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Abstract

Quantum finite automata were introduced by C. Moore and J. P. Crutchfield
in [MC 97] and by A. Kondacs and J. Watrous in [KW 97]. This notion is
not a generalization of the deterministic finite automata, but rather a gen-
eralization of deterministic reversible (permutation) automata. In [AF 98]
A. Ambainis and R. Freivalds raised the question what kind of probabilis-
tic automata can be viewed as a special case of quantum finite automata.
To answer that question and study relationship between quantum finite au-
tomata and probabilistic finite automata, we introduce a notion of proba-
bilistic reversible automata (PRA, or doubly stochastic automata). We give
the necessary condition for a language to be recognized by PRA. Vie find
that there is a strong relationship between different possible models of PRA
and corresponding models of quantum finite automata.

In these thesis we regard quantum automata, probabilistic reversible and
deterministic reversible automata as reversible automata. At least two non-
equivalent definitions of language recognition are used for one-way reversible
finite automata in various papers. Both of these definitions have their own
advantages and disadvantages, summarized in our classification of one-way
reversible finite automata.

Further, we introduce a notion of quantum finite multi tape automata
and prove that there is a language recognized by a quantum finite multitape
automaton but not by deterministic finite multitape automata. Addition-
ally we discover unexpected probabilistic automata recognizing complicated
languages.

Finally, we revise the concept of quantum pushdown automata (QPA),
first introduced by C. Moore and J. P. Crutchfield in [MC 97]. We give the
definition of QPA in a non-equivalent way, including unit.arity criteria, by
using the definition of quantum finite automata of [K\,y 97]. It is established
that the unitarity criteria of QPA are not equivalent to the corresponding uni-
tarity criteria of quantum Turing machines [BV 97]. vVe show that QPA can
recognize every regular language. We also present some simple non-context-
free languages recognized by QPA (hence not recognizable by deterministic
and nondeterministic pushdown automata).
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Anot acija

Kvantu galIga automata definiciju ieviesa K. Miirs un Dz. P. Kracfilds raksta
[MC 97], ka ari A. Kondacs un Dz. Vatro raksta [KW 97]. Sis jedziens nay
galrgo deterrnineto automatu visparinajurns, bet gan drizak deterrnineto ap-
griezamo (perrnutaciju) autornatu visparinajurns. Raksta [AF 98] A. Am-
bainis un R. Freivalds uzdeva jautajurnu, kada tipa varbutiskie autornati
var tikt aplukoti ka kvantu galIgo automatu specialgadijurns. Lai atbildetu
uz so jautajumu un petItu saistrbu starp kvantu galIgajiem automatiern un
varbiitiskajiem galIgajiem automatiern, ieviests varbutiska apgriezama au-
tomata (dubultstohast.iska automata) jedziens. Dots nepieciesarnais nosaci-
jums, lai valodu varetu atpazit ar varbutisko apgriezamo autornatu palldzibu.
Atrasts, ka pastav ciess sakars starp dazadiem iespejamiem varbiitisko ap-
griezamo autornatu rnodeliern un atbilstosajiern kvantu galrgo autornatu mo-
deliem.

Saja disertacija par apgriezarnajiern autornatiem uzskatiti kvantu au-
tornati, varbutiskie apgriezarnie un determinetie apgriezamie autornati. Valo-
du pazisanai ar vienvirziena apgr iezamajiem galrgajiern autornatiem dazados
rakstos tiek izmantotas vismaz divas neekvivalentas definicijas. Abarn sim
definicijam ir savas prieksrocibas un savi trukumi, kas apkopoti vienvirziena
apgriezarno galIgo automatu klasifikacija.

Talak, ieviests kvantu ganga daudzlensu automata jedziens un pieradrts,
ka eksiste valoda, ko val' pazlt ar kvantu galTgo daudzlensu autornatu, bet
ne ar deterrninetajiem galTgajiem daudzlensu autornatiem. Papildus at.klati
negaidrti varbutiskie autornati, kas pazist sarezgttas valodas.

Visbeidzot, parskatits kvantu automata ar magazTnas tipa atrninu je-
dziens, ko pirmoreiz ieviesa 1<. Murs un Dz. P. Kracfilds raksta [MC 97].
Dota kvantu automata ar magazTnas tipa atrninu definicija, kas nay ekvi-
valenta ar ieprieksrnineto, izmantojot kvantu galTga automata definiciju no
raksta [KW 97]. Noteikts, ka kvantu automata ar magazTnas tipa atrninu uni-
taritates kriterijs nay ekvivalents ar atbilstoso kvantu Tjuringa masinas uni-
taritates kriteriju raksta [BV 97]. Pieradits, ka kvantu autornati ar magazT-
nas tipa atrninu pazTst jebkuru regularu valodu. Tapat uzradrtas dazas
vienkarsas valodas, kuras nay bezkonteksta (Iidz ar to tas nepazist deter-
minetie un nedeterrninetie autornati ar magazmas tipa atrninu) un kuras
pazfst kvantu autornati ar magazinas tipa atrninu.
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AHHOT~

Onpezterreaae KBaHTOBLIX KOHe'ilfLIX aBTOMaTOB BBeJIVI K. Myp H 11M. IT. Kpa'-IqmJI,n;

B CTaTLe [MC 97], a TalOKe A. KOH,n;a'-I VI 11M. Ba.rpo B CTaTLe [KW 97]. OTO nOHJITVIe

He JIBJIJIeTCJIofiofimerraesc ,n;eTepMVIHl1pOBaHHLIx KOHe'-IHLIX aBToMaToB, a cxopee 3TO

0606rn;eHVIe ,n;eTepMVIHl1poBaHHLlx 06paTVIMLlx (rrepMyTaWioHHLIx) aBTOMaTOB. B CTa-

TLe [AF 98] A. AM6aVIHl1C VI P. <PpeHBaJI,n;c rrO,IJ;HJIJIVIaonpoc, KaKVIe BepOHTHOCT-

HLIe aBTOMaTLI MoryT C'-IHTaTLCH '-IaCTHLIM cnyvaexr KBaHTOBLIX KOHe'lHLIX aBTOMa-

TOB. YT06LI OTBeTVITL aa 3TOT sonpoc H H3Y'-IVITL CBJI3L Me)K,n;y KBaHTOBLIMVI KOHe'l-

HLIMVI aBTOMaTaMVI VI BepOHTHOCTHLIMVI KOHe'lHLIMVI aBTOMaTaMH, BBe,n;eHOnOHHTHe

BepOHTHOCTHoro o6paTRMoro (,n;Baa<,n;LIcTOXaCTH'-IeCKoro) aBTOMaTa. IT pe,n;CTaBJIeHO

He06xo)J;VIMOe yCJIOBVIe, 'lTo6LI JI3LIK 6LIJI 6LI pacnoaaasaev BepOJITHOCTHLIMVI o6pa-

TVIMLIMVI aBTOMaTaMVI. HaH,n;eHO, '-ITO cytnec raye'r TeCHaH CBH3L M~,n;y pa3JIH'lHLI1\'1VI

B03MO)KHLIMVIMo,n;eJIJIMVIBepOHTHOCTHLIX 06paTVIMLIX aBTOMaTOB VI COOTBeTcTByIOIIIH-

MVI Mo,n;eJIHMHKBaHTOBLIX KOHe'-IHLIX aBTOMaTOB.

B ,n;aHHOH )J;VICCepTa~HH 06paTHMLIMH aBTOMaTaMH C'lHTaIOTCJI KBaHTOBLIe aB-

TOMaTLI, BepOJITHOCTHLIe 06paTHMLle VI ,n;eTepMVlHHpOBaHHLle 06paTHMLle aBTOMaTLI.

B pa3JIVI'-IHLIX CTaTLJIX ,n;JIHpacn03HaBaHHJI JI3LlKOB O,n;HOCTOpOHHHMH06paTHMLIMH

KOHe'-IHLIMVIaBTOMaTaMVI HCrrOJIL3YlOTCH KaK MHHVIMyM zrsa HepaBHOCHJIl,HLIX onpezte-

JIeHVIJI. 06a orrpenenemrn VIMelOT CBOVInpeaxrymec'rna VI He,n;OCTaTKVI,'ITO ofiofitneno

B KJIaCcVII:pHKa~ O,IJ;HOCTOpOHHHX06paTHMLlx KOHe'ffiLIX aBTOMaTOB.

lIaJIee, BBe,n;eHo rrOHJITHe KBaHTOBoro MHOrOJIeHTO'-IHOrO KOHe'lHOrO aBTOMaTa H

,n;OKa3aHO,'ITO CYIIIecTByeT H3LIK, KOTOpLIH B03MO)KHO pacnosuarr, KBaHTOBLIM KOHe'l-

HLIM MHOrOJIeHTO'lHLIM aBTOMaTOM, HO He ,n;eTepMHHVIpOBaHHLIMHKOHe'-IHLIMH aBTOMa-

TaMVI. .Zlononarrrern.ao HaH,n;eHLI HeOMH,n;aHHLle BepOHTHOCTHLle aBTOMaTLI, pacnos-

naromae CJIO)KHLIeH3LIKVI.

HaKoHe~, nepecjao'rpeuo rrOHHTVIeKBaHTOBoro aBTOMaTa C Mara3HHHOH naMHTLIO,

BIIepBLIe BBe,n;eHHLIM K MYPoM H 1I)K. IT. Kpa'-Icj:JVIJI,n;oMB CTaTLe [!VIC 97]. lIaHo

orrpezteneaae KBaHTOBoro aBTOMaTa C Mara3HHHOH naMHTLIO, xo'ropoe He3KBVIBaJIeHT-

HO C BLrrneyKa3aHHLIM, VICnOJIL3yJI orrpeAeJIeHVIe KBaHTOBoro KOHe'lHOrO aBTOMaTa

OT [KW 97]. Y CTaHOBJIeHO, 'ITO KpHTepVIi1 yHVITapHOCTH KBaHTOBoro aBTOMaTa C

Mara3HHHOH rraMJlTLIO HepaBHOCVIJIeH COOTBeTcTBylOIIIeMy KpHTepVIIO yHl1TapHOCTH

KBaHTOBOH MaIlIHHLI TIOpHIITa [BV 97]. 1I0Ka3aHo, 'ITO KBaHTOBLle aBTOMaTLI C Ma-

ra3VIHHOH naMJlTLIO pacn03HaJOT mo60H pery JIJlPHLIH Jl3LIK. TaK)Ke npeACTaBJIeHLI

HeKOTopLIe rrpOCTLIe Jl3LIKVI, KOTopLIe He JlBJIJlIOTCJI KOHTeKCTO-CB06o,n;HLIMH (CJIe-

AOBaTeJILHO, He pacnoaaaaaewu AeTepMHHHpOBaHHLIMH H He,n;eTepMHHl1pOBaHHLIMH

aBTOMaTaMH C Mara3IDfHOH naMHTLIO) VI pacnosaaaaewu KBaHTOBLIMH aBTOMaTaMH C

Mara3lUIHOH naMJlTLIO.
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Chapter 1

Introduction

Nobel prize winner physicist Richard Feynman asked in [Fe 82] what effects
may have the principles of quantum mechanics, especially, the principle of
superposition on computation. He gave arguments that it may require expo-
nential time to simulate quantum mechanical processes on classical comput-
ers. This served as a basis to the opinion that quantum computers may have
advantages over classical ones. It was in 1985, when D. Deutsch introduced
the notion of quantum Turing machine [De 85] and proved that quantum
Turing machines compute exactly the same recursive functions as classical
deterministic Turing machines do. However, P. Shor discovered that by use of
quantum algorithms it is possible to factorize large integers and compute dis-
crete logarithms in a polynomial time [Sh 94], what resulted into additional
interest in quantum computing and attempts to build quantum computers.
First steps have been made on this direction, and first quantum computers
which memory is limited by a few quantum bits have been constructed. To
make quantum computers with larger memory feasible, one of the problems
is to minimize error possibilities in quantum bits. Quantum error correction
methods are developed which would enable quantum computers with larger
quantum memory.

Quantum computation and information processing as well as main open
issues are analyzed in [Gr 99].

Quantum mechanics differs from the classical physics substantially. It is
enough to mention Heisenberg's uncertainty principle, which states that it is
impossible to get information about different parameters of quantum particle
simultaneously precisely. Another well known distinction is the impossibility
to observe quantum object without changing it.

Fundamental concept of quantum information theory is quantum bit.
Classical information theory is based on classical bit, which has two states 0
and 1. The next step is probabilistic bit, which can be 0 with probability 0'

9



CHAPTER 1. INTRODUCTION 10

and 1 with probability 13, where a + 13 = 1. Quantum bit or qbit is similar to
probabilistic bit with the difference that a and 13 are complex numbers with
the property lal2 + 11312= 1. It is common to denote qbit as alO) + (311). As a
result of measurement, we get 0 with probability lal2 and 1 with probability
11312

.

Every computation done on qbits is accomplished by means of unitary
operators. Informally, every unitary operator can be interpreted as a rotation
in complex space. Therefore one of the basic properties of unitary operators
is that every quantum computing process not disturbed by measurements is
reversible. Unitarity is rather hard requirement which complicates program-
ming of quantum devices. Still it is possible to simulate every classical Turing
machine by quantum Turing machine with only polynomial slowdown. The
following features of quantum computers are most important:

1. Information is represented by qbits.

2. Any step of computation can be represented as a unitary operation,
therefore computation is reversible.

3. Quantum information cannot be copied.

4. Quantum parallelism; quantum computer can compute several paths
simultaneously, however as a result of measurement it is possible to get
the results of only one computation path.

As in the classical theory of computation, we may consider other models
of computation, such as quantum finite automata, pushdown automata, etc.
Opposite to Turing machines, these models represent the cases when specific
restrictions are inevitable regarding space consumption or time usage. In
particular, one-way quantum finite automata (l-QFA) represent one of the
most restricted models, where computation is performed with finite memory
and in real time, i.e., the number of computation steps does not exceed the
length of input.

In quantum computation, it is possible to distinguish between pure state
model, where an automaton is in a single quantum superposition of con-
figurations after each computation step, and mixed state model, where the
automaton with certain probabilities is in one of several possible quantum
superpositions.

In these thesis, we study quantum automata in terms offormal languages
they can recognize. Similarly as in probabilistic computation it is possible
to consider language recognition with bounded error or unbounded error,
however we restrict ourselves to bounded error language recognition only.
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We shall understand under reversible automata quantum automata, prob-
abilistic reversible automata, as well as deterministic reversible (permuta-
tion) automata.

Several definitions are used in various papers for language recognition by
reversible automata.

Generally, an automaton halts computation (enters a halting configura-
tion) and then gives an answer whether a word is in the language (a halting
configuration may be either accepting or rejecting). We refer to this type of
language recognition as "decide and halt" and to the respective automata as
"decide and halt" automata (DH-automata). In case of quantum automata,
to know whether to continue computation or not, we must constantly check
whether a quantum automaton has entered a halting configuration, hence re-
spective measurements are performed after each step". As soon as the result
of measurement means obtaining a superposition of halting configurations,
we measure whether a configuration is accepting or rejecting one". If no other
type of measurements is allowed after each step, we have pure state model,
otherwise we obtain mixed state model.

For real time automata, it is possible to have other definition where there
is no notion of the halting configuration; an automaton halts computation as
soon as the number of computation steps equals length of the input instead,
and then gives an answer whether a word is in the language (any configu-
ration is either accepting or rejecting). This definition is widely used with
classical one-way deterministic and probabilistic finite automata, hence we
refer to this type of language recognition as classical and to the respective au-
tomata as classical automata (C-automata). In case of quantum automata,
no measurements are really necessary after each step; at the end of com-
putation a measurement whether a configuration is accepting or rejecting is
performed. If some other type of measurements is still allowed after each
step, we obtain mixed state model, otherwise we have pure state model.

For classical one-way deterministic and probabilistic finite automata the
both definitions are equivalent. However, if one-way reversible finite au-
tomata are considered, the "decide and halt" definition is more powerful, yet
with less pleasant theoretical properties.

It is still possible to generalize the classical definition even if computation
is not real time, since we can define a function, where the argument is length
of input and the output is allowed number of computation steps. Such func-
tion could be applied to the "decide and halt" definition as well. However, all

1 It is possible to perform measurements so that quantum superposition among non-
halting states is not disturbed.

2 Actually, these two types of measurements may be combined to one single type of
measurement.
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that is beyond the limits of this thesis. Eventually, we consider the classical
definition as well as the "decide and halt" definition in the case of one-way
reversible finite automata and use the "decide and halt" definition for other
types of automata.

Quantum Turing machine was introduced by D. Deutsch in [De 85]. Clas-
sical 1-QFA with pure states were introduced by C. Moore, J. P. Crutch-
field in [MC 97]. Subsequently, A. Kondacs, and J. Watrous introduced
"decide and halt" 1-QFA with pure states in [KW 97]. Classical l-QFA
with pure states and "decide and halt" 1-QFA with pure states are com-
monly referred in literature as measure-once QFA (MO-QFA) and measure-
many QFA (MM-QFA), respectively. Since then 1-QFA with pure states
have been studied a lot, measure-once finite automata are considered in
[AF 98, BP 99, AG 00, BB 01], whereas measure-many automata in [AF 98,
ANTV 98, ABFK 99, BP 99, AKV 00, AK 01, AIR 02, M 02]. In particular,
Kondacs and Watrous showed in [KW 97], that MM-QFA can recognize only
a proper subset of regular languages. However, in [AF 98] Ambainis and
Freivalds showed that for some languages QFA may be exponentially more
concise. Still, Ambainis, Nayak et al. pointed out in [ANTV 98] that for
some other languages, QFA may require exponentially larger number of states
than deterministic automata do. In [BP 99], Brodsky and Pippenger noted
that MO-QFA recognize the same language class as permutation automata
([T 68]). Ambainis, Kikusts and Valdats determined in [AKV 00] that the
class of languages recognized by MM-QFA is not closed under boolean opera-
tions, as well as significantly improved the necessary condition of a language
to be recognized by MM-QFA, proposed by [BP 99]. In [AK 01], Ambainis
and Kikusts gave the final answer what is the largest probability for a lan-
guage to be recognized by MM-QFA, if it is not recognizable by deterministic
reversible ("decide and halt") finite automata.

"Decide and halt" 1-QFA with mixed states were introduced by A. Nayak
in [N 99] as enhanced quantum finite automata. He showed that the similar
weaknesses apply to this more general model as shown for MM-QFA. Still the
language class and other properties of the model are not much explored. One
chapter in this thesis is devoted to probabilistic reversible automata [GK 02]'
which with some additional restrictions are one of the marginal special cases
of Nayak's model (the other marginal special cases are MO-QFA and MM-
QFA).

2-way quantum finite automata are considered in [KW 97, AI 99, AVI/99,
Du 01]. Kondacs and Watrous brought in 2-way quantum finite automata
and proved that a non-regular language can be recognized by this model in
a quadratic time. (Probabilistic 2-way automata can do that in exponential
time only, see [Fr 81, DSt 89].) In [AI 99], Amano and Iwarna showed that
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emptiness problem is not decidable for 2-way (even 1.5-way) quantum finite
automata. In [Du 01] it is actually determined that even 1.5-way QFA can
recognize non-regular languages, which is not possible by deterministic and
probabilistic counterparts of this model.

The paper [ABFGK 99] discusses the properties of quantum finite multi-
tape automata. Quantum I-counter automata are explored in [K 99, YKTI 00,
BFK 01, YKI 01, YKI 02]' whereas quantum pushdown automata are con-
sidered in [MC 97, Go 00, NIHK 01]. In [Go 00], it was proved that quantum
pushdown automata can recognize every regular language using pushdown
store as a recording device to maintain reversibility. Quantum finite state
transducers are introduced in [FW 01]. It was shown that quantum finite
state transducers can compute relations, which are not computable by de-
terministic or probabilistic finite state transducers. In [PC 01]' it is actually
noted that quantum finite state transducers may be used to recognize every
regular language, the idea is similar as in [Go 00]. In [Sc 01], quantum real
time Turing machines are considered.

In Chapter 2 of the thesis we state common notations and definitions,
used in the rest of the chapters. In Section 2.1 we recall several notions of
linear algebra, whereas in Section 2.2 discuss notions applicable to arbitrary
automata model.

In Chapter 3 we introduce and research probabilistic reversible automata
and outline the fundamental relations between this model and other models
of one-way reversible finite automata. In Section 3.1, we discuss properties of
probabilistic reversible C-automata (C-PRA). We prove that C-PRA recog-
nize the class of languages a~a2 ... a~ with probability 1 - E. This class can
be recognized by MM-QFA, with worse acceptance probabilities, however
[ABFK 99]. This also implies that Nayak's enhanced QFA recognize this
class of languages with probability 1 - E. Further, we show general class of
regular languages, not recognizable by C-PRA. In particular, such languages
as (a,b)*a and a(a,b)* are in this class. This class has strong similarities
with the class of languages, not recognizable by MM-QFA [AKY 00]. Vie
also show that the class of languages recognized by C-PRA is closed un-
der boolean operations, inverse homomorphisms and word quotient, but is
not closed under homomorphisms. In Section 3.2 we prove that C-PRA au-
tomata without end-markers recognize the same class of languages as C-PRA
automata with both end-markers. In Section 3.3 we propose a classification
of one-way reversible finite automata (deterministic, probabilistic and quan-
tum).

In Chapter 4 we deal with quantum finite multitape automata (QF1'vIA).
In Section 4.1 we define QFMA. In Section 4.2 we define language recognition
and explore languages recognized by QFMA in comparison with deterministic
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and probabilistic finite multitape automata.
In Chapter 5 we explore the basic properties of quantum pushdown au-

tomata (QPA). In Section 5.1 we advocate the notion of QPA and give a
formal definition of this model. In Section 5.2 we explore languages recog-
nized by QPA. We prove that QPA can recognize every regular language.

Chapter 6 is the conclusion, which summarizes the work and states main
open problems.



Chapter 2

Preliminaries

The following notations will be used further in the thesis: z* is the complex
conjugate of a complex number z, U* is the Hermitian conjugate of a matrix
U, ST is the transpose of a matrix S, I is the identity matrix, Q is the set of
states of an automaton, E is an empty word, L:* is the set of all finite words
over alphabet L:, a language L is a subset of L:*, L is a complement of the
language L. Given a word W E L:*, Iwl is the number of symbols in wand [W]i
is the i-th symbol of w, starting counting with 1 from the left. A reverse of
a word w = ala2 ... an-lan, where a, E L:, is the word wR = anan-l ... a2al·
A reverse of a language L C L:* is the language LR = {x E L:* I xR E L}.

2.1 Unitary and Stochastic Operations
In this section, we recall well known definitions and theorems from linear
algebra and Markov chains theory. For the sake of completeness, some of the
theorems are supplied with elementary proofs.

Definition 2.1. We say that a (kn x kn) matrix C is a direct product of
(k x k) matrix A and (n x n) matrix B, C = A ® B, if C(i-l)n+m,(j-l)n+l =
ai,jbm,l.

Unitary Matrices
Definition 2.2. A complex matrix U is called unitary, if UU* = U* U = I.

15
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Lemma 2.3. For arbitrary integer n > 0, the matrix

1
,fii
1

,fii
1

,fii

1
,fii
1 h"'-e n,fii
1 4".-e n,fii

1
,fii

1 4".-e n,fii
1 8".-e n,fii

1
,fii
1 h(n-I)'-e n,fii
1 4"(n-I)'-e n,fii

1
,fii

1 2,,(n-l)'

,fiie n

1 4,,(n-l)'
-e n,fii

21 2,,(n-l)'
-e n,fii

is unitary.

By this lemma, quantum automata are able to make equiprobable choices
among a finite number of possibilities.

Lemma 2.4. If matrices A and B are unitary, then their direct product is
a unitary matrix.

If U is a finite matrix, then UU* = I iff U*U = I. However this is not
true for infinite matrices:

Example 2.5.
1 0 0 0 0j2
1 0 0 0 0j2
0 1 0 0 0U= 0 0 1 0 0
0 0 0 1 0

Here U*U = I but UU* i= I.

Lemma 2.6. If infinite matrices A, B, C have finite number of nonzero el-
ements in each row and column, then their multiplication is associative:
(AB)C = A(BC).

Proof. The element of matrix (AB)C in i-th row and j-th column is ki) =
00 00

L L airbrscs)" The element of matrix A(BC) in the same row and column
s=l r=l

00 00

is li) = L L airbrscs). As in the each row and column of matrices A, B, C
r=l s=l

there is a finite number of nonzero elements, it is also finite in the given series.
Therefore the elements of the series can be rearranged, and ki) = li)' D

As noted in the next section infinite unitary matrices with finite number
of nonzero elements in each row and column describe the work of quantum
automata. Further lemmas state some properties of such matrices.
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Lemma 2.7. If U*U = I, then the norm of any row in the matrix U does
not exceed 1.

Proof. Let us consider the matrix 5 = UU*. The element of this matrix
Sij = (rj h), where ri is i-th row of the matrix U. Let us consider the matrix
T = 52. The diagonal element of this matrix is

00 00 00

i« = LSikSki = L(rklri)(rilrk) = LI(rklri)12.
k=l k=l k=l

On the other hand, taking into account Lemma 2.6, we get that

T = 52 = (UU*)(UU*) = U(U*U)U* = UU* = 5.

00

L l(rkhW = (rilri).
k=l

(2.1)

This implies that every element of series (2.1) does not exceed (rilri). Hence
l(rih)12 = (rilri)2 ::::;(rilri). The last inequality implies that 0 ::::;(rih) ::::;1.
Therefore hi::::; 1. 0

Lemma 2.8. Let us assume that U*U = I. Then the rows of the matrix U
are orthogonal iff every row of the matrix has norm 0 or 1.

Proof. Let us assume that the rows of the matrix U are orthogonal. Let
00

us consider equation (2.1) from the proof of Lemma 2.7, i.e., L l(rklri)12 =
k=l

00

(rih). As the rows of the matrix U are orthogonal, L l(rklri)12 = l(rilri)12.
k=l

Hence (rih? = (rilri), i.e., (rilri) = 0 or (rilri) = 1. Therefore hi = 0 or
Iril = 1.

Let as assume that every row of the matrix has norm 0 or 1. Then
(rih)2 = (rilri) and in compliance with the equation (2.1), L I(rklri) 12=

kEN+\{i}

o. This implies that Vk i=- i l(rklri)1 = O. Hence the rows of the matrix are
orthogonal. 0

Lemma 2.9. The matrix U is unitary iff U*U = I and its rows are normal-
ized.
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Proof. Let us assume that the matrix U is unitary. Then in compliance
with Definition 2.2, U*U = I and UU* = I, i.e, the rows of the matrix are
orthonormal.

Let us assume that U*U = I and the rows of the matrix are normalized.
Then in compliance with Lemma 2.8 the rows of the matrix are orthogonal.
Hence UU* = I and the matrix is unitary. 0

This result is very similar to Lemma 1 of [DSa 96].

Doubly Stochastic Matrices

Definition 2.10. A real (n x n) matrix 5, Si,j ~ 0, is called stochastic, if
n

Vj L Si,j = l.
i=1

Definition 2.11. A stochastic n x n matrix D is called doubly stochastic,
n

if Vi L di,j = l.
j=1

Lemma 2.12. If matrices A and B are doubly stochastic, then their direct
product is a doubly stochastic matrix.

Lemma 2.13. If A is a doubly stochastic matrix and X - a vector with
components Xi ~ 0, then max(X) ~ max(AX) and min(X) < min(AX).

p(ro.:.:.. )ThaendideAaof t(he~.2~.. rO~::dueto ~.:.~.')K,ravtsev. Let us consider X

where A is doubly stochastic.

x.; anI an2 ann

Let us suppose that Xj = max(X). For any i, 1 :s; i :s; n,

Therefore Xj is greater or equal than any component of AX . The second
inequality is proved in the same way. 0

Definition 2.14. We say that a doubly stochastic matrix 5 is unitary sto-
chastic ([MO 79]), if exists a unitary matrix U such thatVi,j IUi,j12 = si,j'

Remark 2.15. Not every doubly stochastic matrix is unitary stochastic.

(110)
Such matrix is, for example, I 0 ~ .° 1 12 2
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Markov Chains

We recall several definitions and facts from the theory of finite Markov chains
([KS 76], etc.)

A Markov chain with n states is determined by an n x n stochastic matrix
A. If Ai,j = P > 0, it means that a state qi is accessible from a state qj with
a positive probability p in one step. Generally speaking, the matrix depends
on the numbering of the states; if the states are renumbered, the matrix
changes, as its rows and columns also need to be renumbered.

Definition 2.16. A state qj is accessible from qi (denoted qi ----+ qj) if there
is a positive probability to get from qi to qj (possibly in several steps).

Definition 2.17. States qi and qj communicate (denoted qi H qj) if qi ----+ qj
and qj ----+ qi.

Definition 2.18. A state q is called ergodic if Vi q ----+ qi =? qi ----+ q. Other-
wise the state is called transient.

Definition 2.19. A Markov chain without transient states is called irre-
ducible if for all qi, qj qi H qj. Otherwise the chain without transient states
is called reducible.

Definition 2.20. The period of an ergodic state qi E Q of a Markov chain
with a matrix A is defined as d(qi) = gcd{n > 0 I (An)i,i > O}.

Definition 2.21. An ergodic state qi is called aperiodic if d(qi) = 1. Other-
wise the ergodic state is called periodic.

Definition 2.22. A Markov chain without transient states is called aperiodic
if all its states are aperiodic. Otherwise the chain without transient states is
called periodic.

Definition 2.23. A probability distribution X of a Markov chain with a ma-
trix A is called stationary, if AX = X.

Definition 2.24. A Markov chain is called doubly stochastic, if its transition
matrix is a doubly stochastic matrix.

Theorem 2.25. If a Markov chain with a matrix A is irreducible and ape-
riodic, then
a) it has a unique stationary distribution Z;
b) lim An=(z, ... ,Z);

n--+oo

c) VX lim AnX = Z.
n--+oo
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Corollary 2.26. If a doubly stochastic Markov chain with an m x m matrix
A is irreducible and aperiodic,

a) 1~~An = Ct ·t}
b) VX li;'.;AnX = ( t- )
Proof. By Theorem 2.25. D

Lemma 2.27. If M is a doubly stochastic Markov chain with a matrix A,
then v« q ----+ q.

Proof. The idea of the proof due to M. Kravtsev. Assume existence of qo such
that qo is not accessible from itself. Let QqO = {qi I qo ----+ qd = {ql, ... , qd·
QqO is not empty set. Consider those rows and columns of A, which are
indexed by states in Qqo' These rows and columns form a submatrix A'.
Each column j of A' must include all non-zero elements of the corresponding
column of A as those states are accessible from the state qj, hence also from

k

qo and are in Qqo' Therefore vi, 1 < j < k, L a~,j = 1 and L a~,j =
i=l l~i,j~k

k. On the other hand, since qo (j. QqO' a row of A' indexed by a state
accessible in one step from qo does not include all nonzero elements. Since

k

A is doubly stochastic, :3i,l < i :::;k, L a~,j < 1 and L a~,j < k. This is
j=l l~i,j~k

a contradiction. D

Corollary 2.28. Suppose A is a doubly stochastic matrix. Then exists k >
0, such that Vi (Ak)i,i > O.

Proof. Consider an m x m doubly stochastic matrix A. By Lemma 2.27, Vi
m

:3ni > 0 (Ani)i,i > O. Take n = TI ti.: For every i, (An)i,i > O. D
s=l

Lemma 2.29. If M is a doubly stochastic Markov chain with a matrix A,
then Vqs, qt ~,s > 0 =} qt ----+ 'ls-

Proof. The idea of the proof due to M. Kravtsev. at,s> 0 means that qt
is accessible from qs in one step. We have to prove, that qt ----+ qs. Assume
from the contrary, that qs is not accessible from qt· Let Qq, = {qi I qt ----+
qd = {Ql' q2,··., qd· By Lemma 2.27, qt E Qqt· As in the proof of Lemma
2.27, consider a matrix A', which is a submatrix of A and whose rows and



CHAPTER 2. PRELIMINARIES 21

columns are indexed by states in Qqt' Each column j has to include all
nonzero elements of the corresponding column of A. Therefore vi, 1 :::;j :::;k,

k

L a~,j = 1 and L a~,j = k. On the other hand, at,s> 0 and qs i: Qqtl
i=l l"5,i,j"5,k
therefore a row of A' indexed by qt does not include all nonzero elements.

k

Since A is doubly stochastic, L a~,j < 1 and L a~,j < k. This IS a
j=l l"5,i,j"5,k

contradiction. o

Corollary 2.30. If M is a doubly stochastic Markov chain with matrix A
and qs -----+ ql7 then qs B qt·

Proof. If q, -----+ qt then exists a sequence qil, qi2' ... , qik' such that ail,s >
0, ai2,il > 0, , aik,ik-J > 0, at,ik > O. By Lemma 2.29, we get qt -----+ qik'
qik -----+ qik-J' , qi2 -----+ qiJ' qiJ -----+ qs· Therefore qt -----+ q., 0

By Corollary 2.30, every doubly stochastic Markov chain does not have
transient states, so it is either periodic or aperiodic, either reducible or irre-
ducible.

2.2 Automata
In this section, we define notions applicable to arbitrary type of automata in
a quasi-formal way. In further chapters, these notions easily transform into
formal definitions applicable to automata discussed there.

Abstract Automaton
Consider an abstract automaton A = (Q, L:1l ... , L::m,qo, 6), where Q is a
finite set of states, L::k is an alphabet of the k-th tape, qo is the initial state
and 6 is a transition function. (See Figure 2.1.)

Each tape is potentially infinite on both directions. The cells of each tape
are indexed by numbers in Z. Each cell of the k-th tape stores a symbol in
L::k or white space, denoted 'x. A cell the k-th tape head is above is called
the k-th current cell. The transition function determines possible transitions
of the automaton depending on its current configuration.

Definition 2.31. A configuration of an abstract automaton is
c = (qi, nl, O"llTl," . 1 nm, O"m,Tm), where the automaton is in a state qi E Q
and O"kTk E L::k is a finite word on the k-th input tape. The k-th current cell
is indexed by nk and it contains the last symbol of the word O"k, if O"kI- t: and
,x, otherwise. All cells before or after O"kTk are blank (contain ,x).
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State:

Figure 2.1: An abstract automaton

The automaton operates in discreet time moments (to, ... , tT, ••• ). If the
automaton cannot change contents of a particular tape, it is called input
tape. Let us assume that the automaton has p input tapes, and renum-
ber the tapes, so that first come input tapes. At the time moment to, the
automaton is in configuration (qo, 0, e, T1, ... , 0, <:, Tp, 0, <:, <:, ... ,0, e, <:), where
T1, ... , T» are input words. Vve refer to the input word tuple as input. At
each time moment, the automaton performs a single transition, called step.
At each step, depending on its current state and symbols in current cells,
the automaton may change its current state, change the contents of current
cells, and afterwards, move each tape head one cell forward or backward.

Formally, the transition function r5 defines a binary relation p from the
set Q x 1":1 X ... X 1":m to the set Q x 1":p+1 X ... X 1":m x {f-,.t,--+}m.
(q1,Sl, ... ,8m)p(q2,8~+1,··.,8~,d1, ... ,dm), di E {f-,..l-,--+}, means that for
the automaton being in the state q1 and having symbols Sl,"" 8m in cur-
rent cells, the following transition is possible: the automaton goes to the
state qz, writes s~+l' ... ,8~ into the current cells of the tapes p + 1, ... , m
and moves tape heads according to the directions di. If this relation is a func-
tion, we speak about deterministic automata, other considered possibilities
are probabilistic automata and quantum automata. Probabilistic automata
perform transitions with certain probabilities, whereas quantum automata -
with certain amplitudes.

For technical reasons, we may introduce two categories of white spaces for
input tapes, called end-markers; one is used before input word and denoted
as ll . and the other after input word and denoted as $. So every input word
is enclosed into end-marker symbols # and $1. Therefore we introduce a
working alphabet of the k-th input tape as rk = 1":k U {#, $}. We define the

ITo get rid of infinite input tapes we may also assume that input tapes are circular
and the length of every input tape is I = max {ITkl} + 2, so that the next cell after the

O<k<p
cell indexed by I - 1 is the cell indexed by O. The cells indexed by 0 store # and the rest
blank cells store $.
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length of input as the length of the longest word in the input word tuple
(including one end-marker to the left of the word and one to the right of the
word).

By C we denote the set of all configurations of an automaton. This set
is countably infinite.

Remark 2.32. It is possible to reach only a finite number of other configu-
rations from a given configuration in one step, all the same, within one step
the given configuration is reachable only from a finite number of different
configurations.

An abstract automaton introduced above is actually a description of an
m-tape Turing machine. To define other types of automata, we apply specific
restrictions to this general model. We say that an automaton is i-way, if at
each step, it must move each input tape head one cell forward. We say
that an automaton is i.5-way, if at each step, it may not move input tape
heads backward. Otherwise, an automaton is called 2-way. We refer to an
automaton as a finite automaton, if all of its tapes are input tapes.

To halt computation of the automaton, we may consider at least two
options. According to the first option, a subset of C is introduced and
configurations in the subset are marked as halting configurations. We monitor
the computation of the automaton and stop the computation as soon as the
automaton enters a halting configuration. According to the second option,
we determine the number of steps of computation in advance, and run the
automaton the specified number of steps. In particular, when the number of
steps is equal to the length of input, we get real-time automata.

Word Acceptance

We study automata in terms of formal languages they recognize. At least
two definitions exist, how to interpret word acceptance, and hence, language
recognition, for automata.

Definition 2.33. "Decide and halt" acceptance. Consider an automaton
with the set of configurations partitioned into non-halting configurations and
halting configurations, where halting configurations are further classified as
accepting configurations and rejecting configurations. We say that an au-
tomaton accepts (rejects) an input in a decide-and-halt manner, if the fol-
lowing conditions hold:

the computation is halted as soon as the automaton enters a halting
configuration;
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if the automaton enters an accepting configuration, the input is ac-
cepted;

if the automaton enters a rejecting configuration, the input is rejected.

We refer to the decide-and-halt automata as DH-automata further in the
thesis. In case of real-time automata, we may use the following definition.

Definition 2.34. Classical acceptance. Consider an automaton with the set
of configurations partitioned into accepting configurations and rejecting con-
figurations. We say that an automaton accepts (rejects) an input classically,
if the following conditions hold:

the computation is halted as soon as the number of computation steps
is equal to the length of input;

if the automaton has entered an accepting configuration when halted,
the input is accepted;

if the automaton has entered a rejecting configuration when halted, the
input is rejected.

We refer to the classical acceptance automata as classical automata or
C-automata further in the thesis.

The both definitions generally are not equivalent.

Language Recognition

Having defined word acceptance, we define language recognition in an equiv-
alent way as in [R 63].

By Px,A we denote the probability that an input x is accepted by an
automaton A.

Furthermore, we denote PL = {Px,A I x E L}, PL = {Px,A I x tt L},
PI = sup PL, P2 = inf PL'

Definition 2.35. We say that an automaton A recognizes a language L with
interval (PI, P2), if PI :::;P2 and PL n PL = 0.

Definition 2.36. We say that an automaton A recognizes a language L with
bounded error and interval (PI, P2), if PI < P2'

We consider only bounded error language recognition in this thesis.

Definition 2.37. An automaton recognizes a language with probability P if
the automaton recognizes the language with interval (1 - P, p).
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Definition 2.38. We say that a language is recognized by some class of au-
tomata with probability 1 - E J if for every E > 0 there exists an automaton
in the class which recognizes the language with interval (El' 1 - E2L where
E1,E2::; E.

Quantum Automata
In case of a quantum automaton, the transition function is

On each computation step, the quantum automaton is in quantum super-
position of configurations' I'l/J) = L aclc), where L lacl2 = 1 and ac E C

cEC cEC
is the amplitude of a configuration [c). Every configuration Ie) E C is a
basis vector in the Hilbert space H, determined by 12(C), Every quantum
automaton defines a linear operator (evolution) over this Hilbert space. Due
to the laws of quantum mechanics, this operator must be unitary. Although
evolution operator matrix is infinite, by Remark 2.32 it has a finite number
of nonzero elements in each row and column, therefore it is possible to derive
necessary and sufficient conditions, i.e., well-formedness conditions to check
unitarity for each particular automata type.

General measurements. After each step, a measurement is applied
to the current quantum superposition of configurations. A measurement is
defined as follows. We introduce a set partition of C as {ClJ C2, ... , Cz}' So
U C, = C and if i =J. j then Cj n C, = 0. E1, E2, ... , E, are subspaces of

O<iS:z
H spanned by C1, C2, ... ,Cz, respectively. We use the observable C\ that
corresponds to the orthogonal decomposition H = E1 EB E2 EB ... EB Ez. If the
quantum superposition before the observation is L aclc), with probability

cEC
Pi = L lacl2 the outcome of the observation is I'l/Ji) = )p; L aclc). Hence

cEe; cEC;
z

the total outcome of the observation is a mixed state L pil'l/Ji) ('l/Ji\.
i=1

If z = 1, we get quantum automata with pure states, otherwise we gener-
ally have quantum automata with mixed states. We get other marginal case,
when C is set partitioned into infinitely many subsets, with a single config-
uration in each subset". In that case, the resulting quantum automaton is a

2More precisely, the automaton with certain probabilities is one of several possible
quantum superpositions, or in a mixed state.

3 By Remark 2.32, on each computation step the number of configurations in a quantum
superposition is finite, so on each step it is possible to make the corresponding measurement
actually using some finite partition of C.
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special kind of a probabilistic automaton. See the next subsection for further
details.

Word acceptance measurements. Another type of measurement is
applied to the quantum automaton to facilitate language recognition.

Decide-and-halt acceptance. We have to monitor when the quantum au-
tomaton enters a halting configuration. Hence we perform the following mea-
surement after each step. We partition Cas Ca, C, and Cnon, i.e., accepting,
rejecting and non-halting configurations. Ea, E; and Enon are subspaces of
H spanned by Ca, C,, and Cnon, respectively. We use the observable O2

that corresponds to the orthogonal decomposition H = Ea EBE; E9Enon. The
outcome of each observation is either "accept" or "reject" or "continue". If
the quantum superposition before the observation is L aelc), with probabil-

eEC

ity Pa = L lael2 the input is accepted, with probability Pr = L lael2 the
eECa eECr

input is rejected, and with probability Pnon = L lacl2 the automaton is
eECnon

in the quantum superposition of non-halting states I'lj;) = b L aelc).
v Pnon eECnon

Classical acceptance. After the computation is halted, we have to de-
termine, whether the automaton has entered accepting or rejecting config-
uration. We partition C as Caee and Crej, i.e., accepting and rejecting
configurations. Eaee, Erej are subspaces of H spanned by Caee and Crej,

respectively. We use the observable 03 that corresponds to the orthogonal
decomposition H = Eaee EBErej. The outcome of the observation is either
"accept" or "reject". If the quantum superposition before the observation is
L aelc), with probability Paee = L lacl2 the input is accepted and with

cEe eECacc

probability Prej = L ICtel2 the input is rejected.
eECrej

In case both general measurement and word acceptance measurement
have to be performed in a single step, it is easy to see that the order of
measurements is irrelevant, actually both measurements may be combined
into a single measurement after each step.

Putting things together, each computation step consists of two parts.
At first the unitary evolution operator is applied to the current quantum
superposition and then the appropriate measurements are applied, using ob-
servables as defined above.

Probabilistic Reversible Automata
Let us consider A. Nayak's model of quantum automata with mixed states,
[N 99]. A variety of this model for arbitrary type of automata was consid-
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ered in the previous subsection. (The difference is that Nayak's model allows
a fixed sequence of unitary transformations and subsequent measurements
after each step.) As noted there, if a result of every observation is a sin-
gle configuration, not a superposition of configurations, we actually get a
probabilistic automaton. However, the following property applies to such
probabilistic automata - their evolution matrices are doubly stochastic.

The transition function is

After its every step, the probabilistic automaton is in some probability
distribution POCo + PICI + ... + pzCz, where Po + PI + ... + pz = 1. Such
probability distribution is called a superposition of configurations.

A linear closure of C forms a linear space, where every configuration can
be viewed as a basis vector. This basis is called a canonical basis. Every
probabilistic automaton defines a linear operator (evolution) over this linear
space. The corresponding evolution matrix must be doubly stochastic. So
we give the following definition for probabilistic reversible automata:

Definition 2.39. A probabilistic automaton is called reversible if its evolu-
tion is described by a doubly stochastic matrix, using canonical basis.

If the evolution of a probabilistic reversible automaton is described by
unitary stochastic matrix (see Definition 2.14), the automaton can be viewed
as a special case of a quantum automaton with mixed states.

It is necessary to note that in [AF 98], A. Ambainis and R. Freivalds
proposed a more restricted notion of probabilistic reversibility. For example,
they remarked that for the language L = {a2n+3In E N}, not recognizable by
a 'l-way deterministic reversible finite automata, there exists a 'l-way prob-
abilistic reversible finite automaton which recognizes the language. Conse-
quently, this restricted notion was used in [YKTI 00]. That model is actually
a restricted special case of probabilistic reversible DH-automata, as defined
in the thesis.

Deterministic Reversible Automata
Deterministic reversible automata can be viewed both as a special case of
quantum automata or as a special case of probabilistic reversible automata.
The transition function is
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Automata Notations
We regard quantum automata, probabilistic reversible automata and deter-
ministic reversible automata as reversible automata. Refering to different
types of automata, we shall use the following notation:

[C1DR-](automata type)[-PIM].

C refers to "classical", whereas DR refers to "decide-and-halt". Notations
P and M are used in the case of quantum automata. P denotes an automaton
with pure states, whereas M - an automaton with mixed states.

For example, C-QFA-M are quantum finite automata with mixed states,
using classical definition of language recognition.



Chapter 3

Probabilistic Reversible Finite
Automata

3.1 1-way Probabilistic Reversible C-Automata
Definition 3.1. 1-way probabilistic reversible C-automaton (C-PRA)
A = (Q, L, qo, QF, 6) is specified by a .finite set of states Q, a jituie input
alphabet L, an initial state qo E Q, a set of accepting states QF <;;;; Q, and a
transition function

6: Q x r x Q ----+ ~O,l]'

where r = L U {#, $} is the input tape alphabet of A and #, $ are end-
markers not in L. Furthermore, transition function satisfies the following
requirements:

\f (q1, 0-1) E Q x r L 6 (q1, 0-1,q) = 1
qEQ

\f(q1,o-d E Q x r L 6(q, 0-1,q1) = 1
qEQ

(3.1 )

(3.2)

For every input symbol 0- E I', the transition function may be determined
by a IQI x IQI matrix Va, where (Vakj = 6(qj, 0-, qi)'

Lemma 3.2. All matrices Va are doubly stochastic iff conditions (3.1) and
(3.2) of Definition 3.1 hold.

Proof. Trivial. D

Vve define word acceptance as specified in Definition 2.34. The set of
rejecting states is Q \ QF. We define language recognition as in Definition
2.36.

29
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A linear operator UA corresponds to the automaton A. Formal definition
of this operator follows:

Definition 3.3. Given a configuration C = (Viqjavk),

UAC~ L c5(qj, a, q)(Viaqvk)'
qEQ

Given a superposition of configurations 1/; = L Pee,
eEG

UA1/; ~ LPeUAC.
eEG

Using canonical basis, UA is described by an infinite matrix !V!A.

To comply with Definition 2.39, we have to state the following:

Lemma 3.4. Matrix MA is doubly stochastic if}" conditions (3.1) and (3.2)
of Definition 3.1 hold.

Proof. Condition (3.1) takes place if and only if the sum of elements in every
column in MA equal to 1. Condition (3.2) takes place if and only if the sum
of elements in every row in NIA equal to 1. 0

This completes our formal definition of C-PRA.
Use of end-markers does not affect computational power of C-PRA. For

every C-PRA with end-markers which recognizes some language it is possi-
ble to construct a C-PRA without end-markers which recognizes the same
language. (Number of states needed may increase, however.) See Section 3.2
for further details.

By [R 63]' bounded error probabilistic automata recognize only regular
languages. Hence C-PRA recognize only regular languages.

Theorem 3.5. If a language is recognized by a C-PRA, it is recognized by
C-PRA with probability 1 - E.

Proof. We assume that a language L is recognized by a C-PRA automaton
A = (Q,"2:" qo, QF, c5) with interval (Pl, P2). Let c5 = HPI + P2).

Let us consider a system of m copies of the automaton A, denoted as
Am· Let our system accept a word if more than mc5 automata in the system
have accepted the word, and otherwise reject the word. We define language
recognition by the system as in Definition 2.36.

Let us consider a word W E L. The automaton A accepts W with proba-
bility Pw ~ P2' As a result of reading w, J-l':n automata of the system accept
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the word, and the rest reject it. The system accepts the word, if ~ > 6. Let
us take TJo, such that 0 < TJo < P2 - 6 ::; Pw - 6. Estimating the probability
that ~ > 6, we havem

{
/-l':n } { /-l':n } { I /-l':n I }p -;;;:> 6 ~ P Pw - TJo < -;;;:< Pw + TJo = p m - Pw < TJo

(3.3)
In case of m Bernoulli trials, Chebyshev's inequality may be used to prove
the following ([GS 97], p. 312):

p { I /-l':n - I > } < Pw (1 - Pw)Pw _ TJo - 2
m mTJo

1<--
- 4mTJ5

(3.4)

The last inequality induces that

p { I /-l':n - Pw I < TJo} ~ 1 __ 1
m 4mTJ5

(3.5)

Finally, putting (3.3) and (3.5) together,

{
/-lW} 1p ---I!!>c5>1---
m - 4mTJ5

(3.6)

Inequality (3.6) is true for every W E L.
On the other hand, let us consider a word ~ t/:. L. The automaton A

accepts ~ with probability P~::; Pl' If we take the same TJo, 0 < TJo < <5 -Pl::;
6 - P~ and for every ~ we have

p { ~ > <5 } < p { I ~ - P~ I ~ TJo} < 4~TJ5 (3.7)

Due to (3.6) and (3.7), for every E > 0, if we take n > -412' we get a
1':1)0

system An which recognizes the language L with interval (El, 1 - E2), where
El,E2 < E.

Let us show that An can be simulated by a C-PRA. The automaton
A' = (Q',E,q~,Q'p,6') is constructed as follows:

Q' ~ {(qS\qS2·· ·qsJ 10::; s, < IQI- I}; q~ ~ (qoqo ... qo).
A sequence (qSj qS2 ... qsJ is an accepting state of A' if more than n6

elements in the sequence are accepting states of A. We have defined the set
Q'p.

n
Given (5 E r, <5'((qajqa2'" qaJ, (J, (qb\qb2··· qbJ) ~ IT c5(qa;J o, qb;).

i=l
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In essence, Q' is n-th Cartesian power of Q and the linear space formed
by A' is n-th tensor power of the linear space formed by A. If we take a
symbol (J E r, transition is determined by IQln x IQln matrix V;, which is

n
n-th matrix direct power of Vc,., i.e, V; = Q9 Vcr'

i=l
A' simulates the system An- By Lemma 2.12, matrix direct product of

two doubly stochastic matrices is a doubly stochastic matrix, so \I(J V; are
doubly stochastic matrices. Therefore our automaton A' is a C-PRA.

We have proved that \IE > 0 the language L is recognized by some C-
PRA with interval (E1, 1 - E2), where E1,E2 < E. Therefore the language L is
recognized with probability 1 - E. 0

Lemma 3.6. If a language is recognized by a C-PRA A with interval (P1, P2),
exists a C-PRA which recognizes the language with probability P, where

Proof. Let us assume, that the automaton A has n - 1 states. We consider
the case P1 + P2 2: 1.

Informally, having read end-marker symbol #, we simulate the automaton
A with probability _+1 and reject input with probability PI+!2-1.

PI P2 ~1~P2

Formally, to recognize the language with probability ~+2 , we modify
PI P2

the automaton A. We add a new state qr tf- QF, and change the transition
function in the following way:

\leT, (J i: #, 6(qn (J, qr) ~ 1;

6( # ) ~ Pl+P2-1.qo, , qr - PI+P2 '

v«, q i: a-, 6(qo, #, q) ~ PI~P2 6old(qo, ll .q).

Now the automaton has n states. Since end-marker symbol # is read only
once at the beginning of an input word, we can disregard the rest of transition
function values, associated with #: \lqi, qj, where qi i: qo, 6(qi, ll ,qj) ~
1-6(Qo,#,Qi)

n-1
The transition function satisfies the requirements of Definition 3.1 and

the constructed automaton recognizes the language with probability ~+2 .
, PI P'2

The case P1 + P2 < 1 is very similar. Informally, having read end-marker
symbol #, we simulate the automaton A with probability 2-P~-P2 and accept
input with probability ~-PI-P2. 0

-Pl-P2
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Lemma 3.7. If a language L1 is recognizable with probability greater than
~ and a language L2 is recognizable with probability greater than ~ then lan-
guages L1 n L2 and L1 U L2 are recognizable with probability greater than
1
2'

Proof Let us consider automata A = (QA, I:, qO,A, QF,A, 6A) and
B = (QB, 1:,qO,B, QF,B, 6B) which recognize the languages L1, L2 with prob-
abilities PI, P2 > ~, respectively. Let us assume that A, B have m and n
states, respectively. Without loss of generality we can assume that PI :::; P2·

Informally, having read end-marker symbol #, with probability ~ we sim-
ulate the automaton Al and with the same probability we simulate the au-
tomaton A2.

Formally, we construct an automaton C = (Q, 1:, qo, QF, 8) with the fol-
lowing properties.
Q def Q Q def Q def Q Q A def A A . h .= AU B; qo = qO,A; F = F,A U F,B; v = vA U v e, WIt an exception
that:

8(qo, #, qi,A) = ~8A(qo, #, qi,A);

6(qo, #, qi,B) = ~8B(qO' #, qi,B);

vs.. qi i= qo, 8(qi,#,q) = l-"~~~'!!I,q)·

Since 8 satisfies Definition 3.1, our construction of C-PRA is complete.
The automaton C recognizes the language L1nL2 with interval (1-0,1, b1),

where 0,1 :::: ~Pl' b1 :::: Pl~P2. (Since Pl,P2 > ~, 1 - 0,1 < b1.)

The automaton C recognizes the language L1uL2 with interval (l-b2, 0,2),

where 0,2 :::: ~Pl' b2 .> Pl~P2. (Again, 1 - b2 < 0,2,)

Therefore by Lemma 3.6, the languages L1 n L2 and L1 U L2 are recog-
nizable with probabilities greater than ~. D

Theorem 3.8. The class of languages recognized by C-PRA is closed under
intersection, union and complement.

Proof. Let us consider languages L1, L2 recognized by some C-PRA au-
tomata. By Theorem 3.5, these languages is recognizable with probability
1 - E, and therefore by Lemmas 3.6 and 3.7, union and intersection of these
languages are also recognizable. If a language L is recognizable by a C-PRA
A, we can construct an automaton which recognizes a language L just by
making accepting states of A to be rejecting, and vice versa. D

It is natural to ask what are the languages recognized by C-PRA with
probability exactly 1.
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Theorem 3.9. If a language is recognized by a C-PRA with probability 1,
the language is recognized by a permutation automaton.

Proof. Let us consider a language L and a C-PRA A, which recognizes L
with probability 1.

If a word is in L, the automaton A has to accept the word with proba-
bility 1. Conversely, if a word is not in L, the word must be accepted with
probability O. Therefore,

v« E Q Vw E L:* either qw <:: QF, or qw <:: QF' (3.8)

Consider a relation between the states of A defined as
R = {(qi, qj) I Vw qiW <:: Q F {::} qjW <:: Q F }. R is symmetric, reflexive

and transitive, therefore Q can be partitioned into equivalence classes Q/ R =
{[qo], [qil],"" [qik]}' Suppose A is in a state q. Due to (3.8), Vw 3n qw < [qinl·
In fact, having read a symbol in the alphabet, A goes from one equivalence
class to another with probability 1.

Hence it is possible to construct the following deterministic automaton D,
which simulates A. The states are so, ... , Sk and SnO"= Sm iff [qinlO"<:: [qimJ
and Sn is an accepting state iff [qiJ <:: QF' Since all transition matrices of A
are doubly stochastic, all transition matrices of D are permutation matrices.

D

Theorem 3.10. The class of languages recognized by C-PRA is closed under
inverse homomorphisms.

Proof. Let us consider finite alphabets L:,T, a homomorphism h : L: ----+
T*, a language L <:: T* and a C-PRA A = (Q,T,qO,QF,5), which recog-
nizes L with interval (Pl,P2). vVe prove that exists an automaton B =
(Q, L:,qo, QF, 5') which recognizes the language h-1(L).

Transition function 8 of A sets transition matrices VT, where T E T.
To determine 5', we define transition matrices Va, 0" E L:. Let us define a
transition matrix Vak:

where m = Ih(O"k)l. Multiplication of two doubly stochastic matrices is a
doubly stochastic matrix, therefore B is a C-PRA. Automaton B recognizes
h-1(L) with interval (al, a2), where al ~ »: a2 2: P2. D

Corollary 3.11. The class of languages recognized by C-PRA is closed un-
der word quotient.
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Proof. This follows from closure under inverse homomorphisms and presence
of end-markers #, $. D

Even if C-PRA without end-markers are considered, closure under word
quotient remains true. (See Section 3.2.)

Theorem 3.12. For every natural positive n, a language Ln = a~a2 ... a~ is
recognizable by some C-PRA with alphabet {ai, a2, ... , an}.

Proof. We construct a C-PRA with n + 1 states,

(

qO r)g.the initial state,

The transition

o
corresponding to probability distribution vector

function is determined by (n + 1) x (n + 1) matrices

1 0
o 1

n

o
.1
n

1 1
I t
2 2o 0

o
o

_1_
n-1

o
o

_1_
n-l , ... ,

o 1
n

.1
n o 0 _1_

n-l
1

n-l
.1 1 0
n n

; ; 0
o 0 1

rejecting state is qn- We prove, that the automaton recognizes the language
t.;

Case w E Ln.

. The accepting states are qo ... qn-1, the only

H· d * * +h '. baving rea wEal'" ak-1 ak , t e au tomaton IS III pro a-
1t:

bility distribution
1
ko . Therefore all W E Ln are accepted with proba-

o
bility 1.

Case w ~ Ln. Consider k such that W = Wi aW2, IWll = k, Wi E Ln and
W1a (j. Ln- Since all one-letter words are in Ln, k > O. Let at = [W]k and
as = a. So we have 1 S s < t S n. Having read Wi E a~ ... a;_l at, the
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automaton is in distribution
I
to . After that, having read as, the au-

o
tomaton is in distribution

1. 1. 0 0 I 1.
s s t t

1. 1. 0 0 1. 1.
t ts s t-s0 0 _1_ _1_ 0n-s+1 n-s+1 t(n-s+l)

},
o _1_ I 0 t-s }n-s+!

n-s+1 n-s+1 t(n-s+l)
the word Wlas is accepted with probability 1-t(n~-s~l). By Lemma 2.13, since
t(n~~~I) < t, reading the symbols succeeding WIas does not increase accept-
ing probability. Therefore, to find maximum accepting probability for words
not in Ln, we have to maximize 1 - t(n~-s~I)' where 1 :::;s < t :::;n. Solving
this problem, we get t = k + 1, s = k for n = 2k, and we get t = k + 1, s = k
or t = k + 2, s = k + 1 for n = 2k + 1. So the maximum accepting probability
is 1 :- (k~l)2' if n = 2k, and it is 1 - (k+I)\k+2)' if n = 2k + 1. All in all,

the automaton recognizes the language with interval (1 - l(!lY} +n+!' 1).
(Actually, by Theorem 3.5, Ln can be recognized with probability I-E). 0

. So

o

Corollary 3.13. Quantum finite automata with mixed states (model of Nayak,
[N gg}) recognize Ln = a~a2 ... a~ with probability 1 - E.

Proof. This comes from the fact, that matrices Val' Va2, ... , Van from the
proof of Theorem 3.12 (as well as direct powers of those matrices) are unitary
stochastic (see Lemma 2.4, Definition 2.14, Theorem 3.30). 0

Definition 3.14. We say that a regular language is of Type 0 (Figure 3.1)
if the following is true for the minimal deterministic automaton recognizing
this language: Exist three states q, ql, qz, exist words x, y such that

1) ql i- q2;
2) qx = ql, qy = qz;
3) qlx = ql, q2Y = q2;
4) Vt E (x, y)* ::ltl E (x, y)* qlttl = ql;
5) Vt E (x, y)* ::ltz E (x, y)* q2ttZ = q2.
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Figure 3.1: Type 0 construction

Definition 3.15. We say that a regular language is of Type 1 (Figure 3.2)
if the following is true for the minimal deterministic automaton recognizing
this language: Exist two states ql, qz, exist words x, y such that

1) ql =f- q2;
2) qlX = q2, q2X = q2;
3) q2Y = ql'

Definition 3.16. We say that a regular language is of Type 2 (Figure .'I3)
if the following is true for the minimal deterministic automaton recognizing
this language: Exist three states q, ql, qz, exist words x J Y such that

1) ql =f- q2;
2) qx = ql, qy = q2;
3) qlX = ql, qlY = ql;
4) q2X = q2, Q2Y = q2'

,yx,

Figure 3.2: Type 1 construc-
tion

Figure 3.3: Type 2 construc-
tion

Type 1 languages are exactly those languages that violate the partial
order condition of [BP 99].

Lemma 3.17. If A is a deterministic finite automaton with a set of states
Q and alphabet I:, then Vq E Q Vx E I:* 3k > 0 qxk = qx2k.

Proof. We paraphrase a result from the theory of finite semigroups. Consider
a state q and a word x. Since number of states is finite, :3m 2 0 :3s 2 1 Vn
qx'" = qxmxsn. Take no, such that sno > m. Note that Vt 2 0 qxmH
qxmHxsno. Vve take t = sno - m, so qxsno = qxsnoxsno. Take k = sno. 0
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Lemma 3.18. A regular language is of Type 0 iff it is of Type 1 or Type 2.

Proof. 1) If a language is of Type 2, it is of Type O. Obvious.
2) If a language is of Type 1, it is of Type O. Consider a language of Type

1 with states q~, q~ and words x", y". To build construction of Type 0, we
take q = q1 = q~, q2 = q~, X = x"y", y = x". That forms transitions qx = ql,
qy = q2, qlX = q1, qlY = q2, q2X = ql, q2Y = q2· We have satisfied all the
rules of Type O.

3) If a language is of Type 0, it is of Type 1 or 2. Consider a language
whose minimal deterministic automaton has construction of Type O. By
Lemma 3.17,

:3t:3b qlyb = qt and qtyb = qt;
:3u:3c Q2XC= qu and quxC = quo

If q1 =I- qt, by the 4th rule of Type 0, :3z qtZ = ql. Therefore the language
is of Type 1. If q2 =I- qu, by the 5th rule of Type 0, :3z quz = qz, and the
language is of Type 1.
If Ql = qt and q2 = qu, we have qx" = q1, qyb = q2, qlXC = qlyb
q2XC = q2yb = q2. We get the construction of Type 2 if we take x'
y' = yb. D

The following theorem illustrates the relationship between Type 1 and
Type 2 languages.

Theorem 3.19. A regular language L is of Type 1 iff LR is of Type 2.

Proof. It is a well known fact, that the class of regular languages is closed
under reversal.

1) Consider a Type 1 regular language L C I:*. Since L is of Type 1, it is
recognized by a minimal deterministic automaton D = (Q, I:, qo, Q F, <5) with
particular two states q1, qz, such that q1 =I- q2, q1X = q2, q2X = q2, q2Y = ql,
where x, y E I:*. Furthermore, exists w E I;* such that qow = qi, and exists
Z E I:* such that qlZ E QF if and only if Q2z 1:- QF. Minimal deterministic
automata of a regular language and of its complement are isomorphic, so
without loss of generality we assume that qcz E Q F and q2Z 1:- QF·

SO w{xy,x}*xz c Land w{xy,x}*(xy)z C L, and in the case of the
reverse of L, ZRxR{yRxR, XR}*wR C LR and zR(yRXR){yRxR, XR}*wR C
LR. We denote 01 = xR, 02 = yRxR, hence ZR01 {02, od*wR C LR and
ZR02{ 02, od*wR C LR.

Consider a minimal deterministic automaton DR = (QR, I:, so, Q~, <5R),
which recognizes LR. Let s = sozR. Let Q1 = {ST IT E 01{02,(Jd*} and
Q2 = {ST I T E 02{02, «.}'}. For any q E Q1, qwR 1:- Q~ and for any q E Q2,
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qwR E Q:. Therefore Ql n Q2 = 0. Furthermore, it is impossible to go from
a state in Ql to a state in Q2, or vice versa, using only words in {aI, a2} *.
So S ~ Ql and S tf. Q2.

Consider a relation R = {(Si,Sj) E Qi I Sj E si{al,ad*}. R is a weak
ordering, so R' = {(Si, Sj) I s.Rs, and sjRsd is an equivalence relation,
partitioning Ql into equivalence classes. Since the number of states in Ql is
finite, exists a class 5 C Ql, which is minimal, i.e, Vq E 5 VT E {aI, a2}*
qr E S. Since 5 C Ql, exists a word Tl E {CTl,a2}*, such that s(alTl) E S.
Now by Lemma 3.17, 3p > 0 3s1 E 5 s(alTl)P = Sl and Sl(CTlTl)P = Sl'
Since S is an equivalence class of R', v« E 5 VT E {aI, CT2}* 3T2 E {aI, ad*
q(TT2) = q. So, exists T2, such that sl(a2T2) = Sl'

Let us denote a = (CTlTl)P, {3 = a2T2, so sa = Sl, Sla = Sl, Sl{3 = Sl,
where Sl E Ql'

By Lemma 3.17, it is possible to construct a sequence of states to, t, ,... ,
tm-l ,... , where to = s, such that

to ({3ak1) = t1 and i.akl = t1,

t1 ({3ak2) = t2 and t2cyk2 = t2,

Because {3 E a2{al,CT2}* and a E adal,CT2}*' Vi> 0 ti E Q2' Let Tm =
{to, .. - , tm}. Since the number of states in Q2 is finite, exists i, such that
ti E Ti-1- So, exists i, 0 < j < i, such that tj = ti and starting with tj, the
sequence becomes periodic. Let k = klk2 ... ki. Now, Vm 2: 0 tm({3cyk) =
tm+l and tmHcyk = tmH. By Lemma 3.17, 3r > 0 ::3s2, such that s({3cykt = S2
and S2({3cykt = S2- The state S2 = tTl so S2 E Q2 and S2ak = S2·

SO we have sak = Sl, Slcyk = Sl, Sl({3cykt = Sl, S({3cyk)T = S2, s2({3ciy =
S2, S2cyk = S2· Since Sl E Ql, S2 E Q2, Sl is not equal to S2, thus we have
obtained a Type 2 construction.

2) Consider a Type 2 regular language L C E*. Since L is of Type 2,
it is recognized by a minimal deterministic automaton D = (Q, E, qo, QF, 6)
with particular three states q, ql, q2, such that ql i- q2, qx = ql, qlX = ql,
qlY = ql, qy = qz, q2X = q2, q2Y = q2, where x, Y E E*. Furthermore, exists
w E E* such that qow = q, and exists z E E* such that qlZ E QF if and
only if q2Z ~ QF- Without loss of generality we assume that qlZ E QF and
q2Z ~ QF.

SO wx{x,y}*z eLand wy{x,y}*z c L, and in the case of the reverse of
L, zR{XR, yR}*XRwR C LR and ZR{XR, yR}*yRwR C LR. We denote al = i",
CT2 = yR, hence zR{al,a2}*alwR C LR and zR{al,CT2}*a2wR C LR.

Consider a minimal deterministic automaton DR = (QR, E, so, Q:, 6R),
which recognizes LR. Let S = sozR. Let Ql = {ST I T E {aI, ad *CTd and
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Q2 = {ST I T E {0"1,0"2}*0"2}' For any t E Ql, uc" E Q~ and for any t E Q2,
twR fj. Q~. Therefore Ql n Q2 = 0.

Let T = Ql U Q2. Consider a relation R = {(s., Sj) E T2 I Sj E
Si{ 0"1, 0"2}*}' R is a weak ordering, so R' = {(Si, 8j) I s.Rs, and 8jR8d
is an equivalence relation, partitioning T into equivalence classes. Since the
number of states in T is finite, exists a class 5 c T, which is minimal, i.e,
Vt E 5 VT E {0"1,0"2}* tT E 5.

Consider a state t E 5. If the state t is in Ql then to"2 E 5 is in Q2. If the
state t is in Q2 then ta, E 5 is in Ql. So exist t1, t2, such that t1 E Ql n 5,
t2 E Q2 n 5. Take 81 E Ql n 5. By Lemma 3.17, :3k > 0 :3s2, such that
810"~ = S2 and S20"~ = 82. The state S2 is in Q2nS. Since 5 is an equivalence
class of R', :30" E {0"1, 0"2}*, such that 820" = SI'

SO we have SIO"~ = 82, 820"~ = S2, S20" = 81' Since SI E Ql, 82 E Q2, 81 is
not equal to 82, thus we have obtained a Type 1 construction. 0

Remark 3.20. Both C-DRA and C-QFA-P (see Section 3.3) recognize ex-
actly the regular languages for which the corresponding minimal determinis-
tic finite automata do not contain the following construction ([HS 66, BP 99]),
denoted henceforth as Type A construction (Figure 3.4): Exist two states ql,
q2, exist words x, y such that

1) ql i= q2;
2) QlX = Q2, Q2X = Q2·

Similarly as in Theorem 3.19, it is possible to demonstrate that a regular
language L is of Type A if and only if the language LR is of Type A.

Figure 3.4: Type A construction

We are going to prove that every language of Type 0 is not recognizable
by any C-PRA.

Definition 3.21. By Q ~ q', 5 c L.;*, we denote that there is a positive
probability to get to a state Q' by reading a single word ~ E 5, starting in a
state q.

Lemma 3.22. If a regular language is of Type 2, it is not recognizable by
any C-PRA.
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Proof. Assume from the contrary, that A is a C-PRA automaton which recog-
nizes a language L C L;*of Type 2.

Since L is of Type 2, it is recognized by a minimal deterministic automa-
ton D with particular three states q, ql, qz such that ql #- qz, qx = ql,
qy = qz, qlX = ql, qlY = ql, q2X = qz, q2Y = q2, where X,Y E I;*. Further-
more, exists w E L;* such that qow = q, where qo is an initial state of D, and
exists a word z E L;*, such that qlZ = qacc if and only if q2Z = qrej, where
qacc is an accepting state and qrej is a rejecting state of D. Without loss of
generality we assume that qlZ = qacc and q2Z = qrej'

The transition function of the automaton A is determined by doubly
stochastic matrices Va-l' ... , Va-n' The words from the construction of Type
2 are x = (Jil ... (Jik and y = (Jjl ... (Jjs' The transitions induced by words
x and yare determined by doubly stochastic matrices X = Va- ... Va- and

lk 11

Y = Va ... Va' Similarly, the transitions induced by words wand Z are
Js Jl

determined by doubly stochastic matrices Wand Z. By Corollary 2.28,
exists K > 0, such that

(3.9)

Consider a relation between the states of the automaton defined as R =
{(qi, qj) I qi (xK,y~)* qj}. By (3.9), this relation is reflexive.

Suppose exists a word ~ = 66 .. '~kJ E,s E {XK,yK}, such that q ~ q'.

This means that q ~ qijl qil ~ qi2"'" qik-J ~ q'. By Corollary 2.30,
since both XK and yK are doubly stochastic, ::J~~... E,~,~~ E {(xK)*, (yK)*},

, ~~ ~; ~; , e .such that q ---"--t qik-l"'" qi2 ----=-+ qil' qil ----=-+ q, therefore q ----=---+ q, whei e
e E (xK, yK)*. So the relation R is symmetric.

Surely R is transitive. Therefore all states of A may be partitioned into
equivalence classes [qo], [qiJ],' .. , [qin]' Let us renumber the states of A in
such a way, that states from one equivalence class have consecutive numbers.
First come the states in [qo], then in [qil], etc.

Consider the word xK yK. The transition induced by this word is deter-
mined by a doubly stochastic matrix C = yK XK. 'vVeprove the following
proposition. States qa and qb are in one equivalence class if and only if 'l« ---1 qb
with matrix C. Suppose qa ---1 qb· Then (qa, qb) E R, and qa, qb are in one
equivalence class. Suppose %, qb are in one equivalence class. Then

(3.10)
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yK xKyK
again, if qi --'--? qj, then qi ----=-7 qj' That transforms (3.10) to

(3.11)

We have proved the proposition.
By the proved proposition, due to the renumbering of states, matrix C

is a block diagonal matrix, where each block corresponds to an equivalence
class of the relation R. Let us identify these blocks as Co, C1, ... .C«. By
(3.9), a Markov chain with matrix C is aperiodic. Therefore each block C;
corresponds to an aperiodic irreducible doubly stochastic Markov chain with
states [qir]' By Corollary 2.26, lim c» = J, J is a block diagonal matrix,

m--+oo

where for each (pxp) block C; (Cr)z,j = ~.Relation qi (yK\* qj is a subrelation
of R, therefore yK is a block diagonal matrix with the same block ordering
and sizes as C and J. (This does not eliminate possibility that some block
of yK is constituted of smaller blocks, however.) Therefore JyK = J, and
lim Z(yK XK)mw = lim Z(yK XK)myKvV = ZJW. So

m--+oo m--+oo

(3.12)

However, by construction of Type 2, 'Ilk \::1m w(xkyk)mz ELand wyk(xkyk)mz ~
L. This requires existence of E: > 0, such that

(3.13)

This is a contradiction. o

Lemma 3.23. If a regular language is of Type 1, it is not recognizable by
any C-PRA.

Proof. Proof is nearly identical to that of Lemma 3.22. Consider a C-PRA
which recognizes the language L of Type 1. We prove that for words x, y
exists constant K, such that for every E: exists m, such that for two words
~l = w(xK (xy)K)mz and 6 = w(xK (xy)K)mxK Z, Ip~1 - P~J < E:. We can
choose z, such that 6 E L iff 6 ~L. 0

Theorem 3.24. If a regular language is of Type 0, it is not recognizable by
any C-PRA.

Proof. By Lemmas 3.18, 3.22, 3.23. o



CHAPTER 3. PROBABILISTIC REVERSIBLE FINITE AUTOMATA 43

We proved (Lemma 3.18) that the construction of Type 0 is a general-
ization the construction proposed by [BP 99]. Also it can be easily noticed,
that the Type 0 construction is a generalization of construction proposed by
[AKV 00]. (Constructions of [BP 99] and [AKV 00] characterize languages,
not recognized by measure-many quantum finite automata of [KW 97].)

Corollary 3.25. Languages [a.b}?« and ai a.b]" are not recognized by C-
PRA.

Proof. Both languages are of Type O. o

Corollary 3.26. Class of languages recognizable by C-PRA is not closed
under homomorphisms.

Proof. Consider a homomorphism a ----+ a, b ----+ b, c ----+ a. Similarly as
in Theorem 3.12, the language (a,b)*cc* is recognizable by a C-PRL\. (Take
n = 2, Va = Val' Vb = Val' ~ = Va2 from Theorem 3.12, QF = {gd) However,
by Corollary 3.25 the language (a,b)*aa*=(a,b)*a is not recognizable. 0

3.2 End-Marker Theorems for C-PRA
In this section, we prove that the use of end-markers in case of C-PRA is
optional.

We denote a C-PRA with both end-markers as #,$-C-PRA. Vlfedenote
a C-PRA with left end-marker only as #-C-PRA.

Theorem 3.27. Let A be a #,$-C-PRA, which recognizes a language L.
There exists a #-C-PRA which recognizes the same language.

Proof. Suppose A = (Q, L., go, QF, 6), where IQI = n. A recognizes L with in-
terval (PI, P2). We construct the following automaton A' = (Q', 2:"go,o, Q~, 8')
with mn states. Informally, A' equiprobably simulates m copies of the au-
tomaton A.

Q' = {go,a, ... , qa,m-I, ql,O,"" gl,m-l,···, qn-l,O,"" gn-l,m-l}'

If -I- # X'( ) {(j(qi' 0-, gj), if k = l
a I , u gi,k, 0-, qj,l = 0, if k -# l.

Otherwise, (j'(go,o, #, gj,l) = ~(j(go, #, qj), and if qi,k -# go,o, 6'(gi,k, #, g) =
I-6~~~~#,q). Function (5' satisfies the requirements (3.1) and (3.2) of Defini-
tion 3.1.

We define Q~ as follows. A state qi,k E Q~ if and only if 0 ::; k < mp(gi),
where P(gi) ~ L (j(qi, s, q).

qEQF
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Suppose #w$ is an input word. Having read #w, A is in superposi-
n-1

tion L: a'iqi. After A has read $, #w$ is accepted with probability Pw =
i=O

n-1L: afp(qi)'
i=O

m-1 n-1

On the other hand, having read #w, A' is in superposition .~ L: L: aiqi,j'
j=O i==O

n-1

So the input word #w is accepted with probability v; = ~ L: aiimp(qdl
i=O

n-1 n-1

Consider wE L. Then p~ = ~ L: afimp(qd12 L: aip(qi) = Pw 2 P2·
i=O i=O
n-1 n-l n-1

Consider ~ ~ L. Then PE = ~ L: aHmp(qi)l < L: afp(qi) + ~ L: af =
i=O i=O i=O

1 < 1pr, + m - P1 + ;;:.
Therefore A' recognizes L with bounded error, provided m > P2~Pl . 0

Now we are going to prove that C-PRA without end-markers recognize
the same languages as #-C-PRA automata.

If A is a #-C-PRA, then, having read the left end-marker #, the automa-
ton simulates some other automata Ao, A1, ... , Am-1 with positive probabil-
ities Po, ... ,Pm-1, respectively. Ao, A1,···, Am-1 are automata without end-
markers. By Pi,w, 0 ~ i < m, we denote the probability that the automaton
Ai accepts the word w.

We prove the following lemma first.

Lemma 3.28. Suppose A' is a #-C-PRA which recognizes a language L with
interval (aI, a2)' Then for every e . 0 < c < 1, exists a #-C-PRA A which
recognizes L with interval (a1, a2), such that

a) if w E L, PO,w + P1,w + ... + Pn-l,w > ~

b) J « t: ~z w 'F ,Po,w + P1,w + ... + Pn-1,w < 1-0'

Here ti is the number of automata without end-markers, being simulated by
A, and Pi,w is the probability that i-th simulated automaton Ai accepts w.

Proof. Suppose a #-C-PRA A' recognizes a language L with interval (al, a2)'
Having read the symbol #, A' simulates automata A~, ... , A~_l with prob-
abilities p'o, ... 1 P~-l> respectively. We choose e , 0 < e < 1.

By Dirichlet's principle ([HvV 79], p. 170), Vcp > 0 exists n E N+ such
that Vi p~n differs from some positive integer by less than ip,
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Let a < .p < min (~,E). Let gi be the nearest integer of p~n. So Ip~n-

gil < ip and I~- ~I< -!g; :::::;~. Since Ip~n - gil < ip, we have In - ~l gil <
m-l

iptri < 1. Therefore, since gi E N+, L s. = n.
i=O

Now we construct the #-C-PRA A, which satisfies the properties ex-
pressed in Lemma 3.28. For every i, we make gi copies of A~. Having read #,
for every i A simulates each copy of A~ with probability ~. The construction
of V# is equivalent to that used in the proof of Lemma 3.7. Therefore A is
characterized by doubly stochastic matrices. A recognizes L with the same
interval as A', i.e., (ai, a2)'

Using new notations, A simulates n automata Ao, AI, ... ,An-1 with prob-
abilities Po, PI, ... ,Pn-l, respectively. Note that Vi IPi - ~I< ~. Let Pi,w be
the probability that Ai accepts the word w.

Consider W E L. We have PoPo,w + PIPI,w + ... + Pn-IPn-l,w 2: a2. Since
.!.±£ !±£( + + ) HPi < n ' n Po,w + Pl,w ... Pn-l,w > a2· ence

a2n a2n
Po w + PI w + ... + Pn-l w > -- > --." '1+<p l+E

Consider ~ 1:- L. Vve have PoPo,~ + PIPl,~ + ... + Pn-IPn-l,~ < al· Since
Pi > 1~'P, l~'P(pO,~ + Pl,E,+ ... + Pn-l,~) < 0.1' Hence

aln aln
Po,~ + Pl,~ + ... + Pn-l,~ < -- < --.

1-<p l-E

D

Theorem 3.29. Let A be a #-C-PRA, which recognizes a language L. There
exists a C-PRA without end-markers, which recognizes the same language.

Proof. Consider a #-C-PRA which recognizes a language L with interval
(ai, a2)' Using Lemma 3.28, we choose E, a < E < a2+-al

, and construct an
a2 eLl

automaton A' which recognizes L with interval (ai, a2), with the following
properties.

Having read #, A' simulates A~, ... ,A~_l with probabilities p~, ... , P~-l'
respectively. A~, ... , A~_l are automata without end-markers. A~ accepts w

ith b bilii , If L" . , eL2m 0 h .Wl pro a 1 tty Pi,w' wE, PO,w+ I'i,» + ... + Pm-l,w > H£' t erwise,
'f rf L ' +' + +' aImI W'F- ,Po,w Pl,w ... Pm-l,w < i-E:'

That also implies that for every n = km, k E N+, we are able to construct
a #-C-PRA A which recognizes L with interval (ai, a2), such that

a) if w E L, Po,w + Pl,w + ... + Pll-1,w > ~;



CHAPTER 3. PROBABILISTIC REVERSIBLE FINITE AUTOMATA 46

b) if w tf:- L, Po,w + PI,w + ... + Pn-l,w < ~.
A simulates Ao, ... , An-I. Let us consider the system Fn = (Ao, ... , An-1).

Let <5= ~(al + a2)' Since E < ~~~~:'#E > <5and ~ < <5.As in the proof
of Theorem 3.5, we define that the system accepts a word, jf more than n<5
automata in the system accept the word.

Let us take TJo, such that 0 < TJo < ~ - <5< <5- T::;'
n-I

Consider w E L. We have that L Pi,w > re > n<5, As a result of
i=O

reading w, /-l~ automata in the system accept the word, and the rest reject
it. The system has accepted the word, if iff- > <5.Since 0 < TJo < ~ - <5<

n-I
1'" p' - <5we haven L...J 'Z,w ,

i=O

(3.14)

n-I
If we look on iff- as a random variable X, E(X) = ~ L Pi,w and variance

i=O
n-l

V(X) = ;2 L Pi,w(1 - Pi,w), therefore Chebyshev's inequality yields the fol-
i=O

lowing:

{
WI n-l } 1 n-l 1

p /-In __ ""'p.,w > n < -- ""'p. (1 - p' ) < --L.J' - ,,0 - 2 2 L.J t,W t,w - 4 2 .
n n i=O n TJo i=O nTJo

That is equivalent to P {1ltI:.. _.1 I:Ipiwl < TJO} > 1 -~.
n n i=O ' - nTJo

account (3.14),

So, taki ng into

P {
/-l~ -} 1- >0 > 1- --,
n - 4nTJ5

(3.15)

n-l

On the other hand, consider ~ tf:- L. So L Pi,E, < ~ < n<5. Again, since
i=O

2: TJO} ::; ~.
4nTJo

The constant TJo does not depend on nand n may be chosen sufficiently
large. Therefore, by (3.15) and (3.16), the system E; recognizes L with
bounded error, if n > ~.

-TJo

(3.16)
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Following a way identical to that used in the proof of Theorem 3.5, it is
possible to construct a single C-PRA without end-markers, which simulates
the system Fn and therefore recognizes the language L. 0

3.3 Classification of Reversible Automata
We propose the following classification for one-way reversible finite automata:

C-Automata DH-Automata
Deterministic Permutation Automata Reversible Finite Au-
Automata [HS 66, T 68] (C-DRA) tomata [AF 98] (DH-

DRA)
Quantum Measure-Once Quantum Measure-Many Quantum
Automata with Finite Automata [MC 97] Finite Automata [K\¥ 97]
Pure States (C-QFA-P) (DH-QFA-P)
Probabilistic Probabilistic Reversible Probabilistic Reversible
Automata C-Automata (C-PRA) DH-Automata (DH-PRA)
Quantum Fi- not considered III any Enhanced Quantum
nite Automata known paper (C-QFA-M) Finite Automata [N 99]
with Mixed (DH-QFA-M)
States

Language class problems have been solved for C-DRA, DH-DRA, C-QFA-
P, for the remaining types they are still open. Every type of DH-automata
may simulate the corresponding type of C-automata.

The following relation among language classes also presents interest, ques-
tion marks denoting conjectures:

?

C-DRA = C-QFA-P C C-PRA == C-QFA-M
? ?

DH-DRA C DH-QFA-P C DH-PRA C DH-QFA-M

Generally, language classes recognized by C-automata are closed under
boolean operations (though this is open for C-QFA-M), while DH-automata
are not (though this is open for DH-QFA-M and possibly for DH-PRA).

Below Definition 2.39, we demonstrated some relation between PRA and
QFA-M. However, due to Remark 2.15, we do not know exactly, whether
every C-PRA can be simulated by C-QFA-M, or whether every DH-PRA
can be simulated by DH-QFA-M.

The following results are however straightforward.

Theorem 3.30. If all matrices of a C-PRA are unitary stochastic, then the
C-PRA may be simulated by a C-QFA-M and by a DH-QFA-M.
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Theorem 3.31. If all matrices of a DH-PRA are unitary stochastic, then
the DH-PRA may be simulated by a DH-QFA-M.

::i:~:n:·t3:~i::::::h::t::~e:a:::~:PJeO(f rrT)tOCh~t:::~;~~;
011

2 2
[Am 02] however noted the following. Consider a matrix B, which is formed
from the matrix A by doubling the number of rows and columns and substi-
tuting ~ by the 2 x 2 submatrix consisting of i.

1 1 1 1 0 0 1 1 1 1 0 01 1 1 4 2 2 _I 2
1 0 0 1 1 1 0 01 1 4 4 I I 2 -"2

0 0 1 1 0 0 1 1

B= 4 4 4 "4 u= 2 -"2 "2 2
1 1 0 0 1 1 , 1 _1 0 0 1 _1
4 4 4 4 "2 2 2 2
0 0 1 1 1 1 0 0 1 1 _1 1

1 1 1 1 I 2 1 2
0 0 0 0 1 1

4 4 4 4 2 -"2 2 -"2

The matrix B is unitary stochastic, the corresponding unitary matrix is U.
Clearly, the matrix A may be simulated by the matrix B. Perhaps it is
possible to generalize this, so that every PRA may be simulated by QFA-M.



Chapter 4

Quantum Finite Multitape
Automata

4.1 Definition of QFMA
We are using these notations in the following definition:
M ~ {I, 2, ... , m}.
The k-th component of an arbitrary vector s will be defined as Sk.

We shall understand by I an arbitrary element from the set P(M) \ {0}.

R ~ A A A h A _ { {+, ----t}, if i t/: I
I >: 1 X 2 X ... X m, were i - {" hi "} 'f" Inot zng ,I ~E .

~ . _ { {+, ----t}, if i E J
Ti-B1XB2X ... xBm,wheleBi- {" hi "} 'f"rlInot zng ,1 Z 'F .

The function R, x T; ~ {+, ----t}m is defined as follows:

d[(r,t) ~ (d}(r,t),d7(r,t), ... ,dT(r,t)), where d}(r,t) = { ~ii, .iii ~ J
. , I Z E .

We consider quantum finite multitape automata with pure states, as de-
scribed in Quantum Automata subsection of Section 2.2.

Definition 4.1. A quantum finite multitape automaton (QFMA)
A = (Q;I:;£5;qo;Qa;Qr) is specified by the finite input alphabet I:, the finite
set of states Q, the initial state qo E Q, the sets Qa C Q, Qr C Q of accept-
ing and rejecting states, respectively, with Qa n Qr = 0, and the transition
function

£5 : Q x rm x Q x {I, ----t}m ----+ C[O,IJ,

where m is the number of input tapes, r = I: u {#, $} is the tape alphabet of
A and #,$ are endmarkers not in I:, which satisfies the following conditions
(of well-formedness):

49
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1. Local probability condition

V(ql, a) E Q x rm I:: 18(ql, a, q, d)12 = 1.
(q,d)EQx{.!,--+ }m

2. Orthogonality of column vectors condition.

I:: 8*(ql' a, q, d)8(q2, a, q, d) = O.
(q,d) EQ x {.!,--+ } m

3. Separability condition.

VI E P(M) \ {0} Vql, q2 E Q
Val, a2 E T'", where Vi ~ I a~ = a~

Vtl,t2 E TI, where Vj E I t{ -I- t~

I:: 8*(ql, aI, q, dI(r, tl))8(q2, a2, q, dI(r, t2)) = O.
(q,r)EQxRl

States from Qa U Qr are called halting states and states from Qnon
Q \ (Qa U Qr) are called non halting states.

To process an input word vector x E (E*)m by A it is assumed that
the input is written on every tape k with the end markers in the form w~ =
#xk$$* and that every such a tape, of length n = max {Ixkl} +2, is circular,

O<ksm

i.e., the symbol to the right of the last $ is #.
For the fixed input word vector x we have defined n E N to be an integer

which determines the length of tapes. So for every n we can define C; to
be the set of all possible configurations of A. ICnl = IQlnm. Every such
a configuration is uniquely determined by a pair Iq,8), where q E Q and
o ::; Si ::; n - 1 specifies the position of head on the i-th tape.

Every computation of A on an input x is specified by a unitary evolution
in the Hilbert space HA,n = 12(Cn), Each configuration c E Cn corresponds
to the basis vector in HA,n. Therefore a global state of A in the space HA,n

has a form 2: aclc), where 2: lcl:cl2 = 1. If the input word vector is x and
cECn cECn

the automaton A is in its global state 11/J) = 2: cycle), then its further step
cECn

is equivalent to the application of a linear operator U~ over Hilbert space
12(Cn),

Definition 4.2. The linear operator U~ is defined as follows:

U~I1/J) = I:: CYcU~lc).
cECn
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If a configuration c = Iq', s), then

u; [c) = L 8(q', CT ( S), q, d) Iq, T (s, d)) ,
(q,d)EQx {.j..,-+}m

where (T(s) = (CT1(S), ... , (Tm(s)), (Ti(S) specifies the si-th symbol on the i-th
tape, andT(s,d) = (T1(S,d), ... ,Tm(s,d)),

i( d)={ (si+1)modn, ifdi='-'t'
T S, 1 "f J! =' I ,s, ~ u ,,".

Lemma 4.3. The well-formedness conditions are satisfied iff for any input
x the mapping U~ is unitary.

Definition 4.4. We shall say that an automaton is a deterministic reversible
finite multitape automaton (RFMA), if it is a QFMA with 8(q1, CT, q, d) E
{O, I}.

Definition 4.5. A QFMA A = (Q;~; 8;qo; Qa; Qr) is simple if for each CT E
T'" there is a linear unitary operator Vu over the inner-product space l2 (Q)
and a function D : Q ---+ {.}, ---+}m, such that

v« E Q VCT E rm 8(q CT q d) = { (qIVulq1), !f D(q) = d
1 1, , , 0, otherurise.

Lemma 4.6. If an automaton A is simple, then conditions of well-formed-
ness are satisfied iff for every CT Vu is unitary.

We shall deal only with simple deterministic and quantum multi tape au-
tomata further in the chapter.

4.2 Language Recognition by QFMA
Word acceptance is defined as in Definition 2.33. For each input x with
the corresponding integer n and a QFMA A = (Q;~; 8; qo; Qa; Qr) we de-
fine C~ = {(q,s)l(q,s) E Cn,q E Qa}, C~ = {(q,s)l(q,s) E Cn,q E Qr},
c~on = c; \ (C~ u C~). e; En Enon are the subspaces of l2(Cn) spanned by
C~,C~,c~on respectively. We use the observable 0 that corresponds to the
orthogonal decomposition l2(Cn) = Ea EEl E; EEl Enon- The outcome of each
observation is either "accept" or "reject" or "non-halting".

For an x E (~*)m we consider as the input wx, w~ = #xk$n-k-1, and as-
sume that the computation starts with A being in the configuration Iqo, {o}m).
Each computation step consists of two parts. At first the linear operator U~I
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is applied to the current global state and then the resulting superposition,
i.e., global state, is observed using the observable 0 as defined above. If the
global state before the observation is L O:cle), then the probability that the

cECn

subspace Ei, i E {a,'r,non}, will be chosen is L IO:cI2. The computation
CEC~

continues until the result of an observation is "accept" or "reject".
V>ledefine language recognition as in Definition 2.37.

Definition 4.7. We say that a language L is [m, nj-deterministically recog-
nizable if there are n simple deterministic automata Ai, A2, ... , An such
that:
a) if the input is in the language L, then all n automata Ai, ... , An accept
the input;
b) if the input is not in the language L, then at most m of the automata Ai,
... , An accept the input.

Definition 4.8. We say that a language L is [m,nj-reversibly recognizable if
there are n simple deterministic reversible automata Ai, A2, ... , An such
that:
a) if the input is in the language L, then all n automata Ai, ... , An accept
the input;
b) if the input is not in the language L, then at most m of the automata Ai,
... , An accept the input.

Lemma 4.9. If a language L is [l,nj-deterministically recognizable by 2-
tape finite automata, then L is recognizable by a probabilistic 2-tape finite
automaton with probability n:i .
Proof. The idea ofthe proof due to R. Freivalds. The probabilistic automaton
starts by choosing a random integer 1 <:;; r <:;; (n+ 1). After that, if r <:;; n, then
the automaton goes on simulating the deterministic automaton AT, and, if
r = n+ 1, then the automaton rejects the input. The inputs in L are accepted
with probability n:l' and the inputs not in the language are rejected with a
probability not less than n:i' 0

Lemma 4.10. If a language L is [1,nj-reversibly recognizable by 2-tape finite
automata, then L is recognizable by a quantum 2-tape finite automaton with
probability n:i'
Proof. The idea of the proof due to R. Freivalds. In essence the algorithm is
the same as in Lemma 4.9. The automaton starts by taking n + 1 different
actions with amplitudes J~+i' (By Lemma 2.3, it is possible to construct a
unitary matrix to make such a choice feasible.) After that the automaton
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simultaneously goes on simulating all the deterministic reversible automata
An 1 ~ r ~ (n + 1), where the automaton An+l rejects an input. The sim-
ulation of each deterministic reversible automaton uses its own non-halting,
accepting and rejecting states. (Hence the probabilities are totaled, not the
amplitudes.) 0

First, we discuss the following 2-tape language

where the words Xl, X2, yare unary.

Lemma 4.11. For arbitrary natural n, the language L, is [l,nJ-deterrninis-
tically recognizable.

Proof Proved by R. Freivalds [Fr 78].
The language L can be recognized by the following team of deterministic

'l-way 2-tape finite automata {AI, A2, •.. , An}.
The automaton Ar performs cycles, each one consisting in reading n + 1

digits from Xl and r digits from y. When the symbol V is met, the automa-
ton memorizes the remainder of Xl modulo n and goes on (in cycles) reading
n + 1 digits from X2 and n + 1 - r digits from y. If the input pair of words
is in the language, the processing of the two tapes takes the same time. In
this case the automaton accepts the pair, otherwise the automaton rejects it.
This way, the automaton accepts the pair of words if and only if there are
nonnegative integers u, v such that:

(n + l)u ~ Xl

(n + 1) (u + 1) > Xl

(n+l)v~x2

(n + 1) (v + 1) > X2

Xl - (n + l)u = X2 - (n + l)v = Y - ru - (n + 1- r)v

If Xl = X2, then the number -rU - (n + 1 - r)v does not depend on the
choice of r . Either all Xi match the y, or no one does. If Xl =I- X2, then the
numbers -ru - (n + 1 - r)v are all different for different values of r. Hence
at most one of them can match y. 0

Theorem 4.12. The language L, can be recognized with arbitrary probability
1 - E: by a probabilistic 2-tape finite automaton but this language cannot be
recognized by a deterministic 2-tape finite automaton.
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Proof. By Lemma 4.11 Lis [l,n]-deterministically recognizable for arbitrary
n. By Lemma 4.9, the language is recognizable with probability n:l. 0

We wish to prove a quantum counterpart of Theorem 4.12. We need a
lemma to this goal.

Lemma 4.13. For arbitrary natural n, the language L, is [1, n]-reversibly
recognizable.

Proof. The idea of the proof due to R. Freivalds, By Lemma 4.11, the lan-
guage L, is [1, n]-deterministically recognizable. However it is easy enough to
make the construction of the automata Al, ... ,An in the following manner:
a) every automaton is reversible;
b) if a word pair is in the language Ll, then every automaton consumes the
same number of steps to accept the word pair.
The last requirement will be essential further in the chapter.
If at least the first requirement is met, then the language is [1, n]-reversibly
recognizable. 0

Theorem 4.14. The language Ll can be recognized with probability 1- E by
a quantum 2-tape finite automaton.

Proof. By Lemmas 4.10 and 4.13. o

Corollary 4.15. Exists a multitape language) recognized by quantum finite
multitape automaton) where the projection of the language to one of the tapes
is not regular.

Proof. Consider the language Ll. o

In an attempt to construct a 2-tape language recognizable by a quantum
2-tape finite automaton but not by probabilistic 2-tape finite automata we
consider a similar language

L2 = {(X1V'X2V'X3,y) I there are exactly 2 values of Xl,X2,X3

such that they equal y},

where the words Xl, X2, X3, yare unary.

Theorem 4.16. A quantum automaton exists which recognizes the language
L2 with a probability 196 - E for arbitrary positive E.
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Proof. This automaton takes the following actions with the following ampli-
tudes:

a) 1·1 - compares Xl = X2 = y,

b) 1·(cos 2; + isin 2;) - compares X2 = X3 = y,
c) 4- . (cos 4; + i sin 4;) - compares Xl = X3 = y,
d) 4- - says "accept".

By Theorem 4.14 comparison in actions a), b), c) can be accomplished.
By construction in Lemma 4.10 the comparison in each action a), b), c)
is implemented by starting n + 1 different branches. Therefore in any ac-
tion i), i E {a, b, c}, if a comparison is successful, the automaton will come
respectively into non-halting states qa,l,' .. , qa,n, qb,l,"" qb,n, qc,l,"" qc,n,

reaching the symbol pair ($, $) on the tapes. The transition ($, $) for every
k = 1, ... , n is as follows:

qa,k qb,k qc,k
1 1 1

qal,k J3 V3 V3
~3 _1 (cos 411" + i sin 411") _1 (cos 211" + i sin 211")

Y'> V3 3 3 J3 3 3

qa2,k 1 _1(cos 211" + i sin 211") _1(cos 411" + i sin 47r)
J3 V3 3 3 V3 3 3

Here qal,k, qa2,k are accepting states and qr,k are rejecting states. If y equals
all 3 words Xl, X2, X3, then it is possible to ensure that it takes the same
time to reach the end-marking symbol pair in every action on every branch.
Therefore the input is accepted with probability 176 +E (since the amplitudes
of the actions a), b), c) total to 0). If y equals 2 out of 3 words Xl,X2,X3,

then the input is accepted with probability 196 - E. If y equals at most one of
the words Xl, X2, X3, then the input is accepted with probability 1

7
6+ E (only

if the action d) is taken). D

qr,k

Unfortunately, the following theorem holds.

Theorem 4.17. A probabilistic automaton exists which recognizes the lan-
guage £2 with a probability ~6'
Proof. The idea of the proof due to R. Freivalds. The probabilistic automaton
with probability ~ takes an action A or B:
A) Choose a random j and compare Xj = y. If yes, accept with probability
~~. If no, accept with probability 2

1
0'

B) Choose a random pair j, k and compare Xj = Xk = y. If yes, reject. If
no, accept with probability ~~.

If y equals all 3 words XI, X2, X3 and the action A is taken, then the input
is accepted with relative probability ~~. If y equals all 3 words Xl, X2, X3, then
and the action A is taken, then the input is accepted with relative probability
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o. This gives the acceptance probability in the case if Y equals all 3 words
Xl, X2, X3, to be ~~ and the probability of the correct result "no" to be ~~.

If Y equals 2 words out of Xl, X2, X3 and the action A is taken, then the
input is accepted with relative probability ~~. If Y equals 2 words out of
Xl, X2, X3 and the action B is taken, then the input is accepted with relative
probability 280' This gives the acceptance probability in the case if y equals
2 words out of Xl, X2, X3, to be ~~.

If y equals only 1 word out of Xl, X2, X3 and the action A is taken, then
the input is accepted with relative probability ;0. If y equals only 1 word
out of Xl, X2, X3 and the action B is taken, then the input is accepted with
relative probability ~~. This gives the acceptance probability in the case if
y equals only 1 word out of Xl, X2, X3, to be ~~ and the probability of the
correct result "no" to be ~~.

If y equals no word of Xl, X2, X3 and the action A is taken, then the input
is accepted with relative probability 2

1
0. If y equals no word of Xl, X2, X3 and

the action B is taken, then the input is accepted with relative probability
~~. This gives the acceptance probability in the case if y equals no word of
Xl, X2, X3, to be ~~and the probability of the correct result "no" to be ~~. 0

Now we consider a modification of the language L2 which might be more
difficult for a probabilistic recognition:

L3 = {(Xl\!X2\!X3,Yl\!Y2) I there is exactly one value k
such that there are exactly two values j such that Xj = yd

Theorem 4.18. A quantum finite 2-tape automaton exists which recognizes
the language L3 with a probability ~~- E for arbitrary positive E.

Proof. This automaton takes the following actions with the following ampli-
tudes:
a) With amplitude Ii; x (cos 0; + i sin 0;) compares whether Xl = X2 = Yl,

b) With amplitude Ii; x (cos 2; +i sin 2;) compares whether X2 = X3 = Yl,

c) With amplitude Ii; x (cos 4; + i sin 4;) compares whether Xl = X3 = Yl,

d) With amplitude Ii; x (cos 6; +i sin 6;) compares whether Xl = X2 = Y2,

e) With amplitude Ii; x (cos 8; + i sin 8;) compares whether X2 = X3 = Y2,

f) With amplitude Ii; x (cos 1~1r +i sin 1~1r) compares whether Xl = X3 = Y2,

g) With amplitude 1* says "accept".
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By Theorem 4.14 comparison in actions a), b), c), d), e), f) can be accom-
plished. By construction in Lemma 4.10 the comparison in each action a), b),
c), d), e), f) is implemented by starting n+ 1 different branches. Therefore in
any action i), i E {a, b, c, d, e, f}, if a comparison is successful, the automa-
ton will come respectively into non-halting states qa,l,···, qa,n, qb,l,···, qb,n,

qe,l,···, qe,n> qd,l,···, qd,n, qe,l,···, qe,n, qj,l,···, qj,n, reaching the symbol
pair ($, $) on the tapes. The transition ($, $) for every k = 1, ... , n is as
follows:

qa,k qb,k qe,k qd,k qe,k qj,k
III I I I

qal,k J6 J6 J6 J6 J6 J6
I I hi I 4"i I 6"i I 8"i I lO"i

qrl,k J6 J6e 6 J6e 6 J6e 6 J6e 6 J6e 6

I I 4rri I 8"i I I 4"i I 8"i
qa2,k J6 J6e 6 J6e 6 J6 J6e 6 j6e 6

I I 6"i I I 6"i I I 6"i
qr2,k J6 y'6e 6 y'6 y'6e 6 J6 J6e 6

I I 8"i I 4"i I I 8"i I 4"i
qa3,k J6 J6e 6 J6e 6 J6 J6e 6 J6e 6

..L I 10", I 8", I 6", I 4"i I 2",
qr3,k J6 J6e 6 J6e 6 J6e 6 J6e 6 J6e 6

Here qal,k, qa2,k, qa3,k are accepting states and qrl,k> qr2,k, qr3,k are rejecting
states.

lf both YI and Y2 equal all 3 words Xl, X2, X3, then it is possible to ensure
that it takes the same time to reach the end-marking symbol pair in every
action on every branch. Therefore the input is accepted with probability
~~+c (since the amplitudes of the actions a), b), c), d), e), f) total to 0, and
the automaton goes to the states qr3,k).

lf both YI and Y2 are mutually equal to exactly two words Xi, Xj, then it
is possible to ensure that it takes the same time to reach the end-marking
symbol pair for the actions where Xi and Xj are compared. The total of
amplitudes for the acceptance is 0 since the amplitude for comparison of YI
with arbitrary pair Xi, Xj is (minus 1) times the amplitude for the comparison
of Y2 with the same pair Xi, Xj. The automatons goes to the states qrl,b qr2,k,

qr3,k. So the input is accepted with probability ~~+ c.
lf YI i- Y2, and YI = Xl = X2, then Y2 cannot equal more than one of the

Xj, namely, X3. In this case, all the branches in action a) end in acception
and so do also no more than one of the branches in action b), no more than
one of the branches in action c), no more than one of the branches in action
d), no more than one of the branches in action e) and no more than one of the
branches in action f). So the input is accepted with probability ~; - c. 0

However this language also can be recognized by a probabilistic 2-tape
finite automaton.
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Theorem 4.19. A probabilistic finite 2-tape automaton exists which recog-
nizes the language L3 with a probability ~~ - E for arbitrary positive E.

Proof. The idea of the proof due to R. Freivalds. The probabilistic automaton
with probability ;5 takes action A or B or C or with probability ;5 takes
action D:
A) Choose a random k and two values of j. Then compare Xj = Yk. If yes,
accept. If no, reject.
B) Chose a random k and compare Xl = X2 = X3 = Yk' If yes, reject. If no,
accept. C) Choose two values j and m. Then compare Xj = Xm = Yl = Y2·

If yes, reject. If no, accept.
D) Says "reject".

Notice that the actions A, B, C are probabilistic, and they can be per-
formed only with probability 1 - E (actions A and B are described in the
proof of Theorem 4.12 and action C is similar).

The acceptance probabilities equal:
A B C Total

no Yk equals 2 or 3 Xj a 1 1 12
2;;

one Yk equals 2 Xj 1 1 1 13
6 25

one Yk equals 3 X j 1 1 1 12
2 2 25

two u« equal 2 Xj 1 1 2 12
3 3 25

all Yk equal all Xj 1 a a £
25 o

Finally we consider a modification of the languages above which recogni-
tion indeed looks impossible for probabilistic automata:

L4 = {(Xl V X2, y) I there is exactly one value j such that Xj = y},

where the words Xl, X2, yare binary.

Theorem 4.20. A quantum finite 2-tape automaton exists which recognizes
the language L4 with a probability ~.

Proof. The automaton has two accepting Qa1, Qa2 and three rejecting states
qrl, qr2, qr3 and starts the following actions by reading the pair (#, #) with
the following amplitudes:

a) with an amplitude ~ compares Xl to Y,

b) with an amplitude -~ compares X2 to y,

c) with an amplitude ~ immediately goes to the state qal.
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Actions a) and b) use different non-halting states to process the word pair.
All these actions the automaton processes simultaneously. In actions a) and
b), if no (not equal), it goes accordingly to the states qrl or qr2, if yes, then
reaches correspondent non-halting states qa or qf3, while the symbol pair on
the tapes is ($, $). The transition for ($, $) and states qa, qf3, Qa2, Qr3 is as
follows:

qa qf3
1 1

qa2 /2 /2
...L 1

qr3 /2 - /2

If all the words are equal, it is possible to ensure that it takes the same time
to reach the end-markers on both tapes, therefore the automaton reaches
the superposition ftrlqa, s, t) - ftrlqf3, s, t), where sand t specify the place
of $ on each tape, and the input is accepted with probability ~. (Since the
amplitudes of the actions a) and b) equal to 0.) If one of the words Xi equals
y, then the input is accepted with probability t. If none of the words Xi

equals y, then the input is accepted with probability ~. 0



Chapter 5

Quantum Pushdown Automata

5.1 Definition of QPA
The purpose of this chapter is to introduce a quantum counterpart of push-
down automata, the next most important model after finite automata and
Turing machines. The first definition of quantum pushdown automata was
suggested by [MC 97], but here the authors actually deal with the so-called
generalized quantum pushdown automata, which evolution does not have
to be unitary. However a basic postulate of quantum mechanics imposes
a strong constraint on any quantum machine model: it has to be unitary,
otherwise it is questionable whether we can speak about quantum machine.
That's why it was considered necessary to re-introduce quantum pushdown
automata by giving a definition which would conform unitarity requirement.
Such definition would enable us to study the properties of quantum pushdown
automata.

Definition 5.1. A quantum pushdown automaton (QPA)
A = (Q, 'E, T, qo, Qa, o., 5) is specified by a finite set of states Q, a finite
input alphabet 'E and a pushdown store alphabet T, an initial state qo E Q,
sets Qa C Q, Qr C Q of accepting and rejecting states, respectively, with
Qa n Qr = (/),and a transition function

5 : Q x r x fl x Q x {L, --7} X flo ----+ qO,l] ,

where r = 'EU{ #, $} is the input tape alphabet of A and #, $ are end-markers
not in 'E, 6. = TU{Zo} is the working pushdown store alphabet of A and Zo ~
T is the pushdown store base symbol; {.,!., --7} is the set of directions of input
tape head. The automaton must satisfy conditions of well-formed ness, which
will be expressed below. Furthermore, the transition function is restricted to
the following requirement:

60



CHAPTER 5. QUANTUM PUSHDOWN AUTOMATA 61

If6(q,a,{3,q,d,w) -I- 0, then

1. Iwi < 2;

2. if Iwi = 2, then WI = {3;

3. if {3 = Zo, then w E ZoT*;

4· if {3 -I- Zo, then w E T*.

Here WI is the first symbol of a word w. Definition 5.1 utilizes that of
classical pushdown automata from [Gu 89].

Let us assume that an automaton is in a state q, its input tape head is
above a symbol a and the pushdown store head is above a symbol {3. Then the
automaton undertakes following actions with an amplitude 6(q, a, (3, q', d, w):

1. goes into the state q;
2. if d = ' ---t " moves the input tape head one cell forward;

3. takes out of the pushdown store the symbol {3 (deletes it and moves
the pushdown store head one cell backwards);

4. starting with the first empty cell, puts into the pushdown store the
string w, moving the pushdown store head Iwl cells forward.

Definition 5.2. The configuration of a pushdown automaton is a pair [c)=
IViqjVk, WI), where the automaton is in a state qj E Q, ViVk E #'5:,*$ is a finite
word on the input tape, WI E ZoT* is a finite word on the pushdown store
tape, the input tape head is above the first symbol of the word Vk and the
pushdown store head is above the last symbol of the word WI.

We shall denote by C the set of all configurations of a pushdown automa-
ton. The set C is countably infinite. Every configuration [c) denotes a basis
vector in the Hilbert space HA = l2(C), Therefore a global state of A in the
space HA has a form l'l,b) = L acle), where L lacl2 = 1 and ac E C denotes

cEC cEC
the amplitude of a configuration Ie). If an automaton is in its global state
(superposition) l'l,b), then its further step is equivalent to the application of
a linear operator (evolution) VA over the space HA.

Definition 5.3. A linear operator VA is defined as follows:

VAI'l,b) = LacUAIc).
cEC



CHAPTER 5. QUANTUM PUSHDOvVN AUTOMATA 62

UAlc) = L 6(qj, 0",7, q, d, w)lf(IC), d, q), WIW),
(q,d,w)EQx fL-+} x6*

where

f(1 ) d) {
ViqO"Vk, if d = ' t '

ViqjO"Vk, W17, , q = f d ' ,ViO"qVk, Z = --+ .
We can speak about a quantum pushdown automaton only if its evolution

operator is unitary. However, evolution operator matrix is infinite, so we need
some criteria (well-formedness conditions) to verify its unitarity.

Well-formedness conditions 5.4.

1. Local probability condition.

V(q1, 0"1, 71) E Q x r x ~

L 16(ql'0"1,71,q,d,w)12 = l.
(q,d,w)EQx{-l-,-+}x 6*

(5.1 )

2. Orthogonality of column vectors condition.

For all triples (ql,0"1,7r) i- (q2,0"1,72) in Q x r x ~

L 6*(ql'0"1,71,q,d,w)6(q2'0"1,72,q,d,w) = O. (5.2)
(q,d,w)EQX {-l-,-+} x6*

3. Row vectors norm condition.

V(ql, 0"1, 0"2,71,72) E Q x r2 x ~2

L 16(q,0"1,7,ql,--+,w)12+

4. Separability condition I.

V(ql, 0"1,7r), (q2, 0"1,72) E Q x r x ~, 'V73 E ~

a) L 6*(ql'0"1,71,q,d,7)6(q2'0"1,72,q,d,737) +
(q,d,T)EQx {-l-,-+}x6

+ L b*(ql'0"1,71,q,d,E)b(q2'0"1,72,q,d,73) = 0; (5.4)
(q,d)EQx{.l.,-+ }

b) L b*(ql, 0"1,71, q, d, E)6(q2, 0"1,72, q, d, 7273) = O. (5.5)
(q,d)EQx{.J.,-+ }
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5. Separability condition II.

V(ql, (/1, Tl), (q2, (/2, T2) E Q x r x !:1

L 6*(ql,(/1,Tl,q,-!-,w)6(q2,(/2,T2,q,--+,W) = O. (5.6)
(q,w)EQx6'

6. Separability condition III.

V(ql, (/1, Tl), (q2, (/2, T2) E Q x r x L1, VT3 E L1,

Vdl, d2 E {-!-, --+}, d, =I- d2

a) 2: 6*(ql,(/1,Tl,q,dl,T)6(Q2,(/2,T2,q,d2,T3T) +
(q,T)EQx6

+ Lb*(Ql,(/1,Tl,q,dl,t)6(q2,(/2,T2,q,d2,T3) = 0; (5.7)
qEQ

b) L6*(Ql,(/1,Tl,Q,d1,t)b(q2,(/2,T2,q,d2,T2T3) = O. (5.8)
qEQ

Lemma 5.5. The columns system of a QPA evolution matrix is normalized
iff the condition (5.1), i. e., local probability condition, is satisfied.

Condition (5.2) insures that every two columns indexed by configurations
of type IWlQlulW2, WTl) and \WlQ2UlW2, WT2) are orthogonal. Here (Ql, Tl) =I-
(Q2, T2)'

Condition (5.4) insures that every two columns indexed by configurations
of type IWlQ2ulW2, WT2) and IWlQl(/lW2, WT3Tl) are orthogonal.

Condition (5.5) insures that every two columns indexed by configurations
of type IWlQ2UlW2, WT2) and IWlQl(/lW2, WT2T3Tl) are orthogonal.

Condition (5.6) insures that every two columns indexed by configurations
of type IWlQ2(/2(/lW2, WT2) and IWl(/2QlUlW2, WTl) are orthogonal.

Condition (5.7) insures that every two columns indexed by configurations
of type IWlQ2(/2(/lW2, WT2) and IWl(/2QlUlW2, WT3Tl), or indexed by configura-
tions of type IWl(/lQ2(/2W2, WT2) and IWlQlUlU2w2, WT3Tl) are orthogonal.

Condition (5.8) insures that every two columns indexed by configurations
of type IWIQ2(/2(/lW2, WT2) and IWl(/2QlUlW2, WT2T3Tl), or indexed by configura-
tions of type !Wl(/lQ2(/2W2, WT2) and IWIQl(/lU2W2, WT2T3Tl) are orthogonal.

Lemma 5.6. The columns system of a QPA evolution matrix is orthogo-
nal iff the conditions (5.2,,5·4,5.5,5.6,5.7,5.8), i.e., orthogonality of column
vectors and separability conditions, are satisfied.

Lemma 5.7. The rows system of a QPA evolution matrix is normalized iff
the condition (5.3), i.e., row vectors norm condition, is satisfied.
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Theorem 5.8. Well-formedness conditions 5.4 are satisfied iff the evolution
operator UA is unitary.

Proof. Lemmas 5.5, 5.6, 5.7 imply that Well-formedness conditions 5.4 are
satisfied iff the columns of the evolution matrix are orthonormal and rows
are normalized. In compliance with Lemma 2.9, columns are orthonormal
and rows are normalized iff the matrix is unitary. 0

Remark 5.9. Well-formedness conditions 5.4 contain the requirement that
rows system has to be normalized, which is not necessary in the case of
quantum Turing machine [BV 97]. Here is taken into account the fact that
the evolution of QPA can violate the unitarity requirement if the row vectors
norm condition is omitted.

Example 5.10. A QPA, whose evolution matrix columns are orthonormal,
however the evolution is not unitary.

Q = {q}, L = {I}, T = {I}.
8(q,#,Zo,q,---+,Zol) = 1,
8(q, 1, Zo, q, ---+, Zol) = 1,
8(q, $, Zo, q, ---+, Zol) = 1,

8(q,#, l,q,---+, 11) = 1,
8(q, 1,l,q,---+, 11) = 1,
8(q,$,I,q,---+, 11) = 1,

other values of arguments yield 8 = O.
By Well-formedness conditions 5.4, the columns of the evolution matrix

are orthonormal, but the matrix is not unitary, because the norm of the rows
specified by the configurations Iw, Zo) is o.
Definition 5.11. We say that an automaton is a deterministic reversible
pushdown automaton (RPA), if it is a QPA with 8(ql,rJ,T,q,d,w) E {O, I}.

Even in a case of trivial QPA, it is a cumbersome task to check all the con-
ditions of Well-formedness 5.4. It is possible to relax the conditions slightly
by introducing a notion of simplified QPA.

Definition 5.12. We shall say that a QPA is simplified, if there exists a
functionD: Q -----+H,---+}' and8(ql,rJ,T,q,d,w) = 0, ifD(q) i- d. Therefore
the transition function of a simplified QPA is

ip (ql , o,T, q, w) = 8(ql, o, T, q, D (q) , w) .

Taking into account Definition 5.12, following well-formed ness conditions
correspond to simplified QPA:
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Well-formedness conditions 5.13.

1. Local probability condition.

V(ql,CTl,Td E Q x r x.6.

I: 1<P(ql,CTl,Tl,q,w)12 = 1.
(q,w)EQx6.·

(5.9)

2. Orthogonality of column vectors condition.

For all triples (ql,CTl,Tl) I- (q2,CTl,T2) in Q x r x.6.

L <P*(ql,CTl,Tl,q,W)<P(q2,CTl,T2,q,W) = O. (5.10)
(q,w)EQx6.·

3. Row vectors norm condition.

V(ql,CTl,Tl,T2) E Q x r x.6.2

L 1<P(q,CTl,T,ql,W)12 = 1. (5.11)
(q,T,w)EQx 6. x {~,n,Tl n}

4. Separability condition.

V(ql, CTl, ri), (q2, CTl, T2) E Q x r x .6., VT3 E .6.

a) L <P*(ql' CTl,Tl, q, T)<p(q2, CTl, T2, q, T3T) +
(q,T)EQX6.

+ L<p*(ql,CTl,Tl,q,E)<P(Q2,CTl,T2,q,T3) = 0; (5.12)
qEQ

b) L<P*(Ql,CTl,Tl,q,E)<P(Q2,CTl,T2,q,T2T3) = O. (5.13)
qEQ

Theorem 5.14. The evolution of a simplified QPA is unitary iff Well-formed-
ness conditions 5.13 are satisfied.

Proof. By Theorem 5.8 and Definition 5.12. o
Theorem 5.15. The local probability condition (5.9) for simplified RPA is
satisfied iff exists a function f :Q x r x .6. ---+ Q x .6.", such that f (qh CT,T) =
(q,w) {:} <P(ql,CT,T,q,W) = 1.

By Theorem 5.15, it is possible to use the function f instead of <p and
regard f as the transition function of a simplified RPA. Note that the local
probability condition (5.9) is now satisfied automatically for simplified RPA.
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5.2 Language Recognition by QPA
Word acceptance for QPA is defined as in Definition 2.33. For a QPA
A = (Q,E,T,qo,Qa,Qr,6) we define C; = {llIiqllk,Wt) E C I q E Qa},
c, = {!lIiqllk,Wt) E C I q E Qr}, C; = C\(CaUCr). Ea,EnEn are
subspaces of HA spanned by Ca, C«,Cn respectively. We use the observable
o that corresponds to the orthogonal decomposition HA = Eag)Erg) En· The
outcome of each observation is either "accept" or "reject" or "non-halting".

For an x E E* we consider as an input #x$, and assume that the computa-
tion starts with A being in the configuration Iqo#x$, Zo). Each computation
step consists of two parts. At first the linear operator UA is applied to the
current global state and then the resulting superposition is observed using
the observable 0 as defined above. If the global state before the observation
is L aclc), then the probability that the resulting superposition is projected

cEC

into the subspace Ei, i E {a, r, n}, is L lacl2. The computation continues
cECj

until the result of an observation is "accept" or "reject".
We define language recognition as in Definition 2.37.

Theorem 5.16. Every regular language is recognizable by some QPA.

Proof. It is sufficient to prove that any deterministic finite automaton (DFA)
can be simulated by simplified RPA. Let us consider a DFA with n states
ADFA = (QDFA, E, qo, QF, 6), where 6: QDFAX E ------+ QDFA'

To simulate ADFA we shall construct a RPA ARPA = (Q, E, T, qo, Qa, Qn rp)
with the number of states 2n.

The set of states is Q = QDFA U Q'DFA' where QDFA n Q'DFA = ill and
Q'vFA are the newly introduced states, which are linked to QDFA by a one-
to-one relation {(qi, qD E QDFAX Q'DF A}· Thus Q F has one-to-one relation
to Q'p C Q'vFA.

The pushdown store alphabet is T = ind(QDFA), where Vi ind(qi) = i;
the set of accepting states is Qa = Q'p and the set of rejecting states is Qr =
Q'vFA \ Q'p. As for the function D, D(QDFA) = {--7} and D(Q'vFA) = {J.}.

We shall define sets Rand R as follows:

R = {(qj,a,i) E Q'DFAX ExT \ 8(qi,a) = qj};

R = {(qj , a, i) E Q'v FAX ExT I 8(qi, a) =I qj}.

The construction of the transition function f is performed by the following
rules:
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2. Y(qj, (J, i) E R f(qj, (J, i) = (qL f);

3. Y(qj,(J,i) E R f(qj,(J,i) = (qj,i);

4. Y(qj, (J) E Q'nFAX I: f(qj, (J, Z) = (qj, Z);

5. Y(q, T) E Q x ~ f(q, #, T) = (q, T);

6. Y(qi, T) E QDFAX ~ f(qi, $, T) = (q;, T);

7. Y(q;, T) E Q'nFAX ~ f(q;, $, T) = (qi, T).

Thus we have defined f for all the possible arguments. Our automaton
simulates the DFA. Note that the automaton may reach a state in Q'oFA
only by reading the end-marking symbol $ on the input tape. As soon as
ARPA reaches the end-marking symbol $, it goes to an accepting state, if its
current state is in QF, and goes to a rejecting state otherwise.

The construction is performed in a way so that ARPA satisfies Well-
formedness conditions 5.13.

RPA automatically satisfies the local probability condition (5.9).
Let us prove, that the automaton satisfies the orthogonality condition

(5.10).
For RPA, the condition (5.10) is equivalent to the requirement that for

all triples (ql,(Jl,Tl):f (q2,(Jl,T2) f(ql,(Jl,Tl):f f(q2,(Jl,T2).
If ql, q2 E QDFA, f(ql, (Jl, Tl) :f f(q2, (Jl, T2) by rule 1.
Let us consider the case when (ql,(Jl,Td,(q2,(Jl,T2) E R. vVe shall

denote ql, q2 as q;, qj respectively. Let us assume from the contrary that
f(qL(Jl,Td = f(qj,(Jl,T2). By rule 2, (q~],f) = (i2,E). Hence Tl = T2. By
the definition of R, o(qT],(Jd = qi and o(qT2,(Jl) = qj. Since Tl = T2, qi = qj.
Therefore q; = qj, i.e., ql = q2. We have come to a contradiction with the
fact that (ql,(Jl,Tl):f (q2,(Jl,T2).

If (ql,(Jl,Td,(q2,(Jl,T2) E R, f(ql,(Jl,Tl) :ff(q2,(Jl,T2) by rule 3.
Ifql E QDFA,q2 E Q'oFA then f(ql,(Jl,T1):f f(q2,(Jl,T2) by rules 1, 2,3.
In case Tl or T2 is Z, or (Jl E {#, S}, proof is straightforward.
The compliance with row vectors norm condition (5.11) and separability

conditions (5.12) and (5.13) is proved in the same way. 0

Example 5.17. Let us consider a language L1 = (0,1)*1, for which we know
that it is not recognizable by QFA [KW 97].

This language is recognized by the deterministic finite automaton with
two states qo, ql and the following transitions: o(qo,O) = qo, o(qo,l) = ql,
o (ql , 0) = qo, 0(ql, 1) = ql·
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By Theorem 5.16 it is possible to transform this automaton to the fo]-
lowing RPA:

Q = {qo, ql, q~, qD, Qa = {qD, Qr = {%}, L: = {O, I}, T = {O, I},
D(qo) =-t, D(ql) =-t, D(q~) =+, D(qD =l
By the construction rules,

Vq E Q, VCJ E L:, VT E 6.;

I's«. 0, T) = (qo, TO),
f (ql, 1,T) = (ql, T 1),
f(q~, 0,1) = (~, t),
f(cIt, 0, 0) = (ql'O),
f(q~,CJ,Z) = (qo,Z),
f(qo, $, T) = (%, T),
f(q~,$,T) = (ql,T)

f(ql' 0, T) = (qo, T1),
f(q~, 0, 0) = (q~, t),
f (q~, 1, 1) = (q~, t),
f(qb, 1, 1) = (qo, 1),
f(q~, CJ,Z) = (ql, Z),
f(ql, $, T) = (q~, T),

f (qo, 1,T) = (ql, TO),
f (q~, 1, 0) = (q~, e),
f(q~, 1,0) = (qo, 0),
f(q~, 0,1) = (ql, 1),
f(q, #, T) = (q, T),
f(qb,$,T) = (qo,T),

o

Let us consider a language which is not regular, namely,

where Iwli denotes the number of occurrences of the symbol i in the word w.

Lemma 5.18. Language £2 is recognizable by a RPA.

Proof. Our RPA has four states qO,ql,q2,q3, where q2 is an accepting state,
whereas q3 - rejecting one. Pushdown store alphabet T consists of two sym-
bols 1,2. Pushdown store filled with 1's means that the processed part of
the word w has more occurrences of a's than b's, whereas 2's means that
there are more b's than a's. Furthermore, length of the pushdown store word
is equal to the difference of number of a's and b's. Empty pushdown store
denotes that the number of a's and b's is equal.
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Values of the transition function follow:

\lq E Q \IT E tl;
f(q,#,T) = (q,T),
f(qo, b, Z) = (qo, Z2),
f (qo, a, 1) = (qo, 11),
f (qo, s, 1) = (q3' 1)'
f(qo, b, 2) = (qo, 22),
f(ql, b, Z) = (qo, Z),
f(ql, b, 1) = (qo, 1),
f(Q2, a, Z) = (q3, Z2),
f(q2, a, 1) = (q2, f),
f(q2, a, 2) = (qo, 21),
\laE{a,b,$}
f(q3, a, 1) = (q3, 1),
f(q3,a,2) = (q3,22),

f(qo, a, Z) = (qo, Zl),
f(qo, $, Z) = (q2, Zl)'
f(qo, b, 1) = (ql, f),
f(qo, a, 2) = (ql, f),
f(qo, $, 2) = (q3, 2),
f(ql,$,T) = (ql,T),
f(ql, a, 2) = (qo, 2),
f(q2, b, Z) = (q3, Zl),
f (qz, b, 1) = (qo, 12),
f(q2, b, 2) = (q2, f),
f(q3,a,Z) = (q3,Z),
f(q3, b, 1) = (q3, 11),
f(q3,b,2) = (q3, 2),
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D(qo) =--7,
D(ql) =.l-,
D(q2) =.l-,
D(q3) =1-,
f(ql, a, Z) = (qo, Z),
f(ql, a, 1) = (q3, 12),
f(ql,b,2) = (q3,21),
f(q2, $, Z) = (qo, Z),
f(q2, $, 1) = (qo, 1),
f(q2, $, 2) = (qo, 2),

f(q3, $, 1) = (q2, 1),
f(q3, $, 2) = (q2, 2).

o

Lemma 5.19. Pumping lemma for context-free languages. Every context
free language L has a positive integer constant m with the following property.
If w is in Land Iwl 2': tn, then w can be written as uvxyz, where UVkxykz is
in L for each k 2': O. Moreover, Ivxyl :::;m and Ivyl > o.

The pumping lemma is from [Gu 89], p. 123.
Let us consider a language L3 which is not recognizable by any determin-

istic pushdown automaton:

Theorem 5.20. Language L3 = {w E (a, b, c)*1 Iwla = Iwlb = Iwlc} is recog-
nizable by a QPA with probability ~.

Proof. Sketch of proof. The automaton takes three equiprobable actions,
during the first action it compares Iwla to !W]b, whereas during the second
action Iwlb to Iwlc is compared. Input word is rejected if the third action is
chosen. Acceptance probability totals ~.

By Lemma 5.19, the language L3 is not a context-free language. (Take
w = ambmcm) Hence it is not recognizable by deterministic pushdown au-
tomata. 0

Theorem 5.21. Language L4 = {w E (a, b, c)*1 Iwla = Iwlb xor Iwla = Iwlc}
is recognizable by a QPA with probability ~.

Proof. Sketch of proof. The automaton starts the following actions with the
following amplitudes:
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a) with an amplitude ~ compares Iwla to Iwlb.
b) with an amplitude -~ compares Iwla to Iwle.
c) with an amplitude ~ accepts the input. If exactly one comparison gives

positive answer, input is accepted with probability ~. If both comparisons
gives positive answer, amplitudes, which are chosen to be opposite, annihilate
and the input is accepted with probability 1. D

Language £4 cannot be recognized by deterministic pushdown automata.
(By Lemma 5.19, take w = am+m!bmcm+m!)

An open problem is to find a language, not recognizable by probabilistic
pushdown automata as well.
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Conclusion

In this thesis, we introduced the notion of probabilistic reversible automata
in general and one-way probabilistic reversible finite automata in particular.
We argued, that language recognition properties of probabilistic reversible
finite automata are similar to the corresponding properties of quantum fi-
nite automata. We proved several closure properties of the language class
recognized by classical probabilistic reversible finite automata. We gave the
necessary condition for a language to be recognized by classical one-way
probabilistic reversible finite automata (i.e, lack of Type 1 and Type 2 con-
structions). It is conjectured that this condition is also the sufficient one.
We showed a clear relationship between Type 1 and Type 2 languages: a
language is of Type 1 if and only if reverse of the language is of Type 2.
We presented a single construction (Type 0 construction) which generalizes
exactly Type 1 and Type 2 constructions.

We gave the classification of one-way reversible finite automata. An inter-
esting question is to prove or disprove the conjectures regarding the hierarchy
of language classes recognized by automata classified there.

We introduced quantum finite multitape automata and formulated crite-
ria which ensure unitarity of this model (well-formedness conditions). Vve
presented several non-trivial languages recognized both by quantum and
probabilistic finite multitape automata. The question regarding the language
class recognized by QFMA is still open.

We introduced quantum pushdown automata and formulated criteria
which ensure unitarity of such automata. It is interesting that these cri-
teria are not equivalent to those of quantum Turing machines. We proved
that quantum pushdown automata can recognize every regular language by
using their pushdown store as a recording device. Vve presented several non-
context-free languages recognized by quantum pushdown automata. An re-
maining question is to explore, whether the definition discussed in this thesis

71
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has advantages over real-time (classical) quantum pushdown automata. It is
still unknown, whether quantum pushdown automata have advantages over
probabilistic pushdown automata. The language class recognized by quan-
tum pushdown automata is still not very much explored, and the relation of
this class to the class of context-free languages is an open problem.
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