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Multiplicity results for third order two-point
boundary value problems

F Sadyrbaev

Summary. Estimates from below of the number of solutions to boundary value
problems of the type 2 = f(t,z,2',2"), z(a) = A, 2'(e) = A,, 2(b) = B, are given for
certain classes of continuous functions f provided that there exists at least one solution
£(t) to the BVP under consideration. The number of solutions depends on oscillatory
properties of a linear equation of variations with respect to £(t). Existence results are

presented also in terms of upper and lower functions.

1991 MSC 34B15, secondary 34A30

Key Words. Nonlinear boundary value problerns, multiplicity of solutions, conjugate
points.

Introduction. In this paper we are concerned with a nonlinear differential equation
" = f(t,z,2',2") (1)

subject to one of the following boundary conditions:

z{(a)= A, z'(a)= A, =z(b) =8, (2)
z(a)= A, z(b)=B, '(b)= B, (3)
z'(a)y = A, z(b)=B, z'(b)= By, (4)
wa)= A, (a)= A, Z(b)=B, (5)

Boundary value problems of these types were studied by D.Barr and T.Sherman [2],
G.Klaasen [11], L.Jackson and K.Schrader [9], A.Aftabizadeh and J.Wiener [1].

In the mentioned papers the existence of solutions and uniqueness were mainly
discussed.

The aim of the present work is to establish multiplicity results for certain classes of
third order nonlinear boundary value problems.
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Our approach is based on the idea of A.Perov who studied boundary value problems for
two-dimensional differential systems in {13], ch.15 (see also [3], ch.2) by angular function
technique and on the theory of conjugate points for third order linear differential equations
by M.Hanan [7] (see also C.Swanson [14] and M.Gregus [6]). Previously this approach was
applied to investigation of third order boundary value problems in the paper [5] the results
of which the present paper extends and strengthens. Since linear theory plays important
role in our considerations we present related information in section 2. In section 3 principal
results are stated for nonlinear equation (1) with bounded right-hand side.

In section 4 boundary value problems for unbounded f are considered. It is shown how
to reduce these problems to those witn bounded f using maximum principles and upper
and lower functions technique.

Throughout the paper we suppose that f(¢,z,z’, ") is continuous together with first
partial derivatives fr, fo, for.

2. Linear equation. In this section we consider equation

y" = p(t)y + q(t)y" + r(t)y” (6)

with continuous coefficients.

Suppose that (6) has a solution y(t) which vanishes at t = a and has at least n2 (n9»)
zeros in (a,00). Designate these zeros by ay,a2,. .,@n42. Then 5, is said ([7], p.920) to
be the n-th conjugate point of ¢ = a (with respect to the equation (6) if it is the smallest
possible value of a,42 as y(t) ranges over all possible solutions of (6) for which y{a) = 0.
The sclution which produces the n-th conjugate point is called the n-th eztremal solution.

Two classes of linear third order equations were introduced in [7], p.92.

Definition 1. Equation (6) is said to be of Class I, if any it’s solution y(¢) for which
y(a) = y'(a) = 0 and y"(a) > 0, satisfies the inequality y(¢) > 0 Vi < a.

Definition 2. Equation {6) is said to be of Class II if any it’s solution y(¢) for which
y(a) = y'(a) = 0 and y"{a) > 0, satisfies the inequality y(¢) > 0 Vi > a.

The intersection of these classes is not empty (for instance, the equation y* = 0
belongs to both classes) and there exist equations (for example, ¥ = —y’) which are
neither of Class I nor of Class II.

A number of criteria assuring that (6) belongs to one of the classes I or Il are known

of which we state here the following.

Theorem 1 ([7], theorem 2.3.) Let r(t) = 0 in (6). If the second order differential

equation

y' —qlt)y=0 (7)
is nonosciliatory in (0,00) and if p < 0 (p = 0) then (6) is of Class [ (resp.: (6) is of
Class 11 ).

Theorem 2 ([7], theorem 2.5.) If ¢ <0 (g > 0) then the equation
(r(®)y)" —q(tly =0,  r(t)>0



is of Class I (resp.: Class II).

Theorem 3 ([6], theorem 1.) Linear equation (6) is of Class I (resp.: Class II) if p(t) <0
(p(t) > 0) and ¢(t) > 0.

Significant facts characterizing extremal solutions of equations of Class I and Class 11
are summarized in the following result due to M. Hanan ([7], theorems 2.6, 2.7 and 4.4).

Theorem 4 Conjugate points of any point t = a of an equation of Class I are the zeros
(which are simple) of the so-called principal solution, that is the solution y(z;a) of (6)
which satisfies the initial conditions

Conjugate points 7, of a point t = a (it any) of an equation of Class II form ascending
sequence a < 1 < <, < The corresponding extremal solutions yn(t) have a
simple zero at t = a, double zero at t = n,(a) and exactly n — 1 simple zeros in (a,nn(a)).

Conversely, suppose that equation (6) is of Class II and y(t) is a solution of (6) such
that y(e) = 0 and y(¢) has n + 2 zeros in [a,b]. If y(b) = y'(b) = 0, then b is the n-th
conjugate point of a.

In order to state the main result of this section, consider the linear equation

y" =p(t, My + q(t, Ay’ + (2, Ay, (63)

coefficients of which are continuous functions of (¢, ).

Lemma 1 ([5], p.175.) Let coefficients p,q,r in (6) be bounded in modulus by positive
constants My, My, M respectively. Then there crists a number § > 0 depending on
My, My, M, only and such that for each X the length of any subinterval which contains
three zeros (counting their mulliplicities) of an arbitrary nontrivial solution of (6,) is
larger than .

Lemma 2 Let equation (63) be of Class I for each A € I, where I is a compact interval.
Then there exists o number § > 0 depending on I only and such that for each A the length
of any subinterval containing two consecutive zeros of a solution y(t, A) of (65) which has
double zero at t = a (i.e. y(a, ) =y'(a,A) = 0) is larger than 6.

Proof: First of all notice that, by lemma 1, there is a positive number é such that
t:(A) > a+ 6 for j = 1,2,. independently of A, where t;(}) stand for j-th zero of a
solution y(¢,A) of (6,) which has double zero at { = a. Suppose that the assertion of
lernma is not true and, e.g., t2(A,) — £1(A) — oo for some sequence {A,}$°, where A, € I.
Since the set of principal solutions y(t, A,) is compact in C?*([a,}], R) likewise the set of
solutions 1y(t,A,), there exists a limit function y(t, A.) which is a solution of (6,) and
has a double zero in (e, b]. This contradicts the assumption that (6,) is of Class 1.
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Theorem 5 Let the coefficients in (6)) be continuous functions of (t, ) defined on [a,b] x
(Ao, A], where Ay and A are finite. Let (6)) be of Class I for each X € [, A]. Suppose that
the interval (a,b) contains n points conjugate to t = a with respect to the equation (65,)
and does not contain conjugate points at all for A = A.

Then there exist at least n values A, € [Ao,A] such that the equation (6),) hes a
solution y(¢, A,) satisfying the boundary conditions

y(a) =y'(a) = y(b) = 0. (8)

Proof: Let y(t, A) be the principal solution of (6,) and denote by #;(}) its zeros (i.e.
conjugate points of ¢ = a with respect to the equation (6,). Since equations (6,)} are of
Class I, each 7;(}) is a simple zero, which continuously depends on the coeflicients of {6y ).
By lemmas 1 and 2, each 7;(A) is separated both from ¢ = a and from the neighbouring
zeros 7;—1(A) and iy (A}, From these facts and disconjugacy of (6,) L in (a, b) it follows
that there exist A; = sup{A € [Ag,A] n;(X) < b} and 5;(X;) = b, j = 1,...,n. The
associated principal solutions y(#, A;) obviously satisfy the conditions (8).

It is meniioned in [7] that study of equations of Class II can be based on the variable
change t — ¢ — £, which transforms equations of Class I to equations of Class II and vice
versa. To this point the following statement is of value.

Theorem 6 Let equation (6) be of Class 1] and suppose that the interval (a,b) contains
n points conjugate to t = a. Then there erist n conjugate points to t = a in the interval
(a,b) with respect to the equation of Class I, which is derived from (6) by changing t to
(a+b)—t.

Proof: We have to show that the solution of (6) which has a double zero at ¢ = b, has
n simple zeros in (a, b). Consider (6) with the initial conditions

y(r)=y'(r)=0, y'(r)=1,

where 7 € [1a(a), b], and denote by y(t; ) the solution of this Cauchy problem. By theorem
4, y(t; nn(a)) is identical with the n-th extremal solution of (6} with respect to ! = a. Hence
y(t;n{a)) has exactly n — 1 simple zeros in (a,nn(a)}). Denote by z(7) the (n — 1)-th zero
of y(t;7) to the left of 7. Since z(t) is a simple zero, z(r) is continuous function of =
in a domain of definition. By lemma 1, z(7) < 7. On the other hand, z(7) > a for all
T € [na(a),b]. Suppose this is not true. Since z(f) > a in some vicinity of 7,(e), then
there exists 79 € [fa(a), 8] such that z(¢s) = a. Since y(t; 7o) has a simple zero at ¢ = a,
doubie zero at t = 75 and n — 2 simple zeros in (a, 79), it 1s (n — 1)-th extremal solution
of (6) with respect to t = @, on the basis of theorem 4. This means that 79 1s (n — 1)-th
conjugate point of ¢ = a which is absurd since 79 > 9,(a) > n,-1(a).

2. Nonlinear problems. In this section we pass to the study of nonlinear problems
(1),{2) to (1),(5). Our treatment of nonlinear problems will be based on the results of
section 2.

Let £(t) be a solution to the boundary value problem (1), (2). Suppose that function
f in (1) is bounded and denote by z(t; }) a solution of (1), which satisfies the initial
conditions

zia) = tla) = A, 2'(a)=€(a)= A1, 2"(a)—€"(a) = A, (9)
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Consider now the one-parametric family of linear equations

Y" = go(t; Y + g1 (t; )Y + ga(2; A)Y (10)

where

gol(t; A) = [f(t, x(£; A), 2'(8; A), 2"(8; A))—
—f(t,€(t), 2'(t;A), &"(& M)z (5 A) = €(4)] 7,
gt A) = [F(£,€(t), 2'(t; A), 2" (2 X)) -
—f(t,€(2), (1), 2" (6 A][2'(; A) — ()],
g2(t; A) = [F(£,€(8),£'(2), 2"(t; A))—
—f(£,€(t),€'(2), 2"(t; M)][="(t; A) — €' ()]

(11)

It is assumed that at the points where denominators vanish the right-hand sides of (11)
must be changed to appropriate values of partial derivatives fx, fx+ and fx~. By Mean
Value Theorem, the right-hand sides in (11) are equal to respective partial derivatives
at appropriate intermediate values of arguments. Notice also that functions g(t;A) are
defined and continuous on [a, ] x R since f is bounded and all solutions of (1), (9) extend
to the whole interval [a, b].

The interrelation between linear equatiors in the form (10) and nonlinear problems is
clarified by the following observation.

Lemma 3 Let £(t) be a solution of the boundary value problem (1), (2). Suppose that for
some A there exists a nontrivial solution y(t; A) of (10) satisfying the boundary conditions

y(a) =y'(e) =0 = y(b) (12)
Then the function \
o(t ) =€) + () (13

also solves the problem (1), (2).

Proof: Notice that since y(t; A) is a nontrivial solution y”(a; A) must be nonzero. The
solution

Y{t;A) =

)

of {10) has a double zero at { = a and satisfies the condition
Y"(a; A) = "(a; X) — £"(a) = A.

The difference
Y(t;2) — (2"(t; ) - £7(2))
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is identically zero, since it is the solution of linear equation (10) and satisfies the zero
initial conditions. Hence

(b Ay =Y (hA)+ () =B

but this means that x(¢; A) solves the problem (1), (2).
We define below certain classes of nonlinear equations which include the classes of
M.Hanan.

Definition 3. An equation (1) is said to be of Class I (resp.: Class II) if any two of
its solutions z(t) and £(t) existing in [a, b] for which

z(c) =&e), 2'(c)=¢&(e), 2"(c)-¢&"(c)#0, ce(a,b] (resp.:c€ [a,b)),

satisfy z(t) — £(t) # 0 for any t € [a,¢) (resp.: t € (¢, }]).
Since the difference z(t) — £(t) must satisfy (10) it is clear that a nonlinear equation
(1) is of Class I (resp.: Class II) if the associated linear equation

ym = fry + fr‘y’ + fr”y”a (14)

is of Class I (resp.: Class II} in the sense of definitions of section 2 for any possible values
of arguments in the coefhicients f;, fr, fov. If, for example, f; < 0 and f» > 0, then by
virtue of theorem 3 a nonlinear equation (1) is of Class L

Coeflicient sign conditions for a linear equation to be of Class I (resp.: Class II) easily
can be transformed to criteria for nonlinear equations.

Definition 4. An equation (1) is said to be of Class I (resp.: Class II) with respect to
its solution £(t) if any other solution z(t) of (1) for which

z(c) =£(c), () =¢&(c), 2"(c)—&"(c) #0, c€(a,b] (resp.:c€ [a,b))

satisfies «(t) — £(t) # O for any ¢t € [a,c) (resp.: ¢ € (¢, b]).

It is clear that a linear equation of Hanan’s Class I is also of Class I (Def.3) and of
Class I with respect to any its solution £(f) (Def.4). A nonlinear equation of Class I (Def.
3) is of Class I with respect to any its solution £(t) (Def.4).

We show now that there exists a nonlinear equation of the type

" =g(z), geC', ¢(0)=0

which is of Class I with respect to the trivial solution but not of Class I in the sense of
Definition 3. First of all notice that the above equation is of Class 1 with respect to x =0
if g(z) = —g(—=z) and f§ g(s)ds < 0 for all z > 0. Indeed, suppose that there exist a and
b such that a < b, 2'(a) = 0, z(b) = z'(b) = 0, x(f) > 0 for a < ¢ < b. Integrating the
equation in the interval {a,b) one gets

b z{b)
2'z|? = / "(s)ds + g(s)ds

a z(a)

or

= jb z"(s) ds — /r(a]g(-ﬁ) ds.

a 0
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The right side of this equality is positive, and that is impossible. Hence the equation
under consideration indeed is of Class I with respect to the trivial solution.

Choose now g{(z) such that at some zo > 0 g(2o) =0 and ¢’ (z¢) > 0 and large enough
so that the interval {a,b) contains a conjugate point to ¢ = a with respect to the equation
y" = ¢'_(zo)y (which is of Class II). This can be done without violating the condition
J§ g(s)ds < 0 for all z > 0. One may show now by using the same type of argument as
in the proof of the theorem 6 that solutions z;(¢) of our nonlinear equation close to the
solution z(t) = z4 and having double zero at ¢ = b are such that the difference z,(¢) — zo
has a zero in [a, b). This means that the equation under consideration is not of Class I
(Def.3).

It is obvious also that if the nonlinear equation (1) is of Class I (resp.: Class II) with
respect to a solution £(t), then for each A linear equation (10) (where £(¢) is the same) is
of Hanan's Class I (resp.: Class II) too.

The following is the main result of this section.

Theorem 7 Suppose that f in (1) is bounded. Suppose also that there exisis a solution

£(t) to the problem (1), (2) (resp.: (1), (3)) such that there exist n conjugate points of
t = a in (a,b) with respect to the linear equation of variations

ym = fr(ta 63 {’v E”)y + fz'(ta 65 6,: E”)y’ + fr”(t? Ea {I? f”)y” (15)

and such thaet (1) is of Class I (resp.: Class II) with respect to £(t).
Then there erxist at least 2n + 1 (£ counted) solutions of the problem (1), (2) (resp.:
(1),(3))-

To prove the theorem we need the following lemma.

Lemma 4 Let e function f in (1) be bounded. L2t z(t) be a solution to the initial value
problem (1), (9).

Then for A sufficiently large the difference z(t) — £(t) as well as its the first and the
second order derivatives are positive in (a,b)].

Proof: For any A # 0 the function z(t; A) = (z(¢) — £(t))A~! is a solution to the problem

2" = (f(t,z,2',2") - f(t,€,€,€)) (16)
z(a; A) =2'(g; A) =0, 2(e; X)) =1. (17)

Since f is bounded, for A sufficiently large the right hand side of (16) is in modulus less
than (b— a + 1)™' Hence 2”(t; ) = 1 + f; z"(s; \)ds > 0 for any ¢ € [a,b]. From (17) it
follows that z and 2’ are positive in (a, 8] also.

Proof: (of the theorem). Let (1) be of Class I with respect to £. Consider linear equation
(10). Coeflicients of (10) tend to the coefficients of equation of variations (15) as A — 0.
Hence the principal solution y(t; A) of (10} has n zeros for A close to zero. On the other
hand, for A sufficiently large the equation (10) is disccnjugate in (e, 8], that is principal
solution does not vanish in (a,b]. The disconjugacy of (10) follows from lemma 4 and
8], since for A — +oc coeflicients of (10) are arbitrary small in integral sense. Applying
theorem 5 to the equation (10) one can conclude that there exist at least n solutions
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Yn(t; An) having double zero at { = a and vanishing at ¢ = b. By lemnma 3 , the functions
Tn = yn + £ are solutions to the problem (1), (2).

The existence of additional n solutions of the problem (1), (2) can be proved in a
similar way by considering the case of A < 0.

Now consider the case of (1) being of Class II with respect to £. Then linear equation
(10) 1s of Class II. By changing an indenpendent variable ¢ to @ + b —t we reduce the case
under consideration to the one just have been treated. Note that the number of conjugate
points in (a,b) is the same (by theorem 3) for the linear equation of variations (15) which
is of Class II and the linear equation of Class I which is obtained from (15) by changing
ttoa+b—t.

The proof is complete.

In a similar manner one can prove the following multiplicity result considering the
case of boundary conditions (4) and (5).

Theorem 8 Let f in (1) be bounded. Suppose also that there exists a solution £(t) of the
problem (1), (4) (resp.: (1), (5)) such that the interval (a,b] conteins n conjugate points
of t = a with respect to the equation of variations (15) and such that (1) is of Class |
(resp.: Class II) with respect to ().

Then there ezist at least 2n + 1 (€ counted) solutions of the problem (1}, (4) (resp.:

(1), (5))-

It 1s plausible that the estimates of theorems 7 and 8 are precise but we leave it as an
open question.

The following result is inspired by the one of L.Jackson and K.Schrader [10] who
studied the case of second order boundary value problems.

Theorem 9 Let f in (1) be bounded and such that (1) is of Class I (resp.: Class II) in
the sense of Definition 3. Then a solution &(t) of the problem (1), (2) (resp.: (1), (3))
exists such that the interval (a,b) does not contain conjugate points of t = a with respect
to the equation of variations (15).

Proof: Consider the case of (1) being of Class I. Then the linear equation (10} is of
Class I also. Consider the set S of solutions to the problem (1), {2). This set is not empty
since the homogeneous problem

has only the trivial solution ([12], ch.2). Since the third order derivatives of solutions to
the problem (1), (2) are uniformly bounded, the set S is compact in C? Choose the
solution £(t) of (1), (2) with maximal value of the second derivative at t = a. Let us show
that £ possesses the desired property.

Suppose this is not the case. Consider linear equation (10). By lemma 4 for A large
enough (10) is disconjugate in (a,b]. Since by assumption there exists at least one
conjugate point of ¢ = ¢ in (a, b} with respect to the equation of variations (15) one may
conclude on the basis of theorem 3 that there exists at least one solution y(¢; A) of (10) with
A > 0 having double zero at ¢ = @ and vanishing at t = b. By lemina 3, z(¢) = y(; A) + £(t)
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is a solution to the problem (1), (2). Since z"(a) = y"(a; A)+£"(e) > £"(a), this contradicts
the choice of £ as a solution with maximal value of the second derivative at ¢t = a.
The case of the problem (1), (3) is treated similarly by the variable change t — a+b—t.
For third order nonlinear equations of Class 1 or Class II the following uniqueness
result is valid.

Theorem 10 Let equation (1) be of Class I (resp.: Class II).
Then a solution of the boundary value problem (1), (3) (resp.: (1}, (2}), when it exists,
15 unique.

Proof: Suppose the oppostte 1s true. Let z(t) and £(t) be two distinct solutions of
the problem (1), (2), where (1) 1s supposed to be of Class II. Then the difference y(t) =
z(t) — £(t) satisfies a linear equation of the form (14) which is of Class II. Since y(t)
has double zero at ¢ = a it cannot vanish for values of ¢ to the right of ¢ = a. But this
contradicts the fact that z(d) = £(b) = B.

The case of the problem (1), (2), where (1) is of Class I, can be treated similarly.

Remark. Theorem 10 shows that the assumption of theorem 7 of f being from Class |
is essential since one easily can construct a nonlinear equation of the type (1) which is of
Class II with a solution £(t) to the problem (1), (2) which must be unique independently
of the oscillatory behavior of a corresponding equation of variations.

4. Essentially nonlinear problems. In this section we demonstrate the way how
to apply the results of the precedent section to establish multiplicity results for equations
with unbounded right side.

Lemma 5 (mazimum principle}. Suppose function u € C¥[a,b]) satisfies in [a,b] the
inequality u™(t) > 0 and the inequalities at the ends of the interval u'(a) < 0, uf{a) <0,
u(b) < 0 are valid. Then u(t) cannot have in [¢,b] a positive mazimum.

Proof: Suppose the opposite is true. Let u(ts) = maz{u(t) a <t < b} > 0. Since
u(b) < 0 there exists £y € [tg,b) such that u'(t;) < 0. From the concavity of v'(t) on [a, ]
and the inequality v'(a) < 0 it follows that u/(t) < 0 for any ¢ € (a,?]. Then u(t) cannot
have an extremum in (g,?;). In view of u(a) < 0 the function u(¢) might attain at ¢t = a
a nonpositive maximum only. The proof is complete.

Consider now the equation

" = f(t,2), (18)

where f and f; are continuous and f; < 0.

Theorem 11 Suppose that f, < 0. Let there ezist functions a, 8 € C*([a, b]) such that

1) a(t) < B(t) for eny t € [a,b];

2) o"(t) > f(t,z), B”(t) £ f(t,z) for any t € [a,d] and a(t) < z < B(t);

3) ala) < A < 3(a), d'(a) € Ay < F'(a), alb) < B < B(b).

Let there exist also a solution £(t) of the problem (18), (2) such that a(t) < £(¢) < B(t)
for any t € [a,b] and interval (a,b) contains n conjugale points to t = a with respect to
equation of variations

¥ = fa(t,€(1)y. (19)

Then the problem (18), (2) has at least 2n + 1 solutions (€ counted).
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Proof: Let en(t,z) be a function possessing the following properties:

1) em(t,z) = 0 for any ¢ € [a,blalt) < = < 8(t);

2) em(t,z) and (e ).(t,z) are continuous in I x R;

3) (em)elts B(E) = fulty BIE)), (em)a(t, a(t)) = fult, alt)) for any ¢ € [a, b

4) (em)z(t,z) < 0 for any ¢ € [a,b], z > B(t), z < a(t);

5)0 > em(t,z) > Zforanyt € [a,b], x> B(t),0 < emlt,z) < L forany t €[a,d], z <
a(t).

Obviously for any positive integer m such a function exists.

Define
Fa(t,z) = f(t,8(alt), z, B(1))) + exlt, z),
am(t) = a(t) + h(t), Balt)=B(t) + ha(t),

where

zZ, Yy>z

é(z,y,2)=q y, <Y<z,

T, y<=zI

h, and h; are solutions of A" = L A" = —2 respectively, which satisfy boundary

conditions h{a) = h'(a) = A(d) = 0. Note that A1(t) < 0in (e, b) and A2(¢) > 0 1n (a,b).
We obtain now that

B"(8) = 8"(8) + ha"(6) = (1) — — < (4,8(2,2,8)) + en(t,) = Fn{t,2)

for any (t,z) € [a,b] x R. Analogously a,,”(t) > F,.(t,z) for any (¢,z) € [e,b] x R.
Let z(t) be any solution of
"= Fn(t,z) (20)

satisfying the boundary conditions (2). Then for any positive m and t € (a,b) the
inequalities z(t) — Bm(f) > 0 and an(t) — «(¢) = 0 hold. From lemma 5 we get that
an(t) £ x(t) < Bnlt).

Note that for each m all the hypotheses of the theorem 8 are met for the problem (20),
(2). Designate by (z}),_ (resp: (z;),) (k=1,. ,n; m=1,2,. ) a solution to the
problem (20), (2} such that z”(a) — ¢"(a) is positive (resp.: negative) and the difference
z(t) — £(t) vanishes exactly k — 1 times in (a,b). Fix k and, to be definite, consider the
sequence (z})  which we denote for brevity by ... If for some m the function x,, satisfies
the inequalities a(t) < z < 3(t) in (a,b) then z,, is a solution to the problem (18), (2)
such that z,, — £ has exactly k — 1 zeros in {a,b). The sequence {z,,} is compact in C?
and hence has a limit function z(¢) which is a solution of (18), {2). If for any m there
exists t, such that either z,,(tn) = B(tm) or zu(tm) = alt,) then a limit function z(¢)
is equal to B or « at some point ty. This means that z and £ are distinct solutions of the
problem (18), (2) and the difference z — £ has exactly k — 1 zeros in (a, b).

The proof is complete.

Below we state the duals of lemma 5 and theorem for the case of boundary value
problem (18), (3).

Lemma 6 (maximum principle.) Suppose that a function u € C3([a, b]) satisfies the
inequality w"'(t) < 0 for any t € [a,b] and the inequalities u(a) <0, v/(b) > 0, u(d) < 0 at
the ends of the interval. Then u(t} cannot have a positive mazimum in the interval [a, b].
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Theorem 12 Suppose that f; >> 0. Let there ezist functions a, 8 € C([a, b]) such that

1) oft) < B(t) for any t € [a, B];

2) o"(t) < B(t) for any t € [a,d] and alt) < z < F(2);

5) ala) < A< B(a), o(b)2 B> F(a), alb)< B < Ab).

Let there exist also a solution £(t) of the problem (18}, (3) such that a(t) < £(t) < 3(t)
for any t € [a,b] and interval (a,b) contains n conjugate points of { = a with respect to
the equation of variations (19).

Then the problem (18), (3) has at least 2n + 1 solutions (€ counted).
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Canpipbaen @.2K. PesyabpTaThl 0 unc/ie pellleHU b ABYXTOUYEHHOW KpaeBoi
3ajjaye TpeThero NopsagKa.

AHHoTaunsa. [alorcd OlleHKK 4ucla pemeHuMd HeJIMHeHHOW KpaeBoil 3amaun ' =
f(t,z,2',2"), z(a) = A, 7'(a) = A, z(b) = B.

YK 517.985

F. Sadirbajevs. Atrisindjumu skaita novértéjumi treids kartas nelineirail
robezproblémai.

Anotacija. Tiek doti atrisinajumnu skaita noveértéjumi nelinearai robezproblemai z™ =
flt,z,z’, "), z(a) = A, 2'{a) = 4, z(b) = B.
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Comparison results
for fourth order positively homogeneous

differential equations

F Sadyrbaev

Summary. We compare conjugate points and angles associated with extremal
solutions for piece-wise linear and linear equations of the type (¥  pzt — gz~ and
™ = pz, z® = gz, where p and ¢ are positive constants. By conjugate points we
mean double zeros of solutions defined by the initial conditions #(0) = 0, z'(0) = 0.

Key words and phrases: Piece-wise linear fourth order equations, conjugate points.

1991 MSC 35J45

1. Introduction

We study the fourth-order ordinary differential equations of the type

W = kit z) (1)

on a half axe [0, +oc), where &(t, z) is positively homogeneous function, that is A(t,cz) =
ch(t,z) for any (¢, z) and ¢ nonnegative. Obviously k{t,0) = 0.

The idea of investigation of oscillatory properties of such equations in terms of
conjugate points goes back to W LEIGHTON and Z. NEHARI [1], who investigated linear
equations of the type

24 = p{t)z. (2)

Much of their theory is valid also for equations of the type (1), as follows from the
work [2], where one could find basics.
We would like restrict ourselves in this text to autonomous equations

£ = hiz). (3)

One has from the definition of positive homogeneity that for ¢ positive ch(1) = h(¢),
or A(z) = A{1)z for = > 0. Analogously, ch(—1) = h(—c), and A(z) = —h(—1)z for
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r negative. Hence the only possible form for the positively homogeneous autonomous
equation is
W =pzt — gz (4)

Since the theory of conjugate points has been developed for equations with increasing
right sides, we suppose that both p and ¢ are positive.

2. Linear equation

In this section we provide some simple results on the linear equation
¥ =k, (5)

where k 1s a positive number.
Denote conjugate points of (5) by n:(k).

Proposition 1 If k; > ky then ni(ky) < 7;(ky) for any i.

Proof. This result was proved in [1] by variational method involving R. Courant’s
minimax eigenvalue theory. We give a straightforward proof based on the variable change.
Consider the linear equations

2™ = kyz, (6)

and

29 = kg, (M

where k;, > k. By the vanable change 7 = (%)%t the equation (7) becomes

B B dE ey = han(2)h)
or 4
=X, X() =) )
and hence
k) = (2)hi(hs), 0

Recall that (cfn. [1], [2]) the extremal solutions of the linear equation (2) associated
with the point ¢{ = 0 are the solutions which have double zeros at ¢ = (0 and at some point
t = n:; to the right. These solutions x, are uniquely defined {(up to multiplication by a
constant} by the number 7 — 1 of internal {with respect to the interval (0,7;) zeros as well
as by the angle

4

i (0)
i (0)

3]

).

¢; = arctan (

]
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It is known that both sequences {#;} and {#;} are ordered as

In

?<¢'2< <(}52k< <¢2n+1< <¢1<2ﬂ'

and
0<7]]<7]2<

We get additionally by computing derivatives of extremal solutions that

tan ¢i(ky) = (%)% tan ¢s(k1 ). (9)

Proposition 2 There erists a common limit . of both sequences {da} and {Pars1}.
Proof. Solutions of (5) with double zero at t = 0 are given by
z(t) = Cy(sin kt —sinh kt) 4+ Cp(cos kt — cosh kt). (10)

Eliminating the exponent expt from (10) one gets that C; = —C; and tan© = %;% =

k% = —k, where © is the associated angle.
Conjugate points are given by

cos kt cosa kt = 1. (11)

We will show now that ¢, = ©. Since sequences {2} and {241} are monotonic, they
have limits ¢..e, and ¢,40 respectively.

Suppose that ¢een # O. Then, of course, dever < ©. In any interval [0, 1, the sequence
of extremal solutions z;; converges to some solution zj;. By standard diagonalization
process one gets the limiting solution z* with infinite number of zeros. Since z* is included
in (10), it must be identical with a solution defined by the angle © which is the only
solution of (10) with infinite number of zeros.

Analogously it can be shown that lim ¢z:4, = ©. Identify now © with 4.. (]

Some quantitative characteristics of conjugate points and extremal solutions follow.
Consider the case k¥ = 1 in the equation (5).
Solutions defined by (10} may be represented also as

"

z(t) = " (0)(sinh t — sin t) + = (0)(cosh t — cos 1), (12)

The limiting oscillatory solution corresponds to z (0) = —z"(0) = 1 and is given by
the expression

1
51.,.(15) = exp(—t) +smn ¢t — cos t.

The first four conjugate points 7 and tangents of the associated angles ¢ approximately
are:
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m = 4.73 —tan ¢; = 0.98250221
7, = 7.85 —tan ¢, = 1.000777
73 11.00 —tan ¢;3 = 0.9999664
Ny = 14.14 —tan ¢4 = 1.000001

Notice that ¢. = ~7 with —tan ¢, = 1.

3. Comparison of asymmetric equations

Consider the equation
ul = kout — kyu” (13)
along with its dual
oW = kvt — ko (14)

The theory of conjugate points for positively homogeneous equations is applicable for
both equations (13) and (14) as well as for the equations (7) and (6).

Let uf and v} stand for extremal solutions of (13) and (14) respectively, and 7 and
¢£ be associated conjugate points.

Proposition 3 The following equalities hold:

1) "'?;ri+1 = &gt
2) Mup it
3 mho= 0w
4) &G o= Ly
5 mh &
Proof. Assertions 1) and 2) follow from the fact that ud; ; = ~v3,,, and u3,; = —vj,

(by the variable change u = —v equation (13) turns to (14)). 3) follows immediately from
the observation that uj; = ud;(nf; — t). Analogously, 4) is true since v,; = vi(€, — ). 5)

follows also from the relation uf(t) = —v3;(1).
Besides, odd extremal functions uf,, and vE,, are symmetric with respect to t =
1n3is1 and t = 1655 | respectively. m

We have for extremal angles ¢7 and v associated with equations (13) and (14)
respectively the following

Corollary 1 tan¢] = tan¥] and tané, = tany;

Proof. Follows immediately from the observation that uf(i) = —v; () and u7(t) =
—uF(t). |

Consider now equations (1) and
= g(t. z), (15)

where the right sides are positively homogeneous continuous functions, strictly increasing
in .
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Lemma 1 Let the inequality
olt,2) > hit,z)

hold for any (¢, z).
Suppose z(t) and y(t) are solutions of equations (15) and (1) respectively and

£9(0) > ¢%0), :1=10,1,2,3.

with at least one inequality being strict.
Then z(t) > y(t) aend 2"(t) > y"(t) for anyt > 0.

Proof. Consider only the case z'”(0) > y™(0), since the other cases can be treated
analogously.

Then 2"(0) > y"(0) in some right vicinity of ¢ = 0. Suppose z"(t;) = y"(t1) and
z"(t) > y"(t) for some t; > 0. Then 2/(t) > y'(t) and z(t) > y(t) for ¢t € (0,¢,]. We have
that in the interval (0,,]

2 — ) = g(t,2(2)) — h(t, y(t) > g(t,y(t)) — h(t,y(t)) = 0
and therefore A _
2@y >y, te(0,4], i=3,2,1,0.

Contradiction with 2”(ty) = y"(#).
Obviously z(2) — y(t) > 0 for ¢ > 0 also. ]

The dual of lemma 1 states:

Lemma 2 Let g(t,z) and h(t,z) be as in lemma 1. Suppose z(t) and y(t) are solutions
of equations (15} and (1) respectively and

zO(b) 2 y(b), 1=0,2; 29(b) <yVV(b), j=1,3

with at least one inequality being strict.
Then

20t > (), 1 =0,2, V() <y?(2), j=1,3
fort < b.

Proposition 4 Let g(t,z) and h(t,z) be as in lemma .
Let ¢}(g) and ¢}(h) be angles in (3w,2x) (resp.. ¢;7(g) and ¢ (k) in (3.7)),
corresponding to (+)-extremal (resp.: (-)-extremal) solutions (1) and yF(t) (resp.. z7(t)
and y; (1))

Then of (g) < ¢f (R)(resp.:47 () > ¢ (R)).

Preof. Consider the case of odd extremal functions z3,43(f) and ya.41(t)} associated
with differential equations z' = g(¢,z) and y’ = h(t,y) respectively. Suppose that

¢’;-z'+1(g) > ¢;i+l(h)' (16)

Then, by lemma 13 ‘rgll(t) > ygl—l(t)! J = 0713253-
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From here on we omit lower indices of z(t) and y(t). Denote by n(z) and 5(y) the last
double zeros (conjugate points) of z(t) and y(t). Obviously n(z) < n(y), otherwise z(t) is
not greater than y(t¢) for t > a. We will show that the case 5(z) < n(y) is impossible too.

Suppose 5(z) < 7(y). Since the total number of simple zeros of z(t) and y(t) is the
same and x(t) > y(¢), there exist numbers

hH<m<m<mIny<t,

such that
y(t) < U, t e (tl,tg);
I(Ti) =0: 1= 1121374;
z(t) <0, te€(m,n)
z(t) >0, t € (m2,73).

Note that y(¢)y'® > 0 for ¢ different from zeros of y(t). Then y¥(t) < 0 in (¢,,1,). Let
to € (72, 73) be a point where z(¢) attains its local maximum. There exists ¢, € (t;,1)
where z(t.) < 0. Then y"(t.) < 0 and y™(t) < 0 for t € ({,,t3). From z"(fp) < 0 it
follows that y"”(fp) < 0 and hence y"(t) < 0 to the end of the interval (t;,t2]. There is a
point g in [r3, 74| in which z'(79) = 0 and hence ¥'(75) < 0. Then y'(¢) < 0 in [7p,5) and
y(¢2) cannot be zero.

Consider now the case of even extremal functions z;(t) and y,,(t). Suppose that
of(x) > ¢L(y). Then z90(1) > (1) for t > a, j = 0,1,2,3. Proceeding like in the
case above one concludes that there exist numbers

h<m<mn<nSn<i;

such that
I‘(t) >0, te (tl,tz),
y('rf) =0, 1= 11233)41
y(t) >0, € (n.m);
y(t) < 0, t € (Tz,Tg).

Let tg € (72,73) be a point where y(t) attains its local minimum, and t. € {t1,%0) be
a point where y"(t,) > 0. Then z'(t.) > y"(t.} > 0 and since z(t) > 0 in (t1,1,),
”(t) > 0 in (L., ts3]. Since (1) > y"(to) > 0, z"(t) > 0 in (fo,2]. Then since y(t) has
maximum in the interval |73, T3], y¥'(t) vanishes in some point 7¢ € [72, 73] and z'(7o) > 0.
Then z(t;) cannot be zero. o

As a consequence of the latter result we come to the following assertion concerning the
interrelation of the angles of extremal solutions of linear equations {6), (7) and piece-wise
linear equations (13) and (14).

Corollary 2 Let ¢F(ky), ¢F(k2), Q')?:(k']g) and ¢ (kyy) stand for the angles associated with
extremal solutions of the equations (7), (6}, (14) and (13) respectively.
Then for any 2

g < 67 (kra) < 67 (ko) < 67 (k) < ¢7 (kar) < ,

3; < 6F (k) < 6F(ka) < 67 (k) < 67 (kz) < 2.

Proof. By combining Proposition 4 and formula (9).
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Proposition 5 Let ny and n_ be the numbers of (+)- and {-)-conjugate points of the
piece-wise linear equation ({) in the interval (a,b).
Then [ny —n-| < 1.

Proof. We have that
a<ni <y < <pi <b

and

a<n <n; < <n. <b,

n

where, by Proposition 3, n3; = n5:.
Hence the proof.
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Canrip6aep @.2K. PeaynbTaTh 0 cpaBHEHHII pPeUIeHMNIT N4 MOJIOXKUTEbHO
ONHOPOIHEIX OINdPpepeHINANBLHLIX YPaBHEHUH YeTBepPTOro mopAikKa.

Aunorauma. CpaBHUBAIOTCS CONPSKEHHLIE TOYKM M HavYallbHHE YIbl, COOTBET-
CTBYIOLINE 3KCTPEMAIbLHEIM PELICHNAM KyCOUHO-TIMHEMHBIX U IUHEAHEIX ypPaBHEHHA TuUra
W =pzt —gr-uz® =pz, 2 =gz rne pu q nonoxuTensuue nocrosuukie. Mon
CONpAXKEHHBIMH TOYKaMH IIOHUMaKTCA JIBOﬁH]:Ie HYJIH pemeHHﬁ, OIIpeneIEHHBIX HaYaJ)lb-
HbiMH yoiaobusamu x(0) = 0, z'(0) = 0.

YK 317.985

F. Sadirbajevs. Salidzinasanas rezultati ceturtas kartas pozitivi homogénam
diferencialvienadojumam.

Anotacija. Tiek salidzinatl konjugétie punkti un sakuma lenki pozitivi homogéno un
linearo diferencialvienadojumu ekstremaliem atrisindjumiem.

Institute of Mathematics Received 1998, 12th March
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O HecyImleCTBOBAaHWM YHUTAPHBLIX AaHTU3PMUTOBBIX
AHTUKOMMY THPYIOIHNX APYT C APYTOM 3 x 3-MaTPHIL

M O 'NINIEPKOMIIJVIEKCHBIX pelHI€eHNAX

B. B. I'yoxos

Annorauus. /[okazana Teopema 0 HeCyLIeCTBOBaHHY OBYX YHHTAPHHIX aHTUIPMHUTO-
BRIX 3 x 3 MaTpuu, KOTOpble aHTHKOMMY THUPYIOT HpPYT € Apyrom. Jlns 9eTHOro n ykasaHa
npone,uypa HOCTPOCHPIH MHOXeCTBa YHHTa.pHHX &HTHBPMI‘ITOBBIX nXxXn MaTPHH, aHTR-
KOMMYTHUPYIOUMX ApYyr ¢ apyroM. Ha ux ocHoBe MOCTPOEHBl MaTPUYHEIE NPEACTABICHUS
IHIEPKOMILIEKCHEIX pellleHnil HemnHeiiHoro ypasuenns Kneitna-I'opnona. [lokasano coot-
BETCTBHE [OJyJeHHEIX MAaTPUYHLIX pElIeHU CNCUHATbHBIM YHHTAPHBLIM IpyNaM.

Buén. 3.

YK 512.834+517.95

1 Bsenenmue

B nacTosmeit pabore nonpobHo U3IaraloTcE Pe3ynbTaThl, KpaTKoe HAIOXKEHHe KOTOPhIX
6o MaHo B cTaTbe (1], B ToM 4Yucle IPHBOAMTCSA NOTHOE OKa3aTEILCTBO TEOPEMB
0 TOM, YTO B MHOXECTBE YHUTAPHEIX aHTHU3PMHUTOBLIX 3 X 3-MaTpMil HE CYUIeCTBYET
ABYX TaKWX, KOTOpble aHTUKOMMYTHDPYIOT OpYr ¢ apyrom. Hng cmydas KOMTIIEKCHEIX
7 X n -MATPHUI C YETHRIM 7T IOKa3aHO, KAK Ha OCHOBe KiaccHueckpx marpun [laynu m
Iupaka MOXHO DOCTPOUTL MHOXKECTBO YHUTAPHBIX aHTHIDMUTOBLIX MATpHL, KOTOpLIE
aHTHKOMMYTHUPYIOT OPYT € APYTOM, M KaK 3TO MHOXECTBO MCHOIb3yeTCA IS TMOCTpoe-
HHSA MaTPUYHBLIX TMpencTraBleHHl TMNEePKOMIIEKCHBIX PEIICHUN HeJIHHEIHOrO ypaBHeHUA
Knefina [opmona. ¥YcraHoBieHo, 94TO IJId 4YeTHOIO UAHEKca n [PM KakOOM (UKCHPO-
BaHHOM apryMeHTe MaTpulla FHIEPKOMIIEKCBOrO pellleHAs ABJIAETCA 3/I€MEHTOM CIEIN-
anvHoll yHuTapsoit rpynusl SU(n). Jing urmekca 2 [okasaHo, 4TO MeXIy MHOXECTBOM
MaTPUYHBIX [pelCcTaBlIeHuil IENePKOMILIEKCHOTO peleHksa u rpynnoi SU(2) cymectsyer
B3aMMHO-OIHOIHAUHOE COOTBETCTBHE.

BocnpousseneM onpenenenue ONedcTBUTEILHOM QYHKIHH P, KOMILIEKCHON (GYHKLMUA ¢ K
IMIIEPKOMILIEKCHOH QYHKINY ¢n, BBEICHHLIX B paboTe 1. [lms moboro meiicTBHTEILHOLO
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nepeMEHHOr0 z € {—00, 50) MBI HONAraeM

p() = (1 +exp(2))™, g(z) = p(22) £ s sech(z), i= v

llerko NpoBepUTD, UTO P U ¢ YIOBIETBOPSIOT IOTMCTUYECKOMY ypaBHenuo u’ = u(u — 1).

Honoxum
sech

galz) = P(22)E + zakm, gaz _1, (11)

roe n = 2,3, {E,M;,. ,Mn} MHOXECTBO T'MUEDKOMITIEKCHHIX YHCeN MOpAdKa 7t
(em.[2],c1p.28), B KOTOPOM ONpenencHa ONEepalnd YMHOKEHUA N KOTOPOEe COOEpPXKUT eH-
uuny £ u snementn My, , M., yoosnersopsommue nas nwodwx j, k= 1,2, ,m ycio-
BHAM

MM, =-F, MM, = -MM;, ] # k. (1.2)

Bnaromaps ceoiictBam (1.2) 1 cooTHonlenuo Yy, ¢ = 1 u3 (1.1) Bunonnsercs pa-
BEHCTBO

@%Mﬂ(i axMy) = ~F. (L3)

PapencTso (1.3) IpHBOAUT K Y TBEpKOCHNIO, YTO IPOM3IBOILHAA [HIIEPKOMIIIEKCHAA (BYHK-
1THHA

un(z) =r(z)E + s(z ZaJ

BO3Be/IeHHad B CTENEHb k£ = 2,3, |, CHOBZ eCTh THIIEPKOMILIIEKCHaA QYHKIIMA BUIA

uk(2) = r(2) E 4 se(2) iaij.

i=1

C1emoBaTenbHO, €Can HOJ0KUTh ¢, (2) = ut(z), To s | = +£1,4+2,.  naxomum

a " (2) = up(2), rreurl(z) = r(2)E - s(z) i a;M; | (r2(z) + s%(z))
j=1

OTH paBEHCTBa IOKa3bIBAIOT, YTO GYHKIMIO ¢, MOXKHO BO3BOAUTH B JIOGYIO palliOHATLHYIO
CTelleHb.
Braronaps pasercTBy (1.3) M COOTHOMIEHHAM

sech?(2)

p(22)(1 - p(22)) = 22

1 — 2p(2z) = th(z) (1.4)
CTAHOBUTCH OICBHMHBIM YTBEPXKIEHHE, 2TO (YHKIMUA ¢, YIOOBIETBOpPSAeT TOrMCTHYECKO-
My ypaBHeHu1o. imenuo 31oT daxT, 4T0 QYHKIHAY P, ¢, ¢n €CTh PelleHUd JIOrHCTHYECKOIO
VPaBHEHU A, I03BOTU.T HAUTH TOYHLIE pelleRn T HEKOTOPLIX yPaBHEeHUN peakiun-anddy3nn
U TICAVYUTE HOBBIE PELIEHVS HEKOTOPBIX M3BECTHLIX 3BOJIICIIMOHHEIX B BOSTHOBHIX ypaBHE-
HHH.
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2 FHHepKOMH.TIEKCHBIe peiacHns

PaccMOTpUM XOpOmIO M3BECTHOE B KBaHTOBOH TEODHM 001 HelMHefHOe ypaBHeHEe
Kneiina-I"opaona [3,4]

v Pu
@_Wz,\ua—p,zu, A>0. (2.1)

B memxymeiicsa co cKOpOCTEHIO 4 CHCTeMe KOODAUHAT z = & — vt ypaBuenue (2.1) umeer
TUIEepPKOMILIEKCHbIE pelneHus [1]

un(z) = i%(%n(az') —E) mpm +* <1,

vn(z) = i%(qn(ﬂznm(l — gu(B2))* mpm 4% > L,

rne
a=+uV2l—7")72 B=42u(yF - 1)

pupeneM maTpu4Hbie NpencTaBleHus Pellendi Uz, Uy, Ug. Y YnThiBai (1.1) u BTOpOE
pabercTBo B (1.4), nepenuilieM peleHne u; B BAIE

uq(z) = :I:% (— th{az)f + sech(«z) ‘; akAk) (2.2)

rae TUMNCpKOMILVIEKCHBIE TUC. T4 NIPpeNCTAaB/ICHEl B BUIE MaTpHI

a(0) M (03) a-(5 )
Marpuns A cBa3ann ¢ maTpuuami [laymu oy (em.|3],cTp.27) cnenyromumu papercTBaMu
A = toy, Ay = —109, Az = 103,

B manbHeiiieMm, 3a651Bag 0 MEOKWTeNE CBA3M MeXIY Ay U 0, OyIeM 1ol TEPMUHOM MATpH-

unl [Taynu mompa3symeBaThs MaTpPHIB! Ag.
[lycTe

01 0 —i 1 0 i 0
p=(Vo) m=(0 ) B0 8) -0 f)

Torna xomusekcuue 4 x 4-matpuns upaka (cM.[4, cTp.64]) Moxuo 3anncaTh B 6:104HO{

dopMe
{0 B _( 0 B
o5 ) 2= (T

_ 0 Bs _{ Bs 0O
m—(—& 0)’ m_(o fm)
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[Ipeacrasnas runepkoMINIeXCHEE YUCNIa B Bune MaTpHn Dy, DpUXxoguM X pelleHnio

uq(z) = :l:\/i)_\ (—th(az)E + sech(az) i aka) {2.3)

k=1

[IpaBomepHOCTL MaTpu4HOro mpencrasnenns (2.2) u (2.3) obbiacuseTcs 3aMedaTens-
uniMu cBoficTBamu MaTpuil [laynu u Hupaka. Ilepegucnum mx, mpensapuTensHO BBens
CHMBO:1 ™, KOTOpBI# 6yneT 0603HAYAThL EPEXO K KOMILIIEKCHO-COMPAXCHHOM TPaHCIIOHNPO-
panHo# MaTpuue. Matpuust A;(j = 1,2,3) u Di(k = 1,2,3,4) ynurapum, T.e. A = A}l,
Dj = D;'; anruspmurosst, 1.e. A} = —A;, D = —Dy; MaTputibl A; aHTHKOMMYyTHDYIOT
Opyr c gpyroM, T.e. A;A ~ArA;, Takxe u marpunu Djp; maTpuub A; nusaeltHo-
He3aBHCHMbl i MMEIOT eNUHUYHEI ONpefeIuTelb, Takxe n MaTpuunl Di. OTMeTuMm, uTO
M3 YHUTAPHOCTH K aHTHIPMMTOBOCTH MaTpuL cienyeT A;A; = —F, Dy Dy = —E. Cne-
mosaTennHo, MaTpuun A;, D, ynoenersopsooT ycnosmam (1.2) # mosToMy ecTecTBenHO
UX HACIIONIL30BAHUE B §2, ¢4 I MOCTPOEHUS MHOTOKOMIOHEHTHERIX pelleHuil.

[TocTpoumM koMI-IeKCHBIE 6 X 6-MaTpHLUEL, MIaBHYIO THaroHalb KOTOPBIX 06palyioT 6o
ku m3 Marpun A; u Dy, [lycts

(A0 (A, 0 (A 0
Fl‘(o Dl) Fz‘(o Dz) F3‘(0 D3)

(A0 (A O _{ A3 0

r=(75) A=(7 5) B= (% o
BrnonnumocTs cpoficTe (1.2) ang matpun F) mposepseTcs MOpo3Hb s BepxHed ({ =
1,2,3) n nuxueit ({ = 4,5,6) Tpoex maTpuu. fcHo, 4T0 UHMCIO GIOYHO-IMATOHATILHEIX

matpuy ¢ A; ¥ Dy BaBoe Gonbllle YeM 4MCI0 MaTpPul £, HO Hac MHTEpeCyOT JIVIUb
JMHENHO- He3aBUCUMEBIE MATDHIIBI.

[Tokaxem, 4To MaTpuusl F; nunreiino-HeaasucuMel. JlefiCTBUTEILHO, IOMYCTHM o6paT-
HOe, T.e. IyCTh HAWAYTCA YHCIA Ay, .. ,Ag HE BCe paBHbIE HYIIO U TakHe, 4To Y 4, M F) =
0. Torna u3 paBeHCTB

Ar(A + A + Az( A + 2s) + As(As + Ag) = 0,

Didy 4+ Da(da+ X)) + D3(As+ As) + Dyghs =0

B CHNy NuHeRHoil He3aBncumocTn Matpull A; u Dy cienyior paseHcTBa
AMAA=0, h+Xi =0, Aa+ X =0,

M=0,2%=0A+X2=0 A+2=0

Ho »Tu pabeHCTBa, KakK JIErKO 3aMeTHUTb, BBIIOJHAIOTCE TOIBKO NpH Ax; = 0 aoms Bcex
k=1, ,6. llonyuyeHHoe NpOTHBOPEYHE NOKA3LIBAET IRHEHHYIO HE3ABUCUMOCTH MaTpPHIL
Fi.

DT MATPHULL 06N2al0T ellle OIHUM CBOUCTBOM

det F1 =det A;det Dy, =1,
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rHe MHOeKCh j, k BLIGMpAIOTCE COOTBeTCTBYommMu uHpekcy . Takmm o6pasom, Tpoii-
ki MaTpun F) (¢ukcupyemule BLIGopoM KO3DOUIMEHTOB @), MOXHO JCIONbLIOBATE A
TIOCTPOEHNA pelleHns

= "—'u'— - oz Secnaz 3 a .
%@)—ivq( th(az)E + sech( )Z:kﬂ) (2.4)

k=1

Crniocob mocTpoenus MaTpun F; MoxeT OBITE pacHpPOCTpaHeH H Ha Gollee BLICOKHE 9eT-
ahie nopaaxku. Pa3ndeckuil HHTEPEC MATPHMYHBIX PELIEHRI U9, Uq, Ug CREOYET U3 UX COOT-
BETCTBUSA CHElUalTbHbIM yHUTapHEM rpymnam SU(2), SU(4), SU(6), o gem noitner peus
B ClenyiolleM Itaparpade.

3 CoorBercTBHUEe YEHUTAPHBIM I'pyImnaM

HycTe B BekTOpHOM (110 OTHOLIEHHIO K CIIOKEHVIO MaTpHN) npocTpadcTee W Bcex xom-
INIEKCHBIX N X 1-MATPHII BHIOpaHo MHoxecTBO { M} Taknx MUHERHO-He3aBUCHMEIX MaTpHIL
M., KoTopbie 06128AI0T TPeMs CBOMCTBAMM: OHU YHUTAPHBI, AHTHIPMUTOBLL U Al THKOM-
MYTHUPYIOT APYT ¢ OpyroM. MakcuMmanbHOE 4YMCIO ™ IMHEHAHO-HE3ABUCUMbBIX MaTpPWIL U3
{M k} 00pa3yoT BMecTe ¢ €NWHHYHOH MaTpHLEN I 6aapc » geficTBUTENLHOM (H&Il; noieM
NEMCTBUTENbHRIX 9UCeN) BeKTOpHOM (m + 1- MepHOM) cobcTBeRHOM moAnmpocTpaHcTBe V
npoctpanctea W Jliobas maTtpnna M u3 V' MoxeT ObITh NpencTaBlIeHa B BULE parIOKe-
HEs 110 Ga3zucy

m
M =cFE + ZJ c. My, (3.1)
k=1
roe ¢, (k= 0,1,. .,m) neilcThiTelbHble YHCTA. Y MHOKUM MAaTpuily M Ha 3pMHTOBO-
CONPAXEHHYIO K Hell MaTpuuy M

MM = (CoE'i- ZCkMk)(COE - ZCkMk) = Zcz
k=0

k=1 k=1

Orciona cnenyet, uro marpuua M yHUTapHa OPH YCIOBUH ) 4ep i = 1. Ecin x Tomy
ke det M = 1, To maTpuna M 4pnseTcs 3/MeMEeHTOM CHOEUUAJLHOW YHUTAPHOHU I'DYIILI
SU(n}, xoTopas ABNseTCA NOOrPYNHON MATPHL C eIUHWYHLIM ONpedENHTENEM B [PYIIE
BCEX YHATAPHBIX KOMILIEKCHEIX o X n- MaTpHI (cM.[5, cTp.129]).

Henocpencreenno Bumpo, 4To Oa3vcHhe MaTpuukl M; MOXHO MCIONIB3OBATE IR
NOCTPOeHUs PYHKINI ¢n. EcTecTBeHHBIMY NpUMepaMu Takux MaTpull M ciyxaT MaTpu-
uel A;, Dy, F| u3 npensinyinero naparpacda. Eume onuo i3 coiicTd Matpun A; n Di: onn
OpeaocTaBiIa0T ynobHylo ¢opMYIEY I BBIYHCICHUNA ONpedennTensa MaTpUlbl M no ko-
spunmenTam pasnoxenns (3.1). HeficTBuTenbHO, 4719 KOMILTEKCHOR 2 X 2 MaTpPHUbLL

3 . .
A:C(]E+ZC]¢A{¢: (.30+2C3 261—'C2
P iy +c2 cp—1c3

HaXoOoHM

3
det A=Yk (3.2)

k=0
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H.TIH KOMHHCKCHOﬁ 4 X 4-ManHlIbI D, HUCIIOJIE3YH €€ GHO‘IHOC HPEJICTB.BJ'IEHHE C [IOMOIIBKY
MaTpun By

4
DZCQE+chDk=

( coF + ¢y By c1B1 4+ 2By + c3 B3 )
k=1

—C1B1 - Cng - CaBg CoE bt C4B4

u ccrnafcy Ha Gpopmyansl Hlypa (em.[6, cTp.59])

det ( ; ‘59 ) — det(PS~QR) mpa RS = SR

HAXOIMM
4 2
det D = (Z ci) (3.3)
k=0

Hng xoMnnekcrod 6 % 6-MaTprRULL

6

F=(:0E-|-ZC,;J‘—'}c

k=1

co ccrnkoi Ha dopmynnl (3.2) u (3.3) nonygaercs cnenyomuit pesyneTat: IpH AONOIHNA-
TeNbHLIX YCIOBHAX
c1¢4 + a5 + cacg = 0, €2¢4 + Cacs = 0

clipasemyimBa GopMylia
6

det F = (Y ) (3.4)

=0

Ilepeiinem Telleph K PellleHUAM Ug, Uq, Ug ypaBHernus (2.1). Bynem cunTaTh, 4To B onpe-
OeleHnuy YTUX PellleHHi Mpabie YacTH Bupaxennit (2.2),(2.3},(2.4) B34TLl €O 3HAKOM TIOC
M 9YTO u = V'A. Torna ans 1wo6oro pelleHUs 4 I3 MHOXeCTBA {Uz, Ug, Ug} HAXOMUM

u(z)u(z) = th®(az) + sech®(az) i a:
k=1

1, {3.5)

roe m = 3,4,6 COOTBETCTBEHHO [IAl Ug, Uy, Ug. ITO O3HAURET, YTO IJIA JTIO60r0 $UKCHPO-
BaHHOro z MaTpuua u{z) yauTapsa. lanee, Gnaronaps ¢opmynam (3.2)-(3.4) u npasomy
paBeHCTBY B (3.3), HaxonuM

detur(z) =1 mnpu k=24,6.

OTMeTHM MWL, YTO [IPU BOCTPOEHNH PEIIEHN Ug ¢ YCIoBHeM det ug = 1 HyxHo, cornac-
HO TIPHBENEHHON BhIlle mpollenype suuuciaeHnd det F', Ha koadbdunueHTHl a; HANOKKTH
IOTOJIHATENbHEIE Y CIIOBUA

2104 + @2as + azas = 0, aya4 + azas = 0.
B nrore Halum MATpPUIbLl YOOBIETBOPSIOT BKITIOUEHUAM

ux(z) € SU(2), uq(z) € SU(4), ug(z) € SU/(6).
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OTHOCHTENBHO peIleHNs U; CTIpaBeldIuB Gojlee CHIBLHBIN PE3yIbTAaT.
Teopema l. Muoxecreo U; maTpun

3
—th(z)E + sech(z) Y ar Ay
k=1

Mo BCEM OEACTBUTENLHBLIM Z W Gk, VIOBIETBOPSIOLMUM YCIOBHIO
2 2 2
z € [—o0, 00}, ay+a;+a; =1,

HAXORNTCA BO B3ZMMHO ONHO3HAYHOM COOTBETCTBEE ¢ rpymmoin SU(2).

HokxkaszaTenasbcTB o. Kaxnwlit sneMenT n3 Uz, kak nokasaHo Bbllle, €CThb
yHEMTapHas 2 X 2-MaTpula ¢ eINHHYHBIM ONpeNcInTeNIeM, T.e. 3eMenT u3 SU(2). C npyroi
CTOPOHEI, KaKIOKIH 3NieMeHT MaTpuyHoi rpynnu SU(2) ecte ynurapuas 2 X 2-MaTpuna c
SIWHUYHBIM OIpeOeIuTeNleM, KOTOpai MOXET GhTh padi1oxena no basucy {E, A1, A,, Aa}.
ycTh g, €1, €3, €3-KO3)NILUHESHTHl 3TOMO pa3JoXeHus, Toraa GopMynamMy

— Ck
" sech(arth(—co))

z = arth(—cq), ak

upu k = 1,2,3 oOHO3HAYHO ONMpENe;IAITCA TapaMeTpHl Z, @y, @2, @3 HEKOTOPOH MaTpPHIIEI
u3 maOoKkecTBa {/;. Teopema mokazana.

4 YuurapHble aHTUIPMHUATOBBIE MaTPHUIILI

IIpousponbHas KoMiiekcHas 3 X 3-marpuua M, yOoBreTBOpAIOIIas YCIOBMIO aHTH3PMU-

ToBOCTH M" = — M, MoxeT BuITh IPENCTaBlIEHa B BULIE
ia bexp(zd)  cexp(iy)
M= | —bexp(—:¢) id fexp(iw) (4.1)

—cexp(—ith) — fexp(—iw) g

rne a,d, g-anaroHanbenie, b,c, f-BHEOUAaroHaJIbLHEIE, ¢,1,w- YLIOBLIE NTADaMeTPhl  Bce
CYTh OeHCTBUTENbHEE 9icna. He orpanuyusas obuwnoctn Gynem cuntats 0 < ¢,¢,w <
2r.

W3 ycaosus yuuraproctn M M* = £ cienyioT nBe CHCTEMBL yCJIOBUMI Ha napaMeTphl.
[leppas W3 paBeHCTBa eNHKIE IMATOHAILHBIX 3jleMeHTOB MaTpuun M M™*

a’+ 8+t =1, (4.2a)
B4 d 4 =1, (4.26)
E+fitdt=1. (4.2¢)

BTopad u3 paBeHCTBa HYNIO BHENHAIOHAJILHEIX 3leMeHTOB MaTpuunl M M*
of expli(t — w)) = bla + d) exp(i(6 + 7/2), (4.30)

bf exp(i(w + ¢}) = cla + g) exp(i(¢p ~ 7/2)), (4.3b)
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beexp(i( — 4)) = f(d + g) exp(i(w + 7/2)). (4-3¢)
Cornacopanue moxasaTenieil 3kCoAeHT B (4.3) IPUBOOMT K TPOCTOMY COOTHOUIEHHUIO

w=1/)—q$:bg-. (4.4)

[ycte b, ¢, f oTnMYHE OT HyNA, TOTIa NONapHOE HEPEeMHOXeHUe paBeHCTB (4.3) mpe-
BOOMUT K SBHBEIM BHIpaeHHAM BHEAMATOHANBHRIX DapaMeTpoB Yepe3 OUAarOHAJLHEIE

b =(g+a)g+d), (4.5a)
& =(d+g)(d+ a), (4.5b)
ff=(a+d)(a+g). (4.5¢)

Croxenue Tpex paBeHCTB u3 (4.2) ¢ yuetom cymmsl b2 + ¢ + f? u3 (4.5) npuBomuT X
IIPOCTOMY COOTHOMIEHUIO
(a+d+g)° =1, (4.6)

KOTOpO€e TIO3BOJIAET BHIPAIUTH ONYH IMATOHAJILHHIA MapaMeTp Hepe3d OBa APYTHX IUAro-
HAJIbHBIX.

[IpennonoxuM Tenepsb, 9TO ONUH A3 BHENNATOHAJILHEIX MapaMETPOB PaBeH HYIIO, TO-
raa u3 (4.3) cnenyer paBeHCTBO HYIIO IO KpaiHe# Mepe elle ORHOIC BHENHMATOHAJILHOTO
napaMeTpa. 13 (4.2) cnenyer, 94To paBeHCTBO HYJIIO OBYX BHEIHAaTOHAIBHBIX [aPAMETPOB
NPUBONUT K PABEHCTBY eIMHMIE KBaTpaTa OMHOTO U3 MMAaTrOHaJILHEIX IapaMeTpoB 1 o6paT-
Ho. B peaynnTaTe ua (4.2) cneuyoT Takue HMINTHKAIMH

al=1=b=c=0, fP=1-4, d&* =g% (4.7a)
d?=1=b=f=0, *=1-¢% g¢*=ad? (4.7b)
gd=1=c=f=0, ¥¥=1-4a da*=4& (4.7¢)

KcTaTn, coBMecTHOe BHIMOIIHEHHE JTIOOHX ABYX MMIUIHKANUE u3 (4.7) npuBOOMT K paBeH-
CTBaM

d=d=gi=1, b=c=f=0 (4.8)

[lonyyeHHLIE COOTHOLIEHMS MOXHO O(POPMHUTL B BHIE CJIEOYIOLUIETO BCIOMOTATEIbLHOTO
YTBEPKICHRA.

JI e m M a. [IpousBonbHas yHUTApHAS aHTUIPMHATOBaA 3 X 3-MaTpuLa uMeeT Ban (4.1)
€ YeTHIpbMs HE3aBUCUMEIMM NMapaMeTpaMy AByMs YTIIOBEIMM U IBYMS JTUArOHAIILHLIMH,
OCTalIbHEIE 5 ONpenelsloTca B3 cooTHoweHnR (4.4)-(4.6) mubo, ecny OOMA U3 AMArCHAND-
HBIX TapaMeTpoB BeIGpaH paBHBIM +1, w3 cootHomesnmi (4.4),(4.7),(4.8).

PaccMoTpuM Tenepn nBe YHATapHBlE aHTUIPMHUTOBHE 3 X 3-maTpunm M; u M, puna
(4.1), roe napaMeTpsl MaTpuisl M OyneM oTMedaTh HHIEKCOM 1, a napaMeTpn MaTPUOEL
M, unmpexcom 2.

T e o peM a 2. He cymecTsyer NByX YHHTApPHBIX aHTUIPMUTOBRIX 3 X 3-MaTpHll,
KOTOphle aHTHKOMMY THPYIOT APYT € IPYIOM.

HoxasaTenscTso. Jonycrum obpaThoe. IlycTs ynomanyToie nepen Teopemoit
MaTpuusl M, u M; aHTHKOMMYTHDPYIOT OPYT ¢ OpyroM, T.e. MM, = —M,M,. Torma



33

K3 paBeHCTBa HYJIO BCeX 37eMeHToB MaTpuun MM, + M M; cnenyoT nBe cHcTeMH
paBeHCTB. [leppas INs JHATOHAIBHBEIX 3JIEMEHTOB

@102 + bibz cos($r — ¢2) + crczcos(ihy — yh2) = 0, (4.9a)
blbg COS(¢1 - ¢2) + d]dg + flfg COS(U)] - w'z) = 0, (49b)
C1C2 COS('!b]_ - 1/12) + f1f2 COS(wl - wg) + gz = 0. (490)
BTOpaJI O BHEARATOHANBEHEIX 3II€eMEHTOBR
‘ib](ag + dg)e"‘bl + ibz(al + dl)e"'f"’ - C]fzei(wl-wz] - szlei(wz_wl) = 0, (410&)
iCl(az + gz)ﬂil'bl + 1.(32((1.1 + gl)eiw’ + b]fzei(él—ﬂ‘n) + bgfle"("‘”""‘") = 0, (410())
if](dg + gg)cgw] + ng(dl + gl)ei“’z - b1C2€i(w2_¢]] - sz}Ci(d’l_m) ={. (4106)

KpoMe Toro, u3 ¢BOACTB YHUTADHOCTE M aHTMIPMATOROCTH MaTpuul M; u M, cnenyior
papenctsa (4.2) u (4.3) u ux cuencreus (4.4)-(4.8), roe napamerpsr cnenyer 6path
uHgexcoM 1 nng matpuusl M, u ¢ uHOekcoM 2 Onsd MaTpuubl M;.

CootHomenun (4.4) npeocrasisioT 4 BapHaHTa BeiGOpa Maphl yIIOBLIX MNapaMETPOB
w1 ¥ wy. PaccMoTpuM lilepBLI BapuaHT

T %
w1=¢1—¢1—|—§, w2=¢2—'¢2+§- (4.11)

B stom BapuanTe u3 (4.3) ana matpun M, u M, maxonam

cxfe = —bk(ak + dk), k=1,2, (4.120)
b fi = —ck(ak + gk)-, k=1,2, (4.125)
brck = — fildi + gx), k=1,2. (4.12¢)

Ilng ynpomesus nanbHEHIINX laldced BBeleM oboiHauyeHus
¢ = ¢1— ¢, Y =11 — ¢, W=wy — Wy

Ornenym B paBeHcTBax (4.10) HeficTBUTENbHEE YaCcTH, Pa3AESINB IPENBAPHUTEILHO CTPOU-
K1 Ha 3KCIIOHEHThI, CTOALINE [IPY BTOPLIX C/lalaeMbIX,

fgC] COS(I,D) + bg(al + d]) + ((12 + dg)bl COS(GS) -+ Cgfl COS(LLJ) = 0, (413&)

faby cos(@) + cz(ay + ¢1) + (a2 + g2)c1 cos(h) + ba fy cos(w) = 0, (4.13b)

bacy cos(¥) + fa(dy + g1) + c2b1 cos(é) + (daz + g2) f1 cos(w) = 0. (4.13¢)
IIycrs

b #0, cx £0, fr #0upun k£ =1,2. (4.14)

Paspenum {4.13a) ua fye;, (4.13¢) Ha bycq M CIOKMM UX, NPEOBAPUTEILHO 3AMEHHB CYMMBI
[IHAroHaJIbHEIX NAPAMETPOB BhIpaxeAnsMu u3 (4.12) uepea BHeNyaroHanbHbie TapaMeTphI,

B pe3ynbraTe [MOIyYaM
1 (b fy bzf1)
cos ==\l +—
W) =3 (bzfl b s
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Amnanoruysas npouexypa ¢ (4.13b,c) upuBoguT k paseHcTBY

a1 fe %)

COS(¢) (sz1 * lez

Braronaps uaecTHoMy HepaBeHCTBY z° + y° > 2|ry| ybexmaeMcd, 4To paBeRCTBa A
KOCHHYCOB BLITIONHAIOTCA JUOIL [IPH YCIOBHAX, COOTBETCTBEHHO

by fa = 1bofy " af: = tafi.

B pesyaprare or pasencts (4.13) Mbl NpAIIIN K COOTHOLIEHUAM

h_h _
:EE 7 " cos(yp) = +1,
+3 = h u cos(¢) = £1

2 [

rue 3Haky Nepel ApoOAMH I 3HAKM KOCHHYCOB COTJIacyIoTCA KaK IUTIOC € TIJIFOCOM K MHHYC
C MUHYCOM. 3aMe4aHUe 0 COrIACOBAHHH 3HAKOB IIO3BOJISET HaM OOLENMHUTEL 3TU COOTHO-
IIEHUA B OTHO

by _ h _ Gt

b—2605(’l,b) e acos(qﬁ).

Y MHOXKas 4aCTH 3THX PABEHCTB Ha COS(w) M YUUTHIBasA 3HAYCHUA KOCHHYCOB B TOM HHCIE

cos(w) = cos( — ¢) = cos(y) cos(¢),
[IPUXONNM K COOTHOILEHUIO

hco (¢) = %co (w) = %cos(;b). (4.15)

BreneM obo3sHavenns

bo = by cos(¢), ¢y = ¢ cos(y), fo= ficos(w)

1 OTMETHM, YTO
2 _ 12 2 __ 2 2 __ 2
=8, c=c, f=1"h

N3 (4.2) nng My u M3 1 u3 (4.9) DOCTPOUM HOBYEO CHCTEMY PABEHCTB CIIENYIOUIMM 00palom:
npocyMmmupyeM (4.2a) npa mugekce 1 ¢ (4.2a) Opu usgekce 2 U ¢ YIBOEHHLIM PaBEHCTROM
(4.92), aHATOrMYHO NMOCTYMMM CO BTOPLIMU H TPETBMMH cTpokamu. PesynsTaTom GymyT
paBEHCTBA

((11 + [12)2 -+ (bo -+ bg)z + (Cn -+ 62)2 = 2, (416&)
(Bo +b2)* + (dr + d2)* + (o + f2)* = 2, (4.16b)
(ot )’ +{fot+ )"+ (m+p)i=2 (4.16¢)

3 (4.12) u (4.13) nocTpoum HOBYIO CUCTEMY PABEHCTB CIEAYIOIIHAM 06paloM: IPOCYM-
MHPYEM YMHOXeHHOe Ha cos{y)cos(w) = cos(¢) pasencTso (4.12a) npu & = 1 ¢ pasen-
cTBoM (4.12a) npu k = 2 u pasenctsoMm (4.13a); aHallOTMYHO MOCTYNUM CO BTOPBLIMH U
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TPETBHMH CTPOKAMH C TEM TONbKO oTiduneM, 370 (4.12b) mpm £ = 1 ymuoXaerca Ha
cos(¢p)cos(w)  cos(v), a (4.12c) mpu k = 1 ymHOxaerca Ha cos(¢)cos(yp) = cos(w).
PesynpraToM 6ynyT paBeHCTBA

(co + c2)(fo + f2) = —(bo + b2)(a1 + az + di + da), (4.17a)

(bo + 82)(fo + f2) = —(co + e2)(e1 + a2+ ¢1 + g2), (4.17b)

(bo + b2)(co + c2) = —(fo + fo)(d1 + d2 + g1 + 92)- (4.17¢)

Ecnn nonyctuts, uro B (4.17) ooHa u3 CyMM BHeauaroHa/lbHGLIX [1apaMeTpPOB paBHA

HyT10, HANpUMep, by + by = 0, T.€. by cos(¢) /by = —1, To U3 cooTHowenui (4.15) cnenyer

PaBEHCTBO HY/IIO U IBYX APYTHUX CYMM. JTO NPHBOAMT k COOTHoWeHusM by = —b,, ¢ =
—¢g, fo = —f2, 970 mo3BonseT U3 (4.9) NoNyYUTL paBeHCTBA

a1y = bi-f-ci, dldzz bz+f3, gz :Ci'i'ff.
[Monctapnss ux B (4.2) ana M, u M, Haxonum

1
af—i—alag:l U a§+a1a2=1=>a1=a2=:t—

V2
AHAIOrMYHO BRIYHCIAKOTCH

| 1

dy=dy =+—, =g, =+—.
1 2 \/i gl 92 \/§

Ho »TH aHaveHuns JUATrOHAIBHBIX NapaMeTPOB He YIOBICTBOPAKT YCJIA0OBUAM
ar + dy + g = %1, k=1,2, {4.18)

KOTOpLIe crenyioT ua (4.6) ana matpun My u M, npwu by, ¢k, fir OTNMYHEIX OT HynA.

ITonyyennoe NpoTUBOpEYHE NOKa3biBAET, YTC CYMME] BHEAUArOHATLHBIX TapaMeTpoB B
(4.17) oTnM4HEBL OT HYJA U, CIIEAOBATETLHO, MOXHO CTPOKH B (4.17) nonapHo nepeMHOXaTh
U MeUThH Ha obIlie MHOXHUTEIH. B NTore NOMyYyaeTCA CACTEMa PaBEHCTB

(fot o)) = (a1 +as + di + da)(ar + a2 + g1 + 92), (4.19q)
(co+c2)? = (a1 + a2 + dy + da){dy + dz + g1 + g2), (4.196)
(bo+ b))’ = (a1 + a2+ g1+ 92)(d1 + d2 + g1 + 92). (4.19¢)

Hanee ¢ cooTHomeunamn (4.16) u (4.19) cnenyet BHIMOAHMTE NPOLENY DY aHATOIUYHYIO
Toit, xoTopas u3 (4.2) u (4.5) npusea k (4.6). Umenno: croxum crpokn B (4.16), kBanpa-
TH CYMM BHEIMAroHAIBHHIX HapaMeTPOB 3aMeHUM COOTHOUWEHASME U3 (4.19), Bhimonuum
apudpMeTHYeCKHe NEHCTRHN H MOIYINM PABEHCTBO

(a1 +az+di+dp+g1+g)° =2

[loncranopka ycaosuit (4.18) B 3TO paBeHCTBO NPUBOAUT K 1IPOTMBOpEYMo. TeM CaMBIM
MET TIOK23aJ1 JTAIIb TO, YTO B BapuaHTe (4.11) ¢ HepaseHcTBamn (4.14) MaTpuyHoe ycoo-
sue MM, + MM, = 0 ne pLInoaHgeTCA.
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Otkaxemcs or nepasedcTs (4.14). IlycTh onvH M3 BHemHWaroHalLHLIX NapaMeTpPOB
MaTpunsl M, paBen Hymo. Toraa coriacHo jeMme BHIIOIHAETCHS OTHO M3 COOTHOLUEHMH
{(4.7) mas M-, Hanpumep, (4.7a), T.e.

(11=:|:]., b1=01=0, f12=1—d§, df:gf

3 (4.9) cnenyer
g = 0, dldg = thg: = _flf‘Z COS(UJ). (420)
N3 (4.13) naxonum npoussenenue (4.13a) na (4.13b)

baco(ar + dy)(ay + 1) = bycaf? cos(w). (4.21)
Ecau nonyctuts, uto fi; =0, To
(4.70) = d} = g} = 1, (4.20) = dz = g2 = 0,

a w3 (4.12) npu k = 2 caenyeT paBeHCTBO HYIIIO IO KpaliHeil Mepe OBYX BHEAUArOHANLHEIX
IapaMeTpOB B JIOMOJIHEHWE K HYJeBbIM muaroHasbHeiM. Ho yHuTapuas Matpuua M, me
MOJKeT UMeTb HY/IeBLIX CTPOK.

Ecm f; # 0, tod? = g2 = 1 — f} < 1, caenosatensuo, ) +d; # 0, a; + ¢ # 0.
Iasee, ecnn onuH 13 napameTpoB by Hn ¢; paBeH Hyuio, To u3 (4.10a) u (4.10b) cnenyer,
4TO M BTOpOit paBcH Hymio, Ho B (4.2a) b5 + ¢ = 1. Ecnun oraenuts B (4.102,b) MEMMYIO
4acTb, TO HETPUBHMAIBHOCTL HTHX IapaMeTpos bieder sin(w) 0, T.e. cos(w) = +1.
(CoBMmecTHOe BblmoJiHeHme ycnoBuit by # 0, c; # 0 corsacuo (4.12) BuedeT HepaBeHCTBO
f2 # 0, a ono Baever u3 (4.20) d; # 0. bonee Toro, npouspeneune (4.12a) na (4.12b)
f} = d,g7 nokasbiBaeT, 4TO dy U gz OOHOTO 3HAKA, 3HAUNT d; H ¢ TOXKE ONHOTO 3HAKA W,
cienoBaTensto, dy = ¢;. Taknm obpaseM, u3 (4.21), yuntotBad (4.7a), naxonum d; = +1,
YTO MPOTHBOpEYUT yoilouio dX = 1 — f2 < 1.

AuanorudHo B citydae OoTKa3a oT HepapeHcTB (4.14) k npoTvBopeduio NpuBeno Gul
xaxnoe U3 cootTHowenui (4.7) nng maTpunel My, a parso ¥ AN MaTpuus M.

Wtak, nepsriii BapuanT oTnal. PaccMoTpuM BTopoll BapuanT

) T T
wi=t1 -t wr=Pr— ¢ — <
2 2
npu HepaBeHcTBax (4.14). B aToM sapuanTe 0 MaTpuubt My COXpaHAIOTCA paBeHCTBa
{(4.12) mpw & = 1, a mns M, n3 (4.3) cnenyfoT, oTNMYaOMIMECS 3HAKOM MpPABRIX YacTed,
paBeHCTRa

c2f2 = ba(az + dp), (4.22a)
baf2 = calaz + g2), (4.22b)
bacz = fa(dz + g2). (4.22¢)
Otnenum B (4.10) nelicTBUTENbHbE YacTu
bg(al + dl) - fZCl COS('{L’) + ((12 + dz)bl COS(¢) — Cgfl COS(UJ} = 0', (4230.)
ca(ar + g1) — fabicos(@) + (az + g2)c) cos(¥) — by fy cos(w) =0, (4.23b)

faldr + g1) — bacy cos(¥) — czby cos(@) + (d2 + 92) f1 cos(w) = 0. (4.23c)
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Pasmenum (4.23a) m5a — foc1, a (4.23¢) Ha —bye; ¥ CIOXHM NOJy4YeHHBIE papeHCTBa, B

pe3yibTaTe MOJIY 1HM
bifa b fl)
CO5 = + —
®) (bel by fa

Ananornunas npouenypa c (4.23b) u (4.23¢) npusonur k paBeHcTBY

=3 (277

STPI PaBCHCTBA HNPHUBOIAT K COOTHOMECHAAID

KOTOPOE CBOAUTCH K [OJ1yYEHHOMY B LIEPBOM BapHUaHTe COOTHOLIeHHIO (4.15) yMHOXeHreM
Ha,

b
~ 5t cos(y) =

cos(w) = —cos(¥)cos(@), rme w=1—d+m.

CoBnazienue OCHOBHBIX [PONOPLUUOHAIIBHEIX cooTHoweHuid (4.15) mns oboux sapman-
TOB y6exK[IaeT HAC B TOM, YTO M B 2TOM BapuaHTe 6yler no.lydeno uporueopeune. HyxHo
JMUIb TPY NOCTPOEHAM CUCTeMbl HepaBeHCTB Tuua (4.17) w3 (4.12), (4.22) u (4.23} punoa-
HMTE clenylomyro npouenypy: (4.12a) npu k = 1 ymHOXHTL Ha cos{y) cos(w) = — cos(¢d)
CII0XKHTD ¢ (4.22a) ¥ U3 pesayabTaTa BHYeCTh (4.23a); aHAJIOrHYHO NOCTYIHTh CO BTOPHI-
MH U TPETHUMH CTPOKaM¥ C TE€M TOILKO OTIIMYMEM, 4YTO CTpoka (4.12b) ymuoxaercs Ha
cos(¢) cos(w) = — cos(y), a cTpoka (4.12¢) ymHC)aeTcs Ha cos(@) cos(yp) = — cos(w). B
peayibTaTe MOMydaloTcs paBeHcTBa Tuna (4.17), roe mepen mpaBLIMU YACTAME BMECTO
MHHYCOB cTOAT mitock. [lonapHoe UX yMHOXeHWe TIPHBOOMT K paBeHcTBaM (4.19). Pasen-
cTBa (4.16) (obuime o1 oboux apmanToB) ¥ (4.19), Kak MOKa’aHO B MEPBOM BapUaHTe,
NPHUBOAAT K NPOTUBOPEYUHIO.

OTka3 or HepapeHcTB (4.14) B »ToM BapHaHTe NPHBONNT K NPOTHUBOPEUNIO LPH IO-
CZIOBHOM TIOBTODEHHMM COOTBETCTBYIOIIEA [POLENYPbl MEPBOTO BAPHAHTA. AHAJIOTUYHOE
pPacCMOTpeHue OCTABIUMXCH OBYX BAPWAHTOB TaKXe IPHBOAMNT K HpoTHBopeumio. Yro
3aBepUIAET NOKABATENLCTBO TEOPEMBL.
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O eAMHCTBEHHOCTH W aCHMIITOTHVKE PelIeHus OAHOI'O
NHTerpo-anddepeHNMUANTBHOIO YPaBHEHN A

TeIlIONMPpOBOAHOCTH

10.A Koxos

Auvorauns. [loxalaHa enMHCTBeHHOCThL peweHus 3amadm ap”’ = F(z,p,z), p'(0) =
P =0, z = f{o(s)(p(z) — p(s))ds, tne F € C(I x R?), e > 0. B ciyuvae, xorna
F=Fk(p—r(z))+2,k>0,r(z) € C(I), HallieHsl ACHMOTOTHKY peLeHui npu o — 0 1
npH & — +00.

Bub:1. 3.

YIK 517.927.4

I. PaccmoTpuM 3afavy, BO3SHUMKAIOLIYIO B HeJlMHeHHOM Teopnd TemioBomHocTH (1], [2]:
ap” = F(t,p, 2), (1)
'0)=p'(1)=0, (2)

P
2= [0! o{s)(p(z)}— p(s))ds, (3)

rne Fe C(IxR?),I=[0,{],a,{>0,pe R, 0 €C(I),s(s)>0,s€ I, p- remneparypa
cpenbl, @ KO3QPUIHEHT TEINIONPOBOOHOCTH, ¢ MHTEHCHBHOCTh HENOKaJILHOTO BLlOelne-
HUSA SHEPTHH.

W3 pabot [1], [2] cnenyer, uro pemenne 3amasm (1)-(3) cymecrsyer, ecnu HalimyTca
TakHe NOCTOAHHEBIE Mg, m € R (m > mg), 4ro

F(z,m,00>0 ¥zel, (4)

F(z,m,0) <0 Vxel. (5)

B naabueiimeM Mul 6yneM IpeanoaaraTs, 4To yciosus (4), (5) Benonusiorca. B atom
ciydae pemende p(x) yoorrmeTsopser ouieHke mp < p(z) <m Vz e l.
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Teopema 1 Tycme F,, F, € C(I x R?), npuuen
Fy(z,p,z) >0, F(z,p,z)>0

Y(z,p,z) € I X [mg,m] x [—M, M|, ede M = 2max(| mq |,| |)féa(s)ds.
Tozda pewenue 3adavu (1)-(3) eduncmeenno.

Hoxasameavemeo. Ilpennonoxum, uyto p(z), pa(z), ¢ € I 1Ba pewienns 3amaym
(1)-(3). Torma ux pasnocts u(z) = pz(z) — p1{c) GymeT ymoBI€TBOPATL YpaBHEHUIO

I
au’ = afa)u + H(z) [ als)(u(a) - u(s)) ds, (6)
roe .
a(z) = [ Fya,m(@)t+pi(2)1 - 1), za(a))

b(z) = [)1 Fuz, pi(2), 22(2)t + 2 (2)(1 — £)) .

B cuny ycnosuit Teopemul a(x) > 0, b(z) > 0 Vo € I. U3 (6) naxomum
o’ = (ale) + () - b(a), ™

«'(0) = w'(1) = 0, (8)
roe

c= _/Dla(s)ds, ¥ = fola(s)u(s)ds.

Ifycte v = 0. Torna u3 (7), (8) cuenyer, uro u(z) = 0, z € | ¥ eNUHCTBEHHOCTL
nokasana. [Iycts 4 > 0. Obo3naunm

- b(z)y
w(z) = a(z) + cb(z) ©)
(u(z) xpwmsas, rme u” = 0), U7 = maxU(z), Up = minT(z), z € I. Tak kak vy > 0, T0
ur > 0. Ilokaxem, uro pemende u(z) 3anaun (7), (8) ynosaeTpopser ouenke u(z) < uj.
[IycTs 5To He Tak W, X HNpuMepy, I8 HeKoToporo . € I u(z,) > w(z). Torna, ecim
w'(z.) 2 0 (z. (0,{)), moayunm u'(x) > 0 npu = > ., u, suaunr, u'(!) > 0, vero we
MOXeT GHTh B cuity (8). AHalOrMYHBIE IPOTUBOPEYHS MOy YaloTcs, ecim u'(z,) = 0 (npu
z,= 0w =, = [}, a Takxe B cryvae, korna »'(z.) < 0 npu z, € (0,1).

Crnenoparensho, u(z) < u Yz € [. llycta zg € I Touka, rne Ur(zo) = . B aroit
TOYKE MMEEM:

b(zo)cu( o)
(za) + eb(zo)

_ b(zo)
Blro) = TV T cb(za) -

i
/ o(s)u(s)ds < < °(zg).
0 a
Mony yenHOE MPOTHUBOPEYNE NOKAILIBAET, YTO HE MOXKET ObITh caydad ¥ > 0. Ciydait v < 0
CBOOMTCA K PACCMOTPEHHOMY BBeIeHHEM PasHOCTH pi(z) — pa(z). Tem camem v = 0, n
eIMHCTBEHHOCTD NOKA3aHa.
3amMeuanne. Ycmosne a(x) > 0 Vz € [ cymecTBeHHo 1718 CNPaBETMBOCTH TEOPEMEL.
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I1. Hanee paccMOTPHM YacTHbLI ciydait 3agaun (1)-(3), a uMenHO ypaBHeHue:

op' = K(p—r(a)) + [ o()(p(z) ~ pls) ds, (10)

roe a,k € R, a,k > 0, r € C(I), c ycnoBusamu (2).
N5 [1], [2] cnenyeT cywmecTBoBanue pewenus p = p(z,a) 3agakn (10), (2), a u3 moxa-
3aHHOM BHIIE TEOPEMBl €ro eIMHCTBERHOCTD.
ITpeacraBnseT HHTEPEC aCAMITOTHKA 3TOro pewenus p(z,a) mpu a — 0.
ITokaxem, 4To
k? 1
p(‘rﬁa) = kg—_l_cr(m) + k2 + ¢

V[o(s)r(s)ds—}-e(a:,a), (11)

roe ¢ = i o(s)ds w €(z,a) — 0 npu a@ — 0 paBHOMEpPHO OTHOCHTEILHO & € 1.

Ecmu ¢ =0, s € I, To (10) nmpeppamacTcs B puddepeHnnanbioe ypaprerue u u3 (11)
nonydaem p(z,a) = r(z) + eo(x, @), rme go{z, @) — 0 npy &« — 0 paBHOMepHO OTHOCH-
TeapHo T € I. AcMMNTOTUKa TakMx pelleHuil xopomo uzydeHa (cm.[3]). B nanbueiimem
6yneM cuHTaTh, 4TO o(s) # 0. O6o3natum
K 1

2 _ . 2 —
ko = Pk a’ L_k2+c

/D[ o(s)r(s) ds.
Pemas 3anaugy (10}, (2) MeTomom BapMaluy MPON3BOILHLIX NOCTOSHHEIX, HallneM:
plz, @) = %% a;lm[ch koz [} r(s)ch ko(l — s)ds+ )
+chko(l — z) fy r(s)chkpsds] + L.

Iycte r(s) = r — const. Torma p(z,a) = 7 ects pemenue (10), (2). [loatomy cupa-
BeMlIIMBO PABEHCTBO

2
. %a]-lm[ch koz [' reh ko(! — ) ds

+ chko(l =) 5 rch kos ds| + E‘z%

HJIA.

Ko k2
kz + ¢ N kDSh k()

{ T
[ch ko.rj rch ko(l— 8) ds + ch kol — :c)/ rch kos ds] (13)
{ T 0

Tlepennmem Terneps (12) B Bune

2

p(z,0) = H}g];l&k;l[ch koz [H(7(z) + r(s) — r(z))ch ko(l — s) ds+
techko(l = z) Jg (r(x) + r(s5) — r(z))chkosds] + L = (14)

_k2rm

=i + L + Li{z,a) + I(r, a),
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roe
k2 chkoz !
hz,e) = 35> /r(r(s) ~ r{z))ch ko(l — ) ds,
k? chko(l — z)
Iy(z,a) = k—OW/ (r(s) — r(z))ch kos ds.

Ileproe cnaraemoe B (14) nomyvaerca B cuiy papencTsa (13). Ilokakem, uto mpnm
a — 0| Lx,a) | + | I2(z,a) |— 0 papHOMepHO oTHocuTensHo € J. C 3ToH Hemsio
HOKaXeM, 4TO s Jioboro € > 0 nalimercs ag > 0 Takoe, uro | Ii(z,a) |< £/2, Vz € I,
eIl @ < Gyg.

[Tyets £ > 0 3amano. Bubepem A > 0 cTomb MankM, 4Tobw npu | s — z |< h 6ut0
| 7(s) —r(z) |< /4, V(s,x) € 1. [lokaxem, urto | [1(z,a) |< /2 npu Vr € [ — 24,!] nns
awboro a > 0. Meem

| (7, @) |<
kichkoz
ﬁﬂf(l r{s)—r({—h)|+|r(l=nh)—r(z) |)chko(l —s)ds <
k2chk (13)
< (e/d+ /) g Tsh k(1 = 2) <
< 5/2%—1,@%(511 kol + sh ko(l — 22)) < /2.
3aMeTHM, YTO HMKAKUX OCPAHNYEHHN HAa MalocTh « > () MBI He CTaBHIIK.
[lycts Tenept x € [0,! — 2h]. Umeem I1(z,a) = I; + I3, roe
. kichkox
e k(;l | (r(s) = r{@))eh ko(l — 5)ds,
. kichkyr
= k—oshTDoI (8 = r(@))ch kol = 5) ds.
OuenuM nepBbIfl MHTET paJl:
< %—dﬁ—’;l? [4(sh ko(l — ) — shko(l - — h)) <
(16)

< 5/4#,5!%(511 kol + sh ko(l — 22)) < /4.

B (16) a > 0 moboe. Ouennm I3, Ilycre n > 0 Takopo, uto | r(z) |< n, Vz € . Torma

eie k2o chk
| 15 |< E‘EQn%h—ﬁ;[sh k(l—z—h) <

< Qnm%(shko(z ~h) +shke(l— 22— h)) <

hko(l — A (ko{l—h)) (7
5 olt — explkgli — _
S 2 0 <2n exp(kol)

= 2nexp(—h ml

(54
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Buibepem ag > 0 ¢Tosp MaibiM, 4TOGH!

2
o exp(—hy | oSy — ¢/,
Qo
Torma u3 (17), (16), (15) cnenyet
| Ii(z,e) |<ef2, Yzel u Ve (0,a). (18)

Ananoruynas olieHKa NonydaeTcd U And uHTerpana [p(r,e) (M npu ToM Xxe smadeHun
@ = ap). CrenopaTenho,

| L(z,0) | + | I(z,a) |<e Vrel Yace (0,a0.

Tem camuM popmyna (11} mokazaua.

N3 dopmynm (11) cmenyer, uTo ecim yHKUMs 7(z) nMeeT aKcTpeMyMbl U ¢ > 0
MOCTATOYHO Mallo, TO peiueHue p(r, ) Takke GyLIeT UMETDH IKCTPEMYMEL,

Hajinem Tenephs acuMnTOTUKY pelllenus p(T,a) npu o — +oo. s pewmenns p(z, o)
sanaud (10), (2) copaBennupa onerka (cm. (1], [2]):

Pasgenus (10) na o u nonaras a — +oo, tonyuum p’({z,a) — 0 mpu o — +oo
paBHomepHoO oTHOcHTeNbHO T € 1. M3 yenosuii (2) crenyer, uto p'(z,a) — O npua — +o0
paBHOMepHo oTHocuTenbHo T € I. [loaromy

p(z,a) = H + £1(z,a), (19)

roe H HexoTopas mocrofHHas u £,(z,¢) — 0 IpE @ — 0O PaBHOMEPHO OTHOCHTEIBLHO
x € I. Uurerpupys (10) mo z oT z = 0 mo « = I, B cuny (2) nonyunm

0= ([ (ple,@) ~ (@) ds + [[([ (o()plz ) = pls, ) ds)dz). (20)
Noncrasass (19) B dopmyay (20), Hafinen
Hi= /Dl r(z)dz + ea(a).
Teneps u3 (19) crenyer
plz,a) = %/Ofr(z)dx + eaz, @), (21)

roe £3(r,a) — 0 npu a — +oc paBHOMepHO oTHocUTeNnbHo T € | U3 (21) cnenyer, uTo
npu a — +oo pemenne p(z,a) OYIeT CTPEMITHCA K [IOCTOSHHOW, a 3KCTPEMYMEI 6YAyT
" BRIITIaKUBATHCH .
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TeopeMbl CYIIeCTBOBAHMSA AJ51 CHCTEM CHHIYJ/IfIPHBIX
OOBLIKHOBEHHBIX NH(PepeHINANBHBIX YPABHEeHNH

O.A Kioxos

r

X
Audoranua. M3ydaetca kpaepad 3ajaua  x" + kT = f(t,x,x"), x'(0)=0,
x(t)=b—- Bx'(r),rne x,b €R", K,B—nxn -marpuusi v f € C(I x R*"), I = [O,r] Ipu
pa3NMYHLIX NPEAIONOXeHMAX oTHocHTensHO K, B w f noxasasel 4 TEOPEMEI O

CYI{eCTBOBAHUH pelueHns.JTa paboTa MOCBSINEHA H3YYEHMIO BOPOCOB CYILIECTBOBAHMUS
PELIEHHA ABYXTOUEHHBIX KPAeBbIX 3a/1a4 ANA CHCTEM OOBIKHOBEHHBIX CHHTYIISPHBIX
JuddepeHIHANLHEBIX YPaBHSHUH BTOPOTO MOPAAKA.

Bubn. 5.

YIK 517.927.4

n.1. Bravane MBI TOKaXXeM TeOpEMY 1 KBa3HIHMHEHHBX CHHTYISAPHRIX CHCTEM.
Jas 3Toro HaM NoHAROOHTCA CNeRYIOmaA CHHIYIAPHaA 3a1a4a Komu

' ()

X
X"+ K== Flt,x,x),

x(M=c, x(0)=0 (2)
rie K+ E —nxn—Marpuia, CcUMMETpDUMYHAs®, MOJOKUTEIBHO onpenenéudas ( E -
eIMHMYHas MaTpuua), x.c € R"  F(t,x,x) eCI;x R™) I, = [0,5], 1y = (0,5], 0>0
Mon peweHneM 3anaum (1), (2) oOynem mnoumMares Gynkmmo  x(1) e CP (4 sh
YIOBIETBOPAIOIIYIO YCIoBHAM (2) mnpw 1 € [, ypaBHenmto(1).

Teopema 1. Pewenute 3agaun (1), (2) cywectByer ana Hexkotoporo § >0 Kpowme Toro,
ecin F yJIOBJIETBOpAET JNOKATBHOMY ycloBuo Jlumuuua no x,x’, TO 3TO pelleHue

€/TMHCTBEHHO U x(f),x'(f) HEINpephIBHO 32aBHMCHUT OT ¢ € R”
JoxasaTenscTRO 3T0k TeopeMbl cM. [ 1]
J11151 pelieHUs 3TOH 33123V CIpPaBelIMBO paBercTro (cM. [1] )
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x"(0) =(E + K) ' F(0,c,0).
3ameTHM, 4TO ecliu F He yAOBIETBOpgeT ycnoBuio Jlummuna, To 3agaua (1), (2) Moxer
HMETE HECKOMEBKO pELIeHUH.
JeHcTBUTENBHO, MyCcTh n=1,x € R
PaccmoTpuM

1
Vv -
x"-l-?x’:x3 v>—l, (M) =x(0)=0.
2
DTa 3aj(a4a UMeeT ABa peulenHs x, (1) =0, x,(f) = A, e 3(2+v)4? =1.
Teneps paccMOTPHM JBYXTOYEUHYIO KPAacBYIO 3aqayy /1A KBA3HIMHCHHOH CHCTEMBI

x' (3)

x"+ KT = A(O)x+ B(t)x' + g(t,x,x")
x'(M=0 4
Ux(t)+Vx' (1) =a (%)

roe x,aeR" tel= [0, T],T >0, K -MaTpHla TOYHO Takas e KaK ¥ B Teopeme 1.
A(1), B(t) — n x n — mMarpuubl, 211eMeHTHI KOTOPBIX €CTh HENMpepslBABIE QYHKIMH AT
t € I,U,V —noctoasHEle 1 x n— matpunbl, g € C(I x R*™) H cylecTByeT MOCTOSHHAA
m, > 0, Takas, 410 ‘g‘ <m,, Y(t,x,x')yelxR* paccMoTpum
Hapsany ¢ 3amaueit (3)-(5) paccMOTPUM OJ[HOPOIHYIO 3a1a9y

X"+ KxTJ = A(D)x + B(H)x' (©)
x'(0)=0 (N
Ux(D)+Vx' (1) =0 (8

Teopema 2. [Tycre oHoponnad 3afnaua (6)-(8) uMeeT ToabKO Hy:Iepoe petnenue. Torpa
sagaya (3)-(5) umeer peumenye ms moboro a € R”
JokazaTeascrno. O6o3HauuM 4epes X (¢}, €/ MaTpully ¢ 3n€MEHTaMH X, (1),f €1,
Kax Bl cTONOEI KOTOPO# ecTh pelileHHe cucTeMs! (6) ¢ yCIIOBUSIMH
x,0=¢6, x (0=0,6,=0,i#jun6 =1
Taxoe pelerne cymectayet (cm.[1]).
CrepopatensEo X(M=E, X'(0)=0 wu pemenne 3axauu Komm (2) ams cucteMs! (6)
MOXeT OBITh 3allUCaHO B BHIE
x()=X(t)c ()
BribepeM Tenepbk ¢ TakuM obpa3oM, uToOm BeiMosHAnock ycnosue (8). Iloactannss (9) B
(8) monyyum
UX(D)+VX'(t)He=0
Tak KaK 1o ycIOBUIO HyNeBoe perieHue (6)-(8) enMHCTBEHHO, TO
Det(UX (D) + VX' () # 0 (10)
QO6patumca Teneps K 3amaye (3), (2). [lycte x(f,c) ectb pemenue 3amauu Ko (3), (2).

CrenaeM 3aMeny
x(1,¢) = X(f)c + z(t,¢), (11)

rze z(t,c) - nosas BekTop-QyHKuMA. [loncrasmag (11) B (3) nomyuum
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' (12)

z"+ KZT =Az+ Bz' + g(t,2,2')

z(0,¢)=2'(0,c)=10, (13)
rae g(t,z,z')=g(t, X(1)c+z, X '(f)c +z'). IlokaxeM, 4TO CcyLleCTBYeT NOCTOAHHAA m > (),
Takad 4To

|z(t,c)| + z'(r,c)l <m, VYit,c)elxR" (14)
M3 (12), (13) HaxoauMm
!

15
z'(t,c) = Iexp(Kln ;)[A(s)z(s,c) + B(s)z'(s,c) + go(s,c)]ds (1)

! (16)
z(t,c) = Iz’(s,c)ds,

Q
rne gO(Sﬂc) = E(S,Z(S,C),Z'(S,C))
OueBHaHO, 9TO |g0 (s,c)} <m,, V(s,¢)elxR" Tycts nocrosuusle L>0,4 €(—1,+w)

eKlm

TAKOBBL, YTO | < Lt*,0<1 <7 Ouesugno, yto A =min(A,...,1), roe 4 ,(r=1,...,n)

ecTh CODCTBEHHBIE 3HaUeHHS MAaTPUIEl K
Teneps u3 (15), (16) cnexyer

|lz'(r,¢) < LIG] ["A(s)”_[z'(a,c)lda +|B(s)
0 0

z'(s,c)| +m, |ds

!
5
OTKYHa, npeanonarait 4 =2 0 (toraa [TJ <1l)

! (17)
z'(:,c)| < Pr+ Qﬂz'(s, c)|ds
a
5 A
B chyqae, ecnu A €(-1,0) ,Toraa [?] >1
AHATOTMYHO 1T0TyYaeM
(18)

t A
2(t,0)| € Pr+Q, j[f) 2'(5,C )M,

oM

rne P,Q.F,,0, >0 - Hexotopsle noctoaxskic. B ciryyae 4 2 0 u3 (17) cnenyer

z2'(t,0)|Q

Pe+Q [|l2'(s,c)\ds
0

=g,

WHTErpupys, HAHIEM

f Olz' (a,c)|der <or

* Pa+ Q_[|z'(s,c)|ds
0
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mmi[ Odz'(a,c)lda <or

P+ Q _[|z’(s,c)|d.s
0

BhinoilHAS MHTErpUPOBaHUE 110 & H [OTEHIHPYS, HAXO/ (UM
: (19)
Pt+Q||z'(s,c)ds < PrexpQr
0
W3 (19) u (17) cnenyer
\z'(t,c)| < Ptexp(Qt < PrexpQr, Vt,celIxR" (20)
B ciyyae A €(~1,0) neobxomumo Bravyane ymuoxuthb (18) Ha % | mocne 4ero paccyxaeHus
HOJHOCTERO aHANOTHYHEIE TIPSR TYIONM JAF0T TaKYHO HE OLEHKY

|z’(1‘,c)|£P1Teprlr, Vt,celxR" 21
M3 (20), (21) u (16) cneayet
|z(r,¢)| < P,e? exp(Q,7), Yt,celxR" (22)

rae F = max(P, F), O =max(Q,0,).

Uz (20), (21), (22), caeayeT cpaBedHBOCTE oneHKH (14).

O6patumca Tenephb k peinenHro 3agadd (3)-(5). Ilocrapaemca B 3amaue (3), (2) ribpats
c € R" TakuM oOpa3om, yToOBI MOJIyueHHOE peleHHe X(f,¢) YIOOBNETBOPANO YCHOBHIO (5).
Ilopcraeags (11) B (5) Haitaém

(UX(0) + VX' (D))e = a - Uz(z,¢) —Vz(7,c) (23)
OoTKyAa ucnoneya (10), moayuum
c= (UX(:') + VX'(r))_‘ (a—Uz(zr,c)-Vz'(1,c)):= g,(c) )
HIIH c=g/(c) 24)

B cuny oneHky (14) cymectpyer noctosHaas M > 0, juis xoTopoi | g (c)| <M, YceR"

{locne 3TOro OOKA3aTENbCTBO TEOpeMbl 2 3aBEPINAETCA AHATOTHIHO TOMY, KaK 3T0 OmINO
cileano B TeopeMe cyuiecTsosanus ( cM.[4], ctp.24). Tem caMbM Teopema 2 oKasaHa.

Ecnu B Teopeme 2 K = 0, To oHa ceayet u3 pesynbrata P.Kountn [5]

3ameuanne. B Teopeme 2 BMecTO ycnoBHs (5) MOXKHO paccMOTpeTh Gonee obimee ycrosHe

Z[ka(‘k)"'l/kx'(fk )] = p(x),

rae ¢, €, U,,V,-3anaHHeie »x n-MaTpulbl B @(x) HeNpephIBHLIH BeKTOpP-QyHKIMOHAN
onpeneIEHHBIR Ha Knacce gyskuuit x € C2([),
o)
x|
n.2. PaccMOTpHM 3agayvy

NpHYEM — 0 mpa |x — ool

x"+kf!-'--—-f(t,x,x’) 23
x'(0) =0, (26)
x(r)=b, 27

rae x.beR", keR, k>-1, feCIxR™).
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Teopema 3. IIycTb BEIMONHAIOTCA YCIOBHA:
(A) CymectsyeT uncno /2 >0 ¥ CHMMETPHYHAA NTOJIOKUTEILHO ONpeneNéHHas MaTpuua H

TaKue 4To A x,y € R",
(Hx,f(r,x,y) + (Hy,y) >4
MpH |x| = A, (Hx,y) =0, Viel
(b) Mz moboro M, >0 cymecteyeT p, > 0 M HempeppIBHAA TONOKUTENLHAA PYHKIIHUA
b(s)>0, 520, Takue uto b(s) — 0, 5 —> +0 npHYEM

lfe x| < p0(1+|y|2b“y|2)) . Viel, |xlsM, VyerR”

Torpa 3aga4a (25) - (27) umeer peinenre and mobdoro b € R”. JIna noxasaTenbcTea
TeopeMbl 3 HaM IOHaJ00HTCA clieayromas neMMa.

Jdemma. [Tycts x(r) € C*(J) ecTb pemenue cuctemst (25), 1L KOTOPOii BBITIOTHAETCS
yeiosue (B). Torna nna moboro M > ( MoikHO ykasaTh Takoe N >0 910 ecnu x(f) ecTb

moboe perrenne (25) , 111 KOTOPOTO BBUTONHAETCA OIICHKA |x(r)| <M, Viel ,T0
X(O|<N, Vtel (28)

Joxazateapcrso demmel Ilycte  z(f) e R, zeC*() u m, = max|z(“(l‘)‘ tel,

(k=0,1,2) Torma cnpasennupo Hepabenctro ( [3], c1p.393)
m? <(8exp 2)2 m, m::n-((m2 2m,t )

3ameHss MAKCHMYM JIBYX HHCE] MX cyMMOH, monyuum Gornee rpydyro, HO Bonee ya00HY1H0
OLIEHKY

m? < g,(mqy +m,) (29)
e g, = mD(Se)(p2)2 max(1;277?).
Ilycrs Teneps x € R, x € C*(I). O603mauum M, = maxlx(“(t)|, tel, (k=012)
Ilonarast x = (x,,...,x,) M3 HepaBeHCTBa (29) uMeeM

@ €q(M,+ M), tel, (v=12,..m), (30)

rie q, = Myqomg'
CxuaneiBas Bee HepaBenceTpa (30) o v =1,...,n u oo3Havaa g = ng, , HONIYUHM
M? <g(M, + M,) (1)

Teneps u3 (25), (26) Haxoaum
N K

x(1) = I(— £ (5.%(5), 5" (5))ds

(7%

t
H OMATE ke u3 (1) caemyer
5

k T k
e (0] < |f (4 x(0),x"(0)| + g I(—] |/ (5, x(5), %" (s))|ds <

!

L)

H i k
< plil +x" 2 (Ob(x" () + 'Iﬂ j(?] (1+ x*(5)b(x"* (5))ds
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He yMeHbInas 0GIIHOCTH, MBI MOKEM CHHTATh, 4T0 X' “H(x’'’) ecTb HeybbIBaIOLIAN
dyukuua x’° Bage 3HaueHHe 7, IPU KOTOPOM |x "(t)| MOCTHIAET MAKCUMyMa, U3

NnocJieHero HEPaBeHCTBA HAXOUM, Henonb3ys (31),

|| (32)

M, < p[1+a(M, + M)b(a(M, + M, >>][1 + m}

Tak xak npu yeenwuennn M, b(g(M,+ M,) = 0, To u3 (32) cnemyer orpaHHYeHHOCTD

M, ,auns (31) orpanuyeHsocts M, = maxlx'(t)Lt €l Tem cambmM ouenka (28) moxazaua.

HJoxazaTelbcTBO TeopeMbl 3. Obo3uaunM Yepes m > 0 Takoe YHCIO, YTOOBI
yrunTEYeckuit unnurnp (Hx,x) =2m, t € [ comepxan BHYTpu ceOf LIIIMHIP

x| = M, = max(h, 8y, t €l Takuto (Hb,b) <2m. Janee BoibepeM M > 0 Takum obpazom,

utoOp1 LauHAp |x| = M, ¢ € I conepxan BHYTpH ceGs IMMMNTHYECKMH WHAHEID
(Hx,x)=2m, t el DroMmy3HaueHHIo M cormacHo nemMMe, COOTBETCTBYET 4ucio N > 0

JUta sTux dncen M u N onpenenyM QpyHKLHIO

I f(t.%,9)
T e oal - M)+ o - W] fe,x N (Hx x)

(33)

o((Hx,x)—2m)

rie a(s) = 0 3amaHa cnemyrouruM obpaioM: o(s) =0, s<0; g(s)=3, 05 <1,
a(s) =1, s> 1. Ouepnnno, yto F(¢,x,y) HenpepslBHa u orpannyeHa ans (¢,x,y) € { x R*"

[ToaTomy ypasHenue
k (34)
x4+ Tx’ = F(fr,x,x")

1o TeopeMe 2, UMeeT pellieHre, YI0oBIeTBOpsOIlee YCIOBHAM (26), (27). ( Jlerko mposepuTh,
YTO OJHOPOAHAA cucTeMa x” + bx't™ =0 x'(0)=0, x(0) =0, uMeeT TONBLKO HYIEBOE
petierine.) O6o3aynM pelnexme 3anaun (34), (26), (27) yepes x(¢) v MoKaxeMm 4ToO
CIIpaBE/UINBa OLEHKA

(Hx(t),x(t)) <2m,Vitel (35)

C sTo#f ueIblo paCCMOTpHM GyHKIHO

(1) = (Hx(r),x(:)) (36)
[TocnenoBatenpHo ﬂﬂd)q)epeﬂuupya , IOTMYIHM

(1) = (Hx(0),x' (1)) (37

r(r) = (Hx(0), x" (0)) + (Fx' (1), x"(£)) = (38)

k
= ——r () + (Hx(0), F(,x(0, X' (0)) + (Hx' (0, x'(1))
3 dopmyn (33), (37), (38) n ycnosua (A) caegyeT, 4To QyHKUMA #(f) HE MOMET UMETH
MaKcHMMyMa B TeX Toukax ¢ € [, rne r(t) > m JleicTBUTENBHO, MyCTh NMPH HEKOTOpPOM ¢ €/,
r(ty>m, r'(t)=0, r'"(¢)<0 Ho u3 (38) ciemyer, uto r"(1) > J((Hx(t),x(t)) - 2m) >0

[Tonyusnu npotusopeyre. [lokakeM Tereps, 4To
(Hx(0),x(0)) < 2m (39)
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Ipennonaras npotuBHOE, K3 {38) B HEKOTOPOH OKPECTHOCTH TOUYKH ¢ = () HaxoauMm IpH
t>0

r(t) = j@ [(Hx(s), F(s,x(s),x" () + (Hx'(5),x"(s)) s >

2(k cr((Hx(O),x(O)) 2m) >0

Tax kak pyHKUMA r(t) HE MOYKET UMETh MakcuMyMa nipu »(£) > m, 10 r'(1) >0, r{t) >m

Vtel Hotormanpu =7 nonyusMm r{b)>m wiu (Hb,b) >2m. Ho ato
[IPOTUBOPEYHT BbIOOpY Yucia . TeM caMbIM olieHKA (39) nokazada. Tak kak r(0)<m u
r(7) £ m,Hu TaKk xak r(f) HE MOXKET HMETh MAKCUMYMA TIpH T€X [ rae r(f)>m, 10 r(t) <m,
Yt €l wu,cnegosarensho, x(t) < M, Vt e[ (B cuny BbiGopa uucna M ). [1pu BHIIOJIHEHHH
ITHX OLIeHOK cucTeMa (34) NIpuHUMAaeT BHO

i X JEx(0),x'(#) (40)
X +

t7 T 1+ o(x] - N) £ x), 2 (1))

Tax kak f ynornerBopset ycnoruio (B), To mpapas yacts (40) Tem 6onee 6yaet

YIOBIETBOPATE ATOMY YCIIOBHIO, H TOIA@ U3 JIEMMEI CIeIyeT OLEHKa |x'(r)| <N, Vrel Tak

KaK IpH 3TOM o*(|x'(r)| -N)=0, Vrel, 10 x() ecth peiteHre 3agauu (25) - (27). Tem
caMbIM TeopeMa 3 [oKasaHa.
Hanee BMecTo yenorus (27) paccMOTPHM YCIOBHSA
x(7) =b— Bx'(7) (41)
x(7)=—-Bx'(7) (42)
Teopema 4. Ilycte pyukuus f ynoenerBopser yciosusM (A) n (b) reopemsr 3. Toraa

3afaya (25), (26), (41), rae B - NoNoXMTENBHO ONpEAEICHHAA MATPHLIA IIEPECTAHOBOYHAS C
H , umeet pewnenrpe.

Teopema S, llycts dynknua f ynosnersopsier ycnoeuaM (A) u (B) Teopemsr 3. Torma

3afayva (25), (26), (42), rae B - HeoTpHLATENBLHO ONpEAE,ICHHAA MATPH1IA TTepecTaHOBOYHAN ¢
H , UMeeT peleHHe.

JlokazaTenscTBa TEOpEM 4 H 5 NPOXOIAT € HOMOLIBIO TEX JKE PACCyKICHHH, KOTOphIe GuLTH
HCIIOJIb30BaHbI IIPH 10Ka3aTe/IbCTBE TEOPEMBI 3.

3aMeTHM , 4TO KpaeBble 2afa4M Trna (25), (26), (27) u (25), (26), (41) B cayyae n =1,
x € R wayuanucs B [4], rn9, §2.

Cnucoxk aurepartypsl

[1] I'puzanc I'.I1. O HavaneHsIX 3a0a4ax Juis cucTeM CHHIYIApHbIX OJY sroporo nopsaaxa.
JITY- Pura, 1988.- 15 ¢. - [en. B JlaTHUHMHTH 30.05.88, Ne 123-J1a88

[2] Anexcanapos [1.C. KomOunaroprad tononorus. M. locrexusnar, 1947, 660c.

[3] Xapau I'.T"., JIurraesyn JLE, [Tonua I'. Heparenctsa. M., UJ1, 1948, 456 c.



52

[4] Bacumees H.H., Knokos FO.A. OcHOBE TeopuH KpaeshbIX 3aa4 OOLIKHOBEHHBIX
auddepeHunanbHbIX ypaBHeHuii. - Pura, 3unatne, 1978, 184 ¢

[5) Conti R. Equaziom differenziali ordinarie quasilineari con condizioni lineari.
*Ann.mat. pura ed appl.”, 1962, vol. 57. P 49-61.

Yu. A. Klokov. Existence theorems for systems of singular ordinary differential
equations.

Summary. The boundary value problem

r

g kxT = f(t,x,%"), x'(0)=0, x(r)=b— Bx'(z),

is investigated, where x,b € R" K,B-nxn -matricesand f ¢ C({ x R*"), I = [O, r] . Four
existence theorems are established under different sets of conditions imposed on K, B and f
YK 517.927.4

J. Klokovs. Eksistences teorémas singuldro parasto diferencidlvienddojumu sistémam.

Anotacija. Tiek pétita robeZprobléma

r

x"+kxT=f(t,x,x’), x'(0y=0, x(r)=b- Bx'(7),

kur x,b €R" K,B-nxn -matricasun f € C({ x R*"), I =[0,7]. Pieraditas Getras
atrisinajumu eksistences teorémas pie dazadiem nosacijumiem uz X, 8 un f

HHcTHTYT MaTeMaTUKH U HHPOPMATUKH Hoctynuna 25.09.1998
JlaTBHACKOrO YHHBEPCUTETA

b. Paitnuca 29

LV-1459, Pura, jlarsus
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,HBa YCIOBAA KOMIIAKTHOCTH

A ¢ Jlemuu

Anpnorauunsa. Ing pemenuit nuddepeHnnaILHONO YpaBHEHUS N-I'0 OOPANKa MOKA3bl-
BaeTCA 3KBHBAIIEHTHOCTH OBYX YCJIOBHH KOMIIAK THOCTH.

YIK 517.927

Haia neib paccMOTpeTh OBa YCJIOBHS KOMIIAKTHOCTH DELIeHUH YpaBHEeHUs
n) __ n=1n
z™ —f(t,:r,...,.i,"( 3, (1)

roe f [a,b] x R* — R ynosaeTBopset ycnosusy Kapareomopu. llycts a, # € C([a, 8], R),
a < B uS wmuOXecTRO pemienuit z (¢,d) — R ypasuenus (1), ymorneTBopsomnx
nepabercTBaM a(t) < z(t) < B(t) anz { € (c,d). lna xoMoakTRocTH pemeHnii us §
IpUMeHsIoTCH cilenylolaue yctoas (cM.[1]-[2]).

1. IIna mobuix ¢ € [a,b) u d € (¢,b] naitnerca M € (0,00) Takoe, yro gis nwboro
pemenns r (c,d) — R € S cipapennmso mepaserctso | 2" 1(t) | M nus t € (c, d).

2. IIns moboro ¢ € (0,00) nafinercs M € (0,20) Takoe, wro nns juobuix ¢ € [a,b),
d € (¢, b) n pemmesns z (c,d) » R € Susd—c > e cnenyer | z0*"V(¢) | M nas t € (¢, d).

Ycuo, uTo u3 ycrosud 2 caemyer ycaoeue 1. Ilokaxem, 4To w3 ycropus 1 cienyer
ycnosye 2. Ilpennonoxum nmporusroe. Torna HaflayTcs € U NOCIENOBATENBHOCTD Ty
(ck,dr) > R € S Takas, urody, — ¢y > ¢, ¢ = ¢, dp = dn

sup{| mfcﬂ—l)(t) |-t € (cx,di)} > k. (2)

PaccMoTpum cnyuai, korna ¢ < ¢ u dy < d. lns unrepraina (¢, d) u3 1 naiimem M.
U3 ycnopuit Kapareomopu cnemyer, uto Haiimercs 6 € {0,00) Takoe, 4TO crpaBeliHBa
omeHKa | .r}cn'l)(t) |< 2M mnat € ((—=6,d+8)N{ck,di)), 4TO NPOTHBOPEYHUT HEPABEHCTBY
(2) ana mocratouHo Gompmwx k.

PaccmoTpum ciydait, korna ¢ < ¢ u dip < d. U3 npenninymero scHo, uro HajimeTcs
N € (0,00) Takoe, uTO | mi”_”(t) l< N ons t € (¢x,c). Ua | cnenyer xoMnakTHOCTH
T, Ha unTepmaie (c,d;). CrenopaTesnsHo, HalmeTCs NMONMOCIENOBATENBHOCTD T, (k)(k),
KOTOpas paBHOMEPHO cxomuTcd Ha (¢, dy). AHanorMuHo Halnem NOANOCAEnOBATENbLHOCTD
I, (k)(k), KOTOpad paBHOMEDHO CXOHNKTCH Ha (¢c,dr}. HuaronanbHas MoANOCieNOBaTE b-
HOCTB T,(k)(k) cxomntes k z @ (¢,d) — R € 5. U3 1 cuenyer ouenka | i*~1(¢) |[< M
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g t € (¢,d). Teneps m3 paBHomepHo# cxomuMocTu u ycnosuit Kapareonopu crenyer
OlLIEHKA | xl(;z;)l)(t) |< 2M nis t € (c, dygk)) 1 DocTaTOUHO GONBIIMX k, UTO NPOTHBOPEUHT
HepaBeHCTBY (2).
Cayuau, korna ¢ < ¢, d < dg 1 ¢ < ¢, dy < d, paccMaTpPUBAIOTCA aHAJIOTMYHO.
O6mnit cayvail ¢ IOMOLLIO OEpeXofa ¥ NOANOCIEZOBATENBHOCTH CBOMUTCA K ONHOMY
M3 PACCMOTPEHHHIX CIIy4a€eB.

CnMcok JuTepaTrypsl
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A.Ya.Lepin. Two conditions of compactness
Summary The equivalence of two conditions of compactness for solutions of n-th
order differential equations is proved.

1991 MSC 34C

A.Lepins. Divi kompaktuma nosacijumi
Anotacija. N-tas kartas diferencialvienadojuma atrisinajumiem pieradita divu
kompaktuma nosacijumu ekvivalence.

UagctuTyT MaTeMaTUKH M MHPOPMATHKH INocTymumina 18.06.98
JlaTBMICKOTO YHHBEPCUTET
Pura, 6.Paiiunca, 29
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Pa3pemimMocTh KpaeBBIX 3ajad4

MEXAYy BepxXHel M HMXHel QYHKIUAMN

A Y . lenun, J1.A Jlenun

Annoraung. IIns xkpaepoil 3anaun
:rh':f(tsxaml)) Hlm:hly H’Z:’::h?a aS$Sﬁ

PIBy‘{a.IOTCH YCIIOBHH, OGECH@'—IHB&IOIHHE CyH_IECTBOBa.HHe peHIEHHH.
Butn. 2.

YIK 517.927

B pabore [1] nonpo6uo uaydesa o6obLieHHAS PA3PELIEMOCTL ABYX TOUEYHOW Kpaenoil
3adaqK

= f(t,z,z'), Hl(I(a)sm(b)a‘t’(a)vIf(b)) = hy,
Hy(z(a),z(b),7'(a),2'(b)) = ha, a <z < B,

rie Hy w H, npunamiexar onpeleneHHbIM KJ1acCaM MOHOTOHHOCTH, « - 0bobiuenHas Hux-
HAs QyHKumdA, a § obobennas vepxuus ¢yHkuns. [lng nokasatensctrea Teopemsl 1650
Oblna pa3zpaboTaHa HOBasd MeTOOWMKa JOKA3aTelNbCTBa TEOPEM CYUIECTBOBAaHMHA, KOTODasd B
NajblelilieM JO3BOMUIA CYIeCTBEHHO 0CNabuTh yCnoBua Ha H; n H; nng kpaenon 3amaum

I” = f(t,l‘,l‘.’), HICE = h], I.{gl' = hg, o S I S ﬂ

Hamna nens - M3I0XKHUTh 3Ty METONNKY [0Ka3aTe/IbCTBa TeOpeM CYIIeCTBOBAHMUS.
duxcupyem a € R, b € (a,00) u I = [a,b]. Brenem obosnauenus. A, V, =, ¥, 3
noruycckue ceMponer "u”, "mnn”, "BiedeT”, KBAaHTOpP BCEODIHOCTY K KBAHTOp CyIIe-
crBopanus. [ns ¢ymxkomit z,y [ — R HepapemctBa r < y M T < Y DOHMMAIOTCK
motoueuno. 6(x,y,z) (z+ |z—y | |y—z | +2)27" card(M) xapmunanboe

4RCI0 MHOXecTBa M

Car(I x R, R) xmnacc ¢yuxuuit f T x R* > R, ymopaeTsopsommux ycnopuio Kapa-
reonopu: f(-,x,y) usmepnma Ha { npu Beex ¢ € I, n nis m060ro KOMRAKTHOIO MHOXECTBA
P C R? naitnetca ¢pynxmus g € L(1, R) Takas, 9to n:ois Beex (¢, z,y) € I x P cnpasennuso
nepapeHcTso | f(t,z,y) |< g(t).
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L(I,R) xnacc ¢pyukunit z I — R, cymmupyempix mo Jle6ery ¢ o6LIuHOR HOPMOH.

C(I,R) xnacc HenpepbiBHLIX GyHkunE ¥ [ — R ¢ o6LIYHON HOPMOI.

AC(I,R) knacc wenpepuBHEx $yHkunid z [ — R c abconoTHo HenpephiBHOM
nepBoii npoussonsoit. Has ¢ € ACy(I, R) |lz||ac, = llzllc + ||="|\c.

A(I,R) = Ay(I,R) xnacc pyukunit ¢ I — R, ynosnersopsiomux ycnosuio Jlun-
AIa ¥ HEPABEHCTBY

lftz) - o'(t) 2 [ f(t,al0) ft))at

s 10bbiX By € (a, b) uty € (t1,b), B K0TOpHX GyHKIMS o uMeeT IpousBonuyo. Oyuxuuu
13 A(], R) Ha3uBaloTCA HAXKHUME QYHKIRIMH.

B(I,R) = By(I,R) «xnacc byuxuuit 3 I — R, ynonersopstomux ycnosuio Jlun-
INila ¥ HEpaBeHCTBY

B(t) = Bt < [ £t B(E), B()at

t

s mobeix t; € (a,b) uty; € (11, b), B kKoTOpEIX dyHKUESA J UMeeT mpom3ponuyio. PyEKHAY
n3 B(/, R) nHasuBaroTcs BepxuuMU GYHRKIUSIMHA.
S(I,R) = S5¢4I,R) wmuoxecrso pemenusi x [ — R ypapuenuns z" = f(t,z,z').

1. PaspeminMocTh KpaeBbIX 3afay [IpU eAUMHCTBEHHOCTH PeLUeHUS 3anavdu
Koum 1 npogosxuMocTu peLieHUn

B [1] nccnenyercs paspeminMocTs KpaeBuIX 3adady
" = f(t,z,2'), Hiz=h, Hyx=hy, a<z<f, U,

rpe f € Car(I x R%,R), Hia € C(ACYI,R),R), 2 € R, @ € A(I,R), B € B(I,R), a

U onHO u3 ycioBuit
{@,0'(a) < 2'(a) < f'(a),d/(a) 2 2'(a) 2 B'(a),
o'(a) < 2'(a) < Fla) A o/(b) 2 2'(b) = B'(0),
o/(e) 2 2'(a) = B'(e) Ao/ (b) < 2'(b) < F'(b)}.

[Ipennonaraercs BrrtoHeHue cienyiommx ycaopuid. g mobux v € I, z¢,2) € R
e/IUHCTREHHO pelleHie 3anaun Komu

.’IC” = f(t,l‘,-’l'!), I(T) = Iyp, :E’(T) =,

KoTopoe yneMm o6o3uadart §(2(r) = 2o A 2'(7) = #1). [lwboe peurenue ypabuenus "/ =
f(t, z, ') npomomxkumo uHa I.



o7

B 1.1 nmpmBonsaTca HeobxommMule TS HaJIbHEHRLIEr0 TEOPEME! O CYLIeCTBOBAHMM MakK-
CMMAaJIbHOTO ¥ MMHUMANbLHOTO pelleHui OCHOBHBEIX KpaeBhiX 3ana4. lloBenenue perunenui
nonpoGHo wccnenyerca B 1.2, DTo nccnenoBaHue TO3IBOIMIO B 1.3 [IOCTPOHTDL BIIOXKEHUS
unreppana B S(I, R), a B 1.4 nocTpouTs Broxerns okpyxuocta B S(I, R). B 1.5 nokasn-
BAETCS Pa3spellMOCTh KPAaeBHIX 3a0ad.

1.1. CymecTBoBaHNEe MAKCUMAJILHOTO U MUHYMAJILHOTO DEIIeHN 0CHOBHLIX
KpaeBHIX 3ajau

B 1.1 npuBonaTca TeopeMhl O CYHIECTBOBAHMY MAKCHMAIBHEX ¥ MHHHMaJIbHBIX pelle-
HUI OCHOBHEIX [BYXTOYEYHEIX KPAEBHIX 3aad, KOTOPHE MOCTOSHHO OYIYT MCIOIL30OBATh-
cg B nancHedmeM. lpennonaraeres, uro e < 4.

Teopema 1. lycts z, € [a(a), 3(a)] u 2, € [a(b), B(b)]. Toraa cymectnyioT Makcu-
Ma’lbHOE ¥ MUHHMAJIbHOE PEeIleHNs KPaeBoi 3afadn

' = f(t,m,:ﬂ’), :c(a) = Ta, -T(b) =z, alzr<pi. (1)

Hoxaszameavcmso. CymecrproBanne oGoBIEHHOTO MaKCHMMAIILHOIO pEIEHHs KpPaeBoil
sagaun (1) crenyer us Teopemut 1 paborml [2]. W3 maparpatda 3 raaeum 3 paborTwr [1]
cilenyeT, 9To I1oinydenHoe 0oGoGleHHOe peleHie ABnsgeTcs OObIYHbBIM pellenneM. 3aMeHoi
T Ha —T Oony4daeM CYWECCTBOBAHHC MUHHMAIIBHOTO DEUIEHUA KPEEBOﬁ 3arady (1)

Teopema 2. Ilycte o'(a) < §'(a) n 24 € [a(b),3)). Torna cymecTpyoT MakCHMah-
HO€ 1 MHUHUMAaJBbHOC PEII€CHNAI KPA€BOH 3aa'l

" = f(t,z,2'), d(a)<a'(a) < F(a), z(b)=xp, a<z <4, (2)

Hoxasameavcmeo. Ilycte Hyx = 6(o/(a),2'(a), p'(a)) — ¢'(a). Paccmorpum xpaenyio
3anady

" = f(t,;n,a:')’ Hiz =0, .:L‘(b) =1, a<z<pj. (3)

CyimecTBoBaHUe OHOBIIEHHOTO MakCAMAIILHOTO PellleHus KpaeBoi 3agaun (3) cuenyer us
Teopemul 1 paborm [2]. lI3 naparpada 3 rmnasm 3 pabotel (1] cnenyer, uTo nodyueHHoe
0GOBIIEHAOE PEIICHNE IBIAETCA OOBLIMHAIM PEIlleHNeM, a W3 onpenenenud H, cienyeT, 4yto
OHO ABIAETCA pellleHneM kpaeBoil 3asaun (2). 3amernofl T Ha —I TOIyYaeM CyLLIeCTBOBAHAE
MHHEHUMaJThHOTO PellleHus Kpaesoit sagaqm (2).

Teopema 3. Ilycts &'(a) 2 F{a), 2, € [f'(a),d(e)| w z, € [a(b),(b)]. Torma
CYILECTBYIOT MAaKCHMAJbHOE M MAUHUMAJILHOE DElleHNs KpPaeBoil lamadn

" = f(t,z,7'), 2'(a)=12,, z(b)=1z,, a<z<pj. (4)

Horaszameabcmeo. Ycnopue z'(a) = z,, 3amameMm B Buge —z'(a) = —z). Torma cy-
UIeCTBOBaHUe OGOGIIEHHOO MaKCHMAJIBHOIO DeIleRud KpaeBolt 3amaum (4) crenyert m3
Teopemnl 1 pabotul [2|. U3 maparpaga 3 rnasel 3 paborm [1] cmenyer, 9To monyyes-
Hoe 0606IIeHHOe pellleHiie ABIACTCH OORIYHBIM DEllleHUeM. 3aMeHOH T Ha —I MOdyYaeM
CyUeCTBOBAHIE MUHUMAIILHOIO pellleHUs KpaeBoil 3amaum (4).
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TeopeMma 4. Tlycts o'(a) < F{a), /(b)) < F(b) u 7, € [a'(b), F(b)]. Torma cyure-
CTBYIOT MRKCUMa.TLHOE ¥ MUHAMANLHOE PElleHNs KPaeBol 3afaun

' = f(t,7,2), o(a)<c(a)<Pla), F(B)=1) a<z<p ()

Joxaszameavemeo. Ilycre Hiz = 6(d/(a),2'(e), #'(a)) — z'(a). PaccmoTpuMm kpaeByo
3amaqy
' = f(t,z,2"), Hiz=0, Zb)=z, a<z<p. (6)

CymecrpoBaHie 0606LIEHHOr0 MaXKCUMAaIBLHOIO pelleHus KpaeBoit samauu (6) crenyer us
Teopemsi 1 paborsr [2]. M3 naparpada 3 rnasm 3 paborhl [1] cienyer, uTo momyuenHoe
06001IIeHHOE pellleHHe ABIASTCA OOLIYHLIM pellleHveM, a U3 onpeneneHnd H, crenyer, 4ro
OHO SBIAETCS pellleHieM KpaeBoi 3afgaun (5). 3aMeHol £ Ha —& MOIyYaeM CYLIeCTBOBaHHE
MUHUMAaILHOTO peHIeHus KpaeBoit 3anadd (5).

Tecopema 5. lIycts o'{a) < F'(a) u &'(b) > '(b). Torna cymecTByIOT MaKCHMABLHOE
¥ MHHHMMAIILHOE pellleHHs KpaeBol 3afjaun

" = f(t,z,2"), @&'(a) L2'(e) < Fa), (7)
o (b) > 2'(b) > (b)), a<z<p
Hoxasameavcmeo. Ilycte Hyz = &8(c/(a),2'(a),F(a)) — 2'(a) 1 Hyz = z'(b)
6(3'(), 2'(b), /(b)). PaccmoTpumM kpaeByio 3amady

" = f(t,z,2"), Hiz=0, Hyz=0 a<z<p. (8)

CywecTBoBanne 0606IIEHHOTO MAKCHMANIBHOTO pelienns kpaeBo# 3anaum (8) cneayer u3
Teopemnl 1 pabors [2]. W3 naparpada 3 raasm 3 paborwt [l] cnenyer, uTo monyuennoe
0600IIIenHOe pellleHVe ABIfeTcs OOhIUHBLIM penleHHeM, a U3 onpenenenns Hy v H, cne-
HyeT, uTo OHO ABNAETCH pellleHHeM KpaeBoi samayu (7). 3aMmeHOM ¥ Ha —2 NOfdydaeM
Cy1eCTBOBEZHHE MUHMMAJLHOIO pelleHuA Kpaesoit 3anaqu (7).

Teopema 6. Ilycry o(a) > F(a), a'(8) < B(8), 7, € [B(a), o (a)] 1 2} € [o'(8), F(B))
Torma cymecTBYOT MaKCAMallbHOE M MEHMMAIILHOE PDENIEHUT KPaeBoll 3anayn

" = f(t, 3:11’)1 I"(‘1) = I;: :E’(b) = "Tga asz S 13 (9)

Hoxaaameascmeo. Yciosue z'{a) = &, 3anmem B Bune —zx'(a) = —z,. Torna cy-
1ecTBoBaHUE 0606LIEHHOro MaKCHMallbHOTO pellleHust KpaeBoil 3amaum (9) cremyer u3
Teopembl | paboTm [2]. W3 maparpada 3 rnasul 3 pabotnl [1] ciemyer, 4yTo no:tyugen-
Hoe 0GoblIeHHOe pelleHue sBAfeTcs OORIYHEIM pellleHdeM. 3aMeHoll T Ha —2 IONIyd4aeM
cymecTpOBaHUE MPHMMAJBLHOIO peluenus Kpaepodl 3amaqu (9).

Teopembl 1-6 cCHMMeTPHYHEL IIDH 3aMeHe ¥ Ha —I, a TeopeMHl 1, 5-6 cuMMeTpWJIHBI
npu samene ! Ha —&.

3ameuanne 1. B matpreiimeM wacto GyOyT BCTpedaThCs pa3lIMYHEIEC MPOABIEHHA
cuMmeTpHi. Tak, B [2] Bce TeopeMul COPMYNIHMpPOBaHH 11 MAaKCKMAIBHOTO pelIeHns. 3a-
ME€Ha T Ha —Z [IepPEeBONV T MaKCUMalLHOe PellleHie B MEHUMAJIbHOe, YTO JaeT BO3IMOXKHOCTD
M0j1y4YaTh TeopeMbl O CYIeCTBOBAHUN MUHNMAIbHOTO PELEHUA M3 TEOPEM O CYLIECTBOBa-
HUM MaKCMMathHOTO pentenus. Ecuu cnenaTs sameHy ¢ Ha —t B TeopeMax 2-3, To monyyum
cilenyouine TeopeME.
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Teopema 2t. llycrs o/(b) > B'(b) u z. € [a(a),B(a)]. Torna cymecrsyoT Makcu-
MA/IbHOE M MEHAMANBEOE DEIICHHA KPAeBOl 3a1auy

" = f(t,z,2"), xz{a)==z, a'(b)22'(b)>8(}), a<z<y

Teopema 3t. Ilycts /(b)) < F(b), z, € la(a),B(a)] u z; € [&'(b),F(b). Torna
CVIIICCTBYHOT MaKCUMAaJLHOE U MAHUMAJNILHOE pPEHIEHUA KPaﬂBOﬁ 3adadn

" = f(t,z,z"), z(a)==z, z'(b)=12z, a<z<pF

Het cMuicna npusonnTs Bce cumMMeTpu4HdLle yreepxuennd. [Ipu ccouikax Gymer yxa-
3LIBATHCA TeopeMa {JleMMa) 6e3 ykasaHus BHNa CUMMETDHH.

Cneacteune 1. llycts =/, € [#(a),00), 7 € [a(b), F(b)] u kpaeBas 3anaya
2" = f(t,z,z"), 2(a)=2z., z(B)=12z5, a<2z<f (10}

uMmeeT pelliedue. Torna cylmecTByeT MakCUMallbHOe pellleHue Kpaepoit 3anaun (10).

Hoxasameavcmeo. llycth y  pemenne kpaepoit 3amaun (10). Torna kpaesas sanaua

2" = f(t,z,2'), 2'(a) =2, z(B)=x, y<z<P

a?

no Teopeme 3 MMeeT MakKCUMaJjbhoe pellieHwe z. Ecam y,  pelllenne xpaemoil 3amaum
(10), nna xoroporo maiimercs T € [z,b) Taxoe, uyTo y1{7) > z(7), To mycTL z(t)
max{y1(t),z(t)}, t € I. Torna kpaepas sanada

2= f(t,2,2), F@)=2, wb)=2, n<z<p

no TeopeMe 3 MMeeT pellieHre, YTO NPOTHBOPEYAT MaKCUMalIbHOCTH Z.
Cneacreue 2. [Iycts 2 € [F(a), ), z} € (—oo, 5'(b)] u kpaeBas 3anaua

" = f(t,z,2"), a'(a)=2z., 2'(b)=1z,, a<z<F (11)

nmeeT peitenve. Torna cymecTByeT MakCHMallbHOe pellleHue KpaeBol 3azaum (11).
Hoxazameavbcmeo. [IycTs y pemenne kpaeeoit 3anagn (11). Torma kpaebas 3anmada
I ! ! ! ! !
"= f(t,z,2"), 2(a)=2x,, T(b)==r, y<z<j

no TeopeMme 6 UMeeT MakCHMaJlbHOe pellleHHe z. Bcnu y;  peluenue Kpaeso#t 3amauu (11),
1714 KoToporo Halnercs T € I Takoe, 410 ¥1(7) > z(7), To mycTsh z;(t) = max{y;(¢), z(t)}.
t £ I. Torma kpaenas 3amada

' = f(t,2,0"), T(@)=z, T(B)=z) n<z<P

o Teopeme 6 umeer pelmeHne, 4To [IpOTUBOPEYNT MAKCHMAJIBHOCTH Z.

JMemma 1. Mycts z € C([0,1],5(1,R)) u 61 € B(I,R). Torma
ro < B A (YA € [0,1))((22(a) < fala) v i(a) > B(a))n

Aza(b) < Bi(b) v 2y (b) < Bi(B)) Aza # B1) = 21 < fr.
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Hoxaszameavcmeo. [lycts A, = sup{A € [0,1] =z, < $;}. Torma z,, < $. Ecin
A. =1, To memMa moka3aHa. PaccMOTpUM ciydaii, korga A, < 1. ITokaxem, uTo

(Vt € (a,0))(2x. (1) < Bu(t)), (12)
zx.(a) = Bi(a) > ), (a) < Fi{a), (13)
z2.(8) = f(b) = 7 (b) > By (b). (14)

Iycrts ¢ € (e,b) u d € I Takne, uro 75 (c) = fi(c) u z),(d) < B1(d). lns xpaesoil 3agaun
" = f(t,z,z"), z(c)= Pi(e), z(d) = (z).(d) + Bi(d))27}

no TeopeMe 1 cymecTByeT pelileRye, YTO IPOTUBOPEYNT EAMHCTBEHHOCTH PEIICHIA 3a0a91
Komu.

Ecmn z5,(a) = fi(a) u 2 (a) = Bi(a), To nycTh ¢ = (a + £)27" M3 (12) caenyer, 4To
zy,(¢) < Bi(e). Tlo Teopeme 1 kpaead 3anada

2’ = f(ts I1I’)1 I(a) = ﬂl(a): I(C) = (I)\.(C) + ﬂl (C])Z_l,
(Vi € [a, c])(zx, (1) < 2(t) < Bi(t))

nMeeT PEIICHHE, YTO [IPOTHBOPEYHT COAHNHCTBEHHOCTHW DEUICHWA 3a0a4il KOU_IH. AHa.."IOI"H'-]-
Ho doxasuiBaeTcs (14).

W3 (12-14) cnemyeT, YyTo mns noctaTowHo Majoroe § € (0, 0c) crpapemnBo HepaBeHCTBO
T, < B, A € [A, A + 6], 94TO IPOTUBOPEUNT OTIPETEIECHHIO A,.

3amMeyaHHe 2. 3aech MLl BCTpeYaeMcd ellle ¢ OJHUM NPOSBIEHHEM CUMMETPUH. 3a-
MeHa A Ha 1 — A MeHseT mapaMeTpU3aluio Ha NPOTUBONONOKHY0. Tak, pu 3aMere ) Ha
1 — A B aemMe 1 nonydaeM cremnylolnee yTBepikaeHHe.

Jlemma 1. Ilycts z € C([0,1],S(!,R)) u 5y € B(I,R). Torna
21 < By A (VA € (0,1])((2x(a) < Bur(a) V zh(a) > fi(a))A

AMaa(b) < Fi(b) v 23 (b) < Bi(B)) A zr # 1) = o < fi.
Jlemma 2. Ilycts € C([0,1],5(1,R)) n s € S(I, R). Torna

z0 < sAzi(a) < s{a) AV € [0,1))(z)\(a) # s'(a) Azr(b) < s(b)) = 21 < s.

Hoxazameavemeo. Cayuai, korma zi{e) > s'(a), A € [0,1), cneayer u3 memMmu 1.
Paccmorpum caydait, korna ©i(a) < s'(a), A € [0,1). Hycrs

A =sup{A €[0,1] zy < sV (Ir e ){(VtE [a,7])(zA(2) > s(t))A
AV € [r,B])(za(t) < s(t)))}.
Acuo, yto
zy, < sV (AT € NVt € [a,7])(za.(t) = s{t)) A (¥t € [1,B]) (A, (2) < s(1))).

Ecnu A, = 1, To m3 x,(a) < s(a) n zi{a) < s'(a) cnenyet z; < s. Eciu A, < 1, To mas
noctaTouno Majoro 8 € (0,00) mas A € [A., AL + 6] cpaBemniuBo ycioBue

zy < sV (3 € I)((Vt € [a, 7])(2(t) 2 s(2)) A (Yt € [7,8])(za(2) < s(2))),
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4T0 OPOTHBOPEYHT ONpeNeIeHuIo A,.

1.2. Ilopeaenne peLueHmnit

B 1.2 noxaaniBaoTcs 3 neMMEI, KOTOpHE ABIAIOTCH OCHOBOM I8 IIOCTPOEHNS Pa3iiyny-
HhiX BIOXEHWH WHTEpBala H OKPYXHOCTH B MHOXKecTBo pemenuit S(I,R). Ilonpobuoe
YicCileflOBatye [IOBELEHNS PELUEHWI HPEeNCcTaBigseT ¥ CAaMOCTOATeNbLHLIH nHTepec. [Ipenmo-
naraloTcd 3alaHHLIME ¥, z € S(I, R) Takwe, 9aro y < z.

Bpenem obosnadenus. llycte u, v, 24, &s, 20,2, € R. Torna

p A T'(a) = x3),

s(z(a)
(z(a)

=.s:1:(a = (a):#)v
o, = s(x(b) = b/\w() v),
= s(z(b) = v A 2'(b) = z3).

byukumiow,, I — R, u € [y( a), z{a)], onpenenum cienysomnm obpasom. Eamn y < 7, <
z, T0 %, = T, Ecau mafinercs to € [e, b) Takoce, uto 7,(to) = y(to), 7. (to) < ¢'(to) 1
s moboro t € [a,to] cnpapenubo HepapBeHCTBO Y(t) < 7,(t) < z(1), To mau(t) = 7,(t)
ang £ € [a,to] 1 mau(t) = y(t) — ¢ + to mna ¢ € (Lo, b]. Ecan nafimerca ty € [a,b) Takoe,
aro Tu(te) = 2z(to), m,(t0) > 2(to) w mna nmwboro t € [a,1g] crnpaBelTuBO HepaBeHCTBO
y(t) < mu(t) < 2(t), ro M, (t) = mu(t) mna t € [a,bo) u mup(2) = 2(t) +t — tg mna t € [to, b).
Ananoruyyo onpenensfercs oyHkuus p., I — R, z, € [y(a), z(a)]. ®ynkumo ., [ —
R, 7y € [y(b), z(b)], onpenennum cienyromum obpazom. Ecuy < o, < z, To 0,, = 0,. Ecin
Haiinetcd 1o € (a,b] Taxoe, uto 0,(ts) = y¥(ta), oL(ta) > y'(te) m mns moboro ¢ € [tg, b]
cnpasennuBo HepaseHCTBO y(i) < 0,(t) < z(t), To 0u(t) = y(&) +t — to maa t € [a, o]
H 0.(t) = o,(t) m1s t € [to,d]. Ecn nafimerca to € {a,b] Takoe, uro o,(te)  z(ty),
o (to) < z(to) m mna moboro t € [tg,b] cnpapenuBo Hepabencrso y(t) < o,(t) < z(1),
To 0,,(1) = z(t) —t + to A t € [a,t0] u 0.,(t) = o,(¢t) Ang t € [ta,d]. Auanorwyno
onpenenserca dynkuus 7., I — R, v € [y(b), z(b)].
HMemma 3. Mlycrs 2, € [y(a), z(a)), 2 € [y(b), 2(b)],

X={xeS(,R) zla) =z, Az(b) =2, Ay <z < 2},
X.={s.€ X (vz€X)((a) <a\(a) V() <z(B)},
Ta1,Te2 € Xo, 2hy(a) < 2ly(a), 1 = 2y (a), g2 = zi5(a), v; = 2L, (b) v vz = 2,(b). Torma
(¥t € (a,b){za(t) < z.2(1)). (15}
Ecau nis noboro z, € X. U3 z,; € 7, € T.p ClENYeT T, = T,y WU T, = T.z, TO
(Fu € (p1, p2))(Puu S Z02) V (Fv € (1, 12) )00 2 T01), (16)

(H‘UD € (.u'l'i #2))(;0«#0 S l't‘z) =
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(Vi € (p1, 12))((VE € (@, 8])(pun(t) < za2(2))A (17.1)
(Vz. € X,)(zl(a) < 2,,(a) =
card{t € (a,5) p.u(t) = z.(1)} = 1))A (17.2)

(Vv € (12, 1))(3r € (a,0))(0,(7) = zu(TIA
(Yt € (1,0))(za(t) < au(t) < zua(t))), (17.3)

(3!/0 c (VQ,I/I))(O'_,,O > I*l) =
(Vv € (v2, 1)) ((VEt € [a, b)) (0un(t) > Tur(E))A (18.1)

(Vz, € X.)(z,(8) < z,,(6) =
card{t € (a,d) 0..(t) = z.(t)} = 1))A

(Vi € (1, 42))(37 € (a,0))(pu(7) = Zur7)A
(Vt € (a,7))(z1(t) < pult) < zwa(t))).

Mycts 41,71 € X.. yi(a) < z1{a),
#(A) =yile) + Azi(e) —21(a)), A€ [0,1],
A= {)‘ € [0:1] Pu(s) € X*}a
5y = purp AEA

(18.2)

(18.3)

Torma A 3amxHyToe muOXecTBo M 0,1 € A, a [0,1\A oTkpriTOe MHOXecTBO. Ompe-
OenHM 5 Ha OTKPBITHIX MATepBanax MHoxecTBa [0, 1]\A. IlycTe A1, A € A, M < Az m
(A1, A2) VA = 2. Eciiu naiimeres A € (A, A} Takoe, 4TO puy(n) S Sxyy TO Sy = pay() IR
A € (A1, A2). B npoTuBHOM cnydae sy = o, AT A € (A1, Ag), roe

v(A) = 85, (8) + (A = M)Az = M) 7 (), (8) — 3, (B), A € [\, M.

Tak onpenenersoe Ha [0, 1] orobpaxenue s THLEKTUBHO HelpephHIBHO M OBIaziaeT clemy-
JOIUMY CBOMCTBAMY: 89 = ¥, §1 = 21, Mg ao6oro A € A

sa(@) =z  Asa(B) =z Ayy < sy < 2y (19)

u ana moboro A € [0, 1]\A
(53(a) = o A S(a) > yl(a) A (VL € (a,8])(5r(t) < 22 (2)))V (20.1)
(sa(b) = 25 A 53(b) > 21(b) A (¥t € [a,8))(52(2) > 1a(t))). (20.2)

Hoxazameabemeo. Hokamem (15). Ilpensapurensro nokaxem, uto
(Vz. € X.)(Vz € X}z'(e) < z{a) A z'(b) > z.(b) = 7 < z.). (21)
[IpennonoxuM NpoTHBHOE:
(Fz. € X.)(3z € X)(2'(a) < z.(a) A’ () > zL(b) A (Ity € I)(x(to) > z.(t0))).
Hcuo, uTo mis gocTaTouso Mamoro & € ({,00)

(Ve € [z2(a), xl(a) + 6])(card{t € (a,b) : puu(t) = z(t)} 2 2). (22)
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Iycts z1(t) = max{z(t),z.(t)},t € I, a z; MuHEMaNbHOE pelleHUe KpaeBO} 320adn
xﬂ = f(t) 1:) ml’)) :B(a') = "‘ECI:I z(b) = xb) xl S z S Z,

KOTOpoe CyluecTByeT no Teopeme 1. M3 enuncrBesnocTu peluenus 3amasn Komu cne-
nyer T,{t) < zx(t), t € (a,b). Jokaxkem, uTo mans mocTaToyHo maiaoro § € (0,00) u3
MHUHHMAJIBHOCTH T3 Clienyer

peu(t) < To(t), € (75(a) — 6,25(a)), tE(ab].

B npotuBsoM cnygae HafimyTca uo € (z,(a), z5(a)} u 7 € (a, b] Takue, uto
Puo(T) = T2(7),  T1(E) < pue(t) < z2ft), tE(a,7).
Iycre B1(t) = puo(t), t € [a, 7] m fi(t) = z2(t), t € [7,8]. Torna kpaeBas 3amada
"= f(t,z,2"), z(a)==z., z(D)=zp, T, <2< B
1MeeT pellleHHe IO TeopeMe 1, 9To IPOTHBOPEUNT MUHUMAIBHOCTH X, IlycTh

px = inf{po € (zl(a),73(a)) (Vi € (po,23(a)))(V2 € (a,8])(p.,(t) < 22(1))}.

Torna nna noboro g € (pa, x5(a))
card{t € (a,b] puult) =z ()} =1,

card{t € (a,b] p.(t)=2z(t)} = 1.

N3 (22) cnenyer z.(a) < o, @ U3 €OWHCTBEHHOCTH pellleBus 3anadm Kowmm crenyer
pan(t) < z2(t), t € (a,b). Ecnm p,,,(b) < 75, To mas moctarouno manoro § € (0,00)
U g € (pe — 8, pu+ §) cipaBeniuBo HepameHCTRO p, (1) < z2(t), t € (a, b], 4To npoTHBOpPE-
YUT OMNpPENeNenuio (. Bema p., (8) = Ty, T0 pop. = pu, € X. W3 pl, (a) = pu > z(a),
z. € X. ¥ eNUHCTBEHHOCTH pemeHns 3anaunm Komwm cnemyer g, (b) < z,(b). Cnenopa-
TeJIBHO, p,,(t) > 1(t), t € (a,b), YTO IPOTHBOPEYUT MHHMMAIBLHOCTH To. Y ciobie (21)
ZOKa3aHo.

Us z/,(a) > z,(a), .1 € X. ¥ eNAHCTBEHHOCTH pellleHns 3aladu Koww cienyer
zl,(b) < zl,(b). Ipumenss (21) OpH L. = &.z B £ = L.1, UMeEM Tuy < T.2. U3 enuncTsen-
HOCTH penleHus 3afaud Ko ¥ r,; < 2.z nonydaem (13).

INoxaxem (16). IlpeanonoxuM npoTuBHOE:

(Vi € (#15#2))(5” € (avb])(ﬁ’-.u(t) > T.(t)A

AVY € (v2,11))(3t € [a,b)){0u.(1) < z.4(t)).

lycrs p. € (g1, f2) BOCTATOYHO GIHMIKO K iz, @ ¥ € (vg, 1) HOCTATOYHO BIM3KO K V.
Toraa

(1 € (0.8))(pu.(t1) = za2(t) A (VL € (a,11))(po. (1) < 222(2))),
(T2 € (a,8))(0..(t2) = zaa(t2) A (V2 € (22, 0))(0..(2) > T.1(2)))
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n s o t) = z.a(t), t € [a,t2], au(t) = o,..(2), t € [t2,0), Gi(t)  pu.(t), t € [a,ti],
Bi(t) = z.2(t), t € [t1, 8] cupaBemuBo nepaBeHcTBO @1(t) < F1(t), t € (a,b). Ilo Teopeme
1 Kpaepan 3anmada

" = f(t,z,2'), z(a)==z,, z(B)=2y, <z <hH

mMeeT pELIEHMUE Tg. Us €INHCTBECHHOCTH PCUICHHUA 3ana4qyu Kommu crnengyer

t

zL{a) < zola) < z,(a), z,(B) > 2o(b) > z.,(b), z0 € X. (23)
IokaxeM, uTo yciioBus {23) NpuBomAT K IMpoTHBOpeqmo. M3 KOMIAKTHOCTH MHOXECTBa
M={zcX z'(a) > zo(a) Az'(b) > z4(b)}

cilenyeT cymecrrosatie T3 € M Takoro, yro zh(e) > '(a) nax moGoro z € M. U3z, €
X. M eIBHCTBEHHOCTH peweHus danayn Komu cnenyer ri(e) < z,,(a), a u3 HepaBeHCTB
zl,(a) < z4{a) < z),(e) crenyer, uTo z3 He mpuHamiexut X,. ClnengoBaTencHo, HalkaeTCs
z4 € X, nas xotoporo xj(a) > z3{a) n z,(b) > z3(b), yTo NpoTUBOpeUNT OmpeNeNeHUIO
z3. ¥Ycaobne (16) mokalzamo.

Hoxaxem (17.1). U3 enuxcTBeHHOCTY peltenns 3anaun Koum cnenyer p.,,(¢) < z.2(1),
t € (a,b). Ecan puy,(b) = 24, TO puy, = puo € X 1 g, (b) > 2.,(b). U3 enuncrrennocTu

yYUie v *p ! *10 #0 Lo = w2 ’

peirerus 3anauu Kown crenyer g, (b) # z.,(b) u o}, (b) # ,,(b), a 3 nporusopeunpocTy
(23) ons zo  p,, caemyer g, (b} > z.,(b), uTo npoTuBOpEeuMT ycaoBuMIO T.; € X..
Paccmorpum cnydail, Korga p., (b) < z,. llycts

ps = inf{p. € (p1,p0) (Y € (pte, 10))(VE € (2, 8])(pou(t) < zu2(t))},

pa = sup{ps € (g0, pt2) (Vi € (o, 1)) (V2 € (a,8])(pun{t) < z.2(2))}-

Ecaw ps = g v pga = pa, 70 (17.1) ouennnno. Ecan pa > g, TO OyCThb ps = pa, 2
eCTTM fi3 = f1 U fig < fg, TO NYCTh fis = fg. Torna ps € (g, l2) # Pay, < Tap. Ecan
Paps (B) = Zp, TO AHATIOTMYHEO NpeNbLIOYHIEMY [TONy1aeM npoTuropexne. Ecnn p., (8) < x4,
TO W3 eNMHCTBEHHOCTH pelleHus 3anauu Komwu crenyet p.,, (1) < z.9(t), t € (a,b]. s
noctatodro Matoro § € (0,00) M3 HenpepLIBHOM 3aBHCHMOCTM HMeeM p,,(t) < z.a(l),
p € (ps — b,ps + 8), t € (a,b], 4ro mporuopeunT ompenenennio us. ¥Ycnosue (17.1)
NOKa3aHo.

Ananoruusno moxasbiBaercs (18.1).

Ycaobus (17.2) u (18.2) genocpencraenso caenytoT u3 (17.1) u (18.1).

Ilokaxem, 4To ycloBHe

(Fp € (g1 p2))(pep € 2o ) A (v € (12,1)) (0 2 Ta1) (24)

npuBonuT x nporusopeunio. Ua (24) caenyior (17.1) u (18.1). ARanornyHo HokasaTelns-
cTBY yciaosud (16) Haxomum g, yoop:teTBopsiowee (23), 4TO n1poTUBOpPEUYHBO.
Hoxaxewm (17.3). Ecau

(v € (v2,1n))(37 € [2,8))(a.(T) = Tua(T)A

(vt € (,6))(zult) < 0,(2) < 22alt))), (25)
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TO aHANOTMYHO NOKalaTenbeTBY (16) ycnoBus Haxomum o, yHoBnersopsiomee (23), uro
npoTuBope4duso. Teneps n3 (25) nomyvaem (17.3).

Auanoruyso nokasnsaercs (18.3}.

llepeiinem kK mOKalaTenbCTBY OCTalbHEIX ycroBui. Slceo, 9to A samkuyTo, 0,1 € A,
S0 = y1 M 8, = z;. N3 ycnosus (16) caenyer

(Fre ()‘13)'2))(9*;1()\] < 83, V Ouy(a) > Sy )

Eciu naitnerca A € (A, A;) Takoe, 4T0 p,,(z) < Si,, TO M3 (17.1) mns moboro A € (A, Az)
crenyeT

P-#()\)(t) <sx(t), te(ab] (26)

Ecau naiinercs A € (Ar, Az) Takoe, 4TO O,,(y) 2 Sy, To u3 (18.1) mas moGoro A € (A, Ag)
cienyeTr

Cun)(t) > 85, (1), t € a,b) (27)

Ycnosue (19) crenyeT ua ycnosus (15), ycnoue (20.1) crnenyer u3 yenoens (26), a ycnosue
(20.2) cnenyet m3 ycnopus (27). UnbekTuBHOCTE S cnenyer u3 (19) u (20).

IToxaxxeM HEmpepHIBHOCTH S. HenpephiBHOCTL § Ha MHTepBaie [A1, A;] HE BbI3HIBaeT
comuenuii. llokaxeM HempepmBHOCTE mns A9 € A. Ilag atoro mo £ € (0,00) Haimem
6 € (0,00) Takoe, yTous A € [0,1)u | A—Ag |< & cnemyer ||sy—sy, || < €. [Iycrs & € (0,00)
Takoe, 4To W3 A € [0,1] u | A — Ao |< & cnenyer [|p.un) — $a,l| < £, a 8 € (0,4;) Taxkoe,
yro ond v € R w3 | v — s} () |< & caenmyer ||o., — s5,|| < €. Ecnu A = 0, T0 63 = &;.
IIycto Ao > 0. Ecnm cymectByet A3 € (0, Ag) Takoe, uro (A3, A¢) N A = @, To BEIGEpEM
63 € (0, g — A3) Tak, 4ToBE! ||s) — 55|l < € mna X € (Ag — 63, Ao). B mpoTusroM ciydae
nycTh Az € (0, Ao) NA Takoe, uto | s} (b) — s (b) |< &;. Torma 63 = Ao — As. Ecstm Ag = 1,
10 84 = &2. llyets Ay < 1. Ecam cymectByeT Ay € (Ao, 1) Takoe, uto (Ag, As) N A =@, TO
BrIbepeM 64 € (0, Ag — Ag) Tak, 4TOBHL [[sx — 8x,|| < € @ A € (Ao, Ao + 64). B nporusHoM
caydae mycTh Ay € (Ao, 1) N A takoe, uro | s, () — 85, (b) |< é2. Torma &4 = Ay — Xo.
Okonuarensso § = min{éz, 63, 84}.

Jlemma 4. [ycte 2}, € [2'(a),00), xs € [y(b), 2(b)],

X={zeS(,R) )=z Nz(b)=a,Ay <z <z},
X.={2. € X (Vo€ X)(z(a) < 2.(a) V 2'(8) < (),
Tu1,Taz € Xo, Tar(@) < z.2(a), 1 = Taala), g2 = Tual(a}, v = 25,() u vy = 2,(b). Torna
(Vt € [a,b))(zs(t) < xa2(t)). (28)
Ecnu nna nwboro z, € X, U3 2. < T. < T, CNEOYET T. = L.y WIH L. = L.z, TO
(3 € (g1, #2) ) Tuy < To2) V (v € (13, 1)) (00, (a) < 2, A vy 2 Zaa), (29)

(Fpo € (11, p2))(Fupo < Tuz) =
(Vi € (g1, p12)) (e < Tua()A (30.1)

(Vz. € X.){(z.(a) < z.3(a) =

card{t € [a,b] : 7..(t) = z.(t)} = I))A (30.2)
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(Vv € (v2,11)){0,(a) > 2 A
(Vt € [a,0))(zu(t) < 0,(t) < zua(t)))V
(Hto € [a, b))(O’V(iD) = :B*](to)/\
(Vt € (L0, 8))(z(t) < 0u(t) < za2(2)))),
(Fvo € (va,11))(0L,y < T A Ouiy 2 Tur) =
(Vv € (va,v1))(on,(a) < 2, A (Yt € [a,8))(0.,(t) > zar(t))A (31.1)
(Vz, € X.)(z.(b) < z41(b) =
card{t € [a,b) o.,(t) = z.(t)} < 1))A
(Ve € (1, #2))(Fto € (@, b)) (mu(to) = z2(t0)A
(V¢ € [0, 10)) (@or(t) < Tu(£) < 2a(t).

Hyets y1, 21 € Xo, ya(a) < z1(a),
#(A) = n(a) + Mza(a) —wle)), A€]0,1],

A= {/\ = [0, 1] Tun) € X*},
Sx = Wu(h)s A €A

(30.3)

(31.2)

(31.3)

Torma A 3amxuyToe MHoxecrso n 0,1 € A a [0,1]\A oTkpuiToe MHOXecTBO. Ompe-
OeauM § Ha OTKpHIThIX uHTepBaiax mHoxecTBa [0, 1\A. [Iycts Aj, A2 € A, A < A u
(A1, A2) N A = 2. Ecnm maiimerca A € (A, Az) Takoe, 4To Muy(n) < Sy, TO 83 = Muy(n) MK
A € (M1, A2). B mpoTuBHOM crydae s = g.,() LKL A € (A, Ag), THE

v(A) = 83, (8) + (A = M)Az = A1) (s, (B) = 83, (B)), A € [Ag, Ael.

Tax onpenenennoe Ha [0, 1] oTo6paxenue s ¥HLEXTUBHO HeNmpepblBHO U 0GlafaeT cieny-
IOIUMMU CBOMCTBAMHE: Sg = ¥y, §1 = 2;, AnA moboro A € A

ss(@)=z, Asa(b)=xzp Ayy <5y < 7y (32)
n naa moboro A € [0, 1\A
(sx(a) > pr(a) A shia) =z, Asy < z))V (33.1)

(sh(a) <z A sx(b) = zp A $)(B) > 21(B) A (V2 € [a,0))(s:(2) > 31 (2)))- (33.2)

Hoxazameavcmeso. Ilokaxem (28). llpensapurensuo nokaxem, 94To
(Vz. € X.)(Vz € X)(z(a) < z.(a) Az'(b) > z(b) = = < z.). (34)
[IpenmnomoxuM MPOTHBHOE:
(Fz. € X.)(3z € X)(z(a) < z.(a) A 2'(b) > z,(b) A (Tt € D{z(ts) > x.(t0)))-
Acno, uTo mns mocraTouno Mazoro & € (0, 00)

(Ve € [z.(a), z.(a) + 8])(card{t € (a,b) : m. (t) = z2(t)} > 2). (35)
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Mycte z1(t) = max{z(t),z.(t)},t € I, a z; MUHEMAIBHOE pelEHHE KPAEBOM 3alaym
o = fte,2), @)=zl )=z n<z<e,

KoTOpoe cyllecTByer no Teopeme 3. 3 enmHCTBeHHOCTM pelllenus safads Koww cne-
ayet x1(t) < z3(t), t € [a,b). HokaxeMm, yro mns noctatoydo Mamnoro & € (0,00) u3
MUHHMAJIBHOCTH T2 CIELYET

Tey < Tz, # € (z2{a) — 6, z2(a)).
B npoTneHOM ciydae HalnyTcH pg € (z.(a), T2(e)) u T € (a, b] Takne, uTo
Tuo(T) = 22(7), @1lt) < 7y () < z2(t), t € [a,7).
ycrs Sa(t) = 7y (t), £ € [a,7] 7 51(t) = z2(2), t € [7,b]. Torna kpaesas 3anaua
" = f(t,z,2"), 2(a)=2z!, z(b)==p, T, <2< P
UMeeT pellieHe IO TeopeMe 3, UTO IPOTHBOPEYRT MUHUMAILHOCTH Ta. IlycTs
e = inf{jio € (2.(a), 72(a)) (Vp € (ji0r 22(8)))(op < 22)}.
Torma nas mo6oro p € (p, Ta(a))
card{t € I m.,.(t)==r.(t)} =1,

card{t € I m..(t)=z(t)} =1

s (35) cnenyer z.(a) < g, a U3 EAUHCTBEHHOCTH DellleHMA 3amauu Kowin cnegyer
T (1) < z2(2), t € [a,b). Ecan 7., (b) < z3, To nns moctatoyno Madoro § € (0,00) u
g € (ptu — 6, g+ 6) cipaBenNUBO HEPABEHCTBO Ty, < Iy, 9TO IPOTUBOPEYUT ONPENEICHHIO
i Ecnu m, (B) = x4, TO Ty, = 1, € X. W3 7, (@) = pa > zu(a), z. € X, u equncTBeH-
fiocTy pemenus 3anayn Komm cnenyer 7, (b) < z,(b). Cnenosarensro, m,,(t) > x4(t),
t € [a,b), 9yTO UPOTHBOPEUNT MUHUMAILHOCTH T3. ¥ cloBMe (34) nokasawo.

W3 zua(a) > z.(a), 2.1 € X, ¥ eOVHCTBEHHOCTH pellleHUd 3aldauyd Kowwu cnenyer
zl,(b) < z',(b). Ilpnmenss (34) npu 1, = T.2 H T = T,1, UMeeM I,y < I, U3 enuncrsen-
HOCTH petuenus 3anaun Kowm u z,; < 2., noaydaem (28).

Iokaxem (29). [IpennonoxuM npoTHBHOE:

(Vi € (1, #2))(3 € (@, B])(man(t) > zaa(2)A

ANVv € (va, )l (a) > =, V (Tt € [a,8)) (0., (t) < z.1(2)).

MyceTs pa € (g1, ft2) mocTaToOuHO OIMM3KO K fia, & Ve € (¥2,V)) MOCTATOYHO OIH3KO K U.
Torna

(3t1 € (a,0))(mu(br) = Tua(t1) A (V2 € [, 01)) (o, (1) < 2u2(t))),
(ol.(a) 2 2, Noy, 2 T}V (36.1)
(3t2 € (a,8))(0..(12) = Taalt2) A (V2 € (E2,8))(0..(t) > Tu (1)) (36.2)
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¥ a8y = o, opr (36.1), ay(t) = z.4{t), t € [a,t2], a1(t) = 0,.(2), t € [t2,b] upu
(36.2), A1(t) = 7, (), t € [a,t1], Fu(t) = x.2(2), t € [f1,b] cupaBennuBO HepaBeHCTRO
a:(t) < 3i(t), t € [a,b). [lo Teopeme 3 xpaepas 3anada

"=f(t,z,7'), (=12, )=z, a<z<hH
MMeeT pelueHue Tp. V3 enuHCTBEeHHOCTH pewenus 3afavu Komu crenyer
za{a) < zo(a) < z.p{a), (b)) > xp(d) > z,,(b), o€ X. (37)
okaxem, uTo ycnosud (37) NpUBOAAT k MpoTHBOpeunio. 3 KOMIAKTHOCTH MHOXECTBa
M={ze X z(a)>zo(a) AZ'(b) > zp(b)}

crieflyeT cylllecTBoBaHue z3 € M Takoro, uto z3(a) > z(a) mis noboro z € M. U3 z., €
X. ¥ eIMHCTBEHHOCTH pelteHu# 3amayn Komm cnenyer z3(e) < z.2(a), a 3 HepaBeHCTB
z.(e) < z3(a) < z.(a) caenyer, uto r3 He npuHammexuT X,. CaenosaTenbHo, HallmeTcs
z4 € X, mas xoroporo z4(a) > x3(a) n x4(d) > z4(b), 4TO MPOTUBOPEUUT ONpPENENEHIIO
z3. ¥Ycnosue (29) mokalaHo.

Hokasxem (30.1). M3 enuHCTBeHHOCTH pemerns 3anaun Komm crenyeT 7., () < z.2(1),
t € [a,b). BEcim 7, (b) = 25, TO 70y = T, € X m 7, (b) > 7,(b). U3 enmHCTRBEHHOCTH
peuterus 3anaqn Komu cnenyer «), (b) # z.,(b) u m, (b) # z,(b), a n3 nporupopeunsocTy
(37) nns z0  w,, cnenyer w, (b) > z,,(b}, uTo mpoTmBOpeuMT ycnosuo T.; € X,.
PaccmoTpuyM ciayyai, koria m., (b) < zy. lycts

ps = Inf{ge € (p1,0) (Vi € (phu, po) {Tuu < Taz)},

fa = sup{p. € (o, p2) (Yo € (o, pu))(mup < 222)}

Ecam pa = p1 0 pg = pa, 7o (30.1) ouesunno. Ecmu pz > py, To nycTs g5 pa, a
eCIM [3 = f) U fig < fiz, TO NYCTb fs = pq. Torma s € (g1, p2) ¥ Tapy < Z,0. Ecnm
Tuus(B) = Zp, TO aHAJIOrHYHO IpeARITYIEMY NONyYaeM npoTusopeyne. Ecnn 7., (b) < z4,
TO U3 eOVHCTBEHHOCTY DELIeHUdA 3aZaun KolM CHenyeT .., < ZTx«. Hig mocraTouso
manoro & € (0,00) U3 HelpPEpPHIBHOM 3aBUCUMOCTH HMEeM T., < T.2, 4 € (ps — 6, 45 + §),
UTO MPOTHBOPEYHUT OlIPENESIEHHIO 5. Y cnore (30.1) mokazaHo.

Ycaoeue (30.2) nenocpencreenso crenyer ua (30.1).

Hokaxem (31.1). M3 enuncTBeHHOCTN pelreHus 3anavu Kouwm cnenyer o,,,(t) > r4(t),
t € [a,b). Iycts

v3 = inf{v. € (v2,v0) (Vv € (va,0))(0h,(a) < ZoA

(vt € [a,0))(o.,(t) > zu(1)))},
(o

)
vy = sup{v. € (vo,1) (Yv € (vo,w))
(vt € [a,8))(0..(t) > zaa(1)))}-

Ecnu v3 = v u vy = vy, 0 (31.1) oueunno. Ecnu v3 > s, To nycts vs = v3, & €Clll
vs = vp M vy < w1, TO MyCTb v5 = vy Torma vz € (1,11), 0, (a) £ &), u Oy = T

Ecan o, (a) = z, T0 0.y, = 04, € X, a M3 ENWHCTREHHOCTH pelllenud 3amayn Kouuu
u mpotusopeunsocTi (37) mnsg zo = o, clenver o,(a) > z.;{(a), yTo mpoTuBOpeuHT

Ja) < zhA
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ycnopmio 2. € X,. Ecmm o), (e} < 2, TO U3 €IMHCTBEHHOCTH peleHH: 3aavu Korum
CHENYeT Tuy(t) > 2,1(t), t € [a,b). Hus nocrarouro manoro § € (0,00) U3 HempepbIiBHOI
3aBUCEMOCTH mMeeM 0, (a) < zi, 0u(t) > z.(t), v € (vs — b,v5 + §), t € [a,b), uTo
POTWBODEYHT OMpeneleHnio vs. Y core (31.1) JokaszaHo.

Ycnosue (31.2) memocpencTaenno crenyet u3 (31.1).

Hokaxem, uyTo ycrosune

(Fp € (w1, p2))(man S 22) A (Tv € (12, 01)) (00, (a) <z A owy 2 T01) (38)

HpupoauT K npotusopeduio. U3 (38) cuenyer (30.1) u (31.1). Ananornggo HoKalaTeNnbCTBY
(29) ycnoBus Haxounm zo, yoorersopswouiee (37), 4TO IPOTHBOPEYMNBO.

Toxaxem (30.3). Ecau

(v € (1, m))((o}(a) < 2 A
(Vt € [a,0))(2a(2) < 0.(t) < zua(t))V
(ato € [a,b))((}'y(tg) = I,g(to)/\
(Yt € (10, 0))z.alt) < ou(t) < z.2(2)))),

(39)

TO 4HATOCMYHO NOKasaTenbcTBY (29) ycioBus maxouum zg, ynorneTBopsiwoulee (37), uTo
nporusopeunpo. Tenepb u3 nporusopeunsocty (39) momyyaem (30.3).
Hokaxem (31.3). M2 nporusopeunsoctu (38) crenyer

(Vi € (g1, 42))(3t € (a, b])(mun(t) > Taa(t)). (40)

Ecnu
(T € (1, 12))(37 € (@, b)) (7u{7) = TWr(T)A
(Vt € [a,7))(za(t) < mu(t) < 7.2(2))),

TO aHANOrMYHO NOKa3aTenbCTBY (29) ycroBus HaXomuM To, yaosgeTBopaiouiee (37), uTo
npotusopeunso. Teneps u3 (40) nonyuaem (31.3).

IlepeiineM K NOKa3aTelLCTBY OCTaJbHBIX ycnosu#t. Scno, yTo A 3amkuyTo, 0,1 € A,
Sp = y1 U 81 = z1. M3 ycnous (29) cnenyer

(I € (M, Ag) My < 80, V (0l 0p(@) < 2L A Gun) 2> 3, ))-

Ecnu naitnercs A € (Aq, A;) Takoe, 9T0 T.405) < iy, TO u3 (30.1) nns qoboro A € (A, Az)
cirenyeT

Tau(2) < S)g- (41)

Ecmu watinercs A € (A1, A7) Takoe, uT0 0, (3)(a) < z; M 0.0y = Sy, To 3 (31.1) nas
moboro A € (Ar, Az) crenyer

J:v(,\)(a) < I::: A (Vt € [aab))(g*u(/\)(t) > Sy (t)) (42)

Y caosue (32) crrenyet us ycnosus (28), ycnonue (33.1) caenyer us ycaosus (41), a ycnosue
(33.2) cnenyer us ycnopus (42). UnbexkTuBHOCTDL § cnenyer u3s (32) n (33).

HoxaxeM HenpepblBHOCTBL s. HenpepriBHocTb s Ha HHTEpBalie (A1, A:] He BLI3EIBaeT
coMHeHu#. Jlokaxkem HenpepwiBHOCTL ana Ag € A. Ung atoro no € € (0,0c) naiinem
6 € (0,00) Taxoe, uto M3 A € [0,1] w | A — Ag |< & cuenyer |[sy — s»,|| < €. IycTs
by € (0,00) Taxoe, utowa A € [0, 1] u | A=Xg |< &y crenyeT || m., 00— $xol| < €,282 € (0,6))
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TaKoe, yTo s v € R u3 | u—si\o(b) |< é, crenyer ||ow, — 8, || < €- Ecim Ag = 0, T0 63 = 62
[Iycts Ag > 0. Eciu cymectsyeT Az € (0, Ag) Takoe, 9To (A3, Ag) N A = @, To BrIibepem
83 € (0, g — A3) Tak, 4TOOHL |[sy — $y,|| < € mng A € (Ao — 83, Ao). B npoTussom ciyyae
nycTk Az € (0, Ao) NA Taxoe, uto | 54 {b) — s}, (b) |< b. Torma 83 = Ap— Aa. Ecnn Ao =1,
To 65 = &9. [lycTe Ag < 1. Ecin cymectsyer Ay € {(Ag,1) Takoe, 4To (Ag, Ay) M A = @, TO
BriGepeM 64 € (0, Ay — Ag) Tak, 4ToO6HI ||s) — s),| < € mna A € (Ao, Ag + 84). B mpoTusHOM
clydae mycTh A; € (Ao, 1} N A Takoe, uto | sy, (b} — 5 (8) |< b;. Torma 64 = Ay — Ao
OxonyaTennuo § = min{és, 83,484}
Jllemma 5. Ilycre z), € [2'(a),00), 2} € [y'(b), 00),

X={z€S5(,R) 2(a)=z A (B)=2,Ay <z <z},
X.={z. € X (¥re X)(z(a) < z.(a) Vz(b) > z.(b))},
Tat, w2 € Xo, Za1(a) < z.2(a), g1 = Tur(a), p2 = Tu2(a), v1i = 2.1(8) 1 v2 = z,2(b). Torna
Ta1 < Tug.

Ecnu nma mioboro I, € X. M3 T. < &. < Tag CAEOYET Ta = L. WINA T, = Taz, TO

(3” € (#1,#2)](7r:”£b) < IL ATy < I.z)V (44)

(HV € (Ul)vz))(T:y’a) < -T; ANTe 2 -T:I),
(Fo € (g1, 2) (7L (B) < Ty ATy < 2u2) =
(Ve € (pa, pa)) (i (B) < o Aay < Zaahh (45.1)

(Vz. € X,)(z.(a} < z42(a) =
card{t € [a,b] m..(t) =z.(t)} = 1))A

(Vv € (m,m))(Ti(a) > 2l ATy < Ty < T2V
{(3to € [a, b))('r,,(to) = ;,.1(150) (45.3)
(V2 € (to, b])(zu1(t) < 7 () < Zaa(?))),

(
(o € (v, v2)) (7l (a) < Th A Tayy 2 Zuy) =

(45.2)

(Vv € (v, m))(7. (a) < T A7y > T (46.1}

(Vz. € Xo)(z.(B) > zu1(b) = card{t € [a,b] 7.(t) =z.(t)} < 1)A (46.2)
(Vi € (g, p2) J((7,(B) > T4 A ay < 7y < T02)V

(3to € (a,8])(mu(to) = 22(to)A (46.3)

(Vt € [0, 10))(2a1(2) < Tu(t) < 2oa(1))).
Mycrs 41,21 € X., wi(a) < zi(a),
p(A) =wi(a) + Mzila) —nle)), A€[0,1],
A={re[0,1] m. € X.},
5y =Ty, A EA

Torma A samkuyToe muoxecTsBo # 0,1 € A, a [0,1]\A otkprrToe Mmuoxectso. Onpe-
neJuM S Ha OTKpEIThIX muTepBasax MHoxkecrsa [0, 1]\A. [ycte A1, Az € A, Ay < Ay
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(A, A2)NA = @. Ecu waiinercs A € (Aq, Az) Takoe, uTo w;“(A)(b) < Ty U Tyu(r) < Sy, TO
Sx = Tau(x) A1 A € (A1, A2). B mpoTusnom cirydae sy = T.,(5) L1 X € (A, Az), e

v(A) = 53 (0) + (A = M) (A2 = M) 7 (2, (B) ~ 5r,(B)), A € [Ar, D).

Tax onpenenennoe Ha [0, 1] oTobpaxenne s HHLEKTUBHO HeNpepHIBHO U obnafaeT ciaedy-
IOMIEMU CBOHCTBAMI: Sg = ¥y, §1 = 23, AJA dioboro A € A

si(@) =2 A8 =z Ap S sr <z (47)
n nag moboro A € [0, 1\A
(sa(e) > yi(a) A sh(a) = 7, Asi(b) <zl A sy < z1)V (48.1)

(82(8) < z1(b) A 85(8) = =}, A s\(a) < z, A sy > 1) (48.2)

Hoxazameavcmeo. Hokaxem (43). [lpenpapurensuo mokaxeM, uTo
(Vz. € X.)(Vz € X)(z(a) < z.(a) A 2(b) < 2.(b) = = < z.). (49)
[IpennonoxuM NpoTHBHOE:
(Fz, € X W31 € X)(z(a) < z.(a) A z(b) < z.(b) A (3to € I){z(ty) > z.(t0))).
fAcHo, yTo and mocraroyno mMasoro & € (0, oc)
(Vu € [z.(a), z.(a) + 8))(card{t € [¢,b 7..(¢) =z(})} > 2). (50)
[ycte z1(t) = max{z(t),z.(t)},t € I, a £, MUHUMAaTEHOE pelllcHKe KPaeBOil 3aTaun
" = f(t,z,z"), z'(a)=2z,, z(b)=1z.(b), 7 <z<z2,
KOTopoe cylecTyet no Teopeme 3. U3 enuncrBennocT peiuenns 3amauu Kowu caenyer
(¥t € [a,B)(m2(8) < 2a(8)) A 2(0) < 2},
IokaxeMm, 4TO 0714 focTaTOYHO Manoro § € (0, 00) 13 MUHUMANBHOCTH Ty CHeAyeT
Fow <22 € (22(a) = 6,22(a)). (51)
B nporusnoMm cryuae HaitmeTcs pg € (z.(a), z2(a)) Takoe, yTo
(3 € (a,8)(mo(7) = 27} A (V2 € [0, 7)) (82(2) < T(8) < 22(1)).
Oycrs Bi(t) = mu(t), t € la, 7] m Bi(t) = z2(t), t € [7,8]. Torna xpaeras 3anaua
"= f(t,z,7), 2(e)=1;, z(b)=z.(b), @ <z<h
1MeeT pellleHue N0 TeopeMe 3, 4TO NPOTUBOPEYHT MUHHMANLHOCTH Ta. llycTh

pe = inf{po € (z.(a),72(a)) : (Vi € (po, 72(a)))(muy < @2 AT, (B) < )}
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Torma mas moGoro g € (p., x2(a))

card{t € [a,b] =m..(t)=z.(t)} =1,

card{t € [a,b] m..(t)=z()} <.
13 (50) umeem z.(a) < p., a U3 eIAHCTBEHHEOCTY peldeHNs 3afaum Konm ciemyer

(V2 € [0, 5)) (o (£) < 2(2)) A (Rop (8) < 2a(B) V 0, (B) < 75).
Eciu 7,,,(b) < Hz.(b) u 7., (b} < x{, To mna mocrarodso manoro § € (0, 00)
t € (o — b pa + 8))(may < x2 A7, (B) < T}),

4TO NPOTHBOPEUUT ONpeNeleHuio t.. Ecmu 7., (b) < Hz.(b) u =, (b) = z}, To 7.,
7ue € X 1 7y (@) = p. > z.(a). llonyyaem nporusopeune ¢ z, € X.. Ecin m,,,(b) = z
u ., (b) <y, T0 Tay, = T, w2y £ T, < T3, YTO OPOTUBOPEUUT MUHHMATIBHOCTH T
Ycnosue (49) nokasaHo.

Us z.5(a) > z.l(a), v € X. u enuncTeerHocTn pewenns 3agatu Komm ciemyer
T.2(b) > 1.1(b). lpuMenss (49) npu z. = T.; U T = T.), UMeeM T4y < T,;, 9TO JOKA3BLIBAET
(43).

Hokaxewm (44). Ilpennonoxum npoTHsHOE:
(Vi € (r, 1)) (7L, (8) 2 7 V (3 € D(manlt) > Toa(t))A

(Vv € (v, v2)) (7o (@) 2 2, V (3t € 1)(ru(t) < zua1)))-

NycTe . € (p1, #2) OOCTATOUHO BIIU3KO K g2, 3 V. € (¥1,12) DOCTATOYHO 6IIH3KO X ;.
Torna

(7,,(8) 2 2y ATy, < z2)V (52.1)
(Fts € (a,8)) (7. ($1) = zoa(ts) A (VE € [a,81))(7(t) < Z2(2))), (52.2)
(r.(a) > 2 AT > za)V (52.3)
(32 € (@, 5))(n.(t2) = za(te) A (VL € (b2, 8])(7(8) > zar(1))) (52.4)

w o ay = 7, npu (52.3), a1(t) = za(t), t € [a,t2], ar(t) = 7., (8), t € [t2,b] npn (52.4),
4 = =, upn (52.1), Bi(t) = 7, (1), t € [a,t1], Bi(t) = zw2(t), t € [t1,0] npm (52.2)

cnpaseiiinBo HepaBeHcTBo oy < (. Ilo Teopeme 6 xpaemas 3anada
' = f(t,z,2"), d(a)=z), (b)=z,, a1 <z <P
nMeeT pelnienne . M3 enuHcTBeRHOCTH peltenus 3anaun Kown crnenyer
T.{a) < zole) < zwla), Tua(b) < zo(b) < zu(b), zo€ X. (53)
[TokxaxeM, yto ycropus (53) npusoasaT k npoTusopeunio. M3 KoMIak THOCTH MHOXECTBa
M={zeX ={a)2zola) Ax(b) < za(b)}

clenyeT cyuwiecTBoBanue r3 € M Takoro, uto x3{a) > z(e) nus nwboroz € M. U3 1,4, €
X. ¥ eINHCTBEHHOCTH pelleHus 3anadu Komy crnenyer za(a) < z.p{a), a na HepaBeHcTB
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z.1(a) < z3(a) < z.2(a) cnenyer, 4yro 3 He mpunagexut X,. CinenobaTenbHo, HaltneTcs
14 € X, nus xoroporo z4(a) > za(a) # z4(b) < 23(b), Ir0 OPOTEBOPEYUT ONpeLEIEHHO
x3. ¥Ycnosne (44) noka’aHo.

Hokaxem (45.1). W3 eguncTBeHHOCTH pelleHus 3amadd Kolmm cienyeT .., < T.;.
ycts

pa = inf{p, € (p1,p0) (Y € (pa,p0)) (7, (6) < Ty A Moy < Tug)},
pe = sup{p. € (po, p2) (Vg € (po, p))(m,,(8) < 2y A may < Tu2)}.

Ecnu g3 = j1 B pq4 = pa, 10 (45.1) oueBunro. Ecnm g3 > gy, TOo nycTh g5 = p3, a ecinu
fia = {1 ¥ ftg < fl3, TO MYCTb ft5 = jg. Torna ps € (p1, p2), 7, (b) < 2} 1 Tuy, < Tuae
Ecnn 7, (b) = 2}, TOo Tuy, = 7,y € X ¥ M3 €AUHCTBEHHOCTH peleHns 3amadn Kommn
¥ upoTuBopeunsocTH (53) ang zo = 7w, ciaenyeT 7, (b) < r.1(b), uTo mpoTHBOpeyUT
ycnoBuio t. € X.. Ecnu 7, (b) < z}, TO W3 eNMHCTBEHHOCTH pelleHus 3amaun Kommn
CIIEOYEeT Tay, < Taz. His mocTaTouno Manoro § € (0,00) U3 HenpepLIBHON 3aBUCHMOCTH
cienyerT T, (b) < T, Tuy < Tuz, pt € (s — 8, g5 + 6), UTO IPOTABOPEUUT ONPENIEIIEHNIO Us.
Ycnosue (45.1) nokasaHo.

Aunanoruyno moxasmBaercs (46.1).

Ycnopus (45.2) u (46.2) uenocpencreenno creayior ua (45.1) u (46.1).

[lokaxem, 4TO yciioBue

(e € {1, 12))(m,,(8) < 2} Away < 2a2)A

(v € (v, w2))(7L, (@) < TL A 7oy 2 2uy) (54)

npuBoaUT k uporusopeunio. U3 (54) cnenyror (45.1) n (46.1). Analornyso nokalaTels-

cTBy (44) ycnoBus HaxonmM Tg, ynosleTBopsioumee (53), 4To npoTHBOpEYKBO.
Iloxaxem (45.3). Ecnn

(Fv € (n,w))(7{a) =1L Az < T, < T2)V
(Jto € [a,8)}(7.{te) = Tua(t)A (55)
(Yt € (0,8])(za1(t) < 7(t) < T2(2)))),

TO AHAJIOTMYHO JOKa3aTelbCTBY (44) ycioBHs HaXOOMM g, yOoBIeTBoOpsiolee (53), 4To
nporusopeunso. Teneps n3 (55) monyuaem (45.3).

AHanornvHo mokasmBaercs (46.3).

[TepeiineM k DOKa3aTelNbCTBY OCTaJIbHbIX ycioBuil. YcHo, uro A 3amkuyro, 0,1 € A,
So =y U 8§y = zy. M3 ycnosus (44) cnenyet

(X € (A, A )) (L ay(8) < Zh A Fuy(n) < 83,)V (56.1)

(3X € (A, M) (@) <z ATuyny 2 3) (56.2)

Ecau cnpasennupo (56.1), To u3 (45.1) s moboro A € (A}, A;) caenyet
Teun)(B) < Ty A Tapn) < 83, (57)
Ecnu cnpasennuBo (56.2), To m3 {46.1) mns moboro A € (A, Az} citenyer

T:y(,\)(ﬂ) < Ty A Tur) > iy (58)
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Ycnobue (47) cnenyer ua yciopus (43), ycnosue (48.1) cnenyer ua yenosus (57), a ycnosue
(48.2) cnenyet u3 ycnoeus (58). UnnekTnprocTs s cnenyer us (47) u (48).

HokaxeM sHenpepuiBrocTh $. HenpepnisHocTs s Ha unTepBate [A(, A;] He Bbi3bIBaeT
comuenui. Jlokaxem HenpepmBHOoCTh M1 Ag € A. Ilns atoro mo ¢ € (0,00) Haiimem
8 € (0,0c) Takoe,uroua A € [0,1] m| A—Xo |< & crenyeT ||sy—5y, || < €. MycTb 61 € (0, 00)
Takoe, uto w3 A € [0,1] u | A — Ag |< &y cnenmyeT ||m,, () — 8a0|| < &, @ 62 € (0,61) Takoe,
yro ong v € R w3 | v — 55,(b) |< & cnemyer |7, — 8x,|| < €. Ecim Ap = 0, 10 63 = 6,
Mycrs Ap > 0. Ecan cymectnyeT A3 € (0, Ag) Takoe, uto (A3, Ap) N A = @, To BHI6epeM
63 € (0, Mg — A3) Tak, 4ToOHl ||y — S]] < € mas A € (Ag — 83, Ap). B npoTusHOM cityyae
nycTs A3 € (0, Ag) N A Takoe, 110 | 5),(5) ~ 5,,(b) |< 2. Torma §3 = Ag— A3. Ecim g = 1,
10 §4 = é3. lyctb Ag < 1. Ecnu cymectByer Ay € (Ag,1) Takoe, uto (Ao, Aq) NA = &, TO
BuiGepeM & € (0, Ay — Ag) Tak, 4Tobu ||5) — 8),|| < € ang A € (Ag, Ao + é4). B npoTusnOoM
cnyqae OycTs Ay € (Ao, 1) N A Takoe, uto | s3,(8) — 53,(8) |< 2. Torna 64 = Ay — Ag.
Oxonyarensro § = min{és, b3,64}.

3ameuanue 3. B memmax 3-5 usyyaeTcs nmopeneHue pelleHMil, JEKAIINX MEXIY i H
z. llenaercs 3T0 IpY NOMOLLY GYHKIMEA Moy, Peyy Tay B Tay, KOTOPLIE HHOIHA OIpEIEIIEHE!
¥ BHE MHOX€CTBA

{(t.e) telnyit) <z <z}

Tlpu xenanni MOXKHO 0TKA3aThCA OT BBeieHns TakuX GyHKIui. [[oCTATOYHO OrpaHnYUTh-
cs paccMoTpeHHeM QYHKUMA % ,, p,, 0, U T, Ha COOTBETCTBYIOUIKX MHTepBa1ax. [lycThb

tr, =sup{t. € I (Vt € [a,t.])(y(t) S mu(t) < 2(2))}, £ € [y(a),2(a)],

to, =sup{t. € I (Vi€ [q,L])(y(t) < pu(t) < 2(1))}, za € [y(a),2(a)},
to, =inf{t. € I (vt € [t.,8))(y(t) < ou(t) < 2(8))}, b € [y(b), 2(b)],
=inf{t. € I (¥t € [t.,b))(y(t) < n(t) < 2(8))}, v € [y(b), =(b)].
Cykenus
K |[a.t,r#]7 Pu |[a.tp,1]’ Ov |Ifa.,.b]? Ty I[‘ru.b]

LONHOCTHIO 3aMEHSAIOT GYHKINY T.,, Puy, Ouy B T.,. [Ipn 3TOM HEckonbko yBEmUUuMBaIOTCA
$POpMYNUPOBKH U NOKa3aTelbCTBa.

1.3. Baoxenne nHTEepBana B MHOXeCTBO pellleHUN

B 1.3 cTpoaTcsa BnoxeHus
0,11 — S(I, R),

KOTOpble ABIAIOTCA OCHOBOM IS MOCTPOEHWS BIIOXKEHUI OKDYXHOCTH B MHOXECTBO pe-
IIEHUA M N0Ka3aTelNbCTBa Pa3’pellUMOCTH KpaeBbix 3amad. [IpennomaraioTcs 3amaHHbIMU
y,z € S(I, R) takue, 9To y < z.

Jlemma 6. Ilycts nns moboro ¢ € S(I,R) m3 y <z < z, z{a) = yla) u z(b) = y(b)
cienyer z  yumsy < & <z, z{a) = z(a) u 2(b) = 2(b) cnenyer r = z. Torma
CYIIECTBYET MHBEKTHBHOE HENPEpLIBHOE OTOGpaXKeHNe

u:[0,1]] = {z€S(I,R):y <z <z} (59)



75

CO CIEIYIOUIMMH CBOACTBAME: Uy = ¥, ¥ = z, HAAYTCA Ay, A; € (0, 1) Takme, uto Ay < A,
"

(VA € (0,A))(ua(a) = y(a))A (60.1)

us, (@) = y(a) A us, (b) = 2(b)A (60.2)

(VA € (A1, A2))(wa(a) = yla) V ur(b) = z(b))A (60.3)
ux, (@) = y(a) A ury(b) = 2(b)A (60.4)

(YA € (Ag, 1))(ua(d) = 2(b)). (60.5)

Hoxazameasemso. llycTh y; MUHUManbHOE, 3 77 MaKCHMAJILHOE PEUIEHUE KPaeBoi
3adadn

' = f(t,z,2'), z(a)=vyla), z(b)=2z(h), y<z<z
Ecimyy =21, To Ay = e = 1/2, aecim yy # 2, T0 Ay = 1/3 1 Ay = 2/3. Mlyers

uy = s(z(a) = y(a) A z'(a) = ¢'(a) + AT (i (a) — ¥'(a))),

A€ [0, M], 61
uy = s(z(b) = z(b) A () = Z(b) + (A — Ag)(1— (61)
A)THE(B) = (), A€ [ha, 1]

[ToxaxeM, 4TO U3 IKCTPEMAILHOCTH ¥ U Yy CIIEOYET
(VA € (0, A))(Vt € (a, b)) (2) < uat) <w(1)).
Ecnn
(31 € (0, M))(3r € (a,B])(ua(r) = y(r)} A (Vt € (a,7))(y(t) < ua(t) <3(t))),
To nycTh a;(t) = ux(t), t € [a,7] B ay(t) = y(¢). t € |7, b|. Torna kpaepas samada
' = f(t,z,7"), z(e)=y(a), z(b)=u(b), e <z<y
10 TeopeMe | UMeeT pelleHHe, YTO IPOTHUBOPEYHT YCAOBUAM JleMMEl. Ecmu
(3A € (0, M))(37 € (a, b)) (ua(r) = 31 (1) A (V2 € (a,7))(y(t) < us(t) < (1)),
To mycTh Gi(t) = ux(t), t € [a,7] u fi(t) = wi(t), t € [7,b]. Torma kpaepas 3anaua
2" = f(t,z,2"), z(a)=yla), z(b)=z(b), y<z<h

no teopeMe | MMeeT pelleHHe, YTO NPOTHBOPEYUT MMHUMAJIBLHOCTH Y. AHAJIOrMHHO Jo-
Ka3kIBaeTCH, 4TO

(YA € (A2, 1))(VE € [a,0))(=n{t) < ua(2) < 2(¢)).

C.renoBaTeIbHO,

(YA € [0, A1) U [A2, 1)y S uy < 2). (62)



76

Ecnn yy = z1, To u monsocTsio onpegensercs gopmynamu (61). Ecim vy, # 2, To mo
nemme 3 nipu z, = y(a) u 7 = 2(b) HaxoouM s Takoe, UTO

suzyll\slzzl (V,UG(O
z(

(su(b) =

AHaIlOTHYHO IPeIbIIyIIeMY NOKa3bIBAIOTCA HEPABEHCTBA

1)((s,(a) = y(a) A s, < z1)V
YA Sn 2 1)), (63)

(Ve € (0,1))y < su <2). (64)
Cnenosarensuo, s [0,1] = S({, R). Ilycts
uy = saao1, A€ [1/3,2/3]. (65)
Torna u onpenenserca dopmynamn (61), (65) n u3 (64)-(65) cnenyet
(VA€ [, de])(y S ua £ 2). (66)

N3 (62) u (66) crenyer (59), a u3 (61), (63) u (65) cnenyer (60).

JIemma 7. Ilycts y'(a) > 2'(a) u nans moboro z € S(I,R)n3 y <z < z, 2'(a) = y'(a)
u z(b) = y(b) cnenyerz =y uumsy <z <z, 2'(a) = 2'(e) m z(b) = z(b) cnenyer z = z.
Torma cymecTByeT HHBEK TUBHOE HENIPEPLIBHOE 0TOOpaXEHNE

0,1] > {z € S(I,R) y<z<zAZ(a) <a'(a) <y'(a)} (67)

CO CIEeNYIONIMMU CBOMCTBAME: Uy = ¥, ¥ = 2z, HAAAYTCca Ay, A2 € (0, 1) Takue, yto Xy < A,
u

(VA € (0, ))(ui(a) = y'(a))A (68.1)

ul, (a) = y'(a) Auy, (5) = z(b)A (68.2)

(VA € (A1, 22))(w)(a) = ¢'(a) V ur(b) = 2(b))A (68.3)
uj,{a) = y'(a) A, (b) = 2(B)A (68.4)

(VA € (A2, 1))(ua(b) = 2(8)). (68.5)

Hoxazameabcmeo. llyctb yy MHHHManbHOe, a z; MaKCHMAaJlbHOE pellleHHE KpPaeBoil
3ala4H

' = f(t,z,2"), z'(a)=y'(a), z(b)=2(b), y<z<z
Ecmmy, =z, To My = Ay =1/2,aecm y; # 21, To Ay =1/3 v Ay = 2/3. Ilycte
ux = s(z'(a) = y'(a) A z(a) = y(a) + A (yi{e) — y(a))),

uy = s(z(b) = 2(B) A 2'(b) = 2L(b) + (A — A)(1—
M) (B) — 21(B)), A€ [, 1].

IlokaxeM, 4TO U3 3KCTPEMAJILHOCTH ¥ U Y ClELYeT

(YA e (0, M)y <uxr <)
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Ecmm
(3X € (0, M))(37 € {a,b])(ua(7) = y(r) A (Y € [a,7))(y(t) < urlt) < 1i(2))),
To mycTh an(t) = ux(t), ¢ € [a, 7] 1 en(t) = y(t), ¢ € |r, b]. Torma kpaesas 3anaua
"= f(t,z,2"), (@) =y'(a), (B)=y(}), m<z<y
o TeopeMe 3 IMeeT pellleHHe, 9TO POTHBOPEINT YCAOBAAM Temmbr. Ecmu
(3X € (0, M))(37 € (a, b)) (ua(7) = y1(7) A (VE € [a, 7))(y(f) < ua(t) < 1(t))),
To mycTh Bi(t) = ur(t), t € [, 7] m Bu(t) = w(t), t € [r,b]. Torna xpaesas sanava
2" = flt,z,2), o'(a)=y'(a), z(b)=2(b), y<a<h

o TEeopeEme 3 umeet PELIEHNE, 9TO LIPOTHBOPEYUT MUHNMAJIBEHOCTH ¥;. Awuanornuso o~
Ka3jblBaeTCi, YTO

(VA € (A2, )(VE € [a,B))(z(t) <ua(t) < 2(1)) A 2'(a) < uj(a) < y'(a)).
CnemoBaTensHo,
(VA € [0, M]U [, 1)y < ua £ 2A 2 (@) Swi(e) S y'(a)). (70)

Ecnu y; = 2, To u nonHocThO onpenengercs dopmyiamu (69). Ecun y; # z;, To mo
nemme 4 npu 2!, = y'(a) n xp = 2(b) HaxoomM s Takoe, 4TO

so=mnAs1i=nA(Vp€ (0, 1)){(su{a} > y(a)A
su(a) = y'(@) A s, < )V )
(si,(a) < y'(a) Asu(b) = 2(b)A
sL(b) >z (b)Y As, 2 3)).

AHanOrM4HO NPENRITYIIEMY AOKA3HBAIOTCA HEPABEHCTBA
(Vi € (0,1))(y € 50 < 2 A #(0) < 5(a) < ¥'(a). (72)
Crenosarensuo, s [0,1] — 5(1, R). llycTs
uy = sa-1, A€ [1/3,2/3]. (73)
Torna u onpenengerca popmynamu (63), (73) u ua (72)-(73) cnenyer
(YA€ [ )y < un € 2 A () < w(a) < (@), (74)

W3 (70) n (74) caenyer (67), a u3 (69), (71} u (73) cnenyer (68).

JTemma 8. Ilycts y'(a) £ z'(a) n ong moboro ¢ € S([,R)us y < z < z, y'(a) <
r'(a) < 2'(a) u z(b) = y(b) cnenyerz = yum y <z < z, y'(a) < Z'(a) < Z(a} m
z(b) = z(b) cnenyer z = z. Torna cymecTByeT NHbEKTHBHOE HENPEPLIBHOE OTOGpaKeHHe

u [0,]] = {zeSU,R) y<z<zAy(e) <2'(a) €7(a)} (75)

Takoe, 9YTO Upg = ¥ U t) = 2.
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Loxazameavcmeo. Hycre

u = s(z(a) = y(a) + A(2(e) - y(a))A (76)
#'(a) = ¥'(@) + A('(a) - (), X €[0,1].

Scuo, 9TO g = y U u; = z. lokaxem, 4TO M3 IKCTPEMANILHOCTH ¥ H z CIIENYyeT
(VA € (0, 1))y < uy < 2). (77)
Ecrm
(3 € (0,1))(37 € (a,8])(ur(r) = y(r) A (VE € [a, 7)) y(t) < ua(t) < 2(1))),
To mycThb a;(t) = uxlt), t € [a,7] m o4(t) = y(t), t € [r,b]. Torna xpaesas 3anaua
"= f(t,z,7), y'(a) <2(a) <2(a), 2(b)=y(b), am<z<2
1o teopeMe 2 UMeeT pellEHHE, YTO (IPOTUBOPEYHT YCIOBHAM HeMMH. Ecnu
(3X € (0,1))(37 € (a,8])(ua(r) = 2(7) A (VE € [0, 7)) (y(t) < ual?) < 2(1))),
To mycth Fy(t) = ux(t), t € [a,7] u Bi(t) = 2(t), t € [1,b]. Torma xpaepas 3anaga
= flh e, v(@) <) <) o) =2b), y<z<fy

o TeopeMe 2 MMeeT pellleHHe, YTO MPOTUBOPEYNT yciopuaM nemmel. M3 (76) u (77) cie-
nyet (75).

JHemma 9. Mycte z), € (—o0,y'(a)], 25 € [2'(a),00), ans mwboro z € S(I,R) us
y<z<zz(a) =yla)uzd) =ylb)cnrenyerx =ynmy <z <z x(a) =z2(a)u
z{b) = z(b) cnenyer ¢ = z u XpaeBHle 3a0a4N

= ftne), f) =g o(b)=yb), y<z<= (18.1)
' = f(t,z,2"), z'(a)=1z,, z(b)=2z(b), y<z<z (78.2)
He uMeloT peutennsn. Torna cylllecTByeT MHBLEKTUBHOE HElPEpLIBHOE OTODpaXKeHNe
u [0,1j > {z€SU,R) y<z<zAz, <z'(a)<zp} (79)

CO CNEeNyIOUMMU CBOACTBAMU: Uy = ¥, U; = z, Halnytca A3, Aq, As € (0, 1] rakue, uto
Az < A <A,

(VA € (0, a))(ur(a) = y(a))A (80.1)
urela) = y(a) A ) (@) = 2y (502)
(YA € O M) (W (0) = Z))A (0.3)
u), (@) =z A uy (b) = z(B)A (80.4)
(YA € (A4, As)Hu(a) = =5 V ua(b) = z(B))A (80.5)
w), (@) = 25 A us(b) = z(b)A (80.6)

(YA € (X5, 1) {ux(d) = 2(8)), (80.7)
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UK HafimyTesd Ay, Ag € (0,1) Takme, uto Ay < Ay,

(VA € (0, 1)) (ua(a) = y(a))A (81.1)
uy, (e) = yla) A uy, (B) = 2(b)A (81.2)
(YA € (A1, A2))(uale) = y(a) V un(b) = z(6))A (81.3)
uy,(a) = yla) A uy,(b) = 2(b)A (81.4)
(VA € (A2, 1))(wx(B) = 2(b)), (81.5)
UnY HAAOYTCA Ay, Az, Ag, As € (0,1] Takme, uto A} < Ay < Ay < A5,

(VA € (0, 1)) (us(a) = y(a))A (82.1)
ux, (a) = y(a) A ux, (b) = z(b)A {82.2)
(VA € (A1, M) un(e) = y(a) Vur(b) = z(b))A (82.3)
uy,(a) = yla) A un,(b) = z(b)A (82.4)
(VA € Oz, A))(un(B) = 2(B))A (82.5)
W (0) = 2 A r,(6) = 2(B)A (2.6)
(VA € (A, o)) (w() = 25} V 1a(8) = 2(B))A (82.7)
u) (@) = 25 A uy(b) = z(b)A (82.8)
(VA € (A5, 1) }ua(b) = 2(b)), (82.9)

HITH HARAyTCA Ay, Az, Az, Ag, As € (0, 1] Takume, wro A < Ay < Ay < Ay < Ay,
(VA € (0, \))(uxla) = y(a))A (83.1)
uy, (@) = yla) A us (b) = z(B)A (83.2)
(VA € O, 1)) (un(a) = 3(8) V ua(b) = 2(B))A (83.3)
(@) = y(a) A uy,(b) = 2(B)A (83.4)
(VA € (Ao, X)) (u(a) = y(@))A (83.5)
usy(a) = y(a) A v (@) = £ (33.6)
(VA€ (hs, M) (@) = 2p)A (33.7)
uy, (@) = 25 A uy,(b) = z(b)A (83.8)
(VA € (Mg, A5))(uy(a) = z3 V un(b) = z(b))A (83.9)
uy, (a) = 25 A us(b) = z(B)A (83.10)
(YA€ (s, 1)) (ws(8) = 2(b)). (83.11)

Hoxasameavemeo. [IpUcTymUM K NOCTPOEHMI0 GYHKIHM v, M3 KOTODOH DYHKIMA U
nomyyaeTcs mo GOpMyIe Uy = Ui, A € [0,1]. B moctpoenun v yuacteyior y; € (0, 00),
;= 1,...,6, KOTOpHIe CBA3AHEI C A; PABEHCTROM X; = pipg’, ¢ = 1,..., 5. BaMeTnm, 910 U3
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OTCYTCTBHUA PEIIeHUs y Kpaepoit 3anazu (78.1) cnenyer y'(a) < zj m z, < zj. llycTe 4
MWHHMAJIBHOE, a 23 MaKCEMallbHO€ pCIICHHEe Kpa.eBOfI 3adaan

" = f{t,z,z"), z(a)=yla), z(b)==z2(b), y<zr<ez.
W> MuHUManLHOCTH ¥y ClEAyeT, 4TO
(Vz € S(I, R))(¥1 € [a, B))(¥ts € (11, 8))(2(t1) = 11(t1) A 2(t2) = ya(t2)A

(Vi€ (t,22))(y(t) < 2(t) < nlt)) = 2 = 3).

HeficTBuTenbHO, ecnu Hainercs T € (i,t;) Takoe, 4To T(T) < y1(7), To mycTs Fi(t) =
nlt), t € [a,t1] L [t2, 8] m B1(t) = z(2), t € [t1,t2]- Torna kpaepas 3amava

= f(te,7), a(a)=y(a), =(b)=2(b), y<o<p

o Teopeme 1 uMeeT pellleHNe, YTO OPOTHBOPEYHUT MUHMMAIBHOCTH Yi.
PaccMoTpuM ciyydaid, korma

w(a) 2 zp. (84)
Mycte p3 =1,
va = s(z(a) = y(a) A a'(a) = y'(a) + plzp — y'(e))), u €0, pa (85)
¥ Y3 = V,,. AHAJOTHYHO NpeNLAyLIEMY NOKa3LIBAIOTCA HEPABEHCTBA
(Vi€ [0, pa])(y S v Syr Az, Sw(e) < ap). (86)
HycTb y4 MWHEMANBHOE, Y5 MaKCMMAlTbHOE peliileHHe KPaeBoil 3aiadu
= f(t,z,2"), 2{a)=a5 z(b)=2(b), ys<z<o2 (87)

Ecnnz € S(I,R), y <x <z 2'(a) =75 u z(d) = 2(b), Tom3 = > y; > y3 chenyer, 4T0
ABJIfETCS pelleHneM Kpaepoit 3anaun (87). Ecmn yi(a) = xp, To pg = p3. Ecmu yy(a) > zj,
To gy =3+ 1mnm

v, = s((a) = y(a) + (1 — pa)(ya(a) ~ y(@)) A 2'(a) = 2p), € [, el (88)

AHanoruyHo [IpenblayUieMy OOKA3bIBAIOTCA HCDABCHCTBA

(Ve € [pa, wal)(y < v Swa Avla) = 7). (89)

Ecan ys = ya, 10 ps = jtq. Ecnur ys # ya, 10 pts = pg + 1 1 1o nemme 4 npu I, = 5 x
zy = z(b) maitneMm s Takoe, 4TO

so=ya NSt =ys A (Ve € (0,1))({su(a) > yala)r
s,(a)y =z As, Sys)V

(si,(a) <zp Asu(b) =z(B)A
8, (8) > y5(b) A sy 2> y4)).



81

.AHaﬂOFHqHD npeanqymieMy MOKa3biBalOTCAd HEPABEHCTBA
(Vu € (0,1))(y <5, < 2 Az, < 5)(a) < 2p).
CnenomatensHo, s [0,1] — S(I, R). llycts

Vp = Sp—pyy HE [P47 #5]-

Torna

(Vo € [pa, ps])(y S v S z AT, Svgla) < ).

Econ z = ys, TO g = ps. Benmu 2 # ys, To g = ps + 1 m

vy = 5(x(b) = 2(b) A 2'(b) = y5(b) + (4 — ps)(2'(b) — u;

b € [ps, pe-

AHaJTOrHYHO [npeaelnyiaeMy OOKAa3blBaloTCAa HEPDABCHCTRA

(Vi € [ps, pe])(ys < v < 2 Az, S vy (a) < o).

(91)

(92)

(93)

(94)

(95)

s (85)-(86) u (88)-(95) cnenyror yenoens (79), (80). Paccmorpenne ciyyas (84) sakon-

qEHO.
Paccmorpum cnyuaii, korna

yi(a) < 5.
Ilo 1eMMe 6 HalineMm
0,1] = (s € S(L,R) y<o<z)

v, €(0,1) Takue, 4To Wo =Y, Wy = 2, v, S U

(Vv € (0, 1)) (w,(a} = y(a)A
wy, (@) = y(a) A wy, (b) = z(h)A

(Vv € (1n,v2))(wu(a) = y(a) V w,(b) = 2(8))A
w, (8) = y(a) A w,(b) = 2(B)A
(Vv € (v2,1))(w,(b) = 2(b)).

PaccmoTpumM cmydai, korna
(Vv € [0, 1])(w(a) < zp)-
Ilycts gy = i, p2 =1, fle = 1 1
vy =w,, p€l0,psl-

Acuo, uTo
(Ve € [0, e}y S wu < 2 A7, S vy(a) < ).

W (97), (99)-(100) caeayroT ycmopusa (79), (81). PaccmoTpenue cayyas (96),

YEeHO.
PaccmorpnM ciiyyai, xorna

(3ua € (0,1])(wy, (a) > y(a) A w,, (a) = 75 A w,, (b) = 2(b)}A

(Vv € [0, p4))(w,(a) < 25))-

(96)

(97)

(98)

(99)

(100)

(98) 3axon-

(101)
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IIyctb p1 = 11, Y4 = wy,,
X ={z€5(LR) 2(e)=yla) Az(b) = 2(B) Ay < 2 < 2},
X, ={z.€ X (Vz€ X)('(a) < 2(a) V'(b) < z/(b))},
po =sup{v € [0,1] w, € X. Aw, <y},
v =w,, pE[0,pu (102)
0 Yo = W,,. SIcHO, 4TO
(Vi € [0, pa])(y S vu S 2 A 2, < vy(a) < zp). (103)
[lycTs ys MakcHMalbHOE penieHMe KPaeBOW 3a1ayyl
o = f(tn,2), (a)=14 z(b)=z(b), w<z<e
flcro, 4To Y5 ByleT MaKCMMaJbHEIM pellleHHeM KDaeBol 3amadu
' = f(t,z,2"), Z'(a)==z5 z(b)==z(0), y<z<ea

Mokaxem, uro mas moboro ¢ € S(I,R)my <z < z, 2'(a) = 23 n 2(b) = z(b) cnenyer
z'(b) < yi(b). Ipennonoxum nporusroe. Iycts

va =sup{r €[0,1] w, € X. Aw, <z}.
W3 oupenenenns yy4 cnenyer z'(b) > y5(b). Cnenosarensho, py > va. Ilycrs
vep = inf{v € (vu,1] w, € X.}.

AcHo, 9T0 Va1 < Vaz. Eciin wy(a) = y{a), v € (v.1, v.2), TO U3 deMMur 1 crienyet x > w,,,,
4YTO MPOTMROpEYUT ornpefeieHuto v,. Eena w,(b) = z(b), v € (va,v2), TO U3 nemmul
2 cnemyer r > w,,,, YTO NPOTHBOPEYUT omnpejefeHuio v,;. Harnbreiiniee noctpoenne v,
copmamaeT co ciaydaem (84). Ma (97), (102)-(103), (91)-(95) crenyior ycnosus (79), (82).
PaccMorpenue cayuas (96), (101) 3akonyeno.

PaccMoTpum cyyvait, korna

(3”3 € (0, 1))(“’#3 (G.) = y(a) A w:.s;;(a) = $£i/\ (104)
(Vv € [0, u3})(w,(a) < zp)).
[Iycte uy = v1, ¥3 = wy,,
U2 = SUP{V € [0, ]-] w, € XuAw, < ”3}1
Uy =W, p€ [0, pal. (105)
AcHo, uTO
(Ve € [0, p3])(y < v. < 2 Az, Sv(a) < 25). (106)

[Iycrs y4 MUHHMAJNBHOE, a ¥s MaKCHMallbHoe pelileye kpaenoit 3agaun (87). Iokaxem,
uto anx moboro ¢ € S(I,R)my <z <z, 2'(a) = 2z u 2(b) = 2(b) crenyer = > y,.
[Tpenmonoxum nporusHoe. Ilycrs

va =sup{r € [0,1] : w, € X. Aw, <z}



83
H3 y3 < z; cnenyer cymecTBoBanmne v € (v,q,1] Takoro, uto w, € X,. ycts
v = inf{y € (va,1} w, € X,}.

Acro, 9TO ¥4 < vap. Ecnn wo(e) = y(a), v € (vu1, ¥42), To U3 NeMMut 1 cnenyet z > w,,,,
4TO [IPOTHBOPEYAT ONpPEeNeNeHu v.;. Ecmu w,(b) = z(b), v € (vi,Va2), TO U3 neMmm
2 cnenyeT £ > w,,,, YTO IPOTUBOPEYNT ONpeleNeHnIo V.. [lanbHeliuee nocTpoenue v,
coBnanaeT co ciydaem (84). Ha (97), (105)-(106), (91)-(95) crenyrot ycmosus (79), (83).
Pacemorpenue ciyuasn (96), (104) sakonueno.

JIemma 10. Hycre y'(a) > 2'(a), ¥'(b) < 2'{b) u nng nmoboro z € S(I,R)m3y < z < 2,
'(a) =y'(a) u 2'(b) = y'(b) cnenyerzr =y uus y < z < z, 2'(a) = z’(a) n 2'(b) = 2/(b)
cnenyer ¢ = z. Torma cyuiecTByeT AHBbEKTUBHOE HENPEPHIBHOE OTOBPAXEHUE

u {0,1]] > {z€ SU,R) y<a<2A
#(a) < 2'(e) < y'(a) Ay'(h) < 2'(b) < 2'(b)}

CO CIENYIOIUMIU CBORCTBAMHE: Ug = Y, U = Z, HalayTes Ap, Ag € (0,1) Takue, uto Ay < Ay
u

(107)

(VA € (0, M))(wh(a) = y'(a))A (108.1)

uy, (@) = y'(a) A ujy () = 2'(B)A (108.2)

(VA € (A, M) (i (a) = ¥'{a) v u)(b) = 2'(5))A (108.3)
uy,(e) = y'(a) Au,(b) = 2'(b)A (108.4)

(VX € (g, 1))(u,(B) = 2'(B)). (108.3)

Eonaaameabcmeo. HYCTI: Y1 MHHUMAJLHOS, 4 21 MAKCHMAaJBHOE DEIICHNE Kpaeaoﬁ
3alladyu

' = f(t,z,2"), z'(a)=y'(a), 2'(b)=2'(}), y<az <z
Ecma y; = 21, To Ay = Ay = 1/2, a ectu 1 # g2, To Ay = 1/3 u Ay = 2/3. Hycrs

uy = s(z(a) = y(a) + A (m(a) — y(a)))A
#'(a) =y'(a)), A€[0,N],

uy = 5(2'(b) = 2(B) A 2(b) = 71(b) + (A — Ag)(1— (109)
M) 1(z(B) — 21(B))s A€ [Ag, L.

ITokaxkeM, YTO U3 DKCTPEMANBHOCTH Y M Yy CiledyeT
(VA € (0, A))(y < ur < 31 A y'(B) < wh(B) < =(B)).

Ecnu

(X € (0, M))(37 € (a,8))(un{r) = y(r) A (VI € [a,7))(y(!) < ualt) < 3l?))),
To mycts ay(t) = ux(t), ¢ € [a,7] 7 6y (£) = y(t), ¢ € [7,b]. Torna xpacsas sanava
" = f(t,z,2"), T'(a)=y'(a), T(B)=y'(d), a<z<y (110)

IO TeopeMe 6 umeer pelIeHne, 4TO OpOTUBOPEYNUT YCINOBHAM JIEMMBI. ECJ’[H

(3X € (0, M))(37 € {a,b])(ua(r) = (7)) A (V2 € [a,7))(p(2) < ualt) <wi(t))),
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To nycth Fy(t) = ux(t), t € [a,7] ® B1(t) = y1(¢), t € [7,8]. Torna xpaepas 3amaua
" = f(t,z,2"), 2'(a) =y'{a), 2'(B)=2(b), y<z<p (111)
no TeopeMe 6 HMeeT pellleHHe, YTO IPOTHBOPEYHT MHHMMAJIBHOCTH ¥;. Ecim

(3A € (0, \))(y < ux < zAU(b) < ¢'(B)),

AN

TO OycTh ay; = u). lorma mo teopeme 6 kpaesas 3amavua (110) umeer pelitenue, yTo
IPOTUBOPEYUT YCIIOBUAM JIEMMBL. iciu

(3X € (2, M)y <ur <z AU(B) 2 (D)),

TO mycTh [ u,. Torma mo reopeme § kpaeBas 3apava (111} mMeer peienme, 4TO
HPOTHBOPEYUT MUHUMANBHOCTH ¥;. AHANOTEYHO MNOKa3bIBAETCH, YTO

(VA € (A2, D)y < ux < 2 A 2'(a) < uly(a) < ¥'(a)).

CrenosaTensHo,

(VA € [;) JU A2, 1)y S up < 2A (112)

A
'(a) < uj(a) < y'(a) Ay'(b) < uy(b) < 2'(b)).

Ecnw y1 = 2, To u monsocTsio onpenengerca gopmynamu (109). Ecau y; # z, To no
Jemme 5 npn T, = (@) u z = 2'(b) HaxomnM s Takoe, UTO

(113)

AHaJOrMvHO MpeNkAYIIeMy NOKA3LIBAIOTCA HEPABEHCTBA

(Vi € [0,1])(y < sy Sz A 2'(a) < s){a) <y'(a)A

y'(b) < s,(B) < 2'(B)). (114)

Cueposatensro, s [0,1] — S(I, R). Ilycts
Uy = S3x-1, A€ [1/3,2/3] (115]

Torna u onpenenserca gopmynamn (109}, (115). Us (112), (114) u (115) cnenyer (107),
a ua (109}, (113) a (115) cuenyer (108).

Jlemma 11. Iycets y'(a) < 2'(a), y'(b) < 2'(b) n o moboro x € S(I,R)usy <z < z,
y(a) < v'(a) < 2{a) m 2'(b) = (8) crenyerz =y mus y <z < 2, '(a) < 2'(a) < '(a) u
z'(b) = z'(b) caenyer x = z. Torna cylecTByeT HHBEKTUBHOE HellpepLIBHOE 0TOGpaKeHne

u [0,]] > {z€S(I.R) y<z<zA
y'(a) < 2'(a) < 2'(a) A y'(B) < 2'(b) < 2'(b)}

Takoe, YTO Up = § ¥ U] = Z.

(116)
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Loxaszameavemeo. [lycts

ur = s(z(a) = y(a) + A(2(a) — y(a))A
2(a) = y'(a) + A((a) = ¢'(a)), A€ [o,1]. (1)

flcro, uTo ug = y ¥ u; = z. [lokaxeM, 4TO U3 SKCTpeMalbHOCTH ¥ H z craenyer (116).
Ecnm

(32 € (0,1))(F7 € (a,8])(ur(7) = y(7) A (V2 € [a, 7)) (5 (t) < us(t) < 2(2))),
To nycTh oy (t) = up(t), t € [a,7] m a1(t) = y(t), t € [7,b]. Torma xpaepas 3amaga
= f(t,z,7)), y(a)<2'(e) <2(a), 2(b)=y'(}), mm<z<:2 (118)
no TeopeMe 4 UMeeT pellieHne, UTO TPOTUBOPEUUT yCIOBUAM jeMMbl. Ecnu
(3X € (0,1))(3F7 € (@, b])(un(r) = 2(T) A (¥t € [a,7))(y(t) < un(?) < 2(1))),
TO MYCTh ﬁl( ) = ua(t), t € [a,7] m fu(2)
= flt,a,0), ¥(@) <(a)<a), TB)=F0b), y<z<hH  (119)

o TeopeMe 4 HMeeT pellleHHe, YTO MPOTNBOPEYHUT yCIOBUAM JeMMEl. Ecmn

= z(t), t € [7,b]. Torma kpaepad 3amaua

(A € (0,1))(y < ux < z Au\(B) < (),

TO IyCTh O uy. Torna xpaepas 3amaya (118) mo Teopeme 4 mMmeeT pemenme, 4TO
NPOTUBOPEYHT YCIOBUAM NeMMH. Ecin

(AX € (0, 1))y < ux < z Aul(b) > 2(B),

TO OYCTh B4 uy. Torga xpaepasd 3amada (119) mo Teopeme 4 mmeeT peuieHnme, 4TO
npoTmBopeuntT ycioBusim eMMul. Hepasenctsa y'(a) < u)(a) < Z'(a), A € [0, 1] cnenyror
us (117).

JIemma 12. Ilycrs z,,, € (—00,y'(a)], 25, € [#'(a),00), 7, € (—00,2'(B)], zj €
[v'(8), o), nas moboro z € S(I,R) w3 y < z < 2z, z(2) = y(a) u z(b) = y(b) caenyer
z=yunsy <z <z z(a)=2z(a)n z(b) = z(b) cnenyer = 2 u KpaeBble 3a0aYn

' = [, :)’ I(a) = y(a)? :L"’(b) = m;bv y<zT<e (120.1)

' = f(t,z,2'), '(a)=1x5,, =(b)=y(b), y<z<z, (120.2)

= f(toa), () =chy T =Thy y<TSE, (120.3)

= f(te,0), F(@)=h, sB)=:b), y<e<z  (1204)

" = f(t,z,2"), z(a)=2(a), Z'(d)=1,, y<z<yz, (120.5)

" = f(t,z,2'), 2'(a) =1L, (b)=zxs y<z<z, (120.6)

He UMEIOT pelleHud. Torna cyluecTByeT HelpepHBHOE 0TOGPAKEHHE
<
u [0,1] 2 {zeS(I,R) y<z<:z2A (121)

Toq S x'(a) < 2, A gy < 2'(b) < 2}

TakKoe, 4HTO Ug — Y H Uy = 2.
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Lloxazameavemao. Ecnn y'(b) < z!,, To u3 y'(h) € z, € 7/(b) no Teopeme 3 crenyer,
4TO KpaeBas 3amada (120.1) umeer peruenne. CrenobarebHo,

zhp < ¥'(B) < 2l (122)

u zh, < zp. Ecm 2'(a) € zi,, To m3 2'(a) < 2z, < y'(a) no Teopeme 3 crenyer, uto
kpaesad 3amada (120.4) umeer pewenne. CrenoBaTenbHo,

Toe < 2'(a) <z, (123)

To, < Tp, Eemm zj, < y'(a), o w3 2'(a) < zj, < y'(a) mo reopeme 3 cnemyer, uTo
kpaesad 3anada (120.2) umeer pemenue. CrenoparensHo,

2l < y'(a) < T, (124)

Ecam zj5, < 2'(b), To m3 y'(b) < 175, < 2'(b) mo Teopeme 3 cnemyeT, YTO KpaeBad 3amaua
(120.5) umeeT pemenue. CrreNoBaTeNnLHO,

To < 2'(b) < zp. (125)
[lycTh y; MUHAMAa/bHOE, @ 2; MaKCHMalbHOE PelleHHe KPaeBoil 3a1adn
2" = f(t,z,z"), z(a)=yla), z(b)=2(b), y<z<g
KOTOpBIE CyLECTBYIOT no Teopeme 1, u nasg p € [0, 1]
v, = s(z(a) = y(a) A '(a) = y'(a) + p(y1(a) — ¥'(a))),
wi, = s(z(b) = 2(b) A 2'{(b) = 21 (b) + p(2'(b) — (b))

W3 sxcrpemansHocTH Yy, Y1, 21, £ B OTCYTCTBUA pelenuil y kpaeBbix 3amay (120.1) u
(120.4) crenyet

(Vi € 0, 1[)(y < w1 < 1 A gy < vy,(0)), (126)
(Ve € [0,1])(21 S wyy < 2 Az, < wy(a)). (127)
Ecnu y1 = z1, To mycth s\ = 31, A € [0,1]. Ecim 3, # 21, To mo nemme 3 cyliectyer

HenpepsisHoe Ha [0, 1] oTo6paxeHue s O CNEAYIOMAME CBOMCTBAME: Sq = Y, §; = 2 U
s nwboro A € [0, 1]

(5x(a) = ¥(a) A s4(6) 2 44(a) Ay < 20)v 128)
(sa(6) = z(b) A 84 (b) = 2{(b) A sy 2 1)
U3 (128) u 3KCTpeManbHOCTH Y U z CICAYeT
(VA €[0,1)}{y < sx < 2). (129)

Caenosatensho, s [0,1) — S(I, R). Wa (124), (125), (128) u oTcyTcTBus pemeHnit y
xpaesbix 3anad (120.1) u (120.4) cnenyet

(VA € [0,1])(zo, < syla) Az, < s3(b)). (130)
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Mycrs 7, = via, mns g € [0,1/3], 7, = S3ucy mna p € [1/3,2/3] u 1, = wya,—p ansa
g € [2/3,1]. U3 (124)-(127) u (129) cnenyet

(Ve € [0,1)(y <7y <z Az, ST(a) Ay S, (B));
(Vu € (0,1]) (2}, < 7 (a)), (131)
(Vi € [0, 1))(a54 < 7,,(B))-
Ecau
(Vi € 0, 1)(ri(@) < &, ATL(B) < why), (132)
To u =7 nu3 (131)-(132) cnenyer (121).

Ecnu (132) me Brinonusercs, to 13 (122)-(125) cnenyer

(Fppa, va € [0, 1])((,,. (@) = &5, V 7, (B) = T )A
(Vi € [0, p))(ri(@) <z A 1, (B) < )N

(7.(a) = 5y V 7, (8) = o)A %)
(Vi € (va, 1])(r(a) < x5, AT, (B) < z})).

Ycuo, uto . < v.. U3 onpenenenus r u (133) cnenyer
(rpe(@) = 9(a) AT (a) = 2hy A7 (6) < )V (134.1)
(1. (@) = (@) AT, (@) < T, AT (B) = Zp)V (1342
(ru.(a@) > yla) Aru (b)) = 2(b) A, (a) = xp, AT, () < zp), (134.3)
(ro.(B) = z(b) A7, (a) L ap, AT, (B) = zp, )V (135.1)
(1) = 2(8) AT, (a) = £, At () < 2hy)V (135.2)
(r(@) = ¥(@) Arua(b) < 2(B) AL, () < ahy ATL(B) = af).  (135.3)
Cnyuaii, xorna r,,(a) > y(a), r..(b) = z(b) m r, (}) = x}, BoIMOXKEH TONEKO mpH ., >

1/3. Torna 7 ,5(b) = y3(b) > zj, uro npoTusopeunt (133). AHanorudHo uckIOYaeTcs
ciyuait, korma r,,(a) = y(a), r,.(b) < z(b) m 7} (a) = x},.
PaccmoTpuM ciryuait, korna seinonsgercs ycinosue (134.1). lvere yy =7, U3 gy <
crnenyeT, 4To v, € (2/3,1]. CnenosaTenpuo, ycnopue (135.3) se BrnonHseTCs.
PaccMoTpuM cayuail, korga sumonuseTcs ycnosue (135.1). Hycrs 23 = 7, U3 23 > 1
ciienyet, 4to . € [0,1/3]. U3 (126)-(127) cnenyet y; < y1 < 2z; < z;. CrenoBaTeanHo,
yciosue y2 < zp ¥ 1Mo TeopeMe 6 kpaesas 3anada

2" = f(t,x,z'), Z'(a)=1xh, T'd)=z4, yp<z<n (136)

MMeeT MUHUMAaJBHOE PEIleHHe Y3 I MaKCHMallbHOe pelueHue z3. M3 nemMut 1 cnegyert, uto
MHOXECTBO pellleHni kpaeBoil 3amayu (136) coBnamaeT c MHOKECTBOM pelleHHI Kpaepoil
330891

2 = f(t2,a), @(a) = They T(b)=hy y<z<a (137)
Mycts nas ¢ € [0,1]

vz, = 8(z(a) = y2(e) + plya(a) — y2(a)) A 2'(a) = z4,),
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wa, = s(x(b) = z3(a) + p(z2(b) — 23(b)) A 2'(b) = ;).
HOKB.HCCM HEPpaBEHCTBA
(Ve € [0,1])(y < vau < ys). (138)

Ecnu y2(a) = ya(a), To y2 = y3 u (138) ouebnnro. Ilycts yz(a) < ys(a). Torma yq < ya.
Ecnu maiineTca po € [0, 1] Takoe, uTo vy, (b) = y(b) ny < vy, < ¥3, TO 3TO NPOTHBOPEYHT
OTCYTCTBHIO pelleHns Yy Kpaesoil 3azaun (120.2). Ecnu nmaiinercs po € [0,1) Taxoe, 9to
Voo (B) = ya(d) n y < vy, < ya, TO O MemMe 1 v, > Y2 W KpaeBas 3ajadua

' = f(t,z,x"), '(a) =z, Z'(b) =1z, y2 <z <vgy,

1o TeopeMe 6 UMeeT pellleHne, YTO NPOTHBOPEYAT MAHAMAIBHOCTE ¥3. Tenept (138) cne-
OyeT U3 HENpepLIBHOH 3aBUCAMOCTH. AHAJIOTMYHO NOKA3LIBaeTCHd, YTO

(Vp € [0,1])(23 £ wqy, < 2). (139)

W3 orcyTcreus peuntenuniz y kpaebnix samad (120.3), (120.6) u sxkcTpemanbHOCTH Y3 B 23
clienyer
(Vi € [0,1])(vy,(a) = Tpg A 2 < v3,(B) < i), (140)
(Vi € 10,1]}(zq < wh,(a) < T Awy,(B) = zig). (141)

Ilo nemme 5 cymecTsyeT HenpephiBHoe Ha [0, 1] oTobpaxenne st co cnemyiommuMu cpoii-

CTBaMum: 8} = ya, 81 = z3 U 4nd moboro g € [0, 1]

(sh(a) > ysla) A s)'(a) = 2, A s/ (D) S afpy A sy < 23}V

#1 1 ! 1 ! 1 (142)
(s,(0) < z3(b) A sy/(a) <z, Asy'(B) S afy As, 2 ya).
U (142) m oTcyTcTBUS pemeHui y xpaeBmix 3anay (120.1)-(120.5) cieayer, 4To
(Ve € [0,1])(y <5, < 2). (143)

CrnenosaTentho, s'  [0,1] — S(I, R). U3 orcyTcTBua pewenuil y kpaebsix 3anay (120.3),

(120.6} u (142) caenyer
(Vu e [0,1])(z), < sl’(a) <z, A, < s}"(b) < ). (144)

HYCTI: A= #*_V'+41 "\1 = nu'*/\:l! ’\2 = (ﬂ*+1)’x:13 /\3 = (p*+2)A:l$ /\4 = (#*+3)/\:11
hs = (pu — v +3)A 1 1
Uy =1, AE€[0,A],

Uy = Uz(a-apaar A € (A1, Ag,
Uy = S A € [A2, A,

Uy = War-a)rer A € [As, A4,
Uy = Tk A € [Ag 1]

Ycaosus (121) cnenyroT wa ycnopuit (131), (133), (138)-(141) u (143)-(144). PaccMoTpenne
cayuas (131.1), (135.1) 3akoH4YeHO.
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PaccmoTpaM cryuail, koraa sumomugTes ycriosue (135.2). [yets 24 = 7, U3 nemmut
1 cnenyer

(Vz e S(I,R))(z'(a) = zh, Ay <z <z= 1z < z4). (145)

(6o3maunM yepe3s zs pelleHne KPaeBoil 3aaa4u
" = f(t,z,2'), 2'(a) =ah, x(d)=2z2(b), y<z<e, (146)

IJ1s1 KOTOPOTO IUIA JTI060TO pellleHHs T KpaeBol 3amadu (146) cupasemnuso HepaBeHCTBO
z{{(b) > z'(b). U3 nemmur 2 cnemyer

(Vz € S(I,R))(z'(a) =z, Ax(b) = 2(b) Ay Sz < 2 => & > y). (147)

W3 (145) u (147) crenyer y2 < z5 < z4. o memme 4 cymecTByeT nenpepriBaoe Ha [0, 1]
OTOBpakeHHe S° CO CNEAYIOWUMH CBORCTBaMU: S5 = Zg, 55 = 24 1 Ans moboro u € [0,1]

(sa(a) 2 z5(a) A s, (a

) NS z4)V
(s3'(a) < @ A S2(B) = 2(B) A s

x
(B2 #4(8) A sl > z5). (148)

:w”

W3 (148), orcyTcTBus pemenns y xpaepoit 3anaqn (120.2) n sxcTpeMalbHOCTH 2 ClleOyeT,
4TO

(Vu € [0,1])(y < 52 < ). (149)

Crnenosatensio, s° [0,1] — S(I, R). Vs (148)-(149) u oTcyTCTBUS pelleHHil y Kpaeshx
3anag (120.3) u (120.4) cnenyer

(Vi € [0,1]) (204, < 83/(a) € Te A 24y < 53 (B)). (150)
Bosmoxsbl crienylomne BapuaHTH:

(Fry € [0,1])(s3, (b) = 2(b) A 3./ (b) = zjpA
(Vi € (o 1)(20) < 7)), (151)

(Fva € 10,1])(s2,/(a) =, A s3,(b) < 2(b) A 83 /(b) = TN
(Vi € (2, 1])(s3(B) < zly),
(Ve € [0,1])(s3'(b) < z3)- (153)

3ameTuMm, uto B ciydasx (151)-(153) p. € [0,1/3]. HeiicTBUTenbHO, B 3THX CIyYasx
cymectByer zg € S(I,R) Takoe, 9to z((b) o WY < 20 < 2z Tlycrs By(t)
min{y:1(t),zo(t)}, t € I. [lo Teopeme 1 kpaepas 3anava

‘1’.” = f(t’ x'l x’)! x(a) = y(a)7 x(b) = ﬁl(b)’ y S T S 18].

MMeeT pelileHye z, L1 koToporo r'(b) > zj,. CnenoparensHo, p. € [0,1/3)].

PaccmoTpnm cryvail, korma sumonnsercd ycnosre (151). Ilycts 2, = 83 . M3 nemmr
1 cnenyeT y2 < z;. Ilo TeopeMe 6 kpaesas 3amaga (136) mMeet MKHHMaJ‘IBHoe peuienue
Ya ¥ MakcuMmanbHoe peuteHue zz. 13 memMbl 1 cnenyer, wro y3 sBnseTcs MUHUMAILHLIM
peilennem kpaesoit 3ana4y (137). Ilokaxem, uro z3 ABAsETCA MaKCAMAILHLIM pelleHHeM
kpaenoit 3anaud (137). IInsa 3Toro nocTaToyHo NOKa’aTh, 4To

(152)

7

(Ve e SU, R (@) =zp, Aa'(b)=zph Ay <z <z= 1 2> 2). (154)
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U3 nemmu 1 cinenyer ¢ < z4. Ilpemmomoxum, 4To HalimeTcs T € [a,b), mis xoToporo
z(7r) > z2(7). llycTs

Z={reS(,R) z'(a) =15, Az(b)=2(b) Ay <z <z},

Zo={z.€Z (Vz€ Z)(z(a) < z.(a)V'(b) < z,(b)},
#2(A) = zs(a) + Mza(a) — z5(a)), A €0,1],

Zuty Zaz € Zu W A3, Mg € [0,1] Takme, aTO

Ze1 € zag A pa(A3) = za(a) A p2( M) = 2.2(a),
(Vzu € Z)(201 S 20 L 202 = 20 = 21 V 24 = 2.2), (155)
T < zaa A (A1 € (a,8))(2(11) > za(m1)).

Ecmu s3 = 7,05, A € [Aa, A4], To u3 (151) cnienyer z(a) < z.1(a), a U3 meMmE! 2 cnemyet
Zw1 > T, 9T0 npoTuBopednt (155). Ecm 53 = o,,(a), A € [As, Ad, rne

va(A) = 234 (B) + (A = A3)(Aa = Xa) 7 (222(B) — 2.1 (B)), A € [As, Ad],

TO M3 JdeMMHl 1 cienyeT z, > ¥, 4To mpoTHBopeunT (155). AHagorudHo npenwiayliie-
My OLPEne:INIOTCI Ug, W, 8° M IOKa3wbiBawoTcA HepaBeHcTBa (138), (140) n (142)-(144).
Iokaxem neparencteo (139). Ecnu z3(b) = 2z3(8), 10 22 = z3 u (139) ouesnuno. Ilycrs
23(b) < z2(b). Torma z3 < z;. Ecam maiimercq po € (0,1) Takoe, uTo wyy (a) = 2(a) u
z3 < wy,, € z, TO 3TO NPOTUBOPEYAT OTCYTCTBUIO pPElIeHHA ¥ Kpaepoi 3anauu (120.5).
Ecnu naitnyrcsa yo € (0,1) u 7 € [a,b) Takue, uto

wau () = 23(7) A (Y € (7,8])(23(2) < waw(t) < 22(1)), (156)
To OycTh (t) = 23(2), t € [a,7] 1 aq(t) = wa,(t), t € [, b]. Kpaepas 3anaua
' = f(t,z,2'), 2'(a) =1, z'(b)=1z4, o<z 2

no TeopeMe 6 uMeeT pelueHUe, UTO MPOTHBOPEYUT MAaKCHMANBHOCTH z3. CiemoBaresbHo,
14 nocTaTouno Majoro § € (0,oc) cupasennuBL HepaBeHCTBa 23 < wy, < z, # € (0,6).
Ecnm Haiimetes pg € (0,1) Takoe, 9To wy,,(a) = za{a) u z3 € wy,, < 2, TO AHATOrMIHO
nokalzareabcTBY (1534) IonydaeM HEPaBEHCTBO Wiu,<<z,- CJENOBATENbHO, BHIONHSETCA
ycnoene (156). Hepasencrpo (139) noxasano. Anasioruyso upenblnymemMy u3 (139) momy-
gaem (141). TlycTh A = e —va — 1+ 5, Ay = p 01, A = (o + 1D)ATY Az = (. +2)271,
A= (- +3)A70 As = (= +3)A7H A = (pe — 1 +4)ATH A = (g — v = +4)A]
]
Uy =Tan, A€ [0,A],

Uy = Ug(a-r)hes A E [Ar, A,
Uy = S0agae A€ (A2, A,
Un = Wa(r—dg)hes A € [A3, Ad),
uy = S?x—),s)x., A € [Aqg, Ag],
UN = TaA)hes A € [Ae, 1]
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Ycnopus (121) cuenyior u3 ycnosuit (131), {133), (138)-(141), (143)-(144) u (149)-(151).
PaccmoTrpenue cnyyas (134.1), (135.2) u (151) 3axongeso.

Paccmorpum ciyuail, korna peinonusercd ycnosue (152). Iycrs z3 = 5,3,2. W3 nemmu
1 cnenyer y; < z3. Ilo Teopeme 6 xkpaeBag 3anmava

' = f(t,z,2), 2(a)=1aph, Z'(B)=zh p<z<n (157)

IMeeT MIHEUMaJIbHOe peilieHre Y3, M3 emMel 1 cnenyet, 4To y3 ABIAETCA MUHAMATbLHLIM
peiienreM xpaepod 3agayn (137). Tlokaxkem, yTo

(Ve € S, R))(z'(a) = 2, A 2'(B) = 25N

y<z<z=z(a) < zz(a)) (158)

Ilpeanonoxkum nporueroe. llycrs pemienne = kpaenoi sanagn (137) ynopneTsopaeT Hepa-
BeHcTBY z(a) > za(a). U3 nemmur 1 cenyer z < z4. IlycTh 241, 242 € Zu 1 A3, Mg € [0,1]
Takye, YTO BHIMOMHAKOTCA ycinoBus (155). AHATOTHYHO MpeNEayINeMy ToiydaeM IpoTH-
BOpeuMe, ONpefieNseM vz, s' M nonyvaem nepasencTsa (138), (140) u (143)-(144). [ycTs
A= pa—Va—1a+4, Ay = g AT Ag = (e F1DATY, g = (e +2)A0Y, Ag = (g — 2 +2)A]7,
As = (e — v +3A, A = (e — e — 12+ 3)A] 1

Uy = Tix,, A € [01 ’\1]1

UN = Va(a-r)her A € [A1, Ag),
Uy = S;A_Az)A., A € [Az, Ag),
Us = Shosgae A€ [Ag, As],
Uy = Tacagher A S [As, 1]

Ycnoeus (121) cnenyiot n3 ycnoenit (131), (133}, (138), (140), (143)-(144), (149)-(150) u
(152). PaccmoTpenne cnyvas (134.1), (135.2) u (152) sakonyeHo.
Pacemorpum cnydait, koroa pumonasetcs ycnorue (153). Tlycrs naa p € [0,1]

vay = s(z(a) = y(a) + plzs(a) — yla)) A 2'(a) = z,).
[Tokaxem, yTo
(Vi € [0,1])(y < vay < 25). (159)

Ecnu yy(a) = 25(a), To y2 = z5 ¥ (159) ouerumso. [lycts y2(a) < zs(a). Torma y, < zs.
Ecnu naiigeTcs po € [0, 1] Takoe, uTo v3,,(b) = y(b) ny < v3,, < 25, TO 3TO IPOTHBOPEUHT
OTCYTCTBHIO peuiehns y Kpaeso#t 3amadu (120.2). Ecnu HaiineTca uo € (0,1) Taxoe, uto
Vaeo(b) = 2z5(b) 1 y < va,, < 25, TO 3TO MPOTHBOPEYHUT ONpeneNeRuio z;. Teneps (159)
crnefyeT M3 HempephlBHON 3aBucuMOCTH. Bo3MoxHEI crenyloume BApUAHTEL:

(Fvz € [0,1])(v5,, () = Ty A (Vi € (v2, 1])(v5,(B) < zi)), (160)
(Ve € [0,1])(vh,(b) < zf5,). (161)

Paccmorpum ciywyadt, xorna sunonnserca yciosue (160). IHycts 23 vay,, a y3
MUHWMAJILHOE pellleHye Kpaeboll jalauf

" = f(t,z,2"), o'(a) =2, ()= Toy, Y2 <z <z
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W3 nemmer 1 cneayet, 4To y; ABNseTCA MEHUMANLHBEIM pellleHreM Kpaepoit 3amaun {137).
IokaxeM, gato

(Ve € S(I,R))(z'(a) = zp, AT’ (D) =z Ay <z < 2= T < 25). (162)

W3 temMel 1 cnenyer @ < z4. IIYCTE 2.1, 2.2 € Z. ¥ A3, Aq € [0, 1] Takue, aTo BRONHSIOTCH
yc1oBu# (155). AHAJIOrHYHO DPENEAYIIEMY TIOITYYaeM MPOTHBOPEYNE, ONPENEIAeM Uy, S° U
nony4saeM Hepaserctsa (138), (140) u (143)-(144). Iycre Ay = ge—va—v2+5, Ay = gAY,
Ay o= (e + D)ATY As = (g + A7 Ag = (pa — w2 + A7, As = (g — vz + 3)ATY,
M= (e =2+ DA A= (g —va — 12+ A1 1

UK = Tk, = [0, A1],

Uy = Vaoa)hes A E [, A2,
Uy = 3;)\—)«2],\.7 A€ [/\h '\3]:
Uy = Ua(a-a)rer A € [As, As],
uy = S?,\_Abn_, A € [As, Ae),
Uy = TOo-ah.s A € [Ae 1]

Yecnorunsa (121) cuenyror us ycnosuit (131), (133), (138), (140), (143)-(144), (149)-(150),
(153) u (159)-(160). PaccmoTperue cayyas (134.1), (135.2), (153) u (160} 3akonyeHo.

PaccMoTpuM cryvait, korna seinonuserca ycmosue (161). [lycts A, = po — v + 3,
M=p AN = (e T DA A= (e + DAL Ay = (e — e+ 2)A 1 1

uy =Ta,, AE[0N]

Ur = Va(a-x1)re A€ [/\11 Ag],
Uy = 3?3—1\2)1\0’ A € [)\Z,Ag],
Uy = Toadr, A € [Aa 1]
Ycnosus (121) crnemyrot us ycaosmi (131), (133), (149)-(150), (153), (159) u (161). Pac-
cmoTpenne caydas (134.1), (135.2), (153) n (161) aakonueno. CrnemoBaTensHO, 3aKOHUEHO
paccvoTperue cixydast (134.1).

Paccmorpum cityyait, korna sunoinsercs yciosue (134.2). Slcro, uTo p. € [0,1/3].
Nycts y4 = r,.. U3 nemmsr 1 cnenyer

(Vz e SU,R)(Z'(b) =z Ay<z <222 2> 1) (163)
O6o3nayuM yepes ys PELICHHE KPaeBol 3agadu
" = f(t,z,2"), x{a)=yla), z'(b)=1xp, y<z<ez, (164)

Takoe, 4To I18 doboro pelleHuMs T KpaeBoi 3agayu (164) crnpaBemiiMBo HepaBeHCTBO
yi{a) > z’'(a). M3 (163) cnenyet, 4To ¥4 MUHHMaJbHOE pellleHMe kpaeBoil 3ana4u (164) u
ys < 5. llo nemme 4 cymecTByer nenpepriHoe Ha [0, 1] orobpaxenve s? co cienyomumu
CBOHCTBAMHU: S5 = ¥4, 51 = ys n s moboro px € [0,1]

(si(b) <ys(6) A si’(b) = T, A si > yq)V
(s2(a) = y(a) A s%'(a) > yy(a)} A s2/(B) < ahy A 82 < ys).

LU

(165)
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Ananoruuso npennaymemy n3 (165) monyqaem s* [0,1] — S(I,R) n
(Ve € [0,1)(y < sy Sz Az, <spl(a) Aol < 5(8) < 7). (166)
BoamoxHu criepyrolive BapUaHTHL:

(3 € [0.1])(s, (@) = y(a) A s, "(a) = T A

(Vi € (0, 11))(s7(2) < Thy)), (167)

(B € [0.11)(s2, () > u(e) A 52,/(@) = 168)
(Yu € [0, ﬂz))( (@) < 75,) /\3 ,(B) = zi5),

(Vi € [0,1])(s2/(a) < z}o). (169)

Slcno, yTo B ciayvasx (167)-(168) v. € [2/3,1]. Cnenorarensso, B cnygasx (167)-(168)
ycaosue {135.3) ne oinonuseTca. [lycTs 24, 25 U §° ONpeneNeHtl aHaTOrMYHO NPeabIIYIINM
cinyvasm. [lokaxem, 9To

(V10,70 € [0,1])(s}, (@} = y(a) A (Vi € [0, o)) (s (a) < I.’r_)aa)/\

$3(b) = 2(b) A (Vg € (vo, L])(s3'(B) < ) = 52, < 53.). (170)

Ifycte
Y={z€S(I,R) z(a)=yla)A2'(b)=z5 Ay <z <z},

Yo={z. €Y (VzeY)(z'(c) <zl(a) V2(d) 2 z.(b))},
#1(2) = ya(B) + Ays(b) - ya(b)), A €[0,1].

PaccMoTpum citydaik, korna s (b) = I,Gb %t Su,, {a) = :cﬁa 13 semmmn 2 crenyer s, < 82
PaccMoTpuM cnydaid, Korga s J(b) =z, m s (a) < 24, lycTh 241,200 € Zy 1t )\3,)\4 e
[0,1] Takue, uTO

Za) S Zaz A #2(’\3) = 2,1(0) A #Z(A‘l) = Z.z(a.),

(VZ. & Z )( Ze < Zu S Zud = T = Zul Vz, = 2,2),
(EM*3 € (’\33)‘4))( Spe = Tun(X 3))

W3 npemsinymero cnenyer s% < z,, a u3 TeMMbl 1 cnenyer s < s . Amasoruyso

pach&TpﬂBa.eTcsI cnyqaf& xorga s '(b) < zpp, w 53 '(a)  zj,. PaccmoTpum cayuai,
KOr[a .s ,(B) < zip m 53 (@) < 5, IycTh Yo, y2 € Yo, A, A2 € [0,1] n

ri(A) = yl(a) + (A = A)(he — M) Hyaala) —yii(a)), X € [, Ay
Takde, 4YTO
Yar S Yu2 A p1(A1) = ga(0) A 1 (A2) = yaa(d),
(Vy* E Y*)(ytl S y’- S y*? :"’ y* = y*l V y* - y*z)'}
(I € (M, A)(5%, = puyrnr -

W3 npenmnoymero cnenyet y.g < s,, , 3 A3 IeMMHl 1 crenyer 32 < s
PaccmoTpuM c:iyyait, Korfa BrIoIHAeTCH ycnosue (167). Hycn. Y2 = S5,
Cnydait, korga BenonHseTcs ycioene (135.1), cummerpudver cay4aro (134.1), (135.2)

u (131).
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PaccmoTpuMm ciywvail, korna Brnonusercs yciosme (135.2). Ilycrs z4 = r,,. AHamo-
FMYHO NPeNRYLIeMy OIPeleNsIoTed 25, $° U NoKa3bBaloTcd dopmyster (145), (148)-(150).

Pacemorpum cnywait, korna sumonngercs ycnosre (151). Tycts 2, = 52 . Ma (170)
crenyeT y» < zp. CrnemoBaTelbHO, MHOKECTBO pelleHH# KpaeBol 3afjauu (136) mmeer
MHHAMAJIBHOE perlleHne ¥3 U MaKCHMaIIbHOe pellieHue z3. cuo, 4To cnpaBeniuBa GopMyia
(154) u eit cumMmeTpUYHas

(Vz e S(I,R))(z'(a) = ap AT’ (b)) =z Ay <z < 2=z > 3). (171)

M3 (154) u (171) cnenyer, 4To MHOXeECTBO pelueHdit kpaeBoil 3amauu (136) coBmamaer ¢
MHOKECTBOM pelleHui kpaeBoil 3anayuu (137). AHANOrMYHO NpenbIIYEMY OTPENeAIOTCA
s! vy, wy u nokasnBatorca popmynni (138)-(144). Hycte A\ = po + p1 — v, — 1 +5, Ay =
AT A = (b A0 Ay = (b +D)AT Ay = (et i +2)A70 A = (g4 +3)A71,
Ao =(putm— i+ M= (gt —1+4)A L de =+ — v —n1+4)A T 1

uy =1, A€ [0,A],

uy = S?J\-,\,),\., A€ [M1, Az,
Uy = Va(aoig)hey A € [Ag, Ag],
uy = 5%)\_)\3))\,: A€ [AS: /\4]7
ur = Wapaagan A € [y As],
uy = S?A_AG)A_, A€ [As, M],
Uy = TOag)h., A€ [Ar, 1),

Ycaosusa (121) crenyior us ycnosuit (131), (133), (138)-(141), (143)-(144), (149)-(151) n
(165)-(167). PaccmoTrpenue cnyuas (134.2), (135.2), (151) u (167) 3akoHueHo.

PaccMoTpnM ciy4ait, korna pumonnserca yciaoeue (152). Mycts z3 = &) . Ma (171)
cnemyeT zz > yz. 1o Teopeme 6 kpaeBag 3amaya (157) mMeeT MUHUMANLHOE pelllcHUe
ya. U3 (171) crenyer, 4ro y3 gBIfeTcHd MEUHEMANBHLIM pelleHHeM Kpaebol 3amaud (137).
Ananornyno npennmylleMy nokaseBaeTca dpopmyna (158), onpenensioresa s!, vy B momny-
yajoTca popmysl (138), (140) u (143)-(144). Mycte Ay = put 1 — v —v2+4, Ay = p A,
A= (gt p)A Aa = (e DAY Ai = (e Hpn +2)A77, s = (gt — 12 +2)A]7,
A= (et pr—r2a+3)A L, A= (gt pr—va —r2 +3)A] 1 1

uy =7, A€ [0, 4],

Uy = 3?)\—,\1])\.: A€ My A,
Ux = Va0ag)her A € [A2, Ad),
Ur = S%A—Aa))\.a A € [A3,Ad,
uy = S?/\—"‘b)'\-’ A € [Ag, Ag),
Uy = T(a-a)h, A € [Ag,1].

Ycaopms (121) caenyror ma yenopuit (131), (133), (138), (140), (143)-(144), (149)-(150),
(152) u (165)-(167). PaccmoTpenne cnyuas {134.2), (135.2), (152) u (167) 3axouyeno.



95

PaccMoTpuM cnyyait, koraa ertonHaoTcs yenosus (153) u (160). Ilycts 23 = va,,.
AHanoruyHo IpefslnyIeMy NoKasbiBaerca dopmyna (162), onpemensiorcs y3, vy, s' H
nonyuyaoTcs HepabencTBa (138), (140), (143)-(144) u (159). Iycte Aw = po + gy — va —
va + 9, A = g ALt Az = (e + 1) AT, Az = (e o+ 1)ATY A = (g 4 o+ 2)A0E
Ao = (fta + 1 — 2+ 2)AY, de = (pa + i — 12 + 3)A7Y, A7 = (pe + 1 — va + 4)A]Y,
M=t ih—vh—1r+ A 1 n

UN = TAh,, A E [O,Al],

uy = sf,\_)\l))., A€ [Ar, Agl,
Uy = Vghodghher A € [Ag, Agl,
Uy =St A€ ey Ad,
Uy = Uaa-ag)he A € (Mg, Mg,
ur = Siagper A € [Aes A,
Uy = TOdg)hes A E [A7, 1]

Ycnoens (121) caenylor ma ycnopmit (131), (133), (138), (140), (143)-(144), (149)-(150),

(153), (159)-(160) u (165)-(167). PaccmoTpenne ciyqas (134.2), (135.2), (153), (160) n
(167) sakoH3eHoO.

Paccmorpum cryuait, korna sunonHsiorcs yenosus (153) u (161). M3 (170) caenyer
Y2 < z5. AHAJIONHYHO NpeAbIAYIIEMY HoKa3bieaeTcsa popmyna (159). Iycth A\, = po+p1 —
ve 3, A = m A7 Ao = (e )0 As = (e o+ DAZY A= (o + 2)A0T,
As = (et g1 —va +2)A] 1

Uy = Trx,- A € [0, ’\l]a

Uy =s(2A_A1)A_, A€ [M, A,
Uy = Vaaoagdae A€ [A2, Mg,
Uy = -5?)\_).3),\., A€ [As, M,
Uy = T-dg)he A€ [Ag, 1],

Ycuosns (121) cnenyror w3 ycnosait (131), (133), (149)-(150), (153), (159), (161) u (165)-
(167). PaccmoTrpenue ciayuas (134.2), (135.2), (153), (161) u (167) sakouueno. Cremopa-
TENbYO, 3aKOHYEHO paccMoTpennre crydan (134.2), (167).

Paccmorpum cnyuvait, xorna senonuserca ycuosue (168). Ilycts y3 = Siz'

Cay4aii, korpa BenoMHAeTcA yciopne (135.1), cumMeTpuyer cnydato (134.1), (135.2)
u (152).

Paccmorpum cnmyyait, korna Brinonuserca ycuosue (135.2). Iycrs z4 = r,,. Auano-
TMYHO TPeJTRIIYTIEeMY OTpene:IsIoTcs Zs, $° | HokaswBaoTes dopmyder {145), (148)-(150).

Crnyuyait, koraa punonHgeTca ycmobue (151), cummeTpuyen cinyvao (134.2), (135.2),
(152) u (167).

PaccmoTpum cnydail, koraa peinoaaseTcd ycuosue (152). Mycrs z3 = 532. AHaJOrKyHO
npennioylleMy Ooka3mBaeM ¢opmyiy (158) u et cummeTpHauHYIO

(Vz € S(I, R))('(a) = Tpy AT'(B) = Ty Ay S T < z > 2(b) 2 ya(b),  (172)
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ompenensem s' u momyuaem mepasenctTsa (143)-(144). TycTs A, = pu + g2 — Vo — 12 + 3,

Al = p ATl Az o= (g + p2)A7Y Ag = (e 4 p2 + 1A, )\4 = (pe + p2 — 2+ 1)A]1,
As = (pa + p2 — 2 + 2)AY, Ae = (g + 2 — va — 12 + 2)A]1

uy =7, A€ [0, ],

uA == S%A"f\])/\" A E [1\1))\2],

UA = S%)\_/\Q)f\o’ )| E [1\2, A3])

’U,,\ = S:(BA—AQ)A.’ A e [/\3, As],

UL =Tagh, A € [As, 1
Ycnosusa (121) caemyior us ycenoswmit (131), (133), (143)-(144), (149)-(150), (152), (166) n
(168). Paccmorperue cnyyas (134.2}, (135.2), (152) u (168) sakongeno.

PaccmoTrpum cnydaif, xorga BHOONHEAeTcS ycrnoBre (153). AHalorvyHo npensyieMy
noka3wiBatorcs gopmynt (159) u (162). CaenosaTentHo, y3 < zs ¥ BEIIOTHAETCS yCIOBAE
(160). llycTs 23 = va,,. Torna nns nwboro pemenns T kpaeson 3anauu (137) cipapenyiuso
HepapercTBo z{a) < 23(a). U3 (172) cnenyet z(b) > yi(b), aTo nosBonseT mocTpoMTH
oToOpakeHne s' U AOKa3aTh cl)OpMyI[H (143)-(144). Mycts A = pa + p2 — Ve — v5 + 4,
Ao A = (#—"‘#2) Lods = (g pe + AT A = (e 4 gz — v + DAY,
As = (o + pz — 2+ 2)A71, Xg = (u*+p2—w+3))\:l, A7 = (fn + g2 — vu — 2 + 3)A]

Ux = Thhey A € [01 )‘l]:

uA = S%A—/\t)A.’ A E [(\l,AQ]’
Uy = Sh-xz),\.a A € [, Mg,
Uy = U(a-aghes A € [Aa, As],
uA = S?/\—As)Ay’ A E [/\S,AG],
Uy = T A € [Re, 1]
Yenopus (121) cnenywot us yeaosuit (131), (133), (143)-(144), (149)-(150
(160), (166) u (168). Paccmorpesnne cnywas (134.2), (135.2), (153) = (1
CrnepmonaTensto, 3akOHYEHO paccMoTperme cayuas (134.2) u (168).
PaccMoTpuM cayvaid, korna puinonHseTcs ycnosue (169).
Cnyuaii, korna BeinonuseTcs ycnosne (135.1), cuMMmerpuden cayyvato (134.1), (135.2)
u (153).
PaccmorpuyM cniy4ait, Korga BHInonHgeTcs ycnosue (135.2).
Crnyuait, korna BeIDoNHsAeTcd yciosne (151), cuMmmerpuyven ciaydaio (134.2), (135.2),
(153) m (167).
Cnysait, korna BHMoMHAeTcA ycuosue (132), cumMerpuuen cnydaio (134.2), (135.2),
(153) m (168).
Pacemorpum caydait, korna euinonHsercs ycnosre (153). TlokaxeM, 4To

, (153), (159)-
)

68 3aKOHYEeHO.

(3#3 € [01 1))(7'#3 = y5)' (173)

llycts
X={zeSU,R):z(a)y=yle)Az(b)=2(b) Ay <z < z},
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X.={z. € X (Y2 € X)(z'(a) < 2\(a) V 2'(b) < 2\(B))),

#(2) = yi(a) + A(z1(a) — 31(a)), A€ [0,1].

Ecmu yi(e) < yi(a), To (173) ouesnnro. Ilycts yi(e) > yi(a). U3 ys < 2z cnenyer cyue-
CTBOBAaHHE T,z € X, TaKoro, 9To

ys < 242 A (V. € Xo)(2h(e) < zl5(a) =
(37 € (g, b)) (z.(r) < ys(1)))-

Ecng ys = 2.3, T0 (173) ouesmaro. [IycTh ys # z.2. Torma mafinyTes 2.0 € X, w M, A €
[0, 1] Takue, aTO

(174)

Tyl S Tu2 A #(Al) = x:ul(a) A ﬂ(Az) = 312(0')1
(Vi. € X)) (2 €20 € Tz = Tu = T V T, = Tug).

Ecnu sy = puny, A € [M, Ag], To mpu yz(a) > z7,(a) ycnosue (173) ouepnnwo. Ilycre
yi(a) < z,,(a). Ma onpenenenus ys crenyer sy(b) # 2, ong A € [A, A]. W3 memmur 2
crenyer T,y 2 Ys, 4ro npoTuBopedut (174). Ecan sy = o), A € [A, Az], rae

v(X) = 20y (B) + (A — A )(A2 — A1) " Haaa(b) — 22y (B)), A € [Ar, Aal,

TO M3 JleMMBI 1 cllenyeT T., > ¥s, 4To nNpoTHBopeunT (174). AHaIOrMYHO MIOKa3bLIBaeTCH,
4TO

(3V3 € (01 1]](?03 = 25)' (175)

W3 (170) caenyer ys < zs. CnenoBaTennHo, gz < v3. Bo3MoXHBI cnefylollive BapuaHThI:
(3z € S(I,R))(z'(a) = 2, A2’ (D) = 2, Ay S 2 < 2), (176)
(Vz € S(I,R))y <z < 2= x'(a) # zp, V 2'(b) # z,). (177)

Paccmorpum cnyuait, korna BemonaseTcs ycinoeue (176). Onpenennm peinenus y; u
z3 kpaeBoit 3anauu (137) ycrnoBnem

(Vz € S(I,R))(z'(a) = xp, N 2'(B) =z Ay S <z =
y3(b) < z(b) A z3(a) > z(a)).

CnenoBaTenbHO, MOXHO ONpenelUTh s' u nonyunts dopmynst (143)-(144), Us (162) u
CUMMETPHIHOU HOPMYIIbI

(Ve € S(I,R))(z'(a) =2, AT/ () =2y Ay Sz < 2= 2 > ys) (178)
crenyer ys < ya < zs M ¥s < z3 < 2zs5. lycts mnsa p € [0, 1]
Ve = 8(z(0) = ys(b) + plya(b) — ys(6)) A 2'(b) = 2,),

ey = 5(2(a) = 23(e) + p(z8(2) - 25(a)) A 2'(@) = o).
Hokaxem, uto
(Vi € [0,1])(ys < vqp < 2). (179)

Ecau maitperca po € [0, 1] Taxoe, 94T0 v4,,(a) = z(a) u ys < vy, < z, TO 3TO NPOTHBOpPE-
YT OTCYTCTBHIO peuleHud y kpaeBoit 3amaum (120.5). Ecnu majmetcs po € (0,1] Taxoe,
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4To Vgu(a) = y(a) m ys < v4y, £ 2, TO 3TO OPOTHBOPEUYUT ONPENENEHHIO Ys. |enephb
(179) cnenyet u3 HenpepHBHOM 3aBucuMocTy. W3 ompeneneHnd y3 ¥ OTCY TCTBUS PelIeHHI

y kpaesoit 3anaun (120.6) cremyet
(Vﬂ e ’-0! ]'])(z'.’aa. < U;#(G) S :E;'J'a.)'
A»anoruvHo noxasniBaeTca GopMyiia

(Ve € 0,11}y < wyy < 25 Az, < W, (b) < Tp,).

(180)

(181)

yeTb Aw = e — a4+ 6, Ay = A7 Ao = (e + VAT, A = (e +2)A71 Mg = (g +3)A01,

)\5 = (ﬂlx + 4))\:1, AS = (#* + S)A:l, /\7 = (Juar - V* + 5))\:1 nu
uy = Ta,, A€ [0, A

ux = ShHoages A € [, A,
UN = Vgr-dg)hes A € [Ag, Ag,
Uy = Shoagae A € [Aa, A,
Up = Wa(a-2y)A,s A€ [As4, Ag),
Uy = S?A_AS)A_, A E [As, X¢),

Uy = T(/\—)u-,—),\ A € [)\6,1]

Yenosua (121) caemyror ua ycuosuit (131), (133), (143)-(144), (149)-(150), (153), (166),
(169) m (179)-(181). Paccmorpenue cayuas (134.2), (135.2), (153), (169) n (176} saxon-

YeHO.
Paccmorpum ciyyaii, korfa seimonnserca ycnosue (177). [lyceTs

pg = inf{py € [pa,va] 1, € X.},

vy = sup{p € [#3,”3] T € X*}:

Ys = T, U Zg = T, BOIMOXKHBI C/IEIYIOLINE BAPAAHTHL:
zg(a) < x5, A yg(b) < zf,
zg(a) > zi5, A yg(b) < i,
z5(a) < x5, A yg(b) > i,
zg(a) >z, A yg(b) > :c'ﬁb.

PaccmoTpum ciydail, koraa BRINoNHAeTcs ycnosre (182). Acwo, uto

(Vi € [na; va] ) (Toa S Tula) < 2py Azl <1 (B) < i)

Oyers Ao = pu —pat+va—va +3, i = A7 Ao = (pa + DAY, Ay = (e — pa + 1
M= (pe—patvs+ DA ds = (pa—pa+va+2)A70 e = (o — p3+ vz — v +2)A

Uy = Tires Ae [0,)\1],

186)

-1
x> 1
1

u

(
)X
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Uy = S%A—,\J])x.? A€ [Ar, Ag,
UA = T(A—dg)Aes A € [Ag, Ag),
Uy = Shoagae A€ [y Ael
Uy = T(a-dg)her A € [As, 1]

Ycnosus (121) cneayior na yenosuit (131), (133), (149)-(150), (153), (166), (169) u (186).
Paccmotpenue cnyuas (134.2), (135.2), (133), (169), (177) u (182) 3akonueno.
PaccmoTpmMm cnydail, korna sunonaseTca ycnosre (183). fAcuo, wro

(Fpx € [pa,v3])(r,, (@) = 2, A (Vi € [pa, u])

(€ < 10,(6) < Ty A Thy < 70, (0) < ). (187)

Anarnoruyddo npegrioynieMy onpenenseTcs v; M OokaswBaeTcs dopmyna (159). Us (177) u
OTCYTCTBHA DCUICHMA y kpacsol 3amaun {120.3) cnenyet

(Vi € [0,1])(0 < 3,(b) < 235). (182)

Hyers A = pu 4 1 — 13 — va + 4, = A0 Ao = (pe + DATY, Az = (g — p3 + 1)A7,
Mg = (a1 —pa+ DATY s = (pa + i — pa + 2)A7Y de = (st + 1 — p3 +3)27,
Ar=(petpr—ps—w+3)A ' n

Uy =Tun,, A€ [0, A],

ur = Shoaaes A E Py el
Uy = TOoa)h.s A€ [A2, A4,
Uy = Us(a-ag)hes A € [Ag, As),
Uy = S?A-As)x.v A € [As, el
Uy = T(a=dz s A E [Re, 1]

Yenopus (121) cnenyer u3 yenosmit (131), (133), (149)-(150), (153), (159), (166), (169) n
(187)-(188). PaccmoTpenue cnyyas {134.2), (135.2), (153), (169), (177) u (183) 3akonueno.
Cnywaii, xorna puinoiansercs ycnosue (184), cummerpuden cyuaro (134.2), (135.2),
(153), (169), (177) n (183).
PaccmoTpum cnyuyait, korna sermonssercs ycnonue (185). Torma y(a) < zs(a) u ys(b) <

z(b). AHaNOrM4HO NpeLUIylUeMy onpefenseTcs vy M AOKasbBaloTcx dopmynsl (159) n
(188). lycto ans p € [0,1]

w3, = s(2(8) = ys(b) + 1(=(b) — ys(B)) A 2'(8) = Ty)-

Ananoruyuo ApeaunynieMy noaydaeM

(Vi € [0,1])(ys < wau < z A 2y, < wy,(a) < 2, ). (189)
[IycTb yo = vao u 22 = way. 3 (185) caenyet ygla) < yy(a) < zg(a) u zg(b) < 245(b) < y&(b).
ANanordyHo TMpeNLITyWIeMy HaWOyTcA p1, € [p3,vs] Takme, 9TO T, = Y U 1, = 23.
[lycth

o = sup{p € [ua, ] : 7, € X.}.
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s rl (a) < yy(a) ur, (b) < z;(b) cnenyet v, < ;. CnenosarensHo,
(Vi € [, ] ze, < r(a) < @ Az < 7,(B) < 2i3,). (190)

Oycte Ay = po + g1 —ve — 4 + 5, Ay = m A7 Az = (g + p)AY, A = (pa + 2)2]Y,
A= (e =1+ 2275 As = (et =i+ 2)A7N e = (e 1~ +3)A04 A7 =
(et —mi+ AN de= (et —ve—vi+4)A ' n

Uy =T, A E[0,A],

ur = SHhoagae A € [Ar, Al
Uy = Waaorg)her A € [A2; Ag],
Uy = Ta-agrer A € [Ag,A5],
Uy = V3aas)her A € [As, Ael,
Ux = Shagae A € ey Ml
Uy = Tooag)hey A € [Ag, 1]

Ycnoeus (121) caenyror u3 ycnosuit (131), (133), (149)-(150), (153), (159), (166), (169) u
(188)-(190). Paccmorpenne cnyuas (134.2), (135.2), (153), (169), (177) u (185) 3akorueHo.
CrenoparellbHO, 3aKoHYeHO paccMoTpenye cinyyas (134.2), (169) n (135.2).

PacemoTpum cnywdaldt, korna Brnonasercs yciosue (135.3). Ua r) (o) < yi(a) n
Ys = T, CHENyer T,, = Ys;. AHATOTHYHO MpeNwnyIieMy OUpefenderTcd $° i JOKa3biBaeTCs
dopmyaa (166). [lycts A = pa—va+2, A1 = g A7 A2 = (g + DAY, Az = (g —va+1)A]!
¥

uy =Taoa., A E [0, A],

UA:.S?’\_A])/\‘, }\e [/\1,/\2]7
Uy = r(A-—Ag)A.: A € [)\2,]‘.]

Yenosua (121) creaytor na yenosmi (131), (133), (166) u (169). PaccmoTpenne ciyyas
(134.2), (135.2) u (169) 3akondego. CremnoBaTelTbHO, 3aKOHYCHO PACCMOTDEHME CiIydas
(134.2).

PaccMoTprM ciyuvail, korfa Bremonasercs ycnosie (134.3). Slcho, yto B aToM ciy-
Jae BRINOJHAETCH ycioske (135.2). AHATIOTHYHO NpEABIIYIIEMY ONDENETAIOTCS 24, 25, 8,
moka3sipatoTcs dopmydiel (149)-(150) u moxasuisaeTcs, wro r,, = zs. U3 ri(b) < rj,
u € [0,1/3] cnexyet

(Y € [0,1])(s%,(b) < zp,). (191)

Oyerh Ae = pru ~ v + 2, Ay = p A7 da = (e + DA As = (g — o + DA 1
uy =1, A€ [0, ],

Uy = S?,\—ll]A¢’ A G [Al,)\g],
Uy = Thoa)he A € [Ag, 1]

Yenosus (121) caenyror u3 yenosuit (131), (133), (149)-(150) u (191). PaccmoTrpenne ciy-
yas (134.3) u (135.2) 3akongeno. CrenopaTelbHO, 3akOHYEHO PaCCMOTPEHHKE BCEX CITyUaeB.
JlemMa mokasaHa.
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1.4. BiioxxeHne OKPYXHOCTH BO MHOXECTBO pellleHUI

B 1.4 nna okpyXHOCTH

L = {(cos p,sinp) ¢ € [0,2n]}

crpoarcs snoxkenus ¢ L — S{I, R), KoToprle ABIAKOTCE OCHOBOR [ NOKA3al€lIbCTBA
paspelmMMOCTH KpaeBbix 3amad. lomeomopdusm ¥ S(I, R) — R? onpenennm dhopmysoit
z — (z(a),z'(a)), a 2,  @((cosyp,sing)), ¢ € [0,27]. IIpennonaraoTcs 3amaHHEIMU
v,z € 5(I, R) Takue, uto y < 2.

Jlemma 13. Ilycrs nns moboro z € S(I, Ry m3 y <z < z, z(a) = y(a) u z(b) = y(b)
cienyer z = y u 13 y < r < z, z{e) = z(e) u z(b) = z(b) cnenyer z = 2. Torna
CYLIECTBYET MHBEKTUBHOE HENPEPLIBHOE 0TODpaXKeHune

® L—-+{zeSU,R) y<z<z} (192)

YOOBJIETBOPAIONICE CIEOYIOIIAM YCIOBUAM: Top = Y, T, = 2z, HailoyTcd 1,2 € (0,7)
TakHe, 9T0 ¢ < P2 U

(Ve € (0, 1)) (@o{a) = y(a))A (193.1)
Ty (@) = y(a) A 2y, (8) = 2(B)A (193.2)
(Vi € (o1, 02))(20(a) = y(a) V z,(b) = 2(b))A (193.3)
Ty, (a) = yla) A z,.(8) = z(b)A (193.4)
(Vo € (2, 7)) (24 (¥) = 2(B)), (193.5)
HalZyTCH P3, P4 € (T,27) Takue, 4T0 p3 < P4 ¥

(Vo € (m,05))(z(a) = 2(a))A\ (194.1)
Toa) = 2(a) A 24y () = y(B)A (194.2)
(Ve € (p3,94))(zo(a) = 2{a) V 2,(b) = y(b))A (194.3)
zg,(a) = z(a) A 24,(8) = y(b)A (194.4)
(Ve € (¢4, 2m))(z,(b) = y(b)). (194.5)

Iycry K C R? nexur BHYTpY npocToit 3amkayToit kpusoit Ly = ¥®(L). Toraa
UYK)yc{zeS(U,R y<r<z) (195)

Loxazameavemeo. Ucnonbiys nemmy 6, HaiineMm oTobpaxkenue u,
v [0,1]- (z € SU,R) y<e<z) (196)
A, A € (0,1) Takme, uTo Ay €A, g =2,y =y ¥

(VA € (0, A1) (va(a) = 2(a))A
vz\-l(a) = Z(a) A vﬁ\n(b) = y(b)/\
(VA € (A1, A2))(va(a) = z(a) V ua(d) = y(b))A (197)
va,, (@) = z(a) A vy, (b) = y(b)A
(VA € (A2, 1))(va(d) = w(b)).
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Torna
®((cosp,sinp)) = uyr-1, @ € [0, 7],
®((cos i, sinp)) = vyr-1-1, o € [, 27],

Y1 = TAL @2 = TAz, 3 = T( Ay + 1), g = 7(Ae2 + 1), ycionue (192) cnenyer w3 ycioBus
(59) u ycnoeus (196), ycnosue (193) cnenyer ma ycnous (60) u ycnosue (194) caenyet
u3 ycuosusx (197).

Hoxaxewm (195). IIpeanonoxum nporusece. Torga nalinerca k € K Takoe, uTo

.=V (k) € SU,R\{z € SUI,R) y<ax<z}
PaccmoTpuM ciydali, koraa Hafimercs tg € I Takoe, 970 .(tg) > z(to). MuONKecTBO
M = {9(z) z € S(I,R) Axlto) > 2.(to)}

HeorpaHudeHo u cBA3Ho. Crenoatensuo, Iy N M # @. llycts k) € L, N M. Torpa nus
zy = U1 (ki) umeeM z1(¢o) > z.(to) > z(to), 4To nporusopeuut (192). Cayvail, koroa
HaftneTcs to € I Takoe, 4To z.(lo) < y(to), paccMaTpEBaeTCA AHAIOTUTHO.

JIemma 14. [Iycte y'(a) > z'(a) u nng noboro z € S(I,R)mzy < z < z, z'(a) = y'(a)
u z(b) = y(b) cnenyer z = yums y < z £ z, () = 2'(a) u z(b) = z(b) cnenyer z = 2.
Toraa cyuecTByeT NHBEKTUBHOE HENPEPLIBHOE OTOOpaXeHHe

® L—-{zeS(U,R) y<z<zAZ(a)<z(a) Ly (a)}, (198)

YLOBJIETBOPAIOLIEE CIENYIOIIAM YCIOBUAM: Tp = ¥y, Tr = 2, HaHULyTCH 1,92 € (0,7)
TakKHe, 9TO @Y1 S P2 |

(V‘PE( o)) (z,(a) = y'(a))A (199.1)

z,, (a) = y'(a) Az, (b) = z(b)A (199.2)

(Vo € (»01,192))( o(a) =y'(a) Va,(b) = z(b))A (199.3)

Ty, (a) = y'(a) A zy,(b) = z(B)A (199.4)

e € Gom o) = 2 (199.3)
HallmyTcd 3, 94 € (7,27) Takue, 94T0 @3 < Y4 U

(Y € (r.5))(zh(a) = #(a)A (200.1)

2,(a) = /(a) A 2 8) = 9B (200.2)

(v € (303,504))(%( a) = #(a) V 2,(b) = y(BA (200.)

Ty, (a) = 2'(a) A 2y, (b) = y(b)A (200.4)

(Vi € (4, 2m) H(zo(b) = y(B)). (200.5)

Ilyets K C R? nexuT BHYTPHM NpocTOR 3aMkHyToH kpuBoit L; = UP(L). Torma
UHKYC{zeSU,R) y<z<zn7(a) <2 (a) <y(a)}. (201)
Hoxazameavemso. Ucnonpays nemmy 7, Haitizem oTobpaxkenue u,

v:[0,1] > {z€S(I,R):y <z <z2AZ(a) <2'(a) L ¥'(a)} (202)
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¥ Au1, Az € (0,1) Takme, uTo Ay < Ag, o =2, 01 =y 1

(VA € (0, A1) (va(a) = Z'(a))A
V., (@) = Z(a) Aoy, (0) = y(6)A
(VA € (A, A2))(vi(a) = 2'(a) V ua(b) = y(b))A (203)
vh,.(@) = 2(a) A vy, (b) = y(b)A
(VA € (A, 1))(0a(8) = y(b)).

Torna
®((cos ¢, 510 0)) = tprs, 1 € 0,7,
D((cosp,sinp)) = vpr-1-1, @ € [7,27],

Y1 = TAL P2 = TAg, w3 = T(Aa + 1), 4 = w( A2 + 1), yenobue (198) cnenyet u3 ycnosus
(67) u ycnopus (202), ycnopme (199) cnenyer ua ycnosus (68) u ycnosue (200) cnenyer
n3 yciaosus (203).

IToxaxewm (201). [Ipennonoxum npormeroe. Torna HafimeTcs k € K Takoe, uTo
z, =0 N k) e S(I,R\{z € S(I,R) y<z<2zAZ(a) <2'(a) <y'(a)}.
PaccmorpuM caydail, korna Raiinetcs to € [ taxoe, uro z,(tp) > z(ty). Muoxecrno
M= {¥(z) z €S, R)Az(t) > z.(to)}

HeorpaHuyeHo ¥ caf3Ho. Cnenopatemsuo, Ly N M # . llycts by € Ly N M. Torna mia
1 = U (k) umeem z4(fp) > z.(tp) > z(tp), uvo npormeopeunt (198). Crnyuail, korza
HaiifeTcs {o € I Takoe, 4To Z.(to) < y(to), PaccMaTPUBAETCH AHAJMOTMYHO. PaccMoTpumM
cnydait, koraa z,(a) > y'(a). MroxecTBO

M, ={¥(z) ze€SU,R)Aa'(a) > z.(a)}

HeorpanuYeHo u cBA3Ho. CremoBatenwuo, Ly NM; # Q. lycrs k; € Ly N M. Torna ana
x2 = U kz) nmeem z4(a) > zi(a) > y'(a), aro mpotusopeunt (198). Cnywai, xoraa
r.(a) < 2'(a), paccMaTpEBaeTCA aHANIOPMYHO.

JlemmMa 15. Ilycts y'(a) > 2'(a), y'(b) < z'(b) u ang moboro z € S(I,R)uay < z < 2,
g(a)=y(a)mz'(d) = y'(b) cnenyerz =y nmy <z < z, 2'(a) = 2'(a) u 2'(b) = 2'(b)
cnenyet z = z. Torga cymecTByeT EHLEKTHBEOE HENDEPRIBHOE OTObpakenue

® L-{zeS{U,R) y<z<zA

#(0) < 2'(0) < ¥(@) AV) < 7(B) < (D)), (204

YAOBIETROpAIONIEe CIEAYOIAM YCIOBAAM: To = Y, T = z, HalOyTca p,y; € (0,7)
TakKmWe, 4TO @1 < @2 U

(Vo € (0,1))(z,{a) = ¥'(a))A (205.1)

z,, (a) = y'(a) A, (b) = 2'(B)A {(205.2)

(Vo € (01,2))(z(a) = y'(a) V 2, (b) = 2'(B))A (205.3)

z,.(e) =y'(a) Az, (b) = 2'(B)A (205.4)

(Y € (2, 7)) (7, (b) = 2'(8)), (205.5)
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HaOyTCH Y3, € (7,27) Takue, 4TO 3 < Py A

(Y € (m,3))(z,(a) = Z'(a))A (206.1)
z,,,(a) = 2'(a) Az, (b) = ¥'(b)A (206.2)
(Vi € (3, 0a))(zi(a) = 2'(a) V z,,(b) = y'(B))A (206.3)
z,,(a) = 2'(a) A &, (b) = y'(B)A (206.4)
(Vi € (0, 2m))(z,(B) = ¥'(b)). (206.5)

[lycte K C R? nexuT BHyTpH mpocToli 3aMkHyToi kpmsoit £, = W®(L). Torna

H{K)c{ze€eS(U,R) y<z<:zA
Z'(a) £ '(a) < y'(a) Ay'(b) < &'(b) < 2'(b)}.

Hoxazameavcmeo. Ucnonpsys qemmy 10, Haitnem otobpaxenue u,

(207)

0,1] = {z e S(I,R) y<z<zA
2(a) < '(a) < ¥'(a) A ¥'(B) < ') < 2(5))

M Aa, Az € (0,1) Takue, uTo Ay € A, 9=z, 01 =y 4

(208)

vy, (a) = Z'(a) A v

(VA € (A, Aa))(vi(a) = 2
v:\_g(a) = Z'(a) A Vi,

(VA € (A2, 1)) (w4 (

=y'(6)A (209)

Torma
‘I)((COS @,sinp)) = er=l, @€ [0, 7],
®((cos @, sinp)) = Vyp-1-1, ¢ € [7,27],

w1 = ®A1, P2 = Thy, ¢3 = 7wy + 1), pa = 7(Ag + 1}, yenosue (204) cienyet U3 ycaosns
(107) u ycaosus (208), ycnosue (205) cienyet ua ycnosus (108) u ycnobue (206) cnenyer
ua ycaosus (209).

Hoxaxem (207). Ilpenmonoxum nporusace. Torna naiinetrcs k € K rakoe, uto

z.= U (k) € S, R\ o € SU,R) y<z<zA
#(a) < 7'(a) < ¥'(a) A y(b) < 2'(B) < Z(B)}.

Paccmorpum cayuait, xorna Haiinercs o € I Takoe, uto z.(lg) > z(lp). MuoxecTso
M= (U(z) z€S(LR)Azlto) > 2.(to)}

HeorpaHuieHo 1 cBi3Ho. CnemoBatenvHo, Ly N M # @. lycts bk € L, N M. Torna nas
7y = ¥ H{ky) umeem z,(to) > z.(lg) > z(ta), uTo npoTusopeunt (204). Cumyuaii, xoraa
naiinercs to € I Takoe, uto 2.(l5) < y(lo), paccMaTpuBaeTca ananoruudo. PaccMoTpuM
cnyyai, xorna zl{a) > y'la). MHOX)ecTBO

M, ={¥(z):z € S{(I,R) Az'(a) > z'(a)}
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HeorpannaeHo u cBasHo. CnenoBaTensdo, Ly N M # @. llyets k; € Ly N M. Torna nus
z3 = ¥ Y(k2) umeem z4(a) > z.(a) > y'(a), uTo nporusopeunt (204). Cayqail, korma
z.(a) < 2'(a), paccmaTpuBaeTcsa ananorudHo, PaccMmorpam cnydail, korna ,(b) < y'(b).
MuoxecTBo

M = {¥(z) <€ SUR)AZ () < /(8))

HeorpanudeHo u cBusHo. CrnenoBatensho, Ly N M; # @. Ilycrs k3 € Ly N M,. Toraa nns
z3 = Ul (ks) ameem z4(b) < z,(b) < y'(b), 9To mporusopeunt (204). Cnyuaii, xorna
z’(b) > 2/(b), paccMaTpHBaeTCA aHAJIOLMIHO.

JIemma 16. Ilycts z;, € {—o0,y'(a)], z; € [#'(a),oc), ana moboro z € S(I,R) u3
y <z <z, a(a)=yla) mz(d) = y(d) cnenyer z = y, w3 y < ¢ < z,z{a) = z(a) m
z(b) = z(b) cimenmyet r = z u KpaeBhle 334K

o' = f(tz,2), @(a)=zp o(B)=y(b), y<Sz<z

" = f(t,l',:r"), ;r,"'(a) = I;, :]:(b) = z(b), y<z<z (210)
HEe HMEIOT pelICeHUA. TOPJIa CYIeCTBYET MHBECKTUBHOE HENIPpEPHIBHOE 0T06pa,)KeHMe
<<
® Lo {zeS(I,R) y<zr<zA o11)

2!, < 2/(a) < 7)),

YIOBIETBOPAIOLIEE CIEAYIOIUM YCIOBMAM: Tg = ¥, T, = 2, HAMAYTCH 3,4, Ps € (0, 1r]
TaKue, 9TO @3 < ¢4 < s,

(Ve € (0,03))(zy(e) = y(a))A (212.1)

T,,(a) = y(a) Az, {b) = z3A (212.2)

(Y € (93, 00))(y(a) = zp))A (212.3)

z,,(a) = 25 A z,,(b) = z(H)A (212.4)

(Vo € (04, 05))(x,(a) = a5 V 2,(b) = 2(b))A (212.5)
o, (a) = x5 A T, (B) = 2(b)A (212.6)

(Vo € (s, 7)) (20(b) = 2(b)), 212.7)

WIM HaioyTeo 1, 92 € (0, 7) Takue, 9ro @) <y 1

(Voo € (0, p1))(24(a) = y(a))A (213.1)

Ty (a) = y(a) A zg, (b) = 2z(b)A (213.2)

(Y € (1, 92))(z(a) = y(a) V z,(b) = 2(b))A (213.3)
Tyy(a) = yla) A z4,(b} = z(B)A (213.4)

(Vi € (2, 7)) (24(b) = 2(b)), (213.5)
WM HallAyTCa Py, P2, 94, @5 € (0, 7] Takue, a0 @1 < 2 < 4 < s,

(Ve € (0,501))(z(a) = y(a))A (214.1)

Ty, (a) = yla) A z,,(b) = 2(b)A (214.2)
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(Yo € (p1,92))(zpla) = y(a) V z,(b) = z(b))A (214.3)
xﬁvz(a) = y(a) A xﬂﬂz( ) (b)/\ (214'4)
(Ve € (2, 04) )z (b} = 2(b))A (214.5)
z,,(a) = x5 Az, (b) = 2(b)A (214.6)
(Ve € (1, 5))(z,(a) = 255 V z,(b) = 2(b))A (214.7)
T, (a) = zp A 24(b) = 2(b)A (214.8)
(Voo € (s, 7)) (zo(b) = 2(b)), (214.9)
WM HallAYy TCH @1, P2, ©3, P4, 5 € (0, 7] Takue, 9T0 ¢ < @2 < 3 < g < s,
(Ve € (0,91))(z4(a) = y(a))A (215.1)
2 (2) = §(a) A 21 (B) = 2(B)A (215.2)
(Y € (p1,92))(z(a) = y(a) V z,(b) = z(b))A (215.3)
in(@) = 3(8) A 2 (8) = 2(B)A (215.4)
(Voo € (w2, 03))(ze(a) = y(a))A (215.5)
Ty(a) = yla) Az, (b) = zpA (215.6)
(Vo € (w3, pa))(z,(a) = z5)A (215.7)
z,,(a) = 25 A 2,,(b) = 2(B)A (215.8)
(Vip € (e, 5))(a,(a) = 25 V 24(b) = 2(B))A (215.9)
z,. (a) = x5 A x4 (B) = 2(b)A (215.10)
(Ve € (s, m))(z,(b) = 2(b)), (215.11)
HalIyTCH P8, P9, P10 € (7, 27| Takwme, 9T w8 < o9 < P10,
(Ve € (m,8) )(z4(a) = 2(a))A
Zpe(a) = z(a) A m;a(a.) =zl A
(Vo € (s, 99))(z5,(a) = 2, )N
Tye(a) = 33 A %9(5) = y(b)A (216)
(V' € (e, p10) )z, o(0) = 2o V z(b) = y(b))A
T (8) = T4 A Ty (0) = y(0)A
(Ve € (10, 2m))(zo(B) = y(8)),
WM HallZyTca g, @7 € (m, 27| Takue, 4To e < 7,
(Ve € (m,06))(xy(a) = z(a))A
Tps(a) = 2(a) A z,4(b) = y(b)A
(Vo € (ve, 7)) (zo(a) = z(a) V z,(b) = y(b))A (217)
Ty, (a) = 2(a) A 24, () = y(b)A

(Vi € (197, 2m))(24(b) = y(b)),
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WK RAROYTCH Ps, 7, Pe, P10 € (T, 27] Takue, 910 e < 71 < o < P10,

(Ve € (m,06) ) (2o(a) = 2(a))A
Tye(a) = 2(a) A 25 (B) = y(B)A
(Y € (@8, ¢7))(zpla) = z(a) V z,(b) = y(b))
Tor(a) = z(a) A x4, () = y(B)A
(Vo € (p7,99) )20 (b) = y(b))A
T (0) = JUL A ww(b) = y(b)A
(Ve € (o, 010))(z,,(a) =z, V 2,(b) = y(B))A
33:,‘0((1) = .'I; A xwu(b) = y( )
(V% € (10, 2m)) (., (b) = y(b)),
WM HallmyTcs s, @7, P8, Yo, P10 € (7, 27] Takue, 470 v < @7 < s < o < @10,

(Vo € (7, 96))(Tola) = z(a))A
Tye(@) = z{a) A T,(0) = y(b)A

(Vo € (s, p7))(zola) = z(a) V z,(b) =
T4, (a) = z(a) A zy,(b) = y(B)A

(Vo € (p1,8))(z,(a) = z(a))A

:c%(a):z(a)/\m ( )=z A

(Vp € (tPaﬂPe))(pr(a) =z, )A

T, (a) = T3, ATy (B) = y(b)A

(Ve € (w9, 010))(z),(a)

(218)

y(6))A

(219)

= T, V T4(b) = y(b))A
T yo(@) = To A Ly (D) = y(B)A

(Yo € (p10,27))(z(0) = y(b)).

[iycte K C R? nexut BHyTpu npocToit 3aMkuyTolt kpusoit [ = WP(L). Torna
(K)c{z e S(UI,R) y<z<z2nz, <z

< 2. (220)
Iloxasameavemso. Ucnonbays nemmy 9, HalileM cTobpaxenue u
v [0,1]] = {z€S(,R) y<z<zAz, <7'(a) < xj3}

< (221)
€O CIENYIOINMH CBOACTBAMU: Vg = 2z, U] = Y, HAAAYTCH Ay3, Aug, Aus € (0, 1] Takne, uto
/\*3 S f\-4 S ’\*Sy

(VA € (0, \3))(va(e) = z(a)]A

Ua,,(a) = z(a) A vf\_a(a) Tl A
(VX € (Mg, Aet)) (2 (0) = 22)A
vi.(a) =24 Avy, (b) = y(b)A
(VA € (Aes, Aus))(vi{a) = 75 V a(b) = y(b))
1o (@) = 2 A, (b) = y(B)A
(VA € (A5, 1)) (ua(b) = 9(8)),

WK HafllyTcs A1, Az € (0,1) Takme, 910 Ay < Auo,

(222)

(VA € (0, A1) (vs(a) = z(a))A
vag (@) = z(a) Awy,, (0) = y(b)A

(VA € Ot ) (oa(a) = 2(a) V va(B) = y(B))A
tan(e) = 2(a) A vy, () = y(b)A

(223)
(VA € (A2, 1))(wa(b) = y(b)),
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WK HARAYTCA A, Auz, Augy Ass € (0, 1] Takme, uto Ay € Az € Mg < Ass,y

i, (@) = z(a

(VA € (A, )\-2))(1&(
Uz (a) = ( (

(YA € (A2, Aug) }(va(b) =

vi,,(8) = 2, Ay (b) =

(VA € (Mg, As) )W (a) = 24, V va(d)
V. (8) = a5 Avag(B) = y(B)A

(VA € (Aus, 1)) (va(b) = y(8)),

y(6))A

(224)

M HARLYTCH Au1, Auzy Audy Audy Aus € (0, 1] Takue, uto Ay < A2 € Az < Ay < As,y

(V2 € (0, A ))(va(a) = z(a))A
vsa(a) = z(a) Ava,(e) = y(B)A
(VA € (A1, Aa))(wa(a) = 2(a) V 0i(b) = y(6))A
vs.(e) = z(a) A va,(b) = y(b)A
(YA € (A2, Aa))(vaa) = z(a))A
vs(e) = z(a) Av),(a) = 24N (225)
(VA € (Aay Aa))(vi(a) = 2, )A
V). (@) = 7, Ava,(b) = y(B)A
(VA € (Aua; Ms))(vi(a) = 2 V ua(b) = y(b))A
Va.sle) = 2 A v (8) = y(b)A
(VA € (A5, 1)) (a(b) = 3(b)).

Torna
D((cos ¢,sin p)) = w1, @ € [0, 7],
b((cosp,sinp)) = Vypp-1_3, @ € [7,27],

w; = wh, 1= 1,..5, 0; = w(A_s+ 1), 1 = 6,..., 10, ycnosue (211) cnenyer u3 yciopus
(79) u ycnoepun (221), ycnosus (212)-(215) caemyior n3 ycnoemit (80)-(83), a ycnosma
(216)-(219) cneayior n3 ycaosuu (222)-(225).

Hoxawxem (220). IIpennonoxum nporneroe. Torna Haitmetrca k € K Takoe, 4To

., =¥ Y k) e S(I,R\{z € S(I,R) y<z<zAz, <'(a) <apl.
Paccmorpum ciydaii, korma HaineTcs to € I Takoe, 4To z,.(te) > 2(to). MHox)ecTBO
M = {¥(z) z€S(I,R)Az(t) = z.(t0) }

HeorpaHryero u cssi3go. CnemoBatensuo, L; N M # Q. llycrs ky € Ly N M. Torna nnsa
1 V(k) ameem z,(tg) > z.(lg) > z{to), wTo mpoTmBopeunT (211). Cayuail, koraa
HaimetTcs to € I Taxoe, uto z.(tp) < y(to), paccMaTpuBaeTcs ananoruuso. PaccMorpum
cay4ail, korna 7,(a) < z,. MHoxecTBO

My = {¥(z):z € 5(I,R) Az'(a) < z(a)}
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HeorpaHnyeHo n cemano. CnemosatensHo, Ly N My # @. llycts k; € Ly N M,. Torna
ona zp = W (ks) umeem z4(a) < zi(a) < z!,, 9ro npormBopeuut (211). Cuyuyait, koraa
z.(a) > &3, PACCMATPUBACTCA aHANOTMYHO.

1.5. PaspemunMocTh KpaeBhIX 3amayd

B 1.5 mokasmipaeTca pa3peUIMMOCThL KPaeBHIX 3anay
(B”:f(t,x,fr’), H1x=h11 H2I:h'27 O-'S mgﬂa U)

roe
Ue {0,d(a) <2'(a) < B'a), '(a) < 2'(a) < o(a),
o(a) < 2'(a) < B'a) A B'(b) < 2'(b) < F'(b),
B#'(a) < '(a) < o/(a) A a'(b) < 2'(b) < F'(B)}.
[Ipennonaraercs, yro a < 3.
Jlemma 17. Ilycts o'(a) < F'(a). Torna nafineTcs menpepuiBHOE OTOOpAXEHHE

[0,1] = {z € S(I,R) a<z<PBAd(a)<z(a) < Fa)} (226)
(uo(a) = afa) A uo(b) = a(b)) V (u5{a) = A'(a) A uo(b) = B(b)), (227)
(ur(a) = Bla) Aur(d) = B(b)) V (ui{e) = o/(a) A (b) = a(b)). (228)

Hoxagameavemeo. IlycTh ¥y MaKCUMANIbHOE DeflleHHe KpaeBoil 3a1aun
" = f(t,z,2"), z(a) =afa), z(b)=afd), a<z <4,

az MHHHM2NBHOE pelleHNe KPaeBoil 3afjaun
o= f(t,2,7), z(a) = fla), =(b)=B), y<z<b.

PaccMoTpuM cnyuait, korna Kpaepas 3afada

' = f(t,z,1"), '(a) =c'(a), z(b)=alb), y<r<z (229)
He nMeeT peinexns. Ilo nemme 6 malinercs nenpephiBHoe oTobpaxkense
u [0,1] = {z €S(I,R) (z(a)==z{a)Vz(d)=yb)Ay<z<z} (230)

Takoe, 9TO Uy = ¥ U U3 = z. Y13 oTcyTcTBUA pellleHMs y Kpaepoi 3amaum (229) cnenyet
HEPABEHCTBO

(VA € [0,1])(u)(a) > &'(a)). (231)
Ecnn

(VA € [0,1])(w)(a) < F'(a)), (232)
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To 13 (230)-(232) cremyior yciaosng (226)-(228). Ecau ualimercs A € [0,1] Takoe, uTo
uh(a) > B’'{a), To Kpaepas 3amada

" = f(t,z,2"), ='(a)=F(a), z(b)=p5), y<zr<z (233)
AMEET MaKCHMAIbLHOE pelleHre, KoTopoe 0603HaumMM uepes z;. [lycrn
uy = s(z(b) = z;(B) A 2'(b) = 21(b) + A(2'(B) — 2z;(B))), A €]0,1]. (234)

fcno, uTO Up = 21, U1 = z M CHpaBennuBH ycrobus (227)-(228). U3 ycnosuit Ha 2z, z,
(234) m OTCYTCTBHA pelueHns y KpaeBoil samauy (229) cnenyet (226).

PaccMoTpum ciyuail, korna kpaesad 3anada (229) umeer pewenne. O6o3nauum yepes
Y1 MHHMMAallbHOe pelllende KpaeBoi 3apauw (229). [Iycrs

ux = s(2(6) = y(b) A'(b) = y'(8) + A(31(6) - ¥'(B))), A €[0,1]. (235)

Ecnn
(VA € [0,1])(w}(a) < B'(a)), (236)
TO M3 yCJIOBMH Ha Y, ¥1 ¥ (235)-(236) cnenyror ycioeus (226)-(228).

PaccmoTpuM ciydvalt, korma Hafinercsa A; € [0, 1] Takoe, yto u) (a) > B'(a). O6o3na-
9MM Yepes 7] MaKCyMallbHoe pellleHue Kpaesoil 3amaum (233), u nycrs u olpenensercs
dopmynoit (234). Ecnu

(VA € [0, 1])()(a) Z a'(a)), (237)
TO U3 YCJIOBHHA Ha z1, z, (234) u (237) crenywor ycnosus (226)-(228).

PacecmoTpum ciiy4ai, korna Hafinerca A; € [0,1] rakoe, uto u} (a) < o'(e). Mycts

23 = Uy,, Y2 MaKCHMallbHOE PElCHHE KPaeBou 3a1a4n

2" = f(t,z,2"), z'(a)=F(a), z(b)=e(d), y<z<z
3aMeTHM, 4T0 ¥2 < 27 < 2. IlycTh 23 MUHMMaJIbHOE pellleHMe KpaeBoil lanadu
o = f(t,2,8), o(a)=Fa), =(b)=B(b), <7

Y3 MWHHMAJLHOE pellieHHe KpaeBoM 3anadu

A €[0,1/2), (238)

[1/2 1].

Acto, 4TO up = 23, Y1 = Y3 ¥ CNpaBenTUBHI yciaoBuA (227)-(228). Us ycioBuit Ha z3, ya,
ys 1 (238) crenyer (226).

Teopema 7. llycre a'(a) < f'(a) u ana moboro ¢ € S(I,A) ma <z < fn
o'(a) € z'(a) £ p'(a) cnenyer

(z(a) = afa) A 2(b) = a(b)) V (z'(a) = B'(a)A

z(b) = B(b)) = Hyz < by, (239)
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Bla) A z(b) = B(b)) V (z'(a) = '(a)A
z(b) = a(b)) = Hiz > h,,
HQI = hg. (241)

Torna cymecrpyeT pellieHHe KpaeBod 3anadn

3
—
B
p—
il

(240)

fBH = f(t7 .’,B,.'B,), Hlx = hls HZx = h?} a<z< ﬁ,

a'(a) < z'(a) < F'(a).

Hoxazameavemso. Ncnonssys nemmy 17, Hailnem HenmpepuniBHoe oTobpaxenme u. U3
ycnosuit (226)-(228) m ycnosuit (239)-(240) cnenyer Hyup < hy 1 Hyuy > hy. Crnenosa-
TeNbHO, HaiimeTcs A € [0, 1] rakoe, uro Hyuy = hy. V3 yciorus (226) u ycmorna (241)
cnenyeT Hauy = hs.

Jlemma 18. Ilycts o'(a) < B'(a). Torna naiimeTcs HenpephiBHOE 0TOOpaxeHne

[0,1]] » {z € S(I,R) a<z<AAd(a)<2z'(a) <F(a)} (242)
(uoa) = aa) A uo(b) = a(8)) V (upla) = B'(a) A ua(b) = (b)), (243)
(w1(a) = Bla) A ur(B) = B(8)) V (uy(a) = o'(a) Aus(b) = B(2)). (244)

Hoxasameascmeso. IlycTe § MakcuManbHOe pellEHRE KPAaeBOM 3a0ayn
3" = f(t,z,2"), z(a)=ala), z(b)=a(d), a<z <y,

a 2 MHUHHUMAIbHOE pELICHUE Kpa,CBOﬁ Jagaqdn
"= f(t,z,2'), z(a)=p(a), z(b)=p(}), y<z<4

Paccmorpum citydail, koria kpaepas 3amada

" = f(t,z,2'), ='(a)=pFa), z(b)=alb), y<z <2 (245)
He MMeeT pellleHHd ¥ KpaeBas 3alaya
"’ = f(t,z,2"), 2'(a) = &'(a), z(b) = B(b), <z<z (246)

y
He mMeeT pemieHns. [lo nemme 9 npm z,, = o'(a) u z; = ('(a) HaxXOOMM HempepLIBHOE
0TOOpaKEHUC U, YAOBIETBOPAIOLIEE YCIOBUAM: Up = Y, U1 = z U (242)-(244).
PaccmoTpum ciyuaii, korna xpaepad 3amava (245) He WMeeT pelieHns, a Kpaepas 3a-
nada {246) umeer pemenwe. [IycTs 2y MUHEMaILHOE pellleHue KpaeBoit 3amaun (246), y.
MUHHMAIILHOE, a Z3 MaKCHMAJBbHOE pEILICHUE Kpa.eBOﬁ lagaqyu

' = f(t,z,2"), z'(a)=d'(a), z(b)=o(b), y<z<az.
Ilo nemme 4 cymecTByeT HelnpephiBEOE 0TOGpaKeHTe

s [0,1]] o {z€ S(ILR) y<z<zA
(2(a) = d'{a) V (z'(a) > o'(a) A z(b) = (b))}
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Takoe, UTO 8p = Y2 U 81 = z3. llycTh

ux = 8(z(b) = a(b) A '(b) = ¥'(b) + IA(y3(b) — ¥'(0))),

A €o,1/3],
ux = Saa-1, A € [1/3,2/3], (247)
uy = s(z(a) = z2(a) + (3X — 2)(z1(e) — z2(a))A
t'(a) = d'(a)), X€[2/3,1].

YlcHo, uTO U = ¥, ¥y = 2y U cupaBennuBH yciaosus (243)-(244). Us ycnoBuit Ha y, ya, 22,
2, u (247) cnenyet (242).

PaccMorpum caydyait, korna Kpaebas 3afada (245) umeet pewenne. [Iycts 41 MunHn-
MallbHOe pelleHUe KpaeBoil 3amaun (245).

PaccMoTpum ciywait, korma Kpaebas 3a/ada

' = f(t,z,2'), 2'(a)=da(e), z(b)=P(b), <<z (248)

He uMeeT pelllenus. IlycTh y, MHUHMMaIILHOE, a z; MaKCUMAJILHOE pellleHHe KpaeBoi
3aavn

i’ = f(i,x,xf), .’17’(".1) = ﬁf(a)a .’L‘(b) = ﬁ(b)! th <z <z

[lo 1emMe 4 cymecTBYeT HelpepbiBHOE 0TOOpakeHnne

s [0,l]] 2 {zeS(I,R) i <z<zA
(z'(a) = #'(a) V (z'(a) < B'(a) A z(b) = A(b)))}

Taxoe, 4TO Sg = Y2 U §; = 2. llycte

ux = s(z(a) = yi{a} + 3X(32(a) — y1(a}) A 7'(e) = F'(a)),

Ael0,1/3],
Uy = 53)\._1, /\ E [1/3,2/3], (249)
uy = 3(2(b) = 22(b) A 2'(6) = 23(b) + (34 — 2)(2(b) — 23(0)),
A€ (2/3,1].

Slcmo, uro ug = Y1, U3 = z W cOpaBennuBLL ycosis (243)-(244). Us ycnosui va y1, yz, 22,
z 1 (249) caenyet (242).

PaccmoTpum cnyuait, korna kpaesad 3anada (248) mmeer pewsenwve. [lycts 2, mMu-
HAMallbHOe pellieHMe KpaeBoil 3afiaum (248), y» MHUHMMAaNbHOE, a z; MAaKCHMATbHOE
peliieHne KpaeBoil 3amavK

' = f(t,z,2"), 2'(a)=pF'(a), z(b)=7F{), n<z<z.
o nieMMe 4 cylIecTBYeT HENpepHIBHOE 0TOGpaKEHNE
s [0,1] = {z€ S(I,R) 1 <z <A
(z'(a) = F'a) V (e'(a) < F'(e) A z(b) = B(b)))}
Takoe, 4TO 39 = Yz M 5; = z3. [IycTh
ux = s(z(a) = y1(a) + 3A(y2(a) — ya(a))A
z'(a) = fla)), A€[0,1/3],
Uy = 83x-1, )\ € [1/3,2/3], (250)

uy = s(z(b) = z2(b) A 2'(B) = 25(b) + (3X = 2)(2}(b) — z5(b)),
e (2/3,1].
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Scro, 4TO ug = 1, Y3 = z1 U cupaBednusrl ycnosns (243)-(244). U ycnosuit Ha ¥4, ¥,
29, z1 7 (250) cnenyer (242).

Teopema 8. [lycts @'(a) < f(a) u nus moboro z € SI,R) ms a <z < fu
a'(a) € 2'(a) < f'(a) cnenyer

(z(a) = a(a) A z(b) = (b)) V (z'(a) = F'(a)A
x(b) = afb)) = Hiz < hy,

(z(a) = Bla) Az(b) = B(b)) V (¢'(a) = o/ (a)A
z(b) = B(b)) = Hiz > hy,

Torna cymecTByeT pellleHMe KpaeBodl 3amayin

(251)

(252)

m”:f(t,l',.’l’,"), .H].’I?: h], Hz.’lf:hz, as e ng’
o'(a) < 2'(a) £ f'(a).

Hoxasameavcmso. Ucnonwsys nemmy 18, Halizem HempepriBHoe oToOpakeHue u. U3
yciosui (242)-(244) u ycnosmit (251)-(252) cnenyer Hiug < hy m Hjuy > hy. Cremopa-
TenbHo, HalimeTcs A € [0, 1] Takoe, yTo Hyuyx = hy. W3 ycrosus (242} u ycnosus (253)
cnenyeT Hyuy = hy.

Jlemma 19. Ilyctes o'(a) < B'(e) u o'(b) > B(b). Tornma HafimeTcs HenmpephiBHOE
oTobpaxeHue

u 0,1] — {.’L‘ES(I,R) a<z< A

/(a) < 2'(a) < Ba) A D) < 2'0) < e/(8)) (254
Taxoe, 4To
uo(b) = a(b) V ug(b) = 8'(8), w(b) = B(b) V u;(b) = o (b). (295)
Hoxasameavemeo. I[IycTh 3 MakcHMaJbHOE DEIlleHHME KPacBOl 3alayi
" = f(t,z,2), o(a} <2'(a) < Bla), z(b)=a(b), a<z<h
Pacemorpum ciywait, korfa kpaepas 3agada
2" = f(t,3,2"), yi(a) < '(a) < B(a), (256)

2'(b)=p'(b), m<z<p

He MMECT PCIICHAA. TOI'JIB.. To = Y. HYCTI:- Z; MHHHMAJIBHOC DELICHHE Kpa,eﬁoﬁ 3afgavdn

' = f(t,z,7"), zyla) <2'(a) < PB(a), z(b)=p(b), zo<z<4h. (257)

Ecnu kpaepas 3anava

a" = f(t,z,2'), z4(a) < z'(a) < z{{a),

(b) = a'(b), To<z <z (258)
He MMeeT pelleHus, To T, = 2q. llycTs
uy = s(z(a) = zo(a) + Mz1(a) — zo(a))A (259)

z'(a) = zg(a) + A(zi(a) — 5(a))), A €0, 1].
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Seno, 9TO ug = 7o, U1 = T W cHpaBennuBu yciaosud (255). Ua ycnosuit Ha zo, T, (259)
M OTCYTCTBUS PELEHMH y KpaeBhIX 3aa4 (256), (258) cunemyer (254).

Fcnu kpaesas sanaua (238) uMeeT peinenue, To NyCTh ; MHHUMAILHOE DeEIieHUe
KpaeBoit sanaun (258), a u onpenensercs dhopmynoi (259). ScHo, 4To B 3TOM Cllyyae s
u cupaseqauBel yenobus (255). M3 ycaosu#t na zp, 1, (259) ¥ oTcyTcTBHA pemrenuit y
KpaeBoil 3afaun (256) cremyer (254).

Paccmorpim chyyail, korma kpaesad 3aiiaga (256) umeer pewenne. [Iycte zo - Makcn-
MaJbHOE pelleHye Kpaempol 3anadd (256), a z; MEHEAMaNbHOE pelleHWe KPaeBoil 3amadyn
(257).

Ecau xpaepas 3amava (258) He UMeeT pelleHud, TO T; = 2), & U ONpPENENIeTCA HOpMY-
noit (259). Scuo, 4To B 3TOM cnydae nnd v copaBennuBr ycnosus (255). Ua ycrosmit ma
Zo, T1, (259) 1 orcyTcTBHA pellendit y kpaesod 3anaun (258) cnenyer (254).

Ecnu kpaepas 3amaua (258) umeer pemienme, TO MyCTh I} MHAHAMAILHOE PEMIEHHE
kpaeBoil 3ana4u (258) u v onpenenserca dpopmyoit (259). SAcho, 4To B 3TOM Ciy4ae nis
u chpaBennuBbl yciosus (255). U3 ycnoBuit Ha 2o, 23 u (259) crnenyet (254).

Teopema 9. Ilycts o'(a) < f'(a}, o/(b) > A'(b) u o moboro z € S(I,R) m3 o <
z < B, d{a) <2'(a) < B'(a) u §'(b) < 2'(b) £ &(b) cnenyer

z(b) = a(b) V 2'(b) = B'(b)) = Hiz < hy, (260)
2(b) = B(a) V £'(b) = & (b) = Hiz > hu, (261)

Torma cymecTByeT pellleHie KpaeBoi 3akadd
"= f(t,z,2"), Hiz=h, Huxx=hy, a<r<p,

o'(a) < 2'(a) < f(a), o(b) > 2'(b) = (D).

Hoxasameavemeo. Ucnonbsys nemmy 19, mwaitneM HempepbiBHoe orTobpamenue u. Na
ycnopuit (254)-(255) u ycaosui (260)-(261) cnenyer Hyug < by u Hyuy > hy. Cnenosa-
TeabHo, HaineTcs A € [0.1] takoe, uro Hiuy = hy. W3 ycnosus (254) u ycnopus (262)
cinenyetr Hauy = hs.

Teopema 10. [lycts ans moboro x € S(I, B) u3 a < ¢ < § cnenyeT cupaBelInBoCcTb
ONHOW W3 IPYII YCJIOBHU

z(a) = a(a) A z(b) = a(b) = Hiz + Hyz < by + hs, (263.1)

(z(c) = a(a) V 2(b) = B(b) A Hic + Hyz = hy + by = Hiz < hy, (263.2)
z(a) = Ble) A z2(b) = B(b) = Hiz + Haz 2 hy + ha, (263.3)

(z(a) = B(a) V z(b) = a(b) A Hig + Hyz = b1 + ha = Hiz > hy; (263.4)
z(a) = a(a) Az(b) = a(b) = Hiz < hy V Hyz < by, (264.1)

z(a) = ala) A Hyz = h, = Hiz < hy, (264.2)

z(a) = a(a) A z(b) = A(b) = Hiz < hy V Hyz > hy, (264.3)

z(b) = B(b)A Hiz = hy = Haz 2 hy, (264.4)
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z(a) = Bla) Az(b) = B(b) = Hyz > hy V Hyz > hy, (
z(a) = fla) A Haz = hy = Hiz 2 by, (264.6)
z(a) = Bla) A z(b) = a(b) = Hiz 2 hy V Hyz < hy, (
z(b) = a(b) A Hiz = by = Hyz < hy; (

z(a) = afa) A z(b) = a(b) =
H].’L'-l-HzCB Sh] +h2VH1.T—H2$ 2 hl —hg,

z(a) = ala) AN Hyx — Hyx = hy — hy = Hiz < Iy, (265.2)

z(a) = ala) A z(b) = B(b) =
H1I+H21:Shl-l'-thHlx—Hszhl—hz,

z(b) = B(b) A Hiz + Hez = by + by = Hiz < Iy, (265.4)

z(a) = f(a) A z(b) = B(b) =
H1$+H212h1+h2VH1I—H2I Shl—hg,

z(a) = fla) A Hyz — Hoz = by — hy = Hiz > by, (265.6)

z(a) = Bla) A z(b) = ab) =
H1I+H2I2h1+h2VHII—H2$Zhl—hz,

z(b)y=a(b) A Hiz + Hyx=hy + hy = Hiz > hy. (265.8)
Toraa cyliecTByeT pelieHye KpaeBoll 3a0a90
" = f(t,z,2"), Hiz=h, Hax=hy, a<z<f (266)
HHoxazameasvemeso. [lycTh y MakcHManbHOe pellleHHe XpaeBoit 3aqadn
" = f(t,z,3"), z(a) = ala), z(t)=ealb), a<z<s,

a4 2z MHHHMAJIBLHOE PpElICHNE KPBEBOﬁ 3agadiH

g’ = f(t,:l!,.’E’), z(a) = B(a), :C(b) =B(), y<z<g

[lo nemme 13 cyuwecrsyer oroGpaxenne ®. Ecnu B gexoropoit touxe Ly = WP(L) pek-
TOpHOE NoJle

Hr = (HyU(r) — by, FyU73(r) — hy)

obpaiaeTcs B HYJb, TO TeopeMa NokalaHa. IlycTs BekTopHOe none H Ha L, ne obpamia-
€TCHd B HYIIb. HOK&)KCM, 9TO BpalllEeHHE BEKTOPHOTO IONA .H Ha Ll OTJINYHO OT HYJIH, 9TO
3aBeplINT JOKA3aTenbCTBO TeopeMul. [lycTs

z, = ®{(cos p,sing)), ¢ € [0,27].

PaccmorpumM cnyyail, korna cnpasenauesl ycnosua (263). Wa (263.1), (263.2) u (263.4)
cnenyet, uto Hzo nexur Huxe GHCCEKTPUCH BTOPOrO U YETREPTOrO KBAIPAHTOB, H3
(263.2) w ycuosuit (193) cnenyer, uro Hz, npu ¢ € (0,%) He comanpasnen ¢ (1,1},
u3 (263.2), (263.3) » (263.4) cnenyer, yto Hz, NexuT Bhille BHCCEKTPUCH BTOPOTO H Ye-
TBepPTOTO KBaApanToB, B3 (263.4) m ycnoenit (194) cnenyer, uto He, npu ¢ € (m,27) He
conamnpabieH ¢ (—1,1). OTciona crenyer oTnHyMe OT Hynd BpalleHa BEKTOPHOLNO IIOJIA.
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PaccmoTpum criydait, korna cipaBemnvsel yonopus (264). W3 (264.1), (264.2) n (264.8)
clenyet, 4To Hi1p He NeXUT B I€PBOM KBaZpaHTe, U3 (264.2) m ycnosus (193.1) cnenyer,
uro Hz, upu ¢ € (0,41) He conanpasnen ¢ (1,0), n3 (264.2), (264.3), (264.4) u ycino-
suit (193.2), (193.4) cnenyer, yto Hzr, u Hz,, He nexar B 4eTBEPTOM KBaOpaHTe, a U3
ycioBus (193.3) cnenmyer, 4To npm M3MeHeHHWH @ OT ) 00 @ Hz, He menaeT EM omHO-
ro mosiHoro ofopoTa, n3 (264.4) u ycnosus (193.5) caenyer, uto Hz, npu ¢ € (w2, 7)
He coHampasnex c (0, —1), ma (264.4), (264.5) u (264.6) cneayer, uto Hz, He NeXuT B
TpeTheM kBanpante, u3 (264.6) m ycnosus (194.1) cnenyer, yto Hz, npu ¢ € (m,p3) He
conanpasiien ¢ (—1,0), u3 (264.6), (264.7), (264.8) n ycnosaiu (194.2), (194.4) cnenyer,
aro Hz,, n Hr, He nexaT Bo BTOpOM KBaapaHTe, a M3 ycnoBus (194.3) cnenyer, yto
IpH M3MEHeHHH p OT (a N0 4 HzT, He meNlaeT HHU OXHOTO IOJIHOIO oboporta, u3 (264.8)
u ycnopas (194.5) caenyet, yto Hz, npn ¢ € (4, 27) He conanpanned ¢ (0,1). Orcioma
clleflyeT OTIIMYHME OT HY:1S BpalleHAs BEKTOPHOLO IIOJIA.

Cryyail, xorna cipaBelTuBe ycnosua (265), paccMaTpusaercs aHamorudso. [pn atom
reOMETPUYECKH YCIOBHA OTIMYHA OT HYJISA BpallleHds BEKTOPHOTO HOM OTIHYIOTCA OT
cliyuas, KOrZa ClIpaBeNuBhl ycinoBus (264), moBopoToM Ha 7 /4.

Teopema 11. Iycts a'(a) > f'(e) u aasg moboro ¢ € S(I,R) m3 a <z < A n
8'(a) < 2'(a) € &/(a) crenyeT cnpaBeqIHBOCTE OFHOI M3 FPYND YCIIOBHI

z'(a) = o'(a) Az(b) = alb) = Hiz + Hyz < hy + by,
(z'(a) = o/(a) V 2(b) = B(b) A Hhz + Hyz = b1 + hy = Hiz < ha,
6 A

(a) = F'(a) Az(b) = B(b) = Hiz + Hyz > hy + ha, (267)
(z'(a) = B'(a)V z(b) = a(b) A Hiz + Hoz = by + hy = Hiz > hy;
t'(a) = a'(a) Az(b) = a(b) = Hiz < hy V Hyx < by,
t'(a) = a'(a) A Hyz = hy = Hiz < by,
z'(a) = a'(a) A z(b) = B(b) = Hiz < h V Hez > by,
.T(b) = ﬂ(b) A H T = hl = Hga',‘ 2 hg, (268)
z'(a) = B'(a) Az(b) = B(b) = Hiz 2 ly V Haz 2> hs,
z'(a) = Fla) A Hyz = hy = Hiz > by,
z'(a) = F(a) A z(b) = a(b) = Hiz > hy vV Hyz < hy,
z(b) = a(b) A Hhx = by = Haz < hy;
z'(a) = d'(a) A z(b) = a(b) =
H1.17+H2.'L'Shl-}'thHlx—HzIZhl—hz,
2'(a) = o'(a) A Hyz — Hyz = hy — hy = Hyiz < by,
z'{a) = o'(a) A z(b) = B(b) =
Hl.'L"‘f'HZGCghl-l"thH]I—HgIShl—hz,
z(b) = B(b) A Hix + Haz = hy + hy = Hiz < by, (269)

2'(a) = B'(a) A z(b) = B(b) =
H1$+H2172h1+h2VHlI—H2ISh1—h2,
:c'(a) = ﬁ"(a) A HlfB — HQI = h] - h'z = Hl.’.ﬂ 2 hl,
z'(a) = f'(a) A z(b) = a(b) =
H1$+HQI Zhl—{—thHl:E—ngz hl—hz,
I(b) = G(b) A Hl.’E + Hzﬂf = hl + hz = H,z > hl-
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Torna cyluiecTByeT pellleHne KpaeBoil 3amauu

" = f(t,I,I’), Hll' = h1, H2$ = h-z,
a<z<B, Fla)<(a)< o(a).

Hoxazameavcmso. IlycTh y MakcMMalkHOE pellleHRE KPaeBOil 3amadi
2" = f(t,z,2"), z'(a)=d'(a), z(b)=al(b), a<z <4,
a z MEHEMAaJbHOE pellleHNe KpaeBOoH 3aladu

" = f(tvIv'T,)'l I,(a) = ﬂf(a)s z(b)=pH(b), y<z<4.

[lo nemme 14 cymiecrByer oTobpaxenwe ®. [Janbmeliuiee noka3laTenbCTBO aHAJIOTHIHO

IOKa3aTelbCTBY TeopeMnl 10.

Teopema 12. Ilycts of(a) > f'(a), ¢'(b) < F'(b) m nna moboro z € S(I,R) n3
a<z1<pPupfla) <z'(a) £da) udb) <z'(dh) < ’( ) cilenyeT cnpaBemsuBOCTD

OIHOW W3 CPYNN yCJIOBHM

'(a) = &(a) A 2'(b) = &'(b) = Hiz + Hyx < by + ha,
(z'(a) = o/(a) v 2'(b) = B'(B)A
H1:B+H2.’l',' = h] +h2 = H].’L‘ < hl,
z'(a) = f'(a) Az'(b) = B'(b) = Hiz + Haz 2 hq + ho,
(z'(a) = 8'(a) v 2'(b) = o/ (b)A
Hiz + Hyz = hy + hy = Hiz 2 hy;

'(a) = a'(a) A2'(b} = o' (b) = Hiz £ hy V Haz < by,
2'(a) = o/(a) A Hyz = hy = Hyz < hy,

z'(a) = &' (a} A 2'(b) = F'(b) = Hiz < hy V Hyz > ha,
SE’(b) = ﬁ’(b) A H1$ = hl = sz > hz,

Z'(a) = Fla) A z'(b)y = F'(b) = Hiz > k1 V Haz > ko,
z'(a) = ('(a) A Hyx = hy = Hyz > by,

z'(a) = f'(a) A2'(b) = o'(b) = Hiz > hy V Haz < hy,
z'(b) = &' () A Hiz = hy = Haz < hy;

r'(a) =d'(a) AT'(b) = & (b) >

H1:IL‘+H2$£h1+h2VH1I—HgIZh1—h2,
z'(a)=a(a)NHiz — Hyx = hy — hy = Hiz < hy,
t'(a) = (a) A2'(b) = F'(b) =
H1I+H2$Shl'{'thHl.’r—Hz:DShl—hz,
'(b) = f'(b) A Hyz + Hyz = by + hy = Hiz < by,
z'(a) = F'(a) A 2'(b) = B'(b) =
H1I+H2:172h1 +h2VH1.T—H2I Shl_hQ;
z'(a) = f'(e) A Hyz — Hyz = hy — hy = Hiz > hy,
z'(a) = F(a) A 2'(b) = o' (b) =
Hyzc+ Hyx > hy + ho V Hyz — Hyz > hy — by,
z'(b) = o'(b) A Hyz + Hyz = hy + hy = Hix 2> hy.

Torna cymecTByeT pellieHne KpaeBol 3anaun

xﬁzf(tv‘r)xf)? Hlm:hla H'zI:hz, QSIS61

(270)

(271)

(272)
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B'(a) <2'(a) L d'(a), o(b) < 2'(b) < B(b).
Hoxazameavcmso. [IycTh ¥ MaKCHMaTbHOE pellileHHe KpaeBoil 3amadm
"= f(t,z,2"), 2'(a)=4d'(a), Z'(B)=2'(h), a<z <P,

a z MHMHMManbHOE pellleHde KpaeBod dagayl

= f(t,2,2), @'(a)=fla), (B)=F0), y<z<b.

Ilo nemwve 15 cymecTByet oTobpaxkerue $. lanbHelimee nokalaTensCTBO aHAIOTMYHO
IOKa3aTeldbCTBY TeopeMnl 10.
Teopema 13. IIycts of(a) < §'(a), xpaenrie 3anan

" = f(t,z,2"), 2'(a) =Fa), z(b)=alb), a<z<f,
' = f(t,z,2"), 2'(a) =d'(a), z(d)=p(), a<z<p

He uMeloT pelneHus ¢ ang moboro ¢ € S(J/,R) w3 a <z < f u o(a) < 2'(a) € F(a)
cllellyeT CPaBellINBOCTh OOHOM H3 IPyNN yCIIOBHIA

z{a) = ala) A z{b) = a(b) = Hiz + Hyz < hy + hq, (273.1}
(z(a) = a(a) vV 2'(a) = F'(a) v z(b) = B(b))A

Hiz + Hyz = hy + hy = Hiz < hy, (273.2)

z(a) = Bla) A z{b) = B(b) > Hyz + Hyz > hy + hs, (273.3)

(z(a) = B(a) V 2'(a) = &/(a) V z(b) = al(b))A (273.4)

H133+H22? =h1+h2 #HIIZ hl'r

z(a) = afa) A z(b} = a(b) = Hyz < by V Hyz < by, (274.1)

z(a) = ale) A Hyz = hy = Hiz < hy, (274.2)

z(a) = ale) A (z'(a) = F'(a) Vz(b) = B(b)) = Hiz < hy V Hyz 2 hs, {274.3)
(z'{a) = B'(a) V z(b) = B(b)) A Hiz = by = Haz > ha, (274.4)

z(a) = Bla) A z(b) = B(b) = Hyiz > by V Haz > ha, (274.5)

z(a) = Ble) A Hyz = hy = Hiz > hy, (274.6)

z({a) = Bla) A (2'(a) = &'(a) V z(b) = a(b})) = Hiz > hy V Haz < ho, (274.7)
(z'(a) = &'{a) V z(b) = a(b)) A Hyz = hy = Hax < hy; (274.8)

z(a) = a(a) Az(b) = a(b) = (275.1)

H1I+H2:r §h1+h2VH1:£—H2:L‘2h1—h2,
z(a) = afa) A Hyz — Haz = hy — hy = Hiz < by, (275.2)

z(a) = ofa) A (2'(a} = F'(a) v 2(b) = B(b)) =
H1I+H2.I Sh]‘l‘thHl?r—HgEShl—hg,

(2'(a) = 3(a) Vz(b) = B(O)) A Hiz + Hoz = hy + hy = Hiz < I, (275.4)

(275.3)
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z(e) = Bla) A z(b) = H(b) =
H1$+H2:B 2 h] +h2VH1{E—H2(B S hl —hg,
z(a) = Ble) AN Hiz — Hyz = hy — hy = Hiz 2 by, 275.6)

z(a) = Bla) A (z'(a) = a'(a) V 2(b) = a(b)) =
H1I+H2I2h1+h2VH1I—H2I2 hl —hz,

(z'(a) = &'{e) V z(b) = a(b)) A Hiz + Hyz = hy + hy = Hiz > hy. (275.8)

Torma cymecTByeT pellleHUe KpaeBo#l 3anaqu

(275.5)

(275.7)

z" = f(t,ﬂ?,.ﬁl’:'), Hl-r = hh -HZI' = th
a<z<f, ofa) <Lz (a) <F(a)

Hoxaaameavcmeo. [lycTh y MaKCHMAJIbHOE pellleHHE KpacBoil 3aladn
' = f(t,z,2"), z{a) =a(a), z(b)=alh), a<z<f,

a z MMHEUMAalbHOE PEIlEHHE KPAERoil 3agadu
" = f(t,z,2"), z(a)=PB(a), z(b)=8(), y<z<gf

ITo nemme 16 npm z, = a'(a) u x5 = §'(a) cymecTsyer oTobpaxenne ®. Eciu B nekoTopo
Touke L; = W®(L) mekTopHOE moTe

Hr = (Hllp_l(f‘) - h,,H;:‘I’—l(T) - hg)

obpairaetca B Hylb, To TeopeMa HokalaHa. [lycTs BekTopHoe none H wua L, e obpaua-
eTcda B Hyb. [lokaxem, 4To Bpaluenne BekropHoro nons H ma [, OTIHYHO OT HyNd, YTO
3aBEpIIUT JI0Ka3aTeIhcTBO TeopeMul. [IycTh

z, = ®((cos p,sing)), w € [0, 27).

PaceMoTpum cnyvai, korna cnpabeniusnl yenobnst (273). Ma (273.1), (273.2) u (273.4)
cnenyer, 94to Hzg nexuT HXe GUCCEKTPUCHL BTOPOTO M YETBEDPTOrO KBAaHPaHTOB, U3
(273.2) u ycnopuii (212)-(215) cnenyer, uto Hz, npu ¢ € (0,7) He coHampaBlieH c
(1,—1), m3 (273.2), (273.3) 1 (273.4) cnenyer, 910 HI, nexuT Bblllle GUCCEKTPHCHI BTOPO-
TO ¥ YETBEPTOrO KBanpaHToB, W3 (273.4) u ycnoeuit (216)-(219) caenyer, uro Hzr, npu
¢ € (m,27) He comampabaes ¢ (—1,1). Orciona cnenyer oTiu4me OT HyJs BPaIIEHUHA
BEKTOPHOTO IIOJA.

PaccmoTpmM ciyvail, xoraa cipaBemsiubr yciopus (274). W3 (274.1), (274.2) u (274.8)
cnenyeT, uTo Hzo He nexuT B nepsoM kBaapaute, n3 (274.4)-(274.6) cnenyer, uro Hz, He
JIEXUT B TPETHEM KBanpaHTe. PaccmoTprM ciyvali, Korza BHBINOMHSIOTCH ycnosus (212).
W3 (274.2) u ycropns (212.1) caenyer, uto Hx, npu p € (0, p3) He conanpasnes ¢ {(1,0), u3
(274.2)-(274.4) n ycnosus (212.2) cnenyet, uto Hz,, He NeXuT B 4eTBepTOM KBANpPAHTE,
u3 (274.4) u yeaosnit (212.3)-(212.7) cnenyer, uto Hr, npu p € (@3, 7) He coHanpasieH ¢
(0, —1). PaccmoTpuM cayuyail, Korfa BRIIONHAKOTCA yernopds (213). W3 (274.2) u ycnosus
(213.1) caenyet, uro Hz, npn ¢ € (0,¢;) He conarmpanien ¢ (1,0), ma (274.2)-(274.4) u
yciobuii (213.2), (213.4) cnenyer, uto Hz,, u Hz,, He nexaT B 4eTBEPTOM KBalpaHTe, a
ua yenosus (213.3) cnenyer, 9To OpK U3MEHEHUN @ OT @) OO ¥, BekTop H I, He menaet HA
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OLHOIO MMOJIHOTO 06opoTa, u3 (274.4) = ycnosus (213.5) cnenyer, yro Hz, npu ¢ € (@2, 7)
He conampasied ¢ (0,—1). PaccmorpnM cnyyail, korna BrimonasiorTes yeiuoud (214). U
(274.2) u ycnosus (214.1) cnenyer, yto Hz, npn ¢ € (0,¢;) He conanpasneH c (1,0),
a3 (274.2)-(274.4) n ycaopuit (214.2), (214.4) cnenyer, aro Hx, u Hz,, #e nexatr B
YeTBepTOM KBaApaHTe, a U3 ycioBus (214.3) cnenyer, 4To npy MaMeHEHUM @ OF pp OO
p2 BeKTop Hx, He memaeT uW omHOroO NolHOro ofopoTa, u3 (274.4) u ycnosui (214.3)-
(214.9) cnenyer, uro Hz, upu ¢ € (@, 7) He coranpasines ¢ (0, —1). Paccmorpum ciyvai,
Kkorpa BHIONHAIOTCE ycnosus (215). Us (274.2) u ycnosma (215.1) cnemyer, uto Hz,
npu ¢ € (0,¢1) me comanpabnen c (1,0), m3 (274.2)-(274.4) u ycosuit (215.2), (215.4)
u (215.6) cnemyer, uro Hz,,, Hz,, v Hz,, He nexaT B 4eTBepTOM KBaIpaHTE, & M3
yeiosus (215.3), (215.5) cnemyer, 94TO NpM MIMEHEHUR ¢ OT @1 0O 3 BekTop Hz, He
ne1aeT HYU GOHOTO IOJTHOTO obopoTa, m3 (274.4) u ycnosmit (215.7)-(215.11) cnenyet, uro
Hz, nupu v € (@, ™) He coHanpanmeH ¢ (0,—1). AHaJIOrHYHO pacCMaTpUBas CIydaH,
KOIl(a BEINOIHAETCA OMHO U3 ycioBuil (216)-(219), monyuaeM oTiin4Me OT HyJis BpalleHAs
BEKTOPHOTO TOMA.

Cnyuaii, korna cupaBefyiuBel ycrosus (275), paccMaTpuBaeTCs aHAJIOTWYHO.

3ameuanue 4. Ecau sextop (Hiz — hy, Haz — h;) He comampaBlieH ¢ BEKTOPOM
(cosv,sin ), To

(Hiz — hq)siny — (Haz — ha)cosy =0 =

(Hiz — hy)signcosy < O A (Hax — hy)signsiny < 0.

Ecnu uMerorcs npa BexTopa (cos ¥y, siny ), (cosyz,8iny2) u 0 < 93 — 72 < %, TO HBa yrua,
onpefieNieMble 3TUMH BEKTOPAMH, 3a0af0TCA YCIOBHIMHE

((Hiz — hy)siny — (Haz — ha) cos y1)signsin(y, — 72) < 0V
((Hiz — hy)siny, — (Hyz — h2) cos 49 )stgnsin{y, ~ 7 ) <0,
((Hyz ~ hy)sinvy — (Haz — hy)cos vy )stgnsin(y; — 2) > 0A
((Hiz — hy)sinyg — (Haz — ko) cos y3)stgnsin(y — 1) < 0.
Ecin 41 — 42 = *, TO MOIYIIOCKOCTH 3aA2I0TCH yCJIOBHAME
(Hix — k) siny, — (Haz — hg)cos 1, > 0,

(Hiz — h1)siny — (Hazz — ha) cos v < 0.

Brifupas OBa BeKTOpa M BHIMECHIBaA COOTBETCTBYIOIIUE YCIIOBHSA, MOXHO IOMYYHTDH
obobuenne ycnoeui (263), (267), (270) u (273), a Buibupas YeThlpe BEKTOPa U BLITHUCHIBAS
COOTBETCTBYIOIME YCIOBML, MOXHO MONy4MTh obobuienne yciopuit (264), (265), (268),
(269), (271), (272), (274) u (275).
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O mocTpoeHNN BEPXHUX M HIKHUX PYHKIIVMH
IJIA cucTeMbl AudpdepeHNINAIBHBIX ypPaBHEeHMNA
IepBOro MopAngKa

B.ll.Iloromapen

AHHOTEHHH. HPHBOHETCH JocTrarodHbie yC.'IOBI‘IH CyﬂleCTBOBaHHH HUXKHHUX H BBPXHHX
OYHKIUN ONA cucTeMu NubdepeHIAalbHbIX yPABHEHAN IEPBOTO NOPSAIKA.
Bubn. 3.

YK 517.927

PaccmoTpuM cHcTeMy ypaBHeHUH

= h{t,z,y),
{ v = f(t,z,y), (L)

rne oyukuum h, f € Car(l x R?, R) yuosseTsopsioT yciosusm KapaTeonopu, —oo < @ <
b < oo, I =la,b.
Brenem HeoOxomumoe onpenenenue.

Onpedeaenue. Ilapy abcomorHo HenpeprBuuix Ha I ¢yrknmi (a, A) u (G, 1) 6ynem Ha-
IbIBATh COOTBETCTBEHHO HUKHEN U BepXxHell QyHKIMAME cucTeMul (1), ecnu BrinonusoTcs
YCIOBUA!

) a(t) < B(t)ua l,

2) o'(t) = h{t,alt), A(t)), N(t) = f(t,a(t), A\(t)) nouru onz Beex t € I,

3) A'(t) = hit, B(t), pnlt)), p'(t) < f(t,6(t), p(t)) noutu nna Beex t € I.

Huxune u sepxane QyHKIME CYIIECTBEHHO HCIONL3YIOTCH P OOKA3aTENLCTBE HEOO-
XONMMBIX M JOCTATOYHBLIX YCIOBUI Pa3pelIuMOCTH PA3IUIHbIX KPAEBLIX 3a1a9 A CUCTe-
MBI 1BYX ZudhepeHIIHANbHbIX YPaBHEHHNA NepBOro nopanka (cMm., Hanpumep, [1]-[3]).

B nacToseil paboTe NpuRoiATcsa 3(p¢pek TUBHO IIpoBEpsAeMble yCIIOBHS, [IDH KOTOPLIX

CYyLIecTBYIOT HUKHNME W BepXHHe QYHKUMK I7I4 CHCTeMbl OMbdepeHlIHalbHLIX ypaBHEHNI
s A
(1.

Teopema 1 [Tyems m € (0,00), r € [0,m), k€ (m—r)(b—a)"}, n € [0,k), e € (0,1) u
cywecmeyom dynxyur o, € C(R,R), 1 = 1,2, maxue, ¥mo 6binoingIomcs yeaosus:
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1) dag awbiz x € [0,00) u i € {1,2}, wi(z) = wi(—2), ¥i(z) = ¥ — ), ¢a(z) > 0,
wa(x) 2 0, thi(z) > 0, ha(z) > 0;

2) svtnoangemcs no xpatned mepe 0dno u3 yeaosuti:

h(t,z,y) > ¢1(2)¥a(y), 2de (t,z,y) € I x [-m — e, —7] x [n, k]

UAY

h(t,z,y) < —pilz)i(y), 2de (L, z,y) € I x [-m,—r + €] x [k, —n];

3) suinoangemcd no xpatned mepe odno u3 ycaoeui:

h(t,z,y) 2 e1(a)haly), 20e (t,z,y) € I x [r —e,m] x [n, k]

UAY

hit,z,y) < —p1(2)¥1ly), 2de (t,z,y) € I x [r,m + €] x [—k, —n];

4) ht,z,y) <k, 2de (t,z,y) € I x ([-m,—r|U [r,m]) x [n,k], h(t,z,y) = —k, 2de
(t,z,y) € I x ([-m,—r]U [r,m] x [—k,—n];

5) f(t1$7y) < 902(3")11!’2(9'): 2de (ttvlay) € Ix [_m1_r] X ([—k,—n]U[k,n]), f(t?x, y) 2
o hbaly), 2de (2,y) € T X [r,m] X ([—k, —n] U [k, n]);

6) [ Sedds > [ 224y,

Toeda cywyecmeyiom nudxcuue v aeprrue Pynxyuu cucmemsr (1),

loxesamesvcmeo. llocTponm HikHue B BepxHUe QyHKIHM (o, A) u (F, ), KOraa BhI-
HOJIHAETCSA YCIIOBHE

kit z,y) 2 pr(2)aly), toe (1, 2,y) € I x (I-m, —r] U [r,m]) x [n, k].

OcranpHble BO3MOXHBIE C/Iy4an pa3bupalorca avanoruuso. Onpenenss (a, A) kak pele-
Hue cienywlned 3amaur Komu:

{ = h(t,z,y),

y' = @a(z)iha(y);
z(a) = —m, yla) = n,

a (3, u) xax peuwenne cienyrotueit sanayn Komrn:

{ ' = h(t,z,y),
¥ = —pa(zhia(y),

sa)=r, yla)=k,
noKaxeM, uTo ans mwoboro t € I (t,a(t), A(t)) € Gy u (1, 8(1), (1)) € G, rne

G, = {(t,x,y) tel,z€ [_m1_r]:y € [nsk]}a

Gy ={(t,z,y) tel,z€|r,m],yc€ [nk|}

OrpaHu4IEMCS TONIBKO T€M, 4TO mokaxeM, 4uro (¢, a(t), A(1)) € Gy ans uoboro t € I.

HeicTeuTensuo, nycrs [a,ty] MakcHMaJbLHLIE PHTepBas, Ha koTopoM n < A{t) < k.
Torama 0 < of(t) < k moury ans Beex t € [a,tg]. Ecmm to = b, To Bce mokasano. Iycts
ty € (a,b). Cnyuait A(t) = n mng Bcex t € [a,to] He MOXeT 6BITH B CHIIy MAKCHMAIBHOCTH
uHTepBana [a,tg]. CnemoBaTenbHo, A(tg) = k. Torma umeem

h(t, oft), A(1))X(2) = walalt))b2(A(t))e'(1).
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Otkyna
Meo) 4 (A(2)) alto) y((?))

fr @0 Lo oratm®e®

kab1(s) " pa(s)

v 5209 = Lo or(®)

YTO OIPOTHBOPEUYUT YCIOBHIO 6 U HOKA3RIBAET TEOpeMY.

I

ds,

Teopema 2 [Tyems r € [0, +00) v cywecmeyom Pyuxyuu p; € L(I), v; € C(—00,+00),
t = 1,2 maxue, umo BbLINOAHIIOMCT YCAOBUL:

1) dag awbbiz T € [0,+00) ui € {1,2}, pi(z) > 0, @i(z) = pi(—2) © nowmu dag scez
telp(t)>0;

2) [+ o1 (s)ds > 2 [0 pu(s)ds, [ 07 (s)ds > 2 [* pa(s)ds

3 | h(t,2,) 1< pr(thgs(e), o (b2,9) € 1 x (R\(~r,r)) X [r,m] wa (t,2,y) €
I x (R\(-r,7)) x [-m, —7], 2de m € [r,+00) onpedeasemcs u3 ypasnenvg

[ es)ds = [ pals)as

4} f(tv'ruy) S PZ(t)‘M(y); 238 (t,.T,y) € I x (—OO, —T] x ([_ma "T] U [T‘, m]).‘
f(f,&':, y) 2 “Pz(t)wz(y), ade (tvxay) €1 x [Ts +O'O) X ([_m) _T] U [r,m]).
Tozda cywecmeyrom nudenue u eeprnue Gynnyuu cucmembr (1).

Hoxasameascmeo. llocTpoum (o, A) u (f, i) 012 ciydas, KOra BLIIOGTHAIOTCA YCIOBUA
3 onsa (t,z,y) € I x (R\(-r,7)) x [r,m)].

IIns ocTanbHBIX BO3IMOKHEIX Cly4aeh OOCTPOEHHE MPOXOOAT aHAJIOTAYHO.

U3 ycnoeud 2 cnenyet, uro HailneTca n € (r, +00) Takoe, 4T0

[Teit)s > [(mis)ds, [ (shds > [ pais)ds. @)

Onpenenum (@, A) kak peilenne clenymoomed sagaqu Komu:
= h(ta Iay): y’ = pZ(t)‘fg'l(y)a

z(a) = —n, y(e)=r,

a (3, ) xak pewenue cienyomei 3anayn Kommu:
x! = h(ta I, y)? y, = _p2(t)(:92(y),

t(a) =n, yla)=m.

lloxaxkem, uto pewenus (e, A) u (F, 4) nponomxuMbl Ha Bech HHTepBan [ u aft) < [(t)
014 necex t € 1. [lporepum, Hanpumep, 9To pewenus (o, A) npomomxKMMo Ha BeCh HETEPBAl
I eiicTBuTenbHO, B CHILY onpedelleHus 4ucia n chienyeT, 4yto r < A(t) < m nna Bcex
t € I, a cymecrBoBanue ¢yHkuun «ft) Ha Bcem I BuTekaeT u3 ycnosus 3 u (2). Ui (2)
Takxe crmenyeT, uTo «(t) < —r u 3(t) > r nas Bcex t € I. Teopema nokasana.
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O CyaieCTBOBAHNN pEIIICHN TpeXTO‘-Ie‘IHOfI KpaeBoﬁ
3ada1n

B.[.IlonoMapen

Auuoranns. [loxalaHa paipeminMocTh KPAEBOH 3a/aun
2 ! "
T = f(t! w’ T H T )!

z(t) =¢c1, z(t2) = ¢, 2(f3) = ca.
bubmn. 7.

YIOK 517.927

PaccMOTpUM KpaeByIo 3aJady
" = f(t,z,z',2"), (1)

z(t) =ca, z(ts) =co 2(t3) = c3, (2)
roe [ [t1,t3] x R® — R ynosnersopset ycmopusm Kapateomopu, t;,¢; € B, 7 =1,2,3
i < 19 < ta.

B pabore 6ypeT npupeneHa TeopeMa, OTHocHIIadgcs K mpobneMe "WUs enunncrBesHOCTH
cnenyeT cyulectBoBarnme pemenns’ [lonobueli Bopoc paccMaTpuBacs Takxke B paborax

[1]-[7]-

Hapany ¢ samauveit (1), (2) paccmoTpum ypasretne (1) ¢ KpaeBBIME yCIOBUAMNI

(i) =c1, z(t2) =, 2'(t2) =p,

(t; (
z(th) =a, z(t2) =c2, z"(t2) =g, (4
#{ty) = ¢y, '(t) =p, z(ts) = s, (
z(ty) =2, 2"(ta} =q, x(ts) =cs, (

rae p.q € R.

Ins GopMyINPOBKE TeopeMbl HaM MOTPebYIOTCA CIeAyIolne 0Go3HAYeHH .

Hycts I,J C R HenycTwle cBi3Hkle MHOXKecTBa. O6o3HauuM depes Sy, S MHOXecTBa
peitendil ypapHeHus (1) Ha MHTepBatax [t1,ty], [t2, 1], [lonoxum

Si(tz) = {2'(t2) 1 2 € S,2(t1) = &, 2(ty) = ez, (g € IN(2"(t;) = @)},
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Sa(t2) = {z"(t2) z € S,2(ty) = e1,2(t2) = ¢z, (Ip € J)'(t)
S3(t2) = {If(tg) z e S,I(tg) = Cg,.’E(t3) = Ca, (Hq < I)(:I'”(tz)
S4(t2) = {.’L‘”(tz) T € S, .T,'(fz) = Cz,I(tg) = ({3, (Hp c J)(I’(tg)

I
= 3
[—

[
=
‘7—'

Teopema 1 Ilycmb 6uinoandiomcs ycaioeus:

1) dag wobvix g€ I u p € J cyuecmeyiom pewenvs 3adax (1), (3) (1), (6);

2) Sl(tz),53(t2) Q J, Sz(t'z),S‘;(tz) Q I,’

3) dag wwbozo q € I u wobuir 31 € (t1,12], 52 € [t2,13) cywecmeyem ne 6oaee odnozo
pewenus xpaeevir 3adayw daf ynpaswenus (1) ¢ xpaesvimu ycaosugmy

t(t) =¢, (s1)=gq, z(t2)=c,

m(t?) = Ca, I”(SZ) =4, I(t3) = G3.

Tozda cywecmeyem eduncmeennoe pewenue xpaesod 3adavu (1), (2).

Loxazameavemeo. OGo3HaumM depe3s z4(t,q) pemienue sanaum (1), (4). Pynkuua
(t,q) — z1(t, ¢) onnosnauHo onpenenena ua [tq,1z) x I cornacuo yciosuam 1 u 3 Teopemsl.
Ilokaxem, yro dyrkuus ¢ — i(t2,9) cTporo pospacrajomas Ha [. IIpensapurensHo
OTMEeTHM, YTO M3 KpPaeBhiX ycloBmil (4) crnemyer 4To, ecnn ¢; < ¢z, TO

xl{(tZ) ql) < 3;’(1[2,(12)- (7)

HokaxeM, yto z(t, q1) < (¢, ¢2) Ha (¢1,1.1. [Ipeanonaras npoTuBHOe, MonyYaeM, 4TO
CYLIECTBYET 8q € (t1,12) Takoe, 4To z7(s0,q1)  z7(s0,q2). OTciona u u3 (7) cnenyet, 4T0
{(s1,q1) = 27(31,¢2). [loaToMy nmony4unu npoTUBOpEYne ¢ yCI0BUEM 3 TEOPEMEL.

W3 kpaesrix ycnoui (4) umeeMm z1(t1, 1) = z1(t1, g2} 1 1(t2, §2) = z1(t2, ¢2). Caeno-
BaTenbHo, and z(t) = z1(t, q2) — z1(t, q1) mmeeM z(8y) = 0, z(¢2) = 0w 2”(t) > 0 Ha (t1,12).
[oaTomy Halinerca ty € (t1,13] co cBoiicTBoM z'(t) = 0, a moatomy 2'(t) > 0 Ha (to,1s]
win z4(t2, q2) > zi(t2, ¢1), T.e. dyaxung ¢ — z)(t2, 7) cTporo Bospacraer Ha I.

B cuay ycnosus S2(t2) € I n cymecTroBanus pewmenus mis nwboro p € J kpaesoi
samaun (1), (3) cneayer S(t;) = J. llycrs Frl = {a,b}, FrJ  {c,d}, a,b,c,d € R,
a < buc < d M3 S (t;) = J n MoHoToHHOCTH dyHKUMM ¢ — I){f3,¢) clenyer ee
HeNpephLIBHOCTL Ha [ ¥ paBeHcTBa limy .4 = 21(12, ¢} = ¢, lmy_s_ 1}(t2,¢) = d.

O6o3uauas uepes z,(t,q) pemwenne 3agayu (1), (6), rokaxeM, Kak ¥ Buile, 4TO dYHK-
uus ¢ — xh(t2,q) HenpepuiBH2 W cTporo y6mBaeT Ha [ W CHpaBedyIMBLl PaBEHCTRA
limg_q40 25(t2,¢) = d, limg_s_o 25(t2,¢) = ¢. CnenoratennHo, HaltmeTcs ¢q3 € I Takoe,
ato %y(t2,92) = x5(t2,¢s). Ilomaras zo(t) = z1(t,¢a) Ha [t1,%2] U Zolt) zo(t,¢a) Ha
[t3, t3], monyuaeMm, uto dyHkuus ¢ — To(¢) aBIsAeTCH pelneHneM kpaesoil lagauum (1), (2).

Jlns noxasaTenbCTBa €QUHCTBEHHOCTH pellleHns Kpaenoi 3afgaqu (1), (2) npenmoioxum
IPOTHBHOE, T.€. YTO CYIUCCTBYIOT [(Ba Pa3;IMYHHX PEIIeHUA I; U Ip KpaeBoi 3amadn (1),
(2). Hostomy Haiimercs 71 € (i1,t3) Taxoe, 4T0 z1(71) # 22(m). He repas obunocty,
cYUTaEM, 4TO Ty € (i2,¢3). Ecnu cymwecrByeT 1 € (11,t2) Takoe, uto z,(7;) # T2(72), TO
wis z(t) = zi(t) — 25(t) maitnyTca s1 € (t1,12), $2 € (f2,t3) ¥ S0 € (S1,82) Takue, yTO
2(sy) = 2(s2) = 2'(s¢) = 0, uTo mpoTuUBOpeunT ycnouio 3 Teopemnl. Ecnum 2 (t} = z,(t) ua
[t1,t2], TO HaltmyTcs 53 € (t2,t3) 1 54 € (12, 53) Takne, 4T0 2(12) = z(s3) = 2’(54) = 0, uTO
ONAThH MPOTHBOPEYHT YCIOBHIO 3 TeopeMbl. CliefoBaTeNbHO, CYMIECTBYET ENVMHCTBEHHOE
peluende xpaesod 3amaum (1), (2).
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Jamevanue. IIpu I = J = R v nenpepripHoil npaBoit yacTu ypasrexus (1) nomyuaem
COOTBETCTBYIOUIMHA pe3yanTaT u3 [3].
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Summary. The solvability of boundary value problem

x”’ = f(ti‘r!a"".‘ I”)'l

(1)) = ¢, z(t2)er, z(i3) = ca,

15 proved.

1991 MSC 34B99

V.Ponomarjovs. Par kadas tresds kartas robeZproblémas atrisinamibu
Anotacija. Pieradita robezproblémas

" = f(t,z,z',z"),
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z(t) = ¢, z(tx)e, z(t3) =ca

atrisinamiba.

HrcTuTyT MaTeMaTuku ¥ MHGOPMATHKH [Tocrymuna 02.01.98
JlaTBH#ACKOTO yHUBEpCUTETA
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