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Abstract

Quantum finite automata were introduced by C. Moore and J. P. Crutchfield
in [MC 97] and by A. Kondacs and J. Watrous in [KW 97]. This notion is
not a generalization of the deterministic finite automata, but rather a gen-
eralization of deterministic reversible (permutation) automata. In [AF 98]
A. Ambainis and R. Freivalds raised the question what kind of probabilis-
tic automata can be viewed as a special case of quantum finite automata.
To answer that question and study relationship between quantum finite au-
tomata and probabilistic finite automata, we introduce a notion of proba-
bilistic reversible automata (PRA, or doubly stochastic automata). We give
the necessary condition for a language to be recognized by PRA. We find
that there is a strong relationship between different possible models of PRA
and corresponding models of quantum finite automata.

In these thesis we regard quantum automata, probabilistic reversible and
deterministic reversible automata as reversible automata. At least two non-
equivalent definitions of language recognition are used for one-way reversible
finite automata in various papers. Both of these definitions have their own
advantages and disadvantages, summarized in our classification of one-way
reversible finite automata.

Further, we introduce a notion of quantum finite multitape automata
and prove that there is a language recognized by a quantum finite multitape
automaton but not by deterministic finite multitape automata. Addition-
ally we discover unexpected probabilistic automata recognizing complicated
languages.

Finally, we revise the concept of quantum pushdown automata (QPA),
first introduced by C. Moore and J. P. Crutchfield in [MC 97]. We give the
definition of QPA in a non-equivalent way, including unitarity criteria, by
using the definition of quantum finite automata of [KW 97]. It is established
that the unitarity criteria of QPA are not equivalent to the corresponding uni-
tarity criteria of quantum Turing machines [BV 97]. We show that QPA can
recognize every regular language. We also present some simple non-context-
free languages recognized by QPA (hence not recognizable by deterministic
and nondeterministic pushdown automata).
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Anotacija

Kvantu galiga automata definiciju ieviesa K. Murs un Dz. P. Kracfilds raksta
[MC 97], ka ar1 A. Kondaés un Dz. Vatro raksta [KW 97]. Sis jédziens nav
galigo determinéto automatu visparinajums, bet gan drizak determinéto ap-
griezamo (permutaciju) automatu visparinajums. Raksta [AF 98] A. Am-
bainis un R. Freivalds uzdeva jautdjumu, kada tipa varbutiskie automati
var tikt apliikoti kd kvantu galigo automatu specialgadijums. Lai atbildetu
uz o jautdjumu un pétitu saistibu starp kvantu galigajiem automatiem un
varbiitiskajiem galigajiem automatiem, ieviests varbiitiska apgriezama au-
tomata (dubultstohastiska automata) jedziens. Dots nepiecieSamais nosaci-
jums, lai valodu varétu atpazit ar varbutisko apgriezamo automatu palidzibu.
Atrasts, ka pastav ciess sakars starp dazadiem iesp€jamiem varbiitisko ap-
griezamo automatu modeliem un atbilstosajiem kvantu galigo automatu mo-
deliem.

Saja disertacija par apgriezamajiem automatiem uzskatiti kvantu au-
tomati, varbutiskie apgriezamie un determinétie apgriezamie automati. Valo-
du pazisanai ar vienvirziena apgriezamajiem galigajiem automatiem dazados
rakstos tiek izmantotas vismaz divas neekvivalentas definicijas. Abam Sim
definicijam ir savas priekSrocibas un savi trukumi, kas apkopoti vienvirziena
apgriezamo galigo automatu klasifikacija.

Talak, ieviests kvantu galiga daudzlensu automata jedziens un pieradits,
ka eksisté valoda, ko var pazit ar kvantu galigo daudzlensu automatu, bet
ne ar determinétajiem galigajiem daudzlenSu automatiem. Papildus atklati
negaiditi varbutiskie automati, kas pazist sarezgitas valodas.

Visbeidzot, parskatits kvantu automata ar magazinas tipa atminu je-
dziens, ko pirmoreiz ieviesa K. Murs un Dz. P. Kragfilds raksta [MC 97].
Dota kvantu automata ar magazinas tipa atminu definicija, kas nav ekvi-
valenta ar iepriekéminéto, izmantojot kvantu galiga automata definiciju no
raksta [KW 97|. Noteikts, ka kvantu automata ar magazinas tipa atminu uni-
taritates kritérijs nav ekvivalents ar atbilstoSo kvantu Tjuringa masinas uni-
taritates kritériju raksta [BV 97]. Pieradits, ka kvantu automati ar magazi-
nas tipa atmigu pazist jebkuru regularu valodu. Tapat uzraditas dazas
vienkarsas valodas, kuras nav bezkonteksta (lidz ar to tas nepazist deter-
minétie un nedeterminétie automati ar magazinas tipa atminu) un kuras
pazist kvantu automati ar magazinas tipa atminu.



Anmmoramusa

Onupenernenue KBAaHTOBLIX KOHEUHLIX aBTOMaToB BBeau K. Myp u k. II. Kpaudunn
B ctatne [MC 97], a Tarke A. Kounau n Ix. Batpo B cratie [KW 97]. D10 nonstue
He sABnAeTcA 060bOmeHneM e TepMUHUDPOBAHHLIX KOHEYHLIX aBTOMATOB, a CKOpee 3TO
0BobmeHume JeTepMUHMPOBAHHLIX 00paTUMLIX (epMYTALMOHHLIX ) aBTOMATOB. B cTa-
toe [AF 98] A. AmGaunnc u P. ®peiiBanic nmomHann BONPOC, Kakue BEPOATHOCT-
HLIE aBTOMATLI MOTYT CUMTATLCH YACTHLIM CJAYYAEeM KBAHTOBLIX KOHEUHLIX aBTOMAa-
TOB. UTOOLI OTBETHUTL HA STOT BONPOC M U3YUYMTL CBA3L MEXKAY KBAHTOBLIMM KOHEU-
HLIMM 3aBTOMATAMWU U BEPOATHOCTHLIMM KOHEUHLIMM ABTOMATAMH, BBEICHO TOHATHUE
BEPOATHOCTHOrO 00paTUMOro (OBaXKALI CTOXACTUYECKOro) aBTOMaTa. llpencTasieHo
HeoDXoMMMoe yCIoBUe, UTOOLI A3LIK OLII DLl pacno3HaBaeM BEPOATHOCTHLIMU 0Opa-
TUMLIMK aBTOMaTaMu. HalfmeHo, YTO CymecTBYeT TECHAs CBA3L MEXKAY PA3NUUHLIMU
BO3MOMKHLIMU MOJEJIAMH BEPOATHOCTHLIX OOPATUMLIX aBTOMATOB U COOTBETCTBYIOLIM-
MU MOJEJISIMA KBAHTOBLIX KOHEYHLIX ABTOMATOB.

B nmaumoit miccepraumm oOpATUMLIMU aBTOMATAMU CUUTAIOTCSA KBAHTOBLIE AB-
TOMATLI, BEPOATHOCTHLIE OOpATUMLIE ¥ IeTEePMUHUPOBAHHLIE OOpaTUMLIE ABTOMATLI.
B pasamuHLIX CTATLAX A8 PACIO3HABAHMSA S3LIKOB OXHOCTODOHHUMM OBpaTUMLIMK
KOHEYHLIMW aBTOMATAaMU UCHIOAL3YIOTCA KAK MUHUMYM ABA HEPABHOCUILHLIX ONpexne-
nemua. O6a ompenesnenus UMeEXOT CBOU NPEUMYIIECTBA U HENOCTATKH, YTO 00006meHo
B KJACCHPUKALMKA OAHOCTOPOHHUX OOPATUMLIX KOHEUYHLIX aBTOMATOB.

Hanee, BBEAEHO DOHATHE KBAHTOBOTO MHOTOJIEHTOYHOTO KOHEYHOTO AaBTOMATA W
JOKa3aHO, YTO CYHMIECTBYET A3LIK, KOTOPLIA BO3MOMKHO PACIO3HATL KBAHTOBLIM KOHEY-
HLIM MHOT'OJIEHTOYHLIM aBTOMATOM, HO He NeTEPMUHUDOBAHHLIMU KOHEUHLIMU aBTOMA-
TaMu. lomonHnTeN LHO HAlHEHDI HeOXKUIAHHLIE BEPOATHOCTHLIE aBTOMATLI, PaCro3-
HaIIIUE CIHIOKHLIEC A3LIKUA.

Hakouneu, nepecMOTpeHO NOHATHE KBAHTOBOTO aBTOMATA C MAra3uBHONW MaMATLIO,
Brepeuie BBenéHHLIM K. Mypom n Ix. II. Kpaudunmom B cratie [MC 97]. Hawo
oTnpejieNIeHe KBAaHTOBOI'O ABTOMATA C MAra3WHHONM NaMATLIO, KOTOPOE HESKBMBAJIeHT-
HO C BLINEYKa3aHHLIM, UCITOJL3YA OnpelefeHHe KBAHTOBOIO KOHEUYHOTO aBToMAaTa
ot [KW 97]. YcTaHoBnEHO, YTO KpUTEpUIA YHUTAPHOCTM KBAHTOBOTO aBTOMAaTa C
MArasuHHOI NAMATLIO HEPABHOCUJIEH COOTBETCTBYIOIIEMY KPHTEPHIO YHUTAPHOCTH
kBaHTOBOM Mammunl Tiopunra [BV 97]. JlokaszaHo, YTO KBAHTOBLIE aBTOMATLI C Ma-
TFa3MHHON HaMATLIO PACMO3HAKT NMOOOA perynaApHLIf A3Lk. Tarke TpPeACTABJIEHLI
HEKOTOPLIE TPOCTLIE A3LIKM, KOTOPLIE He SABIAIOTCA KOHTEKCTO-cBOOGOAHLIMHU (cCie-
AOBATEILHO, HE PACHOO3HABAEMLI AETEPMUHHMPOBAHHLIMU U HENETEPMUHVMPOBAHHLIMU
aBTOMATaMM C MATa3UHHON MAaMATLIO) U PACTIO3HABAEMLI KBAHTOBLIMA aBTOMATAMM C
Mara3vHHON MaMATLIO.
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Chapter 1

Introduction

Nobel prize winner physicist Richard Feynman asked in [Fe 82| what effects
may have the principles of quantum mechanics, especially, the principle of
superposition on computation. He gave arguments that it may require expo-
nential time to simulate quantum mechanical processes on classical comput-
ers. This served as a basis to the opinion that quantum computers may have
advantages over classical ones. It was in 1985, when D. Deutsch introduced
the notion of quantum Turing machine [De 85] and proved that quantum
Turing machines compute exactly the same recursive functions as classical
deterministic Turing machines do. However, P. Shor discovered that by use of
quantum algorithms it is possible to factorize large integers and compute dis-
crete logarithms in a polynomial time [Sh 94], what resulted into additional
interest in quantum computing and attempts to build quantum computers.
First steps have been made on this direction, and first quantum computers
which memory is limited by a few quantum bits have been constructed. To
make quantum computers with larger memory feasible, one of the problems
is to minimize error possibilities in quantum bits. Quantum error correction
methods are developed which would enable quantum computers with larger
quantum memory.

Quantum computation and information processing as well as main open
issues are analyzed in [Gr 99].

Quantum mechanics differs from the classical physics substantially. Tt is
enough to mention Heisenberg’s uncertainty principle, which states that it is
impossible to get information about different parameters of quantum particle
simultaneously precisely. Another well known distinction is the impossibility
to observe quantum object without changing it.

Fundamental concept of quantum information theory is gquantum bat.
Classical information theory is based on classical bit, which has two states 0
and 1. The next step is probabilistic bit, which can be 0 with probability o
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and 1 with probability 8, where a + § = 1. Quantum bit or gb:t is similar to
probabilistic bit with the difference that o and  are complex numbers with
the property |a|?+|3|* = 1. It is common to denote gbit as «|0) + B|1). As a
result of measurement, we get 0 with probability |a|? and 1 with probability
1B2.

Every computation done on gbits is accomplished by means of unitary
operators. Informally, every unitary operator can be interpreted as a rotation
in complex space. Therefore one of the basic properties of unitary operators
is that every quantum computing process not disturbed by measurements is
reversible. Unitarity is rather hard requirement which complicates program-
ming of quantum devices. Still it is possible to simulate every classical Turing
machine by quantum Turing machine with only polynomial slowdown. The
following features of quantum computers are most important:

1. Information is represented by gbits.

2. Any step of computation can be represented as a unitary operation,
therefore computation is reversible.

3. Quantum information cannot be copied.

4. Quantum parallelism; quantum computer can compute several paths
simultaneously, however as a result of measurement it is possible to get
the results of only one computation path.

As in the classical theory of computation, we may consider other models
of computation, such as quantum finite automata, pushdown automata, etc.
Opposite to Turing machines, these models represent the cases when specific
restrictions are inevitable regarding space consumption or time usage. In
particular, one-way quantum finite automata (1-QFA) represent one of the
most restricted models, where computation is performed with finite memory
and in real time, i.e., the number of computation steps does not exceed the
length of input.

In quantum computation, it is possible to distinguish between pure state
model, where an automaton is in a single quantum superposition of con-
figurations after each computation step, and mixed state model, where the
automaton with certain probabilities is in one of several possible quantum
superpositions.

In these thesis, we study quantum automata in terms of formal languages
they can recognize. Similarly as in probabilistic computation it is possible
to consider language recognition with bounded error or unbounded error,
however we restrict ourselves to bounded error language recognition only.
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We shall understand under reversible automata quantum automata, prob-
abilistic reversible automata, as well as deterministic reversible (permuta-
tion) automata.

Several definitions are used in various papers for language recognition by
reversible automata.

Generally, an automaton halts computation (enters a halting configura-
tion) and then gives an answer whether a word is in the language (a halting
configuration may be either accepting or rejecting). We refer to this type of
language recognition as “decide and halt” and to the respective automata as
“decide and halt” automata (DH-automata). In case of quantum automata,
to know whether to continue computation or not, we must constantly check
whether a quantum automaton has entered a halting configuration, hence re-
spective measurements are performed after each step!. As soon as the result
of measurement means obtaining a superposition of halting configurations,
we measure whether a configuration is accepting or rejecting one?. If no other
type of measurements is allowed after each step, we have pure state model,
otherwise we obtain mixed state model.

For real time automata, it is possible to have other definition where there
is no notion of the halting configuration; an automaton halts computation as
soon as the number of computation steps equals length of the input instead,
and then gives an answer whether a word is in the language (any configu-
ration is either accepting or rejecting). This definition is widely used with
classical one-way deterministic and probabilistic finite automata, hence we
refer to this type of language recognition as classical and to the respective au-
tomata as classical automata (C-automata). In case of quantum automata,
no measurements are really necessary after each step; at the end of com-
putation a measurement whether a configuration is accepting or rejecting is
performed. If some other type of measurements is still allowed after each
step, we obtain mixed state model, otherwise we have pure state model.

For classical one-way deterministic and probabilistic finite automata the
both definitions are equivalent. However, if one-way reversible finite au-
tomata are considered, the “decide and halt” definition is more powerful, vet
with less pleasant theoretical properties.

It is still possible to generalize the classical definition even if computation
1s not real time, since we can define a function, where the argument is length
of input and the output is allowed number of computation steps. Such func-
tion could be applied to the “decide and halt” definition as well. However, all

It is possible to perform measurements so that quantum superposition among non-
halting states is not disturbed.

?Actually, these two types of measurements may be combined to one single type of
measurement.
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that is beyond the limits of this thesis. Eventually, we consider the classical
definition as well as the “decide and halt” definition in the case of one-way
reversible finite automata and use the “decide and halt” definition for other
types of automata.

Quantum Turing machine was introduced by D. Deutsch in [De 85]. Clas-
sical 1-QFA with pure states were introduced by C. Moore, J. P. Crutch-
field in [MC 97]. Subsequently, A. Kondacs, and J. Watrous introduced
“decide and halt” 1-QFA with pure states in [KW 97]. Classical 1-QFA
with pure states and “decide and halt” 1-QFA with pure states are com-
monly referred in literature as measure-once QFA (MO-QFA) and measure-
many QFA (MM-QFA), respectively. Since then 1-QFA with pure states
have been studied a lot, measure-once finite automata are considered in
[AF 98, BP 99, AG 00, BB 01], whereas measure-many automata in [AF 98,
ANTYV 98, ABFK 99, BP 99, AKV 00, AK 01, AIR 02, M 02]. In particular,
Kondacs and Watrous showed in [KW 97], that MM-QFA can recognize only
a proper subset of regular languages. However, in [AF 98] Ambainis and
Freivalds showed that for some languages QFA may be exponentially more
concise. Still, Ambainis, Nayak et al. pointed out in [ANTV 98] that for
some other languages, QFA may require exponentially larger number of states
than deterministic automata do. In [BP 99|, Brodsky and Pippenger noted
that MO-QFA recognize the same language class as permutation automata
([T 68]). Ambainis, Kikusts and Valdats determined in [AKV 00] that the
class of languages recognized by MM-QFA is not closed under boolean opera-
tions, as well as significantly improved the necessary condition of a language
to be recognized by MM-QFA, proposed by [BP 99]. In [AK 01], Ambainis
and Kikusts gave the final answer what is the largest probability for a lan-
guage to be recognized by MM-QFA| if it is not recognizable by deterministic
reversible (“decide and halt”) finite automata.

“Decide and halt” 1-QFA with mixed states were introduced by A. Nayak
in [N 99] as enhanced quantum finite automata. He showed that the similar
weaknesses apply to this more general model as shown for MM-QFA. Still the
language class and other properties of the model are not much explored. One
chapter in this thesis is devoted to probabilistic reversible automata [GK 02],
which with some additional restrictions are one of the marginal special cases
of Nayak’s model (the other marginal special cases are MO-QFA and MM-
QFA).

2-way quantum finite automata are considered in [KW 97, AT 99, AW 99,
Du 01]. Kondacs and Watrous brought in 2-way quantum finite automata
and proved that a non-regular language can be recognized by this model in
a quadratic time. (Probabilistic 2-way automata can do that in exponential
time only, see [Fr 81, DSt 89].) In [Al 99], Amano and Twama showed that
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emptiness problem is not decidable for 2-way (even 1.5-way) quantum finite
automata. In [Du 01] it is actually determined that even 1.5-way QFA can
recognize non-regular languages, which is not possible by deterministic and
probabilistic counterparts of this model.

The paper [ABFGK 99| discusses the properties of quantum finite multi-
tape automata. Quantum 1-counter automata are explored in [K 99, YKTT 00,
BFK 01, YKI 01, YKI 02], whereas quantum pushdown automata are con-
sidered in [MC 97, Go 00, NTHK 01]. In [Go 00], it was proved that quantum
pushdown automata can recognize every regular language using pushdown
store as a recording device to maintain reversibility. Quantum finite state
transducers are introduced in [FW 01]. It was shown that quantum finite
state transducers can compute relations, which are not computable by de-
terministic or probabilistic finite state transducers. In [PC 01], it is actually
noted that quantum finite state transducers may be used to recognize every
regular language, the idea is similar as in [Go 00]. In [Sc 01], quantum real
time Turing machines are considered.

In Chapter 2 of the thesis we state common notations and definitions,
used in the rest of the chapters. In Section 2.1 we recall several notions of
linear algebra, whereas in Section 2.2 discuss notions applicable to arbitrary
automata model.

In Chapter 3 we introduce and research probabilistic reversible automata
and outline the fundamental relations between this model and other models
of one-way reversible finite automata. In Section 3.1, we discuss properties of
probabilistic reversible C-automata (C-PRA). We prove that C-PRA recog-
nize the class of languages aja’ . ..a’ with probability 1 —e. This class can
be recognized by MM-QFA, with worse acceptance probabilities, however
[ABFK 99]. This also implies that Nayak’s enhanced QFA recognize this
class of languages with probability 1 — . Further, we show general class of
regular languages, not recognizable by C-PRA. In particular, such languages
as (a,b)*a and a(a,b)* are in this class. This class has strong similarities
with the class of languages, not recognizable by MM-QFA [AKV 00]. We
also show that the class of languages recognized by C-PRA is closed un-
der boolean operations, inverse homomorphisms and word quotient, but is
not closed under homomorphisms. In Section 3.2 we prove that C-PRA au-
tomata without end-markers recognize the same class of languages as C-PRA
automata with both end-markers. In Section 3.3 we propose a classification
of one-way reversible finite automata (deterministic, probabilistic and quan-
tum).

In Chapter 4 we deal with quantum finite multitape automata (QFMA).
In Section 4.1 we define QFMA. In Section 4.2 we define language recognition
and explore languages recognized by QFMA in comparison with deterministic
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and probabilistic finite multitape automata.

In Chapter 5 we explore the basic properties of quantum pushdown au-
tomata (QPA). In Section 5.1 we advocate the notion of QPA and give a
formal definition of this model. In Section 5.2 we explore languages recog-
nized by QPA. We prove that QPA can recognize every regular language.

Chapter 6 is the conclusion, which summarizes the work and states main
open problems.



Chapter 2

Preliminaries

The following notations will be used further in the thesis: z* is the complex
conjugate of a complex number z, U* is the Hermitian conjugate of a matrix
U, ST is the transpose of a matrix S, I is the identity matrix, @ is the set of
states of an automaton, € is an empty word, 2* is the set of all finite words
over alphabet 2, a language L is a subset of £*, L is a complement of the
language L. Given a word w € ©*, |w| is the number of symbols in w and [w];
is the i-th symbol of w, starting counting with 1 from the left. A reverse of
a word w = @1Qs . ..Gy_10,, Where g; € ¥, is the word w® = ana,_1 ... as0,.
A reverse of a language L C ¥* is the language LR = {z € % | zf € L}.

2.1 Unitary and Stochastic Operations

In this section, we recall well known definitions and theorems from linear
algebra and Markov chains theory. For the sake of completeness, some of the
theorems are supplied with elementary proofs.

Definition 2.1. We say that a (kn x kn) matriz C s a direct product of
(k x k) matriz A and (n x n) matriz B, C = AQ) B, if clit)ntm,(j—1)n+l =
ai,jbm,,.

Unitary Matrices

Definition 2.2. A complex matriz U is called unitary, if UU* = U*U = 1.

15
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Lemma 2.3. For arbitrary integer n > 0, the mairiz
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1$ unitary.

By this lemma, quantum automata are able to make equiprobable choices
among a finite number of possibilities.

Lemma 2.4. If matrices A and B are unitary, then their direct product is
a unitary matric.

If U is a finite matrix, then UU* = I iff U*U = I. However this is not
true for infinite matrices:

Example 2.5.

© o ogl-sl
co— o o
o—~o oo
—o o o o
cooc oo

\55555.-:.')

Here U*U = I but UU* # I.

Lemma 2.6. If infinite matrices A, B,C have finite number of nonzero el-

ements i each row and column, then thewr multiplication is associative:
(AB)C = A(BC).

Proof. The element of matrix (AB)C in i-th row and j-th column is k;; =

o0 OO
Y. > airbyses;. The element of matrix A(BC) in the same row and column
s=1r=1

[= s ]
is li; = 37 3 aj,by5¢55. As in the each row and column of matrices A, B,C

r=1 s=1
there is a finite number of nonzero elements, it is also finite in the given series.
Therefore the elements of the series can be rearranged, and k;; = [;;. O

As noted in the next section infinite unitary matrices with finite number
of nonzero elements in each row and column describe the work of quantum
automata. Further lemmas state some properties of such matrices.
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Lemma 2.7. If U*U = I, then the norm of any row in the matriz U does
not exceed 1.

Proof. Let us consider the matrix S = UU*. The element of this matrix
s;; = (rj]r;), where r; is i-th row of the matrix U. Let us consider the matrix
T = S?. The diagonal element of this matrix is

o
ti = Z SikSki = Z relr) (rilre) = D [(relra) .
k=1 k=1

On the other hand, taking into account Lemma 2.6, we get that
T=5%=UU"WUU) =UUU)U*=UU"=S.

Therefore t; = s;; = (r;|7;). It means that

o0
Z| rk|rZ = (r3|7rs)- (2.1)
k=1

This implies that every element of series (2.1) does not exceed (r;|r;). Hence
|(r;|r:) |2 = (r4]rs)? < (ry]m;). The last inequality implies that 0 < (r;|r;) < 1.
Therefore |r;| < 1. O

Lemma 2.8. Let us assume that U*U = I. Then the rows of the matriz U
are orthogonal iff every row of the matrixz has norm 0 or 1.

Proof. Let us assume that the rows of the matrix U are orthogonal. Let

[e.0]
us consider equation (2.1) from the proof of Lemma 2.7, i.e., Z |(re|r)|? =

o
(ri|r:). As the rows of the matrix U are orthogonal, Y [{r¢|r:)|? = |(ri|r:)]?.
k=1
Hence (r;|r;)? = (ri|ry), i-e., (r5|r;) = 0 or {r;|r;) = 1. Therefore |r;| = 0 or
|’7‘i| =1.
Let as assume that every row of the matrix has norm 0 or 1. Then
(ri]r:)? = (ry|r;) and in compliance with the equation (2.1), 3= [{r|r:)|? =
keNF\ {1}
0. This implies that V& # 1 |(rx|r:)| = 0. Hence the rows of the matrix are
orthogonal. O

Lemma 2.9. The matriz U is unitary iff U*U = I and its rows are normal-
1zed.
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Proof. Let us assume that the matrix U is unitary. Then in compliance
with Definition 2.2, U*U = I and UU* = I, i.e, the rows of the matrix are
orthonormal.

Let us assume that U*U = I and the rows of the matrix are normalized.
Then in compliance with Lemma 2.8 the rows of the matrix are orthogonal.
Hence UU* = I and the matrix is unitary. O

This result is very similar to Lemma 1 of [DSa 96].

Doubly Stochastic Matrices

Definition 2.10. A real (n x n) matriz S, s;; > 0, is called stochastic, if
n

V] Z S5 = 1.
i=1

Definition 2.11. A stochastic n x n matriz D 1s called doubly stochastic,
n

ZfV'l Z di,j =1.
J=1

Lemma 2.12. If matrices A and B are doubly stochastic, then their direct

product 15 a doubly stochastic matriz.

Lemma 2.13. If A is a doubly stochastic matriz and X - a wvector with
components z; > 0, then max(X) > max(AX) and min(X) < min(AX).

Proof. The idea of the proof due to M. Kravtsev. Let us consider X =

I ay a2 ... Qin

To g1 Qo2 ... Q2 . .
and A = " |, where A is doubly stochastic.

Tn Qn1 Gp2 --- GOnp

Let us suppose that z; = max(X). For any 7, 1 <1 < n,
Ij=anT; + a;2Z; + ...+ AinTj > 021+ Q%o + ...+ Q.

Therefore z; is greater or equal than any component of AX. The second
inequality is proved in the same way. a

Definition 2.14. We say that a doubly stochastic matriz S is unitary sto-
chastic ([MO 79)), «f ezists a unitary matriz U such that Vi, |u; ;|* = s; ;.

Remark 2.15. Not every doubly stochastic matrix is unitary stochastic.
1

Such matrix is, for example,

O N0~
o= Ol
== O
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Markov Chains

We recall several definitions and facts from the theory of finite Markov chains
([KS 76], etc.)

A Markov chain with n states is determined by an n x n stochastic matrix
A. If A;; =p >0, it means that a state g; is accessible from a state ¢; with
a positive probability p in one step. Generally speaking, the matrix depends
on the numbering of the states; if the states are renumbered, the matrix
changes, as its rows and columns also need to be renumbered.

Definition 2.16. A state g; is accessible from q; (denoted q; — q;) if there
is a positive probability to get from q; to q; (possibly in several steps).

Definition 2.17. States ¢; and g; communicate (denoted q; <> q;) if ¢ — g
and g; — g;.

Definition 2.18. A state q is called ergodic if Vi ¢ — q¢; = ¢; — q. Other-
wise the state is called transient.

Definition 2.19. A Markov chain without transient states is called irre-

ducible if for all gi,q; ¢ ¢> q;. Otherwise the chain without transient states
18 called reducible.

Definition 2.20. The period of an ergodic state q¢; € Q of a Markov chain
with a matriz A is defined as d(g;) = ged{n >0 | (A");; > 0}.

Definition 2.21. An ergodic state g; is called aperiodic if d{q;) = 1. Other-
wise the ergodic state is called periodic.

Definition 2.22. A Markov chain without transient states is called aperiodic
if all its states are aperiodic. Otherwise the chain without transient states is
called periodic.

Definition 2.23. A probability distribution X of a Markov chain with a ma-
triz A 1s called stationary, if AX = X.

Definition 2.24. A Markov chain is called doubly stochastic, if its transition
matriz is a doubly stochastic matriz.

Theorem 2.25. If a Markov chain with a matriz A is irreducible and ape-
riodic, then

a) it has a unique stationary distribution Z;

b) lim A =(Z,...,2);

¢) VX lim A"X = Z.

n—oo
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Corollary 2.26. If a doubly stochastic Markov chain with an m x m matric

A is wrreducible and aperiodic,
1

a) lim A™ = " ;
n—0o0 1 ‘1_
b)VX lim A"X = | .-
n—00 i
Proof. By Theorem 2.25. O

Lemma 2.27. If M is a doubly stochastic Markov chain with o matrix A,
then Yq q — q.

Proof. The idea of the proof due to M. Kravtsev. Assume existence of gy such

that go is not accessible from itself. Let Qg = {¢: | g0 = @} ={a1,-- -, @ }-

(4, is not empty set. Consider those rows and columns of A, which are

indexed by states in Q4. These rows and columns form a submatrix A’

Each column j of A’ must include all non-zero elements of the corresponding

column of A as those states are accessible from the state g;, hence also from
k

o and are in Q. Therefore Vj, 1 < j <k, > al; =1l and > af; =
=1 1<i,j <k

k. On the other hand, since qo ¢ Q,, a row of A" indexed by a state

accessible in one step from ¢y does not include all nonzero elements. Since

A is doubly stochastic, 3,1 < ¢ <k, Z a;; <land 3} a;; <k Thisis
1<2,5<k
a contradiction. i

Corollary 2.28. Suppose A is a doubly stochastic matriz. Then exists k >
0, such that Vi (AF);; > 0.

Proof. Consider an m x m doubly stochastic matrix A. By Lemma 2.27, Vi
dn; > 0 (A™);; > 0. Take n = [] n,. For every ¢, (A");; > 0. O

s=1
Lemma 2.29. If M is a doubly stochastic Markov chain with a mairiz A,
then Vg5, q; azs > 0 = g — q5.

Proof. The idea of the proof due to M. Kravtsev. a;; > 0 means that ¢
1s accessible from ¢, in one step. We have to prove, that ¢ — ¢,. Assume
from the contrary, that ¢, is not accessible from ¢,. Let Qg = {¢: | ¢ —
¢} = {a,q,...,q}. By Lemma 2.27, ¢ € Q. As in the proof of Lemma
2.27, consider a matrix A’, which is a submatrix of 4 and whose rows and
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columns are indexed by states in Q. Each column j has to include all
nonzero elements of the corresponding column of A. Therefore V3, 1 < j <k,

k
>.a;;=1and 3} a; = k. On the other hand, a;; > 0 and g5 ¢ Qq,,
=1

1<i,j<k
therefore a row of A’ indexed by ¢: does not include all nonzero elements.
k

Since A is doubly stochastic, » a;; < 1 and >  aj; < k. Thisis a
i=1 1<i5<k
contradiction. O

Corollary 2.30. If M is a doubly stochastic Markov chain with matriz A
and g, — q;, then q, < ¢;.

Proof. If g¢; — q; then exists a sequence ¢;,,¢s,,--.,q,, such that a; s >
0, ai5, > 0,...,05,4,, >0, a5, > 0. By Lemma 2.29, we get ¢ — ¢;,,
Qi = Qi_yr - Gis = Qiy» Giy — 9s- YTherefore g, — g. O

By Corollary 2.30, every doubly stochastic Markov chain does not have

transient states, so it is either periodic or aperiodic, either reducible or irre-
ducible.

2.2 Automata

In this section, we define notions applicable to arbitrary type of automata in
a quasi-formal way. In further chapters, these notions easily transform into
formal definitions applicable to automata discussed there.

Abstract Automaton

Consider an abstract automaton A = (Q,%,...,%,,,q0,0), where @ is a
finite set of states, ¥; is an alphabet of the k-th tape, qo is the initial state
and ¢ is a transition function. (See Figure 2.1.)

Each tape is potentially infinite on both directions. The cells of each tape
are indexed by numbers in Z. Each cell of the k-th tape stores a symbol in
2 or white space, denoted A. A cell the k-th tape head is above is called
the k-th current cell. The transition function determines possible transitions
of the automaton depending on its current configuration.

Definition 2.31. A configuration of an abstract automaton is

¢ = (¢, M1,01,T1, -y Ny Oy Tr), Where the automaton is in a state ¢; € Q
and o7 € X} is a finite word on the k-th input tape. The k-th current cell
s indezed by ny and it contains the last symbol of the word oy, if o # € and
A, otherwise. All cells before or after ox7r are blank (contain A).
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Tape 1:

Tape heads;

State: q'i

Figure 2.1: An abstract automaton

The automaton operates in discreet time moments ({o,...,,,...). If the
automaton cannot change contents of a particular tape, it is called input
tape. Let us assume that the automaton has p input tapes, and renum-
ber the tapes, so that first come input tapes. At the time moment %y, the
automaton is in configuration (g, 0,¢€,71,...,0,€,75,0,¢,¢,...,0,¢,€), where
Ti,...,Tp are input words. We refer to the input word tuple as input. At
each time moment, the automaton performs a single transition, called step.
At each step, depending on its current state and symbols in current cells,
the automaton may change its current state, change the contents of current
cells, and afterwards, move each tape head one cell forward or backward.

Formally, the transition function § defines a binary relation p from the
set @ X ¥y X ... X Ep to the set @ x Eppy X ... X Epy X {¢—, |, =}
(g1, 8151 8m)P(G2, Spy1s o5 Sipo iy, di), di € {4, ), —}, means that for
the automaton being in the state ¢; and having symbols si,...,s,, in cur-
rent cells, the following transition is possible: the automaton goes to the
state g», writes s,,;,..., 5, into the current cells of the tapes p+1,...,m
and moves tape heads according to the directions d;. If this relation is a func-
tion, we speak about deterministic automata, other considered possibilities
are probabilistic automata and quantum automata. Probabilistic automata
perform transitions with certain probabilities, whereas quantum automata -
with certain amplitudes.

For technical reasons, we may introduce two categories of white spaces for
input tapes, called end-markers; one is used before input word and denoted
as #, and the other after input word and denoted as $. So every input word
is enclosed into end-marker symbols # and $'. Therefore we introduce a

working alphabet of the k-th input tape as Ty, = £, U {#,3}. We define the

'To get rid of infinite input tapes we may also assume that input tapes are circular
and the length of every input tape is [ = max {IT¢]} + 2, so that the next cell after the
<k<p

cell indexed by [ — 1 is the cell indexed by 0. The cells indexed by 0 store # and the rest
blank cells store $.
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length of input as the length of the longest word in the input word tuple
(including one end-marker to the left of the word and oune to the right of the
word).

By C we denote the set of all configurations of an automaton. This set
is countably infinite.

Remark 2.32. It is possible to reach only a finite number of other configu-
rations from a given configuration in one step, all the same, within one step
the given configuration is reachable only from a finite number of different
configurations.

An abstract automaton introduced above is actually a description of an
m-tape Turing machine. To define other types of automata, we apply specific
restrictions to this general model. We say that an automaton is I-way, if at
each step, it must move each input tape head one cell forward. We say
that an automaton is 1.5-way, if at each step, it may not move input tape
heads backward. Otherwise, an automaton is called 2-way. We refer to an
automaton as a finite automaton, if all of its tapes are input tapes.

To halt computation of the automaton, we may consider at least two
options. According to the first option, a subset of C is introduced and
configurations in the subset are marked as halting configurations. We monitor
the computation of the automaton and stop the computation as soon as the
automaton enters a halting configuration. According to the second option,
we determine the number of steps of computation in advance, and run the
automaton the specified number of steps. In particular, when the number of
steps is equal to the length of input, we get real-time automata.

Word Acceptance

We study automata in terms of formal languages they recognize. At least
two definitions exist, how to interpret word acceptance, and hence, language
recognition, for automata.

Definition 2.33. “Decide and halt” acceptance. Consider an automaton
with the set of configurations partitioned into non-halting configurations and
halting configurations, where halting configurations are further classified as
accepting configurations and rejecting configurations. We say that an au-
tomaton accepts (rejects) an input in a decide-and-halt manner, if the fol-
lowtng conditions hold:

— the computation is halted as soon as the automaton enters a halting
configuration;
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— if the automaton enters an accepting configuration, the input is ac-
cepted;

— if the automaton enters a rejecting configuration, the inpul is rejected.

We refer to the decide-and-halt automata as DH-automata further in the
thesis. In case of real-time automata, we may use the following definition.

Definition 2.34. Classical acceptance. Consider an automaton with the set
of configurations partitioned into accepling configurations and rejecting con-
figurations. We say that an automaton accepts (rejects) an input classically,
if the following conditions hold:

— the computation is halted as soon as the number of computation steps
18 equal to the length of input;

— if the automaton has entered an accepling configuration when halted,
the input is accepted;

— tf the automaton has entered a rejecting configuration when halted, the
iput is rejected.

We refer to the classical acceptance automata as classical automata or
C-automata further in the thesis.

The both definitions generally are not equivalent.

Language Recognition

Having defined word acceptance, we define language recognition in an equiv-
alent way as in [R 63].

By pz,4 we denote the probability that an input z is accepted by an
automaton A.

Furthermore, we denote P, = {p.a | € L}, P = {pza |z ¢ L},
p = sup Py, p2 = inf Py,

Definition 2.35. We say that an automaton A recognizes a language L with
winterval (p1,p2), if pr < pp and PLN P, = 0.

Definition 2.36. We say that an automaton A recognizes a language L with
bounded error and interval (py, p2), if p1 < pa.

We consider only bounded error language recognition in this thesis.

Definition 2.37. An automaton recognizes a language with probability p if
the automaton recognizes the language with interval (1 — p, p).
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Definition 2.38. We say that a language is recognized by some class of au-
tomata with probability 1 — €, of for every € > 0 there exists an automaton
in the class which recognizes the language with interval (e1,1 — €2), where
€1, €2 < E.

Quantum Automata
In case of a quantum automaton, the transition function is
01 QXTI X ... X)X (QXTpy1 X.oo. X By X {6, ], =2}") — Cpo,y-

On each computation step, the quantum automaton is in quantum super-

position of configurations? [)) = 3 a.c), where Y |a|> =1 and o, € C
ceC ceC
is the amplitude of a configuration |c). Every configuration |c) € C is a

basis vector in the Hilbert space H, determined by l5(C). Every quantum
automaton defines a linear operator (evolution) over this Hilbert space. Due
to the laws of quantum mechanics, this operator must be unitary. Although
evolution operator matrix is infinite, by Remark 2.32 it has a finite number
of nonzero elements in each row and column, therefore it is possible to derive
necessary and sufficient conditions, i.e., well-formedness conditions to check
unitarity for each particular automata type.

General measurements. After each step, a measurement is applied
to the current quantum superposition of configurations. A measurement is
defined as follows. We introduce a set partition of C as {Cy, Ca,...,C,}. So

U Ci=Candifi#jthen C;NCj=0. Ey, Es, ..., E, are subspaces of

0<i<z
H spanned by C;, Cs,...,C,, respectively. We use the observable O; that
corresponds to the orthogonal decomposition H = Ey @ E2 @ ... O E,. If the

quantum superposition before the observation is ) a,|c), with probability
ceC

pi = 3. |a|? the outcome of the observation is [¢;) = —= > a.|e). Hence
ceC; ‘/ﬁ: ceC;

the total outcome of the observation is a mized state > p;|;) ().
=1
If z =1, we get quantum automata with pure states, otherwise we gener-

ally have quantum automata with mixed states. We get other marginal case,
when C is set partitioned into infinitely many subsets, with a single config-
uration in each subset®. In that case, the resulting quantum automaton is a

*More precisely, the automaton with certain probabilities is one of several possible
quantum superpositions, or in a mixed state.

®By Remark 2.32, on each computation step the number of configurations in a quantum
superposition is finite, so on each step it is possible to make the corresponding measurement
actually using some finite partition of C.
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special kind of a probabilistic automaton. See the next subsection for further
details.

Word acceptance measurements. Another type of measurement is
applied to the quantum automaton to facilitate language recognition.

Decide-and-halt acceptance. We have to monitor when the quantum au-
tomaton enters a halting configuration. Hence we perform the following mea-
surement after each step. We partition C as C,, C; and C,,,,,, i.e., accepting,
rejecting and non-halting configurations. F,, E, and E,,, are subspaces of
H spanned by C,, C;, and Cpon, respectively. We use the observable O,
that corresponds to the orthogonal decomposition H = E, ® E, ® E,,,. The
outcome of each observation is either “accept” or “reject” or “continue”. If

the quantum superposition before the observation is > «.|c), with probabil-
ceC
ity p, = Y |a|? the input is accepted, with probability p, = > |a|? the
CECa CECr

input is rejected, and with probability ppon = Y. |oc|? the automaton is
¢€ECnon

in the quantum superposition of non-halting states |¢) = \/]% > ae).
c€EChon

Classical acceptance. After the computation is halted, we have to de-
termine, whether the automaton has entered accepting or rejecting config-
uration. We partition C as C,.c and C,;, i.e., accepting and rejecting
configurations. FE,., E,.; are subspaces of H spanned by C,cc and Crej,
respectively. We use the observable Oz that corresponds to the orthogonal
decomposition H = E,.,. ® E,.;. The outcome of the observation is either
“accept” or “reject”. If the quantum superposition before the observation is

3™ aglc), with probability peee = 3. |ac|? the input is accepted and with
ceC c€Cace

probability p;e; = Y. |a./? the input is rejected.
CEC,-ej

In case both general measurement and word acceptance measurement
have to be performed in a single step, it is easy to see that the order of
measurements is irrelevant, actually both measurements may be combined
into a single measurement after each step.

Putting things together, each computation step consists of two parts.
At first the unitary evolution operator is applied to the current quantum
superposition and then the appropriate measurements are applied, using ob-
servables as defined above.

Probabilistic Reversible Automata

Let us consider A. Nayak’s model of quantum automata with mixed states,
[N 99]. A variety of this model for arbitrary type of automata was consid-
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ered in the previous subsection. (The difference is that Nayak’s model allows
a fixed sequence of unitary transformations and subsequent measurements
after each step.) As noted there, if a result of every observation is a sin-
gle configuration, not a superposition of configurations, we actually get a
probabilistic automaton. However, the following property applies to such
probabilistic automata - their evolution matrices are doubly stochastic.

- The transition function is

§(@X Ty x ... xEn) X (@ X Xppy X oo X By X {4, [, =2} — Ry ).

After its every step, the probabilistic automaton is in some probability
distribution pycy + pre1 + ... + p.c,, where py +p1 + ...+ p, = 1. Such
probability distribution is called a superposition of configurations.

A linear closure of C forms a linear space, where every configuration can
be viewed as a basis vector. This basis is called a canonical basis. Every
probabilistic automaton defines a linear operator (evolution) over this linear
space. The corresponding evolution matrix must be doubly stochastic. So
we give the following definition for probabilistic reversible automata:

Definition 2.39. A probabilistic automaton is called reversible if its evolu-
tion 1s described by a doubly stochastic matriz, using canonical basis.

If the evolution of a probabilistic reversible automaton is described by
unitary stochastic matrix (see Definition 2.14), the automaton can be viewed
as a special case of a quantum automaton with mixed states.

It is necessary to note that in [AF 98], A. Ambainis and R. Freivalds
proposed a more restricted notion of probabilistic reversibility. For example,
they remarked that for the language L = {a***3|n € N}, not recognizable by
a 1-way deterministic reversible finite automata, there exists a 1-way prob-
abilistic reversible finite automaton which recognizes the language. Conse-
quently, this restricted notion was used in [YKTT 00]. That model is actually
a restricted special case of probabilistic reversible DH-automata, as defined
in the thesis.

Deterministic Reversible Automata

Deterministic reversible automata can be viewed both as a special case of
quantum automata or as a special case of probabilistic reversible automata.
The transition function is

0:(@xTy x ... xE)x (@ XX x...xE, x {e, ], 2} — {0,1}.
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Automata Notations

We regard quantum automata, probabilistic reversible automata and deter-
ministic reversible automata as reversible automata. Refering to different
types of automata, we shall use the following notation:

[C|DH-]{(automata type)[-P|M].

C refers to “classical”, whereas DH refers to “decide-and-halt”. Notations
P and M are used in the case of quantum automata. P denotes an automaton
with pure states, whereas M - an automaton with mixed states.

For example, C-QFA-M are quantum finite automata with mixed states,
using classical definition of language recognition.
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Probabilistic Reversible Finite
Automata

3.1 1-way Probabilistic Reversible C-Automata

Definition 3.1. 7-way probabilistic reversible C-automaton (C-PRA)

A = (Q,%,q, QrF,0) is specified by a finite set of states @, a finite input
alphabet ¥, an initial state gy € Q, a set of accepting states Qr C Q, and a
transition function

6IQXFXQ‘~?R{0,1],

where I' = £ U {#, 8} is the input tape alphabet of A and #, $ are end-
markers not in 3. Furthermore, transition function satisfies the following
requirements:

V(ql,Ul)EQXF Zé(ql,al,q)zl (3])
9eQ

V(q,01) €@ xT 25(% o1, q1) =1 (3.2)
9€Q

For every input symbol ¢ € T, the transition function may be determined
by a |Q| x |Q| matrix V,, where (V;);; = 0(q;,0,¢).

Lemma 3.2. All matrices V, are doubly stochastic iff conditions (3.1) and
(3.2) of Definition 3.1 hold.

Proof. Trivial. a

We define word acceptance as specified in Definition 2.34. The set of

rejecting states is @ \ Q. We define language recognition as in Definition
2.36.
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A linear operator Uy corresponds to the automaton A. Formal definition
of this operator follows:

Definition 3.3. Given a configuration ¢ = (v;,q;0vx),

Uac™ Z 8(qj, 0, ) {vioquy).

qeEQ

Given a superposition of configurations ¥ = Y p.c,
ceC

Uayp = ZPCUAC-

ceC

Using canonical basis, U, is described by an infinite matrix M 4.
To comply with Definition 2.39, we have to state the following:

Lemma 3.4. Matriz M, is doubly stochastic iff conditions (3.1) and (3.2)
of Definition 3.1 hold.

Proof. Condition (3.1) takes place if and only if the sum of elements in every
column in M4 equal to 1. Condition (3.2) takes place if and only if the sum
of elements in every row in M4 equal to 1. O

This completes our formal definition of C-PRA.

Use of end-markers does not affect computational power of C-PRA. For
every C-PRA with end-markers which recognizes some language it is possi-
ble to construct a C-PRA without end-markers which recognizes the same
language. (Number of states needed may increase, however.) See Section 3.2
for further details.

By [R 63], bounded error probabilistic automata recognize only regular
languages. Hence C-PRA recognize only regular languages.

Theorem 3.5. If a language is recognized by a C-PRA, it is recognized by
C-PRA with probability 1 — €.

Proof. We assume that a language L is recognized by a C-PRA automaton
A=(Q,%, q,Qr,d) with interval (p(,po). Let § = %(Pl + p2).

Let us consider a system of m copies of the automaton A, denoted as
A, Let our system accept a word if more than mé automata in the system
have accepted the word, and otherwise reject the word. We define language
recognition by the system as in Definition 2.36.

Let us consider a word w € L. The automaton A accepts w with proba-
bility p,, > p,. As a result of reading w, p¥, automata of the system accept
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the word, and the rest reject it. The system accepts the word, if E:Lﬂ > 0. Let
us take 7o, such that 0 < 79 < p, — 6 < p,, — J. Estimating the probability
that = > §, we have

m < no}

P{”m>6}2P{pw—no<u—m<m+ﬂo}zp{ .
m m m
' (3.3)

In case of m Bernoulli trials, Chebyshev’s inequality may be used to prove
the following ([GS 97], p. 312):

— Duw

.u:)z pw(l - pw) 1
PEE _po| > < < 3.4
{ m " 7)0} T ommg T Amng 34
The last inequality induces that
P %—pw <mpoe>1-— ! (3.5)
m 4mn3

Finally, putting (3.3) and (3.5) together,

u 1
PS=—>65>1— 3.6
{m> }‘ 4mng (36)

Inequality (3.6) is true for every w € L.

On the other hand, let us consider a word & ¢ L. The automaton A
accepts & with probability p; < p;. If we take the same 75, 0 <1y < —p1 <
0 — pe and for every & we have

£ £
Hrn Pin 1 5
P >0 — —pe| > 3.7
{m } { m 770}_477”70 (3.1)
Due to (3.6) and (3.7), for every € > 0, if we take n > ﬁ, we get a
4]

system A, which recognizes the language L with interval (g,,1 — &), where
£1,E9 < E.
Let us show that A, can be simulated by a C-PRA. The automaton
= (Q, Z,qy, Q%,d") is constructed as follows:

Q" = {(d518ss -+ 4sa) 10 <5 <1QI =1} 65 = (000 - o).

A sequence (gs,¢s, - --¢s,) is an accepting state of A’ if more than nd
elements in the sequence are accepting states of A. We have defined the set
F-

n
Given 0 € T, 8'((dayGas - - - Gan ) 0 (@0, @b, - B8,)) = [ 8(dass 0, 05,)-

i=1
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In essence, (' is n-th Cartesian power of Q and the linear space formed

by A’ is n-th tensor power of the linear space formed by A. If we take a

symbol ¢ € T, transition is determined by |Q|™ x |Q|® matrix V], which is
n

n-th matrix direct power of V,, i.e, V! = @ V.
<

A’ simulates the system A,. By Lemma 2.12, matrix direct product of
two doubly stochastic matrices is a doubly stochastic matrix, so Vo V. are
doubly stochastic matrices. Therefore our automaton A’ is a C-PRA.

We have proved that Ve > 0 the language L is recognized by some C-
PRA with interval (1,1 —€2), where 1,62 < £. Therefore the language L is
recognized with probability 1 — . a

Lemma 3.6. If a language is recognized by a C-PRA A with interval (p1, p2),
exists a C-PRA which recognizes the language with probability p, where

1— .
T PP <1

p:{ i Uptp 21
Proof. Let us assume, that the automaton A has n — 1 states. We consider
the case py +py > 1.
Informally, having read end-marker symbol #, we simulate the automaton
A with probability —— and reject input with probability u?%

P1+p2
Formally, to recognize the language with probability pljm, we modify

the automaton A. We add a new state ¢, ¢ Qp, and change the transition
function in the following way:

- VU, o # #) 5((]1‘70) q‘r) d:er 17

def +pa—1.
- 6((]0,#7‘17) - %a

- Vq) q 3& qr, 5(407 #)Q) d:(ef méold(%y #7 Q)

Now the automaton has n states. Since end-marker symbol # is read only

once at the beginning of an input word, we can disregard the rest of transition
def

function values, associated with #: Vg;,q;, where ¢; # qo, 0(qi, #,¢;) =
1—d(q0,#.4;)

n—1 )
The transition function satisfies the requirements of Definition 3.1 and

the constructed automaton recognizes the language with probability #_’ﬁ—m.
The case p; + p, < 1 is very similar. Informally, having read end-marker

symbol #, we simulate the automaton A with probability 2_;_7)2 and accept,
input with probability ;—:g;—:g 0
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Lemma 3.7. If a language L, s recognizable unth probability greater than
% and a language Lo is recognizable with probability greater than § then lan-
guages Ly N Ly and Ly U Ly are recognizable with probability greater than
1

-
Proof. Let us consider automata A4 = (Q4,%, go.4, @ a,04) and
B = (@8, %, 9.5, Qr,B,05) which recognize the languages L, L with prob-
abilities py,p, > %, respectively. Let us assume that A, B have m and n
states, respectively. Without loss of generality we can assume that p; < ps.
Informally, having read end-marker symbol #, with probability 5 we sim-
ulate the automaton A, and with the same probability we simulate the au-
tomaton A,.
Formally, we construct an automaton C = (Q, X, o, @r, ) with the fol-
lowing properties.
Q= QaUQn 0= doa; Qr = QraUQrp; § = 6,Udp, with an exception
that:

- 5((}0: #)Qi,AJ = %6.4((}{):#1 Q‘é,,‘i);
- J(QU‘J #:q‘é,B) = %55(9'0:#7 qt,B);

- Vi, ¢ # g0, 0(gi, #,q) = =2ta),

m+n—1

Since § satisfies Definition 3.1, our construction of C-PRA is complete.

The automaton C recognizes the language L,NL, with interval (1—ay,b,),
where a, > %pl, by > 1%2‘1 (Since py,py > %, 1—a; <b.)

The automaton C recognizes the language L, UL, with interval (1—by, ay),
where ay > 1, by > BEEL. (Again, 1 — by < a.)

Therefore by Lemma 3.6, the languages L, N Ly and L, U Ly are recog-
nizable with probabilities greater than 3. O

Theorem 3.8. The class of languages recognized by C-PRA 1is closed under
intersection, union and complement.

Proof. Let us consider languages L, L, recognized by some C-PRA au-
tomata. By Theorem 3.5, these languages is recognizable with probability
1 — &, and therefore by Lemmas 3.6 and 3.7, union and intersection of these
languages are also recognizable. If a language L is recognizable by a C-PRA
A, we can construct an automaton which recognizes a language L just by
making accepting states of A to be rejecting, and vice versa. O

It is natural to ask what are the languages recognized by C-PRA with
probability exactly 1.
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Theorem 3.9. If a language is recognized by a C-PRA with probability 1,
the language is recognized by a permutation automaton.

Proof. Let us consider a language L and a C-PRA A, which recognizes L
with probability 1.

If a word is in L, the automaton A has to accept the word with proba-
bility 1. Conversely, if a word is not in L, the word must be accepted with
probability 0. Therefore,

Vg € Q Vw € T* either quw C QF, or qw C Q. (3.8)

Consider a relation between the states of A defined as

R = {(g,q;) | Yw qw € Qr © qw € Qf}. R is symmetric, reflexive
and transitive, therefore () can be partitioned into equivalence classes Q/R =
{[a0): [@i1]s - - -+ [@:,]}- Suppose A is in a state g. Due to (3.8), Vw 3In qw C [g;,].
In fact, having read a symbol in the alphabet, A goes from one equivalence
class to another with probability 1.

Hence it is possible to construct the following deterministic automaton D,
which simulates A. The states are s, ..., s; and s,0 = s, ifl [¢;,]0 C [¢,.]
and s, is an accepting state iff [g; | C Qp. Since all transition matrices of A
are doubly stochastic, all transition matrices of D are permutation matrices.

g

Theorem 3.10. The class of languages recognized by C-PRA 1is closed under
inverse homomorphisms.

Proof. Let us consider finite alphabets ¥,7, a homomorphism h : ¥ —
T*, a language L C T* and a C-PRA A = (Q,T,qo,QF,d), which recog-
nizes L with interval (p;,p2). We prove that exists an automaton B =
(Q,%, qo, QF, ') which recognizes the language h™(L).

Transition function § of A sets transition matrices V,, where 7 € T.
To determine &', we define transition matrices V,, 0 € ¥. Let us define a
transition matrix V, :

Vor = Virtowin Vinoolm-s - - - Viatowln»

where m = |h(oy)|. Multiplication of two doubly stochastic matrices is a
doubly stochastic matrix, therefore B is a C-PRA. Automaton B recognizes
h~'(L) with interval (ay,a,), where a; < py, as > pa. O

Corollary 3.11. The class of languages recognized by C-PRA is closed un-
der word quotient.
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Proof. This follows from closure under inverse homomorphisms and presence
of end-markers #, §. O

Even if C-PRA without end-markers are considered, closure under word
quotient remains true. (See Section 3.2.)

Theorem 3.12. For every natural positive n, a language L, = ajaj...a} s

recognizable by some C-PRA with alphabet {ay,as, ..., a,}.

Proof. We construct a C-PRA with n + 1 states, gy being the initial state,

1
corresponding to probability distribution vector 0 . The transition
0
function is determined by (n + 1) x (n + 1) matrices
1 1 9 0
10 0 ? 1 0 0
oL ... 1 2 2 .
Va=]. " . " | Vau=]002 1 ,
01 ... 1 A :
L L 00 =1 " a1
1 1
= w0
Vo, = 1 1 0 . The accepting states are qqg...¢,—1, the only
notom
0 0 1

rejecting state is g,. We prove, that the automaton recognizes the language
-
Case w € L,. Having read w € a...a;_,a;, the automaton is in proba-

1
k

bility distribution . Therefore all w € L, are accepted with proba-

ol

0
bility 1.
Case w ¢ L,. Consider k such that w = wjows, |wi| = k, wy € L, and
wio ¢ L,. Since all one-letter words are in L,, £ > 0. Let a; = [w]; and
a; = 0. So we have 1 < s < t < n. Having read w, € a}...qa;_,a], the
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o

. After that, having read a;, the au-

O = :

automaton is in distribution

o -

tomaton is in distribution

| 1 1

S " 0 . 0 " n

1 1 1 1

s < . 0 <

s 6 (1) 1 t = t_ts . SO

0 n—s+1 ' m—s+1 0 tn—s+1)

n—s+1
1 1 t—

0 - 0 n—s+1 n—s+1 0 t(n—.ss+1)

the word wlas is accepted vnth probability 1— t(nt—_ss—H)‘ By Lemma 2.13, since

t—s ‘ner
t(n—s+—1) < =, reading the symbols succeeding w;a; does not increase accept-

ing probablhty Therefore, to find maximum accepting probability for words
not in L,, we have to maximize 1 — t(nt_:_H), where 1 < s <t < n. Solving
this problem, we get t =k +1,s =k forn =2k, and weget t =k+1,s =k
ort=k+2,s=k+1forn=2k+1. So the maximum accepting probability

isl_—(k—il)—?,ifn:2k,anditisl—m+—2),ifn:2k+1. All in all,

. . . " _ 1
the automaton recognizes the language with interval | 1 G, ]).

(Actually, by Theorem 3.5, L, can be recognized with probability 1 —¢). O

Corollary 3.13. Quantum finite automata with mized states (model of Nayak,
[N 99]) recognize L, = a}a}...a, with probability 1 — ¢.

Proof. This comes from the fact, that matrices V,,,V,,,...,V,, from the
proof of Theorem 3.12 (as well as direct powers of those matrices) are unitary
stochastic (see Lemma 2.4, Definition 2.14, Theorem 3.30). O

Definition 3.14. We say that a regular language is of Type 0 (Figure 3.1)
if the following is true for the minimal deterministic automaton recognizing
this language: Fzist three states q, q, @2, exist words x, y such that

1) ¢ # o

2) gz =qu, qy = @

3) T =q1, @Y = @

4) Vt € (z,y)* 3ty € (z,9)* qitty = qu;

5) Vt € (l', y)* Htg € (.’L’,y)* q2tt2 =gz
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Figure 3.1: Type 0 construction

Definition 3.15. We say that a reqular language is of Type 1 (Figure 3.2)
if the following is true for the minimal deterministic automalon recognizing
this language: Frist two states q,, g2, exist words x, y such that

1) @1 #

2) T = G2, QT = qy;

3) @y =aq.

Definition 3.16. We say that a regular language is of Type 2 (Figure 3.3)
iof the following is true for the minimal deterministic automaton recognizing
this language: FErist three states q, qi, q2, exist words x, y such that

1) 1 # ¢
2) gz = q1, qy = qo;

3) QT =aq, qyY=q;
4) 2T = @2, G2y = ¢o. e

I
@y (eps oudn) (e
Figure 3.2: Type 1 construc- Figure 3.3: Type 2 construc-

tion tion

Type 1 languages are exactly those languages that violate the partial
order condition of [BP 99.

Lemma 3.17. If A is a deterministic finite automaton with a set of states
Q and alphabet ¥, then Vg € Q Vx € ¥* 3k > 0 gzf = qz?F.

Proof. We paraphrase a result from the theory of finite semigroups. Consider
a state ¢ and a word z. Since number of states is finite, 3m > 0 ds > 1 Vn
gz™ = qz™z*™. Take ng, such that sng > m. Note that ¥t > 0 gzt =

qu-y.tl,sn(,. We take t = sng — m, SO qunO — quoﬂism. Take k = 5Ng. O
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Lemma 3.18. A regular language is of Type 0 iff it is of Type 1 or Type 2.

Proof. 1) If a language is of Type 2, it is of Type 0. Obvious.
2) If a language is of Type 1, it is of Type 0. Consider a language of Type

1 with states ¢, ¢y and words z”,y”. To build construction of Type 0, we

take ¢ = q1 = ¢, @ = ¢5, x = 2"y", y = 2”. That forms transitions gz = q,
Y = q2 QT = q1, QY = @2, T = ¢, @2y = q2. We have satisfied all the
rules of Type 0.

3) If a language is of Type 0, it is of Type 1 or 2. Consider a language
whose minimal deterministic automaton has construction of Type 0. By

Lemma 3.17,

336 q19° = q; and gy’ = gu;
Judc gz = ¢, and ¢,x° = ¢.

If g1 # g, by the 4th rule of Type 0, 3z ¢;z = ¢1. Therefore the language
is of Type 1. If g2 # q,, by the 5th rule of Type 0, 32 g,z = ¢o, and the
language is of Type 1.

If g = q and g = q,, we have gz° = q1, ¢¥* = ¢z, 1z° = qv* = q,
@z = qoy® = qo. We get the construction of Type 2 if we take 2’ = z°,
y' =P O

The following theorem illustrates the relationship between Type 1 and
Type 2 languages.

Theorem 3.19. A regular language L is of Type 1 iff L% is of Type 2.

Proof. Tt is a well known fact, that the class of regular languages is closed
under reversal.

1) Consider a Type 1 regular language L C ¥*. Since L is of Type 1, it is
recognized by a minimal deterministic automaton D = (Q, ¥, go, @, ) with
particular two states qi, g2, such that ¢; # ¢, 12 = @2, T = ¢, QY = q1,
where z,y € ¥*. Furthermore, exists w € X* such that gow = ¢, and exists
z € X* such that ¢z € Qp if and only if goz ¢ Q. Minimal deterministic
automata of a regular language and of its complement are isomorphic, so
without loss of generality we assume that ¢,z € Qf and ¢z ¢ QF.

So w{zy,z}*zz C L and w{zy,r}*(zy)z C L, and in the case of the
reverse of L, zRa®{yfzh zR}*wR C LR and z%(yRaf){yRzh zf}rwl C
L% We denote 0, = z®, 0, = y®a®, hence zRo1{0s,01}*w® C LR and
zRo9{09, 01 }*wk C LE.

Consider a minimal deterministic automaton D = (QF %, 5o, QF, 6%),
which recognizes L®. Let s = sozf. Let Q1 = {s7 | 7 € 01{02,01}"} and
Q2 = {s7 | 7 € 02{09,01}*}. For any q € Q1, qw® ¢ Q& and for any g € Qo,
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qw® € QE. Therefore Q; N Qo = 0. Furthermore, it is impossible to go from
a state in Q, to a state in @9, or vice versa, using only words in {01, 0o}
Sos¢ @ and s & Q.

Consider a relation R = {(s;,s;) € Q7 | s; € s;{0o1,02}*}. R is a weak
ordering, so R’ = {(si,s;) | s;Rs; and s;Rs;} is an equivalence relation,
partitioning ), into equivalence classes. Since the number of states in @ is
finite, exists a class S C @y, which is minimal, i.e, Vg € S V7 € {0,05}"
gr € S. Since S C @1, exists a word 7 € {01, 02}", such that s(o1m) € S.
Now by Lemma 3.17, 3p > 0 3s; € S s(o111)? = sy and s1(o11)? = s31.
Since S is an equivalence class of R, Vg € S V7 € {01,02}* 312 € {01, 02}"
q(772) = q. So, exists 7o, such that s;(ga7) = s1.

Let us denote oo = (0,11)P, B = 0979, SO S = 3§y, s10 = s, $10 = s,
where s, € Q.

By Lemma 3.17, it is possible to construct a sequence of states tg, t1,..
tm—1,---, where tg = s, such that

to(Ba*) = ¢, and t,0F = 1y,
tl(,@ak'l) =15 and tQQ’kQ = tg,

A

tm_1(Ba*m) = t,, and tof = t,,

Because § € 02{01,09}* and « € 01{01,02}*, Vi > 0 ¢; € Q,. Let T,, =
{to,...,tm}. Since the number of states in @2 is finite, exists 4, such that
t; € T;—1. So, exists 7, 0 < j < ¢, such that ¢; = ¢; and starting with t;, the
sequence becomes periodic. Let k = kiks...k;. Now, Vm > 0 t,(Ba*) =
tme1 and L 0f = 1,41, By Lemma 3.17, 3r > 0 3s,, such that s(af)" =
and so(Baf)" = s,. The state sy =t,, 50 55 € Q5 and sp0F = 5.

So we have sof = 51, s10* = 51, 51(BcF)" = 51, s(BaF)" = 59, s2(BF) =
59, spaf = s,. Since 51 € Q1, 52 € Q. 51 is not equal to s,, thus we have
obtained a Type 2 construction.

2) Consider a Type 2 regular language L C ¥*. Since L is of Type 2,
it is recognized by a minimal deterministic automaton D = (Q, ¥, qo, QF, )
with particular three states ¢, q1, ¢o, such that ¢, # ¢, gt = ¢, 1z = q1,
QY = q1, QY = G2, 2T = (2, QoY = o, where z,y € X*. Furthermore, exists
w € 2" such that gow = ¢, and exists z € X* such that g,z € QF if and
only if g2z ¢ Q. Without loss of generality we assume that ¢,z € Qf and
@z ¢ QF.

So wz{z,y}*z C L and wy{z,y}*z C L, and in the case of the reverse of
L, 2®{z® yR}*zRuR LR and 2R {z®, yR}*yRw® c LR. We denote 07 = zf,
o2 = yF, hence 27{01, 05}*c1w® C L* and z7{0y, 09} oow® C LE.

Consider a minimal deterministic automaton Df = (Qf % so, QE, ),
which recognizes LF. Let s = soz%. Let Q, = {s7 | 7 € {01,02}*01} and

S92
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Q2 = {s7 | 7 € {01,002} 02}. Forany t € Q,, tw® € QF and for any ¢ € @,
twf ¢ QE. Therefore Q; N Q, = 0.

Let T = Q) U Q. Consider a relation R = {(si,s;) € T? | s; €
si{o1,02}*}. R is a weak ordering, so R’ = {(si,s;) | siRs; and s;Rs;}
is an equivalence relation, partitioning 7" into equivalence classes. Since the
number of states in T is finite, exists a class S C T, which is minimal, i.e,
Vt € SV1 € {oy,02}  tT1 € S.

Consider a state t € S. If the state ¢ is in Q1 then fos € S isin Q5. If the
state t is in Q5 then to; € S is in (). So exist 11, t5, such that ¢t; € Q1 NS,
ty € Q2N S. Take s; € @1 NS. By Lemma 3.17, 3k > 0 dso, such that
5105 = s, and s,0%5 = 55. The state sy is in Q2N S. Since S is an equivalence
class of R', o € {01, 02}*, such that s,0 = s;.

So we have 5105 = sy, 5005 = 355, 800 = 5,. Since s, € Q1, 52 € @, 51 18
not equal to s,, thus we have obtained a Type 1 construction. O

Remark 3.20. Both C-DRA and C-QFA-P (see Section 3.3) recognize ex-
actly the regular languages for which the corresponding minimal determinis-
tic finite automata do not contain the following construction ([HS 66, BP 99]),
denoted henceforth as Type A construction (Figure 3.4): Exist two states ¢,
g0, exist words x, y such that

1) q1 # go;

2) 1T = 2, QT = Q.
Similarly as in Theorem 3.19, it is possible to demonstrate that a regular
language L is of Type A if and only if the language L% is of Type A.

OO

Figure 3.4: Type A construction

We are going to prove that every language of Type 0 is not recognizable
by any C-PRA.

Definition 3.21. By g 3, q, S C X*, we denote that there is a positive

probability to get to a state ¢’ by reading a single word £ € S, starting in a
state q.

Lemma 3.22. If a regular language is of Type 2, it is not recognizable by
any C-PRA.
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Proof. Assume from the contrary, that A is a C-PRA automaton which recog-
nizes a language L C ¥* of Type 2.

Since L is of Type 2, it is recognized by a minimal deterministic automa-
ton D with particular three states ¢, 1, g2 such that ¢, # ¢, ¢z = q,
W =@, QT = q, QY = @, ©@T = G2, 2y = Go, Where 1,y € X*. Further-
more, exists w € L* such that gow = g, where ¢, is an initial state of D, and
exists a word z € ¥*, such that g1z = g, if and only if g2 = ¢,¢;, where
acc 15 an accepting state and gr.; is a rejecting state of D. Without loss of
generality we assume that g1z = gecc and g2z = gpe;-

The transition function of the automaton A is determined by doubly
stochastic matrices V,,,...,V, . The words from the construction of Type
2arer = 0;,...0; and y = 0j ...0;,. The transitions induced by words
z and y are determined by doubly stochastic matrices X = V:,].k. .. Vg, and
Y = V,,,...V,, . Similarly, the transitions induced by words w and z are
determined by doubly stochastic matrices W and Z. By Corollary 2.28,
exists K > 0, such that

Vi (X¥),; > 0 and (Y5),, > 0. (3.9)

Consider a relation between the states of the automaton defined as R =
(=% y)
Suppose exists a word £ = && ... &, & € {zX,y"}, such that ¢ L3N q.

This means that ¢ > %,» G B i Gir_, &, ¢'. By Corollary 2.30,
since both XX and YX are doubly stochastic, 3¢}, ... &}, & € {(z¥)*, (y¥)*},

*
g;}- By (3.9), this relation is reflexive.

such that ¢’ LN Qi1+ i BN Tiys Gs N q, therefore ¢’ N g, where
¢ e (z¥,y¥)*. So the relation R is symmetric.

Surely R is transitive. Therefore all states of A may be partitioned into
equivalence classes [qo],[¢;],---,[¢,]- Let us renumber the states of 4 in
such a way, that states from one equivalence class have consecutive numbers.
First come the states in [go], then in [g;,], etc.

Consider the word z®y%. The transition induced by this word is deter-
mined by a doubly stochastic matrix C = YX XX We prove the following
proposition. States q, and g, are in one equivalence class if and only if ¢, — ¢
with matrix C. Suppose ¢, — ¢5. Then (qq,q5) € R, and q,, ¢, are in one
equivalence class. Suppose gq,, g, are in one equivalence class. Then

13 & £ {
Qo = Gy iy —> Gips - > Gy, —> @, Where & € {2 ¢y} (3.10)

K yK . 2K K yK
By (3.9), ¢ — ¢ and ¢; — q;. Therefore, if ¢; = ¢;, then ¢; — ¢, and
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. i yK zKyK
again, if ¢; — ¢;, then ¢; — ¢;. That transforms (3.10) to

da (zg)e ¢, where t > 0. (3.11)
We have proved the proposition.

By the proved proposition, due to the renumbering of states, matrix C
is a block diagonal matrix, where each block corresponds to an equivalence
class of the relation R. Let us identify these blocks as Cy, C),...,C,. By
(3.9), a Markov chain with matrix C is aperiodic. Therefore each block C;
corresponds to an aperiodic irreducible doubly stochastic Markov chain with
states [g;,]. By Corollary 2.26, nlgnm C™ = J, J is a block diagonal matrix,

where for each (pxp) block C, (C,);; = %. Relation ¢; (ﬁ) g; is a subrelation
of R, therefore YX is a block diagonal matrix with the same block ordering
and sizes as C and J. (This does not eliminate possibility that some block
of Y¥ is constituted of smaller blocks, however.) Therefore JYX = J, and
wlli_r}noo Z(YKEXKymW = 77]11—r>noo Z(YEXKYYEW = ZJW. So

Ve > 0 Im H (Z(YKXK)mW - Z(YKXK)’”YKW) QOH <e (3.12)

However, by construction of Type 2, Vk Vm w(zfy*)™2 € L and wy*(z*y*)"z ¢
L. This requires existence of € > 0, such that

vm H (Z(YKXK)mW - Z(YKXK)mYKW)QOH > e (3.13)
This is a contradiction. O

Lemma 3.23. If a regular language is of Type 1, it is not recognizable by
any C-PRA.

Proof. Proof is nearly identical to that of Lemma 3.22. Consider a C-PRA
which recognizes the language L of Type 1. We prove that for words z, y
exists constant K, such that for every € exists m, such that for two words
& = w(zM(zy)*)™z and & = w(@®(zy)*)™2¥2, |y, — pe,| < €. We can
choose z, such that & € L iff & ¢ L. a

Theorem 3.24. If a reqular language is of Type 0, it is not recognizable by
any C-PRA.

Proof. By Lemmas 3.18, 3.22, 3.23. O
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We proved (Lemma 3.18) that the construction of Type 0 is a general-
ization the construction proposed by [BP 99]. Also it can be easily noticed,
that the Type 0 construction is a generalization of construction proposed by
[AKV 00]. (Constructions of [BP 99] and [AKV 00] characterize languages,
not recognized by measure-many quantum finite automata of [KW 97].)

Corollary 3.25. Languages (a,b)*a and afa,b)* are not recognized by C-
PRA.

Proof. Both languages are of Type 0. O

Corollary 3.26. Class of languages recognizable by C-PRA s not closed
under homomorphisms.

Proof. Consider a homomorphism a — a, b — b, ¢ — a. Similarly as
in Theorem 3.12, the language (a,b)*cc* is recognizable by a C-PRA. (Take
n=2,V,=V,, V=V, V. =V, from Theorem 3.12, Q¢ = {q:}) However,
by Corollary 3.25 the language (a,b)*aa*=(a,b)*a is not recognizable. O

3.2 End-Marker Theorems for C-PRA

In this section, we prove that the use of end-markers in case of C-PRA is
optional.

We denote a C-PRA with both end-markers as #,3-C-PRA. We denote
a C-PRA with left end-marker only as #-C-PRA.

Theorem 3.27. Let A be a #,9-C-PRA, which recognizes a language L.
There exists a #-C-PRA which recognizes the same language.

Proof. Suppose A = (Q,Z, g, @F,0), where [Q] = n. A recognizes L with in-
terval (p1, p2). We construct the following automaton 4" = (@', £, go,0, @, ¢')
with mn states. Informally, A" equiprobably simulates m copies of the au-
tomaton A.

Q = {900, 90m-1:91,0,- - s Qm=1s- -, Gn=10, - - - » Gn—1;m—1}-

o ##, 8(gik 0,050) = { gfg;;f, ?;?3 =t
Otherwise, 6'(go0, #,91) = =6(q0,#,¢;), and if g;x # qo,0, &' (Gik, #,9) =
%%’@ Function ¢’ satisfies the requirements (3.1) and (3.2) of Defini-
tion 3.1.

We define Q' as follows. A state ¢, € Q% if and only if 0 < k < mp(g;),

where p(g;) = > 6(4:,8,9).
9EQF
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Suppose #w$ is an input word. Having read #w, A is in superposi-
n—1

tion > a¥q;. After A has read 8, #w$ is accepted with probability p, =
=0

n—1
}:% ay'p(q:).
1=

On the other hand, having read #w, A’ is in superposition —71; Z Z as'qij.

n 1

So the input word #w is accepted with probability p, =

'P’J

1l
\/ S
Il

# of [mp(q:)]-

|
—

n —1
Consider w € L. Then p/, = # a¥ [mp(g;)] > Z a;’'p(q
0 =

Dy 2 Da.

7

3
|
—
|

—

Consider £ ¢ L. Then P = # a: [mp(q,-ﬂ < Z aip(qz-) + % af =
=0 1=0

1

Il

Il
=}

Pe+ o SP1+ o
Therefore A’ recognizes L with bounded ervor, provided m >

P2 Pl

Now we are going to prove that C-PRA without end-markers recognize
the same languages as #-C-PRA automata.

If Ais a #-C-PRA, then, having read the left end-marker #, the automa-
ton simulates some other automata Ag, Ay, ..., A,n_1 with positive probabil-
ities pg, . .., pm_1, respectively. Ag, A1,..., A,,_1 are automata without end-
markers. By p;,, 0 <i < m, we denote the probability that the automaton
A; accepts the word w.

We prove the following lemma first.

Lemma 3.28. Suppose A is a #-C-PRA which recognizes a language L with
wnterval (ay,a2). Then for every =. 0 < € < 1, exists a #-C-PRA A which
recognizes L with interval (a;, a2), such that

a) fwel, pow+prwt. . +parw> B

b) wa ¢ L: pO,w +p1;w + ... +pn—1,w < %_]ﬂe-

Here n 1is the number of automata without end-markers, being simulated by
A, and p;,, is the probability that i-th simulated automaton A; accepts w.

Proof. Suppose a #-C-PRA A’ recognizes a language L with interval (a, a2).
Having read the symbol #, A’ simulates automata Aj, ..., AL,_, with prob-
abilities pj, ..., pl, _;, respectively. We choose €, 0 < e < 1.

By Dirichlet’s principle ((HW 79], p. 170), Vo > 0 exists n € N* such
that Vi pin differs from some positive integer by less than ¢
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Let 0 < ¢ < min (5,€). Let g; be the nearest integer of pin. So [pin —

m-—1
g;| < ¢ and g‘?——ﬁ <;%§£. Since |pin — g;| < ¢, we have |n — E%g,; <
1=

m-—1

¢m < 1. Therefore, since g; € Nt 3" ¢, =n.

Now we construct the #—C—PRtAUA, which satisfies the properties ex-
pressed in Lemma 3.28. For every i, we make g; copies of A;. Having read #,
for every ¢ A simulates each copy of A] with probability %'1 The construction
of Vy is equivalent to that used in the proof of Lemma 3.7. Therefore A is
characterized by doubly stochastic matrices. A recognizes L with the same
interval as A’ i.e., (ai,ap).

Using new notations, A simulates n automata Ay, Ay, ..., A,—1 with prob-
abilities po,p1, - .., Pn_1, respectively. Note that Vi |p; — ?H < £, Let p;w be
the probability that A; accepts the word w.

Consider w € L. We have popon + P1P1w + -- - + Pro1Pr—1w > Q2. Since
p; < 1—?3 %‘E(pg,w + Prw + ...+ Pn1w) > ap. Hence

asn asn
> = .
l1+¢ 1+4¢

Pow+Pw+ .-+ P
Consider £ ¢ L. We have popo,c + P1pre + - - + Pn-1Pn-16 < a1. Since
P > ‘—;E 1—;9(;00,5 +pre+ ...+ Pn-1g) < a;. Hence

a,n ain
<

11— 1-—¢

Pog+Pig+ - +DPno1e <

O

Theorem 3.29. Let A be a #-C-PRA, which recognizes a language L. There
exists a C-PRA without end-markers, which recognizes the same language.

Proof. Consider a #-C-PRA which recognizes a language L with interval
(a1,a2). Using Lemma 3.28, we choose ¢, 0 < £ < ¢*72, and construct an
automaton A’ which recognizes L with interval (a;, as), with the following
properties.

Having read #, A’ simulates Ay, ..., A7 _, with probabilities pj, ... ,pl,_ |,
respectively. Ap,..., Al _, are automata without end-markers. A accepts w
with probability p; ,. fw € L, py, + Pi, + -+ + Pracr,, > B Otherwise,
ifwé L, py, +P1y+ -+ Py < 2.

That also implies that for every n = km, k € NT, we are able to construct
a #-C-PRA A which recognizes L with interval (aq, a,), such that

&) if w € L, Po,w +p1.w + 2ms +pﬂ—1,w > %ﬁ;
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b) if w ¢ L, Po,w +p1,w + ... +pn_17w < %1_%.

A simulates Ay, . .., An,_1. Let us consider the system F, = (Ao, ..., Apn_1).
Let § = 3(a; + a2). Since € < o, 2 >4 and % < 4. As in the proof
of Theorem 3.5, we define that the system accepts a word if more than nd
automata in the system accept the word.

Let us take m, such that 0 <mp < 22— < 4§ —

8

Consider w € L. We have that Zpi_w > %iﬂe > nd. As a result of

reading w, p automata in the system a,ccept the word, and the rest reject

it. The system has accepted the word, if £2 > §. Since 0 < 7o < -0 <

x Z Piw — 0, we have
=0

P{“" >(5} >P{
n
n—1

If we look on ﬁn‘& as a random variable X, E(X) = = 3" p;, and variance

1=0

n—1

< 770} . (314)

n—1
V(X) = nl—z > piw(l = i), therefore Chebyshev’s inequality yields the fol-
=0

A

That is equivalent to P{

lowing:

n

u . -

La 1% D 47117;2' So, taking into
1=0 °

account (3.14),

e & 1
PS> >1~ . 3.15
{ n } T Ay (319
n—1
On the other hand, consider £ ¢ L. So ) pic < % < nd. Again, since
=0

n—1
0<n0<6—1—“_L6<5—%_Z:)Pi,§1
1=

£
P{l; >5} {———ZM >n0}_4nl%. (3.16)

The constant 7, does not depend on n and n may be chosen sufficiently
large. Therefore, by (3 15) and (3.16), the system F), recognizes L with

bounded error, if n > 5 l
D




CHAPTER 3. PROBABILISTIC REVERSIBLE FINITE AUTOMATA 47

Following a way identical to that used in the proof of Theorem 3.5, it is
possible to construct a single C-PRA without end-markers, which simulates
the system F;, and therefore recognizes the language L. O

3.3 Classification of Reversible Automata

We propose the following classification for one-way reversible finite automata:

C-Automata DH-Automata
Deterministic Permutation Automata Reversible  Finite  Au-
Automata [HS 66, T 68] (C-DRA) tomata [AF 98] (DH-
DRA)
Quantum Measure-Once Quantum Measure-Many Quantum

Automata with
Pure States

Finite Automata [MC 97|
(C-QFA-P)

Finite Automata [KW 97]
(DH-QFA-P)

Probabilistic Probabilistic Reversible Probabilistic Reversible
Automata C-Automata (C-PRA) DH-Automata (DH-PRA)
Quantum  Fi- | not considered in any | Enhanced Quantum

nite Automata | known paper (C-QFA-M) | Finite Automata [N 99|
with Mixed (DH-QFA-M)

States

Language class problems have been solved for C-DRA, DH-DRA, C-QFA-
P, for the remaining types they are still open. Every type of DH-automata
may simulate the corresponding type of C-automata.

The following relation among language classes also presents interest, ques-
tion marks denoting conjectures:

C-DRA = CQFAPCCPRA CQFAN
DH-DRA ¢ DH-QFA-P C DH-PRA C DH-QFA-M

Generally, language classes recognized by C-automata are closed under
boolean operations (though this is open for C-QFA-M), while DH-automata
are not (though this is open for DH-QFA-M and possibly for DH-PRA).

Below Definition 2.39, we demonstrated some relation between PRA and
QFA-M. However, due to Remark 2.15, we do not know exactly, whether
every C-PRA can be simulated by C-QFA-M, or whether every DH-PRA
can be simulated by DH-QFA-M.

The following results are however straightforward.

Theorem 3.30. If all matrices of a C-PRA are unitary stochastic, then the
C-PRA may be simulated by a C-QFA-M and by a« DH-QFA-M.
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Theorem 3.31. If all matrices of a DH-PRA are unitary stochastic, then
the DH-PRA may be simulated by a DH-QFA-M.

Remark 3.32. Remark 2.15 gives an example of a doubly stochastic matrix,
1

which is not unitary stochastic, namely, 4 = . A. Ambainis

O o=t
o= O Nl
=N O

[Am 02] however noted the following. Consider a matrix B, which is formed
from the matrix A by doubling the number of rows and columns ard substi-
tuting % by the 2 x 2 submatrix consisting of }.

RN SN .
L1 11 ¢4 L1 _1 _1 g 9
1145011 S S S G
B=|11 g 11 u={z
i 100 5 3 s 3 0 0 -5 —3
siiitd) LBt
00 3% 33 3 0 0 3 -3 3 —3

The matrix B is unitary stochastic, the corresponding unitary matrix is U.
Clearly, the matrix A may be simulated by the matrix B. Perhaps it is
possible to generalize this, so that every PRA may be simulated by QFA-M.



Chapter 4

Quantum Finite Multitape
Automata

4.1 Definition of QFMA

We are using these notations in the following definition:
M={1,2,...,m}.

The k-th component of an arbitrary vector s will be defined as s.

We shall understand by I an arbitrary element from the set P(M) \ {0}.

st [ hohifigT
Ry = A, x Ay x ... X A,,, where A, = { {“nothing"}, ifi € I.

e ? — ? ‘f . € I
Tr = By x By X ... % By, where B; = { Eﬁnotii?L;”z} ifig 1.

The function R; x T; R {J, = }™ is defined as follows:
di(r,t) = (di(r,1), d2(r,t),...,d7(r,t)), where d\(r,t) = { :;-’ i[ffz‘zg §

We consider quantum finite multitape automata with pure states, as de-
scribed in Quantum Automata subsection of Section 2.2.

Definition 4.1. A gquantum finite multitape automaton (QFMA)
A = (Q;%;6; q0; Qu; Qr) 1s specified by the finite input alphabet T, the finite
set of states Q, the initial state gy € Q, the sets Q, C Q, Q- C Q of accept-
ing and rejecting states, respectively, with Q, N Q, = 0, and the transition
function

6:QxT™xQx{},=}" — Cpu.

where m is the number of input tapes, I = LU {#, 8} is the tape alphabet of
A and #,5 are endmarkers not in X, which satisfies the following conditions
(of well-formedness):

49
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1. Local probability condition

V(g,o) €QxT™ > |§(q,oq,d) =1.
(q,d)EQX{l,—}}m

2. Orthogonality of column vectors condition.

Vql) q2 € Q7 q1 # QQ7VU € Fm Z 6*((]17 0,q, d)é(‘h, g,q, d) = 0.
(g:,d)€Qx{4,—>}m

3. Separability condition.

VI € P(M)\ {0} V1,92 € Q
Yoi,00 € T™, whereVi ¢ I 0! = ol

Vi1, to € Ty, where Vi € T ¥ #1)
Z 6*(Q1701a q:dl(r7 tl))d(q27027Q1dl(T7 t2)) = 0.

(g:r)EQX Ry

States from Q, U @, are called halting states and states from Q,,, =
Q\ (Q,UQ,) are called non halting states.

To process an input word vector z € (X*)™ by A it is assumed that
the input is written on every tape k with the endmarkers in the form wf =
#x2F$$* and that every such a tape, of length n = Ogl&):ﬂ{ixki} +2, is circular,

i.e., the symbol to the right of the last $ is #.

For the fixed input word vector z we have defined n € N to be an integer
which determines the length of tapes. So for every n we can define C,, to
be the set of all possible configurations of A. |C,| = |@Q|n™. Every such
a configuration is uniquely determined by a pair |g, s), where ¢ € Q and
0 < s* < n — 1 specifies the position of head on the i-th tape.

Every computation of A on an input x is specified by a unitary evolution
in the Hilbert space Hy, = [2(Cy). Each configuration ¢ € C, corresponds
to the basis vector in H4,. Therefore a global state of A in the space H4,

has a form Y a.|c), where 3 |a.J? = 1. If the input word vector is = and
ceCp ceCyp
the automaton A is in its global state |¢) = Y a.l¢), then its further step
ceCp
is equivalent to the application of a linear operator U2 over Hilbert space
I5(Cy).

Definition 4.2. The linear operator U? is defined as follows:

Ufh/)) = Z acU£|c>'

ceCyp
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If a configuration ¢ = |¢, s), then

Uley= > 6(d,0(s), 0, d)g, 7(s, d)),

(g.d)eQx{},—}™
where o(s) = (o%(s),...,0™(s )) o'(s) specifies the s*-th symbol on the i-th
tape, and 7(s,d) = (r'(s, ) , 7" (s,d)),
; _ [ (s +1)modn, ifd ='-
s ={ &L

Lemma 4.3. The well-formedness conditions are satisfied iff for any input
x the mapping U? is unitary.

Definition 4.4. We shall say that an automaton is a deterministic reversible
finite multitape automaton (RFMA), if it is a QFMA with 6(qi,0,q,d) €

{0,1}.

Definition 4.5. A QFMA A = (Q;%;0; qo; Qu; Q) is simple if for each o €
I'™ there is a linear unitary operator V, over the inner-product space l(Q)
and a function D : Q — {],—}™, such that

m V(r ' i D =d
Vg € QVo €T™ d(qu,0,q,d) = { [<]q| otfllqel‘zwi-sfe. 0

Lemma 4.6. If an automaton A is simple, then conditions of well-formed-
ness are satisfied iff for every o V, is unitary.

We shall deal only with simple deterministic and quantum multitape au-
tomata further in the chapter.

4.2 Language Recognition by QFMA

Word acceptance is defined as in Definition 2.33. For each input z with
the corresponding integer n and a QFMA A = (Q;%;0;qy; Qu; Qr) we de-
fine C7 = {(g,5)l(g,s) € Cn,q € Qa}, Cr = {(¢,9)|(g,5) € Crniq € Qr},
Crom =C, \ (C2UCT). E,, E;, Ey,,, are the subspaces of l5(C,) spanned by
Cr,C7,Cro™ respectively. We use the observable O that corresponds to the
orthogonal decomposition I,(C,) = E, ® E, ® E,,,. The outcome of each
observation is either “accept” or “reject” or “non-halting”.

For an z € (£*)™ we consider as the input w,, w¥ = #2*$" %~ and as-
sume that the computation starts with A being in the configuration |go, {0}™).
Each computation step consists of two parts. At first the linear operator Ujr
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is applied to the current global state and then the resulting superposition,
i.e., global state, is observed using the observable O as defined above. If the

global state before the observation is D a|c), then the probability that the
c€Cr
subspace E;, i € {a,r,non}, will be chosen is Y |a.|?>. The computation
ceCi,
continues until the result of an observation is “accept” or “reject”.
We define language recognition as in Definition 2.37.

Definition 4.7. We say that a language L is [m,n]-deterministically recog-
nizable if there are n simple deterministic automata A,, Ao, ..., A, such
that:

a) if the input is in the language L, then all n automata A, ..., A, accept
the input;

b) if the input is not in the language L, then at most m of the automata A,
..., Ay accept the input.

c?

Definition 4.8. We say that a language L is [m,n[-reversibly recognizable if
there are n simple deterministic reversible automata Ay, As, ..., A, such
that:

a) if the input is in the language L, then all n automata A, ..., A, accept
the input;

b) if the input is not in the language L, then at most m of the automata Ay,
..., Ap accept the input.

Lemma 4.9. If a language L is [1,n]-deterministically recognizable by 2-
tape finite automata, then L is recognizable by a probabilistic 2-tape finite
automaton with probability -1 .

Proof. Theidea of the proof due to R. Freivalds. The probabilistic automaton
starts by choosing a random integer 1 < r < (n+1). After that, ifr < n, then
the automaton goes on simulating the deterministic automaton A,, and, if
7 = n+1, then the automaton rejects the input. The inputs in L are accepted
with probability 47, and the inputs not in the language are rejected with a

probability not less than —el O

Lemma 4.10. If a language L is [1,n]-reversibly recognizable by 2-tape finite
automata, then L 1s recognizable by a quantum 2-tape finite automaton with
probability 5.

Proof. The idea of the proof due to R. Freivalds. In essence the algorithm is
the same as in Lemma 4.9. The automaton starts by taking n + 1 different
actions with amplitudes \/7:_1” (By Lemma 2.3, it is possible to construct a

unitary matrix to make such a choice feasible.) After that the automaton
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simultaneously goes on simulating all the deterministic reversible automata
A;, 1 <r < (n+1), where the automaton A, 4, rejects an input. The sim-
ulation of each deterministic reversible automaton uses its own non-halting,
accepting and rejecting states. (Hence the probabilities are totaled, not the
amplitudes.) 0

First, we discuss the following 2-tape language

Ly = {{(z,Vza,y) | 21 = 22 = y},
where the words 1, 29,y are unary.

Lemma 4.11. For arbitrary natural n, the language Ly is [1,n/-determinis-
tically recognizable.

Proof. Proved by R. Freivalds [Fr 78].

The language L can be recognized by the following team of deterministic
1-way 2-tape finite automata {A;, 4s,..., A,}.

The automaton A, performs cycles, each one consisting in reading n + 1
digits from z; and r digits from y. When the symbol V is met, the automa-
ton memorizes the remainder of x; modulo n and goes on (in cycles) reading
n + 1 digits from x5 and n + 1 — r digits from y. If the input pair of words
is in the language, the processing of the two tapes takes the same time. In
this case the automaton accepts the pair, otherwise the automaton rejects it.
This way, the automaton accepts the pair of words if and only if there are
nonnegative integers u, v such that:

n+1u <z,
m+D(u+1)>x
(n+1)v§x2
(n+1)(v+1) >z
r—(n+Vu=a,—(n+)v=y—ru—(n+1-r)v

If ; = x5, then the number —ru — (n + 1 — r)v does not depend on the
choice of r. Either all z; match the y, or no one does. If z; # x5, then the
numbers —ru — (n+ 1 — r)v are all different for different values of r. Hence
at most one of them can match y. O

Theorem 4.12. The language Ly can be recognized with arbitrary probability
1 — € by a probabilistic 2-tape finite automaton but this language cannot be
recognized by a deterministic 2-tape finite automaton.



CHAPTER 4. QUANTUM FINITE MULTITAPE AUTOMATA o4

Proof. By Lemma 4.11 L is [1,n]-deterministically recognizable for arbitrary
n. By Lemma 4.9, the language is recognizable with probability 2. O

We wish to prove a quantum counterpart of Theorem 4.12. We need a
lemma to this goal.

Lemma 4.13. For arbitrary natural n, the language Ly is [1, n]-reversibly
recognizable.

Proof. The idea of the proof due to R. Freivalds. By Lemma 4.11, the lan-
guage L, is [1, n]-deterministically recognizable. However it is easy enough to
make the construction of the automata Ay, ..., 4, in the following manner:
a) every automaton is reversible;

b) if a word pair is in the language L,, then every automaton consumes the
same number of steps to accept the word pair.

The last requirement will be essential further in the chapter.

If at least the first requirement is met, then the language is [1, n]-reversibly
recognizable. O

Theorem 4.14. The language L, can be recognized with probability 1 — e by
a quantum 2-tape finite automaton.

Proof. By Lemmas 4.10 and 4.13. O

Corollary 4.15. Exists a multitape language, recognized by quantum finite
multitape automaton, where the projection of the language to one of the tapes
s not regular.

Proof. Consider the language L. O

In an attempt to construct a 2-tape language recognizable by a quantum
2-tape finite automaton but not by probabilistic 2-tape finite automata we
consider a similar language

Ly = {(21Vx2Vz3,y) | there are exactly 2 values of z1, 2,23
such that they equal y},

where the words z, z,, 23,y are unary.

Theorem 4.16. A quantum automaton exists which recognizes the language
Ly with a probability T% — ¢ for arbitrary positive €.
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Proof. This automaton takes the following actions with the following ampli-
tudes:

a) ? 1 — compares I; = Iy = ¥,
b) ‘/T§ -(cos 2 +isinZ) ~ compares Tp = T3 = Y,
c) @ - (cos = +isin4)  — compares £, = z3 = Y,
d) 34ﬁ - says “accept”.

By Theorem 4.14 comparison in actions a), b), ¢) can be accomplished.
By construction in Lemma 4.10 the comparison in each action a), b), c)
is implemented by starting n + 1 different branches. Therefore in any ac-
tion 1), 7 € {a, b, ¢}, if a comparison is successful, the automaton will come
respectively into non-halting states gg1,-..,Gan, @1s---> T Ge1r- - - > ens
reaching the symbol pair (8$,$) on the tapes. The transition ($,8) for every
k=1,...,nis as follows:

| 9o,k

Qb k dc.k

1 1 1

qal,k /3 /3 /3
Ik | 75 \/g(cos 5 +isin ) \/g(cos > +isin )
1 1 27 s 2 1 4T s s 4T
Qa2.k | 73 —7(cos 5 +isin ) T5(cos 3 +usinF)

Here gq1,4, g2, are accepting states and g, are rejecting states. If y equals
all 3 words x1,z9,x3, then it is possible to ensure that it takes the same
time to reach the end-marking symbol pair in every action on every branch.
Therefore the input is accepted with probability —17—6 +¢ (since the amplitudes
of the actions a), b), ¢) total to 0). If y equals 2 out of 3 words zy, z,, 3,
then the input is accepted with probability % —e. If y equals at most one of
the words z1, z5, 3, then the input is accepted with probability 17—6 + ¢ (only
if the action d) is taken). O

Unfortunately, the following theorem holds.

Theorem 4.17. A probabilistic automaton exists which recognizes the lan-
guage Lo with a probability Z—é.

Proof. The idea of the proof due to R. Freivalds. The probabilistic automaton
with probability 3 takes an action A or B:
A) Choose a random j and compare z; = y. If yes, accept with probability
-;%. If no, accept with probability %.
B) Choose a random pair j, k and compare z; = x, = y. If yes, reject. If
no, accept with probability 2.

If y equals all 3 words xy, 24, z3 and the action A is taken, then the input
is accepted with relative probability %% If y equals all 3 words z1, 25, x3, then

and the action A is taken, then the input is accepted with relative probability
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0. This gives the acceptance probability in the case if y equals all 3 words
T1,Z9, T3, to be 12 T 2 and the probability of the correct result “no” to be 2 40

If y equals 2 words out of 1, x5, 23 and the action A is taken, then the
input is accepted with relative probability 3 13 If y equals 2 words out of
Ty, %o, L3 and the action B is taken, then the mput is accepted with relative
probability £ 35+ Lhis gives the acceptance probability in the case if y equals
2 words out of z,, =5, 23, to be 2L 40

If y equals only 1 word out of z,, 22,25 and the action A is taken, then
the input is accepted with relative probability 210 If y equals only 1 word
out of xq, 29,23 and t,he action B is taken, then the input is accepted with
relative probablllty . This gives the acceptance probability in the case if
y equals only 1 word out of Z1, %9, T3, to be i—g and the probability of the
correct result “no” to be 2 40

If y equals no word of x1, 25, z3 and the action A is taken, then the input
is accepted with relative probability % If y equals no word of x1, 29, 3 and
the action B is taken, then the input is accepted with relative probability
%. This gives the acceptance probability in the case if y equals no word of
%1, T3, T3, to be 22 and the probability of the correct result “no” to be 2I. O

Now we consider a modification of the language L, which might be more
difficult for a probabilistic recognition:

L3 = {(1Vz2Vz3,y1 Vya) | there is exactly one value k
such that there are exactly two values j such that z; =y, }

Theorem 4.18. A gquantum finite 2-tape automaton erists which recognizes
the language Ls with a probability % — € for arbitrary positive €.

Proof. This automaton takes the following actions with the following ampli-
tudes:

a) With amplitude o

cos I =+ sin T) compares whether z; = o = y;,

SEREE

b) With amplitude 1/ = x (cos 2 + 14 sin Z) compares whether z; = 3 = y;,

c¢) With amplitude o

d) With amplitude X (cos 6—" +1 sin %) compares whether z; = T, = s,

x(

(

= X (cos &+ sin A7) compares whether z; = z3 =y,

( 6
(

e) With amplitude x (cos & o+ sin —) compares whether x5 = 3 = yo,

10w

f) With amplitude X (cos 22 +4 sin 1) compares whether z; = z3 = y»,

g) With amplitude says “accept”.

B |-
8=
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By Theorem 4.14 comparison in actions a), b), c), d), e), f) can be accom-
plished. By construction in Lemma 4.10 the comparison in each action a), b),
c), d), e), f) is implemented by starting n+1 different branches. Therefore in
any action 1), i € {a,b,c,d, e, f}, if a comparison is successful, the automa-
ton will come respectively into non-halting states ¢ 1,...,4an, @1, --> Qn>
Q1 9cns Qd1r---29dn, Qe1s---19ens Qf1>--->0fn, reaching the symbol

pair ($,3) on the tapes. The transition ($,$) for every £k = 1,...,n is as
follows:

Qo k. bk dc,k dd k Ge.k qf.k
1 1 1 1 1 L
Qark | & U6 N Y AR S S
I B IS R S N I
EL VN VA vt ® VBt °
L Le% _1_6% 1 Le% Le%
Q2k | 5 BE€° U6 NN/ oA
R e L% L 1%
qTQ,k \/6 \/é 8mi \/(_i i \/é \/E 8ni \/6 47i
1 1 T3 1 25 1 1 2 1 Lt
—_— —e6 —e6 — —e 6 —e6
Gk | V& VB®° S . vBC. VRS
1 1 10mi 1 8mi 1 bmi 1 4mi 1 2mi
3k | 5 GE° et €t €t ke
Here g1k, Qa2 Qa3 x are accepting states and gr1 4, @rok, gr3x are rejecting
states.

If both 3, and y, equal all 3 words z;, z,, x3, then it is possible to ensure
that it takes the same time to reach the end-marking symbol pair in every
action on every branch. Therefore the input is accepted with probability
5 +¢ (since the amplitudes of the actions a), b), c), d), ¢), f) total to 0, and
the automaton goes to the states g,34).

If both y; and y, are mutually equal to exactly two words z;,z;, then it
is possible to ensure that it takes the same time to reach the end-marking
symbol pair for the actions where z; and z; are compared. The total of
amplitudes for the acceptance is 0 since the amplitude for comparison of ¥,
with arbitrary pair z;, z; is (minus 1) times the amplitude for the comparison
of y, with the same pair z;,z;. The automatons goes to the states g, &, ¢ro,
¢r3%- So the input is accepted with probability ;—é— +e.

If y1 # yo, and y; = z; = xo, then y, cannot equal more than one of the
x;, namely, 3. In this case, all the branches in action a) end in acception
and so do also no more than one of the branches in action b), no more than
one of the branches in action c), no more than one of the branches in action
d), no more than one of the branches in action e) and no more than one of the
branches in action f). So the input is accepted with probability ;—g —e. O

However this language also can be recognized by a probabilistic 2-tape
finite automaton.
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Theorem 4.19. A probabilistic finite 2-tape automaton exists which recog-
nizes the language Ls with a probability ;—g — ¢ for arbitrary positive €.

Proof. Theidea of the proof due to R. Freivalds. The probabilistic automaton
with probability & takes action A or B or C or with probability & takes
action D:

A) Choose a random k and two values of j. Then compare z; = y;. If yes,
accept. If no, reject.

B} Chose a random k and compare z; = 25 = z3 = y;. If yes, reject. If no,
accept. C) Choose two values j and m. Then compare z; = z,, = y; = ¥o.
If yes, reject. If no, accept.

D) Says “reject”.

Notice that the actions A, B, C are probabilistic, and they can be per-
formed only with probability 1 — e (actions A and B are described in the
proof of Theorem 4.12 and action C is similar).

The acceptance probabilities equal:

A B C | Total
noygequals2or3z; | 0 | 1 | 1 =
one y; equals 2 x; 1] >
one y; equals 3 x; Tl 51 2
two y; equal 2 z; 11| 2 52
all y; equal all z; 1 0 0 2—65

a

Finally we consider a modification of the languages above which recogni-
tion indeed looks impossible for probabilistic automata:

Ly = {(z1Vz,,y) | there is exactly one value j such that z; =y},
where the words 1, 24,y are binary.

Theorem 4.20. A quantum finite 2-tape automaton exists which recognizes
the language Ly with a probability 4.

Proof. The automaton has two accepting qu1, 9.2 and three rejecting states

¢r1, @r2, @rs and starts the following actions by reading the pair (#, #) with
the following amplitudes:

a) with an amplitude \/g compares z; to y,
b) with an amplitude —\/g compares I, to vy,

¢) with an amplitude \/g immediately goes to the state q,1.
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Actions a) and b) use different non-halting states to process the word pair.
All these actions the automaton processes simultaneously. In actions a) and
b), if no (not equal), it goes accordingly to the states g,; or g, if yes, then
reaches correspondent non-halting states g, or gg, while the symbol pair on
the tapes is (3,8). The transition for ($,%) and states qq, g3, a2, @r3 is as
follows:

‘ da qs

1 1

Qa2 \/5 \/5
4 _ 1
™| V: Tz

If all the words are equal, it is possible to ensure that it takes the same time
to reach the end-markers on both tapes, therefore the automaton reaches

the superposition \/%qa, s, 1) — \/%qg, s,t), where s and t specify the place
of § on each tape, and the input is accepted with probability % (Since the
amplitudes of the actions a) and b) equal to 0.) If one of the words z; equals
y, then the input is accepted with probability % If none of the words z;
equals y, then the input is accepted with probability £. O



Chapter 5

Quantum Pushdown Automata

5.1 Definition of QPA

The purpose of this chapter is to introduce a quantum counterpart of push-
down automata, the next most important model after finite automata and
Turing machines. The first definition of quantum pushdown automata was
suggested by [MC 97], but here the authors actually deal with the so-called
generalized quantum pushdown automata, which evolution does not have
to be unitary. However a basic postulate of quantum mechanics imposes
a strong constraint on any quantum machine model: it has to be unitary,
otherwise it is questionable whether we can speak about quantum machine.
That’s why it was considered necessary to re-introduce quantum pushdown
automata by giving a definition which would conform unitarity requirement.
Such definition would enable us to study the properties of quantum pushdown
automata.

Definition 5.1. A guantum pushdown automaton (QPA)

A= (Q,%5,T, q,Q.,Qr0) is specified by a finite set of states Q, a finite
input alphabet ¥ and a pushdown store alphabet T, an initial state g € Q,
sets Qo C Q, Qr C Q of accepting and rejecting states, respectively, with
Qe Qy =0, and a transition function

§:QxTxAxQx{l,>}x A" — Cyu,

where T = ZU{#, 8} is the input tape alphabet of A and #,$ are end-markers
notin ¥, A =TU{Zy} is the working pushdown store alphabet of A and Zy ¢
T s the pushdown store base symbol; {], =} is the set of directions of input
tape head. The automaton must satisfy conditions of well-formedness, which
will be expressed below. Furthermore, the transition function is restricted to
the following requirement:

60
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If 6(q,, B,¢,d,w) # 0, then
1. |w| <2;

if |w| =2, then wy = B;
if B= 2y, thenw € ZyT*;

>

iof B# Zo, thenw € T*.

Here w; is the first symbol of a word w. Definition 5.1 utilizes that of
classical pushdown automata from [Gu 89).

Let us assume that an automaton is in a state ¢, its input tape head is
above a symbol & and the pushdown store head is above a symbol 3. Then the
automaton undertakes following actions with an amplitude d(q, o, 3, ¢', d, w):

1. goes into the state ¢/;
2. if d = —’, moves the input tape head one cell forward;

3. takes out of the pushdown store the symbol 3 (deletes it and moves
the pushdown store head one cell backwards);

4. starting with the first empty cell, puts into the pushdown store the
string w, moving the pushdown store head |w| cells forward.

Definition 5.2. The configuration of a pushdown automaton is a pair |¢) =
|Viqjvk, wi), where the automaton is in a state q; € Q, vivy € #X*$ s a finite
word on the input tape, w; € ZyT™* is a finite word on the pushdown store
tape, the input tape head is above the first symbol of the word vy and the
pushdown store head is above the last symbol of the word w.

We shall denote by C' the set of all configurations of a pushdown automa-
ton. The set C is countably infinite. Every configuration |c) denotes a basis
vector in the Hilbert space Hy = [5(C). Therefore a global state of A in the

space H4 has a form |[¢) = 3 a,|c), where 3 |a|? =1 and . € C denotes
ceC ceC
the amplitude of a configuration |¢). If an automaton is in its global state

(superposition) [¢), then its further step is equivalent to the application of
a linear operator (evolution) Uy over the space Hg4.

Definition 5.3. A linear operator U, is defined as follows:

UA|T.D) = Z aCUA|c).

ceC



CHAPTER 5. QUANTUM PUSHDOWN AUTOMATA 62

If a configuration ¢ = |v;q;ovg, wiT), then
Ualc) = > 8(gj,0,7, 0, d,w)| f([e), d, q), ww),
(g.dw)€Qx {1, =} xA*

where

. [ vgowg,ifd="1"
g, dig) = { vao 4= 4

We can speak about a quantum pushdown automaton only if its evolution
operator is unitary. However, evolution operator matrix is infinite, so we need
some criteria (well-formedness conditions) to verify its unitarity.

‘Well-formedness conditions 5.4.

1. Local probability condition.
V(QIaalyTl) € Q xI'x A
Z 16(q1,01,m,¢,d,w)> = 1. (5.1)

(g.dw)eQx{l,—~}xA*
2. Orthogonality of column vectors condition.

For all triples (1,01, 1) # (g2, 01,72) in @ X T x A

Z (5*((]1, o1,7,4, d, CL))&((]Q, g1, T2, q, d,U.)) = 0 (52)
(qrd:w)eQx{l,—)}XA*

3. Row vectors norm condition.
Y(q1,01,09,T1,72) € Q x I'* x A?
Z ’5((]70177:(11,_>7w)|2+

(q:Taw)EQXA)( {5,7'-277'17—2}
+|6(Q7027T7 Q1;J/)W)|2 = 1. (53)

4. Separability condition I

Y(g1,01,71), (¢2,01,72) € @ X T' x A, V13 € A

a) Z 6*(q1)017717q7 d; T)(S(q2:017TQJQ7d7T37_) +
(g.d.7)€Qx{l,~+}xA

+ Z 6*(q1)017T11q7d7 5)5((]2701772,(],03, T3) == Oa (54)
(g,d)eQx {1~}

b) Z 5*(q17017717Q7d76)6(q276177_27qad7 T2T3) = 0. (55)
(g.)€Qx{},—~}
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5. Separability condition I1.

V(¢1,01,71),(g2,02,72) € @ x T x A

Z 5*((]170177'1#]7 *va)5(q270277—27Q7_>7w) = 0 (56)
(qw)EQxA*

6. Separability condition I1I.

V(ql,al,ﬁ), (q2702,T2) € Q x ' x A, VT3 c A,
leadQ € {Jﬂ_)}’ dl # dQ
a) Z 6*(q1761’Tlaq7d17T)(S(q27027727Q7d27T3T) +

(g,7)EQXA
+Z‘S*(QhUlyTb‘]ad1>€)5(92702,7'2aq,d2,73) = Oa (57)
qeQ
b) 25*(971701,71,q7dl,6)5((]2,02,72,47612772%) =0. (5.8)
qeQ

Lemma 5.5. The columns system of a QPA evolution matriz 1s normalized
iff the condition (5.1), i.e., local probability condition, is satisfied.

Condition (5.2) insures that every two columns indexed by configurations
of type |wigi01ws, wT) and |wigoo we, wTy) are orthogonal. Here (g, 7)) #
((I2, 7’2)-

Condition (5.4) insures that every two columns indexed by configurations
of type |wigeo1ws, wT2) and |wyq10ywa, wT3T1) are orthogonal.

Condition (5.5) insures that every two columns indexed by configurations
of type |wige01ws, wTy) and |wyq10qwe, wTyT3Ty) are orthogonal.

Condition (5.6) insures that every two columns indexed by configurations
of type |w1qa0001ws, wTe) and |wio9qio1we, wTy) are orthogonal.

Condition (5.7) insures that every two columns indexed by configurations
of type |wiga0201wa, wTe) and |wy0aq101ws, wTsT1), or indexed by configura-
tions of type |wi01G209wy, wTy) and |wyq10109ws, wT3T) are orthogonal.

Condition (5.8) insures that every two columns indexed by configurations
of type |w1q20201w2, wT2) and |wy09q101we, WTHT3Ty ), Or indexed by configura-
tions of type |wy01¢200ws, wTe) and |w)q0109we, wTeT3T1) are orthogonal.

Lemma 5.6. The columns system of a QPA evolution matriz is orthogo-
nal iff the conditions (5.2,5.4,5.5,5.6,5.7,5.8), i.e., orthogonality of column
vectors and separability conditions, are satisfied.

Lemma 5.7. The rows system of a QPA evolution matriz is normalized iff
the condition (5.3), i.e., row vectors norm condition, is satisfied.
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Theorem 5.8. Well-formedness conditions 5.4 are satisfied iff the evolution
operator U, is unitary.

Proof. Lemmas 5.5, 5.6, 5.7 imply that Well-formedness conditions 5.4 are
satisfied iff the columns of the evolution matrix are orthonormal and rows
are normalized. In compliance with Lemma 2.9, columns are orthonormal
and rows are normalized iff the matrix is unitary. a

Remark 5.9. Well-formedness conditions 5.4 contain the requirement that
rows system has to be normalized, which is not necessary in the case of
quantum Turing machine [BV 97]|. Here is taken into account the fact that
the evolution of QPA can violate the unitarity requirement if the row vectors
norm condition is omitted.

Example 5.10. A QPA, whose evolution matrix columns are orthonormal,
however the evolution is not unitary.

Q={q}, T={1}, T={1}.

5((]7 #7 ZO:Q:__)7Z01) = 17 5(Q7 #a 1a q,—, 11) - 17
8(q,1, Zo,q,—, Zpl) =1, 6(q,1,1,q,—,11) =1,
8(¢,8, Zo,q,—, Zp1) =1, 6(q,98,1,¢9,—>,11) =1,

other values of arguments yield § = 0.

By Well-formedness conditions 5.4, the columns of the evolution matrix
are orthonormal, but the matrix is not unitary, because the norm of the rows
specified by the configurations |w, Zp) is 0.

Definition 5.11. We say that an aeutomaton is a deterministic reversible
pushdown automaton (RPA), if it is a QPA with 6(q,0,7,q,d,w) € {0,1}.

Even in a case of trivial QPA, it is a cumbersome task to check all the con-
ditions of Well-formedness 5.4. It is possible to relax the conditions slightly
by introducing a notion of simplified QPA.

Definition 5.12. We shall say that a QPA is simplified, if there exists a
function D : Q — {},—}, and §(q,0,7,¢q,d,w) = 0, if D(q) # d. Therefore
the transition function of a simplified QPA is

olq,0,7,q,w) = d(q1,0,7,49, D(q),w).

Taking into account Definition 5.12, following well-formedness conditions
correspond to simplified QPA:
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‘Well-formedness conditions 5.13.

1. Local probability condition.

V(gi,01,m) €QXT x A
Z |(P(Q1,01,Tl,q,w)‘2 = 1. (59)

(qw)eQx A
2. Orthogonality of column vectors condition.

For all triples (q1,01,71) # (g2,01,72) in Q@ x ' x A

Z QO*(QM 01,71, Q7w)90(q27017T27 Qaw) = 0. (510)
(q’w)EQXA‘

3. Row vectors norm condition.

Y(g1,01,71,72) € Q@ xT' x A?

> lo(g, 01,7, qr,w) [P = 1. (5.11)
(q777w)EQXAX{6’T2;TIT2}

4. Separability condition.

V(gi,01,7),(q2,01,72) € @ XxT'x A) V13 € A
a) Z ‘P*(QhUbTh Q)T)Lp(q'Zao—hT% q‘/TST) +

(9=T)EQXA

+ Z ()O*(q17 01,71, 4, 5)(/7(‘]27 01,72,4, 7—3) - 07 (512)
qeQ

b) Z ‘P*(Ch; 01,71, 4, E)‘,O(QQ, 01, 72,4, 7_273) = 0. (513)
qeQ

Theorem 5.14. The evolution of a simplified QPA is unitary iff Well-formed-
ness conditions 5.13 are satisfied.

Proof. By Theorem 5.8 and Definition 5.12. a

Theorem 5.15. The local probability condition (5.9) for simplified RPA is
satisfied iff exists a function f : QxTx A — Q x A*, such that f(q,0,7) =
(‘Lw) - 80((]170, T, Qaw) =1

By Theorem 5.15, it is possible to use the function f instead of ¢ and
regard f as the transition function of a simplified RPA. Note that the local
probability condition (5.9) is now satisfied automatically for simplified RPA.
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5.2 Language Recognition by QPA

Word acceptance for QPA is defined as in Definition 2.33. For a QPA
A= (@2, T,q,Qa Qr,8) we define C, = {Juigug,w)) € C | ¢ € Qa},
Cr = {luigup,w)) € C | q € Q}, Ch, = C\(C,UC,). E, E; E, are
subspaces of H,4 spanned by C,, C;,, C,, respectively. We use the observable
QO that corresponds to the orthogonal decomposition Hy = E,@E, G E,,. The
outcome of each observation is either “accept” or “reject” or “non-halting”.
For an z € ¥* we consider as an input #xz3, and assume that the computa-
tion starts with A being in the configuration |go#z$%, Z). Each computation
step consists of two parts. At first the linear operator U, is applied to the
current global state and then the resulting superposition is observed using
the observable O as defined above. If the global state before the observation

is Y a|c), then the probability that the resulting superposition is projected
ceC

into the subspace E;, i € {a,r,n}, is Y. |ac|?. The computation continues
ceC;
until the result of an observation is “accept” or “reject”.

We define language recognition as in Definition 2.37.
Theorem 5.16. Every reqular language is recognizable by some QPA.

Proof. Tt is sufficient to prove that any deterministic finite automaton (DFA)
can be simulated by simplified RPA. Let us consider a DFA with n states
Apra = (Qpra, X, q0,Qr,05), where § : Qpra X L — Qpra-

To simulate Apr4 we shall construct a RPA Agppa = (Q, 2, T, o, Qu, @r, )
with the number of states 2n.

The set of states is Q = Qpra U Q@pra, where Qpra N Qppa = 0 and
Q'pr 4 are the newly introduced states, which are linked to Qpra4 by a one-
to-one relation {(g;, q.) € Qpra X @pr,}. Thus QF has one-to-one relation
to Qp C Qpra-

The pushdown store alphabet is T =.ind(Qpra), where Vi ind(g;) = 1;
the set of accepting states is @, = Q= and the set of rejecting states is Q, =
Qpra \ Q- As for the function D, D(Qpra) = {—} and D(Qpr,) = {l}.

We shall define sets R and R as follows:

R ={(gj,0,%) € @pra x X T | 8(¢:,0) = ¢;};

}_z: {(q;7071) € Q,DFA xExT | (5((],‘,0) # Qj}'

The construction of the transition function f is performed by the following
rules:

1. Y(gi,0,7) € Qpra X EX A f(g,0,7) = (§(q;,0), T2);
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2. ¥(¢},0,9) € R f(d},0,1) = (d,€);

3. V(g,0,9) € R f(g},0,%) = (g;,9);

4. Y(q;,0) € Qppax X fd},0,2) = (45, Z);

5. VY(q,7) € @ x A f(q,#,7)=(q,7);
(
(@

<

6. V(¢i,7) € Qpra x A f(gi,8,7) = (g}, T);
7. Y(q;,7) € Qpra x A f(q;,8,7) = (&, 7).

Thus we have defined f for all the possible arguments. Our automaton
simulates the DFA. Note that the automaton may reach a state in Q' p4
only by reading the end-marking symbol $ on the input tape. As soon as
Agrpa reaches the end-marking symbol $, it goes to an accepting state, if its
current state is in Qr, and goes to a rejecting state otherwise.

The construction is performed in a way so that Agrps satisfies Well-
formedness conditions 5.13.

RPA automatically satisfies the local probability condition (5.9).

Let us prove, that the automaton satisfies the orthogonality condition
(5.10).

For RPA, the condition (5.10) is equivalent to the requirement that for
all triples (q1,01,71) # (g2, 01,72) flq1,01,71) # f(g2,01,72).

If q1,9 € Qpra, fla1,01,71) # f(@2, 01,72) by rule 1.

Let us consider the case when (q1,01,7), (g2, 01,72) € R. We shall
denote q1,¢2 as ¢;,q; respectively. Let us assume from the contrary that
f(gi,01,m) = f(q},01,7). By rule 2, (q},,¢) = (q,,,¢). Hence 1, = 75. By
the definition of R, 0(g,,,01) = ¢; and 6(g,,,01) = ¢;. Since 1, = 7o, ¢; = ¢;.
Therefore ¢ = ¢, i.e., ¢ = go. We have come to a contradiction with the
fact that (q1,01,m) # (g2, 01, 72)-

If (q17017T1)7 (QQ, 01772) € R’ f((h, 01771) # f(QQ; OlaTQ) by rule 3.

If g1 € Qpra, ¢ € Q'pp4 then f(q1,01,71) # f(g2,01,72) by rules 1, 2, 3.

In case 7y or 7 is Z, or 0, € {#,8}, proof is straightforward.

The compliance with row vectors norm condition (5.11) and separability
conditions (5.12) and (5.13) is proved in the same way. 0

Example 5.17. Let us consider a language L, = (0, 1)*1, for which we know
that it is not recognizable by QFA [KW 97].

This language is recognized by the deterministic finite automaton with
two states go,q1 and the following transitions: 8(gp,0) = qo, 6(go,1) = q1,
6(q1,0) = qo, 6(q1,1) = .
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By Theorem 5.16 it is possible to transform this automaton to the fol-
lowing RPA:

Q= {QO,th()’ q{}a Q. = {q;}a Qr = {Q{)}’ r= {071}’ T = {0: 1}a

D(go) ==, D(q1) ==, D(qp) =}, D(q1) =l

By the construction rules,

Vge Q, Vo € 3, V1 € A;

f(qU’OaT) (qo’TO) f(Ch,O,T) (QO,Tl) f(q()’ 137—) (qlvTO)
Ha,1,7) = (g, 71), f(40,0,0) = (g0,€),  f(q1,1,0) = (g0, ),
fa,0,1) = (dh,€),  fla,1,1) = (q1,€),  f(q,1,0) = (90,0),
f(q]17070) (Qh ) f(q(,)7171) = ((1071)7 f(QLO’l): (fh,l),
. 0,2) = (90, 2), [fld1,0,2) = (@, 2), [(e.#,7)=(q,7),

f(QO7$7T) = (%’T)7 f(CIl,$,T) = (qivT)’ f(Q67$aT) = (QO7T)7
f(q;7$7'r):((h,7_) ‘

Let us consider a language which is not regular, namely,
Ly ={w € (a,0)"| |wla = |w]s},
where |w|; denotes the number of occurrences of the symbol 7 in the word w.
Lemma 5.18. Language Ly is recognizable by a RPA.

Proof. Our RPA has four states qg, q1, ¢2, g3, where g2 is an accepting state,
whereas ¢z - rejecting one. Pushdown store alphabet T consists of two sym-
bols 1,2. Pushdown store filled with 1’s means that the processed part of
the word w has more occurrences of a’s than b’s, whereas 2’s means that
there are more b’s than a’s. Furthermore, length of the pushdown store word
is equal to the difference of number of a’s and b’s. Empty pushdown store
denotes that the number of a’s and b’s is equal.
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Values of the transition function follow:

Vg € Q V7 € A;

fle,#,7)=(a,7),  flq0,a,Z) =(q0,21), D{go) ==,
f(q07b Z) (qD) Z2)7 f(q07$7 Z) = (q27 Zl)v D(ql) : )
fl@,a,1) = (q0,11), f(q0,0,1) = (q1,¢),  Dl(g2) =,
f(q07$71) (q3’ 1)’ f(qo,a,2) = (th)v (Q?)) : s
f(90,6,2) = (9,22), f(20,%,2) = (g3,2), flq,0,Z)= (QO, Z),
9,5, 2) = (q,2), fla1,%,7)= (a1, 7), flq1,a,1) = (g3,12),
2) =(9,2), flq,b2)= (Q3>21),

@, 0,Z) = (g3, 22),

<
»
o
N
(l
=
&
N
=

f(42,8, 2) = (90, 2),
) = (q0712)a f(q27$71): (qul)v
) =(a2,€),  f(g2,%,2) = (0, 2),

) =(a3,11),  f(g3,%,1) = (g2, 1),
) =1(g3,2),  f(g3,%,2) = (g0, 2)-

f(
Equbl) (0,1),  fla,q,
f(

S

Q@ a ) (q2,6), f
f(QZ)a, 2) (QO721)7 f
Vo € {a,b,$} f
f(Q37a71) = (QS:1)7 f
f(qS)av 2) = (q3722)7 f

O

Lemma 5.19. Pumping lemma for contexi-free languages. Every context
free language L has a positive integer constant m with the following property.
Ifwis in L and |w| > m, then w can be written as uvzyz, where uv*zy*z is
in L for each k > 0. Moreover, |vzy| < m and |vy| > 0.

The pumping lemma is from [Gu 89, p. 123.
Let us consider a language Ls which is not recognizable by any determin-
istic pushdown automaton:

Theorem 5.20. Language Lz = {w € (a, b, ¢)*| |w|s = |w|p = |w|.} is recog-
nizable by a QPA with probability %

Proof. Sketch of proof. The automaton takes three equiprobable actions,
during the first action it compares |w|, to |w|s, whereas during the second
action |wlp to |w|. is compared. Input word is rejected if the third action is
chosen. Acceptance probability totals %

By Lemma 5.19, the language L; is not a context-free language. (Take
w = a™b"™c™) Hence it is not recognizable by deterministic pushdown au-
tomata. O

Theorem 5.21. Language Ly = {w € (a,b,¢)*| |w|a = |w|p 07 |w|e = |w]|c}
is recognizable by a QPA with probability 3.

Proof. Sketch of proof. The automaton starts the following actions with the
following amplitudes:
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a) with an amplitude \/g compares |w|, to |wlp.
b) with an amplitude —\/g compares |w|, to |w|e.

c¢) with an amplitude \/g accepts the input. If exactly one comparison gives

positive answer, input is accepted with probability % If both comparisons
gives positive answer, amplitudes, which are chosen to be opposite, annihilate
and the input is accepted with probability 2. a

Language L4 cannot be recognized by deterministic pushdown automata.
(By Lemma 5.19, take w = a™+™pmcmtm)

An open problem is to find a language, not recognizable by probabilistic
pushdown automata as well.



Chapter 6

Conclusion

In this thesis, we introduced the notion of probabilistic reversible automata
in general and one-way probabilistic reversible finite automata in particular.
We argued, that language recognition properties of probabilistic reversible
finite automata are similar to the corresponding properties of quantum fi-
nite automata. We proved several closure properties of the language class
recognized by classical probabilistic reversible finite automata. We gave the
necessary condition for a language to be recognized by classical one-way
probabilistic reversible finite automata (i.e, lack of Type 1 and Type 2 con-
structions). It is conjectured that this condition is also the sufficient one.
We showed a clear relationship between Type 1 and Type 2 languages: a
language is of Type 1 if and only if reverse of the language is of Type 2.
We presented a single construction (Type 0 construction) which generalizes
exactly Type 1 and Type 2 constructions.

We gave the classification of one-way reversible finite automata. An inter-
esting question is to prove or disprove the conjectures regarding the hierarchy
of language classes recognized by automata classified there.

We introduced quantum finite multitape automata and formulated crite-
ria which ensure unitarity of this model (well-formedness conditions). We
presented several non-trivial languages recognized both by quantum and
probabilistic finite multitape automata. The question regarding the language
class recognized by QFMA is still open.

We introduced quantum pushdown automata and formulated criteria
which ensure unitarity of such automata. It is interesting that these cri-
teria are not equivalent to those of quantum Turing machines. We proved
that quantum pushdown automata can recognize every regular language by
using their pushdown store as a recording device. We presented several non-
context-free languages recognized by quantum pushdown automata. An re-
maining question is to explore, whether the definition discussed in this thesis

71



CHAPTER 6. CONCLUSION 72

has advantages over real-time (classical) quantum pushdown automata. It is
still unknown, whether quantum pushdown automata have advantages over
probabilistic pushdown automata. The language class recognized by quan-
tum pushdown automata is still not very much explored, and the relation of
this class to the class of context-free languages is an open problem.
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