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ANOTACIJA

Darba meérkis ir uzkonstruét péc iespgjas efektivakus kvantu vaicajoSos algoritmus
multifunkcijam. Paslaik visefektivaka zinama kvantu preciza vaicajosa algoritma sarezgitiba ir
O(N"#673-) Klasiskajam algoritmam, kur§ risina tadu paSu problému, ir nepiecieSami vismaz N
vaicajumi. Atrast kvantu algoritmu, kur§ butu labaks par klasisko algoritmu, ir diezgan griits
uzdevums. Tiek pienemts, ka lielu starpibu starp kvantu un klasisko vaicajoSo algoritmu
sarezgitibu var sasniegt, ja konstruét algoritmus multifunkcijam, t.i. kad rezultats var bt viena

vai vairakas vertibas no noteiktas kopas.

Darba tiek aprakstita programma kvantu algoritmu generé$anai, kura rékina ari klasiskas
sarezgitibas apaks$€jo robezu. Ir aprakstitas ari vairakas multifunkcijas, kuram kvantu vaicajosie

algoritmi ir efektivaki par klasiskajiem algoritmiem.

Atslegvardi: kvantu vaicajoSie algoritmi, algoritmu sarezgitiba, algoritmu Kkonstru&Sana,

multifunkcija



ABSTRACT

The aim of the thesis ,,Quantum query algorithms” is to design effective quantum query
algorithms for computing multifunctions. Currently the complexity of the best known exact

08675y while the classical analogue needs at least N queries. It is

quantum query algorithm is O(N
a difficult task to design quantum algorithms that are more effective than the classical ones; we
assume that a large gap between classical and quantum query complexity can be achieved if
algorithms are designed for multifunctions instead of usual functions, i.e. the result may contain
one or more values from the result set.

We present a program that generates quantum query algorithms and calculates lower

bounds of the classical complexity and provide examples of multifunctions that can be calculated

by quantum query algorithms faster than by classical algorithms.

Keywords: quantum query algorithms, algorithm complexity, algorithm design,
multifunctions



AUTOREFERATS

Nozimigakais autores paveiktais Saja darba ir sekojoss:

Ir uzrakstita programma, kura, sanemot transformaciju secibas aprakstu, automatiski
taisa aprékinus. Ta generé binaras virknes tada garuma, kads ir mainigo skaits,
sareizina transformacijam atbilsto$as unitaras matricas un izvada multifunkcijas
vertibas.

Darba gaita no §1s programmas izveidotas tr1s atseviSkas programmas. Katra no tam ir
lietota savas konkrétas multifunkcijas rékinasanai un izmanto vairakas atSkirigas
metodes $1s multifunkcijas definicijas parbaudei.

Lidziga veida var izveidot programmas ari citu multifunkciju generésanai.

Ir izstradata programma, kura, sanemot vardnicu ar multifunkcijas ievaddatu virkném
un tam asociétam vértibam, aprékina sarezgitibas apak$€jo robezu klasiskajam
vaicajoSam algoritmam, kas rékina $adu multifunkciju. Tas palidz atri noteikt, vai
kvantu algoritms ir labaks par klasisko algoritmu.

Programmu rakstiSanai autore apguva programmeésanas valodu Python, uz kuras ir
balstita matematiska programmatira Sage.

Ar augstak minéto programmu palidzibu tika nodefinétas tris multifunkcijas, kuras
kvantu vaicajosie algoritmi rékina daudz atrak, neka klasiskie vaicajosie algoritmi.
Darba no sakuma tiek aprakstiti So multifunkciju specialgadijumi ar mazu mainigo

skaitu (I1dz astoniem mainigajiem), un p&c tam seko to visparinajumu apraksti.
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APZIMEJUMI

Apziméjums

Skaidrojums

H;

Adamara matrica ar kartu 1

AND(x1, X2, ..., XN)

Logiska operacija AND (UN) N mainigajiem

OR(xy, X2, ..., XN)

Logiska operacija OR (VAI) N mainigajiem

XOR(X1, X2y eeey XN)

Logiska operacija XOR (izslédzosais VAI) N mainigajiem

sqrt(x)

Skaitla x kvadratsakne




IEVADS

Ir loti svarigi samazinat laiku, kuru dators izmanto dazadiem aprékiniem. Cilvéki izmanto
datorus aizvien lielaku un griitaku uzdevumu risinasanai, un péc kada laika klasiskie datori var
nebiit pietiekami jaudigi daudzu uzdevumu risinaganai pienemama laika. Saja zina varétu palidzat
kvantu datori. Paslaik tie v€l nav pieejami industriala [imeni, tomer eksisté Sadu datoru primitivi
prototipi (piem&ram, [1,2]). Jau Sobrid ir zinami vairaki uzdevumi, kuru risinaSana kvantu datori
ir paraki par klasiskajiem datoriem. Pieméram, mekl&Sanas problémas (Grovera mekléSanas
algoritms [3]) un skait]u sadali$ana reizinatajos (Sora algoritms [4]).

Saja darba tiek pétita kvantu vaicajo$o algoritmu sarezgitiba. Ir dota funkcija, kurai nav
zinamas ievaddatu mainigo vertibas. Lai aprékinatu funkcijas rezultatu, algoritms var vienu péc
otras prastt atklat kada mainiga vertibu. Ir nepiecieSams uzkonstruét $ada veida algoritmu, kuram
biitu nepiecieSams péc iespjas mazaks jautajumu skaits. Kvantu algoritmi §im noliikam parasti ir
efektivaki, neka to klasiskie analogi. Lidz nesenam laikam vislielakais zinamais attalums starp
preciza klasiska determinéta vaicajosa algoritma sarezgitibu un preciza kvantu vaicajosa
algoritma sarezgitibu bija divkarSs. To sasniedz XOR (binaras saskaitiSanas) funkcija, kuras
aprékinasanai klasiskajam algoritmam ir nepiecieSams zinat visu N mainigo vértibas, bet kvantu
algoritmam pietiek ar (1/2)N veértibam [5]. Nesen A.Ambainis uzkonstrugja funkciju, kurai
attalums starp determinéto un kvantu vaicajumu sarezgitibu ir N pret O(NO '8675'") [6]. Tomer
joprojam nav zinams, kads ir vislielakais iesp&jamais attalums starp determin€to un kvantu
vaicajumu sarezgitibu.

ST darba galvenais mérkis ir atrast funkcijas ar lielu starpibu starp klasiskajiem un kvantu
vaicajoSiem algoritmiem. Bet, atSkirtba no daudziem citiem pétijumiem, §1 darba autore ir
ieinteres€ta multifunkcijas parasto funkciju vieta. Multifunkcijas rezultats var biit viena vai
vairakas vertibas no vertibu apgabala.

Var izteikt mingjumu, ka kvantu sistémas vartu biit 1pasi piemérotas multifunkciju
rékinasanai, jo skaitloSanas beigas kvantu sist€éma var atrasties bazes stavoklu superpozicija, un
pe€c mériSanas tiek iegiita viena veértiba no kopas, nevis kada noteikta vertiba. Darbinot kvantu
algoritmu vairakas reizes ar vienu un to pasu ievadi, var iegit dazadas vertibas.

Tadu kvantu algoritmu konstruéSana, kas ir efektivaki par klasiskajiem, ir loti netrivials

uzdevums. Tapéc darba tiek mekléti nevis kvantu algoritmi kadas funkcijas rékinasanai, bet gan



multifunkcijas noteiktai kvantu algoritma konstrukcijai. Lai mekl&tu multifunkcijas, kas atbilst
veélamam 1pasibam, var tikt uzrakstitas un izmantotas datora programmas. Autore pielauj, ka
labakos rezultatus ir iesp&jams sasniegt, uzgenergjot daudz dazadu algoritmu, p&c tam nosakot,
kadas multifunkcijas tie ré€kina, un tad salidzinat Sos algoritmus ar to klasiskajiem analogiem.

Kas attiecas uz klasiskajiem analogiem, tika meklets kads panémiens, lai uzreiz saprastu,
vai kvantu algoritms ir labaks par attiecigo klasisko algoritmu. Sim noliikam ir uzrakstita
programma klasisko algoritmu sarezgitibas apaks¢jas robezas aprékinam.

Zemak ir aprakstita magistra darba struktira.

Pirmaja nodala lasitajs tiek iepazistinats ar kvantu skaitloSanas pamatiem, ka ar1 ar $1 darba
konteksta interesantam matricam.

Otraja nodala ir dota multifunkcijas jédziena definicija un vairaki citi jeédzieni, kas ir
izmantoti Saja darba. Papildus, ir aprakstita notacija, kas ir izmantota rezultatu apraksta.

TreSaja nodala tiek apspriesti vaicajoSie algoritmi. 3.1. apakSnodala ir aprakstiti klasisko
algoritmu veidi, bet 3.2. apakSnodala - kvantu algoritmi un to izmantoSana multifunkciju
aprékinasanai.

Ceturtaja nodala ir izskaidrota izmantota metodologija, kam seko izveidoto programmu
apraksts.

Piektaja nodala autore iepazistina lasitajus ar darba gaita iegtitiem algoritmiem.



1. KVANTU SKAITLOSANA

Pirms tiks sniegts priekSstats par kvantu vaicajoSiem algoritmiem, no sakuma Tsi tiek
izklasti kvantu skaitloSanas pamatjédzieni. Stkakajai informacijai var apskatities [5,7,8,9].

Kvantu analogu klasiskajam bitam sauc par kubitu. Tapat, ka klasiskais bits, kubits var
pienemt veértibas 0 un 1. Bet, atSkiriba no parasta bita, kubits var but 0 un 1 superpozicija —

stavoklt a|0) + B|1), kur « € C,B € C, un kuriem izpildas (1.1). Skaitlus o un B sauc par

amplitudam.
a2+ [B[2=1 (1.1)
Stavokli a|0) + B|1) var izteikt ari vektora veida (1.2):
a (1.2)
(s)

N-kubitu sist€mas jebkuru stavokli w var izteikt ka (1.3), ka arT aprakstit ka n-dimensiju

vektoru ar amplitiidu sadalijumu (1.4).

lW)=Xi a;li) (1.3)
a; € C
a (1.4)
an
Joprojam saglabajas 1pasiba (1.5):
Yo lail* =1 (1.5)

Stavokli |0), |1), ..., |n-1) tiek saukti par bazes stavokliem. Pieméram, kvantu sistémai ar tris
kubitiem ir astoni bazes stavokli - [000),/001),|010),/011),/100),/101),]110),/111).

Kvantu sistémas stavokli var nomainit, izmantojot unitaras transformacijas. Unitara
transformacija U darba tiek aprakstita unitaras matricas veida.

Definicija 1.  Kvadratisku matricu U sauc par unitaru, ja U = U", kur U’ ir kompleksi
saistita transponéta matrica un U Lir apgriezta matrica [10].

Lai dabiitu jaunu stavokli |p)= Y14 B;|i), vajag sakotngjo stavokla |p)=Y"" a;|i) vektoru
sareizinat ar unitaro matricu U (1.6).

|p)=Ulw) (1.6)
Unitaram matricam piemit tada paSiba: tas nemaina kompleksa vektora garumu, tatad,

saglabajas kvantu sist€émas stavok]a 1pasiba (1.7).
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Yo 1B =1 (1.7)
Viena no interesantakam matricam ir Adamara matrica, kura tiek biezi izmantota $aja

darba.

Definicija 2. Adamara matrica ir kvadratiska matrica, kuras elementi ir ,,-1"" vai ,, 1

2

un kurai izpildas tada ipasiba: blakusesosajas rindas vai kolonnds pusei no blakusesosajiem

elementiem ir viendada zime, un otrajai pusei — pretéja [11].

Definicija 3.  Vientbas matrica ir kvadratiska matrica, kurai uz diagonales ir vieninieki,
bet visas citas pozicijas — nulles.

- 1= _ . o 1 . : -
Darba n-kartas Adamara matrica, kura ir reizinata ar = (lai ta butu unitara), tieck apziméta

ar H,, piem&ram (1.8), (1.9).

:L(l 1) (1.8)
2T 2z -1

11 1 1 (1.9)
H4:1 1 -1 1 -1

2|1 1 -1 41

1 -1 -1 1

Otra operacija, kuru var izdarit ar kvantu stavokli, ir mérjjums. Darba tiek izmantots t.s.
pilns me&rfjums skaitloSanas baze. Taisot m&rijjumu uz stavokla |y)=ao|0)+...+a,.1|n-1), var iegtt i
ar varbiitibu |¢;]>. Péc mérijuma originalais kvantu sistémas stavoklis mainas uz |i), un diemz&l

nav iespg&jams noteikt, kads bija amplitidu sadalijums pirms mérijjuma.
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2. MULTIFUNKCIJAS

Saja nodala tiek aprakstits galvenais p&tijuma objekts — multifunkcijas.

Definicija 4.  Par multifunkciju M(X): Mp = Mg sauc tadu funkciju, kur vismaz vienai
vertibai no definicijas apgabala Mp atbilst divas vai vairakas vértibas no vertibu apgabala My
[12], t.i. katrai vértibai no definicijas apgabala var atbilst viena vai vairakas vertibas no vértibu
apgabala.

Ka multifunkcijas piemérus var minét inverso modula funkciju £ (X)(2.2), kad, pieméram,
vertibai ,,2” no definicijas apgabala atbilst vertibas ,,-2”” un ,,2” no vertibu apgabala, vai inverso
funkciju ’ no veselo skaitlu kvadrata (2.3), kad, pieméram, veértibai ,,1”” no definicijas apgabala

atbilst vértibas ,,-1” un ,,1” no vertibu apgabala (2.4).

2] = |-2] = 2 2.1)
f1(@) =1{=22} (2.2)
£ =+x (2.3)
/() = F1 (2.4)

Darba tiek apskatiti multifunkcijas veida (2.5).
M(X):{0,1}" > N (2.5)
X = (X1, X2, erer XN),

X; € {0,1}

X tiek saukts par ievades bitu virkni vai vienkarsi par ievades virkni vai ievades vektoru, ka ar1
par ievadi, X; par mainigajiem, M(X) par multifunkcijas vértibu kopu vai vienkarsi par vertibu
kopu vai veértibu apgabalu. Autore ievie§ ar1 tadu terminu, ka izvada bitu virkne (vai izvada
virkne), kas ir nullu un/vai vieninieku virkne garuma [Mg|, kur x; = 1, ja 1 € M(X), un x; = 0, ja
1 €M(X).
Vel darba tiek izmantoti §adi apzim&jumi:
o Ar |Mg| tiek apziméta vertibu kopas kardinalitate, pieméram, ja ir apskatita
multifunkcija M'®: {0,1}" - {1...8}, tad [Mg| = 8;
o Ar X' tiek apziméta pirma puse no ievades virknes; pieméram, ja X = 10001010, tad
X'=1000;
o Ar X" tiek apziméta otra puse no ievades virknes; pieméram, ja X = 10001010, tad
X'=1010;
12



o Xodd apzZIm€ mainigos no nepara ievades virknes X pozicijam; pieméram, ja
X =01001000, tad Xoqq = 0010
. Xeven apzim€ mainigos no para ievades virknes X pozicijam; pieméram, ja
X =01001000, tad Xeyen = 1000
. Operdcija ar kopu ir definéta sekojosi (2.6):
<Set><Operation><Number> = {s;<Operation><Number> € N|s; € <Set>} (2.6)
<Set> - patvaliga kopa: <Set> = {i|]i € N},
<Operation> - aritmétiska operacija: <Operation> = {+, —, x, /},
<Number> - naturalais skaitlis: <Number> € N.
Piem@ram, {0, 3, 5, 8} x 2= {0, 6, 10, 16}.
. Set shift operation ir 1paSa operacija ar kopu, kura ir definéta ta (2.7):
shift(< Set >,< Number >) = (< Set >+ < Number >)mod" 4 2.7)
mod "4 - modificéta modula operacija, kur “0” rezultata ir aizvietota ar 4.

Pieméram, (2.8), (2.9), (2.10).

shift({1,3},2) = {3, 5}mod¥4 = {1, 3} (2.8)
shift({1, 2},2) = {3, 4} mod¥4 = {3, 4} (2.9)
shift({4, 6},4) = {8, 10} mod¥4 = {2, 4} (2.10)

Ir nepiecieSams ieviest ar1 tadus jédzienus:

Definicija 5.  Binaru virkni X = {x;, x2 X3 .., xy} sauc par binaras virknes
Y = {vi, y2 3 ..., yn} pretéjo virkni, ja Vi € {1..n} : x;= y;, pieméram, 0100 ir 1011 pretéja
virkne.

Definicija 6.  Binaru virkni X = {x;, x2, x3, ..., Xy} sauc par simetrisku, ja pirma X puse
ir viendada ar apgriezto pretéja seciba otro X pusi, pieméram, 0110, 00100100.

Definicija 7.  Binaru virkni X = {x;, X3, X3, ..., Xn} sauc par pusvienadu, ja pirma X puse
ir vienada ar otro X pusi, pieméram, 0101, 00100010.

Definicija 8.  Binaru virkni X = {x;, x2, x3, ..., Xn} sauc par puspretéju, ja pirma X puse

ir otras X puses pretéja virkne, pieméram, 01001011, 11100001.

13



3. VAICAJOSIE ALGORITMI

Saja nodala tiek stastits par skaitlo$anas modeli, kura tiek izmantota funkciju rékinasanai —
vaicajosiem algoritmiem. Funkcijas f(x;,Xz,...,Xn) definicija ir zinama, bet visi mainigie ir paslépti
»melnaja kast€”. Lai aprékinatu funkciju, algoritms var pa vienam jautat ,,melnajai kastei”
mainigo vertibas. Katrs jautajums tiek saukts par vaicajumu.

Definicija 9.  Par vaicdjosa algoritma sareZgitibu tiek saukts jautdjumu skaits, kas ir
nepiecieSams, lai izrékinat funkcijas vértibu vissliktakaja gadijuma.

Pieméram, jaaprékina funkciju OR(x;,x;). Algoritms A jauta x; vertibu un sanem atbildi
»X1 = 17. Tad algoritms A uzreiz var pateikt, ka OR(x;,x;) = 1. Bet ja algoritms A sanem atbildi
»X1 = 07, tad obligati v€l japajauta x, vértibu (sk. 3.1.att). Tatad, algoritma A sarezgitiba ir

vienada ar,,2”.

Aﬁ X=0
Aﬁg X=0

A:1

3.1.att. Vaicajosa algoritma piemeérs

3.1.Klasiskie vaicajosie algoritmi

Vaicajosos algoritmus var viegli aprakstit lémumu koku veida. Eksiste dazadi koku veidi;

Saja petijuma autore ir interes€ta determinétos un varbiitiskos vaicajosos algoritmos.

3.1.1. Determineéti lemumu koki

Definicija 10. Determinets lemumu koks ir sakartots binarais koks, kur katra iekséja

virsotne ir marketa ar mainigo x;, un katra lapa — ar vertibu no funkcijas vértibu apgabala [5].
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Saja darba pétita gadijuma (t.i. M(X):{0,1}N — N), lemumu koks ir binars, un katra bultina, kas
iziet no ieks€jas virsotnes, ir markéta ar 0 vai 1.

Ja determinéts algoritms sanem vienu un to paSu ieejas virkni, tas vienmér iziet vienu un to
paSu koka celu un izvada vienu un to pasu rezultatu ar varbutibu p=1. Algoritms sak ar koka
sakni, jauta to vertibu, kas ir piesaistita saknes virsotnei; binara koka gadijuma, ja uzzinata
vertiba ir vienada ar ,,0”, tad algoritms iet pa kreisi, ja ta ir ,,1” — tad pa labi; p&c tam algoritms
jauta x;, kas atrodas tikko sasniegtaja virsotn€, utt., kamér algoritms neatnak lidz lapai ar
funkcijas vertibu. Saka, ka determinéts vaicajoSais algoritms aprékina funkciju ftad un tikai tad,
ja $is algoritms dod pareizo rezultatu visiem ievades virkném xe {0,1}".

Determingta algoritma sarezgitibu apzimé ar D(f), un ta atbilst attieciga optimala (t.i. ar
minimalo dzilumu) lémumu koka dzilumam.

Pieméram, lémumu koka, kas ir attélots 3.2.att., dzilums ir vienads ar ,,2”. Sis 1émumu koks

rékina funkciju AND(x,x,). Tatad, 8ai funkcijai D(f) = 2.

3.2.att. Determinéta lemumu koka piemers

3.1.2. Varbitiski lemumu koki

Definicija 11. Varbatisks lemumu koks ir koks, kurs var saturét iekséjas virsotnes ar
sazarojumu p €[0; 1] [5], ti. no vienas virsotnes iziet vairakas bultinas, un katrai no sim
bultinam ir piesaistita varbiitiba p €[0; 1], ar kuru algoritms ies pa ,5o bultinu. Protams, ka
varbiitibu, kuras iziet no vienas virsotnes, summa nav lieldka par 1.

Tatad, ja varbutisks algoritms sanem vienu un to pasu ieejas virkni, tas var iziet dazadus
koka celus un sasniegt dazadas lapas. Varbiitiba, ar kuru algoritms dod rezultatu r kadai ieejas
virknei X, ir vienada ar varbiittbu summu uz katras lapas, kura ir markéta ar r, un kuru var

sasniegt algoritms, sanemot ieeja X.
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Dazi algoritmi var izdod nepareizu rezultatu, izmantojot varbiitiskos 1émumu kokus — saka,
ka tadi algoritmi rékina ar ierobezotu kludu. Kopgja varbitiba dabiit pareizo rezultatu ir varbiitiba
sasniegt lapas ar pareizo vertibu vissliktakaja gadijuma. Rekinot Biila funkcijas, ir vajadzigs, lai
§1 varbiitiba p biitu lielaka par !4, jo, acimredzami, ar varbutibu p < ' funkcijas vertibu var
vienkar$i uzminét, netaisot nevienu vaicajumu. Saja pétfjuma autore izskatis tikai precizos
algoritmus, t.i. tadus, kuri vienmer izdod pareizo rezultatu.

Tapat, ka ieprieksgja gadijuma, algoritma sarezgitiba ir vienada ar attieciga optimala (t.i. ar

minimalo dzilumu) Iémumu koka dziJumu; varbitiska algoritma sarezgitibu apzimésim ar R(f).
3.2. Kvantu vaicajoSie algoritmi

Saja nodala ir aprakstiti kvantu vaicajosie algoritmi.
3.2.1. Kvantu vaicajoso algoritmu modelis

Darba ir izmantots kvantu vaicajoSo algoritmu modelis, kas tika aprakstits [ 13].

Funkcijas rékinaSana notiek sekojoSos solos:

1. Sakuma kvantu sistémas stavoklis ir [0), t.i. |00..0).
2. Seko vairaku unitaro transformaciju kéde(3.1):
Uo, Qo, Uy, Qu,..., Ur-1, Qro1, Ut (3.1)
T ir vaicajumu skaits,
Matricas U; apzimée kadas fiks€tas unitaras transformacijas,
Matricas Q; apzimée vaicajumu transformacijas.
Matricas U; nav atkarigas no mainigo vertibam. Tas var bt jebkuras patvaligas unitaras
matricas, pieméram, Adamara matrica.

Matricas Q; izskatas sekojosi(3.2):

(-D?* 0 - 0 (3.2)
0 0 v (=1D)Pm

@; € {xq,...,xy,0,1}
Atkariba no ¢; vertibas, bazes stavokla, kas atbilst i-tai rindai, amplitiidas zime mainas uz
pret&jo (ja ¢; ir vienads ar 1) vai paliek nemainiga (ja ¢; ir vienads ar 0).

P&c transformacijam kvantu sist€émas stavoklis F izskatas ta (3.3).
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F = UrQr-1.. Ur1 Q1Up |6> (3-3)

3. Pé&dgjais solis ir mérijums. Stavoklis |i) tiek iegiits ar varbutibu |a;>. Katrs bazes
stavoklis tiek piesaistits kadai vertibai no funkcijas vertibu kopas. Pieméram, Bila funkcijas
gadijuma bazes stavokliem tiek piekartotas vértibas ,,0” un ,,1”’; bet multifunkcijas gadijuma —
bazes stavokliem vat atbilst vertibas {1...N}. Vienai vértibai no veértibu kopas var atbilst vairaki
bazes stavokli. Lai aprékinat varbutibu ieglit p&c mérjjuma kadu funkcijas veértibu y, vajag
sasummeét visus to amplitiidu modulu kvadratus, kuri atbilst bazes stavokliem ar piesaistito

vertibu y.

3.2.2. Kvantu vaicajoso algoritmu modela grafiska atteloSana

Saja darba kvantu vaicajosie algoritmi tiek aprakstiti, izmantojot sekojosa veida
diagrammas (3.3.att.). Diagramma tiek att€lots vispar€js gadijums kvantu vaicajoSam algoritmam

ar T vaicajumiem.

hazes salkuma amplitidu  unitiras vaicajumu transformacijas Rezultata vertihas
stavokli sadalijums

WA= \ \
[o): 1— - O— IR,
li: 01 13% —19— Hr:

o Ug mﬂTT@MWf U;
|m):0— - | (@) I
.

fiksetas unitaras transformacijas

\@ !

3.3.att. Diagramma Kkvantu vaicajoSa algoritma attéloSanai [13]

Diagramma ir tik horizontalo Iiniju, cik ir kvantu sist€émas bazes stavoklu; katra Iinija

atbilst attieciga bazes stavokla amplitiidai. Sakuma stavoklis ir [00..0), tapéc sakuma amplitidu

0)= I/(l)\l
)

\§
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Lielie Cetrsturi Uy, ..., Ut ir fiks€tas unitaras matricas. Vienibas matricas var but izlaistas no
zim&juma. Rinki, kas atrodas uz vienas vertikalas Iinijas, apzZim& vienu vaicajuma transformaciju.
Mazie taisnstiiri horizontalas linijas beigas ar Rj, ... ,R;, apzZimé€ funkcijas vertibu, kas ir

piesaistita attiecigajam kvantu sistémas bazes stavoklim.

3.2.3. Kvantu vaicajoSo algoritmu veidi

Ieprieks€ja apaksnodala, kur bija stastits par klasiskajiem vaicajosiem algoritmiem, tika
minéts, ka ir algoritmi, kuri re€kina funkciju ar ierobezotu klidu, un ir precizi algoritmi, kuri
vienmer izdod pareizo vertibu. Kvantu vaicajoSos algoritmus ari var sadalit tados divos veidos.

Definicija 12. Kvantu vaicajoss algoritms, kas rékina funkciju f, ir precizs, ja tas izvada
f(X) ar varbiitibu p = 1 visiem X € {0,1}". Vaicajosa algoritma sarezgitiba ir vienada ar
vaicajumu transformdciju skaitu un tiek apzimeta ar Qg(f) [5].

Definicija 13. Kvantu vaicajoss algoritms, kas rékina funkciju f, rékina to ar ierobeZoto
kliadu, ja tas izvada f(X) ar varbitibu p > % visiem X € {0,1}". Vaicdjosa algoritma sarezgitiba
ir vienada ar vaicdajumu transformaciju skaitu un tiek apziméta ar Qp(f) [5].

Ka jau bija pateikts ieprieks, Saja darba tiek pétiti tikai precizi algoritmi.

Kvantu vaic3joSos algoritmus multifunkciju rékinasanai var saskirt sekojosas tris

kategorijas.

Definicija 14. Saka, ka vaicajoss algoritms rékina multifunkciju M(X) noteikta veida, ja
katram X tas izvada kdadu vienu vertibu no rezultatu kopas ar varbiitibu p = 1. Klasiska vaicajosa
algoritma sarezgitiba tiek apziméta ar Cp(M). Kvantu vaicajosa algoritma sarezgitiba tiek
apzimeta ar Op(M) [13].

Definicija 15. Saka, ka vaicdjoss algoritms rékina multifunkciju M(X) nejausi sadalita
veida, ja katram X tas izvada kadu vienu vértibu no rezultatu kopas ar kadu patvaligu varbiitibu
(katrai vértibai no rezultatu kopas St varbiitiba ir pozitiva) un nekad neizvada nepareizo vertibu.
Klasiska vaicajosa algoritma sarezgitiba tiek apziméta ar Crp(M). Kvantu vaicajosa algoritma
sarezgitiba tiek apzimeta ar Qrp(M) [13].

Definicija 16. Saka, ka vaicajoss algoritms rékina multifunkciju M(X) vienmerigi
sadalita veida, ja katram X katra vertiba no rezultatu kopas var tikt iegiita ar vienadu varbiitibu
p >0, un vienmer tiek izvesta pareiza vertiba. Klasiska vaicdjosa algoritma sarezgitiba tiek

apziméta ar Cyp(M). Kvantu vaicajosa algoritma sarezgitiba tiek apziméta ar Qup(M) [13].
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Viegli pamanit, ka multifunkcijas skaitloSana noteikta veida ir loti lidziga parastu
(,,vienvertibu”) funkciju skaitloSanai; sanemot vienu un to pasu ieejas bitu virkni, algoritms
vienmér izvada kadu noteiktu vienu un to pasu vértibu. Sis lidzibas dg] tadi algoritmi $aja darba
netiek pétiti. Darba tiek uzskatiti algoritmi, kuri rékina gan vienmerigi sadalita veida, gan nejausi
sadalita veida.

Uzkonstruét algoritmus, kas rékina multifunkcijas vienmerigi sadalita veida, ir daudz
grutak, neka algoritmus, kas r€kina multifunkcijas nejausi sadalita veida; bet skaitloSana
vienmerigi sadalita veida ir vairak noderiga vairaku uzdevumu risinaSanai, pieméram, tadus
algoritmus var lietot, lai sadalit darba uzdevumus starp darbiniekiem.

Algoritmiem, kas re€kina multifunkcijas nejausi sadalita veida, arm var biit praktisks
pielietojums. Piem&ram, ir daudz dazadu datoru, kuri ir apvienoti viena klaster - sakot no
veciem, piem&ram, Pentium II, un 1idz miisdienu datoriem- 15, 17, utt. HTTP pieprasijumi, kuri
tiek nosititi klasterim, no sakuma atnak vienam datoram, un tas parsiita pieprasijumus talak
citiem datoriem. Autoraprat, ir diezgan logiski parsiitit vairak pieprasijumu moderniem, vairak

jaudigiem datoriem un mazak pieprasijumu veciem datoriem.
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4. METODOLOGIJA

Parastas pieejas vieta, t.i. kad no sakuma tiek defin€ta funkcija un p€c tam tiek mekl&ts
algoritms funkcijas rékinaSanai, autore noléma”iet pret&ja virziena” — no algoritma lidz (multi-)
funkcijai. Autore uzskata, ka tada pieeja ir diezgan efektiva jaunu netrivialu algoritmu
mekl&Sanai; uzkonstruét kvantu algoritmu kadas noteiktas funkcijas rékinaSanai ir diezgan griits
uzdevums, bet autores pieeja kvantu algoritmu generéSanai nav nekadu ierobeZojumu, tiek
nogeneréts pec iesp&jas vairak algoritmu un no tiem tiek panemti visinteresantakie, t.i. tadi, kas ir
efektivaki par to klasisko analogu.

Automatiskiem aprékiniem autore izveidoja programmu, izmantojot atklata pirmkoda
matematisko programmatiiru Sage [14]. Programma ir uzrakstita Python valoda. Rezultati, kas
tiek iegiiti ar programmatiras palidzibu, péc tam tiek manuali analiz&ti un klasificeti. Efektivi
kvantu algoritmi tiek mekl&ti $ados solos:

1.  Sakombinét dazadas unitaras matricas un vaicajumus. Padot programmai So unitaro
transformaciju k&di, ka ar1 N (mainigo skaitu) un dazus citus parametrus, un aprékinat rezultatu.
Sikak $is solis ir aprakstits 4.1.apaksnodala.

2. Analizet rezultatus. Salidzinot ievadi (binaras virknes) un izvadu (attiecigo kopu, kas
tika iegiita ar programmas palidzibu), nodefinét funkciju.

3. Uzrakstit orakulu programmai. Parbaudit, vai multifunkcijas definicija ir pareiza
lielakajam mainigo skaitam. Ja kaut-kadi nosacijumi nestrada, atgriezties pie 2.sola.

4.  Pieradit tai pasai funkcijai labaka iesp&jama klasiska vaicajosa algoritma sarezgitibu.
Ka paligs $aja soli ir uzrakstita programma, kas rékina ar cik jautajumiem noteikti nepietiks, lai

aprekinatu multifunkcijas vértibu. Sis programmas aprakstu var atrast 4.2.apaksnodala.
4.1.Programmas multifunkciju aprékiniem

Katrai multifunkcijai ir uzrakstita atseviSka programma. Programmam ir vienads ,,ietvars”
— ir daudz vienadu metozu, pieméram, metodes decimalskaitla konverté€Sanai uz binaru sarakstu
(list) vai vaicajumu matricu generésanai no tada saraksta. Bet katra programma ir savas unitaras
transformacijas noteiktas multifunkcijas rékinasanai, ka ar1 orakuls un dazas transformacijam un
orakulam nepiecieSamas paligmetodes. Programmu pirmkodu var atrast sekojoSos pielikumos -
1. pielikums, 2. pielikums, 4. pielikums.
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Programmas generé visas binaras virknes' garuma N (mainigo skaits), izveido attiecigas
vaicajuma matricas, izdara visus aprékinus (t.i. sareizina matricas) un izvada rezultatu. Pie tam,
programma, kura rékina attieciga klasiska vaicajosa algoritma sarezgitibas apaks€jo robezu, tika
pielikta klat ka metode §Tm programmam.

Programmam var noradit sekojoSus parametrus:

1. N -—mainigo skaits.

2. Size — kvantu sistémas bazes stavoklu skaits.

No mainigo skaita un bazes stavoklu skaita kombinacijas programma saprot, kadas vaicajuma
matricas javeido. Piemé&ram, multifunkcijas M; gadijuma, ja mainigo skaits ir vienads ar 16, bet
bazes stavoklu skaits ir vienads ar 8, tad buis izmantots M; otrais visparinajums — biis izveidotas
Cetras vaicdjoSas matricas; bet ja bazes stavoklu skaits bus 32, tad biis pielietots M; pirmais
visparinajums — ar vienu vaicajoso matricu.

Programma nav uztaisita kada speciala parbaude Siem parametriem; bet, ja tiks uzdota nederiga
kombinacija, piem&ram, mainigo skaits 8 un bazes stavoklu skaits 13, tad programma apstasies
un izdos kladu.

3.  Formatu, kada jabiit izvadam.

P&c noklusgjuma multifunkcijas rezultats tiek paradits ka kopa ar veseliem skaitliem. Bet var
metodge, kas ir nosaukta ,,calc_result” , nokonfigurét to sekojosi:

o »return result” - multifunkcijas rezultats biis paradits ka vektors ar amplitidu
sadaltijumu;

. »return (one_zero (result))” — tad tiek iegiita izvada bitu virkne;

. »return numbering((one_zero (result)))” — noklus@ta vértiba, dod kopu ar veseliem
skaitliem.

Multifunkcijai M; vél jalieto metodi reduce — attiecigi ,,return (reduce(one zero (result)))” vai
Hreturn  (numbering(reduce(one zero (result))))”, jo M; gadijuma vienai vértibai no
multifunkcijas vertibu kopas atbilst divi bazes stavokli.

4. Oracle — orakuls. To jauzdod multifunkciju M; un M, gadijuma. Multifunkcijai M3 ir
tikai viens orakuls.

. Multifunkcijas M; ,,oraclel” darbojas ar izvada bitu virkném, un tas parbauda tikai

tos nosacijumus, kuri ir definéti jebkuram mainigo skaitam.

! Programma uztaisa binarus sarakstus garuma N, kas atbilst multifunkcijas ievades virkném
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Multifunkcijas M; ,,oracle2” strada ar veselo skaitlu kopam, un taja ir ieklauti visi
nosacijumi specialgadijumam ar astoniem mainigiem (vai, otra visparinajuma gadijuma, to var
lietot lielakam mainigo skaitam, ja kvantu sist€émas bazes stavoklu skaits nav lielaks par 16).

° Multifunkcijai M; arT ir divi orakuli. Orakulu ,,oracleN4” jalieto, ja kvantu sist€mai ir

Cetri bazes stavokli, bet orakulu ,,oracleN8” — attiecigi astoniem bazes stavokliem.

Sis programmas var izmantot jauno kvantu algoritmu gener&$anai. Saja gadijuma metodé
»calc_probability” janorada jaunas transformacijas. Unitaras matricas var aizvietot ar jebkuram
citam unitaram matricam. Ir iespjams generét arl nejausus unitaras matricas, pieméram, ar
sekojoSo metodi:

def random_unitary(size, d):

M = random_matrix(RDF, size, density=d)
UnitM = M.gram_schmidt()[0]
return UnitM
Vaicajumu matricas tiek generétas no binariem sarakstiem. Tados sarakstos var izmantot

gan mainigo vertibas jebkura seciba, gan fiksetas vértibas ,,0” vai ,,1”.

Diemzel Sage programmatiirda ir ierobezojums izvades simbolu skaitam. V&l viens
programmas tritkums ir tas, ka ta izmanto loti daudz atminas. Tatad, rékinot multifunkcijas lielam
mainigo skaitam (~N>16, atkariba no vélama izvada un datora jaudas) , vajag palaist programmu
vairakas reizes, katru reizi rékinot mazam binaro virknu skaitam. V&l var nomainit Sage izvades
ierobezojumu uz lielaku skaitli.

Lai palielinat atlauto izvades simbolu skaitu, vajag atrast failu ar nosaukumu cell.py
direktorija $SAGE ROOT/devel/sagenb-main/sagenb/notebook/, kur $SAGE ROOT apzimé
direktoriju, kur ir uzinstaléts Sage. Saja faila atrast rindas:

e MAX OUTPUT = 32000
e MAX OUTPUT LINES=120

Sajas rindas vajag nomainit skait]us uz lielakiem.
4.2.Programma sarezgitibas apakséjas robezai apréekinasanai
Programmai, kura rekina klasiska vaicajosa algoritma sarezgitibas apaks€jo robezu,

janodod sekojoso informaciju:
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1. N -—mainigo skaits.

2. M - vardnica (dictionary), kur atslégas ir binaras virknes garuma N un vertibas ir
attiecigas multifunkcijas vertibu kopas.

Programma dara sekojosSo:

1)  Genere visas iesp&jamas kombinacijas noteikta garuma. Pieméram, ja mainigo skaits
ir vienads ar Cetri, un tiek generétas kombinacijas garuma divi, tad nogenerétas kombinacijas bis
[0, 11, [0, 2], [0, 3], 1, 2], [1, 3], [2, 3]

2)  P&c tam tiek pemtas visas nogenerétas kombinacijas péc kartas. Piem&ram, pirma
kombinacija ir [0, 1]. Programma iet cauri vardnicai M, un mekle atslégas virknes, kuriem pirmie
divi cipari ir nulles — piem&ram, ¢etru mainigo gadijuma, 0000, 0001, 0010, 0011. Programma
nem tadu atslégu vertibas, t.i. multifunkcijas vertibu tadiem mainigajiem, un pievieno atseviskam
sarakstam. Jaunizveidotaja saraksta programma parbauda, vai ir vismaz viena vertiba, kas ir visas
multifunkcijas vertibu kopas.

3) P&c visu kombinaciju parbaudes, ja nav kadas kopigas vértibas, tad programma
palielina kombinaciju izméru (pieméram ,no divi lidz trTs, un generé visas kombinacijas garuma
tris - [0, 1, 2], [0, 1, 3], [0, 2, 3], [1, 2, 3] un atkal iziet ciklu — izv€las binaras virknes, kur biitu
nulles tr1s noteiktas pozicijas, un salidzina multifunkcijas vertibu kopas.

4) Ja tiek atrasta kada kopiga veértiba S$ados multifunkcijas vertibu kopas, tad
kombinaciju garumu var uzskatit par sarezgitibas apakséjo robezu.

Programma parbauda visas iesp&jamas kombinacijas, sakot ar kombinacijam garuma ,,1”,
un beidzot ar kombinacijam garuma N (vai kamér netiek atrasta apakseja robeza). Protams, $is
opcijas var mainit.

Nevar apgalvot, ka aprékinats skaitlis ir klasiska vaicajosa algoritma sarezgitiba. ST
programma nemekle vissliktako ievades virkni. Piem@&ram, ja programma izvada skaitli ,,4”, tas
nozimé tikai to, ka sarezgitiba ir noteikti lielaka par ,,3”; eksisté vismaz viena ievades virkne,
kurai noteikti nevar aprékinat multifunkcijas vertibu, jautajot tikai tris mainigo veértibas.

6.pielikuma ir programmas pirmkods ar aizpilditu vardnicu multifunkcijai M; ar astoniem

mainigiem.
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5. UZKONSTRUETIE KVANTU ALGORITMI

Saja nodala tiek aprakstiti galvenie pétijuma rezultati.

Uzkonstruéto kvantu algoritmu specialgadijumiem tiek dots arT programmas darbibas laiks.
Programmas ir darbinatas ar datoru, kura specifikacija ir sekojosa:

. Procesors - Intel Core(TM) 15-2430M ar 2,40GHz frekvenci

o RAM - 8,00GB

5.1.Pirmais piemérs - Algoritms multifunkcijas M, rékinaSanai

S nodala sakas ar aprakstu, ka multifunkcija M;(X):{0,1}¥ - {1..N},N =2},i e N*
izskatas mazam mainigo skaitam, bet talak tiks apskatiti M; visparinajuma veidi.
Multifunkcijas M; definicija ir diezgan sarezgita, tapéc tas aprakstam seko pieméri, kuri

demonstré rékinasanas solus.

5.1.1. Multifunkcija M; ar diviem mainigajiem

Ta ka multifunkcija M, tiek definéta rekursivi, multifunkcijas apraksts sakas ar aprékinu

divu mainigo gadijuma (sk.5.1.att.).

Uuo Qo U1
|00) —> 1 {12 112 w2 1w @ M2 12 U2 2 [
|O’|> — (0 {12u2 12ar @ 10 2 w2 ae } 1
|1 O) — () - 12 122 4n @ 12 2 A2 AR |— 5
|1 1) — () - r2rzae @ 102 Az A2 e |— }

5.1.att. Kvantu algoritms, kas rekina multifunkciju M, ar diviem mainigajiem

5.1. tabula tiek paradits skaitloSanas process — ka kvantu sistema izskatas péc katras
transformacijas, ka ar1 multifunkcijas vertiba katram ievades vektoram.
Ka redzams, $aja gadijuma multifunkcija M;(X):{0,1}?> — {1,2} tiek rékinata vienmérigi

sadalita veida. Viegli pamanit ar1 to, ka M; ar diviem mainigajiem ir Iidziga XOR funkcijai.
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5.1.tabula

Kvantu algoritma skaitloSanas process multifunkcijai M, ar diviem mainigajiem

X Stavoklis péc U0 Stavoklis pec Q0 Stavoklis péc Ul M, (X)
00 (1/2,1/2,1/2,1/2) (1/2,1/2,1/2,1/2) (1,0,0,0) {1}
01 (1/2,1/2,1/2,1/2) (1/2,-1/2,-1/2, 1/2) (0,0,0,1) {2}
10 (1/2,1/2,1/2,1/2) (-1/2,1/2,1/2, -1/2) (0,0,0,-1) {2}
11 (1/2,1/2,1/2,1/2) (-1/2,-1/2,-1/2,-1/2) (-1, 0,0, 0) {1}

Teoréma 1. Qup(M;) =1 gadijuma, ja mainigo skaits ir vienads ar 2.

Pieradijums. 5.1.att. ir redzams, ka pietiek ar vienu vaicajumu.

Teoréma 2. Cyp(M;) = 2 gadijumai, ja mainigo skaits ir vienads ar 2.

Pieradijums. Acimredzami, ka ar vienu vaicajumu nepietiks. Piem&ram, ja tiek jautata x;
vertiba, nav zinams, vai X; ir vai nav vienads ar X;. Ja X; un x; ir vienadi, izvada jabit ,,1”, ja tie ir
dazadi — jabut ,,2”.

Programmas darbibas laiks: <1 sekundes.

5.1.2. Multifunkcija M; ar Cetriem mainigajiem

Ja multifunkcija M; tiek izrekinata lielakam mainigo skaitam, ir redzams, ka ta tomer

atSkiras no XOR funkcijas.

uo U1

I000)— 1 —
001)— 0 —
010)— 0 —
[011)— 0 —
[100)— 0 — HS
101)— 0 —
1100— 0 —
111>— 0 —

5.2.att. Kvantu algoritms, kas rékina multifunkciju M, ar ¢etriem mainigajiem

H;

4

e i i el
W

EEEEOEEE® B

5.2.tabula var redzg&t, ka mainas kvantu sist€émas stavoklis skait]oSanas laika.
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5.2.tabula

Kvantu algoritma skaitloSanas process multifunkcijai M, ar ¢etriem mainigajiem

X Stavoklis pec U0 | Stavoklis péc Q0 | Stavoklis péc Ul M;(X)

1/4 % sqrt(2) 1/4 % sqrt(2) 1
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 * sqrt(2) 1/4 % sqrt(2) 0

0000 1/4 % sqrt(2) 1/4 % sqrt(2) 0 vy
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 x sqrt(2) 1/4 % sqrt(2) 0
1/4 * sqrt(2) 1/4 % sqrt(2) 1/2
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) —1/2

0001 1/4 % sqrt(2) —1/4 % sqrt(2) 0 1,234}
1/4 % sqrt(2) 1/4 % sqrt(2) 1/2
1/4 x sqrt(2) 1/4 % sqrt(2) 1/2
1/4 % sqrt(2) 1/4 x sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 1/2
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 1/2

0010 1/4 % sqrt(2) 1/4 % sqrt(2) 0 1,234}
1/4 * sqrt(2) —1/4 % sqrt(2) —1/2
1/4 % sqrt(2) 1/4 % sqrt(2) 1/2
1/4 % sqrt(2) 1/4 x sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 * sqrt(2) —1/4 % sqrt(2) 0

0011 1/4 % sqrt(2) —1/4 % sqrt(2) 0 45
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 x sqrt(2) 1/4  sqrt(2) 1
1/4 % sqrt(2) 1/4 % sqrt(2) 0
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1/4 % sqrt(2) 1/4 x sqrt(2) 1/2
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 1/2
0100 1/4*837”t(2) 1/4*83Tt(2) 0 1,234}
1/4 % sqrt(2) 1/4 x sqrt(2) 1/2
1/4 % sqrt(2) —1/4 % sqrt(2) —1/2
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
0101 1/4 % sgrt(2) 14 sgrt(2) 0 3}
1/4 % sqrt(2) 1/4 % sqrt(2) 1
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 1
0110 1/4*32]]7#(2) 1/4*527’15(2) 0 2}
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 x sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 * sqrt(2) 1/4 % sqrt(2) —1/2
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 1/2
01l 1/4*837”t(2) —1/4*337“25(2) 0 1,234}
1/4 % sqrt(2) —1/4 % sqrt(2) 1/2
1/4 % sqrt(2) —1/4 % sqrt(2) 1/2
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 x sqrt(2) —1/4 % sqrt(2) 1/2
1/4 % sqrt(2) 1/4 x sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) —1/2
1000 aesgrt2) | || 1dn sgri(@) 0 t1,2,3,4}
1/4 * sqrt(2) 1/4 % sqrt(2) —1/2
1/4 % sqrt(2) 1/4 % sqrt(2) —1/2
1/4 % sqrt(2) —1/4 % sqrt(2) 0

27




1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) -1
1001 1/4*837”t(2) —1/4*337“25(2) 0 2}
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 x sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1010 1/4 % sgrt(2) 1/4% sZrt(Q) 0 3}
1/4 % sqrt(2) —1/4 % sqrt(2) -1
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) —1/2
1/4 % sqrt(2) 1/4 x sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) —1/2
1011 1/4*32]]7#(2) —1/4*337%(2) 0 1,234}
1/4 % sqrt(2) —1/4 % sqrt(2) —1/2
1/4 % sqrt(2) 1/4 % sqrt(2) 1/2
1/4 * sqrt(2) —1/4 % sqrt(2) 0
1/4 * sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1100 1/4*837”t(2) 1/4*83Tt(2) 0 45
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) -1
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 x sqrt(2) —1/4 % sqrt(2) —1/2
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) —1/2
101 ansgr(2) | || 174 % sqri(2) 0 t1,2,3,4}
1/4 * sqrt(2) 1/4 % sqrt(2) 1/2
1/4 % sqrt(2) —1/4 % sqrt(2) —1/2
1/4 % sqrt(2) —1/4 % sqrt(2) 0
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1/4 % sqrt(2) —1/4 % sqrt(2) —1/2
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) 1/4 % sqrt(2) 1/2
110 1/4 % sqrt(2) 1/4 % sqrt(2) 0 1,234}
1/4 % sqrt(2) —1/4 % sqrt(2) —1/2
1/4 % sqrt(2) —1/4 % sqrt(2) —1/2
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) -1
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
i 1/4 % sqrt(2) —1/4 % sqrt(2) 0 e
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0
1/4 % sqrt(2) —1/4 % sqrt(2) 0

M;(X):{0,1}* - {1,2,3,4} var defingt, izmantojot sekojoSus nosactjumus:

a) Ja X satur nepara nullu skaitu (un, I1idz ar to, arT nepara vieninieku skaitu), tad

b) Ja X ir simetrisks, tad

M(X) = My(XT) = My (XT)

M;(X) = {1..N}

¢) Ja X ir pusvienads, bet nav simetrisks, tad

M, (X) = resy |Jress, kur
res; = {ili € Mi(X?)&i < N/4}

resy = {i + N/4li € My(X")&i > N/4}
d) Ja X ir puspretgjs, tad

Mi(X) = resi |Jress, kur
res; = {ili € My(X")&i > N/4}

ress = {i+ 3N/4li € My(X!) &i < N/4}

(5.1)

(5.2)

(5.3)

(5.4)

Ta ka M, definicija var izskatities sarezgita, 5.3.tabula tiek doti pieméri multifunkcijas

aprékinam. Kopa ar ievades bitu virkni un multifunkcijas rezultatu, tiek noradits, kads nosacijums

tiek lietots un tiek paraditi aprékina soli.
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5.3.tabula

Apraksts multifunkcijai M, ar €etriem mainigajiem

X M (X) Nosacijums Aprekina soli
0000 {1} b) M;(0000) = M,(00) = {1}
0001 {1,2,3,4} a) M,;(0001) = {1, 2, 3,4}
0010 {1,2,3,4} a) M,(0010) = {1, 2, 3, 4}
0011 {4} d) M;(00) =M;(11) = {1}
Takal<4/4,
resl = {}
res2 = {1+4x3/4} = {1 + 3} = {4}
Tad M(0011) = {4}
0100 {1,2,3,4} a) M,(0100) = {1, 2, 3, 4}
0101 {3} c) M,(01) = {2}
Taka 2 > 4/4,
resl = {}
res2 = {2 +4/4} = {2+1} = {3}
Tad M,(0101) = {3}
0110 {2} b) M;(0110) = M,(01) = M,(10) = {2}
0111 {1,2,3,4} a) M,(0111)= {1, 2, 3,4}
1000 {1,2,3,4} a) M,(1000) = {1, 2, 3, 4}
1001 {2} b) M,;(1001) = M,(10) = M,(01) = {2}
1010 {3} c) M,(10) = {2}
Taka2>1,
resl = {}
res2 = {2 +4/4} = {2+1} = {3}
Tad M,(0101) = {3}
1011 {1,2,3,4} a) M,(1011) = {1, 2, 3, 4}
1100 {4} d) M,;(11) =M(00) = {1}
Takal<4/4,
resl = {}, res2 = {1+4x3/4} = {1 + 3} = {4}
Tad M(1100) = {4}
1101 {1,2,3,4} a) M,(1101)= {1, 2, 3,4}
1110 {1,2,3,4} a) M,(1110)= {1, 2, 3,4}
1111 {1} b) M(1111) =M,(11) = {1}
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A1 §aja gadijuma multifunkcija M, tiek rékinata vienmerigi sadalita veida.

Teoréma 3. Qup(M;) = 1 gadijuma, ja mainigo skaits ir vienads ar 4.

Pieradijums. Sk. 5.2.att.

Teoréma 4. Cyp(M;) = 3 gadijuma, ja mainigo skaits ir vienads ar 4.

Pieradijums. Ka ir redzams no programmas izvades, apaks§gja sarezgitibas noveértéjuma
robeza ir vienada ar trs.

Tatad, tas nozimé, ka, vaicajot divas reizes un dabijot divas nulles, nevar viennozimigi
noteikt multifunkcijas vertibu. Ja ievadg ir visas nulles, tad multifunkcijas vertiba ir {1}. Bet ja
ievade ir divas nulles un divi vieninieki, multifunkcijas vertiba atSkiras no {1}. Piemé&ram, ja ir
zinams, ka X; un x; abi ir vienadi ar “0”, algoritms nevar biit dross, vai ievade ir 0000, 0011,
0001 vai 0001. Ja izvade bus {1}, bet ievad€ bija 0011, ir kliida. Bet ja izvad@ biis {4}, bet ievadé
bija 0000, atkal tiek iegiits kludains rezultats. Vienalga, kuru divu mainigo veértibas algoritms
uzzina - Xp Un X4, X Un X4, utt. Actmredzami, ka tam vajag uzzinat kadu treSo mainigu, lai pareizi
aprékinatu funkciju.

Ir iesp&jams pieradit arT to, ka ar trim vertibam pietiek, lai izdotu pareizo rezultatu. 5.3.att.

tiek att€lots varbiitisks lémumu koks, kas rékina multifunkciju M, vienmerigi sadalita veida.

2 K2 B2 ) K2 3 {4
P N . P N : Pl - W Y W PV W P S PN

24 X4 X4 X4 X4 X4 x4 x4

g & x5 g x4 X4
i N W N N 4 N N N NN NN A SEN s NN S S N
s 1) 2] 3] 2 1] [¢] 2] 3] 3] [2 3] [2] [¢ FIE NE 3

5.3.att. Lémumu koks, kas rékina multifunkciju M, ar ¢etriem mainigiem

Programmas darbibas laiks: apméram 6 sekundes.

5.1.3. Multifunkcija M; ar astoniem mainigajiem

Ja paplaSinat algoritmu Iidz astopiem mainigajiem, papildus nosacijumiem a)-d) no
5.1.2.punkta, var pievienot sekojoSos nosacijumus, lai nodefinétu pargos multifunkcijas
M, (X):{0,1}® - {1, ...,8} ieejas datus:

e) Ja X' ir vienads ar apgrieztu pretgja seciba X' pretdjo virkni, un iepriek§ mingtie
nosacijumi nevar tikt pieméroti X:
M (X)={N+1—ili e My(X!)} (5.5)

So nosacijumu var nodefingt arf ta:
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M (X) = {i+4|i € My (X))} (5.6)
f) Ja X' satur para vieninieku skaitu (un, lidz ar to, ari para nul]u skaitu) un X" ari satur para
vieninieku skaitu (un, 1idz ar to, arT para nullu skaitu), un iepriek§ minétie nosacijumi

nevar tikt pieméroti X:

M, (X) = resy |Jress, kur (5.7)
res; = My(X1)J My (X)) (5.8)
resy = shift(My(X1)|J My (X!1),2) + N/2 (5.9

g) Ja X' satur vienu vieninieku (vai vienu nulli) un X" arf satur tadu pasu vieninieku un nullu

skaitu , un iepriek§ miné&tie nosacijumi nevar tikt piemé&roti X:
M;(X) = res; |Jress, kur (5.10)
resy = 1J(2 + 9) (5.11)
S - starpiba starp vieninieku (nu]Ju) pozicijam X! un X112
resy = N—res; +1, ja més varam satikt péc kartas (5.12)
Cetras nulles (vai Cetrus vieniniekus) , uztaisot ciklu caur
X, un ne vairak par ¢etram nullém (Cetriem
vieniniekiem)3
resy = resi + N/2 ¢itos gadijumos (5.13)

h) Ja X" un X" satur nepara (vieninieku un nepara nullu) skaitu, bet vieninieku (un nullu)
skaits X' un X" atSkiras, un iepriek§ minétie nosacijumi nevar tikt pieméroti X, tad, lai
izrékinatu M;(X), no sakuma vajag dabiut tadu kopu - X" vajag aizvietot ar pretgjo no X",
tad vajag aprekinat rezultatu, izmantojot nosacljumu g). Sadu kopu var apzimét ar
Inv(My(T)). Tad

M;(X) = {1..N}\Inv(M; (X)) (5.14)

Tagad autore sniedz daZus piemérus, lai lasitajam biitu vieglak saprast Sos nosacijumus.

M;(11101010) = {1,2, 3,4, 5,6, 7, 8} (a)

M;(00000000) = M;(0000) = {1} (b)

M;(00011000) = M;(0001) = M;(1000) = {1, 2, 3, 4} (b)

M;(00010001) ={1, 21U {3 + 8/4, 4 + 8/4}= {1, 2, 5, 6}, jo M;(0001) = {1, 2, 3, 4} (c)

M;(00011110) = {3, 43U {1 + 8 X 3/4, 2 + 8 x 3/4} = {3, 4,7, 8}, jo M;(0001) = M;(1110)
=1{1,2,3,4} (d

? Pieméram, ja X = 00101000, tad vieninieks X" atrodas 3.pozicija, un X" — 1.pozicija; S =3-1 = 2.
3 Pieméram, X = 00100001 vai X = 01001000
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M;(11101000) = {8-1+1, 8 - 2+1, 8 - 3+1, 8 - 4+1} = {5, 6, 7, 8} (e)
M;(00111001) = {4}U{2}U{(4 + 2)mod 4 + 8/2}U{(2 + 2)mod 4 + 4 + 8/2}* =
{2,4,6,8},jo Mj(0011) = {4} un M;(1001) = {2} (f)
M;(11001010) = {4} U{3}U{(4 + 2)mod 4 + 8/2} U{(3 + 2)mod 4 + 8/2} =
{3,4,5,6},jo M;(1100) = {4} un M,(1010) = {3} (f)
Nosactjumu g) izmanto sekojosi:
Ja X =00101000, tad
X'=0010 un 1 ir 3.pozicija.
X"=1000 un 1 ir 1.pozicija.
Tatad, S=3—-1=2:
res; = {1,2+2} = {1, 4}
Ta ka ieejas datos X ir piecas nulles péc kartas (pozicijas 6,7,8,1,2), tad:
res; = {1 +4,4+4} ={5,8} (5.13)
M;(00101000) = {1, 4, 5, 8} (g)

Ja X =01001000, tad
X'=0100 un 1 ir 2.pozicija.
X" =1000 un 1 ir 1.pozicija.
Lidzarto,S=2—-1=1:
res; = {1, 3}
Ieejas datos X ir Cetras nulles p&c kartas (pozicijas 6,7,8,1), tatad:
res;={8—-1+1,8-3+1}={8,6} (5.12)
M;(01001000) = {1, 3, 6, 8} (g)

Tagad tiek paskaidrots nosacijums h).

JaX =00101110, tad no sakuma tiek rékinats Inv(M; (X)).
Inv(M; (X)) =M;(00100001) = {1, 3, 6, 8} (izmantojot nosacijumu g)
M;(00101110)={1,2,3,4,5,6,7,8}\{1,3,6,8} ={2,4,5,7} (h)

JaX=00100111, tad
Inv(M; (X)) =M;(00101000) = {1, 4, 5, 8} (izmantojot nosacijumu g)
M1(00100111) = {1,2,3, 4, 5,6,7, 81\{1,4, 5,8} = {2,3,6, 7} (h)

5.4.tabula var apskatities, kadi nosacijumi un kadas multifunkcijas vertibu kopas atbilst
ievades virkném ar para vieninieku skaitu.
Ja ievadé X ir nepara vieninieku skaits, tad (5.15).
M;(X) ={1,2,3,4,5,6,7,8} (5.15)

Ar lielaku, neka Cetri, mainigo skaitu multifunkcija M, tiek rékinata nejausi sadalita veida.

442 +2)mod 4 + 4} = {4 mod*4}
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Apraksts multifunkcijai M; ar astoniem mainigajiem

5.4.tabula

X M;(X) Nosacijums X M;(X) Nosacijums
00000000 {1} b) 10000001 {1,2,3,4} b)
00000011 {1,4,6,7} f) 10000010 {1,4,5,8} 2)
00000101 {1,3,5,7} f) 10000100 {1,3,6,8} 2)
00000110 {1,2,7,8} f) 10000111 {3,4,7,8} d)
00001001 {1,2,7,8} f) 10001000 {1,2,5,6} C)
00001010 {1,3,5,7} f) 10001011 {2,4,5,7} h)
00001100 {1,4,6,7} f) 10001101 {2,3,6,7} h)
00001111 {7} d) 10001110 {5,6,7,8} e)
00010001 {1,2,5,6} C) 10010000 {1,2,7,8} )
00010010 {1,3,6,8} ) 10010011 {2,4,6,8} )
00010100 {1,4,5,8} ) 10010101 {2,3,5,8} )
00010111 {5,6,7,8} e) 10010110 {8} d)
00011000 {1,2,3,4} b) 10011001 {2} b)
00011011 {2,3,6,7} h) 10011010 {2,3,5,8} f)
00011101 {2,4,5,7} h) 10011100 {2,4,6,8} )
00011110 {3,4,7,8} d) 10011111 {1,2,7,8} )
00100001 {1,3,6,8} ) 10100000 {1,3,5,7} f)
00100010 {1,2,5,6} C) 10100011 {3,4,5,6} )
00100100 {1,2,3,4} b) 10100101 {3} b)
00100111 {2,3,6,7} h) 10100110 {2,3,5,8} f)
00101000 {1,4,5,8} ) 10101001 {2,3,5,8} )
00101011 {5,6,7,8} e) 10101010 {5} C)
00101101 {3,4,7,8} d) 10101100 {3,4,5,6} f)
00101110 {2,4,5,7} h) 10101111 {1,3,5,7} f)
00110000 {1,4,6,7} f) 10110001 {2,3,6,7} h)
00110011 {6} C) 10110010 {5,6,7,8} e)
00110101 {3,4,5,6} f) 10110100 {3,4,7,8} d)
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00110110 | {2,4,6,8} f) 10110111 {1,3,6,8)} g)
00111001 {2,4,6,8} f) 10111000 | {2,4,5,7} h)
00111010 | {3,4,5,6} f) 10111011 {1,2,5,6} B)
00111100 (4} b) 10111101 (1,2,3,4} b)
00111111 (1,4,6,7} f) 10111110 | {1,4,5,8} 2)
01000001 {1,4,5,8} g) 11000000 | {1,4,6,7} f)
01000010 | {1,2,3,4} b) 11000011 (4} b)
01000100 | {1,2,5,6} c) 11000101 {3,4,5,6} f)
01000111 {2,4,5,7} h) 11000110 | {2,4,6,8} f)
01001000 | {1,3,6,8} g) 11001001 (2,4,6,8)} f)
01001011 (3,4,7,8} d) 11001010 | {3,4,5,6} f)
01001101 {5,6,7,8} 5) 11001100 {6} ©)
01001110 | {2,3,6,7} h) 11001111 (1,4,6,7} f)
01010000 | {1,3,5,7} f) 11010001 (2,4,5,7)} h)
01010011 {3,4,5,6} f) 11010010 | {3,4,7,8} d)
01010101 {5} B) 11010100 | {5,6,7,8} 5)
01010110 | {2,3,5,8} f) 11010111 {1,4,5,8)} 2)
01011001 {2,3,5,8} f) 11011000 | {2,3,6,7} h)
01011010 {3} b) 11011011 (1,2,3,4} b)
01011100 | {3,4,5,6} f) 11011101 (1,2,5,6)} B)
01011111 {1,3,5,7} f) 11011110 | {1,3,6,8} 2)
01100000 | {1,2,7,8} f) 11100001 (3,4,7,8} d)
01100011 {2,4,6,8} f) 11100010 | {2,4,5,7} h)
01100101 {2,3,5,8} f) 11100100 | {2,3,6,7} h)
01100110 {2} b) 11100111 (1,2,3,4} b)
01101001 (81 d) 11101000 | {5,6,7,8} e)
01101010 | {2,3,5,8} f) 11101011 {1,4,5,8)} g)
01101100 | {2,4,6,8} f) 11101101 {1,3,6,8} g)
01101111 (1,2,7,8} f) 11101110 | {1,2,5,6} c)
01110001 {5,6,7,8} e) 11110000 {7} d)
01110010 | {2,3,6,7} h) 11110011 (1,4,6,7} f)
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01110100 | {2,4,5,7} h) 11110101 (1,3,5,7} f)
01110111 {1,2,5,6} B) 11110110 | {1,2,7,8} f)
01111000 | {3,4,7,8} d) 11111001 {1,2,7,8} f)
01111011 {1,3,6,8} g) 11111010 | {1,3,5,7} f)
01111101 {1,4,5,8} g) 11111100 | {1,4,6,7} f)
01111110 | {1,2,3,4} b) 11111111 {1} b)

Teoréma 5. Qrp(M;) = 1 gadijuma, ja mainigo skaits ir vienads ar 8.

Pieradijums. Salidzinot ar iepriekS€jiem gadijumiem, tiek palielinats kvantu sist€mas
bazes stavoklu skaits, bet joprojam tiek darits tikai viens vaicajums — visi mainigie tiek piesaistiti
pé&c kartas un pec tam pretgja seciba.

Teoréma 6. Crp(M;) = S gadijuma, ja mainigo skaits ir vienads ar 8.

Pieradijums. Saskana ar programmas aprékinu, multifunkcijas klasiska sarezgitiba nav
mazaka par 5. Ja Cetri zinamie mainigie ir vienadi, vajag vismaz vél vienu piekto vaicajumu, lai
viennozimigi noteikt vismaz vienu skaitli no multifunkcijas vertibu kopas.

Programmas darbibas laiks: apm&ram 1 miniite.

5.1.4. Multifunkcijas M, pirmais visparinajums

Pirmais multifunkcijas M; visparinajuma veids, kur§ joprojam ir apziméts ar M,
M;(X):{0,1}" - {1..N},N = 2},i € N ir paradits 5.4.att.

Sis algoritms var likties lidzigs algoritmam, kas rékina multifunkciju M no [15], bet tomér
§1 darba autore uzskata So algoritmu par atsevisku pilnvertigu algoritmu, nevis algoritma no [15]
modifikaciju.

Kvantu sisteéma sastav no 2N bazes stavokliem. Pirma transformacija ir 2N X 2N Adamara
matrica. P& tam viena un vieniga vaicajuma transformacija. Vaicajumam mainigie tiek piesaistiti
secigi un péc tam pretgja seciba. P&dgja transformacija atkal ir 2N X 2N Adamara matrica.
Multifunkcijas M vertiba r; tiek piesaistita bazes stavokliem (ri-1)*2+1 un (r;-1)*2+2; tatad, divi

bazes stavokl]i atbilst vienai un tai paSai multifunkcijas vertibai.
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5.4.att. Kvantu algoritms, kas rékina multifunkciju M,

Saja gadfjuma multifunkcija tick definéta tikai dalgji, izmantojot augstak mingtos
nosacijumus a)-d). Pieméram,

M;(11100011111000110000000010000000) = {1 ... 32} (a)

M;(1110001111100011) = {1,2,3,4}U{5+16/4,6+ 16/4,7 + 16/4,8 + 16/4}=
{1,2,3,4,9,10, 11, 12}, jo M(11100011)={1, 2, 3,4, 5,6, 7, 8} (c)

M;(1100001111000011) = {4}, jo M(11000011) = {4} (b)

M;(1110001100011100) = {5, 6,7, 8}U{l + 12,2+ 12,3 + 12,4+ 12} =
15,6,7,8, 13, 14, 15, 16}, jo M;(11100011) = M;(00011100) = {1,2,3,4.5,6,7,8} (d)

M;(1100001100111100) = {4 + 12} = {16}, jo M;(11000011) = M;(00111100) = {4} (d)

Teoréma 7. Qrp(M;) = 1.

Pieradijums. Sk. 5.4.att.

Teoréma 8. Crp(M;) > N/2 + 1.

Pieradijums. Ir iespgjams izmantot pieradijumu, kas tika izmantots [15] multifunkcijas M,
otra visparinajuma gadijuma.

Ja ievadé visi mainigie ir vienadi ar 0, tad vaicajuma transformacija ir vienkar$i vienibas
matrica. Ir skaidri redzams, ka Saja gadijuma multifunkcijas vertibai jabiit vienadai ar{1}.

Vispariga gadijuma pirms mé&risanas stavokla |00...0) amplitida izskatas ka (5.16):

_ =D+ (D4 L4 (D)W (5.16)
a = N
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Ja puse no ievades mainigiem ir vienadi ar 0, un otra puse — ar 1, tad izvadg€ jabiit kadam
skaitlim, kas ir at$kirigs no ,,1”, jo stavokla |00...0) amplitiida Saja gadijuma ir vienada ar 0.
Tatad, klasiskajam algoritmam arT nedrikst izvadit ,,1” gadijuma, ja tiesi puse no mainigajiem ir
vienada ar 0, un puse — ar 1; bet ja visi mainigie ir vienadi, rezultata jabit tikai un vienigi ,,1”. No

ta seko, ka, zinot tikai N/2 mainigo v&rtibas, nevar precizi uzzinat multifunkcijas vertibu.

5.1.5. Multifunkcijas M; otrais visparinajums

Otra visparinadjuma metode ir lidziga tai, kas tika izmantota [16]. Definicijas, kas tika
izmantotas ieprieks, katru mainigo var aizvietot ar XOR no vairakiem mainigajiem.
Pieméram, ja katra vaicajuma jautat pa diviem mainigajiem, ta, ka paradits 5.5. att., var
dabit sekojoso multifunkciju M; “"#/2(X): {0,1}¥ - 2,N = 2!,i € N*:
I.  JaXOR(xy, X3, Xs, ...,Xn.1) ir vienads ar XOR(xy, X4, Xs, ...,Xn), tad
M, %"22(x): {0,1}" -1 (5.17)
II.  Ja XOR(xy, X3, Xs, ...,XN.1) Nav vienads ar XOR(x,, X4, Xg, ...,Xn), tad

M, %22 (0): {01}V - 2 (5.18)

00 = 1 72 12 1z @’@ ........... = rrerererat } 1

|01> — 0 — 12112 12 12 @@ ----------- @ 12 2 12

|1 0) — () 12 122 ar @ ----------- @ 12 12 42 2 |
|1 1> —» () 12212 12 @@ ........... @ 112 2 112 102 |- 2

5.5. att. Kvantu algoritms, kas rékina multifunkciju M, %"

ar N/2 vaicajumiem

Autore apzimé ar X’ tadu vektoru (5.19):
X'=(a,b,c,d) (5.19)

a = XOR(x1, x5, Xo, ..., XN_3)

b = XOR(x2, X6, X105 -, XN_2)

¢ = XOR(x3, X7, X11, ..., XN_1)

d = XOR(x4, X8, X12, ..., XN)
Ja katra vaicajuma biis Cetri mainigie, ta, ka paradits 5.6.att., var dabit sekojoSo

multifunkciju M, “€™*/*(X): {0,1}¥ - 4,N = 2!,i € N*:

I.  Ja X (kaarm X’) satur nepara nullu skaitu (un, 11dz ar to, arT nepara vieninieku skaitu), tad

MY4(X) = My"?4(X7) = {1,2, 3,4} (5.20)
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II. Ja X’ ir simetrisks, tad

MF2A(X) = My (X)) = My (XT) = My (XM (5:21)
III.  Ja X’ ir pusvienads, bet nav simetrisks, tad
MO XY = M (X)) = resy | res,, kur (5.22)

res; = {iji € My(X") &i=1}
resy = {i + N/4fi € My(X) &i > 1}
IV. Ja X’ ir puspretgjs, tad
MO/ (X)) = M, (X) = res; | ress, kur (5.23)
res; = {ili € My(X") &i > 1}
resy = {i +3N/4[i € M (X" &i =1}

|000)— 1 —
|001>— 0
|010)— 0 —
1011)— 0 —
[100)— 0 —
[101)— 0 —
[110)— 0 —
111>— 0 —

5.6.att. Kvantu algoritms, kas rékina multifunkciju M,

X H [

e b el el o

@ |

Gen2/4

ar N/4 vaicajumiem

Teoréma 9. Qrp(M;“™™) = N/|Mg|.

Pieradijums. Katra vaicajuma tiek jautati [Mg| jautajumi, kopa jabiit N/[Mg|vaicajumu.

Teoréma 10. Crp(M; “"*™) >(|Mg|/2 + 1) * N/|Mg|.

Pieradijums. Pieradijums ir lidzigs tam, kas tika izmantots multifunkcijas M, no [15]
pirma visparinajuma gadijuma. Jazina visas veértibas, kuras atrodas uz vismaz [Mg|/2 + 1 linijam,
t.i. [Mr}/2 + 1 reizinats ar vaicajumu skaitu. Pienemsim, ka ir zinamas (|[Mg|/2 + 1) * N/[Mg| - 1
vertibas, un tas visas ir vienadas ar 0. Ja visas par€jas nezinamas veértibas ir ar1 vienadas ar 0,
rezultata jabat {1}. Bet, ja [Mr}//2 no nezinamiem mainigiem ir vienadi ar 1, un katrs no Siem
vieniniekiem atrodas uz savas linijas, tad rezultata jabiit kadai vertibai, kas ir atSkiriga no ,,1”.

Tatad, no ta seko, ka jazina vismaz ,,(|Mgr[/2 + 1) * N/[Mg|” vértibas; t.i. piem&ram,
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CroM; %) > N (sk. 5.5. att) (5.24), Cro(M;°™*) > 3N/4 (sk.5.6.att) (5.25),
Cro(M;“"*®) > 5N/8 (5.26).

Cro(MiGen2/2) > (2/2 + 1) *N/2 =N (5.24)
Cro(MiGen2/4) > (4/2 + 1) *N/4 = 3N/4 (5.25)
Cro(M;Gen2/8) > (8/2 + 1) *N/8 = 5N/8 (5.26)

5.2.0trais piemers - Algoritms multifunkcijas M, rékinasanai

Tapat, ka iepriek$eja pieméra, no sakuma ir aprakstiti multifunkcijas M,(X):{0,1}"¥ —
N,N = 2%,i € N* specialgadijumi ar mazu mainigo skaitu, un péc tam tick aprakstits M,

visparinajums.
5.2.1. Multifunkcija M, ar Cetriem mainigajiem

Algoritms, kas ir att€lots 5.7.att., rekina sekojo$o multifunkciju M,(X):{0,1}* - {1...4}
(5.27):
My (X) = (U=, res;, kur (5.27)
res; = {1},jax; = x3
ress = {3},jax; # x3
resg = {2},jaxs = x4

resy = {4},jaxy # x4

Uuo Q0 VU1

|00>_)“1 — 112 112 12 12 @ j_iﬂ :_E o _1
01> = 0 - 1212 12 12 @ 0oL o L2
10y — 0 — 12 122 n @ 50-5 0 |3
|‘|’|)—>0—112-112-152 12 @ 0 —3—5_4

5.7.att. Kvantu algoritms, kas rékina multifunkciju M, ar ¢etriem mainigajiem

Sikaku multifunkcijas aprakstu, t.i. skaitloSanas solus, var apskatities 5.5.tabula.
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Apraksts multifunkcijai M, ar ¢etriem mainigajiem

5.5.tabula

X Stavoklis péc U0 Stavoklis péc Q0 Stavoklis péc Ul M,(X)
0000 G;;;j (1,0,0,0) (%%”j {1,2}
oo | (bt (3D ERYEN I I
wo | (54 1) [ERER R
0011 G %—% —%] (0,0,1,0) [0,0,%,%} (3,4}
o | [544h (3] Fon) | o
0101 G 7%%73 (0,1,0,0) (% —%,0,0J (12}
0110 G —%—%%} (0,0,0,1) (0 0,%,-%} 3.4
T (323 k) | e
o0 | (5a0) i) | bEed | es
1001 (—%%% —%] (0,0,0,-1) (o 0 _%%) 3.4
1010 (—%%—%%) (0,-1,0,0) (—%,%,0,0j (3.4}
T Emy TSR R
1100 (—% —%% %] (0,0,-1,0) (0 0 _%,_%j (3,4}
not | [5553) (557573) emw | ey
mo | (St | aht) | (ke | om
1111 (f%,f% f%,f%) (~1,0,0,0) [—%,—%,o,oj (1.2}

Ka redzams no 5.5. tabulas 4.kolonnas, multifunkcija M; tiek rékinata vienmérigi sadalita
veida.
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Teoréma 11. Qup(M;) = 1 gadijuma, ja mainigo skaits ir vienads ar 4.

Pieradijums. Uzkonstru€to kvantu algoritmu ar vienu vaicajumu var redzet 5.7.att.

Teoréma 12. Cyp(M;) = 2 gadijuma, ja mainigo skaits ir vienads ar 4.

Pieradijums. Ir iesp&jams aplikot [émumu koku, kas ir uzziméts 5.8.att. Ir redzams, ka,
zinot divu mainigu veértibas, var precizi pateikt vienu vertibu no rezultata kopas.

Vienlaikus, no programmas izvades datiem ir redzams, ka sarezgitibas apaksgja robeza ir 2,

tatad, ar vienu vaicajumu nepietiek, lai drosi pateiktu multifunkcijas veértibu.

5.8.att. Lémumu koks, kas rékina multifunkciju M, ar ¢etriem mainigiem

Programmas darbibas laiks: apmé&ram 2 sekundes.

5.2.2. Multifunkcija M, ar astoniem mainigajiem

5.9.att. ir redzams algoritms, kas rékina sekojoso multifunkciju M,(X):{0,1}® - {1...8}
(5.28):
My (X) = =) res;, k (5.28)
res; = {1,3,5,7}, t.i. kopa no visiem nepara skaitliem no 1 Iidz N, ja X,qq satur nepara
vieninieku skaitu
res, = {2,4,6,8}, t.i. kopa no visiem para skaitliem no 1 1idz N, ja Xeyen satur nepara
vieninieku skaitu
ress = {1}, ja visi X,qq mainigie ir vienadi (t.i. 0000 vai 1111)
resy = {2}, ja visi Xeven mainigie ir vienadi (t.i. 0000 vai 1111)
ress = {3}, ja Xodq ir pusvienads un res; = res; = {}
resg = {4}, ja Xeyen ir pusvienads un res; = resy = {}
res; = {7}, ja Xoqq ir simetrisks un res; = res; = ress ={}

ress = {8}, ja Xeyen ir simetrisks un res, = resy = resg = {}
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resg = {5}, ja Xoqq ir puspretéjs un res; = res; = ress = res; =4

resip = {6}, ja Xeven I pUSpretéjs un res, = res, = resq = resg = {}
|000)— 1 —
1001)— 0 —
010)— 0 —
o1y—0— H
hoy—>0— 8
101)— 0 —
110)— 0 —
111)— 0 —

5.9.att. Kvantu algoritms, kas rékina multifunkciju M, ar astopiem mainigajiem
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3.pielikuma atrodas sikaks apraksts multifunkcijai M, ar astoniem mainigajiem.

Teorema 13. Qrp(M;) = 1 gadijuma, ja mainigo skaits ir vienads ar 8.

Pieradijums. 5.9.att. var redz&t sekojoSas kvantu sistémas transformacijas. Algoritms saka
ar Adamara matricu ar kartu 8. P& tam seko viena vaicajuma transformacija. Un pedgja
transformacija ir Adamara matrica ar kartu N, kas ir reizinata ar vienibas matricas ar kartu 4 un
Adamara matricas ar kartu 2 tenzorreizinajumu.

Teoréema 14. Crp(M;) > 3 gadijuma, ja mainigo skaits ir vienads ar 8.

Pieradijums. Acimredzami, ka var jautat vai nu tikai para, vai tikai nepara mainigos, lai
precizi noteiktu vismaz vienu veértibu no rezultata kopas ar minimalo vaicajumu skaitu. P&c tam
pieradijums ir lidzigs pieradijumam Teorémai 4. No Cetriem mainigajiem, kuri sastada
Xodd(Xeven) Vajag uzzinat vismaz tris mainigo vertibas. Programma ar1 aprékinaja, ka klasiskas
sarezgitibas apaks€ja robeza ir vienada ar 3.

Programmas darbibas laiks: apméram 36 sekundes.

5.2.3. Multifunkcijas M, visparinajums

Seit ir izmantota ta pati metode, kura tika izmantota 5.1.5. punkta. 5.10. att.un 5.11.att. tick

paraditi divi algoritmi. Multifunkcijas, kuras rékina $ie algoritmi, ir apziméti attiecigi M,%"* un

MzGen/ 8 )
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Algoritms, kas ir paradits 5.10. att., ir 5.2.1.punkta aprakstita algoritma paplaSinajums;
tatad, lai dabitu multifunkcijas M,%¢™*(X):{0,1}" — {1...4} definiciju, vajag 5.2.1.punkta
aprakstitas multifunkcijas definicija aizvietot mainigo x; ar XOR(Xi, Xj+4,Xiss,...). Ja to paSu izdarit

multifunkcijas definicija no 5.2.2.punkta, tad iegiisim M,%“™8(X):{0,1}"¥ - {1 ...8} definiciju.

|DD>—>1 — 112 12 U2 12 0’@ @ :_E , % —1
01 =0 — 12z wan e }{xe}tfind}Ho0 L 0 L LD
| 0) —» () {12 12 2 an @*@ @ 5 :11 -1 01 3
[11> — 0 —{1z-uze2 12 @’@ @ 05 ° &l 17

Gen/4

5.10. att. Kvantu algoritms, kas rékina multifunkciju M, ar N/4 vaicajumiem

l,eH, ¢

2

Gen/8

5.11.att. Kvantu algoritms, kas rékina multifunkciju M, ar N/8 vaicajumiem

Teoréma 15. Qrp(M,%"™) = N/[Mg|.

Pieradijums. Attiecigi M,“"* kvantu sarezgitiba ir vienada ar N/4, bet M,%"® - ar N/8, jo
katra vaicajuma tiek jautatas tik daudz vertibas, cik ir kvantu sist€émas bazes stavoklu. Katram
bazes stavoklim atbilst viena vértiba no rezultatu kopas.

Teoréma 16. Crp(M,%™"™) >(|Mg| /4 + 1) * N/[Mg|.

Gen/4 un MzGenZ/S

Pieradijums. Pieradijums ir uztaisits atseviski M, gadijumiem.

Actmredzami, ka M,

gadijuma jazina vismaz visas vertibas vai nu uz para linijam, vai
nu uz nepara Iinijam. Pienemsim, ka ir zinamas N/2-1 vertibas, un tas visas ir vienadas ar ,,1”. Ta
ka uz vienas linijas atrodas N/4 vertibas, tad tikai uz vienas Iinijas var zinat pilnigi visas vertibas;

uz trim pargjam linijam vismaz viena vertiba nav zinama. Ja nav zinamas visas vértibas no linijas,
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tad nevar izrékinat XOR no §1s linijas veértibam. Bet ja m&s nezinam, vai XOR no vienas linijas
vertibam ir vai nav vienada ar XOR no citas linijas verttbam, m&s nevaram drosi pateikt funkcijas
vértibu. Tatad, Crp(M, %) > N/2 (5.29).

Teoréma 14 saka, ka Crp(M;) > 3. M, ir M, paplasinajums. Tatad, jazina pilnigi visas

vértibas vismaz uz trim Iinijam , lai aprekinatu M,%"®

vertibu. Noteikti ar 3/8N-1 vaicajumiem
nepietiks, lai uzjautatu pilnigi visas vertibas uz trim Iinijam, jo katra Iinija atrodas N/8 mainigie.
No ta seko, ka Crp(M, ™) >3N/8 (5.30).

Cro(M2Gen/4) > (4/4+ 1) *N/4=N/2 (5.29)

Cro(MzGen/8) > (8/4 + 1) *N/8 = 3N/8 (5.30)
5.3.Tresais piemeérs - Algoritms multifunkcijas M; rekinasanai

Saja nodala tiek apliikots tikai viens specialgadijums, un péc tam seko visparinajuma

apraksts.

5.3.1. Multifunkcija M; ar astoniem mainigajiem

TreSais multifunkcijas piemérs tiek paradits 5.12.att.

uo Q1 U2

() M-y
o

O 8
S

00 — 1 —

(%

|0’|>—) 0 — X2 X6 4'3
o — 0 — HN é HN 0 |2®H2 —=]
11— 0— (x) () —-]

5.12.att. Kvantu algoritms, kas rékina multifunkciju M; ar astopiem mainigajiem

Multifunkciju M3: {0,1}® - {1,2,3,4} var aprakstit sekojosi:
a) Ja X'satur para vieninieku skaitu (un para nullu skaitu), tad (5.31):
M;(X) = (U=, res;, kur (5.31)
res; = {1},jax; = x3
ress = {3},jax; # x3
resg = {2},jaxs = x4

resy — {4},Ja X4 7é X4
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1.

b) Ja X' satur nepara vieninieku skaitu (un nepara nulu skaitu), tad (5.32):

M;(X) = (U=, res;, kur (5.32)

res; = {1}, ja XOR(xy,x3) = XOR(x5, Xs)
resy = {2}, ja XOR(x1,x3) # XOR(x35,X6)
resg = {3}, ja XOR(xg,x4) = XOR(x7,x3)
resy = {2}, ja XOR(x2,x4) # XOR(x7,Xs)

Sikaku multifunkcijas M3 aprakstu var apskatities 5.pielikuma.

Teorema 17. Qup(M3) = 2.

Pieradijums. 5.12.att. ir redzams, ka starp trim fiks€tajam transformacijam ir divas
vaicajuma transformacijas.

Teoréma 18. Cyp(M3) = 6.

Pieradijums. Pienemsim, ka algoritmam ir zinamas X; un X3 veértibas un abas ir 0.
Gadijuma, ja X' satur para vieninieku skaitu, tad rezultata jabat {1}; bet ja X' satur nepara
vieninieku skaitu, rezultats ir atkarigs no xsun Xe verttbam un var biit {1} vai {2}.

Ja algoritms, zinot tikai x; un x3 vertibas, izvada rezultatu {1}, tad gadijuma, ja ievade ir,
piemé&ram, 01001000, ir k]uda.

Ja algoritms jauta x, un x4 vertibas un ievades X! satur nepara vieninieku skaitu, tad nav
iesp&jams noteikt, vai rezultata jabtt {1} vai {2}, neuzprasot X5 un x¢ vertibas.

Pienemsim, ka algoritms, zinot tikai x; un x3 vertibas, nolemj vél pajautat tikai xs un xg
vertibas, un xs ir vienads ar 0 un X¢ ir vienads ar 1. Ja algoritms izvada {2}, bet ievade ir,
pieméram, 01011000, ir klida.

Acimredzami, ka algoritmam jazina vismaz X, X», X3, X4, Un vai nu Xs un Xe veértibas, vai nu
X7 un Xg vertibas.

Programma aprékinaja, ka apaksgja sarezgitibas robeza ir 4. Bet tas liecina tikai par to, ka
dazos gadijumos var izrékinat multifunkciju, zinot tikai ¢etros mainigos (piem&ram, ja x;, X2, X3,
X4 ir vienadi ar 0). Bet nebija testéta multifunkcijas sarezgitiba sliktakaja gadijuma.

Programmas darbibas laiks: apméram 1 mintte.

5.3.2. Multifunkcijas M; visparinajums

Sk. 5.13.att. Seit ir izmantots tads pats princips, kads tika lietots 5.1.5. un 5.2.3.punktos.
Multifunkciju M5%€™: {0,1}* - {1,2,3,4} var aprakstit sekojosi:

Ja X' satur para vieninieku skaitu (un para nullu skaitu), tad (5.33):
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il.

MG (X) = =] res;, kur (5.33)
res; = {1}, ja XOR(x1, X5, ..., xn/2-3) = XOR(x3, X7, ..., Xn/2-1)
resy = {3}, ja XOR(xy, X5, ..., Xn/2-3) 7 XOR(x3,X7, ..., Xn/2-1)
ress = {2}, ja XOR(x2, X6, ..., Xn/2—2) = XOR(x4, Xg, ..., Xn/2)
resy = {4}, ja XOR(x2, X6, ..., Xn/2—2) 7# XOR(x4,Xg, ..., Xn/2)

Ja X' satur nepara vieninieku skaitu (un nepara nullu skaitu), tad (5.34):

M5 (X) = |2 res;, kur (5.34)

res; = {1}, ja

XOR(x1,X3,Xs, -, XN/2-35 XN/2-1) = XOR(XN 241, XN/242, XN/2455 -+ XN—3, XN—2)
res, = {2}, ja

XOR(x1, X3, X5, ..., XN/2-3, XN/2-1) 7 XOR(XN/241, XN/242) XN/2455 ---s XN—3, XN—2)
ress = {3}, ja

XOR(x2, X4, Xg, -, XN/2-2, XN/2) = XOR(XN/2+3, XN/244; XN/2+47, -+ XN—1, XN)

res; = {4},ja

XOR(x2, X4, X6, -, XN/2—2, XN/2) 7 XOR(XN/243, XN /244, XN/247, -+, XN—1, XN)

o |H

PG

5.13.att. Kvantu algoritms, kas rékina multifunkciju M;%"

Teorema 19. Qup(M;°") = N/4.

Pieradijums. 5.13.att. ir paradits, ka viena vaicajuma ir Cetri secigi mainigie.

Teoréma 20. Cyp(M; ") > 3N/4.

Pieradijums. Pirmkart, algoritmam jazina visas X' mainigo vértibas, lai zinatu, vai vajag
pielietot nosacijumu i vai ii. Acimredzot, ka nevar noskaidrot, vai X' satur para vai nepara
vieninieku skaitu, ja nav zinamas visas X vértibas. Un ja tiek lietots Nosacijums ii, vajag
noskaidrot pusi no atlikusajiem mainigiem, t.i. kadi mainigie atrodas vismaz uz divam linijam, jo

citadi nevar aprékinat XOR no §Tm mainigiem.
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NOBEIGUMS UN SECINAJUMI

Galvenais darba mérkis ir sasniegts, tika uzkonstruéti vairaki kvantu vaicajosie algoritmi

multifunkciju re€kinasanai bez kliidas varbutibas, kuri ir paraki par to klasiskajiem analogiem. Ir

iegiti sekojosi rezultati:

Par visnozimigako no iegiitajiem algoritmiem autore uzskata pedgjo, kur§ rékina M;

Lai aprékinatu multifunkciju M;, kvantu algoritmam pietiek ar 1 vaicajumu, bet
klasiskajam algoritmam ir nepiecieSams vismaz N/2 + 1 vaicajumu.

Gadijuma, ja mainigo skaits neparsniedz 4, tad multifunkcija tiek rékinata vienmerigi
sadalita veida, un ja mainigo skaits ir lielaks — tad nejausi sadalita veida.

Ja mainigo skaits parsniedz 8, tad multifunkcija ir definéta tikai dalgji.

M, %N kvantu algoritma sarezgitiba ir N/[Mg|, bet klasiska algoritma sarezgitiba ir
lielaka vai vienada ar ([Mg|/2 + 1) * N/|Mg|. Ja [Mg| neparsniedz 4, tad multifunkcija
tieck reékinata vienmérigi sadalita veida, citos gadijjumos ta tiek r€kinata nejausi
sadalita veida.

Lai aprekinatu M,%"~, kvantu algoritms izdaris N/|Mg| vaicajumu, bet klasiskais

algoritms — vismaz ( [Mg| /4 + 1) * N/|Mg| vaicajumu. M,

Gen/8

tiek rékinata vienmerigi
sadalita veida, M, - nejausi sadalita veida.

P&dgja pieméra kvantu algoritms izrekinds M;" vienmérigi sadalita veida ar N/4
vaicajumiem, bet klasiskajam algoritmam ir nepiecieSams vismaz tris reizés vairak

jautdgjumu: Cyp(M; %) > 3N/4.
Gen

multifunkciju, jo Saja gadijuma tiek sasniegts vislielakais no darba iegiitajiem attalumiem starp

klasisko un kvantu vaicajumu sarezgitibu un multifunkcija tiek rékinata vienmerigi sadalita

veida. Tadu pasu attalumu ieguva A.Vasilieva savos pétijumos par multifunkcijam [15]. To var

uzskatit par vislielako attalumu starp kvantu vaicajoSo un klasisko vaicajoSo algoritmu

sarezgitibu multifunkciju skaitlosanai, kas ir sasniegta uz doto bridi.

Par savu galveno sasniegumu autore uzskata programmu jaunu kvantu algoritmu

generéSanai. Arl programma klasisko vaicajoSo algoritmu sarezgitibas aprékinaSanai ir Tpasas

intereses cieniga.
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Darba gaita autore ir apguvusi Python programméSanas valodu un uz tas balstito Sage
programmatiiru. P&c autores viedokla Sage ir loti sp&cigs riks matematiskiem aprékiniem, un tai
pasa laika $1 programmatiira ir Joti viegli apglistama un lietojama.

Turpmakais darbs ir uzlabot programmu klasisko vaicdjoSo algoritmu sarezgitibas
novértésanai, pieméram, uzrakstit metodes sliktaka gadfjuma mekl&$anai. Sadu uzlabojumu gala
mérkis biitu programma, kas precizi izskait]otu klasisko vaicajoso algoritmu sarezgitibu.

Ka viens no veidiem pilnveidot jaunu kvantu algoritmu generéSanas programmu ir
pievienot funkcionalitati, kas palidz&tu atrast sakaribas starp binaram virkném un multifunkcijas
vertibu kopam, t.i. palidz&tu noteikt multifunkcijas definiciju.

Protams, joprojam paliek aktuals uzdevums meklét jaunus efektivus kvantu algoritmus.
Sim noliikam var turpinat izmantot tai skaita ar $aja darba uzrakstitds programmas pasreizgjo

versiju.
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PIELIKUMI

1. pielikums
Programmas pirmkods multifunkcijas M; aprékinam

#converts decimal number to binary number of length N
def convert to binary(number, N):
binary =[]
for i in range(N):
if number >= (2((N-1)-1)):
binary.append(1)
number = number - (2((N-1)-1))
else:
binary.append(0)
return binary

#returns matrix of a quantum query v
def gen_query(v):
Q0= Matrix(0,0)
for i in range(len(v)):
AA=Matrix([(-D)"V[i]])
QO =block diagonal matrix(QO0, AA, subdivide=False)
return QO

#create and multiply few queries
def make queries(variables, size):
Qres = identity matrix(size)
for kk in range((len(variables)*2)/(size)):
var_temp =[]
for i in range(size/2):
var_temp.append(variables[kk*(size/2) +i])
qTemp = Sequence(var_temp)
qTemp.reverse()
qO0=var_temp+ qTemp
Qtmp = gen_query(q0)
Qres= Qres * Qtmp
return Qres

#replace X with XOR from row variables
def XOR_var(variables, size):
xor_var =[]
for i in range (size/2):
var_temp =0
for kk in range ((Ien(variables)*2)/size):
var_temp = var_temp + variables[kk*size/2+i]
xor_var.append(var_temp%?2)
return xor_var

#returns "inversed" string (e.g. 0010 -=> 1101)
def inverse var(variables):
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inv =[]
for i in range (len(variables)):
if (variables[i]==1):
inv.append(0)
else:
if (variables[i]==0):
inv.append(1)
return inv

#returns first half of a list
def first(variables):
return variables[0:(ceil((len(variables))/2))]

#returns second half of a list
def second(variables):
return variables[(ceil((len(variables))/2)):len(variables)]

#Bitwise OR
def bitwiseOR_for lists(listl, list2):
resM =[]
for i in range(len(list1)):
if (list1[i]==1 or list2[i]==1):
resM.append(1)
else:
resM.append(0)
return resM

#makes oracle (first variant - choose if [Mr|=2; operates on binary strings; checks rules which work
for any size input)
def oraclel(variables, size, variables], variables2):
resl = one_zero (calc_probability(variablesl,int(size/2)))
res2 = one_zero (calc_probability(variables2,int(size/2)))
resM = bitwiseOR_for lists(resl, res2)
shift = len(resM)/2
resM2 =]

for i in range(len(resM)):
resM2.append(resM[int( (i+shift) % ( len(resM) ) )])

#01000010
if (Word((variables)).is_palindrome()):
zeroV = zero_vector(size/2)
oracle = resM + zeroV.list()
else:
#01001011
if (variables1==(inverse var(variables2))):
oracle = list(zero vector(len(resM)/2))+ second(resM) + list(zero vector(len(resM)/2)) +

first(resM)
else:
#01000100
if (variables1==variables2):
oracle = first(resM) + list(zero vector(len(resM)/2)) + second(resM) +

list(zero_vector(len(resM)/2))
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else:
#01001101
if(variables1==(inverse var(variables2)).reverse()):
zeroV = zero_vector(size/2)
oracle = list(zeroV) + resM2
else:
if (Word(variables).count(1)%2==1)):
oracle = resM + resM2
else:
oracle = [-1]
return oracle
return numbering(reduce(oracle))

#check if sublist is in the list
def sublistExists(list, sublist):
for i in range(len(list)-len(sublist)+1):
if sublist == list[i:i+]len(sublist)]:
return True
return False

#rules for the second oracle
#rulel = If X is symmetrical, M(X) = M(XI ) = M(XII )
def rulel(resM, size):

return resM

#rule2 = If X if half-equal but not symmetrical, M(X) = res1&res2, where
#resl = M(XI ) = M(XII ) for ri < N/4
#res2 = M(XI ) + N/4 = M(XII ) + N/4 for ri > N/4
def rule2(resM, size):
resM2 =]
for i in range (len (resM)):
if (resM[i]<=(size/8)):
resM2.append(resM[i])
else:
resM2.append(resM[i]+(size/8))
return resM2

#rule3 = If X is half-inverted, M(X) = res1 &res2, where
#resl = M(X1) = M(XII ) for ri > N/4
#res2 = M(XI )+N =* 3/4 = M(XII )+N * 3/4 for ri <N/4
def rule3(resM, size):
resM2 =]
for i in range (len (resM)):
if (resM[i]>(size/8)):
resM2.append(resM[i])
else:
resM2.append(resM[i]+(size*3/8))
return resM2

#rule4 = If XI contains even number of 1’s (and even number of 0’s) and XII contains even number
of 1’s (and even number of 0’s) and the rules above cannot be applied to X, M(X) = (M(XI )&M(XII ))&
((M(XT)&M(XII ))shift(2) + N/2)

def ruled(resl, res2, size):
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partl =resl + res2
part2 =[]
for i in range (len (partl)):
if(part1[i]!=2):
part2.append( ((partl[i]+2)%4)+(size/4) )
else:
part2.append(8)
oracle = partl + part2
return oracle

# rule5 = If XI contains one 1 (or one 0) and XII contains one 1 (or one 0) and the number of 1’s
(and 0’s) is equal in XI and XII and the rules above cannot be applied to X, M(X) = res1&res2, where
#resl = 1&(2 + S), where S is the difference in positions of 1°s (or 0’s) in XI and XII
#res2 = N —resl + 1 if we can meet four 0’s(or 1°s) in a row while cycling through X and not more
than four 0’s (or 1;s)(e.g. X =00100001 or X =01001000) or
#res2 =resl + N/2 otherwise.
def rule5(variables, variables1, variables2, size, num):
partl =[1]
s = abs(variables]1.index((num+1)%?2)-variables2.index((num+1)%2))
partl.append(Integer(2+s))
part2 =[]
cyclestr = list(variables1 + variables2 + variables1 + variables2)

listl =[] #[0,0,0,0] or [1,1,1,1]
list2=[] #[0,0,0,0,0] or [1,1,1,1,1]
for i in range(4):
list1l.append(num)
list2.append(num)
list2.append(num)

if sublistExists(cyclestr, list]) and (not(sublistExists(cyclestr, list2))):
for i in range (len (partl)):
part2.append((size/2)+1-part1[i])
oracle = partl + part2
else:
if (not(sublistExists(cyclestr, list1)) or sublistExists(cyclestr, list2)):
for i in range (len (partl)):
part2.append(part1[i]+(size/4))
else:
print "error - rule5"
oracle = partl + part2
return oracle

#If XI contains one 1’s (or one 0’s) and XII contains N-1 1’s (or N-1 0’s)
#rule6 = If XI contains odd number of 1’s (and odd number of 0’s) and XII contains odd number of
1’s (and odd number of 0’s) and the number of 1’s (and 0’s) is not equal in XI and XII and the rules above
cannot be applied to X, in order to calculate M(X) at first we must get the following set:
#XII in X should be replaced with the inverse of XII , then the result should be calculated using
(Rule 5.) Let’s denote this set Inv(M(x)). Then M(X) = {1...N}\Inv(M(x))

def rule6(variables, variables1, variables2, size):
inverted_variables2 = inverse_var(variables2)
if ((variables1).count(1) >(variables1).count(0)):
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num=1
else:
if ((variables1).count(0) >(variables1).count(1)):
num =0
inv_oracle = rule5(variables, variables1, inverted variables2 , size, Integer(num))
oracle = list(set(range(1, (size/2)+1)).difference(set(inv_oracle)))
return oracle

#rule7 = If X1 is equal to reversed inverted XII, M(X) = M(XI)+4 = M(XII)+4 =N - M(XI) + 1
def rule7(resM, size):
# print "Symmetrical inverse oracle: rule 7 -", # oracle
oracle =[]
for i in range (len (resM)):
oracle.append((size/2)+1-resM[i])
return oracle

#second variant of oracle
def oracle2(variables, size, variablesl, variables2):

#if number of 1's is odd, M(X) = {1...N}
#this rule should be moved after all other rules if it is applied for [Mr|=2; I put it here in order to
save some time and not to check all 'if'-s for half of inputs

if (Word(variables).count(1)%2==1)):

oracle = range (1,(size/2)+1)

#print "Odd oracle", oracle
else:
resl = list(calc_result(variables1,int(size/2)))
res2 = list(calc_result(variables2,int(size/2)))
resM =res1

#01000010
if (Word((variables)).is_palindrome()):
oracle = rulel(resM,size)
else:
#01001011
if (variables1==(inverse var(variables2))):
oracle=rule3(resM,size)
else:
#01000100
if (variables1==variables2):
oracle = rule2(resM,size)
else:
#01001101
reversed variables2 = Sequence(variables2)
reversed variables2.reverse();
if(variables1==(inverse var(reversed variables2))):
oracle = rule7(resM,size)
else:
#00001001
if(
(Word(variables1).count(1)%2==0) and
(Word(variables2).count(1)%2==0)):
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oracle = rule4(res1, res2, size)
else:
if(
((Word(variables1).count(1))==1) and ((Word(variables2).count(1))==1)):
oracle = rule5(variables, variables1, variables2, size, Integer(0))
else:
if(((Word(variables1).count(0))==1) and ((Word(variables2).count(0))==1)):
oracle = rule5(variables, variables1, variables2, size, Integer(1))
else:
if(
(((Word(variables1).count(1))==1) and ((Word(variables2).count(0))==1)) or
(((Word(variables1).count(0))==1) and ((Word(variables2).count(1))==1))
):
oracle = rule6(variables, variablesl, variables2, size)
else:
oracle = [-1]
return oracle

#calculate result

def calc_probability(variables,size):
#The matrix used for fixed transformations
UO = hadamard matrix(size)* 1/sqrt(size)

#Initial vector
W = zero_vector(size)
w[0]=1

Q0 = make queries(variables,size)
result = (w * U0 * QO * U0)
return result

#replace all non-zero values with 1
def one zero(str):
res = Sequence([])
for i in range (len(str)):
if (str[i]==0):
res.append(0)
else:
res.append(1)
return res

#reduce 2N output into N (01001011->1011)
def reduce(str):
res = Sequence([])
it=0
for i in range (len(str)/2):
if ((str[it]==0) and (str[it+1]==0)):
res.append(0)
else:
res.append(1)

it=1t+2
return res
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#replace 1 with position number(multifunction value)
def numbering(str):
res = Sequence([])
for i in range (len(str)):
if (str[i]==1):
res.append(int(i+1))
return res

#calculate multifunction value - choose output format
def calc_result(variables,size):
result = calc_probability(variables,size)
#choose in which way output the result
# return result
# return reduce(one_zero (result))
return (numbering(reduce(one zero (result))))

#calculate lower bound
def'lower bound(N, dictM):
for 1 in range(1,N):
#all possible combinations of length 1
C = Combinations(range(N),l);
a=C.list()

for i in range(len(a)):
# a combination from the combination list
comb = a[i]
comb_res =[]

# go through the dictionary with all multifunction inputs and find all inputs with 0's on "comb"
positions

for k in range (len(dictM.keys())):

key = dictM.keys()[k]

f=true

for j in range(len(comb)):

if (key[comb[j]]!=0):
f = false
#if found a suitable input, append the multifunction result to the list comb_res
if (f):
comb_res.append(dictM[key])

#check if all outputs contain one and the same value
lower bound = false
for i in range (1,N+1):
i_in_all =true
for j in range (len(comb _res)):
if not(i in (comb_res[j])):
i_in_all = false
if (i_in_all):
lower bound =1
return 1

#for large loops (N>16)
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def irange(start, stop=None, step=1):
if stop is None:
stop = long(start)
num = 1L
else:
stop = long(stop)
num = long(start)
step = long(step)
while num < stop:
yield num
num += step

#Main function
N =28 #number of variables
Size=16 #number of basis states - must be <=N*2

count = 0 #counts number of checked inputs
dictM = {} #dictionary for input/result values

for ss in irange(0,2"*N):
variables = convert _to binary(ss, N)
xor_var = XOR_var(variables, Size)
xor_varl = XOR_var(first(variables), Size)
xor_var2 = XOR_var(second(variables), Size)

result = (calc_result(variables,Size))

#choose which oracle variant to use

#oracle2 - only for [Mr[>2

#choose oraclel if [Mr|=2

oracle = oracle2(xor_var, Size,first(xor_var),second(xor_var))

if (Set(result) ==Set(oracle)):
rule = true
else:
if (oracle==[-1]):
rule = "Not defined"
else:
rule=false
if (true):
#uncomment for a certain rule
#if (rule = false):
#if (rule != true):
count = count + 1
print Word(variables), "\t", Set(result), "\t", rule, "\t", "oracle: ", oracle

#update dictionary
dictM.update({tuple(variables):result})

print
print "count ", count

#calculate and print lower bound
print "lower bound: ", lower _bound(N, dictM)
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Programmas pirmkods multifunkcijas M, aprékinam

#converts decimal number to binary number of length N
def convert to binary(number, N):
binary =[]
for i in range(N):
if number >= (2*((N-1)-1)):
binary.append(1)
number = number - (2((N-1)-1))
else:
binary.append(0)
return binary

#returns matrix of a quantum query v
def gen query(v):
Q0= Matrix(0,0)
for i in range(len(v)):
AA= Matrix([(-1)"V[i]])
QO =block diagonal matrix(QO0, AA, subdivide=False)
return QO

#create and multiply few queries
def make queries(variables, size):
Qres = identity matrix(size)
for kk in range((len(variables))/size):
var_temp =[]
for i in range(size):
var_temp.append(variables[kk*size +i])
Qtmp = gen_query(var_temp)
Qres= Qres * Qtmp
return Qres

2. pielikums

#generates matrix with Hadamard matrices of size 2 on the diagonal and 0 on other positions

def gen diag H(size):
Hadamard = hadamard matrix(2)* 1/sqrt(2)

Ul = identity matrix(int(size/2)).tensor product(Hadamard,subdivide=False)

return Ul

#make oracle for N=4
def oracleN4(variables):
oracle = []
#(a) resl={l}ifxl=x3
if (variables[0]==variables[2]):
oracle.append(1);

#(c) res3={2}ifx2=x4
if (variables|[1]==variables[3]):
oracle.append(2);

#(b) res2={3}ifxl!=x3
if (variables[0]!=variables[2]):
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oracle.append(3);

#(d) resd={4}ifx2!=x4

if (variables[1]!=variables[3]):
oracle.append(4);

return oracle

#make oracle for N=8
def oracleN§&(variables, even, odd, size):
oracle =[]
if (true):
#(a) res1 is equal to the set of all odd numbers from 1 to N (i.e. {1,3,5,7} if N = 8) if Xodd contains
odd number of 1’s
if (number_of one(odd)%2==1):
i=1
for n in range (len(variables)/2):
oracle.append(i)
i=i+2
print "resl, ",
#(c) res3 = {1} if variables in Xodd are equal
else:
ifis_all equal(odd):
oracle.append(1)
print "res3, ",
else:
#(e) res5 = {3} if variables in Xodd are half-equal
if is_half equal(odd):
oracle.append(3)
print "resS5, ",
else:
# (g) res7 = {7} if Xodd is symmetrical
if is_symmetrical(odd):
oracle.append(7)
print "res7, ",
else:
# (1) res9 = {5} if Xodd is half-inverted
if is_half inverse(odd):
oracle.append(5)
print "res9, ",
else:
print "ERROR. Rule for odd not found!",
#(b) res2 is equal to the set of all even numbers from 1 to N (i.e. {2,4,6,8} if N = 8) if Xeven
contains odd number of 1’s
if (number of one(even)%2==1):
=2
for n in range (len(variables)/2):
oracle.append(i)
i=i+2
print "res2",
else:
#(d) res4 = {2} if variables in Xeven are equal
ifis_all_equal(even):
oracle.append(2)
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print "res4",
else:
# (f) res6 = {4} if Xeven is half-equal
if is_half equal(even):
oracle.append(4)
print "res6",
else:
# (h) res8 = {8} if Xeven is symmetrical
if is_symmetrical(even):
oracle.append(8)
print "res8",
else:
# (j) res10 = {6} if Xeven is half-inverted
if is_half inverse(even):
oracle.append(6)
print "res10",
else:
print "ERROR. Rule for even not found!",
print "\t",
oracle = sorted(list(Set(oracle)))
return sorted(oracle)

#replace X with XOR from row variables
def XOR var(variables, size):
xor_var =[]
for i in range (size):
var_temp =0
for kk in range ((len(variables))/size):
var_temp = var_temp + variables[kk*size+i]
xor_var.append(var_temp%.2)
return xor_var

#count number of 1's in a list
def number of one(variables):
count =0
for i in range (len(variables)):
if (variables[i]==1):
count = count + 1
return count

#return "inversed" string
def inverse var(variables):
inv =[]
for i in range (len(variables)):
if (variables[i]==1):
inv.append(0)
else:
if (variables[i]==0):
inv.append(1)
return inv

#return "symmetrical" string
def sym_var(variables):
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sim =[]

for i in range (len(variables)):
sim.insert(0, variables[i])

return sim

#return first half of a string
def first(variables):
return variables[0:(ceil((len(variables))/2))]

#return second half of a string
def second(variables):
return variables[(ceil((len(variables))/2)):len(variables)]

#return true if a string is "symmetrical"
defis_symmetrical(variables):
if (first(variables)==sym_var(second(variables))):
return true
else:
return false

#return true if the first half of a string equals the second half
defis_half equal(variables):
if (first(variables)==second(variables)):
return true
else:
return false

#return true if the first half of a string equals the "inversed" second half
defis half inverse(variables):
if (first(variables)==inverse var(second(variables))):
return true
else:
return false

#return true if all variables are equal
defis all equal(variables):
for i in range (len(variables)-1):
if (variables[0] != variables[i+1]):
return false
return true

#change all non-zero values with 1
def one zero(str):
res = Sequence([])
for i in range (len(str)):
if (str[i]==0):
res.append(0)
else:
res.append(1)
return res

#change 1 with position number(multifunction value)
def numbering(str):
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res = Sequence([])
for i in range (len(str)):
if (str[i]==1):
res.append(int(i+1))
return res

#return numbers from odd positions from a list
def odd_pos(variables):
res =[]
i=0
for n in range (len(variables)/2):
res.append(variables[i])
i=i+2
return res

#return numbers from evenpositions from a list
def even pos(variables):
res =[]
i=1
for n in range (len(variables)/2):
res.append(variables[i])
i=i+2
return res

#calculate result
def calc_probability(variables,size):

#List of matrices
UO = hadamard matrix(size)* 1/sqrt(size)
Ul = gen_diag_H(size)

#Initial vector (100...00)
w= vector(QQ, size, {0:1})

Q6 = make queries(variables, size)
result = (w * U0 * Q6 * U0 * Ul)

# print (w * U0 * Q6), "\t", result, "\t",
return result

#calculate multifunction value - choose in which format to output
def calc_result(variables,size):

result = calc_probability(variables,size)
# return (one_zero (result))

return numbering((one_zero (result)))

#calculate lower bound
deflower bound(N, dictM):
for 1 in range(1,N):
#all possible combinations of length 1
C = Combinations(range(N),]);
a=C.list()

for i in range(len(a)):
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# a combination from the combination list
comb = aJi]
comb_res =[]

# go through the dictionary with all multifunction inputs and find all inputs with 0's on "comb"
positions

for k in range (len(dictM.keys())):

key = dictM.keys()[k]

f = true

for j in range(len(comb)):

if (key[comb][j]]!=0):
f = false
#if found a suitable input, append the multifunction result to the list comb_res
if (f):
comb_res.append(dictM[key])

#check if all outputs contain one and the same value
lower bound = false
for i in range (1,N+1):
i_in_all =true
for j in range (len(comb _res)):
if not(i in (comb_res[j])):
i_in_all = false
if (i_in_all):
lower bound =1
return |

#for large loops (N>16)
def irange(start, stop=None, step=1):
if stop is None:
stop = long(start)
num = 1L
else:
stop = long(stop)
num = long(start)
step = long(step)
while num < stop:
yield num
num += step

#Main function
N=8 #number of variables
Size=8 #number of basis states in a quantum system

count =0 #counts number of checked inputs
dictM = {} #dictionary for input/result values

for ss in irange(0,2"*N):
variables = convert_to_binary(ss, N)
print Word(variables), "\t",

var_oracle = XOR_var(variables, Size)
odd = odd pos(var_oracle)
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even = even_pos(var_oracle)
#choose an appropriate oracle
# oracle = oracleN4(var_oracle)
oracle = oracleN8&(var_oracle, even, odd, Size)

result = calc_result(variables,Size)

if (result == oracle):

rule = true
else:

rule=false
if (true):

#uncomment for a certain rule if necesary
#if (rule == false):
#if (rule != true):

count = count + 1

LI B

print " {", ", "join([str(item) for item in result]),"} ", "\t",
print "Rule: ", rule

#update dictionary
dictM.update( {tuple(variables):result})

print "count ", count

#calculate and print lower bound
print "lower bound: ", lower bound(N, dictM)
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3. pielikums

Multifunkcijas M, apraksts ar astoniem mainigajiem

X Nosacijums M,(X)
00000000 res3, res4 {1,2}
00000001 res3, res2 {1,2,4,6,8}
00000010 resl, res4 {1,2,3,5,7}
00000011 resl, res2 {1,2,3,4,5,6,7,8}
00000100 res3, res2 {1,2,4,6,8}
00000101 res3, resl0 {1,6}
00000110 resl, res2 {1,2,3,4,5,6,7,8}
00000111 resl, resl0 {1,3,5,6,7}
00001000 resl, res4 {1,2,3,5,7}
00001001 resl, res2 11,2,3,4,5,6,7,8}
00001010 res9, resd {2,5}
00001011 res9, res2 {2,4,5,6,8}
00001100 resl, res2 {1,2,3,4,5,6,7,8}
00001101 resl, reslO {1,3,5,6,7}
00001110 res9, res2 {2,4,5,6,8}
00001111 res9, reslO {5,6}
00010000 res3, res2 {1,2,4,6,8}
00010001 res3, res6 {1,4}
00010010 resl, res2 11,2,3,4,5,6,7,8}
00010011 resl, res6 {1,3,4,5,7}
00010100 res3, res8 {1,8}
00010101 res3, res2 {1,2,4,6,8}
00010110 resl, res8 {1,3,5,7,8}
00010111 resl, res2 {1,2,3,4,5,6,7,8}
00011000 resl, res2 {1,2,3,4,5,6,7,8}
00011001 resl, res6 {1,3,4,5,7}
00011010 res9, res2 {2,4,5,6,8}
00011011 res9, res6 {4,5}
00011100 resl, res8 {1,3,5,7,8}
00011101 resl, res2 {1,2,3,4,5,6,7,8}
00011110 res9, res§ {58}
00011111 res9, res2 {2,4,5,6,8}
00100000 resl, res4 {1,2,3,5,7}
00100001 resl, res2 {1,2,3,4,5,6,7,8}
00100010 resS, res4 {2,3}
00100011 res5, res2 {2,3,4,6,8}
00100100 resl, res2 {1,2,3,4,5,6,7,8}
00100101 resl, resl0 {1,3,5,6,7}
00100110 res5, res2 {2,3,4,6,8}
00100111 resS, resl0 {3,6}
00101000 res7, resd {2,7}
00101001 res7, res2 {2,4,6,7,8}
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00101010 resl, res4 {1,2,3,5,7}
00101011 resl, res2 {1,2,3,4,5,6,7,8}
00101100 res7, res2 {2,4,6,7,8}
00101101 res7, resl0 {6,7}
00101110 resl, res2 {1,2,3,4,5,6,7,8}
00101111 resl, resl0 {1,3,5,6,7}
00110000 resl, res2 {1,2,3,4,5,6,7,8}
00110001 resl, res6 {1,3,4,5,7}
00110010 resS, res2 {2,3,4,6,8}
00110011 resS, res6 {3,4}
00110100 resl, res8 {1,3,5,7,8}
00110101 resl, res2 {1,2,3,4,5,6,7,8}
00110110 res5, res8 {3,8}
00110111 resS, res2 {2,3,4,6,8}
00111000 res7, res2 {2,4,6,7,8}
00111001 res7, res6 {4,7}
00111010 resl, res2 11,2,3,4,5,6,7,8}
00111011 resl, res6 {1,3,4,5,7}
00111100 res7, resd {7,8}
00111101 res7, res2 {2,4,6,7,8}
00111110 resl, res8 {1,3,5,7,8}
00111111 resl, res2 {1,2,3,4,5,6,7,8}
01000000 res3, res2 {1,2,4,6,8}
01000001 res3, res8 {1,8}
01000010 resl, res2 {1,2,3,4,5,6,7,8}
01000011 resl, res8 {1,3,5,7,8}
01000100 res3, res6 {1,4}
01000101 res3, res2 {1,2,4,6,8}
01000110 resl, res6 {1,3,4,5,7}
01000111 resl, res2 {1,2,3,4,5,6,7,8}
01001000 resl, res2 {1,2,3,4,5,6,7,8}
01001001 resl, res8 {1,3,5,7,8}
01001010 res9, res2 {2,4,5,6,8}
01001011 res9, res§ {58}
01001100 resl, res6 {1,3,4,5,7}
01001101 resl, res2 {1,2,3,4,5,6,7,8}
01001110 res9, res6 {4,5}
01001111 res9, res2 {2,4,5,6,8}
01010000 res3, reslO {1,6}
01010001 res3, res2 {1,2,4,6,8}
01010010 resl, resl0 {1,3,5,6,7}
01010011 resl, res2 {1,2,3,4,5,6,7,8}
01010100 res3, res2 {1,2,4,6,8}
01010101 res3, res4 {1,2}
01010110 resl, res2 {1,2,3,4,5,6,7,8}
01010111 resl, res4 {1,2,3,5,7}
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01011000

resl, reslO

{173757677}

01011001 resl, res2 {1,2,3,4,5,6,7,8}
01011010 res9, resl0 {5,6}
01011011 res9, res2 {2,4,5,6,8}
01011100 resl, res2 {1,2,3,4,5,6,7,8}
01011101 resl, res4 {1,2,3,5,7}
01011110 res9, res2 {2,4,5,6,8}
01011111 res9, resd {2,5}
01100000 resl, res2 {1,2,3,4,5,6,7,8}
01100001 resl, res8 {1,3,5,7,8}
01100010 resS, res2 {2,3,4,6,8}
01100011 res5, res8 {3,8}
01100100 resl, res6 {1,3,4,5,7}
01100101 resl, res2 {1,2,3,4,5,6,7,8}
01100110 res5, res6 {3,4}
01100111 resS, res2 {2,3,4,6,8}
01101000 res7, res2 {2,4,6,7,8}
01101001 res7, res8 {7,8}
01101010 resl, res2 11,2,3,4,5,6,7,8}
01101011 resl, res8 {1,3,5,7,8}
01101100 res7, res6 {4,7}
01101101 res7, res2 {2,4,6,7,8}
01101110 resl, res6 {1,3,4,5,7}
01101111 resl, res2 11,2,3,4,5,6,7,8}
01110000 resl, resl0 {1,3,5,6,7}
01110001 resl, res2 {1,2,3,4,5,6,7,8}
01110010 resS, reslO {3,6}
01110011 resS, res2 {2,3,4,6,8}
01110100 resl, res2 {1,2,3,4,5,6,7,8}
01110101 resl, res4 {1,2,3,5,7}
01110110 res5, res2 {2,3,4,6,8}
01110111 res5, res4 {2,3}
01111000 res7, resl0 {6,7}
01111001 res7, res2 {2,4,6,7,8}
01111010 resl, resl0 {1,3,5,6,7}
01111011 resl, res2 {1,2,3,4,5,6,7,8}
01111100 res7, res2 {2,4,6,7,8}
01111101 res7, res4 {2,7}
01111110 resl, res2 {1,2,3,4,5,6,7,8}
O1111111 resl, res4 {1,2,3,5,7}
10000000 resl, res4 {1,2,3,5,7}
10000001 resl, res2 {1,2,3,4,5,6,7,8}
10000010 res7, resd {2,7}
10000011 res7, res2 {2,4,6,7,8}
10000100 resl, res2 {1,2,3,4,5,6,7,8}
10000101 resl, resl0 {1,3,5,6,7}
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10000110 res7, res2 {2,4,6,7,8}
10000111 res7, resl0 {6,7}
10001000 res5, res4 {2,3}
10001001 resS, res2 {2,3,4,6,8}
10001010 resl, res4 {1,2,3,5,7}
10001011 resl, res2 {1,2,3,4,5,6,7,8}
10001100 resS, res2 {2,3,4,6,8}
10001101 res5, reslO {3,6}
10001110 resl, res2 {1,2,3,4,5,6,7,8}
10001111 resl, resl0 {1,3,5,6,7}
10010000 resl, res2 {1,2,3,4,5,6,7,8}
10010001 resl, res6 {1,3,4,5,7}
10010010 res7, res2 {2,4,6,7,8}
10010011 res7, res6 {4,7}
10010100 resl, res8 {1,3,5,7,8}
10010101 resl, res2 {1,2,3,4,5,6,7,8}
10010110 res7, res8 {7,8}
10010111 res7, res2 {2,4,6,7,8}
10011000 res5, res2 {2,3,4,6,8}
10011001 res5, res6 {3,4}
10011010 resl, res2 {1,2,3,4,5,6,7,8}
10011011 resl, res6 {1,3,4,5,7}
10011100 res5, res8 {3,8}
10011101 res5, res2 {2,3,4,6,8}
10011110 resl, res8 {1,3,5,7,8}
10011111 resl, res2 {1,2,3,4,5,6,7,8}
10100000 res9, resd {2,5}
10100001 res9, res2 {2,4,5,6,8}
10100010 resl, res4 {1,2,3,5,7}
10100011 resl, res2 {1,2,3,4,5,6,7,8}
10100100 res9, res2 {2,4,5,6,8}
10100101 res9, reslO {5,6}
10100110 resl, res2 {1,2,3,4,5,6,7,8}
10100111 resl, resl0 {1,3,5,6,7}
10101000 resl, res4 {1,2,3,5,7}
10101001 resl, res2 11,2,3,4,5,6,7,8}
10101010 res3, resd {1,2}
10101011 res3, res2 {1,2,4,6,8}
10101100 resl, res2 {1,2,3,4,5,6,7,8}
10101101 resl, resl0 {1,3,5,6,7}
10101110 res3, res2 {1,2,4,6,8}
10101111 res3, resl0 {1,6}
10110000 res9, res2 {2,4,5,6,8}
10110001 res9, res6 {4,5}
10110010 resl, res2 {1,2,3,4,5,6,7,8}
10110011 resl, res6 {1,3,4,5,7}
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10110100 res9, res8 {5,8}
10110101 res9, res2 {2,4,5,6,8}
10110110 resl, res8 {1,3,5,7,8}
10110111 resl, res2 {1,2,3,4,5,6,7,8}
10111000 resl, res2 {1,2,3,4,5,6,7,8}
10111001 resl, res6 {1,3,4,5,7}
10111010 res3, res2 {1,2,4,6,8}
10111011 res3, res6 {1,4}
10111100 resl, res8 {1,3,5,7,8}
10111101 resl, res2 {1,2,3,4,5,6,7,8}
10111110 res3, res8 {1,8}
10111111 res3, res2 {1,2,4,6,8}
11000000 resl, res2 {1,2,3,4,5,6,7,8}
11000001 resl, res8 {1,3,5,7,8}
11000010 res7, res2 {2,4,6,7,8}
11000011 res7, resd {7,8}
11000100 resl, res6 {1,3,4,5,7}
11000101 resl, res2 {1,2,3,4,5,6,7,8}
11000110 res7, res6 {4,7}
11000111 res7, res2 {2,4,6,7,8}
11001000 resS, res2 {2,3,4,6,8}
11001001 res5, res8 {3,8}
11001010 resl, res2 {1,2,3,4,5,6,7,8}
11001011 resl, res8 {1,3,5,7,8}
11001100 res5, res6 {3,4}
11001101 resS, res2 {2,3,4,6,8}
11001110 resl, res6 {1,3,4,5,7}
11001111 resl, res2 {1,2,3,4,5,6,7,8}
11010000 resl, reslO {1,3,5,6,7}
11010001 resl, res2 {1,2,3,4,5,6,7,8}
11010010 res7, reslO {6,7}
11010011 res7, res2 {2,4,6,7,8}
11010100 resl, res2 {1,2,3,4,5,6,7,8}
11010101 resl, res4 {1,2,3,5,7}
11010110 res7, res2 {2,4,6,7,8}
11010111 res7, res4 {2,7}
11011000 resS, resl0 {3,6}
11011001 res5, res2 {2,3,4,6,8}
11011010 resl, resl0O {1,3,5,6,7}
11011011 resl, res2 {1,2,3,4,5,6,7,8}
11011100 res5, res2 {2,3,4,6,8}
11011101 resS, resd {2,3}
11011110 resl, res2 {1,2,3,4,5,6,7,8}
11011111 resl, res4 {1,2,3,5,7}
11100000 res9, res2 {2,4,5,6,8}
11100001 res9, res8 {5,8}
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11100010 resl, res2 {1,2,3,4,5,6,7,8}
11100011 resl, res8 {1,3,5,7,8}
11100100 res9, res6 {4,5}
11100101 res9, res2 {2,4,5,6,8}
11100110 resl, res6 {1,3,4,5,7}
11100111 resl, res2 {1,2,3,4,5,6,7,8}
11101000 resl, res2 {1,2,3,4,5,6,7,8}
11101001 resl, res8 {1,3,5,7,8}
11101010 res3, res2 {1,2,4,6,8}
11101011 res3, res8 {1,8}
11101100 resl, res6 {1,3,4,5,7}
11101101 resl, res2 {1,2,3,4,5,6,7,8}
11101110 res3, res6 {1,4}
11101111 res3, res2 {1,2,4,6,8}
11110000 res9, reslO {5,6}
11110001 res9, res2 {2,4,5,6,8}
11110010 resl, resl0O {1,3,5,6,7}
11110011 resl, res2 {1,2,3,4,5,6,7,8}
11110100 res9, res2 {2,4,5,6,8}
11110101 res9, res4 {2,5}
11110110 resl, res2 {1,2,3,4,5,6,7,8}
11110111 resl, res4 {1,2,3,5,7}
11111000 resl, resl0 {1,3,5,6,7}
11111001 resl, res2 11,2,3,4,5,6,7,8}
11111010 res3, reslO {1,6}
11111011 res3, res2 {1,2,4,6,8}
11111100 resl, res2 {1,2,3,4,5,6,7,8}
11111101 resl, res4 {1,2,3,5,7}
11111110 res3, res2 {1,2,4,6,8}
11111111 res3, res4 {1,2}

72




4. pielikums
Programmas pirmkods multifunkcijas M3 apréekinam

#converts decimal number to binary number of length N
def convert to binary(number, N):
binary =[]
for i in range(N):
if number >= (2*((N-1)-1)):
binary.append(1)
number = number - (2((N-1)-1))
else:
binary.append(0)
return binary

#returns matrix of a quantum query v
def gen query(v):
Q0= Matrix(0,0)
for i in range(len(v)):
AA= Matrix([(-1)"V[i]])
QO =block diagonal matrix(QO0, AA, subdivide=False)
return QO

#create and multiply few queries
def make queries(variables, size):
Qres = identity matrix(size)
for kk in range((len(variables))/(size)):
var_temp =[]
for i in range(size):
var_temp.append(variables[kk*(size) +i])
Qtmp = gen_query(var_temp)
Qres= Qres * Qtmp
return Qres

#generates matrix with Hadamard matrices of size 2 on the diagonal and 0 on other positions
def gen _diag H(size):

Hadamard = hadamard matrix(2)* 1/sqrt(2)

Ul = identity matrix(int(size/2)).tensor product(Hadamard,subdivide=False)

return U1

#make oracle
def oracle(variables1, variables2):
oracle = []
if (number_of one(variables1)%2==0):
if (variables1[0]==variables1[2]):
oracle.append(1)
else:
oracle.append(3)
if (variables1[1]==variables1[3]):
oracle.append(2)
else:
oracle.append(4)
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else:
if (number_of one(odd pos(variables1))%2)==(number_of one([variables2[0],variables2[1]])%2)):
oracle.append(1)
else:
oracle.append(2)
if
((number of one(even pos(variables1))%2)==(number of one([variables2[2],variables2[3]])%?2)):
oracle.append(3)
else:
oracle.append(4)
# print "oracle: ", oracle
return oracle

#count number of 1's in a list
def number_of one(variables):
count =0
for i in range (len(variables)):
if (variables[i]==1):
count = count + 1
return count

#return first half of a string
def first(variables):
return variables[0:(ceil((len(variables))/2))]

#return second half of a string
def second(variables):
return variables[(ceil((len(variables))/2)):len(variables)]

#change all non-zero values with 1
def one zero(str):
res = Sequence([])
for i in range (len(str)):
if (str[i]==0):
res.append(0)
else:
res.append(1)
return res

#change 1 with position number(multifunction value)
def numbering(str):
res = Sequence([])
for i in range (len(str)):
if (str[i]==1):
res.append(int(i+1))
return res

#return numbers from odd positions from a list
def odd_pos(variables):
res =[]
i=0
for n in range (len(variables)/2):
res.append(variables[i])
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=112
return res

#return numbers from evenpositions from a list
def even_pos(variables):
res =[]
i=1
for n in range (len(variables)/2):
res.append(variables[i])
i=i+2
return res

#calculate result
def calc_probability(variables,size):

#List of matrices
U0 = hadamard_matrix(size)* 1/sqrt(size)
Ul = gen_diag H(size)

#Initial vector (100...0)
w = zero_vector(QQ, size)
w[0]=1

#generate query(-ies)
QIN =make queries(first(variables), size)
Q2N = make queries(second(variables), size)

#apply all transformations
result = (w * U0 * Q1IN * U0 * Q2N * Ul)

# uncomment next two lines for intermediate amplitudes
# print (w * U0 * QIN), "\t", (w * U0 * QIN * U0), "\t",(w * U0 * QIN * U0 * Q2N), "\t",
# print result,

return result

#replace X with XOR from row variables
def XOR var(variables, size):
xor_var =[]
for i in range (size):
var_temp =0
for kk in range ((len(variables))/size):
var_temp = var_temp + variables[kk*size+i]
xor_var.append(var_temp%?2)
return xor_var

#calculate multifunction value - choose in which format to output
def calc_result(variables,size):

result = calc_probability(variables,size)
# return result

return numbering(one_zero (result))

#calculate lower bound
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deflower bound(N, dictM):
for 1in range(1,N):
#all possible combinations of length 1
C = Combinations(range(N),);
a = C.list()

for i in range(len(a)):
# a combination from the combination list
comb = a[i]
comb_res =[]

# go through the dictionary with all multifunction inputs and find all inputs with 0's on "comb"
positions

for k in range (len(dictM.keys())):

key = dictM.keys()[k]

f = true

for j in range(len(comb)):

if (key[comb[j]]!=0):
f = false
#if found a suitable input, append the multifunction result to the list comb_res
if (f):
comb_res.append(dictM[key])

#check if all outputs contain one and the same value
lower bound = false
for i in range (1,N+1):
i_in_all =true
for j in range (len(comb _res)):
if not(i in (comb_res[j])):
i_in_all = false
if (i_in_all):
lower bound =1
return |

#for large loops (N>16)
def irange(start, stop=None, step=1):
if stop is None:
stop = long(start)
num = 1L
else:
stop = long(stop)
num = long(start)
step = long(step)
while num < stop:
yield num
num += step

#Main function
N=8 #number of variables
Size=4 #number of basis states in a quantum system

count =0 #counts number of checked inputs
dictM = {} #dictionary for input/result values
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for ss in irange(0, 2"N):
variables = convert_to_binary(ss,N)
xor_varl = XOR_var(first(variables), Size)
xor_var2 = XOR_var(second(variables), Size)

print Word(variables), "\t",
result = calc_result(variables,Size)

#check if multifunction definition is correct
if (result == oracle(xor_varl, xor_var2)):

rule = true
else:
rule=false

if (true): #for indents
#uncomment for a certain rule if necesary
#if (rule == false):
#if (rule != true):

count = count + 1

#print the result set

LI B

print " {",", "join([str(item) for item in result]), "} ",
print "\t", "Rule: ", rule

#update dictionary
dictM[tuple(variables)] = result

print "count ", count

#calculate and print lower bound
print "lower bound: ", lower bound(N, dictM)
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5. pielikums

Multifunkcijas M3 apraksts ar astoniem mainigajiem

X Stavoklis péc Q0 | Stavoklis péc Ul | Stavoklis péc Q1 Stavoklis péc U2 Mi(X)
00000000| (1/2,1/2,1/2,1/2) (1,0,0,0) (1,0,0,0) (1/2*sqrt(2), 1/2*sqrt(2),0,0) |{1,2}
00000001 | (1/2,1/2,1/2,1/2) (1,0,0,0) (1,0,0,0) (1/2*sqrt(2), 1/2*sqrt(2), 0,0) |{ 1,2}
00000010 (1/2,1/2,1/2,1/2) (1,0,0,0) (1,0,0,0) (1/2*sqrt(2), 1/2*sqrt(2), 0,0) |{ 1,2}
00000011 | (1/2,1/2,1/2,1/2) (1,0,0,0) (1,0,0,0) (1/2*sqrt(2), 1/2*sqrt(2), 0,0) |{ 1,2}
00000100 (1/2,1/2,1/2,1/2) (1,0,0,0) (1,0,0,0) (1/2*sqrt(2), 1/2*sqrt(2), 0,0) |{ 1,2}
00000101 (1/2,1/2,1/2,1/2) (1,0,0,0) (1,0,0,0) (1/2*sqrt(2), 1/2*sqrt(2), 0,0) |{ 1,2}
00000110 (1/2,1/2,1/2,1/2) (1,0,0,0) (1,0,0,0) (1/2*sqrt(2), 1/2*sqrt(2), 0,0) |{ 1,2}
00000111 (1/2,1/2,1/2,1/2) (1,0,0,0) (1,0,0,0) (1/2*sqrt(2), 1/2*sqrt(2), 0,0) |{ 1,2}
00001000| (1/2,1/2,1/2,1/2) (1,0,0,0) (-1,0,0,0) (-1/2*sqrt(2), -1/2*sqrt(2), 0, 0) |{ 1,2 }
00001001 (1/2,1/2,1/2,1/2) (1,0,0,0) (-1,0,0,0) (-1/2*sqrt(2), -1/2*sqrt(2), 0, 0) |{ 1,2 }
00001010 (1/2,1/2,1/2,1/2) (1,0,0,0) (-1,0,0,0) (-1/2*sqrt(2), -1/2*sqrt(2), 0, 0) |{ 1,2 }
00001011 (1/2,1/2,1/2,1/2) (1,0,0,0) (-1,0,0,0) (-1/2*sqrt(2), -1/2*sqrt(2), 0,0) [{ 1,2 }
00001100| (1/2,1/2,1/2,1/2) (1,0,0,0) (-1,0,0,0) (-1/2*sqrt(2), -1/2*sqrt(2), 0,0) [{ 1,2 }
00001101 (1/2,1/2,1/2,1/2) (1,0,0,0) (-1,0,0,0) (-1/2*sqrt(2), -1/2*sqrt(2), 0,0) [{ 1,2 }
00001110 (1/2,1/2,1/2,1/2) (1,0,0,0) (-1,0,0,0) (-1/2*sqrt(2), -1/2*sqrt(2), 0,0) [{ 1,2 }
00001111 (1/2,1/2,1/2,1/2) (1,0,0,0) (-1,0,0,0) (-1/2*sqrt(2), -1/2*sqrt(2), 0,0) [{ 1,2 }
00010000| (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2,-1/2) | (1/2, 1/2,1/2,-1/2) | (1/2*sqrt(2), 0, 0, 1/2*sqrt(2)) [{ 1,4}
00010001 | (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2,1/2) | (1/2*sqrt(2), 0, 1/2*sqrt(2),0) [{ 1,3}
00010010| (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2,-1/2) | (1/2, 1/2, -1/2, -1/2) | (1/2*sqrt(2), 0, -1/2*sqrt(2), 0) [{ 1, 3 }
00010011 | (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2,-1/2) | (1/2, 1/2,-1/2,1/2) | (1/2*sqrt(2), 0, 0, -1/2*sqrt(2)) [{ 1,4 }
00010100| (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2,-1/2) | (1/2, -1/2, 1/2, -1/2) | (0, 1/2*sqrt(2), 0, 1/2*sqrt(2)) [{ 2,4}
00010101 | (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2,-1/2) | (1/2,-1/2,1/2,1/2) | (0, 1/2*sqrt(2), 1/2*sqrt(2), 0) [{2,3 }
00010110| (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2, -1/2) |(1/2, -1/2, -1/2, -1/2)| (0, 1/2*sqrt(2), -1/2*sqrt(2), 0) [{ 2,3 }
00010111 (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2,-1/2) | (1/2, -1/2,-1/2, 1/2) | (0, 1/2*sqrt(2), 0, -1/2*sqrt(2)) [{ 2,4 }
00011000| (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2,-1/2) | (-1/2, 1/2, 1/2, -1/2) | (0, -1/2*sqrt(2), 0, 1/2*sqrt(2)) [{ 2,4 }
00011001 | (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2,-1/2) | (-1/2,1/2,1/2, 1/2) | (0, -1/2*sqrt(2), 1/2*sqrt(2), 0) [{ 2,3 }
00011010| (1/2,1/2,1/2, -1/2) | (1/2,1/2,1/2, -1/2) |(-1/2, 1/2, -1/2, -1/2)| (0, -1/2*sqrt(2), -1/2*sqrt(2), 0) [{ 2, 3 }
00011011 (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2,-1/2) | (-1/2, 1/2, -1/2, 1/2) | (0, -1/2*sqrt(2), 0, -1/2*sqrt(2)) [{ 2, 4 }
00011100| (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2, -1/2) |(-1/2,-1/2,1/2, -1/2)| (-1/2*sqrt(2), 0, 0, 1/2*sqrt(2)) [{ 1,4 }
00011101 | (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2, -1/2) | (-1/2, -1/2, 1/2, 1/2) | (-1/2*sqrt(2), 0, 1/2*sqrt(2), 0) [{ 1, 3 }
00011110| (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2, -1/2) |(-1/2, -1/2, -1/2, -1/2)| (-1/2*sqrt(2), 0, -1/2*sqrt(2), 0) [{ 1, 3 }
00011111 (1/2,1/2,1/2,-1/2) | (1/2,1/2,1/2, -1/2) |(-1/2,-1/2,-1/2, 1/2) | (-1/2*sqrt(2), 0, 0, -1/2*sqrt(2)) [{ 1, 4 }
00100000| (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) | (1/2,-1/2,1/2,1/2) | (0, 1/2*sqrt(2), 1/2*sqrt(2), 0) [{2,3 }
00100001 | (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) | (1/2,-1/2, 1/2, -1/2) | (0, 1/2*sqrt(2), 0, 1/2*sqrt(2)) [{ 2,4}
00100010| (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) | (1/2, -1/2, -1/2, 1/2) | (0, 1/2*sqrt(2), 0, -1/2*sqrt(2)) [{ 2,4 }
00100011 | (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) |(1/2, -1/2, -1/2, -1/2)| (0, 1/2*sqrt(2), -1/2*sqrt(2), 0) [{ 2,3 }
00100100| (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) | (1/2,1/2,1/2,1/2) | (1/2*sqrt(2), 0, 1/2*sqrt(2),0) [{ 1,3}
00100101 | (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) | (1/2, 1/2,1/2, -1/2) | (1/2*sqrt(2), 0, 0, 1/2*sqrt(2)) [{ 1,4}
00100110| (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) | (1/2, 1/2,-1/2, 1/2) | (1/2*sqrt(2), 0, 0, -1/2*sqrt(2)) [{ 1,4 }
00100111 (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) | (1/2, 1/2, -1/2, -1/2) | (1/2*sqrt(2), 0, -1/2*sqrt(2), 0) [{ 1, 3 }
00101000| (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) | (-1/2, -1/2, 1/2, 1/2) | (-1/2*sqrt(2), 0, 1/2*sqrt(2), 0) [{ 1,3 }
00101001 | (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) |(-1/2,-1/2,1/2, -1/2)| (-1/2*sqrt(2), 0, 0, 1/2*sqrt(2)) [{ 1,4 }
00101010| (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) |(-1/2,-1/2,-1/2, 1/2) | (-1/2*sqrt(2), 0, 0, -1/2*sqrt(2)) [{ 1, 4 }
00101011 (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) |(-1/2, -1/2, -1/2, -1/2)| (-1/2*sqrt(2), 0, -1/2*sqrt(2), 0) [{ 1, 3 }
00101100| (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) | (-1/2,1/2,1/2,1/2) | (0, -1/2*sqrt(2), 1/2*sqrt(2), 0) [{ 2,3 }
00101101 | (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) | (-1/2, 1/2, 1/2, -1/2) | (0, -1/2*sqrt(2), 0, 1/2*sqrt(2)) [{ 2,4 }
00101110| (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) | (-1/2, 1/2, -1/2, 1/2) | (0, -1/2*sqrt(2), 0, -1/2*sqrt(2)) [{ 2, 4 }
00101111 (1/2,1/2,-1/2,1/2) | (1/2,-1/2,1/2,1/2) |(-1/2, 1/2, -1/2, -1/2)| (0, -1/2*sqrt(2), -1/2*sqrt(2), 0) [{ 2, 3 }
00110000| (1/2, 1/2,-1/2, -1/2) (0,0,1,0) (0,0,1,0) (0, 0, 1/2*sqrt(2), 1/2*sqrt(2)) |{ 3,4}
00110001 | (1/2, 1/2,-1/2, -1/2) (0,0,1,0) (0,0,1,0) (0, 0, 1/2*sqrt(2), 1/2*sqrt(2)) |{ 3,4}
00110010| (1/2, 1/2,-1/2, -1/2) (0,0,1,0) (0,0,-1,0) (0, 0, -1/2*sqrt(2), -1/2*sqrt(2)) [{ 3,4 }
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00110011] (1/2, 12, -1/2, -1/2) (0,0, 1,0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) [{ 3, 4 }
00110100] (1/2, 12, -1/2, -1/2) (0,0, 1,0) (0,0, 1,0) (0, 0, 1/2%sqrt(2), 1/2%sqrt(2)) |{3,4 }
00110101] (1/2, 12, -1/2, -1/2) (0,0, 1,0) (0,0, 1,0) (0, 0, 1/2%sqrt(2), 1/2*sqrt(2)) |{3,4 }
00110110] (1/2, 12, -1/2, -1/2) (0,0, 1,0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) [{ 3, 4 }
00110111](1/2, 12, -1/2, -1/2) (0,0, 1,0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) [{ 3, 4 }
00111000] (1/2, 12, -1/2, -1/2) (0,0, 1,0) (0,0, 1,0) (0, 0, 1/2*sqrt(2), 1/2*sqrt(2)) |{3,4 }
00111001] (1/2, 12, -1/2, -1/2) (0,0, 1,0) (0,0, 1,0) (0, 0, 1/2*sqrt(2), 1/2*sqrt(2)) |{3,4 }
00111010] (1/2, 12, -1/2, -1/2) (0,0, 1,0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) [{ 3, 4 }
00111011](1/2, 12, -1/2, -1/2) (0,0, 1,0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) [{ 3, 4 }
00111100] (1/2, 12, -1/2, -1/2) (0,0, 1,0) (0,0, 1,0) (0, 0, 1/2*sqrt(2), 1/2*sqrt(2)) |{3,4 }
00111101](1/2, 12, -1/2, -1/2) (0,0, 1,0) (0,0, 1,0) (0,0, 1/2*sqrt(2), 1/2*sqrt(2)) [{3,4}
00111110] (1/2, 12, -1/2, -1/2) (0,0, 1,0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) [{ 3, 4 }
00111111](1/2,1/2,-1/2, -1/2) (0,0, 1,0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) [{ 3, 4 }
01000000| (172, -1/2, 172, 1/2) | (172, 172, -1/2, 172) | (12, 1/2,-1/2, 1)2) | (1/2*sqrt(2), 0, 0, -1/2*sqrt(2)) |{ 1,4 }
01000001| (172, -1/2, 172, 1/2) | (1/2, 172, -1/2, 172) | (1/2, 1/2, -1/2, -172) | (1/2*sqrt(2), 0, -1/2*sqrt(2), 0) |{ 1,3 }
01000010| (172, -1/2, 172, 1/2) | (172, 172, -1/2, 172) | (172,172, 1/2, 1/2) | (1/2*sqrt(2), 0, 1/2*sqrt(2), 0) |{ 1,3 }
01000011| (1/2,-1/2, 172, 172) | (172, 172, -1/2, 172) | (1/2, 172, 172, -1/2) | (1/2*sqrt(2), 0, 0, 1/2*sqrt(2)) |{ 1,4 }
01000100| (172, -1/2, 172, 172) | (172, 172, -1/2, 172) | (1/2, -1/2, -1/2, 1/2) | (0, 1/2*sqrt(2), 0, -1/2*sqrt(2)) |{ 2, 4 }
01000101| (172, -1/2, 172, 172) | (172, 172, -1/2, 172) |(1/2, -1/2, -1/2, -1/2)| (0, 1/2*sqrt(2), -1/2*sqrt(2), 0) |{ 2,3 }
01000110| (172, -1/2, 172, 172) | (172, 172, -1/2, 172) | (1/2,-1/2, 1/2, 1/2) | (0, 1/2*sqrt(2), 1/2*sqrt(2), 0) |{ 2,3 }
01000111| (1/2,-1/2, 172, 172) | (172, 172, -1/2, 172) | (1/2, -1/2, 1/2, -1/2) | (0, 1/2*sqrt(2), 0, 1/2*sqrt(2)) |{ 2, 4 }
01001000| (1/2, -1/2, 1/2, 1/2) | (172, 172, -1/2, 172) | (-1/2, 1/2, -1/2, 1/2) | (0, -1/2*sqrt(2), 0, -1/2*sqrt(2)) | { 2, 4 }
01001001| (1/2, -1/2, 1/2, 1/2) | (1/2, 172, -1/2, 172) |(-1/2, 1/2, -1/2, -1/2)[ (0, -1/2*sqrt(2), -1/2*sqrt(2), 0) | { 2, 3 }
01001010| (1/2, -1/2, 1/2, 1/2) | (172, 1/2,-1/2, 172) | (-1/2, 12, 12, 1/2) | (0, -1/2*sqrt(2), 1/2*sqrt(2), 0) |{ 2,3 }
01001011| (1/2, -1/2, 172, 1/2) | (172, 172, -1/2, 172) | (-1/2, 1/2, 1/2, -1/2) | (0, -1/2*sqrt(2), 0, 1/2%sqrt(2)) |{ 2, 4 }
01001100| (172, -1/2, 1/2, 1/2) | (172, 172, -1/2, 172) |(-1/2, -1/2, -1/2, 1/2)| (-1/2*sqrt(2), 0, 0, -1/2*sqrt(2)) | { 1, 4 }
01001101| (172, -1/2, 172, 1/2) | (172, 172, -1/2, 172) [(-1/2, -1/2, -1/2, -1/2)[ (-1/2*sqrt(2), 0, -1/2*sqrt(2), 0) | { 1, 3 }
01001110] (172, -1/2, 172, 1/2) | (172, 172, -1/2, 172) | (-1/2, -1/2, 172, 1/2) | (-1/2%*sqrt(2), 0, 1/2*sqrt(2), 0) |{ 1,3 }
01001111[ (1/2,-1/2, 172, 172) | (172, 172, -1/2, 172) |(-1/2, -1/2, 12, -1/2)| (-1/2*sqrt(2), 0, 0, 1/2*sqrt(2)) |{ 1, 4 }
01010000] (1/2, -1/2, 1/2, -1/2) (0,1,0,0) (0,1, 0,0) (1/2%sqrt(2), -1/2%*sqrt(2), 0, 0) |{ 1,2 }
01010001] (1/2, -1/2, 1/2, -1/2) (0,1,0,0) (0,1, 0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,2 }
01010010] (1/2, -1/2, 1/2, -1/2) (0,1,0,0) (0,1, 0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,2 }
01010011] (1/2, -1/2, 12, -1/2) (0,1,0,0) (0,1, 0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,2 }
01010100] (1/2, -1/2, 1/2, -1/2) (0,1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2%sqrt(2), 0,0) |{ 1,2 }
01010101] (1/2, -1/2, 1/2, -1/2) (0,1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2%sqrt(2), 0, 0) |{ 1,2 }
01010110] (1/2, -1/2, 1/2, -1/2) (0,1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2%sqrt(2), 0, 0) |{ 1,2 }
01010111](1/2,-1/2, 12, -1/2) (0,1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2%sqrt(2), 0, 0) |{ 1,2 }
01011000] (1/2, -1/2, 1/2, -1/2) (0,1,0,0) (0, 1,0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,2 }
01011001] (1/2, -1/2, 1/2, -1/2) (0,1,0,0) (0,1, 0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,2 }
01011010] (1/2, -1/2, 1/2, -1/2) (0,1,0,0) (0,1, 0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,2 }
01011011] (1/2,-1/2, 12, -1/2) (0,1,0,0) (0,1,0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,2 }
01011100] (1/2, -1/2, 1/2, -1/2) (0,1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2%sqrt(2), 0,0) |{ 1,2 }
01011101] (1/2,-1/2, 12, -1/2) (0,1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2%sqrt(2), 0,0) |{ 1,2 }
01011110] (1/2, -1/2, 12, -1/2) (0,1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2%sqrt(2), 0,0) |{ 1,2 }
01011111[(1/2,-1/2, 12, -1/2) (0,1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2%sqrt(2), 0,0) |{ 1,2 }
01100000| (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0, 1) (0, 0, 1/2%sqrt(2), -1/2*sqrt(2)) |{ 3, 4 }
01100001| (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2%sqrt(2)) |{ 3,4 }
01100010( (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0, 1) (0, 0, 1/2%sqrt(2), -1/2%sqrt(2)) |{ 3, 4 }
01100011| (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2%sqrt(2)) |{ 3,4 }
01100100] (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0, 1) (0, 0, 1/2%sqrt(2), -1/2%sqrt(2)) |{ 3, 4 }
01100101] (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2%sqrt(2)) |{ 3,4 }
01100110] (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0, 1) (0, 0, 1/2%sqrt(2), -1/2%sqrt(2)) |{ 3, 4 }
01100111](1/2,-1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2*sqrt(2)) |{ 3, 4 }
01101000] (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0, 1) (0, 0, 1/2*sqrt(2), -1/2*sqrt(2)) |{ 3,4 }
01101001] (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2%sqrt(2)) |{ 3, 4 }




01101010] (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0, 1) (0, 0, 1/2*sqrt(2), -1/2*sqrt(2)) [{ 3,
01101011] (172, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0,-1) (0, 0, -1/2*sqrt(2), 1/2*sqrt(2)) |{ 3,
01101100] (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0, 1) (0, 0, 1/2*sqrt(2), -1/2*sqrt(2)) |{ 3,
01101101] (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0,-1) (0, 0, -1/2*sqrt(2), 1/2*sqrt(2)) |{ 3,
01101110] (1/2, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0, 1) (0, 0, 1/2*sqrt(2), -1/2*sqrt(2)) |{ 3,
01101111 (172, -1/2, -1/2, 1/2) (0,0,0, 1) (0,0,0,-1) (0, 0, -1/2*sqrt(2), 1/2*sqrt(2)) |{ 3,
01110000[(1/2, -1/2, -1/2, -1/2)| (-1/2, 1/2,1/2, 1/2) | (-1/2, 1/2, 172, 1)2) | (0, -1/2*sqrt(2), 1/2*sqrt(2), 0) |{ 2,
01110001[(1/2, -1/2, -1/2, -1/2)| (-1/2, 1/2, 1/2, 1/2) | (-1/2, 12, 1/2, -1/2) | (0, -1/2*sqrt(2), 0, 1/2*sqrt(2)) |{ 2,
01110010[(1/2, -1/2, -1/2, -1/2)| (-1/2, 1/2, 1/2, 1/2) | (-1/2, 1/2, -1/2, 1/2) [ (0, -1/2*sqrt(2), 0, -1/2*sqrt(2)) |{ 2,
01110011[(1/2, -1/2, -1/2, -1/2)| (-1/2, 1/2, 1/2, 1/2) |(-1/2, 1/2, -1/2, -1/2)[ (0, -1/2*sqrt(2), -1/2*sqrt(2), 0) |{ 2,

01110100

(172, -1/2,-1/2, -1)2)

(-1/2, 12,172, 1)2)

(-1/2,-1/2, 12, 12)

(-1/2*sqrt(2), 0, 1/2*sqrt(2), 0)

01110101

(172, -1/2,-1/2, -1)2)

(-1/2, 12,172, 1)2)

(-1/2,-1/2, 12, -12)

(-1/2%sqrt(2), 0, 0, 1/2*sqrt(2))

01110110

(172, -1/2,-1/2, -1)2)

(-1/2,1/2, 172, 1)2)

(-1/2,-1/2,-1/2, 1)2)

(-1/2*sqrt(2), 0, 0, -1/2*sqrt(2))

01110111

(172, -1/2,-1/2, -1)2)

(-1/2,1/2, 172, 1)2)

(-1/2,-1/2,-1/2, -1/2)

(-1/2%sqrt(2), 0, -1/2*sqrt(2), 0)

01111000

(172, -1/2,-1/2, -1)2)

(-1/2,1/2, 172, 1)2)

(12,172,172, 172)

(1/2*sqrt(2), 0, 1/2*sqrt(2), 0)

01111001

(172, -1/2,-1/2, -1)2)

(-1/2,1/2, 172, 1)2)

(172,172, 172, -1/2)

(1/2%sqrt(2), 0, 0, 1/2*sqrt(2))

01111010

(172, -1/2,-1/2,-1)2)

(12,12, 12, 12)

(172,172, -1/2, 12)

(1/2*sqrt(2), 0, 0, -1/2*sqrt(2))

01111011

(172, -1/2,-1/2, -1/2)

(-1/2,1/2, 12, 1)2)

(172,172, -1/2, -1/2)

(1/2*sqrt(2), 0, -1/2*sqrt(2), 0)

01111100

(172, -1/2,-1/2, -1/2)

(-1/2,1/2, 172, 1)2)

(172, -1/2, 172, 1)2)

(0, 1/2%sqrt(2), 1/2*sqrt(2), 0)

01111101

(172, -1/2,-1/2, -1/2)

(-1/2,1/2, 172, 1)2)

(172, -1/2, 12, -1/2)

(0, 1/2%sqrt(2), 0, 1/2*sqrt(2))

{3.4}
{3.4}
{3,4}
{3,4}
{3,4}
{3,4}
{2,3}
{2,4}
{2,4}
{2,3}
{13}
{1,4}
{1,4}
{13}
{13}
{1,4}
(1.4}
(1,3}
(2,3}
(2,4}
O1111110((1/2, 172, 172, -1/2)| (-1/2, 1/2, 172, 172) | (1/2, -1/2, <172, 1/2) | (0, 1/2*sqrt(2), 0, -1/2*sqrt(2)) |{ 2, 4 }
O1111111[(1/2, -1/2, 172, -1/2)| (-1/2, 1/2, 1/2, 172) |(1/2, -1/2, -1/2, -1/2)| (0, 1/2*sqrt(2), -1/2*sqrt(2), 0) |{ 2,3 }
10000000| (-1/2, 1/2, 1/2, 1/2) [(1/2, 172, -1/2, -1/2)| (172, -1/2, -1/2, -1/2)| (0, 1/2%sqrt(2), -1/2*sqrt(2), 0) |{ 2, 3 }
10000001 | (-1/2, 1/2, 1/2, 172) |(1/2, 172, -1/2, -1/2)| (1/2, -1/2, -1/2, 1/2) | (0, 1/2*sqrt(2), 0, -1/2*sqrt(2)) |{ 2, 4 }
10000010| (-1/2, 1/2, 1/2, 172) |(1/2, -1/2, -1/2, -1/2)| (1/2, -1/2, 1/2, -1/2) | (0, 1/2*sqrt(2), 0, 1/2*sqrt(2)) |{ 2,4 }
10000011 | (-1/2, 1/2, 1/2, 172) |(1/2, -1/2, -1/2, -1/2)| (172, -1/2, 1/2, 1/2) | (0, 1/2*sqrt(2), 1/2*sqrt(2), 0) |{ 2,3 }
10000100| (-1/2, 1/2, 1/2, 172) |(1/2, -1/2, -1/2, -1/2)| (1/2, 172, -1/2, -1/2) | (1/2*sqrt(2), 0, -1/2*sqrt(2), 0) |{ 1,3 }
10000101 | (-1/2, 1/2, 1/2, 172) |(1/2, -1/2, -1/2, -1/2)| (172, 172, -1/2, 1/2) | (1/2*sqrt(2), 0, 0, -1/2%sqrt(2)) |{ 1, 4 }
10000110| (-1/2, 1/2, 1/2, 172) |(1/2, -1/2, 172, -1/2)| (172, 172, 172, -1/2) | (1/2*sqrt(2), 0, 0, 1/2*sqrt(2)) |{ 1,4 }
10000111 | (-1/2, 1/2, 172, 172) |(1/2, -1/2, 172, -1/2)| (1/2, 172, 1/2, 1/2) | (1/2*sqrt(2), 0, 1/2*sqrt(2), 0) |{ 1,3 }
10001000| (-1/2, 1/2, 1/2, 1/2) |(1/2, -1/2, -1/2, -1/2)|(-1/2, -1/2, -1/2, -1/2)| (-1/2%sqrt(2), 0, -1/2*sqrt(2), 0) | { 1, 3 }
10001001 | (-1/2, 172, 1/2, 1/2) |(1/2, -1/2, -1/2, -1/2)| (-1/2, -1/2, -1/2, 1/2)| (-1/2*sqrt(2), 0, 0, -1/2*sqrt(2)) |{ 1, 4 }
10001010| (-1/2, 172, 1/2, 1/2) |(1/2, -1/2, -1/2, -1/2)| (-1/2, -1/2, 172, -1/2)| (-1/2*sqrt(2), 0, 0, 1/2%*sqrt(2)) |{ 1,4 }
10001011 | (-1/2, 172, 1/2, 1/2) |(1/2, 172, -1/2, -1/2)| (-1/2, -1/2, 1/2, 1/2) | (-1/2*sqrt(2), 0, 1/2*sqrt(2), 0) |{ 1,3 }
10001100| (-1/2, 172, 1/2, 1/2) |(1/2, -1/2, -1/2, -1/2)|(-1/2, 172, -1/2, -1/2)| (0, -1/2*sqrt(2), -1/2*sqrt(2), 0) | { 2, 3 }
10001101 (-1/2, 172, 1/2, 1/2) |(1/2, 172, -1/2, -1/2)| (-1/2, 1/2, -1/2, 1/2) | (0, -1/2*sqrt(2), 0, -1/2*sqrt(2)) | { 2, 4 }
10001110| (-1/2, 172, 1/2, 1/2) |(1/2, 172, 172, -1/2)| (-1/2, 1/2, 1/2, -1/2) | (0, -1/2*sqrt(2), 0, 1/2%*sqrt(2)) |{ 2, 4 }
10001111 (-1/2, 172, 1/2, 1/2) |(1/2, 172, -1/2, -1/2)| (-1/2, 1/2, 172, 1/2) | (0, -1/2*sqrt(2), 1/2*sqrt(2), 0) |{ 2,3 }
10010000| (-1/2, 1/2, 1/2, -1/2) (0,0,0,-1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2*sqrt(2)) |{ 3,4 }
10010001 | (-1/2, 1/2, 1/2, -1/2) (0,0,0,-1) (0,0,0, 1) (0, 0, 1/2%sqrt(2), -1/2%sqrt(2)) |{ 3,4 }
10010010| (-1/2, 1/2, 1/2, -1/2) (0,0,0,-1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2%sqrt(2)) |{ 3,4 }
10010011 (-1/2, 1/2, 1/2, -1/2) (0,0,0,-1) (0,0,0, 1) (0, 0, 1/2%sqrt(2), -1/2%sqrt(2)) |{ 3,4 }
10010100| (-1/2, 1/2, 1/2, -1/2) (0,0,0,-1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2%sqrt(2)) |{ 3, 4 }
10010101 (-1/2, 1/2, 1/2, -1/2) (0,0,0,-1) (0,0,0, 1) (0, 0, 1/2%sqrt(2), -1/2%sqrt(2)) |{ 3,4 }
10010110] (-1/2, 1/2, 1/2, -1/2) (0,0,0,-1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2%sqrt(2)) |{ 3, 4 }
10010111 (-1/2, 1/2, 1/2, -1/2) (0,0,0,-1) (0,0,0, 1) (0, 0, 1/2%sqrt(2), -1/2%sqrt(2)) |{ 3, 4 }
10011000| (-1/2, 1/2, 1/2, -1/2) (0,0,0,-1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2%sqrt(2)) |{ 3,4 }
10011001 (-1/2, 1/2, 172, -1/2) (0,0,0,-1) (0,0,0, 1) (0, 0, 1/2%sqrt(2), -1/2%sqrt(2)) |{ 3, 4 }
10011010] (-1/2, 1/2, 1/2, -1/2) (0,0,0,-1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2%sqrt(2)) |{ 3,4 }
10011011 (-1/2, 1/2, 1/2, -1/2) (0,0,0,-1) (0,0,0, 1) (0, 0, 1/2%sqrt(2), -1/2%sqrt(2)) |{ 3, 4 }
10011100| (-1/2, 1/2, 1/2, -1/2) (0,0,0,-1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2%sqrt(2)) |{ 3,4 }
10011101 (-1/2, 1/2, 172, -1/2) (0,0,0,-1) (0,0,0, 1) (0, 0, 1/2%sqrt(2), -1/2%sqrt(2)) |{ 3, 4 }
10011110 (-1/2, 1/2, 172, -1/2) (0,0,0,-1) (0,0,0,-1) (0, 0, -1/2%sqrt(2), 1/2%sqrt(2)) |{ 3,4 }
10011111 (-1/2, 1/2, 172, -1/2) (0,0,0,-1) (0,0,0, 1) (0, 0, 1/2%sqrt(2), -1/2%sqrt(2)) |{ 3,4 }
10100000| (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2%sqrt(2), 0, 0) |{ 1,2 }

80




10100001] (-1/2, 1/2, -1/2, 1/2) (0, -1, 0, 0) (0,-1,0,0) (-1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |{ 1,
10100010] (-1/2, 1/2, -1/2, 1/2) (0,-1, 0, 0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |{ 1,
10100011 (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |{ 1,
10100100| (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0, 1,0,0) (1/2%sqrt(2), -1/2*sqrt(2), 0, 0) |{ 1,
10100101 (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0,1,0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,
10100110 (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0,1,0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,
10100111 (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0,1,0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,
10101000] (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |{ 1,
10101001 (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |{ 1,
10101010] (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |{ 1,
10101011 (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0,-1, 0, 0) (-1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |{ 1,
10101100] (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0, 1,0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,
10101101 (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0,1,0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,
10101110 (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0,1,0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,
10101111 (-1/2, 1/2, -1/2, 1/2) (0,-1,0,0) (0,1,0,0) (1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,
10110000(-1/2, 1/2, -1/2, -1/2)|(-1/2, -1/2, 1/2, -1/2)| (-1/2, -1/2, 1/2, -1/2)| (-1/2*sqrt(2), 0, 0, 1/2*sqrt(2)) |{ 1,

10110001

(-1/2,1/2,-1/2,-1/2)

(-1/2,-1/2, 12, -1/2)

(-1/2,-1/2, 12, 1)2)

(-1/2%sqrt(2), 0, 1/2*sqrt(2), 0)

10110010

(-1/2,1/2,-1/2,-1/2)

(-1/2,-1/2, 12, -1/2)

(-1/2,-1/2,-1/2, -1/2)

(-1/2%sqrt(2), 0, -1/2*sqrt(2), 0)

10110011

(-1/2,1/2,-1/2,-1)2)

(-1/2,-1/2, 12, -1/2)

(-1/2,-1/2,-1/2, 12)

(-1/2*sqrt(2), 0, 0, -1/2*sqrt(2))

10110100

(-1/2,1/2,-1/2,-1)2)

(-1/2,-1/2, 12, -1/2)

(-1/2, 172,12, -12)

(0, -1/2*sqrt(2), 0, 1/2*sqrt(2))

10110101

(-1/2,1/2,-1/2,-1)2)

(-1/2,-1/2, 12, -1/2)

(12,12, 172, 1)2)

(0, -1/2*sqrt(2), 1/2*sqrt(2), 0)

10110110

(-1/2,1/2,-1/2,-1/2)

(-1/2,-1/2, 12, -1/2)

(-12,1/2,-1/2,-1/2)

(0, -1/2*sqrt(2), -1/2*sqrt(2), 0)

10110111

(-1/2,1/2,-1/2,-1/2)

(-1/2,-1/2, 12, -1/2)

(-1/2, 172, -1/2, 12)

(0, -1/2*sqrt(2), 0, -1/2*sqrt(2))

10111000

(-1/2,1/2,-1/2,-1/2)

(-1/2,-1/2, 12, -1/2)

(172, -1/2, 12, -1/2)

(0, 1/2*sqrt(2), 0, 1/2*sqrt(2))

10111001

(-1/2,1/2,-1/2,-1/2)

(-1/2,-1/2, 12, -1/2)

(172, -1/2, 12, 1/2)

(0, 1/2*sqrt(2), 1/2*sqrt(2), 0)

10111010

(-1/2,1/2,-1/2,-1/2)

(-1/2,-1/2, 12, -1/2)

(172, -1/2, -1/2, -1/2)

(0, 1/2*sqrt(2), -1/2*sqrt(2), 0)

10111011

(-1/2,1/2,-1/2,-1/2)

(-1/2,-1/2, 12, -1/2)

(172, -12,-1/2, 12)

(0, 1/2*sqrt(2), 0, -1/2*sqrt(2))

10111100

(-1/2,1/2,-1/2,-1/2)

(-1/2,-1/2, 12, -1/2)

(172,172,172, -1/2)

(1/2*sqrt(2), 0, 0, 1/2*sqrt(2))

10111101

(-1/2,1/2,-1/2,-1/2)

(-1/2,-1/2, 12, -1/2)

(12,172,172, 172)

(1/2*sqrt(2), 0, 1/2*sqrt(2), 0)

10111110

(-1/2,1/2,-1/2,-1/2)

(-1/2,-1/2, 12, -1/2)

(172,172, -1/2, -1/2)

(1/2*sqrt(2), 0, -1/2*sqrt(2), 0)

10111111

(-1/2,1/2,-1/2,-1/2)

(-1/2,-1/2, 172, -1)2)

(172,172, -1/2,1/2)

(1/2*sqrt(2), 0, 0, -1/2*sqrt(2))

11000000| (-1/2, -1/2, 1/2, 1/2) (0,0, -1, 0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) |{ 3,
11000001 | (-1/2, -1/2, 12, 1/2) (0,0, -1, 0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) |{ 3,
11000010| (-1/2, -1/2, 1/2, 1/2) (0,0, -1, 0) (0,0, 1,0) (0, 0, 1/2%sqrt(2), 1/2*sqrt(2)) |{ 3,
11000011 (-1/2, -1/2, 12, 1/2) (0,0, -1, 0) (0,0, 1,0) (0, 0, 1/2%sqrt(2), 1/2*sqrt(2)) |{ 3,
11000100| (-1/2, -1/2, 1/2, 1/2) (0,0, -1, 0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) |{ 3,
11000101 (-1/2, -1/2, 1/2, 1/2) (0,0, -1, 0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) |{ 3,
11000110| (-1/2, -1/2, 12, 1/2) (0,0, -1, 0) (0,0, 1,0) (0, 0, 1/2*sqrt(2), 1/2*sqrt(2)) |{ 3,
11000111 (-1/2, -1/2, 12, 1/2) (0,0, -1, 0) (0,0, 1,0) (0, 0, 1/2%sqrt(2), 1/2*sqrt(2)) |{ 3,
11001000| (-1/2, -1/2, 1/2, 1/2) (0,0, -1, 0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) |{ 3,
11001001 (-1/2, -1/2, 12, 1/2) (0,0, -1, 0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) |{ 3,
11001010| (-1/2, -1/2, 12, 1/2) (0,0, -1, 0) (0,0, 1,0) (0, 0, 1/2%sqrt(2), 1/2*sqrt(2)) |{ 3,
11001011 (-1/2, -1/2, 12, 1/2) (0,0, -1, 0) (0,0, 1,0) (0, 0, 1/2%sqrt(2), 1/2*sqrt(2)) |{ 3,
11001100| (-1/2, -1/2, 12, 1/2) (0,0, -1, 0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) |{ 3,
11001101 (-1/2, -1/2, 1/2, 1/2) (0,0, -1, 0) (0,0, -1, 0) (0, 0, -1/2%sqrt(2), -1/2*sqrt(2)) |{ 3,
11001110 (-1/2, -1/2, 1/2, 1/2) (0,0, -1, 0) (0,0, 1,0) (0, 0, 1/2*sqrt(2), 1/2*sqrt(2)) |{ 3,
11001111 (-1/2, -1/2, 12, 1/2) (0,0, -1, 0) (0,0, 1,0) (0, 0, 1/2*sqrt(2), 1/2*sqrt(2)) |{ 3,

11010000

(-12,-1/2, 172, -1/2)

(-1/2,1/2,-1/2, -1/2)

(-1/2,1/2,-1/2, -1/2)

(0, -1/2*sqrt(2), -1/2*sqrt(2), 0)

11010001

(-12,-12, 12, -1/2)

(-1/2,1/2,-1/2, -1/2)

(-1/2,1/2,-1/2,1/2)

(0, -1/2*sqrt(2), 0, -1/2*sqrt(2))

11010010

(-12,-12, 12, -1/2)

(-1/2,1/2,-1/2, -1/2)

(-1/2,1/2,1/2, -1/2)

(0, -1/2*sqrt(2), 0, 1/2*sqrt(2))

11010011

(-12,-12, 12, -1/2)

(-1/2,1/2,-1/2, -1/2)

(-1/2,1/2, 12, 172)

(0, -1/2*sqrt(2), 1/2*sqrt(2), 0)

11010100

(-12,-12, 12, -1/2)

(-1/2,1/2,-1/2, -1/2)

(-1/2, 172, -1/2, -1/2)

(-1/2*sqrt(2), 0, -1/2*sqrt(2), 0)

11010101

(-12,-12, 12, -1/2)

(-1/2,1/2,-1/2, -1/2)

(-1/2,-1/2,-1/2,1/2)

(-1/2*sqrt(2), 0, 0, -1/2*sqrt(2))

11010110

(-12,-12,1/2, -1/2)

(-1/2,1/2,-1/2,-1/2)

(-1/2,-12, 172, -1/2)

(-1/2*sqrt(2), 0, 0, 1/2*sqrt(2))

11010111

(-1/2,-12, 12, -1/2)

(-1/2,1/2,-1/2,-1/2)

(-172,-1/2, 172, 172)

(-1/2*sqrt(2), 0, 1/2*sqrt(2), 0)
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11011000

(-1/2,-12, 12, -1/2)

(-1/2,1/2,-1/2,-1/2)

(172,172, -1/2, -1/2)

(1/2*sqrt(2), 0, -1/2*sqrt(2), 0)

11011001

(-1/2,-1/2,1/2, -1/2)

(-1/2,1/2,-1/2, -1/2)

(12,172, -1/2, 1)2)

(1/2*sqrt(2), 0, 0, -1/2*sqrt(2))

11011010

(-1/2,-1/2,1/2, -1/2)

(-1/2,1/2,-1/2,-1/2)

(172,172,172, -1/2)

(1/2%sqrt(2), 0, 0, 1/2%*sqrt(2))

11011011

(-1/2,-1/2,1/2, -1/2)

(-1/2,1/2,-1/2,-1/2)

(12,172,172, 172)

(1/2%sqrt(2), 0, 1/2*sqrt(2), 0)

11011100

(-1/2,-1/2, 12, -1/2)

(-1/2,1/2,-1/2,-1/2)

(172, -1/2,-1/2, -1/2)

(0, 1/2*sqrt(2), -1/2*sqrt(2), 0)

11011101

(-1/2,-1/2, 12, -1/2)

(-1/2,1/2,-1/2,-1/2)

(172, -172,-12, 12)

(0, 172*sqrt(2), 0, -1/2*sqrt(2))

11011110

(-1/2,-1/2, 12, -1/2)

(-1/2,1/2,-1/2,-1/2)

(172, -1/2, 172, -1/2)

(0, 1/2*sqrt(2), 0, 1/2%*sqrt(2))

11011111

(-1/2,-1/2, 12, -1/2)

(-1/2,1/2,-1/2,-1/2)

(172, -1/2, 172, 1))

(0, 1/2*sqrt(2), 1/2*sqrt(2), 0)

11100000

(-1/2,-12,-1/2, 1)2)

(-1/2,-12,-1/2, 1)2)

(-1/2,-1/2,-1/2, 12)

(-1/2*sqrt(2), 0, 0, -1/2*sqrt(2))

11100001

(-1/2,-12,-1/2,1)2)

(-1/2,-1/2,-1/2, 1)2)

(-1/2,-1/2,-1/2, -1/2)

(-1/2%sqrt(2), 0, -1/2*sqrt(2), 0)

11100010

(-1/2,-12,-1/2,1)2)

(-1/2,-1/2,-1/2, 1)2)

(-1/2,-1/2, 12, 12)

(-1/2*sqrt(2), 0, 1/2*sqrt(2), 0)

11100011

(-1/2,-12,-1/2,1)2)

(-1/2,-1/2,-1/2, 1)2)

(-1/2,-1/2, 12, -12)

(-1/2*sqrt(2), 0, 0, 1/2*sqrt(2))

11100100

(-1/2,-12,-1/2,1)2)

(-1/2,-1/2,-1/2, 1)2)

(-1/2,172,-1/2, 1)2)

(0, -1/2*sqrt(2), 0, -1/2*sqrt(2))

11100101

(-1/2,-12,-1/2,1)2)

(-1/2,-1/2,-1/2, 1)2)

(-12,1/2,-1/2, -1/2)

(0, -1/2*sqrt(2), -1/2*sqrt(2), 0)

11100110

(-1/2,-12,-1/2,1)2)

(-1/2,-1/2,-1/2,1)2)

(-1/2, 12, 172, 1)2)

(0, -1/2*sqrt(2), 1/2*sqrt(2), 0)

11100111

(-1/2,-12,-1/2,1)2)

(-1/2,-1/2,-1/2,1)2)

(-1/2, 172,12, -12)

(0, -1/2*sqrt(2), 0, 1/2*sqrt(2))

11101000

(-1/2,-12,-12,1)2)

(-1/2,-1/2,-1/2,1)2)

(172, -172, -1/2, 1/2)

(0, 1/2*sqrt(2), 0, -1/2*sqrt(2))

11101001

(-12,-12,-1/2,1)2)

(-1/2,-1/2,-1/2,1)2)

(172, -1/2,-1/2, -1/2)

(0, 1/2*sqrt(2), -1/2%sqrt(2), 0)

11101010

(-12,-12,-1/2, 1)2)

(-1/2,-1/2,-1/2, 1)2)

(172, -1/2, 172, 1/2)

(0, 1/2%sqrt(2), 1/2*sqrt(2), 0)

11101011

(-12,-12,-1/2, 1)2)

(-1/2,-1/2,-1/2, 1)2)

(172, -1/2, 12, -1/2)

(0, 1/2*sqrt(2), 0, 1/2*sqrt(2))

11101100((-1/2, -1/2, -1/2, 1/2)|(-1/2, -1/2, -1/2, 1/2)| (172, 172, -1/2, 1/2) | (1/2*sqrt(2), 0, 0, -1/2*sqrt(2))

11101101 |(-1/2, -1/2, -1/2, 1/2)|(-1/2, -1/2, -1/2, 1/2)| (1/2, 1/2, -1/2, -1/2) | (1/2*sqrt(2), 0, -1/2*sqrt(2), 0) |{ 1,
11101110((-1/2, -1/2, -1/2, 1/2)|(-1/2, -1/2, -1/2, 1/2)| (1/2, 1/2, 1/2, 1/2) | (1/2*sqrt(2), 0, 1/2*sqrt(2), 0) |{ 1,
11101111 |(-1/2, -1/2, -1/2, 1/2)|(-1/2, -1/2, -1/2, 1/2)| (172, 172, 172, -1/2) | (1/2*sqrt(2), 0, 0, 1/2*sqrt(2)) |{ 1,
11110000((-1/2, -1/2, -1/2,-1/2)] (-1, 0,0, 0) (-1, 0,0, 0) (-1/2%sqrt(2), -1/2%sqrt(2), 0, 0) [{ 1,
11110001 |-1/2, -1/2,-1/2,-1/2)] (-1, 0,0, 0) (-1, 0,0, 0) (-1/2%sqrt(2), -1/2%sqrt(2), 0, 0) [{ 1,
11110010|-1/2, -1/2,-1/2,-1/2)] (-1, 0,0, 0) (-1, 0,0, 0) (-1/2%sqrt(2), -1/2%sqrt(2), 0, 0) [{ 1,
11110011|-1/2,-1/2,-1/2,-1/2)] (-1, 0,0,0) (-1, 0,0, 0) (-1/2%sqrt(2), -1/2%sqrt(2), 0, 0) [{ 1,
11110100(-1/2, -1/2,-1/2,-1/2)] (-1, 0,0, 0) (-1, 0,0, 0) (-1/2%sqrt(2), -1/2%sqrt(2), 0, 0) [{ 1,
11110101|-1/2,-1/2,-1/2,-1/2)] (-1, 0,0,0) (-1, 0,0, 0) (-1/2%sqrt(2), -1/2%sqrt(2), 0, 0) [{ 1,
11110110|-1/2, -1/2,-1/2,-1/2)] (-1, 0,0, 0) (-1,0,0,0) (-1/2%sqrt(2), -1/2%sqrt(2), 0, 0) [{ 1,
11110111|-1/2,-1/2,-1/2,-1/2)] (-1, 0,0,0) (-1,0,0,0) (-1/2%sqrt(2), -1/2%sqrt(2), 0, 0) |{ 1,
11111000(-1/2, -1/2,-1/2,-1/2)] (-1, 0,0, 0) (1,0, 0,0) (1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |4 1,
11111001|-1/2, -1/2,-1/2,-1/2)] (-1, 0,0, 0) (1,0, 0,0) (1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |4 1,
11111010|-1/2, -1/2,-1/2,-1/2)] (-1, 0,0, 0) (1,0, 0,0) (1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |4 1,
11111011|-1/2,-1/2,-1/2,-1/2)] (-1, 0,0,0) (1,0, 0,0) (1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |4 1,
11111100(-1/2, -1/2,-1/2,-1/2)] (-1, 0,0, 0) (1,0, 0,0) (1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |4 1,
11111101|-1/2,-1/2,-1/2,-1/2)] (-1, 0,0,0) (1,0, 0,0) (1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |4 1,
1111110|-1/2,-1/2,-1/2,-1/2)] (-1, 0,0, 0) (1,0, 0,0) (1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |4 1,
TIITT|-1/2,-1/2,-1/2,-1/2)] (-1, 0,0,0) (1,0, 0,0) (1/2%sqrt(2), 1/2*sqrt(2), 0, 0) |4 1,
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6. pielikums
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#all possible combinations of length 1

for 1 in range(1,N):

AN & & e a o6 o « ~ o e o~ o o e o«
>~ 00— 00O AN == OO NN s T O O OO 1O OO — N L~



C = Combinations(range(N),l);
a=C.list()
# print "Combinations: ", a

for i in range(len(a)):
comb = a[i]
comb_res =[]

for k in range (len(M.keys())):
key = M.keys()[k]
f=true
for j in range(len(comb)):
if (key[comb][j]]!=0):
f = false
if (f):
comb_res.append(M[key])

#check if all results contain one and the same value
lower bound = false
for i in range (1,N+1):
i_in_all =true
for j in range (len(comb_res)):
if not(i in (comb_res[j])):
i_in_all = false
if (i_in_all):
lower bound =1
print "lower_bound: ", 1
sys.exit(0) #to stop executing the program after finding the lower bound
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Magistra darbs: Kvantu vaicajoSie algoritmi izstradats LU Datorikas fakultate.

Ar savu parakstu apliecinu, ka petijums veikts patstavigi, izmantoti tikai taja noraditie
informacijas avoti un iesniegta darba elektroniska kopija atbilst izdrukai.

Autors:

(Autora paraksts)
Ar savu parakstu apliecinu, ka esmu lasijis augstak min€to magistra darbu un atzistu to
parpiemérotu/nepiemeérotu(nevajadzigo svitrot) aizstavésanai Latvijas

Universitates datorzinatnu magistrantiira.

Darba vaditajs(-ja):

(Vaditaja paraksts)

Darbs iesniegts magistrantiiras sekretariata

(Iesniegsanas datums)
Ar So es apliecinu, ka darba elektroniska versija ir augSupieladéta LU informativaja sisteéma.
Studiju metodike:

(Metodikes paraksts)

Recenzents:
(Akad.amats, zin.grads, vards, uzvards)

Darbs aizstavets magistra gala parbaudijuma komisijas sédé

prot. Nr.

(Darba aizstaveésanas datums)

Komisijas sekretars:

(Sekretara paraksts)



