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Abstract

In this thesis, two aspects of the empirical likelihoodmethod for two­sample problems are inves­

tigated. First, in the context of survival analysis, the two­sample empirical likelihood method

for right­censored data is established. It is demonstrated that, under certain regularity condi­

tions, the limiting distribution of the scaled test statistic is a chi­squared random variable with

one degree of freedom. Additionally, an estimator of the scaling constant is proposed.

Second, for two­sample location­scale models, the plug­in empirical likelihood method is

analyzed to develop a procedure for the goodness­of­fit test for validation of the location­scale

model. Furthermore, a novel graphical empirical likelihood­based method is introduced for

the construction of confidence regions for location and scale parameters, accompanied by an

algorithm for the practical implementation.

All established methods and theoretical findings are supported by a simulation study.

Real­world data examples are presented to illustrate the application of the proposed methods.

The analysis of diabetes patient data is demonstrated using empirical likelihood approach for

two­sample location­scale models.

Keywords: empirical likelihood, two­sample problems, plug­in estimators, survival analy­

sis, right censored data, location­scale model, confidence intervals and regions
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List of notations and abbreviations

EL – empirical likelihood

i.i.d. – independent and identically distributed

P­P plot – probability­probability plot

Q­Q plot – quantile­quantile plot

ROC curve – receiver operating characteristic curve

I{X<x} – indicator function of the event {X < x}

F – distribution function

f – probability density function

F−1 – quantile function

Fn – empirical distribution function

F̂ – estimator of distribution function F

N(0, 1) – standard normal distribution

Z1−α – (1− α) quantile of standard normal distribution

N(µ, σ2) – normal distribution with mean µ and variance σ2

χ2
k – chi­squared distribution with k degrees of freedom

χ2
k,1−α – (1− α) quantile of chi­squared distribution with k degrees of freedom

exp(λ) – exponential distribution with the rate parameter λ

U [a, b] – uniform distribution over the interval [a, b]

di – number of events observed at time ti

ri – number of subjects at risk at time ti

RMST – restricted mean survival time
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Introduction

Empirical likelihood method

The empirical likelihood (EL) method has gained widespread popularity among researchers

since it was introduced by Owen in 1988 [30]. Owen demonstrated that it can be used to con­

struct confidence intervals for the sample mean, a class of M­estimates including quantiles, and

statistical functionals. Furthermore, EL method was extended to make inference about the mean

of a vector of random variables [31] (see also [29]). In 1994, Qin and Lawless [36] also studied

the EL method to link it with general estimating equations.

The EL method offers numerous advantages over conventionally used statistical methods

(see, for example, [11] for review). It is nonparametric andBartlett­correctablemethod, provides

confidence regions that are not of predetermined shape, but automatically reflect the emphasis in

the observed data. Additionally, it is range­preserving with respect to the parameter of interest.

In 2000, Qin and Zhao [37] extended the EL method for various differences of univariate

parameters in the two­sample case. They introduced conditions ensuring a chi­squared limiting

distribution of the EL statistic. This setup did not include applications with non­smooth esti­

mating equations. However, Molanes Lopes et al. [26] later demonstrated that the EL method

is applicable even in cases with non­smooth estimating equations. Alternatively, Chen and Hall

[3] showed that by appropriately smoothing the estimating equations, coverage accuracy can be

improved from order n−1/2 to n−1. Claeskens et al. [4] also studied the smoothed EL method

for comparing two populations using probability­probability (P­P) plots and receiver operating

characteristic (ROC) curves.

In 2009, Hjort et al. extended the EL method in the one­sample case to allow for nuisance

parameters in the estimating equations, estimated by plug­in estimators. While they were not the

first to study this approach, they aimed to establish a very general procedure covering a wide

range of applications. It was demonstrated that, in the simplest cases, under several generic

assumptions the EL statistic converges to a scaled chi­squared random variable, and the scaling
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constant needs to be estimated from the data. In more complex cases where the scaling constant

cannot be estimated, Hjort et al. [16] proposed the use of bootstrap resampling methods.

Various interesting statistical EL­based procedures have been developed in last decades (see

[23] for review). However, there are only few implementations of those methods available

in statistical software packages. The R package EL [50] was developed for several statistical

two­sample inference problems such as the mean or median comparison, the difference of two

quantile or distribution functions, P­P and quantile­quantile (Q­Q) plots, ROC curves, among

others. Valeinis also studied the two­sample ELmethod for P­P andQ­Q plots [51], for structural

relationship models [49], as well as for inference in robust statistics (see [52] and [7]).

Empirical likelihood method in survival analysis

Survival analysis is a branch of statistics that deals with non­negative time­to­event data. Right­

censored data is common in survival analysis when some subjects do not experience the event

during the study or exit before it occurs for unrelated reasons. Thus, for some patients ac­

tual survival times are not fully observed. The survival function, defined as a complement of

the distribution function, is the central object in survival analysis along with is nonparametric

Kaplan­Meier product limit estimator.

In two­sample case, standard methods include log­rank tests for comparing survival distri­

butions and Cox regression models for estimating hazard ratios. However, these methods may

perform poorly in specific cases or do not apply due to violation of the assumptions. In such

cases, alternative measures like comparing survival probabilities at a fixed time, median survival

times, mean residual times, or mean restricted times can be employed.

Thomas and Grunkemeier [48] were the first, who used the EL ratio to construct the con­

fidence intervals for survival probabilities with right censored data. However, a significant

contribution to the research involving censored data has been made by Mai Zhou, who summa­

rized the standard survival analysis topics using the EL method, along with the accompanying

R codes for the implementation, in his book [56] (see also R package emplik).

In 2001,Wang and Jing [53] developed an EL­based approach for a class of functionals of the

survival distribution, determined by a non­negativemeasurable function ξ. They proposed a data

modification that enabled the direct application of the EL method for randomly right censored

data. However, in that case, the statistic no longer remains distribution­free and converges to a

scaled chi­squared distribution. This arises from the use of plug­in estimator for the unknown

censoring distribution as a part of the modification procedure.
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In this thesis the result of Wang and Jing [53] is extended for the two­sample case. Sim­

ilarly as in one­sample case, under certain regularity conditions, a scaled chi­squared limiting

distribution of the EL test statistic is obtained. The scaling constant needs to be estimated from

the data, and for this purpose the same technique as proposed in [53] is employed. Specifically,

the asymptotic variance of the Kaplan­Meier integral is estimated using the jackknife procedure

[45]. For the inference regarding the mean residual life, an alternative estimator was proposed

in [35], however it is not investigated in more detail within this thesis.

The main advantage of the established two­sample approach is its generality, implying a

wide set of applications. These include, but are not limited to the inference for the difference of

k­th moments of survival distributions, including mean survival times; the difference of mean

residual, as well as mean restricted survival times at a fixed point; the difference of survival

probabilities and cumulative hazards at a fixed point.

The established two­sample method for right­censored data is implemented using the ex­

isting R library EL [50]. However, for censored data, additional programming is necessary to

perform hypothesis testing and construct confidence intervals.

The EL­based inference for location­scale models

In medical research, comparisons between two groups are usually made by testing the equality

of two measures of central tendency, such as the mean or the median. However, more refined

statistical analysis of the differences between two distributions is advantageous (see [39]). The

location model F (x) = G(x − µ), for x ∈ R, demonstrates a uniform shift in all quantiles

of the two distributions F and G, i.e., F−1(t) = G−1(t) + µ for t ∈ (0, 1), where µ ∈ R

is a constant shift denoted as a location parameter. In terms of medical research this would

lead to the conclusion that the treatment is beneficial for all members of population. Under the

assumption of two­sample location or location­scale model many tests beyond the classical t­

test andWilcoxon test have been developed to verify the statistical significance of the treatment,

for example Lepage, Podgor­Gastwirth, Cucconi and Neuhäuser test among others (see [25] for

review). However, in order to apply those tests, a location­scale model needs to be validated

between two distributions.

The assumption of semiparametric location­scale model generally might be true for random­

ized controlled trials, however not necessarily within other study designs. The goodness­of­fit

test of the location­scale model itself has not been widely studied in the literature. Doksum

and Sievers [9] introduced non­parametric simultaneous confidence bands for the general shift
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function based on the Kolmogorov­Smirnov statistic. Freitag and Munk [10] described the gen­

eral methodology to obtain a goodness­of­fit tests for the assessment of the validity of structural

relationship models, including the location­scale models as well. Hall et al. [12] developed

a test based on the empirical characteristic functions to verify if the distributions belong to a

location­scale family. Recently, the validation of a location­scale model was also studied by

Subramanian [47] for censored data case using the plug­in EL method.

Whithin this thesis an alternative procedure that can be used for goodness­of­fit testing of

the two­sample location­scale model is developed. It is proposed first to estimate the location

and scale parameters and afterwards to transform one of the samples by the location­scale trans­

formation. The two­sample EL method is used to test the equality between the transformed and

the other sample. Two EL­based statistics for comparison of two distribution functions are con­

sidered for this purpose: the difference between the distribution functions and the probability­

probability plots at a fixed point. Due to the plug­in parameter estimators, the considered test

statistics are not distribution­free and their limiting distribution converges to a scaled χ2
1 random

variable [49].

The second goal concerning location­scale models is to develop a new graphical tool for con­

structing confidence regions for both the location and scale parameters. To do this, a distribution­

free EL test statistic for generalized probability­probability plot function is used. Other EL­

based test statistics can be used for this purpose as well. A distribution free confidence region

contains those values of location and scale parameter for which the null hypothesis of location­

scale model is not rejected. Although the idea in principle comes from Doksum and Sievers

[9], regarding the EL method this is a novel approach and could be used for any two sample

problem.

Within this thesis the algorithm for the practical implementation of the proposed method is

given for the location and the scale models only. In this case, simply the confidence interval

instead of region at a fixed point is obtained for either a location or a scale parameter. The

results obtained can be extended to the wider class of the semiparametric relationships between

two distributions. Such models were first introduced in a general form by Freitag andMunk [10]

and the most common examples include the two­sample location­scale model and the Lehmann

alternative model, where the latter holds between two distributions in case of a proportional

hazards model.
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Statistical analysis of diabetes patients data

The author of this thesis has been actively engaged in a collaboration with the Personalized Lab­

oratory of Medicine at the Faculty of Medicine, University of Latvia, since 2017. The primary

focus of this laboratory is the investigation of risk factors associated with diabetes complica­

tions, leading to numerous research projects and an extensive collection of data from diabetes

patients. This collaboration has resulted in six scientific papers (see List of ancillary publica­

tions), in which the thesis author has undertaken the statistical analysis of the datasets.

However, during this collaboration, it became apparent that traditional statistical methods

were insufficient to provide highly detailed statistical analysis. Consequently, there arose a

necessity to implement more advanced statistical methods, particularly those based on EL, in

the analysis of data from diabetes patients. In this thesis, several applications of the proposed

methods were demonstrated using data from diabetes studies, with the aim of promoting their

use in medical research within Latvia.

Aim of the research

The aim of this research is twofold: to establish a two­sample EL method for right­censored

data and to develop inferential methods for location­scale models based on the EL method. To

achieve this aim, the following tasks and objectives have been outlined.

(1) To establish the two­sample EL method for right­censored data.

(2) To analyze the practical implementation and applications of the two­sample plug­in em­

pirical likelihood for location­scale models.

(3) To develop a new method for constructing confidence regions for location and scale pa­

rameters based on the EL method for P­P plots.

(4) To analyze data from diabetes patients using advanced statistical methods, including EL

method in two­sample case.

(5) To carry out the practical implementation of the analyzed and established methods in the

R software.

(6) To perform a comprehensive simulation study that complements theoretical findings, and

to illustrate the proposed methods with real­world datasets.
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Structure of the thesis

This thesis is divided into two main parts: one part is devoted to the right censored data setup,

and the other part is dedicated to the two­sample location­scale models.

The first chapter of the thesis gives the description of the empirical likelihood method in one

and two­sample case based on [36] and [37]. Moreover, the plug­in EL method established by

Hjort et al. [15] is presented for one­sample problems. Smoothed EL method is described as

well following the setup by Claeskens et al. [4] for comparison distribution of two populations.

The second chapter is devoted to the extension of the EL method for the two­sample case for

right censored data. The preliminaries of the survival analysis alongwith some other two­sample

inferential methods is also discussed.

The third chapter focuses on two applications of the empirical likelihood­based inference

for the location­scale models in two­sample setup. First, the validation of the semiparametric

location­scale relationship between two distributions using the empirical likelihood method­

based statistics is described. Second, the algorithm for the construction of the confidence inter­

vals (regions) for the location and scale parameter between two samples is established.

Both second and third chapters are accompanied separately with the simulation studies and

the applications to some real data analysis.

Approbation of the results and author’s contribution

The results obtained in this thesis have been published in three peer­reviewed scientific papers,

and one preprint has been prepared. All of them are listed below. The list of ancillary publica­

tions is found in the Appendix.

(1) L. Pahirko, J. Valeinis, J. Gredzens, M. Krumina. Validation of Two­sample Location­

scaleModel Using Empirical LikelihoodBased Statistics. In 5th International Conference

on Statistics: Theory and Applications, ICSTA 2023, August 3–5, 2023, London, United

Kingdom. Paper ID 168, Avestia Publishing, 10 pages. https://doi.org/10.11159/

icsta23.168 (to be indexed in Scopus).

(2) L. Pahirko, J. Valeinis. Empirical Likelihood­Based Confidence Regions for the Struc­

tural Relationship Parameter. In 6th International Conference on Mathematics and Statis­

tics (ICoMS 2023), July 14–16, 2023, Leipzig, Germany. ACM, New York, NY, USA, p.

38­47. https://dl.acm.org/doi/abs/10.1145/3613347.3613354.
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(4) A. Fedulovs, L. Pahirko, K. Jekabsons, L. Kunrade, J. Valeinis, U. Riekstina, V. Pirags,

J. Sokolovska. Association of endotoxaemia with low grade inflammation, metabolic

syndrome and distinct response to lipopolysaccharide in type 1 diabetes. Biomedicines,

11(12):3269, 2023. https://www.mdpi.com/2227-9059/11/12/3269.

In papers (1) ­ (3), the author wrote and edited the text, established and proved theoretical results,

conducted simulation studies, and performed data analysis. In paper (4), the author conducted

data analysis, described statistical methods and results sections, and edited the text.

The author of the thesis has participated in 13 scientific conferences since 2014 (see List

of conferences in the Appendix): twelve international conferences (C1, C2, C4­C13) and one

national conference in Latvia (C3).
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Chapter 1

Empirical likelihood method

This chapter is dedicated to introducing the empirical likelihood method, which was established

by Owen in 1988 [30]. A very basic definition of the method is stated briefly here, as a more

rigorous description of the method can be found in a recent doctoral thesis by Delesa­Vēliņa

[6]. Therefore, in this chapter the primarily focus is on the specific extensions of the method

relevant to the thesis objectives, while also providing a fundamental definition of the method.

In Section 1.1, the empirical likelihood method is defined for a one­sample case in a general

setup, following Qin and Lawless [36]. They examined the general estimating equations for a

d­dimensional random vector with a p­dimensional parameter of interest, θ. The extension of

their work was demonstrated byHjort et al. [16], who introduced the concept of plug­in nuisance

parameters allowed to be incorporated into the estimating equations. Their approach is described

in Section 1.2. While their approach is quite general, in simpler cases, the limiting distribution

converges to a scaled chi­squared random variable due to the use of plug­in estimators.

The method for the two­sample case was extended by Qin and Zhao [37], who investigated

the empirical likelihood ratio for various differences in two populations denoted by ∆. They

also introduced a set of smoothness conditions that must hold for the estimating equations (see

Section 1.3), which excludes applications with non­smooth estimating functions. However, in

Section 1.4, smoothed empirical likelihood is introduced, following the approach by Claeskens

et al. [4], who studied the method for probability­probability (P­P) plots and receiver operating

characteristic (ROC) curves using kernel density smoothing on the estimating equations. While

the smoothed method allows for application in a wider range of scenarios, a new challenge arises

concerning the selection of the smoothing bandwidth.
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1.1 Empirical likelihood method

Let us follow the very general setup of the empirical likelihood method described in [36]. Sup­

pose that X1,…,Xn is a sequence of independent random vectors with unknown distribution

function F . Let θ ∈ Rp be a parameter of interest. The unknown true parameter θ0 is uniquely

determined by the system of r ≥ p unbiased estimating equations

E{w(X, θ0)} = 0, (1.1)

where w is a vector of r functions wj(X, θ) for j = 1, . . . , r.

Example 1.1.1. The inference for mean value. Suppose the parameter of interest θ = µ. To

obtain confidence region for µ, the estimating equation is w(X,µ) = X − µ.

Definition 1.1.1. For any θ ∈ Rp the empirical likelihood ratio function is defined as

L(θ) = nn sup

{
n∏

i=1

pi : pi > 0,
n∑

i=1

pi = 1,
n∑

i=1

piwj(Xi, θ) = 0, j = 1, . . . , r

}
. (1.2)

where pi = P (X = xi) with xi, i = 1, . . . , n, being the observations.

The supremum in 1.2 exists and is uniquely determined if 0 belongs to the interior of the

convex hull of {w(X1, θ), . . . , w(Xn, θ)}. The standard Lagrange multiplier method is used to

find the optimal pi’s. Thus

pi =
1

n

{
1 +

r∑
j=1

λj(θ)wj(Xi, θ)

}−1

for i = 1, . . . , n. (1.3)

Next, it is more convenient to use the minus log­likelihood ratio, which is expressed as

lE(θ) = − logL(θ) =
n∑

i=1

log
{
1 +

r∑
j=1

λj(θ)wj(Xi, θ)
}
, (1.4)

where λj(θ) satisfy the following equations

n∑
i=1

wj(Xi, θ)

1 +
∑r

k=1 λk(θ)wk(Xi, θ)
= 0 for j = 1, . . . , r. (1.5)

Qin and Lawless [36] introduce the following Lemma andTheorem for asymptotic behaviour

of the empirical likelihood test statistic. Let || · || denote Euclidean norm.
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Lemma 1.1.1. [36] Assume that E{w(X, θ0)wT (X, θ0)} is positive definite, ∂g(X, θ)/∂θ is

continuous in a neighbourhood of the true value θ0, ||∂w(X, θ)/∂θ|| and ||w(X, θ)||3 are

bounded by some integrable function G(x) in the neighbourhood of θ0, and the rank of

E{∂w(X, θ)/∂θ} is p. Then, as n → ∞, l(θ) attains its minimum value at some point θ̂ in

the interior of the ball ||θ − θ0|| ≤ n−1/3 with probability 1.

Theorem 1.1.1. [36] Assume the conditions of Lemma 1.1.1 are satisfied and

∂2w(X, θ)/(∂θ∂θT ) is continuous in θ in a neighbourhood of the true value θ0 and

||∂2w(X, θ)/(∂θ∂θT )|| can be bounded by some integrable function G(x) in the neigh­

bourhood of θ0. Then the following holds for the empirical likelihood ratio statistic for testing

H0 : θ = θ0 as n→∞,

WE(θ0) = 2lE(θ0)− 2lE(θ̂)
d−→ χ2

p. (1.6)

A level α test for the null hypothesisH0 : θ = θ0 will rejectH0, ifWE(θ0) > χ2
p,1−α, where

χ2
p,1−α denotes (1 − α) quantile of χ2

p distribution. An approximate 100(1 − α)% empirical

likelihood confidence region for θ0 is obtained by the following subset of Rp

{θ : WE(θ) ≤ χ2
p,1−α}. (1.7)

Remark 1.1.1. Molanes Lopez et al. [26] proved similar result for more general form of esti­

mating equations w(X, θ) including a non­smooth functions with the respect to θ, such as the

indicator functions. Their result was proved using different techique as compared to the Qin

and Lawless [36]. However, within this thesis non­smooth estimating equations will be subject

to smoothing (see Section 1.4).

1.2 Empirical likelihood method with the plug­in parameter

estimators

The use of plug­in for nuisance parameters in empirical likelihood have been previously stud­

ied in several survival analysis contexts (see, for example, [34], [53]) and in survey sampling

with imputation for missing response [38]. The more widely applicable plug­in approach was

established by Hjort et al. [16] to allow for nuisance parameters in the estimating equations

and slower than
√
n­rates of convergence. They derived a very general result providing sev­

eral generic assumptions that can be checked in a large number of applications. Moreover, they

provide a bootstrap approximation that can be used in situations when the plug­in asymptotics
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become too complex.

Let us again consider the setup as described in Section 1.1. However, in this setup the un­

biased estimating equation is allowed to contain some nuisance parameter denoted by h, thus

E{w(X, θ, h)} = 0. The plug­in approach suggests that h might be estimated by some estima­

tor, which will be denoted by ĥ.

To establish the limiting distribution for l(θ, ĥ) in a very general case, Hjort et al. [16]

provided four assumptions that need to be verified in specific applications. These assumptions

ensure a non­degenerate limiting distribution, but do not require i.i.d. observations or consis­

tency of ĥ, although this would be helpful for checking the conditions in the applications.

The following notations for the vectors v are used: ||v|| is the Euclidean norm and v⊗2 =

vvT . For matrices V = (vij), let |V | = maxij |vij|. Let U be a non­degenerate p­dimensional

random vector, usually U ∼ Np(0, V1), where the covariance matrix V1 is positive definite. Let

V2 denote a positive definite p× p covariance matrix. The assumptions are following.

(A0) P (L(θ0, ĥ) = 0)→ 0, when n→∞.

(A1) n−1/2
∑n

i=1w(Xi, θ0, ĥ)
d−→ U .

(A2) n−1
∑n

i=1w
⊗2(Xi, θ0, ĥ)

p−→ V2.

(A3) max1≤i≤n ||n−1/2w(Xi, θ0, ĥ)||
p−→ 0.

First assumption (A0) is the basic existence condition; (A1) and (A2) are necessary to establish

the asymptotics; and (A3) is required to obtain the negligibility of the remainder term.

When the unknown parameter h0 is substituted by its estimator ĥ, the setup of empirical

likelihood as in Section 1.1 can be extended with the following theorem.

Theorem 1.2.1. If assumptions (A0) ­ (A3) hold, then

l(θ0, ĥ) = −2 logL(θ0, ĥ)
d−→ UTV −1

2 U. (1.8)

The result in Theorem 1.2.1 provides a way of calibrating {θ : l(θ, ĥ) ≤ c} as a confidence

region for θ0.

Remark 1.2.1. When U ∼ Np(0, V1) with V1 positive definite, the limiting distribution in Theo­

rem 1.2.1 may be expressed as r1χ2
1,1+. . .+rpχ

2
1,p, where the χ2

1,j’s are independent chi­squared

random variables with one degree of freedom and the weights r1, . . . , rp are the eigenvalues of

V −1
2 V2. If, in addition, V1 and V2 coincide, the limiting distribution is the standard χ2

p. If V1
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and V2 do not coincide, the weights r1, . . . , rp may need to be estimated via some consistent

estimators V̂1 and V̂2 and computing the eigenvalues of V̂ −1
2 V̂1. When V1 is difficult to estimate

by other means, Hjort et.al. [16] suggest to use bootstrap approach.

Example 1.2.1. Functionals of survival distribution. In this example the inference for a class

of functionals of survival distributions developed by Wang and Jing [53] is considered. Let F

and G be a distribution functions of the survival and the censoring distributions, respectively.

The parameter of interest is a linear function of F of the form θ = θ(F ) =
∫∞
0
ξ(t)dF (t),

where ξ(t) is some known non­negative measurable function and θ(F ) is assumed finite. The

estimating equation is

w(Z, δ, θ,G) =
ξ(Z)δ

1−G(Z)
− θ,

where X ∼ F and Y ∼ G, and both are assumed to be independent, Z = min(X,Y ) and

δ = I{X<Y }. The Kaplan­Meier estimator Ĝ plays a role of the plug­in estimator. The conditions

(A0) ­ (A3) are verified in [16]. In this example, V1 represents the asymptotic variance of θ̂ =

θ(F̂ ) with U ∼ N(0, V1). Furthermore, V2 = E{w2(Z, δ, θ0, G)}. Consequently, the limiting

distribution of the empirical likelihood statistic converges to a scaled χ2
1 random variable as V1

and V2 do not coincide. For more details, refer to [53]. This example will be revisited in Chapter

2 of this thesis when discussing the extension of empirical likelihood for two populations.

1.3 Empirical likelihood inference for the differences of two

populations

The previously described approach can be extended to the two­sample situation as well follow­

ing the setup of Qin and Zhao [37]. Suppose X1, . . . , Xn and Y1, . . . , Ym are two independent

random samples with unknown distribution functions F and G, respectively. The parameter

of interest is the difference in the form ∆ = θ1 − θ0, where θ0 and θ1 are univariate parame­

ters associated with F and G, respectively. Suppose that the parameters θ0 and θ1 are uniquely

determined by the unbiased estimating equations

E{w1(X,∆0, θ0)} = 0 and E{w2(Y,∆0, θ0)} = 0. (1.9)

Example 1.3.1. [37] Let x ∈ R, θ0 = F (x) and θ1 = G(x), then for the difference of the
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distribution functions ∆ = G(x)− F (x), unbiased estimating equations are

w1(X, θ0,∆0) = I{X≤x} − θ0, (1.10)

w2(Y, θ0,∆0) = I{Y≤x} − θ0 −∆0. (1.11)

Definition 1.3.1. For any (∆, θ) ∈ R2 the empirical likelihood ratio function is defined as

L(∆, θ) = nnmm sup

{
n∏

i=1

pi

m∏
j=1

qj :

pi > 0,
n∑

i=1

pi = 1,
n∑

i=1

piw1(Xi, θ,∆) = 0,

qj > 0,
m∑
j=1

qj = 1,
m∑
i=1

qiw2(Yi, θ,∆) = 0

}
. (1.12)

The empirical log­likelihood statistic for ∆ now is defined as

l(∆, θ) = −2 logL(∆, θ)

= 2
n∑

i=1

log (1 + λ1(∆, θ)w1(Xi, θ,∆)) + 2
m∑
i=1

log (1 + λ2(∆, θ)w2(Yi, θ,∆)) ,

(1.13)

where the Lagrange multipliers λ1(∆, θ) and λ2(∆, θ) are defined analogous to the equation

(1.5).

Qin and Zhao [37] introduced the following assumptions to establish the limiting distribution

of the empirical likelihood ratio statistic.

(i) θ0 ∈ Ω and Ω is an open interval.

(ii) E{w2
1(X,∆, θ)} > 0 and E{w2

2(Y,∆, θ)} > 0;

∂w1(X,∆, θ)/∂θ, ∂w2(Y,∆, θ)/∂θ exist and are continuous in a neighbourhood of θ0;

∂w1(X,∆, θ)/∂θ and w3
1(X,∆, θ) are bounded by some integrable functionH1(x) in the

neighbourhood of θ0;

∂w2(Y,∆, θ)/∂θ and w3
2(Y,∆, θ) are bounded by some integrable function H2(x) in the

neighbourhood of θ0;

E{∂w1(X,∆, θ)/∂θ} and E{∂w2(Y,∆, θ)/∂θ} are non­zero.

(iii) m/n→ k as n,m→∞ and 0 < k <∞.
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Theorem 1.3.1. [37] If the assumptions (i) ­ (iii) are satisfied, then

l(∆0, θ̂(∆0))
d−→ χ2

1,

where θ̂(∆) = argminθ l(∆, θ).

Based on Theorem 1.3.1, the (1− α)100% confidence interval for ∆0 is

{∆ : l(∆, θ̂(∆)) ≤ χ2
1,1−α},

where χ2
1,1−α denotes (1− α) quantile of χ2

1 distribution.

1.4 Smoothed empirical likelihood method for P­P plots and

ROC curves

Let us consider the two­sample framework as in previous section. Claeskens et al. [4] studied

the empirical likelihood method to compare two populations using the distribution functions F

and G. First approach is to study the comparison distribution defined as D(t) = F{G−1(t)},

for 0 ≤ t ≤ 1. The test for the equality of the distribution functions F and G is the same as to

test for the uniformity ofD. The graph ofD is referred as the probability­probability (P­P) plot.

The equality of both distributions is not rejected if the P­P plot lies on the 45­degree diagonal.

However, a plot strictly above or below the diagonal indicates that one of the distributions is

stochastically larger than other. The second approach is to use the receiver operating character­

istic (ROC) curve defined as the graph of R(t) = 1 − F{G−1(1 − t)}, for 0 ≤ t ≤ 1. A ROC

curve is an important tool used to summarize the performance of a medical diagnostic test.

The main reason to use the empirical likelihood method for above mentioned problems was

the construction of confidence regions, which are determined by the sample [4]. For P­P plots,

define the parameter of interest ∆ as

∆ = F{G−1(t)}, t ∈ (0, 1), (1.14)

for which the unbiased estimating equations are

w1(X,∆0, θ0) = I{X≤θ0} −∆0, (1.15)

w2(Y,∆0, θ0) = I{Y≤θ0} − t, (1.16)

19



where θ0 = G−1 (t) denotes the true nuisance parameter. For ROC curves, define the parameter

of interest ∆ as

∆ = 1− F{G−1(1− t)}, t ∈ (0, 1), (1.17)

then the unbiased estimating equations are

w1(X,∆0, θ0) = I{X≤θ0} +∆0 − 1, (1.18)

w2(Y,∆0, θ0) = I{Y≤θ0} + t− 1, (1.19)

where θ0 = G−1 (1− t) denotes the true nuisance parameter.

The functions w1 and w2 in both cases are not smooth with the respect to θ, in which case

Claeskens et.al. [4] suggested to use the smoothed empirical likelihood. Chen and Hall [3] stud­

ied the empirical likelihood method in the context of quantile estimation and argued that non­

smooth empirical likelihood method cannot outperform other existing methods in such cases.

Moreover, they demonstrated that by appropriately smoothing of the estimating equations, cov­

erage accuracy may be improved from order n−1/2 to n−1 and using Bartlett correction for scale

of smoothed empirical likelihood can reduce the size of coverage error from order n−1 to n−2

(see [3]).

In order to make inference on∆, let us introduce the smoothed empirical likelihood method

considering the following setup by Claeskens et al. [4]. Define Hj(t) =
∫
u≤t

Kj(u)du for

j = 1, 2, whereKj is a compactly supported r­th order kernel with r ≥ 2. Next, defineHbj(t) =

Hj(t/bj), where b1 = b1(n) and b2 = b2(m) are bandwidth sequences converging to zero as

n,m→∞. Define the estimators

F̂b1,p(x) =
n∑

i=1

piHb1(x−Xi) and F̂b2,q(y) =
m∑
j=1

qjHb2(y − Yj). (1.20)

Now, to carry out the smoothed version of the two­sample empirical likelihood method for ∆,

the function L(∆, θ) as defined in (1.12) is subject to the constraints

F̂b1,p(θ0) = ∆0 and F̂b2,q (θ0) = t (1.21)

for P­P plots, and

F̂b1,p(θ0) = 1−∆0 and F̂b2,q (θ0) = 1− t (1.22)
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for ROC curves. The smoothed unbiased estimating equations are in the form

w̃1(Xi,∆0, θ0) = Hb1(θ0 −Xi)−∆0, (1.23)

w̃2(Yj,∆0, θ0) = Hb2 (θ0 − Yj)− t (1.24)

for P­P plots, and

w̃1(Xi,∆0, θ0) = Hb1(θ0 −Xi) + ∆0 − 1, (1.25)

w̃2(Yj,∆0, θ0) = Hb2 (θ0 − Yj) + t− 1 (1.26)

Claeskens et al. [4] introduce the following conditions for samples j = 1, 2.

(C1) For density functions f(x) = F ′(x) and g(x) = G′(x), there exists an integer r ≥ 2 such

that derivatives f (r−1) and g(r−1) exist in a neighbourhood of θ and is continuous at θ.

Furthermore, f(θ)g(θ) > 0.

(C2) As min(n,m)→∞, n
n+m
→ γ1 and m

n+m
→ γ2, where 0 < γ1, γ2 < 1.

(C3) Let c ̸= 0 andKj is an r­th order (r ≥ 2) kernel satisfying

∫
ukKj(u)du =


1, if k = 0

0, if 1 ≥ k ≥ r − 1

c, if k = r

.

(C4) nb4r1 → 0 and nb2r1 / log(n)→∞ as n→∞;

mb4r2 → 0 andmb2r2 / log(m)→∞ asm→∞.

The latter condition (C4) dictates the rates at which the bandwidths b1 and b2 tends to zero and

ensures that this convergence is fast enough [4]. The next result established by Claeskens et al.

[4] is the nonparametric version of Wilks theorem for the P­P plots and ROC curves.

Theorem 1.4.1. [4] Under conditions (C1) ­ (C4), the following holds

l̃(∆0, θ̂(∆0))
d−→ χ2

1,

where l̃(∆, θ) denotes the empirical likelihood statistic (1.13) under estimating equations

w̃1(Xi,∆, θ) and w̃2(Yi,∆, θ).
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Based on Theorem 1.4.1, the (1− α)100% confidence interval for ∆0 is

{∆ : l̃(∆, θ̂(∆)) ≤ χ2
1,1−α}, (1.27)

where χ2
1,1−α denotes (1− α) quantile of χ2

1 distribution.

Remark 1.4.1. The practical implementation of the two­sample empirical likelihood method for

various parameters of interest, including the difference of distribution functions, P­P plots and

ROC curves, can be carried out using the R library EL. This package implements the smoothing

in case the estimating equations are not smooth with the respect to θ.
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Chapter 2

Two­sample empirical likelihood for right

censored data

Survival analysis is a branch of statistics which deals with time­to­event data. Data can be ex­

pressed in days, months, years and other time measures. These type of data frequently arise in

medicine, biology, public health, epidemiology, engineering, economics, demography, reliabil­

ity theory etc. Historically, terminology in survival analysis was developed based on analysing

mortality tables, thus the event of interest usually was associated with the death of the patient.

However, in different applications one can be interested in other events such as diagnosis of

some disease, equipment lifetime, duration of unemployment etc.

It is often impossible to observe the exact survival time of all subjects. For example, if

the subject never experiences the event of interest by the end of the study, or dies for a reason

other than the disease under study, or changes state of residence during the study and can no

longer continue to participate. In these cases survival time is considered to be censored. Such

incomplete data are a feature of survival analysis datasets that requires special statistical methods

for data analysis.

In this chapter the preliminaries of the survival analysis is described in Section 2.1 covering

the definitions of basic quantities and summary measures. In Section 2.2 methods for the two­

sample inference are described. Themain result of this chapter is introduced in Section 2.3 along

with the proof of the main theorem in Section 2.4. The simulation study results are described in

Section 2.5, and an application to two real datasets analysis is illustrated in Section 2.6 of this

chapter.
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2.1 Preliminaries of survival analysis

In this section, the basic concepts of survival analysis are defined along with theoretical aspects

behind some standard procedures that are used for the inference based on book [21].

2.1.1 Basic quantities of survival analysis

There are four basic quantities that describe the distribution in survival analysis: a distribution

function, a survival function, a hazard function and a cumulative hazard function. If any of these

functions is known, the rest can be expressed immediately.

Let X be some non­negative random variable denoting time to the event of interest with

distribution function F . The main object in the survival analysis is survival function, which

describes the probability of a subject that has survived until time t, to survive at a time t.

Definition 2.1.1. The survival function of a random variable X is defined as

S(t) = P (X > t) = 1− F (t), t ∈ [0,∞).

IfX is a continuous random variable, a survival function S(t) has following common char­

acteristics: it is a decreasing function; S(0) = 1 as all subjects are alive at time t = 0; at time

t =∞ all subjects are dead, thus S(∞) = 0. Moreover, if the probability density function f(t)

exists, the survival function is expressed as

S(t) = P (X > t) =

∫ ∞

t

f(x)dx. (2.1)

From (2.1) it follows that f(t) = −dS(t)/dt.

However, ifX is a discrete random variable, S(t) is a decreasing step function. Suppose,X

takes values xi for i = 1, 2, . . ., such that x1 < x2 < . . ., then a survival function S(t) can be

expressed as

S(t) = P (X > t) =
∑
xi>t

P (X = xi), t ∈ [0,∞).

Definition 2.1.2. The hazard function h(t) of a random variable X is defined as

h(t) = lim
∆t→0

P (t ≤ X < t+∆t|X ≥ t)

∆t
, t ∈ [0,∞). (2.2)

The hazard function describes the immediate risk for a subject who survived by time t to

experience an event of interest in the next instant of time. The hazard function h(t) does not
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have any common characteristics of its shape, except that h(t) ≥ 0. IfX is a continuous random

variable, the hazard function h(t) can be expressed as

h(t) =
f(t)

S(t)
= −d(logS(t))

dt
. (2.3)

Definition 2.1.3. The cumulative hazard function H(t) of a random variable X is defined as

H(t) =

∫ t

0

h(x)dx = − logS(t), t ∈ [0,∞).

A survival function S(t) is expressed by a cumulative hazard function as

S(t) = e−H(t) = exp
(
−
∫ t

0

h(x)dx

)
.

Summary measures

Definition 2.1.4. The mean residual life of a random variableX at a time t0 ∈ [0,∞) is defined

as

mrl(t0) = E(X − t0|X > t0). (2.4)

Mean survival time (mean life) is defined as µ = mlr(0) = EX .

The mean life µ coincides with the area under the survival curve S(t), butmlr(t0) coincides

with the area under the survival curve to the right from t0 divided by S(t). For the continuous

random variables

mrl(t0) =

∫∞
t0
(t− t0)f(t)dt
S(t0)

=

∫∞
t0
S(t)dt

S(t0)
(2.5)

and

µ =

∫ ∞

0

tf(t)dt =

∫ ∞

0

S(t)dt. (2.6)

Moreover, the variance of X is expressed by the survival function in the form

D(X) = 2

∫ ∞

0

tS(t)dt−
[∫ ∞

0

S(t)

]2
. (2.7)

Definition 2.1.5. A p­th quantile of the distribution F is the smallest tp such that

S(tp) ≤ 1− p, i.e., tp = inf{t : S(t) ≤ 1− p}.

The median of X is defined as 0.5­th quantile of the distribution F .
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For the continuous random variables the equality S(t0.5) = 0.5 holds.

A restricted mean survival time is a summary measure that has gained much attention in the

literature, recently (see, e.g., [41], [28]). It calculates the area under the survival curve S(t) up

to time t0. The area above the survival curve S(t) up to time t0 is denoted as the restricted mean

time lost.

Definition 2.1.6. [40] The restricted mean survival time (RMST) of a random variable X at a

time t0 ∈ (0,∞) is defined as

µ(t0) = E{min(X, t0)}. (2.8)

The restricted mean time lost (RMTL) of a random variable X up to time t0 is defined as

rmtl(t0) = t0 − µ(t0).

If X is a continuous random variable

µ(t0) = E{min(X, t0)} =
∫ ∞

t0

S(t)dt/S(t0). (2.9)

Let T := min(X, t0) a random variable, then µ(t0) = ET and the variance is

V ar(T ) = ET 2 − (ET )2 = 2

∫ t0

0

tS(t)dt−
(∫ t0

0

S(t)dt

)2

. (2.10)

2.1.2 Common parametric distributions in survival analysis

Although, this thesis is devoted to study a nonparametric statistical method, the analysis of

survival data often encounters parametric models that are based on several widely used distri­

butions. Moreover, these distributions have not only been chosen because of their popularity

among survival data analysts, but also because they provide a better understanding of the quan­

tities and functions discussed in the previous chapter, in particular the risk function h(t).

A summary of hazard, survival, probability density functions and mean survival times for

five well­known distributions is given in Table 2.1.

Exponential distribution

The exponential distribution is not only one of the most historically significant but also one of

the mathematically simplest distributions in survival analysis. It is characterised by a constant

risk function h(t) = λ. Moreover, the exponential distribution has the lack of memory property
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P (X ≥ t+ z|X ≥ t) = P (X ≥ z). (2.11)

Due to the lack of memory, mean residual life is also a constant function

E(X − x|X > x) = E(X) =
1

λ
, (2.12)

as time­to­event is independent from past events. The latter can also be observed from the

hazard function; as time goes by, risk of the event does not change. However, this restricts the

applications of exponential distribution in some of the areas such as public health or engineering.

Weibull distribution

Although Weibull was not first who introduced the Weibull distribution, but he studied this

distribution in [54] to describe the lifetime of materials and later it was named after him. The

Weibull distribution is also one of the most commonly used probability distributions in survival

analysis context, especially in the reliability theory. Also various extended forms of the Weibull

distribution have been developed, e.g., exponentiated Weibull, inverse Weibull etc.

The Weibull distribution is defined by the survival function S(t) = e−λtα , t > 0. The

exponential distribution is a special case of the Weibull distribution when α = 1. The Weibull

distribution can be fitted to an increasing, decreasing or constant hazard function by choosing

α > 1, α < 1 or α = 1, respectively. Therefore, α is referred to as the shape parameter. An

example of the increasing Weibull hazard function would be leukaemia patients, whose survival

chances worsen with time. However, decreasing hazard function would fit the surgery patients,

whose survival chances are worse immediately after the surgery, but increases over time goes

by.

For a detailed description of other common distributions used to model time­to­event data,

see, for example, the book [21].

2.1.3 Observation censoring

In practice, it is often impossible to observe the exact survival time for all subjects. For example,

if the subject never experiences the event of interest by the end of the study, or dies for a reason

other than the disease under study, or changes state of residence during the study and can no

longer continue to participate. In these cases survival time is considered to be censored. Such

incomplete data are a feature of survival analysis datasets.
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Table 2.1: Hazard, survival and probability density functions, and expected life for most fre­
quently used distributions in survival analysis.

Distribution h(t) S(t) f(t) EX

Exponential
λ > 0
t ≥ 0

λ e−λt λe−λt 1

λ

Weibull
α, λ > 0
t ≥ 0

αλtα−1 e−λtα αλtα−1e−λtα Γ(1 + 1/α)

λ1/α

Gamma
β, λ > 0
t ≥ 0

f(t)

S(t)
1−

∫ λt
0 uβ−1e−udu

Γ(β)

λβtβ−1e−λt

Γ(β)

β

λ

Pareto
θ, λ > 0
t ≥ λ

θ

t

λθ

tθ
θλθ

tθ+1

θλ

θ − 1
,

if θ > 1

There are several types of censoring, however, within this thesis only right randomly cen­

sored survival times are considered. Random censoring appears when the aim is to assess the

marginal distribution of an event, but some subjects face circumstances that prevent them from

continuing to participate in the study. These conditions are called competing risks.

Let X1,…,Xn denote the survival times of n subjects as i.i.d. random variables with some

unknown distribution function F . Let Y1,…,Yn denote the censoring times for each subject. In

right randomly censored data case, the exact survival time of the i­th subject is known only if

Xi is less than or equal to Yi, otherwise the patient is called a “survivor” and his censoring time

Yi is observed.

Definition 2.1.7. Right randomly censored survival data are represented by pairs of random

variables (Zi, δi) for i = 1, . . . , n, where Zi = min(Xi, Yi) and δi = I{Xi≤Yi} is censoring

indicator.

Other censoring types are described in more detail in [21].

2.1.4 Nonparametric estimators

In this section, it is assumed that right randomly censored data (Zi, δi) for i = 1, . . . , n as in

Definition 2.1.7 are given. The aim is to make inference on random variable X , which denotes

real survival times. Suppose that the survival and censoring times are independent, and there

are k distinct observations such that t1 < t2 < . . . < tk.

Definition 2.1.8. The Kaplan­Meier (1958) estimator of the survival function S(t) is defined as
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Ŝ(t) =

1, t < t1,∏
i:ti≤t

(
1− di

ri

)
t ≥ t1,

(2.13)

where 0 ≤ t ≤ tk, di is the number of events observed at time ti, and ri denotes the number of

subjects at risk at time ti.

For values of t beyond tk, the Kaplan­Meier estimator is not well­defined (see Practical

Notes 1 and 2 in [21] for further details). As can be seen from Definition 2.1.8, the Kaplan­

Meier estimator is a step function with jumps in the observed event times. The size of the

jumps depends not only on the number of observed events at time ti, but also on the number

of censored observations before ti. In the absence of censored observations, the Kaplan­Meier

estimator simply reduces to the empirical survival function.

Corollary 2.1.1. The variance of the Kaplan­Meier estimator is obtained by the Greenwood

formula in the form

V̂ (Ŝ(t)) = Ŝ2(t)
∑
i:ti≤t

di
ri(ri − di)

. (2.14)

The cumulative hazard functionH(t) is also estimated through the Kaplan­Meier estimator

of the survival function in the form Ĥ(t) = − ln(Ŝ(t)). Alternatively, cumulative hazard func­

tion is estimated using the Nelson­Allen (1972, 1978) estimator, which is better suited for small

sample sizes.

Definition 2.1.9. Nelson­Allen estimator of the cumulative hazard functionH(t) is defined as

H̃(t) =
∑
i:ti≤t

di
ri
, 0 ≤ t ≤ tk. (2.15)

Corollary 2.1.2. The variance of the Nelson­Allen estimator is

V̂ (H̃(t)) =
∑
i:ti≤t

di
r2i
. (2.16)

The survival function S(t) can be estimated using the Nelson­Allen estimator as well, yield­

ing S̃(t) = exp{−H̃(t)}.
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Pointwise confidence intervals for survival function S(t)

Let us denote σ2
S = V̂ (Ŝ(t))/Ŝ2(t). The commonly used 100(1−α)% confidence intervals for

the survival function at fixed time t0 are called linear confidence intervals and are defined as

[
Ŝ(t0)− Z1−α/2σS(t0)Ŝ(t0), Ŝ(t0) + Z1−α/2σS(t0)Ŝ(t0)

]
, (2.17)

where Z1−α/2 is 1− α/2 quantile of a standard normal distribution.

Alternatively, the transformation of S(t0) can be utilized. For example, the logarithmic

transformation gives 100(1 − α)% confidence intervals for the survival function at time t0 in

the form [
Ŝ(t0)

1/θ, Ŝ(t0)
θ
]
, where θ = exp

{
Z1−α/2σS(t0)

ln(Ŝ(t0))

}
. (2.18)

Note that the logarithmic transformation gives intervals that are not symmetric around the sur­

vival function estimate Ŝ(t0).

Simultaneous confidence bands for survival function S(t)

Pointwise confidence intervals are useful if one are only interested in a fixed time t0, but often

in practical applications researchers are interested in finding upper and lower bounds on the true

survival function with some level of significance at all points in time t. In particular, the aim is

to find two functions L(t) and U(t) such that 1−α = P{L(t) ≤ S(t) ≤ U(t), for all tL ≤ t ≤

tU}. Let [L(t), U(t)] be called the 100(1− α)% simultaneous confidence band for the survival

function S(t).

First, choose tL < tU such that tL is greater than or equal to t1 and tU is less than or equal

to tk. Suppose n is the sample size for which the confidence bands are constructed, then define

aL =
nσ2

S(tL)

1 + nσ2
S(tL)

and

aU =
nσ2

S(tU)

1 + nσ2
S(tU)

,

where further required that 0 < aL < aU < 1.

To construct a 100(1 − α)% confidence band for the survival function S(t) in the region

[tL, tU ], find the confidence coefficient cα(aL, aU) in Table C.3 of the Appendix C in [21]. Next,
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as in the case of pointwise confidence intervals, the linear confidence bands are defined as

[Ŝ(t)− cα(aL, aU)σS(t)Ŝ(t), Ŝ(t) + cα(aL, aU)σS(t)Ŝ(t)]

and the logarithmic transformation bands are defined in the form

[Ŝ(t)1/θ, Ŝ(t)θ], where θ = exp
{
cα(aL, aU)σS(t)

ln(Ŝ(t))

}
.

Estimators of mean and median survival times

The mean survival time and median survival time can be expressed as functions of the sur­

vival function S(t). The nonparametric estimators of these quantities can be obtained simply

by replacing the unknown survival function by its Kaplan­Meier estimator in the corresponding

formula.

Recall that the average survival time is defined as µ =
∫∞
0
S(t)dt, and the estimator is

obtained by replacing S(t) with Ŝ(t). Note that this estimator is only appropriate when the

maximum observed survival time is uncensored, otherwise it can be artificially transformed

into a survival time or an interval [0, τ ] can be chosen where τ is the maximum possible survival

time chosen by the investigator. Then the estimator of men survival up to time τ is

µ̂τ =

∫ τ

0

Ŝ(t)dt,

where τ is maximal observed survival time or maximal bound defined by the researcher. The

variance of this estimator is

V̂ (µ̂τ ) =
k∑

i=1

[∫ τ

ti

Ŝ(t)dt

]2
di

ri(ri − di)
.

100(1− α)% confidence interval for mean survival time µ is obtained in the form

[
µ̂τ − Z1−α/2

√
V̂ (µ̂τ ), µ̂τ + Z1−α/2

√
V̂ (µ̂τ )

]
.

Remark 2.1.1. In the absence of censoring, the estimator of mean survival reduces to the sample

mean.

The Kaplan­Meier estimator can also be used to obtain estimates of the distribution quantiles

xp. Recall that xp = inf{t : S(t) ≤ 1 − p}. When p = 1/2, xp is the median survival time,

whose estimator is x̂p = inf{t : Ŝ(t) ≤ 1 − p}. The 100(1 − α)% confidence interval for the
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quantile xp, based on the linear confidence interval of the survival function, is the set of all time

points t satisfying the condition

−Z1−α/2 ≤
Ŝ(t)− (1− p)
V̂ 1/2(Ŝ(t))

≤ Z1−α/2.

Moreover, the 100(1 − α)% confidence interval for the quantile xp based on the logarithmic

transformation is the set of all points t satisfying the condition

−Z1−α/2 ≤

(
ln{− ln[Ŝ(t)]} − ln{− ln[1− p]}

)(
Ŝ(t) ln[Ŝ(t)]

)
V̂ 1/2(Ŝ(t))

≤ Z1−α/2.

2.2 Two­sample inference

Let us now consider the right censored data framework for the two­sample case. Suppose that

X11, . . . , X1n1 andX21, . . . , X2n2 are two independent random samples denoting survival times

with the unknown distribution functions F1 and F2, respectively. Let us denote the correspond­

ing censoring times with Yj1, . . . , Yjnj
with the distribution functions Gj for j = 1, 2. Survival

times and censoring times are assumed to be independent. Thus, a randomly right censored ob­

servations are (Zji, δji), where Zji = min(Xji, Yji) and δji = I(Xji ≤ Yji) for i = 1, . . . , nj

and j = 1, 2.

The respective survival functions are defined as Sj(t) = 1 − Fj(t), t ∈ [0,∞) for j = 1, 2

and can be estimated via classical Kaplan­Meier product limit estimator

Ŝj(t) =
∏

i:tji≤t

(
1− dji

rji

)
, for j = 1, 2, (2.19)

where tji, are distinct event times, dji denotes number of events and rji denotes number at risk at

time tji in the jth group. The variances of the Kaplan­Meier estimators obtained by Greenwood

formula in two­sample setup are denoted as

V̂
(
Ŝj(t)

)
= Ŝ2

j (t)σ̂
2
j , for j = 1, 2, where σ̂2

j (t) =
∑
i:tji≤t

dji
rji − dji

. (2.20)

The simplest two­sample inference, sometimes called naive or crude approach, is to use the

normal approximation for construction of the confidence intervals. This approach will be used

in simulation study for two parameters of interest ∆ defined in the examples below.

Example 2.2.1. The difference between two survival curves at a fixed point in time [20].
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Let Sj(t0) denote the survival probability at time t0 in jth group. Then, the parameter of interest

is ∆ = S2(t0)− S1(t0).

Example 2.2.2. The difference between two restricted mean survival times (RMST) [40].

Let µj(t0) denote the t0 restricted mean survival time in jth group. Then, the parameter of

interest is ∆ = µ2(t0)− µ1(t0).

Let θj denote either RMST µj(t0) or survival probability Sj(t0) for j = 1, 2. Clearly, the

estimator θ̂j is obtained by employing the Kaplan­Meier estimator of survival function Ŝj(t) for

j = 1, 2.

Then, the estimator of ∆ is ∆̂ = θ̂2 − θ̂1, and it is assumed that the variance is obtained by

V̂ (∆̂) = V̂ (θ̂1) + V̂ (θ̂2), hence the standard error is SE(∆̂) =

√
V̂ (∆̂). Then by the central

limit theorem [44], under H0 : ∆ = 0, the following statistic

Z =
∆̂

SE(∆̂)
(2.21)

is asymptotically normally distributed random variable with mean zero and variance 1 (see [40]

and [20]). From equation (2.21), the (1− α)100% confidence interval is obtained as

IN = [∆̂± Z1−α/2SE(∆̂)], (2.22)

where Z1−α/2 denotes (1− α/2) quantile of a standard normal distribution.

Log­rank type tests

To test the following null hypothesis H0 : S1(t) = S2(t) for all 0 < t ≤ τ , where τ = inf{t :

S1(t) = 0&S2(t) = 0}, i.e, τ denotes the largest time at which both samples have at least one

subject at risk.

Definition 2.2.1. [19] The generalized weighted log­rank test statistic is defined as

L =

(∑
i

ωi

[
dji − dj

rji
rj

])2/ k∑
i=1

ω2
i

r1ir2idi(ri − di)
r2i (ri − 1)

, (2.23)

where j = 1, 2 and dji is the number of events in group j at time i, di is the total number of

events in both groups at time i, rji is the number of subjects at risk in group j at time i, ri is the

total number at risk in both groups at time i, ωi are some weights.
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The test statistic L follows a χ2
1 distribution [21]. The classical log­rank test is obtained by

choosing weights ωi = 1. Such choice assigns equal weights throughout the whole time period.

Pseudo­observations approach

Here the pseudo­observations approach is briefly described based on the papers [2], [1] and [20].

To introduce the method, suppose the pooled sample is defined by X1, . . . , XN i.i.d. random

variables, where N = n1 + n2. Suppose that the parameter of interest is the expectation θ of

some function ξ of X , it is

θ = E(ξ(Xi)) =

∫ ∞

0

ξ(t)dF (t). (2.24)

Let us assume that there is an (at least approximately) unbiased estimator θ̂. LetTi, i = 1, . . . , N

be i.i.d. explanatory variables. The conditional expectation is θi = E (ξ(Xi)|Ti).

Definition 2.2.2. The i­th pseudo­observation is defined as

θ̂i = Nθ̂ − (N − 1)θ̂−i, (2.25)

where θ̂−i is the “leave­one­out” estimator for θ based on Xk, k = 1, . . . , i− 1, i+ 1, . . . , n.

If all Xi are observed, i.e., there is no presence of censoring, then θ is estimated by the

average of the ξ(Xi). However, further the censored data model only is assumed, i.e., the ob­

servations are presented as pairs (Zi, δi) for i = 1, . . . , N . Next, the generalized linear model is

used to model the association of how θi depends on Ti. This takes the following form

g(θi) = βTTi, (2.26)

where β is a vector of the regression coefficients and a column Ti0 = 1 is added to the matrix

T corresponding to an intercept β0, and g(·) denotes the link function. Next, it is proposed to

estimate the regression coefficients β using generalized estimating equations in the form

U(β) =
N∑
i=1

Ui(β)) =
N∑
i=1

(
∂

∂β
g−1

(
βTTi

)
R−1

i (β)
(
θ̂i − g−1

(
βTTi

)))
= 0, (2.27)

whereRi(β) is a working covariance matrix in general setup. The variances of β was obtained
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in [2] using standard sandwich estimator

V̂ = I
(
β̂
)−1

V̂ ar (U(β)) I
(
β̂
)−1

, (2.28)

where

I (β) =
N∑
i=1

(
∂g−1

(
βTTi

)
∂β

)T

R−1
i (β)

(
∂g−1

(
βTTi

)
∂β

)
(2.29)

V̂ ar (U(β)) =
N∑
i=1

Ui(β)Ui(β)
T . (2.30)

Once the pseudo­observations are calculated, coefficient estimates and their standard errors are

obtained using standard statistical software for generalized estimation equation (for example, R

library geepack).

Within the simple two­sample setup without any other adjustment variables Ti = (1, Ti1)

for i = 1, . . . , N , where Ti1 is a univariate random variable indicating the group of a subject.

A test based on the regression coefficient and their variance estimates of the hypothesis that the

corresponding coefficient β1 = 0, is a test of equality of parameter of interest θ in two samples.

More precisely, hypothesis equals H0 : ∆ = θ2 − θ1 = 0, where θ1 is the parameter of interest

in the first and θ2 in the second sample.

While any reasonable link function can be used, some standard choices are given in [20]. For

the censored data case, reasonable choice for working covariance matrix is the identity matrix.

Example 2.2.3. The difference between two survival curves at a fixed point in time [20].

Here the pooled sample is considered. The Kaplan­Meier estimator based on all n1 + n2 =

N observations is denoted as Ŝp(t). The Kaplan­Meier estimator based on the sample of size

N − 1 with the ith observation removed is denoted as Ŝ−i
p (t) for i = 1, . . . , N . The ith pseudo­

observation at some pre­specified time point t0 is defined as

θ̂i = NŜp(t0)− (N − 1)Ŝ−i
p (t0), for i = 1, . . . , N. (2.31)

Example 2.2.4. The difference between two restricted mean survival times (RMST) [1].

The definition of RMST is given by the equation (2.8). The pooled sample of n1 + n2 = N

observations is considered. The estimator of RMST is obtained by simply plugging in theKaplan

Meier estimator. Thus, the ith pseudo­observation at some pre­specified time point t0 is defined
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as

θ̂i = N

∫ t0

0

Ŝp(t)dt− (N − 1)

∫ t0

0

Ŝ−i(t)dt. (2.32)

Proportional hazards models

The proportional hazards regression model, also known as Cox’s regression model in honor of

its founder, Sir David R. Cox [5], stands as one of the most widely used models in the field of

survival analysis. Here, it is supposed that survival times are only continuous random variables.

Let Ti denote covariate vector for ith individual, where i = 1, . . . , N (based on pooled sample

as in previous paragraph).

Definition 2.2.3. [5] The Cox regression model is defined as

h(t, T ) = eTβh0(t), (2.33)

where β is a vector of regression coefficients and h0(t) is a baseline hazard function.

For two­sample problem, suppose that there is only one covariate T taking values 0 and

1, indicating one of two samples. Then, according to the equation (2.33), the hazard for the

first sample (T = 0) is equal to baseline hazard h0(t), and for the second sample (T = 1) it is

h1(t) = eβh0(t).

From the latter, it follows that the ratio of both hazard functions is constant, i.e.,

h1(t)

h0(t)
=
eβh0(t)

h0(t)
= eβ. (2.34)

Hence, the name proportional hazards, i.e., the regression model is semiparametric as the pro­

portionality of hazard functions needs to be assumed.

2.3 Main results

In this section, the empirical likelihood method in the two­sample setup for right censored data

is described. The method was established following the approach by Wang and Jing [53] in

one­sample case. The main theoretical result of this chapter is stated in Theorem 2.3.1 and its

proof is given in Section 2.4.
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2.3.1 Empirical likelihood for censored data in two­sample setup

Consider the previously described two­sample framework with right censored data. The classi­

cal Kaplan­Meier product limit estimator of the survival function (2.13) is rewritten in the for

as follows

Ŝj(t) = 1− F̂j(t) =

nj∏
i=1

[
nj − i

nj − i+ 1

]I{Z(ji)≤t,δ(ji)=1}

for all t ≤ Z(jnj), (2.35)

where Z(j1) ≤…≤ Z(jnj) are the ordered statistics, and δ(ji) is the corresponding censoring

indicator. Moreover, Ŝj(t) = 0, when t > Z(jnj).

The parameter of interest is a functional of distribution functions F1 and F2 in the form

∆ := ∆(F1, F2) =

∫ ∞

0

ξ2(t)dF2(t)−
∫ ∞

0

ξ1(t)dF1(t), (2.36)

where ξj(t) for j = 1, 2 is some (non­negative) measurable function. A list of common choices

for ξj is given below, derived from examples discussed in the literature for one or two­sample

problems.

Example 2.3.1. ∆ is the difference of k­th moments of survival times, including the difference

of mean survival times, if ξj(t) = tk for j = 1, 2 (see [46], [53] and [14]).

Example 2.3.2. ∆ is the difference of survival probabilities at a fixed time t0 ∈ (0,∞), i.e.,

∆ = S2(t0)− S1(t0), if ξj(t) = I{t≥t0} for j = 1, 2 (see [46], [53] and [14]).

Example 2.3.3. ∆ is the difference of RMST’s at a fixed point t0 ∈ (0,∞), if ξj(t) = min(t, t0)

for j = 1, 2 (see [57]).

Example 2.3.4. ∆ is the difference of cumulative hazard functions at a fixed time t0 ∈ (0,∞),

if ξj(t) = I{t≤t0}/(1− Fj(t)) for j = 1, 2 (see [53]).

Example 2.3.5. ∆ is the difference of mean residual times at t0 ∈ (0,∞), i.e.,∆ = mrl2(t0)−

mrl1(t0), if ξj(t) = (t− t0)I{t≥t0}/(1− Fj(t0)) for j = 1, 2 (see [46],[35], [58] and [14]).

The empirical likelihood function in the two­sample case is defined as

L(F1, F2) =

n1∏
i=1

pi

n2∏
k=1

qk, (2.37)

where p = (p1, . . . , pn1) and q = (q1, . . . , qn2) denote two probability vectors (see [37] for the

reference). It is known thatL(F1, F2) has maximum value n−n1
1 n−n2

2 . This leads to the empirical
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likelihood ratio function in the form

R(F1, F2) =

n1∏
i=1

(n1pi)

n2∏
k=1

(n2qk). (2.38)

Now, we extend the two­sample empirical likelihood method for right­censored data follow­

ing the setup of Wang and Jing [53] for the one sample case (see also Example 1.2.1). First, we

will utilize the fact that

E{ξj(Xji)} = E

{
ξj(Zji)δji

1−Gj(Zji)

}
, j = 1, 2, and i = 1, . . . , nj. (2.39)

This gives us additional information on ∆, which is employed to construct the unbiased esti­

mating equations

w1(Z1i,∆, θ, G1) =
ξ1(Z1i)δ1i
1−G1(Z1i)

− θ, i = 1, . . . , n1, (2.40)

w2(Z2k,∆, θ, G2) =
ξ2(Z2k)δ2k
1−G2(Z2k)

− θ −∆, k = 1, . . . , n2, (2.41)

where θ :=
∫∞
0
ξ1(t)dF1(t) is a univariate nuisance parameter with the true value θ0 ∈ R.

The parameter θ is profiled out by the empirical likelihood method. Censoring functions G1

and G2 are nuisance parameters as well, and will be estimated by the Kaplan­Meier product

limit estimator in the form (2.35), where δ(ji) = 1 are replaced with δ(ji) = 0 in the power of

multipliers. The profile empirical likelihood ratio function is defined as

R(∆, θ, G1, G2) = sup
θ,p,q

n1∏
i=1

(n1pi)

n2∏
k=1

(n2qk), (2.42)

where the probability vectors p and q are subject to constraints

pi > 0,

n1∑
i=1

pi = 1,

n1∑
i=1

piw1(Z1i,∆, θ, G1) = 0,

qk > 0,

n2∑
k=1

qk = 1,

n2∑
k=1

qkw2(Z2k,∆, θ, G2) = 0.

For a given θ, a unique maximum of (2.42) exists, provided that 0 is inside the convex hull of the

points w1(Z1i, θ,∆, G1), i = 1, . . . , n1, and w2(Z2k, θ,∆, G2), k = 1, . . . , n2. (see [34]). The

maximum may be found via Lagrange multiplier method, which gives the probability vectors p
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and q in the explicit form

pi =
1

n1(1 + λ1(θ)w1(Z1i,∆, θ, G1))
, i = 1, . . . , n1,

qk =
1

n2(1 + λ2(θ)w2(Z2k,∆, θ, G2))
, k = 1, . . . , n2,

where λ1 and λ2 are the Lagrange multipliers. Thus, the minus two log­likelihood ratio statistic

is expressed as

−2 logR(∆, θ, G1, G2) = 2

n1∑
i=1

log(1 + λ1(θ)w1(Z1i,∆, θ, G1))

+ 2

n2∑
k=1

log(1 + λ2(θ)w2(Z2k,∆, θ, G2)). (2.43)

To profile out the unknown parameters θ, λ1(θ), and λ2(θ), the following derivative is set

∂{−2 logR(∆, θ, Ĝ1, Ĝ2)}/∂θ = 0, where Ĝ1 and Ĝ2 are plug­in estimators, and the three­

equation system is obtained

λ1(θ)

n1

n1∑
i=1

{1 + λ1(θ)w1(Z1i,∆, θ, Ĝ1)}
−1

+
λ2(θ)

n1

n2∑
k=1

{1 + λ2(θ)w2(Z2k,∆, θ, Ĝ2)}
−1

= 0,

(2.44)

1

n1

n1∑
i=1

w1(Z1i,∆, θ, Ĝ1)

1 + λ1(θ)w1(Z1i,∆, θ, Ĝ1)
= 0, (2.45)

1

n2

n2∑
k=1

w2(Z2j,∆, θ, Ĝ2)

1 + λ2(θ)w2(Z2j,∆, θ, Ĝ2)
= 0. (2.46)

2.3.2 The conditions and main theorem

To state the following lemma and the main theorem, the following conditions from [53] are

defined for both samples. Define for j = 1, 2

Hj(s) = P (Zj1 ≤ s), H̄j(s) = P (Zj1 > s),

H̃0j(s) = P (Zj1 > s, δj1 = 0), H̃1j(s) = P (Zj1 > s, δj1 = 1),

γ0j(x) = exp
{∫ x−

0

dH̃0j(s)

H̄j(s)

}
,

Cj(x) =

∫ x−

0

dGj(s)

(1−Hj(s))(1−Gj(s))
, τHj

= inf{t : Hj(t) = 1},
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where “x−” denotes that x is not included. And let

γ1j(x) =
1

H̄j(x)

∫
I{x<s}ξj(s)γ0j(s)dH̃1j(s),

γ2j(x) =

∫∫
I{s<x,s<t}ξj(t)γ0j(t)

H̄2
j (s)

dH̃0j(s)dH̃1j(t).

The conditions are following

(P1)
∫ τHj

0 ξ2j (x)γ
2
0j(x)dH̃1j(x) <∞,

(P2)
∫ τHj

0 ξj(x)C
1/2
j (x)dFj(x) <∞,

(P3)
∫ τHj

0

ξ2j (x)dFj(x)

1−Gj(x)
<∞,

(P4) τFj
= τHj

and Fj(τFj
) = Fj(τFj

−).

To derive the limiting distribution of the empirical likelihood statistic (2.43), the following

lemma is necessary.

Lemma 2.3.1. Under the conditions (P1) – (P4) for both samples, the following holds for j =

1, 2,

1
√
nj

nj∑
i=1

wj(Zji,∆0, θ0, Ĝj)
d−→ N(0, σ2

j ), (2.47)

1

nj

nj∑
i=1

w2
j (Zji,∆0, θ0, Ĝj)

p−→ Vj. (2.48)

The variance σ2
j , used in Lemma 2.3.1, defines the asymptotic variance of Kaplan­Meier

integral (see [45] and [53]) and is expressed in a complex form as follows

σ2
j = Var(ξj(Zj1)γ0j(Zj1)δj1 + γ1j(Zj1)(1− δj1)− γ2j(Zj1)) for j = 1, 2. (2.49)

The proof of (2.47) in Lemma 2.3.1 is given in Section 4 of [53]. The proof of (2.48) in Lemma

2.3.1 can be found in Section 3.3 of [16].

Theorem 2.3.1. Assume n2/n1 → m (as n1, n2 → ∞), where 0 < m < ∞, θ0 ∈ Ω, where Ω

is an open interval, and conditions (P1) – (P4) from [53] are satisfied for both samples. Then

−2r logR(∆0, θ̂, Ĝ1, Ĝ2)
d−→ χ2

1,
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as n1, n2 →∞, where r = (V2+mV1)/ (σ
2
2 +mσ2

1) and θ̂ is a consistent estimator of θ obtained

by solving the system of equations (2.44), (2.45) and (2.46).

The proof of the Theorem 2.3.1 is given in Section 2.4. Using the result from Theorem

2.3.1, the empirical likelihood­based confidence intervals for the parameter of interest∆ are in

the form

{∆ : −2r̂ logR(∆, θ̂, Ĝ1, Ĝ2) ≤ χ2
1,1−α}, (2.50)

where χ2
1,1−α denotes 1−α quantile of the chi­squared distribution with one degree of freedom

and r̂ is an estimator for the scaling constant r.

Remark 2.3.1. There are two particular cases, when the scaling constant in Theorem 2.3.1

is equal to 1, resulting in a limiting distribution of the statistic (2.43) as a simple χ2
1 random

variable. First, when there is no perturbation due to the censoring, i.e., all survival times have

been observed. Second, when the true censoring functionsG1 andG2 are known and used rather

than their plug­in estimators.

2.3.3 The estimator of the scaling constant

To find the estimator of the scaling constant r, the variances defined in Lemma 2.3.1 need to be

estimated. Similar estimators as proposed by Wang and Jing [53] in one­sample case are used

for this purpose.

Regarding Vj , for j = 1, 2, a consistent estimator follows from the equation (4.14) of [53]

in the form

V̂j := n−1
j

nj∑
i=1

(
Vnji − V̄nj

)2
, (2.51)

where

Vnji =
ξj(Zji)δji

1− Ĝj(Zji)
, i = 1, . . . , nj, and V̄nj

=
1

nj

nj∑
i=1

Vnji for j = 1, 2.

Wang and Jing [53] also proposed to use a consistent jackknife estimator for σ2
j for j = 1, 2,

which was established in [45] and is defined below. Another consistent estimator of σ2
j was

considered by Qin and Zhao [35] specifically for application of the mean residual life in one­

sample setup, however, it was not studied within the scope of this thesis.

For simplicity, assume that j = 1, 2 throughout this section. Let us denote

θj := θ(Fj) =

∫ ∞

0

ξj(t)dFj(t).
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The aim is to estimate the asymptotic variance of a Kaplan­Meier integral defined as

θ̂j := θ(F̂j) =

∫ Z(jnj)

0

ξj(t)dF̂j(t), (2.52)

where F̂j is obtained by (2.35). Denote

Tji =
δ(ji)

nj − i+ 1

i−1∏
k=1

[
nj − k

nj − k + 1

]δ(jk)
,

then θ̂j can be rewritten as empirical integral

Snj
=

nj∑
i=1

Tjiξj(Z(ji)).

Stute [44] proved that central limit theorem holds for censored data in the following form

√
nj

(
Snj
− Sj

) d−→ N(0, σ2
j ),

where Sj := limnj→∞ Snj
.

Let F̂−k
j denote the Kaplan­Meier estimator for the sample from which the observation

(Z(jk), δ(jk)) is removed. Then S−k
nj

:= θ(F̂−k
j ) for k = 1, . . . , nj denote the pseudo­values

of a jackknife (also referred to as leave­one­out) method. The mean value of the pseudo­values

is expressed as

S̄nj
= Snj

− ξj(Z(jnj))
δ(jnj)(1− δ(j(nj−1)))

nj

nj−2∏
i=1

[
nj − i− 1

nj − i

]δ(ji)
. (2.53)

Finally, the jackknife variance estimator is defined as

σ̂2
j = (nj − 1)

nj∑
k=1

(
S−k
nj
− S̄nj

)2
. (2.54)

Theorem 2.3.2. [45] Suppose condition (P1) holds, then σ̂2
j → σ2

j almost sure.

Corollary 2.3.1. Under the conditions of Theorem 2.3.1, the estimator of the scaling constant

r is obtained by

r̂ =
V̂2 +mV̂1
σ̂2
2 +mσ̂2

1

. (2.55)
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2.4 Proof of Theorem 2.3.1

In this section, first two additional lemmas are stated, which are necessary to prove the result in

Theorem 2.3.1 from Section 2.3.2. Afterwards, the proof of the Theorem 2.3.1 is given.

2.4.1 Technical lemmas

Lemma 2.4.1. Suppose that 1/3 < η < 1/2 and the conditions of Theorem 2.3.1 are satisfied,

then

λ1(θ) = Op(n
−η
1 ) and λ2(θ) = Op(n

−η
1 ) (2.56)

uniformly around θ ∈ {θ : |θ− θ0| ≤ cn−η
1 }, where c is some positive constant. Moreover, with

probability tending to 1, there exists a root θ̂ of (2.44) such that

|θ̂ − θ0| = Op(n
−η
1 ), (2.57)

and R(∆0, θ, Ĝ1, Ĝ2) attains its local maximum value at θ̂.

The proof of Lemma 2.4.1 is given in [37] with the second assumption (ii) from Section 1.3

satisfied in our setup. See also Section 3.3 in [16] for details.

Lemma 2.4.2. Assume that the conditions of Theorem 2.3.1 are satisfied, then with root θ̂ of

(2.44), as given in Lemma 2.4.1, we have

√
n1(θ̂ − θ0)

d−→ N

(
0,
σ2
1V2 +mσ2

2V1
(V2 +mV1)2

)
, (2.58)

λ1(θ̂) = −mλ2(θ̂) + op(n
−1/2
1 ), (2.59)

√
n1λ2(θ̂)

d−→ N

(
0,

σ2
2 +mσ2

1

m(V2 +mV1)2

)
. (2.60)

Proof. Denote λ1 := λ1(θ), λ̂1 := λ1(θ̂), λ2 := λ2(θ), λ̂2 := λ2(θ̂) for simplicity. Denote

equations (2.45), (2.46) and (2.44) by

Q1(θ, λ1, λ2) =
1

n1

n1∑
i=1

w1(Z1i,∆, θ, Ĝ1)

1 + λ1w1(Z1i, θ,∆, Ĝ1)
,

Q2(θ, λ1, λ2) =
1

n2

n2∑
k=1

w2(Z2k,∆, θ, Ĝ2)

1 + λ2w2(Z2k, θ,∆, Ĝ2)
,

Q3(θ, λ1, λ2) = λ1
1

n1

n1∑
i=1

{1 + λ1w1(Z1i,∆, θ, Ĝ1)}
−1

+ λ2
1

n1

n2∑
k=1

{1 + λ2w2(Z2k,∆, θ, Ĝ2)}
−1
,
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respectively. From Lemma 2.4.1 we have Qi(θ̂, λ̂1, λ̂2) = 0 for i = 1, 2, 3. By Lemma 2.4.1

and using Taylor expansion, the following holds

0 =Qi(θ̂, λ̂1, λ̂2)

=Qi(θ0, 0, 0) +
∂Qi(θ0, 0, 0)

∂θ
(θ̂ − θ0)

+
∂Qi(θ0, 0, 0)

∂λ1
λ̂1 +

∂Qi(θ0, 0, 0)

∂λ2
λ̂2 +Op(n

−2η
1 ), i = 1, 2, 3.

The partial derivatives of Qi, for i = 1, 2, 3, give

∂Q1(θ0, 0, 0)

∂θ
→ −1 a.s.,

∂Q1(θ0, 0, 0)

∂λ1
→ −V1 a.s.,

∂Q1(θ0, 0, 0)

∂λ2
= 0,

∂Q2(θ0, 0, 0)

∂θ
→ −1 a.s.,

∂Q2(θ0, 0, 0)

∂λ1
= 0,

∂Q2(θ0, 0, 0)

∂λ2
→ −V2 a.s.,

∂Q3(θ0, 0, 0)

∂θ
= 0,

∂Q3(θ0, 0, 0)

∂λ1
→ −1 a.s.,

∂Q3(θ0, 0, 0)

∂λ2
→ −m a.s.

Therefore 
θ̂ − θ0
λ̂1

λ̂2

 = S−1


Q1(θ0, 0, 0)

Q2(θ0, 0, 0)

0

+ op(n
−1/2
1 ),

where

S =


−1 −V1 0

−1 0 −V2
0 −1 −m

 and S−1 =
1

V2 +mV1


−V2 −mV1 V1V2

−m m −V2
1 −1 −V1

 .

Finally, the following equations are obtained

θ̂ − θ0 =
1

V2 +mV1
(−V2Q1(θ0, 0, 0)−mV1Q2(θ0, 0, 0)) + op(n

−1/2
1 ), (2.61)

λ1 = m

(
1

V2 +mV1

)
(−Q1(θ0, 0, 0) +Q2(θ0, 0, 0)) + op(n

−1/2
1 ), (2.62)

λ2 = −
(

1

V2 +mV1

)
(−Q1(θ0, 0, 0) +Q2(θ0, 0, 0)) + op(n

−1/2
1 ). (2.63)

From Lemma 2.3.1, it holds that

√
n1

 Q1(θ0, 0, 0)

Q2(θ0, 0, 0)

 d−→ N

0,

 σ2
1 0

0 m−1σ2
2

,
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which together with (2.61), (2.62) and (2.63) completes the proof of Lemma 2.4.2.

2.4.2 Proof of Theorem 2.3.1

Here the proof of the main theorem is given. First, following the argument for equation (4.8)

in [53] and multiplying both sides by λ1(θ̂) and λ2(θ̂), respectively, the following equations are

obtained

λ1(θ̂)

n1∑
i=1

w1(Z1i,∆0, θ̂, Ĝ1) = λ21(θ̂)

n1∑
i=1

w2
1(Z1i,∆0, θ̂, Ĝ1) + op (1) , (2.64)

λ2(θ̂)

n2∑
k=1

w2(Z2k,∆0, θ̂, Ĝ2) = λ22(θ̂)

n2∑
k=1

w2
2(Z2k,∆0, θ̂, Ĝ2) + op (1) . (2.65)

Next, from Taylor expansion

−2 logR(∆0, θ̂, Ĝ1, Ĝ2) =2λ1(θ̂)

n1∑
i=1

w1(Z1i,∆0, θ̂, Ĝ1)− λ21(θ̂)
n1∑
i=1

w2
1(Z1i,∆0, θ̂, Ĝ1)

+2λ2(θ̂)

n2∑
k=1

w2(Z2k,∆0, θ̂, Ĝ2)− λ22(θ̂)
n2∑
k=1

w2
2(Z2k,∆0, θ̂, Ĝ2) + op(1)

=λ21(θ̂)

n1∑
i=1

w2
1(Z1i,∆0, θ̂, Ĝ1) + λ22(θ̂)

n2∑
k=1

w2
2(Z2k,∆0, θ̂, Ĝ2) + op(1)

=m2λ22(θ̂)

n1∑
i=1

w2
1(Z1i,∆0, θ̂, Ĝ1) + λ22(θ̂)

n2∑
k=1

w2
2(Z2k,∆0, θ̂, Ĝ2) + op(1)

=n1m
2λ22(θ̂)V1 + n2λ

2
2(θ̂)V2 + op(1)

=m(V2 +mV1)
(√

n1λ2(θ̂
)2

+ op(1)

And finally, employing the equation (2.60) from Lemma 2.4.2, it is concluded that

−2r logR(∆0, θ̂, Ĝ1, Ĝ2)
d−→ χ2

1 with r =
V2 +mV1
σ2
2 +mσ2

1

,

which completes the proof of Theorem 2.3.1.

2.5 Simulation study

In this section the results of a simulation study are presented. The coverage accuracy of confi­

dence intervals was calculated for two scenarios listed below.

I: the difference of survival probabilities at fixed time t0 (see Example 2.3.2 from Section
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2.3);

II: the difference of restricted mean survival times (RMST’s) at time t0 (see Example 2.3.3

from Section 2.3).

In both cases, two other methods were used for comparison. The first method is based on nor­

mal approximation (see Section 2.2). The second method is based on pseudo­observations (see

Section 2.2). In the case of RMSTs, the empirical likelihood­based approach by Zhou [57] has

also been considered for comparison. However, it was computationally very intensive and the

solution to the optimization problem could not be found in some cases. Consequently, it was

not included in this simulation study.

To simulate censored data, first survival times and censoring times from the exponential

distribution with parameters 1 and c, respectively, i.e., Fj(t) = 1 − exp(−t) and Gj(t) =

1 − exp(−ct) for t ≥ 0 were generated. Then the right censored data is obtained as pairs

(Zji, δji), j = 1, 2. The constant c was chosen as 0.111, 0.250 and 0.429 such that on average

10%, 20% or 30% of the observations were censored, respectively. Samples were generated

N = 10 000 times with equal sample sizes n1 = n2. For each case the 95% confidence interval

for∆ was constructed at the specified value of t0, and the coverage accuracy was calculated for

H0 : ∆ = 0.

The implementation of the two­sample empirical likelihood method for right censored data

established in Section 2.3.2 of this thesis, is based on an existing R library EL [50], which covers

many different two­sample problems for i.i.d. data, including the inference for the difference

of two mean values. However for right censored data, only the statistic value calculated by

the function EL.means was used. Additional steps of implementation was needed to obtain the

estimate of the scaling constant r̂ to construct the confidence intervals for ∆. The normal ap­

proximation was implemented using packages survival and survRM2 for survival probabilities

and RMST’s, respectively. The pseudo­observations approach was carried out using packages

pseudo and geepack.

The results of the simulations for the 95%confidence interval coverage accuracy are summa­

rized in Tables 2.2 and 2.3 for the difference of the survival probabilities (Scenario I) and for the

difference of the RMST’s (Scenario II), respectively. When sample sizes were n1 = n2 = 15,

coverage accuracy could not be calculated for certain cases (e.g., when there were samples with­

out events after the selected time t0), denoted as “NA”. Results of the simulations lead to the

following conclusions.

(1) The empirical likelihood method gives better confidence interval coverage accuracy com­
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Table 2.2: Confidence interval coverage accuracy (mean interval length) for the difference of
survival probabilities at the point t0 obtained by normal approximation, pseudo­
observations (PO) and empirical likelihood (EL). Survival times were simulated from
exponential distribution with rate parameter 1, and censoring times were simulated
from exponential distributionwith rate parameter c, chosen such that the pre­specified
censoring proportion was obtained. Number of replications N = 10 000, α = 0.05.
NA – result not available.

Censoring
proportion (n1, n2)

t0 = 0.5 t0 = 0.7

Normal approx. PO EL Normal approx. PO EL

0.1

(15, 15) 0.930 (0.683) 0.932 (0.685) 0.950 (0.696) NA 0.936 (0.707) 0.949 (0.720)
(20, 20) 0.933 (0.597) 0.933 (0.599) 0.949 (0.606) 0.936 (0.616) 0.936 (0.618) 0.951 (0.627)
(30, 30) 0.936 (0.493) 0.939 (0.493) 0.949 (0.498) 0.941 (0.508) 0.941 (0.509) 0.949 (0.514)
(50, 50) 0.944 (0.384) 0.945 (0.385) 0.950 (0.387) 0.946 (0.396) 0.947 (0.397) 0.951 (0.399)
(70, 70) 0.949 (0.326) 0.950 (0.326) 0.953 (0.327) 0.945 (0.336) 0.946 (0.336) 0.951 (0.338)

(100, 100) 0.951 (0.273) 0.951 (0.274) 0.954 (0.274) 0.949 (0.282) 0.950 (0.282) 0.952 (0.283)
(150, 150) 0.951 (0.224) 0.952 (0.224) 0.953 (0.224) 0.951 (0.230) 0.950 (0.231) 0.952 (0.231)
(200, 200) 0.948 (0.194) 0.948 (0.194) 0.949 (0.194) 0.947 (0.200) 0.947 (0.200) 0.949 (0.200)

0.2

(15, 15) 0.928 (0.695) 0.933 (0.700) 0.946 (0.718) NA 0.933 (0.729) 0.942 (0.754)
(20, 20) 0.934 (0.609) 0.937 (0.611) 0.948 (0.624) 0.934 (0.633) 0.936 (0.637) 0.946 (0.654)
(30, 30) 0.936 (0.502) 0.939 (0.503) 0.946 (0.511) 0.938 (0.522) 0.939 (0.524) 0.947 (0.534)
(50, 50) 0.944 (0.392) 0.945 (0.392) 0.949 (0.396) 0.945 (0.407) 0.946 (0.408) 0.950 (0.413)
(70, 70) 0.949 (0.332) 0.949 (0.333) 0.951 (0.335) 0.945 (0.345) 0.946 (0.346) 0.949 (0.349)

(100, 100) 0.952 (0.279) 0.953 (0.279) 0.955 (0.280) 0.947 (0.290) 0.947 (0.290) 0.949 (0.292)
(150, 150) 0.952 (0.228) 0.952 (0.228) 0.954 (0.229) 0.952 (0.237) 0.952 (0.237) 0.953 (0.238)
(200, 200) 0.948 (0.198) 0.950 (0.198) 0.951 (0.198) 0.948 (0.205) 0.949 (0.205) 0.949 (0.206)

0.3

(15, 15) 0.927 (0.711) 0.934 (0.719) 0.943 (0.745) NA 0.932 (0.759) 0.939 (0.800)
(20, 20) 0.931 (0.623) 0.936 (0.627) 0.945 (0.646) 0.929 (0.655) 0.937 (0.662) 0.941 (0.688)
(30, 30) 0.935 (0.514) 0.940 (0.517) 0.944 (0.528) 0.938 (0.541) 0.942 (0.544) 0.945 (0.560)
(50, 50) 0.943 (0.401) 0.946 (0.403) 0.948 (0.409) 0.942 (0.422) 0.944 (0.424) 0.947 (0.432)
(70, 70) 0.949 (0.341) 0.950 (0.341) 0.952 (0.345) 0.944 (0.358) 0.946 (0.359) 0.948 (0.364)

(100, 100) 0.949 (0.286) 0.951 (0.286) 0.953 (0.289) 0.947 (0.300) 0.948 (0.301) 0.949 (0.304)
(150, 150) 0.952 (0.234) 0.952 (0.234) 0.954 (0.236) 0.951 (0.246) 0.952 (0.246) 0.952 (0.248)
(200, 200) 0.951 (0.203) 0.951 (0.203) 0.952 (0.204) 0.948 (0.213) 0.948 (0.213) 0.949 (0.215)

pared to other studied methods for small to moderate sample sizes (up to n1 = n2 = 100).

This is true for almost all studied cases.

(2) For small to moderate sample sizes, the coverage accuracy of our proposed method tends

to be closer to the nominal level as the proportion of censoring decreases. Meanwhile, it

appears that an increase in censoring proportion does not significantly affect the perfor­

mance of other methods.

(3) For larger sample sizes, the empirical likelihood­based confidence intervals has slightly

inflated coverage accuracy in some cases, especially for the difference of survival proba­

bilities at t0 = 0.5 (see Table 2.2).

(4) The confidence intervals obtained by the empirical likelihood method tend to be wider

on average compared to other methods, especially for small to moderate sample sizes.

This holds true for larger sample sizes as well, either when the censoring proportion is

increased or t0 is chosen further from the origin.
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Table 2.3: Confidence interval coverage accuracy (mean interval length) for the difference of
restricted mean survival times at the point t0 obtained by normal approximation,
pseudo­observations (PO) and empirical likelihood (EL) method. Survival times
were simulated from exponential distribution with rate parameter 1, and censoring
times were simulated from exponential distribution with rate parameter c, chosen
such that the pre­specified censoring proportion was obtained. Number of replica­
tions N = 10 000, α = 0.05. NA – result not available.

Censoring
proportion (n1, n2)

t0 = 0.5 t0 = 1

Normal approx. PO EL Normal approx. PO EL

0.1

(15, 15) 0.933 (0.221) 0.933 (0.221) 0.948 (0.228) 0.931 (0.502) 0.932 (0.502) 0.945 (0.516)
(20, 20) 0.937 (0.193) 0.937 (0.193) 0.949 (0.198) 0.934 (0.439) 0.934 (0.439) 0.946 (0.448)
(30, 30) 0.940 (0.160) 0.940 (0.160) 0.948 (0.162) 0.940 (0.362) 0.940 (0.362) 0.949 (0.367)
(50, 50) 0.941 (0.125) 0.941 (0.125) 0.947 (0.126) 0.943 (0.282) 0.944 (0.282) 0.947 (0.285)
(70, 70) 0.947 (0.106) 0.948 (0.106) 0.951 (0.106) 0.947 (0.239) 0.948 (0.239) 0.951 (0.241)

(100, 100) 0.950 (0.089) 0.949 (0.089) 0.952 (0.089) 0.951 (0.201) 0.951 (0.201) 0.953 (0.202)
(150, 150) 0.948 (0.073) 0.948 (0.073) 0.950 (0.073) 0.949 (0.164) 0.949 (0.164) 0.951 (0.165)
(200, 200) 0.948 (0.063) 0.949 (0.063) 0.950 (0.063) 0.947 (0.142) 0.947 (0.142) 0.948 (0.143)

0.2

(15, 15) 0.932 (0.223) 0.932 (0.223) 0.944 (0.230) 0.929 (0.510) 0.930 (0.512) 0.940 (0.530)
(20, 20) 0.937 (0.195) 0.938 (0.195) 0.946 (0.200) 0.934 (0.447) 0.935 (0.448) 0.944 (0.460)
(30, 30) 0.939 (0.161) 0.940 (0.161) 0.945 (0.164) 0.938 (0.368) 0.938 (0.369) 0.945 (0.376)
(50, 50) 0.941 (0.126) 0.942 (0.126) 0.945 (0.127) 0.945 (0.287) 0.946 (0.288) 0.949 (0.291)
(70, 70) 0.947 (0.107) 0.947 (0.107) 0.949 (0.108) 0.946 (0.243) 0.946 (0.244) 0.948 (0.246)

(100, 100) 0.949 (0.090) 0.950 (0.090) 0.951 (0.090) 0.950 (0.204) 0.950 (0.204) 0.951 (0.206)
(150, 150) 0.949 (0.073) 0.949 (0.073) 0.950 (0.074) 0.950 (0.167) 0.950 (0.167) 0.951 (0.168)
(200, 200) 0.949 (0.063) 0.949 (0.064) 0.950 (0.064) 0.949 (0.145) 0.949 (0.145) 0.950 (0.145)

0.3

(15, 15) 0.932 (0.225) 0.933 (0.226) 0.940 (0.234) NA 0.929 (0.525) 0.935 (0.547)
(20, 20) 0.936 (0.197) 0.936 (0.198) 0.943 (0.203) 0.932 (0.457) 0.935 (0.459) 0.938 (0.474)
(30, 30) 0.941 (0.163) 0.941 (0.163) 0.946 (0.166) 0.939 (0.377) 0.939 (0.378) 0.942 (0.387)
(50, 50) 0.942 (0.127) 0.942 (0.127) 0.945 (0.129) 0.942 (0.294) 0.943 (0.294) 0.946 (0.299)
(70, 70) 0.947 (0.108) 0.947 (0.108) 0.949 (0.109) 0.947 (0.249) 0.947 (0.249) 0.949 (0.253)

(100, 100) 0.950 (0.091) 0.950 (0.091) 0.951 (0.091) 0.946 (0.209) 0.947 (0.209) 0.947 (0.211)
(150, 150) 0.948 (0.074) 0.948 (0.074) 0.949 (0.074) 0.950 (0.171) 0.950 (0.171) 0.951 (0.172)
(200, 200) 0.948 (0.064) 0.949 (0.064) 0.950 (0.064) 0.950 (0.148) 0.951 (0.148) 0.951 (0.149)

2.6 Applications to real data sets

In this section two real right censored data examples are studied for the illustration of the two­

sample empirical likelihood method.

2.6.1 Lung cancer survival time analysis

A comparison of lung cancer survival times between males and females are presented. The data

is sourced from the cancer dataset included in the R library survival. The dataset comprises

138 survival times for males and 90 for females, with censoring rates of approximately 19%

and 41%, respectively. The Kaplan­Meier survival curves for both male and female groups are

demonstrated in panel A of Figure 2.1.

As suggested by the estimated survival curves, overall survival is better in females, which

is also confirmed by the log­rank test (p = 0.0013). The difference of the survival probabilities
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Figure 2.1: A – Kaplan­Meier estimates of survival curves in groups of males and females for
lung cancer survival data, p­value of log­rank test for survival curves is represented;
B – The estimated difference function of lung cancer survival probabilities between
females and males with 95% pointwise confidence intervals obtained using the em­
pirical likelihood method (EL), normal approximation (Normal), and the pseudo­
observations approach (PO); C – The estimated difference function of lung can­
cer restricted mean survival times (RMST’s) between females and males with 95%
pointwise confidence intervals obtained using the empirical likelihoodmethod (EL),
normal approximation (Normal), and the pseudo­observations approach (PO)

and RMST’s at t0 = 1 and 2 years was analyzed. The obtained results, along with the results

for two other methods (similar to those used in Section 3.5.2) for comparison, are summarized

in Table 2.4.

Table 2.4: Results of lung cancer survival time analysis stratified by groups of sex. Parameters
of interest analyzed were the difference of survival probabilities and the difference
of RMST’s at time t0 = 1 year and 2 years. Estimates, along with their correspond­
ing 95% confidence intervals and interval lengths, were obtained using three meth­
ods: normal approximation, pseudo­observations approach, and two­sample empiri­
cal likelihood method for right­censored data.

Lung cancer: female vs. male Difference of survival probabilities Difference of RMST’s
t0 Method Estimate Confidence interval Length Estimate Confidence interval Length

1 year
Normal approx. 0.190 [0.070, 0.311] 0.241 0.153 [0.073, 0.234] 0.161
Pseudo­observations 0.189 [0.046, 0.332] 0.285 0.153 [0.073, 0.233] 0.160
Empirical likelihood 0.190 [0.051, 0.343] 0.293 0.153 [0.074, 0.235] 0.162

2 years
Normal approx. 0.109 [0.032, 0.186] 0.153 0.339 [0.159, 0.518] 0.359
Pseudo­observations 0.105 [­0.012, 0.222] 0.234 0.333 [0.158, 0.508] 0.350
Empirical likelihood 0.109 [­0.013, 0.272] 0.285 0.338 [0.164, 0.527] 0.363

The estimates obtained using the empirical likelihood method coincide with those derived in

the normal approximation approach, but exhibit slight differences from the estimates provided

by the pseudo­observations approach. On average, empirical likelihood­based confidence in­

tervals are wider compared to the other methods, with this disparity being particularly evident

when comparing survival probabilities. At the two­year timepoint (t0 = 2 years), only the

normal approximation confidence interval indicates higher survival probability in females com­
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pared to males. Both the empirical likelihood method and the pseudo­observations approach do

not reject the equality of survival probabilities at t0 = 2 years.

If no particular pre­specified time point of interest t0 is known, one can construct the dif­

ference function for all t0 ∈ (0, τ), where τ = inf{t : S1(t) = 0&S2(t) = 0}, along with

pointwise confidence intervals. Panels B and C in Figure 2.1 demonstrate the difference func­

tion, along with 95% pointwise confidence intervals, for both the survival probabilities and the

restrictedmean survival times (RMSTs) in the cancer survival data. It is evident that the RMST’s

significantly differ for all values of t0. However, the difference function for survival probabili­

ties indicates equality between males and females in survival probabilities after approximately

t0 = 2 years.

2.6.2 Time to successful treatment response in patients with tuberculosis

The patients with pulmonary and extrapulmonary drug­susceptible tuberculosis at Riga East

University Hospital, Centre of Tuberculosis and Lung Diseases, were included in the study. Iso­

niazid (INH) is a key drug of the currently recommended treatment regimen. N­acetyltransferase

2 (NAT2) is an enzyme responsible for metabolizing various drugs and chemicals in the human

body, including INH. Glutathione S­transferase M1 (GSTM1) is an enzyme involved in the

detoxification of various endogenous and exogenous compounds, including drugs, carcinogens,

and environmental toxins. Both NAT2 acetylator phenotypes and GSTM1 genotypes were in­

vestigated to assess their impact on patients’ treatment response time. The time to successful

treatment response wasmeasured as the days until sputum culture conversion to culture­negative

for tuberculosis bacteria. Individuals who did not achieve a successful treatment response were

considered as censored.

A total of 40 patients were included in the study cohort. Among them, 21 patients had the

null GSTM1 genotype, and 19 patients had the plus GSTM1 genotype. Within the plus geno­

type group, 6 patients were considered censored, and in the null genotype group, 4 patients

were censored, resulting in a censoring rate of 32% and 19%, respectively. Furthermore, 14

patients exhibited the intermediate NAT2 acetylator phenotype (IA), while 26 patients had the

slow NAT2 acetylator phenotype (SA). The censoring rates were 21% (3 patients) for IA and

27% (7 patients) for SA when stratifying by NAT2 acetylator phenotype. The estimated cumu­

lative probabilities of successful treatment response by groups obtained using complement of

Kaplan­Meier curves are illustrated in panel A of Figure 2.2 and 2.3 for GSTM1 and NAT2,

respectively.
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Figure 2.2: A – Estimated probabilities of successful treatment response obtained using comple­
ment of Kaplan­Meier curves by groups of GSTM1 genotypes in tuberculosis patient
data, p­value of log­rank test for survival curves are represented; B – The estimated
difference function in tuberculosis patients data between survival probabilities of
null and plus GSTM1 genotypes with 95% pointwise confidence intervals obtained
using the empirical likelihood method (EL), normal approximation (Normal), and
the pseudo­observations approach (PO); C – The estimated difference function in
tuberculosis patients data between restricted mean survival times (RMST’s) of null
and plus GSTM1 genotypes with 95% pointwise confidence intervals obtained us­
ing the empirical likelihood method (EL), normal approximation (Normal), and the
pseudo­observations approach (PO).

The empirical likelihood method for two­sample right censored data introduced in this paper

was employed to conduct separate comparisons of time to successful treatment response for

GSTM1 groups and NAT2 groups. The obtained results, along with the results for two other

methods for comparison, are summarized in Table 2.5 for the differences of survival probabilities

and RMST’s at t0 = 60, 90, 120, 180 days. The chosen value of t0 = 60 days corresponds to

the standard two­month intensive phase of the tuberculosis treatment regimen, a time point of

significant interest among healthcare professionals.

Interpreting the results requires caution, particularly when considering healing time as the

event of interest, as in this case. However, here we only intend to draw conclusions about the

methods used for analysis, and the following observations were made. The estimates obtained

by the empirical likelihood method coincides with estimates obtained by normal approxima­

tion and are close to pseudo­observations estimates in case of survival probabilities. In case of

RMST’s, estimates slightly differs from both other methods. As already concluded in Section

3.5.2, confidence intervals obtained using our method are wider for the difference of RMST’s

for both enzymes and for all t0. However, for the difference of survival probabilities in some

cases normal approximation gives wider intervals compared to our method.

The results in Table 2.5 show discrepancies among the employed methods in only a few

cases, all regarding to the difference in survival probabilities. For instance, discrepancies are
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Figure 2.3: A – Estimated probabilities of successful treatment response obtained using com­
plement of Kaplan­Meier curves by groups of NAT2 acetylator phenotypes in tuber­
culosis patient data, p­value of log­rank test for survival curves are represented; B
– The estimated difference function in tuberculosis patients data between survival
probabilities of SA and IA NAT2 acetylator phenotypes with 95% pointwise confi­
dence intervals obtained using the empirical likelihoodmethod (EL), normal approx­
imation (Normal), and the pseudo­observations approach (PO); C – The estimated
difference function in tuberculosis patients data between restricted mean survival
times (RMST’s) of SA and IA NAT2 acetylator phenotypes with 95% pointwise
confidence intervals obtained using the empirical likelihood method (EL), normal
approximation (Normal), and the pseudo­observations approach (PO).

observed in groups of GSTM1 genotypes at t0 = 90 and 180 days, and in the NAT2 acetylator

phenotype at t0 = 60 days.

The plots of the estimated difference functions with 95% pointwise confidence intervals

were also constructed (see panels B and C of Figures 2.2 and 2.3), to better observe the overall

trends of differences over all values of t0.
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Table 2.5: Results of time to successful treatment response analysis in patients with tubercu­
losis stratified by groups of the GSTM1 genotype and NAT2 acetylator phenotype.
Parameters of interest analyzed were the difference of survival probabilities and the
difference of RMST’s at time t0 = 60, 90, 120, 180 days. Estimates, along with
their corresponding 95% confidence intervals and interval lengths, were obtained us­
ing three methods: normal approximation, pseudo­observations approach, and two­
sample empirical likelihood method for right­censored data.

GSTM1 genotype: null vs. plus Difference of survival probabilities Difference of RMST’s
t0 Method Estimate Confidence interval Length Estimate Confidence interval Length

60 days
Normal approxim. 0.043 [­0.289, 0.375] 0.67 ­3.22 [­12.60, 6.17] 18.77
Pseudo­observations 0.043 [­0.281, 0.367] 0.65 ­3.22 [­12.57, 6.13] 18.71
Empirical likelihood 0.043 [­0.332, 0.340] 0.67 ­3.38 [­13.66, 5.71] 19.37

90 days
Normal approx. ­0.274 [­0.607, 0.059] 0.665 ­6.86 [­23.38, 9.66] 33.03
Pseudo­observations ­0.274 [­0.567, 0.018] 0.584 ­6.87 [­23.39, 9.66] 33.05
Empirical likelihood ­0.274 [­0.620, ­0.012] 0.607 ­7.03 [­25.66, 8.56] 34.23

120 days
Normal approx. ­0.203 [­0.518, 0.111] 0.63 ­14.14 [­36.51, 8.24] 44.74
Pseudo­observations ­0.204 [­0.469, 0.061] 0.53 ­14.15 [­36.58, 8.28] 44.86
Empirical likelihood ­0.203 [­0.532, 0.025] 0.56 ­14.30 [­40.11, 6.36] 46.47

180 days
Normal approx. ­0.258 [­0.572, 0.057] 0.63 ­27.75 [­62.65, 7.16] 69.81
Pseudo­observations ­0.263 [­0.512, ­0.014] 0.50 ­27.92 [­62.85, 7.02] 69.87
Empirical likelihood ­0.258 [­0.565, ­0.049] 0.52 ­27.91 [­69.37, 3.35] 72.72

NAT2 acetylator: SA vs. IA Difference of survival probabilities Difference of RMST’s
t0 Method Estimate Confidence interval Length Estimate Confidence interval Length

60 days
Normal approx. 0.334 [­0.038, 0.706] 0.74 8.65 [­1.65, 18.95] 20.60
Pseudo­observations 0.329 [0.010, 0.647] 0.64 8.71 [­1.77, 19.20] 20.97
Empirical likelihood 0.334 [­0.010, 0.696] 0.71 8.29 [­1.99, 19.46] 21.44

90 days
Normal approx. 0.138 [­0.198, 0.474] 0.67 14.49 [­3.04, 32.01] 35.05
Pseudo­observations 0.140 [­0.149, 0.430] 0.58 14.63 [­2.86, 32.12] 34.98
Empirical likelihood 0.138 [­0.181, 0.505] 0.69 14.13 [­3.45, 33.62] 37.07

120 days
Normal approx. 0.154 [­0.105, 0.413] 0.52 20.08 [­2.46, 42.63] 45.09
Pseudo­observations 0.149 [­0.094, 0.392] 0.49 20.04 [­2.44, 42.52] 44.97
Empirical likelihood 0.154 [­0.105, 0.475] 0.58 19.72 [­2.57, 45.57] 48.14

180 days
Normal approx. 0.154 [­0.105, 0.413] 0.52 29.30 [­5.66, 64.27] 69.93
Pseudo­observations 0.149 [­0.094, 0.392] 0.49 28.99 [­5.44, 63.43] 68.88
Empirical likelihood 0.154 [­0.105, 0.475] 0.58 28.94 [­5.51, 70.66] 76.17

2.7 Conclusions

In this chapter, basic concepts of survival analysis were introduced, classical and also novel

methods for the two­sample inference were described. The main result of this chapter is given

in Section 2.3.2 along with the proof in Section 2.4. The generalized approach of empirical

likelihood method for two­sample right censored data problems was established. A frequently

advocated advantage of the empirical likelihood method is its range­preserving property, which

aligns well for the survival data analysis. While the empirical likelihood method for right cen­

sored data in a two­sample case has been studied before (see, e.g., [58], [57]), the approach

used enables a more general application. The parameter of interest under consideration is the

difference between two functionals of survival distributions, determined by some non­negative
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measurable functions. While several distinct examples were provided, the choice of the param­

eter of interest is not limited to only those.

It was proved that the two­sample empirical likelihood statistic for right censored data fol­

lows a scaled chi­squared distribution, and the form of the theoretical scaling constant was de­

rived. Following the setup in one­sample case established in [53], the consistent estimator for

the scaling constant was proposed.

Two particular parameters of interest in more detail using simulations and real data appli­

cations were studied: the difference of survival probabilities at a fixed point and the difference

of restricted mean survival times. Both parameters have recently been recognized as highly

significant within the context of survival data analysis (see [20], [1], and [40]).

The method was implemented using the existing R library EL, though additional computa­

tions were necessary to estimate the scaling constant for constructing confidence intervals.

In the simulation study, the comparison for the coverage accuracy of confidence intervals

obtained using the empirical likelihood method with the normal approximation and pseudo­

observations approach was carried out. Empirical likelihood­based confidence intervals have

greater widths compared to other methods across nearly all studied sample sizes and censoring

scenarios. Based on the results, we conclude that the proposed empirical likelihood approach is

generally comparable to the other methods under consideration, while it particularly performs

substantially better for sample sizes of approximately up to 100 observations each. The empirical

likelihood method’s performance is affected by the increase of the censoring proportion, but it

still retains superior performance for smaller sample sizes.

Two real datasets to illustrate the application of the proposed method for right censored

data were used. The cancer dataset available in the R library survival, contains lung cancer

survival times compared across sex­based groups. The other dataset was acquired from a study

conducted at the Latvian Biomedical Research and Study Centre. In the latter case, we analyzed

time to successful treatment response in tuberculosis patients stratified by subgroups of enzymes

responsible for drug metabolism. For all studied examples the graphs for the difference over all

time points were constructed. Such illustrations can be utilized if no pre­specified time point of

interest is known.

Several ideas for future research regarding the proposed method are following:

(1) to investigate the scaling constant estimator in greater detail and explore alternative esti­

mation techniques;

(2) to implement influence functions in the estimating equations to avoid the need for variance
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estimation, as established for the one­sample case in [14];

(3) to extend the adjusted empirical likelihood method for the two­sample setup with right

censored data, following the approach described in [55];

(4) to incorporate covariate adjustment within the proposed empirical likelihood method for

rigth censored data.
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Chapter 3

Inference for location­scale models using

empirical likelihood method

In this chapter, the study of two­sample location­scale models, which represent a specialized

subset within the broader class of structural relationship models, is presented. The empirical

likelihood method for structural relationship models was previously investigated in [49], em­

ploying probability­probability and quantile­quantile plots at a fixed point. In this work, the

ideas from [49] are revisited and extended regarding the location­scale models.

In Section 3.1, the location­scale model is defined, the hypothesis test for the two­sample

location­scale model is described, and two methods focused on assessing the goodness­of­fit of

the location­scale model are outlined. The issue of plug­in parameter estimators are addressed,

as well as two methods for parameter estimation are discussed.

Section 3.2 introduces the two­sample empirical likelihood method for location­scale mod­

els. The main results of this chapter are presented in Section 3.3. It includes a description of

the appropriate bootstrap resampling techniques used to generate critical values for practical

goodness­of­fit hypothesis testing of the two­sample location­scale model. Additionally, it out­

lines a bootstrap procedure for constructing simultaneous confidence bands for the parameter

of interest over a specified interval. The algorithm for constructing confidence intervals for

either the location or scale parameter using the empirical likelihood statistic for a probability­

probability plot at a fixed point is described. This approach was inspired from the idea of confi­

dence bands for the general shift function, as developed by Doksum and Sievers [9]. Regarding

the empirical likelihood statistic, such approach is novel to our knowledge.

Section 3.4 introduces the semiparametric structural relationship models and demonstrates

that the theory encompass the entire class of these models. Furthermore, Lehmann alternative
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models are considered, which serve as another illustrative example of structural relationship

models.

Finally, Sections 3.5 and 3.6 present the results of a simulation study for the proposed meth­

ods and illustrate a real data analysis using proposed methods, respectively.

3.1 Preliminaries

Let X and Y denote two independent random variables with distribution functions F and G,

respectively.

Definition 3.1.1. The location­scale model between two distribution functions F and G is de­

fined by the equation

F (x) = G

(
x− µ
σ

)
, x ∈ R, (3.1)

where µ ∈ R is the location and σ > 0 is the scale parameter.

The location­scale model can be also expressed in terms of quantile functions as

F−1(t) = σG−1(t) + µ, t ∈ (0, 1), µ ∈ R, σ > 0, (3.2)

where F−1 and G−1 are the inverse (quantile) functions of F and G.

Let us denote the means and standard deviations of X and Y with µX , µY , σX and σY ,

respectively. Then the location­scale model parameters are expressed as

σ =
σX
σY

and µ = µX − σµY . (3.3)

If σ = 1, the model (3.1) simplifies to the location model F (x) = G(x−µ); if µ = 0, the model

(3.1) simplifies to the scale model F (x) = G(x/σ).

Let us introduce the quantile­quantile (Q­Q) and the probability­probability (P­P) plots that

are valuable tools for assessing equality of distributions and differences in locations and/or

scales.

Definition 3.1.2. A quantile­quantile plot is defined as a graph of a function

{F−1(G(x)) : x ∈ R}. (3.4)
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Definition 3.1.3. A probability­probability plot is defined as a graph of a function

{F (G−1(t)) : t ∈ (0, 1)}. (3.5)

It can be verified that in case of location­scale model (3.1) Q­Q plot will be constructed as

a straight line. If the distributions come from the same family (Q­Q is a straight line), P­P plots

can be constructed. The P­P plot curves above or below the 45◦ diagonal indicating of shift in

locations. If P­P plot crosses the diagonal, it indicates the change in scales. The estimates of

Q­Q and P­P plots are obtained by simply replacing the theoretical distribution functions in (3.4)

and (3.5) by the empirical distribution functions.

3.1.1 Hypothesis testing

Now, suppose two independent random samples, denoted as X1, . . . , Xn and Y1, . . . , Ym, are

given. For simplicity, let one of the groups represent the treatment group, and the other group

be the control group. In practice, the usual approach is to apply Student’s t­test in case of nor­

mal data or nonparametric Wilcoxon test to compare the locations in case of non­normality.

However, according to Doksum and Sievers [9], there are additional questions that need to be

considered:

(1) Is the treatment beneficial for all the members of the population?

(2) If the answer to the question (1) is “No”, then for which part of the population is the

treatment beneficial?

(3) Does a location (shift) model hold, i.e., µ ̸= 0?

(4) If the answer to the question (3) is “No”, does a location­scale model hold, i.e., µ ̸= 0 and

σ ̸= 1?

Therefore, instead of testing the general two­sample problem H0 : F (x) = G(x) for all x ∈ R,

the aim is to test, whether the two­sample location­scale model holds. The problem of testing

whether two samples belong to the same location­scale family has not been widely studied in the

literature. Doksum and Sievers [9] proposed a test equivalent to checking whether a nonpara­

metric confidence band for the quantile comparison function contains a straight line. However,

this test has low power, since nonparametric confidence bands are typically very wide. Another

test based on empirical characteristic functions was proposed by Hall et al. [12].
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In order to verify, whether the location­scale model (3.1) holds between two distributions,

the aim is to test the hypothesis

H0 : There exist constantsµ ∈ R andσ > 0 such thatX d
= σY + µ, (3.6)

where d denotes the equality of random variables in distribution.

Nonparametric confidence bands for general shift function

Here we describe the construction of nonparametric simultaneous confidence bands for some

response function ∆(x) following the Doksum and Sievers approach described in [9] (see also

[8]).

Definition 3.1.4. Assume F and G are continuous. Let G−1(u) = inf{x : G(x) ≥ u} be the

left inverse of G. Then the general shift function is defined as

∆(x) = G−1{F (x)} − x, x ∈ R. (3.7)

If the location (shift) model holds, then ∆(x) = µ. A natural estimator of ∆(x) is obtained

by

∆̂(x) = G−1
m {Fn(x)} − x, x ∈ R, (3.8)

where Fn andGm denote the empirical distribution functions based on theX and Y samples.Let

G∆,m(y) = Gm(∆(y) + y). If ϕ(Fn, Gm) is a distribution­free level α test function for H0 :

F = G, then

{∆(·) : ϕ(Fn, G∆,m) = 0} (3.9)

is a distribution­free level (1 − α) confidence region for the response function ∆(·). These

regions reduce to a simple bands if the distribution­free test statistic T (Fn, Gm) is considered

with the property that the inequality T (Fn, Gm) ≤ K is equivalent to

h∗{Fn(x)} ≤ Gm(x) ≤ h∗{Fn(x)} (3.10)

for all x and some typically non­decreasing functions h∗ and h∗. Then the confidence bands are

derived as follows. LetG−1
m (u) = inf{x : Gm(x) ≥ u} and G−I

m = sup{x : Gm(x) ≤ u} be the

left and right inverses of Gm, and suppose K is chosen so that

P (T (Fn, Gm) ≤ K) = 1− α (3.11)
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under the hypothesis H0 : F = G. Then, simultaneously for all x, the following holds

1− α = P (T (Fn, Gm) ≤ K)

= P (T (Fn, G∆,m) ≤ K)

= P (h∗Fn(x)} ≤ G∆,m(x) ≤ h∗{Fn(x)})

= P (h∗{Fn(x)} ≤ Gm(∆(x) + x) ≤ h∗{Fn(x)})

= P
(
G−1

m {h∗(Fn(x))} − x ≤ ∆(x) ≤ G−I
m {h∗(Fn(x))} − x

)
.

Theorem 3.1.1. [9] If (3.10) and (3.11) hold, then

[
G−1

m {h∗(Fn(x))} − x, G−I
m {h∗(Fn(x))} − x

]
(3.12)

as −∞ < x <∞ gives a level (1− α) simultaneous, distribution­free confidence band for the

shift function ∆(x).

Suppose that the test statistic T (Fn, Gm) is in the form of Kolmogorov­Smirnov statistic

T (Fn, Gm) =

√
mn

m+ n
sup |Fn(x)−Gm(x)| , (3.13)

and KS,α is chosen from the Kolmogorov­Smirnov tables so that P (T (Fn, Gm) ≤ KS,α) =

1− α. Then level (1− α) simultaneous, distribution­free confidence bands for ∆(x) based on

Kolmogorov­Smirnov statistic as −∞ < x <∞ is given by

[
G−1

m

(
Fn(x)−KS,α/

√
mn/(m+ n)

)
− x, G−I

m

(
Fn(x) +KS,α/

√
mn/(m+ n)

)
− x
]
.

(3.14)

The bands given by (3.14) is often referred to as S bands in the literature [9].

If the location model holds between two distributions, horizontal line would fit within the

simultaneous bands for the general shift function. In turn, if the scale or location­scale model

holds, some linear increasing or decreasing line would fit within the bands. Therefore, to test

the hypothesis (3.6), one might construct the bands and check if any straight line fits within the

bands.
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Effect of parameter estimation on conventional function­based two­sample statistics

To test the hypothesis (3.6) the approach suggested in [12] is based on standardization of both

random variables. It is, to utilize standardized random variables

U :=
X − µX

σX
∼ F0 and V :=

Y − µY

σY
∼ G0, (3.15)

and rewrite the test hypothesis (3.6) as H0 : F0 = G0. A natural choice of test statistic for the

null hypothesis of this form is of Cramér­von Mises type statistic, which is defined as

Smn =
mn

m+ n

∫
R

(
F̂0(x)− Ĝ0(x)

)2
ω(x)dx, (3.16)

where F̂0 and Ĝ0 denote estimators of F0 and G0, and ω(x) is some weight function.

Let us now discuss the case for random variableX . Let X̃i := (Xi−X̄)/SX for i = 1, . . . , n,

where X̄ denotes the sample mean and SX denotes the sample standard deviation. Let F̂0 denote

the empirical distribution function (ECDF) based on the observations X̃i. Then

F̂0(x) =Fn(X̄ + SX · x) = F (X̄ + Sx · x) + n−1/2∆F (X̄ + SX · x),

where

Fn(x) = n−1

n∑
i=1

I{Xi≤x}, and ∆F (x) = n1/2 (Fn(x)− F (x)) .

Assuming without loss of generality that (µX , σX) = (0, 1), then by Taylor expansion it follows

that

F (X̄ + SX · x) = F0(x) + {X̄ + (SX − 1)x}f0(x) + op(n
−1/2)

and ∆F (X̄ + SX · x) = ∆F0(x) + op(1). Therefore,

F̂0(x) = F0(x) + {X̄ + (SX − 1)x}f0(x) + n−1/2∆F0(x) + op(n
−1/2),

where the unknown density function f0 appears in this expansion. The same can be derived

for random varible Y as well. It is apparent that the distribution of Smn will depend on the

unknown density functions f0 and g0. One possibility is to employ the bootstrap resampling

method. However, any test statistic based on F̂0(x) and Ĝ0(x) will encounter problems since

the bootstrap cannot estimate the density functions n1/2−consistently [12]. Other possibility

would be to apply smoothed bootstrap (see e.g. [18]), but in that case the next issue would be
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choice of the appropriate smoothing bandwidth.

Example 3.1.1. In this example we consider the two­sample Kolmogorov­Smirnov test. In

the one­sample case, effect of the parameter estimation on the limiting distribution can be eas­

ily shown using simulations. For testing the normality in a composite hypothesis, Lilliefor’s

correction is provided to carry out the hypothesis test correctly. Similar situation arises in the

asymptotic behaviour of the two­sample Kolmogorov­Smirnov statistic as well, when location

and scale parameters are estimated. The two­sample test statistic is

√
nm

n+m
sup |Fn(x)−Gm(x)|

d−→ sup
0<t<1

|B(t)| , (3.17)

whereB(t) denotes the standard Brownian bridge. However, to test for location­scale model by

using H0 : F0(x) = G0(x), one would use the statistic√
nm

n+m
sup
∣∣∣F̂0(x)− Ĝ0(x)

∣∣∣ . (3.18)

In panel A of Figure 3.1, it is demonstrated through simulations that the statistic given by equa­

tion (3.18) exhibits a left­skewed limiting distribution (in green) when compared to the distri­

bution of the statistic (3.17) based on the Brownian bridge (in blue). The second issue arises

from the fact that, with fixed sample sizes n and m, only specific values of the statistic can be

observed. As a result, the obtained limiting distribution displays gaps between these values, as

illustrated by histograms in panel B of Figure 3.1.

Goodness­of­fit test for a two­sample location­scale model based on empirical character­

istic functions

To overcome the issues with conventional test statistics based on empirical distribution or empir­

ical quantile functions, Hall et al. [12] propose a new test based on the characteristic functions.

Their approach is based on the standardized variables U and V as defined in the equation (3.15).

Definition 3.1.5. [12] The characteristic function of a random variable X is defined as

ψX(t) = E{eitX}, t ∈ R, (3.19)

with the empirical counterpart for a random sample X1, . . . , Xn in the form

ψ̂X(t) =
1

n

n∑
i=1

eitXi , t ∈ R. (3.20)
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Figure 3.1: The kernel density estimates (panel A) and histograms (panel B) representing the
simulated limiting distribution of the two­sample Kolmogorov­Smirnov statistic un­
der H0 : F (x) = G(x) with X and Y distributed as N(2, 1) (in blue) and under
H0 : F0(x) = G0(x) with X ∼ N(2, 1) and Y ∼ N(0, 1) (in green). The number
of replications is N = 10000.

Let the estimators of unknown µX , µY , σX and σY are obtained by their corresponding

sample estimators X̄ , Ȳ , SX and SY , respectively. Also let

ψ̂U(t) =
1

n

n∑
i=1

exp
(
it
Xi − X̄
SX

)
=

1

n

n∑
i=1

cos
(
t
Xi − X̄
SX

)
+
i

n

n∑
i=1

sin
(
t
Xi − X̄
SX

)
.

Similar definition is obtained also for ψ̂V using Ȳ and SY . The test statistic for the hypothesis

(3.6) proposed in [12] is

Lmn =
mn

m+ n

∫
R

∣∣∣ψ̂U(t)− ψ̂V (t)
∣∣∣2 ω(t)dt, (3.21)

where ω(t) is a specified weight function.

Theorem 3.1.2. [12] For two independent random samples X1, . . . , Xn and Y1, . . . , Ym under

the null hypothesis (3.6) the following holds

√
mn

m+ n

(
ψ̂U(t)− ψ̂V (t)

)
d−→
∫
R

(
eitx − itx ψU(t)−

t

2
(x2 − 1)ψ′

U(t)

)
dB(F0(x)), (3.22)

where B(x) is a standard Brownian bridge.
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Remark 3.1.1. It is possible to relax the assumption of two finite moments for a random sample

by assuming that one­sample location and scale estimators µ̂X and σ̂X have the properties

µ̂X − µX =
1

n

n∑
i=1

ω1(Xi) + op
(
n−1/2

)
,

σ̂2
X − σ2

X =
1

n

n∑
i=1

ω2(Xi) + op
(
n−1/2

)
,

where E{ω1(X)} = E{ω2(X)} = 0 and max{V ar(ω1(X)), V ar(ω2(X))} < ∞. For exam­

ple, robust choices for one­sample location and scale parameters could be utilized such as the

median and interquartile range or M­estimators of location and scale.

In [12], it is argued that the test statistic Lmn defined by the equation (3.21) is not asymptoti­

cally distribution free. Therefore in practical applications, bootstrap resampling procedure needs

to be employed. The standard choice for weight function is considered as ω(t) = e−bt2 , where

b denotes the bandwidth in corresponding kernel density estimation. Other possible choices for

ω(t) are given in [12].

When it can be assumed beforehand that the samples come from a symmetric distribution,

an alternative statistic is derived. Since ψU(t) and ψV (t) are real for distributions symmetric

about 0, the following estimators for ψU(t) and ψV (t) can be employed

ĉU(t) =
1

n

n∑
i=1

cos
(
t
Xi − X̄
SX

)
,

ĉV (t) =
1

m

m∑
k=1

cos
(
t
Yk − Ȳ
SY

)
.

Then the statistic analogous to (3.21) is defined as

Qmn =
mn

m+ n

∫
R
(ĉU(t)− ĉV (t))2 ω(t)dt. (3.23)

Theorem 3.1.3. [12] For two independent random samples X1, . . . , Xn and Y1, . . . , Ym with

symmetric distributions under the null hypothesis (3.6) the following holds

√
mn

m+ n
(ĉU(t)− ĉV (t))

d−→
∫
R

(
cos(tx)− t

2
(x2 − 1)ψ′

U(t)

)
dB(F0(x)), (3.24)

where B(x) denotes a standard Brownian bridge.

The proofs for Theorem 3.1.2 and 3.1.3 are given in the Appendix of [12].
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3.1.2 Methods for location and scale parameter estimation

Previously described approach to test the hypothesis (3.6) was based on the standardized random

variables U ∼ F0 and V ∼ G0. In this thesis, another slightly different approach is proposed.

Let Y ∗ = σY + µ with some distribution function G∗. Under the assumption of location­scale

model, Y ∗ and X are equally distributed, i.e.,

G∗(x) = P (σY + µ ≤ x) = P

(
Y ≤ x− µ

σ

)
= G

(
x− µ
σ

)
= F (x), x ∈ R.

Therefore, the test hypothesis (3.6) for validation of the two­sample location­scale model is

expressed as H0 : F (x) = G∗(x). In practice, to carry out such hypothesis test, the estimators

for µ and σ have to be considered.

In this thesis, two methods for the location and scale parameter estimation are considered

and studied in more detail: method of moments (without trimming) and Mallows distance. Pot­

gieter and Lombard also studied the estimation of two­sample location and scale parameters and

proposed a nonparametric asymptotic likelihood estimator in [32]. Moreover, both authors con­

sidered two other methods as well in [33]. The first approach minimizes a weighted L2 distance

between the empirical characteristic functions of the X and Y data (WI method). The second

approach is based on a construction of a quadractic form based on the diference of the empirical

characteristic functions of samples ofX and Y at a pre­selected number of points (k­Lmethod).

Method of moments (MOM)

For the estimation of µ and σ a natural choice is to directly replace the theoretical values in (3.3)

with their sample estimators leading to the estimators

σ̂ = SX/SY and µ̂ = X̄ − σ̂Ȳ , (3.25)

where X̄ and Ȳ denote the corresponding sample means and SX and SY denote the correspond­

ing sample standard deviations. This method previously has been studied in [32]. Moreover,

the modification of the MOM is obtained using the trimmed versions of sample estimators for

X leading to

X̄γ =
1

n− 2⌊nγ⌋

n−⌊nγ⌋∑
i=⌊nγ⌋+1

Xi, and S2γ
X =

1

n− 2⌊nγ⌋

n−⌊nγ⌋∑
i=⌊nγ⌋+1

(Xi − X̄γ)2, (3.26)
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where γ denotes the trimming proportion, and ⌊x⌋ denotes the integer part of x. Sγ
X is obtained

by taking the square­root from S2γ
X . Analogous definitions for Ȳ γ and Sγ

Y are obtained.

Mallows distance

The Mallows distance was first used for two distribution functions in [24]. Later, Munk and

Czado [27] used trimmed Mallows distance to test the equivalence between two distributions.

Freitag andMunk [10] studied properties of Mallows distance for structural relationship models,

which include the location­scale models as well. The definition of theMallows distance is based

on the quantile function form of a two­sample location­scale model as given in equation (3.2).

Definition 3.1.6. [10] The Mallows distance between two distribution functions F and G is

defined as

M(F,G) :=

∫ 1

0

(F−1(u)− σG−1(u)− µ)2 du. (3.27)

Thus, the estimators µ̂ and σ̂ can be obtained by minimizing the Mallows distance (3.27),

in which F−1 and G−1 are replaced by the corresponding empirical quantile functions F−1
n and

G−1
m , respectively.

3.2 Two­sample EL method for location­scale model

In this section the two­sample empirical likelihood method is briefly described in the context

of location­scale models. Two EL­based statistics are considered: the difference of distribution

functions and the probability­probability plots. Let X1, . . . , Xn and Y1, . . . Ym be two indepen­

dent random samples with distributions F and G, respectively. Let us denote the univariate pa­

rameter of interest with∆ and the vector of a location and scale parameters with ν for simplicity,

i.e., ν = (µ, σ). The true parameters are determined by the unbiased estimating equations

E{w1(X,∆0, θ0, ν0)} = 0,

E{w2(Y,∆0, θ0, ν0)} = 0,

where ∆0 denotes the true value of ∆, and θ0 is the true value of the nuisance parameter θ ∈ R

associated with one of the distribution functions, and ν0 = (µ0, σ0) denotes the vector of the

true location and scale parameter values.
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The two­sample empirical likelihood function is defined as

L(∆, θ, ν) = nnmm sup
θ,p,q

{
n∏

i=1

pi

m∏
j=1

qj :

pi > 0, i = 1, . . . , n,
n∑

i=1

pi = 1,
n∑

i=1

piw1(Xi,∆, θ, ν) = 0,

qj > 0, j = 1, . . . ,m,
m∑
j=1

qj = 1,
m∑
j=1

qjw2(Yj,∆, θ, ν) = 0

}
, (3.28)

where p = (p1, . . . , pn) and q = (q1, . . . , qm) are probability vectors. For the parameters ∆,

θ and ν fixed, the supremum in L(∆, θ, ν) exists and is unique provided that 0 belongs to

the interior of the convex hull of w1(X1,∆, θ, ν), …, w1(Xn,∆, θ, ν) and w2(Y1,∆, θ, ν), …,

w2(Ym,∆, θ, ν). Optimal p and q can be found by the Lagrange multiplier method yielding the

minus twice log­empirical likelihood statistic in the form of

l(∆, θ, ν) := −2 logL(∆, θ, ν)

= 2
n∑

i=1

log(1 + λ1(∆, θ)w1(Xi,∆, θ, ν))

+ 2
m∑
j=1

log(1 + λ2(∆, θ)w2(Yj,∆, θ, ν)), (3.29)

where λ1(∆, θ) and λ2(∆, θ) are Lagrange multipliers determined by the equations

n∑
i=1

w1(Xi,∆, θ, ν)

1 + λ1(∆, θ)w1(Xi,∆, θ, ν)
= 0 (3.30)

and
m∑
j=1

w2(Yj,∆, θ, ν)

1 + λ2(∆, θ)w2(Yj,∆, θ, ν)
= 0. (3.31)

Additionally, the nuisance parameter θ is estimated by minimizing the likelihood statistic

l(∆, θ, ν) for the parameters ∆ and ν fixed, i.e.,

θ̂(∆, ν) = argmin
θ
l(∆, θ, ν).

The optimization with the respect to θ can be done also by taking the derivative of l(∆, θ, ν) and

introducing the third equation besides the equations for both Lagrange multipliers (3.30) and

(3.31) (for details, see Qin and Zhao [37]). Note that R package EL finds λ1, λ2 and θ values

simultaneously minimizing the l(∆, θ, ν) function for fixed ∆ value.
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Example 3.2.1. Location­scale goodness­of­fit test at a fixed point based on the difference

of distribution functions. For the location­scale model let the parameter of interest be ∆ =

G
(
x−µ
σ

)
− F (x), x ∈ R, and denote the true nuisance parameter as θ0 = F (x). In this case the

estimating equations are

w1(X,∆0, θ0, ν0) = I{X≤x} − θ0, (3.32)

w2(Y,∆0, θ0, ν0) = I{σ0Y+µ0≤x} − θ0 −∆0. (3.33)

If µ0 = 0 and σ0 = 1, then ∆0 = G(x)− F (x), which is the case considered by Qin and Zhao

[37]. Additionally, from Theorem 1.3.1 it holds, that EL statistic l(∆0, θ̂(∆0, ν0), ν0) converges

to a χ2
1 distributed random variable under the estimating equations (3.32) and (3.33).

Example 3.2.2. Location­scale goodness­of­fit test at a fixed point based on P­P plots. De­

fine the parameter of interest ∆ as

∆ = F{σG−1(t) + µ}, t ∈ (0, 1). (3.34)

The estimating equations in this case are

w1(X,∆0, θ0, ν0) = I{X≤θ0} −∆0, (3.35)

w2(Y,∆0, θ0, ν0) = I{σ0Y+µ0≤θ0} − t, (3.36)

where θ0 = σ0G
−1 (t) + µ0 denotes the true nuisance parameter. If µ0 = 0 and σ0 = 1, then

∆0 = F{G−1(t)} is the classical probability­probability plot as studied in [4] (see also Section

1.4). The functions (3.35) and (3.36) are not smooth with respect to θ, therefore similarly as in

Claeskens et al. [4] the smoothed unbiased estimating equations are used

w̃1(X,∆0, θ0, ν0) = Hb1(θ0 −X)−∆0, (3.37)

w̃2(Y,∆0, θ0, ν0) = Hb2 (θ0 − (σ0Y + µ0))− t, (3.38)

where Hbj(t) = Hj(t/bj) denotes the kernel density estimator, and b1 = b1(n), b2 = b2(m)

are bandwidth sequences converging to zero as n,m → ∞ (see [4] for more detail). If the

conditions of Theorem 1.4.1 holds, it follows that the EL statistic l̃(∆0, θ̂(∆0, ν0), ν0) converges

to a χ2
1 random variable under smoothed estimating equations (3.37) and (3.38).

Hjort et al. [16] introduced the plug­in empirical likelihood method demonstrating the ef­

68



fect of plug­in parameter estimators on the limiting distribution under the null hypothesis (see

Section 1.2). In the one­sample case, the plug­in empirical likelihood statistic typically fol­

lows a scaled χ2
1 distribution. For various two­sample problems the plug­in empirical likelihood

method was extended in [49]. The theorem presented below follows from [49] for the parameter

of interest ∆ as described in Examples 3.2.1 and 3.2.2 using the estimator for ν.

Theorem 3.2.1. Under some regularity conditions (see [49]) the scaled two­sample plug­in

empirical likelihood statistic converges to a χ2
1 distribution, i.e.,

rl(∆0, θ̂(∆0, ν̂), ν̂)
d−→ χ2

1, (3.39)

where ν̂ = (µ̂, σ̂) and r is some scaling constant.

The proof of this theorem is based on [37] and [16], and is presented in [49]. Using Theorem

3.2.1 (1− α)100% confidence interval for ∆ is obtained as

IEL = {∆ : −2 logL(∆, θ̂(∆, ν̂), ν̂) < c}, (3.40)

where c is (1− α) quantile of the χ2
1 distribution.

The asymptotic behaviour of the limiting distribution was analysed using simulation study

(see Section 3.5.2), figure 3.4 shows the comparison of simulated limiting distributions of the

test statistics with theoretical χ2
1 distribution for∆ as described both in Example 3.2.1 and 3.2.2.

The scaling constant r depends on the underlying distribution of samplesX and Y , and is com­

plicated to estimate. Instead it is proposed to use the bootstrap resampling method for practical

applications.

3.3 Main results

In this section two inferential statistical methods are derived to test the location­scale models

based on the previously described Elmethod. The first procedure is derived to test the hypothesis

of the location­scale model between two­samples using the parameter estimates. The second

approach is a graphical test by constructing the confidence intervals for the location and/or scale

parameter.
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3.3.1 Procedure for the goodness­of­fit test of location­scale model

To test the hypothesis (3.6) in practice, the following procedure is derived, which allows the use

of R built­in functions from the package EL to calculate the EL statistic for the difference of the

distribution functions (will be denoted by nsfdiff ) and for the P­P plot (will be denoted by pp).

(1) Obtain the estimates of location and scale parameters µ̂ and σ̂;

(2) Test the hypothesis H0 : F (x) = G∗(x) at a fixed point x ∈ R using the parameter

estimates and one of the proposed EL statistics: nsfdiff or pp. The asymptotic behaviour

of the statistic is described in Theorem 3.2.1.

(3) Repeat the hypothesis test for all x ∈ R and construct the (pointwise) confidence intervals.

(4) Compare the obtained intervals with a reference line indicating the location­scale model

between the two samples (in the case of nsfdiff, the reference line is y = 0, and in the case

of pp, the reference line is y = x).

(5) Draw the conclusion on the (pointwise) presence of the location­scale model.

To carry out the hypothesis test in the step (2) of the derived procedure, the appropriate

location­scale bootstrap resampling has to be utilized to obtain the critical value. Slightly dif­

ferent bootstrap procedure was described in [12] to obtain the critical values for the test statistic

based on empirical characteristic functions. However in censored data case, the appropriate

location­scale bootstrap resampling was described by Subramanian [47]. The procedure for

location­scale appropriate bootstrap resampling is given below.

(i) Obtain the estimates of location and scale parameters µ̂ and σ̂;

(ii) Fix one of the two samples, say X . Use the inverse location­scale transformation

h−1(x) = (x− µ̂)/σ̂ to transform X , i.e.,

X∗ = h−1(X) =
X − µ̂
σ̂

. (3.41)

Such transformation using estimates µ̂ and σ̂ ensure that the null hypothesis of location­

scale model holds true for X and X∗;

(iii) Draw nonparametric bootstrap samples from X and X∗ 10 000 times and calculate the

statistic for each pair of samples to obtain the limiting distribution of the statistic.
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The location­scale hypothesis test is performed by calculating the empirical likelihood statistic

betweenX and Y and comparing to the bootstrapped critical value q1−α, which is the empirical

(1− α) quantile of the distribution obtained in the last step (iii) of the bootstrap procedure.

Construction of the simultaneous confidence bands

The procedure for constructing a simultaneous confidence bands over some interval (a, b) using

bootstrap resampling method first was introduced in [13], but was used in [51] as well. The

procedure without plug­in parameter estimation is implemented in R package EL [50]. To carry

out the procedure, define the maximum empirical likelihood estimator as

∆̂ = argmax
∆

L(∆, θ̂, ν̂), (3.42)

where θ̂ = θ̂(∆, ν̂), and calculate ∆̂ for all x ∈ (a, b). The bootstrap critical value c∗ is chosen

such that

P
(
−2 logL(∆̂, θ̂, ν̂) ≤ c∗ for a ≤ x ≤ b

)
= 1− α, (3.43)

whereL is the empirical likelihood function for bootstrapped samples fromX and Y . Next, find

maximum statistic over the interval (a, b) and repeat the bootstrapping to find the distribution

of maxima, which gives us the (1−α) quantile for construction of the simultaneous confidence

bands.

By constructing simultaneous confidence bands, one can carry out the goodness­of­fit of the

location­scale model over some interval (a, b). For the difference of the distribution functions

(nsfdiff ) location­scalemodel holds if the horizontal line y = 0 falls within the confidence bands,

for the probability­probability plots (pp) one needs to check if the diagonal y = x falls within

the bands. The graphical approach of the goodness­of­fit testing demonstrates, how exactly both

distributions differ and where the location­scale model does not hold in case the hypothesis is

rejected.

3.3.2 Confidence regions for location and scale parameters

In this subsection, only the EL statistic for the P­P plots (see example 3.2.2) is considered, but

other EL­based statistics can be considered as well. The aim is not to estimate the nuisance

parameter ν to make inference on ∆, but to construct a confidence region for ν itself. Similar

idea was used by Doksum and Sievers [9] to construct the simultaneous confidence bands for the

general shift function using the Kolmogorov­Smirnov statistic for two­sample hypothesis test
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(see Section 3.1.1). To author’s best knowledge, this approach is new regarding the EL method.

Let us consider the EL statistic for P­P plot at a fixed point t, to test the following hypothesis

H0 : ∆ = ∆0 against H1 : ∆ ̸= ∆0, (3.44)

and to construct the (1 − α)100% pointwise or simultaneous confidence interval IEL for ∆.

Thus, a distribution­free (1− α)100% confidence region for the parameter ν is

{ν : ∆0 ∈ IEL} (3.45)

based on the distribution functions F andG∗. For a fixed value ν0 for ν, the EL statistic follows

a χ2
1 random variable in case of P­P plots.

Corollary 3.3.1. Let ν∗ = inf{ν : ∆0 ∈ IEL} and ν∗ = sup{ν : ∆0 ∈ IEL} denoting the

lower and upper confidence limits, respectively. The empirical likelihood­based (1 − α)100%

confidence region for ν at a fixed point t is {ν : ∆0 ∈ IEL} = (ν∗, ν
∗), where IEL is found by

(3.40) and ∆0 corresponds to the null hypothesis (3.44).

Figure 3.2 demonstrates the illustration of the method for a simple location model with

µ0 = 1 (and σ0 = 1). Panel A demonstrates the EL statistic function for two arbitrary cho­

sen fixed values of µ with the corresponding 95% confidence intervals IEL for ∆ (obtained as

the intersection with the 95th quantile of the χ2
1 distribution). Panel B demonstrates the confi­

dence intervals for∆ for all µ values over a partition of some interval around the true parameter

value. The 95% confidence interval for µ at t = 0.5 is obtained by taking those values of µ for

which 0.5 ∈ IEL, as ∆0 = 0.5 for P­P plot.

The procedure is summarized in the Algorithm 1 separately for the location and for the scale

parameter. However, it is easily to extend the algorithm for both parameters simultaneously

leading to a two­dimensional confidence region. Moreover, the algorithm can be applied for

multiple values of t ∈ (0, 1), for example, taking deciles t = {0.1, . . . , 0.9}. Thus, obtained

confidence intervals allow to test the location or scale changes between two distributions graph­

ically.

Remark 3.3.1. The algorithm can be used to construct also simultaneous confidence intervals

for µ or σ. The construction of simultaneous bootstrap bands for ∆ is similar as considered in

Section 3.3.1. However, in this case (when fixed value for the parameter ν is used) the R library

EL gives already correct confidence bands.
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Figure 3.2: A simulated data example from X ∼ N(1, 1) and Y ∼ N(0, 1) illustrating the
procedure of the confidence interval construction using statistic for probability­
probability plot at t = 0.5 in case of the location model with the true location param­
eter µ0 = 1. Sample size n = m = 100, bandwidths calculated using bw.nrd0. EL
statistic functions with the 95% confidence intervals of ∆ for two arbitrary chosen
µ values {0.8, 1.2} are demonstrated in the panel A; 95% EL confidence intervals
of∆ for all µ ∈ [0, 2] are demonstrated in the panel B, the confidence interval for µ
is obtained by the intersection with the line y = 0.5.

By using the Algorithm 1 for multiple t values, one can obtain the illustration of the con­

fidence intervals as demonstrated in Figure 3.3. They are based on pointwise intervals for ∆

(vertical error bars), as well as on simultaneous bands for∆ (shaded bars). In case (a), the confi­

dence intervals are constructed for the location parameter µwith the true value µ0 = 1. It can be

seen, that the line y = 1 lies within the intervals. Dotted lines represent the Doksum and Sievers

[9] confidence bands for the general shift function, which show really similar pattern. In case

(b), the confidence intervals for the parameter σ are constructed using the exponential distribu­

tion. It can be seen that line y = 2, representing the true value σ0, lies within the confidence

intervals. In this case Doksum and Sievers’ bands perform differently and do not allow to draw

conclusions on the scale changes. This occurs because the general shift function is designed to

detect a possible (uniform) shift between two distributions, which is not present between two

distributions with only the scale differences.
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Algorithm 1 The confidence interval for the parameter ν in the location or the scale model
Require: choose α, fix t ∈ (0, 1) and ∆0 ← t
if location model then

ν ← µ and σ ≡ 1
else if scale model then

ν ← σ and µ ≡ 0
end if
Fix interval [a, b] around some estimator of ν̂
for all ν ∈ [a, b] do

Obtain transformed sample as Y ∗ = σY + µ
Find (1− α)100% IEL for ∆ on X and Y ∗

Check whether H0 : ∆ = ∆0 is not rejected
end for
Obtain (1− α)100% confidence interval for ν as {ν : ∆0 ∈ IEL} = (ν∗, ν

∗)
if ν∗ = a or ν∗ = b then

Adjust the bounds of [a, b] and repeat the procedure
end if

(a) X ∼ N(1, 1) and Y ∼ N(0, 1), band­
widths selected by bw.nrd0.

(b) X ∼ exp(1) and Y ∼ exp(2), bandwidths
selected by bw.SJ.

Figure 3.3: Empirical likelihood­based confidence intervals for simulated data, n = m = 200.
Shaded bars represent the EL­based confidence intervals based on the simultaneous
confidence intervals for ∆ at the points t = {0.1, . . . , 0.9}. Dotted lines illustrate
the Doksum’s confidence bands for the general shift function.
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3.4 Extension to the class of structural relationship models

The EL approach is not limited to location­scale models only; it extends to more general semi­

parametric relationship models, referred to as structural relationship models. The concept of

structural relationship models was introduced by Freitag and Munk in [10].

Definition 3.4.1. [10] F and G are related by a structural relationship if

F−1(t) = ϕ1{G−1 (ϕ2(t, h)) , h}, t ∈ [0, 1], (3.46)

where H ⊆ Rl, ϕ1 : R × H → R and ϕ2 : [0, 1] × H → [0, 1] are continuous functions with

respect to both arguments, and h ∈ H is some l­dimensional structural parameter.

Alternatively, the equation (3.46) can be rewritten as

F (x) = ϕ−1
2 {G

(
ϕ−1
1 (x, h)

)
, h}, x ∈ R, (3.47)

where the inverse functions of ϕ1 and ϕ2 exist with the respect to their first argument.

Example 3.4.1. The classical two­sample location­scale model is a structural relationship

model, if

ϕ1(x, h) = µ+ σx and ϕ2(t, h) ≡ t,

where h = ν = (µ, σ) denotes a two­dimensional structural parameter. Specifically, for the

location model h = µ and ϕ1(x, h) = x+ h, whereas for the scale model h = σ and ϕ1(x, h) =

hx.

In the case of structural relationship model (3.46), the parameter of interest ∆ for P­P plot

is defined as

∆ = F{ϕ1

(
G−1(ϕ2(t, h)), h

)
}, t ∈ (0, 1), (3.48)

which can be seen as a generalization of the P­P plot. The true parameters are determined by

the estimating equations

E{w1(X, θ0,∆0, h0)} = 0,

E{w2(Y, θ0,∆0, h0)} = 0
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with

w1(X, θ0,∆0, h0) = I{X≤θ0} −∆0, (3.49)

w2(Y, θ0,∆0, h0) = I{Y≤ϕ−1
1 (θ0,h0)} − ϕ2(t, h0), (3.50)

where θ0 = ϕ1{G−1 (ϕ2(t, h0)) , h0} denotes the true univariate nuisance parameter and h0

is the true structural relationship parameter. The first function w1(X, θ,∆, h) is fixed, but

w2(X, θ,∆, h) takes different forms for any particular problem of interest (see Section 3.2 for

estimating equations of location­scale models).

Lehmann alternative models

Let us consider the Lehmann alternativemodel that was introduced in [22] and is also an example

of the structural relationship models.

Definition 3.4.2. The Lehmann alternative model between two distribution functions F and G

is defined as

F (x) = 1− {1−G(x)}
1
h , x ∈ R, h > 0. (3.51)

The model (3.51) can be expressed in the terms of quantile functions as

F−1(t) = G−1{1− (1− t)h}, t ∈ (0, 1), h > 0. (3.52)

Lehmann alternative models are commonly employed to study the power of rank tests [43].

They also hold significant relevance in survival analysis, since Lehmann alternative models

coincide with proportional hazards models (see Section 2.2 in Chapter 2). To show the latter

statement, suppose that model (3.51) is given. Let us first derive both sides with the respect to

x and obtain

f(x) =
1

h
(1−G(x))

1
h
−1g(x). (3.53)
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Denote the corresponding hazard functions by h1 and h2, and apply simple calculations to obtain

h1(x) =
f(x)

1− F (x)

=
(1−G(x)) 1

h
−1g(x)

h(1−G(x)) 1
h

=
g(x)

h(1−G(x))

=
1

h
h2(x).

Thus, hazard functions h1(x) and h2(x) follows the proportionality assumption under Lehmann

alternative model. Moreover, the proportionality constant is h2(x)/h1(x) = h.

Lehmann alternative model follows as a special case of structural relationships with struc­

tural parameter h, if

ϕ1(x, h) ≡ x and ϕ2(t, h) = 1− (1− t)h.

For Lehmann alternative model (3.51), the second estimating equation for the empirical likeli­

hood statistic for ∆ defined by the equation (3.48) is

w2(Y, θ0,∆0, h0) = I{Y≤θ0} − 1 + (1− t)h0 . (3.54)

Example 3.4.2. It is known that the proportional hazards model holds between two exponential

distributions. Let X ∼ exp(λ1) and Y ∼ exp(λ2), then with h = λ2/λ1 Lehmann alternative

model holds

(1− F (x))h =
(
e−λ1x

)h
= e−λ1hx

= e−λ2x = 1−G(x).

Note that for exponential distribution h coincides also with the scale parametr σ from a scale

model.

Remark 3.4.1. For the Lehmann alternative models there are no such transformation as for the

location­scale models that allows to implement the method directly using R library EL. However,

for now a simple scale transformation can be used to do the inference for the structural param­

eter h in the Lehmann model implicitly. For two exponential distributions the scale parameter

σ coincides with the structural parameter h from the Lehmann alternative model. Consider the
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random variablesX and Y from two Weibull distributions with the scale parameters σ1 and σ2

and a common shape parameter a (see Section 2.1.2 for the definition). In this case σ = σ1/σ2,

but the structural parameter is h = (σ1/σ2)
a. As it can be seen, h is a constant, which is a

function of the scale parameter σ. By the proposed algorithm we do not get confidence intervals

directly for the structural parameter h of the Lehmann alternative model. However, if any con­

stant fits into the confidence intervals for the scale parameter σ, we can not reject the constant

scale model and the constant structural parameter h as well.

3.5 Simulation study results

In this section the results for the simulation study approving the theoretical results are presented.

3.5.1 Comparison of the methods for parameter estimation

Here a small simulation study is demonstrated to compare two methods described in Section

3.1.2 for estimation of location parameter µ and scale parameter σ: the method of moments

giving the estimators (3.3) and the minimizing of Mallows distance defined by the equation

(3.27). Two samples of size n = m = 100, 250 from N(0, 1), Student’s distributions with 3

and 5 degrees of freedom (t3 and t5, respectively) were drawn 10 000 times. The exact setup

from [33] was used in order to compare results with two methods (k­L and WI) based on ECF

summarized in Table 4 ­ Table 6 in [33]. The true location and scale parameters in all cases

are chosen as µ0 = 0 and σ0 = 1. The empirical standard errors and biases of the estimators

for all scenarios are summarized in Table 3.1, the rows corresponding to the methods k­L and

WI were taken from [33] according to the parameters with the best performance. The Mallows

distance estimates were obtained using R function optim for two­parameter optimization with

quasi­Newton method "BFGS".

As can be seen from the simulation results in Table 3.1, both studied methods perform sim­

ilarly for the normal distribution. For t5 distribution the Mallows distance gives slightly better

estimates of µ and substantially better estimates of σ. In case of t3 distribution, the Mallows

distance performs noticeably better. In comparison with the results from [33], only in some

cases their methods give better results than method of moments and the Mallows distance.
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Table 3.1: Empirical standard errors (SE) and biases of 10 000 times calculated estimates of lo­
cation parameter µ and scale parameter σ by the method of moments and theMallows
distance for two samples simulated from given distribution of sizen = m = 100, 250.
The true parameter values are µ0 = 0 and σ0 = 1. For methods k­L and WI results
taken from Potgieter and Lombard [33] for comparison.

n = m = 100 n = m = 250

Distribution Method SE(µ̂) bias(µ̂) SE(σ̂) bias(σ̂) SE(µ̂) bias(µ̂) SE(σ̂) bias(σ̂)

N(0, 1)
Method of moments 0.142 ­0.003 0.101 0.004 0.089 ­0.001 0.064 0.001
Mallows distance 0.141 0.004 0.108 ­0.003 0.089 0.000 0.066 ­0.002
Potgieter & Lombard (k­L) 0.183 0.005 0.161 0.136 0.105 0.001 0.097 0.074
Potgieter & Lombard (WI) 0.143 0.003 0.105 0.006 0.090 0.000 0.065 0.002

t3
Method of moments 0.246 ­0.002 0.365 0.049 0.153 ­0.001 0.257 0.026
Mallows distance 0.198 ­0.001 0.155 ­0.005 0.127 ­0.001 0.092 0.005
Potgieter & Lombard (k­L) 0.246 ­0.003 0.339 0.200 0.118 ­0.001 0.128 0.061
Potgieter & Lombard (WI) 0.175 ­0.001 0.148 0.017 0.111 ­0.001 0.089 0.008

t5
Method of moments 0.180 ­0.001 0.173 0.015 0.116 0.000 0.112 0.007
Mallows distance 0.170 0.002 0.131 ­0.004 0.108 ­0.001 0.081 0.001
Potgieter & Lombard (k­L) 0.242 ­0.001 0.312 0.233 0.122 0.000 0.167 0.098
Potgieter & Lombard (WI) 0.166 0.002 0.131 0.011 0.104 0.000 0.082 0.004

3.5.2 Asymptotic behaviour of EL statistic with estimated parameters

The limiting distribution of the scaled plug­in empirical likelihood statistic is a χ2
1 distribution

(see Theorem 3.2.1). To demonstrate that a small simulation study is conducted to examine

the 95% critical values corresponding to the empirical 0.95­th quantiles for both statistics given

in Example 3.2.1 and 3.2.2. Two samples of size n = m =10 000 are generated under the

location­scale model from

I: the normal distribution family with X ∼ N(µX , σ
2
X) and Y ∼ N(0, 1),

II: the uniform distribution family with X ∼ U [a, b] and Y ∼ U [0, 1],

where different combinations of parameters µX , σY , a and b were chosen. Next, 10 000 times

the statistic using samples X and Y ∗ was calculated and the empirical 0.95­th quantile of the

obtained limiting distribution was found for t = 0.3, 0.5, 0.7. For the difference of the distribu­

tion functions statistic was calculated at the point x = qt, where qt denotes t­th quantile of the

theoretical distribution, and for the probability­probability plot at the point t (see Table 3.4 and

Figure 3.4 for the results).

The estimates of µ and σ were obtained using only the method of moments due to high

calculation time for the optimisation of the Mallows distance in practice. The statistic values

were calculated by the function EL.statistic from R library EL [50], using the methods “nsfdiff”

and “pp” for the difference of the distribution functions and probability­probability plot at a

fixed point, respectively. For probability­probability plot three different smoothing bandwidths
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were selected using built­in R functions bw.nrd0, bw.nrd and bw.SJ.

Results in Table 3.4 demonstrates that empirical 0.95­th quantiles are quite similar within

the same distribution family with chosen different parameter values. Therefore, the limiting

distribution of the statistic with estimated parameters might not be affected by the values of the

true location and scale parameters. However, for probability­probability plots we can observe

that quantiles differ along with the choice of bandwidth selection method. Empirical quantiles

also depend on the point at which the statistic is calculated.

Figure 3.4: Comparison of the χ2
1 distribution (dashed line) with the simulated limiting distribu­

tions for the empirical likelihood statistic for the difference of distribution functions
(nsfdiff ) at a fixed point x = qt and for the probability­probability plots (pp) at a
fixed point t, where t = 0.3, 0.5, 0.7. Samples of size n = m =10 000 were drawn
10 000 times from normal distribution family in the upper panels (A, B, C), and from
the uniform distribution family in the lower panels (D, E, F) with the true parame­
ters µ0 = 0 and σ0 = 1. Three methods for the smoothing bandwidth selection were
used in case of pp: bw.nrd0, bw.SJ, and bw.nrd.

3.5.3 Asymptotic distribution of EL statistic under location­scale trans­

formation

Here a small simulation study is conducted to verify the asymptotic χ2
1 limiting distribution of

the test statistic for the location or scale models after the transformation of the Y sample. The
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Table 3.2: Empirical 0.95­th quantiles of the distribution of 10 000 times simulated empirical
likelihood statistic for the difference of the distribution functions (nsfdiff ) calculated
at point x = qt and the probability­probability plot (pp) calculated at point t. For
normal distributions Y ∼ N(0, 1), for uniform distributions Y ∼ U [0, 1], sample
size n = m =10 000. Three methods were used for bandwidth selection in case of
pp.

X
t = 0.3 t = 0.5 t = 0.7

nsfdiff pp nsfdiff pp nsfdiff pp

bw.nrd0 bw.nrd bw.SJ bw.nrd0 bw.nrd bw.SJ bw.nrd0 bw.nrd bw.SJ

N(0, 1) 1.30 1.01 0.95 1.00 1.45 1.13 1.07 1.08 1.30 1.00 0.96 1.00
N(0.5, 1) 1.35 0.99 0.94 0.98 1.38 1.09 1.04 1.04 1.35 1.00 0.96 0.98
N(1, 1) 1.30 1.01 0.96 0.99 1.35 1.09 1.03 1.03 1.34 1.02 0.98 1.00
N(2, 1) 1.36 1.01 0.96 0.99 1.41 1.12 1.09 1.09 1.25 1.00 0.96 0.99

N(0, 0.52) 1.36 1.04 0.98 1.04 1.38 1.08 1.03 1.04 1.29 1.02 0.96 1.02
N(0, 3.142) 1.32 1.00 0.95 0.99 1.38 1.08 1.04 1.05 1.34 0.97 0.93 0.97
N(0, 72) 1.33 1.06 1.01 1.05 1.34 1.10 1.05 1.06 1.26 1.05 1.00 1.04
N(1, 22) 1.30 1.01 0.96 1.01 1.38 1.09 1.04 1.05 1.33 1.01 0.97 1.00

N(2, 0.52) 1.30 1.04 0.99 1.02 1.41 1.11 1.07 1.07 1.28 1.00 0.95 0.98
N(5, 52) 1.33 1.01 0.96 0.99 1.41 1.06 1.01 1.01 1.27 1.00 0.96 0.98

U [0, 1] 1.05 0.75 0.70 0.91 1.25 1.05 1.01 1.16 1.04 0.77 0.72 0.92
U [0.5, 1.5] 1.05 0.75 0.70 0.91 1.25 1.02 0.99 1.14 1.04 0.77 0.72 0.90
U [−2,−1] 1.06 0.78 0.72 0.91 1.31 1.05 1.01 1.16 1.01 0.75 0.71 0.91

U [7, 8] 1.04 0.78 0.74 0.93 1.28 1.02 0.99 1.13 1.05 0.77 0.72 0.92
U [−1, 2] 1.06 0.76 0.71 0.92 1.31 1.03 1.00 1.13 1.04 0.79 0.74 0.92

U [0.25, 0.75] 1.08 0.74 0.70 0.90 1.28 1.03 0.99 1.14 1.05 0.75 0.72 0.90
U [0.4, 0.6] 1.06 0.76 0.71 0.92 1.28 1.05 1.00 1.17 1.04 0.77 0.72 0.89

U [0, 6] 1.04 0.74 0.70 0.92 1.34 1.04 1.00 1.17 1.09 0.76 0.71 0.91
U [−3,−1] 1.05 0.76 0.71 0.92 1.28 1.07 1.03 1.18 1.03 0.78 0.73 0.94

U [−3.14, 3.14] 1.04 0.76 0.72 0.92 1.25 1.05 1.00 1.18 1.07 0.79 0.74 0.93

procedure is described in Algorithm 1 and is carried out using the empirical likelihood method

for P­P plot implemented in the library EL. The results are expected to be similar to the results in

Table 1 and 2 from [4], where the empirical confidence interval coverage accuracy for∆ between

two normal distributions was illustrated under H0 : F (x) = G(x), x ∈ R. To demonstrate the

scale model, simulations were carried out for two exponential distributions as well.

A number of 10 000 samples of sizes n = m = 30, 50, 70, 100 were generated and

the coverage accuracy of 95% confidence intervals for the parameter ∆ at fixed values t =

0.2, 0.3, . . . , 0.8 was calculated for two following scenarios.

I: X ∼ N(1, 1), Y ∼ N(0, 1), where the true location and scale parameters are µ = 1 and

σ = 1, respectively.

II: X ∼ exp(1), Y ∼ exp(2), where the true location and scale parameters are µ = 0

and σ = 2, respectively. This model yields proportional hazards with a proportionality

parameter h = 2 as well.

Three different approaches for bandwidths are used: (1) the default smoothing method

(bw.nrd0) for both samples (it implements a rule­of­thumbmethodwhichworkswell for the dis­
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Table 3.3: Coverage accuracy for ∆ = F{σG−1(t) + µ} at a fixed point t ∈ (0, 1) based
on 10 000 replications for the location model N(1, 1) vs. N(0, 1) and for the scale
model (proportional hazards model) exp(1) vs. exp(2). Three different choices of
bandwidths were used: (1) bw.nrd0, (2) b1 = n−3/20, b2 = m−3/20, (3) bw.SJ.

F vs. G bw (n,m)
t

0.2 0.3 0.4 0.5 0.6 0.7 0.8

N(1, 1) vs. N(0, 1)

(1)

(30, 30) 0.938 0.943 0.947 0.944 0.949 0.945 0.941
(50, 50) 0.944 0.944 0.952 0.947 0.949 0.950 0.941
(70, 70) 0.944 0.944 0.949 0.953 0.948 0.945 0.943

(100, 100) 0.947 0.946 0.949 0.950 0.950 0.946 0.943

(2)

(30, 30) 0.945 0.947 0.947 0.946 0.952 0.951 0.949
(50, 50) 0.952 0.950 0.953 0.947 0.950 0.953 0.951
(70, 70) 0.950 0.949 0.951 0.950 0.950 0.948 0.950

(100, 100) 0.951 0.950 0.951 0.949 0.950 0.950 0.949

(3)

(30, 30) 0.929 0.938 0.945 0.942 0.946 0.940 0.931
(50, 50) 0.933 0.939 0.949 0.946 0.946 0.943 0.932
(70, 70) 0.936 0.940 0.947 0.950 0.946 0.941 0.937

(100, 100) 0.939 0.940 0.947 0.948 0.946 0.943 0.937

exp(1) vs. exp(2)

(1)

(30, 30) 0.958 0.951 0.946 0.922 0.921 0.927 0.937
(50, 50) 0.958 0.950 0.942 0.926 0.924 0.928 0.941
(70, 70) 0.954 0.953 0.941 0.931 0.927 0.933 0.937

(100, 100) 0.946 0.951 0.940 0.934 0.930 0.933 0.938

(2)

(30, 30) 0.951 0.944 0.954 0.945 0.948 0.946 0.949
(50, 50) 0.948 0.948 0.952 0.948 0.950 0.949 0.949
(70, 70) 0.949 0.950 0.949 0.948 0.949 0.950 0.949

(100, 100) 0.943 0.950 0.950 0.950 0.951 0.952 0.949

(3)

(30, 30) 0.966 0.943 0.940 0.931 0.937 0.941 0.948
(50, 50) 0.963 0.938 0.934 0.938 0.940 0.944 0.953
(70, 70) 0.959 0.940 0.940 0.940 0.943 0.947 0.949

(100, 100) 0.949 0.941 0.943 0.943 0.945 0.946 0.947

tributions close to the normal distribution); (2) fixed bandwidths b1 = n−3/20 and b2 = m−3/20

for X and Y , respectively, taken from Claeskens et al. paper [4]; (3) Sheather and Jones’s

method (bw.SJ), which selects the bandwidth using the pilot estimation of derivatives [42].

Coverage accuracy for 95% confidence intervals for∆ are summarized in Table 3.3 for both

scenarios. For the location model between two normal distributions the respective coverage

quickly converge to 95% as n,m increase. Sheather and Jones’s method seems to be slightly

outperformed by two other methods.

For the scale model between two exponential distributions, bw.nrd0 does not perform very

well, as it was expected. The choice of bandwidths from Claeskens et.al. [4] performs superior

compared to both other methods for bandwidth selection.
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3.5.4 Coverage accuracy of confidence intervals for location or scale pa­

rameter

A small simulation study is also conducted to examine the coverage accuracy of the pointwise

confidence intervals constructed for the parameter ν = (µ, σ) using probability­probability plots

as described in the Algorithm 1 of the Section 3.3.2. For the sake of computation time, only three

values for t are chosen here, t = 0.3, 0.5, 0.7. Samples of equal size n = m = 30, 50, 70, 100

are drawn regarding one of two scenarios considered here:

I: the location model from the normal distribution family with the location parameter µ =

0, 0.5, 1 and the scale parameter σ = 1.

II: the scale model from the exponential distribution family, provided that σ = 0.5, 1, 1.5.

The same three methods for bandwidth selection as in the previous subsection are used. Due

to computational considerations only 1000 replications were used in each case to calculate the

coverage accuracy of the confidence intervals at the fixed point t for parameters µ and σ.

Table 3.4: The empirical coverage accuracy of 95% confidence intervals for the parameter µ of
the location model (σ = 1). 1000 samples were drawn from two normal distributions
of sizes n andm, respectively. Three different choices of bandwidths were used: (1)
bw.nrd0, (2) b1 = n−3/20, b2 = m−3/20, (3) bw.SJ.

t (n,m)
N(0, 1) vs. N(0, 1) N(0, 1) vs. N(0.5, 1) N(0, 1) vs. N(1, 1)

(1) (2) (3) (1) (2) (3) (1) (2) (3)

0.3

(30, 30) 0.944 0.955 0.945 0.953 0.954 0.937 0.933 0.949 0.924
(50, 50) 0.937 0.953 0.937 0.939 0.941 0.939 0.939 0.957 0.941
(70, 70) 0.936 0.944 0.944 0.943 0.938 0.942 0.943 0.955 0.940

(100, 100) 0.927 0.943 0.934 0.939 0.936 0.946 0.933 0.941 0.945

0.5

(30, 30) 0.942 0.945 0.934 0.949 0.957 0.951 0.943 0.956 0.960
(50, 50) 0.941 0.948 0.953 0.947 0.948 0.947 0.943 0.953 0.952
(70, 70) 0.960 0.953 0.941 0.944 0.938 0.940 0.964 0.952 0.941

(100, 100) 0.948 0.942 0.944 0.946 0.937 0.946 0.943 0.938 0.942

0.7

(30, 30) 0.942 0.933 0.918 0.939 0.947 0.943 0.944 0.952 0.943
(50, 50) 0.947 0.943 0.944 0.942 0.951 0.946 0.952 0.945 0.944
(70, 70) 0.950 0.938 0.955 0.944 0.954 0.934 0.933 0.951 0.945

(100, 100) 0.944 0.945 0.960 0.942 0.933 0.941 0.945 0.947 0.951

The results for the first simulation scenario are summarized in Table 3.4 and for the second

scenario in Table 3.5. As can be seen in the both tables, the coverage accuracy fluctuates slightly

around 95% and is not so stable as in Table 3.3 where 10 000 replicates have been made.
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Table 3.5: The empirical coverage accuracy of 95% confidence intervals for the parameter σ of
the scale (proportional hazards) model (µ = 0). 1000 samples were drawn from two
exponential distributions of size n and m, respectively. Three different choices of
bandwidths were used: (1) bw.nrd0, (2) b1 = n−3/20, b2 = m−3/20, (3) bw.SJ.

t (n,m)
exp(1) vs. exp(0.7) exp(1) vs. exp(1) exp(1) vs. exp(2)

(1) (2) (3) (1) (2) (3) (1) (2) (3)

0.3

(30,30) 0.947 0.943 0.940 0.961 0.946 0.940 0.960 0.949 0.947
(50,50) 0.955 0.948 0.950 0.942 0.943 0.928 0.950 0.943 0.941
(70,70) 0.947 0.942 0.936 0.958 0.951 0.937 0.942 0.948 0.931

(100,100) 0.941 0.943 0.946 0.954 0.942 0.929 0.949 0.937 0.944

0.5

(30,30) 0.935 0.929 0.939 0.913 0.955 0.932 0.919 0.946 0.929
(50,50) 0.929 0.934 0.932 0.924 0.951 0.942 0.903 0.957 0.948
(70,70) 0.926 0.942 0.943 0.928 0.952 0.936 0.923 0.941 0.929

(100,100) 0.924 0.950 0.944 0.926 0.948 0.947 0.938 0.950 0.953

0.7

(30,30) 0.925 0.949 0.946 0.917 0.941 0.941 0.923 0.927 0.934
(50,50) 0.924 0.942 0.932 0.923 0.950 0.936 0.933 0.959 0.958
(70,70) 0.904 0.934 0.952 0.918 0.943 0.944 0.928 0.958 0.926

(100,100) 0.911 0.951 0.948 0.932 0.954 0.953 0.942 0.946 0.946

3.6 Applications of the proposed methods

In this section, three examples illustrating the application of the proposed methods are pre­

sented. The first two examples use the inflammatory marker data of type 1 diabetes patients

in Latvia. The first example demonstrates the application for validation of the location­scale

model between two samples. In the second example, the construction of confidence intervals

for the location parameter using an empirical likelihood (EL)­based statistic for the probability­

probability (P­P) plot is demonstrated. Finally, the third example provides an illustration of

constructing confidence intervals for the scale parameter using EL­based statistic for the P­P

plot using mice survival data.

3.6.1 Normalization of data measured on separate plates

Potential markers of inflammation were studied in Latvian patients with type 1 diabetes mellitus

within the scope of the project “Intestinal inflammation as a potentially modifiable risk factor

for complications in type 1 diabete” (Project No. 1.1.1.2/VIAA/3/19/525). Lipopolysachharide

binding protein (LBP) was measured using ELISA kit on three separate plates along with the

four other potential markers of inflammation. Numbers of blood samples tested on plate 1, 2 and

3 were 36, 36 and 31, respectively. In this section the use of the location­scale goodness­of­fit

testing to carry out the normalization of data measured on separate plates is illustrated.
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Variability of LBP measurements across the plates was detected visually (see panel A of

figure 3.5), and confirmed using Kruskal­Wallis test for locations (p < 0.001). Moreover, sig­

nificant differences were observed specifically between plate 1 and 3 and between plate 2 and

3 (see panel B and C of figure 3.5).

In order to use the data for further analysis, it was decided to normalize data on plate 3 with

respect to the combined data on plate 1 and 2. To perform the normalization we consider the

following steps: combine observations from plates 1 and 2 in one sample as X and take plate

3 as Y ; test, whether the two­sample location­scale model holds between X and Y ; if the pre­

vious hypothesis is not rejected, transform Y by location­scale transformation using parameter

estimates to normalize the data on plate 3 with the respect to combined data on plate 1 and 2.

Figure 3.5: Boxplots by plates, density plots and one­dimensional scatterplots for LBP data be­
fore normalization (panels A, B and C) and after normalization (panels D, E and F)
using the location­scale transformation with the parameter estimators obtained by
the method of moments.

The location and scale parameter estimates with 95% bootstrap percentile confidence inter­

vals using sample estimators were µ̂ = −24.88 (−43.4,−15.3) and σ̂ = 6.48 (4.68, 9.97), and

using Mallows distance were µ̂ = −27.25 (−40.2,−20.2) and σ̂ = 6.93 (5.39, 9.48). Accord­

ing to the test based on empirical characteristic functions by Hall et al. [12] the location­scale

model between distributions of both samples is not rejected (test statistic was 0.34, 500 times

bootstrapped critical value was 2.77, and p = 0.757, see Section 3.1.1 for the description of the
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test).

For further analysis, only the method of moments with the sample estimators is utilized to

reduce the computation time for bootstrap resampling. The empirical likelihood statistic is cal­

culated for the difference of distribution functions (smoothed version nsfdiff is used for better

visualization) and for the probability­probability plot to construct pointwise confidence inter­

vals and simultaneous confidence bands (see figure 3.6). The method bw.SJ was used to select

the smoothing bandwidth. If the horizontal line y = 0 falls within the simultaneous confidence

bands in case of nsfdiff or if the diagonal y = x falls within the bands in case of pp the location­

scale model between both distributions can not be rejected. As can be seen in Figure 3.6, the

hypothesis of the location­scale model between both samplesX and Y is not rejected. Addition­

ally, the largest deviation from the null hypothesis is observed at the right tail of the distributions

as suggested by plots. The pointwise interval bounds cross the reference lines approximately at

t = 0.9.

Finally, as the hypothesis of location­scale model is not rejected, normalized data on plate 3

is obtained by applying the location­scale transformation with the estimates of the parameters.

Observations across the plates are visually homogeneous after the normalization (see panel D,

E and F in figure 3.5).

(a) Smoothed plot for the difference of the dis­
tribution functions (nsfdiff )

(b) Smoothed plot for probability­probability
plot (pp)

Figure 3.6: Plots for goodness­of­fit testing of location­scale model in LBP data example. The
smoothing bandwidth was selected by the method of Sheater and Jones (bw.SJ ).

86



3.6.2 Confidence intervals for a location parameter in diabetes patient

data

Here, once again the diabetes patient study of inflammatory markers is considered. The con­

struction of the confidence intervals for location parameter µ is demonstrated. Previous re­

search findings have indicated that the ratio of bacterial lipopolysaccharides (LPS, EU/ml) to

high­density lipoproteins (HDL, mmol/l) may serve as a potential indicator of chronic inflam­

mation in Type 1 Diabetes (T1D) patients. Therefore, the LPS/HDL ratio within patient groups,

stratified based on the presence of metabolic syndrome (MS) is investigated.

The distributions of both groups are skewed to the right (see panel A in Figure 3.7), and

also the normality assumption is violated (Shapiro­Wilk test p < 0.001). The medians are

significantly different between both groups of patients according to theWilcoxon test (p = 0.01).

The P­P plot for the probabilities of patients with MS versus patients without MS is constructed

(panel B in Figure 3.7) using the smoothed ELmethod (bandwidths selected by bw.SJ). The P­P

plot lies strictly above the diagonal, which suggests the uniform shift in the locations between

both study groups.

The confidence intervals for location parameter µ between both study groups at nine values

of t using EL­based method proposed in Section 3.3.2 is demonstrated in panel C of Figure

3.7. The hypothesis of no shift between both distributions is rejected at every fixed value of

t. Moreover, the shift in both distributions is approximately equal at the first six values of t,

but increases linearly at the last three values of t. The latter observation indicates a significant

increase in scale or variance at the right tail of the distribution of patients with MS compared to

the patients without MS.

3.6.3 Confidence intervals for a scale parameter in mice survival data

The data on laboratory male mice survival after exposure of radiation was analysed in and ac­

quired from [17]. Two groups of RFM strain male mice at the age 5­6 weeks received a dose of

300 rads of radiation. The group of 99 mice was kept in a conventional laboratory environment

(control), and the other group of 82 mice was kept in germ­free environment. Survival time (in

years) for all subjects were observed, there were no presence of the censoring.

The survival curves (panel A in Figure 3.8) are fairly similar up to about 1 year, but after that

we see a higher probabilities of survival in mice kept in the germ­free environment. A similar

trend can be observed from the P­P plot (panel B in Figure 3.8), where a diagonal lies within the

point­wise confidence bands approximately in the interval (0, 0.4). However, on the rest part of
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Figure 3.7: Illustrations for LPS and HDL ratio (LPS/HDL) between the groups of T1D patients
stratified by the presence of metabolic syndrome (MS). A–one­dimensional scatter
plots of both distributions with linked deciles; B–P­P plot of patients withMS versus
patients without MS with 95% pointwise EL­based confidence intervals; C–95%
EL­based confidence intervals for location parameter µ between groups of patients
calculated at nine values of t, dotted lines representing the Doksum’s confidence
bands. Smoothing bandwiths in B and C were chosen by the method of Sheather
and Jones (bw.SJ ).

the interval (0, 1) P­P plot lies strictly above the diagonal. Such trend in P­P plot, when it is not

uniformly strictly above or below the diagonal, indicates of the presence of scale diferences.

In panel C of Figure 3.8 the EL­based confidence intervals for a scale parameter σ between

both study groups ofmice are demonstrated. The confidence intervals at t = 0.1, . . . , 0.4 include

the value 1, so we do not reject the hypothesis that survival times are the same at respective t

values. However, at t = 0.5, . . . , 0.9 the intervals become substantially narrower indicating the

different scales of distributions. In addition, since the confidence intervals include a horizontal

straight line at about y = 0.8, we draw a conclusion that the scale of survival times in a germ­

free group is uniformly larger compared to survival times in a conventional group. Moreover,

we do not reject a constant scale model, thus the Lehman alternative model might hold with

some constant structural parameter h as well.
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Figure 3.8: Illustrations for conventional versus germ­free environment mice survival. A–
Kaplan­Meier estimates of survival curves for both groups of mice; B–P­P plot of
germ­free versus conventional mice survival times with 95% pointwise EL­based
confidence intervals; C–95% EL­based confidence intervals for scale parameter σ
between both study groups calculated at nine values of t. Smoothing bandwidths in
B and C were chosen by the method of Sheather and Jones (bw.SJ ).

3.7 Conclusions

In this chapter the goodness­of­fit procedure for the two­sample location­scale models is es­

tablished using the plug­in empirical likelihood method for the difference of the distribution

functions and for the probability­probability plots at a fixed point.

Two methods for the plug­in estimators of the location and scale parameters were studied:

method of moments and minimizing the Mallows distance. Recently two new methods based

on empirical characteristic functions were introduced in [33]. Previously, the method for pa­

rameter estimation using asymptotic likelihood estimator was studied in [32]. The comparison

of four methods are provided in Table 3.1. For the future work, two additional methods can

be proposed by using more robust estimators in the method of moments and by replacing the

empirical distribution functions in the Mallows distance with the smoothed versions. However,

in the latter case the choice of the smoothing parameter needs to be considered.

The limiting distribution of the empirical likelihood statistic is affected by the parameter

estimation procedure (see Table 3.4). Simulation study shows that scaling constant depends on

the underlying distribution, but might be the same for the different true parameter values. The

method for the difference of the distribution functions (nsfdiff ) does not depend on the choice

of the smoothing parameter, which is an advantage over the probability­probability plot method

(pp).

A graphical illustration of the location­scale model testing is proposed using pointwise and

simultaneous confidence bands. This is convenient for a visual assessment of the differences

between two samples to examine at which points exactly and what kind of the discrepancies are
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observed. Such a graphical tool can be used in addition to other testing procedures, for example,

with the test based on empirical characteristic functions developed in [12].

The proposed method for location­scale goodness­of­fit testing also can be used as a pretest

for the validation of the location­scale model between two distributions. If the location­scale

model is not rejected, a test for simultaneous detection of the location and scale differences

such as Lepage, Cucconi, Podgor­Gastwirth or Neuhauser (see [25] for the review) can be ap­

plied. The application of the procedure to test the location­scale model for the laboratory data

observed on separate plates is demonstrated. If the variability between two plates is observed

and the location­scale model is not rejected, normalization of the data can be carried out us­

ing the location­scale transformation. In practice, more than two separate plates are often used,

therefore the extension for the normalization across multiple plates can be studied in the future.

A novel method based on the EL statistic was developed for the constructing of the confi­

dence regions for the location and scale parameter in two­sample location­scale models. The

extension to the more general class of structural relationship models including Lehmann alter­

native models was shown. The algorithm for the practical implementation of the method was

established and is suitable for the constructing intervals for location and scale parameters sep­

arately. However, algorithm can be easily extended for the constructing confidence region for

structural parameter in the two­sample location­scale model. For the moment, inference for the

Lehmann alternative model is to be done through the scale model, which typically holds be­

tween two distributions with proportional hazards (it is true for exponential, Weibull and Pareto

distributions among others).

In the case of the two­sample location model obtained confidence intervals are comparable

to Doksum’s bands for the general shift function. However, for the scale transformation the

completely different results are obtained as compared to the Doksum’s bands. This occurs due

to the fact that Doksum’s bands can only indicate of different scales but not model the scale

parameter itself.

The results indicate only the first steps into this problem. First of all, it is possible to use

various other test statistics, which do not necessarily include the smoothing parameter (EL test

statistic based on the difference of two distribution functions or quantile­quantile plots, for ex­

ample). Next, much more extensive simulation study needs to be considered to compare the

proposed method with some other approaches and also to analyse the bandwidth’s behavior in

more detail.

In conclusion, the proposed method for constructing the confidence regions (intervals) has

several important advantages. First, it is a graphical method, which demonstrates where and how
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two distributions differ between each other. Second, it allows to make inference on the equality

of two distributions and on the presence of structural relationship model simultaneously. Finally,

the proposed method is applicable for different practical problems and is implemented using an

existing R library EL.
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Conclusions

Both main aspects of the aim of this thesis are achieved. It is, the empirical likelihood (EL) for

the two­sample case with right censored data is established and the inferential methods based

on EL method for two­sample location­scale model were developed and analyzed.

The established two­sample EL method for right­censored data is applicable to a class of

differences between two functionals of survival distributions, thus retaining some extent of gen­

erality. The thesis provides several examples of applications, with two of them studied in greater

detail through simulations and real data problems. The theorem demonstrating that the limiting

distribution of the test statistic is a scaled chi­squared random variable has been proven. An

estimator for the scaling constant has been proposed, following the ideas presented by Wang

and Jing [53]. There are several possible extensions of the research concerning EL for right­

censored data. For instance, exploring the adjusted EL method introduced by Zheng et al. [55]

or incorporating influence functions into the estimating equations (as discussed in He et al. [14])

to address the variance estimation problem. For other ideas see Section 2.7.

In the context of inferential methods for location­scale models, two main objectives were

studied. Regarding the first objective, a procedure for conducting the goodness­of­fit test for a

two­sample location­scale model was developed, employing plug­in estimators for the location

and scale parameters. This procedure recommends the use of an appropriate bootstrap resam­

pling method for location­scale models. For the second objective, a new graphical method was

established to construct confidence regions for the location and scale parameters. This method

relies on the inversion of the EL statistic for P­P plots. Although using the statistic for P­P plots

is the most convenient approach, other EL­based statistics can also be employed. However, one

drawback of P­P plots is the need to select an appropriate smoothing bandwidth parameter.

In Section 3.6, two applications are demonstrated using diabetes patient data. Firstly, a

goodness­of­fit test was conducted to validate the presence of a two­sample location­scale model

in the data. Subsequently, a data normalization procedure for measurements on separate plates

was performed using the location­scale transformation. The second application involved con­
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structing confidence intervals for the location parameter between groups of diabetes patients

with and without metabolic syndrome. These intervals enable more detailed and comprehen­

sive conclusions regarding observed differences in the data.

All the theoretical results in this thesis are complemented by a simulation study encompass­

ing several scenarios in each case. A significant advantage of the studied methods is that their

practical implementation relies on an existing R library EL. Consequently, a future goal is to im­

plement these methods in a dedicated R library for greater accessibility and ease of use among

practitioners.
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