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Abstract: In the current study, we address the phase retrieval of one-dimensional phase objects
from near-field diffraction patterns using the multiple-plane Gerchberg—Saxton algorithm, which is
still widely used for phase retrieval. The algorithm was implemented in a low-cost digital signal
processor capable of fast Fourier transform using Q15 arithmetic, which is used by the previously
mentioned algorithm. We demonstrate similarity between one-dimensional phase objects, i.e., vectors
cut out of a phase map of the tertiary spherical aberration retrieved by the multiple-plane Gerchberg-
Saxton algorithm, and these vectors are measured with a non-contact profiler. The tertiary spherical
aberration was induced by a phase plate fabricated using grayscale lithography. After subtracting
the vectors retrieved by the algorithm from those measured with the profiler, the root mean square
error decreased, while a corresponding increase in the Strehl ratio was observed. A single vector of
size 64 pixels was retrieved in about 2 min. The results suggest that digital signal processors that are
capable of one-dimensional FFT and fixed-point arithmetic in Q15 format can successfully retrieve the
phase of one-dimensional objects, and they can be used for applications that do not require real-time
operation, i.e., analyzing the quality of cylindrical micro-optics.
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1. Introduction

Aberrometry plays a crucial role in characterizing the quality of optical systems and
their performance. Aberrometry is a very essential part of adaptive optics; it uses either
deformable mirrors or spatial light modulators to compensate for wavefront distortions.
Adaptive optics is widely used in astronomy [1], biology [2], vision science [3], optical
communications [4] and other fields of science. There are many techniques used to measure
wavefront distortions, and a good review of these methods can be found in a review
article by Hampson [5]. The most popular wavefront sensor remains the Shack-Hartmann
wavefront sensor, while curvature and pyramid sensors are also widely used.

In recent years, phase retrieval based on coherent diffractive imaging has become a
very valuable tool in many fields of science, including crystallography [6], astronomy [7],
holography [8], biology [9], and many others. It is especially valuable in computational
optics to retrieve wavefront aberrations [10]. Phase retrieval algorithms can be easily
implemented into real systems; they are quite immune to noise and they can retrieve the
object from sparse data. The first successful algorithm based on alternating projections was
developed by Gerchberg and Saxton [10,11], and it is still widely used. Shechtman et al.
also discuss many algorithms developed thereafter, including those based on semidefinite
programming, e.g., PhaseLift and PhaseCut, and the sparsity of the object [10].
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Today, many phase retrieval algorithms are implemented into embedded systems [12-15].
Such systems enable high computational efficiency and are also very compact and suited
for practical applications. In this paper, we demonstrate the applicability of low-cost
digital signal processors for the phase retrieval of one-dimensional wavefront distortions
using the multiple-plane Gerchberg—Saxton (MPGS) algorithm [16]. Multiple-plane algo-
rithms have advantages compared to single-plane algorithms in terms of accuracy and
numerical efficiency [17]. One-dimensional phase retrieval in optics may be important,
for example, when inspecting the optical quality of cylindrical optical elements. Due to
memory limitations and execution speed, these digital signal processors are not suited for
two-dimensional objects and phase retrieval in real-time; however, if the retrieval time
is not a critical issue, such low-cost digital signal processors allow us to achieve a good
accuracy of phase retrieval in a time in the order of minutes.

2. Materials and Methods
2.1. MPGS Algorithm

The goal of the algorithm is to retrieve the phase @[] of a one-dimensional object
xo[n] at the central plane Py, having one and the same number of lateral planes on each side.
The initial guess of the phase of the object ¢g[n] is an object with the same phase at every
point. In this study, the objects to be retrieved are one-dimensional distorted wavefronts,
and it is possible to propagate them from one plane to another using the free-space transfer
function H, thereby iteratively updating their phase. The total number of planes, including
the central plane P, is denoted by r, while the number of lateral planes on one side of the
central plane P is 751. Neighboring planes are separated by distance Az; however, the

distance of propagation is denoted by the symbol z. The distance separating the central
(r—1)-Az
2

plane Py and the last plane is equal to . At each plane, only information about
the measured intensity [ is available. The index z shows that the intensity is measured at
the plane located at distance z from the central plane. The propagation is denoted by the
free-space transfer function H,, where z is the distance of propagation. It must be taken
into account that the object has to be propagated in free space, i.e., empty bands have to be
placed around the object.

Next, one iteration of the MPGS algorithm is described. First, the central object with
an intensity Iy that is located at the plane Py is propagated to the plane P, where its phase
is preserved while the calculated intensity is replaced by the measured intensity I,. The
new object is propagated back to the central plane P, and again the phase is preserved,
while the calculated intensity is replaced with the measured one. The same procedure is
repeated for all other planes on the same side of the central plane until the last plane. The
value of the counter cnt is increased after the central object has been propagated to any
lateral plane and back to the central plane P). As there are % planes on one side of the
central plane Py, the counter cnt reaches a value 5} on one side of the central plane .
After the objects from all the planes located on the same side of the central plane Py have
been propagated back to it, the average phase is calculated. Now, a new object with an
average phase and intensity Iy is formed at the central plane P, and all the steps described
previously are repeated for the planes that are located on the other side of the central plane
Py. After all the objects have been propagated back to the central plane Py, the counter cnt
has reached a value r — 1, and one iteration has been completed. At the end of one iteration,
the counter cnt is set to zero. After all the iterations have been completed, i.e., iter has
reached the value ifermax, the algorithm is stopped, and the phase of the retrieved central
object is extracted in MATLAB. The Algorithm 1 is explained step-by-step below.
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Algorithm 1 MPGS Algorithm

(1) iter =0;cnt =0; ¢o[n] =0
(2) iter =iter+1
(3) cnt=cnt+1

@) z— cent- Az, if ent < 51
T —(ent =) Az ifent > 5L

() xo[n] = \/To[n] - et %ol

©  Xolk] = S(xo[n]) = [Xok]| -0l

) Xolk] = |Xo[k]| - et%lKl = X, [k] = |Xo[K]| - H[k] - "%l = | X, [K]| - &"0=[K
B) x:[n] =S X [K]) = |xz[n]| - & ="

) x:[n] = |x[n]| et = ¥l [n] = \/I[n] - el ?=I"]

(10) XL[K] = S(x[n]) = [XL[K]| - e IF

(11) XL[k] = |XL[K]| - e 0K = X0 (k] = |XL[K]| - Hos[K] - e %K = | X0 [K]| - e 00lK]
(12) xjln] = S (XY [k]) = [xp[n]] - "l

(13) xhln) = | n]] - 980 =[] = /T[] - 6l

2:¢p[n]

Potemp[1] = Poemp[n] + =25
r—=1

)
)
) If NO in step #15, then go to Step #3
) If YES in step #15, then go to Step #18
) o] = Qo temp|n]
(19) @o,templn] =0
) xo[n] = \/To[n] - et #ol]
) ecnt=r—17?
) If NO in Step #21, then go to Step #3
) If YES in Step #21, then go to Step #24
) iter = itermax?
(25) If NOin step #24, then cnt = 0 and go to step #2.
(26) If YES in step #24, then STOP

2.2. Hardware

The MPGS algorithm was implemented into a digital signal processor
(DSP)—sPIC30F6010A. This DSP can carry out one-dimensional FFT, thus mak-
ing it suited for the phase retrieval of vectorial objects. The DSP was run at a frequency
of 7.37 MHz, which was provided by the internal RC oscillator, and a 16 x phase-locked
loop was used to speed up the execution of the code. The code was developed in software
(MPLAB IDE 8.92) and was compiled using compiler XC16. The DSP was programmed
in MPLAB IDE 8.92 using an in-circuit debugger—MPLAB ICD 4. For communication
between the DSP and MPLAB ICD 4, only five lines are required, i.e., Vdd, Vss, PGC, PGD,
and Vpp/MCLR. Communication between the MPLAB ICD 4 and computer occurs via
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USB cable. The basic circuit is shown in Figure 1. The value of the resistor R1 was 50 k().
The integrated circuit used in the image was not the DSP used in this study and is shown
only for illustrative purposes. The FFT function required the input data to be provided in
fixed-point Q15 format. When performing operations in Q15 format, overflow must be
avoided by operating in regions away from the limiting values 0 x 8000 and 0 x 7FFF.
Also, the FFT function requires that data not fall outside the range of —0.5 to 0.5. This
was always guaranteed by using the scaling factor so that the input data were within
the range of —0.25 to +0.25. When compiling the code, the following parameters were
specified: the size of the step Az; the size of the pixel p; the total number of images r, and
the number of iterations ifermax = 200. In the current study, the following parameters
were used: Az=0.5cm, p =7.5 um, r =5, and ¢ = 200. The data from a camera had to be
converted to Q15 format. When the execution of the code was completed, the variable
was exported as an ASCII file and was processed in MATLAB. The retrieved phase was
wrapped within the range from —7 to +7 and had to be unwrapped. Due to memory
limitations, the maximum size of the object together with the empty bands was 128 pixels
(the size of the object was 64 pixels) as several arrays had to be used for the temporary
storage of the data, occupying a significant part of data memory.

[ Joo oo |+ B3]

A\ Microcrie

218 Lo Jeo | ]

Figure 1. The basic circuit for programming a digital signal processor using MPLAB ICD 4. The resis-
tance of the resistor is 50 k(). The actual digital signal processor used in the study was dsPIC30F6010A.
Five lines are required for communication between MPLAB ICD 4 and the digital signal processor:
Vad, Vss, Vpp/MCLR, PGC, and PGD.

2.3. Optical Setup

First, a two-dimensional phase object distorting a plane wavefront was fabricated
using direct write lithography equipment uPG 101 (Heidelberg Instruments, Heidelberg,
Germany). A square with a side equal to 480 um was first etched in a copper layer.
Next, a positive grayscale photoresist ma-P 1275G was applied over the etched area and
was patterned to induce tertiary spherical aberration. One pixel (7.5 pm)-wide slit was
fabricated in an identical way so that the one-dimensional objects to be retrieved could be
cut out of the two-dimensional object. The two-dimensional object was measured using a
non-contact surface profiler Zygo NewView 7100 (Middlefield, CT, USA), which is shown
in the bottom right of Figure 2. The phase of the two-dimensional object is given in radians.
The measurements with the non-contact profiler served as the ground truth against which
the objects retrieved with the MPGS algorithm were compared.

The optical system is schematically shown in Figure 2. A beam coming from the laser
is collimated by the fiber collimator C. Next, it is deviated by the mirror M1 followed by
two aligned 4-f systems. A two-dimensional object was placed at the primary focal plane
of the first lens L1 of the first 4-f system. A horizontally and vertically flipped copy of the
original object was formed at the secondary focal plane of the second lens L2 of the first
4-f system. At this plane, a horizontally orientated slit was scanned vertically to cut out
the vectors or one-dimensional phase objects to be retrieved. These objects were distorted
one-dimensional wavefronts that were selected randomly. The size of the two-dimensional
object was 64 by 64 pixels, and the 21st, 33rd, and the 55th (counting from the bottom)
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vectors were selected as objects. As mentioned in Section 2.1, these one-dimensional
wavefronts were the objects to be retrieved by the MPGS algorithm. The slit was followed
by the mirror M2 that, in turn, was followed by the second 4-f system, which consisted of
the lenses L3 and L4. A camera was moved around the secondary focal plane of the second
lens L2 of the second 4-f system to capture the Fresnel diffraction patterns at all planes. The
bit depth of the camera was 8 bits. Centroids were calculated from the diffraction patterns
captured at the central plane Py. The data were leveled in software Gwyddion as there
was tilt present in the retrieved vectors. The tilt was due to the shifts of centroids from
one plane to another; meanwhile, during data processing, the coordinates of the centroid
were fixed. During data processing, the centroid of the central image was always used.

A
MPLAB ICD 4
ﬁ Camera
dsPIC30F6010A
w4
v

; i @)
Nt mg, N

L1
Figure 2. The experimental setup used in the study. L stands for lens; M stands for mirror. The

two-dimensional object is shown in the bottom right, and the slit was used to cut out one-dimensional
objects from it. These objects were then retrieved using the MPGS algorithm. The phase distor-
tions are given in radians. Abbreviations: C—a fiber collimator, M—mirrors, L—lenses, O—the
two-dimensional object.

2.4. Data Analysis
The root mean square error (RMSE) was calculated according to the following equation:

)

where ¥ is the mean phase of the object, x, is the phase at an arbitrary point, and # is the
length of the object.

The quality of the retrieved phase was estimated in terms of the RMSE of the residual
phase, the corresponding Strehl ratio, and the peak-to-valley (PV) value. The residual
phase was calculated as the difference between the phase of the ground truth and the
retrieved objects. The Strehl ratio according to the Maréchal criterion was calculated using
the following equation:

S~ ¢ RMSE? 2

where RMSE is measured in radians.
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3. Results
3.1. Diffraction Patterns

Figure 3 shows the Fresnel diffraction patterns of three vectors captured at all
five planes. Planes change along the horizontal direction, while each row corresponds
to a different vector. One can notice the asymmetric distribution of light intensity in the
direction normal to the slit for the 55th vector. This indicates that the gradient of the phase
was large, even across the width of the slit. When propagating away from the central plane,
one can notice high frequencies beyond the highest DFT frequencies, extending into the
free space around the object. The Fresnel number calculated for the most distant planes at
the wavelength A = 520 nm was F = 11, indicating that Fresnel diffraction patterns were
observed and the method of angular spectrum for propagating the wave was valid [16].

Figure 3. Diffraction patterns of the test objects, i.e., the 21st, the 33rd, and the 55th vectors (counting
from the bottom). The vectors, i.e., the test objects, were cut out from the two-dimensional object via
the slit. The planes change along the horizontal direction (from 1 to 5).

3.2. Phase Retrieval

The left column of Figure 4 shows the phase of the test objects measured with the
non-contact profiler. These measurements serve as the ground truth. The mean plane was
subtracted from the data to cancel out the prismatic effect. The phase is given in radians,
while the units of the horizontal axis are pixels; one pixel is equal to 7.5 um. The RMSE
values of the phase of the 21st, 33rd, and 55th (counting from below) vectors are 2.11 rad,
3.816 rad, and 2.504 rad, respectively. The corresponding PV values are 6.45 rad, 12.76 rad,
and 7.45 rad. All Strehl ratios are practically zero.

The right column of Figure 4 shows the phase of the test objects retrieved with the
MPGS algorithm. One iteration required about 2 s, and the total time needed for the
retrieval of a single object was about 200 s. Like previously, the mean plane was subtracted
from the data to cancel out the prismatic effect. The RMSE values of the phase of the
retrieved objects are 2.08 rad, 3.51 rad, and 2.67 rad. The corresponding PV values are
6.50 rad, 11.79 rad, and 8.64 rad. All Strehl ratios are again practically zero.

The residual phase of the test objects calculated as the difference between the ground
truth and the phase retrieved using the MPGS algorithm is shown in Figure 5. The RMSE
values of the residual phase are 0.69 rad, 0.71 rad, and 1.23 rad, respectively. The corre-
sponding PV values are 3.52 rad, 3.00 rad, and 5.32 rad. The respective values of the Strehl
ratio were 0.62, 0.60, and 0.22, indicating a significant increase. In the top panel, one can
notice a missed phase wrap of the 55th vector, which leads to the differences between the
RMSE:s of the original and the retrieved object.
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Figure 4. The left column shows the phase (in radians) of the test objects, i.e., the 55th (top), the 33rd
(middle), and the 21st (bottom) vectors measured with the ground-truth method vs. the horizontal
coordinate of the test object (in pixels). One pixel of the x-axis is equal to 7.5 um. The right column
shows the corresponding objects retrieved with the MPGS algorithm.
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Figure 5. The residual phase (in radians) of the tests objects, i.e., the 55th (top), the 33rd (middle),
and the 21st (bottom) vectors vs. the horizontal coordinate of the test object (in pixels). One pixel of
the x-axis is equal to 7.5 pum. The residual phase was calculated by subtracting the retrieved phase
from that measured with the non-contact profiler.
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4. Discussion

The results of the current study suggest that a digital signal processor capable of one-
dimensional FFT can be successfully used for one-dimensional phase retrieval. In addition,
the results show that fixed-point arithmetic in Q15 format is sufficient, thereby reducing
the computational load compared to floating-point precision and avoiding complex com-
putational architectures [14] and optical systems. Cameras of low bit depth (8 bits in this
study) can be successfully used for phase retrieval; in combination with Q15 fixed-point
arithmetic, the proposed method seems computationally efficient. The efficiency of integer
arithmetic is also supported by the results of a previous study [13]. The RMSE of the phase
of the test object and the residual phase the respective Strehl ratios indicate successful
reconstruction. While objects of size 64 by 64 pixels are smaller compared to objects studied
elsewhere, they can still be useful in certain areas of optics. For example, the surface quality
of microlenses can be estimated using such resolution, given that the size of the pixel is in
the micron scale. This would result in the diameter of microlenses being a few hundred
microns. For such applications, phase retrieval requiring several minutes is acceptable, and
phase retrieval in real-time is not necessary.

The differences between the original and the retrieved object can most likely be
attributed to imperfect phase unwrap and an insufficient number of iterations. Possibly, a
bigger number of planes on each side of the central plane would also increase the accuracy
of the retrieved objects. Another factor lowering the accuracy of phase retrieval is the
insufficient width of the empty bands surrounding the object; however, increasing the
width of the bands results in an increased memory consumption. The accuracy of the
retrieved objects can also be affected by the sampling rate. It is known that the phase
retrieval of one-dimensional objects benefits from oversampling [18]; however, this is at the
cost of memory usage.

Two-dimensional phase retrieval is, of course, of bigger importance compared to one-
dimensional objects, and therefore a question arises as to whether the proposed method
could be applied to two-dimensional objects. The most straightforward method would be
scanning the object under study; however, such a solution would make the whole procedure
very time-consuming. The most efficient way to retrieve two-dimensional objects would be
to split them into vectors using an array of optically separated waveguides, capturing an
array of diffraction patterns, each of which would be processed using an independent DSP.
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