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M a te r ia lu  punktu  s is te m a s  dinam ika.

§ 1. S îstêm as d ê f in ic i j a ,S p e k i  un r e a k c i ja s ,S îs tê m a s  
s a i te s .N e a tk a r ïg a s  k o o rd in a te s .G a ly e n a is  y e k to r s . 
( ja ly e n a is  im pu lss-.G alyena is moments. leksê.jo  Бре­

ки d a rb s .

M a te r ia lu  punktu  s ïs tê m a  i r  îä d a  ķ b e i  l a l u  punktu  sakopojum s,kuŗá  
k a t r a  punkta  k u s t ïb a  ie sp a id o  a r ï  p ä rê jo  punktu  k u s t ïb a s .

Pêc s ï s  d ê f i n i c i j a s  n ev ien s  s ïs tê m a s

a r e jo s  spêkos un

punk ts n ev a r k u s t e t i e s  n e a tk a r ïg i  no c i t ie m  
punktiem  un , j a  käds p u n k ts  k u s ta s  n e a tk a r ï -  
g i  no p ä rê jie m , ta d  tä d s  p u n k ts  p ie  s ïs te m a s  
n e p ie d e r . Saskaņä a r  so d ê f i n i c i j u  a ry ie n  i r  
jäno ro b ezo  s îs tê m a , t . i . j ä i z s ķ i r  k äd i p u n k ti 
p ie d e r  p ie  s ïs tê m a s  un k äd i n e p ie d e r . Pêo tam 
t i k a i  v a r  ķ e r t i e s  p ie  p r a s l t ä  jau tä ju m a  a t r i -  
s in äsan aso

V isus spêkus, k u ŗ i  ie d a rb o ja s  uz kadu
s is tê m a s  pun k tu , yaram i e d a l ï t  d iv ä s  g ru p äs:

_______________ ie k s ê jo s  sp ek o s . A rê j ie  sp ê k i i r  t ä d i ,  k u ŗ i  aàk  ao 
a rp u se s  s ïs tê m a s . ï e k s ê j i e  sp ek i i r  t ä d i ,  k u ŗ i  näk no p asas  s is te m a a ,
t . i .  no kada s is te m a j p ie d e ro sa  p u n k ta .

_Täpat a r ï  varam i e d a l ï t  s a i t e s  un s a i t e s  r e a k c i ja s :  ä r ê j ä s  un 
i e k s e j a s .

Lai a t s ķ i r t u  ä r ê jo s  spêkus je b  r e a k c i ja s  no ie k sê jie m , iev ed ï£ im  
apzïmejuxnus: a r  in d ek su  ”a ” la b ä  pusê augsâ apzîm êsim  ä r ê ju s  spêkus un 
r e a k c i j a s ,  b e t a r  in d ek su  " i ” ie k s ê ju s  spêkus un r e a k c i j a s .

A n a lo g isk i in d e k s i  la b â  puse apaksä  r ä d ï s ,  uz kädu no s is tê in a s
speks ie d a rb o ja s .

ä r ê j a i s  sp ê k s ,k a s  ie d a rb o ja s  uz punktu  к
punktiem  a t t i e c i g a i s  
Tä piemêram: -^а .

i r  i e k s e j a i s  sp e k s ,k a s  ie d a rb o ja s  uz punktu  к

Sg i r  p unk ta  к a r e j a  r e a k c i ja

8? i r  p unk ta  к ie k s e jä  r e a k c i ja
F ie z ïm e . No Newtona IV p am a tp rin c ip a  (d a rb ïb a s  un p re td a rb ïb a s )  Беко, 
ka s is tê m â  i e k s ê j i e  sp ê k i un i e k s ê ja s  r e a k c i ja s  näk p r ie k s ä  pa d iv i  
y ien äd ä  l ie lu m ä , b e t p r e tê jo s  y i r z ie n o s .

T ik a i â r ê j i e  sp ê k i un â r ê j a s  r e a k c i ja s  var n âk t p r ie k s a  s i s t e -  
mâ a t s e v i s ķ i  pa vienam .
D ê f in ic i . ia .  S is tê m a s , k u ŗä s  näk p r ie k s ä  t i k a i  s p ê k i ,b e t  r e a k c i ju  nav 
( t a s  nozïm ê, ka s a is u  a r ï  nav) sau cas p a r  brîväm  je b  dinauiiskam s i s -  
t  êmam.

P ie m e rs . A p sk a tis im  s is têm u , s a s tä v o s u  no d iv iem  smagiem magne- 
t i z ê t i e m  p u n k tiem ,k u p i k u s ta s  
uz kädas l ik n e s  un bez tam i r  
s a i s t ï t i  a r  s t i e n ï t i .

- S ek o jo t n u p a t pieņem tiem
X  ap z îm ê ju n ieu , k o n s ta tê ja in , ka

F î  =  ы 1в >

Fg = Elgg )
suaguma speks i r  
ä r ê j a i s  spêks

un s p e k i ,a r  kuŗiem  mag- 
n e t i z ê t i e  p u n k ti s a v s ta r p ïg i
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^ ( x y z )  = 0

p ie v e lk a s ,  i r  i e k s e j i e  sp ê k i, p ie  kam

Sļ l ïk n e s  r e a k c i ja s  i r  ä r ê j a s  r e a k c i j a s ,  

un s t i e n ï s a  r e a k c i ja s  i r  i e k s ê ja s  r e a k o i ja s .

S is tê iaa s  s a i t e s .
Agräk yienaia punktam s a i t e s  v a r e ja  b û t v irsm as v e idâ : 

f (x y z )=  0 
je b  l ik n e s  v e id a :

^fg(xyz) = 0

I io  kam s a i t e s  n o lïd z in ä jw a ä  näca ie k sä  t i k a i  v ien a  punkta k o o rd in ä -  
î о з .

S istêb ias s a i t e s  n o l-u ä  v a r  i e i e t  v a irä k u  punktu  k o o rd in ä te s , un 
d a z re iz  a r ï  v is u  punk tu  k o o rd in ä te s , t ä  ta d  -  j a  s is te m ä  i r  'a" punk- 
t u ,  ta d  sistêK ias s a i t e s  v i s p ä r ïg a i s  v e id s  bûs:

f ( x i y i Z 1 X 2 y2 z 2  . . .  хк уЛ  . . .  хл гр ) = О

J a  s a i t e s  no l-iaä  a t k l ä t ä  v e id ä  n e i e i e t  l a i k s  t ,  ta d  s a i t e  i r  s k le ro -  
noua.

J a  s a i t e s  n o l id z in ä ju w . a t k l ä t ä  v e id ä  i e i e t  l a i k s
k ļ ^ y à X 2 y2 z 2  . . .  xk yk zk  . . .  xn yn zn t )  -  0

t a d  s a i t e  i r  rheonoioa.
Рёс a n a lo g i ja s  a r  p unk ta  sa itê ia  a r ï  s i s tê u a s  s a i t e s  saucas p a r  

h o lo n o u a n , j a  s a i t e s  n o l—us i r  d o ts  g a l ïg ä  v e id ä , t . i .  n e s a tu r  d i f e -  
r o n c iä lu s .  A rï g a d îju n â , j a  s a i t e s  r i o l ş s ,  kas s a tu r  d i f e r e n c iä lu s ,  i r  
in te g rê ja L is , s a i t e  t ä p a t  s k a i ta s  ho lonona .

T ik a i j a  s a i t e s  n o l-n s  s a tu r  à i f e r e n c iä lu s  un nav in te g rê ja iiis , 
t a d  s a i t e  i r  anho lonona . Piemêram n o l—ms

(x 2  -  x 1 )dy 1  -  (y 2  -  y 1 )dx 1  = 0

kas dod a t t i e c ï b u  s t a r p  d ivu  punk tu  koord inä têm , re p re z e n tê  anho lono - 
uu s a i t i ,  jo  t a s  nav p i l n s  d i f e r e n c i ä l s .

A tg r ie z o t ie s  p ie  a p s k a t ï t ä  p iem êra , k u r d iv i  p u n k ti  b i j a  s a i s t ï -  
t i  a r  s t i e n ï t i ,  mês so s a i t i  v a ran  u z r a k s t ï t  t ä :

) 2  + ( 2 1 - 2 2 ) ^ - £  = 0

-u.r s t ic -n ïs a  ganM S. Bet j a  s t i e n ï s a  v ie tä  näks p av e d ien s , ta d

0

Y is p ä r ïg i ,  j a  s a i t e  i r  d o ta  f i z i k a l i ,  uês a rv ie n  varam t a i  u z s t ä d ï t  
n o l-n u  un a r ï  o t r ä d i ,  j a  i r  d o ts  s a i t e s  n o l—ms, mês varam u zk o n B tru ê t 
a ê c h a n isn u , kas to  ap L iie r in ä tu .

S a isu  s k a i t s  s i s t ê u ä .
Katram brïvam  p u nk tau  t e lp ä  i r  )  k u s t ïb a s  b r ïv ïb a S ; t . i .  } k o o rd i 

n ä tu s ,  kupas v a r b r ï v i  u a i n ï t i e s .  Ja  punktaia i r  u z l i k t a  s a i t e  Y irsuai. 
v e id ä ,taE i p a l ie k  2 k u s t ïb a s  b r ïv ïb a s .  J a  s a i t e  i r  d o ta  a r  d ivän  v i r s -  

t . i .  l ïk n e s  v o id ä , punktaiii p a l ie k  t i k u i  v ien a  k u s t ïb a s  b r ïv îb a .
T rc sä  s a i t e  a tņ o n  p u n k ta a  pêdê jo  k u s t ïb a s  b r ïv ïb u  un p u n k ts  p a l ic k  n t -  
k u s to s s .



F ä rc jo t  uz punk tu  s i s tê i - u ; su s tä v o su  no "a" p u n k tie u , yuraii tu ik T , 
ka u z l ic k o t  v is i e u  p u n k tie u  pa 3 s a i t ê u ,  t . i .  ņeuo t s i s t ê t i a i  Jn b u i t c j ,  
u e s  d ab û s in  n ck u s to su  s i s t ê u u .  Bet l a i  s i s t ê n a i  b û tu  v isn a z  viunu k u s -  
t ï b a s  b r ïv ïb a ,  u a k s ii^ ä la is  s a is u  s k a i t s  v a r bût 3n  -  1 .

A p z ïu e jo t s a is u  s k a i tu  a r  h , a tro d a ri, ka
uax h = -  1

Bädas s is tê u a S ;  kur s a i s u  s k a i t s  h sa sn ie d z  savu raaksiriälo v e r t ïb u ,  
cauc p a r  s is tê r iä n  a r  p iln ä r i  s a i t ê u .

B rïv an  punktam i r  3 k u s t ïb a s  b r ïv ïb a s .  B r ïv a i s i s t e n a i  a r  !in ” 
punktieE i bûs 3n k u s t ïb a s  b r ïv ïb a s ,  b e t j a  s i s tê n ä  i r  h s a i t c s , t a d  k u s- 
t ï b a s  b r ïv ïb a s  p a l ie k  s = 3n -  h

S is te r ia i  a r  p ilnäm  sa itê m  i r  v ie n a  k u s t ïb a s  b r îv ïb a ,  jo  t a i  
h = 3n -  1 un s = Jn -  h = -  (}n -  1) = 1

B rïv a  c i e t a  ķermeņa k u s t ïb a s  b r îv ïb a s :  I z v e d ïs ir i ,  c ik  brlvam  c ie tam  
ķem en im  i r  k u s t ïb a s  b r ïv ïb a s ,  p icņem ot, ka t a s  s a s tä v  no n p u n k tie n , 
n e g ro z ïg i  s a i s t ï t i e m  savä s ta rp ä .  No n punktiem  iz d a l î s i in  p irb o s  3 
p o ņ k tu s : 1 ,2  un 3. L ai t o s  n e g ro z ïg i  s a v ie n o tu ,_ i r  v a ja d z ïg i  3 s t i c ņ i .

4
Ц L ai p i e s t i p r i n ä t u  k a t ru  no p ä r i  p a lik v .s ieB  (» -  3)

punktie in  p ie  p ir a a j ie in ,  p a r  p ie iâê ru  punktu  4 , i r  va- 
\ j a d z îg i  3 s t i o ņ i ,  t ä  ta d  pav isa ri s t i e ņ u  jc b  s a is u
\  s k u i t s  bûs

h = 3 + (n -  3)3  = jn  -  6 
no k u r ie n e s  k u s t ïb a s  b r ïv ïb a s  p a l ie k  

^ ïm . 3. s = 3n  — h = 6
Säds r e z u l t ä t s  p i l n ï g i  a a k r ï t  a r  ķeŖneņa k in ê n a t ik a s  s lê d z ie n ie u , jo  ka- 
t r a n  b r ïv a n  ķermenim i r  3 v ir z e s  k u s t ïb a s  b r ïv ïb a s  g a r  k o o rd in ä tu  a s ir i  
un 3 grieze^s k u s t ïb a s  b r ïv ïb a s  ap tä n  pasäni a s ïu .

S is tê m as  koord in .ä tos je b  L a g ra n g ^  k o o r d in ä te s .

F a r  s is tê m a s  je b  Lagrang^a koo rd inä tem  sauksiin tä d u s  nea tk arïg -g s geome- 
ì i - i5 à a s  l i e lu ä u s  ( a t tä lu iï iu s , garuigu.s je b  le ņ ķ u s ) , a r  kuŗiem  s is tê m a s  s t ä -  
V3k l i s  ЪйЬи 'p i ln ïg i  n o te ik t s  un k u ŗ i  b û tu  n c p ä r t r a u k ta s  f a n k c i ja s  no 

o k a r ta  koord inätpm .
Lîdz siE i,pm ikta s tä v o k ļa  n o te ik s a n a i ,  mTa l ie to ja m  D ek arta  k o o rà i-  

n ä t e s ,  p o la ra s  k o o rd in ä te s , c i l i n d r a  k o o rd in ä te s .  Var l i e t o t  a r ï  s f e -  
r i s k a s  k o o rd in ä te s  un c i t a s .  Funktu  s is tê m a s  s tâ v o k l i  v a r n o t e i k t , iz v ê -  
l o t i e s  kädu no minêtäm k o o rd in ä tu  s is tê n ä m . Bez tam i r  v e l b e z g a l ïg i  
daudz c i t a s  m etodes n o te ik t  s is tê m a s  s tâ v o k l i  a r  zinamiem geoinetriskieE ! 
lie lw n ie m . Bet l a i  so s  lie lu m u s  v a rê tu  pieņem t p a r  L ag ran g 'a  k o o rd in ä -  
tem , tieu i jä b û t  n e a tk a r ïg ie iìi . Ja  s i s t ê n a  i r  b r ïv a ,  ta d  v is a s  3n  k o o rd i-  
i iä te s  i r  n e a tk a r ïg a s  un v is a s  v iņ a s  a t b i l s t  Lagrang^a k o o rd in ä tu  p r a s ï -  
bam. Bet j a  s is têm ä  no n punktiem  i r  h  s a i t e s ,  t a d  n e a tk a r ïg a s  k o o rd i-  
n ä te s  bûs t i k a i  3n  ~ jo  no k a t r a  s a i t e s  n o l-ша:

f(Ķ iy 1 Z 1 x 2  . . .  xk y k Z R  . . .  Zn ) = 0

v ie n u  k o o rd in a t i  v a r  i z t e i k t  ca u r c ita m  un t a  ja u  v a i r s  nebus n e a tk a r ig a .
P ar L agrang’a k o o rd inä tê iû  ta d  var p ieņem t v ien u  d a ļu  no D ek arta  

k o o rd in ä têm , v a i  a r ï - k ä d u s  c i t u s  goc-m etriskus lio lu m u s , k u r i  b - à  n e -  
p ä r t r a u k ta s  f u n k c i ja s  no D ekarta  k o o rd in ä têm .

Apzimêsim L agrang J a k o o rd in ä te s  a r  • • •  L agrang’a k o o rd in ä -
t u  s k a i t s  i r  3^ -  h , b e t s i s t ê u a s  k u s t ïb a s  b r ïv îb u  s k a i t s  a r ï  i r  
s  = 3n -  h , t a s  nozîm ê, ka L a g ra n g ^  k o o rd in ä tu  s k a i t s  s i s t e u ä  i r  t ik  
l i e l s ,  c ik  s is te m a i  i r  k u s t ïb a s  b r ïv îb u .
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L ag ran g 'a  k o o rd in ä te s  i r  n e p ä r t r a u k ta s  fu n k c i ja s  no D ckarta  k o o r-  
d ina tem , s ï s  fu n k c i ja s  apzïm esim  a r :

q l  = •••  x ky k z k 2 n^ j

q2  = S V x l y l z l x 2 . . .  *k yk z k  • ••  zn ) ) s  п о 1 _ш и

%  = x ky k z k z n } >

P ie v ie n o jo t  s is la  s nol-niiem  v ê l h s a i t e s  nol-m us
f l ( x l y l z l x 2 . . .  . . .  zn ) = 0 ļ
f 2 (x iy iZ iX 2  . . ,  x k yk zk  . . .  zn ) = 0 ( h  n o l-u u

^ " 1 ’ 2 • • •  • • •  z n> = 0

uii i e v ê r o jo t ,  ka s -  )n  -  h jeb  s + h = )n ,  varam v is u s  sos ncl-m us 
a t r i s i n â t  a t t i e c ï b ä  uz )n  D ek a rta  koord inätêm , t . i .  i z t e i k t  v is a s  
k’fekarta k o o rd in ä te s  c a u r  L agrang’a koord inätêm .

Iz d a ro t  s a c ï to  a t ra d îs i in :
xk = ••• %’
yk = Т к у ^ г Ъ  ••• %5 
zk = ••• %>

Bet j a  ta g a d  mes s a i s u  nol-m us ie v ie to s im  D ekarta  k o o rd in ä te s , i z t e i k -  
t a s  сайт L agrang’a koo rd inä tê in , ta d  s a i s u  no l-m i bûs id e n t i s k i  i z p i l -  
d ï t i .

Tä i r  v ien a  no svarïgäkäm  L agrang ; a k o o rd in ä tu  ïp asïb âm , jo  t a  
dod ie s p ê ju ,  ie v e d o t k u s t ïb a s  d ife re n c iä ln o l-m o s  Lagrang^a k o o rd in ä -  
t c s ,  a ts v a b in ä 5 ie s  no s a i t e s  rû ak c ijäm  un n o te ik t  s is tê m a s  k u s tïb u .

V isa  a u g s tä k ä  dinam ika n o d a rb o ja s  a r  Lagrang^a k o o rd in ä tu  a t г а з а -
пи.

F ie m e rs , Ņemsim s is tè m u ,

z im .4 .

s a s ta v o s u  по diviein in a te r ia l io H  punktic iu  
un Ä2 ,k u ŗ i  i r  s a i s t ï t i  a r  s t i e n ï t i  

garumä 6 un k u s ta s  p la k n ê . Izv o IL siL  
k o o ŗd in ä tu  säkuinu v ie n ä  по punktiaLi A, , 
ta d  s a i t e s  nol-m s i z t e i k s i e s :

Й  +  y 2

Katram punktaia p lak n ê  i r  2 k u s t ïb a s  b r ï -  
v ïb a s , b e t v ien s  p u n k ts  p a l ie k  k o o rd i-  
n ä tu  säkuniä un bez tam i r  v ê l  v ien a  s a i -

t e ,  t ä  ta d  s is tê m â  p a l ie k  t i k a i  v ie n a  k u s t ïb a s  b r ïv ïb a  un bûs a r ï  t i -  
k a i v ie n a  L agrang ? a _ k o o rd in ä tc . Рат so k o o rd in ä t i  iz v s lä s ira  , kupu 
voido L i . io n i i i s  а т  X a s i .

Iz is ik sn m  x 2  un y^ сайг un i e l ik s im  s a i t e s  nol-m ä:

x 2  = Ì  Cost^

y2  = Sin(p

K2 Cos2 (/? ş  £ 2  Sin^T? = ^ 2 
л2 _ 6 2

Ka redzam s s a i t e s  nol-m s i r  i d e n t i s k i  i z p i l d i t s  a r  iz v e lê to  L ag ran g 'a  
k o o r d i n ä t i .
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I ic-iûers. D ivi sniagi m a tc r i a l i  p u n k ti  a r masam un i r  s a s i e t i  a r
payod ienu  garumä .K a trs  
punkta  k u s ta s  uz s l ï p a s  p la k n es  
un p av ed icn s s l l d  bez b e rz e s  
c a u r  v i r s o t n i .

K ustïba  n o tic k  p la k n ê ,k a -  
tram  punktam p lakne i r  2 k u s t ï -  
bas b r iv ïb a s ,  b e t s is têm ä  i r  )  
s a i t e s ,  t ä  bad s is tê m a i bûs 1 
k u s t ïb a s  b r ïv ïb a .

1)У1 = X jtg o l^  k r e i s a  s l i p a  p lak n c  ( s k .z u n .5 ) , j
2 )y o  = -  X g tg o ^  la b ä  s l ï p a  p la k n e , \  SCCL Ì eS
7 V / “ ô ' ô”  /~2  2 9

+ y j  +  V x 2 +  У 2 -  X  =  0 p av o d isn s .

P ar L a g ran g 'a  k o o rd in ä t i  iz v ê lê s im  punk ta  attälum y. no v i r s o tn e s ,k u ŗu  
apzïmŞsilu a r  " s " , jo  s p i l n ï g i  nosaka s t ä v o k l i .

I z te ik s im  D ek arta  k o o rd in ä te s  cau r Lugrang’ a k o o rd in ä t i :
x^ = S. COS ļ  -  s).0o8c< ^

y^ -  L .S iac^^  Уо -  ( £ -  s ) .S in c < 2

à  i e l ik s im  s a i s u  nol-L ios:
1) s .S in o c 1 = s .L o s-^ .b g o ^ je b  s .S in d ļ  = SrSinoc^

2) ( £ -  s )S in * 2  -  ( £ -  s)0o8o(2.bgv^> je b  ( £  s ļS in o ^  = 3)61110^
J ) \ / S ÏCOS^3Ì~+-S^  + ( £ - s ) 0 o s ^ , ,  + (£ r-s)S in 2c<2 0 jeb

s + ( ê  -  s) -  £ / = 0
A tk u l, ka rsdzam a, L agrang’a k o o rd in ä te  i d e n t i s k i  i z p i ld a  v is u s  s a is u  
2 0 l-L ias.

S is tê iaa s  g a lv c n u is  y e k to r s .
S istem as galveno  vektoi-u. d e f in ê s im  ka v isu  a r ê jo ,  io k sc jo  spêku un

r e a k c i ju  geom etrisko  SUULIU. IzņeïasiEi no s is te m a s  kädu punktu  A^. Uz to  
d a rb o jo so s  ä r ê jo  speku kopspeks bûs F“ ; io k -  
sê jo  spêku kopspeks bûs F ^ ,ä r ê jo  r c a k c i ju  
kopspêks: Ш1 ie k s ê jo  r e a k c i ju  kopspeks:

C a s k a i t ïs im  v is u s  so s  spêkus gcozâuTris- 
k i :

B et, ju  so s spekus sasunHûêsim v i s a i  s is tè iû u i 
ta d  peo d ê f i n i c i j a s  dabûsim  gulveno v c k to ru . 
kuŗu  apzïiâêsim  a r :  T T '
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V = şik+ V - + ф
v-

I e v e r o jo t ,  ku s is tem a  i e k s e j i e  sp e k i ил ie k s e ja s  r e a k c i ja s  a rv ie n  nak

к 
о----- > ------  

p i  
кг 

zim . 7

(------о

^Lk

p r ie k s a  pa d iv i  v ianäda  lie lu m a  un p r e t e j a  * v irz ie -
n a , t . i .

F k€ F £k S k£ s ^k
ja iia k  p ie  s lê d z ie n a  

rv
= 0 un a r ï

ka

şià = ° un

v- ņ ş  pk ...................U)
S ï fo n n u la  rä d a , ka s i s î à a s  g a ly e n a is  y e k to rs  i r  v is u  s i s t e mas ä r e jo  
зрёки un ä r e jo  r e a k c i ju  goom etriska  s uama.

P r o je c e jo t  noi-uiu (1) uz k o o rd in â tu  asïm , dabusim  g a lv en â  y e k to ra  
p r o j e k c i j a s  a  .vx =

V уv  = t K ş ÌIs ?КivУ  >ļ  ......................... ( ia )

\  = ş4n+  ;ì
S istem as g a lv e n a is  ia ip u ls s .

S is têm as galveno im pulsu l a ik a  s i r ï d ï  no t  l ï d z  t  d ê f in ê s iin  kä 
v is u  s is tè m a s  ä rê jo  un ie k s ê jo  spêku un reak c ijS . im pulsu m inê tà  la ik ^  
t p r ï d ï  geom etrisko  зиллли.

L ie to jo t  to s  p asu s  apzïiaêjunius ; dab’iisiui iiupulsu  vienam s is tê in a s  
punktam  Ak  законаза v e id ä :

T k = + <F k ş  F L ş  sx ş  S j ) à t
J  r o 

un suiffiaêjot v is iem  punktiem , dabûsim  galveno iiapulsu

I *  2  I k  = f  Г  (F^ + + G à

ta d
p t

I = Z  E â i  + 
' J t o

°-T a läk  in te g re s ic i  un sammesini k a t ru  lo c e k l i  a t s e v i s ķ i ,

^ e v ê ro jo t  a t k a l ,  ka i e k s e j i e  sp ê k i 
p r ie k s ä  pa d iv i  v ien âd ä  lie lu m ä  un 
d z ie n a , ka

К r t
l db -  0 - ķ

uua 1акза^аз r e a k c i ja a  s is tê m a  nak 
p r e t ê jo s  v i r z ie n o s ,  näkam p ie  s l ê -

un pêc tam p a l ie k :
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Kâ_redzarns, ş is tê m a s  ^ a ly e r ia is  iiû p u lss  i r  g eo rae trisk a  видана ao a r ê jo  
врвки un ä r e jb  r e a k c i ju  im pulsie in .

P ro je c ê jo t  nol-uiu. (2) иг k o o rd in ä tu  asïm , dabasim  g a lv en ä  iinpulBa 
p r o je k c i j a s :

P istêm as g a ly e n a is  nroiaents p r e t  kadu punk tu  0 .
E istoraas galveno uioinentu a t t i e c ï b ä  uz punktu  0 d e fin e s im  kä y isu  

a r ê jo  un iek& êjo spêku u n 'r e a k c i ju  moiaentu y ek to ru  a t t i e c ï b ä  uz m ineto
punk tu  0 g eo m etrisk u  вишни.

Izņeuisim no s is te m a s  punktņ  Л, ,uz  
kuŗu  ie d a rb o jä s  sp ê k i
F? , un r e a k c i ja s  un 3^ . S av ien o - 
sim p u n k tu  Ар a r  punk tu  0 un apzïraêsim  
ra d iu s u  y e k to ru  a r  r ^ .

Tad spêku momentu зиидаа p r e t  punk- 
tu  0 p r ie k s  punk ta  Ap bus

V is a i  s is tê in a i  a r  n punktieiii g a lv e n a is  moments:

I s y s ļo ^ O î, ka sû B b à à  is k ä ä ^ is  ap êk i 'uri ro a k o i^ a s  näk p r ie k s ä  pa d iv i  
_ . -  • v ien äd ä  lie lu m ä  un p r e t e jo s  y ir z ie n o s :

А .________ F5__ Fki ' ķ -„ê -a
1 varam a p g a lv o t , ka v i s a i  s is tê m a i

; | = ° " °
I t ä  ta d  p a l ie k

z im .8 .

i

S is te m as  g a ly e n a is  moments a t t i e c i b a  uz kädu punk tu  0 i r  v icn ad s a r  s i в - 
b à a B  ä rê jo  spêku un ä r ê jo  r e a k e i ju  momentu y ek to ru  geom etrTsko виш и ."



-  8 -

P r o je c ê jo t  nol-m u ( ) )  uz k o o rd in ä tu  asïm , dabusim  galvenä momenta 
v e k to ra  p r o je k c i ja s  uz  asïm , je b  a r ï  g a lv en o s momentus a t t i e c ï b â  uz 
k o o td in ä tu  asïm :

L

L y
L z

г  <УЛ  - +  ş  ļ
è  4 X k -  x k^k> +  S

$  -  Укх к > +  Ê<x ks ky  -  У к ^ )  J

S is têm as ie k s e jo  spêku d a rb s .

.................G a )

Agrâk mes k o n s ta te ja in , ka s is te m a s  ie k s e jo  spêku g eo m etrisk a  sum- 
иа = 0 , ka ie k s ê jo  spêku im pulsu summa = 0 un b e id z o t a r ï  ka ie k s ê jo

b Pe ^ i  F^2  un y i  , v ie n a d i pec l ie lu m a , b e t

spêku momentu summa = 0 , 
b e t a p s k a to t  s is tê iïia s  ie k -  
sê jo  spêku d arbu , red zêsim , 
ka t a s  v i s p ä r ïg i  /  O .T ik a i 
n o te ik to s  s p e c ia lo a  g a d i ju ro s  
t a s  v a r l ï d z i n ä t i e s  n u l l e i .  
Kas a t t i s c a s  uz ieksê jäm  
re a k c ijä if l ,ta d  to  d a rb s  bûs 
n u l le  p ie  ideälâu i s a ite m , 
b e t p ie  sa itê n i a r  b e r z i ,  
p ro tam s, n u l l e i  l î d z i n ä t i e s  
n e v a r .

I z d a l ïs im  no s is tê m a s  
d iv u s  punk tus A^ un , uz 
kuŗiem  d a rb o ja s  i e k s ê j i e  

p r e tê jo s  v i r z ie n o s .
V ienosim ies uz p r ie k s u  ie k sê ju ş c sp ê k u s  apzïm êt a r  diviem  indek— 

siem  t â ,  l a i  p irm a is  in d ek ss  a p r ä d ï tu ,  uz kädu punk tu  spêks ie d a rb o ja s ,  
un o t r s  in d e k ss  -  no käda punk ta  spêks i z i e t .
le k s ê jo  spêku e lem en tä i’a i s  d a rb s :

dû l=  Z (X 1 dx+Y1 dy+Z1 dz) = X^2 dx1 +Xļ1 dx2 +Yļ2 dy1+Yļ1 dy2 + Z ļ2 d z 1 4-Z21 i z 2

S a s ta d is im  ie k s e jo  speku p r o je k o i j a s  uz k o c rd in a tu  
l ie lu m u  F^2  = «  F un a ttä lu m u  AJA2 = г

/

, X-, -  x 9  .
Ä 12 " Г 12х ”  * г Á 21 ~ Г 21х “ 1

i  i  y l  " y 2 i  i
ï 12 “ 4 2 y  ~ 1 r  ^2-1 ~ *21у ~ 1

. . 2  -ļ 2  о  » »
7 ^ -  — T T '   I?  z ________ __ V x  — T ?x  — I?
"12 “ ^12z ” 1 г  Z 21 ~ ^ l z  ~ 1

a s im ,a p z iu e jo t  speku

x 2 X 1

y 2 ~ y l

z 2 ~ Z 1 
r

I e v ie to s im  speku. p r o je k c i j a s  e le m e n tä ra  darba  iz te ik sm e  um izņeuisini у
v is ie m  lo c e k ļie m  a iz  iekavan : —
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â -  ̂ cx
1 2 ^ l

d ^ =  T

d û t=  5  d
-x  ) 2

1 г
2 + d 2

2

F

b e t  (x 2 2

2
r  2 1?

2 rd r

2 22)(dz^

(У1-У2 ) +  ( z 1 - e 2 ) .d ( z

(2 p—^2 )
2 =

1~2 2 ^ ]

2
1-И2 ) 2  = Г2

t a  ta d d Л  = F . d r

je b  i n t e g r e j o t ,  j a  speks F = ^ ( r ) ,  dabasim

2
F .d r  =

r

1
. d r

2

1
= u2 - их

A cim redzo t, ie k s e jo  spêku d arb s l ï d z i n ä s i e s  n u l l e i  sädos 
1) j a  d r  -  0 , b e t ta d  r  = c o n s t .  un t a s  nozïm e, ka attäliÀins 

tie ra  nem ainäs,
2) j a  = r 2 : t a s  nozïm e, ka a t tä lu m s  r  s ta rp  punktie in  v a r 

t i k a i  säkuma a ttä lu m s  i r  v ien äd s  a r  g a la  a ttä lu m u  r 2 -

gad i juïaos: 
s ta rp  punk-

m a in i t i e s ,

ie k s e jo  
n â j ä s .

A p s k a t i t ie  g ad iju m i i r  t i k a i  s a u r i  s p e c i a l l  g ad iju iiii, un v i s p a r ig i
speku d a rb s  p ie  dazadiem  s is te m a s  p a rv ie to ju m ien i n u l l e i  n e l id z i

§ 2 . D inam iskas s is te m a s  k u s t ib a

Râ 
s is te m u

ja u  ag rak  b i j a  m in e ts  p a r  d inam isko je b  b r iv o  m a te r ia lu  punk tu
s a u c , ta d u s is te m u , кара d a rb o ja s  t i k a i  s p e k i ,  b e t r e a k c i ja s  

nav  nedz ä r ê j a s  nedz ie k s e ja s .

un.
a r

I s d a l i s im  no s is te m a s  punktu  a r  niasix m, 
apzïm ssim  v is u ,  uz to  d a rb o jo so s  spêku, sumimx 
Fk , kixr ta d  FR  = F^ + F^

Punktu  k u s t ib a s  d ife re n c ia ln o l id z in a ju m s . 
v e k to r iä lä  formä bäs:

V k  = ^k +  F k (4)

an  p r o je c e jo t  to  uz asim , 
punktam  Â

V k  = x k ş

dabusim  k u s t ib a s  d ife re n c ia ln o l-m u s  s is te m a s

V k  1 *k

V k  = z k

Yk 
z k

Jn d inam iskas s is te m a s  s in u l -  
t a n ie  k u s t ïb a s  d if -n o l-n i i  p ie  . . . ( 5 )  
к = 1 ,2 ,3  . . .  n
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Ja  v is ä  s is têm ä  i r  :'n u pun k tu , ta d  sädu d i f e r e n c iä ln o l—rau bäs p a -  
visani^.3n, ku ŗus dabûsim  m ainot in d ek su s к = 1 ,2 ,3  • • •  n .

S ie  Jn n o l-m i r e p re z e n tê  d inam iskas s is tê m a s  k u s t ïb a s  d i f e r e n c i -  
ä ln o l-m u s , kuŗiem  v is iem  jä b u t s in iu ltan iem , jo  nevienabi puiiktam d if e r e r .-  
c ia ln o l -m i  n e d r ïk s t  in te g rO t ie s  n e a tk a r ïg i  no c i t ie m . J a  iz d o to s  v ienar 
punktam n o in te g rê t  d ife re n c iä ln o l-m u s  n e a tk u r ïg i  no c i t ie m , ta d  t a s  no- 
z lm ê tu , ka s i  punk ta  k u s t ïb a  i r  n e a tk a r îg a  no c i t u  punktu  k u s t ïb a s  un 
ka m in e ta is  p u n k ts  p ie  s is tê m a s  n e p ie d e r .

K aträ  no d ife re n c iä ln o l-m ie u i (5) spêku komponentês X^, v a r
n ä k t p r ie k s ä  a r ï  c i t u  punk tu  k o o rd in ä te s  x , y , z , x , y , z , t ,  b e t  yismaz v ie -  
nä no spêku p ro je k c ijä m  jä b ilt  a r ï  v iena_no käda c i t a  punk ta  k o o rd in ä tê ti .

D ife re n c iâ ln o l-n iu  s is tê rau  (5) i r  j ä in te g r ê  6n i’e i z e s ,  tam dêļ i e i e s  
ie k s ä  6n in te g rä s a n a s  c o n ş ta n te s ,  k u ŗa s  bûs j ä a t r o d  no säkwaa a p s tä -  
k ļiem  zinamä la ik a  moraentä.

D inaraiskas s is tê m a s  la ic ra  s t ä v o k l i s , Ja  s is te m a  a tro d a s  i îd e rä ,ta d  
p u n k tu  k o o rd in â te s  i r c o n s t . u n

k k = Ук = -к  = °

ie v e d o t so uol-ïnos ( 5 ) ,  dabusiEi:
X j + Xj = 0 ļ

- I )a  m iera  s tä v o k ļa  n o l-m i 
= 0 / v is iem  к = 1 ,2 ,3  . . -  n

z k +  z k = 0  J
D inaiìiiskas s is tem a g  k u s t ib a  zem Newtona g r a v i t a c i j a s  

spêka ie s p a id a  ( n -  ķeriïieņ.u p r o b lM a ) .

I z d a l i s lm  ao slsbslliaL dlvu.s piuikbas

' 2

z i m . l l .
'a s tä d ïc im  spêka p r o je k c i j a s

ua  A^, a r  Eiasäm un Abi 
p u a k t i  s a v s ta r p ïg i  p ie -  
v e lk a s  pec Newtona 11- 
kuma a r  spêku

P k(t à
x k £  

p ro p o rc io n á lu  тазам  Ш1 
p r e t e j i  p ro p o rc io n ä lu  

~ a t tâ lu m a  kvadratain . К 
7 i r  p r o p o r c io n ä l i t ä t e s  

k o e f ic ie n t s  jeb  re w to -  
na  g r a v i t ä c i j a s  spêka 
k o n s ta n te  un ( - )  z ïa e  
rä d a ,k a  s i s  speks i r  
p ie v i lk s a n a s  sp êk s .

k o o rd in ä tu  asim:

x k e  = =

A e  = F k£-C o a ( 7 F kfc) =

"k ê  =  F k L '0 ° b < 2 ^ )  =

r 2 • r  “ ' P  
k£ k£ k£

^ • ^ 4  -Ук _ „-  К )
r k£ r k £  r k ^

^ k ' ^  ^ ~ z k _ , ^ к ' ^ ( ^ к )
2 _  3

^k^ r k £  ^kL
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P ie  punk ta  A^ k u s t ib a s  d ife re n c ia ln .o l-m u  u z s tä d is a n a s  jä ie v e ro ,  ka a r ï  
v i s i  c i t i  p u n k ti p ie v e lk  punktu  pêc t ä  р аза  likum a un a t r a s t ä s  spêku 
p r o je k c i j a s  i r  jäsucm ê v is iem  к = 1 ,2 ,5  - . n , p ia  kam a iz  1 s k a v à  varê 
iz^amb v1sisvi lo o sk ^ isw  masu un g r a v i t a c i j a s  spêka k o n s ta n t i  k .

m, x, = к к

V k  =

V k  “

k -m k

k.mk

k.mk

b e t masu mj v a r  s a i s i n ä t  un ta d  g a l ï g i  izn äk

s k

Ук n-ķerm eņu problem a (6)

k u r r k t  =

A t r a s t i e  d if -n o l-m i  (6 ) re p re z e n tê  t ä  sau k to  n -  ķermenu. p ro blem u, кара 
v s l  l ï d z  sim  v is p ä r ïg ä  v e id ä  nav a t r i s i n ä t a ,  t i k a l  p ie  n = 2 mês varam 
dabû t p r e c iz u  a t r is in ä ju m u .

P ie  n = } a tr is in ä ju m u .s  i r  d ev u s i P o in ca re  un L ap lace .
P ie  n >• 3 v a r  dabû t t i k a i  tu v en u s  a t r is in ä ju m u s ,  a r  kuŗiem  n o d a r-  

j o j a s  as tro n o m i un k u ŗ i  s a s tä d a  debess-m êchan iku . 
n-ķerm eņu problem as in te g rê a a n a  p ie  n = 2.

A probezosim ies a r  v ien k ä rsäk u  gadïjum u, kad punktiem  säkuûia ä tru n u  
n av , ta d  ac im red zo t k u s t ïb a  n o t ik s  t a i s n e s  v i r z ie n ä ,  kuya sav ieno  abu.s 

punk tus ^äkurnä. 3o t a i s n i  pieņem - 
----- -------------- >---------------------- sirc раг  X a s i ,  p ie  каш k o c rd in ä tu  
-----л ! д säkuimi iz v ê lê s iE i pirm à punk ta  A^

А O 1 > у  säkuma s tä v o k l ï :  Al o
Fn j D o ti: Newtona g r a v i t â c i j a s  sp.eks:

zïm . 12. F 12 = F 21 = "  k  “ 7 "  k u r  ^ 2 ^ 1

Säkuma a p s t â k ļ i  = 0 , = a , x 1 Q  = x^^ = 0 .

U z ie t  1) k u s t ïb u , t . i .  x^ = f - j ( t )  un x^ =
2) la ik u  T ; k u ŗä  p u n k ti s a s t a p s i e s .

Spêku p r o je k c i j a s  uz X a s i  bûs:
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12 ~ Г 12 к

x2i - - F21 -
m, шэ  

_  к г  г  _2
k u r г = х 2  -
U z s tä d ïs im  k u s t ïb a s d if -n o l-m u s  abiem  punktiem

m-^x  ̂ = к S ie i r  d iv i  s im u lta n i  d if -n o l-m i ,  b e t 
to s  iz d o s ie s  m äk slïg ä  c e ļä  n o in te g r ê t .

Ш2 Х 9  =  - к
w ^^^2

( x 2  -  Х - ^

P ir ia k ä r t  s a sk a itx s im  abus d if -n o l-m u s , ta d :
L -x^ + M2 X2  = 0

"1 a t  +  “2 d t  0
p a re iz in ä s im  a r  d t  un in te g rê s im  
w^x^ + m2 x 2  =

no säkuma a p s tä k ļie m
-  ^2C =  0 izn äk  Cļ = 0

m^x^ + IL2 X2  = 0  .........  I  i n t e g r ä l s
in te g rê s iu i  o tro  r e i t i
^ x ^  + 1^X2 = C2

no säkwna a p s tä k ļie m
ш1 .0  +  m2 ’ a  =  C2  , C2  = L2 а

un g a l ï g i  ! ^ ^ x ^ H ^ x ^ H 7 â ^ ļ

t a s  i r  I I  i n t e g r ä l s ,b e t  v iņä  i e t i l p s t  
a b i  n e z in ä n ie  x^ un x 2 .

Tä ta d ,  l a i  a t r a s t u  k a t ru  no tie m , jäm eklê v s l  v ien u  n o l-ши a r  tiem  
pasiem  nezinâxniem.

Ņemsim ta g a d  to s  p asu s d if -n c l-m u s  un s a ïs in ä s im  pinno a r  m-, un 
o tro  a r  mo : 1

i l Ì Q  ”* X

X 
1 3  к --------------- 2

(x 2  -  x^)^  /
У -  8 tv i lk s im  piim o no o t r a

m l  +
x^ -  x n1 -  -  к ------------ ie v ê r o jo t  t ä ļ ä k ,  ka x o  -  x . = г  un x n  -  x ,=  r ,

(x 2  -  x , 2 1 2 1
ş  m p ie v e d ïs im  jau n u  nezinämo г : г  = -  к ----- ------  • V iè n k â rs ïb a s  d ê ļ apzïm ê-

d r  (11* дsim : k ( ^  + m ) = A: à ' ļ  =  ~ J p a re iz in ä s im  a r  d r un in te g rê s ia i2

r d r  = -  А \ ^  + C-, 
J  J r c

p.  9 ļ _ • Д
—  = A + Cļ , b e t sakuma r Q = 0 , r Q = a , = -  —

•2 1 1= 2A(-^ -  —) iz Y ilk s im  k v a d ra ts a k n i , b e t sa k n e i p r ie k s ä  jäņem ( - )  z l ķ ,
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jo  t  = un t a s  i r  n e g a t iv s  l ie lu m s  ta indeļ, ka x2  i r  v i r z i t s  p r e t
X a s i ,  b e t  x^ form ulä i e i e t  a r  ( —) z lm i.

* = V ? ................  I  i n t e g r a l s

d r  = — 2 z .d z

sķ iro s im  nezinam os uii in te g re s im

4- Co i z l i e to s im  s u b s t i t u c i j u  \ /a  — г 2,

2zdz
= \ / ¥  • * + C2

ta g a d  k re is o  p u s i  varam n o in te g re t

t  + C2 j l ik s i rn  a tp a k a ļ  z= \ / a - r

V (a  -  r ) r  4- a .a r c  S ï n \ —  = \ / a  t  + C2 s a lc ķ a  = a un C2  = 0

Ш1 l i e k o t  v ê l А = k(m1  4- ni2 ) , d ab îls in  g a l ï g i

• V H a  -  r )  4- a .a r c  S inb I I  i n t e g r ä l s

I e v e r o jo t ,  ka r  = x 2  -  x ^ , mss SLaw a h ra d ^ s i  o îi'ìr n o l-ши. a r  t i e n  p a â Ì Ģ  
nezinäiûieui x^ un x 2  un a t r i s i n o t  v iņ u  kopä a r  p irm o, a z ls s lm  m eklêjam äa 
fu n k c i ja s

Xj = f^C t) un x 2  = f 0 ( t )

L ai a T r is in a tu . o t r o  jau tä ju in u , t . i .  l a i  u z i e tu  l a ik u  T, ku ŗä  punk- 
t i  s a s t a p s i e s ,  j ä p i e l ï d z in a  a t r a s t ä  o t r ä  i n t e g r â l ä  r  = 0

. V /à (w ->  4- m2 )
0 4- a .a r c  S in 1 -  \v/  ---------а----------  *T

T а
2 sec

у  л  1 ш2 / 
k im e n z ija  s a i  fo rm u la i izn äk  secundes, 

km-,m2  
d ic ie n z ija  jäņem pêc fo rm ulas Г = —

Г —1 9~ Г
M = [FL . T J .

j a  ie v e ro s im , ka k o e f ic ie n ta  к 
Г г L2 ”1

; к ’ un тав аз  d im eriz ija : 
l M J

F ie z ïm e . J a  punktiem  säkuina a t r u n i  n e l ïd z in ä s ie s  n u l l e i  un n e ic s  ta is n e b  
AļAp v i r z ie n ä ,  ta d  a tk a r ïb ä  no a p s tä k ļie m  t r a j e k t o r i j a s  b ä s : e l ip s e c 7, 
h ip e rb o la s  je b  p a ra b o la s .
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a i t e s  ie s p u id s  uz_punktu_ätrum iem  Ш1 paa trinäjuE iiem
S is t e mas y i r t u e l i e p ä r v ie to ju m i .ļd e a la s  s a i t e s .S a isu,

r e a k c i ju  p r o je k c i ja s

Ņeusiia s is tê m a s  s a i t i  v is p a r ig a  v e id ä :

а^п n
un d ife re n c ê e im  to  pêc lu ik a  

d f  =  Ş f  .л  , 
Ht ?x x  1 dy

Df - , -
ô z / 3 l  (5^2*X 2

7) f  • _ n°  - 0

je b  l i e t o j o t  m atem atisku  sa ïs in a ju m u

I #  = Z  ( H - x  
ļ d t ì  к "  0 (7)

kur к = 1 ,2 ,3  ••• n

t a s
Ar sädu nol-m u, kä redzam s, punk tu  ätrum u p r o je k c i ja s  i r  ie ro b e z o -  
j a  s is têm ä  i r  s a i t e .  Atruniu p ro je k c ijd m  so nol-m u i r  jä a p iû ie r in a , 

D ife rc n c e s iu  s a i t i  o t r u r e i z i  pec l a ik a :
О dd f  6 f ô f  -

d t 2 -  - i

ku r. a r  - i r  ap z im e ta

o Z l
^ • x  
г х 2  2 Z—z • zn = 0

p a re jo  lo c e k ļu  suoma, kas e a tu r  atrum u k v ad ra tu s
un re iz in a ju m u e . L ie to jo t  m atem atisku. s a ïs in a ju m u , varam u z r a k s t ï t  to  
p asu  Q o l-Ņ  t ä :  _________________

n
) d t 2  1

M .X
Xk

k  " ^ к * 2 к = c (3)

f a á t r in ä ju m u  p ro je k c ijä m  j ä i z p i l d a  s i s  nol-m s n e a tk a r ïg i  no späk iem ,ku - 
ŗ i  d a rb o ja s  uz s is tê m a s  puiik tiem , b e t t a d  p a ä tr in ä ju m i var n e a a k r is t  a r  
speku v irz ie n ie n i un t a s  s a v u k ä r t , nozïinê, ka i r  n äk u s i k l ä t  ja u n i  s p ê k i,  
k u ŗu s  is s a u c  s a i t e s  e k s is te n c e .  S ie ja u n ie  sp êk i i r  t ä  sa u k tac  e a i t c s  
r e a k c i j a e ,  p a r  kuŗäm ru n a  ja u  b i j a  ag i’ä k .

J a  s is têm ä  i r  h s a i t e s ,  p ie  каш h 3n  -  1
f , ( z 1 y 1 Z1 X, . . .  X .y^z^ . . .  г ) = 0

. xk V k  . . .  za ) = 0

г ъ ( х Л г Л  ••• W k  •••  z n> 

t a d  pec a n a lo g i ja s  mês dabäsim  h no te ikum us, 
à trum a p r o je k c i ja s

= 0

a r  kuriem  bus s a i s t i t a s

d t
2 А  .
S x k ' ^

L  1  •
ļ ^ ' y ^  +  3

î f l
d  Z к

’ z k ) -- 0

d f2  
d t

о 1 2 .
k

df2  .
^ Г Ук

Г 2 , -
2 k = 0

d f h _ 
ļ "

...
к k ï y ^ ' y k +  â z ^ ‘ z k ’ -  0



UÛ t a p a t  a n  h n o te ik u tiu s  paatrirxajum ieM

ş ş ş  ş ) + ş )  = о

) > f ^ 2 ) = о

1 2  f h 

d t 2 cxk  л к ‘ byk  y k +  s zk  ^k ) + = 0

F ie z ïm e . P ie  rheonoiEäni s a i t e u  a t r a s t o s  noteikum os näks k l ä t  v ê l d a z i 
l o c e k ļ i .

S istêE ias y i r t u e l i e  p á r y ie to jw a i .
F a r  v ir tu e l ie E i  p ärv ie to ju m iem  s is tê m a  mes sauksim  tä d u s  b e z g a l ïg i  

Taazus p ä r y ie to ju n u s ,  ku.pus s is tê m a s  p u n k ti  v a rê tu  i z d a r ï t ,  sask aņ ä  a r  
su itê n i, zem käda b la k u s  iem esla .

- I s t u s  b e z g a l ïg i  mazus p ä rv ie to ju n ras  zem s is tê m a s  spêku ie s p a id a  
p u nk tu  t r a j e k t o r i j a s  y i r z ie n ä ,  mês apzim êsim  punktam Ak  a r  ds. , un t ä  
p r o je k c i j a s  uz asim  a r :  dx. , dyk  un dz^.

V ir tu e lu s  p ä rv ie to  juiaus tam pasam punktam, l a i  a t s k i r tu .  ^tos î s -  
te n ie m , apzïm esini a r  S’s k  wi t ä  p r o je k c i j a s  uz asïm  a r :  dx^ , oy^, cz^ .

v a r n o t ik t  kuŗä  k a t r ä  v i r -  
z ie n ä  un to  i r  b e z g a l ïg i  daudz.

S a i s t ï t ä  s is têm ä  v i r t u e l i e  p ä rv ie to j-u n i c s , v a r  n o t ik t  t i k a i  s a sk a -  
ņä a r  sa ite m . N oskaid rosim , kädus ierobezojum as^dod s a i t e s  e k s isx e n c e  v i r  
ta e l i e iâ  p ärv ie to ju m iem .

Fieņem sim , ka s is tê iâ ä  i r  s a i t e :

B riv a  s is tê m a  v i r t u e l i e  p a ry ie to ju r i i  S

f ( x 1 y 1 z 1 x 2 y2  . . .  x k yk zk  . . .  zn ) = 0

J a  s is te m a s  punk tu  k o o rd in a te s  i r :
x l ’ y l '  z l> x 2 ; y 2 x k ' y k ; z k z n

ta d  pêc v i r t u e l a  p ä rv ie to ju m a  t ä s  p asas  k o o rd in a te s  bûs: 
X1 +  ° X 1 * y l  +  y l  ; z^ 4- S z

Bet s i n i  jau n ä  s ta v o k l i  punktu koo rd iná tem  a r ï  ja a p m ie rin a  s a i t e s  ro l-m s , 
t ä  ta d

f  (x1 +3x1 ;y 1 +^y-L ;z-L+oz1 ; x 2 +dx2 ; . . .  * к +охк  . . .  = 0

A t t ï s t o t  so fo rm ulu  pêc T ay lo ra , dabusim
F(x k - b ^ ^ y k ş^y k ,- z ^ ^ z ^ ^  . . .  x k +oxk  . . .  zn + ^ z n ) =

= f ( x i y i Z 1 z 2 . . . z k . . . z n ) + ^  ş  ş

ş  - - -

kur a r  R i r  ap z im eta  p ä re jo  o tra s_ u n  au g s täk a s  k ä r ta s  b e z g a l ïg i  mazo l o -  
c e k ļu  summa. So lo c e k ļu  şummu s a l id z in o t  a r  pasiem  y i r tu e l ie m  p â r v ie tc -  
jumiem, k u ŗ i i r  pirm as k ä r ta s  b e z g a l ïg i  m azie l i e l m r i ,  vararr. ig n o rô t ,b e z
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tam  a r i  p i r m a is  l o c e k l i s  ^ ( ^ У р ^ р  - x k • • •  z
n ) = 0, t ä  t a d  p a l i a k :  

ê  ş  ķ  ş  ş ş  - -  -
-1- ôy-ļ ^x k c n

j e b l i a î o ^ o î  w abam abisko sa isin .a jW 3iu  varam  r a k s t i t
‘

X k ş  ļ y k Ä 2 ■ ° (9 )

k u r  к = 1 ; 2 , J . . .  n
F o rm u la  (9 ) r e p r e z e n t ê  n o te ik u m u , k u ŗu  i z s a u c  s a i t e s  e k s i s t e n c e  y i r t u e -  
l i e m  p ä rv ie to ju m ie m .

J a  s i s te m ä  i r  y a ia^äkas s a i t e s ,  tu d  k a t r a  s a i t e  do s v i r t u e l i e i a  p ä r -  
y i e to jw n ie m  s ä d u  n o te ik u m u :

rc

^ x k ЭУк <4 ) = °

5 < 4 >  = o N o te ik u iiii 
v i r t u e l i e m  
p ä r v i e t o -  . . ( 1 0 )  
jum iem , j a  
s i s t ê m ä  i r  
h  s a i t e

Ко I a  p ä ry ie to ju m ie a i  h  p ä r y ie to jw n u  v a r  a t r a s t  no 
3n -  h  p a l i e k  n e a t k a r ï g i .

L a i  n o s k a id r o tu ,  käd a  ncz ïm e i r  nol-uiam  ( 9 ) ,  
l u s  g a d îju m u s .

1 ) P u n k ts  k u s t ä s  uz y i r s m a s : f ( x y z )  = 0 .
S a i t e  u z l i e k  y i r t u e l i e n i  p ä rv ie to ju m ie m  no te ilcum u:

s ie m  n o te ik u m ie m  un

a p s k a t i s im  )  s p e c i a —

ļ y
■ ^ d z  = 0 - ô z

i z d a l i s i m  so  n o l—rnu a r  p ìrm a s  k a r t a s  d i f e r e n c i a l o  p a ra m e tru

7 ) f
— ?  X + ■ c^y +  —Ş -  z = 0

Oos ( ķ )  .0 s .L o s (X .8  ş  О оз(У К ). о s . L o s( У . ^ )  ş  6oa(2K ) .o s .L o s ( I .O s ^ )  -  0

(?3.0O8 (U .ô 's) -  0
d s l  6 s  l ä  l a d  O oä(K bs) = 0 , j e b  î s  1  N

Т аз  no z ïm ê , ka v i s i  y i r t u e l i e  p a r v ic to ju m i  i r  p e r p e n d i k u l ä r i  n o r m a le i ; 
j e b  y i r t u e l i e  p à r y i e to ju m i  i r  i e s p ê ja m i  t i k a i  t a n g e n c i ä l ä  p l a k a o .

2) P u n k ts  k u s t ä s  uz  l î k n e s , d o t a s  a r  d iväm  y irsm äm .
P ^ (x y z )  = 0 un f 2 (x y z )  = 0

E a t r a  s a i t e  dod y i r t u e l i e m  p a ry ie to ju m ie m  n o te ik u m u
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b x c x +n 6 y ş
^

3 
l
z
 

d
C
 
“
z
 

= 0

Ô X

r*-
û x +

эг 2 .
0У

^ y 4- ô z c) z = 0

i z d a l o t  a t k a l  k a t r u  n o l-m u  a r  s a v u  d i f e r e n c i a l o  p a ra m e ti’u  
d a b û s im  .

*  î -  -  о

7>r2  ì r 2  Äf2
ş - ^ x  +  ş - 5 v  +  ş - L  = 0

&2 ^ 2  Ä 2
un  t â ļ ä k  ~ __

u x .C o s(X N ļ) +  o y .C o s(Y N ļ) +  àz .C o s(Z K ^ ) = 0

^ x . L o s M ? )  4- ^ y .0 o s ( M 2 ) 4- 5 z .2 o s ( M 2 ) -  O

^ a b  o " s .6 o s ( ^ .^ 's )  -- 0

d s .0 o s ( R ^ .6 'ä )  -  0

o e t  S”s  #  0 , t ä  t a d  O o s ( ^ .^ ° s )  = 0 un =  0 , j e b

S 8 1  ОП Se j_

un b o ,

t a s  n o z ïm ê , ka  v i r tu e l a m  p ä rv ie to ju ìiia m  j ä b û t  p c rp e n d ik u lä ra m  abam t a n -  
je b  v i r t u a l a i s  p â rv iû to ju m s  i r  ie s p ê ja m s  t i k a i  t a n g e n te s  v i r z i e -

a a .
j ) D iv i  p u n k t i  i r  s a i s t ì t i  a r  s t i e n ï t i :

. , . , L a lh a s  nod -w s, ku^'2 v i^p an ? ïZ i d iv ie i£
A l ^ x l y l z l J ^ ^ ^ 2  2^ p u n k tie m  i r

z L m .I I .  s i a l  ZadL^arllä b ä a :

(^ 2  — X 1 ) ş  (^2  ~ z 2 — z l^  — ~ 0

N jte ik u m s  v i r t u a l i e m  p ä rv ie to ju m ie m  i r :
&  ķ  ^ k  ^ У к  ş  ^ k ^  "  0

i ° x k K  o y k K  ° z k K

u i n î  g a d îju m ä  i z n ä k s :
- 2 ( X 2 - X 1 ) -  2 (у 2 - у 1 ) .Г у 1  -  2 ( z 2 - z ^ )  .o 'z^  -t- 2 ( x 2 - x ^ )  + 2 ( y 2 - y ^ ) ^ y 2 ^

4" 2 ( z 2  Z

I z d a l i s i m  a r  2 £  v i s u  n o l—mu un p a r n e s i s im  )  IoL6kd.as o t r a  pu.se
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L o s (x ê )  +  L o s d L )  -^ y ^  +  C o s f z ï ) . ^  = CO S (X £ ) . J X 2  +  O o s(M ) . ^ 2  + 

4- C os(Z(ï) .cTz2

r
z îm ,14.

, S is  n o l—ms dod kinem atisku. ierobezojum u 
> v ir tu e lie m  päry ie to jum iem , kuŗu  iz sa u c  
< s a i t e s  fe k s is te n c e : y i r tu e lo  p ä r y ie to ju -  
â  p ro je k c ijä m  uz s t i e n î s a  y irz ie n u  ,ļL- 
bû t yienadam .

I d e a la s  s a i t e s .

F a r idealam  sa itê m  s is tem ä  mês sauksim  tä d a s ,  kuŗäm r e a k c i ju  d a r— 
bu summa uz s is te m a s _ v ir tu e l ie m  p ä ry ie to  juxaiem l ï d z in ä j ä s  n u l l e i .

A n a l i t i s k i  s ï  d ê f i n i c i j a  iz sa k ä s  s ä d i:

,0 x  + S, . к  ky

k u r Sk  i r  punk ta  r e a k c i j a  un Sk x , uk y , uk z  s ï s  r e a k c i ja s

Nupat fc rm u lê ta  id e ä la s  s a i t e s  d ê f i n i c i j a  nemaz n e s tä v  
a r  agräko  id e ä lä s  v irsm as jeb  l ïk n e s  jê d z ie n u , b e t i r  t i k a i

P ärb au d ïs im  s a c ï to  dazädos gad ïjnm os:
1) Gadijum us: Furxkta s a i t e  i r  id e ä la  v ir sm a :f(x y z )  = 0 .

I d e ä l a i ,  t . i ,  a b s o lû t i  g lu d a i  y ir s m a i, s a i t e s  r e a k c i j a

(1 2 )

p r o je k c i -

p re tru n a  
p la s a k a .

S i e t  n o r -
malä v i r z ie n â ,  b e t y i r t u e l i e  p ä rv ie to ju m i pimktam uz y irsm as, kä ag räk  
t i j a . p i e r ä d ï t s , i r  ie sp e ja m i t i k a i  ta n g e n c iä lä  p la k n ê , t ä  ta d  a rv ie n u  
5 ļ о s un

= 0

Kä redzam s, s a i t e s  r e a k c i j a s  y i r t u e l a i s  d a rb s  i r  n u l l e .  
2)G adijum s: Punkta  s a i t e  i r  id e ä la  l ïk n e ,  d o ta  a r  diväm yirsmäm: 
L^(xyz) = C un f 2 (xyz) = 0 .

K a tra i  y irsm a i s a i t e s  r e a k c i j a  i e t  n o m a lä  y i r z ie n ä ,  b e t v i r t u e -  
l i e  p ä rv ie to ju m i i r  ie sp ê ja m i t i k a i  l ïk n e s  ta n g e n te s  v i r z i e n ä , t ä  ta d  
arv ienu . S-̂  _ļ_ tì s un S2  £  d s un

+ (§2 5 s)  = 0  je b  a r ï

+  8 1 у .Уу + 8 1 2 .Г 2  + +  S 2 y - ^  +  = 0

jG adiju iâs: S istem a no d iv iem  punktiem , s a i s t i t i e m  a r  s t i e n i t i .
Рёс IV N ew ton'a p r in c ip a  s a i t e s
r e a k c i j a s  v a r  i e t  t i k a i  s t i e ņ a  
y i r z ie n ä ,  p ie  каш abas bûs v ie -  
nädas un p r e t e j i  y i r z ï t a s :

=  “
S a s tä d ïs im  y i r tu e lo  darbu s u m u :
<T(%3  = (S 1 . J s 1 ) + (Z2 .§ s 2 )
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= S -^ô s-jeo sC S ļ.G sp  + S2 .ô s 2 Cos(S2 .d s 2 ) 

P ä r r a k s t ïs im  Cos. pieņem ot s t i e ņ a  Z v ir z ie n u  no A^ uz A2

“ = Zp.^Sp6os( Z . 6 ^ )  -  S2 .0 s 2 Cos( £ . ÛS2 ) = 0

jo  pêc fo n n u la s  (1 1 ):
5 s ^ o s (  ^ .^ ä p )  -  ^ s 2 .L os( ^ .^ Z 2 ) , î ä  t a d  a tk a l

О + (§2 .û s 2 ) = 0

t a s  nozïm ê, ka s t i e n ï s a  v e id ä  s a i t e  a r î  j ä s k a i t a  p a r  id e ä lu .

Id e a la s  s a i t e s  r e a k c i ju  p r o je k c i j a s .

Pieņem sim , ka apskatam a s is tem a  а г  д  -  punktiem  i r  d o ta  id e ä la  s a i -  
t e :

f ( X 1 y 1 Z 1 x 2  . . .  xk yk z k  . . .  zn ) = 0

I d e ä l a i  s a i t e i  r e a k c i ju  v i r tu e lo  darbu  suraiaa = 0 (form . 12)

•' ^ k x ' '  ^k ş  ^ k ^ ^ ^ k  ^ k z '^ k ^  0
1

H z ra k s î ls iw  v s l  rioîsiknillu, kuŗu. dod s a i t e s  e k s is te n c e  v i r tu e l ie m  p ä r -  
v ie to jum iem  ( fo rm .9 ) :

Z  (A -  + ş  o ^k) = o

P a re iz in ä s im  o tro  n o lîd z in ä ju n iu  a r  ääd u , l î d z  sim v ê l  n e n o te ik tu  f a k to -
ru  , a tv i lk s im  no p irm ä un izņemsim a iz  iekavâm O 2^:

I  *  (S ^  - ч Л ^ к  + (Sk z  -  ļ  = 0

A t t ï s t ï s i m  so fo rm ulu , l i e k o t  к = 1 ,2 ,5  • . .  n

'S ix  + <s i y  - H à  ş  <s iz  -

+ . . .  + ( s k  - > +  • • • +  s
n  “  °

К П
J a  s is te m ä  a r  n punktiem  i r  v ie n a  s a i t e ,  t a d  n e a tk a r îg o  v i r tu e lo  p ä r -  
vietojruïï.u s k a i t s  bûs -  1 , un v ie n s  v i r t u e l s  p ä rv ie to ju m s bûs a tk a r lg s  
no t ie m . _

Pieņem sim , ka a t k a r l g s i s  v ir tu .e la ^ s  p ä rv ie to j\im s  i r  û x , un i z v e l ê -  
sim  J\ t i k  l i e l u ,  l a i  k o e f ic ie n t s  p ie  ôx^ b û tu  n u l l e , t . i . ,

l a i S l x  Hx^ -  0 ' l a d  p a l lk s  p a r i  n o lld z ir ia^ j^ ķ s:

^ i y  -  + ( s n z  = о

V- -b e t l a i  sada summa p ie  n ea tk a rig ie B i pärv ie to ju iïiiem  t y p  о z^ , • x 2 ..< izv.
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v a rê tu  l ï d z i n a t i e s  n u l l e i ,  j a l i d z i n a j a s  n u l l e i  katram  k o e f ic ie n ta m  p ie  
n e a tk a r îg ie m  p ärv ie to ju m iem , t . i .

s ì y -  4 ^  = 0 

s i z  -  -  °  

S 2x ' á U -  è  S

S ly  -  4

s iz  -  4  ^

s  -  à
°2x “  Л

s kx ~ 0

S ky “  0Ук =  0

S kz чХ $ z k  ~ 0

S = / H _
'л ох к > . . . . ( 1 3 )

^ky 4  E

S kz -  4  7 5 ^

S nz “  bzn  “  0

Kâ redzaias, v is a s  id e â la s  s a i t e s  
s a i t e s  p a rc iä lä ia  a tv a s in ä tä m  r e iz

J a  d o ta  s a i t e  f ( x 1 y 1 z 1 x 2  . . .

S -  /  Ì £ _  
u nz _  7 z u

r e a k c i ju  p r o je k c i ja s  i z t e i c a s  cau.r 
inàbäm a r  v ienu  un to  pasu  f a k to r u Ä .  

z1„1 ) = 0 nav  id e ä la .  t a d  re a k c iju . raS, 
v a r  s a d a l ï t  d iv â s  kom ponentês: norm älä r e a k c i j ä ,  k u ŗa  i z t e i c a s  a r  n u - 
po.t a t ra s tä m  fom uläm  un b e rz e s  spêkä , kas l ï d z in ä j ä s  n o rm ala i r e a k c i -  
j a i ,  r e i z i n â t ä i  a r  b e rz e s  k o e f ic ie n tu  /V .

Id e a lo  s a is u  r e a k c i ja s  p r o j e k c i j a s . j a  s is te m a  
i r  h s a i t e s .

U z ra k s tïs im  s is te m a i  a r  n punktie in  h s a iè u  n o lïd z in ä ju m is :
f 1 (X iy 1 ZiX2  . . .  xk y k z k  . . .  3n ) = 0

f 2 (X 1 y1 Z lX 2  . . .  xk y k z k  . . .  3n ) -  o

• • • V k " k  • • • 2n ) = 0

Uz k a t r u  s is te a ia s  punk tu  d a rb o s ie s  h r e a k c i j a s ,  no k a t r a s  s a i t e s  v ie n a  
r e a k c i j a ,  k u ŗa s  varan  ied o m ä tie s  s a l i k t a s  g e o ia e tr is k i:

§ k  =  S ’ + ^ 4 - ^ + .............+

Dosim s is te m a i  v ir tu e lu .s  p â rv ie to ju m u s  saskaņä  a r  sa itê Ķ ijta d , ja  s a i t e s  
i r  id e ä la s ,  re a k c iju . darbu  suiniaa uz v i r tu e l ie m  pärv ie to jum ieE i l ï d z in a -  
j ä s  n u l l e i :
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^O ì. ŝ k x , y x k ş  S ky*$y k +  $kz*-j z k) 0

Bez tam s a is u  e k s is te n c e  dod v i r tu e l ie m  pary ie to jum iem  h no te iku iaus:
a

1 ?z

ï  k W ' = ° h -  no te ikum i

a  ûf-u г-
;z k ) = 0

R e iz in äs im  h noteikum us a r  
v i r t u e l a  darba n o lïd z in ä ju m a  
un C Zk

1 ' un a tv i lk s im  v is u s  no
2 ' > г  сч

p ie  каи ņemsim v e l  a iz  iekavaïn d yk

1 L( s 1

^S ky

<!X

'ûf

1 
к

1

2
^ f 2  
?x k 'h  ÄXk  ̂ " k

1 2
2 

г у к  -

kz 1 czk 2
и 12 

D z k 1h1 0 к л
= 0

No )Q v ir tv .e lie m  p ärv ie to ju m iem  h i r  a t k a r ï g i  un ) a  - h n e a t k a r ï g i ,  jo  
s t a r p  }n p ärv ie to ju m iem  p a s tâ v ,h  n o te ik tu  sa k a ru . Iz v ê lê s in i t ä ļ ä k , ± ï l z  
sim v ê l  n e n o te ik tu s  f a k to ru s  t ä ,  l a i  k o e f i c i e n t i
p ie  h a tk a r ïg ie m  p ärv ie to ju m iem  l ïd z in ä to s  n u l l e i .  Tad p ê d ê jä  n o l ï d z i -  
näjum â p a l ik s  swnma no ) a  -  ìi n ea tk a i-ïg iem  p ârv ie to ju ra iem , p a re iz in L -  
tie m  a r  zinäraiem k o e f ic ie n t ie m , p ie  kam s i  summa l ï d z i n â j ä s j a u l l e i .  
Lai p ie  n e a tk a r ïg ie m  pärvie-tojum ieni säda summa v a rê tu  l ï d z i n ä t i e s  n u l -  
l e i ,  i r  j ä l î d z i n ä j ä s  n u l l e i  katram  k o e f ic ie n ta m  a t s e v i s ķ i .  

I z te ik s im  s a c ï to  a n a l i t i s k i :

S lx  “  ^ l  T xJ "  ^ 2  "  * S  =  0 i

s , à -  ì ^ - c  î
b 2x i  г х 2  2 ЙХ2  з ÔX2  •••  ;

/

S - - д  - ... - ì  o
hx 1 ûxh  '2 ^ x ^  3 ■-•xh  h o xh  У

h -  k o e - 
f i c i e n t i ,  
k u ŗ i  11- 
d z in â jä s  
n u l l e i  
P® о Дд., 
'Др, - .  -

Д к  'Ş - 
lo s .
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/ ^ 2  ; / А  У
S (h4-l)x 1 ^ x ^  ^2 i> x ^  3 ^ ļ ï  * ’ * k “  0 j 

............................................................................................................................... 1

/ uf*o /S -  А  __£ _ И ___£ _ J
nx 1 ì)xa  2 cxn  ) ^xTn 

s _ Ä / ^ 2  x
S ly  ' Ц у /  2 = 0

p ä r e -  
j i e  
Jn -h  
k o e f . ,  
kuŗiem  
a r ï  
j ä l ï -  
d z in a s  
n u l l e i

No sim forrmilam varam a t r a s t  r e a k c i ju  p r o je k c i ja s
punk tiem . U z ra k s tïs im  punktam A, r e a k c i ja s  p r o je k c i ja s

v is iem  s is te m a s

L iek o t fo rm u las  (14) к = 1 ,2 ,5  . и , varam dabût r e a k c i ja s  p r o je k c i j a s  
a r ï  c i t ie m  punktiem .

§ 4 . SAISTITAS SISTEMAS KUSTļBAS DIFERZNCIALNOLlDZINÄJUl.iI 
РЁС IAGRANGA I УОгШ. MIERA STÂVOKLIS.

PieĢemsim, ka s is te m ä  a r  n punktiem  i r  h s a i t e s ,  k u ŗas  dod punktiem  
ä r ê j a s  un ie k s ê ja s  r e a k c i j a s .

IzņeiosiHi no s is te m a s  punk tu  A^ un apzïm êsim  a r  v isu  ä r ê jo  un ie k -  
s ê jo  spêku geo m etrisk o  summu, t â p a t  a r ï  a r  v is u  ä r ê jo  un ie k s ê jo  re a k -  
c i j u  g eo m etrisk o  summu.
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F k = £ 4  + £ 5 *

Sk А  ^4

к
4"

Tad p u n k ta  h u s t ïb a s  d i f e r e n c i a l n o l i -  
dzinä.jum i bûs

Lkx k _  x k S

V k  = Yk +  s ky
zïm. 16. 

ie v ie to s im  è e i t  s a i t e s r e a k c i ja s
m k z k = Z k s k z

p r o je k c i ja s  pec fo rm .(1 4 )

V k 1

V k  = Y k +  i

—1  
sx k  
А  
ôy k

2

2

— â  
a k h

x h 
^ k

V k  = z k +  А 2

" ‘ 2

d f 2  
ş i k

h

h
a f h ì

A t r a s t i e  n o lîd z in â ju m i (1Ş) i r  s a i s t ï t a s  s is te m a s  k u s t ïb a s  d i f e r e n c i ä l -  
n o lïd z in ä ju m i pêc L a g ran g 'a  I  fo n aä ,

J a  s is te m ä  i r  n p u n k tu , t a d  L agrang’a d ife re n c ia ln o l ïd z in a jw a u . bus
Zn, b e t  nezinam o + h , jo  näk k l ä t  v ê l  h  lie lu m u  Л у  . .  >
t a  t a d ,  l a i  b û tu  ie sp e ja ia s  so s i s te n u  a t r i s i n a t  
t e s  n o lïd z in ä ju m i.

ja p ie v ie n o  v e l h s a i -

V k z k • • ’ z n> = 0

W k  ' • • z n> = 0

> h -  nol-DIU 
/

У В Д А  • • • V à  • • • V  = °
P ie v e s ta s  )Q ş  k  n o lïd z in ä ju m u  s i s t e inas a t r i s in ä s a n a s  metode i r  säda : 
p irm k ä r t  j â i z s l ê d z  v i s i  un , l a i  со p an äk tu , jäņem h + 1 v ie n k ä rs ä k i  
n o lïd z in ä ju m i» . R e z u ltä ta  dabusim 5n -  h d i f e r e n c ia ln o l ïd z in ä ju m u s . kuyos 
n e i e t i l p s t  .Á y b e t i e t i l p s t  v is a s  )  k o o rd in â te s  un p irm äs un o t r ä s  a tv a -  
s i n ä t ä s  no k o o rd in ä têm .

T âļâk  h s a i t e s  n o lïd z in ä ju m u s  i z l i e to s im  h a tk a r îg o  k o o rd in ä tu  n o - 
t e i k s a n a i .  No ie p r ie k s  dabûtiem  d ife re n c iä ln o l ïd z in ä ju m ie m  iz s lê g s im  
s ï s  h a tk a r ïg a s  k o o rd in ä te s  l ïd z  a r  to  a tv a s in ä tä m . Tad dabûsim  s i -  
m ultanus d ife re n c iä ln o lîd z in ä .ju in u s  a r  -  h n ea tk a rîg äm  koord inä têm . ku - 
ŗ i  bûs j ä i n t e g r ê .  P ie  in te g rê s a n a s  i e i e s  2 (Jn  -  h ) = 6n_- 2h k o n s ta n to s , 
k u ŗa s  i r  j ä a t r o d  no sâkuma a p s tä k ļie m , t ä  t a d j ä b û t  dotäm 5n -  h säku^ia 
koo rd inä têm  un Jn -  h säkuma ä^rwnu p ro jekc ijä in»

Pêc tam , kad Jn -  h n e a tk a r ïg a s  k o o rd in .â te s  bus a t r a s t a s  kä f ( t ) ;  
varam p ä r ê jä s  h a tk a r ïg ä s  k o c rd in ä te s  a t r a s t  no s a i s u  n o lîd z in ä ju m ie iu .
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Kad tä d ä  k â r tä  v is iem  punktiem  k u s t ib a s  n o lîd z in ä ju m i bus a t r a s t i ,  
varam a t r a s t  a r ï  r e a k c i j a s  katram  punktam , pieniêrani punktam. А, pêc f o r -  
imilâm: R

Skx = m Ä  -  X k

s k y  = V k  -  Y k 
s kz =  m k z k "  z k

Ja  i r  v a ja d z îg s  z i n â t ,  kädu re a k c iju _ d o d  k a t r a  a t s e v is ķ a  s a i t e  k ä -  
dam n o te ik ta m  punkbaw, î a d  j a a t r o d  a t t i e c ï g a i s  /  , kas a t b i l s t  a p s k a tä — 
mai s a i t e i  un j ä r e i z i n ä  a r  t â s  p a sa s  s a i t e s  p a r c iä lo  a tv a s in ä to  pêc punk- 
t a  k o o rd in ä te s .

Piemêram: pirm a s a i t e  pinaam  punktam dod r e a k c i ju ,  kupas p r o je k c i ja

p r o je k c i j a  uz

Xi r r  , o t r a  s a i t e  pirmam punktam dod r e a k c i ju ,  k u ŗas  0^1 -N
-  f 2
Y -  a s i  i r :  o  . T re sa  s a i t e  c e tu r ta m  puiiktain dodоУ]

/ 0 f .
r e a k c i ju ,  k u ŗa s  p r o je k c i ja  uz Z a s i  i r :

P ie  v ienpusîgam  sa itê m  j a a t r o d  a t t i e c i g a i s  Л  , l a i  n o s k a id ro tu , c ik  
i l g i  p u n k ts  p a l ie k  uz s a i t e s .

S a i s t î t a s  s is te m a s  m ie ra  s t a v o k l i s .

t a s  х к

Ja  s a i s t ï t a
= Ук = z k

punktu  s is te m a  a t ro d a s  m ie ra , ta d  k o o rd in ä tu  a tv a s in a -  
= 0 , un по n o lïd z in ä ju m iem  (15) dabusim

kur к

х к

к

z k

1

1

1

= 1 , 2 , 3

и л 1

ЪУк

U 1 1 
^ k

и

2

2

2

i f 2  
ş i k

' fh

2
дУк

d f 2

h S x J 
/ '^ f h 

' h  á yk

h 5 ^

= 0

= 0

= О

(16)
/ 3n по1-ши

P ie v ie n o jo t  siem  n o lid z in a ju m iem  v e l h
- - -  W k  • • •  z n>

••• V k z k z n ’

s a i t e s  n o lid z in a ju m u s 
= О

= О

f h (x i y i
z iX2  . . .  xk yk z k  . . .  zn ) = 0

dabûsim  >n + h  no lïdz inä .jum u s is tem u  a r  ku ŗu  bûs n o te ik ta s  }n s i s t e n a s  
m ie ra  s tä v o k ļa  k o o rd in ä te S  un v i s i  , kux l i r  v a ja d z ïg i  r e a k c i ju  n o te ik -  
s a n a i .



P iem êrs . D ivi p u n k ti A^ un A2  a r  masäri

T re sâ  s a i t e  i r  i e k s e ja ,  s t i e n i t s  garumä

un s a i s t i t i  a r  s t i e n i t i  
garumä £  un k u s ta s  k a t r s  uz v ic -  
n a s  v irsm as. Uz punktiem  ie d a r -  
b o ja s  a r ê j i e  sp ê k i:

F? un xâ
U z ie t:  punktu. k u s tïb u .

Pavisam  s is te m ä  a r  d iv ie iû  
punktiem  i r  )  s a i t e s ,  p irm äs d i -  
vas i r  ä r ê j a s ,  y irsm as:

f 1(^ 1 У i ) = 0 un f . z r o y2 Z 2 )=0
1 ‘

P a s tä d is im  k u s t ïb a s d ife re n c iä ln o l îd z in ä ju n iu s  abiem  punktiem

— ( x 2  X ļ )  +  ( y 2  ~  У 1 )  ş  ( z 2  ~  —  ~  0

k u s t ïb a s  d i f e r e n -  
c iä ln o l îd z in ä ju m i 
punktam A^

m2 x2  = X2  +  + Л 2  ì

= Y 2  + <A1 —  + Л 2 ^ + ^ 5 3 у^ ķ

“ 2Z
2  = Z 2 +  j

S ie  n o l ïd z in ä ju m i v ie n k ä r s o ja s ,  j a  ie v ê ro s im , ka

k x istïb as d i f e r e n c i -  
a ln o lïd z in a ju m i 
punktam A^

un 2
X 1

= — — = — — = о

un i e l ik s im  t r e s a s  s a i t e s

1) m1 Xj= X^ +

2) m1 y 1 = +

J )  w ^z^- Z ļ +

p a r c i a la s  a tv a s in a ta s :  
/ 5  f  1 J

X 1 ^ 3 ^ x 2 "  x l>

. áfn
1 “  z ^ 3 ^ 2  “  y l^

U 1 " 2 - 2^)



4 )

5)

6)

^2^2 —

“ 2У2 = Y 2

= Z2
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2

2

2

~ x
2 ) 

^ / y l  -  y2 ) 

bA ( 2^ — Z2  )

P ie y ie n o jo t  siem  6 d ife re n c ia ln o l id z in a ju m ie m  v e l  )  s a i t e s  n o l ïd z in ä ju -  
nius:

f l ( x l y l z P  = 0 , f 2 (x 2 y2 z 2 ) = 0  un (x ^У^z^x2 y2 z 2 ) = 0

c-abûsim s is te m u  no 9 n o lid z in ä ju m iem  a r  9 nezinäm iem , b e t a t r is in ä ju m u  
v a rê s  n o v e s t l ï d z  galam  t i k a i  t a d ,  j a  bûs d o t i  a b i  yirsm u n o lïd z in â ju m i 
k o n k re ta  form a, kau t gan t a s  bus ļ o t i  l i e l s  d a rb s .

§ 9- VIRTUEL0 PÄBVIETOJWU PRINCIPS.

S is tem as m ie ra  s tä y o k ļa  n o te ik s a n a  a r  y i r tu e lo  p a r v ie to -  
p r in c ip u . '

Tieksme n o v es t v is a  m êchanikas jau tä ju m u  a t r i s in ä s a n u  kâ s t a t i k ä ,  t ä  
a r î  dinam ikä p ie  y ie ņ a s  k o p ê ja s  m etodes y e ic in ä ja  y i r t u e l a  p â ry ie to ju m a  
i r i n c i p a  a tk lâ s a n u . So p r in c ip u  i r  a t k l ä j i s  J .B e r n o u l l i  XVIII g . s .  зака­
т а ,  b e t  p i l a ïg u  a t t ï s t ï b u  sim p rin c ip am  i r  d e v is  Lagrange savä darba  
"blecanigue a n a l i t i q u e '’ 1788 .g .

V ir tu e lo  p ä rv ie to ju m u  p r in c ip s  fo rn iu lê jä s  t ä :
M a te r iâ lu  punktu. s is te m a s  lïd z sv a ra m  i r  n e p ie c ie sa m i он p i e t i e k o s i ,  
l a i  VÌBU  s is te m ä  d a rb o jo so s  spêku un r e a k c i ju  darbu  ватта uz punk tu  
y i r tu e l ie m  p ärv ie to ju m iem  l îd z in ä to s  n u l l e i ,  

je b  y ie n k ä rs ä k i:  mart e r i ä l o  punktu  s is te m a  a t ro d a s  l ïd z s v a r ä ,  j a  s is te m a s  
y i r t u e l a i s  d a rb s : 0 .

J a  s a i t e s  i r  id e ä la s ,  ta d  r e a k c i ju  darbu  ватта uz y i r tu e l ie n i  p ä r -  
y ie to jum iem  p a t i  l ï d z i n ä j ä s  n u l l e i  un punk tu  s is te m a s  lïd z sv a ram  p i e t i e k ,  
j a  v is u  spêku v i r t u e l a i s  d a rb s l ï d z i n ä s i e s  n u l l e i .

D azi a u t o r i  y i r t a e lo  p ä ry ie to ju m a  p r in c ip a  v ie tä  l i e t o  nosaukumu: 
" y i r tu e lo  ätrum u p r in c ip s " ,  jo  y i r tu e l u s  p ä ry ie to ju m u s a rv ie n  v ar a i z -  
y i e t o t  a r  y i r tu e l ie m  ätrum iem  i e v ê r o jo t ,  ka y i r t u e l a i s  ä trom s:

0 , no k u r ie n e s  ^ B = Vоh d t .  

Iz v e d ïs im  y i r tu e lo  p ä rv ie to ju m a  p r in c ip u  a t s e y i s ķ i  b r ïv a i  un s a i s t ï -  
t a i  punk tu  s i s te m a i .

I .  B r ïv a i s i s te m a i .

V ir tu e lo  p a rv ie to ju m a  p r in c ip s  a n a l i t i s k i  iz s a k a s  t a  

ļ Û 01 = Г  (Fk  С Bk ) = 0 i ............................................... (17)

k u r Fk  = + G

je b  a t t î s t o t  s k a la ro  p ro d u k tu :
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Ja  s is te m a  a tro d a s  l id z s v a r a ,  ta d  katram  punktam: = 0 , kur

........... (17-)

P a r e iz in o t  Fk  a r  v i r tu e l o  p a rv ie to ju n iu  c) s k  s k a l ä r i ,  t . i .  s a s tä d o t  
v i r tu e lo  darbu spêkam un sunnnêjot so darbu v is iem  punktiem . dabusihx 
n u l l i  n

f o 1 =  ş  ( F / s k ) = 0 

un a t t ï s t o t  p ro d u k tu :

£  (Xk c 'x k  +  Yk <Tyk  +  2k ^ z k ) = 0

Tagad o t r a d i  -  i z e jo t  no no te ikum a, ka v i r t u e l a i s  d a rb s  i r  n u l l e ,  p i e r ä -  
d is im , ka s is te m a  a t ro d a s  l ïd z s v a r a .

D ots: n
Ж -Z  cxk ^xk  + Yk ^yk  + zk ) - 0

k u r к = 1 , 2 , )  . . .  n . Be.t b r ïv ä  s i^ tem ä v i s i  v i r t u e l i e  p ä rv ie to ju m i i r  
n j a t k a n g i  un /  0 , c  yk  /  0 , o z ^  /  0 , t ä  t a d ,  l a i  m inêtä  зивша va- 
r a tu  l ï d z i n ä t i e s  n u l l e i ,  jä b û t

xk = X® + xj = °
Y k = Y k + Yk = 0

2
k = Z k +  Z  к = °

3n n o lïd z in â ju m u  p r ie k s  v is iem  к = 1, 2 , )  . . .  n .
Kä redzam s, i z e j o t  no v i r t u e l a  darba  iz te ik sm e s : 014=  O, mês dab3- 

jam b r ïv a s  s is te m a s  l ïd z s v a r a  n o te ik u iau s.

I I .  S a i s t i t a i  s i s te m a i .

Y ir tu e lo  p a rv ie to ju m u  p r in c ip s  s a i s t î t a i  s is te m a i  a n a l i t i s k i  i z s a -  
k â s  t â :  1— ^ 3 ------- И--------Г " --------- s -------- ------------------ !

i û  O t = Г . (F k ô sk ) + T  (5 k ô s k ) = 0 , ........................... (13)
'i_________________ 1 _______________________ 1 _______ >

k u r Fk  = Fg + un Sk  = + §1

J a  s a i s t ï t a  s i s t e o a  a t ro d a s  l ïd z s v a r ä ,  ta d  katram  punktam A^: F^ -»5^=0.
P a r e iz in o t  so s k a l a r i  a r  v i r tu e lo  pärvietojtum x C s^., t . i .  s a s tä d o t  

v i r t u e l o  darbu un summêjot v is iem  punktiem , mês dabâsim  n u l l i .

M =  (Fk  + S j ^ s  ) .= о
ļ  л. Л  ik
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à - ş  + ì  = °

P iez ïm e . Ņemot v ê rä , ka ideä läm  sa itê m  r e a k c i ju  v i r t u e l a i s  d a rb s p a t s  
p a r  s e v i  l ï d z i n ä j ä s  n u l l e i

x  ( м Х )  = 0

( sk .fo rn m lu  1 2 ), näkam p ie  s lê d z ie n a ,  ka s a i s t ï t a i  a r  i d e à l à  sa itê m  
s is te m a i  v i r tu e l o  p ä rv ie to ju m u  p r in c ip s  iz s a k ä s  t ä p a t ,  kä b r ïv a i  s i s -  
te m a i _____________ _____________________________________ ;

i ş  ( ? k U sk ) = X  (X /X k  +  Y ^ y k  + z / z k ) = 0 j ...................... (18â)

Tagad o t r ä d i :  i z e jo t  no v i r tu e lo  p a rv ie to ju n iu  p r in c ip a  (fo rra .1 8 );

£  (Fk3sk ) + |  (Skosk ) -  0

p ie rä d ïs im , ka s is te m a  a tro d a e  l ïd z s v a r ä ,  t . i .  ka s i s  n o te ik w is  i r  p i e -  
t i e k o s s  lïd z sv a ra m .

_Ja  s is te m a  n e a t r a s to s  l ïd z s v a r ä ,  ta d  d a z i je b  v i s i  p u n k ti nonäk tu  
k u s t îb ä ,  p ie  kam p u n k tu  p ä rv ie to ju m i a r ï  p ie d e rê tu  p ie  v i r t u e l i e m , t . i .  
iespêjam iem .

Lai n e p ie ļa u tu  áädus p â rv ie to ja m n s , iedom äsim ies punktiem  p i e l i k -  
t u s  f i k t i v u s  spêkus Q, p r e t e j ä  p ä rv ie to ju m iem  v i r z ie n ä .  Ar £ieni sp ê k ien  
b û tu  a t ja u n o ts  l ïd z s v a r a  s tä v o k l i s  un mès v a rê tu  az sb äd lb  v i r t u e l a  d a r -  
ba no lïd z in â ju E iu :

Z  OL = (Fļjsk ) + Z  (Skôsk ) -  ş  Tk §sk  = 0

P êd ê jä  lo c e k l ï  nav jäĢem s k a lä r a i s  p ro d u k ts , jo  sp ê k i Qk  dom äti p x e tê jä  
y i r z ie n ä  p ä rv ie to ju in iem , tam dêļ a r ï  p r ie k s ä  jänem ( - )  zïm e.

S a l ïd z in o t  so fo rm ulu  a r  do to  foriïïu lu  (18) s k a id r i  redzam s, ka 
n p,

- X  Qk  ô s k  = 0

je b  a t t ï s t o t  saLWu:
-  з х  -  Q2 ô s 2  -  . . .  -  Qk °  s k  -  . . .  - ^ 9 ^  = 0

P ä rv ie to ju m i pêc p iep em täs p r o p o z ic i ja s  n u l l e i  n e l ïd z i n ä j ä s ,  t ä  t a d  
j ä l ï d z i n ä j ä s  n u l l e i  v is ie m  spekiem  Qk , t a s  nozïm ê, ka ja u  по райа зака­
т а  s is te m a  b i j a  l ïd z s v a r ä .
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Ar id eä lâ ia  sa itê m  s a i s t ï t a s  s is te m a s  l ïd z a y a ra  
s tä v o k ļa  n o te ik s a n a s  metode uz y i r tu e lo  p ä r v ie -  

to jw au  p r in c ip a  pam ata.

Pieņem sim , ka s is te m a  i r  h  id e a la s  s a i t e s ;
. . .  xk yk z k  . . .  z j  = 0

f 2 (x i y i ZiX2  . . .  x ^ k - k  . . .  Zn ) = 0

f
h (x i y i ZiX2  . . .  x ^ à  . . .  Zn ) = 0

Ja  s a i t e s  i r  id e à la s ,  t a d  y i r tu e lo  p â rv ie to ju iû u  p r in c ip s  s a i s t ï t a i  s i s -  
te ia a i fo rm u lê ja s  t ä p a t ,  kä b r ïv a i :

Г 0 1  = ş  (Хк ^х к  +  Yk î y k  + Zk<?zk ) = 0 .................................. (18—)

bez tam  s a i t e s  e k s is te n c e  dod y i r tu e l ie m  p äry ie to ju m iem  noteikunius: 
û
i  ’ =  0

< ļ ^ ^ ş ^ - 0 y k  ş ŗ o - i ļ  > °  °  
Iv Iv IV

Sie h no te ik iim i кора a r  y i r t u e l a  d a rb a  iz te ik s m i 
i ķ u  s is te m u . a r  kuru  i r  n o te ik t s  s ia te m a s  m iera

re p re z e n tê  n o l id z in ä -  
s t â v o k l i s .  J a  s is tem ä  

ì r  h  s a i t e s ,  t a d  i r ’ h a tk a r ïg o  pärv ie tn ju inu . un }n -  h n e a tk a r ïg o .
U ziesim  no h  noteikum iem  h a tk a r îg u s  p ä ry ie to  juiaus c a u r  -  h n e -  

a tk a r ïg ie m  Lri i e l ik s im  to s  y i r t u e l a  darba  n o lîd z in ä ju ia ä , ta d  s in ï  n o l î -  
dzinäjum ä bûs summa no )n  -  b n e a tk a r ïg ie m  pärv ie to ju m iem  p a re iz in ä t ie m  
k a t r s  a r  kädu iz te ik s m i ie k a v â s . Bet l a i  säda SMima y a rê tu  l ï d z i n ä t i e s  
n u l l e i ,  t a d  katram  k o e f ic ie ņ ta m  p ie  n e a tk a r ïg ie m  p äry ie to ju m iem  a t s e -  
y i s ķ i  j ä l ï d z i n ä j ä s  n u l l e i .  S is  a p s t ä k l i s  dos mums v e l t r û k s to s u s  n o l ï -  
dzinäjuizrus, no kuŗiem , iz s lê d z o t  a tk a rx g u s  p ä ry ie to ju in u s , d a b d s à  s i s -  
tenias m ie ra  s tä v o k ļa  noteikum u.

Tas p a ts  a r  L a g ra n g ^  k o o rd in ä tu  p a l ïd z lb u .

J a  y i r t u e l a  darba  iz te ik sm ê  v is u s  y i r tu e lu s  p ä rv ie to jv m u s i z t e i k -  
sim  a r  L agrang’ a koord inä têm , t a d  mês varam a t s y a b in ä t ie s  no sa itêm  un 
a t r a s t  s is te iû a s  m ie ra  s tä v o k ļa  no te ikum u, neņemot v ê rä  s a i t e s .  P ie r ä -  
d îs im  s a c ï t r  se k o jo sä  p iem era .

P iernêrs: Punkta s a i t e  i r  r i ņ ķ i s  a r  ra d iu s u  r .  U z ie t punkta  l id z s y a -  
r a  noteiktum i.

1) A triF in ä ju m s uz y i r tu e lo  p ä ry ie b o ju n u  p r in c ip a  pam ata. 
Y i r tu e l a i s  d a rb s : p -_

û O l =  (Fk ^ s k ) = 0
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у a t t i s t i s i n i  p ro d u k tu , i e v e r o jo t ,  k&. Z = 0 ,
"  X .£x + Y.Sy = 0

' K  ( \  2  p  о
ôs S a i te s  nolidzin i-.ju ias: X + у  -  r  = 0 tp . S a i te  dod v i r tu e l ie n i  pärv ieto jrunieE i n o te ik u -

wu.

Y _  _  * _  V
• -----------------  Л kas inusu gadïjum a izn ak  2x .dx  J - 2y<oy = 0 ,
z îm .1 8 . no k u r ie n e s  ^*x = -  x ^ y *

Punktam A p lak n ê  i r  d iv a s  k u s t ïb a s  b r ï 'r ïb a s  vn i r  v ie n a  s a i t e ,  t d  t a d  
p a l ie k  v ie n a  k u s tïb £ S  b r ïv ïb a  un bûe v ie n s  n e a tk a r ïg s  v i r t u e l s  p ä r v ie -  
to ju m s. Iz v ê lê s im  d у p a r  n e a tk a r ïg o  p ä rv ia to ju m u  un a iz v ie to s im  darba  
fo n a u lä  v isu s  p â rv ie to ju n u s  a r  J  у  :

- X y d y + Y ( T y = O  je b  (xY -  yX) (Ту = 0

b e t  ^ y  /  0 , kä n e a tk a r lg s  pärY ieto .ìum s, t ä  ta d  xY -  yX = 0 un t a s  nav 
nekas c i t s  kâ L2  = 0 .

L ai p u n k ts  a t r a s t o s  m ie rä  uz s a i t e s ,  i r  n e p iec ie sa m s, l a i  spêka LO- 
riients a t t i e c ï b ä  uz Z a s i  l ï d z in ä to s  n u l le io

2 ) ^ a t r iş iņ a ju m s :  t a s  p a t s ; vb e t  a r_ L ag ran g 'a  koo rd ina têm . Y i r tu e l a i s  
a a rb s  ( ^ s ^ )  = 0 je b  F CG S .CO S(F„Ô S ) = 0 .

P a r  L agrang’a k o o rd in a t i_ iz v e le s im  le ņ ķ i  Д ’ ,k u ŗu  veido  г  а г  X a s i .  
t a d  (fs  = r  un F.Cos(F.cVs) = F^eTááF^eT. = 0 , b e t rF^ = Lz  un 
g a l ï g i  iz n ä k : LZ  0(i0= 0 . 

B et 6 , kä n e a tk a r ïg a  k o o rd in ä te  un p a l ie k  Lz  = 0 . Näs tä d ä  k ä r
t ä  a r  Lagrang^a k o o rd in ä tu  p a l ïd z ïb u  ia b û ja n  to  pasu  r e z u l t ä tu ,  neņemot 
nemaz v è râ  s a i t e a  n o lïd z in ä ju m u .

T ä ļäk  a t r i s in ä s im  v ä l  v ienu  p iem êru  a r  t r ï s  dazädiem  p a ņ ê ijie n ie a : 
1) a r  L a g ra n g 'a  a o lld z ia â Ô Ş lb lL  I  xcr-^â, 2) a r  v i r tu e lo  p ä rv ie to ju iu u  
p r in c ip u  un ) )  a r  to  p asu  p r in c ip u ,  b e t l i e t o j o t  L agrang’a k o o r d in ä t i .

P iem erS . D iv i smagi m a te r i a l i p u n k ti  A^ un A2 a r  svariem  un 
k u s tä s  uz diväm id e f  läm s l L p à  
p la k n ên , k u ŗas  ve±du a r  h o rico n b u  
leņnais Л х  un /  .A bi p u n k ti 
i r " s a s i e t i  a r  .n e iz s t i e p  jamu p av e - 
d ien u  garumä , kas s l î c  bez bez— 
zes c a u r  v i r s o t n i  0^ 
DOÛ i : , Q2, oC , /3 •
U z ie t:  s is te m a s  m iera  s tä v o k la  
noTeikuiiia un v is a s  r e a k c i ja s  ä r e -  
j ä s  ил ieksê jäS o

l ) a t r i s i n a j ums a r  La g ra n g /a  n o l i dzina.ļuiïiieia 
I  form ä.

Dotä s is te m a  i r  d iv i  p u n k ti un t n s  s a i t e s o U zrakstxsiro  s a i t e s  n c -  
lîd z in â ju m u S j i e v ê r o jo t ,  ka t ä s  i r  ŗ ie n p u s ïg a s :

p in n ä  s a i t e : ^ b g c x . -  y ^  Z. O

o t r a  s a i t e :  ^ 2 ^ 2 ^ )  i r  - ^ î g ' ^  -  y 2  0



t r e á a  s a i t e : г ^(^1У1 х 2 У2 ) i r  £  -  / x |+ y | >.

L a g ra n g 'a  m ie ra  s ta v o k ļa

X k 1
U i l  
dxk 2

к X
'1 <^k 2

Z k 1 ÔZk

n o lïd z in a ju in i I
0 f 2 . , .X

formâ pec f o r a .  (1 6 ):

Cxk

à f 2

h

h

= °

v  2
Ô 2 k

h

1 x h = 0
à^k

û f h
77—̂  = 0 
d z k

7 n o l-ши

Mûsu gadijum a n = 2 un h = }, b e t ,  i e v e r o jo t ,  ka a b i p u n k ti  k u s ta s  
p la k n ê , bûs t i k a i  c e t r i  n o lïd z in ä ju ii i i ,  ka tram  punktam 2 n o l ïd z in a ju r i i .

2 n o lid z in a ju m i p irm an  
punktam

2 n o l - u i  o tram  p u nk tan

Lpska p r o je k c i j a s  masu gadijuuia: = 0 ,
s tä d ïs im :

Y 1 = X 2 = 0 , y
2  = ^ 2 ’ E a "

un ie v ie to s im  v is u s  so s  l ie lu ia u s  m inê to s n o l-u o s
1) 0 + tg  сЛ + 0 -  Cosc< = 0

2) S in  oL = 0

3) 0 + 0 -  ^ 2  tg  >̂ + C o sp  = 0
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4) Q2  +  0 -  Л  2  -  Л S1& = О

I z s lê d z o t  по s i e a  4 nol-m iem  t r ï s  l i e lu n u s  , dabZsiia l ïd z s v a -
r a  noteikum u: х  г  >

2 2
° °  "  ^ 1  = A  ş ş  = ^ 3  N î -  . 2 ) «1 -  +  S in a )

je b  tz^Lln oi =
ПО »  Ä 2  -  .A j = A j Z ş . , L s i à à  4) (J2  -  ^ ) < U Ş  ş  à , r )

je b  Q2 S in 3  = J\y
P ie l î d z in o t  ab as J.-, iz te ik s c ie s ,  dabäsim  l ïd z s v a r a  noteikuinu. 

; ---------------’
' Ģ-ļSinoC = Q~Sinâ ;

_Ja  s i s  noteikum s bûs i z p i l d ï t s ,  s is te m a  zem p a s s v a ra  a t r a d i s i e s  
m ie rä , p r e t ê j ä  gadijuxaä n o t ik s  ķ ix s tïb a .

T äļäk  m eklêsim  r e a k c i j a s .  Cim по1йкаи j â a t r o d  v i s i  vA .
i r  Sau a t r a s t s :  кА = ^ L i n  .X = <22 3 in ^

Z 1 = Á  un 4 2 -  - S  H H -  -  ķ ş

'/s1  j ä u z i e t  visäm  sa itê m  d i f e r e n c i ä l i  p a ra m e tr i:

pirmam punktam:
. \  /  О Ô^ '7  О > /  ' 9 9

^ , 1  = /  ( ~ ^ ) 2  + ( ^ ) 2  = y C o s 2-Z+ S in 2  ^  = 1

o tram  punktam:

Tagad r e a k c i j a s :

4  3 2 =  1

S? = 8  CiļCos2 ^  05^-77 = Q1 C o sx

S 2 =  "^2 Л 2 =  ^2C o S  ļ' 60s =  ^2С 0 3 р

3^ = Q jS in -Á .l = Q1 SincX

з !  = Л Л , , 8  Q9 S in  /3-1 = ^ L in  sZ



Tas p a ts  p iem ers a t r i s i n ä t s  a r  y ix tu e lo  p ä r y ia -  
to juax i pxiL C ipu.

3ez tcîii s a i t e s  Jod y ir tu e liG û i p ärv ie to ju n iiem áädus n o te ik u u u s:

n â f h  r . 
7 '  ( - ^  ôx,
1 к

M Û SU  n = 2 ,

J f ,  л 0 f h+ ^ < 4 )  = °

t ä  ta d  y i r t u e l a i s  d arb s

h nol-îSU

b e t  a t k a l  = 0 , , X2  = 0 ,  Y2  = Q2  ķ  рас tam  iznak

1) j  «1= ' Y ş  0

L s lb s s  aû su  s is te iâ ä  i r  h  = J un n o te ik u iá i y i r tu e l ie m  p ä rv ie to ju ^ ie ïn  
iz n ä k : .

’J f ļ  Ûfļ ŗ- ’-ï 'i ô f ļ

t' fn  f'- ..‘fo J  fo
”  +  +  w  = 0

•J f  7 d f ,  c. Ô i\  u f ,
4) О X. ş  6^1  ş  - ^ -  ox 2  -t- -7-^- -  0

S a is u  p a r c i ä l a s  a tv a s in ä tä s  b i j a  ja u  a t r e is ta s  p i r n ä  a t r is in ä ju m ä
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) f ļ  3 6 TJf'i
-x x  =  ^ 8  V" ? Т у *  =  — » ,̂à Ş 0 ; > — 00-^1 !..У1 rķ-x-2  ОУ2

6 ^  6^9 à f ?  ,
> J4 ’ - I

ô f ,  } f ,
-ЗЕГ = ^ о 3 ^ ;  73Г = C o s P  5 -Ä 2̂  = -  S i n p
0 о Уļ  ?)л 2 0 * 2  ’

i e v i e t o j o t  Lvs lie lu c ïu s  n o l-u o s  2 ) ,  3) un 4 ) ,  izn äk :

2) tg - x .  -  0 У | = 0
3) ~ tg £  - '5 * 2  -  /) y 2  = 0

4) -COSÌZ .è x ļ  -  3 1 а 4 Los p .<>x2  -  L iaşi .ä y 2  -  0

2îvìL-m puak^isLi p la k a e  i r  2 .2  = 4  k u s t ïb a s  b r ïv ïb a s  un s i s t e m  i r
h  = 3 s a i t e s ,  t ä  ta d  n e a tk a r ïg o  рагУ1еЬо.]ШШ s k a i t s  bds 2n -  h  = 4 -  3= 
= 1. г а г  n ea tka .rïgo  pärv ie to ju m u . vaieua i z v ê le t  kuŗu  k a t ru ,  ņe iasin , p i e -  
m êraa, y^ un iz te ik s im  v is u s  6 caui- Л y^

no nol-iaa  2) û x^ = C tg x . >

no n o l-и а  1)

no n o l—ûia 3) x 2  -  — C tg (3

7 is u s  a t r a s t o s  p a rv ie to jtu iiu s ie l ik s i rû  nol-m a 4 ):
- 0 ° ^ - '  E 7 O 1  -  ş  ^ ^ 1 - 0

/ Cas2 '^+  S in 2 A Cos2 'j  + "1r?/Z , (“ „
( ---------------------------  +  ------  > ОУ1 = 0

( -  Q2 F in  p + Ş ļS in  x ) ?  y^ = 0

b e t  ô y^ 0 , kà n e a tk a r îg s  v i r t u e l s  p ärv ie to jx im s, t ä  ta d  p a l ie k
-'3 2 S in  p  +  Q jSin = 0

je b  î Q1 S in  oL = Q2 S in £  ,

t a s  p a t s  l id z s v a r a  n o te ik u u s .
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Tas p a ts  p iem ers a t r i s i n a t s  a r  y i r tu e lo  p â rv ie to ju ia u  
p ŗ in c ip u ,  b e t  L ie to jo t  L ag ran g 'a  k o o rd in ä te s .

Dot i : , Q2 , oC un [0
U z ie t:  s is te m a s  l ïd z s y a r a  no— 
te iku inu .

L ie to jo t  L ag rang 'a  k o o rd i-  
n a te s  varam neņemt v ê rä  s a i à  
n o l-o u s . V i r tu e la i s  d a rb s :

0  (Xk ûx k +Ykà yk + z / z k ) = 0

A t t ï s t o t  SUEJBIU mûsu gadïjuiiiam 
n -  2 , dabûsim :

Ô01= X ^  x x  + У1 Гу1  +  X2 ôx 2  + Y2 ôy2  = 0

b e t  — 0 ; Y^ — j X2  — 0 j Y2  — Q2  , bad

0*01= Q1ûy1 + Q2oy2
Kä ja u  ag räk  b i j a  k o n s ta tê t s  á in ï  ş is te ia ä  i r  v ie n a  k u s t ïb a s  b r ïv ïb a ,  
t a  t a d  bûs y ie n a  L ag ran g 'a  k o o rd in ä te .

P a r  s o k o o r d i n ä t i ,  a r  ku ŗu  p i l n ï g i  bûs n o te ik t s  s is te m a s  s tä v o -  
k l i s ,  iz v ê le s im  p u n k ta  a t tä lu ia u  s no v i r s o tn e s .

Tagad iz te ik s im  D ekarta  k o o rd in ä te s  cau r Lagrang^a koord inätêm
y^ = s .S in o c  un y2  = ( - 6 -  s ) L 1 r i , no k u r ie n e s

Уу-ŗ = Sin<*-.os , y2  = -  S in (T .^ 8  ie l ik s im  y i r t u e l a  darba

iz te ik s m e : c O t=  -  Q2 S in p  -- 0
о  0L  = Q2 SiBj3 )<Ts = 0

b e t  0 s  0 , kä n e a tk a r ïg o s k o o rd in ä te s  p ieauguris, t a d  p a l ie k

je b

Ģļ^SinoZ. -  Q2 S in  p  = 0
1----------------  ’

= Q2 S i n p  ì

§ 6 . D ^ le m b e r t^ a  p r in c ip s  punk tu  s ia te r a a i ,  
Ga l y en a is  d in a iaik a s  n o l ï d z in ä ju m s .In e rc e s  
spêku momentu summa .

D 'A le in b e rt’ a p r in c ip s  punk tu  s i s te m a i .

I z l i e to s im  d ’A le ia b e r t 'a  p r in c ip u  yienam s is te m a s  punktam А
iz p l a t ï s im  to  uz v is u  s is te in u . J a  Fk  
punk tu  Ak , kopspêks, p ie  kam ? k  = 
g e o m e tr isk a  sumrna punktam Ak , p ie  kam

к  Ģ
i r  v is u  spêku, kas d a rb o ja s  uz 
? k  + ? k  un §k  i r  v is u  r e a k c i ju  
i § _ i , ta d  varam abus

Dk °k °k
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£ k  + (- шТк ) = о

spekus g e o rn e trisk i s a s k a i t i t ,  a p -  
z im e jo t summi a r  un n o sau co t
to  p a r  e fe k t ïv o  spêku:

*к +  S k = £  к

J a  punk tu  A, p a ä tr in ä ju m s  i r  T  , 
t a d  "  K

< k  = £ k

P ä r ra k s t ïs im  so v ien ä  pusê

un apzim esiia , kä p a r a s t i ,  n o sau co t p a r  in e rc e s  speku.
Ie v e d o t in e rc e s  spèku , varam r a k s t ï t :

£ k  + Tk = °  Jeb p k  + 5k  + Tk  = 0 ..............................(19)

Sî f o r a u la  re p re z e n tê  d ^ A ls à e rb ^ a  p r in c ip u  vienam s is te m a s  punktam, 
k u ŗá  skan t ä :  katram  s is te m a s  punktaia a k t ï v i e  sp ê k i, r e a k c i ja s  un i n e r -  
c e s  sp e k i a t ro d a s  l ïd z s v a r ä .

N o lïdz inâ junm  (19) varam v ê l  p ä rv e id o t ,  s a s k a i to t  g e o m e tr isk i 
F, a r  T, un n o sau co t sumnm p a r  pazaude to  speku. P,

^k  +  T k ^k
Spêks P^ i r  n o sa u k ts  p a r  pazaudê to  t ä d ê ļ ,  k a , ie d o m ä jo tie s  a k tïv o  spêku 

s a d a l ï t u  kom ponentês un P^, k u s t îb a  b e id z o t n o t ie k  zein e f e k t îv a  
spêka ie s p a id a ,  b e t spêks P^ i r  p r ie k s  k u s t ïb a s  p a z a u d ê ts . Iev ed o t p a -  
za u d ê to  spêku , mês varam fom m lu  (19) p ä rv e id o t  t ä :

j Pk  +  Sk  = 0 ļ .............................................................(20)

Б1 fo rm u la  a r ï  r e p re z e n te  d^A lem bert^a p r in c ip u ,  k u ŗs  ta g a d  skan t â :  
k a tram  s i s t e ņ a s  punktam p a z a u d ê ta is  spêks l ïd z s v a r o ja s  a r  reak c ijän ir 

L ai d abû tu  d ’A lem bert^a p rin c ip u . v i s a i  s i s te m a i ,  s-uLMssà n o l-m is  
(19) v is iem  punktiem

I  <₽ k +  s k  + Tk ) = 0

s e i t  t i k a i  jâ p ie z ïm ê , ka v i s a i  s is te m a i  ie k s ê jo  spêku g eo m etrisk ä  surniîia 
i r  n u l l e  un ie k s ê jo  r e a k c i ju  g eo m e trisk a  swmna a r ï  i r  n u l l e ,  t ä  t a d  a t -  
r a s to  fo rm ulu  varam p ä rv e id o t

I n
r ş  (^k ş  ş  i k ) -  0 ....................................................... (21)

Sï fo riïiu la  re p re z e n tê  d 'A le m b e rt 'a  p r in c ip u  s is te m a i ,  k u ŗs  skan t ä :  
k u s to s ä  s i s t e n ä  ä r ê j i e  s p ê k i,  ä r e j ä s  r e a k c i ja s  un in e rc e s  sp ê k i a t ro d a s  
l îd z s v a r ä .

Mes varam dabût v e l  v ien u  d^A lem bert^a p r in c ip a  iz te ik s m i ,  sum re- 
j o t  v i s a i  s is te r a a i  fo rm u las  (20)

ïî 2
Z . (Pk  + Sk ) = °  ļ ............................................................... (22)
1 >
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je b  i e v e r o jo t ,  ka s is te m a  ie k s e jo  r e a k c i ju  I  S? = 0
1 K

i ļ  (Pk +  s£ )  = 0  ļ ............................................... (22—)

Värdos s ï s  fo ru u la s  skan  t ä :  p a ia u d ê t ie  ş p ê k i k u s to sä  s is te m ä  a rv ie n  
l i d z s v a r o ja s  a r  re a k c ijä m  ( r e s p .  a r  ä rè jä m ).

S a l ïd z in o t  s is te m a s  s t a t i k a s  n o l-u u s  a r  d inauiikas jeb  k u s t ïb a s  
nol-m iem , redzam , ka d ’A le ra b e rt 'a  p r in c ip s  dod ie s p ê ju  s is te m a s  k u s t ï -  
bae gadîjm nä p ä r i e t  no s t a t i k a s  nol-ïûieui p ie  d inaraikas n o l-u ieh i c a u r  
in e r c e s  spêka p ie s k a i t ï s a n u .

P ie z ïn ie . D 'A le iû b e rt 'a  p r in c ip s  i r  spêkâ n e a tk a r ïg i  no t â ,  v a i s i s -  
tem as s a i t e s  i r  id e ä la s  je b  n ê .

V irtu .e lo  päry ieto juM U  p r in c ip s  k u s to s a i  
s a i s t ï t a i  s i s te m a i .

Pêc d’A le ïab e rt’ a  p r in c ip a  k u s to s ä  s is te ra â  p a z a u d e tie  sp e k i l i d z s v a -  
r o j a s  a r  reak c ijä m ;

( pk  + 5 k ’ = 0

P ie l i e to s im  m in ê ta i  spêku. s i s t e n a i  v i r tu e lo  p ä rv ie to jn n ru  p r in c ip u
r -  ' --------

i c t = x  + < Z k-^k> k  - °

___j J __________1
............................... (23)

Ci fo rrau la  iz s a k a  y i r t u e l o  p a rv ie to ju n u  p r in c ip u  k u s to s a i  s a ì s t ï t a i  
s is te rz ia i.

f y a n g s  apaksgad ijm ns: s a i t e s  i r  i d e a l a s .

P ie  id ea lam  sa itê m , ka z inam s, Л . (8^ О s^ ) -  0 un p a l i s k

ļ о 01= X  (Pk o s k ) = °

bo r e z u l t ä t u  fo ria ile ş iE î v ard o s t a :  k u s to s a  s i s t e o â ,  s a i s t i t a  a r  ideälam  
s a i tê ia ,  p azau d ê to  spêku v i r t u e l a i s  d a rb s  l ï d z in ä j a s  n u l l e i .

I e v ê r o jo t ,  ka P^ = , varain fo ru u lu  (24) p ä r r a k s t ï t  v ê l
c i t ä d i :

.......................  (24—)

k as  v ard o s fo rh iu le s ie s  s e k o jo s i :  k u s to s a  s is te m a , s a i s t ï t a  a r  idea lam  
s a i tê m , a k t îv o  spêku un in e rc e s  spêku y i r tu e l o  darbu  surtnaa i r  n u l l e .
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G alv en a is  d inam ikas no l-m s.

I e v è r o jo t ,  ka in e rc e s  spêks T, = -  шк ^  , varam fo iu u lu  (2 4 â )v ê l 
p a rv e id o t  t â :  к к к

ş  şşk  -  “ к^к ’ '^ s k> = °

A t t ï s t o t  fo rm ulä  (25) s k a la ro  p ro d u k tu , dabûsim :

(25)

_ - ----q--------- '
x k -  + <Y k -  V k > ^ k  + ( z k -  V k > ^ k  j  = 0  - - - - -

Li3 nol-m s i r  p a z îs ta m s  zem nosaukum s:”G a lv en a is  d inam ikas n o l ïd z in â -  
jum s” , jo  s e i t  i r  a p v ie n o t i  d 'A le u ib e rt’a p r in c ip s  un v i r tu e lo  p ä r v ie to -  
juinu. p r in c ip s .

le d o c iä jo tie s  v is u s  s i s t e n a s  p u n k tu s , s a v ie n o tu s  a r  kädu n ek u sto ?u  
punk tu  0 un a p z ïm ê jo t punk tu  ra d iu s u s  v ek to ru s  a r  r k , wss varam v ê l  a t -  
r a s t  g a lv en ä  d ina ia ikas n o l-ша iz te ik s m i v e k to r iä lâ  v e id ä .

P Ê ä trin â ju m s kä z in a n s  i r :
ì  -  â  

K d t^
y i r t u e l o  p a rv ie to jv n iu  О s k  ^ ŗ i  varam u z s k a t ï t ,  ka kadu r a d iu s a  v e k to ra  

g eo m etrisk o  p ieaugunu E  ta d  fo r t iu la  (25) i z t e i k s i e s  t ä :

n л 2 -I - ик ь?
?огши.1а (26) re p re z e n te  galveno  d ina in ikas n o I - E  v e k to r ia la  v e id a . ( I z -  
te ik s iì i i  ie k a v ä s  i r  j ä s a p r o t ,  kä s k a lä ro  p ro d u k tu  no divieEi lo c ek ļieu i:

. 2 -  
TF Î k " m„  k d7 г  

d t

n _
un О r ^ ) .  Lv Гогши1и mês i z l i e to s im  t ä ļ a k  p ie  L ag ran g 'a

d i f e r e n c ia ln o l ‘-ìziu iz v e à a n a s  o t r a  fo n a a .
P ie n ê r s .  Atwooda m asina .

Z 1 W .2 ) .

D ivi sn a g i m a te r i a l i  p u n k ti a r  masärti un 
p i e k ä r t i  p av ed ien a  ^ a lo s .  P aved iens p ä m e s ts  
p ä r  r i p u ,  kupa g r ie z a s  bez b e rz e s  ap h o r ic o n -  
t â l u  a s i .

D o ti un p ie  каш ш^. L ip^s 
masa ig n o rê jam a .
U z ie t:  s is te m a s  p a ä tr in ä jm n u  zem smaguma аре­
ка ie s p a id a  j ,  pank tu  r e a k c i ja s  un 
s t a t i v a  r e a k c i ju  Sa ?

I  a t r is in â ju m s
a r  d W le in b e rt^ a  p r in c ip u  a ts e v is ķ a u  punktaia.

«Ia îa d  k a sb lb a  a a î i k s  p u lk s-teņ -
r ä d ï t â j a  y i r z ie n ä .  P ie l ik s im  punktiem  in e rc e s  
spêkus un s a s tä d ïa im  pec d 'A le n b e r t 'a  p r i n c i -  
pa l îd z s v a r a  n o lïd z in ä ju in u s :
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mx g -  т ^  -  = 0 pirm an punktam,

n^g + -  S2 = 0 o tram  punktam .

J a  mês r ip a s  masu ig n o rê jam , ta d  r ip a s  i n e r c i j a s  spêks a r ï  j ä a t -  
m et. Uz r ip u  d a rb o ja s  t r ï s  sp ê k i:  d iv a s  ^aved iena  r e a k c i ja s  v ien äd as 
a r  3 i  un 32 , kupas r i p a i  bûs ä r ê j a s ,  un s t a t i v a  r e a k c i ja  Sa . Pec d^Adem- 
b e r t 'a  p r in c ip a  s ie  sp ê k i l îd z s v a r o ja s  a r  in e rc e s  sp sku , b e t  in e rc e s  
sp ek u , kä ja u  b i j a  t e i k t s ,  mês atm etam , un p a lik u s ie m  sp ê k ie a  s a s t â d ï -  
s à  tä d u  l ïd z s v a r a  n o l-и и , l a i  s t a t ï v a  r e a k c i ja  i z k r i s t u ,  t a s  bQs и о - 
m entu nol-m s a t t i e c ï b ä  uz r ip a s  cen tru ., punktu  0 .

ЛМ = S ^ .г  -  S2 . г  = 0

k u r r  i r  r i p a s  r a d iu s s ,  b e t t a s  s a ï s i n ä j a s  un iz n ä k , ka abas r e a k c i ja s  
i r  v ie n ä d a s : G3 i  _-   оb2

A tv e lk o t ta g a d  nol-txu o tram  punktam no nol-m a pirmam p w ik ta m ,sa i-  
t e s  r e a k c i ja s  s a ï s i n ä s i e s  un mês dabC.sim:

m ^  -  “  m p  -  m2 j  = 0

no k u r ie n e s  m eklejam ais p a ä tr in a ju m s
! m-, -  mo î
i 1 — — -------— gļ J  Ш1 + m2  &

S a i te s  r e a k c i j a s  pun.ktiem dabäsim , ņemot v ien u  no nol-iaiem  un i e v i e t o -  
j o t  a t r a s t o  j :

S 1 = ” 1« -  “ 1 s p r
m2  Мп -  m2
■—m  g = (1 -  - —

2 Eii +  m2

2т-, 
S1i  = s 2o  = 1̂ 1 4- m—  g

2
0

ka redzam s m2 g < S \  wiZ.
Lai d ab û tu  s t a t i v a  r e a k c i ju ,  j ä i e v ê r o ,  ka t â  l ïd z s v a r c j a s  a r  divâm 

p av ed ien a  re a k c ijä m , t ä  ta d  Sa  = 28,

ac im red zo t 3a  (wi +

Tas p a ts  p iem êrs a t r i s i n ä t s  а r  d 'A len ibert*a  
p r in c ip u  v i s a i  s i s te m a i .

D o ti: mi un m2  , p ie  kam ^1 > m2  . P ip as  wasa igrioi'â^awa.
I lz ia b : s i s b 6 ķ s  paäbriaäjrim u zem siaaguma spêka ie s p a id a  J un s t a -  

t ï v a  r e a k c i ju  Sa .
le s lê g s im  s is tem ä  abus p u n k tu s un r ip u  un p i e l i e to s im  iz v e lè ta i_  

s is te m a i  d 'A lezn b ertда p r in c ip u ,  pêc k u ŗa  l id z s v a r o ja s  v i s i  a k t ïv i e  ä r ê -  
j i e  s p ê k i ,  in e rc e s  sp ê k i un ä r ê j ä s  r e a k c i j a s .  J a  r ip a s  raasu igno rê ja ïii,
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ta d  a r ï  a t t i e c ï g u s  in e rc e s  spêkus varau  a tm est 
paved iena  r e a k c i j a s  i z v ê lê tä  s is te m ä  i r  ie k s ê -  
j a s  ил n o l-9 ä_ n en äk s  p r ie k s ä ,  b e t s t a t ï v a  r e — 
a k c i j a  Sa  i r  â r ê j a  un, l a i  ao l-w â  neb iitu  d iv i  
nez inam ie  l i e lu in i ,  s a s tä d ïs im  momentu sumriu 
a t t i e c ï b ä  uz p u rk tu  0 .

-  w2 g -  -  0

z ïm .24 .
v e r t i k a lu  v i r z ie n u .

k u r г  i r  r i p a s  r a d iu s s .  No s ï  nol-m a t i e s i  
dabûjam:

i J  + И12 ê

l e k s e ja s  r e a k o i ja s  ил S2  v a r  dabût t i k a i  
p i e l i e t o j o t  d^/xlembert ^a p r in c ig u  a tsev ibķam  
punktaia, b e t  s t a t ï v a  r e a k c i ju  Sa  v a r  dabC t, 
p r o je c ê jo t  la inè to  spêku s i s t e i a u , t . i .  ä r e ju s  
spêkus, in e r c e s  spekus un ä r ê j a s  r e a k c i ja s  uz

Sa  + m jj -  -  ш-ļg -  m2 g = 0

Sa  = (m^ + m ^ g  -  -  m2 ) j = (m1  +  m2 )g  -  -  n^) - -  - g =

(ш, + m2 )^ -  (m-, -  пи) 
--------------------------------------- g

m l  ş  m 2

4m^m2  
m l  +  m 2

Tas p a t s  p iem êrs  a t r i s i n a t s  a r  Lagrang^a d i f e r e n c i a l -  
n o lld z in ä ju m ie m  D ekarta  k o o rd in ä tê s .

D o ti: un
U z ie t:  s is te in a s  p a ä tr in ä ju m u  zen snaguma 

spêka ie s p a id a  j  un s a i t e s  reak c i- 
j u

O iatem as s a i t i ,  t . i .  pavedienu_garuniè 
mês varam i z t e i k t  a n a l i t i s k i  t ä :
f  (У]У2 ) i r  ~ У1 ~ У2  "  ,) 0

L agrang’ a  d i f e r e n c iâ ln o l - m i ,  kuŗiem  i r  
n o z ïu e  t i k a i  Y -  a s s  v i r z ie n ä ,  i r :

= Y1 ş Л M
m2 y 2  = y

2  + Л  § y |
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b e t Yx  = ml g  ; Y2 -  n^g ; -  -1  ; "  ~ 1

k ä rè o ja s :  Ш1У1 =  — i /

“ 2^2 =

c a u r  ко n o l-m i v ie n -

D ife ren cêsim  s a i t i  d iv r e iz  pêc ì a ik a :  y^ + y2  = 0 ; y 2  = -  y^ , i e v i e -  
to s im  so o t r ä  d if e r e n c iä ln o l- ia ä :

“ 1^1 =  m l g  ,. i abve lkob : (m^ ş  m2 ) y ì  -- (m> -  m2 )g , ao k a r is n o s
- m 2Yl -  2^6 -  Л !

-  7 m l  "  m 2 I
l ’ h ’  Ы—TSY 6 ’ 

--------- -— -±----- —7—i
L ai u z i e tu  s a i t e s  r e a k c i ju ,  j a a t r o d  JX :

“  m 2 Злили
Л  = °1S -  “ Л  = “ iS f1 -  И1 + = ai  + m2 8

p irm aa punktam à  -

obram pankbam ^ 2  -

, 2т-. nu
Sx  = ^  . ; S2  = J  . Л 2  ; s ]_ = s

2  = + m2  g

S a i te s  r e a k c i j a s  n o te ik á a n a  a r  s a i t e s  sķ e lsa n u .

nu d 
d zo t

b i metode p a s ta v  ie k s  tam , ka mes p arsķ e ļam  s a i t i  un ļ 
ļ u  n o s t .  A tm estas d a ļa s  ie s p a id u  a i z v e to ja m  a r  spêku

abmabam v ie -
.. kas aoim i'6-

id z in a s i e s  s a i t e s  r e a k c i j a i .  U z s ta d o t a t t i e c ï g o  n o l-a u  pêc d^Alem-
b e r t ; a p r in c ip a ,  varam a t r a s t  s a i t e s  r e a k c i ju  

P ask a id ro s im  s a c ï to  a r  se k o jo su  p ie n ê ru .
P iem ê rs . à s a s  m^, m2 , kuxas 

___  ________ ___
»a,

a t ro d a s  uz n eg lu d as  h o r ic o n tä la s  p la k -  
n e s ,  i r  s a s i e t a s  a r  paved ien iem  s a -  
vâ s ta r p ä  xm p irm a i m asai m  ̂ p i e -  
s ie ta m  pavedienam  o t r ä  g a lä  i r  b r ï -  
v i  p ie k ä r ta  masa m.
D o ti: m, m^, un b e rz e s  k oe-

z im .26 .

f i c i e n t s  y t .
U z ie t :  s is te m a s  p a ä tr in ä jm a u  zem 

amaguma spêka ie s p a id a  j  un 
s a i t e s  r e a k c i j a s .

n o ,k u r ie n e s

Pec d ^ le m b e r t^ a  p r in c ip a  s is te ra a i  l ïd z s v a r o ja s  s p e k i:
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L ai n o te ik tu  r e a k c i ju  S1 2  s t a r p  un m2  p a rsķ e ls im  a t t i e c ïg o  s a i t i ,  
p ie l ik s im  r e a k c i ju  8 ^ 2  un a tk a l  i z l i e t o s im  d 'A le u ib e r t 'a  p r in c ip u :

mg -  S1 2  (m + 011)0 = 0 , no k u r ie n e s

S1 2  = mg (m + j

i e v i e t o j o t  á e i t  a t r a s to  j ,  i z te ik s im  3^2  c a u r  dotiem  lie lu x a ie ia .A n alo - 
g i s k i  varain a t r a s t  a r ï  r e a k c i ju  S2 y

B rïv a  c i e t a  ķermeņa d inam ikas n o l ïd z in ä ju m i.

Pêc d 'A le m b e r t 'a  p r in c ip a  v a r  p ä r i e t  no s t a t i k a s  nol-m iem  p ie  d i -  
nam ikas nol-m iem  c a u r  in e rc e s_ sp ê k u  p ie v ie n o sa n u . I z l i e to s im  so brïvam  
c ie ta m  ķermenim u z s k a to t  to  kâ n p u nķ tu  s is te n iu .

S ta t ik a s  n o l-m i brïvam  a ie ta m  ķermenim b i j a  6:
i )  £ x k  = о

2 ) Z Y k  = 0

»  Z  2k  = 0

4c =  ”  z kY k) =  0

5) Ly = "  ^ k >  = 0

6) = Z ( X k x k  -  У к х к ) -  0

k u r к  = 1 ,2 ,3  -« n .
D iaam ikas n o l-m i pêc d'.'JLemberta p r in c ip a  bûs:

1) -  ^ k ^  =  0

2 > ê  (Yk  -  v k ) = 0

n

5) z k^X k “  V k >  -  x k ( Z k “  V k )  1 = 0

6) h k ( Y k -  v k ) -  y k (xk  - = 0

k u r к = 1 ,2 ,3  . r^.
o sib  M plS zIw ä, ka ak b lv u s späkus ĵaHSm h ik a i  i s d a rb s s  puakLisw , bsb 
i a s r o s s  apêkus jäņeui v is iem  punktiem .
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Dinam ikas nol~m i c ie ta m  ķerm enim,k as  g r ie z a s  ap 

kädu a s i .

Ja  ķerm enis g r ie z a s  ap a s i ,  
tad_diviej&i ķermeņa punktiem  
ja b û t  n ek u s to siem . Pienem - 
sim , ka s ie  p u n k ti  i r  1 an 
2 un iz v ê lê s im  k o o rd in ê tu  
sis ten ru  t ä ,  l a i  k o o rd in ä tu  
säkums s a k r is tu . a r  v ieu u  
no siem  punktiem , piemêrära, 
a r  punktu  1 ķ  l a i  v ie n a  no 
asïm , piemêram Z a s s ,  s a -  
k r is tu . a r  g r ie z e s  a s i .

L ai n o tu r ê tu  lL d zsv a- 
r â  n ek u s to su s  punk tus 1 un 
2 , tie m  j ä p i e l i e k  a t b a l s t a  
s p ê k i, je b  r e a k c i ja s  un 

zïm .27- S2 , kupu p r o je k c i j a s  uz
asïm  apzïm êsim  a r  S ^ ,  Sx  , Sl z  un S2 x , S2 y , S2 z .

V isus a k t ïv u s  sp êk u s, k u ŗ i  d a rb o ja s  uz ķermeņa p unk tiem ,kä  p iem ê- 
ram, spêku Fk , kas d a rb o ja s  uz p u nk tu  Ak , mês s a d a lïs im  komponentês

un punk ta  k o o rd in a te s  apzim esim  a r  P iezim êsim
v e l ,  ka p ie  ķermeņa g r ie z e s  ap Z a s i  k o o rd in ä te s  z, a r  l a ik u  neiaainas 
un t a a d ê ļ  v i s i  = 0 .

S a s tâ d ïs im  ta g a d  pêc d 'A le m b e r t 'a  p r in c ip a  c ie ta m  ķermenim t r ï s  
p r o je k c i ju  nol-m us g a r  k o o rd in ä tu  asïm  un t r ï s  momentu nol-m us a t t i e c ï -  
ba uz tam  pasam asïm , a p z ïia ê jo t a t tä lu a m  s ta r p  punk tiem  1 un 2 a r  h .

1) Z  (Xk  -  Ш кк к ) +  + s 2 x  = 0

2) -  mk yk ) + Sl y  + S2 y  -  0

3) p k  +  S l z  + S 2 Z = 0

|  l / Ä  -  -  *V k> j -  Szy11 = °

5) Z  z k ^ k  ”  V k ^  -  x k ^ k j +  S 2xh  =  0

|  i x k (Yk  -  шк Ук ) -  Ук (Хк  -  mk xk ) j  = 0

k u r к = 1 ,2 ,3  . n-
P is  kam a b k a l ak îlvu .s  sp sk as  un speku momentus jaņem  t i k a i  ie d a rb c s  
punk tiem , b e t  in e rc e s  spêkus un in e r c e s  spêku momentus jäĢem v i s i e n  
ķerm eņa punk tiem .
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U ziesiin  ta g a d  in e rc e s  speku moï?.entu SUÏOEIU ķermenim, kas g r ie z a s  
ap kädu a s i .

In e rc e s  speku momentu. s ķ m a s  ncteiksaiL a ķermenim,
k as  g r ie z a s  ap kadu a s i r

z ïm .28 .

Pieņam sim , ka ķerm enis g r ie z a s  a r  p a ä t r iu ä -  
ju u u  D  ap kadu a s i ,  k u ŗa  i e t  c a u r  punktu  0 . 
Ķermenis s a s ta v  no b e z g a l ïg i  daudziem m&- 
t e r i ä l i e m  punktiem . I z d a l ïs i î â  v ienu  no siem  
punktiem  A un apzïm êsim  t ä  raasu a r  △ m. 
Punkta  p aä trin ä jru m i j  s a d a lïs im  d iv ä s  k o c - 
p o n en tês  un J n  - A t t i e c ï g i  dabûsim  a r ï  
d iv u s  in e rc e s  spêkus un ô a . j  v i r -
z ie n o s  p r e t ê jo s  p aä tr in ä ju m iem ,

Ro siem  in e rc e s  spêkiem  momentus a t -  
t i e c ï b ä  uz g r ie z e s  a s i  dos t i k a i  v ie n s  un
p r o t i  t a n g e n c ia la i s :  Am. 

J a  apzïm esim  p ^ n k ta  А a ttä lu m u  no g r ie z e s  a s s  a r  r ,
k a  = r .  t a d  in e rc e s  speka morients izn äk s

ie v ê r o s in .

2

STimmesim sadus momentus v is iem  ķermeņa pim ktiem

D m .r  с = С г . г  . Л т
jo  C v is iem  punktiem  v ie n ä d s , b e t säda S ķ A a , j a  Am -> 0 
s k a i t s  bus b e z g a l ïg i  l i e l s  nav  nekas c i t s ; ka

un punktu

, à
Г 2 7

I n te g r a lu  J r  . à ,  i z p l a t ï t u  pa v is u  ķ e n c e n i, apziraesiir. 
sim  p a r  ķermeņa in e rc e s  momc-ntu. a t t i e c ï b â  uz g r ie z e s  a s i  
in e r c e s  momentu 

a r J  ķ  nosauk-
je b  a k s ia lo

Г4
(29)

L ai d ab û tu  v is iem  ķerm eņa punktiem  in e rc e s  speku momentu sumtau a t t iH C i— 
t â  uz g r ie z e s  a s i ,  j ä r e i z in a  in e rc e s  monisnts a r  g r ie z e s  p aâ tr in â ju iiiu

M
. à  -  C »J

F.ipas in e r c e s  momenta not e ik s a n a  a t t i e c ï b a  uz a s i .

Apziraesim r ip a s  ra d iu su  a r  R. I z d a l is iu i  Akwen- 
t ä r u  g redzenu  a r  ra d iu s u  r  p la tum â d r

M
т  Г  - 2
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à  = P ÎT r .d r .  о ,  k u r i r  s p e c i f i s k a  masa
'M 

r 2  
о

R R 
r \ d r  =

о
b e t  ņemot v e ra , ka JÎR2 . ^  = M, dabusim :

4

MR2
(50)

P iez ïm e . 
t ä $

J a  mes apskatam  n e v is  m a te r iä lu  r ip u ,  b e t a a te m a tia k u  f ig u r u ,  
1 UD _ и

XR (JC^)

P iem ers Atwooda m asina . A tr is in ä ju m s , ie v e r o jo t  r ip a s  a a s u .

z im .y ) .

D o ti: m asas un r ip a s  masa M.
U z ie t:  s is te m a s  p a ä tr in ä ju n u  j  un r e a k c i j a s  

, 82«
Mês pieņeinam, ka p av ed ien s  s l ï d ê t  n e v a r  un 
r i p a  g r ie z a s  l ï d z i .

Ņeniot s is tem â  r ip u  a r  diväm p av ed ien a  
re a k c ijä m  8^ un 82, r i p a i  bûs ä r ê j ä s ,
t ä p a t  kâ s t a t i v a  r e a k c i ja  Sa , шх sa s tä d o c  
pêc d ^ A le a b e r t 'a  p r in c ip a  momentu n o l- a u  
p r e t  r i p a s  a s i ,  dabûsim:

S ^ .r  -  J . 'С — З2 . г  = O, 

b e t  0 un J  = , t ä  ta d
2

S ì  =  S 2 +  T  ’ "T  Ô6b ş  82 ş  î

Kä redzam s, r e a k c i ja s  n e izn äk  v ie n ä d a s , j a  iev ê ro jaû i r ip a s  masu.
Tagad i z l i e to s im  d^A lenibert’a p r in c ip u  katram  punktam a t s e v i s ķ i :  

m^g ~ -  3^ -  O pirmam punktam

n^g + m2 J -  S2  = 0 o tram  punktam
Ie v ie to s im  p irm â n o lïd z in ä ju m ä  8^ = 8 2 + ^ -

m ļg  - 5 2 - Ş - 0  ļ 
! a tv e lk o t  dabusim

m2 g + m2 j  -  S2  = 0 ļ

(m^ -  m2 )g — (m^ + HI2 + ^ ) j  -  0 , no k u r ie n e s  s is te m a s  p a ä tr in ä ju m s



з2 = m2 ê  + = m2 g ( l  + ----- - -------^37 ) = m? g -
m l  ş  m 2

2w^ + ķ

ş  m 2 ş  2

ka redzam S2 >

S 1

ka

s2
m l

ş ?

m.
= ^ g  -  m ļj = m-] g ( l -------- - 

Шт -
и  ) = m 16

M

A
2

1
2m2  +  |  

. "  , m l g

redzams ^ g .  S ta t iv a  r e a k c i ja :  Sa — + §2

- a  4 m Ä  + “  + “ 2)
I о = ----------- T7---------------

P iem ers . ^Livaw  ripam , kupam g r ie z e s  a s s  i r  a t b a l s t i t a s uz v ie n a s  v e r -
t i k a l e s ,  i r  p ä rm ests  p av ed ien s a r  p i e s t i p r i n ä t u
ķerm eni sv a rä  P . P aved iens uz ripäiû  n e v a r  s l ï d è t .  
D o ti: ķ e raen a  s v a rs  P un k a t r a s  r ip a s  sv a rs  Q. 
U z ie t : s is te m a s  p a ä tr in ä jiu w . j  zem SEaguna sp êk a .

Pêc d 'A le u b e r t 'a  momentu summa

k u r

P.R

mg.R -  mjR -  2J.. 1 = 0  
R i r  r ip a s  r a d iu s s ,  b e t

т _ MR2  
d - 2

f .J*
R 2 
g” 
2

-  P + Q g

§ 7« In e rc e s  m oaentu t e o r i j a .

> mg = P un

nr k u r ie n e s

In e rc e s  moEientiem, kä mês red zê jam , i r  l i e l a  nozîme ķermcņu g r i e -  
z e s  k u s t ïb ä  un tam dêļ mês n o sk a id ro s im  ta g a d  dazas in e rc e s  momêiitu 
ip a s ib a s .

A k s iä la  in e rc e s  moiaenta jê d z ie n s  b i j a  ja u  n o te ik t s :  t a s  i r  swaiiia 
no punk tu  m asas re iz in ä ju m a  a r  a t tä lu m a  k v a d ra tu  l î d z  a s i j ;

2 . à

k u r  r  i r  a t ta lu m s  l i d z  a s i j .



Заката а г  so i n e r c i j a s  momenti a t t i e c i b ä  uz koord inatu . asim  bûs:

J x + z2 ) . dm

s =
)

+ z 2 ) .dm

J z =
J

+ y 2 ) . à

(51)

Ka redzam s no u z ra k s t ï tä m  formulära d iv u _ in e rc e s  momentu summa a r v ie r  
l i e l ä k a  p a r  t r e s o ,  b e t d ife re n c e  i r  mazäka p a r  t r e s o ,  t ä  i r  ïp a s ïb a  
a n a lo g is k a  t r ï s s t û r u  m alu x p a s ïb a i un a t t ê l o j o t  in e rc e s  momentus а г  
n o g rieáņ iem , a rv ie n  bûs ie spê jam s ^ z k o n s tru ê t  t r ï ş s t û r i .

I e v ê r o jo t ,  ka ķermenim à  = ŗ  d x .d y .d z , k u r £ i r  s p e c i f i s k a  m asa, 
in e rc e s  momentus varam u z r a k s t ï t  a r ï  t ä :

J x  = j  ļ f  d ( y 2  +  z 2 ) .d x .d y .d z

J  = ( f  Г ô ( x 2  +  z 2 ) .d x .d y .d z  
y  j  } }

<TS = J ( j O(x2  + y 2 ) . d x . dy . dz

A k siä lo  in e rc e s  momentu p r e t  kädu k o o rd in ä tu  a s i  varam a r î  u z r a k s t ï t  
kâ sunmiu no d iv iem  in te g rä ļ ie m . Piemêram,

A pskato t k a t ru  no siem  in te g rä ļ ie m  a t s e v i s ķ i ,  k o n s ta tê ja va, ka t a s  r e -  
p re z e n tê  suizaïïu no masas e lem entu  re iz in â ju ìa ie m  a r  a t tâ lu m a  k v a d ra tu  
l î d z  a t t i e c ï g a i  k o o rd in ä tu  p la k n e i ,  k ä d ê ļ sädu i n t e g r ä lu  y a r  n o sau k t 
p a r  in e rc e s  momentu a t t i e c ï b ä  p r e t  k o o rd in ä tu  p la k n i .  Tädä k ä r tä  n o - 
näkam p ie  ja u n a  jê d z ie i ia :  in e rc e s  iaomenta p r e t  k o o rd inä tu . p la k n i un

Г 2x  à  sauksim  p a r  in e rc e s  mohientti. p r e t  YZ p la k n i ,

J/  у pà " " " " '' "
s 22à " " " " " "

-
momentu.s
4- z 2 ) à  + / (x 2  +  y 2 ) à

3 a L k a ib x s à  v is a s  Ьгхз a k s i a à s  iaarLSS 
£ 2  Л  2

J.x  + J  + J.z  = J  (y^ + 2 ^ ) à  + J  (x^

J.Y + + j:,, = У 2 (x 2  + y 2  + z 2 ).dm  = 2 ' r 2 à
•л У  2  J

k u r  r  ta g a d  i r  a t ta lu m s  l i d z  k o o rd in a tu  säkumam. Ka redzam s, t n s
in e rc e s  momentu sxuaEia a t t i e c i b a  uz ta i s n s tu n g a m
no asu  v i r z ie n a ,  

Г 2 in t e g r a lu  1 г  à

asim  nav  a tk a r ig a
t a  t a d  i r  C onst. l ie lu m s  katram  punktam , k a d e ļ a r ï  

apzîm êjam  a r  un nosaucam p a r  ķermeņa p o lä ru  in e r —
c e s  nom entu;
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....................................02)

k u r г  i r  a t tâ lu m s  l id z  polam , p ie  kam:

J-p -  è  d x ş  ş  M ............................................... (53)

Fom iula ( ) ) )  n e s tä v  p re tru n â  a r  p az ïstäm o  no s t i p r i h a s  m äcïbas form u- 
l u  plakanâm  figu räm : J  = + 5 „ , jo  p laknê  j. -  «I E  badp У P z

J p = l ( j x +  J y ) +  i  J P J e b  è  ^p "  ? ^ x  ş  ^y ) J p = J -x +  J y

In e rc e s  r a d iu s s .

Ņemsim ķerm eni a r  masu M un k au t kädu a s i .  Ķermeņa a k s i ä l a i s
Г 2 in e rc e s  moments: J  = r  à .  le d  m asim ies tadu. m a te r iä lu  p u n k tu , 

kuŗam masa b û tu  v ienâda  a r  v is a  ķernieņa masu M un in e rc e s  moments 
a t t i e c ï b ä  uz to  pasu  a s i  a r ï  b û tu  J  . Säda punk ta  a ttä lu im i no a s s  ap - 
zïm êsim  a r  Q un nosauksim  p a r  ķermeņa in e rc e s  r a d iu s u . Pêc d ê f i n i -  
c i j a s  )

j  = « î 2 ™ ? = у Г  .................................... (34)
S akarä  a r  s a c ï t o ,  a t s ķ i r s im :

Var s t ä d ï t  sev  p r ie k s ä  in e rc e s  ra d iu s u  a r ï  kä tâ d a  r iņ ķ a  je b  
c i l i n d r a  r a d iu s u , kuŗiem  masa i r  k o n c e n trê ta  u.z p e r i f e r i j a s  je b  v i r s -  
mas un i r  v ien äd a  a r  ķenaeņa masu M un bez tam a r ï  in e rc e s  moiaents 
a t t i e c ï b ä  uz a s i  a r ï  i r  dl.

In e r c e s  шотепЬи d im enzi.ja .

Kä redzam s, v is u  a k s iä lo  un a r ï  p c lä r a  in e rc e s  womsaba d im en zi- 
j a  i r :  ļ_M.L2 J , b e t  m atem atisk iem  ķermeņiem [M1 v ie tä  näks un 
in e rc e s  momenta d im e n z ija  bûs

I iie rc e s  moments a t t i e c i b a  uz k au t kadu a s i  L 
c a u r  k o o rd in ä tu  säkurau.

P ieņerisim , ka d o ta  a s s  OL v e iào  a r  ko- 
o rd in à tu  asïm  leņ ķ u s oc , /3 un ş . Ķ er- 
w6Qa in e rc e s  moments a t t i e c ï b ä  uz L 
a s l  l r  pM ,

JL = j r à
kur r  i r  punk ta  a t ta lu m s  l id z  a s i j  CL 

2 2 2 2 2 2 2un r  = 0Л -  OB , k u r OA -  x +y +z , 
b e t g e o m e tr is k i ÔÄ = x + у + ïï, p r o je -  
c e jo t  Lo П.01-ИИ uz a s i  OL, d a b ì .s à :
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OB = x .C o sc C +  y .C c s ^  4- z .C o s ^
Tagad r 2  = x 2  4- y 2  4- z2  -  (x .C os oL 4- y.C os 4- z.C os ^ ) 2

r 2  = x 2 ( l  -  Cos2  c^) 4- y 2 ( l  -  Cos2 ^ )  4- z 2 j l  -  Cos2 ^ )  -  2xy.C os^C os'j-

-  2xz.CosoLCos 2y z .C o sp  Cos b e t v i s p a n g i  
Cos2 oC 4- Cos2 ^  4- Cos2  = 1, t ä  ta d

p p 9 9 9 9
1 -  Cos oC = Cos /3 4- Cos ; 1 -  Cos 3̂ = Cos oL 4- Cos^ ;

1 -  Cos2 ^  = COS2 UL 4- Cos2 ^

r 2  = x 2 (Cos2 3 4- Cos2 ^ )  4- y 2 (Cos2 d- 4- Cos2 ^  ) 4- z2 (Cos2 dL4- Cos2  p  ) «

-  2xy.CosoL.Cos -  2xz.C os ot.Cos -  2yz.C os p .C o s
t ä ļ ä k  ņemsim a iz  iekaväm  Cos2 ot ,Cos2 /3 un Cos2  , ta d

r 2  = (y 2  4- z2 ) .C o s 2 ^  4- (x 2  4- z 2 ) .C o s 2 f3 4- (x 2  4- y 2 ) .C o s 2 ^  -

-  2xy.Cos oL .Cos p  -  2xz.C os CÁ .Cos 2yz.C os .Cos 
p M

Ie v ie to s im  so iz te ik s m i fo m iu lä  = J  r 2 . à

4- COS2 A [ (x 2  4- z 2 ) à  4- Cos2 ^ t  (x 2  4- y 2 )dm -  
1 f M J .M

о p
J L  = Cos?>. +  z  )d“

-  2Cos</. .C o s ^  xy . à  -  2Cos ^ .O o s ^ !  x z . à  -  2 C o s p .C o s j j  yz . à
Isv6dob t ä ļ ä k  apzïm êjunus: >

J xy =
—

r M x y . dn

^xz
_  1iM x z . à

J yz -
J

• M
yz.dm

> ............... 05)

un n o sau co t sos in te g r ä ļu s  p a r  c e n tr i fu g a l ie E i  in e rc e s  momentiem, mès 
nonäkam p ie  jaan iem  jê d z ie n ie m , c a u r  карает  t a d  i z t e i k s i e s
J L  = dx Cos2 j t  4- «I Cos2 #  4- 2Jx y Cosol Cos^ -  2Jy z Cos|2 Cos

-  2dx z CoscLCos .......................................................... 0 6 )

Kä räd a  fo n a u la  ( ) 6 ) , mês varam a t r a s t  ķermeņa in e rc e s  momentu a t t i e — 
c ïb ä  uz k a t r u  a s i  L, j a  bûs zinarai a t t i e c ï b ä  uz )  o rtogonaläm  asïm  
a k s i ä l i e  xm c e n t r i f u g ä l i e  in e rc e s  m om enti.

P ie râ d ïs im  se k o jo su  c e n tr ig u g ä lu  in e rc e s  momentu. ïp a s îb u :  c e n -  
t r i f u g ä l a i s  in e rc e s  moments a t t i e c ï b ä  uz divâm asïm  i r  mazäks p a r  
p u s i  no a k s iä la  a t t i e c ï b ä  p r e t  t r e s o  a s i .
/’.c im red zo t (y -  z) ^ > 0  p ia  v is i6 w  у un z , b e t t a d
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2 2У +  zc 1 2  2у  (у + z ) ,  t ä  t a d  a r ï

2 è  J-x  , t a p a t  a r i  v a r  p i e r a d x t ,

ka
У un 1

2

G alvenäs a s s .  In e r c e s  e l l i p s o i d s

j a s
Tadas a s s p r e t  kuŗam v i s i  c e n t r i f u g a l i e  in e rc e s  moraenti l i d z i n a -

n u l l e i ,  sau cas p a r  ģalvenam  asim . Exm asim
J xy 0 yz -  0 >’  J. xz = 0 

b im
ņu

asim  i r  l i e l a  nozime ķermeņu d inam ika , tam dêļ a p s ta s im ie s  p ie  v i -  
n o te ik s a n a s  a r  in e rc e s  e l l i p s o i d a  p a l îd z ïb u .  Ķermeņa in e rc e s  mo-

m ents a t t i e c ï b ä  uz k a t ru  a s i ,k u -  
ŗa  i e t  c a u r  kädu punk tu  0 , i z t e i -  
ca s  a r  zinäniu s k a i t l i .  I z v ê lo t  
b r ï v i  käda m êrogu, a t l ik s im  no 
p u n k ta  0 a s s  L v i r z ie n a  abäs p a -  
s ê s  n o g r ie z n i

0E 1

M ainisim ta g a d  a s s  L v ìr z ie n u  ap 
punk tu  0 an n o sk a id ro s im , käda
bûs punk ta  E g eo m e trisk a  v ie ta
A pzim êjot p u n k ta  3  k o o rd in a te s  
a r  x ,y ,z  un le ņ ķ u s , ku ŗus a s s

0L veido  a r  k o o rd in a tu  asim

x у = — C o sû  ; z

dabusim

= — - —  Cos

no k u r ie n e c  Cos c\= x Ооз^ -  z

le l ik s im  s i s  v e r t ib a s  form ula ( )6 )  un s a is in a s im  J

2 2 2x^ + J .у г  + J  .z^  у Z *y = 1 - . 0 7 )

S is  nol-m s re p re z e iìtê  o t r a s  k ä r ta s  virsmu. a r  c e n tru  punk tâ  0 , p ie  kara 
i e v ê r o jo t ,  ka nevienam  v irsinas punktam r a d iu s s  v e k to rs ,  t . i .  03 n ev a r 
b û t b e z g a l ïg i  l i e l s ,  jo  ta d  iz n ä k tu  = 0 , kas ac iin red zo t n ev a r b^h, 
jä n â k  p ie  s lê d z ie n a ,  ka m in ê ta  v irsm a i r  e l l i p s o i d s .  So virşm u sauo 
p a r  ķermeņa in e rc e s  e l l i p s o i d u  punk tä  0 .

Kä zinam s no a n a l i t i s k ä s  g e o m e tr i ja s ,  katram  e l l ip s o id a m  t a n ï  
р а за  p u n k tä  0 i r  t r ï s  t ä  s a u k tä s  g a lv e n ä s  a s s  un j a  t ä s  izvelc.3i p a r  
k c o rd in ä tu  asïm , ta d  e l l i p s o i d a  nol-m ä k o e f i c i e n t i  p ie  k o o rd in ä tu
re iz in a ju m ie m  p a rv e r s a s  p a r  n u l l i

„  = 0
Х 1У 1

= 0
1

B et t a s  nozim e, ka s i s  a s i s  i r  a n

Та t a d  p r ie k s  galvenam  asim
J : = 0

x l z l
ķernieņa g a lv e n ä s  in e rc e s  a s i s
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p u n k ta  0 , jo  t a s  i r  d ê f in e ta s  a r  to  p asu  noteikunm .
Ja  g a lv en âs  a s i s  i r  i z v ê lê ta s  p a r  k c o rd in ä tu  asim  punk ta  O ,ta d  

in e rc e s  e l l i p s o i d a  no l-m s (sk .fo rn ru lu  37) bûs:
+ J.2 y2 4- = 1  j .............................................  (38)

a r ï  in e rc e s  moments a t t i e c î b ä  uz a s i  L (sk .foru iu lu . 36) i z t e i k s i e s
v ie n k a rs a k i:

p о о
— rl. 2603 oC 2 4" d^Ooa 2 ! . .(39)

kai- I-p  Ig ,  I ,  i r  in e rc e s  momenti a t t i e c ï b a  uz galvenäm  asïm  ķ  saucàP
p a r  galven iem  in e rc e s  momentiem punk ta  0 .

S a l ïd z in o t  nol-ïffli (38) a r  e l l i p s o i d a nol-zau k an o n isk a  v e id ä :

a “ b c
redzam , ka in e rc e s  e l l i p s o i d a  p u sa ss  bûs:

b e t  g a lv e n ie  in e rc e s  r a d iu s i ,  pec a g rak  d o ta s  d e f i n i c i j a s :

S ïs fo rm u las  ra d a , ka l ie la k a m  in e rc e s  momentara a t b i l s t  l i e l a k s  in c r -  
c e s  r a d iu s s ,  b e t mazäka e l l i p s o id a  p u s a s s , ģ  j a

J1  )  ^2 )  J 3 , t a d  ş i  ^2 y 3  , b e t а b < c

Kä mês redzê jam , k a t r ä  ķerijieņa pxmktä v a r  a t r a s t  t r ï s  o r to g o n â la s  
g a lv e n a s  in e ro e s  a s s  ķermenim.

In e rc e s  a s s ,  k u ŗa s  i e t  c a u r  sunguraa c e n tru , sau cas  p a r  c e i i t r ä lä n  
in e r c e s  asim  un a t t i e c ï g i e  in e rc e s  momenti, k u ŗu s  ар гх и ёз!^  a r :

J.° , J.c  . d о , saucaa  p a r  c e n tr a l ie m  in e rc e s  momentieEi. л  у * Z
G alvenâs a s s  smaguma c e n tr ä  sa u cas  p a r  galvenäm  c e n trä lä in  asïm

■an a t t i e c ï g i e  in e rc e s  momenti, ku ŗus apzïm êsim :
, ilj > i r  g a lv e n ie  c e n t r â l i e  in e rc e s  momenti.

I e v ê r o jo t  galveno  in e rc e s  asu  l i e l o  no z ïm i, a p s k a tïs irn  ta g a d  
d iv a s  teo rêm as a t t i e c ï b ä  uz galvenâm  asïm .

I  Т еогёиа. J a  c a u r  punktu. 0 i e t  ķenneņa s im m e tr ija s  p la k n e ,ta d  
t a i s n e  p e rp e n d ik u lä ra  s a i  p la k n e i  
p u n k tä  0 bûs v ien a  no ķermeņa g a lv e -  
a à  in e ro e s  asïm .

zim . 34.

То pasu  teorêrau v a r  fo rm u lê t a r ï  
c i t a d i :  j a  ķerm enî i r  käda s iizE ie tri-  
j a s  p lakne^ ta d  v is iem  ķ em eņa punk- 
t ie m ? k u ŗ i  g u ļ s i n ï  p la k n ê , g a lv en äs  
a s s  i r  p e rp e n d ik u la ra s  m in ê ta i p la k n e i .

L ai p i e r ä d ï t u  s a c ï t o , iz v ê lê s im  
s in i r ie t r i ja s  p la k n i  p a r  XY p la k n i .
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S iH m e tr ija s  d ê ļ  ka tram  masas elem entam  à  a r  koo rd inâ têm  x ,y ,z  a t -  
b i l s t  o t r s  e lem en ts a r  koord inätêm  x ,y ,  ( -z )  un s a s tä d o t  c e n tr ijg u g ä -  
lu s  in e rc e s  тошепЬиз

xz = J " à  = 0 un J.y z
; yzdm = О

b e t t a d  in e rc e s  e l l i p s o i d a  nol-m s pec forinu.las (37) izn ak : 
p 9 p

J  .х г  + л  .у  + d: .z "  -  a i .x у = i

S in ï nol-m ä nenäk p r ie k s ä  z k o o rd in ä te  p iriaä  pakäpê un t a s  nozïmê
ka Z a s s  i r  e l l i p s o i d a  g a lv en â  a s s  un l ïd z  a r  to  a r î  ķermeņa g a lv e -  
nä in e rc e s  a s s  p u n k tä  Ô

No p i e r ä d ï t ä s  teo rem as seko , ka ķeriiienim, kuram pun k ta  0 i r  
vas s im m e tr ija s  p la k n e s , v is a s  g a lv en äs  a s s  bûs n o te ik ta s ^

d i -

I I  teo rem a. J a  ķermenim i r  kada s in iE ie tr ija s  a s s ,  t a d  s ï  a s s  
v ie n a  no galvenäm  asïm .

X

xz x z . à

y z . à

têm x ,y ,z  a t b i l ş t  
à  a r  koord inätêm  
z . A cjjnredzot ta d  
in e rc e s  momenti

Pieņeinsim , ka Z a s s  i r sim -
m e tr i ja s  a s s .  Tad katram  ķ eгыепа 
masas elsm entam  à  a r  k o o rd in ä -

o t r s  e le iiien ts 
( -x ) ,(~ y )_ u n  
c e n t r i f u g a l i e

= О

yz
un t ä p a t  kä i e p r i e k s ê j ä  teo rêm ä, näkam p ie  
ķermeņa g a lv en ä  a s s .

= о

s le d z ie n a ,  ka OZ a s s  i r

I I I  T eorena . Galvenä c c n t r a lä  i n e r c i j a s  a s s  i r  g a lv en a  a s s  k a -
tra ia  ptmktam, kas a t ro d a s  uz t a s

-c
'xz

Pieņem sim , ka C i r  ķermeņa snia- 
guma c e n t r s  un CZ i r  g a lv en â  c e n t r ä -  
l ä  in e rc e s  a s s .  Tädä g a d ïju n â

О ап dş = y ? à  = 0 yz )

zïm .35«
L ai p ä r l i e c in â to s ,  ka 
c e n t r i f u g ä lu s  in e rc e s  
■r x 1 z 1  - Ц (

a s s  O ^ o
momentus:

Iz v ê lê s im  uz a s s  OZ kâdu punktu 0 , 
a ttä lu m ä  a un p â rn e s ïs im  s in î  punk- 
t ä  k o o rd in ä tu  säkumu, ņemot ja u n äs  
a s i s  p a r a l l ê l i  vecäm ,tad  fo ru iu las 
p ä r e j a i  nz jaunâm asïm  bûs:

X1 = X , У1 = у  , 2 1  = Z -  а
bûs g a lv en a  a ss p unk tâ  0 , s a s ta d is im

x z à  -  а j  x à  = 0 - 0  = 0

- 0 = 0

O tr ie  i n t e g r ä ļ i  l i d z i n a j a s  n u l l e i  ta ra d e ļ, ka Xе  un Y° a s i s  i r  c e n -
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t r ä l a s  a s s .  Ar so i r  p i e r a d ï t s ,  ka OļZc  i r  ga lvenâ  in e rc e s  a s s .

P ä re ja s  ГоидиХа a k s iä l ie ra  in e rc e s  momentiem 
no c e n t r ä la s  a s s  uz kädu p a r a l l ê lo  a s i .

n i c i j a s

Pieņem sim , ka ķerueņa 
in e rc e s  moiaents

a t t i e c ï b ä  uz a s i  Zc ,k u ŗa  
i e t  caux smaguma c e n tru  L, 
i r  d o ts .  U ziesim  ķermeņa 
in e rc e s  momentu J z  a t t i e c ï -  
bä uz a s i  Ẑ  kupa i r  p a r a l -  
l e l a  a s i j  C z c 
un a t ro d a s  a ttä lru a ä  e по p ê -  
d ê jä s .  _ _

V ie n k ä rs ïb a s  d ê ļ  Y a s i  
iz v ê lê s i r i  p la k n ê , k u ŗa  i e t  
ca u r Zc  un Z asïm . Pêc d ê f i -

J?  = f  (x 2  + y 2 ) à

ķ  J z  = У r 2 dm = ļ [ x 2  + (y -  s ) 2  = J  (x2  +  y 2  -  2ey + s 2 ) à

J_ = / (x2  +  y 2 )dxa -  2efydm + e 2  j dm = ~ 2e fydm + Me2
z j  z J

b e t  l y à  = O, jo  t a s  i r  ķermeņa s t a t i s k a i s  moinents a t t i e c ï b ä  uz XZ 
p lak iï’i ,  кара i e t  c a u r  Siaaguma c e n tru  6 , t a d  p a l ie k

J  = J c  +  Me ............................................................... (40)2  i 
z z I

Pêc s ï s  fo rm u las  in e rc e s  moments a t t i e c ï b ä  uz k a t ru  a s i  l ï d z in ä j a s  
c e n trä la m  in e rc e s  momentam a t t i e c î b ä  uz p a r a l l ê lo  a s i ,  s a s k a i t ï ta m  
a r  masas re iz in ä ju m u  a r  a su  attâlum u. k v a d ra tu .

P a re ja s  fo rìa u la  p o la rie m  in e rc e s  monientiem no 
smaguma c e n tr a  uz kâdu c i t u  pun,ktu.

Pieņemsim , ka ķermeņa p o -  
l ä r a i s  in e rc e s  moments
Jp  a t t i e c ï b ä  uz smaguma c e n tru  
C i r  d o ts .  U ziesim  p o lä ro  Б е г ­
еев moraentu Д uz kädu c i t uP 
punktu  P, kas a t ro d a s  a t t a l a n ä  
e no sûaguma c e n t r a .  Pêc d e f i -  
n i c i j a s :

J c à
- Г 2 2 2S a s ta d ïs im  = j r  dm = ; ( r c  + e -  2 e r c CosoC)dm

'P
Г 2 2 7
f + e j  dm -  2e r cc Cos<x.dm b e t
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dm = 0 un p a l ie k
I  = 1° +  Me2

P P (41)

P â re ja s  fo rm ula  c e n tr i fu g a l ie m  in e rc e s  momentiem 
no kâdâm c e n trä lä m  asïm  uz p a ra l lê lä m  asïm ,

Pi6H.6Lsim, ka ķ e ra e -  
ņa c e n t r i f u g ä la i s  in e rc e s  
moiuents uz kädäm c e n -  
t râ lä m  asïm  Ц  i r  d o ts .  
U ziesim  c e n t r i f u g ä lo  i n e r -  
ces  iaomentu <1 uz k ä -  

_x i y i  
däm c itä m  asim , kupas i r  
p a r a l l ê l a s  c e n trâ lä m .P e c  
d ê f i n i c i j a s :

а , У1 = у + b , kur a un b

i r  smaguma c e n tr a  k o o rd in ä te s  s is te m a  Y ^ Z .

I x + a ) ( y + b ) d m  = i x y à  + a ' y à  + b ixdm
< 

ab ļ à , b e t

ļ x à  = 0 un | y à  = 0 , jo  X un Y a s s  i r  c e n t r ä l a s ,  t a  t a d  p a l ie k  
J x V -  ş  à d  ! ............................................... (42)

x y

Pec a n a lo g i ja s  varam u z r a k s t i t  v e l f o iu u la s :
J x z = J xz *  I Д = J® + Mbc \

Ай [ y ^ Z ļ y z

Kä redzam s no fo n a u la s  (42) c e n t r i f u g ä l a i s  in e rc e s  moruents «I n e -  
x l y l

m aina savu v e r t ib u ,  j a  k o o rd in a tu  sakums 0 p a r v ie to s ie s  uz Z a s s  un 
t i k a i  ! u n  Y a s s  p a tu rê s  savu v i r z ie n u .

In e rc e s  moments a t t i e c i b a  uz kau t kadu a s i  L-L.

P a m a to jo tie s  uz d i v à  fo r- 
muläïfl (J9 ) Ģ  (4 1 ) , mês varam 
a t r a s t  in e rc e s  monentu a t t i e c ï -  
bä uz k a t ru  a s i  L. Iz v ê lê s im  
k o o rd in ä tu  säkumu smaguLia c o n - 
t r ä  un g a lv en äs  a s s  pa i’ k o o r-  
d in ä tu  asîm .

V i l k s à  c a u r  smaguna c e n -  
tru . C a s i  CL^ ļ| L-L, t a d  pêc 
fo rm u las  (39) in e rc e s  cionients 
a t t i e c ï b ä  uz a a i  CL' bûs:।
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J L J î  C o s 2 o L  + J2 C o s ^  4- Cos2 ^

k u r  oL , /3 , i r  le ņ ķ i  s ta rp  a s i  L-L_un k o o rd in â tu  asim . P ä r e jo t  t ä -  
ļa k  pêc fo n m ila s  (4 1 ; uz a s i  L-L, dabusim

J L  = Cos2 ol + J2  Cos2 ^  4- Cos2 ^4- Me2  ............. (43)

k u r  , «T° i r  g a lv e n ie  c e n t r a l i e  in e rc e s  momenti un e a tta lu m s
no smaguma c e n tr a  C l ï d z  a s i j  L-L. Kä redzam s, j a  i r  z inam i g a lv e n ie  
c e n t r a l i e  in e rc e s  xaomenti, t a d  varam v i e g l i  a t r a a t  ķermepa in e rc e s  
momentu a t t i e c ï b ä  uz k a t ru  a s i  L-L.

Lodes punk tu  В n o te ik s a n a  ķerm en i.

Ja  d iv i  no galven iem  in e rc e s  momentiem kädä p unk tä  bûs v ie n ä d i ,  
t a d  a r î  in e rc e s  e l l ip s o id a m  d iv a s  p u s a s is  bûs v ien äd as^  je b  in e rc e s  
e l l i p s o i d s  bûs r o t a c i j a s  e l l i p s o i d s  a t t i e c ï b ä  p r e t  t r e s o  a s i .  Tâdä 
gadïjum ä a t t i e c ï b ä  p r e t  visäm  asîm , k u ŗa s  g u ļ_ e k v a to r iä lä  p lak n ê  un 
i e t  c a u r  e l l i p s o i d a  c e n tru ,  in e rc e s  momenti bus v ie n ä d i .

J a  kädä ķermeņa punk tä  В v i s i  t r î s  g a lv e n ie  in e rc e s  momenti i r  
v ie n ä d i ,  t a d  in e rc e s  e l l i p s o i d s  bûs lo d e  un tä d u  punktu  В mês sauksim  
p a r  ķerm eņa lo d e s  p u n k tu . A t t i e c ïb ä  uz  visäni asïm , k u ŗa s  i e t  c a u r  l o -  
des p u n k tu , ķermeņa in e rc e s  momenti i r  v ie n ä d i.

Tagad varam a p s k a t ï t  ja u tä ju m u , kä a t r a s tķ e r m e n ï  lo d e s  p u n k tu s , 
t . i .  tä d u s  p u n k tu s , ku ŗos in e rc e s  e l l i p s o i d s  p ä rv e rs a s  p a r  lo d i .P ê c  
m in ê tâ  no te iku iaa s i n ï  p im ktä v is iem  a k s iä l ie m  in e rc e s  momentiem j ä -  

iz v ê lê s im  g a lv e n ä s  c e n t r ä lä s  i n e r -  
c e s  a s i s .  Tâ kä lo d e s  punktam 
k a t r a ş  t r ï s  s a v s t a r p ïg i  p e rp e n -  
d û k u lä ra s  a s i s  var p ieņeiâ t p a r  
galvenäm  asïm , t a d  iz v ê lê s im  p a r  
tädâm ^punktä В t r ï s  o r to g o n ä lä s  
a s i s  p a r a l l ê l a s  galvenäifl
asïm  XYZ p u n k tä  C. Lai a s s

bûtu. g a lv e n ä s , ta d  c e n -  
t r i f u g ä l i e m  in e r c e s  momentiem 
j ä l ï d z i n ä j ä s  n u l l e i

z ^ à  = 0 , J.

b u t v ienad iem . P a r  k o o rd in a tu  asim

J a  apzim êsim  lo d e s  p u n k ta  В k o o rd in ä te s  аг  z^ , ta d  s a k a rs
s t a r p  koord inätêm  bûs sâd s:

X 1 = x  "  x b > У1 = У -  УЪ , = z -  zb

Ar sim formulam p a rv e id o s im  piriao  in te g r ä lu :  
[ x-ļy-j.dm = s (x~xb

b e t  fxydm = 0 , / x à  = 0 un 
in e rc e s  a s i s ,  t a  t a d  p a l ie k

J xydm -  x b  y à  -  yb  ̂x à  4- xb y b ^ à  -  0 

^ y à  = 0 . jo  XYZ i r  g a lv e n ä s  c e n t r ä lä s

x
b yb .M = 0 je b  x b yb  = 0
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Pco a n a lo g i ja s  p ä r ê j i e  i n t e g r a ļ i  dos x^z^ = 0 un y^z^ =  0 , b e t  t a s  
i r  ie sp e jam s t i k a i  t a d ,  j a  d iv a s  no p u n k ta  В koord inätêm  lïd z in ä .j& s 
n u l l e i .

Pieņem sim , ka x^ -  0 un y-̂  =  0 , t a s  nozim es, ka p a n k îs  a t ro d a s  
uz Zc  a s s ,  a t tâ lu r iä  z^ no punk ta  С. Pêc forim ilas (4 0 ):

J x =  J x +  M ’ z b * J y “  J y +  M b * J z “ J z

b e t pec lo d e s  punk ta  noteikum a J b  = J b  = J b , t ä  t a d  izn äk :

4  +  M.z^ = *  M.z^ je b  4  = J °

Tas bus lo d e s  punk ta  e k s is te n c e s  no te ikum ş: d iv iem  galven ien i c e n t r ä -  
lie m  in e rc e s  momentiem jä b û t  v ienad iem . T aļak  rneklesim  z^ по Гопай— 
1аз J b  = J c  + M.z? :

x x b
M.z? = J b  -  <1° , b e t  J b  = J b  = , t ä  ta d

О Л  Л  л  Zi ZJ

Lai z^ b u tu  r e a l s ,  ka redzams no p e d e ja s  fo rm u la s , já b u t  
jC \  ļC 

d z /  d x
S av e lk o t v isu  s a c ï t o ,  näkaui p ie  s lê d z ie n a , ka ķernieniiii i r  lodc  

p u n k ti t i k a i  t a d ,  j a  c e n trä la m  in e r c e s  e l l ip s o id a m  i r  d iv a s  v isn ^ d a  
p u aa ss  E  t r e s ä  p u sa ss  i r  mazäka p a r  täm . Uz s ï s  t r e s ä s  a s s  ta d  a t r  
d î s i e s  d iv i  lo d e s  p u n k ti  v ien äd o s a ttä lu m o s  no smaguma c e n t r a .

<■■■
• 
и
 
и

Vêl y ien a  metode c e n t r i f u g a la  in e rc e s  aom enta 
n o te ik s a n a i .

z im .4 1 .

Lai n o te ik tu  ķemieņa c e n t i i  
fu g ä lo  in e rc e s  momentu k au t 
kädä punk tä  0 , z in o t  Z g a lv en o s 
c e n t r ä lo s  in e rc e s  momentus, vai^^2 
l i e t o t  se k o jo äu  paņêEiienu: pec 
fo n a u la s  (4 ))  u z ie s im  in e rc e s  n o - 
m entus a t t i e c ï b ä  uz d i v à  asïm  
OK un OL, k u ŗa s  gu.1 TOY p la k n e  
un veido  а т  OX a s i  le ņ fu s  45°. 
Pêc tam u .z ra k s tïs iin  to s  p asu s 
in e rc e s  moinentus pêc form . (.36):
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2 2 2J K = = 4  + JyCoe à  + ^ 0 0 8  -  a j^ C o e c ^ C o s ^  -  a J ^ C o B ^ S o s ^

-  a j ^ C o s ^ C o s ^

J L  = J x C o s ^  + JyC082 ^ 2  + J a Cos2 ^ 2  -  aj^yC os^C os.'fg -  2 Jx z C o s x „ 0 o s ^ -  

— SJy^CoSr^ûos

B et kä redzaw s no zïiaêjuma 41:

, Cos i  = 0

, cos ŗ2 = о

o t r u  n o l-n u  по р1ггай,агго :.am

\/2 \/5Coss^ = -^ 2 —  , C o S flļ = ---- —

\/5  n V ?
Cos'A^ a  “ 2—  , CO S (J 2  = ~ 2 —

J K = J x 7  +  J
y  I  +  2 J xy 7  j

- . 4  a tv e lk o t
J L =  J x 2 +  J y 2 2 J xy 2  I

T _ -  J L
J ^y о

Dazu yi en k ä rsu  hoiaogenu ķenaenu g a ly e n ie  C G iitra lie  
inc гсёз^ыоыёпЪТ^

P a ra l lê lo p ip e d a  g a ly e n i e  c e n tr ä l i e 
in e rc a s  ìaoHien t i .

P a r a l lê lo p ip e d a  şķ a u tn e s  apzibiesim  a r  a ,b ,c P ar k o o rd in a tu  a s ìn  i z -  
y e lê s in  g a ly e n ä s  c c n t r a l l c  a s s ,  
кирас y i e g l i  yar a t i a s t  i^ Y k o -  
j o t ,  ka sraaguna c e n tr ä  0 i i  
t r ï s  s iu i a e t r i j a s  p la k n e s .

U z ie s iu  a t s e y i s ķ i  in te M ä — 
<’ 2 -lu  I x à .  S ia  n o l 'k a L  iz^. - , l i -  

siìâ p a r a l lê lo p ip e d a  ele:j.c t u  a r  
d i v à  p lak n en  p e rp e n d ik u lá ï .ja  
a s i j  X е  a t tä lm n ä  x no s'L.-UÄi 
c e n tra  un dx savä s ta z p ä , ьал 
ira c a ^  е1ейеп1з dtu = Á .b c .û x , 
ku r • i r  s p e c i f i s k a  m s a

2x . t '.b c .d x
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I e v Ê ro jo t i ka a b c .â  = И dabusim
2 ^ 2

x à  -  -Ч-y . Peo a n a lo g i ja s  a r ï

„2-^, Mb2  у dm = — un
J  

о 
z à  =

Tagad laek lê ja ïïïa is in e rc e s  
г--------------------------- ,

тС   Jd / ì^2 1 _2 \ !I J x -  Ï2  ( b  +  c  ) i '

moments: J.

с M

c
X

Mc2

12
- i (У2

2

2

c

P o la r a i s  c e n t r ä l a i s  in e rc e s  lûoraents p a ra lle lo p ip ed a iG
p = è » x  +  J y + J z ^ ( 2 a 2  +■ 2b2 2 c _ 1!

p “ 12
2

Г 2C ita  n o tо de in t e g r a l a  • x à  a o te ik s a a a i

У "

4

ļ à s a s  sloWSNba dm v arau  iz v s lê ~  
t i e s  e lezueu tära  p a r a l lc lo p ip e d a  
v s ld a

k u r

c
2

c
dz

i r  s p e c i f i s k a  lìiasa

x 2

ь c
2

dy . dz

2
X  à

l ä s  
a s s

dra

b
2

d y .c
b
2

a ?  a ; bc s 
12 -  “T2~ °

dy 
b 
2

T?

Ma2

C i l ia d r a  in e rc e s  a o e e n t i

QZ

c
2

2 
.̂2

C i l in d ra  ra d iu s u  ap z i& èsin  а г  В шг a u a s tu w . a r  GHalv. _en_b_s___  
a s s  i r  c i l i a d r a  a s s ’ un d iv a s  b a l  an s a v s ta r p ïg i  p e rp e n d ik u lä
c a u r  smûguiaa c e n t î ’u .

P ir ia k â r t u z ie s im  c i l i n d r a  a k s iä lo  in e rc c s  ваоиепЬп J,, p r e t  c i l i n -  
a s i .  c in  nolûkam  iz d a l îs i i i i  c i l i ï i d r a  e lem antu  c a u ru .l ï te s  v e i i ä  a i

d iv a x  c i l in d r is k ä E i k o n ak siä läH  vii-snam a r  ra d iu s ie m  r  im г 4- 
t a  e le iiien ta  tilp u rìis  bûs:
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zixu.4}.

( г  +  d r ) 2  - № н  =
u n , I g n o r j o t  o ^ ia s  k ä r tu s  b e z . a i ; -  
g i  wazus lie lw m is , dabdsiui e le ïie r.t^  
tilp u u iu :

à  = 2Ji rd r .H

r M -R
-  i 2- à  -  t r  .2/<i-dr-.L.') -  z >

2 0
N

-- 2ÄH.X ! Л т  = ģ H H .f .R 4  ,b e t  i e -
' û 2 V“

v è r o jo t ,  ka я R H .° = M, d a b . . s à  a k -

je b

s i a l o  in e rc e s  moaientu;

c

t a  t a d  g a l i g i

2

1
4

sutuìiai:
M

2
M

T aļäk  ïaekläsim  
ces  monientus:

ļ i  i r  v ie n ä d i

zïm .44 .

d ia in e trä lu s  e e n trä ^ u s  in e r
c ķ  J y i j a s  d e ļ

• M
2 un sa —

atrodam , ka
M

2У dm 
ta d  '

=

T äļak

. , b e t  j a  Lie in t e g r a -  
v iņ i  l ï d z i n ä j c s  p u s -

1 2 , 2 1  T 
T  t l  , 
41 Z  '

lâek lesiiâ  i u t e ^ r â lu

nolukam iz d a l i s ix i  c i l i n d r a  e lem entu  c i t ä d i :  a r  d iv a n
plaknem  p a ra l le la in  XY p la k n e i  a ttä lu iiia  z un z + dz no p e d e ja s
I z d a l ï t a e le s ie n ta  niasa d z . û ил



t c  t iev ê i’o jo t ,  ka /ļ R H . = 11, da tu sim  
II Д . Ы

jH. -  (y 2  +  z 2 ) à  = ° y 2 à  -i- i z 2 à

= J v = á "  OR^ + H2 ) 
i л  J

' 22 à  = ģ -  , ta g a d

T ? 1 2= -Ķ IIR -»- IIH* un g a l i g i

................................................... (47)

P o lu ra is  c e n t r a l a i s  in e rc c s  momects c i l ì n â r i a
J p = ş  ^°) -  4 à  (M^ 4 4

............................. (48)

C ita  inetode a k a ia la  in e r c e s  momenta 
n o te ik su rx a i.

Masas e lem entu  à  ia v e le s im ie s  ka p a r a d i t s  zimejuûia ( 4 ) - a ) , ta d ;  
à  -  r d  .d r .d z , . '  im

о

C ita  metode irx t..g ra la  J z 2 à  n o te ik s a n a i .

Ņemot to  p asu  e le ìnen tu  (zT lU .4)-a), dadäsim :

r2h  s ş  2 ..R / 2^
2 ' ! 2i z dm = i dy ; z dz ; r d r  - c  i d 'ş

J  . J  О > H ; О • О
'  2

.
: Z2 à  -  ' ! 

!

R 2  R ^
- 1 2  =  ' 2  '

• H
" 2  2 С2 '1 2

z^dz 4  =rx ; d ï 4
а  , ! 2

Ŗ о
- “  2

z ,— 2 3 2
_  7/ R  H < - _

' T2 12 T2

ro
lff
i 

ro
|W



Eodcs ia c r c c s  isionienti.

ÂpHxmêsim lo d a s  r - d iu s u  а г  II. S in im e trija s  d e ļ  v i s i  in e rc c s  moue 
t i  p r e t  asîm , k u ras  i a t  сайт lo d ea  c e a t r u  i r  v ie n ä û i:

,bu,t i e v e r o jo t ,  ka

+ Jy  + = 2Jp , ja u ä k  p ic  s l e —

û z ie n a , k a :

J z  -  J
y  -  J 2  -  j  Jp  -  j  > r  i â .  

/ о
Lai a t r a s t u  - д à ,  iz d a l ï s i r û  Lo- 
des elerûentu  a r  d i v à  k o f lc e n tr is— 
каш lodcm a r  ra d iu s ie m  r  ua r-rd r. 
S ï clc-acnba t i l p u n s :

2121.45.
y j  ! ( r  + d r p  -  p !  =

= ķ  '' ( J r . d r 2  -2 à  +  dr^)
ид L asa, ig n o r ê jo t  o t r á s  ид t r e s â s  k à r t a s  b e z g a l ïg i  mazus

Z' 2à  -  4 /1 г  .d r .  , kur i' i r  s p c c i f i s k a  masa. Tagad
lie lu in u s , b us;

J.„ = ' i - '" à  = | r ^ .4  H r 2 . d r .  -  

J о

4 * 3j o t , k a  а  -  -j /< ,dabusim  iz d a lo t  

c 3 2r w s  moments - J  — ş  4N . . ' 0 5

R
— * ; 4 4 - ■ 5

4 /' ’• - r  à '  -  ŗ  '■ ‘ , b e t  ie v e ru — 
| 2

J 0

u  5 .4  7

............................................................... (á9)

A k s iä l ie in e rc a s  moiïiGnti: J c. = J C = j2  -  ş  -  ş  . Д = ķ  
x  у 2 3 p 3 5 5

;
;  JTx°  -  jTy

c   -  JTc
z  25  7ШļD  2 ............................................. (^O)

C ita  mctode loàES a k s iû la  in a ï’ces  тотедда 
n o te ik s a n a i .

L OG.63  a k s iä lo  in e rc e s  momsntu varam  n o te ik t  ari t i e s i  i z v e l o t i e s  
lo d e s  e lem en tu  a r  s f e r i s iâ m  k o o i 'd in a b à  r ,  un S. Tad

à  = r.S iK 'G .d ; . r . d e . d r
ид iG'Y&rojot, ka e lem en ta  a t tä lu ia s  до 2 a ss  i r  r .S iu Ô , dubusim:

2 ?  . " R ,2 "  /
J 7 = ; (rS ineJ^dm  = , d 'ş  . Liu^O.dS ļ r^ d r  > S in^Q .d9 •

J  ; о ;o  ; о j о j0
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Е  / 2 1 1 ş
J s  = —  I d«f (Cos^G -  I)dLo^H =

J 0 JO
• ' 5 f 2Я г , t  Ji

= ş -  ļ -  CosG |

; о -  Jo

4 . Ķ  2Л = 3  M -

§ 8 .  KUSTIBAS DAUPZW'ÎA TEORELIA SISTEĻfAI»

K u stïb a^  daudzums kadum s is te m a s  punktam i r  v e k to rs  w^V^. F ar s i s a  
tem as k u s t ïb a s  daudzumu mês sauksim  v isu . so v e k to ru  geom etrislcu  surâìau^ 
a c z ïm ê jo t to  a r  , bad:

ņ ___
= Z ra

k
v  к

f iu s t ib a s  daudzuma v e k to ra  p r o je k c i ja s  uz asim  b d s :

> x " mÂ
= ķ  %

Tagad p ie ra d is im  p asu  k u s t ib a s  daudzuma teorem u. I z d a lo t  n.o s is te á ia s  
kâdu p u nk tu  A^, varam  u z r a k s t ï t

mÄ  = >î + 4  + 4
Summejot säd u s n o l—aus v is ie m  punktiem , dabusim

t a  ta d
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Tagad p arv e id o sim  k r e is o  p u s i:
Ş — Д  âV^ n _ d  n  _ d /  

mk3 k -  mk d t  =  Y d t  "  d t  ^ k  d t ta d

......................................................(51)

l e g u ta i s  r e z u l t ä t s  r e p rc z e n tê  k u s t ïb a s  daadzuma teorem u, k a ŗu  forn iu lê— 
Lìm t ä :  p i ln a  a tv a s in ä ta  no s is te m a s  k u s t ïb a s  daudzuma y e k to ra  ^eoine- 
•L risk i y ie n ä ä a  a r  s is te m a s  galveno  v e k to ru .

Jeb p ä ry e id o jo t  ГоггшХи (5 1 ), dabûaim  to  p asu  beox-emu c i t a  v e id ä :
) d Ä  c  V . d t  : .................................................. (52)
ì._ _____________

Yärclos ê ï  fo n n u la  iz s a k ä s  t ä :  s is te m a s  k u s tïb o s  d a a d z ķ a  v e k to ra  d i f e — 
r e n c i ä l s  i r  v ie n ä d s  a r  g a lv en ä  v e k to ra  e lem en târo  im pulsu .

N o in te g re jo t  fo rm ulu  (5 2 ), dabûsim  to  p asu  teorom u g a l ïg ä  v e id ä :

.............................................(55)

kuŗu  fo rm ulêsim  t ä :  s is tc m a s  k u s t ïb a s  daadzuwa ^ e o m e tr isk a is  pieaugum s 
zinam ä l a ik a  s p r ï d ï  i r  v ie n äd s  a r  g a lv en ä  v e k to ra  im pulsu  t a n ï  р аза  
l a i k a  s p rx d ï .

Lai d ab û tu  k u s t ïb a s  daudzuma teoi*emas iz te ik sm e s  p r o je k c i jä a ,  p ro -  
je c s s im  uz koord inä tu . asïm  v o k to r iä l a s  fo m iu la s  (51, (52) un (55) :

(522)

(5 )2 )
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S p e c ia l i  gadxjumx.

1) 
ka

J a  g a lv en a  v e k to ra  p r o je k c i j a  V

= C1 y  = o, ta d
X
pec

0, ta d  no fo rìau laa  (52a) atrodam
a n a lo ^ i ja s

Ja
bo

v  z 
* /  i 3

v i s a s  p r o je k c i j a s  v = V

0, " u н

gadijum u sauc p a r  
s daudzuma v e k to rs

У > " °
/  z5 7

V = 0,

-  c2  ,

= C,
ta d

k u s tx b a s  dauuzuma p as täv x b as  p rx n c ip u , j  о k u s tx -

2) J a  ‘ = k-, , ta d
p a tu r  C o n st. Ixelum u ил v irz x e n u  
fo ra u lu  (^ )a )  v a r  i n t e g r ê t ,  х̂л / x ox

7 У 
V.

-  k2

= k .

) )  ïoïTnulus (ŞJa) i r iz d ev x g i l i e t o t  a rx  ta d ,  j a
oz.

f ( t )
О

J a  V = f ,  ( t ) , t a d  pêc in te g rê s a a a s  -

\ /  =  f  _ ( t ) "  / t u  — /Л - =
' y 2 ^ ^  /  у / oy

V z  ~  ^ 7  ( ^ )  " / ' 2  — / ^ 0 2  ~

4
л
ì f 2 ( t ) . d t

Kixstibaa daudzuma te o r e mus g eo m e trisk a  
in te r p r e tä c i - j  a .

_ À tlik siiH  no k o o rd in ä tu  sâkunia sxsten ias k u stx b as  d a a d z â a  v ek to i'u  
^ , u ï  v e k to ra  g a la  p u n k ts  p ie  s is te m a s  k u stx b as arx  p ä r v i e t o s i e s ^ e k l ê -  

sim  m inätä  p u n k ta  ätx'uniu V v. , .

no k o g rd in ä tu  sakuna, 
to l'U  \ / .

Ka zinaais, k a t r a  pixnkta ä t m a  
i r  r a d iu s a  ve lc to ra  a tv a s in a ta
pec l a ik a  V = .Tä ta d  /  - g a -  
da pwxkîa äbi'ixiLS

no o t r a s  puses ķ_____ _____  d t  '

î V.i  ̂ = V . . . . . .  (^4) 
Fox'i?ula (54) rä d a , ka äti"umb,ax' 
k u ŗu  p ä r v ie to ja s  sisLcrnas k u s t -  
tx b a s  daudzuina v ek to i'a  -T 
p u n k ts , j a  so v e k to ru  a tlie lca iu

ix’ g L O iiô trisk i v ie n â d s  a r  s is te m a s  galvano  vsk—



F ie ^ .ê rs . Cxlväks la x v â  k u s ta s  a r  C o n st. p a a tr in a ju m u  j  . Säkuniâ l a i v a  
b i j a  m ie rä . CilvekG sälcumâ a rx  b i -  

p ;  j a  m icra  la iv u a  c e n tr â ,  k u ŗa  s ä k u -
т а  a t ta lu m s  no k o o r l in ä tu  säkuuiu 
b i j a  . 
? o t s :  la x v as  masa m-. un o ilv e k a  

/5 -7 т а з а: ) ----- -------------------------------- X _2
---Z —>--------------------> — Apzxmejot l a iv a s _ c e n t r a  koordxna- 

>, > । t i  аг  un c i lv c k a  k o o rd x n ä ti a r  
_______ X--------------X2 un p ieņenio t, ka b e rz e s  s t a r p  

la x v u  ид uden i aav , u z i e t :
zxm .47. X 1 =  x 2 "  f 2 ^ ^

P ieņexsim , ka l a i v a  a r  c i lv ê k u  i r  p a rg ä ju sx  o t r a  s tä v o k lx  uz lab o  p u s i 
ин c i lv ê k s  l a i v ä  a rx  i r  p ä r g ä j i ş  uz p riek su . un p x e l ie to s im  k u s t ïb a s  
dauLzuma teorem u p r o je k c i jä  uz X a s i  (fo rm .5 3 a ):

b e t  
s a i

s i n i  s is tc m a  
s ie te m a i

Г
'  ' X z'^OX “  ■

n o 
d a rb o jo s ie s  sp e k i i r  
= 0.

'■ ■ . d t' x

t i l c a i  smaguma spêkx, t ä  ta d  vx -

O ï
i e l ik s im  s is te m a s  k u stx b as  daudzumu i^ te ik sm e s

n 
ì ï ¥ k o  - 0 a t t i s t x s i m  suramas

т Л

n o in tG g rêsim  t o :
01^2 =  0

10 ~ С Ш ^20 “  C 
I  i n t e g r â l s

t a  ta d

I х ! 'r
^x^ 4- L^x^ = , b o t no sakuma a p s ta k ļie n i

ï  ' 2 I I  i n t e g r a l s .
O â -  '^ 2

2Jes dabujam t i k a i  s a k a ru  2 ип Хг, uz k u stx b as daudzunia beoi’cmas
pam ata, b e t ,  l a i  a t r a s t u  katru . k o o rd in a t i  kä f ( t ) ,  jax ev e ro

l a i v a  i r  n o g a j is  c e ļu

s V 2

t a d
x 2  - ’l  "

2 ~ ■1

o°^2

2 
j o

t 2

2

HZX6SXM no 8X2 fo rrau las x^

un. ie lik sx m  I I  x n te g rä la  xzboxksma

¥ 1 +  m9 (x-^
jJ  o

2

1  ‘ 2  ̂ r  ^2^

L1 +  m 2^

m2  2 no k u r ie n e s
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г

= ;  _
-Ь т 2

2 = xX 1  ş 2

. .2
l a iy a s  c e n tra  k u sb ib as  nol-m s

m 2
+  m2

^A2
2

m 2
+ m2

v 2
2

2 2

2 ;
— ì C ily äk a  a b s o lû tâ s  k u s t ïb a s  n o l—ms p r e t

n e k u s to su  k o o rd in a tu  s is tc m u . z/Kä redzam s x^, I^as säkumä l ï d z i n ä j ä s  L  a r  l a i k u  sam az in ä jaa
X 1 ,  bà ta d  o t r s  l a iv a s  s t à y o k l i s  zïm .47 i r  p ie ņ ec its  n e p a re iz i ,  tam 
jä b u t  pa k r e i s i  no p irm ä, j a  c i ly ê k s  p ä r y ie to ja s  uz lab o  p u s i.S ä d a  p a -  
r ä d ib a  iz s k a id r o ja s  a r  to ,  ka c i ly ä k s  e j o t  pa l a iv u ,  a r  k à ^ à  g rä z  l a i -  
vu  p r e t ê j â  y irz iG n ä . S e i t  a t t ï s t a .a  ie k s ê ja s  r e a k c i j a s ,  kuŗu  n o te ik s a — 

n a i  v o r  i z l i e t o t  й , А1етЬег1л a p r in e ip u  a tsey isķ am  punk— 
tam:
S2  -  m2 J 2  = O, t ä  t a d  S2  = m2 j 2 , b e t  J 2  = 2*

S a s ta d is im  x^
ШтШт 1 . • ,1 __  717— !—77- л _ . 110 k u r ie iw s—— v  u n  uadak  = Шт +  ш-, о 7

m-ļ̂  +  о 2 А 2

= 1 2  . ;
2 + m2  J o |

áķidruxĶa s t r ûk la s  d inarûi s k a i s  s p ic d ie n s  p r e t
y e r t i k a l u  s ie n u

S i ja u ta ju m a  a t r i s i n a s a n a i  mes i z l i e to s im  k u s t ib a s  daudzuma t e o r e -
ш «  A pzim esim : sķ id ru m a s t r u k la s  atirujiu аг  V, s b ru k la s  sķ e rsg riezu tn u  

a r  , meklêjamo s t r i lk la s  sp ie d ie n u , kas 1:

» 7

zim .47 •

d z in â jä s  s ie n a s  rG a k c ija i  a r  S. îïo ro b ezo - 
sim  mûsu. sisterau., a t l i e k o t  no s ie n a s  g a i’u - 
WL AB = V .á t ,  kas l ï d z i n ä j a s  ce ļam ,k u ŗu  n o - 
i s s  käda udena d a ļ iņ a  a r  ätrwEU V l a i k a  
s p r ïd ï  â t .

P ie l ie to s i in  n o ro b e z o ta i sifjtemai^ k u s t ï— 
bas daudzwna teorem u p r o je k c i j ä  uz X a s i ,  
k u ŗa  i z y ê l ê t a  n o rm äli s i e n a i ,  no käda l a i -  
ka momenta t  l ï d z  t  +  t . i .  p a r  b a à  
l a ik a  s p r ï d i  ku^à v i s a s  ûdens d a ļ iņ a s  
s a s n ie g s  s ie n u . A rê j ie  sp ê k i s is te m ä  i r  
smaguma sp ê k i, k u ŗ i  d a rb o ja s  y e r t i k a l à  v i r -

z ie n a  un k u ŗu  p r o je k c i ja s  uz X a s i  l i d z i n a j a s  n a l l e i  un a ŗ ê j a  r e a k c i j a  
i r  s ie n a s  r e a k c i j a  S . Та t a d  g a ly en ä  y e k to ra  p r o j e k c i j a  V  = -  S.

< t+  t ô

X ox / . d t  , o e t g a la  momenta punktu. a tru m i -  0 un

a r i  = 0.
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О — = — S»ôt a iz v ie to s ÌB i k u s t ib a s  daudzwnu. m, V, S in
OX ' ' ОХ л к

2^mkVkSin<x = Z . â ,  b e t  v is ie m  punktiem  Vk  = V w i £ 1 ^  = M = V. ЛЬ. ' . о

k u r  0 i r  s p e c i f i s k a  masa,
V .£xt.^À iî.V .Sin = S .û t ,  ao k u ŗ ie n e s  s ie n a s  r e a k c i j a  jeb  d inam iskaitì 
s p ie d ie n s  ■ s  V

2 .á J .£ s in o L  ;

P iszïW S; J a  s ie n a  nebûs v e r b ik a la ,  bad, ş.emot k u sb ïb as  daudzuma b eo rê— 
mu norm alâ v i r z ie n ä  p reb  s io n u , mäs dabûsim  la b ä  pusê ari_smaguiria spêka 
p r o j e k c i j a s  im pulsu , beb, p ie  l i e l i e m  äbrumiem siuogwia spêks, kas d a r— 
b o ja s  uz elem enbu AB bus b ik  mazs, s a l ïd z in o b  a r  r e a k c i ju ,  kn bo v a r  
ig n o r ê t  un l ic h o b  izv esb o  form ulu  a r ï  gad îjum os, kad s ie n a  nav v c r b i -  
k a l a .
S k a i t l i s k a  p ie m ê rs . U zieb udens s t r û k la s  sp ie d ie n u  uz s ie n u  perpendiku.— 
l a r u  s b r u k la i ,  j a  s t r û k la s  s ķ e r s g r ie z ie n s  (0 = 50om2  un abi'ums V=20m. s e c .
S = V2 A !.û .S in  90°. beb, j a  aiês l ik s im  ätrum u I m /se c . | , bad s ķ ê r s g r ie -  

r 21 2z ie n s  jaņern < m j  un <>J= 0 ,005 w .
r- 1000 1 n o  f k g  , m ļ  _ п n o  f k g .s e c 2  ;

O zissiw  v e l  0 = Q' л у  = 102 . —î  : ----- 5 . = 102 ; д -----  ;
sec^  J 1 m J 

г  2 2 2
S = V2 .(J .Y  = 202 .0 , 005.102 î _ 204 kg .

§ 9 .  INERCEB CEIJTRA KUSTIBAS ТЕ0ВЕЫА.

J a  sxstem a a tro d a s  v i r z e s  
k i  r e p r e z e n te  p a r a l l ê lo  spêku

k u s t ïb ä ,  ta d  v i s i  s is te ra a s  in e rc e s  spê— 
s is te ra u . Kä zinams no s t a t i k a s ,  k a t r a i  
p a r a l l ê lo  spêku s is te m a i  i r  c e n t r s ,  ku^ä 
ie d a rb o ja s  v is u  spêku k o p s p ê k s ,n e a tk a r ï-  
g i  нс t ä ,  käds v i r z i e n s  bûs p i e s ķ i r t s  
v is ie m  p a r a l lê l i e m  spckiem . V isu  s i s t ^ -  
mas in e rc e s  spêku c e n tru  mes apzïm êsim  
аг  С ш  sauksim  v ie n k ä r s i  p a r  irxcrcäs 
cen tru ..

S isternas in e rc e s  c e n tr a ,  kä p a r a l l ê -  
lo  spêku o e n tra , k o o rd in â te s  ja u  zinänias 
no s’t a t i k a s  un i z t e i k s i e s  a r  forinuläm

к _ _ ^-Vk
> Z c .......................................................c  M

(55)

k u r a r  M i r  ap z îm êta  v i s a s  s is te m a s  masa: M = 4 -^ «
P iez ïm e . J a  s is te m a  a tro d a s  zern smaguraa speka ie s p a id a ,  t a d  p a z ï s t a — 
ķ l s  smaguma c e n tr s  s a lc r i t ï s  a r  s is te m a s  in e rc e s  c e n tru , b e t  in o rc e s  
c e n t r a  jê d z ic a ş  i r  p la s ä k s .  Par smaguma centru . mes varam ru n ä t  t i k a i  
t a d ,  j a  s is te m a  srnaguma spêks d a rb o ja s , b e t in e rc e s  c e n t r s ,  n o ta ik t s  
a r  form uläm  (55) a tk a r ïg s  no t ä ,  k äd i sp ê k i s is tc m ä  d a rb o ja s .

Tagad pârie-sim  uz р а за  in e rc e s  c e n tr a  k u s t ïb a s  tso rem u . J a  p a a k tu  
s is te m a  a tro d a s  k u s t ïb ä ,  ta d  in e r c e s  c e n tr s  v is p â i 'ïg i  a r ï  v a r  a t r a s t i e s
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k u s t ïb ä ;  u z ie s im  s ï s  к и з- 
7  t ï b a s  likum u.

Ņcmsim fo i’m ulas (55) Pa ”  
r c i z i n ä t a s  аг  s is te ra u s  ķ — 

AK: ,e ' . “  ...
' . ' . Л с = i " Ä

чс û = Ц ’к
7 /  -  = ^ V k

_ Ņ  a t ra s in ä s im  t â s  pec la i-
k a :

'— z ïm .4 9 .

Чэ = -  " Ä  “
"  V k  = / “ y  

= Г  V ļ c  = / " г  

je b  a p v ie n o jo t  y is a s  t r ï s  fo rm u las  v ie n ä  v e k to r i ä l ä :

Ì = ^ “Ä  s /  I ................................. (56)
S ïs  fo rm u las  iz s a k a , ka in e rc e s  c e n tr a  k u s t ïb a s  daudzums i r  y ie n ä d s  a r  
s is ts m a s  k u s t ïb a s  daadzĢw..

A ty as in a s im  s i s  fo rm ulas v e l  r e i z  pec la ik a :
, . d / t

V k  =  " ļ
d. — â ş

= à t V k  = î

- А г . »  --  d t  m k z k “  d t

/ Bet pêc k u s t ïb a s  
; daudzuma te o r e — 
/ mas foria . (Ş la )  /

= V
d t x

t a  t a d  g a l i g i

— 2 =  у  
d t  4 z

(57)

je b  a p v ie n o jo t  v is a s  f orm ulas y ie n a v e k to r i a l a  dabusim

c (52)

Form ulas (57) (58) rep r& zen tê  i ï ie rc c s  c e n tr a  k u s t îb a s  te o re m u .S c l ï-
d z in o t  s î s  fo rm u las a r  r a a tc r iä la  pm ik ta  k u s t ïb a s  d i f e r e n c iä l i io l—:ûifem, 
varam  a t r a s t o  teorem u fo rm u lê t t ä :

S is tem as in c rc e s  c e n t r s  k u s ta a , kä b r ïv s  p u n k ts , ku^ä i r  kon— 
centx-êta vis&  s is te m a s  т а з а  M u r  uz ku ŗu  ie d a rb o ja s  s is te m a s  
g a lv e n a is  y e k to rs  у  .

InG rces c e n tr a  kxxstîbas Ъе-оГота! i r  ļ o t i  l i e l a  nozïm e, jo  v i£ a  
novcd Lisbsraas k u s t îb u  p ie  m a te r iä la  punk ta  k u s t ïb a s .  P a te ic o t i e s  s a i  
te o re m a i i r  a tb a io n o jam a ïa a te r iä la  p u a k ta  k u s t ïb a s  p ê t ïs a n a  je b  p u ak ta
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teorem as

zim . 51

d inam ika , k au t gan daba m a te r ia lu  punktu  mês nemaz nesastopaza, b e t  a r -  
i r  d a r is a n a s  a r  punk tu  sistem äm  je b  a r  ķermenieia.

g ie z im e . l e k s ê j i e  sp ê k i un ie k s ê ja s  r e a k c i j a s  n e a ts tä j" n e k ä d u  i e s p a i -  
du uz in e rc o s  c e n tr a  kustibu ., jo  g a lv en a  v e k to ra  W ìz te ik s m e  t i e  nenâk 
p r i e k s a .  v

P iem êrs . Аг ко i r  iz sk a id ro ja in s , ka_lokom otive k u s ta s  uz p r ie k s u , j a  
t v a ik a  s p ie d ie n s  c i l i n d r o s ,  ka i e k s ê j a i s  sp sk s , pèc in e rc e s  c e n tr a  

n ev a r iz s a u k t  in e rc e s  o e n t r a k u s t ïb u ?  In e rc e s  c e n tr a  
k u s t ib u  v a r  iz s a u k t  t i k a i  ä r ê j i e  sp ê k i, s i e  i r  bo^- 
zes sp ê k i W, k u ŗ i  a t t ï s t a s  s t a r p  r i te ņ ie m  un s l i e — 
dêm un i r  v i r z ï t i  tä d ä  v i r z ie n ä ,  kâdä lokorcotivo 
k u s ta s .  J a  s l i e d e s  b û tu  a b s o lu t i  g lu d a s , ta d  lokorno- 
t i v e  n e t i k tu  uz p r ie k s u .

Täpat a r ï  p ie  brem zêsanas b e rz e  s t a r p  r itcĢ ie u i 
un k luê iem  n e v a re tu  p a lê n in á t  in e rc e s  c e n tr a  k u s t i -  
bu, jo  t i è  i r  i e k s ê j i e  ş p e k i. T ik a i b e rzo s  sp e k i 
s ta r p  r i te ņ ie m  ил s lie d e m , k u ŗ i  ta g a d  d a rb o ja s  p r e -  
t ê j ä  v i r z ie n ä  dod ie s p e jn  p a lê n in ä t  v i l c i e n a  k u s t ïb u .

S p e c iä l i  g a d iju m i.

1) J a  V  = 0 g a lv en ä  v e k to ra  p r o je k c i ja  uz kädu a s i  l ï d z i n ä j ä s  
n u l l e i ,  t a d

2iw .>0

4  = ж  г  = c un in te g re jo t ,a t r o d a m  pirm o in te g r a lu

- X  ¥ k  = C 1 no sakuma a p s ta k ļie m  = ķ o o "  L  V k o

i n t e g r e j o t  o t ro  r e i z i :
L  mk x k  = + C2 I I  i n t e g r a l s

ил по sakuma a p s tä k ļie m  C2  = ^ c o  = Z. m kx k0  redzams s in j  gadijum a 
in e r c e s  c e n b rs  a t ro d a s  v ienm êrïgä  k u s t ïb ä .  A nal.ogiskas iz te ik s rû e s  v a r  
d ab û t a r ï  j a V y -  0 un Y z  = 0 . Gadîjumu, kady = 0 sauc p a r  in e rc e s  
c e n t r a  k u s t ïb a s  p a s tä v ïb a s  p r in c ip u ,  jo  t a d  in e rc e s  c e n t r s  p a tu r  savu 
v ien m êrïg u  t a i s n v i r z i e n a  k u s t ïb u .

Kä pisràôru. sim gadijumam, varam p ie v e s t  s a u le s  s i s t e m :  uz s a u lo s  
s is te m u  n e k ä d i ä r ê j i  sp ê k i n e d a rb o ja s  (Newtona g r a v i t ä c i j a s  sp ê k i i r  
i e k s e j i e  s p ê k i ) ,  t ä  t a d  v =  0 un s a u le s  s is te m a s  cen tram  jä a t r o d a s  v a i 
nu n i e r â  je b  t a i s n v i r z i e n a  v ienm êrïgä  k u s t ïb ä .  Kä räd a  n o v ê r o ju a i , t i o -  
sam s a u le s  s is te m a s  c e n t r s  k u s ta s  t a i s n ä  v i r z ie n ä  v ie n m ê rïg i a r  ä t r u -  
mu 18 k lL i/sb . p r e t  H erk u lesa  z v a ig z ņ ä ju .

2) J a  V x  = k^ (C o n s t .) ,  ta d  a r i  in e rc e s  c e n tr a  k u s t ib u  v i e g l i  
v a r  a t r a s t .

-  db V k  -  ^ l Inbsg rs^o b  d ab -u sà  pirm o in te g r ä lu

MxG -

I n t e g r ê j o t

1  mk*c “  к 1 г  +  

o t r o  r e i z i  láxc

un по säkuma ap s tä k ļie m  
к-,

" Ä  =  “ 5 +  C l t  +  C 2 ' I I  i n t e g r ä l s ,

по säkurna apstak ļ.iem  atrodam  C2  = MxCQ = 2 1  ¥ b  •

Ká redzam s sad a  gadijum ä in e rc e s  c e n tr s  a tro d a s  v ie n m e rig i p a a t r in ä t a  
k u s t ïb ä .
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A n alo g isk as  iz te ik sm e s  varam  dabu t a n  gadijum os, kad

Vy = = ķ  Vz = 0
) )  A rï gad ijum ä, kad \.z  = f ļ ( t )  varam dabût abus in te g r a ļu s .

iÈ  „ = = f - ļ ( t ) ,  i n t e g r è j o t  dabûsimc d t
= Г V k  = f 1 ( t ) . d t  + ................  I  i n t e g r a l s .

à ?  = 21 m^x^ = j  ļ l ^ ( b ) . d b  ş  d t  + C2  ..............  I I  i n t e g r ä l s .

ab aş  C o n st. i r  j ä a t i ’od no säkuma a p s tâ k ļie m  un a n a lo g isk a s  iz te ik sm e s  
ie g u s im  a r ï  gad ijum os, kad

Vy = fgft) M VB = fjW •
P iem ers . L aiva  sakumu a tro d a s  m iera C ilv êk s  l a iv ä  säkumä a r ï  a t ro d a s  

m ie râ  1 s tä v o k l ï  un pêc bam i r  
p â r g ä j i s  2 s tä v o k l ï ,  n o e jo t  r e -  
l a t ï v i  p r e t  la iv u  c e ļu  . D ota 
l a iv a s  masa un c i lv ê k a  raasa

B erzes s t a r p  l a iv u  un u d en i 
n a v .
U z ie t:  l a iv a s  p ä ry ie to ju iïiu  p r e t  
û d e n i, c i lv ê k a  k o o rd in ä t i  pêc 
p ä rv ie to ju m a  x 2  -  ? .

Apzîmêsim a r  l a iv a s  srna-
guma c e n tru  un a r  C a is te m a s  

z ïm .52 . sm agum a_centru. Punktä C iz v ê l§ -
sim  a b s o lu to  n ek u sto so  k o o rd in ä tu  säkumu un X a s i  c i lv e k a  k u s t ïb a s
v i r z i e n a ,  t a d  x c o  = 0 un Хю  =

Pieņemsim, ka l a iv a s  smaguma c e n t r s ,  p ie  c i lv e k a  p a rv ie to s a n a s , 
p ä r i e s  punk ta  C2 , ta d  x^ = CC2 « P ia l i e to s im  in e rc e s  c e n tr a  k u s t ïb a s  
teo rem u  X a s s  v i r z i e n ä .  Ä rê j ie  sp ê k i s is te m ä  i r  t i k a i  smaguma s p à i y 
t ä  t a d  v  x  = 0«
•• d. ... " 7

= d t  V k  =  x =  C i n t e g r e j o t  dabusim = C1 '
b e t ,  j a  sakuiaa l a i v a  un c i lv e k s  b i j a  m ie ra , ta d  = 0.
1Лх = 2- = 0 . . . .  I  i n t e g r ä l s ,  un i n t e g r e jo t  t ä ļ ä k ,  dabilsim

MxQ = X = C2 , b e t  x c o  = 0, t â  t a d  C2  -  0,

Ж c  = ļ  m-^x  ̂ = 0 . . . .  I I  i n t e g r ä l s .
O tr a is  i n t e g r â l s  rä d a , ka n e a tk a r ïg i  no c i lv ä k a  p ä rv ie to s a n ä s  k o p ê js  
in e r c e s  c e n t r s  p a l ie k  uz v i e t a s .  Tagad m eklêsim  a b s o lu tu s  p ä r v ie to ju -  
mas Qilväkam ил l a i v a i .

A t t ï s t o t  summu o t r â  in t c g r ä l ä ,  dabûsim  w^x^ + m2 x 2  = 0. Sim a o -  
lïd z in â ju m am , ac lm red o t, j ä p a l i e k  spèkâ , kä sâkuma s tä v o k l l ,  t â  a r î  
pêc v is ie m  p ärv ie to ju m iem . P i e l i e t o j o t  to  säkuma s tä v o k lim , u z is s im  
k o o r d in â t i  x 2 o> Tad +  m 2X 20 =  0, 110 k u r ie n e s
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m l  

x 20 m2  x 10

! Xx 1 -  xx 10 = -  _п_и _ 4--_ _m_  -
o 1

!_________________ _____ ?____ 1

T agad n z iss irn  c i lv ê k a  k o o rd in ä t i  pêc p ä ry ie to ju m a : Ja  l a i v a  p a l ik —
t u  m ie rä , t a d  c i lv ê k a  k o o rd in ä te  b û tu  4 "  ļ ^20 * ^ e t  1 ^ ^  p a t i  i r  
p ä r g â ju s i  t a n ï  paáä y i r z ie n â  p a r  0^02  -  x^ -  x ^ ,  îa d  6 d lvska  k o - 
o i'à inä 'ds p r e t  nekustosäm  asîm  bus m

x
2 = £ -  ļ x 2 Q  ļ + х х  -  x 1 Q  = £  -  ~  x 1 Q  +  x ±  -  x l c

i e l i e k o t  so pam atform ulä ^ x ^  4- Ш2Х2  = 0, dabusim

, nu 4- m2
¥ i  +  m 2^ ml x 10 +  x l^  =  °

(m^ 4- m2 )x 1  4- m2  -  (m^ 4- ^2^x I0  =  0,

no k u r ie n e s la iv a s  k o o rd in ä te  pec p ä r -

v ie to ju m a .
L a iv as k o o rd in ä te  säkuma b i j a  Хю- ta d  l a iv a s  p á rv ie to ju m s 

p r c t  ûden i i r  o t r s  lo c e ld - is :
! ’ m 2 ìļ 1
i ml  +  m 2 ' '  j

kas izn äk  n e g a t ïv s .  Tas nozïm ê, ka p u n k ts  C?  (z ïm .52) jäņem  pa l< re is i 
no punlcta 0^ .

C ilv ek a  k o o rd in ä te  pec p a rv ie to ju m a  bus
m-, nin

x 2 =  Х Ю +  X 1 “  x 10 =  £  “  x 10 “  rn1  +^m2

m o /; | 7
V — /  ļ  _  ______£___> У _  _ 4. . ! V — ___А _____  у  _  _ А  х  i
х 2 -  ^ - ļ -  w2 ^ ^  w2  х ю  î 2 ş  m2  m2  X IO ļ

§ IC . KUSTIBAS DAUDZML МОАБИТА TSOBEIA .SISTEiZAI.

D a z re iz  to  sauc a r i  v ie n k ä r s i p a r  momenta teorem u s is te m a i .
. I z d a l ïs im  no s is te m a s  kädu p im ktu  

A^,. S ì p im kta k u s t ïb a s  daudzuma momeiits 
a t t i e c ï b ä  uz kädu punktu 0 i r ,  kä zinanis 
no Punkta  d inam ikas, v e k to ru  p i'oduk ts 
ao p unk ta  r a d iu s a  v e k to ra  un k u s t ïb a s  
daudzuma v e k to ra

4 = !Ä  Ж ]
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U z ra k s to t  v e k to rp ro d u k tu  d e te rn iia a n te s  v e iJ ä  un a t t i s t o t  p êd ê jo , d abu- 
sim  k u s t ïb a s  daudzunia momentus a ttÌG C ïb ä  uz k o o rd in ä tu  asïm

"1

г кх = “k<yz -  zy) -  2mk 'y z
■r k -“ kv k 1 = X У z no k u r ie n e s  = ny(zx -  xz) = 2m̂ . zx

mx ş ş mz 4 z  = ° > k ^ -  yx) ■ a -k L ,xy

P ar s is te m a s  k u s t ïb a s  daudzuma momentu, jc b  g a lv eao  k u s t ïb a s  daudzu^ia 
momentu a t t i e c ï b ä  uz puak tu  O, sauksim  g eom etrisko  summu ao s i s t e -  
и аз punk tu  k u s tïb a e  daaázaMi. rnomGaîiGM a t t i e c ï b ä  uz to  p asu  punktu  C.

/ =  I А  °  ï  [

P r o je c ê jo t  v e k to ru  uz asïm , dabûsim  s is te m a s  k u s t ïb a s  daujzunia mc— 
m eatus a t t i e c ï b ä  uz~asîm :

= у  ^ k x  = f  °>k<^kz k -  V k >

=  ļ  ^ k y  =  ş  " ' k ^ à  -  x k z k)

4  “  ş  ^kz  =  ì '  “ k ^ k  ~  V k >

L a i p i e r ä d ï t û  k u s t ïb a s  daudzuma teorêìnu., d ifG reacêsim  piemêram 
pec l a i k a  x

d ^  d  n  . n ,
7ГГ =  T t  ļ  " k k y ^ ^  -  гЛ ) -  ş  M  “ k ^ Ä  ~ 

d  — . . n
ŗ  °  ş  т к<Ук2 к +  ^k z k -  z k /k  -  V k >  = f  -° k ^ k z k -  V k ^

d ^  L, 
ļ  °  ^ k - V k  -  ‘ k 'V k >  ’ b e t

¥ k  = z k +  z ì  + s kz +  S L  m  > Ä  = Y k +  Y k +  +  s î y

i e v i e t o j o t  s i s  fo rm u las  i e p r i e k s e j ä ,  dabusim
d ^  n - -  _
ļ  = ì  y ^ ( Z k +  Z k +  S kz +  S kz> -  z k<Y k +  Y è  +  S +  2 ^ )

d ^  n а  -  _ а
ļ  ļ  -  V ° )  +  î  ( y kZ k -  ZkY k> +  f  ( y kS kz -  z k ^ >  +

а
+ ?— (у s?  — z, S? ) w k kz к k y ;
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b e t  £  -  ZRY R ) = 0, jo  81 fo rm ula  re p re z e n te  v is u  ie k s e jo  sp e

ku momentu summ ар X a s i .

ï  îT apa t 22 (y^^kz ~ z kS ky^ =  0, 3° t a  i r  v i s u  ie k s e jo  r e a k c i ju  momsa- 

t u  swima, un p a l ie k

d t ŗ -  z, S? ) , b e t  la b a  puse r e p r e -

z e n te  ga lveno  momentu ар X ^ sk a t.fo rm .jia ) , t a  t a d  g a l ï g i

d t

un pec a n a lo g i ja s
d t

5 ^  

d t
t . i .  k u s t ib a s  dauôzuma momGnta teorem a 

Form ulas (59) re p re z e n tê  k u s t ïb a s
v is v ie n k a rs a k ä  v e id a .
daudzuma momenta tc-oremu, ku?

ŗ u  v ärd o s iz te ik s im  t a :  p i ln a  a tv a s in a ta  pee l a ik a  ЛО s is te m a s  k u s -  
t ï b a s  daudzuma momenta a t t i e c ï b ä  uz kâdu. a s i  i r  v ie n äd a  a r  s is te rn as  
g a lv en o  momentu a t t i e c î b â  uz to  pasu  a s i .

Form ulas (5 9 )л k u ŗa s  i r  i z t e i k t a s  p r o je k c i jä s ,  v a r  apY Ìänot v i e -  
na fo rm u la  v e k to r i ä l ä  v e id ä :

- d .̂ 
; d t

Sädä v e id ä  k u s t ïb a s  daudzuma momenta teorem a fo riû u lê jä s  t ä :  p i ln a  a t -  
v a s in ä tä  no s is te in a s  k u s t ïb a s  daudzuma momenta v ek to i’a рзс l a ik a  i r  
g e o m e tr is k i  y ie n ä d a  a r  s is te m a s  g a lveno  momentu.

T apat kä k u s t ïb a s  daudzurfla te o re m a i, mês varam a r ï  k u s t ïb a s  aau - 
dzuma momenta teo rem ai a p s k a t ï t  ^eo m etrisk o  in te r p r e t ä c i ju , l c u ŗ a  i r  pa  ̂
z ïs tu m a  zem nosaukwna R esa l* a  teo rem a .

A tlik s im  no k o o rd in â tu  säkumu 
s is te m a s  k u .s tïb aş  daudzwaa, шо- 
m enta v e k to ru  .S ï  v e k to ra  g a -  
l a  punk ts p ie  s is te rû as  k u s t ï— 
b a s _ a r l  k u s tê s ie s .  U ziesim  m i- 
n ê tä  punk ta  ätrum u .

Kä zinarns, k a t r a  p unk ta  
ä trum s i r  i*adiusa v e k to ra  a t -  
v a s in ä tä  pêc l a ik a :

Vv  = —d t  
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Та ta d  g a la  p unk ta  atrum s , b e t pêc fo rm ulas (6o) ~  = L
un ļ = L ļ ..................................................... (61)

Ar fo rm ulu  (61) i r  i z t e i k t a  t ä  sa u k tâ  R e s a l’ a teorem a, ku ŗa  v ärdos 
skan  t ä :  ä trum s, a r  kuŗu  p ä r v ie to ja s  s is te m a s  k u s tïb a s  daudzuma mo— 
m enta v e k to ra  g a la  p u n k ts , ^a to  a t l i e k '  no k o o rd in ä tu  àâkumar  i r ‘ 
g e o m e tr is k i v ie n ä d s  a r  s is te m a s  galveno  momentu.

S i teorem a i r  p az ìs tam a  zem n o sau k u ia  R e s a l 'a  teorem a, k au t gan 
a n g ļu  z in a tn ie k s  H ayw ard's i r  p u b l i c ê j i s  to  1858 .g . ,  b e t  R esa la  d arb s 
i r  p a r ä d ï j i e s  1 8 7 ) .g .

ilomeïitu teo rem as iz te ik sm e  D ek a rta  koord inatG S .

_Ja mês gribam  n o te ik t  s is te m a s  k u s t ïb u  D ek arta  k o o rd in a tê s , t a d  
k u s t ib a s  daudzuma momenta teorem ä j ä a i z v ie to  " p r o je k c i ja s  a r  i z — 
teiksm em  D ekarta  k o o rd in ä tê s

à  ş  ° k ^ k z k -  V k >  = L x

à  ş  "k< z à  -  x k z k> °  s
s ............................................... (62)

M  è  -  y k i k ) = Lz [

S p e c ia l i  g a d iju m i.
A p sk a tïs im  kädos gadijum os a r  k u s t ïb a s  daudzuma teorertai v a r  i e -  

g u t  pirm o in t e g r a lu .
1) Ja  L = О, ta d  ņeiaot fo rm ulu  (6 2 ) , dabâsìm

un ia'dagi'K^ob, aîi'odaw

^ (y ^ z ^ , -  2^y^) = , s ï  fo rm u la  bus p irm a is  i n t e g r ä l s ,  jo  tä  з а -

bm? t i k a i  k o o rd in a te s  un p irm âs a tv a s in a ta s .  C o n st. C-, i r  atrodaoia no 
säkuma ap stä lc ļiem . A n a lo g isk i atrodam  a r ï  x

p ie

p ie

L y -  °

L
z - c

I  “ k<z Â  -  x k z k> = c 2 

f  " k < V k  -  V k >  “  ° )

Gadijuinu, kad Lx  = Ly = Lz  = 0, je b  y ie n k ä r s i  L = 0, т е з  sauksim  p a r  
k u s t ïb a s  daudzuma momenta p a3 îàv ïb a 3  p r in c ip u , jo  ta d  pêc fo rm ulas 
(60) iz n ä k  -  _

Др = C u a  E  -  C onst.



-  75 -
Tas nozïm ê, ka k u s t ïb a s  daudzuma moments p a tu r  Const .lieluiEU. un v i r -  
z ie n u .

2) J a  L . = k p  ku r k^ i r  käds k o n s ta n ts  l ie lu m s , mês dabûsici

ķ  f  mk < y Â  -  = k i

ì  т к<Ук2 к -  V k >  = V  +  c i

un i n t e g r e jo t

. I  i n t e g r u l s .

In te g re á a n a s  c o n s t .  i r  atrodam a no sâkuma a p s tä k ļie m . 
j a s  a r î  gad ijum os, kad"1

Ly  = k 2  , a trodam  27 “ к ^ к ^ к  ~ x k z k^ =  к 2г  +  C 2

Lz  = k5  , - Г  -  у ^ )  °  k ^  + C2

3) Ja  = f ļ ( b )  a r ï  v a r  ie g û t  pirm o in te g r ä lu

Pec a n a lo j , i -

d 
d t

n 
Г
1

mk ^ k z k ~ z k$k? =  ķ  i n t e ^ e j o t . atrodam

f  "k ( ¥ k  -  V k >  = j  + c i I  i n t e g r a l s ,  kur L^

i r  j a a t r o d  no sakuma a p s ta k ļie m .
A n a lo g isk i a r ï  gad iju inos, kad

Ш1

Ly  = i '2 ( t )

Lz  = f j ( t )

atrodam

atrodam

n 
ş
1

“■к( 2 1 Л  -  V k >  = +  c 2

ş  “k ( ¥ k  "  У / к )  = ļ + c 3

Laukumu teorerna.

P arv e id o sim  k u s t ib a s  
muläni (62)

daudzuma motnenta teorem u i z t e i k t u  a r  f o r -

I e v e r o jo t ,k a

d £
d t  î  " k ^ k 2 k -  Z A ’ = L x и Л ’ г - 

à ^ k z k -  = '^ k y z  =  '~ k x  '  à â

d t  ì  2 “k ^ k y z  -  Lx

d t ì '  — k^cz "

Ц Ц  _ T
I d t  ş  шк""кху L z

...............................................(6 ))
Laukumu teorem a p r o je k c i ja s
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Form ulas (63) v a r  a p y ie n o t v ie n a  forrnula v e k to r ia la  v e id a

Form ulas (6 ))  un (64) i r  p az is ta m as zenr'lau.kuma Ьеогета-' nosaukuma, jo  
t ä s  r a k s tu ro  r a d iu s a  v e k to ra  a p r a k s t ï t ä  laukuma maiņu a r  l a ik u .

S p e c ia ls  g ad ijw n s.
V i s l i e l a k a  p r a k t i s k a  nozime i r  gad ijum an, kad g a lv e n a is  moments a b -  
t i e c ï b ä  uz kädu a s i  l î d z in ä j ä s  n u l l e i :  piemêram Lx  = 0, ta d

я n

d t  3 kyz =  0 s e i t  2 v a r  s a i s i n a t  un in t e g r ê t

“k G ky2  = C1 ta ļ a k  p a rv e id o sim  ie v e r o jo t ,  ka <7 d t

n 
î ’

mk —'d t^~ Z -  ķ  pec ta ļa k a s  in te g re s a n a s

ņ
у- к k, yz = C1n  t  +  C2o meklesiDi C2 по заГолта a p s ta k ļie m , a t s k a i t o t

v i s u s  s e k to ru  laukumus no l a i k a  momenta t Q .

' ş  m k ^ k y Z = c i ( t  -  V  ! ................................................

£0 r e z u l t â t u  form ulêsiiïi v ärd o s bà: j a  ä r e jo  spdku un r e a k c i ju  moiucnts 
(g a lv en .a is  moments) a t t i e c r o ä  uz k ä à  a s i  l ï d z in ä j ä s  n u l l e i ;  ta d , p ro -  
j e c ê j o t  k u s t ïb u  uz p la k n i ,  p e rp e n d ik u lä ru  m in ê ta i a s i j ,  sureica no r a -  
d iu s u  v e k to ru  a p r a k s t ï to  laukuiìïu re iz in ä ju in ie rû  a r  pankbu rnasu p icau g  
p r o p o rc io n ä l i  n o te c ê j osara la ik am .
À p ak sg ad ijam s. Ļ o ti s v a r ïg s  i r  aTjaksgadijums, j a  bez = 0 v è l  s i a -  
tem a закшиа momenbä a tro d a s  iflierä, ta d :

n
2 -  kyZ 0  -  0^ -  Q Ш1 mês dabûsim

n d^d
f  “ k ^ k y z  = 0  p d rv e id o sa n a s  6 ^  = —

П d aè,
X  ì  — d t -  =  0, ta g a d  varam in te g r ê t

ил j a  laukuïûns (J 2 kyz a ts k a ita m  no m iera 3bavv-

k ļ.a , t a d  C2 = L.
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(66)

So r e z u l t ä t u  värd o s fo rm ulêsim  t à :  j a  s is tem a  g a lv en .a is  moments a t t i e -  
c ïb a  uz kädu a s i  l ï d z i n ä j ä s  n u l l e i  un s is tem a  säkumâ v ê l  a tro d a s  mie^- 
r ä ,  ta d , p r o je c ê jo t  k u s t ïb u  nz p la k n i ,  p e rp e n d ik u lä ru  m in ä ta i a s i j ,  
surûtna no r a d iu s u  v e k to ru  a p r a k s t ï to  laukumu re iz in ä ju m iem  a r  punlrtu 
raasu l ï d z i n ä j ä s  n u l l e i .

P ie  a n a lo g isk iem  r e z u l tä t i e m  nonäksim  a r ï ,  j a  L = 0  jeb  L = 0.

rlomentu teorem a p o la rk o o rd in ä te s .

J a  fo rm u las  (6 ))  s e k to r i a lu s  ätrum us iz te ik s im  p o lä rk o o rd in a tê s
1 „2L  ~ 2 r

(67)

Form ulas (67) r e p re z e n tê  k u s t ïb a s  daudzuma momenta teorem u p o lä rk o o r -  
d in ä tê s ,  p ie  kam k u s t ïb a  t i e k  p r o je c e ta  uz t r ï s  k o o rd in ä tu  plaknêm . 
S p e c iä ls  g ad iju m s. J a  a t t i e c î b ä  uz kädu a s i  g a lv e n a is  moments l ï d z i n ä -  
j a s  n u l l e i ,  piemêram L = 0, ta d

â_  ş  
d t  î

2 
mk~ kyz

d (P,
— -  0 un mês varam in t e g r ê t

1
je b  p ä ry e id o ļo t :

m  r 2 .
m kr kyz d t Cn

2 ş  mkr k y z ' -  C1 (67а)

A n a lo g isk a s  fo rm a la s  v a r  ie g u t  a r i ,  j a  L = 0 un L -  0.
У 2

Momenta teorem a c i fetie m  ķermeņiem.

Ja  mums i r  d a r ïs a n a s  a r  c i e t u  ķerm eni, ta d  k u s t ïb a s  daadzuwa mo— 
ffienta teo rem a pieņem  c i t u ,  sim  gadijumam r a k s tu r ïg u ,  v e id u .

^eìiisim fo rm u las  (67) :

d t  ş  ^k^ kyz

P irm k ä r t  a iz y ie to s im

1 kyz 
d t

â ^ ķ y z  
d t

Lx

ta d
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d ş  2 
d t  ş  mkr kyz = Lx  , b e t  69 i r  v ie iem  ķcrmeņa punk-

t ie m  v ie n â d s , tam deļ mes varam to  izņem t no sunnnas la u k a , b e t  no
zim es to iz n e s t  n e v a r , jo  v i s p a r i g i  ^ y z  vai? b u t f ( t ) ,  ta d

d t  yz 1 ” kr kyZ =
2Lx  , b e t  г  mk r ķ

9

Form ulas

Form ulas

yz x L

У
L y (68)

x y "  z L
z

(68) v a r  a p y ie n o t vie:na v e k to r i a l a  fo rm u la

(69)

(68) un (69) r& prezen te  momentu teorem u c ie ta m  ķermt?nim v i3 -
p a r ïg â  v a id ä .

S a l ïd z in o t  forznulas (68) un (69) a r  (99) Ņ  (60) atrodara v ê l  v i s -  
nU k u s t ïb a s  daudzuma momenta iz te ik s m i

k u ŗa , ka red zêsim  v e la k , p ie m it ķermeĢ.a g r ie z e s  k u s t ï b a i .
Form ulas (68) varam v ê l  v ie â k ä r s o t  tädara gadijumam, kad J  a r

l a i k u  nem ainäs, t a s  bus ta d ,  kad a s s  р а за  ķerrnenï n e p ä r v ie to ja s .  L aer- 
ta d  v a r  izņem t no d i f e r e n c iä l a  zîm es Ш1 fo rm u las (68) 
v e id u :

ce s  momentus 
pieņem s sädu

J a  
L

a t t i e c i b a  
= 0, ta d

uz

x

У

z

d - )
___ У2

d t

xz 
d t

...
d t z

S p e c ia ls  g a d ijw n s .
kädu a s i  g a lv e n a is  rûoments l ï d z i n ä j ä s  n u lle i ,p ic m ê ra m

J  а

4r(6O  . J  ) : 
d t 4 yz x '

p ie  tam v ê l  J i r  Const

09 . j  = c, : ....................... (71a); У^ А А ļ
ta d  a r ï  GJ yz„ i r  C onst. un ķGraienis a t i-c -  

d as  y ie n m êrïg ä  g riezw s k u .s tïb ä .
T a ļak  a p s k a tis im  dazus p iem êru s, l a i  n o s k a id ro tu  k u s t îb a s  d au - 

dzuma morûenta teo rem as nozïm i dazädu problerau n o s k a id ro s a n a i .
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P r o f . Zukoyska e k sp e rim e n ts .

C ily êk s  a r  i z s t i e p t u  roku. s tä v  uz p la tfo i 'ra a s , n o y ie to ta s  uz l o -  
d ïtê m  t ä ,  l a i  p la tfo rm a  v a r ê tu  b r ï v i  g r i e z t i e s  ap y e r t i k a lu  a a i . C i l -  

yêks un p la tfo rm a  sakumä a tro d a s  rû ie ra .B e t, j a  
c i ly ä k s  i z s t i e p t o  roku. p a g r ie z ïs  uz y ie n u  p u s i ,  
Pad p la tfo rm a  á r  c ilyêku . p a g r i e z ï s i e s  uz p r c tê jo  
p u s i  ap y e r t i k a lu  a s i .  Iz sk a id ro ju m u  sim  скБрехЧ- 
mentani atrodam  "Laukumu î a o r s w â f o r m u l ä  (66)

zim .^5"
P irm k a r t:  g a ly e n a is  moments ap y e r t i k o l u  a s i  s e i t  L„ = 0 un j a  daziem  
s is te m a s  punktiem  (ro k â ) r a d iu s i  y e k to r i  a p ra k s ta  "no m iera  s tavok ļ.a  
k äàu s laukuiìius, ta d  a tk a l  G itiem  punktiem  r a d iu s i  y e k to r i  a p r a k s t ï s  
n o g a t iy u s  laukumus uz otru. p u s ì ,  t ä ,  l a i  b û tu  i z p i l d ï t s  noteikum s 
fo rm u lä  (66) .
b a l to  m o r ta le .

Аг ко i r  iz sk a id ro ja m s a k ro b a tu  numurs, ka p a l ê c o t ie s  s l ï p i  az 
augsu , v iņ s  vur g a i s â  a p g r ie z t ie s ?  A t b i l -  
d i  uz so ja u tä ju m u  atrodam  ‘’i^onientu t e o -  
rem as p o lä rk o o rd in ä tê s  s p e c iä lä  gad i^M iä '', 
kad g a ly e n a is  moments L = 0, i z t e i k t a  a r  
fo rm ulu  (6 7 а ) :

-y z  = Cn1zim .^6 .
J a  iedom äsim ies X a s i  caur a à 'o b a b a  smaguma c e n tru  p e rp e n d ik u lä r i  tra -  
j e k t o r i j a s  p la k n e i ,  t a d  fo rm u la i (67а) jä b u t spekä un, j a  akrobaxs,bû-
daras g a i s a ,  p i e y i lk s  k a ja s  p ie  ķerm eņa, ta d  a t t i e c i g u  punktu  ra d iu s :  
y e k to r i  sa râ a z in ä s ie s , b e t ,  l a i  fo rm ula (67а) b û tu  i z p i l d ï t a , t a i  
j ä p a l i e l i n â j â s  g r ie z e s  ätrurnaiû 6) . S is  a p s t ä k l i s  p a l ïd z  akrobatam  
a p g r i e z t i e s  g a i s ä .
Kaķu k r i s a n a .

Ar to  p asu  teorem u 1 8 9 4 .g . P a r ïz e s  u n iv e r s i t a t e  b i j a  i z s k a id r o t s  
ja u tä ju m s , k à l ê ļ  k a ķ i a rv ie n  k r ï t  uz kä^am. Kaķis k r ï to t ,p ic m ê ra ra , a r  
muguru uz l e j u ,  i n s t i n k t ï y i  p a g r ie z  k ä ja s  un a s t i  uz v ie n u  p u s i ,  саш? 
ко v i s s  ķerm enis p a g r ie z ä s  uz otru. p u s i .
P i  e m ё r  s  . J a  p a  zemes lo d e s  e k v a to ru  b ra u k tu  ļ o t i  daudz v i l -  
e ie n u  a r  l i e lu .  masu t a n ï  раса  v i r z ie n ä ,  kädä g r ie z a s  zemes lo d e , t a d  
päc k u s t ïb a s  daudzuma momenta teo rem as zcmes lo d e s  g r ie z e s  ätrwnani 
ap savu a s i  v a ja d z ê tu  s a m a z in ä t ie s .  Bet j a  y i l c i e n i  b ra u k tu  v i r z ie n ä ,  
p r e t ê j a  zeines lo d e s  k u s t ï b a i ,  ta d  zemes lo d e s  g ŗ ie z e s  ätrumam v a ja d z ê -  
t u  p a ļ i e l i n ä t i e s .

S is  apgalvojum s a r ï  i r  d ib in ä t s  uz k u s t ïb a s  daudzuma momerita te o — 
rem as s p e c iä lä  gad ijum a, kad Lz  = 0, s k a t .  formiilu. (6 7 а ) :

n  p / >Ц  m. r f  . (v  = C, î  к  kxy z 1

P i  e m ё г  s . Ņemsim lûorntntu tcOi'emas c ie tam  ķermeniâï s p e c iä lo  ga— 
a ïju râu , kad L,z = C i z t e i k t u  a r  fo rm u la  (70a) :

CJ j  = c z z 1
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? i e  zemcs lo d e s  a td z is a n a s  t a  s a ra u ja s  un. J„  a r  l a ik u  p a l i e k  mazäks,
b e t  l a i  ^ Z »JZ p a l i k t u  C o n st. i r  j ä p a l i e l i n a j ä s

i  e m ё r  s ;  uz k u s t ïb a s  daudzuaia momcnta teoi'em u p o lä rk o o rd in a tc s .
D iv i ķ srm eņi, k u ŗ i v a r  b r ï v i  g r i e z t i e s  ì.p 

kopêjo  a s i ,  i r  s a v ie n o t i  a r  a t s p e r i .  N o te ik t 
s is te m a s  k u s t ïb u , j a  ä re jo  spêku. noments ap 
g ri& zes a s i  L = 0 un s is te m a  salaxma a tro d a s  
iHÌerâ. Ņemsim form ulu  (67)

d t  à  -- b -  0

110 k u r le n e s , i n t e g r e j o t ,  atrodam :

Ja  s is te m a  säkumä a t ro d a s  m ie rä , ta d  v is ie m  punktiem  LJi o  = C 
ил С-, = 0 . T ä ļäk  suķaêsim  katram  ķerineniin a x s e y ia ķ i ,  ie y ê ro j  o t ,  ka v i -  
sic ra  ķermeņa punktiem  g r ic z e s  g,truuni i r  v ie n ä d i:

1 ķ e m e n is  2 ķerm enis 
izņem sim  no summäm g r ie z e s  ätrum us

У Г  "  ml k r l k  '^2  ^ 2 k '2 k  =  °

un i e v e r o jo t ,  ka sa u as  suiamas i r  ķermeņu in e rc e s  moìnenti, aci'oaam 
'1^1  +  ? 2^2 “  0 110 lairi-encs

2 ~ ' I

hä paLa ra z a lb ä b a  v a rs îa . aonàkb ķu?L î i s L i  2orin. (7 Л  ♦
Pi-amêrs uz k u s t ïb a s  áaudzuuia momenta teorcm u D ek a rta  k o o rá in á tû s j

T e lp âs clubult s y ä r s t s .

z im .5 8 .

p unk ta  m-ŗ, p io k ä r ta  a r  b ez sy a ra  s t i e — 
n i garumä p ie  n e k u s to sa  punJ 'ta  0 
à  o t r a  puakba mo , p iekä :c ta  p iû  
p irm ä a r  b ez sv a ra  s t i e n i  garwuä , 
sauc p a r t e l p a s  dubultsväx-иt u .

Pieņeiûsim, ka az doto  a ib tcu iu  
d a rb o ja s  t i k a i  smaguma spslá^  ta d  
acïriaredzot = 0, jo  IWL lûpg i r  
p a i 'a l l ê l i  Z a s i j .  P i e l i e c o jo t  ku.©tï— 
bas daudzarva ïûorûeiitu teo rem u ap Z 
a s i ,  dabusirn:
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a 2 . *
à  f  “  ¥ k ^  =  L z = 0 iiiteg resiK i so nol-inu

2
ì  = ° i a t t i s t i s i m  swunu.

Ш1(Х1У1 — y ^ ^  ) + M2(x2y2 -  У2^2) =  m e k le s im  no säkwna a p s tä k .

-  r ^ à o >  +  m 2 ( x 2</2o -  У2о*2о^ °  C1 ķ ,  i e v i e t o j o t  Cp

-  V l >  +  ш 2 ( х 2У2 -  -  У1о*1о> +

+ m2 <x 2</2o ~ ? 2 ° x 2o>

S is  nol-m s i r  I  i r r t c g r ä ls ,  ku ŗu  v a r  iegiÂt uz k u s t ïb a s  daudzurûa rûomen- 
t a  teo rem as pam ata, b e t  t a s  s a tu r  4 nczinam us, t ä  ta d  g a l ïg a i  a t r i s i — 
n ä s a n a i jä p ie v ie n o  v ê l  )  n o l-m i. Ja  mes ņernsiin k l ä t  v e l  d iv a s  s a i t e s

x-ŗ +  у х  +  z 1  = У -ŗ Ш1 (X2 -  ş  (У2 “  У р  ş  ( z 2 ~ z ^) =  £ 2

ta d  nol-iMU s k a i t s  p le au g  l ï d z  ) ,  b e t  nezinam o bûs j a u  6 un a tk a l  g a l i -  
g a i a t r i s i n ä s a n a i  t i 'd k s t  v ê l  )  n o l-rû i. Taa i r  iz sk a id ro ja m ş  a r  t o ,  ka 
mirLêxai s is te m a i  ì r  4 lo is t ïb a s  b r ïv ïb a s  ķ  la is t ïb a s  n o te ik s a n a i  i r  ne— 
p ie c ie sa rn i 4 n o l-m i, b e t  lcusbïbas daadzawa momenta teorem a ap Z a s i  
dod t i k a i  v ie n u  no biom n o l—miem.
r ie m e rs :  B erzes

Zlm. 59»

rflomenta n o te ik s a n a  g u l tn ê s .
R i te ņ a  g r ie z e s  aas  a tro d a s  g u l tn ê s .  Sälmmä r i -  

te n i'ïi d o ts  g r ie z e s  ä trw û s G? un t a s  a p s tä ja s  T s e c . 
l a ik ä ,  p a te ic o  t i e s  b e rz e i  g u l t n ê s . . R ite ņ a  in e rc e s  
moments ap a s i  J  i r  d o ts .
U z ie t :  g u l tn ê s  b e rz e s  spälcu raomcntu .

P ie l ie to s im  lo is t ïb a s  daudzmna rnomenta b s o r s â  
c ie ta m  ķermeuiia (зкаЬ.х*огти1и 68), ap g r ie z e s  a s i

(J.<J ) = L, kur L = L i r  aoKLejamais b e rz e s  mornents. S in i  form u- 
_ _ "  du)l a  J  varaiK no d i f e r e n c ia l a  I z a s s b , jo  t a s  i r  c o n s t .  J  = L, b e t

d ^ļ ŗ  = C un j a  
k u s t ib a ,  ta d

pieņcm sim , ka r i t a ï i i s  a p s ta ja s  vienm ê-rigi

6 -  ----- ŗ — -  = -----ş  , t a  ta d  g a l i g i

palerL Ìnätä

Ziiae morflentam L iz n a k  n e g a t iy a  tarâdeļ., ka b e rz e s  sp e k i i r  p a s iv i  UÌÌ 
d a rb o ja s  a rv ie n u  p r e t  kástïbU k
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§ 11. SPARA TEOREUA 3 I3 1 ^ A I .

Spara je b  k in e t i s k a s  e n e r ^ i ja s  iz te ik sm e  kadam s is te o ia s  рипкхал

m, V, m.
Kk

F ar s is te m a s  Sļjaru 
t u  s p a ru  зшйвги:

2 
je b k in e t is k o  e n e rg i ju sauksim  v is u  s is te m a s  punk-

К = E
1

ir2 mkV k
2 Г

1
mk ,«2 , -2 . -2 .2 ^ k  y k r  z k^

tâ p a t  ka punk ta  s p a rs ,  i r
•näriesim  uz n a sa s  s u a ra  t

S is tem as s p a r s ,  
lekam s mês

s k a la r s  l ie lu m s .
oremas p ie rä d iju m u , a p s k a t ï— 

sim  v ê l  v ie n u  teorcirru, k u ŗa  a tv ie g lo  s is te m a s  s p a ra  n o te ik sa n u .

Koeniga te o re m a .

J a  XYZ i r  n.eku.stosa k o o rd in ä tu  s is te m a , ta d  iedom äsim ies s is te m a s

zim .60 .
in a r c e s  c e n t r ä  C v ê l  v ie n u  k u s to s u  k o o rd in ä tu  s is te m u  — kuļ a kus— 
t a s  kopä a r  s is te m a s  in e rc e s  c e n tru  C v i r z e s  k u s t ïb ä ,  t . i .  t ä ,  kc a r -  
v ie n  }ļ GX , C I-I ļļ CY ил C Z  || OZ.

P ie  s is te in a s  k u s t ïb a s  p u n k ti a t t i e c ï b ä  p r e t  jauhäm asïm  v i s p â r ï — 
g i  a r ï  a t r a d ï s i e s  k u s t ïb ä ,  b e t  j a  iz v ê lä s i tn ie s  kädu s is te m a s  pun k tu  
A^, t a d  s t a r p  t ä  koord inätêm , p a rä d ïtâ m  zïm .6c, a rv ie n  p a s tä v ô s  s ä d i  
s a k a r i :

x k = x e +  1  к

Ук = Ус +  V к 
z k z c +  “ k
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à i ?  x c , y c  un zc  i r  in e rc e s  c e n tr a  C k o o rd in a te s . 
A tv as in äs im  s ï s  fo rtn u las  pêc 'la ik a :

*k = 4 c +  t  к

4  = y c  +  7 h 

z k =  z c +  к 
un ie v ie to s im  s is te m a s  sp a ra  iz te ik a m ê

+ ф  ...........................................(71)

K  -  |  ?  <4 c +  t k ^  '  » e  ş  ? k > 2  +  <z c +  î k ) 2  

n mv  ~ о n m, . 2  . 2 - 2
-  -  " "  "  "  -  +

M k  +  z d k )

263 c e n t r a  ä trw n s un

L r e l a t ï v a i s  â trum s ap in o rc e s  сегЛги 

и л и +  f  v °  ?  к  ş

mk s c * k

% f  “ к ?  к

3.33 i e t  c a u r i n e r o e s c e n tru  un, a t v a a i -  

n o t  to  p asu  pêc l a i k a ,  daìjäaim, ka г 

?ёс  a n a lo ^ i j a s  a r î  p â r ê jâ s  suinmas: 
n . n

ì  W k  = C *

b e t

2

1
“ ^ c

•2 , • 2 
c J  c
• 2

K n m, n -  Г. - ļ  vŞ

c z c 1 2

2

1

z c

2

m k ( x c ?  к

v e

ï 2 1

1
A p sk a tis im  a t s e v i s ķ i

n

1

suĶ ia:

U  =
n

b c t = M î c 0, jo
I  mk t  к =  °-

0 un p a l ie k

3 mk  n mk  2К = V2  X  Ş  zķ v 2 ^  , ^sd M lls â .
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К = + I  I  mkv2c (7 2 )

Form ula (72) re p re z e n tê  K oeniga teorem u, kuŗu  fo m u le s im  t ä :  sisxetïias 
s p a r s  s a s tä v  no d l v à  daļäm: l ) i n e r c e s  e e n tr a  sp a ra  v i r z e s  k u sb ïb a , j a  
t u r  iedom äsim ies k o n c e n trê tu  v i s u  s is te m a s  masu un 2 )slsbam as punx tu  
s p a ru  summas ap in e rc e s  c e n tru .

S para  iz te ik sm e s  c ie tam  ķermenirfi

C ie tu  ķv_rmeni v a r  u z s k a t ï t  p a r  tä d u  punktu  s is te m u , k u ŗâ  p u n k ti 
s a r 'i  s t a r p ä  i r  s a i s t ï t i  n e g r o z ïg i .  A p sk a tïs im  c i e t a  ķermeņa spa i a i z -  
te ik e m e s  dazädos gad ijum os.

I .  C ie ta  ķermeņa sp a rs  vii*zes k u s t ïb ä .
J a  c i e t s  ķerm enis a tro d a a  v i r z e s  k u s t ïb ä ,  t a d  v is ie m  punktierâ, 

i e s k a i t o t  in e rc e s  c e n tru.,.  ä tru m i g e o m eu.t r is k i i r  v ie n ä d i ,  b e t  p r e t
in o r c e s  c e n tru  punktiem  k u s t ïb a s  nav un 
l i e k o t  fo rm .(7 2 ) V ' = 0, iz n äk ко Spara iz te ik s in e ,

K = 1> c 2 (73)
I I . C ie ta  ķermeņa sp a rs  g r ie z e s  

n e k u s to su  a s i .
kusb iba  ap

A ts ķ ir s im  d iv u s  a p a k sg ad ij unius, kad a s s  i e t  ca u r in e rc e s  c e n tr u  
un a s s  n e i e t  ca u r in e rc e s  c e n tru .

a ) G rieze s  a s s  i e t  cau r in a rc e s  c e n tru .  Sädä gad ijw nä in c rc c s  
c e n t r a  ä trum s V = 0 un fo rm u lä  (72) p a l ie k

/

2 lîL. 61

1 
g a l i g i

irs

К = à1  X— 
1 

jo  v is iem

p
m kV k e  - b e t  V ks = r k W k  = Г к - ^

punk tiec i €0 i r  v ie n a d s , ta d
к

lkr k = c

1 JJ-
к = 4  г

i
m ^2 2 _ 1 . .2 Y
Y k  "  2 '

i r  c e n t r a l a i s  in e r c e s  moments

; 1 2 1I K = j  J C G)2  !

k ^ k

ap g r ie z e s  a s i ,  un

b)Gr i e z e s a s s  n e i e t  cau r in e rc e s  c e n tru .  b e t cau r kädu c i t u
p u n k tu  D. U ziesim  sp a ru  t i e s ' i  pec fo rm u las (71) 

teorem u:

W.

z im .6 2 . 
n

0

‘kr k ~ J D

1 nк = 4 г

jo  v is ie rû

к = 4 7
г  1

1

о“ X s  b e t V k<5= r k - ° k

punktiem  W i r  v ie n a d s

2 2 1 2
V k ^  - 2 "

Д  2 
î '  V k

in e rc e s  moments ap g r ie z e s  a s i  un

V й

un. ta d

g a l i g i
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ļ к - 1  ...................................................... (75)

S ï fo rm u la  i r  a n a lo g isk a  fo rm u la i (7 4 ), b e t mês v iņ u  v ê l  varam p ä rv a i— 
d o t , i e v ê r o jo t ,  ka P= J + D c
k u r e i r  a t tä lu m s  s t a r p  asïm

! К = 4  J  U)2  + 4  Me2 GJ2  j ............................................. (76)
1______ 2 C_______2______  ;

80 fo rn iu lu  v a r ê tu  dabû t a r ï  t i e s i  no Koeniga teo re raas , i z t c i k t a s  a r  
fo rm u lu  (7 2 ); j a  ie v ê ro s im , ka VQ = e.GJ

I I I .  C ie ta  ķermeŖa s p a rs  g r ie z e s  k u s t ib a  ap 
n ek u s to su  pumktu.

K u stib a  ap neku.sto.su punk tu  i r  e k v iv a le n ta  g r ie z e s  k u s t ib a i  ap 
momenbano a s i ,  t ä  ta d  sp a ra  n o te ik s a n a i  varam i z l i e t o t  fo rm u las  (74) 
Ш1 (7 5 ):

a ) j a  n e k u s to s a is  punk ts  s a k r i t  a r  in e rc e s  c e n tru  0, ta d  varam 
l i e t o t  fo rm u lu  (74) _______________

X -  ì  J
c ' ......................................... ( ? 4 a )

b ) j a  n e k u s to s a is  
l i e t o t  fo rm u lu  (75)

p u n k ts  n e s a k r i t  a r  in e rc e s  c e n tru  C, ta d  vararû

i 1 2
К = J D (AK .......................................... (75a)

S e i t  t i k a i  jä p ie z ïm ê , ka p ie  k u s t ïb a s  ap n ek u s to su  punk tu  a s s  maina 
sav u  v i r z ie n u  un in e rc e s  momenti i r  m a in ïg i l ie lu m i  a t k a r ïg i  no a s s  
s tâ v o k ļa ,  t ä  ta d  forrm läm  (74a) un (75 a ) bäs momentana aozlm a.

IV. B riv a  c i e t a  ķermeņa s p a r s .
K atru  b r ïv u  k u s t ïb u  varam u z E k a t ï t  kä v i r z e s  k u s t ïb u  a r  in e rc e s  

con tru . C un g r ie z e s  k u s t ïb u  ap so c e n tru .  Ķermeņa sp a ru  s i n ï  g a d i ju -  
ma varam  a t r a s t ,  summêjot fo rm u las  (75) ua  (7 4 a ) , je b  a r ï  pêc Koeniga 
teo rem as

к 4^1

Zlm.63.

.................................................. (77)

A r ï  s e i t  J Q nav k o n s ta n ts ,  jo  g r ie z e s  a s s  i r  momentana.

V. C ie ta  ķermeņa sp a rs  sk ru v es  k u s t ïb ä  un o t r s  
p ie rä d iju m s  c ie tam  
lenira.

Pieņemsira; ka d o ta is  ķerm enis a t r o -  
das sk rûyes k u s t ïb ä  ap a s i  D-D a r  
g r ie z e s  ätrui'flu (J un s l î d e s  ä t ru n u  V . 
Ķermeņa sp a rs  pec v is p ä r ïg a s  fo rm u-3 
i a s  (71)

K _ 4  mkv k 
к -  2

кш? V^ i r  ķermeņa p unk ta  ä tru in s r
J a  apzïm êsim  a r  punk ta  A^ a ttä lu m u
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по sk ru v es  a s s  V-V, ta d  ätrum s

V k = +  Vg

le l ik s im  so lie lu m u  sp a ra  iz te ik s m ê :

K -  è  £  = ± C J 2  f  v 2 + l y 2  L

К = A M.v2 + |  J D W 2 ...........................................(76)

Form ula (78) r e p re z e n tê  y is p ä r ïg o  s p a ra  iz te ik s m i ķermeņa sk rû v es 
k u s t ïb ä ,  un по s ï s  fo rm u las varam i z v e s t  Koeniga teorem u c ie tam  ķ e r -  
menim.

No ķermeņa k in ê m atik as  i r  zinam s, ka k a t r a  sk rû v es k u s t ïb a  i r  
e k v iv a le n ta  g r ie z e s  k u s t ïb a i  ap c i t u  a s i  p a r a l l ê l i  sk ru v es  a s i j  un 
v i r z e s  k u s t ïb a i  s l ï p i  p r e t  g r ie z e s  a s i .  S lld .es k u s t ïb a s  ätrum s bûs 
v i r z e s  k u s t ïb a s  âtrum a p r o je k c i ja  uz g r ie z e s  a s i .  Iz v ê lê s im  jauno  
g r ie z e s  a s i  cau r in e rc e s  cen tru . C, t a d

V SincA-
V„ = V„Cos un a t ta lu m s  а = -----—г—  s c Go

Bez tam in e rc e s  moments pêc fo rm u las (4 0 ): Jp = J c  + M .a^. I e v ie to — 
j o t  v i s u  so sp a ra  iz te ik sm ê , dabûsim :

К = |  6 o à  + |  J c Л Л
2 +

К = ļ  M.V^ O o s ^  + + è  M.V? S l n ^
2 c 2 c 2 c

K  = | “ ' v c2  + 1  J o - y 2

S ï fo rm u la  i r  id e n t i s k a  a r  fo rm ulu  (7 7 ), kuŗa  r e p re z e n tê  Koeniga t e o -  
reniu c ie ta m  ķermenim.

A n a lo g ija  s t a r p  y i r z e s  un g r ie z e s  k u s t îb u .

S a l ïd z in o t  s p a ra  iz te ik s m e s , yaram  n o v ê ro t a n a lo g i ju  s ta r p  v i r -  
z e s  un g r ie z e s  k u s t ïb u .  „

S para  iz te ik sm e  y i r z e s  k u s t ïb ä :
-  - 1 2S para  iz te ik sm e  g r ie z e s  k u s t ib a :

T äp a t a r ï  k u s t ïb a s  daudzums v i r z e s  k u s t ïb ä :  M  _  
un k u s t îb a s  daudzuma moments g r ie z e s  k u s t ïb ä :  J .cd  
P ie m ê rs . L ie lg a b a la  lä d iņ a  s p a r s ,

_________  P a r a s t i  l i e l g a b a l a  s to b rä  i r _ u z g r ie z ta s  
--------------------- y ï tn e s ,  k ä d ê ļ lädiŖ S n âk o t ä r ä  a t ro d a s

- -- — -\y \---- s k rû re s  k u s t ïb ä .  L ädiņa sp a rs  ta d  bûs:
zïm . 64. К = i  J ^ 2

2 c 2
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P iem êrs . R ipa аг  r a d iu s u  R v e ļa s  uz h o r io o n ta la s  p lakn.es, p ie  kam 
____ o e n tra  ätrum s i r  V . U z ie t sp a ru .

x* G 2 V
/  c  К = |  » 2  + A J o u 2  , b e t  J o  = i ^ -  un v  = /

----- " ' 2

/ / / / / / / / / / / / / /  2  c  2  2  R2  2  ° 4  c

z ïm .65 . ļ К ~ 4 ķ 2

S is tem as spêku d a rb s .
I z d a l ïs im  110 s is te m a s  kädu punk tu  Ak . J a  v is u s  ä r ê ju s  spêkus, k ä -  

d i  d a rb o ja s  oz punk tu  Ak  p ie v e d îs im  p ie  v ie n a  kopspêka Fk , v is u s  i e k -  
s ê ju s  spêkas p ie  kopspeka F?, ä r ê ju s  r e a k c i -  

. j a s  p ie  Sk  Ņ  ie k s ê ja s  r e a k c i j a s  p ie  3k , ta d  
\  so  sp êk a  e le m e n tä ra is  d a rb s , ku ŗu  p a e trä d ä s

v i s i  s i e  sp ê k i uz käda e le m e n tä ra  p â r v ie to -
P <— juma ds, bäs 
к  p K

+ c ^ .à Z ^ )  + +

zim .6 6 . + (S ^ .d s^ )
b e t ,  j a  s a i t e s  i r  id e ä la s  ил sk leronom as, ta d

(S ^ .d s k ) = 0 un ($k .d s k ) = 0

Kaş a t t i e c a s  u z _ ie k sê jo  spêku darbu , ta d  a tsev isķ am  punktam ie k s ê ja  
spêka  d a rb s  n e l ïd z in ä ja s  n u l l e i .

A rï v i3 a i  s is te m a i ,  ņemot ie k s ê ju s  spêkus pa d iv i  v ien äd ä  l ie lu ,— 
ma un p r e tê jo s  v i r z ie n o s ,  kä ag räk  ja u  b i j a  n o s k a id ro ts ,  d iv u  ie k s ê jo  
spêku  d arb s l ï d z i n ä s i e s  n u l l e i  t i k a i  t a d ,  j a :  1) p u n k ti nepâi’v i e t o j a s ,  
2 ) s is te m a s  k u s t ïb ä  a ttä lu in s  s t a r p  punktiem  nem ainas, s ta r p  c i t u  s i s  n o - 
teilcum s i r  i z p i l d ï t s  c i e t ä  ķerm enï, un ^ )a ttä lu m s  s t a r p  pwaktieïn зака­
т а  momentä i r  v ie n ä d s  a r  to  р а за  punk tu  a ttä lu m u  g a lâ .  Tä ta d  v isp L i ,I -  
g i  ie k s e jo  зрака  d a rb s  s is tem ä  n e l ïd z in ä jä s  n u l l e i  a a  v ie n k ä r s ïb a s  d ê ļ 
apzîm êsim : +

un a r ï  p r o j e k c i j a s :  .
x k +  x k = x k
Y k +  Y k = Y k
z k +  z k = z k

E lem en ta ru  d a rb a , ku ŗu  p a s tra d a s  sp e k i d a rb o jo s ie s  uz punk tu  A ,, rak& tu - 
ro s im  ta g a d  t ä :

d ^ k  = ( ^ . à 3 k ) = Xk à k  + Yk dyk  + Zk dzk  .................................... (79)

G-alïgu darbu  dabûsim  i n t e g r ê jo t  so fo rrâu lu :

" x ky k z k
^ k  -  ,  v  „ x k t a k +  Y k d Y k +  Z kd z k ..................................(79а)

x koy koz ko
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E le m e n tä ra is  d a rb s , ku ru  p a s trâ d ä s  v i s i  s is te m a s  s p ê k i , j e b  y ie n k ä r s i  
s is te rn a s  e le m e n tä ra is  d a rb s , bûs ac ïm red zo t summa no elerflentäriera d a r -  
biem  a ts e v is ķ ie m  punktiem

d 'X  = £  
1

je b  a r î  (XR à R  + YR dyk  + ^ k dz k ) . .

L a i d abu tu  ga lîgu . d a rb a  iz te ik s m i v i s a i  s is te m a i ,  
l u  ( 8 Oa)_____________ ______ ________________________

A / k z k n01= I ş  а л  + Ykdyk + Zkdzk
J

............................... (80)

........................... (80a)

varam i n t c g r ê t  fo r.iu —

...................... (81)

je b  v a r  a r ï  sunmet v is iem  punktiem  aug sä  u .z r a k s t i tu s  in te g r a ļu s  pec 
fo rm u la s  (79a)

° t  = £  ì v  ,  Х Л  +  у л  +  V z k ........
х ко^ко~ко_____________

n o sk a id ro s im  tä ļä k ,_ k â d o s  gadijum os un p ie  kâdiem no te ikun ie ììi s ï s  
te ik sm e s  v a r  i n t e g r e t :
1) g a d iju n is : XR  =

(31a)

i z -

n  -  ^ k y (^ V k z k V l à î  
z k = ^ k z < V k z k V k ì î >

Speku p r o je k c i ja s  i r  f u n k c i ja ş  no p unk ta  k o o rd in â tem , atrum iem  un l a ik a .  
Lai b u tu  ie sp e jam s n o in te g rê t  fo riau lu  (81a) ac îm red zo t j ä z in

xk  = f k ( t )

Ук  = ş k ^ >  
z k  = / k ( t )  

b e t  a r  äiem nol-m iem  i r  n o te ik ta  s is te m a s  punk tu  k u s t ïb a ,  t ä  ta d  s i n ï  
gad ijum a Jab-ut_zijQ.ama s is te m a s  k u s t ïb a .  I e v i e to jo t  s ï s  l a ik a  f u n k c i ja s  
d a rb a  i n t e g r a l a ,  dabûsim

■t у n
ф  ( t ) d t  Ш1 ( ^ -  r o t ,  

' t 0  ■ 1 k

2) gad ljum s:

У к = ^ k y ^ V k z k> 
Z k = ^ k z < V k z k) 

Spêka p r o je k c i j a s  i r  f u n k c i ja s  t i k a i  no punk ta  koord inätêE i. Lai b ï t u  
ie sp e ja m s n o in te g rê t  fo rm ul-ц (8 1 a ) , ac ïm red zo t p i e t i k s  z in ä t :



*k = ^ к ^  
y k = 4^k (q)
z k _  / k ^

b e t  s i e  n o l-n ii r e p re z e n te  punk ta  t r a j e k t o r i j u ,  t â  ta d  s in ï  gadijum ä i r  
j a z i n  p u n k ta  t r a j e k t o r i j a s .  I e v i e to jo t  k o o rd in a te s  darba in t e g r ä l â ,d a -  
busim  d arbu , kä f (q )

& k  Y U M a  un Ol = r 0 t k

3) t a n ï  p a sä  gad ijum ä, j a  spêka p r o je k c i j a s  i r  k o o rd in ä tu  f u n k c i ja s :
X k =  ^ k x ^ V k z k^
Y k = f k y ( x ky k z k>
z k = ^ k - < V k z k)

un  j a  spekam e k s is te fu n k c i ja = cļo (x k y k zk ) t a d ,  ka zinam s

■k ~

к ìx k

л Х ку к2 к
■»uk
3xk

' _  __ к
* ЗУк

z k
^ k

К un d arb s

■k зук

< 4  
^ k • dz к

^ k

x koy ko z ko
H arbs v is ä  s is te m ä  bûs:

M k -  v k  -  UR o

U ko

0 1 - Ş G t k  -  $  (uk  -  uk 0 )
P a s t r ä d ä to  darbu  v is â  s is te m â  ta d  varam a t r a s t  kä summu no spêku fu n k - 
o i j u  pieaugumiem.

T äļäk  a p s k a tïs im  a r e jo  speku e lem en täro  darbu  dazadäs c i e t a  kerm e- 
ņ e  k u s t ïb ä s .

Smaguma зрека d a rb s  p ie  ķermeņa p a r y ie to s a n a s ,

z im .67 .

I z v 6 l s 3 à  Z a s s  v e r t i k a l i  uz 
augsu. un iz d a l ï s im  ķenaen ï kädu 
punk tu  A^. Uz punktu. d a rb o - 
j a s  smaguma sp ê k s , ku.ŗa p ro je k — 
c i j a s  uz iz v ê lê tä m  a s în

xk  = °  , \  = 0 , zk  = - ^ g

Darba n o te ik s a n a i  i z l i e to s im  
fo ra u lu  (81a)

( V k z k
x k t a k +  Y k d y k ^k^ z k

J  x koy ko z ko
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ka redzam s, smaguma speka d a rb s  l i d z i n a j a s  ķermeņa svaram  re iz in a ta in  
a r  smaguma c e n tr a  p â rv ie to ju m u  Z a s s  v i r z ie n ä .

I .  Speku. e le m e n ta ra is  d arb s c i e t a  ķermeņa y i r z e s  k u s t ib a .
B lem entäram  darbam ņemsim formulu. (80a) 

n
d # t  = jT (Xk dxk  + Yk dyk  +  Zk dzk )

J a  ķerm enis a t ro d a s  v i r z e s  k u s t ïb ä ,  t a d  v isiem  punktiem  p ä rv ie to ju m i 
i r  g e o m e tr is k i v ie n â d i an p unk ta  Ak  p ä rv ie to ju n ru  varam a i z v io to t  a r  
in e ro e s  c e n tr a  p ä ry ie to ju m u

à k  = dxc  , dyk  = dyc  un dzk  = dzQ , t a d  
л n

= ļ  (Xk dxc  +  Yk dyc  + Zk dzc ) ,  a tk lä s im  ie k ay as

dOL 

t  ra  

d 6 t

й Л

= £ + 1  ¥к%
pärv ie to juu iu .s

= ì  x k +  а Ус Y k

= . à  + V . dy +
X* с у ' c

n
+ Zk dz^ , izņensim  no sumiaäm in e rc e s  c e n -

ii
4- dzc  21 Zk

V z .d z c  un g a l i g i

b e t

E le m e n ta ra is  darba c i e t a  ķe-rmeņa v ir z e s  k u s t ib a  l i d z i n a j a s  g a ly en a  vek- 
t o r a  sk a la ram  produktam  a r  in e rc e s  c e n t r a  e lem en täro  p ârv ie to ju i''iu .

I I . Speku e le m e n ta ra is  d a rb s  c i e t a  ķermeņa g r ie z e s  k u s t ib a  
ap n e k u s to su  a s i .

IzT êlêsiD i k o o rd in ä tu  s is te m u  t ä ,  l a i  Z a s s  s a k r i s tu  a r  g r ie z e s  a s i  vm 
a t k a l  elem entäram  darbam ņemsim fo rn iu lu  (80 ):

d ( X  =

B et p ie  g r ie z e s  ap Z
d z k  = 0 , bsL tam:

Ş  (X k ^ k  ş  Y k ^ k  +  ^ k â -k '

a s i  v is ie m  ķermeņa panktiem  zk  = C o n st. un 

x k  = r k .Cas<^

Ук  = r k . S i n ^
d i f e r e n c ê j o t :
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dxk  = -  r k S in ^ .d ( ^  = -  yk d ^

dyk  = r k Cos .d  = x k d 4 > 

ie v ie to s im  s ï s  fo rnm las darba  i z t e i k -  
sme:

t ä  ta d
1

zim .b8

b e t

A rê jo  spêku e le m e n tä ra is  darbs ķ e n ie -  
ņa g r ie z e s  k u s t lb â  ap  n ek u s to su  a c i  
i r  v ien äd s  a r  ga lveno  morûentu a t t i e -  
c ïb ä  uz to  pasu  a s i  r e i z in ä tu  a r  e l e -  
m entäro  le ņ ķ i .

I e v e r o jo t ,  ka UJ = un 
d = W dt varam to  pasu  i z t e i k t  v s l  
c i t ä d i :

d C t = Lz .CJ .d t
■ ■ - , —.—.— 

(84a)

I I I .  Speku. e le m e n ta ra is  d a rb s  ķermeņa k u s t ib a
ap pim ktu

Ķermeņa k u s t ïb a  ap punktu  i r  e k v iv a le n ta  g r ie z e s  k u s t ï b a i  ар гло- 
m entano a s i ,  un ä rê jo  spêku d arb s s i n ï  k u s t ïb ä  i z t e i k s i e s  a r  täEi" рабат 
form uläm , t i k a i  L v ie tä  näks moments ap momentano g r ie z e s  a s i  D.

un | dflL = I ^ .C J .d t

A rê jo  spêku. e le m e n tä ra is  d a rb s  ķeiuieņa k u s t ïb ä  ap n e k u s to su  punk tu  i r  
v ie n ä d s  a r  galveno  momentu ap moiïïentano a s i  p a r e i z in ä tu  a r  е1ешегЛаго 
l e ņ ķ i .

IV. Speku j le m e n tä r a is  d a rb s  ķerraeņa b n v a  k u s t ï b a .

K a tru  ķermeņa b r îv o  k u s t îb u  varam u z s k a t î t  kä v i r s z e s  k u s tïb u  a r  
in e r c e s  c e n tru  un g r ie z e s  k u s t îb u  ap in e rc e s  c e n tru .  Sakarä a r  c o ,o le -  
m entàro  darb u  sim  gadijumam dabusim , s a s k a i to t  fo rn m las (8 j )  un (85)

(86)

Spara teo rem a punktu s is te m a i  p ie  idealä in  s a i te m .

L ai dabû tu  sp a ra  teorem u punktu  s isb sm a i, ņemsim sp a ra  teore iau  
vienam  s is te m a s  punktam A,, un swiaaêsim sädas iz te ik s iâ e s  v i s a i  s is tG iaa i 
Punktam Ak  sp a ra  teorem a ^ d i f e r e n c iä l ä  v e id ä :
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ш к к — ^к^ка  - 2 —  = (? к <% ) jeb  a r ï  d - ş à  =  x k dxk  + ^ k ^ k  +  Zk dzR

Sm auejo t v is ie iu  punktiem  dabusiia s p a ra  t e  отеши, 
da :

s is tc ia a i  e le n e n tä i 'a

d

> d 
1

о  _ T fy  a i  1 -  î  ^ k d s k ;

/

= ì  (УЛ  ş  V y k + Z k d z k)

L ai dab îitu  sp a ra  te o re w . s is te m a i g a l ig â  v e id a , u z r a k s t is im  to  p
o ren u  g a l ig a  

“ kV ko
2 2

v eid a  vienam punktam

= (I'. d s . )  je b  a r ï  — -----
K K 2 2

. x Ä z k
= ļ Xk d x ^ > à  ^ z k  

x koy koz ko
un su rb ie jo t vÌLism punktiem :

jê b
n 
Г
1

&o fonrru lu  i z l a s ï s im  t â :  s is te m a s  s p a ra  pieaagìw is kädâ s is te ro as  p ä rv ic — 
to jum a ro b e z ä s  i r  v ie n äd s  a r  v is u  s is te m a s  spêlw. darbu  stuaai t a n ï s  2 a -  
&as ro b e z â s .

C ietani ķermeniifl s p a ra  teoreLïiu таган  u z r a k s t ï t  v ê l  c i t a  v e id ä , i o -  
v ed o t sp a ra  iz te ik s m i pêc Koeniga teo rem as un l i e t o j o t  darba  izteikG JEci 
fo rm u lu  (86 ) _  __  . ____

l ............." I
^ ( 4 E  ş ?  ş 4 - i ( V . a s ) + j w  ■ (39)
]________________________________ __ ____L0______ j

S para  teorem u s is te m a i  pêc fonauïäm  (8 ? ) , (8 3 ) , (~89) vax’ p la à i  l i e t o t  
p iru iä i n t e g r a l a  ie g û s a n a i ,  t i k a i  a r  ie ro b e z o ju n u , t . i .  s a itê m  j^b4.P 
skleronoinaBi un id ea läm . - J a  s a i t e s  Lav id e ä la s ,  ta d  la b ä  pusê näks k lL t 
v ê l  b e rz e s  spêku d a rb s .
° ie ru e rs . G ran a ta s  k u s t ïb a .

zim . 69.

I z p ê t ïs im  g ra n a ta s  k u s t ïb u ,  k u ŗa i  Ì T  d o ts  
сайт 8Q visau säkuma v i r z e s  ätruiY.s ил s . ктила 
g r ie z e s  ä tnxm s. À re ja is  sp ê k s , kas d& rbojas 
uz g ra n a tu , i r  SKiaguna s Êks Mg Z -ass  z i r — 
z ie n ä .

Ņensim sp a ra  Ьеогеии c ie ta m  ķ ir^ e n ic i, 
iz te ik - tu  а т  forïnulu (8 9 ):
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( | № о + ?  J < X  _  +  1 J O U 2J =  ! °  ( y . d s ^  +  ş

00 - %

b e t  rC.su gad ijum ä V7 = Иg , ( V . d s c ) = kgdz c  un Lc  = 0 , t a  ta d

Ì  -  ' O  + |  J c ( ° 2  -  = iļs^ o  -  z
c o>

1 2 2t a  kä la b ä  pusê raomenta uav , t a d  lo c e k l i s  =  bas r.o—
z l ķ ,  ka G) = ( J o  un pêc tam , s a ï s i n o t  raasu, p a l ie k

V c -  V co = 2 s ( ^  -  z0 0 )

Kä re d z a n s , g raQ a b a ^ g rìo 2 o b iS S .,v Ì6 E S rIg ì, k u s ta s  kä m a te r iè l s  p u n k ts . 
P iem êrs . Smags s t i e n i s  garumä < b r ï v i  p i e k ä r t s  v ie n ä  g a lä  a r  è a x u iru  

punktä  2 .  U z ie t  c ik  l i e l u  säkuiaa аЬгипи jä ~
dod o tra ia  galaxi, l a i  s t i e n i s  no w r t i k t l ^  
s tä v o k ļa  u z s k r ie tu  h o r ic o n tä lä .  B orzes iiav.

I z l i e t o s i n  sp a ra  t e o r e a u , I e v ê r o jo t . ka 
s e i t  k u s t ïb a  i r  g r ie z e s  k u s t ïb a  ap a s i  2 , 
varam ņ e n t sp a ru  pêc forL iu las ( 7 Säkumä 
g r ie z e s  äb ru n s  i r  <j , b e t g a lä  s t i e r i i s  a p -  
s t ä j ä s ,  t ä  ta d  W = 0 . Spara  pdoauguLS:

к  -  Ko  -  0 -  j  J D <J 2
U ziesiia  ta g a d  v isu  spsku  d a rb u . K skädi sp ê -  
k i ,  iz ņ e u o t snaguriá spêku , s e i t  n e d a ? b o ja s , 
t ä  ta d  d a rb s  pêe fo rin u las (82 ):

z im .7 0 . 
P i e l ï d z in o t

U z ie s in  J-Q 
j  о M = à . i6

'X  = Kg (0 -  = -  ^ g  J
sp a ra  p ieaugunu  p asträd c .ta ia  darbam, d ab û sin : 

1 T 2 - 2)

; 2 P= ; z à ,  b e t  dm -  0 .d z , t a  ta d  
X

= Mg< ,no  k u r ie n e s  CJ0  -

t ä  t a d  VQ =

Spara teorem a s is îo w a ì ,  j a  s a i t e s  nav i d e a l a s .

J a  s a i t e s  nav  id e ä la s ,  ta d  p ie  a k t ïv o  spêku darba  j ä p i e s k a i t a  b e r -  
z s s  speku d arb u , b e t  b e rz e s  spêka d a rb s  l ï d z in ä j a s  p i ln a s  r e a k c i j a s  d a r -  
bum, jo  n o r r ia la s _ re a k c i ja s  d a rb s  l ï d z i n ä j a s  n u l l e i .  E le m e n ta ra is  d a rb s  
v i s a i  s is te ru .ìi  t â  t a d  bus

а л  = |  (Fk dsk ) + z  (Sk d5k )

ba t a d  sp a ra  teo rem as i z te ik s n e  e le iiien tä rä  v e id ä :
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П П _ _ П
d - H  = 21 (Fk d s k ) +  X  (Sk dsk2 Л Л- Л- Гк

(90)
* к кp r o je k c i j a s  Z  d ------- = S

1 2  1

n

1
d *k ì

Pec a n a lo g i j a s  a r  fo m u lam  (88) varam u z r a k s t ï t  sp a ra  teo ren ias i z t e i k -  
smi g a l ïg ä  v e id ä , kad s a i t e s  nav  id e a la s

Z  | (Fk d s k ) +  £
1 i K K 1J s ko

V  '  ?  î =  1 +  + z k 4 2 k
J W k o z ko

f  s k '
I ^ k ^ )  j 

' s ko
--------  (  k

n / x ky k z k
ì ^ ^ k ^ k y ^ k ' ^ k z ^ k ;  

x ko^koz ko

Perpetuum  m obile  n e ie sp ê ja m ib a .

Pei'petuum m obile  i r  käda m asina je b  m êchanism s, k u ŗs  bLäanis r e i z  
i e k u s t i n ä t s ,  tu rp in ä tu . sava  kustïbu . m u z ïg i ; n e p ra s o t nekädu ä r ê jo  s p è -  
ku ie d a rb ïb u .

Sâdu mêchanismu mês varam u z ş k a t ï t  p a r  s a i s t ï t o  punk tu  s i s t e u u ,b e t  
t ä  kä a b s o lu t i  id e ä la s  s a i t e s  dabä n e e k s i s t ê ,  t a d  j ä p i e l a i z ,  ka s i s t e -  
ma i r _ s a i t e s  a r  b e r z i .  Mês pieņemam, ka a k t ïv ie  sp ê k i s is te m ä  Fk  = 0, 
t a d  pêc fo ira u la s  ($1) K

n 
2 
1 

b e t  la b ä  p u se , 
linas, t ä  ta d  k a t r ä  z iņ ä

Д V ķ  - k i o

ï  2 4  1' 2
S ï n e v ie n ä d ïb a  a r  l a ik u  p ie a u g s , кашёг mêchanisms n e a p s tâ s ie s ,  j о d a rb s  
a r  la ik u  a r ï  p ie a u g s .

S istem as spêku fu n k c i ja  jeb  s is te m a s  p o t e p c iä l s .

J a  v i s i  s is te m a s  sp ê k i i r  k o n s e rv a t ïv i ,  ta d  mês varam k a tra r i по 
t ie m  u z i e t  Punkciju .. Pieņem sim , ka tä d a s  fu n k c i ja s  i r :

U l> П 2> Ъ ..........U k ............ U n
P unkta  dinam ika b i j a  p i e r a d i t s ,  ka kopspeka fu n k c i ja  i r  a lg e b ra is k a  
sumina no komponentu fu.nkcijam . S istem ä spêkus, l a i  dabû tu  galveno  v ek - 
t o r u ,  mes şa sk a ita m  g e o m e tr is k i ,  tam dêļ p a r  s is te ia a s  furLkciju  je b  p o -  
t e n c i ä l u  mes sauksim  v is u  s is te in a s  зрёйи fu n k c iju  a lg e b rä is k o  suraEiu.:

m,

2
Z.
1 2 1

ļ (Sk dsk ) 
) s ko

re p re z e n te  r e a k c i ju  darbu i r  a rv ie n u  n c g a t ïv s
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| и = U ļ + и 2  +  U} + . . .  +  Uk  + . . .  + Un  i ............(92)

То pasu  U mes varam u z r a k s t ï t  v ê l  c i t ä d i ,  j a  ie x ê ro s im , k a , p ie rs ra m , 
iu n k taa i Ak  f u n k c i ja

Uk  = ; Xk dxk  + Yk dyk  + Zk dzk

lad  s is te m a s  fu n k c i ja :
д ^ ц ^ к  + Yk <lyk  4- Zk dzk  j  .............. ................. (93)

A tse x isķ o  spêku f u n k c i ja s  i r ,  kä zinauis, k o o rd in ä tu  r a n ì .c i j a s ,  t ä  
t a d  a r ï  s is te m a s  spêku fu n k c i ja  i r  k o o rd in ä tu  ïY u ikcija , p ie  кын s i n i  
fu n k c i jä  v a r  i e i e t  v is a s  s is tc m a s  punktu. k o o rd in ä t e a .  Y is p ä r ïg i  ta d

! v  -- ch - -- ¥ A  • •• ļ ................................ 0 4 )

Pêc fo m u la s  (91) u z r a k s t îs i r a  s is tc ii ia s  spêka f ïm k c i ja s  d i f e r e i i c iä lu

' (Xk à k  + Yk dyk  + Zk dzk ) ļ ....................................... (95)

A t t î s t ï s i m  summu fo rm u lä  (9 5 ):
dU = X^dx^ + Y^dy^ + Z^dz^ + X2 dx2  + Y2 dy2  + Z? dz2  + . . .  + X ^ à k  4-

+ Yk ayk  + z k dsk  +  .......... + zn dZ n

Tad s a s tä d ïs im  p i ln u  d i f e r e n c iä lu  no fo n n u la s  (94)
*  dZ 1  ş ķ à ,  ş  . 4 2  ,  . . .

^)^  ̂ оУр u. oz^ 2. 0 x^ oY^ ' и z 2 ■-

. . .  ş à  + dy, + dz, + . . .  + Д Л  àz
4^k  0 Yk  ' z

k  4 0 2^ а

.^a lT d z iao î ad as dU iz te ik s m e s , näkain p ie  s ls d z ie n a ,  ka

Ä i  ’ - h ļ

A U
Y 1 = /

ОУр 

z , â  
1 5

- - ... .
X = d—4 "2 ô x 2

v _ û U 
x 2 -  b y 2

7 _ à U 
^2 “ ôz2

Г -

u . t . t .  un v i s -  
p a r ï g i

x -  У U 
k  ■ ' 'x k

у _
k  “ W

7 _ С U
: °  к

.... (96)

jo riïïu la s  (96) dod sa k a ru  s t a r p  s is te ia a s  fu n k c iju  un spêkioL’ î â à  padu, 
.<äds b i j a  Punkta d inam ikä . Uz sо fo rïdu lu  pam ata E o  varani v e l  d è f i rG t  
s is te m a s  f u n k c i ju ,  kä ‘tädu. f ïm k c i ju , k u ŗa s  p ä r c i ä la s  a tv a s in ; i ’cäs )Lo 
k o o rd in ä tên i, dod speka p r o je k c i j a s .

N oskaid rosim  ta g a d , k a d à  sistem äni p ie m ït fu n k c i ja  jeb  p o te u c ià l s .  
b is  ja u ta ju m s  a tk a r ä j ä s  pro tam s no t â ,  k äd i sp êk i s is te m ä  darbc^ Ja  
v i s i  sp o k i s is tc m ä  i r  k o n s e rv a t iv i ,  ta d  a r ï  s is te m a i  p i e n ï t  f u n k c i ja .  
Pxmkta dinam ikä b i j a  n o s k a id ro ts ,  ka p ie  k o n se rv a tïv ieE i spêkieri p ie d e r :  
l ) v i s i  s p e k i ,  k a ŗ i  i r  p e rp e n d ik u lä r i  k â d a i p la k n e i  un i r  at-täluaia fo a k -  
c i j a  no t a s ,  2) v i s i  c e n t r â l i e  s p ê k i ,  Im ŗi i r  f ( r ) ,  ) ) v i s ì  s p ê k i ,k u ŗ i  
kr-’a a to ja s  a r  kädu a s i  zem 9^° ™  i r  a ttä lu m a  f d a k c i ja s  no a s s .  Borzec
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sp ê k i nav  k o n s e rv a t iv i ,  t ä  t a d  s is te m a i ,  s a i s t i t a i  a r  ne idea lam  sa itd m
n e v a r  u z s t ä d ï t  p o te n c iä la  fu n k c i ju  

P ie rä d ïs im  t ä ļ ä k ,  ka s is tem a  
sp ê k i i r  k o n s e rv a t ïv i ,  j a  v iņ i  i r  
tie m

Z
А»

iznäk :

zirn.71 
dU = X ^ à ^  + Yļdy^ + Zjdz

Speku p r o je k c i j a s  uz asira

i e k ş e j i e  a tg ru ê a n ä s  je b  p ie v i lk s a n u s  
kur r  i r  a t tä lu m s  s ta r p  ywak-

D iv i i e k s e j i e  spckx s t a r p  
punktiem  A1  un A2  i r  рас 
lie lu m a  v ie n ä d i, tam d êļ a p -  
zîm êsim  to s  a r

F ļ  = F2  = F = f ( r )

Ņemsim form ulu  (95)

d.U = Z  (X
k <^k

+ Y k ^

un a t t ï s t ï s i m  S-Uâia ш зи 
gadijumam:

2 dy2  ş  Z2 dz2

X 1 = P 1
1 "  X 2 _ F / 

r  r  k x l 2 2 = F 2
x 2 “  X 1 F /—-  = -  (x2  -  x T

1 = F 1
У1 ~ y 2 =  F

‘2 *2

1 1
Z 1__  È 2 _ F /

г  r  ^Z 1 -  z2 ) Z ^ 2
z 2 “  Z 1 _ У

2 Z j ,

t a d  dU -

2
z j ) d z 2  •2 j

dU ļ ( )  d( x ^ -x 2  ) + (УХ-У2 ) d( У p-y 2

, . „  >2 , „  >2 /
dU = ^  < à 1

2

ş  ( z z2  ) d ( z j—z9 ) । 

1~Z 2 ^  ; _

= ļ i

b e t  (x^

2
„ >2

2-----
>2 l - z ? ) 2

2
1 2

2
“ = r 2

2
dU = d Ş  = |  = F .d r

i h t e g r ê j o t  dabilsihi U -  / F ,d r  = /  f (x - ) .d r  = 'ф ( г ) .  Kä redzanis, j a  i e k -  
: ä j i e  sp ê k i i r  f ( r ) ,  t a d  speku ï ïm k c i ju  U mês varam a t r a s t  un s ä d i  spê— 

k i  i r  k o n s e r v a t ïv i .
P iezlL ie. J a  a t tä lu x i i  säkuiaa un g a lä  r  = r  , t a d  i e k s ê j i e  sp e k i darbu  n c -
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p a s t r a d a ,  jo  0Ъ= U -  UQ = U.
Teorema.Darb s ,k u ru . p a s trä d ä  v i s i  s is te m a s  sp ê k i käda p ä rv ie to ju m a  ro b e -  
z ä s ? l î d z in ä j a s  s i s t e n a s  s p ê k a f ïm k c i j a s  pieaugmnam t a n ï s  paPäs ro b e z â s .

^eiasiEi darba iz te ikS B ii pec f o r a u la s  (81 ):

V k ^ k  n
0 1  = '1 S  ( ^ à k  +  Yk dyk  + 2k à ^ >

Ч л р ^  ~
b e t  pec fo rrnu las (9 5 ):

dU = E  (Xk dxk  + Yk dyk  4- Zk dzk ) 
t ä  ta d

. ' 'V k ^ k  f u

o t =  * M  -  ì dii - I I  -1^0  ;
W A  %  

a r  so teo rcm a i r  p i e r a d ï t a .

.(9 7 )

M êchaniskas e n e rg i ja s  p a s tä v ïb a s  p r in c ip s  s is te m a .

Spara teorem u, i z t e i k t u  a r  foriiiu.lu (8 8 ) , y a r  u z r a k s t i t  s e n ia t l s k i ,  
a p z ïm ê jo t spe.ru. je b  k in e t is k o  e n e rg iju . a r  K, ta d â  v e id ä : К -  XQ = (X  
k u r GC i r  v is u  s is te m a s  spêku p a s t r ä d ä ta i s  ds.rbs, b e t n u p a t b i j a  p i e -  
r ä d ï t s ,  ka  CL = U -  Uo , t â  ta d  К -  KQ = U -  UQ .

T äpat kä Punkta dinam ikä apzïhiêsim : —U = П un n o sa u k s in  p a r  s i s -  
te r ia s  p o te n c iä lo  e n e rg i ju ,  ta d  К -  К = -  П +П je b  p â r r e id o jo t , dabû- 
j a n  . ---------------------------------- --------

! К + П = Ko  + По  = C o n s t , ; ......................................... (98)
S ï fo rau .la  iz s a k a ,k a  sumtîia no s is te m a s  k in ê t i s k a s  un p o te n c iä la s  e n e r -  
g i j a s  i r  C o n s t .l ie lu m s .
P iez ïm e , I z t e i k t a i s  p r in c ip s  p a l ie k  spekä t i k a i  s is te rn ä s , s a i s t ï t â s  a r  
sklerononäm  ur. id sä lâm  sa itê m ,

Ja  s is te n iä  i r  s a i t e s  a r  b e r z i , t a d  m in ê ta is  p r in c ip s  n e d e r .

S iste iuas lïiaeņ a  y irsm a s .

Spêka f u n k c i ja  s is te m a i  pec fo rc iu la s  (94) 
и = ф ( д а д а  . . .  У Л  . . .  z j

p ie  кап U -  II^ ş  II^ ş  . 4- TJk  4- . . .  4* II^ .

S is tem as spêku f u n k c i ja  i r  a lg e b rä is k a  summa no a ts e v is ķ o  spêku-^kuŗi 
ie d a r b o ja s  uz s is te m a s  punktieDi, spcka  fu n k c ijäm . Pieniêrazn IL_ i r  spêka 
f u n k c i ja  punk ta  Ak  kopspêkam. J a  n ê s  p ie l ïd z in ä s i ia  Uk  = c o n s r . , t a d  n ê s  
dabûsim  lïm eņa v irsm a punktam Ak , t ä p a t  mês varam dabût a r ï  lîh ieņa 
y irsiiias  v is iem  c i t ie m  punktiem .

Nol-aiu. (94) mês varam a p s k a t ï t  kä so vlrsm u kompleksu., j a  k a t r r e i z  
s k a i t ï s im  apskatania punk ta  k o o rd in à te s  p a r  m ain ïgäm ,bet c i t u  punktu. 
k o o rd in ä te s  p a r  c o n s t .  l ie lu n ie m .
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§ 12. CIETA ĶZRIAEŅA GREZE AP NEKUSTOSU ASI.

K oord inä tu  s is ten ru  iz v e lê s i ia  t a , l a i  Z a s s  s a k r i s t u  a r  g r ie z e s  a s i .  
L ai n o tu r ê tu  g r ie z e s  a s s  n e k u s to s i , to  j a a t b a l s t a  d iv o s pur.Ktos, 1 ш  2,

b e t ja c p v  i r

k u ^ i doe r e a k o i ja s  3$ uu. s ļ .G r ie z e s  
k u s t ïb a s  p ê t ï s a n a i  iz l ie to s i ia .  k u s t ï — 
bas daudzuwa moiaenta teorerau ap g r i e — 
zes  a s i ,  t . i .  ap Z a s i  Гогш.(59)

d t ^ z  z
Ķ u s tïb a s  daudzuma monienta i z t e i k s m  
£ z  ņemsim p o lä rk o o rd in ä tê s .L a b ä  ри­
зе  шотепЬа iz te ik sm ê  naks p r ie k s â  
t i k a i  ä r ê j i e  s p ê k i , jo  r e a k c i ju  
5^ un s |' momenti ap Z a s i  l ï d z i n ä j a s  
n u l l e i .

â ? ŗ - è  ( x  v  -  J  J  )
L- L» Л  Д  4 1  Л  А  Л  IV

ķermeņa punktiem  v i s p ä r ï g i  dazäds, ta d

v is iem  punktiem  v ien ad s un t«  v a r no surmias iz Ģ e m t,a ts tä jo t
t i k a i  zeu d i f e r e n c i a l a  zim es, jo  GJ v a r  b u t f ( t ) :

M  (x k Yk  -  yk xk ) ,  t ä ļ ä k  ş  = J z  un

j a  a s s  p r e t  ķerm eni n e p ä r v ie to ja s ,  t a d  J z  = C onst.
J z ê t  =  ^ V k  “  y kX k^

So no l-iau  v a rê tu  a r ï  u z r a k s t ï t  t i e s i  l i e t o j o t  form . (70) .A iz v ie t^ jo t  
t ä ļ ä k  ş ş  =  à ş  , dabûsini c i e t a  ķermeņa g r ie z e s  k u s t ïb a s  d if -n o l-c ru  

d t  ! n ļ
! J z ģ  =  2  ^ V k  -  у кХ к^ i 
j d t   1 ______ ļ

b e t t i k a i  v ê l  n e in te g rê ja in ä  form ä, jo  k r e is ä  pusê f ig u r ê  p o la rk o o rd i-  
n ä te  42 ,b e t  la b ä  ризе D ekarta  k o o rd in â te s .  Lai p ä rv e id o tu  labo  p u s i ,  

_  iz y ê lê s im  Ц  p laknê  jau n u  k o o rd in ä tu  s i s t e -  
V ии £  1-1 a r  to  рази k o o rd in ä tu  закиши, b e t 
-  s a i s t ï t u  a r  ķerm eni, t ä  ka s ï  s is tem a  g r i e -  

zas  l ï d z i _ a r  ķerm eni.
J a  mês a p s k a tïs im  ķermeņa punk ta  A, 

ja u n âs  k o o rd in ä te s  * tad  p ie  K

ķermeş.a g r ie z e s  ap Z a s i  s î s  k o o rd in ä te s  
a r  l a ik u  neinainäs. I z te ik s im  ta g a d  v is a s  
D ekarta  k o o rd in ä te s  сайт jaunäm:
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x k = -  4 k S in t f

yk  = ş iL l r i i ş  + ^ k L os(ş 

z k  = ^ k  -  C onst.

*k = -  < k c ° s  4 )  • 4'
Ук  =( 5 kC o s  Ч1 ~ 7  k ^ ^ ’P  ) - Ф

Ķ a trs  spêks Fk  v i s p ä r ïg i  v a r  b u t FR  = k ( ^ У -^ ^ ^ к Ук 2к Ь) Ņ  vipQ pro^ok- 
c i je ,s :

x k = •-'*
x k = ^ k x ( V k ^ k V k ^ î )

A iz v ie to ja m  L -  (x. У' — ŷ  X, ) fo rm u lä  v is a s  D ekarta  k o o rd in äb es  a r
2 1 - ^ K K ^ K . K *

jaunäm , t a d  uês dabûsiDi Lz  = f  ( ^  ^  ^ ) un g r i e z e s 'k u s t ï b a s  d iI-n o l-ìaB
i  znaks i n t  e g rê j  ama y e i d a __ _________________

R 5 ^  = f ( * ^ t )  ļ 

ļ______ QT_______________  :
..................  - - (99)

Nol-ms 
a r  t o ,  
J • t ä

(99) a t s ķ i r á s  no punkta  b a iL a y irz à s a a  k u s t ïb a s  è if -n o l- ìïia  t i k a i  
ka k o o rd in ä te s  x  v ie tä  näk un masas v i e t ä  in e rc e s  aom erits
ta d  y i s i ,  p u n k ta  cLinanikä a p s k a t ï t i e  in te g i ’ê san as  p aņ ê ia ien i, i r

p i l n l g i  lisb o ^ am i a n  s e i t*  ■
S p e c ia l i  g ad -iju n i. 1) Lz  

s tä k ļ ie m  = GJ

-  0 , bad á — "  0, - ģ  = o , Cd= 0^ no s á k ķ a  ap 
â.b . • .

â ļ  -  ^nbagi'SZ o-d ş  ş i s  kaw

galigi rV^?T+ ot ’
Kä redzam s, p ie  Lz  = 0 , ķerm enis a t ro d a s  y icm aêrïgä  g r ie z e a  k u s t ïb ä .
2) Lz  = K. Moinents ap Z a s i  i r  k o n s ta n ts  lieïums.TacL =

z clt К , Gû = t  + Cn no säkuina a p s tä k ļie n i C-, = (л) , G.) = j —t  + iJ

дцт k  к 2
~  t  + ^ 0 ; i n t e g r e jo t  = -т-̂ — t  + ^ 0 't  +  P ie  kam no sakwaa 

z z
a p s tä k ļie n i atrodam  g a l ï g i

Ka redzam s. p ie  L_ = K, ķem ieiiis z  /7̂  К
k u s t îb â  a r  paä trinä jw ïiu . C= • 

z

a t ro d a s  y ie n m erig i p a ä t r in a t a  g i-iezes

3) Lz  = f « f ) .  Tad dz  Ş °  Ģ -  U  -  ķ (-f)î Ş  U  -  W ;  
л , г r

J z .U d c û  = f ( i f ) .d ( f  + Û !  ; J 2 ^ =  f(V )â<f + C un  g a l ï g i

2 , .2
J z  - -------------  =
t____ 2____ à  ____

То p asu  forLm lu v a re tu  u z r a k s t i t  a r i  tiz sp a ra  teo rem as paìziata.
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Ķenaeņu in e rc e s  momentu n o te ik s a n a  e k sp e rim e n ta la  c e ļa

z ir i .7 4 .

In e r c e s  momeiitus v a r v i e g l i  a p rê ķ in ä t  
ķenneņieiE a r  vienkär8äm  Рогпзаш, sa städ ï* - 
ì ls in  110 paz ïstam iem  geom etriskieia: ^cn n e - 
ņiem  ( lo d e ,k u b s , c i l i r id r s ,k o n u s s  u . c . ) .  
Bet ķerneņieB i,kuŗiem  nav n o te ik ta s  g e o -  
in e tr is k a s  fo m ias^ ap rêķ in ä t in e rc e s  mo—
m entus a n a l i t i s k i  i r iezg an  g ru ti.T u .
p re tîm  e k sp e rim en tä râ  c e ļä  t a s  i r  iespê- 
jacis p r e t  k a t ru  a s i  un sam êrä y ie n k ä ra i  
Sim nolûkam  j ä i e s t i p r i n a  ķerm eniş(zïL :. 
74) á e m a tisk i p a r ä d ï tä  a p a ra tä  t ä , l a i
a s s  2 2 , ар кара i r  vslam s a t r a s t  in e rc c s  
m o E ien tu ,sak ris tu  a r  g r ie z e s  a s i.IJ z  g r i e -  
zes  a s s  i r  p i e s t i p r i n ä t a  r i p i ş a  a r  r a i i -  

u su  R, ap ku.ru. i r  a p t î t s  p av e d ien s ; p av ed ien s i e t  p ä r i  o t r a i  r i p i ņ a i  
a r  h o r ic o n tä lu  g r ie z e s  a s i  un p a w d ie n a  g a lä  p ie k a r t ş  ķerm enis Q a r  
sv a ru  G rieze s  a s s  un abas r i p iņ a s  jäşem  c ik  ie sp ê jam s а г  й аги  ķ -  
s u , l a i  so masu. v a rê tu  i g n o r e t , t ä p a t  a r ï  jäsan iaz ina  b e rz e .P ie ņ e ïJ3 ir i,k a  
s á k u E  V isa s is tem a  a t ro d a s  n iie rä  un рёс Ьат ķerm enis Q t i e k  p a l a i s t s  
v a ļä ,zem  p a s sv a ra  t a s  i e s  u.z l e j u  un g r i e z ï s  izirêginájarao ķerm eni ap 
iz v ê le to  a s i  2 2 . P ie l i e to s im  sp a ra  teorem u no k u B tïb as sákuiaa l i d z
tam  momentair, kad ķerm enis Q i r  n o g ä j is  ceļu. x : 

— 0) + (°à EÛC2  — 0) = ngx, b e t x  = R ^ ;  x  = R (J  u r  lO *n 
i 2

i e l ik s im  so lie lu m u  J n  —у + mx'o • 2= 2ugx, izņeinsiri x  a i z  iek av ên
J.

sķ iro s im  nezinänios

2 = / ş -  - t
/ J D .\ /  —5- + m V н г

+ 8 , b e t säkumä x

sim  k v a d ra ta :  4x = ş  
d 2 • ;

wi in te g re s im

no k u r ie n e s

t  + C

ML . 2  . ................  V. ,= t  a t r i s in a s in i  so n o l-ии
u 2 
л

+ ш

t ä  t a d  C = 0 . C e l-

R 
a t t i e c i b a  uz , t a d  dabusim : 2

2 e t 2
= -  1 ) .  IIovsroHob k r ì^ a a a s

augstum u h la ik a  T, atrodam  in e rc e s  Lioweaba:

2 -  1)

P i z ik a l a i s  s v ä r s t s .
P a r  f i z i k ä l u  sv ä rs tu . mes a a u k s à  k a t r u ķc.rm eni,kuŗam  i r  h o r ic o n ta la  

t  c a u r  ķenaeņa siûaguma c e n tr u .  
K oordinätu. säkumu 0 ņeMisim uz g r ie z e s  a s s ,  X a s i  v e r t i k a l i  uz l c j u  u r  
Y a s i  h o r ic o n tä lâ  v i r z ie n ä  b à , l a i  ^ermeņa snaguma c e n t r s  C g u le tu  xY 
p la k n ê . A ttä lum u no g r ie z e s  a s s  0 l ï d z  smaguma cen tram  C apzïm êsim  аг  а

g r ie z e s  a s s ,  p ie  kam s i  a s s  n e d r ïk s t  ie

c
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Ņeusîm ^ i e z e s  kustib._ 
m ulas (99)

J 0  M  = i  
0  d t r

d i f —n o l -  u обо

un u z ie s i ia  mopontu ap , T ÌO Z C S  a s i :

zïn.75.
Nol—us (100) i r  f i z i k a l a

L = -O .a c .Sin4> = -4£g.ac .3 in o ?
Z ïne ( - )  ta m d ê ļ,k a  n o ņ e i i ts L
^ e m e n i  p u lk s t c ^ r ä d l t ä j a  v i r z ic u ä .  I  , . 1 t o -  
j o t  no^eA tu, dab i s à ___

l д 2^ H g.a 
। — i-  ----- r— о . sinu>  ì ...... ; 100)
[ d t^  _____ o _ ļ

s v ä r s t a  k u s t ïb a s  d i f —n o l—т а .З а Ш г а х о Ь  to  c.r
^ ia to m atisk a  sv ä rB ta  k u s t ïb a s  d if -a o l-n iu
d P  — • c— À- -  — S in  a iredzaLi. ka n o l—mi bus i d e n t i s k i ,  j a  —у-----
d t^  £  1 ļ----------- j --------] " о
à s b :  | ’ ..............................................

A t l i e k o t  no punk ta  0 garûïïïu~US = , d abäslL  punktu  S , кари
s v a r s t ï3 a n ä s  c e n tru i  Paèu gai7ur2u.^MSB s a u k s à  раз? f i z i k a l u

3 à à L t  p a r  
S Л_ 1 3 1 '3 . e l r -

v iv a le n to  je b  sinch i'ono  l ia te n a t is k a  s v a r s t a  garuiiu.. ___ 
lle to m a tisk ä  s v ä r s t a  s v ä r s t ï s a n ä s  p e r io d s  b i j a :  T = 2 ^ t / ş  . ; i z ik a l ;

л _ . . v ci
s v ä r s t a  p c r io d u  d a b û s iu , i e l i e k o t  pôc Ponn. (101)

(100)

P ie  кап , t ä p a t  kä sia teE atiskam  sv ä rs ta m ? s ï  fo rr iu la  P î z ik a l -з^ 
d e r  t i k a i  maziem leņ ^ iea i ip ( 8 U .

P arv61dO L à t ä ļ ä k  e k v iv a le n to  garunu  ķ  p e r io d u , ie v ê r o jo t ,k a  in « r -  
2 2c e s  -jonients: J,. = + M.a„ uu J  =O C C C )C

J n  + LÄ.a  ̂ Î л  î
— 0  -  0 c _ _ , ) c _ Q . i c . ; , >c , п ? \

.. k . a  Ы.a a o +  l l .a  о а  > i ~rс с с c ! c
01 f о n iu la  r ä d a , ka k a t r ä  z iņ ä  a ил p u n k ts  S a t ro d a s  z e n  k p a r  
L àguw a cen tru . C.
3 v ä rs tï& a n ä s  p e r io d s :

un Т 104) ro d z a a , 'ka
0 ,  -  o» un T = co
W , -  oo L -  03
ka a_ -  0 v a l r s  N.sbO.3 s v á r s t ï s a i iä s  lru .3 tlb a .b e t

I z p e tô t  fo r i iu la s  (10 )) 
p ie  a e  = 

a c = 
Lads r e z u l t ä t s  nozim e,
g r i è z e s  k u s t ïb a  ap a s i .  No ^ o b ras  p u se s  jäàoiiiä, ka s t a r p  а = C uii 
а -  w v ar u z i e t  tä d u  а , p ie  k u ŗa  periodain  T bûs ininim ala v < rtïb 6
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Mm i& a la  pc r i o da T n o te ik sa n a

N m m alaQ

= 1 -  
a a c

ш т c

T ,ac ïrm e < z o tf& tb ils 't .E iin
ķ ,  1-

.o2 
O 

"2" "
c 2

c
ла re d z a n s , l a i  dabûtu  ш т  T, p ickai-es

O.ao k u r ic n o s  а* c ' c

>o V g
punktun 0 i r  jä a t r o ô a s  .

•T S

r a d iu s a  c  a t tä lu iu ä  no sisaguiaa сеп ьта , t a s  i r  uz r iņ ķ a  a r  a d iu su  
a p r a k s t ï t u  ap seiaguria c e n tru .

Ja

2 
c

z iìa .7 7 . 
Huyggnsa tGorema

Теогетаа. P ie k a re s  p u n k ts  un 
S akars

2

7

a c

ziïá .78
p i e l ï d z in o t  TQ Ш1

T o =

a ‘ c

Tg , dabujam:

/ 2"

S Y ä rs tm an a s  c e n t r s  S i r  apm ainazii.
s t a r p  Ъда

с  ķ  7 c  b i j a  d o ts  a r  fom iu lu (lO > )

p ie k a rs im  ķersûeni pm xb^ S , ta d

ja im s / kur a c
рг
1 2  +  
a o

>c *a

c

a = S  
с а c

- £  + а  
a c

käde p la k n ê , k u ŗa  i e t  c a u r  ķermeņa c e n tru
dazädäs p u sä s  no p ê d ê jâ , i r  d lv i  pu n k ti,p ï-i. к2 k u - 
ŗie ia  s v ä r s t ïê a n ä s  p e r io d i  i r  v ie n ä d i ,  ta d  a t tä l 'jm s  
s t a r p  t i ей рш1кь1еп t i e s i  l ï d z in a j ä s  У . PlsKD'DSiw,
ka punktieui 0 un S: 
mus СО = &c  на CS =

T o 
b c '

= Tg  un ap z ïtiê s iìa  â t t e l u — 
Рё c f о r a u la 2 (104):

™ % = 2/1 / -------
V §

2

b

/ 2
/ , c
/ a c +  а

2// > / ---------- - = 2 Л

а -  b^Q e

g
6)2

g
c

1
v b
2

c a ’ a . c c - b° 2

'■* 2
—  = b 
a o 
-c "^ c  
ä . K  c c

,.2 
) c

' b c
9

но k u r ie n e s  ( -  a  .b) c c c

b e t a c c
a o

a о ,b O
c

a c +  b c
J

Uz s ï s  teo re in as i r  d ib in ä ta  a p g r ie z e n is k ä  s v ä r s ta  k o n s t r u k c i j a ,a r  ku ŗa  
p a l ld z îb u  т а г  n o te ik t  g s k a i t i i s k o  v ê r t ïb u  (kâ z in aa is ,d azäd o s гешсз 
ïo d o s  punk tos g i r  d a z ä d s ) . P ie  s t io ņ a  i r  p i e s t i p r i n â t a s  d iv a s  p r iz n a s



-  юз -
А ил В, b e t  d iv a s  xaasas C un D v a r  p ä r v ie to t  g a r  s t i t n i  
t i k  t a l u ,  кхлёг nebûs s a s ï i i e g t i  v ie n ä d i p e r io â i  T- -  
£ in ï  g a d i ju n ä , kä z inam s, a ttä lv ?n s ÂB = <, aa  aovZ2 ob
a t t i e c i go po rio d u  T, 
T = 2 H i.^  ,110 k u ŗas

v a r  a t r a s t  g no fo r /ju la s  
„ =  4 > ŗ3 z
Ь -1 2 — •

P iem êrs . U z ie t  r ip a s  r a d iu s a  R s v d r s t î 7 
a s i  p e rp e i ìd ik u lä r i  r i p a s  p lu k n c i punk tä  
F iz ik a la  s v ä r s t a  p e r io d s :

0 -1

2 1 L .7 9

= 2" v Ş ^
S in î  gad ijum ä: a c  = R ; J Q

R2

2*"

J o = J c
2 1

"  7

10- u

Z l ' J

f  ÌG hîfôX -S

0 -----

T, = 2 // ' -
1  V ■

U z ie t r ip a s
0

1 = 2 " M
r a d iu s a  L s v â r s t iä a n a s  p e rio d u T 2 ap

V c

ŗ a  a t ro d a s  r i p a s  p la k n ê . x iz ik a l ä

T2 - 
o-c

211 ga c  '
, dabûsihi: 

J o

о
_T agad,  TC = —q- un

c -  1
~ 4

2  г-2
4

z i r i .3 1
/4  bD

T 2 = 2 To  = ♦ A t t ie c ïb a2 V 4g
~2
T 1

5

genneņa ii ie rc e s  momenta n o te ik s a n a  s y a r s t i s a n a

B ispL iisiL , ka k a a î kädam ^ s rrr isn à ,p lo L s ra L  k l a -  
a à ,  j ä a t r o d  in e rc e s  LiOWaîs p r e t  a s i  0 . ? i s k à -  
siia ķerm eni t â ,  l a i  t a s  v a fê tu  b r ï v i  g r i o z t i e e  
ap a s i  0 , l ik s in i  tam s v ä r s t ï t i e s  t ä ,  l a i  
n e p ä rs n ie g tn  8° uii novêrosim  p e rio d ii T, Т га сгг -  
sini v e l  L ķ .g ķ a  c e n tr a  C a ttä lu m u  а по g' i s z e s  
a s s  0 . s n o ļ  s v ä r s t ï s a n ä s  p e r io d a  fo ri^u lu  (1 0 2 ):

T = 2/i 7— таган  to  
^ . в * а с

in e rc e s  шогаепта J Q : J Q

a t r i s i n a t  a t t i e c i b a  uz
M .g .a c T

-  ----- - ŗ —  ,b e t  Liģ =
4/1

t u  v a r  a t r a s t  pec

i r  ķenae^u sv a rs
Q .a 0

L bad:
?  !
—  j Û en trä lo  inbrc-rs аошбп-

f o rn u la s :  T _ 7 
u c % c



-  104 -

C its  paņem iens cen t r a l a  in o rc e s  momenta n o te ik s a n a i , 
a r  y e rp es  dêfo rm äc ijäm .

Izmeginämo ^ a b a lu  p ie k ä rs im  p ie  s t i e p u l e s  t a ,  l a i  s t i e p u lc  p r e t  ^  rm e- 
"  - — n i  n e v a re tu  g r i e z t i e s .  J a  p a g r ie z ls im ’ k en a en i 

p a r  zinäiau. le ņ ķ i  , t a d  s t i e p u le s  G lcoxïbas s p ê -  
ku nioinents l ï d z  p r o p o r c io n ä l i t ä t e s  ro b e z a i bûs; 
L = — к ф , k u r к i r  käds p r o p o r c io n ä l i t ä t e s  k o e- 
f i c i e n t s .  J a  ķerm enis p i e k ä r t s  v ien ä  p unk tä  b r ï -  
v i ,  ta d  s t i e p u le s  v i r z ie n s  i e s  a r v ie a  сайт £ e r -  
meņa smagmaa c e n tru  C, Ņemsim g r ie z e s  k aa b lb as  
d if -n o l-m u :

J o
b e t s i s  nol-m s i r  a n a lo g is k s  h a iw n is k a s  k u s t ï -

2 _ 2 к= -  k-,x ; k u r x  v ie ta  i r  ņenrts un k o e f . k n -  y—, 
d t^  л  1  d c

b as d i f —n o l- nam?

d r d t^  d c

Sadas k u s t ïb a s  p e r i o l s ,  ka ziņagis no Pim kta d in a n ik a s ,  i r
2/i

T =  г-— Ш1 musu gadijum a T 
K 1

no k u rie n e s  atrodain

kT2

4 si'
"èo fo r t iu lu  v a rê tu  l i e t o t  in c rc e s  jaomenta n o te ik s a n a i ,  j a  b l t u  z in a n s  
k o e f i c i e n t s  k , b e t  t a s  i r  a tk a r ïg s  no s t i e p u le s  garam a, s ķ ê r s g r iû z ie -  
na  un e l a s t ï g ä n  I p a ä l b à ,  tam dêļ i r  iz d ev ïg ä k  v iņu  i z s l e g t ,  i z l a r o t  
o t r u  ek sp erih ien tu  a r  kädu c i t u  ķ en a e iii, loiŗam in è rc e s  inomentc ja u  bL'tu 
z in a n s ,  piemäram a r  r ip u .  Tad pec a n a lo g i ja s  r i p a i

к т 2

Tr i p a i  1
41Г

k u r Tj bus n o v e ro ta is  p e r io d s .  S a s tä d o t ta g a d  a t t i o c ib u :

J c _ kT2 . 4 И2

J r i p  4Л2 . kT?
c 1

u z i e s i ï i  meklejamo in e rc e s  потоп.t u
2_ T . jT ip a i

0 r±n1̂ c



§ I j .C IE TA ĶERMEĢA GRIEZES ASS DINAHISKAS REAKCIJAS.

Ķermenis g r ie z a s  ap a s i ,  p ie  kam ķermeņa smaguma c e n tr s  C n e a t r o -  
â a s  uz g r ie z e s  a s s .  V is p ä r ïg i ,  l a i  ķerm enis a t r a s to s  g r ie z e s  k u s t ïb a

ap a s i ,  t a d  diviem  ķerm&ņa 
punktiem  jä b u t  n ek u s to s ie ia . Ei-
n i s  punktos n o v ie to s im  g u l tn e s
k u ŗa s  dos r e a k c i ja s  S? 2 '

a s ïm . Bet dotam ķermenim i r  t i k a i  v ie n a  
a s i  un s ï s  g r ie z e s  k n s t îb a s  n o te ik ê a n a i  
6 nol-m iem , p ä rê jo s  i z l i e to s im r e a k c i ju

un caur siem  punktiem  ÌG S  g r i e — 
zes  a s s .  K oord inä tu  закихш. i z — 
Y êlêsim  v ie n ä  no nGkustoêiGiâ 
punktie ia  un Z a ss  t ä ,  l u i  vi&a 
s a k r i s t u  a r  g r ie z e s  a s i . I e s l c  
sim  s is te m ä  ķerm eni un g r ie z c  
a s i  a r  diväm ro ak c ijä jïi un p iô  
l i e to s im  in e rc e s  c o n tra  k a û t ï -  
bas teorernu un k u s t ïb a s  cL.u.- 
dzuma momenta teorem u ap k o o r-  
d in a tu  asïm . In e rc e s  c e n tr a  
k u s t ïb a s  teorenia dos )  v i r z e s  
k u s t ïb a s  nol-m us g a r  k o o rd in ä -  
t u  asïm  un k u s t ïb a s  daudswaa 
momenta teorem a )  griezGî- k u s-  
t ï b a s  nol-m us ap k o o rd in ä tu  
k u s t ïb a s  b r ïv ïb a :  g r ie z e  ap Z 
p i e t i k s  a r  v ie n u  no ïa inêticm  
n o te ik á a n a i .

I

1) Mx = V a  +  S? + )‘ c x  Ix  2x
2) ķ .  -  V *  + 3 ^  +  3 ^  '

»^e = v: + s^ + s^ j

S ie  i r  )  in e rc e s  c o n tra  k u s t ïb a s  d i f c -  
r e n c iä ln o l - n î i .

Аг V *  , , V a  i r  apz ïm êtas a rZ -

jo  spèku g a lv en ä  v e k to ra  p r o j e k c i j a s .

S ie  i r  3 k u s t ib a s  daudzuma momenta n o l-m i 
ap k o o rd in ä tu  aSïm.
Ar un Ly i r  ap z ïm ê ti ä r ä jo  spcku g a lv e -  
nie_m om enti ар X un Y asïm  un a r  h  ï r  a p -  
z ïia e ts  a t tâ lu m s  s t a r p  gultnêm

N ol—miem 
ap Z a s i

4 ,5  un 6 p a rv e id o sim  k r e i s a ş  p u s e s , ie v § r o jo t  
k ô o rd in a te s  z^ = C onst. un z^ = 0 , z^ = 0

ka p i s  gx-iezdS

d n  . . d n  n  • •ļ  " A r  " k û ' Ä  -  W k >  = Ж  Ş  = f  ^ ( - ¥ k  -  V k >  =

= ‘  |  ¥ A
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d /
d t

= A_ 
d t

ļ  ш к ( 2 А  -  х кЧ >  = à

î "  к  к к

z 
d t

d
"  d t rak ( x Ä  -  = f  -°к^х кУк +  V k  -  ¥ k  -  УА> =

S ak o p o jo t

= ş  "к^-кУ к -  Укх к> 

ie g û to s  r e z u l t ä tu s :

х 
d t ļ  “ к ^ к

^ 4  = 

d t

n

1
kz 

d t
n

1
un  tu rp in a s im  p arv e id o san u , i z l i e t o j o t  a p s tä k l i ,  ka ^erm enis a t ro d e s

g r ie z a s  k u s t ïb ä  ap Z a s i  un k a t r s  pm ikfs A, 
a p ra k s ta  r i ņ ķ i  a r  rad iu .su  r , , kas a r  l a i — K 
ku nem ainäs.

ķ

Л

к

a tv a s in a s in i
zïm .85 Ук

o tro  r e i z i :

к Ук' Ук

к

к  = r k - C o s  *

k - ^ ' ş
Соз ( к

к- с  = "  ?к

k* o j2  

^ -2  +

"  Ук

x k
5 5  
d t

3

п
1 V k ì  ¥ Л  - <■ |

— = d t

d t

1
п

1

“ k ’ k ^ w 2
Ук к к к 1

2 2 < - 2
x k L У Л ^
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0 un ‘0 y a r e ja  izņem t no swnmam tam deļ, ka t i e  v is iem  punktierû i r
v ie n a d i

V k ^ k
n
f  W k

l e w t o j o t

r a s t ä s  fo rm uläs a tg ä d in a  c e n t r i f u g â lu s  
in e rc c s  momentus, b e t  t i k a i  p r e t  usïm , 
k u ŗa s  r e l a t ï v i  p r c t  ķerm eni maina savu  
s t ä v o k l i .  Tadus lie lu m u s  ie v e s t  n o l -  
mos i r  n e ê r t i ,  tam d e ļ_ p â rrêķ in äsim  a i -  
n ê tä s  summas a t t i e c ï b a  uz ja u n u  k o o r-  
d in ä tu  s is te m u  x. i z v ê lc tu  ba, l a i  
abäw sistem äm  b û tu  k o p ïg s säkums, l a i  

Д  a s s  s a k r i s t u  a r  Z a s i ,  un l a i  a s s  
£  un |- | b ä tu  n c g ro z ïg i  s a i s t ï t a s  a r  

p asu  ķerm eni. Form ulas p r ie k s  p ä r e ja s  
uz jaxmäm asïm :
Xk = 7 k C o s ^ . -  1( к У 1 п г

Ук = I k à r ş '  + ‘| k C o s^
z -  

k  _ <k  
s i s  fo rm u las ra in e tas  summas, dabusim

f  ¥ Ä  ’  ì  " k (  1 'ş ) \ =  ş  m k ļ  k \ k C o 3  V  -

Tagad ie g u ta s  sUmmas re p re z e n te s  c e n tr ifu g ä lx is  in e rc e s  womentua un

ş  w k = J  , C os‘̂
: 

— J,
’p
., 

'  
Sin

I

ş  ş -  ş  ° k ' k a S i “ ® +

“  ş  ¥ Л  "  J^S i«vy+ Cos

A tg r ie z o t i e s  p ie  k u s t ib a s  daudzuma momentu iz te iksm em  dabusim
d /  p '
7TT — (x) (<J> Sin-.ŗ’ + J , Cosu/) ( (d . Cos<-> — J  3 in  )
d ?  /

(«Iş^ L o s ^ -  L ia^) - (  Cos(^') \ . . . ( 1 0 5 )

—d t -~  JT  z ’
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ïa g a d  p ä r r a k s t ï s im  по jau n a  v is u s  6 k u s t ib a s  n o l—KIUS ie v e ro jo ,t / ka

c • -  у  Гc ^o - tä p u t  ka ’k
Ус  = -  Уc ^ 2  +  x c C t a p a t  ka

A tr is in ä s a n a  jä v e d  s&kosä kànba 
g r ie z e s  k u s t ïb a s  n o l—nu atrodaiû 
по n o l-n iem  4) un 5) a t r a s t

по nol-aaa 6 ) ,k u ŗ s  re p re z e n tä  Ķonnena 
C u n , i n t  e g r  о j  o t t  о , a r ï  '^ u n  tp . Та ļa k
r e a k c i j a s :

l)a tro d a ia  S? un по nol-m a 2)a trodam  S'
zinäm as r e a k c i j a s  S-. un S9

а 
iy

3 ^  E  ^dad по nol-m a 
Pec tain p a l ik s  p ä r i  Ьрл-з по—

un t i k u i  vion2 n o l-m s. Tas nozinL,ko. s î s
pouLHas r e a k c i ja s  bus s t a t i s k i  n e n o te ik ta s .L a i  v u re tu  a t s v a b in L t ie s  по 
n e n o te ik t ïb a s ,  k o n s tru ê s im  v ien u  g u l tn i  un p r o t i  au g sê jo  s l l ä o c n ,  ta d

4 ,  °  °  Ņ  -  -  à

P e a k c i ja s  un punlctos urx mos a rv ie n  vuram s a d a l ï t  d.ivds kom- 
p o n en tês  g r ie z e s  a s s  v ir z ie n ä  un v i r z ie n â  p e rp e n d ik u lä rä  p r c t  grciozss 
a s i .  61 s p e d ê jä s  koînponentes sanksim  p a r  sänu rc a k c ijâ m .
xkOakcijas Oļ
Puïiktara s ï s

3 ^  un Spx , S2 y r e p re z e n te s  sanu r e a k c i ju  koniponsntos 
koìiiponentes d ab u siii по n o l—miem 4) un Ş)

o a _ 1 Ta 1
u 2y h \  h * d t

а _ _ А 
2x “ h L: 1

d t
IL rc d z a n s , sänu  r e a k c i ju  komponentes s a s tâ v  по d ì v à  âaZ .à : pirniä i r  
s t a t i s k a  r e a k c i ja  un o t r a  d in a s iisk a  r e a k c i j a .  S ta t i s k a  r e a k c i j a  i r  t c  
r e a k c i j a s  d a ļa ,  kuŗu  iz sa u c  ä r ê j i e  s p ô k i, n e á tk a r îg i  по t ä ,  v â i ķom ie- 
n i s  k u s ta s  jc b  a t ro d a s  a i e r â .  D inam iskä золи r e a k c i j a  i r  iz s a u k ta  c a u r  
kem ieņa g r ie z e s  k u s t ïb u .  U ziesim  d in a a isk o  sänu r e a k c i ju  punktd cu u r 
komponentôn
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û q _ 1 4 / f_ . f \У\2 2 d in  К \' '  d t  ' ^d t '
i s v ie to s im  s e i t  fo rrûu las (105):

S 2d in  =  E 7 ^ ^ Я л )  +  +  Ш  '

|  S2dm = è V ( V)<J^  ) ! ............... (106)

Kä redztim s, Y ienniêrïgas k u s t ïb a s  gaclijwnä. d in a iâ isk as  re a k c iju .s  i r  p ro — 
p o rc io n ä la s  g r ie z e s  ä tru isa  k v ad ra taa i G j^-.Linï g a d iju n ä  d in a iiisk eo  r e a k -  
c i j a s  bûs c e n tr i f 'u g a lu  spêku ie s p a id u  r e z u l t â t s ,  ta n d c ļ  a r ï  J r ^  xui J K. sau cas  p a r  c e n t r i f u g a l ie r i  in .û rces m om entieu. ‘ t 1 c

_B inam iskas r e a k c i j a s  v irz ie n G ,a c iu re d z o t,h ia in ä s  v ie n a  a p g ï ie z ie n a  
l& ik ä , jo  v iņ a  p r o je k c i j ä s  i e i e t  S in  tz- un Cos un pêc a p g ilL z ls L a  a t — 
k a l  a f k ä r to j a s .  1

So p a rä d ïb u  r a k s tu r o  a r  iz te ic - ie n u : ķerm enis s i t .  Lai ì io v ê rs tu  
s ä d u s _ s i t i e n u s ,k u ŗ i  a t k ä r to j a s  p ie  k a t r a  a p g r i e z i e n a , j ä i z v ê l  g z ie z o s  
a s s  t a ,  l a i  c e n t r i f u g ä l i e  in e rc e s  uionienti: J - ^  = 0 un = 0 , t . i . l a i
b T iazcs  a s s  b u tu  g a lv en ä  in e rc e

t ä  0^

a s s  punk ta  0»
L, ka g r ie z e s ^ a s s  i r  g a lv o aä

un bez a r e jo  speku. g a lv e n a is  v e k to rs
puak-

Va  = 0 un a r ï  
Lz . No n o l—ua 5) atrodarn. 8 ^

ta d  d a rb o ja s  t i k a i  g r ie z e s  no^ients 
; -  S | z  = 0 . No но 1-wa 4 )a tro d aE i,k a

= 0 un no 5) ka La ^ = 0 , jo  J ^ 4  = = О. Та ta d  v i s p a n g i

r e a k c i j a  s ļ  = 0 un g riaze .s  a s s  p a tu r  savu s tu v o k l i  a r ï  ЬсЛ, j a  
gultn®  punk tä  O2 noņcìjSÌBi. Sädu grie-zos a s s  sauksira p a r  p o m e n cn to  
g r ie z e s  a s i .

a t r a d îs im  no nol-niiera 1) \m 2) 
a r ï  S in ï punk tä  dinaEiiska rcak — 

no n o l-n iem  1) un 2 ) , i n z r c e s

Sänu r e a k c i ja s  un pw ik ta  0 ļ  mes 
pêc tam , kad bûs zinam i S2 v  на L ^ .  Lai 
c i j a  Sl d i n  = 0 p ie  =  0 , redzam s
c c n t r a  k o o rd in ä tè a  j ä l ï d z i n ä j ä s  n u l l e i .  Tas nozîE iê,ka g r ie z c s  a s i j  j ä -  
bv.t n e t i k a i  g a lv e n a i in e rc e s  a s i j ,  b e t  a r ï  g a lv e n a i c e n t r ä l a i  in c rc e s  
a s i j . ï i tg r ie z o - t ie s  p ie  s p e c iä lâ  gad ijum ä, kad ä r ê jo  spêku
\ / a  = 0 un L̂ . = La  = 0 Ш1, j a  g riez& s a s s  11' g a lv en a  c e n t r a la  in .ä ice s  

a s s jk o n s ta tê ja ì i i ,  ka r c a k c i ja s  abas g u l tn e s  3-̂  = 0 ,  -  0 . ikbas g u l t -
n e s  v a r  noņen t n o s t  wi g r ie z e s  a s s  s i n i  gadijuina sau cas  p a r  b r ïv o  g r i e -  
220 a s i .

P rak sê  d inam iskas r e a k c i j a s  g u l tn ê s  n av  v ê la n a s  Ш1 tab idêļ visäm  
gi'lSZ O L Ş m asinu d a ^ .à ,  ka sp a ra  r a t ie m , r i te ņ ie m ,v ä rp s tä n i ,  g r i e z s s  
aoïïû jä b û t  iz b a la n sê tä m , t . i .  k à  jäbLit galvenäm  c e n trä lä m  in e rc e s  aolm . 
G u ltn e s  p rak sê  protaiiis noņenit n e v a r , jo  v is u r  uz zeraes lo<les d a rb o ja s  
s -’aguma sp ê k s , t ä  ta d  p r a k t i s k i  p r a s ïb u ,  l a i  ä r ê jo  spêku p r o je k c i j a s  
uz viaäia asïrâ  l ï d z in ä to s  n u l l e i ,  n ê s  i z p i l d ï t  nevaraïn.
ï a e u ê r s .  Ņensim ķerm eni N, k a s _ g r ie z a s  ap a s i  a t t i e c ï b ä  p r e t  ^G iîieni 
Kj. p ie  kaia ķerm enis a t t i e c ï b ä  p r e t  n e la is to èu  ķ e ra e n i  К , a r ï  v a r
k u s t ê t i e s
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Z I Ä . S 7 .

C-adijunia, j a  g r ie z e s  a s s  nav iz b a la n s ê ta ,  
t . i .  j a  t ä  nav g a lvena  c e n t r ä lä  a s s ,g u .ltn ê î 
0^ un 02  r a d i s i e s  d in a n isk a s  reakc i j  a s  , ku - 
ŗ a s  k u s t in ä s  ķerm eni Kļ p r e t  К .G aclijw aä, 
j a  g r ie z e s  aes i r  iz b a la n s ê ta ,  t a d  g u l tn ê s  
O  ̂ ķ  02  dinamisku. r e a k c i ju  n e b û s ,b e t ,  j a  
Dsņ sâksiin  ķerm eni k u s t in ä t  p r a t  ķcnne- 
n i  KQ / ta d  p ie  ķerrâeņa К g r ie z e s  p r e t  K, , 
kä redzam s no n o l-a ie ra  4 ) ,  5) E  1) ,2 ) ,  
g u ltn d s  0^ un 02  iz s a u k s ie s  d in a is iek as r c -  
a k c i j a s .

L avaļa tu r b in a s  p rob lem a»

Ņebisiiïi r ip u
1 C

e
А

p i e s t i p r i n ä t u  uz v ä rp s ta s  a r  zinaciu e k s c e n t r i c i t ä t i , t . i .  
t ä ,  ka r ip a s  Sxaagujaa c e n tr s  C a tro d a s  аЬЬА1ш'а e 
no g r ic z e s  a s s .  I I  e k s c e n t r i c i t a t e  e tu rb in & s nav 
l i e l a ,  t ä  d a z re iz  sa sn ic d z  t i k a i  dazas m i l in o t r a  
d a ļa s ,  b e t p ie  l i e l i e i a  â tru n ie m , k ad i t i e k  s a s n ic g -  
t i  tu r b in ä s  I Id z  30000 a p g r . /m in . , v a r  iz s a u k t  b ï s -  
tam as dinaL iiskas r e a k c i j a s .

Lai sau iaz in ä tu  so r e a k c i ju  ie s p a id u .2 v ie d ru  
in z e n ie r s  L avaļs l i k a  p r ie k s ä  k o n s tru ê t  tu ï-b iii«s_  
a ş i  ļ o t i  t i e w ,  Tas skan t ï r i  p a ra d o k s a l i ,  b e t .k a  
mês re d z e s iia  t a ļ ä k ,  p a t e i c o t i e s  s à  a p s t ä k l i n , t u r — 
b in e i  p ia in ït ip a s ïb a  p a - c e n t r ê t i e s .

Pieņemsiiii y ie n k ä rs ïb a s  d ê ļ ,  lca r ip a  v & rp s ta i 
i r  p i e s t i p r i n ä t a  v id û . - i p a i  g r i e z o t i e s  zo^. c e n t r i -  
fu g a lu  spêku ie s p a id a ,  v ä rp s ta  i z l i e k s i e s , b e t  r i p a  
p a tu re s  h o r ic o n tä lu  s t ä v o k l i .  Apzïmêsir!i v a rp s ta s  
i z l i e c i  QA = f .  Spcks, kas i z l i e c  v ä rp s tu  v i d û , l ï — 
d z in ä s ie s  r ip a s  r e a k c i j a i  v ä rp s ta s  p i e s t i p r i ï i a a n a s  

> v i e t ä ;  apzlLisalni to  a r  3 , ta d  i z l i e c e

S-  ķ  > S -

d ab û .6 à  3 -  oP.

» ' f .  A pzim ejot koef*

HzzDLZ81Li á b s sy lL ķ l r lp a  (z lm .9 0 ) . IZ^SlLLÌL 
koordinä-tu  s is tem x  XY ca u r ^ e o m e tr isk a s  griczeG  a s s  

z i a .8 9 . k ru .sto san äs p u ak tu  T ”a r  r ip a s  p la k n i  un p i e l l s t o s im
r i p a i  in e rc e s  c e n tr a  k u s t ïb a s  te o r e m u ,ie v ê ro jo t , ka 
s e i t  g a lv e n a is  v e k to rs  5 i r  v i r z ï t s  no p ķ k b a  A uz 
punktu. 0. Apzïiuêsim v ê l  a r  -JL le ņ ķ i ,  ku ŗu  v e i :o CA 
а г  X a s i  un a r  kP le n ķ i ,  kuŗu. v e id o  АС а г  X as  1.
In e rc e s  cen tra , k u .s tïb as  n o l-m i:

Mxc  = -  S .Cos 7-
Myc  = -  3. S in  Ģ>

b e t S = c f  un no zïm .90  atrodain , ka Cos'X= uri
S in  , kn r a r  x  un у i r  ap z ïm ê tas  punk ta  А
k o o rd in ä te s .  Та ta d :
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Mxc  = -  c f  • j  | Mxc  = -  cx

Myc  = -  c f  • £  | Ыус  = -  су

P td b jo s  d i f —n o l-a o s  k r e i s ä  pusê i r  in e rc e s  c e n tr s  k o o rd in d tjS ,b e t  la b ä  
pusê pun k ta  A k o o rd in ä te s , t ä  ta d  p i r a s i n t e g r ê s a n a s  j ä a iz v ia to  v ie n u  
a r  o t r u .  S ak ars  s t a r p  minêtäm k o ord inä tem , ka redzoias zïm a 90, l v

x c

F ioņem sin , ka g r ie z e  n o t ie k  a r  C o n st, Atrwmx M o , t a d  ^ = ^ î
û 't ķ

x 0  = X

c = У

'c x
= У

e .C os- 'JQt  ) 
e .S in tû Q t  у 

e f j QS in  U Qt  
e û) Cos O o t

a tv a s in a s im  s i s  f o r m l a s  pec l a ik a

a tv a s in a s iin  v s l  r e i z  pec l a ik a

.. .. 2 xx c  = x  -  eu j CosGJ t  )
о H e lik s i i i i  s i s  fo riû u las  in e rc e s  c e n tr a  k u s t ïb a s

у о -  У -  e lô ^ S in  U t  )по1-иоз

^ e % ^ o s  ) i z d a l i s lm  a r  M un p a rn e s is im  otro .s lo c e k ļu s
Ыу -  MeW^Sin U y t = -  cy ) l a b t i

x - - r ŗ x + c t d o  CosG) t  ) _ ,  e 2
X ) ie v e d is iiïi  apzîiäûjw ìu 7̂ -  к , ta d

у = -  g  У + eW f l S in W o t  )

.. 2 2x = -  к x + e Oos
2 2у -  -  к у + e; S in

le ģ û tu s  d i f —nol-rdus varam in - te g rè t pêc u z s p ie s ta s  sv ä rs tïsca ïc .s  k u s t ï -  
b a s  dii'’- ï io l-хаа: » _ -2 ^  , k u ŗa  in t e g r ä l s  b i j a  a t i - a s t  i^m ktadinazaikä: x  -  -  к x . b b in p t

x — a .3 i n ( k t  + А ) + — ------ ļy S in p t
1C ~ p 

I z l i e t o j o t  so fo rn iu lu , dabli.Là musu g ad i

x  = a - |S in (k t +  ļ ) T— 0----- 5 CosL) t
15 -

у — á ^ S in (k t 4* L) 4° —Q-------- SinGJ t
-  k2  -  w f

X_______ v_______ > 4_________ _____ ___ /
p a e s v ä r s t ïb a s  u z s p ie s ta s  s v ä ra

s t ï b a s .
P iïu ia is  l o c e k l i s  s i n i s  in te g r a ļo s  r e p re z e n te  p a s s v ä r s t ib a s  ķ  o t i a i s
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u z s p ie s t a s  s v a r s t ib a s ,  
un = 0 , ta d  p a l ie k :

Iz v e le s im  sukuma a p s ta k ļu s  tä d u s

e W
I

?  -

e (0

। 2 
о
U
2
o
(л)

5  Cos CJ t2 O
0

SinCûo t  
о

2 - 0

Cos<A = |  = CosGjQt

S in  A. -

6 O )o
—5---------у un i z t e ì k t  
k  -  w o

no snL fo rau lam  seko

ka oC = (».>o t  = 4  ̂ un t r ï s  p u n k ti  0 un (
a t ro d a s  uz v ie n a s  ta is n .e s , Im ŗa T ien n êT jg i 
g r ie z a s  ap punktu  0 a r  a tru riu  6 JQ< U ziesira  
ta g a d  a t t ä l u n u

T ä ļak  varaxa a t s ķ i r t  dazadas

ОС = i Ş ---- 2  
k  -  t j  о

g ad i J U Ì J Ï U S :

(107)

<( к  ta d ,k a  redzam s no ş o in .  (Ю 7) 
ОС )  e un p u n k ts  A g u ļ s ta r p  0 ua C 
( s k a t .z ï r a .9 2 ) .

о '

ОС = e

ta d .k a  redzams no f o r " u la s
1 U O
9

J O "
iz n ä k ,k a  ОС ( e  un

z im .92 .
3) C0o  = 00 , s i n ï

z in .9 3 .  
ad ijum ä

p u n k ts  А 
z ïm .9 ) ) .

a t ro d a s  a i z  p unk ta  0 . ( s k a t

ka räd a  f o ra u la  (107 ), ОС -  0
ķa Shia^uiaa c e n t r s  p a t s  oensa
So îp a s ïb u . sauc p a r  p a s c e n trê s a n o s , p ie  kanTjo l i e l ä k s  i r  §

i e s t a t i e s  uz g eo m etrisk a
, "tas noz т е  
g r ie z è s  a s s .

a tru m s , 30 tu v ak  saiagurna c e n t r s  p i e i e s  p ie  g r ie z e s  a s s .
4) CJ = k , s i n ï  g a d i ju r iä ,tu rp re t ïE i ,  iz n a k  ОС = со un t a s  a t b i l s t  u z -  
s p i e s t a s  s v ä r s t ï£ a n â ş  k u s t ïb a s  rezo n an ces gadiju inan un i r  bist-.MS 
y' r p s t a s  s t i p r ï b a i .  Tamdêļ ätrunu. t-Jg = к sauc p a r  v ä rp s ta s  k r i t i s k o  
ä tru m i un tu r b in e i  nekad n e d r ïk s t  a t ļ a u t  s t r ä d ä t  i lg ä k u  la ik u  a.: oad
a trum u .

U ziesiia  k r i t i s k o  atrumu. Uļ kur C =

k -  \  A sK F .g (юг)
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k u r Q 
J 
E

L avaļa

— v ä rp s ta s  s v a r s ,
— v ä rp s ta s  â ķ ê r s g r ie z ie n a  in e rc e s  
— m a te r iä la  e l a s t ï b a s  m oduls.
tu r b in ê s  p a r a s t i  d arb a  ä trum s U) =

nr -  e k 2  _____ s

DlODientS

7k, t ä  bad pec form . (107):

un sakuma e k s c e n t r i c i t a t e  sam az in a ja s  48 r e i z

E lem en ta ra  z iro sk o p a  t e o r i j a

P a r  z iro sk o p u  sauksim  r o t a c i j a s  ķerm en i, kas a t ro d a s  g r ie z e s  k u s -  
t ï b â  a r  l i e l u  ätruEiu. ap savu a s i ,  p ie  каш ķermenim p a l ie k  v a i rä k ,  kä 

v ie n a  k u s t ïb a s  b r îv ïb a .
V ienkärsam  v ilc iņ a m , kas a t b a l s t a s  v ien ä  punk- 

t ä  p r e t  h o r ic o n tä lu  p la k n i i r  5 k u s t ïb a s  b r lv îb a s ,  
j a  a t b a l s t a  p u n k ts  m inê tä  p lak n ê  v a r  p ä r v i e t o t i e s

zïm .94

Zlïa.96.

V ilc iņ am ,k as  a t b a l s t a s  v ien ä  
p u n k tä , p ie  kam a t b a l s t a  p u n k ts  
p ä r v i e to t i e s  n e v a r , i r  )  k u s t ïb a s  
b rx v ïb a s  (z ïm .95) zim .95

Var u z k o n s tru ê t  a r î  z iro sk o p u  a r  d i v à  k u s t ï -  
bas b r l v l b à .  Ņemsim ķerm eni t o r a  v e idä ,ku ran i 
g r ie z e s  a s s  i r  a t b a l s t ï t a  r à T ,  p ie  каш p a t s  
räm is a r î  v a r  g r i e z t i e s  ap c i t u  a s i jp e r p e n d i -  
k u l ä r i p r e t  ķermeņa g r ie z e s  a s i ._ T a d  Ķ erm enis, 
a t t i e c ï b a  p r e t  n ek u s to su  k o o rd in a tu  şisteizru , 
v a r  g r i e z t i e s  ap divam asïm , ta s_ n o z in ie ,k a  
ķermenim bûs d iv a s  k u s t ïb a s  b r ïv ib a s .

Z iro sk o p s a r  )  k u s tx b a s  b r iy ïb a m .

z im .97 .

A p sk a tïs im _ tu v ak  z iro sk o p u  a r  )  k u s t ï -  
bas b rïv ïb âm , r e p r e z e n tê tu  a r  k a u t k â -  
du r o t a c i j a s  ķ e r m e n i^ a tb a ls t ï tu  v ien â  
p u n k ta ,p ie  kam s i s  p u n k ts  p ä r v i e t o t i e s  
n e v a r  un a t ro d a s  zemäk p a r  smaguma 
c e n t r u .  R o ta c i ja s  a s s  i r  ķermeņa g a l -  
vena c e n t r a la  in e rc e s  a s s .A p s k a b l s à  
d iv o s  gad ijum os, k as  n o t ik s  a?  ķerm e- 
n i , j a _ t a s  i r  p a d o ts  smagunia spêkam -jn 
säkuma r o t a c i j a s  a s s  ОС veido  a r  v e r -  
t i k a l u  v i r z ie n u  le n ķ i  . l)G ad ijw a s : 
ķerm enis säkuma momèntâ a t ro d a s  m ie rä  
un 2 )g ad iju m ş:_ ķ e rm en is  sâkuma a t ro d a s  
g r ie z e s  k u s t ïb ä  a r  l i e l u  atruiiu. О  ap 
savu a s i .  A pzïnäsim  smaguma c e n tr a  
a ttä lum u. ОС = a .

l)G ad iju m s. J a  säkumä ķ e r^ e n is  
a t ro d a s  m ie rä , ta d  zem smaguma speka 
ie s p a id a  ķerm enis , ^ â z ï s i e s  u z _ le ju ,  
g r i e z o t i e s  ap h o r ic o n tä lu  a s i  OX,pio 
kam smaguma c e n t r s  C a p r a k s t ï s  r i ņ ķ i
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a r  r a d iu s u  a uii c e n tru  punkta  0 . A pzim ejot le ņ ķ i ,k u ŗu  veido  00 a r  v e r  
t i k a l u  v i r z ie n u ,  a r  , dabûsim kur = Ä îg .a .S in^ / un , ja
apzim esim  pw ikta C ta n g e n c iä lo  p aa trinä juxnu  a r  j o t ,ta d jc t = jeb

1 .
T “ a ‘’c t  >no k u r ie n e s  punkta  C ta n g e n c ia la i s  p a a tr in a jw n s

á a t  ' . B i n t f

le ņ ķ is  a r  la ik u  p ie a u g s , t ä  ta d  p a ä tr in ä ju m s  a r ï  p ie a n g s .P u n k ta  0 
êtrum u varam dabût p i e l i e t o j o t  sp a ra  Ьеогеши.

Vn0 = Mg(a.CosoL -  a .C o s< p ), b e t

a-^(Cos ot -  C o s i f ) ,  ka redzam s atrum s V?

a r ï  p ie a u g .
2)Gadi.1um3, ķermenim sâkuina. i r  d o ts  l i e l s  g r ie z e s  â trum s (л) ap savu a c i  
X u stïb a s  daudzuma moments £  = J OJ i r  v e k to r s ; k as i e t  g r ie z e s  a s s  v i r -  
z ie n ä ,  p ie  kam J s e i t  i r  ķenûieņa in e rc e s  moïnen.ts ap savu a s i y  A tlik s iD i 
k u s t ïb a s  daudzuma momenta y e k to ru  110 punk ta  0 b ä , l a i  M  = £  .Рос 
R e s a l 'a  teo rem as p u n k ta  A ä trum s У i r  g e o m e tr isk i v ien äd s  a r  sistem aG  
galveno  momentu LQ a t t i e c ï b â  uz punk tu  0.

7 a  = А
Bet j a  uz ķerm eni d a rb o ja s  t i k a i  snaguma s p e k s ,ta d  g a lv e n a is  a o n e n ts  
LQ = MgSincA i r  v e k to r s ,k a s  i e t  p e rp e n d ik u lä r i  v e r t i k ä l a i  p l a k n e i ,v i l k -  
t a i  cau r QA. Tâ ta d  L v e k to rs  i e t  h o r ic o n tä lä  v i r z ie n ä .T a s  nozïîuê ,ka  
p unk ta  A, kas p ie d e r  g r ie z e s  a s i j , ^ätrum s V. a r ï  i r  h o r ic o n tä l s  vm а 77 
v ie n  p e rp e n d ik u lä rs  p r e t  0A. Tä ta d  z iro s k o p s ^ n e g â z ïs ie s  z e ķ ,b o b  p a - 
t u r ê s  C o n st. / GL ,p i e  kam g r ie z e s  a s s  0A a p r a k s t ï s  k o n isk u  v i r s £ u .  Co 
p a râ d ïb u  sauc p a r  g r ie z e s  a s s  p r e c e s à i ju ,  Punkts A p ie  baw a p z a k s t ï s  
h o r ic o n tâ lu  r i ņ ķ i  a r  c e n tru  p unk ta  0^ . Apzïmesim p unk ta  A g r ie z e s  ä t r u  - 
ши uz m inê tä  r iņ ķ a  a r  (xl , t a s  bûs a r ï  p r e c e s s i j a s  g r ie z e s  ä tru n s ,k u :ŗu  
ta g a d  u z ie s im . p

Рёс R esa l^a  = M g .a .S in ^
un no o t r a s  pu ses  = 0 ^ A . , b e t  0^A = £ ,S in o l  un ^- = 
Уд = J tû  . ( jp .S in o L jp ie l ïd z in o t  abas Уд iz te ik s m e s , dabûsim

tad

d 61. GlpSinoL = Mg. aS inyL ,no k u rien es! Gjp - (109)

So fo rn u lu  v a r  v ê l  p ä ry e id o t ,  ie v e d o t in e rc e s  momenta iz te ik s h i i  c a u r  
in e rc e s  r a d iu s u  J  = ta d

= L à
P Q 2 (109a)/ ,1 -

P N ş H
Kä redzam s, p r e c e s s i j a s  ätruDis i r  p r e t ê j ï  p ro p o rc io n ä ls  z iro sk o p a  
g r ie z e s  ätrumam un j a  a i z  g a i s a  p r e t e s t ï b a s  un b e rz e s  L a W ziiiL s lss , 
t a d  p r e c e s s i j a s  ä trum s p a l i e l i n ä s i e s ._ V i s p ä r ï g i  p r e c e s s i j a s  ä t iw i s  i r  
daudz mazäks p a r  g r i e z e s  ä trum u, kä mes to  t û l ï t  rsd zss iM , a p s k a tc t  
s k a i t l i s k u .  p iem êru .
P iem ê rs , Z iroskopa g r ie z e s  â trum s 10 = 200 (6000 a p g r . /m in .) , siLaguma 
c e n t r a  a t tâ lu m s  n o _ a tb a ls ta  p u n k ta  а = 20 cm, in e r c e s  radiussĢ> = 10 сш 
U z ie t  p r e c e s s i j a s  ätrum u О  . Рёс fo rn iu las  (109а): '
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,̂ ,p  _ g .a ______ 9 ,8 1 .0 ,2  _ "  т 9 ,8 1  _ n  , ,  Q £ - l  + 0 ,3 1 .5 0  , .
Q 2 / ~ 0 ,O Ì.200 77 0 , 1  ^ 1 4  0 ,3 1  sec , t . i .  - -  Jap /m i
у . UJ '

Kâ mês redzê jam , j a  ķerm enis a t ro d a s  g r ic z e s  k u s t ïb ä  ap a s i ,  t a d  tam 
p ie m ït ïp a s ïb a  p r e t o t i e s  k a t r a  spêka ie sp a id a m ,k as  cen sas  îa a in ï t  g r i e -  
z e s  a s s  v ir z ie n u .,p ie  kam n o v ir z ïs a n a s  i r  d iezgan  maza un n o tie k  v i r — 
z ie n ä ,  p e rp e n d ik u lä rä  p r e t  spêka y ir z ie n u .G r ie z e s  a s s  ta d  zinaznä mêrä 
ie g û s t  s t a b i l i t ä t i .  N o v irz ïs a n ä s ,k ä  redzams no fo rc iu la s  (1 0 9 ) ,i r  m azä- 
k a , jo  l i e l â k s  i r  g r ie z e s  ä tru ias О un in e rc e s  moments J .  Lïdz a r  to  
a r ï  g r ie z e s  a s s  s t a b i l i t à t e  p a l i e l i n ä j ä s  a r  g r ie z e s  ä trum a un in e rc o s  
momenta p a l i e l in ä s a n o s .  Sakara  a r  so a p s t a k l i ,  l i e lg a b a lu  s to b ra  a r -
v ie n  i r  u z g r ie z ta s  v ï t n e s , l a i  läd iņam  p ie  i z e ja s  no s to b ra  bf.tu  g r i e -  
z e s  ätrurns ap  savu a s i ,  tä d ä  gadijum ä g r ie z e s  a s s  bûs s t a b i lä k a  savä 
k u s t ïb ä  p r e t  ä r ê jo  spêku.,piemêram v ê ja ,  ie s p a id u .

Lai p a l i e l i n a t u  z iro sk o p isg o  e fe k tu  j s b  ? r i e -
z e s  a s s  s t a b i l i t ä t i ,  kä ja u  b i j a  t e i k t s , j a p a -  
l i e l i n a  in e rc e s  m oaen ts ,_ tam d e ļ b i e i i  z i r o -  
skopus iz v e id o  to r a  v e id a  t â , l a i  pêc ie s p ê -  
j a s  l i e l â k a  masa b û tu  k o n c e n trê ta  t ä ļ ä k  ao 
g r ie z e s  a s s  ( з к . z lm .9 8 ).

z ïu .9 8 .  Tora a k s i a l a i s  in e rc e s  m om ents,ja  r  i r
v e id o jo s a  r iņ ķ a  r a d iu s s  un R i r  t ä  раьа  r iņ ķ a  a t tä lu m s  no t o i a  a s s , i r

J z  = M(R2  + |  r 2 )

Тога d ia m e t r a la i s  in e ro e s  moments p ie  tie m  pasiem  apzimêjuLiieiii

J x  = +  8 r 2 )

Z iro sk o p s  a r  divam k u s t ib a s  b r iv ib am .

Ņ etisim _ziroskopu ,kas g r ie z a s  a t -  
t i e c ï b a  p r e t  räm i sp a s i  BD а г  
ä tru n u  GJ .P a t s  râ in is a t t i e c ï b ä  
p r e t  n e k u s to su  paraatu v a r  g r io z -  
t i e s  ap a s i  MN,pie каш Ш 1 BD. 
B o s à  rämim g r ie z e s  k u a tïb u  ap 
a s i  M  a r  ä tnum iôJ^  u z r ä d ï t ä  v i r -  
z ie n ä  un a p s k a tïs im  kädas sek as  
bûs s a i  g r i e z e i .

No ķerneņa smaguma сегЛ^а 
a t l ik s im  g r ie z e s  a s s  BD v i_ z lo a a  
k u s t ïb a s  daudzuma momeijta ^sk^o-
ru  Bet j a  räm is кора a r
g r ie z e s  a s i  BB g r ie z a s  ap a s j  M
a r  ä tru n u  C O ^,tad pxmkta 1. L >
Уд -  £ .  Pêc R esa l^a  t e o r a ^ s  

ä r ê jo  spêku un r e a k c i ju  galvenam  шошоаЬаш L g e o m e tr isk i j ä l ï â z i n ä j a s  
p u n k ta  A ätrumam L = V. je b  L = . Cd-. ,bob £ =  J.G J , t a  ta d

L = J C J .Ô ļ J

Bet spêku g a lv e n a is  v e k to rs  V = 0, jo  in e rc e s  c e n t r s  C s i n ï  k u s t ï e ä  
n e p ä r v ie to ja s  un p r a s ï t o  momentu L v a r  r e a l i z ê t  t i k a i  dinauiiskêiZ r o -  
a k c i j a s  un a t b a l s t a  punk tos M un N. Tä ta d  jä a ä k  p ie  s lê d z io n a ,
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ka niiaePas d iv a s  g r ie z c s  k u sP ib as iz sa u k s  diuûEiiskas
3ц, k u ŗas  ve id o s raotienpu

re a k d ija G :

j L  = . ( l l û )

B et s ï s  d in a n isk a s  r e a k c i j a s  n e v a r  u z r ä d ï t  iô v e ro ju u a s  p rcx esP ïb  j i -  
л ёР а !  r ä n ja  g r ic z e s  k u s t ï b a i ,  izņeiaoP ,p ro P a iu s ,b e rz i g u ltn ê s ,- tä  хай 
ra a ija  g r ie z e  v i e g l i  izdaraiìia . Bez diaaìaiskaEi r c a k c i jä s  рилкРоз K ил N 
b~.s v ê l sP a b isk a s  r e a k c i j a s ,  kupas l id z s v a ro  räiû ja ил z iro şk o p a  а таги . 
No oP ras p u se s , pêc d 'A le r ib e rP 'a  p r in c ip a  k u s t ïb a s  gadiju iuä v i s i  s p e -  
k i  un r e a k c i j a s  l ïd z s v a r o ja s  a r  in e rc e s  späkiem , beP т1пёЬав d à . . . á s -  
kas r e a k c i j a s  a r  ä rê j ie ra  spekiem  л еу аг  l îd z s v a r o t i e 8 .  А г  ä rê j io ia  з р ё -  
klSL  l ïd z s v u r o ja s  h ik a i  s t a t i s k a s  r e a k c i j a s ,  Pä ta d  dinaiìiiskäîïi r e a k c i -  

j ä l ï d z s v a r o ja s  a r  iu e rc e s  späkiem  ил z iro sk o p a  in e rc e s  spêkiciii j ä -
p ie y e d a s  a r ï  p ie  люыедРа, k as  i r  v ie n äd s  a r  L = <>\,beP i e t  o reP ê-
M  v irz iG n ä . So in e r c e s , . spêku шошюпРи sauc p a r  z iro sk o p isk o  поиепЬи.

P ie  hâ p asa  rezu lP ä P a  тагаы лолакР a r ï  c iP ä  c e ļ ä .  ş i r x a à  iHaPGriâ- 
lu  ap lo .c i a r  ra d iu s u  R. Aplooo
aP rodas d iv a s  g r ie z e s  k u sP ïb ä s , 
aPPelcPas a r  vekhorieia с^-ц дЛ ) 
G rieze s  kusP ïbu  а г  ^ /акЬ от 
i r  r& la t iv a  un g r ic z e s  k u s t l —"
ba a r  v ek to ru Gj. i r  pâm eaarxa.

I z d a lo t  kädu еХешепЬи a r  
masu dn, u .zicsim  s iu  e lc  '-ntam 
r e l a t î v o  in e rc e s  spêku:

' -  о
d /,'й = R А). . à .  I s z iE ^ o b  âo Gps-

zlL i.100 . ka p e r p 6 n l ik a lä r i  p r e t  CJ ил v i r -
z ie n ä  no a s s ,  redztua, ka katran ; elem entam  vienä puse v a r  a tx -ast t  du 
p a t  e lem entu  o t r ä  p u sê , kuŗam in e rc e s  speks bûs t i k  p a t  l i e l s  ил p r e -  
t e j i  v i r z ï t s ,  t ä  t a d  v i s i  r e l a t ï r i e  irLerccs sp ê k i l ïd z s v a r o ja s .

A p sk a tïs iia  ta g a d  p äm esa n o s  in e rc e s  spêkus.T an  pa5am ele- -.atam
p arnesazaa is  in e rc e s  speks: 

à R r * û j k à
k u r r  i r  e lem enta a t t ä l u n s  Ixdz g r ie z e s  v ek to ra n  G) A tk a l ka*GX‘àiu ©IG—
msntam v ie n ä  puse a t r a s t  e lem entu  o t r ä  puse t ä , l e . i  i n e r -  

c e s  spêks b u tu  t i k  p a t  l i s l s  w . p r e -  
t ê j i  v i r z ï t s ,  t a s  n o z ïn ê , к a a r ï  v i e i  
pärnesain ie  in e rc e s  sp ê k i l i à z s v a r o -  
j a s .  P a lie k  v ê l  C o r io l i s a  in . r c c s  
s p ê k i.

3 a d a l l s à  a p lo c i  c e t r o s  kvaduaa-

no U v  v a r

t o s  a r  v e k to ru  » un a s i  а—а 
d ik u l ä r i  p r e t  <0, . Ņewot k a t r ä

c i 'p en - 
k v a -

d ra n tä  v ienu  eleraen tu  ил ииколзЬгиё- 
j o t  C o r io l i s a  p a ä tr in ä ju n u ,re ? z a H i,k a  
pa k r e i s i  no a s s  а—a v i s i e n  elecien— 
tie ra  C o r io l i s a  p a a tr i i iä ju m i i r  v i r -
z ï t i  uz augsu ил pa l a b i  uz l e j u  

z îm .100a . (sk .z ïm .1 0 0 a )
lez ïïa e s im  tie m  pasiem  e le n e n tie m  C o r io l i s a  in e rc e s  spekus d ? ^ ; 1сиг1,ка 
z iaa in s, i e s  p r e tê jo s  v i r z ie n o s  p aä triaâ ju m iem .K ä  redzams v i s i  Uo2?ioli- 
sa  1 л егсез  sp ek i v e id o s  шошелРи ap a s i  a - a .  U ziesim  v is u  so speku г э -  
z u l tê jo s o  moineatu, лозакоР elem eaPa sP ä v o k li a r  / c \ , k u ŗ u  veido  л а И и з з -
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v e k to rs  a r  a s i  a - a .  R lem enta masa: 
bas m asa. _  p _
C o r io l i s a  p a ä tr in ä ju m s : -  ^ L ^ k

à  = R.dc£ . § \k u r  û i r  g a rv ^ v i n 7 -

= 2 tû k .R .(A ^ .S in d -  ; = 2R .û£. CJk .S in o i

C o r io l i s a  in e rc e s  spêks elem entain: = -  ^ . à
IJ^ -  = 2RtLķ. (J^SincÁ . R .d o .  0 = 2R2  à U^SirioLdcL

S a s ta d ïs im  elem entam  C o r io lis a . ine rc .es spêka momentu ap a s i  a -a
dL^.= R . S i n d - =  R.SincC .2R2 .0 CJk 3 in o t . dc<

dLy- = 2R \  0 Л ^ .и > к 31П2 о С .а ^ ,
Lai dabû tu  v is u  C o r io l i ş a  in e rc e s  spêku moiaentu sauWņ, so fo ru u lu  j ä i n -  
t e g r ê  pêc ob по 0 l ï d z  un j a r e i z i n a  a r  2 , abäm pusêm

L F = 2 j 2 R \ à  .G ^ G d -S i^ o U d c ^  = 4R\ 5  i S in 2 rA . d x
û v0  0  и  J o

_77
L = 4R^. £ Cuk  è  -  SincLCos CÁ : = 2 r^ . 6  .0 ^ .  % ,

b e t  2 /t R ô = M, t â  t a d  ! ê 2 . ^ .  lä^.äk v ê l  I-D2  = J  i r

r i â l a s  a p lo c e s  in e rc e s  moments ap c e n t r ä lo  a s i  p e rp e n d ik u la r i  a p lo c e s  
p la k n e i  un g a l ï g i  ncnâkam p ie  forhiu.las

кара i r  p iL n lg i  id e n t i s k a  а г  forEiv.lu (1 1 0 ).
Ar so i r  p i e r ä d î t s ,  ka z i ro s k o p is k a is  ïiionents i r  C o r io l i s a  ine. ce s  

spêku moments, p ie  kam ie v ê r o jo t  inomenta v ir z ie n u  pêc zîm . 100a varain 
t c  p asu  fo rn iu lu  u z r a k s t î t  v e k to r iä lä  veidä

v à rd o s  t a s  nozïm ê, ka " z iro s k ô p is k a is  moments dod spêku p ä r i ,  kas g r ie z  
z iro sk o p u  p la k n ê , k u ŗâ  a t ro d â s  a b i  v e k to r i  un k , v i r z ie n ê  no 

n e k to ra  uz Lj k  v ek to ru  v is ï s ä k ä  c e ļa .
Kä jau. ag räk  b i j a  m in ê ts , z i ro s k o p is k a is  moments iz sa u k s  d in a r- is -  

k as  r e a k c i j a s  a t b a l s t a  punk tos M un N ( sk . ziw . 9 9 ) , knpas pêc l i s l M a  
b äs  v ie n â d a s

k n r  b apzïiaê attälum u. s ta rp  punktiem  M un N.
A p ra k s t ï to  z iro sk o p u  a r  divam k u s t ïb a s  b rïv ïb äm  v a r  i z l i e t o t  

v ie n s l i e z u  d ze lzce ļu . vagonu, kngu je b  ae ro p lan u  s t a b i l i z ä c i j a i .  .\p -  
s k a t ïs im  s e m a t is k i ’ tä d u _ ie k â r tu .  Yagonä i e s t i p r i n ä t s  z iro sk o p a  a r  d i -  
väm k u s t ïb a s  b rïv ïb äm  rä m is .

Pieşem sim , ka vagons n o l ie c a s  uz labo  p u s i .  J a  z iro sk o p s  ap s a m  
a s i  g r ie z a s  p r e t  p u lk s t e ņ r ä d î t ä j a  v i r z ie n ä ,  ta d ,  l a i  iz l ïd z in ä 'tu  yagonu,
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j a g r i e z  z iro sk o p a

z iw .101.

räm is z ïm .lO l u z r ä d ï t ä  v i r z ie n a ,  30 ta d  in e ro e s  sp o - 
k i  dod z iro s k o p is k o  niomentu L ap vagoaa g a r e n i s -  
ko a s i  p r e t ê j ä  v i r z ie n a .  G adijuïnâ,3a /agoas g â -  
zä s  uz k r e i s c  p u s i ,  z iro sk o p a  r à i s  j â g r i e z  
o t r ä d i .

P a ts  p a r  s e v i sap ro tam s, ka v ie n s l ic z u  
d z e lz c e ļo s  sä d as  in e rc e s  d a rb o ja s  a u to ia a t is k i ,  
t . i .  v iņ a s  dod au to x aa tisk i räraim v a j^d z ïg o  ku£- 
t ï b u .  T ik a i  s e i t  jäņem  v ê rä , ka z iro s k o p is k a  ^ 2 -  
m enta v e k to rs  L a rv ie m i ir_ p e rp e n d ik u lä is  abiû£i 
g r ie z e s  v ek to riem  ( ь-ип t ä  t a d ,  3а z i i o -  
skopa a s s  i r  p a g r ie z ta _ h o r ic o n tâ l i ,  ta d  z i r o s  .c -  
p is k a  тоиев/са v e k to rs  T bûs v e r t i k a l s  un Sâds 
moments n e v a r  n o tu r ê t  vaggnu no ap g â tH iä s .

S k a i t l i s k s  p ie in ê rs . Z iro skopa  sv a rs  
Q = 2 t o n . ,  in e rc e s  r a d iu s s  -  1 и . ,

GJ  = 200JÌ (6000 âpg i ./ 'M in .) ; L d ^ 0 ,2  (6 a p g i/2 iin ) . 
U z ie t :L .

L = JW.G^ = |  k  = 1 .0 ,2  7^,200 7  ̂ = 30 t o n . ' r t r .

Zemes lo d e s  g r ie z e s  k u s t ïb a s  ie sp a id s-  uz z iro sk o p u  
a r  2 un 3 k u s t ïb a s  b r ļ y l b à .

Kâ ja u  ag räk  b i j a  n o s k a id ro ts ,  z iro sk o p isk o  momentu v e i lo  C o rio - 
l i s a  in e rc e s  s p ê k i ,  C o r io l i s a  in e rc e s  sp ê k i näk p r ie k s ä  t i k a i  t a i ,  ja  

bez r e l a t î v a s  k u s t ïb a s  i r  v ê l  p f.rnesaïia  
g r ie z e s  k a s tïb a ,3 O  p ie  pärnesaiiias v i r -  
zes k u s t ïb a s ,k ä  z in a m s ,C o r io lis a  p a ä t r i -  
näjum s l ï d z i n ä j ä s  n u l l e i .
_  P ärn esa^as g r ie z e s  k u s t ïb a s  v e k to rs  
( )k  v a r  i s H S à  dazädus s tä y o k ļu s  a t t i c -  
c ïb ä  p re t^  r e l a t ï v a s  g r ie z e s  lcu stïb as  
v e k to ru  .k p s k a b l s à  d iv u s  p a iu a tg ad i- 
jum us: J —
1)63^ s a k r ï t  a r  C û ^ ta d ^ k ä  r c lz a a s  zïui.

z im .102.
a r î  no fo rm u la s :

1 0 2 ., C o r io l i s a  p a ä tr in ä ju m i un in e rc a s  
sp ê k i k r u s to ja s  a r  z iro sk o p a  a s i  ķ  a e -  
kädu momentu nedod. Tas p a ts  i r  redzaiâs 

: .( l à )

p a r a l l ê l i ,  t a d  6Jk  I = 0 un l ïd z  a r  to

2)<Vk  1  
y e k to rs  fj ,

parnesam as g r ie z e s  k u s t ib a s  
i r  p e rp e n d ik u lä rs . r e la t ïv _ £

g r ie z e s  k u s t îb a s  vektoram  - '^ .È i n ï  g a d i j ï t -  
mä t i e s i  formu.la ( llO a )d o d  z iro s k o p is k a  
momenta v e k to ra  I! v i r z ie n u ,  s k .z ï iâ .Ï0 2 a , 
J a  z iro s k o p s  a r  2 je b  3 k u s t ïb a s  b r l v l b à
i r  u z s t ä d ï t s  k au t k u r  uz_zeries lo d e s , t a d  
zemes lo d e s  g r ie z e s  k u s t îb a ,k ä  pärnesaira  
g r ie z e s  k u s t îb a  dos z iro sk o p isk o  mozaentu, 
kas v a r  p ag ri& z t z i ro s k o p u ,ja  tam bäs
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a t t i e c i g a  k u s t ïb a s  b r ïv ïb a .
Lai n o s k a id ro tu , kädä v i r z ie n ä  z e in e s lo d e s  g r ie z e s  k u s t ï b i  i z -  

sau k s z iro sk o p a  k u s t ïb u ,  mês a rv ie n  iedom asim ies zemes lo d c s  'P 'i t z c s  
k u s t îb u  p â rn e s tu  uz p a r a l l ê l o  a s i  c a u r  z iro sk o p a  c e n tru .K â  z i n ^ s ; p ic  
g r ie z e s  k u s t ïb a s  p ä rn e sa n a s  uz p a r a l l ê l o  a s i  j ä l i e k  k l ä t  v e l vivze& 
k u s t ïb a  a r  ätruxnu, kas l ï d z in a j a s  p â rn estam  g r ie z e s  ä tru m a n jre iz ir i? -  
tam a r  a su  a t tä lu u iu , b e t  päm esam a v i r z e s  k u s t îb a  C o r io lr s a  p a ä t  :. in u -  
juïiiu nedod, t ä  tad. a r ï  n e iz sa u k s  z iro sk o p isk o  mornentu un a ä s  va^M  a p -  
r o b e z o t ie s  t i k a i  a r  p ä rn e s to  zemes lo d e s  g r ie z e s  k u s t ïb u .

T äļäk  a g s k a tïs im  v a ira k u s  gad ijum us.
I  g ad iju m s: ziroskopam  i r  d iv a s  k u s t ïb a s  b r iv ïb a s  un z iro sk o p a  

v a r  g r i e z t i e s  t i k a i  h o r ic o n tu la  p la k n e .
P icņo ijs iii,ka_

z iro sk o p a  r e la t ïY ä

a ss

закшла 
p_"lc LC3 

a s s  n e s a k n t  a r  mei lo lu u a
p la k n i ,  b e t v a i '0  a?  to  

P â r n e s ï s ia  z3r_3S lo -  
des g r ie z e s  ätru ioa v e k to -  
ru  ( j  uz z iro sk o p a  c u i -
t r u  un sa d a lïs ÌL i to  p irm -
k a r t  d iv a s  коцронэпЬёз, 
v e r t ik a l â  и  , к а ц  s à r ' ï b
a r  z i i -озкора räruZa ри1оооз 
a s i ,  ua h o r ic o n tä lä  k o n - 
ponen tê  kä t a s  p a r ä -
d ï t s  z ïm .103 . /e k to iu  
s a d a l ïs im  t ä ļ ä k  v o l 6.1- n  
väs kouponentês kas
s a k r ï t  a r  z iro sk o p a  r o l a -  
t î v o  g r ie z e s  a s i  rm T 
p e rp e n d ik u lä r i  p r e t  ~~ fkä

z lH .IO ) . zïm. z ïm .lO ^a . p a r ä d ï t s  zïm .lO pa.
A p sk a to t ta g a d  k a t ru  pärneşaiaäs g r ie z c s  k u s t ïb a s  konņjonenti a t s e r i ’.ķ i, 
rcdzam , ka 2  s a k r ï t  a r  ( j -  un t a a d ê ļ  z iro sk .o p isk o  momentu. neizc-. u c .
T ä ļäk  dod z iro sk o p isk o  Diomentu = J  . (J J (sk . zïm , 10j>) ap 
a s i  p e rp e n d ik u lä ru  v ek to riem  Gj^un ( 7 ) So inoraentu uzņem r ä u ja  < i s -
ze s  a s s  g u l tn e s  un t a s  iz sa u c  s i n i s  g u ltr ie s  d inam iskas rG a k c ija s . 'B e i-  
d zo t dod z iro s k o p ià k ’o nomentu ( s k .z ïm .lO ^ a ) , k- s
c e n sa s  p a g r ie z t  z iro sk o p a  g r ie z e s  a ş i  a r  rûmi m e rid ian a  v i r z i3 n ä .? 3 t  
t ik k o  z iro sk o p a  g r ie z e s  a s s  bus nonakuse m eŗid ian a  p la lm o ,k ä  ко p o - 
n e n te  = 0 , jo  ta d  a b i  v e k to r i  a tra d îs ÌG S  E orià iax iа
p la k n ê , un l ï d z  a r  to  a r ï  I ,  = 0 , t ä  ta d  z iro sk o p a  g r ie z e s  a s s  р^ Акз
m e rid ja n a  p la k n e .

_£o a p s t a k l i  i z l i e t o  kugu kompasa k o n s t i u k c i j a i , j o  m odernos kv, оз 
l i e l â s  d z e lz s  masas un a r î  e l e k t r i s k ä s  s t r a v a s  dazädos vados s t i p a l  
t r a u c ê  m ag n e tad a ta s  p a re iz o  d a rb ïb u . P ie  z iro s k o p is k a  копра за  k o rio t-u - 
ê sa n a s  jäņem  v ê râ , ka zemas lo d e s  g r ie z e s  âbi-uMO ÛJ; pec l ie lu z ia  i r  
d iezg an  mazs: CO k  = 0,0000729 s e c " l ,  ta jjide ļ, l a i  d ab ä tu  l s v ô a o ^ .n .
momentu , kas v a r ê tu  p ä rv a rê t  b e rz e s  un g a is a  p r e t e s t ï b u  un ä t r ä k  
i e s t ä d ï t  ^ z iro sk o p a  g r ie z e s  a s i  m e rid ia n a  p lakcis, jäĢem l io lä k u  
P rak sê  sädiem  z iro sk o p iem  a r  e le k tro m o to ra  p a l ïd z ïb u  dod аршёгии 
20000 a p g r ./m in . un t a d  U)r = 666 7Г s e c ~ l
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I I  gad ijum s: ziroskopam  a r ï  i r  d iv a s  k u .s t ïb a s _ b r ïv ïb a s ,b e t  z iro sk o p a  
a s s  v a r  g r i e z t i e s  t i k a i  v e r t ik a l a  p lak n e  ар Ьозл1сопи:'.1и 
a s i ,  k u ra  i r  i e s t â d ï t a  m erid ian a  p la k n ê ,

P ic ņ e u s in ,k a  sl.kiwiä 
z iro sk o p a  r e l a t ï v ä  
g r ie z e s  a s s  a a s a k r . t  
a r  v e r t ik a lo  v i r z ic —

zîn i.104a .

n u ,b e t  veido  1 
oC a r  t o .

s à  
zes 
^ k  
t r u

1:1

At k a1 p. r n 251-  
zeries lo d e s  g r i i  ■ 
k u s t ïb ^ s  vekcoj'u

un s a a ^ l is i ia  L о

z in i.104 .

v ek to ru  d iv ä s  koi.po- 
n e n tê s  O j j k u ŗ a  Sc- 
k r ï t  a r  räLija jz 'io z e s  
a s i  un v e r t ik u lä
v lrz l6 n â ,k L  p c rä á x ts  
z ïin .104 . ’/ek to x u  у 
sa d a lIs lW  to ļâ k  v s l^  
d iv ä s  k o ap o n ea tê s  , 
kas s a k r ï t  a r  z i r o - 1 
skopa гс1аЬ1уо 1- -  
z e s  a s i  un .lu 7 p ^ r—

pр eс nиdтiлkшu lаaгr!i   ppxruebt   Cû p>kâ p a r ä d ï t s  zlLi. 104a. A p sk a to t k a t ru  päm.esainas 
g r ie z e s  k u s t îb a s  kom ponenti a t s e v i  ; ķ i , a t k a l  k o n s ta tê ja iû ,k a  .../p,kas sa  
k r ï t  a r  r e l a t ïv ä _ g r ie z e s  ä b i iâ a  v e k to ru  ^ ş , z l r o s k o p l a k á  шошепЬтл ne— 
dod,. Komponente G J  dod z iro sk o p isk o  momentu = J  ì j ^ .  • CJ ļ  ( s k a t .
z im .104) ap a s i  p e rp e n d ik u la ru  v e k to rie m  Cd^un so noiûeatu azasx: 
räm ja  g r ie z e s  a s s  g u l tn e s  un t a s  iz ş a u c  s i n ï s  g u l tn ê s  dinam ir:kas real 
c i j a s ,  b e t  uz z iro sk o p a  k u s t ïb u  nekâdu ie s p a id u  j i e a t s t ä j . Bei zzaiaä 
komponente oJ-z dod z iro sk o p isk o  momentu L-z = Jfco-. (A) 4 J  ( s k .z ïa . lO ^ a )
k as  c e n sa s  p a g r ie z  z iro sk o p a  g r ie z e s  a s i  v s x t ik a la  v ir z ie n a  
kc z iro sk o p a  g r ie z e s  a s s

88 '̂5 t  l k

t e  Gj iz z û d : dj 0 un
t a  ta d  z iroskopş. g r ie z e s  
I I I  gad ijum s: Z iro sk o p s

bus n onakusi v e r t ik a l a  s t a v o k l i ,  ka konponcn- 
l ïd z  a r  to  a r ï  izzû d  moments = 0. ? a lâ k
a s s  p a tu rê s  v e r t ik a lu  v i r z ie n u .
a r  J k u s t ïb a s  briY ïbäm .

N o städ o t k au t k u r uz ze:.ies lo à e s  
z iro sk o p u  a r  3 k u s t îb a s  b rïY ïb lm , 
jä n ä k  p ie  s lê d z ie n a ,  ka z iro sk o p a  
g r ie z e s  a s s  g a lu  g a lâ  n o s t ä à ï s i  s 
p a r a l l ê l i  zeaes lo d e s  g i ie z e s  a s i j ,  
io  t i k a i  ta d  z i ro s k o p is k a is  moixCiìts 
L ^ ,k ä  t a s  redzarûs no f o ix iu la s ( l lO a ) , 
l ï d z i n ä s i e s  n u l l e i

I  = J .0 3 ,1  ..............(11 Oa)

J a  säkumâ z iro sk o p a  g r ie z s s  a s s  nebû 
p a r a l l ê l a  zemes lo d e s  g r ie z e s  a s l ^ , 
t a d ,p r ä t o j o t  t ä p a t  kâ I - Ş  E  I I -L  
g a d iju n iä ,a tra d ïs i i i i ,  ka r a d ï s i s s  z l -  
ro s k o p is k a is  m om ents,kas n o v ed ïs
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z iro sk o p a  a s i  s tä v o k l ï  p a r a l l ê l i  zeiaes lo d e s  g r ie z e s  a s i j .
Augsä a p r a k s t î to  zeiaes lo d e s  g r ie z e s  k u s t îb a s  ie s p a id u  uz zir.-o- 

skopu, ku ŗu  varam p ä rb a u d ît  eksperix jien .tä li, v a r  s k a i t x t  p a r  
juiiiu, ka t ie sa m  zeiaes lo d e  a t ro d a s  g r ie z e s  k u s t ïb à .

§ 14. CIETA ĶERIEŅA KUSTIBAS DIFEEENCIALNOL-MI:

I .  p la k n e s  k u s t ïb ä ,
I I .  k u s t ïb ä  ap n e k u s to su  punkru,

I I I .  b r îv ä  k u s t ïb â .

I .  K u s tîb a s  d i f - n o l - a i  ķenneĢa p lak n es  k u s t ïb ä .

_Ķermeņa p la k n e s  k u s t ïb ä  v is iem  punktiem  t r a j e k t o r i j a s  a t ro d a s  p-.- 
r a l l ê l ä s  p la k n ê s . V ienu no sïru plaknêm un p r o t i  t o ,  k u ŗa  i e t  cau? в т -  
guiaa c e n tr u ,  iz v ê lê s im  p a r  k o o rd in ä tu  p la k n i  XV, ta d  ķerme^a s ķ e l ic n s  
a t r a d ï s i e s  komplanä k u ş t ïb ä  X? p la k n ê . Komplanas k u s t ïb a s  n o te ik u ja i,

0 -----------------------------7  ac ïm re d z o t, bûs V = 0 ,  -  0, L,r = 0 un
zQ = 0 , z,< c  = 0 . n o te ik u m i iz s a k a ,k a  v l -  
siem  ä rê j ie u i  spêkieia un re a k c ijä m  jä p isv 3 d a s  

< . у /  p ie v ien a  kopspêka, je b  spêku p ä ra ,k a s  a î io d a s
XV p laknê  un bez bam viLism  p u n k tie ^  säkuma 
ätrunia p r o j e k c i j a i  uz Z a s i  j ä l ï d z i n a j a s  n .ul-

7  . l e i .
л z im .106. Ar siem  noteikuxiiem  ķermenim i r  a b ^ o i^ a s

)  k u s t îb a s  b r îv ïb a 3 ,  p a l ie k  ta d  v s l  ) ,  a r  kuŗäm bûs n o te ik ta  ķerjjieņa 
p la k n e s  k u s t ïb a .  S a s tä d ïs im  a t t i e c î g i s  d if-n o l-L iu s

"  Й е = Хк ’ i

2 > = Vy > .........................(112)

) )  CZ T C  ' т T C  ■
1  =  L z  J e C =  L z  :

Bez tam , l a i  v a rê tu  sos d i f - n o l - a u s  i n t e g r ê t , j â z in  sâkuma a p s t ä k ļ i .  
Ş p e c iä ls  g ad ijn m s. Lai p la k n e s  k u s t îb a  b u tu  v ir z e s  k u s t ïb u ,tL d ,b ê z  aug - 
sä  m inê tiem  n o te ik u n ie ja , jä b û t  v s l  Tc _ n  • , _ n

I I . K u s tib a s  d i f - n o l - n i  ķermeņa k u s t ib a  ap n ek u s to su  pux k tu .

S in ï  gadijum ä k o o rd in â tu  s is te ia a  j a i z v ê l  c a u r  n ek u sto su  p u n k tu . 
Ķermenim i r  )  k u s t ïb a s  b r îv ïb a s :  g r ie z e s  ap 5 a s ïn  un k u s t ïb a s  l i f -  
n o l-u u s  dabûsim , ņeiaot k u s t ïb a s  daudzuiaa nouienta teoreiîïu ap )  k c o rd in ä -  
t u  as ïm .

d t "  \  * я т  5 a t  L z ....................... (1^3/

l i n i s  n o l-d o s  moinentu. iz te ik sm e s  un
k i ,  jo  ä r ê j â s  r e a k c i ja s  i e t  c a u r  n e k u s to su  
v ê l  p ä rv e id o t ,  i e v ê r o jo t ,  ka ķeïïienim

d ^  , dX„ я  d^
d t d t  л d t d t k у ’ d t

17 i e i e t  t i k a i  ä r e j i e  зр е -  
punk tu . Form ulas (1 1 ;)  v a r
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l a  X,Y un Z a s s  i r  n e k u s to sa s  un ķerraen is k u s ta s  ap koord inctu . säkunu , 
t a d  J , J  wa J  a r  l a ik u  m ainas un to s  no d if e re n c iä l ie m  iz ixest la rk ä  
neyar'?  y  z

K u stîb a s  d if -n o l-m â  o t r s  v e id s  bv.s:

' d t  ^ x ^ x ^  \  * un d t (' J z ’j j  z z . . ( 1 1 5 ’0

I n te g r e jo t  sos d if -n o l-m u s  p inno r e i z i ,  d a b . .s à
X у

un pêc o t r r e i z ê j a s  in teg re& an as a r i :
xy

r e a k c i j a s  p r o j e k c i j a s ,  mês varam i z l i e t o t  in e rc e s  c e n tr a  
MU.S, k u ŗ i  i z t e i k s i e s  t ä :

Lc.i dab .tui 
k u s t ïb a s  n c l -

Mxc

Myc

x

У

®x 
s y

Mzco   = Vz7 S z
S in is  nol-m os v e l  j a iz s a k a  xQ , y c  un z c  c a u r a t t i e c ig ie m  CJ 
ja u  bûs zinäm i un pêc tam  v a r  a t r a s t  r e a k c i j a s :  S , S un S x у z

I I I .  K u stib a s  d i f -n o l -^ i i  ķ s r E y a  b n v a  kustxba

B rïvä  k u s tïb ä  ķermeniEi i r  6 k u s t ïb a s  b r ïv ïb a s ,ķ e r r ie ņ a  s tc v o k l i  
t e l p ä  v a r  n o te ik t  a r  6 lie lu m ie ìn  un p r o t i  a r  kâda p û n k ta , р1ехз1аш 
in e r c e s  c e n t r a ,  3 k o o rd inä têm  un )  leņķ iem , kuŗus veido  k u s to ^ ä s  a s i  
a r  nekustOGäm.

S akarä  a r  so, ķermeņa b r îv o  k u s t ïb u  ах1!  v a rê s  n o te ik t  а г  6 ки з- 
t ï b a s  d if-n o l-m iem : 3 in e rc e s  c e n tr a  k u s t ïb a s  nol-m iem  un 3 Im s tlb a s  
daudzuma momenta nol-m iem  ap c e n trä lä m  asïm :

;c =  V-
'CX 

d t

Myc  = Vy

= v_c z

c

_ c 
Ч Г  ~ L z

No sesam k u s t ib a s  b n c ib a m  v ienu  d a ļu  v a r  atņem t b e t  ne v a ira k  ka 5»
P ie  v ie n a s  k u s t ib a s  b r iv ib a s  a r  v ien u  v ie n ig u  n o l - m u , l i e to jo t  la^xa^Z ^a 
k o o rd in ä te s ,  v a r  n o te ik t  k u s tïb u  un no p ä rê jie m  nol-uiiem  v a r a t r a s t
r e a k c i j a s .

Nol-iaus (114) c ie ta m  ķeruieniHi v a r  u z r a k s t ï t  v ê l  c i t ä  veiû.â, p ie  
каш p irm ie  5 n o l-m i p a l ie k  t i e  p a s i :

! Mxc  = Vx

= Vy

Mz = V c z à -  ( j c . w  ) = LC
I d t 4 z z 7 z
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V êl v iena  b r îv a s  k u s t ïb a s  i n t e r - c r e t ä c i j a .

D az re iz  nav i z d e r îg i  b r îv o  k u s t îb u  s a d a l ï t  in e rc e s  c e n tr a  C Im s- 
t ï b ä  un k u s t ìb ä  ap in e rc e s  c e n tru .  Tad inês varam b r ïv o  k u s t ïb u  u z s k a -  
t î t  kä sk rû v es  k u s t îb u , k u ŗa  s a s tä d â s  no v i r z e s  k u s t ïb a s  g a i a s i  щх 
g r i e z e s  k u s t ïb a s  ap sk rû v es  a s i .  S a d a l i s in  k a t ru  no sïm kustïbäm  3 
kouponen tês pa I ,  Y un Z aşîm , t a d  nes a tk a l  dabûsim  6 n o l-ix u s .P ie  
kaia p irm ie  3 поТ-шТ a t k a l  b^s t i e  p a s i ,  jo  v i r z e s  k u s t ïb ä  v lsio ra  punk- 
t ie m  p a ä tr in ä ju m i i r  v ie n ä d i .  O tr ie  3 n o l-m i a t s ķ i r a s  no (1 1 4 )a r  
t o ,  ka s e i t  un Z a s i s  n e i e t  c a u r  in e rc e s  c e n tru .

Mxc  = d t  ^ x ^^x ^  -  4c

= v y 

M?C = vz

d t <J y W y>

M  = к
S p e c iâ ls  g ad iju m s. A p s k a t ï t â b r ï y a  k u s t ïb a  bäs v i r z e s  k u ş t ïb a  t a d , j a  
g a lv e n a is  moments L = 0 un s ä k ķ a  aav  g r ie z e s :  6J = 0 . E ïs k u s t ïb a  
t a d  bûs n o te ik ta  a r  n o l-a ie m

Mxb  =Л  V , Мv у =J  V un VM S =6 V 

P iem êrs uz  ķermeņa p la k n e s  k u s t ib u . A p s k a t ïs in  smaga homogena c i l i n -  
d ra  k u s tïb u  zem p a^ sv a ra  i o -  
sp a id a  no n eg lu d äs  s l ï p ä s  
p la k n e s , k u ŗa  veido  a r  h o r i -  
con tu  /oL .C i l in d r a  radiuG u up- 
zïmêsim a r  R, säkumä bas a t -  
ro d as in ie rä . V x lk s à  y s r t i k a -  
lu  p la k n i  c a u r  c i l i n d r a  з:за- 
guma c e n tru  p e rp e n d ik u la i^  
c i l i n d r a  a s i j ,  k u ŗa  kustïì?ê.s 
la ik â  p a l ie k  h o r ic o n tä la .F in î  
p laknê ņenisiin X a s i. p a r a l l ô l i  
s l ï p a i  p la k n e i  un Y a s i  pei’-  
p e n d u k u la r i s l ï p a i  p la k n e i 
c a u r  smaguma c e n ti 'a  sâkxcia 
s t â v o k l i .  Pêc fo rm .(112) s a -  
s tä d ïs im  c i l i n d r a  Im s tïb a s  
d if -n o l-m u s :

= MgSinck -  s£

Myc  = Vy  " 2) Myc  = -  MgCosol + 8^

?  = L z " 5) = -  S^.R

P êd ê jä  nol-xaa jäşem  ( - )  zïme tam d êļ, ka moments d a rb o ja s  p u lk s te ņ -  
r a d î t a j a  y ir z ie n a ^  A tr a s to s  3_nol-m os i r  5 nez inam ie:
x ^ , y c , ф  , 3 ° , SJ , t ä  ta d  t r û k s t  v s l  2 a o l - à .  C e tu rto  n o l-ыи dj.bûsim 
k o n s t a t ê j o t ,  ka yc  = 0 , 4) y c  = 0
B e t, l a i  dabû tu  p ie k to  ao l-m u , j ä a t b ķ i r  d iv i  g a d iju m i.
I  gadi.jum s: c i l i n d r s  v e ļä s  bez s l ï d e s .  P ie k to  n o l-ши d a b . '.L à ^ p ls l ld z i -  
n o t in e rc e s  c e n tr a  noxeto  c e ļu  x  n o tïta ii i  lokam R. ; b e t , ie v e r o jo t  ,k a



- 124 -

p ie  c i l i n d r a  v e ls a n a s  uz l e j u  c i l i n d r s  g r ie z a s  p u lk s t e ņ r a d i t a ja  
z ie n a ,  le ^ ķ is  j ä s k a i t a  n e g a t ïv i

5) x = -  В.ф
C inï gadijruaâ b e rz e s  spêks ta d  bEs: No 2) nol-Lia d -b û a i i

I—а----------------1r e a k c i ju :  ļ Sn  = LlgLos c< ļ J o  Ус  = 0 .

1)

5)

) )

Mxc  = MgSin cL - ) iz s lê g s im  no sieia nol-m iem
< jC = i
) z 2

un i e l ik s i in

è ş  -  -  3^.^ no k u r ie n e s  Sа“  = -  1̂  liR

1) L'Lo -  MgSinU.

1) MxQ -  MgSincX.

+ IŞ b e t x c  = -  R(p

no k u r ie n e s :
v - à.. 2Xc  = у  g.SÌBCÁ

2 gSiniX
У = “5~н—

Abos d i f - n o l -шоз la b ä s  puses i r  C o n s t . ,  kas nozïm ê, ka in e rc e s  c s n t r a  
k u s t ïb a  bûs v ie n m ê rïg i p a ä t r in ä t a  un c i l i n d r a  g r ie z e  a r ï  bCs v ie iiiiiê rï-  
g i  p a ä t r i n ä t a .

I n t e g r e jo t  pirm o d i f - n o l -ши, dabusim
• p  •
xc  = у  g t.S in c A  + Cļ , b e t  x CQ = 0 , t a  ta d  Cļ = 0

x = Y S inc<  + C9 , b e t x = 0 , t ä  t a d  C9  = 0 ,  un
C J) c  c  CO u

1 2x c  = у  g t  SinoC

2
170 5 . nol-m a -  у

Ar Liaw riol-wiow i r  izbE ikba  in e ro e s  c e n tr a  k u s t ïb a  un k u s t ïb a  ap 
in e r c e s  c e n tr u ,  kä fu n k c i ja s  no l a ik a .

U ziesin i v ê l  b e rz e s  speku по 1) nol-m a: = MgSin-A -  lix

= MgSin c< -  у  MgSinoL ; = у  M gSinx

I z l i e t o j o t  sak aru  , dabusim  у  MgSinot ^ t.M g C o so ’, ,no  la i i 'io -

n e s  у  tg  je b  t g - X ^  ) .  Tas aozlm s, ka c i l i n d r a  t ï r a  v s l -  -
àanas k u s t îb a  n o t ie k  t a d ,  j a  slïpuraa leņ ķ a  ta n g en s  i r  mazäks je b  r o -  
b ez as  gadijum â i r  v ie n ä d s  a r  t r ï s k ä r t î g o  b e rz e s  k o e f ic ie n tu .
I I  g a d i . ļ ķ s : c i l i n d r s  s l î d  un v e ļâ s  t â ,  l a i  a r v ie a  b û tu  i z p i l d ï t s  2 0 -  
te ik u m s: 5) no te ikum s bûs p i e k t a i ş  n o l-m s ,jo  tè -.ad
ac ïn ired zo t xQ > ; R ļş ! .T äp a t kä i e p r i e k s ê j â  gad ijum ä, atrodajn  110 2) 

aoI-W a r e a k c i ju  = MgCos c< , j o  у = 0 . I z l i e t o j o t  n o l-гли

5) s“  ^ S n atrodam = y<C.Mg.Cos</v .Ķeiâot l)M xc =MgSinX -  ,
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Mxc  = MgSin оС - ^ .M g C o s  QC , dabäsim  x Q = g .C o s o ;( tg  о . -  .

S is  no l-m s rä d a , ka k u s t ïb a  v a r  s ä k t i e s  no la ie ra  s tä v o k ļa  t i k a i  t a d ,  
j a  t g o , p l s  kam k u s t îb a  bûs v ie n m ê rïg i p a a t r in ä ta ."

Ņemot 3) J .(p  = -  S^.R pêc p ä rv e id o sa n a s  MR2 .ip = - ^ .M gC oso^.R , 

a tro d am  ф = -

T ä läk  in te g rê s im  abus d if -n o l-n ru s :
x Q = g t,C oscA .(tgoL  + 0^ ,b e t  xCQ = 0 , t ä  t a d  a r ï  0 ^ - 0

Ф ,b e t  '4^ = 0 , t a  àad a n  C2 = 0 un pec o t r a s

in te g rê s a n a s  atrodam :
.2

x c  = C osc4(tg ty - - ^ )  + O  ̂ ,b e t  x CQ = 0 , t ä  ta d  a r i  0 ^ - 0

= _ / * ; g t 2 Coso< +  , b e t  y o =  o , t â  ta d  a r î  C4  = 0

G a lîg ä  v e id ä  c i l i n d r a  k u s t ïb a s  n o l-ra i:

x c  = ş -  C o s c ^ ( tg ^

2 À gt CoSc

p ie  kam p in n a is  nol-m s dod in e rc e s  c e n t r a  k u s t ib u  un o t r a i s  k u s t ib u
ap i n e r c e s c e n t r u .

Säkumâ b i j a  m in ê ts , ka s i n ï  gad ijum ä 
x c  > , R(p 2  2 _

k u r jäņem pêc a b s o lû tä  lieïtuoia CosoC(tg«Z.-/£) p

t g o t  >  2/«* je b  tgcC >
C i l in d r a  s l ï d e  a r  v e lsa n o s  n o t ie k  bad , kad  slïpum a leņ ķ a  ta n g e n s  i r  
l i e l ä k s  p a r  t r ï s k ä r t ï g o  b e rz e s  k o e f ic ie n tu .
P iem êrs uz  ķermeņa p la k n es  k u s t ïb u ;  R iteņ a  k u s t îb a  uz sli&dêm ,

z im .108.

I .g a d i jw is :  K u stîb a  zsm spêka ie  
s p a id a .

R iteņu  p â r i s  a t ro d a s  М э г а  
uz h o r ic o n tä lä m  s lied êm . Uz a s i  
ie d a rb o ja s  h o r ic o n tâ lä  v ii-z ie a ä  
spêks Г . N o sk a id ro t spêka ; robe 
za s  v ê r t îb u  t â ,  l a i  n eb û tu  slP'.lc 
D o ti: Q -  r i t e ņ u  p ä ra  s v a r s ,  

R -  r i t e ņ a  r a d iu s s ,  
; f  -  r i t e n a  in e rc e s  r a d iu s s  
\ b e rz è s  k o e f ic ie n t s .
Uz r i t e ņ u  p ä r i  v ê l  d a r b o j a s s l i e  
des r e a k c i ja  N un b e rz e s  speks LT 
Nemsim d if-n o l-m u s  (112):
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2)

) )

I\Äxc  = Vx - aiûsu 

ķ °  = Vy

g ad iju E a
!!

îî

с T7

2) Мус  = N -  Q

5) c 
z

P irm k a rt k o n s ta te ja m ka
N = Q. Ja nav  s l i d e s

Ус =  
ta d  x

R un yc  = О Ш1 ta d  no J ) n o l-n a  atroclam,

c 2 c
c ie v ie to s im so d i f —nol-m os

-MR C = F
iz d a l ï s im  abus R _ F -  W nol"*.ûm.s Q — - TTO jeb

= F Ģ 2

F?2

2 , ,• ■2 ^^».0, no k a rïc a sL

2 F f 2
no k u r ie n e s  W -  —5—2—  

+ у
Ozicsirii P s k a i b l i s k l ,^ a

=8000kg, ş 2  = | R 2 E  А

21^2.109

W

1 ) й с  
2)My0

= 0 ,3 ; 1 ^ 0 ,3 .3 0 0 0 ( 1  + j ) ;  F^ÔOOOkg

I I  g a d i ju n s :  k u s t ïb a  zem momenta ie s p a id a  
z iiteņu  p â r i s  a t ro d a s  m ie rä  uz l io r i -  

con tä läm  sliedêm .U z a s i  ie d a rb o jä s  ыо- 
m ents L. U z ie t  momenta lie lu k iu  t ä , l a i  n c -  
n o t ik tu  s l ï d e .  D oti t i e  p a s i l i c l u m i : 
Q,R, 9 un /V .  A p z ïu êsin  norm älo r e a k c i ju  
a r  N un b e rz e s  sp ê k u ,k as  i r  v i r z î t s  p r e -  

-  t ï n  ak tïv am  rûonentam L a r  R. P i e l i c t o s i  j 
---- X a t k a l  d if -n o l- ïa u s  (112 ):

Vx  mûsu 
v y

gadijum a 1 ) i ê
II 2 W C = N -  Q

z z
-a p a t  kä a g rak : yc =R, Ус =0 no

c ”
u o l-m o s :

2 )no l-m a N=Q.Ja nav s l ï d e s , a r ï  ' e i t
7̂ ÏH I J°=M^j 2 , i e v ie to s im  ' о d i f -

c

i. L -  ТА2
2)Mf2 t  = -  L + U p Z ^ d a l I à  abus nol-m us -  ^ b

0 TìT >= U ş , no k u r ie n e s  W = — ,b e t  W t a  tad.

RL
2  ş  o'

2 2 2L z ie s im  F s k a i t l i s k i ,  j a  Q = 20000 k g . , = -̂  R

1 0 ,3 .2 0 0 0 0 .0 ,8 (1  + L < 8 0 0 0  kg/mt



§ 15 . LAGMG'A SAISTITAS SISTblAS KUSTIBAS DIF-IIOL-ÌH 

OTRÄ FORuÄ.

S p ara  i z te ik s n e  L a g ra n g 'a  k o o rd in a te s .
L a g ra n g 'a  jeb  v is p ä ro to  k o o rd in ä tu  jê d z ie n s  b i j a  ja u  ag räk  n o s k a i-  

d r o t s ,  apzïm êsim  t ä s  a r :  q- ,̂ . . .
ì a  sisb sm à î r  к  s a ib a s ,  bad k a sb lb a s  b^ïvTbas bâs Za-h un L agarn- 

ga k o o rd in ä tu  s k a i t s  s = _ Jn -h .
P a r a s t i  s is te m a s  s tä y o k ļa  n o te ik s a n a i  mss l ie to ja m  D ekarta  k o o rd i-  

n ä te s  un, j a  s a i t e s  i r  sk leronom as, mês varam D ekarta  k o o rd in ä te s  a r ï  
i z t e i k t  sk le ro n o m i, t . i .  bez l a ik a  p a l ïd z îb a s ,  cau r Lagrang* a k o o rd i-  
a ä b à .

x k = ..............  « s ’

У к = ..............  % )

z k = ..............
At.?umu p r o je k c i ja s  ta d  dabusim  a tv a s in o t  s i s  f u n k c i ja s  pec l a ik a

x k dq l «1 +
0 0-2

q 2 + . • . . . . . +
А % â3

* â Ay ķ а ^Ук а
y k q l + q 2 + . . . ., . . . 4-

ÔQS
Qs

_ ^ z k * >>̂ k à i z k
3 k Oq i q l + q 2 + . . . .. . . . + q s

Lielumus qg saukaiin p a r  v is p ä ro t ie m  atrum iem  un ;  ka r a ä a
a t r a ş t ä s  fo rm u las , punktu  ä tru m i p r o je k c i j a s  i r  l i n e ä r a s  f u n k c i ja s  no 
v is p â ro t ie m  ätrum iem .

Ņemsim ta g a d  s p a ra  jeb  k in e t i s k a s  e n e rg i ja s  form ulu

n

к = Z
i

un a iz v ie to s im  s e i t  x^, Ук’ z k a r  a t r a s t a s  iz te iksm em  ca u r L agrang^а
k o o rd in a tem , ta d  v i s p a r i g i  k in e t i s k a  e n e r g i ja  bus kada o t r a s  kapes ho— 
mogena f u n k c i ja  no v is p ä ro t ie m  ätrum iem

.2 .2 • 2 . . . .
к = + a 2 2 Q2  +  . . .  + a

s s Q-s  +  2a 12^1^2 +  2 a 13 q l q 5 + •• +  2a 2 ^Q2 Q^+

+  2 a ( s - l ) s  « s-1  «e .............................................(H S )

Darba iz te ik sm e  lag o aag ^a  k o o rd in a te s .
I z te ik s im  s is te m a s  v i r tu e lo  darbu :

/w  к  г-- О. <\
à  = A- ^ k ^ ì  +  ^k ' y k +  Z k 6  Z k^
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c a u r  L agrang , a k o o rd in a tem . Dosim s is te m a i  no ş ta v o k ļa , n o te ik ta  a r  
k o o rd in ä têm  . - Qg  , kadu у1гЬие1и. parv ie to ju isu ., ^aa s i s  kooi l i —
n ä te s  dabûs kädus mazus pieaugunrus d q^ , 6 12  ,
B e k a r ta  k o o rd in a te s  i r  L ag ran g 'a  k o o rd in ä tu  fu n k c i ja s

. >> Co. ka
ta d  a r ï  t a s  da

bus pieaugum us, k u ŗ i ,  a tm e to t b e z g a l ig i  m z u s  o t r a s  un a u g s ta k a s  k a r ta s  
i z t e i k s i e s  t ä :

d * k

бу Ж
к =  - ^ I

Ä42  

^ k

• ^ ļ г

6 42

^4g s

c)Xk 
---  • 0 4,

'ì z k
0 2 k = 7 ^

9 z k
Q2

Ô4S

J 2 k

’S

j uii s a k a r to s im  lo c e k ļu s  
г?Ъ a i z  ìskaväw , t a ds

l e l ik s im  v i r t u e l a  darba  Г о ^ и 1 а  _ sis  iz te ik sm e s  
pêc ņemot a t t i e c ï g u s  d q^, 5̂ 42 , . . .

Ô 41
1  1

:k , v  ' ^ k  
1 T  ï k

7 ì _ ķ  
k  c)4i k  D 4 2

0Ук

2 k4- Zv  - ş
n
V  (X.
1 K s

бУк—à  + Z 
o4 s

^ k  
k

£ in i  fo rm ula  speku p r o je k c i j a s  Xk , Yk  un Zk  v i s p a r i g i  v a r  bu t kadas 
f im k c i ja s  no D ekarta  koo rd in ä têm , t ä s  a tv a s in â tä m  un l a ik a ,  t ä  t a d  u z -  
r a k s t ï t a s  summas, pêc D ekarta  k o o rd in ä t'u  a iz v ie to # a ņ a s  #a r # Lagran^^a kO' 
o rd in ä tê m , bûs kâdas fu n k c i ja s  no . . .
Apzimesim s i s  f u n k e i ja s  a r  Q2  . » î . i

1
(1 X k  941 k  "041

Z к
'k  ÎQ i -

1
(Xv z k

; 4
6 0-2

- Q2

n , гу к  62k
s

' ' ' j n k c i j a s  QJ Q2 Q ^ . . .  Qs  mes sauksìm  p a r  v isp ä ro tie m  spêkieni, a t b i l s t o -  
Giem a t t ie c îg ä m  koord inä têm  4p42 4^ . .  4g.

lä d â  k a r î ä  vir"du61a darba  izb sik sm a bäa:

1
ş  2 ^ ' ) — QļG +  Q2 <) 4- . .

s l s  1'ONAalas pal^dz2.b^u. ao ak a id i 'o ^ as  v isp a rO îa  speka je d z ie n s :  v i s — 
p a r o t a i s  spêks i r  k o e f ic ie n t s  p ie  a t t i e c ï g a s  k o o rd in ä te s  darba  p ie a u -
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gama iz te ik s m e .

No a a c ï t ä  seko , ka v is p ä ro to  speku varam a t r a s t ,  dodot s i s t e -  
â d  tä d u  v i r tu e lo  p ä rv ie to ju m u , p ie  k u ŗa  fflainas t i k a i  k o o rd in ä te  ъ  un 
i z d a lo t  y i r t u e l a  darba  iz te ik s m i «ГОСсант „ Ж

J a  m ainas t i k a i  k o o rd in a te  g-,, t a d  0 01= Фт.ид-, un Q, = — X X X X rj
P iem êrs . Pieņem sim , ka v ien a  no c i e t a  ķermeņa L ag ran g 'a  koord inätêm  i r  
g r ie z e s  l e ņ ķ i s  -ş ap kädu a s i .  Kä zinam s, e le m e n tä ra is  d a rb s p ie  g r ie z e s  
uz le ņ ķ i  lv .

О ’ И = L. о
I z d a lo t  
b ä s :

r5i0 ,dabusim  v is p a ro t*  speku , a t b i l s t o s u  le ņ ķ in  u r

Q = _
moments L a t t i e c i b ä  uz g r ie z e s  a s i .  
P iem èrs . J a  pieņeiasim  p a r  v is p ä ro to  
c e s  c e n tr a  k o o r d in ä t i ,  pieirêram  x e , 

•k o o rd in ä te i  y i r tu e lo  pieaugum u, bus

L

je b  L ag ran g 'a  k o o rd in a t i  k a à  
t a d  e le m e n tä ra is  d a rb s , dodot

ine

0 0l=  Vx . <! ХС
I z d a lo t  so а г  j  х , dabäsim  v is p â ro to  spêku:Vx -

Q -  -  Vxx

kas s i n i  gadijum a i r  g a lv en a  y e k to ra  p r o je k c i ja  uz X a s i .

V isp a ro to  speku iz te ik s ia e , j a  sisbem ad 
p iem ät fu .n k c ija .

S is te m as  spêku fu i ik c i ja  je b  p o te n c iä l s  y i s p ä r ï g i  i r  k o o rd in ä tu  
f u n k c i ja :

и = Ф (xi y iz1X2y2z2 ... xkykzk ... хпупгп)
z x iz y ie to jo t  s i n i  fo n a u la  D ekarta  k o o rd in ä te s  a r  Lagrang^a koordinät'èE i, 
dabäsim :

U = ..............  03)

Pêc forciuläm  (96) spêka p r o je k c i j a s :

Y З и  . v  _ а и  . 7  _ d u
k  ' k  ■ W k ' k

^emsiiìi ta g a d  kadu y is p a ro tu  speku , piemeram:

un ie y ie to s im  s e i t  speka p r o j e k c i j a s ,  ta d

о ş  . _ ļu  + _ Ì 2
1  1 ' x k ‘ '« 1  '*y k  '  M i  '^ k  ' 2^1

r ----------------  ,----------------- -
n -  J-U  I . ! | n -  JÌU  *

p i  ņ i  j > ! ^ 2 , '  * "  i 4 ® » s : . .  (117.)

Ka rsdzam s, y i s p a r o t ie  sp e k i i r  s is te ia a s  speku f u n k c i ja s  je b  p o te n c ia -
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Tas a ty a s in a ta s  pec L ag ran g 'a  k o o rd in a tem ; p a ts  p a r  s e v i  sap ro tam s, ka 
t a d  spêku f u n k c i j a i  a r ï  jä b û t  i z t e i k t a i  t a n ï s  p asäs  k o o rd in ä tê s .

L ag ran g 'a  à i f e r e n c iä ln o l—mu i z v s d ķ s .

^eiasiin ga lveno  d inam ikas n o l-w . v e k to r ia la  v e id a  pec fo r ; ju la s  (1'6):

I z t e ik s n e  ie k a v a s  s e i t  r e p re z e n te  s k a la ro  p ro d u k tu .P a re iz in a s iia  s k a la -  
r i  k a t r u  lo c e k l i  a t s e v i s ķ i  un v ien u  p ro d u k tu  p ärn esïs iH i o t r ä  p u s ê ,ta d

n d r v  _ n _

habä puse re p re z e n tê  s is te m a ş  v i r tu e l o  darbu. 6 A ,k a s  pêc fo r ia i la s (1 1 6 )  
L agrang’ a k o o rd in ä tê s  i z t e i c ä s  t ä :

i\ П  V. ...
о 4  = ş  (Fk 0 r k ) = Qj_ 6 ļ ļ  +  Q2  C (ļ2  +  . . .  +  Qs □ Qs  t a d

JL , x? “ k  °  ş  »2 ş  «s

la g a d  saksiM  k r s i s ä s  pusas pL ^vsidoZaau: v is a s  D sk arîa  koo^d inäbes
т е з  varam i z t e i k t  c a u r  Lagrang^a koordinâtêM , ta d  a r ï  k a t r a  p u n k ta  r : -  
"d-ULS v e k to rs  bûs käda v e k to r iä la  f u n k c i ja  no n in ê täm  koord inä têm

r k  = . . .  4S )

-o.diusa v e k to ra  v i r t u e l s  p ieaugcm s, a tm e to t b e z g a l ïg i  mazus o t r ä s  un 
a u g s tä k ä s  k ä r t a s ,  bûs

A n a lo g isk a  k ä r t a ,  a tv a s in o t  rad iusu . vekt.oim pêc la ik a  
A, âtrurau

dabusim  punkt i

' r k  . . 0 r k  .
v k -  n q ļ +  ^2 +  ÔÔJ "  •

i N l i k L à  k r e i s ä  n o l-и а  puşê c' r k  v i c t ä a t r a s t o  i z t e i k s u i :

n
+ E  

i
â r k

кK 4 pd t^

( i r k 
u’lg > %

P arv 6 id o sim  pirmo no s summam la b a  puse pêc L e ib n ica :



2
-  1 ) 1  -

к
1  d t 2  ^ 1 1

â  l ^ k  
k ' d t  oQi

^ k  —
s e k o s u s  a i s v i e t o j t u 3 u s :  1 ) TT- =

d ^ r k
d a b d s iL i  äo s a k a r u . .  ) )  7—— -  — —

ô c, 04-21 L 'll

1 ' 
й r

/ к  d 5  
k ^ d t  d t  >,

к  ,
•1 î ) 4 i

e i t  i z

j o  a t v a s i n o t  p ä c  4 ļ

, j o  s a s t ä d o t  L _  — u n  a t v a s i a o t  p a i —

c i â l i  V, p e c  g-, d a b t . s i a  v i e n u  -цп t o  p a s u  i z t e i k s n i î

d

к

1

. 2 -
k8

/ 2 r

" к  
йож10 о 

2

2—

2

^2

la i r i e t i e i ï i  L i2 V isb O Z 'a i2 is^

lk

21 О К= d _  
d t

d 
d t«i

i i z n ä k :
^ ^ k

m, ļ  к  к
2 К

i

= d  1 
d t

P ä r v e i d o j o t  t ä d a  p a s a  
g a l ï g ä  v e i d ä :

a n  v i s a s  c i t a s  aunn*i d a b a s i in к  г  s is  ш p u s i

,-. J. 2 r k
d
11  к

d 1 К d  J К
21  O ls 8

P i e l i d z i i i o f e i i i i  b a g a d  k r e i s o  p u a i  l c b a i :

/ d  Л
'2 1  ’  0 ^ 1

/ d  - К t X. < - 
k d t  .- “ 7 , q . / -  q 2

d  с К л

О

З е к  L a g r a n g ^ a  k o o r d i i i ä t e s  i r  n e a t k a r ï g a s ,  t ä  t a d  l a i  s ä d s  E.O1-US  v e - r e -  
t u  p a s b ä v 6 b ,  t a d  к о е Р 1 с 1 е г Л а н ш  p i e  n e a ì k a ^  L giL D  p ä r v ie to ju u i i c K i  k r e i s ä  
Ш1 l a b ä  p u s ê  j ä b d t  v i e n ä d i e m .
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d . 2X ЪК _ n-  Q 1

d 7) к _ 2-K -  Q 
âî ' ............................................... (113)

d г к
d t  * — = 0

s
S ie  n o l-m i re p re z e n tê  L ag ran g 'a  k u s t ïb a s  d if -n o l-m u s  o t r ä  fo rm â .P iez ï-  
mêsim, ka s i e  n o l-ча! d e r  t i k a i  holonomäm sistem äm .

P ie  p a r e iz a s  L ag ran g 'a  k o o rd in ä tu  iz v ê le s  mês, kä ja u  ag räk  b i j a  
n o s k a id ro t s ,  a tsv a b in a ja m ie s  но sa itê m  un dabûjam k u s t ïb a s  d i f - n o l - r u  
s i s t e n u ,  k u ŗa  n e s a tu r  r e a k c i j a s .

O ad l.ļE S ,k ad  s is te m a s  spêkiem  p ie m ït f u n k c i ja .

J a  spêkiem  p ie m it f u n k c i ja ,  mes ja u  zinam pec form . (1 1 7 ), ka

0Q - dL •i  "  '

un ta d  L ag ran g 'a

4O 2 - 'ķ -  о - ķ  
ôq2 ’ —

nol-m us 
d 

d t  '

Q8
2u

d_
К

d 
[ t

varam p a r r a k s t i t t â :
'2 К 2 к ,  Ъ u
ÛQi
о К OK

ÛQ2

к c'K

Ņeiiiot v e rä ,  ka speku. f u n k c i ja  U i r  k o o rd in a tu  
ätruxnu n e s a tu r ,  varam '2 К a i z v i e t o t  a r  D (K

fu n k c i ja  un v is p a ro to  
+ U) . P ä m e so t peo

tam  v is u s  lo c e k ļu s  v ien a
N01-M2S c i t a v e id a :

puse un a p z im e jo t К + U = L ,dabusim  la g r a n g 'a

Lielum u L = 
k in ê t i s k o  ķ

К + U 
p o te n c ia lo  e n e rg i ju

d 
d t

d 
T t

0
. 2L _ 

ÔQ2

= 0 
7)Q2

d _ ôL -à_ -  о

= К -  ( - M  := к -  П

; Iag rang> a_dif-no l-B 3i
' o t r ä  fo rm a,kad  sp ê -  . . . ( 1 1 9 )  
< kiem p ie m ït fu n k c i ja

kas re p re z e n te  d i f e r e n c i  s t a r p  
sauc  p a r  L ag ran g 'a  fu n k c i ju :



i_j = К -  fļ L ag ran g 'a  fu n k c i ja  ...........................(120)
P iem ê rs . Nernsim m ateinatisku  s y ä r s tu ,  ku.ŗa p ie k a re s  p u n k ts  a r ï  a t r o -  
das s v ä r s t ï s a n a s  k u s t ïb ä  uz Y a s s  pec likum a y 0  = a .S i n k t . ^Pim ktari А 

,•> _ s e i t  i r  v ien a  k u s t ïb a s  b r ïv îb a  па p a r
L ag ran g 'a  koord.in .ati iz v s lô 8 ÌL  le ņ ķ i  , 

' '_______________ ‘ Punkta  A koord -inä tes:
x  -  Cos
у = a .S in k t  4- £  Sin<y

a tv a s in ä s i ia  s ï s  k o o rd in ä te s  pêc la ik a :
x  = -  -c Sin '0 .
у -  ak Coskt 4- <Cos 

un s a s tä d ï s i r i  k in e t i s k a e  e n e r g i ja s  iz ~  
te ik s m i:

zim .110
К = “  (x^ 4- y 2 ) = ş ş ( ^ 8 in ^ .  Q 1 + a 2 k 2 C os^kt + 2ak^0 o sk t.L o s 4

4- 0 08^ ş  . 'd 2 )

I -  + a2 k2 Cos2 k t  + 2ak^C oskt.C os . y.- )

ïa g a d  s a s tä d ïs im  spêku fu n k c i ju :  
Г •' л

U -  ■ Xdx + Ydy -  j Mg.dx -  Mgx -  L2g. ï . Cos .
,j  = К +  U = |  (j/2  ş- 2  4- a 2 k2 Cos2 k t 4- 2ak^ .C osk t.C os бл . 4- 2 g ' .C osd  )

L ag ran g 'a  n o l - î s  à —  = 0
S a s tä d is ic i:

= 4- 2 a k / .C o s k t.C o s ^  ) = 4- akè’.C osk t.C os , )

= ķ (-2 ak  <. С о s k t . 8 in  ş  . -  2 g ^ .L in  ş ')  -  -  п (а к ^ .0 о 8 к р .8 1 п ^  

S i n y )

I e v i e t o j o t  s i s  iz te ik s m e s  Lagi-ang’a n o l-ша, dabusim

+ a k ^ C o sk t.C o sY ')  + ia (a k C .C o sk t.S in ^  . y; 4- g .S in (^ )  = û

i/2  -  ak 2 < 3 in k t.6 o 8 î^  -  акк'Сл!^?S in 'ŗ j^ tak O .C o sk t.S in ^  . 4 +  g^.Sin.7 =0
2

” -  -  ş  S in  -4 4- -~k  J i a  r t .Сд5К/

L ai dabf.tu  kä f  ( t ) , &is d i f - n o l - a s  b d tu  j ä i n t e g r ê ,  kas i r  d isz g a n  kon- 
p l i c ê t i ,  b e t  g a d i^ m â , kad le ņ ķ is  r nav l i e l s ,  mês varam n o l- r ’u  v i^ n -  
k ä r s o t ,  l i c k o t  8 in  un Ôos <, = 1, t a ä

£ ak 2  à  -  -  â  ş  +  S in  k t
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~ is  d if -n o l-n is  i ro a n a lo g is k s  u z s p ie s t a s  s v ä r s t ï s a n a s  k u s t ïb a s  d i f -  
nol-mam: x = -  к г х + b .S in  p t ,  k u ŗa  in t e g r ä l s  b i j a :

b

ak'

-  P2  
2 
~ X ~

Sin

Sin

p t j "tâ tû d

k t

ak 2
Sin k t

J a  sä k u m  pieņeiosim , ka = 0  un -
ak  7

H ajailtona p r in c ip s
k2

Vel v ie n s  s v a r îg s  m êchanikas ^ r in c ip s  sistem äm  a r  korxServatïvieLi 
spekiem  i r  H a a ilto n a  p r in c ip s ,  k u ŗs  f o r u u lê jä s  t ä :  v a r i ä c i j a  nc L agran- 
ga f u n k e i ja s  i n t e g r a l a  pêc l a ik a  l î d z i n â j ä s  n u l l e i  k a t r ä  b r ï v i  i z v ê l ê -  
t ä  l a ik a  s p r ï d ï .  _

Form ulâ s i s  p r in c ip s  iz s a k a s  t ä :  4 * L .d t = 0

iekam s mês p ie rä d ïs im  so fo rb iu lu , ^atzïiaesiiïi, ka L agrang’a k o o z d in ä te ş  
^ 1 ^ 2 v is p ä ro 't ie  â tru m i 4 I 4 2 4^« • ♦4s , a pskatam ä l a ik a  sp ^ I^ a  
r o b e z ä S j t . i .  no t  l ï d z  v a r  b r ï v i  m a in ï t i e s ,  b e t  t i k a i  p a -ä s  ro b e -
za s t . i
yertxbäm

p ie  t  = t  un t  = t j  v iņ u  v c r t ib a ş  bûs v ien ad as  a r  is ten äm  
t ä  ta d :  ì

6 q = 0 un О

L ag ran g 'a
-  - ' ^ o

fu n k c i ja  v i s p ä r ïg i  i r :
1

S a s ta d is im  о L, a tu ie to t o t r a s  un a u g s ta k a s  k ä r ta s b e z g a l ïg i  xìazas

Ь4 i
"И  , Э ь  ?

^42  O Q 2  ş ' '

4 s

1 Ъ42  '

b e t  pec L ag ran g 'a  nol-m iem :
d = 0 . t a  ta d d C L _ _£Ļ

Ъ4 M bez ta r i  a n  6 5 ' 4

i e v i e t o j o t  v is u  so , dabusim
, d

• • •
Û L , 'J Ļ d 

à 6 41 т

3avSlkob lO L sklus pa d iv i  pêc L e ib n ic a fo n z u la s  dabusim :

G L d“ d t 0^2
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P a re iz in a s im  а г  d t à  in te g re s im  ro b ezâ s  no t Q l ï d z

Ņeiaot

L. d t  = J 0.  ̂ + «-г- ô 4^ ş  - ş  ş  ä  4 
o4^ 0^2 v4g s

v ê râ , ka ro b ezäs  v i s i  (! q = 0 , iz te ik sm e  la b ä
n a ja s  n u l l e i  un

“ļ t - t j

—t= t°
puse a rx  l iô .z i -

(X
G L .d t = 0  , b e t suiaiaa no v is iem  p ie a u è u rìie a

ir_summas je b  in t e g r a l a  p ieauguias, t a  
s* tit t a :  ŗ . - •— ;

-  f 1

H aaiiltona p r in c ip s  t â p a t  ka L ag ran g 'a  
k o n se rv a tïv ie m  spêkiem .

ta d  to  p asu  foriau.lv. v ar p c r r a . .-

.................. - ...................... (121)

d if -n o l - in i  form . (119) d e r  t i k a i

Ķermeņu t r i e c i e n a  t e o r i j a .

P a r t r i e c i e n u  sauc ļ o t i  l i e l a  spêka ie d a rb i  uz ķerm eni l o t i  ï s ä  
l a i k ä .  T r ie c ie n s  i r  sasn iedzan is a r  daudzieia paņêiaieniem , v ie n s  no 
tie m  i r :  l i k t  d iv iem  ķermeniem k u s t ê t i e s  v ien ä  v i r z ie n ä  a r  daaäoiori 

âtrum iem , p ie  kam V^ V2 , ^sb v_r 
ЛГ» l a i s t  ķermeņus a r ï_ p r e t ê jo s  v i r z i s n o s .

----- ------- Sadursme n o t ie k  ï s ä  l a ik ä ,  b e t k û .? ķ i  
p a r  uo la ik u  ie v ê r o ja u i  la a in a s , t2 p a t  

a r ï  d e fo rm ä c ija s  ķermenos v a r  b v t ļ o t i  
z ï m . l l l .  l i e l a s . _

J a  ä tru m i i r  m a in i ju s ie s  ï s ä  l a i k ä ,  ta d  t a s  a o z l ķ ,  ka p a ä t r i n a -  
H v à  i r  ļ o t i  l i e l i  un a r ï  sp ê k i a t t î s t a s  ļ o t i  l i e l i ,  p ie  k^m spZ kl 
m ainâs sâ k o t по 0 l ï d z  k äd a i m aksim äla i v ê r t ï b a i  un no t a s  atke>l 
l ï d z  0 .

P ie  t r i e c i e n a  ļ o t i  l i e l u  lomu s p ê lê  ķeraeņu  p l a s t i s k a s  un. e l a s -  
t î g a s  îp a u îb a s .  V isa a in a  t r i e c i e n ä  i r  ļ o t i . s a r e z g ï t a ,  b o i mss a p ro -  
bezosira  . '  . so jau tä ju m u  a r  to ,k a  n o te ik s im  t i k a i  ätrum us pêc t i i < c i e -  
n a ,  n e p ê to t  nemaz â tru m a , p a ä tr in ä ju m a  un spska  maiņu a r  lu ik u .

T r ie c ie n a  gadi.iumu k l a s i f i k ä c i . j a . P irm k ärt pieņem sim , ka a b i  
ķ en a eņ i a t ro d a s  v i r z e s  k u s t ïb ä .A p z lm s s à  ķem eņu  ätruEius ï s i  p irm s 
t r i e c i e n a  a r  V^ vn V^. Kä n o r i t ê j a  k u s t ïb a  pirm s t r i e c i e n a  mûs ï i a in t c -
r e s e ,  ie v ê ro s im  t i k a i  abu ķermeņu ätruiïius t r i e c i e n a  säkuma mOmsaiâ, kad 
a b i  ķerm eņi t ik k c  i r  p ie s k ä r u s ie s .  Tagad a t& ķ irs im  v a irä k u s  g a c .i ju ļ j is .

.. .. 1) J a _ a b i ä tru iiii i r  s a v s ta r p îg i  p a r a l l ê l i
■> ■ un a r î  p a r a l l ê l i _ k o p ê ja i  n o rm a le i N-N u ie s k a -

■Л ' ~ I fļf Л —, .  -- r s s  p u n k ia ,b a d  ia d a  gadi^umu sauc p a r  t a i s  iO
-------- --  b r i s e i s i i u .  |! 72 ||П-Ы (sk .z ïm .1 1 2 )

Apaksgadi,jums a ) j a  p ie  tam  v ê l  ķeimeņu siaagu- 
ma c e n t r i  un C2  g u ļ uz k o p ê ja s  noimiales 
N -N ,tad  t a s  bûs t a i s n a i s  c e n t r ä l a i s  t r i e c i e n s ,  

( s k .z ïm .1 1 3 ) .
Apaksgadi.jums b) j a  kau t v ie n s  no ķenaeņu

z ïm .113. smaguma c e n tr ie m  n e a tro d a s  uz k o p ä jas  n ô n ia le s
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ta d  tä d s  gad ijum s sa u cas  p a r  t a i s n o  e k s c e n tr is k o  t r i e c ie n u .( z L x .1 1 2 ) . 
2) J a  v ie n s  je b  abL ä tru m i nav  p a r a l l e l i  k o p e ja i n o rm a le i , ta d  tä d u  

gad i^unu  sauc p a r  s l ïp o  t r i e c i e n u  ( z ï ^ . 1 1 4 ). 
A paksgadijum s a) j a  p ie  tam abu ķenaeņu s tia - 
guma c e n t r i  a t ro d a s  uz k o p e ja s  n o rsia les  . t a d  
t a s  bûs s l i p a i s  c e n t r ä l a i s  t r i e c i e n s  (sk .

21M.114.

zxw. 115

A paksgadi jums b) j a  k au t v ie n s  по кеглспа 
siaagwaa c e n tr ie m  n e a tro d a s  uz k o p ä jas  по:?- 
ķ l a s ,  t a d  tä d s  gadijum s sau cas pax s l ïp o  
e k s c e n tr is k o  t r i e c i e n u  ( s k .z lw .115)

T a is n a is  c e n t r ä l a i s  t r i e c i e n s

No v is ie m  m inêtiem  gadijum iem  s ik a k  a p s k a tis im  pamaba g a d i . i  
ta i s n o  c e n tr ä lo  t r i e c i e n u .  ÄpzïuitìSiid

« 2

a r  V  ̂ un V2  atrum us pirm s tx ie c i e n a  
p ie  kam V2  un m eklêsim  Ş  V2
ätrum us pêc t r i e c i e n a .

P ie  ķşriaeņu sa d u râan äs  t i e  d e f o r -  
m êjas un no d e fo rm ä c ija s  ro d cs  zi„sinas 
s p ê k i, p ie  kam k r e i s i e  sp ê k i v a ic in a
ķermeņa K2  k u s t ïb u , b e t la b ie  pxG bojas 
ķermeņa k u s t ï b a i .  P ie  ķerûieņu d e f o r -  
m ä c ija s  ^ c e n tru  a t tä lu ia s  6^02  n o ie s  

z îm ,116 . l ï d z  zinamaiii niinicmiiiam an  ta d  0^ sdka
a t t ä l i n ä t i e s  no_C2 . J a  ķeraieņi i r  p i l n ï g i  e l a s t ï g i ,  t a d  t i e  nonäks 
a t k a l  i z e j a s  s tä v o k l ï  u n _ b e id zo t s ķ i r s i e s .

P ie  p i l n ï g i  n e e la s t ïg ie m  ķerzaeņ.iem 0^02  n o ie s  l îd z  uiniu'uxian un
ķ e ra e ņ i  tu r p in a s  savu k u s tïb u  k o p ïg i .  Y idêjiem  ķermeņicm p a ra è ïh a  bus 
k a u t käda v id ä ja ,  s ta r p  id e ä lie m  gadijum iem .

S pêki je b  s a v s ta r p ïg a s  r e a k c i j a s ,  k u ŗas  ro d as  p ie  tr ie c i& n a  
t â  sa u c a n ie  t r i e c i e n a  s p ê k i.  T ie  s a sn ie d z  ļ o t i  l i e l a s  v ê r t ï b a s ,  jo  
t r i e c i e n a  l a ik s  i r  ļ o t i  inazs, piem êram , te ra u d a  lodäm t r i e c i á ï i a  l a i k s  
i r  -  0 ,00007 şe c l

L ie lu m i: p a ä tr in a ju ia s ,  speks ķ  l a i k s  t r i e c i e n a  gadijum a nav  
ê r t i  p ie e ja m i m ê r ïs a n a i ,  tam dêļ k u s t ïb a s  d if -n o l-m u  mj = Г L à  ' s lb  
H 6 li6 b o siw , bab l z v s 1 ä s à  Päda'rio1-iM i, kaxä i s i s b u  äb r'Ņ L , jo  ä t ru a a  
m aļņu mês varam v i e g l i  iz m ä r ï t .  u is  n o l-шз bûs k u s t ïb a s  daudzuba t e -  
orem a. Apzîmêsim ķermeņu un K2  ä trum us pirm s t r i e c i e n a  a r  ì  “  V
7 о p asu  ķermeņu un K2  a tru iaus pec t r i e c i e n a  a r  un ķ 2
K1n  un K2n   masas а г  т 1п  un mJ o . K u s tib a s  daudzuma teorem a v i s a i  s i s te ia a i :

Z  -  Z. mV = Z  ( (F + S )d t

b e t  k u s t i t a  n o t ie k  t a i s n â  v i r z ie n a

( N ^  + M2 ^ 2 ) -  ( U à  +M 2 V2 ) = 2

о ~ гЛ Л , .
( FCos<y.dt + ļ St r . d t  -  I о \ d t
о - о

Laba puse abu t r i e c i e n a  speku je b  r e a k c i ju  im p u ls i s a is in à s iG S ,jo  /1 -  
ņ i  i r  v ie n ä d i pêc l ie lu ia a ,  b e t i e t  p r e tê jo s  v irz ie n o s .K a s  a t t i e c a s
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uz p irrio  in te g r a lu  \ F C oscL .d t, ta d  t a s  i r  mazäks p a r  Z ï  C o sa  . ( , ļ LIGLX-o
b e t kâ ja u  b i j a  n o s k a id ro ts  Punkta dinam ika t r i e c i e n a  l a ik s  i r  t i k  u a z s , 
i^a k a t r a  g a l ïg u  l i e l w u  p a r e i z in a tu  a r  varam a tm est ,tam d ê ļ la b ä  ригё 
p a l i e k  n u l l e

+ М2П2  -  ( M ^  -r M2 V2 ) = 0 .................................... (122)

P iez im êsim , ka n u l l i  la b ä  pusê mês dabûjaia t i k a i  t a d ,  kad арзкаиаш 
v is u  s is te im i, b e t ,  ņemot k u s t ïb a s  daudzuma teoreiau  vienam ķc j 
b ä s à  la b ä  pusê t r i e c i e n a  spêka in p u ls u , k as  i r  g a l îg s  l i e lu m s . ï ä  p ie — 
rnêram, pirmam ķennenim: ŗ

= -  У St r . d t  = -  I t r  
un o tram  ķermenims .

“ ^ 2  - И Л  - - / я Ч »  = I t r

T apat ka P unkta  d inam ika , a n  s e i t  p a r  t r i e c i e n a  la ik u  a b s 6 v i^ .^  £ хгй е- 
£U p u nk tu  n o ie tu s  c e ļu s  varam ig n o r ê t .  Iev ed ïs im  v ê l  s is te ia a s , t . i ,  
abu ķeraeŖU in e rc e s  c e n tr a  ätrum us p irm s t r i e c i e n a  V un pcc t r i e e i o n a  
W , ta d  c

+ M2 V2  = (Mx  +  M2 )VC

MjTTj + M2Wp = (Mļ + м2 )^ с

b e t i e v ê r o jo t  nol-niu (1 2 2 ), varam t e i k t ,  ka Vc  = t a s  nozïmê,kF, p a r  
t r i e c i e n a  la ik u . k o p ê ja  in e rc e s  c e n tr a  â trum s neraainäs.

Ja  p irm s t r i e c i e n a  V2  , t a d  pêc t r i e c i e n a  v i s p ä r ïg i  
T r ie c ie n a  e f e k t s  i r  a tk a r ïg s  n e v is  no p asu  ätrw nu un VQ l ie .lu r .a ,b e t  
а о so ätruniu d i f e r e n c e s ,  tam dêļ ie v e d ïs im  v ê l  -  V2  = V , t . i .  i ? e la t ï -  
v a i s  ätrum s pirm s t r i e c i e n a  un I 2  -  ¥•, = W , t . i .  r e l a t ï v a i o  ä t?w ?s päc 
t r i e c j e n a .

S is  ä trum s i r  a tk a r ïg s  no ķermeĢU e la s tïg ä m  îp asïb äm  ua bûs jo  l i e -  
l ä k s ,  jo  la b ä k a s  e l a s t ï g a s  ïp a s ïb a s  bûs abisW ķermeņiera.

Pec Newton^a p r ie k s lik u m a  a t t i e c i b u  r  ,kupa r a k s tu ro  i z v ê lê t a  
ķermeņu p ä ra  e l a s t ï g a s  îp a s îb a s ,  nosauc V 
p a r ^ t r i e c i e n a  k o e f ic ie n tu ;  apzïm êsim  t u  
a r  A " , t a d  t r i e c i e n a  k o e f ic ie n t s :

Jo e l a s t ï g ä k i  i r  ķermeņ.i, jo  v a irä k  tu v o ja s  1.
I d e ä l i  e le s t ïg ie m  ķermeņiem = L
.b s o lû t i  n e e la s t ïg ie m  ” E = 0
/id ê j ie m  ķermeĢiem 0 1

ï r i e c i e n a  k o e f ic ie n tu  nosaka no eksperim en tiem , p ie  kam t a s  a rv ic n
a t t i e c a s  uz ķermeņu p ä r i ,  piemêram tê ra u d s - tê ra u d s ,tê ra u .d s -a k iiic ïis  a . c .  
M eklêsim  ta g a d  ätrum us pêc t r i e c i e n a ,  i z l i e t o j o t  t r i e c i e n a  k o e f ic ie n tu ,  
r e l a t ï v o  ätruniu un in e rc e s  centj*a ätruniu. V„: r  . c

A2  -  V  ̂ -  V2 ) -  . Vr  , no k u r ie n e s  ì  = 1 1 +  ^ ,b ab

a g räk  jau. b i j a  a t r a s t s  + M2 )VC = + M2> 2  , ie l ik s im  s e i t  v '2
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(мх + M2 )vc = Ы1и1 + M2 (r1 + X v r )
(Mj 4- Lî2 )v^ = (Mļ 4- LI2 M ^ 4- ^ 2  , no k u r ie n e s

I Mp : )
’ i  = vc - i H ^ à e . v r  i / 

ļ________ ____1 ..... ?______ J ş
1 IW2 = 4  '  I ^2 = Vc +  1

J______________________ _  _ ____ : /
T ä ļä k  meklêsijm ätrum a maiņu abiem  ķermeniem. î i Ņ L  maiņa 
i r  Vļ -

................ (124)

ķermeniïä 1%

V. -  П, = V, -  V 4- ļ  Ч --Х . V = V, 1 1 1 C 4- M2  г  1

4- N2 V  ̂ -  N^V^ -  LL2 V2  ^ 2
4- M2  ş  4- M2

МЛ  4- M2 V2
— м р п г ;  +  j ŗ T T 2 ^ - v r

Mp(V,-Vp ) M2  
- ş

^ri g a l i g i : Vn -  Wļ = r ŗ - j1 1 4- M2
Mn 

wи  _ V — х
2 '2  “  Mļ 4- N2

Vr ( l  4 - ) ,  Pêc a n a lo g i ja s  a n

Vr ( l  4 - ^ )

No sim form ulam  varam u z i e t  c i t a s  iz te ik s m e s  atrum iem  pec tTieciorÁa 
o au r ätrum ieEi p in n s  t r i e c i e n a  un r e l a t ï v o  ätrum u.

A p sk a to t a trum a m aiņas fo rm u las k o n s ta te ja m , ka 
p o t i t i v a s ,  t â  ta d  V  ̂ ķermeņa ä trum s p.äo

la b a s  pu ses  a rv ie n  i r  
t r i e c i e n a  s a in a z in ä jà s ,

T H \V  ķermeņa Ko  a tru m s pec t r i e c i e n a  p ieau g  

L'orWU.Ias, ahi-oâaw: — ^ - ş

. I z d a lo t  atrumu ш а ^ а з
J H p

= , t a s  nozïniê, ka ätrum u m ai^as a t t i e c i

ba i r  p r e t e j i  p ro p o rc io n ä la  
c i e n t a  Э € •

masam nav a tk a r ig a  no t r i e c i e n a  k o a f i -

T r ie c ie n a  ie s p a id s  uz k in e t is k o  e n e r g i ju .

1 9 1 ЭK in e t is k a  епег§1за p in a s  t r i e c i e n a :  K& = M 4-

" " рос " Kp  = |  4- |  M2?ï|

K in e t is k ä s  e n e r g i ja s  zaudêjumu. apzïiuêsim  а г  К д , t a d
K A = K a  -  K P “  1  “ 1 4  +  ì  “ г 4  -  7  M i 4  -  7  “ - 4

l e l ik s im  s e i t  un W2  pèc forimiläm (1 2 ^ ) , s a s tä d o t  ie p r ie k s :



2 1 1 1^1 "

^ 2 ^2  ..

К
“ 1M 2

“  + <V1
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г

-  V2 ) ( 1  4 - x ) ^  -  è

1
2

1
2

1 2
(Mļ 4- M2 ) 2

M| M2
(Ыд+М^Г

1 2
(мт  + м2 )

л\2  7,2

М ,Щ
KA = MT + S2

=  4- Ы2

2

(1 Ģ)ci - ь+ M 1M2
+ 1^2 2

кл =
^1^2  v 2

М±  +  M2  7 г

zim . 117

zim . 118

К, л

kiezìL iS . J a  ķeruieņi k u s ta s  v ien a  v i r z i e n a , t a à  
t a d  Г = V1n  -  V2o
J a  ķerm eņi k u s ta s  v ie n s  o tram  p re tîE i, tacL ■
Vr = v i  + v2_ _ M,
S p e c iä ls  gad ijum s 1) a t t i e c i b a  « — = 0 , j :b

2 _
M2  = 00 . Ņşrasim a tru ria  fo m iu la s  pec t r i e c i a n a

2
(125)ķeru ie ïìim

1

L^:
u2

^ l  "  ş  Ll2 г

zirn. 119
=  V1 ”  ŗ (1 ^ )v ^ . -  v̂ 4

00

1 = V 1 -  (1  + à t ) ( v 1  -  V2 ) = Vx  -  v^ +  V2  — (V1  -  V2 )=V2  -  (

un g a l ï g i  ļ W1  = V2  - X V r  .......................................(

1 2

Ķermenini К 2 :
^ l

W 2 =  V 2 +  Mx  +  M2

M,
2 +  ş Ş

г

-  ş  0 2 "  ^2

T as noz^Ms, ka o t r a  ķermeņa a trum s nem ainas



- 140 -

A paksgad ijum s: 
1?̂  -  -  0 UL 
ņa ätrum u =

1 - У ?  . M 1 „2 _ I  -  2
ŗ n r r  S  -  г  щ  ' r -------- “ Л

■*■ г  —  4- 1112 1

i 2 ’ > •
ļ K a  = ......................................... (128)
'________________________ J

1̂ 2 = oo ķ  V2 -  0 , o t r s  ķ en aen is  n e k u s ta s . Tad a r î
Vr  = -  V2  = Vj. Ņemot fo rn u lu  (1 2 7 ), a trodam  ķ e ^ o -

Ka redzam s, ķerm enis m aina atrum a v i r z ie n u .  K in e t is k a s  e n e rg i ja s

zaudejuizis: = ------------  M^V^

Foruiulu (129) p a r a s t i  i z l i e t o  t r i e c i e n a  k o e f i c i -  
e n ia  X  n o te ik s a n a i ,  l a i z o t  ķerm cni IC b r ï v i  
k r i s t  no käda augstum a uz n ek u a to su  ķeriaea i K2 
ķ  n o v ê ro jo t c e lè a n a s  augsturou

zim*120^

Wj = — Х У 1 , -  V 2gh 2  = - j £ \ / 2 ģ h 1  ,no ku rien .es

Kä ja u  b i j a  t e k t s ,  t r i e c i e n a  k o e f ic ie n t s  a rv ie n  a t t i e c a s  uz ķermeņu 
p ä r i ,  piem êram  tê ra u d s - tê r a u d s ,tê ra u d s -a k m e n s .

c e c iâ l s  gadi.juBis 2 ) :  = 1. ĶerineĢi i r  p i l n ï g i  e l a s t ï g i .
F irm k ä rt pêc fo rm u las  (126) i r  redza ias, ka = 0 . P ila i ïg i ' e l a -  

ş t ï g a  t r i e c i e n a  gadijun iä k in e t i ş k â s  e n e r g i ja s  zaudejimis n e n o t ie k . 
..trun ius pec t r i e c i e n a  u z ie s im  pec fonauläm  (125 ):

S 1 = V 1

7 2 = V2

M9 ;
-  2  -  V2) “

Г  м , -  î
p  = и р п v i  +  2

+  2  <V 1 -  V 2 ’ -

N^v^ + M2 V1  -  21^2'^

M2
V2

2 2

+ M2 V2  + 2M1 V1  -  2M-L V2  
+ М2

” 2 -  2  V 1 -  V 2 .....................................

Âpakägadi.ium s: = 1 un M, = M2  abu ķenneņu w asas i r  v ie n ä d a s . i i n ï  g a -
ìiju m â  a trodam  t i e s i  no form . ^ (1 )1 )

Г * 1  ' V 2 E  * 2  • ’ ’ 1
1-------------------------------------------

ï a s  nozïm ê, ka ķerm eņi apM ainâs ä trum iem .

.......................  (152)
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S p e c iä ls  gad ijam ş 3 ) ^ . =  0 , t . i .  ķeriiieņi i r  p i l n ï g i  n e e l a s t i g i .
Ņemot fo rm a la  ( ï ? 4 ) , redzam , ka s i n i  gad ija iaa  = VQ un W2  = Vc , t à  
t a d  ķermeniem pêc t r i e c i e n a  bûs kop ïgs â tram s 

ļ О Г + В Д  [
T ļ  t  I ..................

i ê c  fo n n u la s  (126) u z ie s im  k in e t i s k a s  e n e rg i ja s  zaucLêjumu siia gad^Z ^am

Àpaksgadi.jams:

I м д , ■
КД -  T H ļ  7 “ 1

I_________ ________________ i
ļ -  0 an  V2  = 0 , o t r a i s

(1 )4 )

Ķermenis n e k a s ta s .  U ziesim  k i -
n e t i s k o  e n e rg i ju  pec t r i e c i e n a :

S  -  I  “ 1’ î  + 1 M2 ^  « 1  -  w 2 = K ŗ X j  V 1

KP = è ^ i  +  M 2 ^ i  = è ^ i +

Mivî Mî
(Mx + M2 )2 + M 2

K in e t is k a s  e n e r g i ja s  zaade jam s, i e v e r o jo t ,k a  Vr  =

3 a s ta d îs i in  a t t i e c i b u

-L
‘1
2

V  v  v 2

-  2

. . . .  (135)

P o rn u la s  (135) p ra k t is k o  nozim i n o sk a id ro s im  se k o jo so s  p iem eros. 
P iem êrs 1) P ä ļu s is a n a ,  P ie  p ä ļa  ie s i s a n a s  i r  v e ïa m s ,la i  p ä ļ i s  рас k a -

ZH2. 121

zim .122

t r a  s i t i e n a  i e t u  d z i ļä k  zeme un 110 o t r a ş  p u s c s , l a i  pL- 
ļa  g a lv a  b û tu  pêc ie s p ê ja s  mazak dêforraeta.Az- c i t i e i i  
värdiern  s a k o t,  l a i  k in e t i s k â  e n e rg i ja  pêc t r i e c i e n a  К 
b û tu  l i e l a k a ,  b e t k in e t i s k a s  en e rg ija s_ zau d e ju iiis  рас - 
t r i e c i e n a  Кд -  m azaks. I 'o ra u la  (135) rä d a ,k a  ta d  z / c l t -  
ņa Kļ m asai jä b û t  pêc ie s p ê ja s  l i e l ä k a i , s a l î d - z i a o t  
a r  p ä ļa  K2  masu M2 . Tas p a ts  i r  sakams a r ï  p ie  n a g lu  
i e s i s a n a s ,  jo  smagäks i r  v e s e r i s ,  s a l ïd z in o t  a r  n a g la ş  
sv a ru , jo  ä t r ä k  v a r  n a g lu  i e s i s t .
P iem êrs 2) K n iedêsana , P ie  k n ie d ê sa n a s  i r  M vel6o  ìm ie -  
des g a lv iņ a  un siru nolûkam i r  v a ja d z ïg s  p a t ê r ê t  darku , 
кара dos k in e t i s k a s  e n e r g i ja s  zaadêjum s K ^ . Tä ta d  
s e i t  Kp jä b ä t  mazâkam un К д  рёс i e s p ê ja s  l i e l ä k a ^ .
Pêc fo rm a la s  (135) m asai jä b ä t  m azai, s a l ïd z in o t  a r  
masa M2 , b e t  k n ie d e s  masa p a t i  p a r  s e v i  nav  l i e l a  un

ta n id e ļ v iņ a  p a r a s t i  p a l i e l i n a  n o l ie k o t  apaksa smagas ķ en aeņ as.
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C arnot teo rem a d iy u  ķermeņu n e e la s t ïg a  t a i s n a  
t r ie c ie n .a  g ad ijm n ä .

C arno t teorem a fo r în u lê ja s  t ä :  ķermeņu k in e t i s k a s  e n e rg i ja s  je b  
d z lv ä  spèka zaudêjum s n e e la s t ïg a  t r i e c i e n a  gadijum ä l ïd z in ä j a s  pafcau- 
d ê to  ä t rw iu  k in e t i s k a s  e n e r g i ja s  summai. 0  o

D ots:^C =  0. K in e tisk a  e n e rg i ja  p in a s  t r i e c i e n a :  Ka  = —------l- —g—■■ .K in e -  
MļW? M2U|

t i s k ä  e n e r g i ja  pec t r i e c i e n s :  Kp  = — ------1----- . K in e tisk a s  e n e rg i ja s

zaudêjum s: Кд = Ka  ~  Kp . „  „
Кд = -  Wj) +  -

b e t  j a  ķerm eņî i r  n e e l a s t ï g i X l  = 0 , ta d  Uļ = W2  = W
Кд = ^ ( v f  -  ^  + > ( V |  -  W2 )

Pec k u s t ib a s  daudzuma teo rem as: N^V^ + M2 V2  = MjW + M2W, jeb  
^ l ^ ^ l ^ ^  -  M2 (W—V2 ) = I t r  t r i e c i e n a  spêka impulsam.

Kâ  = + ^ - ( v ^ ş ) ( v 2ģ )  = |  I ^ ^ ( V ^ )  -  |  (v2  +  W)

K û = |  (Vx  + W -  V2  -  W) ; KA  = |  I t r  (V1  -  V2 )

M?(V, -  W)2  M?(W -  Vo )
ТГ _  -L x  . L-"  2 K [  +  ------------ ------------------

je b  a r ï  Кд  = |  M1 (V1  -  W)2  + |  M2 (V2  -  W)2  ļ .....................(1 )6 ) 

a r  so C arno t teorem a i r  p i e r ä d ï t a .  P iezïm êsiB ijka fo rn iu la  (1 )6 )  i r  p a -  
r e i z a  t i k a i  ta d ,  = 0 .

T a is n a is  e ķ s c e n t r i s k a i s  t r i e c i e n s .
P raksê  p a r a s t i  e k s c e n t r i s k a i s  t r i e c i e n s  näk p r ie k s ä  p ie  ķermeniem, 

kuŗiem  i r  käda n e k u s to sa  g r ie z e s  a s s ,ta m d ê ļ  pieņem sim , ka ķerm enis K2  
a t r o d a s  g r ie z e s  k u .s tîb ä  ap a s i  D2  nn t i k a i  ķerm enis K  ̂ a t ro d a s  v ir z e s  
k u s t ïb ä  a r  âtrum u V^. Apzïmêsim Ŗermeņa K  ̂ n a su  a r  M ļSin ķermeņi 

a r  M2  un pieņem sim ,ka ķermeņa К
a K2  masu 
2  srnagu-

zim

ņemsim,

W  c e n t r s  Cļ a t ro d a s  uz k o p ê jas norm a- 
l e s , b e t  C2 g u ļ ä rp u s  t ä s .  Bez tam  p i e -  
------ ļļ NN un D2C2 X M ,b a d  mês 
so g a d iju n u  varam k v a l i f i c ê t  kä t a i s n u
tr ie c ie n u .A p z iiiisê im  D2 C2  пл M  k m s t o -
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san as punk tu  a r  nosauksim  to  p a r  t r i e c i e n a  punktu. un apzxniesim 
^ 2 ^ 2  =  a ‘ l a i  v a rê tu  e k sc e n trx sk a  t r i e c i e n a  gadxjumè p i e l i e t o t  
fo rm u lu s , iz v e s ta s  c e n trä la m  tr ie c ie n a m , jâ ied o m ä jä s  ķerm eni K2  a iz s r ie -  
t o t u  a r  c i t u  ķerm eni K£,kuŗam smaguma c e n t r s  b u tu  punktâ u n ia a s a  МД 
b û tu  t i k  l i e l a ,  l a i  ķenneņa sp a rs  v i r z e s  k u s t ïb ä  b u tu  v ienäds a r  
ķernieņa Ко арахи g r ie z e s  k u s t îb ä  p irm s t r i e c i e n a .  Apzimêsxm ķeruxeņa K  ̂
g r i e z e s  ärruniu p irm s t r i e c i e n a  a r  CO ^ , ta d

J 2 W ?
ş  = - ş -  >bet V2

= , t ä  ta d  м1(О2 а 2  = 2 по kuriexïes niès

Mg kupu sauc p a r  ķermeĢa K2  red u cê to  uL.sn: - - (Ъ7)
I e v i e t o j o t  red u cê to  masu t a i s n a  t r i e c i e n a  fo rm u läs  124,125,126 masas.M, 
v i e t ä ,  varam a t r a s t  punk ta  1^2 ätrum u_pêc t r i e c i e n a ,k a  a r ï  k in e t i s k ä s  ‘ 
e n e r g i ja s  zaudêjuiau. Bet áinx  gadijum ä i r  v e l  ļ o t i  i n t e r e s a n t i  n o s k a i-

2

d r o t ,  p je  kädiem apstâk ļxe in  g r ie z e s  a s s  D2 g u l tn ê s  nebûs r e a k t ïv o  t r i e -  
c ie n u . Lo jau tä ju im i a p s k a tïs im  ta g ad  a t s e v i s ķ i ,n e a t k a r ï g i  по ķerraeņa K, 
m a s a s , t . i .  p ioņem ot, ka uz ķerm eni K2 d a rb o ja s  käds t r i e c i e n a  sp e k s , x  
кара im pulss i r  zinam s.

S k s c e n tr is k a  t r i e c i e n a  ie s p a id s  uz ķerm eni,kupam  
i r  n e k u s to sa  g F iez es  a s s .

T r ie c ie n u  mês d ê fin ê jam  kê ļ o t i  l i e -  
l a  spèka ie d a rb o san o s  uz ķerm eni ï s ä  
l a ik ä .T r ie c ie n a  spêka ie a p a id u  ra k -  
s tu ro  v ïņ a  in ipu lss_T t r ,k a s  i r  v ek - 
t o r s  spêka v i r z ie n a .

Lai g r ie z e s  a s s  b û tu  n e k u s to e a , 
t ä  j ä i e l i e k  d iv ä s  g u ltn ê s ,k u p a s  dos 
d iv a s  r e a k c i ja s  Sa  nn Sa .K oordinätu. 
säkuKu ņeBisim v ie n ä  по gu ltnsm  punk- 

— t ä  O^. Z a s i  iz v c lê s im  t ä , l a i  v iņ a  
s a k r is tu . a r  g r ie z e s  a s i .X  a s i  ņem- 
sini p a r a l l e l i  vlLlsakarL im pulsa vek- 
t o r a  a ttâ lņ n a m  по g r ie z e s  a s s , l ï d z  
a r  to  ta d  X a s s  bûs p e rp e n d ila ilä ra  

_  . im pulsa  vektorani T^r .P â rn e s ïs im  à -
p u ls a  v ek to ru  I t r  savä v i r z ie n â  l ï d z  k m s to s a n a i  a r  XZ p la k n i p unk tä  T. 
Tädä gadijum ä v e k to ra  p r o je k c i j a :  = 0 un p a l ie k  I ^ r , a r  i e d a r -
b es  p u n k tu /  ,kupa k o o r d in ä te s J  .(x  ,O ,z  ) . I e v e d ïs in  v ê l  sädus apzïm ê- 
jumu.s:

h — a ttä lu m s  s t a r p  gu ltnêm ,
M -  ķe m eņ a  masu,
J  -  ķermeņa in e rc e s  moiaentii p r e t  a s i  OZ,

M  un CO 2 -  ķeriiienû g r ie z e s  ätrum s t r i e c i e n a  säkuma un g a la  iuomen- 
t ä , p i e  kam, j a  ķ e ra e n is  b i j a  m ie r â , ta d  GJ, = 0 .

yeiasini g r ie z e s  k u s t ïb á e  ap Z a s i  d i f - n o l -ши: 1

J 2 . r  = Lz  , b e t  Lz  = ? ^ .X o  
i e v i e t o j o t  so un i n t e g r ê j e t  по t r i e c i e n a  s ä k n ķ  momenta t-> l ïd z  t r i e -  
c ie n a  g a la  momentam dab'ûsim x

r .t ?  p t 2
J Z ( O 2  -  e p  = i 4 r .x 0  b e t  l =

J  г 1
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t r . aУ (1 )3 )

Ar so n o l—nu. varam a t r a s t  ätrum u рёс Ьг1ес1епа Bet a r  âtrw na no— 
te ik s a n u  mês v ê l  nevaram  s k a i t ï t  jau ta jim iu  g a l ï g i ^ a t r i s i a â t u ;  ^zio-siW 
v e l  c ik  l i e l i  bûs r e a k t i v i e  t r i e c i e n i  g u l tn e s  j e b r e a k c i j u  impulsi.M û- 
su. r l c l b ä  sim  nol-kam  i r  v e l 5 c i e t a  ķ e raen a  v is p a r ig a s  k u s t ïb a s  d i f -
a o l - ģ ,  t . i  
X Ш1 7  asïm

)  in e rc e s  e e n tr a  k u s t ib a s n o l-m i un 2 momentu n c l-iu i ap

7 c
2) My0

О т. S'

c

= V  
= ^ Г

S

а
2x
!* + S

eîz ş s :

а 
2y 
а 
'2z

4 ) Ht

d t
P irizikart ie v e ro s iin ,k a  p ie  
z = 0 , z = 0 .

a s i  k o o rd in a te s  z = c o n s t .  un

s à  no t j  l i d z

î g r ie z e s  ap 2
ta d  p a re iz in ä c im  1 ) , 2) un 3) nol-uius a r  d t un i n t e g r ê -

M(xc 2  -  x c l

/.t /
\ (3 
J t l
’ ^ 2 / -

)d tIx  2 x '

un

Г + Sîy ş
0 + _

.  +  S Î Z
г 1

+ S~ J d t

I e v e r o jo t ,  ka g r ie z e s  k u s t ib a  ap 2 a s i :  V =G >,rc

cx c_  -  — Vc_ Sint•P = — G J.rc:  —r   -  — Jуc . (J  
c

zim . 1 2 ). 
v a r  a i z v i e t o t

v cy y c
7c CosQ7 = 6 J .r c

c x c .GJ

Apzimèsiiïi v e l

un ie v ie to s iE i

Tagad ņeiasim 
oas daudzuDia

4) —d t  

X c§ =  "  
x c l  = -

r e a k c i ju

y0 W2  
yc W i

-
J c l  =

■2

x c
c

(J  2  
" 1

inŗp-ulsus ^a

"1
n o l-a p s  1 ) ,  2) un ) ) ,  ta d
1) -Myc  ( W2  -Wj_

2) MX O (GJ2 ^ )  = I
2x

’У

SL =

3) 0 = Iz  '

Х1У 2y
^ z

p r ie k s a  по1-ыи.з 4) 
momerrtu iz te ik s m e s

k -  V k  )

5) a t ^ - ^ k ^ A  x k z k 

p ir ia k ä r t  l ik s im  z^  -  0 , x^ -  - 
a r  d t  un in te g rê s iE i:

un 3 ) ,  ie v ie to s im  k r e iä a s  pu ses  k u s t i -  
un s a s tä d ïs im  momeirtus la b ä s  p u sa s :

1

= — F

>tr 
У 
, t r  
z

z o

о

~ s ?y 

+ S 2x

.h

h

u r  = Xy . U ; ta d  p a re iz i ï ia s i in
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6^2 f'^2
4) = -% L -h ' Й .Й

> r l  0 * 1
^ 2  . f t 2

5 ) '  ^ У Л * ^  - W P  = -%  ). 'â î  + h 1 S |x .d t

S k a i to t  p a r  t r i e c i e n a  la ik u  punktu  k o o rd in ä te s  p a r  C o n s t . , уагаи l i k t :
m, x, z, = J к к к xz
W k  = J

t a d 4) xz 2 1

5) J y z  ( U 2 1

--° ^ г  + ь .1 г у

x o ^z “  h , i 2x
По nol-iaiem  1 ,2 ,3 ,4 ,5  var u z i e t  r e a k t ïv u s  im pu lsus, j a  bûs a t r a s t i  c e n -  
t r i f u g ä l i e  in e rc e s  jaomenti un zinanias in e rc e s  c e n tr a  k o o i 'd in â te s , 

Tagad noskaid rosiD i p ie  kadiein a p s tâ k ļie m  t r i e c i e n a  зрака n e i z -
sau k s  g u l tn ê s  r e a k c i j a s .  Sim nolukaia j ä p i e l ï d z i n a : i =1, =1
= i 3 = i 9  = 0 . По 1) nol-m a t u l i ņ  a trodam , ka

z  | y c  = 0 . t a s  n o z ï -
n ê , ka smaguma oentram  C jä a t r o d a s  M  p lu k n ê . T äļäk  no 2) n o l-ша a t r o -

Мх_('л>о  ~ ( А )  = I ^ r  . N sm aà  v ê l  g r ie z e s  k u s t ïb a s  nol-iau (1 3 8 ): 
t r  J -

J 2  = ( '0 2  = ly  .x 0 , i z d a lo t  v ien u  a r  o t i”j.,a tro d a ri x Q = — ,b e t
t a s  n av  n ek as  c i t s , k a  e k v iv a le n ta  s v ä r s t a  garurtis - ^ , t ä  t a d  "x0  = /  ļ
T as n a z in e ,k a  t r i e c i e n a  ie d a rb e s  puuktam ja a t r o d a s  a t ta lu m a  0 ao 
g r i e z e s  a s s ,k a s  l ï d z in ä j ä s  e k v iv a le n ta  s v ä r s ta  garumani.

No 3) n o lïd z in ä ju m a  atrodam , ka I ^ r  = 0 , t a s  nozïraê,ka t r i e c i e n a  
im pulsam  jä b û t  perperid iku läram  XûZ p la k n e i. Pcc tam atrodam  no n o l-ша
5) J v „ =у  0Z»  un no 4 ) : d Лги 2 ^ l
t a t u  r io z im i,p ä m e s i3 in  
t u  zQ un^ ņensim  ja u n a s  

x k = î  к

o у
k o o rd in ä tu  закиши pa
ass p a r a l l e l i  vecaia 

^k ~ 7 к
' / с ~ $

Lai n o s k a id ro tu  so :? e z u lta -
Z a s i  punk ta  
ta d

0 a r  o rd in ä -

z
z c

J yz

г к
гс

+ z о
z o

yz
j xz
J

=
°  l = K k

c

к 1 ‘ о

= 0 ил J  yz = О 

à -  = j '

2 0 , 
ta d

z

~ 0

+ z_M ?_  . I z d a l is im  nol-m u 4) -L û ,)  = z I й
О ) С c  J_ О V

a r

ис1-ши (137)

j  =
х г  -  J z

Z (W 2  - W p  = x 0 Iy r  , t a ä  J z o - 
x 0  z  ’ о

= Mzon xc„ . Ta°g ad f  * xz о < c o c  O)C=0
c

C ~  î  c
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Ka red za ias , a n 7 Bet j a  -  0 un = 0 , t a d  g r ie z e s  a s i j  
jä b û t  g a lv e n a i  a s i j  punk tä  0 ' (ne e e n t r ä l a i , b e t t i k a i  g a lv e n a i a s i j ) .  
S av e lk o t v is u s  r e z u l t à tu s  varaiii t e i k t , k a  g u ltn e s  nebûs t r i e c i e n u , j a :  
l ) t r i e c i e n a  im pulss i r  p e r p s n d á à la r s  p la k n e i , v i l k t a i  cau r g r ie z e s  a s i  

кепаепа siaaguma c e n t r u ,2 ) g r ie z e s  a s s  i r  ga lvenä  in e rc e s  a ss  p unk tä  
kas i r  ie d a rb e s  punk ta  A p r o je k c i ja  uz g r ie z e s  a s i  w i ) ) à p a . I a a  vek-

un 
0 '
t o r a  a t tä lu m s  по g r ie z e s  a s s  H d z ln a M s  e k v iv a le n ta  s v â r s ta  garuiaaai.

P unk ts A, kas a t b i l s t  m inetäm p rasïbäm ,sau .cas p a r  t r i e c i e n a  cerrtru. 
un t a s  s a k r ï t  a r  ja u  p as ïs tam o  s v ä r s t ï s a n a s  cen tru . 8 .
P iem êrs . U z ie t  t r i e c i e n a  c e n tru  hornogenam ta i s n s tû r in i .  Iz v ê le s im  k o o r-

z
' 0

zim .126 .
P iem ärs . B a l l i s t i s k a i s  s v ä r s t

z

d ina tu . s is tem u  t ä , l a i  Z a s s  s a k r is tu . a r  
g r ie z e s  a s i  un X a s i  t a i s n s t i l r a  p la k n ê , ta d  
in e rc e s  cen b ra  k o o rd in ä te s :  _ b . h
In e rc e s  moments ap Z a s i :  л с 2 ’ j ^o^2

1 оv  Mb . T r ie c ie n a  c e n tra k o o rd in ä te s :
"1T  iMnb,2 о -  v ķ  -  à  

o 2

Pec b a l l i s t i s k ä  s v a r s ta n o v irz ib a n a s
leņķá v a r  s p r i e s t  p a r  lâ d iņ a  ä tn u n u .,b e t l a i  p e -  
k a re s  punk tos n e r a s to s  d inan iiskas r e a k c i j a s , t a d  
läd inam  j ä i e s i t  s v ä r s t ï s a n a s  c e n t r ä ,  kas b7s 
l ïd z  a r  to  a r ï  t r i e c i e n a  c e n t r s .

L ie to jo t  ro k as  ä a u ru , k ä ts  jäņem  t i k  g a r s , l a i  
pnnk ts  s v ä r s t ï s a n a s  c e n t r s  punk tan  0 , ku.ru.
tu ram  ro k ä . J a  t a s  n.6bû.s i z p i l d ï t s ; t a d  roka s a -  
j ï i t ï s  nepatïkam u re a k t iv u  t r iè c ie n u . .  U ziesim  v ê l 
än u ra  ätrumu. pèc t r i e c i e n a  l i e t o j o t  form . (125) 
u z s k a to t  amuru p a r  ķenneni К2 .

ŗ ^ - ( l + ^ )  Vr ,k u r  masa M ^co ; =

1 2  а '
I ş ^ )  V2 ; ļ .K in e t is k a s  e n e rg i ja s  zau d e ju mu dabusim

pêc fo rm u las  126: „ — 1 -  . M 1M2 .2  ^ 2 ^
Kû = —?—  aoaļKa < i-;* )-g—

C arnot teo re iaa  punk tu  s i s t e a a i .
Punktu. s is te m a i  C arnot teo rem a fo n a u lê jä s  r ä :  j a  s is tem â  p ê k sņ i 

ro d a s  ja u n a  s a i t e ,  t a d  k in e t i s k a s  e n e r g i ja s  zaudêjum s l ï d z i n ä j ä s  pazau.- 
d ê to  äbruwu k in e t i s k a i  e n e r g i j a i .

Pieņem sim , ka s is te m ä  i r  h s a i t e s :
f 1 (x 1 y 1 Z 1 x 2 y2 Z 2  . . .  z k yk z k  . . .  V A ) = 0
f 2<*ly l z l x 2y 2 z 2 • • •  х Л 2 к •••  = °

f h ( x l y l z l x 2y 2 z 2 • • •  x ky k z k • • •  = °
S is tem a a t ro d a s  k u s t ib ä  un p e k sņ i ro d a s  jau n a  s a i t e

f  (X 1 y 1 Z 1 x 2 y 2 z 2  . . .  x k yk zk  . . .  xn yn zn ) = 0
p ie  kam vecäs s a i t e s  a r i  p a l ie k  speka . Tad inaza l a ik a  s p n d i  С по mo- 
m enta t j  11 dz p u nk tu  âtrum u p ro je k c ijä M Y ^ ,V k y ,V^z  jäm ainäs t ä , l a i  
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