) a u p { < J p ( D ) : 0 £ 1 X ) -1 i 

( 5q ) Qp (u . ,Au a ) > v ^ ( 0 1 ) A Q p ( 0 2 ) i ( 4 q ) i f B i B ' , theo t y u ' ) * 

QpdOf (5q ) Qp (0 ) m " J P g V ^ ^ r J v Q r ( V ) > -

Converse ly , i f X is a aet and QJ X « I X - » I a a t i a f i a e the above 
oondlt iona (1q)-(5q), then the aapping T : I X - » I de f ined by tha 
equa l i t y T ( U ) - in f tQp (O ) : pqU) i a a fussy topo logy on X and 
bes idee the corresponding Q-neighborhood s t ructure i a Q . 

The convergence theory f o r rusty spaces i s developed in Sec­
t ion 1.6. I t i a baaed on the concept o f a fussy nat [ P L ] and on-
i t a d e r i v a t i v e concept of the convergence atructura [ 4 0 j . Tha 
convergence s tructure o f a fusax apace ( X , T ) l a def ined aa a 
apse iul eapplng*Com M(x ) * I where • ( « ) l a tha e laaa o f a l l 

fuzzy neta In the apace I . In pa r t i c '.ar, we eetubl iah here tha 
futzy vers ion o f tbe wel l - tnown Ke l l y Theoren [Ee , p . 1"6J) . 
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Sect ion 1.7 i s devoted to the concept of" con t inu i t y de f ec t f o r 

a mapping o f fussy spaces. I t l a e a a e n t i a l l y a fussy concept whl 
has DO aeaningful prototype in c l e s s i o , " c r i s p " aatheaat ica baaing 
on two-valued l o g i o a . The de f e c t o f a sapping f t ( I , X x ) - * (T,TT) a t 
a l e v e l <*«I i s def ined aa o d * ( f ) - a u p l a u p ( f - 1 ( T ) - I a t ( f - 1 ( T » ( x ) t 

oaaa o f o rd inary t o p o l o g i c a l spaces a de f e c t 
l a e i t h e r O, I f the sapping i s cont inuous, o r 1, o t h e r w i s e . ) Of 
the r e su l t s o f t h i s seat ion we sent ion here the Inequa l i t y e d K ( g * f ) 
. c d . ( f ) * c d ^ g ) (where f t l — I , gt I - * * . ) and the formula cd . ( A i f ) 

• V r e d a | ( f r ) where £ f, i X-»flT^ i s tha d iagona l product ( E l o f the 
f a a i l y o f aapplngs f . i X — I / t f * r fl7J,(35J.06l. * 

Chapter 2 o f tha T sa l e c o n s i s t i n g o f t en sec t i ons l a devoted 
to i n v e s t i g a t i o n o f important conc re t e t o p o l o g i c a l p r o p e r t i e s o f 
fussy spaces and t h e i r fussy subse t s . Here we s h a l l r e a t r l o t 

ourse lves to the eaae o f Chang fussy spaces i the study o f t o p o l o ­
g i c a l p rope r t i e s o f genera l fussy spacer can be reduced t o 
Cbang"a eaae by means o f r ep resen ta t i on o f a fussy topo logy T 
d i r e c t system o f i t s l e v e l Chang' fussy t o p o l o g i e s Z. »10*1* i 
5"(0)*et i « .e (0 ,1j ) . ( o f ( R R ] ) . Be a ids a, when formulat ing d e f i n i ­
te ion 8 and r e s u l t s from Chapter 2 we o o n f i n e ourse l ves wi th one 
t y p l e e l oaaa: the expos i t i on in f u l l g e n e r a l i t y would e a a e n t i a l l y 
increase tha a l s e ' o f the summary. Thus, i n the sequel (X ,X ) o r 
Juat X stands f o r a Chang fussy t o p o l o g i c a l space and M f o r i t s 
a rb i t ra ry fussy subset . 

In Sect ion 2.1 Separation p r o p e r t i e s of fussy spaces a re s tu ­
d i e d . By a Hauadorfaesa spectrum o f ( X , X ) we c a l l the ae t H (X ) » 
( b t l i x . y t X , xay.VOO 30,TfcT s . t . U ( x ) » b - e , T ( y ) » b - £ , 
II c y ° > t~ £ ( . Amons pther we prove hares 

•If X i s the product o f fussy spaces X 4 , 1 * 5 , then n H ( I j ) C 
C H ( X ) . I f , b es ides , a l l spaces are laminated , then the •qua­

l i t y taolds.(7],fl7]. V -
f o r every fussy apace X H("X)-C1( A . X 2 ) , where & i s the d i a ­

gonal o f the space I and 01 (H,T) i a tha s . c . c losednees spectrum 
o r a fuary s e t H in e fuzsy specs T C7 ] ,C7 ] . ( I n f ao t t h i s i s a. 
fuzsy ve rs i on o f the c l a e s i c c h a r a c t e r i s a t i o n - o f Bausdorff spa­
ces as spaces i with c l o s e d d i a g o n a l s . ) 

I f aapplngs f , g : X — T are cont inuous , than C£(2,X) - H ( X ) , 
where X - { x € X , f ( r ) - g ( x ) } (73, (17] . 
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Observe that the reaulta of thia seotion include in i t a a l f 
aa apeelal cases many of ajclatlng separation thaorlaa in fuaay 
Topology (aea e . g .CBo , ] . TBo , ) , [ PL ] , [HL f l j , [K « ] e . a . ) 

The property of B-reguler i ty ia studied ia Section 2.2. A 
fussy apaoe (X,T) i s cel led E - regu lar , where S i s a fixed fassy 
space, i f the family C(X,E) of a l l continuous mappings of X i n ­
to f i n i t e powers of E ( i . e . C ( X , E ) : - U{o(X,zP)i n«HJ) separates 
pointa and blosed fussy aata of X ( i . e . for every x«X, every 
closed AfcT* and every £>0 there exlata f e C ( X . B ) a . t . A (x ) > 
> f ( A ) ( f ( x ) ) - £ M5],r27j). I t la proved that a apace X i s eabed-
dable Into a product B k where k la aoae cardinal I f f X Is an S-
regular V' o-apace (the laet property aaana t h a t V x , y e X 3 D 6 T 
a . t . U(x)atJ(y) - thia Is probably tbe weakest aeparation-type 
property In fussy topology). Some eharaoterisationo of B- regula -
r i t y are obtained; in part icular the characterisation of E-regu-
l a r i t y by aeana of convergence structures ( 1 5 ] , ( 2 7 ) . In case E» 
- F ( I ) (Button's unit interval CHu.,]) F ( I ) - r e g u l a r l t y ia equiva­
lent to the complete regular i ty In the sense of Button-Xatasraa . 
[Hu 2 l , (Xa ] l However, the ro le of B- regular l ty in Fussy Topology 
la essent ia l ly more important than the role of complete regularity 
in General Topology end, on the other band, than tbe ro le of 
i ta prototype - orlap E-regular ity in General Topology. One of 
the reaaons for thia la that in Fussy Topology along with the 
fussy interval F ( I ) there exicta a number of other canonical ob­
jects : such aa the fussy p robab i l i s t i c interval f L o j ] , Eklund-
Oähler 's interval ( B O ) , HBhle'a interva l [ BS^] e . a . saying noth­
ing about versions of these apaoea in categoriea of FT(L) -type. 

Section 2.3. ia devoted to one of the moat important topolo ­
g i ca l properties, namely, to compactness. The developed approach 
to compactness theory Is baaed on the concept of compactness 
spectrum. By the conpaotneas spectrum of a fussy set H In a fus ­
sy apace X we s a i l the set C ( B ) : - { b C I t V W c T V(>0 ( ( M c V U i b ) 
«*•( 31 ( 0 C U ,|K0U *f(, « C V U 0 * b - £ ) . The value c(M). 

i n f ( I s C ( H ) ) l e ca l led compactness degree of the fuzsy set M. 
I f X,I are fuzsy spaces, M e l * and a mapping ft X - » T l a con­

tinuous, then C(M) C C(fH) l"9],C23]. 
Let M- nMj ba tha product of fua iy aet a Mji t± -»• I in tha 

product apece I - ClXj. Then ( a . b j CC(M) and 
(N) » inf c (H j ) . In case a l l Ki are noraad ( i . e . u u p H j ( x T ) - 1 ) 



the e qua l i t y e ( H ) - m f c ( H t ) h o l d « [ 9 ] , [ 2 3 J . 

I f H . N f c l 1 and H i s c l o s e d , then 0 ( H ) C C (MAH ) and c ( " ) «l 
o ( " A " ) [91,r23]. . . - r . -

I f f t X -*-T I s a c losed continuous sapping, than c ( f ~ 1 ( H ) ) a 
* c ( f ) A c ( " ) f o r each H f c I T where e ( f ) - i n f ( I \ n { c ( f ~ ' 1 ( y ) ) : y t i } ) . 

I f fs X-*T, g : T-»Z are c losed continuous meppings, then 
c ( g ^ f ) » c ( g ) A o ( f ) T9J , f23J . 

I f b£ h ( X ) A c ( H ) A o ( " ) and ( i c » c n (where H , H € I X and h ( X ) -
• HupH(X)), then f o r each i > 0 the re e x i s t O . V e t s . t . H c u j - b - t 

HC? > b-C , 0 C T* * b-fc" ( 9 1 , ( 2 3 ] . 
The l a s t r e su l t and a theorem s t a t i n g that under ce r ta in a s ­

sumptions on separat ion o f X i t ho lds A C 1 ( H ) « " 1 ( 1 / 2 , 1 ] > C ( M ) A 
0 ( 1 / 2 , 1 ] where A C 1 (H) - { b t l i ( V Z O I , b € H (Z ) ) - » . ( b f e C 1 (H , Z ) ) J 
is the a . o . absolute c losedneas spectrum o f M [ 9 ] , [ 2 3 ] , present 
an e x t e rna l , in a sense, d e s c r i p t i o n o f the connection between 
compactness proper t i es o f a fuzsy s e t and the "c losedneas degree ' 
to whieh the fussy set i s l o ca t ed in the corresponding fussy spe­
c s , 'these r e s u l t s ss w e l l ss t h e i r well-known o r i sp proto types 
e s s e n t i a l l y use separat ion p r o p e r t i e s o f the considered spaces . 
However, s p s e u l i a r i t y o f fuzsy t opo l ogy i s thatmany important 
fuzzy spaces have very vo ik separa t i on propert ies . The next two 
theorems present " e x t e r n a l " d e s c r i p t i o n o f compactness « i t b o u t 
any r e s t r i c t i o n s on senaratedness of the spaces. But f l r e t we 
need to define the r e l a t i v e c losedneas spectrum RC1(.':,X) of a 
fuzsy set M In a fuzzy 8??>ce X: R C 1 (H ,X ) - I b a - I s V xQ e X, V l l c t , 

t>o , v j e ( o , c ] « r i ( x 0 ) >b c )& (Mc5vu , b ) ) - » - ( a v e r , y t - v ^ V j *}*f*, 
|U,|<:XC(V» Mx)ibc>{ ) & ( v ( x ) » b - r ) >»( vW e (x) * b-£ ) ) ) . 
Rssic properties of the r e l a t i ve closednees spectrum ere studied 
in Thesis; in part icu lar , these spectra are character ize! by * 
means o f fuzzy nets. An important example of s re lat ive c losed-
neaa spectrum is expressed by tbe equa l i t i es R C 1 ( ? ( I ) , K \ A ) ) • 
- R 0 1 ( B , P ( R ) M 0 , 1 ] . ( I n this connection we r e c e l l that, es 
8. Hodabaugh showed [ B o j ] there ia no n j n - l r i v i a l closed subset 
in the fuzzy r e a l l ine P (B ) [OSW] at e l l . 

Theorem [ 3 3 ] . C(X)/1 RC1 (M,X)CC(H) C RC1(M,X) . 
Theorem [ 3 3 ] . i € C ( H ) where Mfcl* i f f b * H C l ( r " f o r each 

space Z oontainlng tha spaea X. 

In case vr<n X I s a usual topolog ica l 6pace, th- results of 
cMs sectioii can be in t e rp r e t ed as an a lternat ive comp' c 'ness 
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theory f o r r ea l - va lued mapptnga of tha specs X ( o f with P. Paayr 
kov 'a theory ; aee e . g . [ P n ] e . a . ) The key f o r auoh en I n t e r p r e t « 
t l on l a contained in the next a ta teaent i 

I f X l a a t opo l o g i c a l apace, H C l * , be i end the aeta H" 1 | -1,11 
are coapaet f o r a l l d > b ° , then c ( M ) * b . Converee ly , i f c i M ) » b 
and H l a upper aealoontinuouu, then the aeta H~ 1 [d , 1 J are C O D I - M 

f o r a l l d > b ° . In p a r t i c u l a r , i f a mapping i a p e r f e c t , then e ( H ) -
- 1 , and i f a aapping l a upper aeaioontlououe and c (H ) • 1 , then 
the aet "~' 1(0,1 ] ia 6 -coapaot [ 9 ] , [ 1 7 ] . 

In Sect ion 2.4 patterned a f t e r d e f i n i t i o n o f compactness apeot 
rua, we introduce the coucepta o f L indc lo fness apectrua L (H) ami 
countable compactness apectrua CO(H) of a fuasy aet M in a fuss? 
apace X. Bes ides , we de f ine h e r l d i t e r y L lndelBfnese spectrum ot 
a apace X as HL(X) : - n ( L ( M ) : HfcIX.L Of tho r e s u l t s o f th i s sec 
t lon we c i t e here the f o l l ow ing : 

I f X, f a re fi isey epacee, H € I X , B f c l 1 , then 1(M. » ) i l ( » ) A 
o ( B ) , where l ( H ) - i n f ( I \ L ( H ) ) ; i f In a fussy space ( X , T ) every 
T € t i a a countable union o f c loeed fuasy s e t a , then L ( X ) . H L ( 4 ) ; 
I f X,T are fussy spaces and v W i ^ , theo h l (X * T ) « h l ( Y ) where 
b l ( T ) - l n f ( I \ H L ( T ) ) ; a t opo l og i ca l epace X ia hered i ta ry L inde­
l ö f i f f h l ( «OX ) - ' i ( tO i s Lowen'e functor ( L o , ! ) C 12],[13J,(2<*J. 

S t a r t i n g f roa cha rac t e r ! - a t i on o f coapactn aa closed subspaoas 
o f Tyohonoff cubes [ E ] , [ K e ] , R.Engelking and S.Hrowka introduced 
the concept of an E-coapsct apace where B ia a f i x e d Bauedorff 
space [ E H ] . The fuzzy analogue o f t h i s not ion i a atudied in Seo­
t i on 2 . 5 . Obeerve however, that, the theory o f E-eompactneaa in 
Fuzsy Topology i a e s s e n t i a l l y d i f f e r e n t to compare with l t a cri.'i, 
prototype s p e c i f i c a l l y because we have to r e l i nqu i sh separat ion 
cond i t i ons of the considered spacea as wel l aa to avoid the uae 
o f c losed aubapaces ( s ee alao comments when d iscuas ins s ec t i ons 
2..? and 2 . 3 . ) . 

A fuzzy s e t M In a fuzsy apace X ia ca l l ed E-cocpact , where I 
ia a f i x ed fuzzy apace, i f there e x i a t a card ina l k and a homeo-
aorphism h: X ^ s " auch that HCl (hM,E k ) - f O , l ) . Le t K(E) denote 
the c l a ss of a l l E-compact subsets o f fussy apaces . Ve prove 

t h a t : 
The product o f E-compact fuzsy s e t s I s K-coapact ; 
i f X i s an E-regu ls r space, where Z i s s t r ong l y compact C GSWJ, 

änd w(X) k , then f o r each b C(H) a homeomorphisa hiX E* 
e x i s t s such th3t b HCKhH.E*) and hence i f c (H ) - 1 , then M K ( E ) ; 
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»od - U ) » k, t h « D f o r etch b e C ( H ) a homeoaorphisa bi X « - » * 
a l l s t e auch that be B01(hN,E k ) and hence I f e ( M ) ' 1 . then H<K(X)| 

K ( F ( 1 ) ) A T o p I s tbe ole.es o f a l l coapaeta; 
i:( F<iR5 ) n Top I s tbe o lasa o f a l l r ea l coapae t spaces; 
I f X,B are topolog ica l , apacea, then X C K ( B ) i f f - X e l { J B ) . 

In tbe second part o f Sec t i on 2 .5 the theory o f E-compaet 
l l i ' p a r t i c u l a r , o f complete ly r e g u l a r coapact ) extensions f o r 
fuity s e t s i s being deve loped. In p a r t i c u l a r , a construct ion 
a l lowing to descr ibe a l l E-coapaet ex tens ions f o r a g iven fussy 
set H in a fuszy space X l a presented he r e . [ 4 * ] . 

Tha connectedness type p r o p e r t i e s are tbe subject o f Sect ion 
2,6, By the disconnectedness spectrum o f a fuzzy oe t H in a f u s ­
ty apaoe ( X , T ) wa c a l l tbe sat D(M) - { b e 1 : 3 C 1 , D 2 e T , HOT O t <-b 
1-1,2; H C U 1 V U ? a b , BUp ( D 1 A 0 2 ) ( x ) < b } « i t s complement 
B ( H ) a I \ D ( H ) l a ca l l ed the connectedness spectrum o f H and tbe 
veiue a (M) - in f B (H ) i a c a l l e d the corneetednsas degree o f H. 
The main r e s u l t s of th i s s e c t i on have appeared in r101,C2J1,[1?J. 
Among thea: 

Le t H - r iH j be the product o f f n z sy se t s Hit Ij^ in the 
produot fuzzy spae» X - f l Xj . Then 8(H) 3 Q SflSjJ and s ( K ) * 

» i n f s ( H T ) . I f bes lde i a l l H± a re normed, then S ( H ) - f ^ S d l j ) 
and hence a ( H ) - i s f s C H j ) . 

I f X i s a tupo log l ca l space and a . mapping H : X - » I 
i s e i the r c losed or open, then S(M) - C 0 . 1 1 . 

The concept o f a fuszy (pseudo)metr ic i s introduced and s t u ­
died in Sect ion 8,7« Tbe main r e s u l t here i s a metr i za t ion 
cr l ter ium o f Hagata-Smirnov's type f o r fussy spaces . 

In Sect ion 2 . 8 wa de f ine and study fuzzy s t r a t i f i a b l e spaces . 
S t r a t i i i a b l e apacea a r e , to our op in i on , a successful g e t e r e l i -
aatlon of fuzzy metr lssb l * spaces: on one band they have ve ry 
n ice t opo l o g i c a l proper t i es s i m i l a r to „hose o f matrio spaces 
(such aa j r o d u e t l v l t y , h e r e d i t a i i t y , invar lanee under o losed 
aapplngs e . a . ) end, on tbe other band, the d e f i n i t i o n o f fuszy 
a t r a t i f i a b l e spaces i s not based on tbe use o f fuzzy po ints and 
thla e s s e n t i a l l y s l rap l i f i eo the study end use o f such spaces 
111,121,fa) , f5<M. 

The thaory of card loe l I n v a r i a n t « in Fuzzy Topology l a being 
developed In Section 2 .9 , the main r e s u l t s o f which are pub-

http://ole.es
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l i ahod In [293. H e d t f i n e auch card ina l proper t iea of a fnsay 
aet « in a fuzzy apace X aa weight m^, denaity d M , ep^-eed a,, , 
e x t en t e^, Soualin nuaber c* and L inda lö f naaber 1 M . Aa an 
example we reproduoe here tha d e f i n i t i o n o f we igh t . 

A f a a i l y B c T la c a l l e d a baea o f H i f f o r each V e t tber* 
e x i a t f ami l i ea By c B and O y c B ° euch that H A T-H A (VBy) end 
H A T 0 - " . ACAO, ) . We aet w (K ) - a ln l » €K : 3 B e t , IB I *> end B i a a baue 
f o r Tha tazr- sardlnal w^i def ined by the formula 
w„ (a ) -anp { t t l i w ( H - l T 1 ( t , l 3 ) * a } l a c a l l e d the weight of N. 

I f * » r i W j , i O , i a the product o f fuaay ae ta I t t X i ^ I , i * J , 
in the product f o s i y apace X - n X i , then wH * ( w H t ) v 1 3 |. In 
eese e l l Hj a re aormed, then w ^ * w M . 

w n > d f , ? c M ; « H V l | | and w„ ? a* 7, c^ fo r each fuaay aet W . 

I f " n l l l j i i * ! f
< J a f o r • T * T y f i « i * » a a t j 0 c 3 , then c M i K, ,to>.. 

In caae a l l H i a re noraed, V e ^ a Cj, and Vd^, < d K . 

Tarn l a a t , 10th Seotion o f t h i a Chapter stände, in a known 
aenae, apart . Here, a t a r t lng t o r e a l i s e A .Archange l ' ak i i ' e prog-
r eaae , we oherao te r i ze aoae t o p o l o g i c a l proper t i ea o f a fussy 
space (X ,T ) ss l o ca t i on p roper t i ea o f tha fussy topology t In 
tbe Tyohonoff cube I X . Among o t h e r , we prove here : 

A fussy space ( I , ) l a a T^-apaca I f f f l a decae in I * . [ 5 1 J . 
I f ( X , T ) l a a %,-apaea, then T i a open In 1 Z i f f ( X . T ) i a 

d l a c r e t e [ 3 1 ] . 
The t lghtneaa of a fussy space ( X , t ) does not exceed k i f f 

X i s c loeed in the apace ( I 1 , e u p ( T R
X ' . T ^ ) where T P

X I i a the 
product o f 1 1 1 oeplea o f topology T R - J ( a , 1 j : a fc l ju j l jou I BOO 
T | * ' l a tbe k-box product o f IX I cop l e e o f the topo logy Tj « 
- | [0 ,a): a f e l J J ^ J o n I [ 3 1 ] . 

«hat fuzsy t opo l o g i c a l apneas are to be considered ta fussy 
analoguea of a given t o p o l o g i c a l apace (X ,T ) ? A known answer 
to t h i s question i s provided In Sec t i on 1.2 whare functors e , A , 
C e .a wore de f ined; these functors f o r a g iven t opo l o g i c a l space 

( X , T ) aeaign fuaay t o p o l o g i c a l spaces ( X , e T ) , (X.AT-) , ( X , l T ) e . s . 
The easen t l a l p e c u l i a r i t y of theoe functors l a " ' h a t they change 
on ly t o p o l o g i c a l structure l eav ing unchanged the oe ts o f the cor­
responding spaces. However, - l though a fussy apace of (X f /M .T) 
type i a , in a known aenae, a fussy copy o f ( X , T ) , i t usually can 
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i . o i ploy in Pu&ay fopoloGJ t h « r o l e whloh la played by th « 
J i B u « (X ,T ) In 0«usra l Topo logy . Th« ob jao ts o f T ) t yp « 
» « , in aoae sense, " t o o p u r « " to f u l f i l tn Pussy Topology the 
lob, «h ieb ( i , T ) oa r r l e s out in General Topology. 

1 d i f f e r e n t approach to t h i s p rob l ea i s worked out in Chap-
ior 111. Here two general scheues a r « developed which a l low t o 
construct , e t e r t lng r ros t a g i v en t o p o l o g i c a l apace, aoae essen­
t i a l l y new fuasy spaces ( e f C OSWJ , [Hu] ,fRc ] , [ K 1 ] , fLo J e . a . ) 

Conetruotion F(X) ( S e c t i on 3 .1| s e e ( 2 0 j , ( 2 1 l ) . L e t ( X , * ) 
tie a l i n e a r l y ordered t o p o l o g i c a l space and l e t Z (X ) denote the 
a « i of s l l non- increas ing aapplnga c : X s u c h that sup s ( x ) » 1 
and i u / z ( x ) - 0 . Define the equ i va l ence r e l a t i o n on Z (X ) by 
s e t t i n g z ~ s ' i f f a ( x " ) - » ' ( x ~ ) and S ( X + ) " J B , ( X * ) f o r each x * X 
where a ( x " ) - l a f ^a ( t ) i t * x } , t ( x * ) - sup { a ( f ) : t > x | . Let F (X ) 
denote the quot ient space Z ( X ) A , and l e t a fuzzy topo logy on 
i t be def ined by the sutbase { r ^ l ^ t a . b e X } where r a [ z j . z ( a ' ) 
D I I J l ^ f » ! " 1—s(b"). The r e s u l t i n g fussy apace w i l l bo denoted 
Just F(X) and i t s lenia&ted a o d i f i e a t i o n B A ( X ) . 

Important examples of a p p l i c a t i o n o f t h i s construct ion are 
apacea. * ( f t ) end F ( I ) which, up to a na tura l isomorphism, are 
Juat the fnzzy r ea l l i n e [ Q S a ] and tbe Hutton unit interval fBi i^J 
r e s p e c t i v e l y . 

The sapping b : X - » F ( X ) d e f i ned by the equa l i t y h ( a ) - r s B ] 
wbere z a • { x i x . a ) , ia a hooeoeorphic embedding o f a t o p o l o ­
g i c a l apace X in t o tbe fuzsy apace f ( X ) . 

Le t X,T be l i n e a r l y ordered t o p o l o g i c a l spaces and l e t 
f :X -«• I be a non-decreasing f u n c t i o n . Ass ign ing to each ( z l e F ( X ) 
cne element f i t ] - [ u l 6F (T ) d e f i ned by u ( y ) - i n f ( z ( x ) : f ( x ) « y ] , 
we obtained e napping f: F ( X ) — P ( T ) . I t i s proved that the 
mappings ? : F ( X ) - » F ( Y ) and f: t\l) — P A ( i ) are cont inuous, 
iiiua conatruotlona F and P A can be i n t e r p r e t ed aa functors f roo 
the category ORD of a l l l i n e a r l y ordered spaces and non-decre** 
s log r ippioga in to the category CFT. 

The r e l a t i one between p r o p e r t i e s of apaces (Z ,aV ) and P ( X ) 
are studied in Sect ion 3 .2 . In p a r t i c u l a r , i t i s proved t h a t ) 

- * ( » ( < ) ) . « r ( f * ( - ) ) . w(X) f o r each space X j 
a space X i s bounded i f f tbe spaces P (X ) and • ' ( . ) are 

. t i o n g l y compact in the aenae of l GS» I; 
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i f X i s not bounded, tben c f ( X ) - 1 ( » ( X ) ) - 1 ( 1 A ( X ) ) where 
e f ( X ) - a i n { | T l : I C X , I i a unbounded in x) ( t h e B . C . c o f i n a l 
eharaoter o f the?, apsoe X) r.hua 1 ( F ( X ) ) « 1 ( X ) and, in p e r t i o u l a r , 
apaces F (R ) and F* (H) are L i n d e l ö f . 

The f o l l ow ing propert iea a r e - equ i va l en t : ( 1 ) X i a a e t r i s a b l e ; 
( 2 ) F (X ) i a a t r a t i f i a b l e ; ( 5 ) F X (X> i a s t r a t l f i a w l e . 

Construct ion W ; ( X ) (Sect ion 3.3l eee ( 8 ] , [ 1 4 ] , [17] , i n o a a e 
o f e eeparable metrio apace X see ( L o j j ) . L e t X be a t o p o l o g i ­
ca l space, B(X) be the tS-algobra o f i t a Bore l ae ta , and l a t 
H(X) denote the f s a l l y of a l l p r o b a b i l i t y oeaeures p: B(X) — I . 
Qiven a f a a l l y J o f lower seaiicontinuoue funct ions Ol I - » I 
we d e f i n e a fussy topology on M(X) by the aubbaae { d " n : Dfcj l 
C I H ^ X \ where d " n ( p ) - /Ddp . The r e s u l t i n g fussy t o p o l o g i ­
c a l apace ia denoted M^(X) o r Juat M,. 

The most important spec i a l esses o f the construct ion K, are -
( i . e . J - T ) and M^n, ( i . e . J - « 3 T , the f am i l y of a l l lower 

aenicontlnuoua mappings f roa ( X , T ) i n t o X ) . 
I f f 1 (X ,T^ ) - * ( T , T ) i a a contlnuoua napping, then by Bet­

t i n g f ( p ) ( E ) - p ( f " 1 ( E ) ) , where p « H ( X ) and E « B (T ) one obta ins 

contlnuoua mappings f: "^x "eij sad f : "^ipx ~* "cJTT " T h ^ 8 a l " 
Iowa to i n t e r p r e t construct ions ftj and H j T as functors f r oa the 
ca tegory Top in t o the category CFT. 

L e t (X ,T) be s t o p o l o g i c s l space and 1st V be a fuzsy t opo ­
l ogy on X such that i f - T . Def ine a mapping h : (X . t ) • - » H^(X) 
by s e t t i n g h ( z ) > p z where p z i a the measure degenerate in z . 
Then h i e a homeomorphic embedding I f f { i s a aubbaae of the 
fuzzy topology f . In p a r t i c u l a r , the mappinga h: (X ,T ) -»Ma,(X) 
and h: (X,OT) - » H j n , (X ) are homeomorphic embeddinga. 

We consider a l so r e l a t i o n s between fuzzy t opo l og i e s obtained 
by the above scheae and tha B . c . weak t opo l o g i e s [ B e ] on aeta 
o f p r obab i l i t y measures. S p e c i f i c a l l y , i t l a proved, that i f 
( X , T ) i s p e r f e c t l y normal, then the t opo l o g i e s t f T and ' ^ j j 
co inc ide with the weak topo logy on M (X ) . 

Re la t ions between t o p o l o g i c a l p roper t i ea o f Ht(i) and those 
of the or ig ina lespace (X ,T) a re studied in Sect ion 5. ' i . 

I f (X,T> i s ' a T 1 - spsce and £ C O T , then d ( M ^ ( i ) ) £ d ( X , T ) 
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I f ( X , T ) l a a T 0 - apao « and (cutT, than d ( K , ( X } ) * > d (X ,T ) 
where K , (X ) la the subapeoe of H^ (X ) cons i s t ing o r two-rained 
caesuras [ 1 4 ] . 

The f o l l o w i n g p rope r t i e s are equ i va l en t f o r a noraa l apace: 
( 1 ) ( X , T ) i a ccuntably coapaot i ( 2 ) B^(X) l a countsbly ooapaeti 
( 3 ) H^gW i a eountably compaetj ( « ) HgW i a ooapaet i 
(•5) *M(X) l a eoapact [ 1 4 ] . 

I f ( X ,T ) i a p e r f e c t l y noraa l than the fusay apace M ( y r (X ) ia 
b-Hauadorff f o r every b > 0 ( I . e . V p , q e « ( X ) 3 U.TCir such 
that U(p) > b , T ( q ) > b and O A ? < b ) f 1 * J . 

The sub jec t o f Sect ion 3.5 i s the etudy of in terconneot ione 
between construct ions M, {X) snd F ( X ) [ 1*3. 

I f X i s a l i n e a r l y ordered space o f oountnble character and 
without i s o l a t e d po in t s , then the spaoes F ( X ) and Mj (X) whore 
a - { f t i x < b } , { x i x > a f : a . b e x } a re hoaeonorphlo. (The c o r ­
responding hcaaoaorphisa f i s - d e f i n e d by tbe equa l i t y V ( p ) - f z J 
where Z p ( x ) j » p^yi j j i } , i . e . t o e v e r y p r o b a b i l i t y measure the 
corresponding d i s t r i bu t i on func t i on i s a s s i gned . ) (1*3,(173. 

I f X i s a l i n e a r l y ordered space o f countable weight and with­
out i s o l a t ed po in t s , then the spaces f ( X ) and ftj(X) as w e l l aa 
the 'spaoes F A ( X ) and M^CX) are homeomorphic [1*3, [17J. 

The l a s t , TTtb Chapter etsnds by i t s e l f in the Thesis because 
of i t s qu i te npoc i f i c subject o f r e s e a r c h . While in tbe res t 1 o f 
the Thesis we were i n t e r e s t ed in tba ca tegory F T ( I i ) nnd i t s sub­
ca t ego r i e s CFT(L) and L C I T ( l ) f o r a f i x ed l a t t i c e h, and bes idas 
o f ten we confined ourse lves with the s p e c i a l cnse L - I , the sub­
j e c t o f research in Chapter I T l a the a tegory OFT (Generel Cate­
gory o f Fuzsy Speeea) C 17] , I*85] , con ta in ing L- fuazy apneas ^ i t b 
d i f f e r e n t l a t t i c e s L ( c f the analogous propounding o f the problem 
In case o f Chang's spaces in S.Rodabaugh'a papera [ R o ^ j , [ P o ^ j j s e e 

» lso [Xuj iThe objecta o f the ca t ego ry CMT are quadruples (X ,L ,J ,X 
where X la a s e t , I> and X are bounded sup-complete l a t t i c e s and 
J : L J - » K 1« a mapping s a t i s f y i n g the axioms which are complete­
l y analogous to the ones intraduced in Sect ion 1.1. As rorphisna 
of GFT are taken t r i p l e s ( f . f . t ) : (X-1 ,Xu , K 1 ) * ( X p . I ^ . T g . K j ) 
-bare f : X. ~> I ? , <e ; IV, — L., . f : Kj-e-X^ are maapi ige , f and 
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u< preserve a rb i t ra ry a uprose and f i n i t e In f l ea and, baaideu, 
^ ( V " ) > f GT 2<V)) * o r V« X g - ^ l g ( t h e l a e t Inequa­
l i t y l a a kind o f c o n t l n u i ' y c o n d i t i o n ) f 25 ) . 

in Seot ion 4.2 fussy t o p o l o g i c a l ca t ego r i e s considered in 
Chapters I - I H end aoae other c a t e g o r i e s (both now onea and 
a lready e x l a t i n g In tha l i t e r a t u r e on Fussy Topology fBo 4 ) , f 8 o^J 
CHuj3,[HH]) ore character ised aa subcategor ies o f the category 
OFT. For example, F T ( L ) can be charac ter i sed aa tho subcategory 
GPT(L,Cj ) uf tha category OFT, whose objecto ara quadruplen 
(X ,L ,3 ' ,L ) and whose aorphiaaa are the t r i p l e s ( f . ^ j , . ^ ) 
( £ L i L - » - L stands f o r the i d e n t i t y mapping.) Observe, that F » ( X ) 
i a not complete iu the category GFT. Let GCFT(L) denote the coo-
p l a t e subcategory o f the category GTT, the o b j e c t s of which are 
o f the kind ( X , L , 3 " f 2 ) , The ca t ego ry o f Chang L- fussy t o p o l o g i c a l 
spaces CF1'(L) can be character ised now aa the i n t e r s e c t i on o f 
the ca t ego r i s e GFT (L ,£ L ) and OCFT(L ) . Of a known In t e r es t i s a l ­
so the complete subcategory OFT(a) o f GFT whose ob jec ts are 
( » jL .^T.K) where x l a the one-point s e t . The complete subcategory 
o f GFT ( « ) cons t i tu ted by ob j e c t s s a t i s f y i n g the condi t ion J" - 1 
l a isomorphic to the category IOC o f l o ea l ea f J o ) ( c f Lf io^J) . 

Basic operat ions In category GFT are studied In Seotion 4 . ? . 
J l o t i o e that t h e i r d e f i n i t i o n s e s a e n t i e l l y d i f f e r f r oa the co r r es ­
ponding da f ln i t l ona in ca t e go r i e s o f FT(L ) type ( c f CRo^ l ) . Aa 
an example we de f ine here the product in GFT. 

L e t { Ly: /el/be a family o f sup-complete d i s t r i b u t i v e bounded 
l a t t l e e s i f o l l ow ing fHu^J by L « - ® L ^ we denote the set whose e l e ­
ments ere aubaeta a c f i t l y s <" e rf B U C h t B a t ( 1 ) i f t e a and a t t , 
then s e a ; ( 2 ) i f t - r i b ^ c a , then a l a o ft • e a where -

- sup bj . By s e t t i n g aarb I f f s e t ( a . b e L ) the aet L becomes 
a bounded sup-complet* d i s t r i b u t i v e l a t t i c e . ( B . g . i f lf- 2?R 

f o r each f t P , where Z, i s eome s e t , then 02»L ,̂ - 2 n Z r [ E k j . ) 
By the equa l i t y 3^ ( t ^ ) - { s C fl L* s f * } a mapping L 
I s d e f i n ed . 

Consider now n fami ly l ( X / , L | , 3 ^ ,«:,)if«rJcOb(CPT). The , oduct 
o f th ia f i a l l y i s def ined is the quadruple ( X , L , T , K ) where X » 
« T l . L ' LJ, K -®KT and .T i L X - » K i s the (L ,H ) - fussy t o ­
pology on X which la i n l t i e l f o r the 'amily (p^ **R i 
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here p^ i l-r lf stände f o r the usual " P r o j e c t i on and Jy ?L/-*•!,, 
{j iKf -r X are def ined in the aame way aa i t l a done in tbe 

previous paragraph. 
I t i s important t o observe that eaoh asse r t i on in which the 

product in the category OPT i s used, conta ins conp le te ly d i f f e ­
rent information i f compared with a a im l l a r asse r t i on in the 
realm o f PT ( L ) type c a t e g o r i e s . One o f the reoaona f o r t h i s i s 
that the product in UFT compels the change o f the l a t t l c o . 
Moreover, ® L .̂ - L where L y - L f o r e l l / i f f L - 2 tEkJ. 
I t f o l l ows from hers tbe t f o r o rd inary t o p o l o g i c a l spaces usual 
product i a equiva lent to the product in the category GPT, and 
hence a lso in each one c f i t o subcategor i es - th i s i s one o f the 
ev idences and d isp lays o f the invax isnce of Oeneral Topology in 
Puzzy Topology. 

However, i n some cases in format ion on opera t i ons in OPT a l ­
lows to ex t rac t add i t i ona l in fo rmat ion about tha c a t e g o r i e s o f 
PT(L) t ype . In p a r t i c u l a r , i t can be appl ied in i n v e s t i g a t i o n 
of subapaoes o f L- fussy apacea ( i . e . o f ob j e c t o of c a t e g o r i e s 
PT (L ) ) on the bss i s o f L- fuaey s e t s . 

The problem o f a l gebra i c o h a r e c t e r i a a t i o n o f fucay t o p o l o g i ­
ca l spaces in the ca tegory OCPT 1B s tudied in Sect ion 4.4. [ 3 ? J , 
[371.F38J. By the P l o t k in semigroup o f a fuzzy epsce ( X , I , , t ) 
( i - ( X , L , T , 2 ) ) we c a l l the produot P ( X , L , T ) - C ( X , L / 0 * I 1 where 
C ( X , L , r ) : - {<t,f)i ( X , L , T ) - » ( X . L . T ) } l a the endomorphism semi­
group of the space ( X , L , T ) w i th opera t i on ". " de f in rd aa 
( ( f 1 , / - 1 ) , 0 1 ) - ( ( f 2 , ^ 2 ) , 0 2 ) - ( ( f 2 ' f 1 . A * A 2 ) » W * ( A e i a i l n r 

semigroup was used in P l o t k i n ' s paper f P I J d e v o t e d to the theo ­
ry o f a l gebra i c automata.) By s e t t i n g ( f ^ ,0^ ) < ( f 2 , / ' < 2 , U 2 ) 
i f f f., m f 2 , / * i "/*2 a n d °1 * " g **• introduce e p a r t i a l o rder 
'< i n the semigroup P ( X , I » , T ) . He say that semigroups - • 

- P ( X i , L j , T ' 1 ) , i - 1 , 2 , are *) - i somorphic i f f the isonorphiam 
i i P 1 - » P 2 e x i s t s such that 6*(Of,!., , I > 1 , T 1 ) - r i ) - C ( X 2 , L - 2 i T " 2 ) and 
( f v « , 0 1 ) - < ( f , ^ , 0 ? ) i f f 6(t,f,Vi) < 6 " ( f t « , 0 3 ) . 

Laminated fuzzy spnees are homeomorphic ir. the category G?T 
I f f t h e i r P l o t k in semigroups are < J - i 3 0 - o r p h i c C32-] , f37l , fcOJ. 

Tb i s approach can be used a l s o when studying ca t e go r i e s o f 
JFT(L ) t ype . We soy thst an u)- isosiorphisn 6 i s r i . - id i f 
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MaWmattka 

AU3 ARBEIT LÜG OED A K ' E S B U H O DEE SpBZIALEH NUUZRIÜCHBH 
MEBHEDEtf ZUR IESUKG DUB PUOBUJiE DER UATHEf.AUbCUEN PHYSIK, 

HrDtoDY5A.IK U W MAC HK2)HiDflOS!fN/llIK 

B .Ka l la 

(Hahi lat lonsarbo i t vom Pacl.be w i c h 

Mathematik aur Erlangung dea- Grades a Ines Doktors) 

Summary. In t h i s D r . h a b * a t h . *heses "The working out 
and app l i ca t i on o f s p e c i a l numerical methods f o r so l v ing 
o f problems f o r matheuatlcal p h y s i c s , hydrodynaaics and mag, 
netohydrodynsnics (MHD)" s p e c i a l f i n i t e - d l f f e r e n o a approx l -
matlona are d l s c r l b a d . There ara e f f e c t i v e universa l nuae-
r l c a i methods ( f i n i t e - d i f f e r e n c e and f i n i t e - e l emen t methods) 
f o r the s o lu t i on o f boundary-value problems o f UHU e q u a t l -
ona f o r v iscous Incomprasa l b l e f l e as based on nonl inear 
Kavier-otokea and Usxwell aquations fo r small Reynolds and 
Herbsen numbers. However, the presence o f l a r g e parameters 
a f f i r s t o r d e r de r i va t i v e s o r am a l l u aroma teru at aacond 
o rde r d e r i v a t i v e s in the ayatea o f KHD equatloua ( l a r g e 
Reyno lds . Hartaan uad others numbers) o r o f equations f o r 
mathematical physics causa a d d i t i o n a l d i f f i c u l t i e s f o r the 

SI lc at inn o f genera l oothods and they become uneffee l i v e 
t t l e spaed o f convergence , low p r e c i s i o n ) . Thus impor­

tant to work out spec i a l methods o f a o l u t l o n , the s o - c a l l e d 
r egu la r convergence computational aethoda, f o r the regarded 

S robleaa (Doolan B .p . , f i l l e r J . J . , Schül le rs W.H., Allan 
Southwell R .V . , I l hyn A a t . ) . Such methods muat ba 

propagated to the system o f equat ions f o r mathematical phy­
s i c s . This g i v e the baa la f o r the development o f spec ia l 
monotonous v e c t o r - d i f f e r e n c e schemes » I t h per turbat ion c c a f 
f l c l e o t of function-matrix . 

JMS Subject Class I f teat ion 65H20 . 

http://Pacl.be


176 

aiHLKITUlK! 

Die Aktual i tä t dar A rbe i t 

Zur l e t z t a r Z e i t in derMHD 9iner sahen lnkuoprsaalb-
lao y lUaa l gke l t f ona ie r t man oIne neue Richtung - d i e MllD 
der starken pelder , welche von d e r MBD-Teohnolcg la in t en ­
s i v s t i m u l i e r t wird ( d i e MHD-pumpen , d i e Beschleuniguigsappa 
r a t e , d i e K r i s t a l l i a a t l c n s s p p a r e t c T d i e Alum in i jne le l r t ro Lyse» 
antrete und andere BHD-Gerate ) . Die Anwesenheit e ines s t a r ­
ken Magnetfeldes fuhrt sum den apes i f lachen MHD-Kffe Irtan, 
zum B e i s p i e l , zur Kntu ^ahung ve rsch i edener Ge ach» lad lg S e i t -
strukturen mit den Grenzschichten . Die theore t ische Grund­
l oge fu r d ie Beschreibung d i e s e r HHD-Trumeaaen i s t e in ab -
«aaofclospenea System von p a r t i e l l e n D l i f o ran t i a l g l e Innungen 
z a a l t a r Ordnung a l t großen perspietarn bei den Ableitungen 
e r s t e r Ordnung (d ie grojjeu Ber te von 

ikm ) Ht ' kr~ - « a h l e n ) . Wenn die parene ta r i e r t en n icht 
groß s i n d , e x i s t i e r t e n fü r d i e löaung der entachpraohenden 
UHD-Cranswertaufgaban, d i e s i ch auf d i e v o l l e n n i c h t i g e r e n 
Havier-f itokes Gleichungen d e r Hydrodynamik s tu t z en , e f f e k t i ­
ve universale nine r ieche Methoden ( d i e D l f f e r e uze rtoeth ode oe» 
und d i e P in i l e l emen taae taoden ) . P a l i s d i e Parese terwerte Im 
BiiD-Gleichungssystem be i den p a r t i e l l e n Able i tungen z w e i t e r 
Ordnung k l e i n oder d i e Parameter boi den Able i tungen e r s t e r 
Ordnung g r o A eludes e r f ä l l t diu f'HO-titromuag in reguläre 
Geolete und basondere Geb i e t e . In den regulären Gebieten kann 
man die Strömusgaparome t e r durch g l a t t e Punktionen mi t end­
l i c h e n Gradienten beschre iben. In dsn besonderen Gebieten 
( d i e BHD-Grenzschichten von Herbsen und lud fo rd ) sind d ie 
Gradienten der Lösungen sehr gro* . und h i e r f inden schne l l e 
Obs igsngep rozesae s t a t t . Das fuhr t zur Ve kleine rung der Kon -
vezgensgeachwicdlgke i t und de r Genau igke i t d e r klssssIschen 
D l f f e r e ozena ehernen. Das Vorhandensein besonderer G ranz schieb -
ten mit großen Gradienten d e r Stromungsporsme ter e rech wehrt 
d i e Anwendung von Schemen, d i e gl»Infamäfilg fur da« ganze 
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Strtaun gage b i e t eine hohe Genauigkeit haben. Pur den Aufbau 
de r gleichmäpMg konvergierenden epez ia l en D l f f e rs mensche-
meo muft e in p e r t u r b a t l o n a k o e f f i a i e n t In Schemas. e Inge -
führt « e r d e n . Solche epes l a l eo monotonen Differenaanochemaa 
sind n icht nur fur d ie Lösung d e r MHD-Clelchuagen a l t gn^Jen 
Parameter bei des Ableitungen e r a t e r Ordnung oder a l t k l e i ­
nen parsmeternbel den Ableitungen « e e l t e r Ordnung e f f e k t i v 
sondern auch für d ie Losung der Gleichungen in weiten Para­
na terewechse I ge b i e t e n . Alao können die spec ia l en D l f f e r e n -
zenschemea wie eine wesent l iche Ergänzung der S t and art pro g -
raampaketen aur numerischen Losung d e r D i f f e r e n t i a l g l e i c h u n ­
gen angewandt « e r d e n . Die spec i a l en numerischen IisIfaoden 
haben 2 hauptsächliche E igenschaf ten ! 1) d i e Anwendung e i ­
nes groben Ve toes , 2) d ie Konvergenz das Alrorythaun unab­
hängig von Bstsschr i t ten . Dsa i s t w icht i g zu r Lösung der 
Koatinultataaechanlkarandwerteufgaben m't eingeschränkten 

BiH. 
PUr d ie l i nea ren GDG und d i e Bandwert aufgaben der 

a at hem at ischen Physik sind solche spec ia len 1 4 , g le ichmä­
ß i g e numerische Methoden schon von « .Baehva l o « , j i . U J i n , 
K. jemel jenow, G .Sch I s chk l o , R .Ke l l o g , DA 111er. B.Dulan und 
anderen f U a e nach e i t ie m be t r a ch t e t . Dia epaa ia len LBaungs -
methoden aussen zur Losung de a MHD-Ole lehungsya tens und dar 
n i ch t l i n ea r en Gleichungen der mathematischen Physik Uber t ra ­
gen und ausgebre i te t werden. D i ese r Foraehungaobjekt kann In 
a l t a rnachs t t r Z e i t d i e a f f e k t i v e " A lgorytbaeo aur Lösung d e r 
Handwert aufgaben e i l t großen paranatar v e r s p r i c h t « e rden . Dia 
g le ichmäßige Kontere«na d e r apea la l en Methoden kann nur f ü r 
e i n i g e e in fache tan Modellproblemen ( e l cd laens i c alen und 1 1 -
aeaxen ) theoret isch bawiasan werden. 

Bei der Konstruktion dea Dlfferansenachemae sind e in i g e 
0rundforderungen cu e r f ü l l e n ! 1) d i e Approximation, 2) d ie 
S t a b i l i t ä t , 3) d ie Genauigke i t , 4) d ie E f f e k t i v i t ä t . Dia 
Bestimmung de r Approxiaat lon und der S t a b i l i t ä t s t a l l t d i e 
C rund aufgäbe d e r Theorie der D l f f e ranse oscheaen dar . Dia Ap­
proximation kaon man gewöhnlich a l t d e r Entwicklung dar Tay­
l o r rs ihe b is aur G l i edern e i n s c h l i e s s l i c h s « e I t e r Ordnung 
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von f * und +V e r f o r s ch t werden. Venn d i e IQsung e in Grs na -
dohlobtoharakter ( d i e E iponent iaLuxt ) h a t , 1st d iese M e t ­
hode n i ch t genaue, denn ilia Approximations f e h l e r n icht nur 
von dan Ne t i s chr i „ t t e g radea abhängt, aber auch von den Ab­
le i tungen höchster Ordnungen der p r o Claas loa ungen, welohe 
unbeaannt s ind . Die S t a b i l i t ä t des D i f f e r s OB ansehen as b e ­
hande l t man wie dta s t e t i g e Abhängigkeit dar d iskreten 18-
auug von den Anfangsdaten ( d i e Baadbedingungen, d ie I n f eogu-
Bedingungen, die rechten Se ' t en und d i e Koe f f i s ianten dar 
Gle ichungen) . Z e i t w e i l i g haben w i r keine genügende Theo­
r i e für d i e S tab i l l t 'A ts forscauog dar n i ch t l i n ea r en Ii i f f e -
renaanschamäs., Deshalb kann die S t a b i l i t ä t nur für d i e l i ­
nearen oder l i n e a r i s l e r t e n Dlfferenaenaeijemas a l t dar H i l f * 
des MoxlaumprinzlpB oder loka len Kr i t e r lune von Neimen g e p ­
r ü f t » e rden . In diesen Bei t rag werden verschiedene j p p r o s i -
mationswelflen der Mode l l e dar l i n e a r e n eindimensionalen und 
zweidimensionalen Randwerteufgaben a l t Rücksicht auf d ie 
analyt ischen Losungen d i e s e r Probleme be t rach te t . Dia prak­
tisch w i ch t i ge ten problem be recnnungreaultaten (auch für die 
mehrdimensionale und n i ch t l i n e are P rob l eme ) , welche m i t den 
apeala len Methoden gewonnen s i n d , werden mit anderen nume­
r i schen , analy tischen ode r phys ika l ischen Resultaten v e r g l i ­
chen. Die numerische Untersuchung gab d i e Mög l i chke i t zum 
Schluß v i e l e apes i f Ische MHD-etrömungelgenachaften ohne 
teuere phya 1 kallache Experimente im I n s t i t u t für Phys ik 
fonts us t o l l en^n vor l i egenden Be i t rag basieren a l l e Bigetanis-
se der Aufgabestel lung und d a r IBaung neuen MHD-Randwertauf­
gaben auf den spez la l en Me thoden. Kurz betrachten w i r d i e 
l lauptpr inz lp ien der Konstrukt ion der spez 1 alen D i f f e r enzen -
achacen. Im Fal le der Approximation d e r e indiaenaionalen 
Randwertaufgaben im In regulären Hetz kann die I n t e g r a - I n t e r ­
im o l atlonsnejhode von G Uarchuk und A-Sanarski angewendet wer 
den . In der Umgebung des 3 -pwiktJ Hetsschablons kann die 
D i f f e r en t i a l g l e i chung z « e l t a r 0rdnung m i t den Ableitungen 
e r s t « : - Ordnung a l t H i l f e d e r Exponent ia l ! r ans form a t Ion in 
eine s e lbs tkon jug i e r t » Pons verwandelt » e rden . Jtenn d i e Ko-
e f f l z i e n t e der D I f f e r e n t l a l g l e i c h u n g und die rechte S e i t e 
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stückweise konstante Punktionen s i n d , bekommen W i r d e s g e ­
naue Differenzenschema. We;.n d ie Koe f f i z i enten veränder­
l i c h s ind, können .In der Bajzscnahlonaumgojjurg die K i t t e l -
wer te von lhnem genommen werden. Im mehrdlBenslonalem P e l l 
kann die D Lukretia a tlon von einem nach dem anderen e i n z e l ­
nen Veränderlichen und die Approximation von entsprechenden 
eindimensionalen D l f f e r en t i a l ope ra to r en mit den Di f f e renzen-
Operatoren z w e i t e r Ordnung angewendet «erden_ Ahn.Mch kann 
man die Approximation d e r Pl f ferent la laya_tsme m i t den D i f f e ­
rent ia lg l e i chungen zwe i t e r Ordnung durchfuhren. Dia Funk­
tionen-Ii at r isen In den Koe f f i z i en t en der Vektorsd i f fere iben -
Schemas werden durch d<e Funktionwerte aus dem Matr ixspek­
trum e r zäh l t mit H i l f e der Lag ranech-G l i v e s t e r I n t e rpo l a t i ons -
polynome. Die kernetruirten spec ia l en Differanzenschevras s l n i 
monoton, s i e beaohreiben den Gremsch ichtcharakter gut und 
s ind gleichmäßig auf Lösungen des l inearen Kode 11problems 
konvergent. Dia monotonen Schanae geben d ie Mög l i ch­

k e i t v i e l e prakt ische Probleme m i t be f r i ed igender Genauig­
k e i t -in groben Betzen und m i t k le inen UM zu l o s e n . Mi t den 
neuen Methoden kann man prakt isch wicht ige Problemen der 
mathematischen phys ik , Hydrodynamik und Magnetohydrodynemlk 
in Ve l t en Paremete rswechse I ge bieten su l ö s en . Zwischen s o l ­
chen Problemen sind auch da*. Problem von Hant Uber d ie Rech­
nung der Magnetfe ldainduktion und der Geschwindigkeit In 
e i n e r f r e i en Verechtebunatromung abhängig von e l ek t r i schen 
3 trbmleitungaverhältnißaen auf den Elektroden. 

Dao p r l ca lp der durchgehenden Rechnung e r f o r d e r t d i e 
E i n h e i t l i c h k e i t dea Dif ferenzonachaoas in den 0 renzach ich ten 
von Hartman und den regulären Geb l e t e c ( d l e K e r n e ) . In diesem 
F a l l werden d ie Grenzschichten In der Rechnung automatisch 
wiedergegeben. Spezlalen löaungaaejfcoden der Randwertaufga­
ben können bei dar Pro jekt ie rung und der Aufarbeitung der 
neuen MHD-Technik und Technologie verwendet werden. 
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Ule GnBchlchte dar A r b e i t 

IB . Jahra 1964 beginnt nan unter d a r Leitung von Akaöemie-
. . . l tg l isd B.Janenko d ie numerische Model l ierung dar sahen *n -
koapreasiblen Fluaalgke i t , basierend auf das v o l l e n icht l i n e ­
ar « 8avl*r -6 to fca« G le l chungasys tca . Während des swolten mecha-
nischan A ' l lunionskongrep in Moskau, « a r e ine Arbeitsgruppe 
von dep. Mathematikern und Mechanikum o r g a n i s i e r t . Dar Autor 
nahe an d l eae r Arteltegrunpe t e i l . TOD Jahra 1966 bis 1984 

landen regelmäflig j e d e s s v e l t e Jahr d l * A ' l l u n i o a a a e a l -
nera übe r^ l e juaae r i s che Methoden der sahen F lüss i gke i t s t a t t . 

ucrlAutori ierArbait hat in Jahre 1 9 6 3 sua e r e t e n e U die numeri-
ohen Haeultate Uber die Bewegung e ines s ta r ren Zy l inde rs in 
e i n e r a l l s e i t i g unendlich ausgedehnten sähen lnknmpresalb-
l eo e l ek t ro l e i t enden P lUaa igke i t a l t e inen Magnetfeld bekoo-
meni la Jahre 1971'hat e r die D i s s e r t a t i o n des Kandidaten der 
siasanachaftan "Ober e i n i g e pjeungamethodcn das MHD-Dlf feree-
t ia lg le iohuagsyBteais ' v e r t e i d i g t , und 1991 - d i e Doktor ­

d i s s e r t a t i o n "Dia Baraohnung dar sahen Ink cap re es i b l e n 
e i ek t r o l e i t enden P lüf ls igkeI ts tronuog a l t dan spec i a l en nume-
rischen Methoden i s P e l l e dea großen Pa ramete r s " . Ziaa e ra t en -
aa l war für d i e neuen MHD Bandwert aufgaben d ie U a barkeit 
bewleaen und wurden sys teaa t iacha numerische Untersuchungen 
d i eser Aufgaben- In we i t en Parameterswechaelgebieten t * gönnen 
(d i e Haupterbalten 1 f . 1 ' 1 9 } ) • D 1 * » i c h t l g e t e Forachungametho-
d* war d ie Anwendung d e r D i f f e re na on sc hem aß . Bs w a ran o r i ­
ginalen An nähe rung ametho den c u r losung den Randwert aufgaben 
von den Ruuma.tromungen und In unbeschränkten Gebieten aus­
g e a r b e i t e t . Die spec ia l en nimerlachec Methoden wurden in d ie 
Aus erbe i tung der Ve rt rags arbe 1 ten zwischen dem » c h e cm antrum 
der Un i v e r s i t ä t und dem I n s t i t u t f ü r Physik d e r Akademie d e r 
Wissenschaften e inge führ t . Die Hauptresul tate der Forschungen 
•urden in verschiedenen Konferenzen und Tagungen bar i ch t e t : 
in 6 R lgeer A' l lonlonasemlnaren Uber d * Magnatohydrodynanlk 
(1972-1990)1 in B A*l lunloraa6mlnaren-6chulen Uber die nume­
rischen Methoden der zähen F lüss i gke i t unter der l e i tung von 
H-Janhenko (197^-19d6)i auf der 6 . In t e rna t i ona l en Konferenz 
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1. DIB WICHTIGSTER MATHEMATISCHEM MODELLE 

D U Strömung e ine r > eben inkonprassiblen e l e k t r o l e l t e a -

den F lUae i gke l t kann durch das- B a » U r - 6 t o k e e Glalehungsayaja» 

\)7[Dt = -ff )Wp+iW+ F% F 

und d U Maxwal l ' • Gleichung 

beachrleban werden, welche von den Oo'a Gesa 1a 

( l . D 

( 1 . 2 ) 

( 1 . 3 ) 

Uber d t * nimerUchen Kathoden de r Hydrodynamik ( T b l l U - J i , 
1979) ; d e r 6.A" l lunlountegucg Uber die theore t i sche und 
angewandte Mechanik (Taschkent, 19B6)i lr, d e r In t e rna t i ona ­
l e n Seminar-Schule Uber d ie .aothematiachen M o d a l l e , ana ly -
t lache und nuaterlacfce Mathoden de r 0bar»ragungatheorla 
(Minak, 1986)» "an in te rnat iona len Sympoalua IUTAM Uber 
d i e f lüss i gen Meta l l e In der MRS ( R i g a . 1988)« an der i n t e r -
nat lona iaa Konferenz Uber d ie numerischen Methoden der Fl he -
s igkel tadjrnesik (Hovoe ib l rek , 1990) i in 5 internat iona len 
Sealnaren (Kar l e Un i v e r s i t ä t In P r a g , 1976-1988) u . a . Die 
Wissenschaft l iehen Arbeiten des Autors sind hauptsächl ich 
in den « U s e n e c h o f t l i c h e o Z e i t s c h r i f t e n "Magnetohydrodyna-
mik" und "Das mathematUcbe Jahrbuch L e t t l a n d ' a " v e r ö f f e n t ­
l i c h t (s iehe den Abschnitt " L i t e r a t u r " ) . . . 

B e l t e r werden d ie Ideen d a r i a>rita Autora b e t r a c h t e « 
und d i e Ohe r e i c h t der Arbei ten s e i t dem Jahre 1990. « e i c h e 
iniler Doktord isser tat ion [ l i - i 3 , 1 5 , 1 6 ~} aiou t dargea t o l l » -
a lad k durchge führ t " 



und dan Kont lnultatsgle iohungen 

okv 7 ' = AvJ?i* oUw ß = o 
ergana.t »rerdao müssen. 

Ia Po l i o der warnenkonvektton a a l as 

•obai ~Tn dla S le lchgewlcht temperatur 1s t . 

(1.4) 

Die Snergiegle ichung 
In der Pom 

( d i e ' anna l e l tungug l » ichung) 

d a r g e s t e l l t werden. — ? _$> 
wenn in ( 1 . 2 ) , ( 1 . 3 ) d i e vaktoran E ij 

uindjkenu d i e IaduktionagleIchving in d e r Fora 

ga ach rieben werden. 

( 1 .5 ) 

e l i m i n i e r t 

(1 .6 ) 

Das atnt ionaxe e l e k t r i s c h e ?e ld wird m i t der H i l f « des 
Skalaron Po t enz i a l s (^) ^ F^^-^l^dt'^^ beechriebea. 

Pur d i e swldlBenslonalen lamlnarsn atHD-6trtaungen kann 
an von den BawegungegleInnungen ( 1 . 1 ) In den kertesischen 

Koordinaten ( X" IH. ) den Druck p ausschl ie fen unl e ine p a ­
rabol ische Gleichung fü r d i e Wlrba l funkt lon u) in d e r ohne^ 
dimension ale Pol 

" ( 1 . 7 ) 

IsJlaxene^wobel / d ie 2 -Rotorkomp one nte dea Elektromegnet-
krexts p e ^ p e j K t . ~» — * 
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2 . DIB JpSZIALfcH DIl'FBläBStBVSBlODSB ZUR IOSUBC 
DBR fROBiasBH DBR WAfHtUiTIdCHEH PHYSIK 

Die Ausarbeitung der spesis leu numorlsohen liethodoo 
z u r Losung der Problemen der mathematischen Physik i s t 
zweckmäßig mit den einfachatan e lud ine na ion ale u Modall-
gleichungen, elcschl ieÄllch mit Couchy and Randwertproble­
men fUrCDG, su beginnen £ 3,5 J. Die gewonnenen Algoryth-
men verallgemeinern die Alfferenzenachemas von A. I l j ln , 
G .Schlachkin, K Jemeljanov , B .Bschvalow, A-Soaarski, 
0 Jtaxchuk. 

2 . 1 . Die DSaung der Anfangs- und Randwertaaufgaben für 
gewöhnliche Differentialgleichungen 

In der Literatur sind viele Algorithmen und Methoden 
( implizi te und expl iz i te ) cur Lösung des Couchy protlems den 

ODO bekennt, sum Beisp ie l , die Methoden von B u e r , Adams, 
Runge-Kutta M«äw £l8-] . In exp l i s i t en Methoden führt die S ta ­
b i l i t ä t * forde rung tu starken Beschränkungen für deuHate-
s o h r l t t , aber dl« iamii*H*n a e j h o d e n ^ v ' g ^ B l n d achwahr 
r e a l i s i e r b a r . In der Arbeit f 5 j betrachtet* ap'ezialen 

Methoden wenden teilweise die Mangel der kianslachen 
Md thodeo ~aT". 

Dia Differenzenmethoden werden im gleichm'äAlgen Rets 
des Segments £0 ,1} 

u)a = {-X k -K&yk-xljfi, / l / a f = i J ( 2 . „ 

geb i lde t . Für die ODC e r s t e r Ordnung in einem Biementaraeg-
ment 3 " » . - j d a - ° " e t B e s fc'J' i*t »•» expl la i te 

Differenzenschema mit der erhöhenden Genauigkeit geb i lde t . 
Bei der Losung des An fang awe rtp roblems Im Segment für die 
l inearen ODO e r s t e r Ordnung 
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b i l d e t man da* spes la le abso lut konvergierende s t a b i l * e x -
p l l s l t e Dlfferensenachaaa In dar Fora 

» o b e i Cf-QCi) 1B Segment e i n * g l a t t e Punktion und 

y(a) ^(Q(I fCetplat)'- ±) 
- e i n pe r tu rba t i o c skoe f f i s l en t lea Schaalas 1st • 

Dia Annäherung sur Losung * • * g l * l o h a l t d* r g e n ­

auen Lösung dea problems ( 2 . 2 ) , wenn der K o e f f i z i ­

ent CL konstant oder " e i n f r i e r e n " t a t , d . h . , =^ryX6jj 

Wenn der Wart QK e in M i t t e l w e r t der Punktion Q(KJ 1B 

8 * » » e n » ^ K 1st % M 

s f / a W ^ i ( 2 . 5 ) 

dann 1st das Dlfferenaenschema ( 2 . 3 ) genau eotsprachend der 
Losung dea Dl f fo ront ia lprob loms ( 2 . 2 ) a l t veränderlichem Ko -
• f f l s l e n t . Venn Q K = Q f * « J , ^ 5 i « l a d , dann 

bakonaen « l r d ie e x p l i z i t e Methode von B i l e r . « e i c h * aur bei 

e i n e r BaUilngung A 6: J. j IQK{ (px^°) •§•« 
3.1 Q^(a(^)^aC*tAt))f^ / d * O B ' - « I t - i J a r » d l * 

Genauigkeit daa Algorithmus ( 2 . ) ) Uber e ine Ordnung SB fax— 

g l a l c h a l t d* r Methode von B U e r . Das Dil"f*r*na*nBch*ma ( 2 . 3 ) 

e r h a l t a t s * in* Pons fur d i e Losung dea tot -Glalohungaayataata 

( 2 . 2 ) , w 0 j fle d i e quadratlachen « I X « M a t r i ­

zen und ^(.'f.))^Cf-)lr%il^Kt4 - 4 * » • » -diaenalonalen 

Vektoren b ind , « o b e i _ ^ . 

- d i e Matr ix-Punktion dar p e r t u r b * tlonskoe f f latenten und 
£ - eine K inhe I taaat r ix der tv\ -Ordnung • Ind.Die Matrix -Punk­
t i on y(<Z) kann man a l t dar H i l l * dar Fuakt lon* «eat * ^-£{,r\) 
aus dea Ma t r i x spek tna und durch d l * Anwendung dea I n t a r p o l a -
t lonapo l laoaa von l a g r a o a o h - e i l v e a t » r berechnen. Dea e x p l l -
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• o 

1 

• i t * Vektordif ferenaenacheaa ( 2 . 3 ) i s t absolut s t a b i l , «enn 

a l l « B i * e n « e r t e n X t ( ( = r i j " 1 ) der Matrix 0. n i ch tpos i t i v 

a i n d . Dieses Sehens i s t für den Mat r isen OL- mit stuokwei 

oe-konstanten in den Segmenten •}• l/H-4 ) Kiemen ten geno' 

Um das Anfargswertproblam d e r nlcbthomogenen l inearen 

in Begaant 3"K >u l o s en , s i y l man solchee d i sk re t e Anfang* -

"e r tprob lem 

verwenden. Das .problem ( 2 . 8 ) hat mindestens d ie Genauigkeit 

d e r sweitan Ordnung, wenn rint4 

Dar Algoritxwjua ( 2 . 8 ) » A a l t e t se ine form auf für die lüsung 

des hl -Olelnhungssyn-teaa ( 2 . 7 ) , wenn QK - d ie Matrixen 

und 2\$if-ltfxl'#mi k. - die Vektoren s ind . 

Im r o l l e des n ioht l inearan APfengewertproblems 

w i r d man ia Segment 3^ dlo Methode von Rewton benutat. Dfx 

Algorithmus kann man in f o l gander Pom bes t e l l en 

Das ape i i a l e « X p l l s i t a Schema ( 2 . 10 ) i s t s t a b i l , und ln teg r 

l e r t a a n d a s 1 in« aria it p te von »ewton Anfangswertp roblem g e -

n a u . Die He tarne thode w i r d la Grund* für d i a genauen Di f f e rsn 

lenschemaa " fur l i n e a r i s l e r t e n D i f f e r en t i a l g l e i chungen mit 

konstanten Koeff latenten gebraucht ^ 3 ̂  • CS 7* Pur d ie spe 

a i a l en Di f ferenz a narmroxlmationen dea D i f f e r en t i a l ope ra t o r s 
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i 
AU* Beispiel betrachten wir die Grans'ertaufgab» 

und die to prox la at Ion in. a fflep picht regulären set*., we lohe a_ . 

die Netzpunkte ^fafaKnJffEl,W?*°> *0*Q "enthalt. ' 

lUer sind M^M^ € IK und « / b/ - stückweise 

konstanten Funktionen Im Segment [O/IJ , welche In. Jedem 

Untareegmentan [Xy^/X^3,0?^, X ^ , 3 d l B konfltauten Werten 

^A»^*'/* ' ^e*/•V'/ic* abrehman. In dleaeai Fall kana 

ein genaues Differepsenaoheaa 

keuatruiarte «erden, wo 4AK i die Hetsfunktionswer-

ten aind, welche « * 0 < i { J / f-C^k) enproxlaieren»aber f\Kj 

ß* ) e l n d » i e achemaakoeff iüienten ~i Das D iff ere n -

zeneebena ( 2 J ] ) l a t monoton, bei AK>0jBk>0/ . 
Abhängig von Koef f im iententj- in der Gleichung ( 2 . 1 2 ) kann 
j a n daa genaue Dlf fersnz«rieohema ( 2 . 13 ) In zwei Weisen be -
kommen. 

1. 3el i « 0 ,denn lrd das Schema mit der Integro-
ln tfa ipolat loneoe thode gewonnen, »'enn man die Gleichung 
(2 4 2 ) In einer Belbstkonjugierten Form geschrieben 1st. 

(2 .13) 

(2a.ri 

in ainäft nlchtregul - i ren Netz verwandet « a n d l « I n t a g r o - I n -
%»rpolettonaaathode . Ola D l f feraoeohemas sind monoton, gut 
beschreiben d l « a renzach Iahten und sind gleichste, ̂ t ig kon­
v e r g en t , «enn der K o e f f i z i e n t bat d e r Ableitung zwe i t e r Orü-
liuos sun H u l l , o i e r der K o e f f i z i e n t bei d e r Ableitung er«) bar 
urünung »ach Unendl lenke i t s t r e b t . 
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• •Tin tfK*f> dann hat das Dlfferenzeoscbema 
( 2 . 1 3 ) d ie zwei te App roz Ima t lon«o rdnung. 

I * Fa l l e des regulären Bestie ,bekotnuen w i r das Diff< r e n z e a i i c h L -
• a von I i j i u > . 

- der Per turbat lonakoe f fLz i ent dea Schemas i s t * 
Das Schema (2 .16 ) i s t genau , wenn Q, -f. d iekona tante n Ko­
e f f i z i e n t e n Bind. 

2 . Wenn X ^ 0 dann kam man das genaue Schema 

B i t d e r analytischen Losung der Gleichungen ( 2 . 12 ) in jedem 

elementaren Untereegment CX„.j|X,] m i L **»/ J 1 ) 0 ~ 
kommen durch dia Fixierung d e r He tafunktlenswertsn <Jk_, . 

4^4- j ^ k t f 8 0 Ende der Segments. Das Differensenaohema 

1st monoton, wenn £•> ^ 0 i s t . Im apes la len .Falle ü — O 
bekommen w i r den Algorithmus von I .BeChvalo" in d e r Form ( £ fc) 

Analog Lach kann nan das genaue Di f ferenzenscheaa bekommen, 
wenn tULX.) eine stückweise - l ine are Punktion in Jeden > a g -

wo 
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Iu /all» das Gle lchungsavateai ( 2 . 12 ) , wann' 

d i e Hl -ülm6n>locolon Vektoren ü n a 

* ( ?; d ie Matr laeo der -Ordnung a lud daa 

Llf fex*naoiiach*aa (2.13) aalnft Perm enthalt, 
a«an M„ , Um , (fK , - dla Vektor*». , 

at* Matrialunktiouen alnd ( £ 1st dlo B l n h e l t s a a t r i « dar 

In -Ordnung), "«nn dla Uatr i zen Q£ ) Ott. ayanetrlaoh 

j l n d , üann heben a l * a l l * , realet. 
t i ^ s n . e r t a > und d i e Mat r i z en f\ ^ Ä

n a b B a p o a l t l v e 

u . t ,ci i*erv: ( ^ t - Ä ^ J Sforffli), d J " d a " D l f f e rsnsan-

aihama (2 a 3) , (2 .14) monoton l e t . 
In dan Anwendungen s p i e l t " i c h t i g * Ro l l e d ie l i i f f a r en -

l U l g l e l c h u o g * . 

(v'u'j'+QU (2.17) 
nu . Pea entsprechende monotone Dlf ferensenschesa 

• Ird tu der Form (2 .13) geschr ieben f_9 3» " ° 

I v> Schema ( - .13 ) 1st g emu , wenn die Koe f f i z i enten l), 
CL- stuckweiae Konstanten In Jeden elementaren Segaen-

U d i a l , und 
Im r o l l e dee jyatema (2.17) t a t l) e ine p o a I t t v d e f i n i ­

te matr ix . Sann d i e Koe f f l a l en ten der C l « l ohun-
gttu (2 ,12) ,(2 .17) » t a t ig a l n d , Jena kuim man die tpproxia a v i ­
on vi leoer Koe f f i z i enten a l t s t t t c lxs la * - g la t t en Sanktionen 
verMenden, zun B e i s p i e l , der K o e f f i z i e n t Q(x) 1 ja j e g -
oeut | tt , , / , ) kann mit dem M i t t e l a e r t e 

^<L
 =$*:/* f Ql*)Mt- « T p r o x i m l e i t * » r d * n , 
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2,2, Die asoz ia len Dlf fereazepQchemy tue Losung 

der Randwertaufgaben fü r p a r t i e l l e D i f f e r en t l a i -
g l e lohuozsn dea e l l i p t i s c h e n Typus 

ens 1 (2 J9> 

Wir betrachten d la Randwertaufgaben der p a r t i e l l e n Dlf 
f e rent la lgHleh 'u iSdes e l l i p t i s c h e n Typus 

lo Rechtack • n 0 1 

SL=; (HIH) •• O < £T) O < xa < U} 
mit dar Grense 1JJ~L- , wo 

- dar D i f f e r en t i e l ope ra to r , H. Ordnung l e t , 

- s t e t i g e Funktionen a lnd , 4 < 0 } y^%Ot V ?0 . 

Bree t s t man die Ableitungen Im regulären Beta 

durch dla D i f f e renzen , dann bekommt das monotone D i f f e renzen-

sebema swe l t e r Approxlmationaordnung 

"°7>o) A=u)AAaj2^=i/Oi/Xx ; ;f=yt*I,IO - D I E P » * ? 1 ? 

t Ionen • l ad , welche. d i e s t e t i g e Inn « t ; 

I n Punkten dea^ietaea Lt(^ approximieren . 

- ; I> i f fer «usbuoperator B it V M - ^ - ^ I . L U , : . , 

t 
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M̂=(<?»./j)o^/l(|?iM IX) ~ d l « P « r tur bet Tons Iroef-

f imientan dea Schema* und K N = Q~,rlm / - d ie 

Bs ta-H» inolds-£ sul a l n d , 
Das Differaneenscheaa ( 2 . 2 1 ) » e r a l l g e m e i n e r t dee e lndimen-
s lona le Jbhema ( 2 . 1 6 ) I D P a l l e der zwei Dimensionen, wean 
die Approximation der e indimensionalen D l f f e r e n t l a l a u a -
drucken 

mit den Dlfferenasnausdruoken 

angewendet « e r d e n t » , - ±,X) . 

Das Differonaenscbema in den z e n t r a l e n D i f f e renzen 

le t monoton nur dann, wenn 

rfl<?X I I £ Ä ' • ( 2 ^ 2 ) 

Das Schema ( 2 . 21 ) kann man in der v ak t o r l a l on Fora v e r a l l g e ­
meinern, wobei Q±lQxi ^ - d ie quadrat ischen Matrizen , 

' d l * T e k t o W n 1 1 0 : 3 J ' i l J ' a - - d I a a a t r i z -
fuoktionen Bind. Im Po l l e d e r konstanten Koe f f i z i en t en kann 
man beide Probleme (2 . 1 9 ) , ( 2 . 2 1 ) ana l y t i s ch mit der H i l f e 
der Pourier-Baihen lösen ( d i e s t e t i g e n und d i sk re t en V a r i a n t e n ) 

• Oia Lösungen alnd fu r d ie approbation der nuaeriachen 
Algorithmen g ü l t i g . 

Wenn man des zweidimensionale Analog d e r Gleichung 
(2 .17 ) betrachtet 

(2.23) 

dann bekommt man mit der Approximation ia n i ch t regulären Beta 

(d is wetz punk ten (tfj'̂  X^J ^) ) d i e D l f f e r e n t e n g l ' lchungan 
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' J(2 2 4) 

sehachema 1st Done too, it 

(2 

die Nets funkt looawerte s i n d , welche d ie 

approximieren, 

d i e Koe f f i z i en ten (das D i f r e r eu -

wenn d ie Koe f f i z i en t en p o s i t i v s i n d ) , 

und d ie Groden a l t den Indexen L-£.*fc_ / J * Yn. bate lohnen 

d i e en tap rechenden Mi t t e lwer t en d e r He 1s funkt Ionen in den Seg ­

menten r%&9f^O y(**iJ) 

Die Algcrythmen werden fu r Yt -Veränderl ichen und f o r das 
System varel lgeme i n e r t , » o b e i ifiJ, ifij Qi , <\% / ß- - d i e 

M a t r i z e n , i<;£<'f , - d i e Vektoren und Slfalfa - d i e 
Matr iz funkt ionen sind f_ 6,9 ] , 
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2 . 3 . Die HUungaae thoden fur dla Anfangs-aand-'ert-
aufgaben der Olelohungep de3 parabol ischen TjpuB • 

Wi r betrachten das nichta ta t i ooäre problem 

(2.2 5 ) 

I ^fD£^Lm-LM),Ke(o,t),£?o 

•0 L U = pd/W/dX. ̂ -fQaU/OK. - d e r D i f f e r e n t i e l au* druck 

und - d i e gegebenen Punktionen sind (v?Oj, 

as 1 d e r Ausarbeitung der epes i a l en Methoden 1s t " i c h t i g der 
F e l l , wenn d e r F e r n s t e r gro{3 oder p -k l e in Parame­
ter 1 s t . Aua der monotonen Approximation (2 .16) in einem r e ­
gulären Beta ( 2 a ) f o l g t d ie gerade Methode w is e ines y r - " g * 
•ertproblem fü r GCG 

1 "o(t/=4vtt/=0, -*/tfoj= «ft- , 
(2 .26 ) 

»0 
4 ty?M(j0$4&$(ITOFY • 

Das entsprechende 6-punkten Schablon-D l f f e rem e nahem am 
wird " i n der ?or n , „ n t h B l t e n 

»oba i /l̂  = ty$*7 + Q<jx ~ * • * D l f f e r en » « aauadruok : < , 2 " 2 7 ) 

0 < r> ^ 1 - der Schern aap sr sd e t a r ( 6*~0 - d a * 

e x p l i s l t e Schema, C- 0/5" - das Schema von Krank-« ikolaon ) , 

, • aj 

) - d i e Approximation d e r Funktion d e r rächten 

Seite fC ' l t j , ) nach der r » + $ , - ech iohten a lnd 'wenn 

die Kne f f i s i en ten Q. konstant s i nd , dann kann man 

die USiungen d i eser Problemem anal ) t i s ch a l t der Four ier 
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Kathode bakcessen. Zu diesen zweck wird das blortnnonsleren -
de Operators (~ L J , (- f\ ) — E Ige n funkt Ions ys »m 

vT"»*»-) ' « 
banuta« . 

Dla Sigenwarten die aar Operatoren a lud v e r soh l » dene 

Well d i e Ipproxtaat lon das operators /\ aonotor 1st , 

dann 1st f ü r das Schaaa (2 .27) d la Sta jU l tä tBung le ichung 

• ^*%-OlS'~CtC^lj.t - • x » l l t y . B » r wenn <T«0,5"*** . 
. h a t das Scbraa auch d la swa l t * Approxla ationa Ordnung In 

dar Z e l t . Bs Falle ^T~0 kann aaa « i n absolut s t ab i l en 

DLfferaoaenacheae ( 2 . 2 7 ) a l t a * e l . perapetorn ^ u a d T •='£'"' 

konst ru ie ren , ao 

Da* f o l g t ans dan Sa t taa t i onen 

Da* a x p l t ü t e . absolut s t a b i l e So be a a kann nan auch fur d l * 

awaidaaenaionala r äme l e l tungag l e l ohun t ( 2 . 2 5 ) bekuaaasu, 

w'nn L^L^L^ , , ^ . 

Dann- l ind dl* . D i f f * rans*ng l * l chung*n la der Fora 

K ( 2 .30 ) 
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. dyataa dar GDQ , . , / 

• a dla aoef f lr lanten. und d ie Funktionen «on d e r Ve r l ab i « K 

UM dab Anfange -aund-re rtp robleo, dar s » « l d t a » n s ionalon War-
• j i tungagleiohupg an I o e « n , * « rden d la a l temiarendeu 
ii >-itungeme thole n verwandet. Ziaa B e i s p i e l , a lna TOO dlsaen 

L-dthodan (dla Funktionen elnd. nach der n-ffSu -dehioht 

. c >. J _ i i i i ,od«n ) U t to dar rorm 

•to t dar Sinn« I taopera tor i n t . 

J , Dl » D l i f e r en t a gacheaicn aur Ioaung d e r e India*na lo-. 
nalou Baadwert i f g a b o n der Hydrodypeeilk und 
Mesne tuhjdrodynaa lk 

In AtoJChnltt 2 « e rden dla f a r d i e .Ioaung dar ODO ausge-
n l e i t e t en aonotonan D i f f e r « n s « o * c h « « v u f l fur d la Ioaung der 
ep «sprechenden a lndlaen* lnnal «n Beadwertprobleae der Hydro-
dvaaalk ( 9 ] und «HD f 7 , 1 a 2 übertragen. I a bei is b ig « « , 
orthogonalen icurrellnlaen Bsordlnatanayaten [faifa,) v « r -
aaaOat nan be 1 d « r D i f f * ran t i a l ope ra tozvep pros at et {on a l t 
dee 5-*unkteo«hablana D i f f e renzen dla entsprechenden e i a d l -
aenalonalea /pprox fc»et Ionen a l t dan 3-Punictenachablon* D l f -
fe reman [ 9 j . win ia Fa l l e de a • ind lata na lonal Mode I l e a dea 
a tat ion area Gle inhungayetaaa (1 -21-1 .23 ) betrachten a i r 
da* dya tea dar GDQ 
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U . a . « . Saa Syateo ( 3 . 1 ) Kann. Ban in dar vek tc r l a l en Foaa 
(8 .17 ) beschreiben, w ? 

/ l t 0 0 \ f^±C d 
V 0 0 « 3 / \ 0 0^Q: 

an Bind, aber dla Takte ran ü ; f 

UjVj, H « d f j - r i 

d i i aa t r laen 
ord ina len 

haben d l * & 
Da* aatapraohen-

d* T*ktord l f f e ren«*neoheaa hat d la Porn (2 .13 ) , ( 2 . 1 8 ) , a* 

Afc/S^j^K - die « e t r l a e n , aber 4A* ) <fK - d l a Tak­

te-ran B ind . Das Sckaaa l e t aonovoa, wenn dla • a t r l a * a «£=* 

— df, =Q.V r ea l e E i g e n « « r t * haben, aber d l * H i geo -

* * r t * d * r •atr iaenfunkt lonen S(^) p e e l t l v a lad, d . i . 

AK?0, 6 r > 0 • • •on SC?-) a l t H i l f e d e r legranach-

811v*a ta r InWrpolat ionaaathod* berechnet w i r d , bekoaner " L . 

( 3 - 3 ) 
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(3.4) 

J 

Dealt können dl* Dlfferennengleiohungen l u r Lösung dea 8jre-
teaa (3 .1 ) ke regulären l e a l durch folgende Qlelchungea d e r ­
ate t e i l t "erden 

(3 .5 ) 

" • D O \~9 }> dean 

la rail* dar konstanten Kceff la lantenumd daa regullirn r > t -

• •• kann der Differenz »n aued ruck A UK in folgender 
torn geeohrieben »erden * p 

- 6 ( a ) * e i - i ^ J U ] - ( 5 & ) • 

^(x)dk i^/i.) - dar perturlatlonekoeff 1» lent daa Soheaea 

let. H l « der Berechnung Iffe) ewa daa Spektra»der Matrix 
jfc. bekoaaen « i r 0 
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1 

1 

In dar Arbeit [_1<>J wird dla. Überlegenheit dar D l f f e -
engleichungon (3 .5 ) erlt den perturbationa.kooffiaianten 

^ I lat vergleich a l t Paaalchen ApproiiaatIonen bezeigt, 

eenn der Parameter C sro/3 l e t . Die Gleichungen (3.5) un-
texeoBClden aloh loa den. Standarten Dlfferens orgle lohuogen 
»on A . I l j l n a l t den Koe f f ix lauten , «elohe an Palle 

dar konstanten snaffle lenten Sm,QM L»l = i,i/3), C, (L 

und der Randbedingung erater Art d a r Konstruktion genaue • 
Dlffereasenaoheaea aichexn. Das genaue Dlfferenxenachema 
( 2 .13) . (2 . i 8 ) , ( 3 . 3 ) kenn men auf dea nlchtregulare lata über­
tragen, wenn die Koeff ia legten etile im eise konstant Riad. Im 
Pal le dar verende reichen Koeff laienten hat das D i f re ranzen -
»Ohe»a alndeetern die swelto Approximationsordnung, und s l s 
koavexgiart gleichnamig, aean A f ; 4 4 r < l j oder C,d-»Oo 

Ja den Arbeiten (15 ,16 ,173 »urden andere eindimensionale > 
hydrodynem lache und MED II ode l ip ro blame n betrachtet , " l r Ber­
ken dan Pa l l an. »enn dla Matrix In der Poxm 

( <XX<- <k 

iev.oder dla aaalte Gletohurg ( 3 . 1 ) in der Pona ( * x . w / *^X,^* 

+eH = ^ t a t . Dan» ha» die Matrix Slü) (3 .2 ) 
folgende Pona 

1 
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4. D l » B Igen art l gke l t en d e r » » I U I « rung dar 
numerischen Bethodan z u r lösung dar Randwert­
aufgaben 

Die DlfreronzeD.Bchen.aa känuan nach folgenden Meraaelea 
k l a s s i f i z i e r t werden! 1 ) die App roxira e t ionsweise des 
Hauptd l f f e raa t l a l ope ro to rs In Baun (dla « i n s e i t i g e « und 
zent ra len D i f f e r ences , d i e monotonen und genauen Approxi­
ma t i onen ) ! 2 ) dim Approxlmstlonswelas das Dif f e r e n t l s l o p « -
rntora in d « r Z e i t ( e x p l i z i t e , i s t I i s i t e .und halbaxpl ' .a l te 
Approximat ion) ; 3 ) d i « Approximationen d e r Gr»nzbedi -rua-
gen t 4) d i e lönungsmethodon dea DiffarSESenachemaverfeh­
re ns ( d i e Statloniarlalerung^Bettiocie , d l * a l t e rna t i v e s - R ieh-
tungaaethoden, d ie i t e r a t i v e n Me thoden ) . I n d e r l e t z t e a z e i t 
rechnet man dla Problemen der numerischen Hydrodynamik und 
MHD bat genügend gro" i . «n Pananetarn ( HQ.)G>~- Z a h l e n ) . 
Deshalb müssen spec ia len Betsmethoden und andere nuaerisohan 
Vorfahren ausgearbei tet « e r d e n , welche m i t folgenden B i gen -
ortea s i ch charaktlala ran t 

1 ) d ie Anwendung ainea n i c h t regulären H « t » e e m i t dar Mag -
l l c aalt daa Beta d icht susaaswapxa-se» in den Oebioten B i t 
großen Loa ungag: «dienten i 2 ) d la monotone Approximation 
z w e i t e r Ordnung d e r konvektlven G l i edere i 3) d i e e f f e k t i v e 
Anwendung daa i a p l l s i t e n 3oheaaa ! e > wa«d la iäaunKJear mehrdtaep 
e iona len Problemen a tu f *nwe ise "au f dla Losung d a r eindimen­
s iona len Problemen r a d u z i e r t i 4 ) dla verbesaerung der Appro-
r lmatlonamethoden dar Orenabedlngungen, sua B e l a p l a l , f a r 
d l a f l r b e l funkt Ion i 5) d i e Losung das D l f fe rens«Bg l « Innung« -

sym f a s a l t der w« A thenen Oes au i g ke 11 
E f f ek t i v s i p d _ d l » l a p l l s l t e a T o k t o r a d l f f o -

reQzenao..eoiaB und dla l oka l en Belt fst lonalosung^sBethodeo 
f ü r daa Gle ichungssye tarn in d e » ( » » « ^ nje i t o c h l n h t . Der o p t i ­
male Relax at lonapaxsnet*r 1st In. jedem Hetapunkt der D i f f e ­
renzengleichungen a i . konstanten Kbe f f l a i en ten t u bast laaen. 
D i e gut* Model lg le ichung für d i e Bestimmung des optimalen 
Relax at ionaparametera i a t die l i n e a r e Gleichung (2 . l ^ ) ( f « O j 

http://DlfreronzeD.Bchen.aa


»9 
und seine D i f f « r e raenaaa los ( 2 . 21 ) [11,13]. W i r betrachten 

den Iterationflproza/? a l t dem Bale* atlonsp arose tor J r 

« I ) In der Fora 

# ö (4.1) 

wo H •• - d i e H» tz fun k t l o na» a r t en I n d e r - ten I t e r a t i o n 

' ^/ . - d l B 8"««beneble fangs arxi ehe rung i s t . 

« y (Ki («: j 
Sie Di f ferenz 2Lty — — - ba t d i e homogenen 

Oleiohungen ( 4 . 3 ) ( t y^ i = ^ ' * " ° ° P t l B a I a » l a x a t i c n a 

paxaaetar u)J in dar Pon» 1B* £l3,18l 

• o t e l 

Venn U == 4 . 1**» dann 1st d i e Formel ( 4 . 4 ) nur dann 
g u l t i / , "enn j [ 6 3, (m^J,«/1 1»t. Dlaee Formel v e r a U 
gerne ine r t dla in der L i t e r a t u r bekannten Po me in von Jung, 
Raaaol , Takemitau, a t r l k ve rda , Botte und Widmen. Di* Bs räch 
nungsreaultatan ae igen , dap d i e Dlfferensoo*ch*mu* von 
I l j i n den Voraug Im Vergleich zu den zent ra len und e i n s e i t i ­
gen Dlfferemenmethoden haben,Hleno die Ralnoldazjai laerten 
ß^, d t d*a ICtzea « a chaen , daaq atraben d i e paxaae t e r * t i -

t ea tJ0
r

 zu HuU (d i e Methode van S e i d e l ) . 
Zur 05sung der infeng»-Randwertaproblemen der aathema-

t lachen Physik und MHD e p l a l t e i c h t Ige Bol le d ie S t ab i l i t ä t . , -
badlngungen und dla Genauigkeit d e r Dlffareßsenschomae f_ 1 \ 
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hier kann man ashen, daß dla absolut stabi len iapl la i ten 
Dlfferenaenscheaas (die Methoden 'von Krank-ftlkolson, D iu fo r t -
rranksl , plamen-fpkford, Duglas-fiekford) die Genaute-
Hi l t für die Lösung der nichtstatlonaran Aufgaben nicht 
garantieren. B»i der Auflösung dar hydrodynemIschen und MHO 
Problemen i s t es notwendig"!» betden^p»ktran (der stetigen 
und diskreten Aufgaben) au vergleichen. Das h i l f t 41* v e r s ­
chiedenen S-tab 11 ltät« -Prosessen (numerische und hydrodyna­
mische) miteinander s*u vergleichen und dla stab i len A lgor i th ­
men aussuarbsiten . 

Pur die Gleichung ( 1 . 7 ) 1st das e x p l l s l t « Di f ferenaea-
achemamlt der monotonen Approxtaatioa (2 .30) in der Pom 

Dl* Stabi l l tatsanalyse basiert auf daa Ma*bnumprinalp , 
aus dea die Stabl l l tetaungle Innungen folgen 

fü r da* kl so s lache 3cheaa a l t d a r sentralen Diffeiensen 

(fa~)fZ = ^ ) fo lg t von. ( 4 . 4 ) d l » wesentliche Ungleichung 

4 A/ • POr das monotone Schema 1st die lAoslelchunc 
( 4 . 4 ) automatisch e r f ü l l t . Die E Inch ran kungen (4*5) i n b e ­
äug auf dan Ze l t schr i t t TT kennen such fortgenoaaten werden, 
wenn la a on o tone n Scham a ( 2 . 3 0 ) T~ — *y i a t , und be kom­
men wir eine axp l i s i tas absolut s t a b i l « Dif rerensenachaaa 

K_**jtr- -•• 
Dl* Gleichungen ( 1 . 7 ) des paremetrlach*n Scheausimlt 

awel Schlichten sind In der Porai 
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Aua dan Ma* la-anpriesJ? f o l g t d ie Ungleichung ( 4 . 4 ) und 
dla Ungleichung 

Die s tat ionäre Iüeung der Dl f ferensengle iohungen 
kann nit dar absolut a tab l l en I terat lonsmethode von Saide 1 
oda r a l t der obene Re l e * at to nana thode a l t dan optimalen P s -

ramstexn ( 4 . 2 ) r e a l i s i e r t warden. lü r das Schema der 
zentralen D i f f erenzen g i l t nur d i e untere Re Ig t at Ion säe thode 

ZUSAVVBHPASSOMQ 

Aus dar Basis d e r numarlachen Untersuchungen ia Gebiet 
dar asthematlsohen Physik, Hydrodynamik und MUD der sahen 
lnkoapresslhlen olektroleltenden Plüsslgkelten kann aaa 
folgende Schlüssen ziehen . 

1. D l * konetrulertan Dlffarauenschea** für die Uaung 
dar Grentwertprobl'. ae können In »eiten Parame terewechselge-
blaten verwendet werden. Die Dlfferanzensoham« sind monoton, 
sie beschreiben gut dla G<*Bsaöhlchten und approximieren 
gleicheajjlg aumindeat a l t dar Genauigkeit der swelttn Ord­
nung dl* an tap rechenden Grenzproblemen. 

2 . Dl* Effektivität der enthalteten Spesialen Methoden 
1 s t für die Losung der Randwertproolemen den Gleichungen e i l t 
großer. Paraaetexn bei den Ableitungen erster Ordnung bagrun-
dat. Dl* optimalen Koefflzlentea del- »laxettonemethode und 
dla Stabilität» bedingungen sind für dir aonotonen Differenzen 
echten bokommen. 

3. Dla auegeerhaltenen Methoden auaaaasn mit den *xp*rl-
mentalen Untersuchung« eräöglicoeo " die aathema­
tischen Modelle au schaffen und dla Eixeneohaf ten. dieser Mo­
delle abhängig von"den~~ Paraaetaxn an • eaaxaaamâ ' . 
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! I . . - 2 BEZfil .:!:. :."-KM 

Ulli) - d i e Ut«Qotoh>dro.dynaBilk. 

bDb • d U geVöhu l l chan D l f f e r a n t i a l g l e i cbungen • 

•fr - d e r 2eitB6rajJt«r. — . _ 

v/, tO* - d i e G e s c h w i n d i g k e i t una » l r b a l - V e k t o r e n . 

\lf-U, ^ a r * V / _ d i e cescb*lDdi*le)itBvektorlB»po-

nenten In k arose isci ien Koordlnr.ten. 

Ifj-^lt . ^ ^ - s - Z l v P - d i e i V - « l r b a l w 0 k t o r k o u i p u D e u t e o d e r 

d i e wlrbel f unkt i o n . 

j ^ f j ^ p r f / y ' f ^ / ^ ' " d o r F l ü a a i g k e l t s d r u c k und d e r volle 

( - f t - - d u äußeren K ra f tve kto ra j und d e r e l e k t r c a u K -
I ' K T * * > - • / - » ^ Q ? l 

- / - - > - > oe t i sche K r a f t v e k t o r f - - J * B / • 
D;Hj £ - d l « M a » i e t f e i a 3 i i u i u l r t l o n B - I u t e u u l v i t ä » - u n d 

B l a k t r i f l c h f B l d a ' e l j t o r e n . 

J / ^ - d i e 3trömungBdicht6- und S o h w e r k r a f t b s a c h l e u n l -
; « u n s e v e k t o r e n . 

I I 1/61, d i e e l e k t r i s c h e S t römung , d i e Mediumtempuratur 
und d ie Q u e l l e f u n k t i o n d e r Wärme. 

lilj^i^i^J^J^IIjC- d i e K o e f f i z i e n t e n d e * 

D i c h t e , des B l e i r t r o l e l t v e rmogen i j , de r k i a e o a t i a -
ohen und dynamischen Z ä h i g k e i t e n , der Wärmsver -
b r e l t e r u s g , de r Wärme kap az l t ä t dea W ä r m e l e l t v e r -
mbgaQfljder Magna t p e r r a a b ü i t ä t , d e r U a g u e t v i a k o -
s l t ä t und des Tempera tu ra l e l tvermögens ( h = r*f 

1 i . • - I ' ^ J ) ' ö " i i e c h s r a k t e r i a i e r e n d e n G r ö b e n d e r Geach • 

» I n l i g k e l t , d e r L ä n g e , d e r Magne t f e l d Indukt ion 
und Temperatur . 



- Reynolds- und Reynoldomegn-t 

20? 

sshlan. 

Hü •= fyj*fl , M= tyCpftf) - H-rtnsnn- und 

Alsveiavshlen. . 

Cr L0 (T-T*t) i - S t i u n r t - und 

^ GrsPgof zah len . 

S - & der Hlaktrc'lrbels.tromungparsme t o r . 

ljt~C'4JL»«/Vo" d e r s t r o f f l u n « B r t ' e n * l o n t a ) e f i i s l e n t , 

PV"= |̂ .-=Gr- Pr - p r a n t l - una l ek l o sah l en . 

n/o~ der Winkel «wischen der Richtung des auÄeren Magne t f e l ­
des und der 0^.-Kcordlnatenachse. > 

L = jdiV) A - D i f f e r e n t i a l - , Groö lenv- , 

D i ve rgenz - und LeplaSop» rat ore . 

D/OT= Ttfot-ti. ^.JtQd) - * * • » o l l B Ableitung sur ae l t . 

3 / f ) l * d e r Bonaalable i tuugs ope ra to r In bezuj auf d ie au-

PERE G ronzno jna le . 

— j - d i e sentra len Dl f feransen s w e i t e r und e r s t e r 
Ordnung. 

CCI A- - d i s gleichmäßigen Hetzschr i t t en s u r Z e l t und la Haue . 

f?|»=̂ /P - Reynoldssabl des "Be'tsas" a l t dar 3eschwind igka i t -

skoopononte . 
Y - dar Di f farensenaoheaasper turbat ionskce f f i s iant i 

- das Differensenschema von I I j I n , 

2 ) J ' s f y / i + ^ f r - 2*1*) - d « « Dlffaratascachema von 3 a -
o a r a k i , 

3) V^l-tKifZ - das Dlfferansenachema gegen den Strom, 
o_der d ie üpw lnd-D i f feRANZEN , 

4 ) ^ ~ i- - d a s k l as e iche Schema a l t zent ra len D i f faranzen. 



204 
U S R A T U H 

i . Auma X.3. Cpe »ernte HeKorcpwx weroflOB unojwHMoro pe-
UicmM HacTaUHOMapHMX KpeaBkrx 3aaan WBTeuaTHMOcicofl d a t a « « / / 

la»B.uaveM.emeroiHMK.-Pure: 3hhbthg, a Bi«.20,. G.78-94. 

2. HdJIHC X.S. 0 KOHOTOHHHX paSHOCTHaK CXOHSJC AAA pOBO-
iiua OOHJR Kpaeooft salami cuciom ypaaneHHR ;*arHHTHoB, rnflpo-
HHiuinHKii//HncJieHhiie MOTOAH MexPHWCK cnxomHofl cpoAU.- I I O E O -

CHÖiipcK; 1962. T . 1 3 . « p . l . 0. 84-97 .1 

3 . KaiMO X.3. Gneiuifixbjaw pasHOCTnte cxeuu pemtwn 
KpafcBKx aafljiu AAA Qßf BTcporo nopflfliuv'/npH HjiaaHue sanauH ua-

TeuttTKuacKon $ H S M K M . - Pure.: B&TBMRCKHR VHM Bepcwt err ,1983, • C. 
115-133. 

4 . KBJIHO X.3., narcjiKMHa H.3. HeKf-opwe pasHocTHwe 

uxetsV AJIH pemeiiiiH saji,au kohb6kid<h bhskoP HecxvoiaeuoR X H R K O C -

TM//i1pHKJuvpuia sa^auH Mareua-rKUBCKOR $M8MKM.— Pure : JlaTBHR-
CKMfl yilHBOpCHT8T , 1983, C. I34-I . I . 

5 . KajiHc X.3. CneimaxbHwe pa3Hocna*s ueroAU peaieHHH 
auAtw ifoew pjia. <$}///Satt.uarreu.er-aroAHHK.- Pitra: 3hh&th8, 
I984,.sW.28. .C.39-6I. 

6 . Kbjimc X.3. 0 nptoasHBKHM HsxoTopfaDc MOMÖTOtäaix p a ä - * 
iiocTHkDt cxeM a m pemeHHfl ajuiMjmraecKMX ypsBHStoiR BToporp 
iiopflflKa//MH6flBKHue MeTonii uexaMuat CXUIOBHOR cpejui.- i loao- ' 

caöapci 1985. T.16. trjl. C. 65-80 • 
1 . Kajurc X.3. llocrpc Hue tomhhx paaHocTHUx cxeu BJM 

LflHouepHia MPftesbHux aanaq narraTHofl riupoAMHaMHKn/A|HCJien-
Hue tasTonv jasxaKHiw cnxcamofl cpepM.- 1986.T. 17, » . C.80-91. 

B • KaxMC X.3. Tonxue pesHocTHUe cxeuu pemeHHfl upaeBUX 
asÄ».«! nl\y Broporo nopajiKa c Kycowo-nccrroHHHt*oi K0344*"iHeH-
I&MA//JlaTB.MaTeM.eKeroAHMK.— Para: 3HHBTHe,I986, Bun.30» . 
C. 177-184. 

9 KaxMC X.3. CneiwajTbHW pasHOCTHue cxeiaa peine KM* 
«paeBkR a&flau MaTei«aTn«ecKoa d»aMBa//3aei«'poHHoa MOAeiwpo-
Bftiuie.- Or : 19B6. T.B. « r . 3 . C . 7 8 - 8 3 . 

lo . HaxHC X.3. HsKoropwe pa3HOCTHue cxeuu jvih peoeHMfl 
BjjbeBux aaaau rHApoAtacuetirn u kdrHHTHoR rtmpoAHHavHKH b aw-
,-uküm DHanaaoHe M3MeiieHKfl n^rxtMerpoB//a^TB;iiaTeM.ex<aroAitHH. -
Para: buna-rite,1906, 3hi .31 , c . 160-166. 



* * . KBJDK X.3. HHCJieMHoe peveHue ypcmemn Teruoapo-

BOAHOCTH B MHOrocXORHOtl CPOD,e HBTOAOM OOTMUajlbHOrt pexaKca-

Bjn^/Hayinoie Tpynj«: [hpHKj&Aioie 3&pßMu HareuaTHuecKoP, $ H S H K H , 
«TeuaTHuecKoe uoflojiHpcBaHHt. - Pu r e : laTBtlRcuifl yifiiBepcH-

w , 1991, .* .564., C I C 5 - H 6 . 
12 .KajiHO X .3. C cneiniaxbHOH pasHOCTHofl airapoKcmeaiWH 

Käcanoconpi«eHHcro BwbtepeHtwanbHoro ypeBHOHHH TcanonpoBOA-

HOOTM B iqaieonuiaftKuc opToroHBjttHhot KOopÄHKaTax//Haj"mye 

tpyftw: uaTeuaTKKa, rn«jd)epeHtniajibHue ypaBKOHHH. - Pura: Jlar-

BHHCHHR yHv.BepcKTeT.I992, T .57C, c.85-93. 

1 3 . KEJIHC 2 .3 . OnpeneaeHHe omHiaubKuc KO9$^HU)MHTOB 
laarixBa. aoaajrbHofl peaaitcaam. ojw peoeHHH ypae+teHHH Teruonpo-
BOBHocTM B ÄByxcjioBHofl cpefle//HayuHMe Tpyflbi: MBTSMBTiraecKoe 
MOAejwpoBaHMe, npmuiaflHM. aajiaqa »aTeuaTHueoKOfl ipHSHKM.— 
Pnm:5aTBnBcKnn yHMbepcHTOT, 1952. T .575, C.69-IC0. 

X 4 . Kol la H., Pa lotauTr B .7 Rokyta H . Mathematical mo­

d e l l i n g of an e l e c t r o l y a l B procaaa//CoBimen tat tones Vathema-

t i c a l . Utalvoroitoteo C a r o l i n a « , 1989« V o l . 3 0 , Bo .3 , r .465-477. 

15 . H . K a l l « . Spe c i a l f i n i t e - d i f f e r e n c e appro* im a t lone 

o f f l o " equation* in teraa o f stream funct ion , v o r t i c l t y and 

v e l o c i t y components f o r v iscous iDcooprese i b i s l i q u i d in cu r ­

v i l i n e a r orthogonal coordinates//Ccamentat ionee Mathematical 

Un ive ra i ta tos C a r o l i n a « , 199 3, V o l . 3«.-Bo .2 ,10 p . to eppeer . 

I f i . H . K a l i n . Spec i o l f l n l t e - d i f f e r e n c e spproz lm at lone 

o f uagnetohydrodynisDica equntloru in o u n l l l n e a r orthogonal 

coord ins tee o f t»o dimensional v iscous incompressible flow 

//ZAUM, 1993, 12. p . , to appear. 

* 7 . H . K a l i s . Spec ia les d l f e rancu abaaau mattmatlskie 

f H i k e s problemu r l a inääanA//Latv 1 jam unlvera l tAte , man 1 -
bu l l d s e k l i s , 19 ) 1 , 104 1pp. 

' I B . H .Ka l l a . DfTerenclAlvlönadoJumu tuv lnt tas r l P lna -

isnaa metoaes//Rigai Zvaigaoe ,1985, 416 1pp. 

19 . H . K a l i s , «epartraukto un d l sk r e t o aotaaAtlakAe f l 

kaa pro Menu a n a l l t l e k i e a t r i a InAJ ua l//iatv 1.1 e» un lvara l ta 

t e , meto l lska 11a t r a d e , 1992, lfl lpp . 

http://yHv.BepcKTeT.I992
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X.Kbtoc. PagpeCoTica h npmeetaawie cnepjuurbmoc ihc tchhspc tasroaoB 
AJiH patiemm a^aai WTeuaTugocKcn $hshkk, rtmpofiimawMioi H ata"-

AHHoramui. CCHOBHMX peayabTeTO* xafjiumTequoHHoB paÖoTH 
jyi« coHctciHiü crenei« xao.AOKTope no naTawBTHKe BBjweTcn pas-
paCoTKa cneiniaJibHwx mohotohhhx KOH9«jho-p&ehocth»dc exen nim 
pesasrnw chctcvu ypaBHemiH MaTewaTMuecKOR 4><?WKH npw mmmnt 
»bjiwx napaueTpOB fipn CTapmnx nponaBOjiHirx um Ooiibmirx napaMBT-
poB npH MJiafluutx npon3bcI\hkx. JAK 533.4 . 

H.Ka l la 
Department o f Mathematics 
Latvian un ivers i ty 
R iga LV-15B6 
LATVIA 

H . K a l l « . S p e c l a l u o k a l t l l a k o me to zu las trade un p l e l l e t o s a n a 
matemctiakfls f l z lkaf l , h l d r o d l n a m i k a a un «Tag08 t l a k a s h l a r o -
d lnamlkao probIgmu r l n l u a e a p A . 

A p o t ä c i j a . G a l v e n l e h a b i l i t ö c i j a s d a r b a r e z u l t a t l h u b . 
D r j n a t . g r ö d ö l e g O ä g o a l l r spec l a l u d i f o r o u e u shemu k o n a t r u « -
Sana r o a f nst iskafc f l z i k a a rc.bezp roblarnu r i e i n a ä a c a i p l a i n p a ~ 
ramet ru ls mala es d l a p a z o n a . D i f e r e n £ u ehema* i r monotones , 
l a b t a p r a k s t s r o b e z s l a a u a un v l e r m e r l g i vien.es e r o t r a s k a r ­
ten p r e c l a i t t t i sproks lme a t t l e c l g a s n e p a r t r s u k t a a r o b s z p r u b -
lamaf.. P a r a d i t a l e g Q t o spec i ä l o noetozu e fe ktiv t t n t a , r i e i -
no t r o b e s p r o b l e m e B , kuru v l enano jumoa l r H e l l p a r e m e t r l p l a 
p Irmas kar ten a tvas ln f t j umlea v a l n a s i p a r a m e t r l p l e a u g a t a -
käa ( o t r o n ) ka r tas atv es In a jura l e n . K o t e l k t i op t iraäl le r e l e k -
s ä o i j a a ne toiles k o e f l o i e n t i un S t a b i l i t ä t e n noSaCl juml mono­
tonem d i f e r a n ö u shemam. I z a t r ä d ä t a s e k a l t l i a k s metodes kepa 
e r e k s p e r i m e n t a i l e m ns t l j t an iem d e v a i e e p s j u r a d l t n e a a & p i e i a -
mu e l eVt rovado f iu v i s k o s u sk ld rumu pldamu m a t e a a t l s k o a modalua 
un I s p S t l t to Ip 06 I b a s a t k a r l b f i no p a r a m e t r l e a . 

http://vien.es


LATv'lAB MATBtMATICAL SOCIETY 

tha Latv ian Mathematical S o o i e t y vaa founded on January 1 5 , 
19951regietared on March 5 , 1 9 9 3 ) . Thia i a a ro iuntary organxaa-
t i o n unit ing 66 membera - about a h a l f of a l l working aathoaat l -
c iana in tha country. 

Among the aa io piu-poaes o f the IMS a r e : 
to support researches in aa theaat i ca and proaots mathematical 
education in tha country; 
t o contaet with in te rna t i ona l p ro f e ss i ona l aa theae t i ca l organisa­
t i o n s and to represent I n t e r e s t s o f Latvian natheaat io i sne . 

The Latv ian Hatheaat ical Soc i e t y i a headed by the Board 
e l e c t e d by the Common Meeting o f the aeabers o f the Soc i e t y . 
At present the Board cons is ts o f 7 aeabers : Dr. Bab. Math. Old is 
Baituaa ( t h e Chief o f the S o c i e t y ) , Dr. Hath. A . Reinfe lda ( t b e 
Vice -Ch ie f o f the S o c i e t y ) , D r . Bab. Rath. A . ftoatak ( the Becre-
tary o f the S o c i e t y ) , Dr. Bab. Hath . J . Carkov, D r . Hab . Math . 
I . Bt razd ins , Dr. Hath. J . C I r u l l s ( t h a Cashier o f the S o c i e t y ) 
and Dr. Math. A . And i ans . 

The IMS es tab l i shes bus ine s s - l i k e Cooperation with s imi la r ' 
o rgan i za t i ons in o ther countr i es o f Europe and in the w o r l d . 
A use ful cooperation i s being es tab l i shed with the Estonian 
Mathematical Soc i e t y , Po l i sh Mathematical So c i e t y , Pinni.ah rathe 
a a t i c a l Soc i e t y , Matheaet lcal Soc i e t y o f Denmark and some othera. 
Thia cooperat ion env isages , in p a r t i c u l a r , exchange o f a c t u a l 
information concerning the a c t i v i t i e s of our a o c i e t i e a , important 
evanta in mathematical l i f e in the count r i e s ; exchange o f i n f o r ­
mation about tha main d i r e c t i o n s of s c i e n t i f i c i n t e r e s t and 
researches o f working Mathematicians In the c ount r i e s ; the 
exchange o f s c i e n t i f i c and popular l i t e r a t u r e published with tha 
support o f the S o c i e t i e s as w e l l , a a with other m a t h a a a t l c l 
pub l i ca t i ons printed in the c o u n t r i e s . 

4 
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•WTEKÄTirA 

Zlnftnlsvie rakati 
98a.a«Juirs 

Anfllu un vlcu valcdS 

Recenzentli U.Raitum*. DV-.'haDil.uat. • rutcs^tikaa 
un Inform!tikaa tnstttfttal 

J keolt ia . Or.-Mth.. LU Oifa. -a- .clI l . ie-
nJdoJuao u"» tuvindto aprBtti-
nu •. - : u aatedra. 

Redaktorit R.Sostak». L.Paeql* 
Tehri»»S redalitore i ln iO i 
Korektcve S.Acenjae 

Paraksttta leap.16.12.93. Rae.-apl .Nr .J-0266. Papf-a formate 
60»B«/16. Paplra Nr.3.11-3 f i t . l e ep i ed l . 12 .3 jraK.1 espied 1. 
lO.Suzsk.izdevn.l.Metiene 200 ••.« .Pntü t .N>-.afi*>»n » L* 0.77 

LatviJaa Unlvera l t l te 
LV-1099 Riga, Raioa bulv. 1? 

tespieat« tu r o tap r l r t j 
LV-1030 Riga. raleJu f a l l 43 

The IMS ore niaea l e c t u r e s devoted t o d i f f e r e n t actual 
d i r e c t i o n s o f research I n Mathematics. In p a r t i c u l a r , on Hay 1 9 « 
1993 Or . Hath. A . Re ln fa lda presented a l e c t u r e in which ha has 
oonr '.dered aoae problene o f the q u a l i t a t i v e theory o f dynamic 
e y s t e a * . The 7J*8 I s p lanning t o publ ish the eontcnto o f these 
l ac turee in s a p e e l e l s e r i e s o f p r e p r i n t * . 

In fu ture , the Journal "Trrnaact iona o f tha La t v i sn Hatha— 
a a t i e a l S o c i e t y " i s planned t o be publ ished, t o o . 

The LH3 s t a r t s the work on tha La 'Tian -Engl ieb-Geraan-
Russlsn vocabulary o f n a t h e a a t l c a l terminology . Thia work i s 
coordinated by pro fessor I . S t r a sd lnJ . 

n . Rs l tuas , tha Cbalraan o f t b * La t v i an Hatheaat ica l 8 oo l * t y 

a. i oa taks , the Secre tary o f the La t v i an Natheaa t l ca l Soc ie ty 

http://Oifa.-a-.clIl.ie-

