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Summary

The thesis 1s formed as a collection of 5 related papers [10, 11, 12, 13, 24] about
visualization of graph-based structures. Several methods and algorithms for
automated creation of graph-like diagram layouts are presented in the thesis, as well
as algorithms for interactive diagram input and modification.

Graph-based structures arise in many fields where it is natural to represent objects
and their relations in form of a graph. For visualization purposes graph-based
structure is represented by a graph-like diagram, which is mainly a graph but
additional constructions, such as hyper edges and relation representation by nesting,
are allowed. (Fig. 1).

The goal of the thesis was to investigate the

Office
visualization of graph-like information by means of Chiet
easy readable diagrams where object and relation Staft
features relevant for the user, such as closeness, ep—— -
connectedness, symmetry, are visually easily
perceptible in the drawing. In case of large and >*®m*% b=
complex graph-like structures creating diagrams by ~— [smen [ [ |
hand is time consuming, hence algorithmic tools Dm”lz:@ o
have to be created that simplifies and automates the conbosentby |
visualization process. For this purpose theoretic Ha,E;,e
research was carried out and, based on the results, -

methods and effective algorithms were developed
for automatic layout of diagram elements.

The foundation of graph-based structure
visualization is graph drawing discipline [2, 3],
which develops and explores algorithms for
automatic creation of graph drawings. Graph drawing is a fairly new branch but is
developing rapidly due to increase of the systems complexity and their describing
graph sizes when creating a drawing by hand becomes complicated. The main tasks
for drawing a graph-like diagram are:

Fig. 1. Drawing of a complex
graph-like structure.

e Automatic creation of the drawing;

e Automatic modification of the drawing, when its underlying structure has
been changed;

o Interactive input and exploration of the diagram

Automatic creation of the drawing of the diagram is the most widely used
operation because often we have a combinatorial description of data in form of a
graph, which is obtained automatically from database or constructed by some
algorithm, and to obtain easily perceptible understanding about the essence of the
data, a drawing of the diagram must be created. If acquired data change over time, for
example, due to changing the structure of the database, then automatic modification of
the diagram has to be applied to ensure that the drawing contains the latest data.



Sometimes not the data is primary, but the drawing created by the user. Then
convenient diagram input and editing are important. Afterwards, the necessary data is
generated from the created graph-like diagram.

But no matter how drawing of the diagram is obtained, it is important that the
diagram 1s easily readable and shows those properties of the graph that are essential
for specific application. For example, in Fig. 2 and 3 two drawings of the same graph
are shown. In Fig. 3 it can be easily noticed that the graph consists of two independent
parts, which 1s not obvious from Fig. 2. Besides, by adding labels, graphics attributes
e.g. colors, icons or line styles to the graph, we can tell much more about our data as
in other ways. In general, several aesthetics [2, 3] in graph drawing are established
that tell when a drawing would be easily readable. They are:

Edges are short;

Edges are as straight as possible;

The crossing number of edges is small;

Node symbols intersect neither each other nor edges.

Each drawing of a graph should respect these aesthetics as much as possible,
although some layout styles may treat them differently. For example, in the case of
orthogonal edges, the straightness of edges is measured as the number of bends. Also
it 1s often not enough to ensure that diagram symbols do not intersect and ensuring
some minimum spacing between them is required.
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Fig. 2. Graph before layout. Fig. 3. Graph after layout.

Individual graph drawing algorithms are usually grouped in a larger module,
which provides full spectrum of general automatic layout and diagram editing
operations. Then, depending on the application, a specific tool is made based on such
module, which is adopted for the required tasks.

In Latvia the graph drawing tradition began in 1990 with the development of a
business modehng tool GRADE. This tool supports description of business processes
with graph-like diagrams, which are entered by the user. The user feedback shows
that this tool 1s the winner in the field of interactive diagram editing even now what is
achieved by successfully crafted graph layout algorithms.



Later, graph drawing module “Graphical Diagramming Engine” was developed
on basis of the obtained knowledge with substantial participation of the author of the
thesis, which implemented emerged algorithms in a new quality. Based on this
module several graph drawing tools were developed. One of them is LinkViewer,
which graphically displays links between various Web pages, automatically laying out
the resulting graph. Here the size of the graph can reach several thousands of nodes
and edges, hence the effectiveness of the algorthm is highly important.

Now, the worlds leading graph drawing tool is acknowledged to be “Tom Sawyer
Layour”, which provides the widest set of features in the highest quality. The author
of this thesis participates in the development of this tool now.

Diagram Deformation

Important concept arising when the user interactively works with the diagram is
mental map {21, 4]. It is the shape of the diagram that is remembered or imagined by
the user. To ensure that the diagram is still recognizable after its modification, it is
necessary that all diagram operations keep this mental map. But the drawing tool
should help to keep the diagram tidy, ensuring non-overlapping of the diagram
symbols.

To support interactive work with the diagram, the following basic operations are
necessary:

¢ Insertion of a diagram symbol;
¢ Modification of a diagram symbol;
e Removal of a diagram symbol.

To insert a symbol in the place pointed by the user ensuring the non-overlapping
aesthetic, a free space must be obtained where to put this symbol. Similarly, deleting a
symbol should remove the empty space by compaction of the diagram. Modification
of a symbol can be implemented as its removal followed by insertion of the modified
symbol.

We propose to formulate all these actions in a
unified way as an optimization problem — minimize
the deformation of the diagram ensuring minimum
distance requirements [13]. By dividing the process
into two passes, one for vertical segments and one
for the horizontal, and expressing the problem  Fig. 4. Obstacle graph of
mathematically, deformation can be measured as  vertical segments.
the total squared drift of diagram symbols in the
corresponding direction but minimal distances can be represented by an obstacle
graph (Fig. 4). A weight equal to the required amount of the free space is assigned to
each obstacle graph edge. Then by assigning a variable x; to each segment, the
optimal deformation optimization problem can be formulated with the following
mathematical programming task:




min Z(xk -¢,)? , where ¢; is the old coordinate of the k-th segment
k

subject to x; —x; >d,; for each obstacle graph edge (i, /) with weight dj;.

The new coordinates x; of the segment give the shape of the deformed diagram,
which is close to the initial one and where the minimal distances are ensured. In a
similar way, by adding new terms to the optimization function, it is possible to ensure
other relevant diagram features, for example to minimize node sizes.

In the chapter “Optimum Layout Adjustment Supporting Ordering Constraints in
Graph-Like Diagram Drawing” of the thesis an efficient algorithm for solving this
problem is proposed and several other applications of this optimization method
including rectangle packing and intersection removal [16], diagram correction and
compaction [13], providing free place for labels [17], as well as solving some layout
sub-problems [2, 14] are discussed. Due to the well-behaved structure of the
constraints we achieve very fast running time of the optimization algorithm suitable
not only for diagram layout but also for real-time application in interactive editing.

Layout

Depending on the application there can be several characteristics that can be shown in
the drawing of a graph. These characteristics are often grouped and a separate layout
style is created for revealing the chosen features. Let us consider the main layout
styles in the graph drawing module “Tom Sawyer Layout”. They are: hierarchical
(Fig. 5), orthogonal (Fig. 6), symmetrical (Fig. 7) and circular (Fig. 8).
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Fig. 4. Hierarchical Fig. 5. Orthogonal Fig. 6. Symmetrical  Fig. 7. Circular layout
layout style. layout style. layout style. style.

Although visually the styles are different, the layout is produced in a unified way
by combining the following layout phases:

Node layout;

Edge layout;

Label placement;
Component packing.



Depending from the selection of the algorithm in each phase a specific layout
style is obtained.

Node Layout

The task for node layout is to place the nodes on the plane corresponding to the
specifics of the given layout style. This is the first and the most important step of the
graph layout since node position impact on the layout quality is the greatest.

Let us discuss one of the mentioned node placement algorithms — the circular
layout for which the author has developed a new clustering algorithm. According to
this style the graph is divided into node subsets called clusters where nodes of each
cluster are placed on a circle such that edge crossings between them are minimized.
Then a cluster graph is formed by merging all nodes of each cluster into one node of
the size of whole cluster. This graph is laid out using some other layout style,
symmetric, for instance, and then the new nodes are replaced back by the cluster
drawings to obtain the final layout.

For the layout to be pleasing, the most important part is obtaining an adequate
graph clustering. Circular layout is supposed to be used when the size of the graph is
too large to comprehend and its visual complexity should be reduced by clustering.
This 1dea leads us to the following clustering task: dividing nodes into clusters so that
the number of clusters would be significantly less than the number of nodes in the
initial graph but the cluster graph would keep the properties of the input graph as
much as possible.

For the purpose of “Tom Sawyer Layout” the author has implemented the
following algorithm, which is based on recursive bisection:

(1) Create one cluster from all nodes of the graph;
{2) Calculate the desired cluster size as a square root of the
number of nodes;

(3) while {size of the maximal cluster greater than the desired)
(4) {

(5) Find the maximal cluster;
(6) Divide it into two using the ratio-cut algorithm;
(7 }

To get good results it is important to use a balanced cut for dividing the cluster
[19]. One possibility of such cut is ratio-cut [25] for which the author has developed
an efficient algorithm [10]. The algorithm is based on solving a certain mathematical
optimization problem, which is deeply analyzed in the chapter “A Nondifferentiable
Optimization Approach to Ratio-Cut Partitioning” of the thesis. In case when all
arising sub-problems can be solved exactly, the obtained algorithm gives a factor 2
approximation, while the approximation factor for the best previously known
algorithms [23, 18, 20, 19, 25] can achieve log n. '

The presented clustering algorithm, which uses the described ratio-cut algorithm,
gives much better results than other clustering algorithms that were used for layout
purposes.



Edge Layout

When the nodes are positioned, the next step is edge layout. The edges are placed to
connect the corresponding nodes and satisfying the qualities of the required layout
style.

Three kinds of edge layout styles are popular — orthogonal (Fig. 9), polyline (Fig.
10) and curved line (3} (Fig. 11). The most natural but algonthmically hardest
obtainable and less explored is curved edge style {5, 14, 15]. In the chapter “Curved
edge routing” an original algorithm is proposed for producing edges of such kind
what is achieved by expressing layout aesthetics with a cost function and using
mathematical optimization to search a line, which best matches these aesthetics [12].

At first, a cost function is constructed, which maps a number to each point on the
plane how costly it is for an edge to go through this point. This function is expressed
as a sum of several terms each corresponding to some of the graph objects — a node or
already placed edge. In case of a node this term function is infinite inside the node
and rapidly decreasing outside it to ensure a certain distance between the routable
edge and the node. In case of an edge the function is of some finite magnitude and
again decreasing outside the edge. In this way the aesthetics of low edge crossings
and separation are modeled.
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Fig. 8. Orthogonal edge  Fig. 9. Polyline edge style Fig. 10. Curved edge style
style.

When the cost function is created, the edge shape is calculated as a line with the
smallest total cost, which connects the respective nodes. It is accomplished by solving
a differential equation using numencal methods. By using the modem “Level set”
method [22], solution is obtained using moderate computational resources. The
obtained edge shape is very smooth and natural, like drawn by hand.

In general, such approach expressing aesthetics with a cost function allows to
route also orthogonal and polyline edges, however, simpler and faster routing
algorithms for such edges exist [2, 8].



Component Packing

Graph layout algorithms should be able to deal with any kind of input graphs,
including those consisting of several non-connected parts called components (Fig.
13). But several basic layout algorithms, for example, symmetric layout [2, 3] requires
the graph to be connected. In such cases the graph is divided into components before
layout, which are laid out independently using the required algorithm and then
compactly packed together. Traditionally for this task each component 1s represented
by a rectangle for which efficient packing algorithms are known {1, 6, 7, 9] but often
such approximation is too rough and packing density is decreased.
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Fig. 12, Polyomino Fig. 11. Component packing using polyomino
approximation. based algorithm.

In the chapter “Disconnected Graph Layout and the Polyomino Packing
Approach” a packing method is developed where each component is approximated
with a polyomino (Fig. 12), which encloses a drawing of a component much tighter.
Algorithms for polyomino packing in different scenarios are presented: minimizing
the total used area, ensuring the aspect ratio of the packing area and packing in pages
of fixed size [11]. The results of the proposed algorithm are demonstrated on random
forest graphs (Fig. 13) and compared to other known algorithms. The polyomino
packing algorithm delivers significantly better packing density not only for
components but also for packing rectangles. The running time is slightly worse than
for rectangle packing algorithms but is acceptable for practical graphs comprising up
to several thousands of compomnents.

Validation of the Algorithms for Layout of Gene Expression Graphs

Based on the “Graphical Diagramming Engine” graph drawing module, gene
expression graph visualization tool was developed [24] where the obtained drawings
allowed to 1dentify several new gene features. Important graph features that need to be
visualized here are node in- and out-degrees as well as connected components of the



graph. Mostly the hierarchical layout algorithm was exploited, since it clearly shows
the nodes with high in- and out-degrees by placing them in the opposite sides of the
drawing. Also the symmetric layout was used to produce pleasing drawings for
presentation. The components were placed with the polyomino packing algorithm
discussed in the thesis. Deeper information about the used algorithms and results are

provided in the chapter of this paper “Building and analysing genome-wide gene
disruption networks”.
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OPTIMUM LAYOUT ADJUSTMENT SUPPORTING ORDERING
CONSTRAINTS IN GRAPH-LIKE DIAGRAM DRAWING

Kérlis Freivalds and Paulis Kikusts

institute of Mathematics and Computer Science, University of Latvia, Raina bulv. 29, R1gd LY-1459, LATVIA;

e-mail. {karisf paulis}@mii.lu.lv

Communicated by Janis Barzdina

We propose an optimisation-based fechnique for layout operations ensuring flexible and caonven-
ient interactive editing of a wide class of graph-iike diagrams. Diagrams may be very complex,
containing nested nodes, textual labels on connection paths, and branched structures of paths.
Layout aperations rely on a mental map preserving optimum layout adjustment via solving a
quadratic programming problem subject to ordering constraints. For this purpose, we have devel-
oped a highly efficient mathematical programming method. This method also enables to solve
several refated optimisation problems, such as optimum placement of vertices into layers, or hor-
zontal coordinate assignment for layered vertices, which were considered to be difficult in prac-

tice.

Key words: Graph drawing, mathematical programming, mental map.

INTRODUCTION

Graph-like diagrams are graph-based pictorial models that
indicate the interrefationships of elements of various struc-
tures. Graph-like diagrams are widely used in many areas to
describe information and its structure, for example, to de-
scribe the connections between enterprises for the develop-
ment of specifications, or for program code representation
(Martin and McClure [988; Booch e al., 1999).

An important aspect for users is diagram visualisation, i.e.
drawing them in a readable way. Such a process is called di-
agram layout. A layout of a diagram can be created interac-
tively by the user, or automatically by a program. The inter-
active drawing approach (Di Battista et ai., 1999) has led to
a concept of a mental map, i.e. the general view of the dia-
gram imagined by the user (Bridgeman and Tamassia, 1998;
Di Battista et al., 1999; Misue ef af., 1993). The mental map
of a diagram needs to be preserved during the [ayout pro-
cess in order to ensure the user’s controi and understanding.
Thereby all changes to the diagram always have to be mini-
mised, so the optimisation approach rises in a natural way
along with the notion of a mental map.

The concept of a mental map, together with optimisation
questions, has been much studied in research literature.
Misue ef al. (1995) discusses the problem of preservation of
the mental map. The authors propose several models to
make the concept of a mental map more precise: orthogonal
ordering, proximity relations, and tepology. Hayashi er al
(1998) further develops the approach to avoid the intersec-
tions among rectangles. In a paper by Bridgeman and
Tamassia (1998), formalisation of the notion of a mental

Proc. Laivian Acad. Sci., Seciion 8, Vol 55 (2001), No. L

map is performed, and the differences between iayouts in
various aspects are expressed mathematically: distance,
proximity, orthogonal ordering, shape and topology. Other
anthors (He and Marriott, 1997) use mathematical program-
ming, including quadratic, to preserve the mental map in an
interactive layout when repeated modifications occur.

STATEMENT OF THE PROBLEM

Our graph-like diagrams are combinatorial structures con-
sisting of three principal kinds of elements: nodes, relations
among nodes, and labels. Each element is represented by a
corresponding geometrical object. A layout of a diagram i3
an arrangement of these geometrical objects on the plane
(Figure 1).

Nodes are basically represented as two-dimensional sym-
bols, most commonly by upright rectangular boxes or cir-
cles. Here, we will use only rectangular boxes,

Relations are represented by: (1) paths, i.e. single rectilinear
polyiines connecting symbols that represent the associated
nodes, Figure la; (2) forks, i.e. branched structures of recti-
linear polylines, Figure 1b; and (3) inclusions, i.e. placing
one node symbol inside another, Figure 1c.

A fork is modelled by introducing a point-shaped object
called a support, which is the common endpoint of the paths
forming a fork (Figure 1b).

Labels are text fields represented by upright rectangles, and
are categorised into node labels and path labels, Node labels
are placed inside the nodes on the specially assigned mar-

a3
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Fig. I.'Simple diagram (a), diagram with forks (b}, and diagram with nested nodes (c).

gins. Path labels are placed near their limes in an under-
standable way to identify which label belongs to which line.

Since we allow a wide range of geometrical representations
of relations, our layouts cover the full spectrum, from draw-
ings of simple graphs (Fig. 1a) up to UML diagrams (Booch
et al, 1999} (Fig. 1b), including essentially generalised
K. Sugiyama's and K. Misue's compound graphs (Sugiyama
and Misue, 1991) (Fig. lc). Figure 2 depicts this entire
spectrum.

The task of diagram layout is to represent the information of
diagrams in an easily perceptible way (Ding and Mateti
1990; Protsko et af, 1991). Accordingly, a correct layout
must satisfy the following natural geometric constraints:

(C1) node rectangles are not smaller than a minimum size,
(C2) path lines have no common segments,

{(C3) the minimum distance 8§ > Q is guaranteed between
nonintersecting segments of geometrical objects,

(C4) path labels neither overlap each other, nor node con-
tours, nor path lines,

{C5) node contours do not cross each other,

{C6) path lines do not intersect node contours unless forced
by inclusions.

We allow variable size node rectangles for several reasons.
At first, we have to be able to draw graphs of degree much
higher than four (Di Battista et ai., 1999; Miriyala er al,
1993), Also, editing node labels or putting one node inside
ancther one could cause changes in node sizes. Similarly,
inserting new nodes or path labels between the paths con-
tacting the same node may require changing its size.

To create the layout of a diagram interactively or automati-
cally, we go through several relatively independent stages.
The main stages are node layout, path routing, and label as-
signment. At each stage, we provide a correct intermediate
layout which preserves a common mental map. Modifica-
tions to the layout, while preserving the mental map, are
done by optimum layout adjustment via solving two quad-
ratic programming problems, separatety for the horizontal
and the vertical directions, subject to the ordering com-
straints corresponding to each direction.

44

Fig. 2. Complex diagram.

This approach conforms to several important ideas proposed
in the literature. First, layout adjustment requires the objects
to move or to stretch (Miriyala et al., 1993). Furthermore,
an optimum adjustment involves mathematical program-
ming {(including integer, linear, and quadratic) that is widely
used in graph drawing (He and Marriott, 1997, Di Battista
et al., 1999). Recently, Di Battista, Didimo er al. (1999) and
Klau and Mutzel (1999) also elaborated related concepts
and touch ours in some basic points.

The deviation of the layout from the intended mental map
can be measured by a function to be minimised. Our function
comes from the concepts of distance metrics (Bridgeman
and Tamassia, 1998) and position constraints (Di Battista er
al., 1999), Minimisation is done subject to ordering con-
straints. Di Battista et al. (1999) showed how ordering con-
straints can be used in layered drawings for horizontal coor-
dinate assignment, However, when discussing the use of a
quadratic programming approach, the authors wam that the
soludon requires considerable computational resources, even
if the ordering constraints form an acyclic graph. Such con-
straints are also described by Gansner et al. (1993) for find-
ing optimum layering by integer programming. Below, we
will show that our technique, which is based on the gradient
projection method (Minoux, 1986), allows us to solve these
problems spending quite moderate computational resources.

A quadratic programming algorithm is the principal part of
our procedure called Normatise, which ensures a correct in-
termediate layout while not destroying the common mental

Proc, Latvian Acad. Sei, Section B, Vol. 55 (2001), No. |.



map at each layout creation stage. Normalise is our back-
bone operation and is discussed below.

LAYOUT NORMALISATION

when modifying a diagram, the user inserts new nodes or
paths, adds path {abels, or changes the geometrical atrib-
ytes of diagram elements. Without difficulty, all of these ac-
dons can be accomplished keeping the constraints C4, C35,
and C6 satisfied, ye? the remaining constraints may be vio-
tated, To satisfy the constraints C4, C5, and C6, new nodes
and path iabels have to be represented by zero-size rectan-
gles {i.e. points) located in the desired positions (the bold
dots in Fig. 3a).

The Normalise operation ensures that the constraints C1 1o
C6 are satisfied, including minimal distances between
newly routed paths, and minimal sizes of elements preserv-
ing the initial mental map. For newly added nodes and path
labels the Normalise operation assigns correct sizes to these
elements. Also correct node inclusions are ensured.

Preservation of the mental map means for us minimisation
of the total distance between the new and the old locations
of the diagram elements while keeping their ordering undis-
turbed. Since our diagram elements are represented by up-
right rectangles or rectilinear polylines, the layout geometry
consists anly of vertical and horizontal line segments,
Therefore, all layout modification operations we can do
separately: first, for the vertical layout segments (Fig. 3a),
then, for the horizontal layout segments (Fig. 3b). Note that
after processing the vertical segments, the nodes and path
labels represented by points become horizontal segments
due to minimum size requirements (Fig. 3b).

Let us consider more closely the case of vertical line seg-
ments. In this case, it is necessary to find only the x~coord-
inate of each segment. The objective is to assign the x-ceo-
rdinates to the segments in a way that a chosen cost function
attains its minbmum, taking certain constraints into account.
The basic constraints here are minimum horizental distance
requirements.

To retain the general view of the given layout, the ordering
of segments is predetermined in some sense. The main idea
is a segment obstacle relation, which is derived from seg-
ment visibility: segment & is an obstacle of segment a if:

- projections of the extended segments of a and & on the
vertical axis overlap,

- the abscissa of @ is smaller than the abscissa of &,

- there is no segment ¢ between a and b such that ¢ is an op-
stacle for @, and & is an obstacle for c.

Here, for the given segment, the extended segment is a seg-
ment which is obtained from the given one by extending it

) . . .
both ends by 5 (refer to constraint C3), if the given segmemnt

is of non-zero length. Such a relation allows for peoint-
shaped ohjects to slide freely among other diagram objects.
while path endpoints remain enclosed between the corre-
sponding node sides.

The obstacle relation defines the obstacie graph of the sea-
ments. The obstacle graph is planar, therefore, its edge
number is small. Moreover, the edges of the obstacle zraph
may be acyclically directed from left to right, thus defining
the basic ordering of fayout segments.

The basic ordering does not represent the complete ordering
information. Some additional relations have to be added o
ensure correct ordering for newly inserted nested nodes that
are represented by single points. In order to guarantes con-
straint C2, a special procedure is called for overlapping path
segments to aveid unnecessary path crossings.

After a complete segment ordering is determined, it is also
represented by a graph. Besides ordering information. we
include additional arcs into this graph: from the left seg-
ment of every nede to its right segment, thus ensuring mini-
mum node size constraint C1. We call the graph obrained
the constraint graph. Like the obstacle graph. the constraint
graph is acyclic, and also small.

We have found that layout optimality may be expressed viz
a quadratic optimisation problem:

minimise F(x|. Xy, ... %)
subject to Y-x 2 d‘.j z 0,

where x, x,, ... x, are the e-coordinates of the segments.
and the pairs (/, /) are the arcs of the constraint graph.

The function F is built to minimise the changes of the lay-
out, and in the most uysual form is a sum comprising sum-
mands of two kinds corresponding only to diagram nodes,

To minimise the node drift, we introduce the summands

(x;—t—xr

2
sas of its left and right segments, and x,, is a constant denot-
ing the abscissa of its old centre. To minimise the node sizg
F also comprises the summands of the form w-(x, - x/".

—xc)l, where for each node, x, x, are the abscis-

=, |
l' """" i — st
IS S . = e —————
A | St f A o [ —
[ ] ‘ B | . , _
"""" _— [ :I Frg. 1 Vertical layou! segments 12, honzan
e | tal layout segments (k). and all layout seg-
mems ic). The hold dots are zerp-sizzd nudzs
a b c and labels: the support 1s depicted as avircle
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The weighting factor w should be chesen in an appropriate
way. The value 10 seems adeguate.

After the minimisation problem has been solved, the dia-
gram is recalculated for the new locations of the vertical
segments (Fig. 3b).

Analogously, the layout is processed in the vertical direc-
tion (Figs. 3b, 3c).

OPTIMISATION TECHNIQUE

As described above, we must deal with functions in the
form

Fm =Y Li(x), (1)
k

where L(x) denotes some linear functlon depending on an
n-dimensional point x = (x,, x,, .. x") We need to minj-
mise £ subject to the inequality

Ax 2 d, @

where each row r of the m x n matrix 4 comprises only two
non-zero elements -1 and +1 in columns /, and j, respec-
tively, and all the pairs (/. /,) form an acyclic graph.

We have chosen the gradient projection method (Minoux,
1986) as a theoretical background for solving this quadratic
programming problem.

The solution is found in two stages. First a feasible starting
point x, satisfying the inequality Ax; 2 4 is searched. If such
a point exists, then our problem obviously has 2 solution.

Lemma 1. The set of feasible points is non-empty.

Proof. Let us number the vertices of the constraint graph
topologically, and let 4, be the maximum component of
m-tuple d. By setting x, = i-d, ., we satisfy the condition (2).
[ ,

After the starting point is found, iterations are performed in
order to find the soiution. At each iteration, the current
point x is changed so that F decreases.

We have to distinguish two major cases: whether the ine-
quality (2) is strong or not.

Case dx > 4.

In this case, the point x is strongly inside the feasible area
and we may shxﬁ x in the direction of the steepest descent
g = (~VF).

We find two scalar values: t, minimising the function fz) =
Fx+gt), 120, and

T,=max (t2 0 {A(x+gv)2d.

Finding both 1, and 1, is easy, because f{t) is a quadratic
function and (2) is reduced to m linear inequalities of one
variable.
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Then x has to be changed to x + gmin(t|, 1,).
2 li east ime

In this case, the point x is on the border of the feasible g,
and we must shift x along the border in the direction Whigh
is the projection p of g onto the border.

To calculate p, let us introduce a new mg x n matrix 4 0 as
the submatrix of 4 consisting of those rows of 4 for Whmh
strong equalities in (2) take place. Let dj, be the correspong.

ing subcolumn of d. We call the corresponding subgraph o
the constraint graph the active constraint graph and denge
it by G,.

Lemma 2. Al vertices of every connected subgraph of G,
have mutually equal corresponding projection componem,;

Proof. From the choice of 4, we have Apx = d, and for aa
arbitrary shift y along the border defined by 4, we havg;
Aglx + y) = dy, too. Hence .

Ay =0, DR
ahd consequentl& App =‘0. - )
The last equality means that, for an arbitrary row of 4, we
have p, = o i.e. all arcs of G; have equal projection compo-‘

nents for both ends. The required statement follows i u-nme-A
diately. = i

Lemma 3. Let S be the index set of vertices of an arbitrary
maximum connected subgraph of Gy, and as stated above,
all its vernces have the same projection component ps Then

o
s” |51 keS '
Proof. As p is the projection of g, g~ p is perpenchcular to
all directions y along the border. Because of (3), g — p can
be expressed as some linear combination of rows of A4y, |e
taking an appropriate my-tuple u ,

g-p=Aow. O

The k-th row in the last equality is g, — p, = i Qe where
a;;, denotes an element of 4,

‘P-'Ja ‘I‘ﬂ‘{’ﬁ

We have Z(gk—pk) Zi Al —i“lza*k and,

keS i=l
since § includes none or both ends of G's arcs, Z ag™

kel ele—
because each row of 4, comprises exactly two non-zero

g

ments 1 and +1, Hence ¥ (gi - pi) = 0, and ng j_
kes &

pr =|S/ps. ® -
Lemmas 2 and 3 show that p is calculable from g in 2 "“'.y;,

simple way.

‘ er.
After p is calculated, we need to distinguish two Oth“m
cases. i

, No. 1
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ep = 0. N

In this case, as in the case Ax > 4 we find two scalar values:
T, minimising the function f{7) = F{x + p'r), 720, and 1, =
max (1 2 0 | A(x + p1) = d). And then change x to x +
pmin(t), ).

ase p =

In this case we need to change the matrix A, or stop the it-
erations. Because of the convexity of our optimisation prob-
lem, the Kuhn-Tucker conditions (Minoux, 1986) allow us
to distinguish between the two cases.

From (4), we have
g = Ao, (5)

The Kuhn-Tucker conditions mean that if there exists u sat-
istying (5) and

=0, =12, ... mp, : (6)
then the optimum is reached.

Lemma 4. Let all vertices of Gy be partitioned into two dis-
Jjoint subsets V and V in such a way that all arcs joining V
and V' go from V to V thus forming a directed cut separat-
ing Vand V. Let § be the index set of vertices of V. If the
cut is positive, fe. ng > 0, then every u satisfying (5} vi-

olates (6). Also, g!;.::ES directed inside the feasible area rela-
tive to its border defined by those rows of Ay which corre-
spond to the arcs of the cut, and the projection of g onto the
Jeasible area’s border defined by the other rows of 4 is not
equal to Q.

Proof. Let C be the index set of rows of 4, corresponding
to the arcs of the cut.

Since each row of A, comprises exactly two non zero ele-
ments (-1 and +1) that indicate the endpoints of the arc cor-
responding to the row, and since only arcs of the cut have
exactly one (marked with +1) endpaint belonging to ¥, we

LifieC
have Zaik ={ L.
ier 0, otherwise

Hence, as wu satisfies (5), ZSk‘Zi Qg

kes i=]

i”: Z“:k = Zu,, and Zu > 0, because of the defini-
=l ke§ ieC

tion of a positive cut (refer to the statement of this Lemma).
Obviously, for some i u, > 0, i.e. (6) dees pot hold.

To prove that g is directed inside the feasible area relatively
to its border defined by those rows of A which correspond
to the arcs of the cut, we show that there exists u satisfying
(5) such that u; 2 0 for all ieC.

Assume first that Gy is connected and our cut is a minimum
cut, i.e. any proper subset of its arcs does not form a cut. In
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such a case, there exists a spanning tree in Gy that includes
exactly one arc fram our cut. We remove from G, all arcs
of the cut except the one of the spanning tree, and we re-
move from A4 the corresponding rows, thus obtaining the
graph and the matrix An Besides, there exists such a (m; —
|C] + 1)-tuple «’ for which g = Ao u',

In the graph G the vertex sets ¥ and ¥ are still separated
by a positive directed cut. Hence, by the same argument as
for u, the unique component of #' corresponding to the cut
is positive. It is easy to see that the required u is obtainabie
from u' by setting all missing components to 0.

In the case when G, is disconnected or our cut is not a mini-
mum one, those parts of the cut, which are minimum cuts,
must be examined separately in each maximum connected
subgraph of G,.

Finatly, let us show that the projection of g onto the feasible
area’s border defined by those rows of 4, which do not cor-
respond to the arcs of our cut is not equal to ¢

Denote by (5| the graph abtained from (5 after removing
all arcs of the cut, Some of G's maximum connected sub-
graphs constitute the part ¥. Let S, (j = 1, ...) be the vertex
index sets of these subgraphs: §=§, L.... . Since S, are mu-

tually disjoint and ng > Q, some of the sums ng must

keS kel
be different from 0. Recalled Lemma 3, this means the re-

quired property of the projection of g. m

Lemma 5. [f for every directed cut separating V and V in
Gy Z gy <0 holds, then there exists u satisfying (3) and
keS

(6).

Proof. Let us extend G, by adding two new vertices s and 1,

and by adding additional arcs from s to all vertices with ¢, =
0, and from all vertices with g, < 0 to . We are about 1o
pass a flow through the extended graph. The capacity of the
original arcs is set to o, and the capacity of all arrs adjacent
to 5 or £ is the value |g,| corresponding to the second end of
the arc.

There exists a flow with a value'g’ = Z g4 To prove this,

>
we have to verify the well-known Fgc;'r_c?-Fulkerson condi-
tion: the total capacity ¢, for all ingoing arcs of every set
Fi{¢} must be at least g+, where ¥ is a subset of the verti-
ces of Gy,

If at least one arc from G, goes into ¥, then ¢, =« > g

In the opposite case, G, has a directed cut separating ¥ and
V.

Let S and S be the index sets of vertices from V' and V' re-
spectively, and

S

keS g, <0

D g g5 =
kes g, >0
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It is clear that g* = g§ + g and. by the condition of the

Lemma to be proved, g% +g5 50,

Since only arcs going into Vu{!} are adjacent to s or ¢
= - _ _+ - +

Cm - “3.5‘ =8 ‘gS 2g L

Thus, a flow with a value g* exists and gives the values

9, 20,i=1,2, .. myto arcs of G,

Let In(k) and Oue(k) denote the index sets of ingoing and
outgoing arcs of the kth vertex of Gg. It holds that /n(k) =
{i| ay > 03, Ow(k) = {i| ay < 0}.

It is easy to see that for our flow we have:

= 2.0 2.0;= 2.0, th.=§afk (=9 )

ielw(ky iefnlk) 1y <) fay >0 i=}

Hence g = AOT(—{p), where @ =(¢ [,, P )T. ]

Lemmas 4 and 5 show how to distinguish, in the case p = 0,
between changing the active constraint graph or stopping
the jterations. If there exists a positive directed cut, itera-
tions must be continued beforehand removing the rows cor-
responding to the arcs of the cut from 4.

Testing of the existence of such a cut is the most complex
part of our optimisation method. Fortunately, the question is
well-studied and can be solved by the maximum flow tech-
nique (Cormen e: al., 1990).

The method may be made significantly faster due to a very
clear geometric background of the problem. Indeed, accord-
ing to Lemmas 2 and 3, when we shift the cusrent point x to
its new position, each maximum-connected-compenent of
the active constraint graph moves as a rigid body. There is
no need to move all components simultaneously by the vec-
tor g'min{t;, T5). Any direction where F decreases is admis-
sible. We can take components one by one and shift them in
a direction which decreases the function. [f two components
touch each other, we merge them.

The outline of our algorithm follows:

(1) Shift and merge components of the active constraint
graph while possible;

(2) Calculate a positive cut;

(3) If such a cut exists, remove its arcs from the active con-
straint graph and continue with ([).

Furthermore, we can eliminate costly flow computations by
maintaining a spanning wee in each component. At each
merge, we update the tree by adding one active arc betweep
the two components. The necessary cut of the tree can be
calculated in linear time.

APPLICATION EXAMPLES

The main and the most important application example is
diagram normalisation. To measttre the time complexity of
our optimisation method, we generated a series of realistic-
looking diagram examples randomly in the following way.
We take M random upright rectangles representing diagram
nodes, Placing them randomly, they may intersect (Fig. 4a).
To obtain a correct diagram, intersections must be elimi-
nated. This task is solved by our technique, giving the initial
node [ayout (Fig. 4b). Next, we add N random independ-
ently routed paths. Independent routing may generate path
segments that violate minimum distance requirements,
which are then corrected by the Normalise operation (Fig.
4c). As the last step we add path labels, freeing the required
space using one more Normalise operation (Fig. 4d). In all
steps, the mental map of the initial rectangle positions is
preserved.

Basically, the preservation of the mental map is expressed
as minimisation of node drift subject to obstacle graph re-
quirements. We can use a different mode! as well, for exam-
ple preserving the orthogonal ordering as discussed previ-
ously (Misue ef al., 1995; Hayashi e g/, 1998). In our
technique, we only add arcs between adjacent rectangles
{with respect to the ordering) to our constraint graph. Figure
5 shows the rectangle intersection elimination while pre-
serving the orthogonal ordering applied to the same starting
position (Fig. 4a).

Tables 1 and 2 show the performance of the C++ implemen-
tation of our optimisation method running on a PENTIUM
120Mhz computer. The average data from ten examples i3
taken. Table [ reflects diagram processing illusirated in Fig-

Fig. 4. Initial rectangies (a), rectangles afier intersection elimination (b), normalised random paths (c), and random size path labels (d)
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Table |
DIAGRAM PROCESSING
Intersection elimination Path routing Labeling
n I T 5 T n, I, T n, i, T, n, . T n, 1, T,
1600 9 0.1 IR 03 5610 37 3.1 5545 37 29 6610 10 13 6545 21 2.2
2000 Lt 03 29 09 13140 60 12,7 | 13001 46 92 | L5140 9 27 15001 26 6.9
3000 16 0.6 38 1.6 | 21616 66 21.7 1§ 2147 38 18.1 | 24616 10 44 | 24427 34 142
4000 16 0.9 48 2.7 30899 82 383 1 30640 15 330 | 34899 11 73 34640 36 21.8
(== ] T Table 2
H ] RECTANGLE INTERSECTION ELIMINATION
o
U ] D — Obstacle ordering Orthogonal ordering
e = RS
I:' o l:“:l n T = Iy Ty fx Tx ]y Ty
= D 1000 8 0.1 17 } 0.2 17 02 24 03
O 7 o]
|:| :I 2000 i2 0.3 26 0.7 27 0.7 37 1.0
4000 16 1.0 46 2.8 43 24 60 34
Fig. 5. Rectangles of Fig. 4a after intersection elimination preserving or- 8000 24 3.0 8 | 106 74 ’ X 105 ‘ 13.0
thogonal ordering

16000 38 8.6 145 352 123 3.6 193 [ 513

ure 4. Table 2 shows elimination of rectangle intersections
on larger datasets in two cases: (1) preserving the orthogo-
nal ordering, and (2) only with the obstacle graph approach.
The segment count (r), iteration count (J} and time in sec-
onds (7) are given in the x and y directions separately.

The processing time obtained in our experiments can be ex-
pressed as ~F, where 1.5 < p < 2 depending on the prablem
type. Such time performance is quite good in practice since
our diagrams usually contain up to several thousand seg-
ments, and the method is fast enough.

DISCUSSION

Qur optimum layout adjustment technique was developed to
handle graph-like diagrams of complex structure. Our nor-
malisation concept is very powerful and allows gradual dia-
gram layout creation in several stages. An independent path
routing, followed by normalisation, is very convenient be-
cause the node layout stage does not have to consider the
paths in great extent. We can process the most complex path
structures, including forks, after the nodes have been laid
out. The known algorithms today either do not deal with
forks or demand some simplifying conditions. For example,
the algorithm given by Seemann (1997) requires forks to
form an acyclic graph. Handling forks as supporss removes
such limitations.

Other operations based on our normalisation concept are
layout correction and compaction. Correction is 8 Normai-
ise-like procedure that leads to the constraints C1...C6 be-
ing satisfied. We only have to replace all nodes by zero-
sized rectangles and calculate a correct constraint graph.
Compaction is another analogue of the Normalise proce-

F'roc. Latvion Acad Scr, Section 8, Vol. 55 (2001), No. 1.

dure. It reduces the distance between nodes by minimising
some other cost function.

Generally, our proposed optimisation technique is usable in
automatic layout, when diagrams are reduced to graphs. We
combine two algorithms that lay out undirected and directed
graphs, respectively.

Since we use a grid in the automatic graph layout, we have
to notice that with practically good approximation, our opti-
misation technique soives the corresponding integer pro-
gramming problem by simply rounding off the real-valued
solution. More importantly, we are not restricted to a quad-
ratic function, since the same atgorithm also handles a lin-
car one. Besides, in the integer linear case we obtain the ex-
act result because of the simplicity of our constraints.

An undirected graph is laid out on the grid, repeatedly mov-
ing each vertex to a free gridpoint nearest to the barycentre
of its neighbours, To ensure free gridpoints near the desired
place, we expand the layout, time after time, by compacting
it and inserting empty rows and columns.

A directed graph is laid out conventionally in a layered
structure (Gansner er af., 1993, Di Battista ef al., 1999). If
the graph contains cycles, then the number of edges going
upward is minimised and temporally reversed, thus obtain-
ing an acyclic graph. First, vertices are placed into layers,
and then ordered inside them to minimise edge crossings. In
both cases, our optimisation technique is involved in the
following way.

In accordance with (Gansner er al., 1993, Di Battista ef /.,
1999), optimum placement of vertices into layers minimises
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the total vertical extent of all edges, i.e. the sum of differ-
ences between layer numbers of edge vertices. Taking our
remporary acyclic graph as the constraint graph and requir-
ing the vertical extent of each edge to be at least 1, we im-
mediately obtain an integer linear programming problem,
which is solved as mentioned above,

Further, vertices are ordered inside layers according to their
neighbour barycentres. To keep the vertices separated, we
perform the Normalise operation. After the vertex order is
determined, we assign the final horizontal coordinates,
minimising the total edge length squares as suggested by Di
Batiista et al. (1999). We sum only squares of the horizontal
axtent of the edges. and minimise this sum subject to con-
straints induced by extremely simple linear vertex ordering
inside each layer. Despite the caution given by Di Battista ef
al. (1999), our optimisation technique does not require con-
siderable computational resources and sofves the minimisa-
tion problem efficiently.

Another particularly important stage of fayout creation
ts path label assignment. Maintaining textual labels on
paths is a hard problem managed only by a few systems
(Kikusts and Ruéevskis, 1996; Dogrusoz et al, 1998,
http:/Awww.gradetools.com/). Our approach essentially fa-
silitates the labelling problem by separating it into two in-
dependent and technically simpler subproblems: (1) looking
tor free places, and (2) deforming the layout if there is not
enough space. Having good initial label positions, the Nor-
malise procedure provides their cotrect size while preserv-
ing the initial mental map, thus obtaining quite pretty path
labelling (Attp:/fwww.gradetools.com/).
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[ZVIETOJUMA OPTIMALA SAKARTOSANA PIE SECIBAS IEROBEZOIUMIEM GRAFVEIDA DIAGRAMMU ZIMESANA

Picdavals matematiskds opiimizicijas papémiens interakiivam izvictosanas operdcijdm, ar kuru palidzibu elastigi un érti ar datoru ir konstrugjamas up
rediggiamas grafveida diagrammas. Diagrammas var biit [oti sare2gTtas un saturét seometriski ieklautus blokus, uzrakstus pie savienojumu 1inijim, k3 arf
zarotus savienojumus. lzvietodanas operacijas balstitas uz izvietojuma optimélu sakartndanu, sagiabgjot lietoldja tecer€tle diagrammas vispisgio szskatu. To
dara, atrisinot kvadritisklds programmedanas uzdevwnu pie secibas ierobeZojumiem. Sim nolikam darb3 izstradata pafi efekiive matematiskis
programm&3anas metode, un t5 dod iespEju atrisindl arl vitkni radniecigu optimizdcijas uzdevumu, t3du ki oplimils virsotqu izvietojums pa slapiem va
horizontdlo koordinatu picskirfana sldgu virsom&m, kuri 17dz 3im bija uzskatiti par praktiski griiti risinémicm,
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Abstract. We propose a new method for finding the minimum ratio-cut
of a graph. Ratio-cut is NP-hard problem for which the best previously
known algorithm gives an O(log n)-factor approximation by solving its
dually related maximum concurrent flow problem. We formulate the min-
imum ratio-cut as a certain nondifferentiable optimization problem, and
show that the global minimum of the optimization problem is equal to the
minimum ratio-cut. Moreover, we provide strong symbolic computation
based evidence that any strict local minimum gives an approximation by
a factor of 2. We also give an efficient heuristic algorithm for finding a
local minimum of the proposed optimization problem based on standard
nondifferentiable optimization methods and evaluate its performance on
several families of graphs. We achieve O(n'®) experimentally obtained
running time on these graphs.

1 Introduction

Balanced cuts of a graph are hard computation problems important both in
theory and practice. Ratio-cut is the most fundamental one since most of the
others including minimum quotient cut, minimum bisection, multi-way cuts can
be easily approximated using it [13,20]. Also several other important approxi-
mation algorithms like crossing number and minimum cut linear arrangement
are based on the ratio-cut [13]. Ratio-cut has many practical applications, most
important being VLSI design, clustering and partitioning (23, 14, 1].

Since ratio-cut is a NP-hard problem [15] we must seek for approximation
algorithms to solve it in practically reasonable time. Many purely heuristic algo-
rithms were developed (23, 25, 21, 8] most of them relying on simulated annealing,
spectral methods or iterative movement of nodes from one side of the partition
to the other. A common idea exploited by several authors [25,2,9,21,22] to im-
prove their quality is using multi-scale graph representation usually obtained by
edge contraction. At first a partition at the coarsest scale is obtained and then
refined to a more detailed one by one of mentioned algorithms. Although these
algorithms may perform well in practice no optimality bounds are known for
them.
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The best previously known algorithm with proven optimality bounds finds an
O(log n)-factor approximation, where n is the number of nodes in the graph. It is
based on reduction of the ratio-cut problem to the multi-commodity flow prob-
lem, which can be solved with polynomial time linear programming methods.
Unfortunately this method is not practical since the resulting linear program is
of quadratic size of the number of nodes in the graph and cannot be solved ef-
ficiently. Then, approximation algorithms [16,17, 12, 24] were discovered for the
multi-commodity flow problem itself making this approach usable in practice.
Several heuristic implementations [16,11,24] are based on this idea, some of
them quite effective and practical. The most elaborate one [11] can deal with up
to 100000-node graphs in reasonable time.

In this paper we propose a new way of finding the minimum ratio-cut of a
graph. We construct a nondifferentiable optimization problem whose minimum
solution equals the minimum ratio-cut value and use nonlinear programming
methods to search for it. Since the problem is non-convex, we may find only
a local minimum. However, we show that any strict local minimum gives us a
factor of 2 approximate cut. For that purpose we introduce a notion of locally
minimal ratio cut for which no subset of nodes taken from one side of the cut
and moved to the other side decrease the cut value. We establish one-to-one
correspondence between strictly locally minimal cuts and strict local minima of
the proposed optimization problem.

The reduction of a NP-hard discrete problem to a continuous one is not a
novel idea. For example the maximum clique problem of a graph can also be
stated as an optimization problem [6] and numerical optimization methods for
finding the optimum may be used. However for the maximum clique problem no
optimality bounds of a local minimum are known. To show that our method is
practical we present an efficient heuristic algorithm for finding a local minimum
of the proposed problem, which is based on the standard methods of nondiffer-
entiable optimization and analyze its performance on several families of graphs.
With the proposed method we can find a good partition of a 200000-node graphs
in less than one hour.

2 Problem Formulation

We are dealing with an undirected graph G = (V, E), where V is its node set
and F is its edge set. The nodes of the graph are identified by natural numbers
from 1 to n. Each node i has a weight d; = 0, and each edge (2, j) has a capacity
ci; = 0, satisfying the properties c;; = c¢j;, ¢i; = 0. We define ¢;; = 0 when
there is no edge (i,7) in G. We assume that there are at least two nodes with
non-zero weights. (A4, A’) denotes a cut that separates a set of nodes A from its
complement A’ = V\A. The capacity of the cut C(A, A’) is the sum of edge
capacities between A and A'. The ratio of the cut R(A4, A') is defined as follows

€A €A’
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A Nondifferentiable Optimization Approach to Ratio-Cut Partitioning 3

We will focus on finding the minimum ratio-cut i.e. the cut (4, A’) with the
minimum ratio over all nonempty A, 4'.

Definition 1. A cut (A, A’) is locally minimal if for all non-empty U C A, U #
A : R(AA") < R(A\U,A" UU) and for all non-empty U’ C AU # A’ :
R(A,A") < R(AUU’, A'\U"). Similarly we call a ratio-cut strictly locally minimal
if strong inequalities hold in this definition.

3 Ratio-Cut as an Optimization Problem

We can assign a variable z; € R to each node i and consider the following
optimization problem over z from R".

min F(z) = Y cijlzi — x5 (2)
ijev
subject to H(z) = Z didj|z; — z;] =1, (3)
ijeV
Z I = 0. (4)
iev

This optimization problem is equivalent to the ratio-cut problem in the sense
described below.

Definition 2. A characteristic vector 3 for a cut (A, A’) is defined such that
its components
A _ {a,i €A

P = Qb ie A rwhere (5)

R S I R B |
22d|2d, lV’ QZd,"Zd,' ]1"1.

€A ig A i€A €A’

a=

It is straightforward from this definition that for a cut (A, 4') =4 satisfies
the constraints (3, 4), and F(z) = R(4, 4").

Definition 3. For some feasible x and some p € R we call the cut (P, P')
positional, if P = {i|z; < p}, P' = V\P, and both P and P’ are non-empty.
The ratio of this cut Ry(z) = R(P,P'). For a fized r we can speak of minimum
positional cut Rumin(z) over all possible positional cuts obtained for different p:

Rmin(w) = Egg R-p(x)-

Theorem 1. For each feastble z* of (2, 8, 4) F(z°) > Ruin{z"). Also F(z*) >
Rumin(z”) if there are at least two positional cuts with different values.
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4 Karlis Freivalds

Proof. Here we only sketch the main steps of the proof, for details omitted due
to space limitation refer to [7]. Let us partition all nodes into three sets Uy, Ua,
'3 as follows.

Yy =minzr;, y; = min I,
1 x>y

Up = {ilz; = y7}, U= {ilz =93}, Us = {ilzi > g3}
If Us is empty there is exactly one positional cut, z* is in the form of char-
acteristic vector and F(z*) = Rmin(z*) what concludes this proof, else define

y; = min rj.
tz!>yz

We create a sub-problem of (2, 3, 4) by reducing the original one to a new
variable y = (y1, ¥2.ys). Next, we further restrict it with 3 < y» < y3 and can
drop the absolute value signs getting:

mnFyy) =2 Y. eile-m)+ Y, cslus+l—m)+
i€l ,jeUr i€l ,jeUs

Y cilyatli—yp) + K, (6)

iels,jels

subject to Ha(y) =2 > didjyz—w)+ Y didj(ya + 1 —p)+

1€l jeUa icUy,jeUs
> didj{ys+1;—y)+ P (7)
1€U2 jEUs
{Ur |y + Ualy2 + {Uzy2 = 0, (8)
y1 <y2 < yz, (9)

where P and K are appropriately calculated constants.

We have obtained a locally equivalent linear program in the sense that for
y* the constraints (7, 8, 9) are satisfied and F(z™) = Fa(y™). Also, if we can find
a better solution for (6 — 9) we can substitute the result back to the original
problem giving a better feasible solution for it. From the linear programming
theory it is known that we can find the optimal solution by examining the
vertices of the polytope defined by the constraints — in our case that means
when one of the inequalities in (9) is satisfied as equality. Let us examine both
cases.

In case y; = y, after some calculations we get

Fy(yy,y.y3) = (1= L)R(U1 U U2, Us) + B (10)
for appropriate constants L and B. And similarly in case y» = y3 we get

Fy(yr,y2,y2) = (1= L)R(U,, U, U Us) + B. (11)
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A Nondifferentiable Optimization Approach to Ratio-Cut Partitioning 5

We chose the solution y with y; = y2 if R(U, U Us,Us) < R(U,,Us U Us),
otherwise choose the solution with y» = y3. It is evident that if both these ratio
costs are non-equal we get a strictly smaller function value. We substitute the
solution back into the original problem obtaining a new z. z is a feasible solution
of (2, 3, 4) with a smaller or equal function value and the set U, merged to U
or Us. We repeat the described process until Uz is empty. Let us analyze the
resulting = and sets U; and Us. We have F(z) = R(Uy,Us), where (U, U>) is
some positional cut of z* (in fact the minimal one), hence F(2*) = F(z) =
Rin(z7). If we had some non-equal cuts compared during the process, we have
a strict decrease in the function and hence the second statement of the theorem
holds. O

Definition 4. A feasible * is a local minimum of (2, 3, 4) if there exists £ > 0
such that F(z*) < F{z) for each © satisfying (3, 4) and ||z — z°|| < .

Definition 5. A feasible z* is a strict local minimum of (2, 3, 4) if there exists
£ > 0 such that F(z*) < F(x) for each x # z*satisfying (3, 4) and ||z —x"|| < =.

Theorem 2. Each strict local minimum z* of (2, 3. 4) is in the form z= = 2
for some cut (A, A").

Proof. We need to prove that in a strict local minimum the expression (5) holds
for some a and b, the correct values for a and b are guaranteed by the constraints
(3) and (4). Assume to the contrary that there are more than two distinct values
for the components of z*. We form the reduced problem like in Theorem 1
obtaining equations (6 — 9). We are able to do that since Us is non-empty due to
our assumption. From the linear programming theory a strict local minimumn can
only be on the vertex of the polytope defined by the constraints (7 — 9), however
in our case y* cannot be on the vertex since the constraints where equality holds
at y* are less then the number of variables. Consequently, z* cannot be a strict
local minimum for the original problem. Hence our assumption is false and the
theorem is proven. 0

There is one-to-one correspondence between strictly locally minimal cuts and
strict local minimums of (2, 3, 4) as stated in the following theorem.

Theorem 3. z is a strict local minimum of (2, 8, 4) if and only if T is a
characteristic vector of some strictly locally minimal cut (A, 4').

The proof is rather technical and is omitted due to space constraints. See [7] for
details.

We shall note that also for each non-svrictly minimal ratio cut its character-
istic vector x4 gives a local minimum of the function, however the converse is
not true. There exist non-strict local minima of (2, 3, 4) with the function value
not equal to any locally minimal cut value.

Theorem 4. The minimum ratio-cut R is equal to the optimum solution of (2,

3, 4).
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6 Karlis Freivalds

Proof. ¥rom Theorem 1 F(z) > Rmin(z) > R. For the characteristic vector 4
of the minimum ratio cut F(z4) = R. The claim follows immediately. O

Theorem 5. Each locally minimal cut (4, A') is not grater than two times the
minimum ratio cut.

Proof. Let us denote the optimal cut (B, B'). We form four sets AN B, AN B,
A'N B, A' N B’ shown in Fig. 1. From Definition 1 the ratio of each of the cuts
Ci=(ANB,V - ANB),Cy; = (ANB,V-AnB'),Cy = (4'NnB",V - A'nB'),
Cy = (A'N B, V- A'N B) is at least as large as ratio of C1p = (4, A') and
Caz = (B, B’). We form a full graph by taking each of the sets AN B, An B,
A'n B, A’ N B’ as the nodes of the graph and assign edge capacities as the sum
of all edge capacities in the original graph between the corresponding sets. We
obtain

R = ct +cq4+cg Ro = c1+c2tcy
VT di(dy+ds +da) T da(dy +ds +dy)
¢y 4+ c3+cs c3+ ¢4 +Cy
R = ,R4: )
37 ds(dy + ds + da) da(dy + d» + d3)
Ry = Co+cCy+cs5+cg Ron = ¢ +c3+Cs+ Ce

T ) (ds +da) T (e + da)(dy + dy)’
Ry > Ry2, Ry > Ry3, Ry > R, Ry > Rys.

And the statement of the theorem to be proven translates to %11 < 2. We
verified this using symbolical computation in Mathematica 4.0. See [Tﬁor details.

o
/ (4. A
~1
{a ]
\“i‘
‘
|
!
':
//""
P
\
\\\\ \
\‘\_‘
Fig. 1. Illustration to the proof Fig. 2. A graph achieving the bound of
of Theorem 5 Theorem 5

Corollary 1. Each strict local minimum of (2, 3, 4) is not grater than two
tines the minimum ratio cut.
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A Nondifferentiable Optimization Approach to Ratio-Cut Partitioning 7

The proof is straightforward from Theorem 3 and Theorem 3.
The bound of Theorem 5 is tight; the graph with 4 nodes shown in Fig. 2
achieves this bound. One can make larger examples easily by substituting any

connected graph with sufficiently high edge capacities in place of the nodes of
the given graph.

4 The Algorithm

In this section we present a heuristic algorithm based on standard nondifferen-
tiable optimization methods for finding a local minimum of (2, 3). Finding a
minimum of a nondifferentiable function is one of well- explored nonlinear pro-
gramming topics (5, 18]. One of the possibilities is to approximate the nondiffer-
entiable function with a smooth one and apply one of the well-known algorithms
to find its local minimum [3, 3]. Often a better approach is to handle it directly.
Indeed, in our case we obtain a very simple and fast algorithm.

Most of the optimization theory deals with convex problems for which al-
gorithms with proven convergence can be developed. Many of these methods
also work for non-convex functions finding a local minimum. However, then the
convergence cannot be shown or can be shown only in a local neighborhood of
some local minimum what is not satisfactory in our case. The very basic algo-
rithm of nondifferentiable optimization is a subgradient algorithm [5, 18]. We will
adopt it for solving our problem. Since we apply it to a non-convex problem,
it should be considered mostly as a heuristic, however practice shows that it,
actually converges to a local mintmum of our problem.

The algorithm is iterative one. The iteration of the algorithm consists of
going in the negative direction of a subgradient of the function by a fixed step
and then performing a projection onto the constraint (3). The constraint (4) was
introduced for technical reasons required in proofs and may be not considered
in the algorithm. An appropriate subgradient q of F' can be calculated with the
following equation for its components

g = Z: sign(z; — x;),

jev

Choosing the right step size is cructal for the convergence speed. Our heuristic
observation is that it should be proportional to the node spread. We choose the
step equal to stepFactor: (Tmax — Zmin ), Where stepFactor is some paratmeter.
Initially stepFactor = 1/14. Its update during the algorithm is be discussed
later. The projection is performed by going in the direction of a subgradient of
the constraint till the constraint is reached. For the constraint 4 we can write
its subgradient r in a different form to allow its faster evaluation

ri=d; Z d;sign(z; — z;) = d; Z d; - Z d,

JEV Jrz5 <z, JiTi> T
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8 Karlis Freivalds

If we sort the z; values and consider them in increasing order, then the needed
sums can be updated incrementally leading to linear time evaluation (not count-
ing the sorting). To perform the projection we need to calculate the step length
towards the constraint. To simplify the calculations we will assume that the or-
dering of z; will not change during the projection. Then the constraint function
H becomes linear and the desired step can be easily calculated from the linear
equation defined as the point of value 1 on the ray defined by the subgradient
from the current point. In the case of unit node weights our assumption is ful-
filled. To see this we must observe that the step in the function will always lead
to a point with H < 1. Then, if we have unit node weights, r; < r, for all 1 and
k satisfying z; < zg, so after the projection the distance between them can only
increase thus keeping the same ordering. For the case of arbitrary node weights
such algorithm gives a usable approximation of the projection step length.

The whole algorithm starts with a random initialization. We assign a random
position for each node such that H < 1 and then perform a projection to obtain a
feasible starting position. We experimented also with several other initializations,
but obtained significant improvements only for tree graphs. Since the optimal
cut for trees can be found in linear time, we can construct a starting position
that reveals it and the algorithm will only perform a few iterations to confirm
that the solution does not improve. Hence to get a cornprehensive picture of the
algorithm behavior we decided to consider random initialization only.

After the initialization we perform iterations until convergence. To tell when
the process is converged we track the minimum positional cut values obtained
at each iteration. The same values will also tell us how to change the step size
parameter stepFactor. If the new cut value is lower than the previous then
we are making progress and we should continue with the same step size. If the
value is higher than the previous then the step size is too large. If the cut does
not change then we have a clue that the process has converged. Of course we
do not hurry to make decisions only from one iteration. Instead we wait for a
certain number of iterations controlled by the constants MAX_0SCILLATIONS and
MAX_EQUAL before making the decision. Such delay also improves the convergence
speed by allowing to iterate longer with a larger step size

To determine the positional cut value at each iteration proceed as follows.
We consider the sorted sequence of nodes, calculate the positional cut in each
interval between two consecutive nodes and take the minimum one. We can do
it incrementally on the sorted sequence in time O(n + m) provided the sorting,
where m is the number of edges in the graph.

As suggested in one of the exercises in [5] the performance of this algorithm
can be improved by taking the previous directions into account. We add the
previous direction to the current reduced be some constant REDUCTION_FACTOR
between 0 and 1. It models a heavy ball motion in the presence of a force in
the direction of the subgradient. In our experiments such modification with
REDUCTION_FACTOR = 0.95 performed substantially better.

All the steps described before can be implemented to run in time O(n +
m). Adding the time needed for sorting the nodes one iteration takes time O(m
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A Nondifferentiable Optimization Approach to Ratio-Cut Partitioning 9

+ n log n). The number of iterations is hard to estimate so we will provide
experimental data in the next sections. The constants MAX_OSCILLATIONS and
MAX_EQUAL have the most impact on the iteration count and also on the quality of
the obtained cut. So we must select them carefully. After some experimentation
we chose MAX_EQUAL = 200 and MAX_QOSCILLATIONS = 30.

algorithm ratio-cut
calculate a random feasible initial position
acum = 0,oscillationCounter = 0,equalityCounter = 0,stepFactor = 1/14
while (equalityCounter < MAX EQUAL)
X = X + acum
d = direction(x)
x=x+d
acum = acum * REDUCTION FACTOR + d
if (minimum positional cut value has increased in this iteration)
equalityCounter = 0
oscillationCounter ++
else if (minimum positional cut value has decreased ip this iteration)
egqualityCounter = 0
else equalityCounter ++
if (oscillationCounter > MAX OSCILLATIONS)
stepFactor /= 1.3
oscillationCounter = Q
endwhile
end
function direction (x)
d = subgradient(x)
step = (xmax - xmin) * stepFactor
x1 = x + d=step
x2 = projection of xl1 on the constraint
return x2-x
end

5 The Data

We evaluated the proposed algorithm on three families of graphs: random cubic
graphs, random geometric graphs and random trees. We considered only gra.phs
with unit weight nodes and edges.

Random cubic graphs are potentially hard for ratio-cut algorithms since in
[13] it was shown that there is actually a O(log n) gap between the minimum
ratio-cut and the maximum concurrent flow on these graphs. We generate them
using the algorithm provided in [19].

Random geometric graphs are standard test suite for balanced cut problems
used in several papers [11, 25). To generate a geometric graph we place the nodes
of the graph randomly in the unit square. Then we include an edge between each
two nodes that are within distance 4 in the graph, where § is the minimum value
such that the resulting graph is connected.
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10 Karlis Freivalds

Tree graphs are seemingly easy graphs because their optimal ratio-cut can
be calculated in linear time. Also it is not hard to show that only one local
minimum exists for the corresponding optimization problem. Nevertheless, it is
an interesting family since our experiments indicate a slow convergence of our
algorithm on these graphs. Also we can compare our result with the optimal
one. We generate random trees with the classical algorithm where each tree is
produced with the same probability. This algorithm produces long and skinny
trees, which are particularly difficult for our algorithm.

6 Experimental Results

We implemented the algorithm in C++4 and evaluated its performance on a
computer equipped with a Pentium IIT 800 MHz processor and 256 Mbytes of
RAM. For each graph family we measured the running time in seconds, the
number of iterations and the quality of the produced cuts. Since we did not
know the exact cut values for random and geometric graphs, we evaluated how
much the ratio-cut value decreases when we continue the algorithm for the same
number of iterations as performed before termination. Measuring the decrease
of the ratio-cut value we can estimate how far the result is from the optimal.

The algorithm was run on series of graphs of exponentially increasing size
from 100 up to 204800 nodes. Ten graphs were generated for each size and the
results were averaged. The average node degree for all graph families is constant.
Although we cannot specify the degree explicitly for geometric graphs, due to
their nature it was about 10 on all instances. The experimental results are given
in figures 3 — 8. For each graph family tables show the running time, and how
much the the the ratio-cut value improves when the iteration count is doubled.
Let us discuss the results separately for each graph family.

00 1
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- e

s z_0990 ¥ =
0997 -%———\ﬁ——_ —
§1m.—~—_ﬁ% ;O.M' o
500 1- 05—
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O 40860 61820 12280 163840 204800 10 400 1EOD 6400 25600 102400
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Fig. 3. Running time for cubic graphs Fig. 4. Quality for cubic graphs
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Fig. 5. Running time for geometric graphs
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6.1 Cubic Graphs

Although these graphs were suggested as hard, the algorithm performed very
well on them. It took on average about 35 minutes to partition the 204800 node
graphs. The running time dependence from the graph size is shown in Fig. 3.
When we approximated the running time with a function in a form O(n?) we
get the asymptotical running time about O(n!-®) on these graphs.

The algorithm seems to find a very close to optimal cut since after doubling
the iteration count the quality increased only by less than 0.4%. Even more, the
quality improved for the larger graphs approaching 1 (see Fig. 4). Such behavior
is not surprising since it is not hard to prove that the ratio of a cut (4, 4') of a
random cubic graph is % on average independently of the sizes of 4 and A’ (a
similar proof for general random graphs is presented in [23]). Then it is unlikely
that the minimum ratio cut will be much different from this average value.

6.2 Geometric Graphs

The algorithm performed very well on these graphs both in terms of speed and
quality. It took on average about 1 hour to partition the 204800 node graphs. The
running time dependence from the graph size is shown in Fig. 5. The asymptot-
ical running time behavior on these graphs was about O(n'%*). After doubling
the iteration count the quality increased by less than 5% (see Fig. 6). Also visu-
ally the cuts seemed the best possible. Fig. 9 shows a typical cut of a 10000-node
graph.

6.3 Tree Graphs

The running time for trees was better than for other families. The largest graphs
were partitioned in about 20 minutes. The running tine dependence from the
graph size is shown in Fig. 7. The asymptotical running time on these graphs was
about O(n'-4%). However the quality was poor. As shown in Fig. 10 the obtained
cuts were far from the optimal and the quality decreased with increasing graph
size. Also doubling the iteration count showed 10% to 20% quality improvement
(see Fig. 8).

When we explored further the reason of the poor behavior we found out
that convergence is much slower than for other graph families and the stopping
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12 Karlis Freivalds

criterion does not work correctly in this case. When we allowed the algorithm to
run for a sufficiently long time, it always found the optimum solution. However
we did not find a robust stopping criterion that correctly works with tree graphs
and does not increase running tirne much for other graph families. As already
mentioned a smarter initialization can be used to improve the guality of the
partition if such tree or tree-like graphs are common for some application.

100 400 1600 6300 25600 102400
graph size

Fig. 10. Optimality for tree graphs

geometric graph

7 Conclusions and Open Problems

We have proposed a nondifferentiable optimization based method for solving
she ratio-cut problem and presented a heuristic algorithm implementing it. We
nave shown that any strict local minimum is 2-optimal. The presented algorithm,
however, in certain cases can find a non-strict minimum, but we can easily trans-
form the obtained z vector into the characteristic form. Then the algorithm can
be run again from this starting position and this process can be iterated until
the result does not change giving a locally minimal cut, which by Theorem 5 is
2-optimal.

The obtained algorithm is simple and fast and uses amount of memory that
is proportional to the size of the graph. Its running time and quality are veri-
fied experimentally. Its practical running time is about O(n!-%) on our test data.
The algorithm produce high quality cuts on random cubic and geometric graphs.
On trees and other very sparse graphs the quality can be significantly improved
by choosing a better starting position than a random one. We evaluated the
algorithm on artificially generated data. As a further work it would be impor-
tant to evaluate its performance on real-life problems. Although the algorithm
performed well on most graphs. anyway it is heuristic. It is an open question
whether we can find a local minimum of (2, 3, 4) in polynomial time?
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Abstract. We consider the problem of drawing a graph where edges are
represented by smooth curves between the associated nodes. Previously
curved edges were drawn as splines defined by carefully calculated control
points. We present a completely different approach where finding an edge
is reduced to solving a Jdifferential equation. This approach allows to
represent the graph drawing aesthetics directly, even the most complex
ones denoting the dependencies among the paths.

Keywords. Graph drawing, edge placement, curved edges.

1 Introduction

Edge placement is one of the fundamental problems in graph drawing {2]. There
are two traditional strategies for edge placement: edges are placed together with
nodes, or nodes are laid out first and then edges are routed. Placing edges to-
gether with nodes allows to create drawings with proven quality {4,9]. However,
if a more complex line style than a straight-line segment is used, it gets very
hard to describe the edge influence on the node placement. The independent
edge placement [6, 13] has the advantage of exploiting complex edge routing us-
ing general-purpose node layout algorithms. This is also the only strategy in
interactive graph layout where the user specifies the node positions.

In this paper we follow the second strategy and assume that nodes are already
positioned by the user or some layout algorithm and we have to route the edges.

There are several graphical representations of a graph [1,2]. Nodes are bast-
cally represented by two-dimensional symbols, most commonly by upright rect-
angular boxes or circles. In this paper we will use only rectangular boxes. We
also assume that nodes do not overlap, so there is some space for edge routing.

The visual appearance of the drawing is mostly influenced by the edge rep-
resentation. Well-known edge drawing standards are orthogonal, straight-line,
polyline and curved [1,2]. Here we focus on curved edges, where the edge is
represented by a smooth curve between the associated nodes.

The common approach for curved edge routing is finding a piecewise linear
path which does not cross node boxes and then smoothing it using a spline. Such
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approach is natural in drawing layered graphs. In layered drawings edges are
replaced with polyline paths having bendpoints on every level. This construction
provides a useful framework for smoothing the polyline paths with splines.

Such approach is used in the graph drawing program dot [8) where virtual
node boxes are used to describe the free space in the hierarchical drawing where
the path can go. At first the calculated polyline path is smoothed with a spline.
Then if the spline goes outside the virtual node boxes, control points are adjusted
or the spline is subdivided. In VCG [14] Bezier spline is fitted using adaptive
subdivision, adjusting control points if the bounding triangle of a Bezier spline
segment intersects a node or a path.

Dobkin [6] describes a more general method applicable to any graph Again
the polyline path is calculated first. Then a smooth spline is fitted, which does
not intersect any obstacle. This method produces nice drawings, but only for
each path separately. Crossings of several paths are not taken into account.

Obtaining a smooth path among obstacles is a well-studied problem in robot
motion planning. Finding a shortest constrained curvature path of a robot in the
workspace with obstacles is explored in [3]. It is shown that such path can be
constructed from straight-line segments and circle arcs with a constant radius
corresponding to the maximal allowed curvature.

Latombe (10] suggests a potential field method for path planning. He sim-
ulates the movement of a particle in the electrostatic field when the particle is
attracted to the target and repelled from the obstacles. This seems very interest-
ing approach, but it deals with such physical properties as speed and acceleration
and application of this method to graph drawing does not seem to be straight-
forward.

Sethian [15] develops a general theory called level set methods and shows
how to apply it to produce a shortest path of a robot within the environment of
constraints. He reduces the problem to a differential equation and applies the fast
marching method to solve it. We have found another application of this theory.
Using Sethian’s approach it is easy to find curves according to specific rules. In
our case the rules are constructed in a special way to reflect the aesthetics of
graph drawing and allows finding the path directly, avoiding usage of splines.

The rest of the paper is organized as follows. In Section 2 we define the
aesthetic edge routing problem by choosing a cost function and then finding
the edge drawing according to this cost function. Section 3 gives details how
to construct the cost function to represent the curved edge drawing aesthetics.
Section 4 presents an algorithm to route a path according to the given cost
function. In Section 5 we give the analysis of the results and sketch the possible
improvements.

2 Problem definition

At first we have to find out how the well-routed edges should look like. There
are a number of commonly accepted aesthetics criteria for graph drawing [6, 2,
9]. We consider the following for curved edge drawings:
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(1) edges are short,

(2) edges are well separated from node boxes and other edges,

(3) edges do not turn sharply,

(4) edge crossing number is small,

(5) edges cross in wide angles.

An intuitive way how to represent these aesthetics is to assign some cost
h{z,y) to every point (r,y) on the plane expressing how good it is for the edge
to go through this point. Then the edge is searched as a path between its node
boxes that has the smallest total cost. For now we can assume that the path
is joining the node centers (zo,%0) and (z;,y;). Formally each individual path

can be expressed as a curve L with fixed endpoints (Zo,%0) and (z),%1) which
minimizes the integral

f h(z,y)dL. (1)
L

This definition corresponds only to one path, but the aesthetics criteria express
also relations between several edges. To overcome this limitation we construct
the paths one by one but incorporating the previously routed paths into the cost
function.

At the beginning we have only nodes, so the cost function is calculated for
themm. When a new path is routed the cost function is updated to reflect the
current configuration. Since we are adding paths one by one the drawing is
dependent on the order in which they are added. To reduce the sensitivity to
the order, paths are routed iteratively e.g. after initial routing they are rerouted
several times by taking one path at a time, deleting it and routing it again. This
method is summarized in the algorithm routeFdges.

algorithm routeEdges
Build the initial cost function corresponding to nodes
for each path P

Route P
Update the cost function with P
endfor

for iter = 1 to MAX_ITER
for each path P
Delete P from the cost function

Route P
Update the cost function with P
endfor
endfor

end

Two parts of the algorithm need to be explained: how to build the cost
function, and how to find the path corresponding to the defined cost function.
These problems are discussed in the following sections.
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3 Finding the cost function

Let us look how to construct the cost function h(z,y) to incorporate the above
mentioned aesthetics. We express h(z,y) as a weighted sum of functions, where
each function expresses the influence of one drawing element (node or path). We

add also some constant ¢;, which expresses the cost of the length of the path.
The general form of the function is

h(l‘, y) =c+e Zbi(xo'y) +c3 ZP&(I,y), (2)

where b; are the functions for nodes and p; are the functions for paths. For nodes
we want the function to be infinite inside the nodes to prohibit the paths from
crossing them, and decreasing with the distance from nodes to keep the paths
some distance apart from them. For paths we want the function to be of some
finite magnitude near the path and decreasing with the distance from the path.
Constants ¢2 and ¢3 are weighting factors for the influence of the nodes and paths
respectively. We found that setting ¢; = 1, ¢; = 1.5 and ¢3 = 5 is adequate.

Denoting the distance from a point (z,y) to the drawing element by d(z,y)
our choice for the function for nodes was

L__if is outside the node
_[a=nt (z,y) is ou
bz,y) { oo if (z,y) is inside the node 3)

In practice the value of b; inside the node is set to a large enough constant for
paths not to cross the node. This simplifies the algorithm and allows us to route
the paths between the node centers.

For paths two kinds of functions were considered:

p(z,9) = max(1 - 222 ) @
pla,y) = e, ()

where o controls the desirable separation between paths. In the Fig. 1 we can
see the drawings of a graph using different cost functions for the paths. Both
functions give good results, but the second one overall seemed to be a little
better, so further we will work with it. For the further discussion we must choose
a good representation of the cost function. We chose the simplest approach to
represent the cost function by sampling values on the orthogonal grid. Other
choices are also possible, for example triangular meshes, but that seemed to be
more complex.

Let us look how to calculate the cost function on the grid quickly. We have
to notice that the functions b; and p; have scme influence only in a small neigh-
borhood near the corresponding object. In other points we can set the function
to zero without affecting the resulting drawing too much. We need to find all
the points where the function is large enough.
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Fig. 1. Drawings of a graph using linear cost function for paths (a), and exponential
one (b)

For node boxes this js easy since all such points are contained in a rectangle
around the node. Size of this rectangle can be easily calculated from the definition
of b,'.

For paths the situation is more complex, because the path is approximated
with many short line segments and determination of the distance for the point
to the path requires testing all the path segments. We use the property that our
functions are monotonically decreasing with the distance from the object.

The algorithmecost_function_for_path calculates the function by starting at
the path and expanding the zone if the function is greater than some threshold.
For this purpose a priority queue ordered by the function p value is used. For
each point in the queue the nearest path segment is kept and the function is
calculated depending only from this one segment. The queue is initialized with
the midpoints of all the segments. In the loop of the algorithm we get the point
with the highest function value from the queue and calculate the function for
its neighbors. If the function is larger than the given threshold for them, we
put them into the queue. Since the priority queue can be implemented that one
operation takes O(logn) time [5), it can be easily seen that this algorithm finds

the correct function in time O(nlogn), where n is the number of the affected
points,

algorithm cost_function for _path

for each segment S of the path
M = midpoint of S
d = distance from M to S
Calculate the function value h depending on the distance d
Put < M,S, h > into the priority queue

endfor

while the queue is not empty
Get < M,S,h > with the largest h value from the queue
if h < threshold then terminate
for each of the four neighbour points N of M
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if the function has not been calculated for N then
d = distance from N to S
Calculate the function value h; depending on d
Put < V,S5,h; > into the priority queue
endif
endfor
endwhile
end

4 Finding the path

For the given cost function our task is to find the path between two given node
centers. The simplest approach would be to search for the shortest path in the
grid neighbor graph. But this does not give acceptable solution because of the
orthogonal structure of the graph. We need a continuous, direction independent
solution approximated on the grid.

We use a method essentially the same as the Dijkstra’s shortest path search-
ing [5,11]. At first the distance map is calculated for all points and then the
path is determined by tracing backwards from the destination point. But there
are differences in the distance map calculation and back tracing. In the Fig. 2
we can see the cost function and the distance map of the cost function shown in
Fig. 5. The starting point was chosen in the middle of the map.

Fig. 2. The cost function (left) and the corresponding distance map (right) plotted
in three dimensions

4.1 Calculation of the distance map

The distance map is a function f(z,y) which denotes the distance from the
starting point (zg,yo) in the environment of varying costs. It is easy to imagine
the distance map as a pit-like function in three dimensions, where the height of
the pit surface is the value of the distance map at the given point. It is very
interesting that this pit is the same as develops when the sand of non-uniform
structure run out from the box with a lictle hole at the bottom. If the sand can
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hold at the maximum slope h(z,y) then it is exactly our distance map. Moreover
this construction has a prototype in the mining industry when an open pit must
satisfy the given slope requirements [12]. The distance map f(z,y) satisfies the
following equation

IV £l = hiz,y). (6)

This means that the slope of f is our cost function h. After adding the starting
condition and writing the gradient explicitly the problem can be stated as follows:

{(%’5)2 (%) =hew? ™)
f(zo,%0) =0

This equation can be solved with numerical methods by approximating deriva-
tives with differences. For example the central differences can be used:

D. = {{=tly)—Nz-1.1)

z = 2 ) (8)
D, = {zyt)-f(z.y=1)

y 3 '

and the problem is transformed to

D2 + D} = h(z,y)?
{f(zo,yoi' =0 ©)

The solution can be obtained by iterative solving the equation at each grid point.
But this is very slow because many iterations are needed.

Sethian [15) proposes a faster method. He observes that the solution can be
constructed by propagating the front like in Dijkstra’s shortest path algorithm.
He uses one-side differences instead of central ones selecting the direction, which
the front came from. As a result one pass over the grid is sufficient. According
to Sethian the algorithm works as follows:

algorithm distanceMap
for all (z,y) f(z,y) =
f(zo,90) =0
Put (zg,yp) into the priority queue
while the queue is not empty
Get and remove the point (z,y) with the smallest f value
from the queue
if (z,y) = (z1,¥1) then terminate
for each of the four neighbour points (u,) of (z,y)
if f(u,v) = o then
compute value of f(u,v) by selecting the largest solution
z of the quadratic equation:
(ma‘x(z - min(f(u - 1\”)! f(u + 1,U)),0))2+
(max(z — min(f(u,v — 1), f(u,v +1)),0))? = h(u,v)?
Put (u,v) into the priority queue.
endif
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endfor
endwhile
end

The algorithm terminates when the priority queue is empty or the destination
point is reached. In [15] Sethian proves the correctness of the algorithm as well
as the time complexity of O(nlogn), where n is the number of affected grid
points.

4.2 Back tracing

Now when we have the distance map calculated we can search for the path.
The simplest way is to trace back from the current point to its lowest neighbor,
starting at the other endpoint of the path. This approach does not find the best
path because of the two dominant directions imposed by the grid.

Another way is to walk in the direction of the gradient with a fixed step.
This approach is rather complicated because a sub-cell accuracy is needed.

We have implemented a different approach (algorithm findPath) similar to
the error diffusion paradigm in computer graphics [7]. We walk gridpoint by
gridpoint like in the first approach, but correcting the direction pointed by the
gradient. At the current gridpoint we calculate the gradient, normalize it and
walk to the neighboring gridpoint, which is the closest to the gradient. Then the
error is calculated by subtracting the gradient vector from the direction moved.
This error is added to the gradient for the next point.

algorithm findPath
error = 0
P =(z1,1)
while P # (o, o)
add P to the path
calculate the gradient G at the point P

G=G/ |G|
G =G + error
V=P+G

P = the closest gridpoint to V
error =V — P
endwhile
end

The walk always terminates in the starting point because from its construc-
tion f(z,y) contains only one minima at the starting point. This method gives
us the exact curve approximated on the grid as a chain of gridpoints. In the Fig.
3 we can see the paths generated by the lowest neighbor walk and the algorithm
findPath using unity cost function. It can be seen that the latter produces a per-

fectly straight line on the grid. Fig. 4 shows the path corresponding to a realistic
cost function.
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Fig. 3. Paths generated by the
lowest neighbor walk (thin) and
the algorithm findPath (thick)
using the unity cost function

Fig. 4. A distance map and a path cor-
responding to it

To reduce the memory required for the path representation the path is ap-
proximated by a polyline. A simple algorithm is used where the sequence of
gridpoints is approximated by a line segment if all points approximately falt on
a common line. This algorithm has a quadratic worst-case complexity but in
practice it is very fast in comparison with other parts of the program.

5 Implementation and results

We have implemented the curved path router as a separate program, which takes
graph description as an input and routes all the paths. The input must contain
node positions and sizes and the edge connectivity information.

In Fig. 5 to Fig. 8 we can see some drawings produced by the proposed
edge placement algorithm. The drawings of the edges appear natural, easily
perceptible for the user. The drawing conforms to all the mentioned aesthetics.
The relations between several paths are represented correctly, edge separation
is good and edges cross in wide angles, what is bard to achieve with previously
known approaches (6, 8, 14].

The desired behavior is easily customizable by adjusting the weights for nodes
or paths, or changing the cost function to incorporate new aesthetics.

Sometimes when the node is large the paths coming from node center leads
to uneven distribution of the edges along the node border. To remedy this we
could alternatively modify the distance map calculation by starting at all the
border of the start node and ending when the border of the destination node is
reached.

Our implementation of the proposed edge routing approach is not fast. For
example it took 12 seconds to route the edges of the graph shown in the Fig. 5
on a Pentium IIT 800 MHz computer. The most expensive part is the distance

U3



10 Karlis Freivalds

map calculation. We have observed that its time complexity of routing one edge
is approximately O(L?log L), where L is the length of the path in grid units.

The speed of the program was not the goal of this research, so there is much
room for optimizations. The grid step has the greatest impact on the running
time, so it is crucial to choose the right value to compromise the quality with
the running time. We chose the grid size equal to the pixel size on the screen
for the best visual quality. However we believe that more sophisticated choices
dependant from the characteristics of the graph are possible.

Another improvement could be propagating the front only in the most promis-
ing directions. However our first experiments using goal directed search [11]
failed, because in Sethian’s approach the propagation must be carried out in a
strict distance ordering.

The number of iterations also plays a significant role. In the most cases 3 to
5 iterations are sufficient, so in our experiments we always make 5 iterations.
Some adaptive criteria could do better. The initial ordering of the paths is also
important. May be it would be worth routing the shortest paths first. Thus we
might reduce the iteration count and also the crossing number could be smaller.
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Abstract. We review existing algorithms and present a new approach
for layout of disconnected graphs. The new approach is based on poly-
omino representation of components as opposed to rectangles. The pa-
rameters of our algoritbm and their influence on the drawings produced
as well as a variation of the algorithm for multiple pages are discussed.
We also analyze our algorithm both theoretically and experimentally and
compare it with the existing ones. The new approach produces much
more compact and uniform drawings than previous methods.

1 Introduction

Graphs model the complex information of a system of discrete objects and their
relationship. Graph layout is the automatic positioning of the nodes and edges
of a graph in order to produce an aesthetically pleasing drawing that is easy to
comprehend [5, 8].

Fig. 1. An exarople of a disconnected graph.

** Research supported in part by NIST, Advanced Technology Program grant number
TONANB5H1162 and Tom Sawyer Software, Oakland, CA, USA.
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Many graph layout and editing systems have been developed in the past [5,
7,11]. One essential aspect that has not been addressed sufficiently, is the layout
of disconnected graphs; that is, the placement of the components (possibly con-
sisting of a single isolated node) of a disconnected graph. Disconnected graphs
occur rather frequently in real life applications either during the construction of
a graph interactively or because of the nature of the application (Figure 1).

Most graph layout algorithms assume a graph to be connected and try to
minimize the area needed for the resulting drawing. No matter how effective such
an algorithm is, the space wasted overall could be arbitrarily large if the relative
locations of disconnected objects of a graph are chosen by a naive, inefficient
method.

Another key parameter here is the aspect ratio of the region (e.g., a window)
within which the graph is to be displayed (Figure 2). When displaying a graph,
the larger the wasted space is, the less visible objects will be, making the vi-
sualization process more difficult. Thus, a disconnected graph layout algorithm
must strive for a packing of disconnected objects which respects the aspect ratio
of the region in which it is to be displayed.

o I
@

Fig. 2, How a naive disconnected graph layout algorithm can make inefficient use of
the area (left), and why the aspect ratio of the region in which the graph is to be
drawn should be taken into account during disconnected graph layout (middle and
right).

In this paper, we review existing two-dimensional packing algorithms for the
layout of disconnected graphs for a specified aspect ratio based on strip-packing,
tiling, and alternate-bisection methodologies [6], and introduce a new algorithm
that represents disconnected objects with polyominoes as opposed to rectangles.
We also discuss the experimental results obtained and compare our algorithm
with the previous ones. As expected, the new approach, which uses a more
accurate representation for the objects, produces much more compact results.
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The drawings are also more aesthetically pleasing as the new approach places
the objects more uniformly.

2 Definitions and Basics

Throughout the paper, the terms ”graph object”, or simply ”object”, are used
interchangeably to denote a component or an isolated node of the graph to be
laid out.

The tightest rectangle bounding the drawing of a graph object or the entire
graph is said to be its bounding rectangle. The size of a graph’s drawing is
identified with its bounding rectangle's. The aspect ratio of a rectangle R =
(W, H) is equal to W/H.

Most layout algorithms represent graph objects with either points or rect-
angles in the plane. A polyomino is a geometric figure formed by joining unit
squares at the edges. In our new approach we use polyominoes to represent graph
objects (Figure 3).

Fig. 8. Polyominoes facilitate more accurate geometric representation for graph ob-
jects. Two different representations of an isolated node and a grapb component: rect-
angle (dashed) and polyominao (solid).

The task for a disconnected layout algorithm is to position a set of objects
represented by rectangles or polyominoes with ordered dimensions (i.e., no rota-
tions allowed) such that no pair of objects overlap and the area of the bounding
rectangle of the drawing is minimized, respecting the aspect ratio of the region
in which the graph is to be displayed. There has been extensive research done on
two-dimensional packing of rectangles [3,1,4]. In the graph layout version of the
problem, the user also specifies a desired aspect ratio for the resulting drawing
so that the scaling that needs to be done before displaying the graph is minimal
(Figure 2).

For an arbitrary list of n objects Ly, or simply L. let A*(L) denote the area
actually used by a particular algorithm 4 when applied to L. The wasted space
is the unoccupied area of the packing: WS*(L) = A%(L) - ¥, A;. where
A; is the area of object L;. Similarly, the fullness of a packing expresses, in
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percentage, how effectively the area is used by the packing algorithm: FA(L) =
100 - (0, Ai)/A*(L). The adjusted fullness of a packing AFA(L) (< FA(L)),
expresses the fullness of a packing, in percentage, with respect to the desired
aspect ratio. To be precise, it considers the additional area wasted when the final
drawing is displayed in a region of desired aspect ratio DAR: AFA(L) = FA(L)-
A
‘%‘& where AR#(L) is the aspect ratio of the packing produced by algorithm
A when applied to objects I and we assume AR* < DAR. Figure 4 illustrates

this with an example, in which F4(L) = ﬁ» whereas AFA(L) = Ti-'ﬁ'i“

Fig. 4. Total area in which rectangles are packed is divided into three disjoint regions
A (rectangles), B (wasted area), and C (additional area wasted when displayed in a
region of aspect ratio 2).

Strip-Packing: One can find substantial literature on the design and analy-
sis of algorithms for two-dimensional packing [1,3,4], the most popular version
being strip-packing. In strip-packing, given a list of n > 1 rectangles L,, =
(R1,--.,Ra), each having ordered dimensions (W;, H;), they are to be packed
into a semi-infinite strip of unit width without any overlaps in order to minimize
the height of the packing. This problem has applications in many areas includ-
ing stock-cutting, two-dimensional storage problems, and resource-constrained
scheduling in computer systems [2].

The most popular approach to strip-packing is the level algorithms. First-Fit
Decreasing Height (FFDH) is a level algorithm, in which, at any point in the
packing sequence, the next rectangle to be packed is placed left-justified on the
first level on which it will fit. If none of the current levels will accommodate this
rectangle, a new level is started. Best-Fit Decreasing Height (BFDH) is similar
to FFDH except that the rectangles are packed, whenever possible, on current
levels where they fit best.

For an arbitrary list of n rectangles L, all assumed to have width no greater
than 1, OPT(L) denotes the minimum possible bin height within which rectan-
gles in L can be packed.

Ordered One-Dimensional Packing: For a set of rectangles, one-dimensional
packing or simply 1D packing along x-axis {y-axis) corresponds to the process
of ordering these rectangles with respect to their x-coordinates (y-coordinates)
without any overlaps to minimize the total width (height) of the bounding rect-
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angle. If the current relative positions of rectangles are to be preserved in the
packing, we call it ordered 1D packing. Ordered 1D packing of n objects can be
performed in O(nlogn) time [12].

3 Related Work

In this section, we review the existing algorithms for disconnected graph layout,
which represent disconnected objects with rectangles. Detailed information on
these algorithms may be found in [6).

3.1 Strip-Packing Method

This method directly applies a known strip-packing algorithm such as BFDH.
The width of the strip (equivalently, the factor by which the rectangle dimensions
are to be scaled) is calculated based on the desired aspect ratio, using the theo-
retical performance of the strip-packing algorithm. With BFDH, assuming object
dimensions to be independent uniform random samples from the interval [0,1]
and OPT(L) ~ n/4, the expected value of adjusted fullness, E[AF2FPH (L)),
is shown to be 58.8 [6]. However, these calculations are based on the worst-case
performance bounds and are rarely met in practice, making it not a particularly
good “guess” for the bin width.
The algorithm is of O(nlogn) time complexity.

Fig. 5. The same graph laid out with strip-packing, tiling, and alternate-bisection
methods, respectively for desired aspect ratio 1.0.

3.2 Tiling: Strip-Packing with Variable Width Strip

The tiling method eliminates the need to “guess” the right size strip by main-
taining a bin whose width dynemically changes (i.e., increases). The algorithm
starts by creating an initial level and placing the first rectangle in this level. It
proceeds by determining whether the next rectangle in line should be added to
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one of the existing levels (the one which is the least utilized at the moment) or
to a newly created level. The rectangle is tiled on one of the existing levels if
there is enough room. Otherwise, a decision is made on whether the current strip
width should be enlarged or a new level should be formed to keep the aspect
ratio closer to the desired one.

In general, the tiling algorithm does not assume any particular ordering of
the objects. However, experiments show that when graph objects are sorted in
nonincreasing height, most compact drawings are obtained. Notice that when
objects are processed in order of nonincreasing height, the algorithm turns into
a variation of a strip-packing algorithm, BFDH to be more specific, where the
strip width is dynamically increased as necessary to better fulfill the aspect ratio
constraint.

The algorithm is of O(nlogn) time complexity.

3.3 Alternate-Bisection Method

This divide-and-conquer method works by bisecting the disconnected objects
of a graph alternately as follows. The objects are bipartitioned using a metric
such as total area and objects in each partition are recursively laid out. The
recursion continues until a partition consists of a small, constant number of
objects (e.g., one) whose optimal layout becomes easy if not trivial. At the end
of each recursive step, when placing the two embedded partitions relatively,
the orientation is alternated. For instance, the last step would place the two
already positioned partitions side by side (horizontally) if the four partitions in
the previous step were placed one on top of the other (vertically) pairwise.

— h—o <« wh—»

! ,

Fig. 6. An example of the alternate-bisection method; on one branch of the recursion,
alternately partitioned objects are shown with separating lines and different colors
(left). An example of how the alternate-bisection method can be adapted to an arbi-
trary aspect ratio (right).
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The theoretical analysis prove that the total area wasted by the algorithm for
n objects, W (n), is roughly O(n!-4!) [6], which is quite inefficient. However, when
simple alternating ordered 1D packings are applied in each recursive step (e.g.,
objects in upper (lower) left partition are packed downwards (upwards), towards
the horizontal separating axis in Figure 6), the experimental results show that
much more compact results are obtained [6]. The overall time complexity of the
algorithm is O(nlog®n).

For independent, uniformly distributed random object dimensions, this al-
gorithm will not favor one orientation over the other and yield “square-like”
drawings. The desired aspect ratio can be respected by this algorithm by ini-
tially recursively partitioning the set of objects into two, one partition to be
laid out with aspect ratio 1.0 and the other with DAR(L) — 1.0 (= 52), as-
suming DAR(L) = ¥ > 1.0 (Figure 6). Alternatively, the object dimensions can
be scaled with respect to the desired aspect ratio as a preprocessing step, after
which, the desired aspect ratio may be assumed to be 1.0.

3.4 Comparison of the Methods

In [6], experiments with graphs laid out with random aspect ratio and with
random object dimensions are presented. Notice here that the graph objects
are represented with rectangles and the area wasted by such representation is
ignored. In the context of graph layout, it is argued that the object dimensions
are not completely of uniform distribution since the two types of disconnected
objects, isolated nodes and larger components, in most cases will be of highly
varying dimensions. Experiments conducted with two groups of objects with
dimensions uniformly distributed within each group but with different means
are presented in Figure 7.

Contrast wit Graph Drawing
=
= 100
3 q . > —
e 804 .4
£ 60 4L, — Allemale-
c ! Bisedtion
40 i
H — Strip-
'g 20 Packing
E a ~~ Tiling
RPN

No. of Objects

Fig- 7. Comparison of the performance of the three methods using a distribution model
of dimensions that is more suitable in the context of graph layout.

In terms of execution time, both split-packing and tiling methods are superb
since they are of O(nlogn). The alternate-bisection method, on the other hand,
gets a little slow as the number of objects are over a thousand. Considering that
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most interactive graph drawing applications will not consist of more than, say
one hundred, disconnected objects, this method is also of practical value.

In terms of the quality of the packings produced, the experiments show that
the tiling method clearly produces the most compact drawings. However, the re-
sults obtained from the alternate-bisection method tend to be more aesthetically
pleasing since the objects are generally distributed more uniformly (Figure 5).

4 Polyomino Packing Approach

In this approach each graph object is represented by a polyomino. We define a
polyomino as a finite set of k > 1 cells of the infinite planar square grid G that
are fully or partially covered by the drawing of the object. If the case that an
object is placed completely inside another one is not desirable, the definition can
be modified and the uncovered grid cells that are completely bounded by the
covered ones can be included as well.

Given a set of polyominoes P;, 1 < ¢ < n, packing them into a minimum area
is clearly NP-hard, even when the polyominoes are restricted to rectangles [9].
Our heuristic algorithm for polyomino packing is a greedy one: it places the
objects one by one, finding the optimal place for the new object, one at a time,
with respect to the already placed ones. The optimal place for a polyomino
is simply calculated as the grid cell G, located at (z,y) where the function
max(}z|, [y|) is minimized over all grid cells. The cost function defines the order
in which the cells are examined and this order is the same for all polyominoes.

A grid data structure is used to represent free grid cells, which are later
marked as occupied as polyominoes are placed. In order to find the best place
the algorithm PACKPOLYOMINOES looks sequentially through all cells in the
increasing order of the cost function defined above. If an available spot (a set of
unoccupied grid cells where the polyomino fits) is found, it is placed there and the
corresponding grid cells are marked as occupied. When testing for intersections,
we simply go through all polyomino cells and test whether each can be placed
in a free grid cell.

Our experiments show that the quality of the packing depends very much on
the order in which the polyominoes are processed. The best results are obtained
when they are ordered and processed from the largest to the smallest, which
conforms to the ordering in heuristic approaches for the bin packing [2] and
strip-packing problems [3]. The size of each polyomino can be defined in several
ways including its number of cells (i.e., area) and the perimeter of its bounding
rectangle. Experiments show that both give similar results, so we choose the
perimeter of the bounding rectangle for calculating the object sizes for the ease
of implementation.

Here is a pseudo code of our algorithm:

algorithm PACKPOLYOMINOES(P;,1 < i < n)
(1) sort P;,1 < < n in the order of nonincreasing size
2) initialize the grid G using the sizes of P;,1 <t < n
(3) foreach polyomino P; do
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(4) calculate (x,y) such that the cost function is minimized
(5) while cannot place P, in G centered at (z,y) do
(6) calculate next (z,y) using the cost function
(7) end while
(8) mark the cells in G covered by P; as occupied
(9) end foreach

Figure 8 illustrates an example drawing produced using our algorithm for the
component placement of a forest. Also see Figure 9 for the drawing produced by
our algorithm for the graph in Figure 1.

T i

7“*:?-:%»%

5{\

Pag O

Fig. B. Au example packing produced by our slgorithm.

4.1 Parameters

The grid step ! is obviously the most significant parameter of this approach. We
would like to guarantee that the average polyomino size s is not exceeding some

constant c:
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5*',;;(7'”71 <e
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n n
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Fig. 9. The disconnected graph in Figure 1 laid out with the new algorithm (displayed
with the same width to illustrate better usage of the area of aspect ratio 1.0).

Consequently, the grid step ! can be calculated from the following quadratic
equation:

(C’ﬂ- 1)[2 -i(Wi"‘Hi)l"ivVl'Hi =0

i=1 i=1

With the average polyomino size s < ¢, the total area of all polyominoes does not
exceed n - 5. Practical experiments show that the algorithm produces drawings
of almost constant fullness (Figure 12}, so the total packing area is also O(n - s).

To find a suitable place, each polyomino is tested for each cell. The test
whether a polyomino fits in the specified place can be performed in O(s) time
in the worst case. Thus the complexity of the algorithm is O(n? - s?). Since ¢
and consequently s are constants this yields an O(n?) time overall, based on
experimental results.

The value of the constant ¢ must be selected carefully since its influence on the
running time can be as much as O(c?). Figure 10 shows how the approximation
quality paremeter ¢ influences the adjusted fullness and the running time. For
measurements, as a typical example a random forest of 300 trees of random
order between 2 and 100 were generated (Figure 8 shows a smaller example of
such a forest). The trees were laid out with a spring embedder algorithm similar
to [10]. For small values of ¢, the adjusted fullness increases rapidly and converges
towards 60%. The observed running time increases linearly with c. The difference
from the theoretical bound of O(c?) can be explained by the observation that
an occupied place is detected on average in constant time since almost all tested
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places are occupied. The choice ¢ = 100 seems to be a good compromise between
the quality and the speed.
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Fig. 10. How the grid step influences the adjusted fullness and running time.

The white space desired among the graph objects can be obtained by simply
enlarging each object by half the spacing amount on each side.

The algorithm above does not favor one dimension over the other one and
vields square-like drawings. In order to satisfy the desired aspect ratio DAR, one
can simply take DAR as the unit grid step in z direction and 1 as the unit step
in the y direction.

4.2 Packing in Multiple Pages

In certain applications, the graph is to be laid on multiple pages, and the task is
to minimize the number of pages where the size of a page is defined in advance.

The approach is the same as above except the cost function is modified as
max(z,y),z > 0,y > 0, which defines the ordering starting from the corner of
the page. Although such ordering lacks the nice central symmetry that we had
in the original case, we have to modify the placement rule in order to better
fill the sides of each page. We assume that each object separately fits in an
empty page; otherwise an appropriate scaling should be performed. In algorithm
PACKPOLYOMINOESINMULTIPAGES we start by fitting the first polyomino on
the first page. If the current polyomino does not fit in the current page, the next
page is tried until it is successfully placed. Similar to the original algorithm, the
best results are obtained when the objects are sorted in their decreasing sizes. An
optimization can be achieved by considering only those grid cells on the current
page for which the bounding rectangle of the current polyomino is completely
inside the page.

Here is a pseudo code of the multi page placement algorithm:

algorithm PACKPOLYOMINOESINMULTIPAGES(P;, 1 < i < n. pageSize)
(10) sort P;,1 < i < n in the order of nonincreasing size
(11) initialize the grid G for the first page using pageSize
(12) foreach polyomino P; do
(13) set pageNo to 1
(14) while P; not placed do
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(15) calculaie (z,y) such that the cost function is minimized
(16) while cannot place P; on page page No centered at (z,y)
(17) and (z,y) is within page boundaries do

(18) calculate next {z,y) using the cost function

(19) end while

(20) if P; not placed then

(21) set pageNo to the next one

(22) if G not extended for page pageNo then

(23) extend G for page pageNo

(24) end if

(25) end if

(26) end while

(27) mark those cells in G covered by P; as occupied

(28) end foreach

5 Comparison with Previous Methods

We have compared our new method with the tiling and alternate-bisection meth-
ods discussed earlier. During the experiments, graphs that contained up to a
thousand disconnected objects were used. Each object was assumed to be a star
polygon with random number of corners in [3...8], each with random integer
coordinates in [1...100], all independent and uniformly distributed. The value
for the approximation quality constant ¢ was taken to be 100. The desired as-
pect ratio was taken to be 1. For the previous methods the tightest rectangles
bounding these polygons were used, whereas with our new approach, the smallest
polyomino tightly bounding the polygons were used. Figure 11 shows a sample
set of drawings produced by these methods for the same set of objects. The
performance comnparison of the methods is presented in Figure 12,

Clearly the new approach results in much more compact drawings. In terms
of the execution time, it is slower but still easily within acceptable bounds given
the fact that it is highly rare that a graph contains more than a few hundred
disconnected objects.

6 Conclusion

In this paper, we reviewed existing algorithms and presented a new approach for
layout of disconnected graphs. The new approach uses polyominoes as opposed
to rectangles used in previous approaches for representation of isolated nodes
and components, and produces much more compact and uniform drawings. The
parameters of our algorithm and how they affect the drawings produced as well
as a variation of the algorithm for multiple pages were discussed.

Acknowledgernent The authors wish to thank Cihad Baskoy for his help with
the implementation and experimentation of certain algorithms.
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Fig.11. A sample from the random set of objects laid out with all three methods:

13

tiling (left), alternate-bisection (right), and polyomino (middle) packing.
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Fig. 12. Comparison of the new approach with the previous ones.
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ABSTRACT

Motivation: Microarray experiments comparing expres-
sion levels of all genes in yeast for hundreds of mutants
dlow us to exarnine properties of gene regulatory net-
«orks on a genomic scale. We can investigate questions
such as network modularity, conneclivity, and look for
senes with particular roles in the network structure.
Results: We have built genome-wide disruption networks
for yeast, using a representation of gene expression data
35 directed labelled graphs. Nodes represent genes and
ares connect nedes if the disruption of the source gene sig-
rificanily alters the expression of the target gene. We are
nlerested in features of the resulting disruption networks
ihat are robust over a range of significance cutoffs. The
netwarks show a significant overlap with analogous net-
works constructed from scienfific literature, In disruption
retworks the number of arcs adjacent to different nodes
e distributed roughly according to a power-law, like in
many complex systems where the robustness against per-
tirbations is important. The networks are dominated by a
single large component and do not have an obvious mod-
ular structure. Genes with the highest cutdegrees often
encode proteins with regulatory functions, whereas genes
¥ith the highest indegrees are predominantly involved in
metabolism. The local structure of the netwaorks is mean-
ngful, genes involved in the same cellular processes are
tlose together in the network.

Keywords: gene networks, microarrays, yeast, graph
visualisation

Availability: http://www.ebi.ac. uk/microarray/networks
Contact: schiitt@ebi.ac.uk; johan@ebi.ac.uk

INTRODUCTION

By measuring mRNA expression levels of thousands of
venes in parallel, microarray experiments help revealing
e structure of the underlying gene regulatory networks.
The cellular regulatory system is a complex mechanism,
ind there is no straightforward way to represent it as

" These authors contributed equally 16 this paper.

a simple graphical model. The reduction of information
needed to create a graphical model with nodes and arcs
can be done in many ways, resulting in a wide range of
network models with different interpretations,

A gene network is a directed labelled graph, where each
node represents a gene and each arc represents a relation
between the genes. The direction and the labels attached
to an arc represent the nature and strength of the relation
or the evidence for it. For example, an arc can mean
that the source gene is coding for a transcription factor
known to be binding to the promoter of the target gene.
We obtain a different network if we define an arc as an
observation in gene expression data, that the change in the
expression level in the the source gene implies the change
in the expression in the target gene. A network can also be
built from literature data, linking genes which have been
mentioned in the same paper (Stapley and Benoit, 2000;
Jenssen er al., 2001).

Various methods have been used to build gene expres-
sion networks, for instance, Bayesian networks (BN)
(Friedman et al., 2000) and Dynamic Bayesian networks
{DBN) (Murphy and Mian, 1999). Pe’er et al. describe
a method 10 infer subnetworks of interacting genes from
gene expression data in a BN framework (Pe’er er af,
2001). They are interested in finding features with high
confidence in BNs learnt from a set of 365 ‘genes in mu-
tation experimenis for Saccharomyces cerevisiae (Hughes
et al., 2000). Because the data set is too small to yield a
single high confidence network, they use bootstrapping
techniques to find such features. These are extracted into
subnetworks, which are interpreted as separate cellular
processes or putative interactions.

Although BN based methods are powerful techniques,
the approaches that have been implemented curremily
are only able to deal with relatively small subsets of
genome data. We have chosen an approach that allows
for a genome-wide analysis, and although simple, we
can demonstrate that it is biologically meaningful and
provide insight in the genome-wide organisation of the
gene networks. We build gene disruption networks by
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Building and analysing genome-wide gene disruption networks

ollecting information about differences in gene ex-
ression between yeast mutant strains. Nodes represent
enes and arcs connect the deleted genes with the genes
or which expression level changes have been observed
or a particular threshold. We compare these networks
o a network derived from literature data and explore
heir properties, including the distribution of arcs and
4e cellular functions of genes with many interactions as
v¢ll as the topology and robustness of the network for
ifferent discretisation thresholds. Finally, we present an
xample of a subnetwork including genes involved in the
hieromone response pathway.

3UILDING THE GENE DISRUPTION
\ETWORKS

\ directed graph is defined as a tuplet (G, .A) of nodes
7 and arcs A, where an arc @ € A is an ordered pair of
wdes (g1, 22) € G. We can attach labels to nodes and
wrcs, in which case we obtain a labeled graph. In a gene
fisruption network A, each node represents a gene. A gene
g1 is connected to gene gy with an arc a = (g1, g2), if the
disruption of the gene gy changes the expression level of
sene gy significantly. The “significance’ is defined through
s threshold as described below.,

The starting point for our network building is a gene
apression data matrix E, in which each experimental
eondition, which in our case is a disruption of a particular
iene, corresponds to a column and each gene corresponds
©® a row. The jth element in the ith row holds the
expression level’ r;; of gene i in experiment j, more
precisely ri; = log (/i /ci;), where {;; is the background
worrected signal for the studied condition relative to that
of the same gene in a control ¢;;.

Next, we transform the original gene expression data
matrix £ into a discretised matrix D, where values
d; € {—1,0,1} represent the expression level being
decreased, unchanged or increased with respect to the
control experiment. For this we first normalise the log-
ratios ry; to ryj = rij/&;;, where &;; is a gene-specific
siandard deviation estimate for the measurement of gene
i under experimental condition j. This can be estimated
bsing different error models, see for instance (Hughes
e gl, 2000). The discretisation is carried out on the
normalised data using a cutoff level ¥ > 0, and defining

-1, Fiy < —v
dij =10, —y <Fij <y (1)
1, Fij = y.

Due to the gene-specific normalisation, we can use one
tonsistent cutoff level for all measurements.

Effectively the disruption network A(y) = (G, A} isa
‘epresentation of the discretised matrix as a graph. For the

given cutoff y, we draw an arc from gene g; € G to gene
gi € G,if di; # 0. We can label the arcs as downregulating
or upregulating, depending on whether dj; = —1 ordj; =
+1, respectively. In the graphical representation we can
show this by drawing them in red and green (or solid and
gray in black-and-white representation). We also label the
nodes by their respective gene names. Examples of gene
disruption networks are given in Figure 4 and Figure 5.

We uvse the microarray data set from Hughes er al
(Hughes er al., 2000), which includes expression profiles
for all genes in Saccharomyces cerevisiae over a set of
300 experiments. In 274 experiments single gene deletion
mutants were examined, 2 experiments were double gene
deletion mutants, 13 experiments were done with genes
with tetracyclin regulated promoters and in the remaining
11 experiments the yeast cell cultures were treated with
different drug compounds.

In parallel to these experiments, a series of 63 control
experiments were performed, comparing untreated wild-
type yeast cultures to each other, permitting the use of a
gene specific error model and to normalise the data using
the standard deviation estimates. Following normalisation
we discretised the data matrix using different significance
cut-offs between y = 1.0 and v = 26.0, which was the
threshold where no edges at all were found. However, the
analyses described below concentrate on the range y =
2.0,2.1,...,4.0. We included only genes with less than
25% undefined data points in the gene expression matrix
as given in (Hughes et al., 2000),

NETWORK VISUALISATION

The analysis of the network properties is facilitated by
their visualisation based on a graphical layout in 2 dimen-
sions. The gene disruption networks may be very large and
dense, therefore their visualisation is not trivial. To visual-
ize the obtained networks we used the Graphical Diagram-
ming Engine (GDE) (Freivalds and Kikusts, 2001). GDE
supports five layout styles, each revealing a different as-
pect of the network. In the hierarchical style drawings it
is easy to notice the nodes with high in- and out-degree
and their relationships. The spring-embedder layout re-
veals the cluster structure of the network, clearly identi-
fying the parts that are strongly related. The grid layout
was used to produce the drawings in this paper; it gives
the mest compact drawings useful when the area for dis-
playing the drawing is limited. The tool also provides sev-
eral edge representations including orthogonal, polyline
and spline. Here the spline representation was the most
adequate since the smoothness allows easier following of
the edge. Although layouts of these networks were gener-
ated automatically, the rich editing facilities powered by
the quadratic optimization method (Freivalds and Kikusts,
2001) were used in exploring the networks, discovering
their features and preparing their relevant parts for pre-
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entation. For connected component placement an original
wlyomino packing algorithm (Freivalds ef 4f,, 2001) was
ssed. Such an approach allows a compact placement and
+igh visual separation of the components.

COMPARISON OF DISRUPTION NETWORKS
WITH A LITERATURE NETWORK

in order to relate the disruption networks to biological
<sults, we compared them to a reference network con-
sructed using the curated database YPD (Costanzo et
i, 2001), which contains information about the yeast
xnome.

A YPD network is a graph, where the nodes represent
xenes and two geoes are comnected with an undirected
:dge,if gene X is mentioned in the description of gene Y in
e YPD database, Thus an edge between X and Y could
ne read as “the database entry for X mentions Y and/or vice
v¢rsa’, Note that we have not done any further analysis of
‘ha syntax, e.g. if the original description was ‘a change
m x does not influence y* we would still have an edge.
These cases are rare and do not diminish the overall use of
‘e reference network. The lack of text analysis is also the
zason why we use undirected edges instead of directed
:dges, e.g. if the description for gene X reads 'X regulates
Yy then there is also a relation Y is regulated by X',

For our study, we selected a subset of 274 genes studied
1 (Hughes er af., 2000). The resulting network has §27
xlges. If our disrupiion networks represent meaningful
siological knowledge, we would expect that it should
werlap with the YPD network more than expected by
thance. We checked this assumption by calculating the
werlap between the disruption networks and the reference
setwork, then comparing it to the distribution of overlaps
setween randomised networks and the reference network.
Fach randomised instance of the disruption network was
milt by keeping the number of arcs present in the
hsruption network constant. Every node has on average
‘e same in- and outdegree as in the original network.
This procedure assures that the overall network topology
'3 retained.

We created 1000 randomised networks for each dis-
uption network built. All disruption networks showed a
significantly higher overlap with the reference network
‘han the corresponding randomised networks (see Figure
I} In the range of y € {2.0, 2.1, ..., 4.0}, the overlap be-
ween the disruption networks and the reference nerwork
inceases monotonously from 9-16%. If we interpret the
reference network as representing connections between
zenes reported in literature, this result demonstrates
that the disruption networks contain significantly more
biological information than achieved randomly.

150 v v 20

—
o

&
Percentage of tolal

Qvarlapping edges

Fig. 1. Disruption networks compared with randomised ones using
a reference network based on YPD data. The solid line shows Lhe
number of arcs which are found in both the disruption retwork for
cutof level y and the YPD network. The dashed line shows the
average overlap between 1000 randomised networks and the same
YPD network, with 2 standard deviations shown by the dash-dotted
line. The dotted line shows the percentage of edges in the disrupiion
networks that are also present in the Y PD network. For the range of
v studied, this statistic is monotonously increasing and no obvious
optimisation can be done based on it.

‘IMPORTANT’ GENES AND GENES WITH
COMPLEX REGULATION

The degree of a node in a graph is defined as the number
of adjacent edges. In directed graphs we distinguish
between the indegree—the number of incoming arcs—
and the oufdegree—the number of outgoing arcs. For
distuption networks we can speculate that genes with
a high outdegree are ‘important’ in the sense that they
influence the expression of many other genes, while
genes with a high indegree have a complex regulation
mechanism. In order to analyze the indegree and outdegree
of various genes we represent them in two different
formats: the degree fable, where the genes are sorted
according to their outdegree or indegree, together with
their annotation in the YPD database (Costanzo er al.,
2001); the cellular role table, where we use the ‘cellular
role’ annotation from YPD to group all genes with at least
one arc in a particular network and calculate for each
group the median indegree and outdegree, and sort the
groups according to their median degree.

We find that the distnbution of total degree, the sum of
the in- and out-degree for each node, roughly follows a
power-law (Figure 2). This topology, denoted scale-free
(Barabasi and Albert, 1999), has been found for metabolic
networks (Jeong et al., 2000) and for many other complex
systems {Albert and Barabasi, 2002).
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The genes with the highest outdegrees encode proteins
nvolved in transcriptional regulation (TUP1, SHE4,
§WI4, CYCS8)', a ribosomal protein (RPL12A), a protein
mvolved in rRNA madification and degradation of aberant
mRNA (RRP6), a histone deactylase (RPD3), a MAP
tinase (K8S1), proteins involved in metabolism (ANP1,
ERG2, FKS1) and a H'-ATPsynthase subunit (CUPS5),
[t is quite remarkable that in the case of the TUPI
deletion mutant about 50% of the genes show changes in
expression and still the yeast cells survive. A full degree
ble for ¥ = 2.0 is included in our supplementary data.

The order of the groups in the cellular role table is
obust over a wide range of cut-off values (see Table
1), though the number of genes per group is relatively
small since oniy 248 mutants were included in the data
set. The cellular roles with the highest median outdegrees
predominantly have regulatory functions. It has to be
kept in mind that genes can belong to more than one
of these groups and sometimes the annotation can be
misleading. RTGI for example has an outdegree of 316,
It is a transcription factor, but it is also a member of the
‘carbohydrate metabolism’ group.

The overwhelming majority of genes with the highest
indegree are involved in metabolism (ADE7, VID24),
sspecially amino acid biochemistry (YGL009C, HISS,
HIS1, TWT1, HOM3), stress response (HSP12, YHBI1),
ransport (SITI, PEX2I, ARN1, YHMI) as well as some
genes of unknown function (see supplementary data). The

"We use capital letters 1o refer to genes in the disruption networks.

ordering of the groups in the cellular role table for the
indegree is robust over a wide range of cut-off values.
The group sizes are much larger compared to the cellular
role table for the outdegree (see Table I), therefore the
grouping is more reliable.

Only a few genes can be found to have a high indegree
and a high outdegree at the same time. When we plot the
genes using their rank for outdegree and indegree in the
degree table we find that ARGS,6 with an outdegree of 108
and an indegree of 28 (see Figure 3) is the only gene which
is within the top 50% of the genes with highest outdegree
and highest indegree.

The comparison of the cellular roles of the genes with
the highest out- and in-degrees in the yeast mutation
networks seem to confirm the intuition that general
regulators are influencing many genes, whereas some
metabolic genes are being regulated by many other genes.
Note that the only group having a high median indegree
and outdegree is ‘small molecule transport’.

CONNECTED COMPONENTS

Recently, some investigations on the overall structure of
gene networks have been published. Wagner predicts the
existence many independent subnetworks and only a few
direct connections for each gene (Wagner, 2002), whereas
Featherstone and Broadie argue that there is “a single giant
functional component rather than several subnetworks’.
They also found that hubs, the genes with highest degrees,
are evolutionary more conserved than the genes with lower
degrees. (Featherstone, 2002),
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Table 1. Cellular role table showing the top 5 groups with the highest median degrees for selected networks, with a minimum group size of 3 for outdegree

=nd 40 for indegree (m: the median degree, n: the group size}

¥ outdegree m n indegree m n
0 carbohydrate metabolism 363 4 aming-2¢id metabolism 9 194
RNA tumover 353 4 nucleotide metabolism 6 82
meiosis 244 3 energy generation 5 242
cell stress 207 Hd small molecule transport 5 343
protein translocation 197 3 other metabolism 5 148
P8 RNA turnover 110 4 amino-acid metabolism 4 167
cell stress 62 3 nucleotide metabolism 3 67
meiosis 54 k| energy generation 2 184
protein synthesis 53 7 differentiation 2 43
cell wall maintenance 47 6 small molecule transport 2 286
1.6 RNA turnover 48 4 small molecule transport 2 230
RNA processimg/ modification 41 4 other metabolism 2 96
cell stress by nucleotide metabolism 2 58
small molecule transport 19 8 mating response 2 57
cell wall maintenance 19 6 amino-acid metabolism b3 133
| .
outdegres 18 not regarded as a separate connected component. For a

|1ZD 100 80

.

sesress
.
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indegree
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Fig. 3. Genes plotted according to their rank in the indegree and
utdegree table for the network with ¥ = 2.0. Some outdegrees
ind the indegrees are given in brackets. The shaded areas indicate
zgions of ranking, darkest grey top 50%, medium grey top 66%,
light grey top 75%. The onty gene with a in- and out-degree within
te top 50% for both is ARGS,6, a acetylglutamate kinase and N-
«etyl-gamma-glutamyl-phosphate reductase.

To address the open question about modularity, we are
interested in the connectivity structure of our networks
ind want to examine whether or not, and t0 what extent
ieast disruption networks have a modular structure. A
connected component in a graph is defined as a subgraph
where there exists a path through arcs (ignoring the
direction) leading from one node to the other for each pair
of nodes. A single gene disconnected from all other genes

low enough threshold y all genes will be connected.

For y =< 3.0 only one connected component can be
found’. For higher thresholds ¥ we find one dominant and
few small components of sizes 2 or 3 genes. The dominant
connected component consists of 5383 genes for y = 2.0
and of 2354 genes for y = 4.0 (see table 2).

Since the networks contain only a small number of
nodes with rather high degrees, it is interesting to see if we
can break down the connected component by removing
the genes with the highest indegree or outdegree from
the networks. For this we removed the top 1, 5 and 10%
of genes when ranked for the outdegree, respectively
indegree. This disrupts the connected component con-
siderably. However, for y < 3.6 we still find only one
major compenent and some much smaller components
even when removing the top 10% of the genes with
highest degrees (see Table 2). The dominant components
are reduced in size, but are still at least one order of
magnitude bigger than the minor components.

Only the networks with ¥ > 3.7 consist of components
of roughly equal sizes when the 10% of the genes
with highest degrees are removed. Removing the top ten
percent of the genes with the highest degrees at y =
3.7 yields a network with 378 genes with at least one
adjacent arc and a total of 331 arcs. The five biggest
components have size 93, 53,31, 20, 10 and there is a total
of 50 components. Although in some of these components
genes belonging to the same YPD annotation group are
overrepresented, this is not true for the majority of the

¥ There is an exception for the network at y = 2.6, which bas an additional
component consisting of 2 nodes
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fable 2. Size of the biggest wo and the total number of connected
amponents in selected networks, the column “full’ refers 1o the original
etwork, the numbers in the other columns result from removing the genes
uth the highest degrees (I, 5, 10%: proportion of genes which were
:moved)

full remowved
1% 5% 10%
yii) biggest 5383 4707 3682 2614
second 2 5
total number 1 1 2 2
I biggest 3356 2461 1385 764
second 2 2 4 [}
total number B 2 9 17
o biggest 2789 1612 901 485
second 2 3 0 11
total number 3 4 13 26
1 bigges! 2675 1497 825 93
second 2 3 9 53
total number 3 4 14 50
0 biggest 2354 1205 542 45
second 3 3 & 28
total number 4 ! 22 54

rroups. It seems possible that these components may not
1ave a true biological meaning, but are rather the result of
12 mechanical reduction of the graph.

Modules are thought to be building blocks which confer
i particular function and might be interlinked to other
nodules via hubs, However, the results of Featherstone ef
it and our anzlysis would argue for a closely connected
wetwork organisation rather than a modular structure.
ienes involved in the same cellular processes seem to be
:loser in the network than unrelated genes (see also next
section), however, this does not mean that the network
«an be easily broken down into independent parts. This
mdicates a scale free structure, which has the property
of self-similarity, meaning that any part of the network
s statistically similar to the whole network (Wolf et al.,
2002).

SUBNETWORKS AND THEIR VISUALISATION

Finally, we focus on subnetworks containing genes of par-
icular interest, as an example taking the pheromone re-
ponse. When yeast cells are starved they undergo mejosis
<ading to the production of haploid spores, Spores give
7se to haploid cells of two different kinds of mating types
i and a. These haploid cells can divide by budding, but
vhen mixed they are able to mate and form diploid cells.
Many changes are involved in the switch from haploid
«lls to diploid celis. The haploid cells produce a mating
¥pe specific pheromone, which diffuses into the medium

Fig. 4. This subnerwork is the result of filiering the full network
at y = 4.0 for the core set marked in grey and their next
neighbours (grey arcs: downregulation, dark arcs: upregulation).
See web supplement for a coloured figure (http://www.ebi.ac.uk/
microarray/networks)

and attracts mating partners of the opposite mating type.
Diploid cells neither produce pheromone nor are they re-
sponsive to it. A G-protein coupled receptor system is in-
volved in pheromone sensing in haploid cells and is one of
the best studied signal transduction pathways in biology.
The pheromone response includes increased transcription
of genes whose products facilitate mating, arrest of the mi-
totic cell division cycle, changes in the cell surface and nu-
cieus for fusion with the cognate organelles of the mating
pariner and alterations of the cell polarity and morphology
{Sprague and Thomer, 1992).

We filtered for a core ser of 20 genes kmown to be
involved in pheromone response and their next neighbours
in the disruption network. The subnetwork coniains 63
genes and 115 arcs for y = 4.0 (see Figure 4), 36 genes
are adjacent to more than one arc. Of these 36 genes |8
genes belong to the core set and further 8 genes (STEA4,
STES, STE7, STE11, STE12, STE18, STE24, KSS1) are
annotated as involved in the mating response, Some of the
remaining 10 genes are likely 10 encode proteins which
are involved in processes that are related to the pheromone
response. One example is HOGI, which encodes a MAP
kinase like STEll, however this protein is involved in
the high-osmolarity signal transduction pathway, which
is similar to the pheromone response pathway. Another
example is SHE4, which encodes a protein required for
the duplication of the spindle pole bedy. Finding these
groups could possibly be done by appropriate clustering.
However, our method allows also to find genes with
high outdegrees (SWi4, CYCE, TUP1, RPD3) in the
subnetwork, which encode gene products known to be
members of general regulatory complexes which influence
many genes. The remaining four genes are RAD6, CRS4,
YER044C and YERO50C.
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The same filtering at ¥ = 2.0 gives us a subnetwork
with 240 genes and 470 arcs (see Figure 4}, 75 genes have
1 degree higher than I, including the full core set and
he remaining genes mentioned in the previous paragraph.
idditionally we find more genes encoding proteins which
re likely to be involved in pheromone response related
srocesses. For instance, BNII is required for the bipolar
mdding pattem, RTT104 is a helicase important for
replication of ribosomal DNA, RAS2 is a GTP binding
protein involved in regulation of the cAMP pathway, KIN3
s a serine/threonine kinase, FKS1 and GAS] are involved
n the cell wall synthesis.

The transcription factor Stel? is the final protein
in the pheromone signal transduction cascade. A con-
sensus sequence for the DNA binding site of Stel2 is
wnown ([AJTGAAACAA), and many genes involved n
sheromone response have more than one Stel2-binding
site in their promoter (Sprague and Thomer, 1992). Of 19
zenes known to be induced by pheromone 11 are found
0 be connected to STE12 in the network for y = 2.0
i10 for ¥ = 3.0), while only 2 out of 13 genes known
10t to respond to the pheromane signal, are connected to
STE12 in the network with y = 2.0 (none for y = 3.0).
We used PATMATCH? to locate the consensus sequence
for the binding sites in the upstream regions of the genes
(Vilo and Kivinen, 2001). The connectivity to STE12 in
our networks corresponds to the absence or presence of
the consensus binding site in the promoter regions of the
corresponding genes (see supplementary data).

We tested several core sets containing genes involved
in mating response with similar results. Up to 77%
idepending on y threshold) of the genes adjacent to the
core set are annotated as involved in mating response as
well.

We also tested core sets containing genes involved in
other processes than mating response. These sets, e.g.
small molecule transport, signal transduction and cell
wall synthesis showed a similar behaviour, however fewer
genes adjacent to the core set were involved in the same
cellular process (up to 27% for small molecule transport,
0% for signal transduction, 21% for cell wall synthesis).
For some core sets we found very few of the adjacent
genes belonging to the same annotation group, e.g. energy
zeneration with only up to 5% genes of the adjacent genes
in the same group.

DISCUSSION

We studied gene disruption networks for yeast, inferred
from gene expression data fully automatically without
any human intervention. Yet, the overlap between these
networks and the reference network constructed from the

‘For PATMATCH and other tools within Expression Profiler see httpi//ep.
thi.ac.uk,

YPD database is always considerably higher than expected
by chance. This encouraged us to study the properties of
the disruption networks further.

We have studied structural features of these networks
that are robust for a range of cutoff thresholds. We notice
that the distributions of the numbers of incoming and
outgoing arcs are rather uneven, with few genes having
a large number of incoming or outgoing arcs, while
most genes had very few of each. The genes with the
highest number of outgoing arcs can be regarded as being
‘important” for cellular regulation, and it is encouraging
that the annotation of such genes indicate their regulatory
functions. The genes with the highest number of incoming
arcs can be regarded as having complex regulation, and
again, it is encouraging that these genes typically have a
metabolic function according to their annotations. *Small
molecule transport’ was the only class of genes that
appeared in both classes.

We found that regardiess of the cutoff threshold the
disruption networks have only one clearly dominant
connected component with rather small components of
one to three genes being separated for higher significance
threshold. Generaily the same property stands if we
remove the genes with the largest number of indegree
or outdegree (these genes could be potentially be the
ones holding the network together). The only case where
the network falls into 2 number of subnetworks of
relatively equal size is for very strong perturbations, and
the disconnected componenents found when enforcing
the network to break up this way do not have obvious
biological meaning.

The network topology is dominated by this large con-
nected component, and has a distribution of arcs which
roughly follows a power-law. It has been suggested that
this network topology is generated by a system which is
optimised to work under conditions where it has to be ro-
bust against perturbations, but where this tolerance has a
cost (Carlson and Doyle, 1999), This is typical for biologi-
cal networks, which have gone through natural selection to
be tolerant to uncertain environments. A biological system
cannot be protected against all possible threats, since the
cost would be too high. Therefore a topology is favoured
where a disruption of one component is most likely to af-
fect few others, but where it is unlikely to disrupt a central
component which may cause severe damage or death. For
instance protein networks (Jeong et al., 2001) exhibit this
type of robustness. Qur findings support this theory since
the data used is specifically information about gene disrup-
tions. Intimately linked with this is the still open question
about modularity in gene networks. For instance, Feather-
stone ef al. argue that a network with a scale-free structure
will be dominated by a single large component. Qur re-
sults support this theory, since we were not able to find
any discrete modules in our networks. However, it may be
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ig. 3. This subnetwork is the result of filtering the fisll network at y = 2.0 for the core set marked in grey and their next neighbours (grey
‘0s: downregulation, dark arcs: upregulation}. See web supplement for a coloured figure Chitp:/fwww.ebi.ac.uk/microarray/networks)

ossible to find such modules by examining the networks
imore detail, for instance by looking for the smallest cuts
1 the network graph which lead to disconnectivity and ex-
mine whether the resulting components have a biological
jeaning.

Looking for subnetworks consisting of genes involved
1a particular cellular process allowed us to predict genes
th similar functional roles. We need further studies to
ee how widely such predictions can be generalised.

Finally note that we can view the building of gene
srupion networks as a method of siructuring gene
tpression data which is an alternative to other known
ietheds such as hierarchical clustering. Such networks
low us to explore different aspects of gene expression
ata.
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