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Anotâcija

Darbâ tiek apskatîts bezgalîgas cilindru virknes aptecçðanas stacionârais uzdevums mag-

nçtiskâ lauka iedarbîbâ divâs dimensijâs. Viskoza nesaspieþama ðíidruma plûsmu ap-

raksta Psî-Zçta sistçma. Iegûtas attiecîgo eliptisko robeþproblçmu vâjâs nostâdnes un

uzkonstruçts iterâciju process, katrâ solî pielietojot galîgo elementu metodi.

Atslçgas vârdi: MHD, Navjç-Stoksa vienâdojumi, psî-zçta sistçma, galîgo elementu me-

tode



Abstract

In this thesis the two-dimensional steady viscous incompressible magnetohydrodynamical

flow past infinite rows of cylinders is considered. The flow is modeled by using the

vorticity-stream Navier-Stokes equations' reformulation. The discrete versions of weak

formulations for individual elliptic problems are derived and the iterative method by

using linear finite elements is constructed.

Keywords: MHD, Navier-Stokes equations, stream-vorticity formulation, finite element

method
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Apzîmçjumi

V vektoriâls lielums,

Vx, Vy, Vz vektora komponentes,

U skalârs lielums,

V1 ·V2 skalârais reizinâjums,

V1 ×V2 vektoriâlais reizinâjums,

∇ ·V vektoru lauka diverìence,

∇u skalâra lauka gradients,

∂u

∂x
, ux parciâlais atvasinâjums,

detA matricas A determinants,

bT vektors-rindiòa (b1, . . . , bn),

∂Ω apgabala Ω robeþa,

4u Laplasa operators,

Ω kopas Ω slçgums,

Cn(Ω) n reizes nepârtraukti diferencçjamo funkciju telpa,

sup
x
f(x) funkcijas suprçms,

inf
x
f(x) funkcijas infîms,

dimH telpas H dimensija,

A−1 matricas A inversâ matrica,

intΩ kopas Ω iekðiene,

Ω1 ∪ Ω2 kopu apvienojums,

Ω1 ∩ Ω2 kopu ðíçlums,

∅ tukðâ kopa,
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f = O(g) vienâdas kârtas lielumi,

δij Kronekera simbols.
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Ievads

Maìistra darbâ tiek aplûkots cilindru virknes aptecçðanas uzdevums divâs dimensijâs

viskozam nesaspieþamam ðíidrumam magnçtiskâ lauka iedarbîbâ.

Darba mçríis ir izanalizçt gan ðo konkrçtu uzdevumu, gan galvenus teorijas aspektus,

jo, uzdevumu risinot, rodas vajadzîba apskatît daþâdu tipu robeþnosacîjumus, tâdus kâ:

homogçnus un nehomogçnus Dirihlç nosacîjumus, Neimana, periodiskuma nosacîjumus.

1. nodaïâ tiek formulçts matemâtiskais modelis, kas balstâs uz fizikas likumiem: Navjç-

Stoksa vienâdojumu sistçma. Ðajâ nodaïâ diezgan sareþìîti uzdots modelis tiek vienkâr-

ðots: nezinâmo lielumu skaits tiek samazinâts, ievesti bezdimensiju mainîgie. Definçts

galvenais pçtâmais objekts ðajâ darba: Psî-Zçta sistçma (1.7). Tiek uzdota arî uzdevuma

ìeometrija.

2. nodaïâ notiek situâcijas analîze: izejot no ìeometrijas un vienâdojumu tipiem Psî-

Zçta sistçmâ (1.7), pamatota tuvinâto metoþu izvçle.

3. nodaïâ ir dots ieskats klasiskajâ eliptisko parciâlo diferenciâlvienâdojumu teorijâ.

Ir definçti jçdzieni: Dirihlç, Neimana un periodiskâ robeþproblçma.

4. nodaïas mçríis ir iegût vâjos formulçjumus problçmâm, kas satur vispârîgo otrâs

kârtas eliptisko operatoru: Dirihlç, Neimana un periodiskai robeþproblçmâm.

Gandrîz visos izmantotos avotos:[1],[2],[3], tehnika ir apmçram lîdzîga, bet bieþi vien,

formulçjums iegûts tikai kâdam speciâlgadîjumam. Lielâ daïâ no grâmatâm: [1],[2],[3],[4],

arî vispârinâti formulçtas problçmas korektîba ir pamatota vienâdâ veidâ: pierâdîjumi

balstâs uz operatoru îpaðîbâm, kas ir lîdzîgas tâm, kas piemita sâkotnçjâm diferenciâlo-

peratoram. Tieði tâpçc tâda tipa pierâdîjumus ir viegli adaptçt un problçmu korektîba ir

pamatota apakðnodaïâs 4.2. un 4.3..

5. nodaïâ ir parâdîts process, kâ var nonâkt pie lineâras vienâdojumu sistçmas, apska-

tot vispârinâti formulçtu problçmu kâdâ galîgâ telpâ: Gaïorkina metode. Uzmanîba tiek

koncentrçta uz lineâro galîgo elementu ievieðanu bâzes funkciju lomâ un to definçðanu uz

vienmçrîgas un nevienmçrîgas triangulâcijas. Vçl viens nodaïas mçríis: iegût formulas

vajadzîgo koeficientu aprçíinâðanai bâzes funkcijâm un sastâdît algoritmu, kas pieïauj

precizitâtes palielinâðanu.

Sâkot ar 6. nodaïu, tiek turpinâta konkrçtas problçmas analîze. Izmantojot teorçtiskus

rezultâtus, no iepriekðçjâm nodaïâm (3., 4., 5.), formâli tiek uzdoti robeþnosacîjumi Psî-

Zçta sistçmai (1.7), ir iegûta problçmas vâjâ nostâdne, parâdîta problçmas korektîba.

5



Problçmas jaunais formulçjums ir izveidots tâdâ veidâ, lai varçtu diezgan âtri sastâdît

iterâciju procesu vienâdojumu sistçmas risinâðanai. Par to iet runa 7. nodaïâ.

8. nodaïâ tiek analîtiski uzdots viss, kas vajadzîgs galîgo elementu koda sastâdîðanai.

Uzdots nevienmçrîgais reþìis, definçtas afînas transformâcijas uz vienîbas ðûnu, atrastas

formulas galîgo elementu matricu aizpildîðanai.

9. nodaïâ rezultâti tiek demonstrçti grafiski un tabulu veidâ.

Pielikumâ A. definçti darbâ ietvertie, neizskaidrotie termini, izmantotâs teorçmas un

formulas; atrodams sastâdîts galîgo elementu kods.
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1. Modeïa izveide

Klasiskajâ variantâ viskoza nesaspieþama ðíidruma plûsmu magnçtiskâ lauka iedarbîbâ

apraksta Navjç-Stoksa vienâdojumu sistçma [5]:

ρ(
∂V

∂t
+ V · ∇V) = −∇p + µ4V + F. (1.1)

Turklât jâbût spçkâ nepârtrauktîbas likumam:

∇ ·V = 0. (1.2)

Ðeit V ir ðíidruma âtrums, p - spiediens, ρ - blîvums un µ - dinamiskâ viskozitâte.

No 'tîras' hidrodinamikas sistçmu (1.1),(1.2) atðíir saskaitâmais F = j × B - elektro-

magnçtiskais spçks. Kâ redzams, tas ir vektors, perpendikulârs abiem diviem: j- strâvas

blîvumam, un B - magnçtiskâ lauka indukcijai.

Maìistra darbâ nolemts analizçt bezindukcijas tuvinâjumu ðai problçmai, kâ arî ap-

skatît stacionâro gadîjumu (
∂V

∂t
= 0) divâs dimensijâs. Lîdz ar to, 1. nodaïas mçríis ir

ðâds: iegût pçc iespçjas vienkârðâku sistçmas (1.1),(1.2) formulçjumu Dekarta koordinâtçs

divâs dimensijâs.

Formulçjumu vienkârðojot, jâsamazina nezinâmo funkciju skaits sistçmâ (1.1),(1.2),

jâieved palîgmainîgie, palîglielumi.

Sâkumâ jâuzzina, kâ izskatâs saskaitâmais F Dekarta koordinâtçs.

Vispârinâtais Oma likums kustîbas gadîjumam ir uzdots ðâdâ veidâ [6]:

j = σ(E + V ×B),

kur σ - elektriskâ vadîtspçjâ, E - elektriskais lauks. Tâpçc spçka vektora komponentes

uzdotas formâ:

Fx = −σBy(VxBy − VyBx + Ez), Fy = σBx(VxBy − VyBx + Ez),

Magnçtiskâ lauka indukcijas komponentes izskatâs ðâdi:

Bx = cos(α), By = sin(α),

kur α leòíis starp Ox- asi un indukcijas vektoru. Maìistra darbâ tiek apskatîti divi tâdi:

α = 0 un α = π
2
.
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Tagad var uzrakstît sistçmu (1.1),(1.2) Dekarta koordinâtçs:
ρ
∂Vx
∂x

Vx + ρ
∂Vx
∂y

Vy = −∂p
∂x

+ µ4Vx + Fx

ρ
∂Vy
∂x

Vx + ρ
∂Vy
∂y

Vy = −∂p
∂y

+ µ4Vy + Fy

∂(Vx)
∂x

+ ∂(Vy)

∂y
= 0.

(1.3)

Nâkamais solis ir ðâds:

Ievedam bezdimensiju mainîgus (apzîmçjot vecos ar tildi):

V :=
Ṽ

V0

, x :=
x̃

L0

, p :=
p̃

ρV 2
0

, F :=
F̃

B2
0σV0

kur V0 - raksturîgais âtrums, L0 - raksturîgais izmçrs. Re = V0L0

ν
, S =

σB2
0L0

ρV0
ir Reinoldsa

un Stjûarta skaitïi, ν := µ
ρ
- kinemâtiskâ viskozitâte, B0 - raksturîgâ indukcija.

Ieved arî lielumus: ζ := ∂Vy
∂x
− ∂Vx

∂y
- virpuïu funkcija,

p̄ := p +
1

2

V 2
x + V 2

y

V 2
x + V 2

y

−
SEzAz
SEzAz

 . (1.4)

Ðeit Az := y cos(α) − x sin(α). Diferencçjot ðo funkciju (kopâ ar citiem 'modificçtâ'

spiediena (1.4) saskaitâmiem) pçc telpas mainîgajiem, iegûst vajadzîgo.

Tâdâ gadîjumâ spçka komponentes arî mazliet vienkârðojas:

F̄x = −S(Vx sin2 α + Vy sinα cosα),

F̄y = S(Vx sinα cosα− Vy cos2 α).

Iegûst sistçmu: 
−ζVy = − ∂p̄

∂x
+Re−1∆Vx + SF̄x,

ζVx = −∂p̄
∂y

+Re−1∆Vy + SF̄y,

∂(Vx)
∂x

+ ∂(Vy)

∂y
= 0,

(1.5)

Lai samazinâtu nezinâmo funkciju skaitu sistçmâ (1.5), var izdarît vçl sekojoðas lietas:

1. Pirmo vienâdojumu sistçmâ (1.5) diferencç pçc mainîga y. Iegûst:

−ζ ∂Vy
∂y
− ∂ζ

∂y
Vy = − ∂2p̄

∂x∂y
+Re−1(

∂3Vx
∂x2y

+
∂3Vx
∂y3

) + S
∂Fx
∂y

,

2. No iegûtas izteiksmes atòem otro vienâdojumu, atvasinâtu pçc mainîga x. Òemot

vçrâ nepârtrauktîbas vienâdojuma (treðâ vienâdojuma sistçmâ (1.5)) izpildi, iegûst:

−
�
�
�

ζ
∂Vy
∂y
−
�
�
�

ζ
∂Vx
∂x
−∂ζ
∂y
Vy−

∂ζ

∂x
Vx = −

�
�

��∂2p̄

∂x∂y
+
�

�
��∂2p̄

∂y∂x
+Re−1(

∂3Vx
∂x2y

+
∂3Vx
∂y3
−∂

3Vy
∂x3
−∂

3Vy
∂y2x

)+
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+S
∂Fx
∂y
− S∂Fy

∂x
.

3. Izmantojot faktus, ka (
∂3Vx
∂x2y

+
∂3Vx
∂y3

− ∂3Vy
∂x3

− ∂3Vy
∂y2x

) = −4ζ un

−S∂Fx
∂y

+ S
∂Fy
∂x

=
∂Vx
∂x

sinα cosα− ∂Vy
∂x

cos2 α +
∂Vx
∂y

sin2 α− ∂Vy
∂y

sinα cosα,

pçdçjais solis ir potenciâla jeb strâvas funkcijas ievieðana:

Vx =
∂ψ

∂y
, Vy = −∂ψ

∂x
, −4ψ = ζ, (1.6)

un nezinâmo funkciju skaita sistçmâ (1.5) samazinâðana lîdz divâm: Re−14ζ + J(ψ, ζ) + Sf = 0,

−4ψ = ζ,
(1.7)

kur J(ψ, ζ) =
∂ψ

∂x

∂ζ

∂y
− ∂ψ

∂y

∂ζ

∂x
, f = ∇ · (Ã∇ψ), Ã =

 sin2 α sinα cosα

sinα cosα cos2 α

 .

Definîcija 1. Sistçmu (1.7) sauc par Psî-Zçta sistçmu.

1.1. Cilindru virkne

Lîdz ðim nebija skaidrs, kâda veida apgabals ir uzdots telpâ R2 Dekarta koordinâtçs,

kurâ ir uzdota sistçma (1.7). Maìistra darbâ ir nolemts analizçt bezgalîgo cilindru virkni

divâs dimensijâs. Trijâs dimensijâs virknes fragments parâdîts 1. attçlâ:

1. att. Cilindru virknes fragments

9



Uz plaknes virkne izskatîtos ðâdi (2. attçls, apskatîts ðíçrsgriezums):

2. att. Bezgalîga cilindru virkne divâs dimensijâs

Lai visu bezgalîgo apgabalu izanalizçtu, pietiek izdalît galîgu apakðapgabalu Ω (2.

attçls) un uzdot simetrijas un periodiskuma robeþnosacîjumus. Pagaidâm neuzdodot

tâdu apgabalu un atbilstoðus robeþnosacîjumus koordinâtçs, var vienkârði, skatoties uz

2. attçlu izsecinât, ka par simetrijas asîm derçtu izvçlçties Γ1 un Γ4. Periodiskumam

jâizpildâs uz apgabala robeþas Γ2. Uz lokiem Γ3 jâuzdod nosacîjumi, piemçroti cietâm

virsmâm. Formâli tas tiks izdarîts 6. nodaïâ.

2. Psî-Zçta sistçmas analîze

Tâ kâ tagad ir skaidrs, kâda tipa ìeometrija ir izvçlçtajam uzdevumam un kâ izskatâs

diferenciâlvienâdojumi, kas apraksta fizikâlo problçmu, ir pienâcis laiks pieòemt lçmumu,

kâdas metodes tiks izmantotas sistçmas (1.7) atrisinâjuma atraðanai.

Sistçma (1.7) ir divu lineâru eliptisku vienâdojumu sistçma (katrs eliptisks attiecîbâ

pret vienu no nezinâmâm funkcijâm. Otru funkciju ðajâ gadîjumâ uzskata par fiksçtu).

Eliptiskums un linearitâte tiks formâli parâdîti 4. nodaïâ, bet pagaidâm vajag saprast

sekojoðo:

1. Mçríis ir iegût skalâru lauku ψ, jeb strâvas funkcijas vçrtîbas apgabala Ω punktos.

Vajadzîbas gadîjumâ no vektora potenciâla sadalîjuma ir jâmâk dabût arî âtruma

vektoru lauks V. Tas nozîmç, ka ðo problçmu skaitliski analizçjot, pilnîbâ pietiktu

ar lineâro aproksimâciju. Pirmais vienâdojums sistçmâ (1.7) satur otras kârtas par-

ciâlos atvasinâjumus (tâ skaitâ arî jauktos). Tâ kâ ðo sistçmu apskata kâ eliptisko

robeþproblçmu virkni, visdrîzâk ir jâkonstruç iterâciju process. Lai katrâ solî tâdu
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problçmu risinâtu, jâiegûst attiecîgo robeþproblçmu vajâs nostâdnes kas ïaus at-

vieglot prasîbu par otras kârtas nepârtrauktu parciâlo atvasinâjumu eksistenci lîdz

pirmâs kârtas vispârinâto atvasinâjumu eksistencei.

2. Otrkârt, uzdevumam ir diezgan sareþìîta ìeometrija. Analîtiska atrisinâjuma at-

raðana, pat kâdam vienkârðotam sistçmas (1.7) variantam bûtu ïoti grûts vai pat

neiespçjams uzdevums. Universâla metode, kas tiek galâ ar grûtîbâm, kurus rada ðâ-

das ìeometrijas ir galîgo elementu metode (5.), kas labi saskaòojas ar robeþproblçmu

vâjâm nostâdnçm. Lineâru elementu izvçle ðajâ gadîjumâ bûtu pilnîgi pietiekoða.

Tagad tiek piedâvâtas 3 nodaïas, kurâs ir izklâstîta eliptisku robeþproblçmu teorija,

jo daþi operatori sistçmâ (1.7) ir eliptiskie operatori, uzdoti vispârîgâ formâ, kâ arî galîgo

elementu metodes, kuru var pielietot pakâpeniski katrâ solî vienai eliptiskai problçmai,

pamataspekti.

3. Parciâlo diferenciâlvienâdojumu eliptiskais tips

Apskatîsim otrâs kârtas lineâru parciâlo diferenciâlvienâdojumu

− (a(x, y)uxx+2b(x, y)uxy + c(x, y)uyy)+d(x, y)ux+e(x, y)uy +f(x, y)u = g(x, y), (3.1)

kas matricu-vektoru formâ pârrakstâms ðâdi:

Lu = −∇ · (A∇u) + bT∇u+ f(x, y)u = g(x, y), (3.2)

kur (x, y) ∈ Ω ⊂ R2, A =

a(x, y) b(x, y)

b(x, y) c(x, y)

, b =

d(x, y)

e(x, y)

.

Ir pieòemts, ka matricas A un vektora b elementi, funkcijas f un g - apgabalâ Ω iero-

beþotas funkcijas.

Definîcija 2. [2] Vienâdojums (3.2) ir eliptiska tipa vienâdojums punktâ (x, y), ja detA >

0 punktâ (x, y).

Definîcija 3. [2] Vienâdojums (3.2) ir eliptiska tipa vienâdojums apgabalâ Ω, ja detA > 0

∀(x, y) ∈ Ω.

Definîcija 4. [2] Lineârs diferenciâloperators Lu ir eliptisks, ja matrica A ir simetriska

un pozitîvi definita ∀(x, y) ∈ Ω.
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3.1. Problçmas eliptiska tipa vienâdojumiem

Definîcija 5. [2] Problçmu Lu = −∇ · (A∇u) + bT∇u+ f(x, y)u = g(x, y),Ω

u = 0, ∂Ω
(3.3)

sauc par Dirihlç problçmu.

Definîcija 6. [2] Problçmu Lu = −∇ · (A∇u) + bT∇u+ f(x, y)u = g(x, y),Ω

A∇u · n̂ = h(x, y), ∂Ω,
(3.4)

kur n̂ - apgabala Ω ârçjâ normâle, sauc par Neimana problçmu.

Daþreiz uz apgabala Ω divâm paralçlâm malâm var bût uzdoti arî periodiskuma nosacî-

jumi.

Definîcija 7. Par periodiskiem robeþnosacîjumiem attiecîbâ uz paralçlâm malâm Γi un

Γj, x vai y ass virzienâ, sauc nosacîjumus formâ

u(x, y)|Γi = u(x, y)|Γj , A∇u(x, y) · n̂|Γi = A∇u(x, y) · n̂|Γj . (3.5)

Definîcija 8. Problçmu

Lu = −∇ · (A∇u) + bT∇u+ f(x, y)u = g(x, y),Ω

u(x, y)|Γi = u(x, y)|Γj ,

A∇u(x, y) · n̂|Γi = A∇u(x, y) · n̂|Γj ,

u = 0, ∂Ω \ Γi \ Γj.

(3.6)

kur n̂ - apgabala Ω ârçjâ normâle, sauc par periodisko problçmu.

Piezîme 1. Pieòemts, ka nehomogenitâte ir problçmas (3.3) vienâdojumâ un robeþnosa-

cîjumi doti homogçni. Vajadzîbas gadîjumâ, Dirihlç problçmu ar nehomogçniem nosacî-

jumiem var reducçt uz ðâdu formu.

Piezîme 2. Pieòemts, ka ∂Ω - Nepârtraukta pçc Lipðica apgabala Ω robeþa (A, 28).
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4. Eliptisko robeþproblçmu atrisinâmîbâ telpâ H1

Robeþproblçmu vispârinâtâs nostâdnes dod iespçju apskatît atrisinâjumus, kuri ir

meklçjami funkciju telpâs, kas neatbilst klasisko atrisinâjumu teorijai (klasiskâ gadîju-

mâ, u ∈ C2(Ω)∩C0(Ω) Dirihlç problçmas (3.3) gadîjumâ un u ∈ C2(Ω)∩C1(Ω) Neimana

problçmas (3.4) un periodiskas problçmas (3.6) gadîjumos, [2]).

Mçríis ir pârrakstît problçmas formulçjumu operatoru vienâdojuma formâ a(u, v) =

f(v), precizçjot funkciju u un v telpas.

Definîcija 9. Funkciju telpu H reizinâjumâ H ×H definçtu attçlojumu

a(u, v) : H ×H → R sauc par bilineâru formu, ja ir spçkâ ðâdas aksiomas:

∀α ∈ R ∀u, v, u1, v1 ∈ H :

1. a(αu, v) = a(u, αv) = αa(u, v),

2. a(u+ u1, v) = a(u, v) + a(u1, v),

3. a(u, v + v1) = a(u, v) + a(u, v1).

Citiem vârdiem, operatoram a(u, v) jâbût lineâram pçc abiem argumentiem.

Definîcija 10. Funkciju telpâ H definçtu attçlojumu f(v) : H → R sauc par lineâru

funkcionâli, ja ir spçkâ aksiomas:

∀α ∈ R ∀v, v1 ∈ H:

1. f(αv) = αf(v),

2. f(v + v1) = f(v) + f(v1).

Definîcija 11. Problçmu, kas skan ðâdi:

Atrast funkciju u ∈ H, kas apmierina vienâdojumu

a(u, v) = f(v) ∀v ∈ G,

kur a(u, v) - bilineârâ forma, f(v) - lineârs funkcionâlis,

sauc par matemâtiskâs fizikas problçmas vâjo jeb vispârinâto nostâdni.
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Tâda tipa problçmai literatûrâ var atrast daþâdus rezultâtus, kas garantç tâs atri-

sinâmîbu un atrisinâjuma unitâti pie zinâmiem nosacîjumiem uz problçmas vienâdojuma

labo un kreiso pusi noteiktâs funkciju telpâs. Diezgan reti tas tiek pierâdîts eliptiskam

operatoram, uzdotam vispârîgâ formâ (kâ Psî-Zçtas sistçmas gadîjumâ) - parasti tas tiek

izdarîts tikai speciâlgadîjumam - Laplasa operatoram. Tâpçc nâkamajâs apakðnodaïas

uzmanîba tiek veltîta tieði vispârîgam eliptiskam operatoram.

4.1. Robeþproblçmu vâjâs nostâdnes

Vâjð formulçjums tiks iegûts robeþproblçmâm (3.3), (3.4) un (3.6). Ðo problçmu vien-

âdojuma

−∇ · (A∇u) + bT∇u+ f(x, y)u = g(x, y)

abas puses reizina ar funkciju v(x, y). Funkciju v : Ω→ R sauksim par testa funkciju, ja

tâ ir pietiekami gluda, jeb ja v ∈ C∞(Ω).

Iegûto izteiksmi

−∇ · (A∇u)v + bT∇uv + f(x, y)uv = vg

integrç pa apgabalu Ω: ([1], [7])

−
∫
Ω

∇ · (A∇u)vdx+

∫
Ω

bT∇uvdx+

∫
Ω

f(x, y)uvdx =

∫
Ω

vgdx. (4.1)

Turklât, vienâdojuma (4.1) \galvenâ daïa"−
∫
Ω

∇ · (A∇u)vdx tiek integrçta parciâli.

Parciâlas integrçðanas formula iegûta pârveidojot:

∇ · (vA∇u) = ∇ ·

v(a11ux + a12uy)

v(a21ux + a22uy)

 = (v(a11ux + a12uy))x + (v(a21ux + a22uy))y =

= vx(a11ux + a12uy) + v(a11uxx + a12uyx) + vy(a21ux + a22uy) + v(a21uxy + a22uyy) =

= ∇vTA∇u+∇ · (A∇u)v.

Integrçjot pa apgabalu Ω, iegûst:∫
Ω

∇ · (A∇u)vdx =

∫
Ω

∇ · (vA∇u)dx−
∫
Ω

∇vTA∇udx

Turklât, diverìences teorçma (A, 10) dod:∫
Ω

∇ · (vA∇u)dx =

∫
∂Ω

v(A∇u)ndσ,
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kur n - apgabala Ω ârçjâ normâle. Lîdz ar to, vienâdojums (4.1) ir uzrakstâms ðâdi:

−
∫
∂Ω

v(A∇u)ndσ +

∫
Ω

∇vTA∇udx+

∫
Ω

bT∇uvdx+

∫
Ω

f(x, y)uvdx =

∫
Ω

gvdx. (4.2)

Tâlâk svarîgu lomu spçlç robeþnosacîjumu tips. Dirihlç nosacîjumu (3.3) gadîjumâ tes-

ta funkcijai ir prasîba v(x, y) ∈ C1
0(Ω). Ðî testa funkciju klases apakðklase ietver sevî

funkcijas, kas pieòem nulles vçrtîbas ârpus vaïçja apgabala Ω (A, 29). Tâdâ gadîjumâ,

pirmais saskaitâmais vienâdojuma (4.2) kreisajâ pusç ir nulle. Neimana nosacîjumu (3.4)

gadîjumâ, ðîm saskaitâmam ir svarîga loma un tâpçc netiek prasîts lai ðî funkcija ir nulle

uz apgabala robeþas, proti v(x, y) ∈ C1(Ω) un −
∫
∂Ω

v(A∇u)ndσ = −
∫
∂Ω

hvdσ.

Iegûts formulçjums (4.2) atbilst formai a(u, v) = f(v), kur:

1. Dirihlç problçmai (3.3), periodiskai problçmai (3.6):

a(u, v) =
∫
Ω

∇vTA∇udx+
∫
Ω

bT∇uvdx+
∫
Ω

f(x, y)uvdx,

f(v) =
∫
Ω

vgdx,
(4.3)

2. Neimana problçmai (3.4):

a(u, v) =
∫
Ω

∇vTA∇udx+
∫
Ω

bT∇uvdx+
∫
Ω

f(x, y)uvdx,

f(v) =
∫
Ω

gvdx+
∫
∂Ω

hvdσ,
(4.4)

Piezîme 3. Spçkâ linearitâtes un bilinearitâtes aksiomas objektiem f(v) un a(u, v), kas

seko uzreiz no integrâïa îpaðîbâm.
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Funkciju telpas

Matemâtiskâs fizikas problçmu, kas tika apskatîtas 3. nodaïâ, vienâdojumi tagad ir

pârrakstîti vajadzîgâ formâ. Otrais solis vispârinâta formulçjuma iegûðanai - norâdît

funkciju telpas, kurâs problçmas atrisinâjums u un testa funkcija v ir meklçjamas. Abos

gadîjumos (4.3),(4.4) lielumiem a(u, v) un f(v) jâbût galîgiem. Tâpçc tiek prasîts lai

funkcijas u un v, kâ arî to parciâlie atvasinâjumi bûtu funkcijas no kvadrâtiski integrçjamu

funkciju klases.

Definîcija 12. [3] Pie 1 ≤ p <∞, telpu Lp(Ω) definç ðâdi:

Lp(Ω) = {u :

∫
Ω

|u(x)|pdx <∞}.

Telpâ Lp(Ω) definç normu

‖u‖Lp := ‖u‖0,p := (

∫
Ω

|u(x)|pdx)
1
p

Telpa L2(Ω) ir Hilberta telpa, ja tajâ ir definçts skalârs reizinâjums

(u, v)L2 := (u, v)0 :=

∫
Ω

uvdx.

Definîcija 13. [3] Funkciju w ∈ L2(Ω) sauc par funkcijas u ∈ L2(Ω) vispârinâto atvasi-

nâjumu, ja

(u, ∂αv)0 = (−1)|α|(w, v)0 katrai testa funkcijai v ∈ C∞0 (Ω),

kur α = (α1, . . . , αn) - multiindekss, |α| :=
n∑
i=1

αi, ∂αv := ∂α1

∂
α1
x1

. . . ∂
αn

∂αnxn
.

Tas, savukârt, nozîmç, ka funkcijas u atvasinâjumi ∂αu var ari neeksistçt tieðâ veidâ,

bet tikai zem integrâïa un attiecîbâ pret testa funkcijâm. Funkcijas atvasinâjuma ∂αu

vispârinâjumu apzîmç ar Dαu.

Definîcija 14. [3] Pie m > 0 un p ≥ 1, Soboïeva telpu Wm,p(Ω) definç ðâdi:

Wm,p(Ω) = {u : u ∈ Lp(Ω), Dαu ∈ Lp(Ω), |α| ≤ m}.

Telpâ Wm,p(Ω) definç normu:

‖u‖m,p := (
∑
|α|≤m

‖Dαu‖p0,p)
1
p
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Telpa Wm,2(Ω) ir Hilberta telpa, ja tajâ ir definçts skalârs reizinâjums

(u, v)m :=
∑
|α|≤m

(Dαu,Dαv)0,

un to apzîmç ar Hm(Ω) := Wm,2(Ω).

Definîcija 15. [1] Telpu H1
0 (Ω) definç ðâdi:

H1
0 (Ω) = {u : u ∈ H1(Ω); u = 0, ∂Ω}.

Telpai H1 pieder kvadrâtiski integrçjamas funkcijas kopâ ar visiem saviem vispârinâtiem

parciâliem atvasinâjumiem, kuriem arî jâbût kvadrâtiski integrçjamâm funkcijâm, un pie-

òçmums, ka problçmu (4.3) un (4.4) atrisinâjumi pieder ðai telpai garantç lielumu a(u, v)

un f(v) eksistenci. Dirihlç problçmas vispârinâta formulçjuma (4.3) atrisinâjumu ir vçrts

meklçt ðîs telpas apakðtelpâ H1
0 , jo ðajâ gadîjumâ robeþnosacîjumi u = 0, ∂Ω ir iekïauti

telpas definîcijâ. Neimana problçmas vispârinâta formulçjuma(4.4) atrisinâjumam jâpie-

der telpai H1 un robeþnosacîjumi ðajâ gadîjumâ ir iekïauti funkcionâïa f(v) izteiksmç.

Parasti pieòem, ka testa funkciju telpa sakrît ar atrisinâjuma telpu ([1])

Vienâdojumam a(u, v) = f(v) tagad var precizçt atrisinâjuma un testa funkciju telpas.

Faktiski tika iegûtas divas lietas:

1. Dirihlç problçmas (3.3) vâjâ nostâdne:

Atrast funkciju u ∈ H1
0 (Ω), kas apmierina vienâdojumu

a(u, v) = f(v) ∀v ∈ H1
0 , (4.5)

kur a(u, v), f(v) ir formâ (4.3).

2. Neimana problçmas (3.4) vâjâ nostâdne:

Atrast funkciju u ∈ H1(Ω), kas apmierina vienâdojumu

a(u, v) = f(v) ∀v ∈ H1, (4.6)

kur a(u, v), f(v) ir formâ (4.4).
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Pçc Dirihlç un Neimana robeþproblçmu parauga var izvest arî formulçjumus periodiskâm

robeþproblçmâm. Kâ jau iepriekð bija definçts, (3.6), periodiskie nosacîjumi ir funkcijas

vçrtîbu un funkcijas atvasinâjuma periodiskums attiecîbâ uz kâdâm divâm paralçlâm

malâm:

u(x, y)|Γi = u(x, y)|Γj , A∇u(x, y) · n̂|Γi = A∇u(x, y) · n̂|Γj . (4.7)

Nav grûti ieraudzît, ka pirmajâ gadîjumâ situâcija ir lîdzîga Dirihlç nosacîjumiem, otrajâ

- Neimana nosacîjumiem, vienîga atðíirîba: tie nav atklâti uzdoti. Pieòemsim tagad,

ka attâlums starp malâm Γj un Γi ir l un tiek apskatîts periodiskums x ass virzienâ.

Pieòemsim arî, ka robeþas atlikuðajâ daïâ ir uzdoti homogçni Dirihlç nosacîjumi. Tad

eliptiska tipa vienâdojumam, uzdotam vispârîgâ formâ var rakstît:

−
∫
∂Ω

v(A∇u)ndσ +

∫
Ω

∇vTA∇udx+

∫
Ω

bT∇uvdx+

∫
Ω

f(x, y)uvdx =

∫
Ω

gvdx. (4.8)

Integrçjot pa kontûru ∂Ω, orientâcija mainâs, sasniedzot malu Γi, lîdz ar to:

���
���

���

−
∫
∂Γi

v(A∇u)ndσ+

��
���

���
∫
∂Γj

v(A∇u)ndσ+

∫
Ω

∇vTA∇udx+

∫
Ω

bT∇uvdx+

∫
Ω

f(x, y)uvdx =

∫
Ω

gvdx.

(4.9)

Var uzreiz saprast, ka atvasinâjuma periodiskums vienmçr izpildîsies, vâji formulçjot pe-

riodisku problçmu. Testa funkciju un atrisinâjuma telpâm tad paliek uzdot ierobeþojumu

uz funkciju vçrtîbâm uz attiecîgâm malâm. Definçsim ðâdu telpu:

H1
0,px(Ω) = {u : u ∈ H1(Ω); u = 0, ∂Ω \ Γj \ Γi, u(x, y) = u(x+ l, y), Γi ∪ Γj}.

Lîdz ar to, periodiskai robeþproblçmai ar homogçniem Dirihlç nosacîjumiem uz

∂Ω \ Γj \ Γi, vâjð formulçjums izskatîsies ðâdi:

Atrast funkciju u ∈ H1
0,px(Ω), kas apmierina vienâdojumu

a(u, v) = f(v) ∀v ∈ H1
0,px, (4.10)

kur a(u, v), f(v) nosaka (4.9).

4.2. Vispârinâta atrisinâjuma eksistence un unitâte

Definîcija 16. Funkcijas, kas apmierina prasîbas (4.5), (4.6) un (4.10) sauc, attiecîgi,

par problçmu (3.3), (3.4) un (3.6) vispârinâtiem atrisinâjumiem.
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Vispârinâta atrisinâjuma eksistenci un unitâti garantç vairâkas literatûrâ atrodamâs

lemmas. Tâs, savukârt, prasa lai daþas bilineâras formas a(u, v) un lineâra funkcionâïa

f(v) îpaðîbas izpildîtos.

Definîcija 17. [1] Hilberta telpu reizinâjumâ H × H definçtu bilineâru formu a(u, v) :

H ×H → R sauc par H-eliptisku, ja

∃γ > 0, ∀u ∈ H γ‖u‖2
H ≤ a(u, u).

Definîcija 18. [3] Hilberta telpu reizinâjumâ H × H definçtu bilineâru formu a(u, v) :

H ×H → R sauc par nepârtrauktu, ja

∃λ > 0, ∀u, v ∈ H |a(u, v)| ≤ λ‖u‖H‖v‖H .

Definîcija 19. Normçtâ telpâ H definçtu lineâru funkcionâli f(v) : H → R sauc par

nepârtrauktu, ja

∃M > 0, ∀v ∈ H |f(v)| ≤M‖v‖H .

Nâkamais rezultâts garantç atrisinâjuma eksistenci un unitâti:

Laksa-Milgrama lemma. [1]

Ja Hilberta telpu H reizinâjumâ H ×H definçta bilineâra forma

a(u, v) : H ×H → R ir nepârtraukta un H-eliptiska, lineârs funkcionâlis f(v) : H → R -

nepârtraukts, tad uzdevumam, kurð skan ðâdi:

Atrast funkciju u ∈ H, kas apmierina vienâdojumu a(u, v) = f(v) ∀v ∈ H,

ir viens vienîgs atrisinâjums.
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Dirihlç, Neimana un periodiskai problçmâm atbilstoðiem uzdevumiem (4.5), (4.6),

(4.10) nav grûti parâdît, ka Laksa-Milgrama lemmas nosacîjumi izpildâs.

1. Bilineâras formas a(u,v) nepârtrauktîba. Problçmâs (4.5), (4.6) un (4.10),

a(u, v) =

∫
Ω

∇vTA∇udx+

∫
Ω

bT∇uvdx+

∫
Ω

f(x, y)uvdx.

Lai parâdîtu, ka |a(u, v)| ≤ λ‖u‖H1‖v‖H1 , izteiksmi a(u, v) pârraksta formâ:

a(u, v) =
∑

0≤i,j≤2

(aij(x, y) · ∂iu, ∂jv)L2 ,

kur funkcijas aij(x, y) ir:
a00 a01 a02

a10 a11 a12

a20 a21 a22

 =


f(x, y) 0 0

d(x, y) a(x, y) b(x, y)

e(x, y) b(x, y) c(x, y)


- vienâdojuma (3.1) koeficienti - apgabalâ Ω ierobeþotas funkcijas. Tad var rakstît

(izmantojot Kosî nevienâdîbu (A, 11)):

|a(u, v)| = |
∑

0≤i,j≤2

(aij(x, y) · ∂iu, ∂jv)L2 | ≤ λ
∑

0≤i,j≤2

‖∂iu‖L2‖∂jv‖L2 =

= λ

√√√√∫
Ω

(|u|2 + |ux|2 + |uy|2)dx

√√√√∫
Ω

(|v|2 + |vx|2 + |vy|2)dx = λ‖u‖H1‖v‖H1 ,

(4.11)

kur λ = max
0≤i,j≤2

{C : aij(x, y) ≤ C}.

2. Bilineâras formas a(u,v) H1-eliptiskums.

Ðeit ir jâparâda, ka a(u, u) ≥ γ‖u‖2
H1 . Atkal pârraksta:

a(u, u) =
∑

0≤i,j≤2

(aij(x, y) · ∂iu, ∂ju)L2 ≥ γ1

∫
Ω

(|u|2 + |ux|2 + |uy|2)dx+

+
∑

0≤i,j≤2
i6=j

(aij(x, y) · ∂iu, ∂ju)L2 ≥ γ

∫
Ω

(|u|2 + |ux|2 + |uy|2)dx = γ‖u‖2
H1 ,

kur γ1 = min
0≤i≤2

{C : aii(x, y) ≥ C}.
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3. Lineâra funkcionâïa f(v) nepârtrauktîba.

(a) Problçmâs (4.5), (4.10), f(v) =
∫
Ω

gvdx. Ðeit jâparâda: |f(v)| ≤ M‖v‖H1 . To

var parâdît, atkal izmantojot Koðî nevienâdîbu (A, 11):

|f(v)| = |(g, v)L2| ≤ ‖f‖L2‖g‖L2 ≤M‖v‖H1 .

(b) Problçmâ (4.6), f(v) =
∫
Ω

gvdx +
∫
∂Ω

hvdx. Nepârtrauktîbu ðajâ gadîjumâ, pie-

mçram, grâmatâ [1], pierâda izmantojot rezultâtu:

Ja ∂Ω - Nepârtraukta pçc Lipðica apgabala Ω robeþa, tad

∃K > 0 : ∀v ∈ H1(Ω) ‖v‖L2(∂Ω) ≤ K‖v‖H1(Ω).

Tad, òemot vçrâ iepriekðçjo novçrtçjumu (3a) un atkal izmantojot Koðî ne-

vienâdîbu (A, 11), var rakstît:

|f(v)| ≤ |(g, v)L2(Ω)|+ |(h, v)L2(∂Ω)| ≤

≤M‖v‖H1(Ω) + ‖h‖L2(∂Ω)‖v‖L2(∂Ω) = M‖v‖H1(Ω) +K1‖v‖L2(∂Ω) ≤

≤M‖v‖H1(Ω) +K1 ·K‖v‖H1(Ω) ≤ max{M,K1 ·K}‖v‖H1(Ω).

4.3. Vispârinâta atrisinâjuma stabilitâte

Stabilitâti râda atkal izmantojot bilineâras formas a(u, v) H-eliptiskumu. Vispârinâ-

tam atrisinâjumam u jâbût nepârtraukti atkarîgam no datiem f(v), tâtad ir jâbût spçkâ:

([3])

‖u‖H1 ≤ ‖f(v)‖. (4.12)

Funkcionâïa f(v) normu izvçlâs formâ sup
v∈H1

|f(v)|
‖v‖H1

. Bilineâras formas a(u, v)H-eliptiskums

dod:

γ‖u‖2
H1 ≤ a(u, u) = f(u),

un, savukârt,

f(u) ≤ ‖f‖ · ‖u‖H1 = sup
u∈H1

|f(u)|
‖u‖H1

· ‖u‖H1 ,

no kurienes seko prasîbas (4.12) izpilde.
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5. Problçmu diskretizâcija

Ðajâ nodaïâ jâiegûst problçmas

Atrast funkciju u ∈ H(Ω), kas apmierina vienâdojumu

a(u, v) = f(v) ∀v ∈ H, (5.1)

diskrçtais analogs, balstoties uz telpas diskretizâcijas pieeju [1]. Ðajâ gadîjuma tiek ap-

skatîta telpas H apakðtelpa, kurai ir galîga dimensija. Problçmai (5.1) atbilstoðâ diskrçta

problçma izskatâs ðâdi:

Atrast funkciju u ∈ Hh(Ω), kas apmierina vienâdojumu

a(uh, vh) = f(vh) ∀vh ∈ Hh. (5.2)

Uzdevumam (5.2) arî eksistç viens vienîgs atrisinâjums, jo ir spçkâ telpu iekïauðanas [1]:

Hh ⊂ H1, Hh ⊂ H1
0 un Hh ⊂ H1

0,p.

Telpas Hh dimensija jeb bâzes elementu skaits ir N ∼ 1
h
un pie h→ 0, dimHh →∞.

5.1. Gaïorkina metode telpâ H1

Definîcija 20. [4] Kopu no N telpas Hh lineâri neatkarîgiem elementiem

S := {ψ1, . . . ψN} (5.3)

sauc par bâzi telpâ Hh ja

∀i ∈ {1 . . . N} ∀ψ ∈ H ∃βi ∈ R : ψ =
N∑
i=1

βiψi,

jeb ja katru telpas Hh elementu var izteikt kâ bâzes elementu lineâro kombinâciju. [8]

N -dimensiju telpâ Hh izvçlas kâdu bâzi S un apskata N vienâdojumus, katrâ i-tâ gadî-

jumâ, i ∈ {1 . . . N}, par testa funkciju vh ∈ Hh izvçloties bâzes funkciju ψi ∈ Hh:

a(uh, ψi) = f(ψi) ∀i ∈ {1 . . . N}.

Elementu uh meklç bâzes funkciju lineâras kombinâcijas formâ
N∑
j=1

ξjψj:

a(
N∑
j=1

ξjψj, ψi) = f(ψi) ∀i ∈ {1 . . . N}.
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Objektu a(uh, vh) un f(vh) bilinearitâtes un linearitâtes îpaðîbu dçï:

N∑
j=1

a(ψj, ψi) · ξj = f(ψi) ∀i ∈ {1 . . . N}.

Ðî N vienâdojumu sistçma attiecîbâ pret nezinâmiem ξj, j ∈ {1 . . . N}, pârrakstâma arî

matricas formâ:

Aξ = f, (5.4)

kur aij = a(ψj, ψi), fi = f(ψi).

Ðeit ir vçrts atgâdinât, ka bilineârâ forma a(u, v) ir H1-eliptiska, un ðî îpaðîba tai piemît

arî telpâHh, jo ir spçkâ ðo telpu iekïauðana. No bilineâras formas a(uh, vh) Hh-eliptiskuma

seko ka matrica A ir pozitîvi definita , un lîdz ar to, nesingulâra: ξTAξ ≥ 0 ∀ξ ∈ RN , kur

A = (a(φj, φi)), 1 ≤ i, j ≤ N , jo

∀ξi, ξj ∈ R ξTAξ =
N∑

i,j=1

a(φj, φi)ξjξi,

un bilinearitâtes, H1-eliptiskuma dçï:

N∑
i,j=1

a(φj, φi)ξjξi = a(
N∑
j=1

ξjφj,
N∑
i=1

ξiφi) = a(uh, uh) ≥ γ‖uh‖H1 ≥ 0.

Vektora ξ = A−1f noteikðana ir pçdçjais solis tuvinâta atrisinâjuma uh =
N∑
j=1

ξjψj izteik-

smes noteikðanâ. Bâzes funkciju ψj, j ∈ {1 . . . N} izvçle Gaïorkina pieejâ netiek precizçta;

taisot lineâru aproksimâciju, tas parasti tiek izdarîts definçjot galîgo elementu telpu.

5.2. Galîgo elementu telpa

Lineâras algebras uzdevuma (5.4) atviegloðanai prasa lai matrica A bûtu vâji aizpil-

dîta. Tas savukârt ir atkarîgs no bâzes funkciju (5.3) izvçles. Tieði tâpçc, bâzes funkcijas

galîgo elementu metodç ir definçtas lokâli, uz apgabala Ω atseviðíiem apakðapgabaliem

jeb elementiem. Apgabalu Ω sadala pilnîbâ tâdos elementos. Elementu skaits tad ir cieðâ

sakarâ ar bâzes funkciju skaitu.

Prasa arî lai bâzes funkcijas bûti gabaliem lineâras vai gabaliem polinomiâlas funkcijas,

kas garantç lielumu aij = a(ψj, ψi), fi = f(ξi) eksistenci, jo tâda tipa funkcijâm eksistç

to vispârinâtie atvasinâjumi, nepiecieðami ðo lielumu aprçíinâðanai.

Galvenais metodes aspekts tomçr ir apgabala sadales apakðabgabalos jeb triangulâcijas

realizçðana apgabalam Ω.
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Definîcija 21. [1] Ierobeþota apgabala Ω ⊂ Rn sadali Th uz elementiem T ⊂ Rn, T ∈ Th,

sauc par apgabala Ω triangulâciju, ja ir spçkâ

1. Ω = ∪
T∈Th

T.

2. ∀T ∈ Th: T - slçgta, int(T ) 6= ∅, ∂T - Nepârtrauktâ pçc Lipðica robeþa.

3. ∀Ti, Tj ∈ Th, i 6= j : int(Ti) ∩ int(Tj) = ∅.

Turklât gadîjumâ kad apgabalu sadala daudzskaldòos, pastâv vçl ceturtâ prasîba:

4. ∀Ti ∈ Th : katra Ti skaldne ir vai nu cita elementa Tj skaldne, vai arî tâ pieder

apgabala Ω robeþai ∂Ω.

Visbieþâk tiek izmantoti polinomiâlie elementi, tâpçc definçjot galîgo elementu telpu,

tiek izmantota tieði ðî pieeja.

Definîcija 22. Telpu

S
(m)
h := {u ∈ C0(Ω̄) : u|Ti ∈ Πm ∀Ti ∈ Th}

sauc par m-tâs kârtas polinomiâlo galîgo elementu telpu attiecîbâ uz triangulâciju Th.

1. nodaïâ apskatîtas problçmas ir divdimensiju problçmas, un vispopulârâkais divdi-

mensiju apgabala sadales veids ir sadale trijstûros. Tâdâ gadîjumâ jebkuriem diviem

triangulâcijai Th piederoðiem trijstûriem jâbût vienai kopîgai malai. Prasîbas 4. izpilde

un neizpilde parâdîta 3. attçlâ:

3. att. Trijstûriem 1 un 2 nav spçkâ îpaðîba 4.
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Par galîgu elementu parasti sauc jebkuru kopas Th elementu, bet pastâv arî vispârîgâka

galîga elementa definîcija, kas aptver uzreiz vairâkus metodes aspektus.

Definîcija 23. [1] Par galîgu elementu telpâ Rn sauc trîjnieku (T, P,Σ), kur:

1. T - slçgta, int(T ) 6= ∅, ∂T - Nepârtrauktâ pçc Lipðica robeþa.

2. P - definçtu uz T funkciju T → R telpa.

3. Σ - lineâri neatkarîgu lineâru funkcionâïu ϕi galîgâ kopa ar îpaðîbu:

∀αi ∈ R ∃p ∈ P : ϕi(p) = αi.

Tâtad, galîgo elementu raksturo bâzes funkcijas p ∈ P , definçtas ðajâ elementâ un

brîvîbas pakâpes ϕi. Kopas Σ îpaðîba ïauj viennozîmîgi noteikt lineâras vai polinomiâlas

funkcijas, definçtas uz elementa T . Gadîjumâ kad brîvîbas pakâpes ir veidâ p→ p(ai), kur

ai - mezgla punkti, bâzes funkciju (uzdotâs pakâpes polinomu) atraðana ir interpolâcijas

uzdevums.

Aproksimâcijas kvalitâte

Skaidrs, ka aproksimâcijas kvalitâte ir atkarîga no gabaliem polinomiâlo bâzes funkciju

kârtas izvçles. Bet paðam par sevi Gaïorkina atrisinâjumam, bâzes funkcijas neprecizçjot,

literatûrâ ir ïoti bieþi sastopama lemma, kas garantç, ka ar precizitâti lîdz konstantei,

diskrçts atrisinâjums uh ir tikpat tuvs nepârtrauktam atrisinâjumam, cik tuva jebkura

cita funkcija no H1:

Ceas lemma [3], [1] Pie nosacîjumiem, ka bilineâra forma a ir nepârtraukta un H1-

eliptiska, problçmu (5.1) un (5.2) atrisinâjumi u un uh pie kâdas C > 0, apmierina:

‖u− uh‖H1 ≤ C inf
vh∈Hh

‖u− vh‖H1 .

Tas arî nozîmç, ka aproksimâcija uh ir vislabâkâ. Pierâdîjums, protams, balstâs uz bili-

neâras formas H1-eliptiskumu.[1, 109 lpp.]

Ceas lemmas apgalvojums ir atslçga visiem turpmâkiem konverìences rezultâtiem: pie

nosacîjuma, ka nepârtraukts atrisinâjums u ∈ Hk+1, var pierâdît, ka

‖u− uh‖H1(Ω) = O(hk)

[1, 136. lpp]
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5.3. Lineârie Lagranþa elementi

Definîcija 24. Lineârie Lagranþa elementi ir telpas

S
(1)
h := {u ∈ C0(Ω̄) : u|Ti ∈ Π1 ∀Ti ∈ Th}

elementi.

Ðajâ apakðnodaïâ tiks atrastas analîtiskas izteiksmes bâzes funkcijâm vienâ un divâs

dimensijâs standarta tipa apgabaliem. Iegûtos rezultâtus var likt pamatâ nestandarta

apgabala Ω analîzei Psî-Zçta sistçmai (1.7).

Viendimensijas gadîjums

Viendimensijas gadîjumâ bâzes funkcijas konstruç uz intervâla (a, b). Intervâlu sadala

nogrieþòos Ii = (xi−1, xi), a = x0 < x1 < · · · < xn = b (4. attçls:)

4. att. Nevienmçrîgais reþìis

Tâdâ gadîjumâ, katrs i-tais elements Ii ir asociçts ar mezgla punktiem xi−1 un xi.

Elementa brîvîbas pakâpes { vçrtîbas φi(xj) { ïauj viennozîmîgi noteikt lineâru funkciju,

definçtu uz elementa Ii; parasti tiek izvçlçts φi(xj) = δij. Katras bâzes funkcijas φi nesçjs

(A, 29) tad ir elementu Ii un Ii+1 apvienojums.

Taisnes vienâdojums katrâ no elementiem ir ax + b un diviem elementiem Ii un Ii+1

ar kopîgo reþìa punktu xi, ievçrojot prasîbu φi(xj) = δij, var sastâdît divas lineâras

vienâdojumu sistçmas koeficientu a un b katram elementam noteikðanai: axi + b = 1

axi−1 + b = 0,
(5.5)

un  axi + b = 1

axi+1 + b = 0.
(5.6)

Sistçmas (5.5) atrisinâjums ir

a
b

 =

 1
xi−xi−1

− xi−1

xi−xi−1

,
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Sistçmas (5.6) atrisinâjums ir

a
b

 =

− 1
xi+1−xi
xi+1

xi+1−xi

.

Bâzes funkcijas φi(x) analîtiska izteiksme tad ir formâ:

φi(x) =


x−xi−1

xi−xi−1
, x ∈ Ii

xi+1−x
xi+1−xi , x ∈ Ii+1

0, citur,

(5.7)

kur i = 0..n. Izvçloties i ∈ {1, ..n − 1}, iegûst bâzes funkcijas Dirihlç problçmas (3.3)

viendimensijas variantam. Tâdâ gadîjumâ, uz elementa I1 ir definçta tikai augoðâ funkcija,

uz elementa In - tikai dilstoðâ, kas garantç homogçna Dirihlç nosacîjuma izpildi. (5.

attçls:)

5. att. Bâzes funkcijas φ1 − φ4, n=5

Izvçloties i ∈ {0, ..n}, iegûst bâzes funkcijas Neimana problçmas (3.4) viendimensijas

variantam. Ir pievienotas divas nepilnas bâzes funkcijas, kas nepieòem nulles vçrtîbas

intervâla galapunktos (6. attçls:)

6. att. Bâzes funkcijas φ0 − φ5, n=5
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Periodisko robeþnosacîjumu gadîjumâ ir jâizvçlas i ∈ {0, ..n− 1}, jo vienai bâzes funkci-

jai obligâti jâbût periodiskai. Viendimensionâls gadîjums palîdz saprast, kâdâ veidâ ir

jâuzdod bâze divâs dimensijâs.

Divdimensiju gadîjums

Divâs dimensijâs taisnstûra apgabalu Ω vienmçrîgi sadala trijstûros:

Definîcija 25. Par taisnstûrveida apgabala vienmçrîgu triangulâciju sauksim apgabala

sadali ar lînijâm x = ih, y = jh, y = ih − x, i, j = 1..N + 1 (7. attçls). Par virsotnçm

tad sauc iekðçjos reþìa punktus un katru gabaliem lineâru bâzes funkciju asociç ar kâdu

virsotni.

7. att. Vienmçrîga triangulâcija ar èetrâm virsotnçm

Funkcijai φij(x, y) ir prasîba: tâ pieòem vçrtîbu 1 uz virsotnes (ih, jh) un lineâri dilst

katrâ no seðiem blakus esoðiem trijstûriem. Katras bâzes funkcijas φij(x, y) nesçjs ir ðo

seðu trijstûru apvienojums (8. attçls).
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8. att. Asociçtas ar virsotni (ih, jh), bâzes funkcijas nesçjs

8. attçlâ shematiski parâdîts virsotòu izvietojums. Plaknes vienâdojums katrâ no

trîsstûriem Tk, k = 1..6 ir formâ ak + bkx+ cky, (x, y) ∈ Tk.

Zinot ðo seðu virsotòu koordinâtes, var atrast koeficientu ak, bk un ck, k = 1..6 vçrtîbas,

atrisinot seðas lineâras trîs vienâdojumu sistçmas:


ak + bkx1 + cky1 = 1

ak + bkx2 + cky2 = 0

ak + bkx3 + cky3 = 0,

(5.8)

kur (x1, y1) = (ih, jh) - virsotne, kurâ φij = 1, un (x2, y2), (x3, y3) - pârçjas divas k-tâ

trijstûra virsotnes (8. attçls).

Sistçmas (5.8) matrica ir


1 x1 y1

1 x2 y2

1 x3 y3

, kuras determinanta puse ir patvaïîga trîsstûra

ar virsotnçm (xi, yi), i = 1..3, laukums. Tâdâ gadîjumâ, formula 3× 3 matricas inversas
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matricas aprçíinâðanai (A, 12) dod:
ak

bk

ck

 =
1

det(A)


x2y3 − x3y2

y2 − y3

x3 − x2

 =
1

2S


x2y3 − x3y2

y2 − y3

x3 − x2

 =
1

h2


x2y3 − x3y2

y2 − y3

x3 − x2

 , (5.9)

kur S - trîsstûra laukums, vienmçrîga reþìa gadîjumâ, S = 1
2
h2.

Bâzes funkcijas φij tad ir formâ:

a1 + b1x+ c1y, (x, y) ∈ T1

a2 + b2x+ c2y, (x, y) ∈ T2

a3 + b3x+ c3y, (x, y) ∈ T3

a4 + b4x+ c4y, (x, y) ∈ T4

a5 + b5x+ c5y, (x, y) ∈ T5

a6 + b6x+ c6y, (x, y) ∈ T6

0, citur,

(5.10)

kur T1 − T6 - trîsstûri, asociçti ar virsotni (ih, jh). Trîsstûri Ti, i = 1..6 uzdod

ierobeþojumi:

T1 :

 (i− 1)h ≤ x ≤ ih

(i+ j − 1)h− x ≤ y ≤ jh,
T2 :

 (i− 1)h ≤ x ≤ ih

jh ≤ y ≤ (i+ j)h− x,

T3 :

 (i− 1)h ≤ x ≤ ih

(i+ j)h− x ≤ y ≤ (j + 1)h,
T4 :

 ih ≤ x ≤ (i+ 1)h

jh ≤ y ≤ (i+ j + 1)h− x,

T5 :

 ih ≤ x ≤ (i+ 1)h

(i+ j)h− x ≤ y ≤ jh,
T6 :

 ih ≤ x ≤ (i+ 1)h

(j − 1)h ≤ y(i+ j)h− x.
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Zinot ðos ierobeþojumus, bâzes funkciju φij izteiksmes var iegût ar datora palîdzîbu.

Koeficientu aprçíinâðanai var realizçt ðâdu algoritmu:

1. Definç nobîdes matricas: nob1 := h ·



0 −1

−1 0

−1 1

0 1

1 0

1 −1


, nob2 := h ·



− 1 0

−1 1

0 1

1 0

1 −1

0 −1


.

2. katram i=1..N

katram j=1..N

katram k=1..6

uzdod: x1 := ih, y1 := jh,

x2 := x1 + nob1(k, 1), y2 := y1 + nob1(k, 2),

x3 := x1 + nob2(k, 1), y3 := y1 + nob2(k, 2).

Koeficientus ak, bk, ck atrod, izmantojot sakarîbu (5.9) un ievieto bâzes funkcijas φij

izteiksmç (5.10).

Ðis algoritms ïauj konstruçt bâzes funkcijas Dirihlç problçmâm ar homogçniem robeþno-

sacîjumiem, bet pieòemot: i, j = 0..N + 1, virsotnes var apskatît arî uz apgabala robeþas

gadîjumâ, kad jârisina Neimana problçma. Gadîjums i, j = 0..N tad atbilst periodiskuma

nosacîjumiem.

Piezîme 4. Zinâðanas par definçtas divdimensionâlâ taisnstûrveida apgabalâ vienmçrîgas

triangulâcijas konstruçðanas tehnikâm ïaus uzkonstruçt arî nevienmçrîgo Psî-Zçta sistç-

mas (1.7) apgabalam Ω 8. nodaïâ.
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6. Korekti formulçta problçma

Tagad rokâs ir visi instrumenti korektai problçmas formulçðanai. Tas nozîmç: ro-

beþnosacîjumus, kas tika apskatîti 1. nodaïâ tagad jâuzdod formâli. Jâatgâdina, ka visa

bezgalîga apgabala apakðapgabals Ω izskatâs ðâdi (9. attçls):

9. att. Apgabals Ω

Vispirms jâuzdod kopa Ω Dekarta koordinâtçs:

Ω :=
{

(x, y) | 0 < x < L1 ∧ y < L2 ∧ y > f̃(x)
}
,

Nav nozîmçs kurâ vietâ ir izvçlçta nulle (koordinâtu sâkumpunkts), tâpçc par punktu0

0

 izvçlas kreisâs riòía lînijas centru. L1 ir apvilkta ap figûru Ω taisnstûra garums, L2

- platums.

Uzdosim arî apgabala robeþu (6.1):

Γ1 := [0, L1]× {L2},

Γ2 := {0} × [R,L2 −R] ∪ {L1} × [R,L2 −R] ,

Γ3 := [0, R]× f1([0, R]) ∪ [L1 −R,L1]× f2([L1 −R,L1]),

Γ4 := [R,L1 −R]× {0},

∂Ω = Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4. (6.1)
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Ar R tika apzîmçts riòía lînijas râdiuss, kuru var arî izmantot kâ raksturîgo izmçru 1.

nodaïâ. Definçjot kopu Ω tika izmantota gabaliem nepârtraukta funkcija, uzdota formâ

f̃(x) :=


f1(x), 0 < x 6 R,

0, R < x < L1 −R,

f2(x), L1 −R 6 x < L1,

f1(x) :=
√
R2 − x2, f2(x) :=

√
R2 − (x− L1)2,

Piezîme 5. Var izvçlçties arî citas funkcijas f1 un f2 vietâ. Piemçram, izvçloties fi(x) ≡

1, i = 1, 2, iegûst èetrkantîgus cilindrus.

Tagad vajag formalizçt to, kas vizuâli tika konstatçts 1. nodaïâ, 1.1. apakðnodaïâ:

uzdot robeþnosacîjumus koordinâtçs.

1. Simetrijas nosacîjumi. Âtruma komponentçm tas nozîmç Vy = 0, ∂Vx
∂x

= 0, no

kurienes ζ = 0, Γ1 ∪ Γ4.

2. Periodiskie robeþnosacîjumi. Pieòemot n̂ =

1

0

, uzdod periodiskuma nosacîjumus

(3.5) uz apgabala robeþas segmenta Γ2.

3. Nosacîjumi uz cietâm virsmâm Vx = Vy = 0, Γ3.

4. Nosacîjumi uz augðçja un apakðçja robeþas segmentiem. Ðeit ïoti bieþi tiek izman-

tota caurteces normçðana.

Definîcija 26. Par caurteci sauc lielumu

Q :=

L2∫
0

Vxdy.

Par normu izvçlçsimies lielumu 1. Tâtad

Q :=

L2∫
0

Vxdy =

L2∫
0

∂ψ

∂y
dy = ψ|L2 − ψ|0 = 1. (6.2)

Lîdz ar to, uzdod: ψ = 1, Γ1, ψ = 0, Γ4.

Piezîme 6. Izvçloties ðâdu normu, iegûst ðíidruma plûsmu no kreisâs uz labo pusi.

Pretçjam virzienam bûtu jâizvçlas Q = −1.
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Psî-Dzeta sistçma, kopa ar uzdotiem robeþnosacîjumiem izskatâs ðâdi:

1
Re
4ζ + J(ψ, ζ) + Sf = 0, Ω,

−4ψ = ζ, Ω,

ψ = 1, Γ1, ψ = 0, Γ4,

ζ = 0, Γ1 ∪ Γ4,

ψ(x, y) = ψ(x+ L1, y), Γ2,

ζ(x, y) = ζ(x+ L1, y), Γ2,

∇ψ(x, y) · n̂ = ∇ψ(x+ L1, y) · n̂, Γ2,

∇ζ(x, y) · n̂ = ∇ζ(x+ L1, y) · n̂, Γ2,

ψ = 0, Γ3.

(6.3)

Robeþnosacîjumi uz segmenta Γ3 funkcijai ζ literatûrâ tiek uzdoti ïoti reti. Ðim no-

lûkam parasti aplûko diferenciâlvienâdojumu uz apgabala robeþas [5]. Par to tiks sîkâk

pastâstîts nâkamajâ apakðnodaïâ.

6.1. Robeþnosacîjumi uz cietâm virsmâm funkcijai ζ

Izmantojot Teilora izvirzîjumus, literatûrâ ïoti bieþi konstruç iterâciju procesus, kuri

diskrçtâ formâ konverìç uz diskrçtâm funkcijas ζ vçrtîbâm uz cietâm virsmâm [9]. Ðajâ

apakðnodaïâ tiek uzkonstruçts ðâds process, kuru var pielietot jebkuram divdimensionâ-

lam nevienmçrîgâm reþìim.

Ievedîsim ðâdus apzîmçjumus:

ψ0 := ψ|Γ3 ; ζ0 := ζ|Γ3 ,

ψ1(x, y) := ψ0(x± h, y); ψ2(x, y) := ψ0(x, y ± h1).

un tagad otrais vienâdojums Psî-Zçta sistçmâ (6.3) tiek definçts uz lokiem Γ3:

−4ψ0 = ζ0. (6.4)

Katram reþìa punktam ðâdâ viedâ tiek atrasti arî èetri kaimiòpunkti.

Tagad apskata Teilora izvirzîjumus abos virzienos:

ψ1 = ψ0 ± h
∂ψ0

∂x
+
h2

2

∂2ψ0

∂x2
± h3

6

∂3ψ0

∂x3
+O(h4), (6.5)
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ψ2 = ψ0 ± h1
∂ψ0

∂y
+
h2

1

2

∂2ψ0

∂y2
± h3

1

6

∂3ψ0

∂y3
+O(h4

1). (6.6)

Iterâciju procesu izveido, saskaitot h2
1ψ1 ar h2ψ2 un atmetot locekïus kârtâ, augstâkâ

par otru:

h2
1ψ1 + h2ψ2 −���h2

1ψ0 −�
��h2ψ0 ∓

�
�

�
��

hh2
1

∂ψ0

∂x
∓

�
�
�

�
�

h2h1
∂ψ0

∂y
=

=
h2

1h
2

2

∂2ψ0

∂x2
+
h2

1h
2

2

∂2ψ0

∂y2
= −h

2
1h

2

2
ζ0,

jo ir spçkâ ψ|Γ3 ≡ 0, ∂ψ0

∂x
= 0, ∂ψ0

∂y
= 0 un vienâdojums (6.4).

Lîdz ar to, vajadzîga robeþnosacîjuma iegûðanai izmanto sakarîbu

ζ0 = −2(
ψ1

h2
+
ψ2

h2
1

), (6.7)

kuras pamatâ var izveidot iterâciju procesu formâ (6.8), vajadzîbas gadîjumâ pielietojot

apakðçjo relaksâciju ar koeficientu β:

ζ
(k+1)
0 = −2β(

ψ1

h2
+
ψ2

h2
1

) + (1− β)ζ
(k)
0 , k = 0, 1, ..., β ∈ [0, 1]. (6.8)

6.2. Psî-Zçta sistçmas vienâdojumu atrisinâmîba

2. nodaïâ tika nolemts izveidot iterâciju procesu sistçmas (6.3) risinâðanai. Tâpçc tâ

ir jâsadala divâs problçmâs:



−4ψ = ζ, Ω,

ψ = 0, Γ3 ∪ Γ4

ψ = 1, Γ1

ψ(x, y) = ψ(x+ L1, y), Γ2

∇ψ(x, y) · n̂ = ∇ψ(x+ L1, y) · n̂, Γ2.

(6.9)



1
Re
4ζ + J(ψ, ζ) + Sf = 0, Ω,

ζ = 0, Γ1 ∪ Γ4,

ζ(x, y) = ζ(x+ L1, y), Γ2,

∇ζ(x, y) · n̂ = ∇ζ(x+ L1, y) · n̂, Γ2,

ζ = ζ
(k)
0 , Γ3.

(6.10)

Problçmas (6.9) atrisinâjums ir funkcija ψ un tâ tika sastâdîta fiksçjot funkciju ζ.

Otrâdi, problçmas (6.10)atrisinâjums ir funkcija ζ un tâ tika sastâdîta fiksçjot funkciju

ψ. ζ(k)
0 ir funkcija, kuru iegûst pielietojot iterâcijas (6.8).
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Tagad ir laiks izmantot teoriju, izklâstîtu 4. nodaïâ.

Sâkuma uzrakstîsim vâjo nostâdni problçmai (6.9). Var ieraudzît, ka tâ ir periodis-

ka robeþproblçma (3.6) ar nehomogenitâti Dirihlç robeþnosacîjumos. Kâ jau bija teikts

1. piezîmç, tâda tipa problçmas ir viegli reducçjamas uz (3.6). Ðim nolûkam ievedîsim

funkciju ψ1 ar îpaðîbu ψ1 ∈ H1
E1
, kur

H1
E1

:= {ψ ∈ H1(Ω) | ψ = 1, Γ1; ψ = 0, Γ3 ∪ Γ4; ψ(x, y) = ψ(x+ L1, y), Γ2}.

Atrisinâjums tagad ir formâ ψ + ψ1 ∈ H1
E1

un palîgproblçmas vâjâ nostâdne izskatîsies

ðâdi: ∫
Ω

∇ψ · ∇vdx =

∫
Ω

vζ −∇ψ1∇vdx ∀v ∈ H1
E0
, ψ ∈ H1

E0
, (6.11)

kur

H1
E0

:= {v ∈ H1(Ω) | v = 0, Γ3 ∪ Γ4 ∪ Γ1; v(x, y) = v(x+ L1, y), Γ2}.

Analoìiski, problçmai (6.10): tâ arî ir periodiska problçma formâ (3.6), bet nehomo-

gçns Dirihlç nosacîjums ðoreiz ir uzdots uz Γ3.

Apzîmçjot J(ψ, ζ) =: ∇⊥ψ · ∇ζ, un ievedot lielumu ζ1 ∈ H1
E2
, ζ + ζ1 ∈ H1

E2
,

iegûst:

−
∫

Ω

∇ζ ·∇vdx+

∫
Ω

∇⊥ψ·∇ζvdx =

∫
Ω

(Ã∇ψ)·∇v+∇ζ1∇vdx ∀v ∈ H1
E0
, ζ ∈ H1

E0,
(6.12)

H1
E2

:= {ζ ∈ H1(Ω) | ζ = ζ
(k)
0 , Γ3; ζ = 0, Γ1 ∪ Γ4; ζ(x, y) = ζ(x+ L1, y), Γ2},

kur ζ(k)
0 | atkal ir funkcija, kuru iegûst pielietojot iterâcijas (6.8).

Palîgproblçmu (6.11) un (6.12) korektîba ir parâdîta 4. nodaïâ.

Lai Laksa-Milgrama lemmas (4.2.) nosacîjumi pilnîbâ izpildîtos, vçl bûtu jâparâda

lineâro funkcionâïu nepârtrauktîba problçmu (6.11),(6.12) labajâs pusçs, bet tas izriet

no fakta, ka labâs puses apraksta eliptiskie operatori un nepârtrauktîba seko uzreiz no

novçrtçjuma (4.11), iegûta eliptiskam operatoram vispârîgâ formâ 4. nodaïâ.

Palîgproblçmu (6.11) un (6.12) formulçjumi ir saskaòoti ar 4. nodaïas teoriju, bet

diskrçtizâcijai, procesu formalizçjot, izmanto sâkotnçjâs problçmas:

∫
Ω

∇ψ · ∇vdx =

∫
Ω

vζdx ∀v ∈ H1
E0
, ψ ∈ H1

E1
, (6.13)

−
∫

Ω

∇ζ · ∇vdx+

∫
Ω

∇⊥ψ · ∇ζvdx =

∫
Ω

(Ã∇ψ) · ∇vdx ∀v ∈ H1
E0
, ζ ∈ H1

E2.
(6.14)

Tagad var izveidot iterâciju procesu, diskrçtizçjot tieði telpas H1
E1
, H1

E2
. Gadîjumâ, ja

process konverìçs, varçs konstatçt, ka problçma (6.3) ir atrisinâta.
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7. Iterâciju process

Izmantojot teoriju no 5. nodaïas, problçmu (6.11), (6.12) atrisinâjumus meklç telpâs

ar galîgo dimensiju:

ψ ∈ Sh1 := span{φ1, ..φÑ , φÑ+1, ..φN , φN+1, ..φN+N∂1
},

ζ ∈ Sh2 := span{φ1, ..φÑ , φÑ+1, ..φN , φN+1, ..φN+N∂2
},

v ∈ Sh0 := span{φ1, ..φÑ , φÑ+1, ..φN}.

kur φ1, ..φÑ | bâzes funkcijas, kas atbilst iekðçjiem reþìa punktiem, φÑ+1, ..φN |

periodiskâs bâzes funkcijas, φN+1, ..φN+N∂1
| bâzes funkcijas, kas interpolç nehomogçnu

Dirihlç robeþnosacîjumu funkcijai ψ apgabala robeþas segmentâ Γ1, φN+1, ..φN+N∂2
|

bâzes funkcijas, kas interpolç nehomogçnu Dirihlç robeþnosacîjumu funkcijai ζ apgabala

robeþas segmentâ Γ3. Abus divus atrisinâjumus meklç formâ

ψ =
N∑
j=1

ψ̂jφj +

N+N∂1∑
j=N+1

φj, (7.1)

ζ =
N∑
j=1

ζ̂jφj +

N+N∂2∑
j=N+1

ζ̂
(k)
0,j φj. (7.2)

ψ̂, ζ̂ ∈ Rn - nezinâmas vçrtîbas.

1. Reprezentâciju (7.1) ievieto vienâdojumâ (6.13). Saskaòâ ar Gaïorkina metodi

(5.1.), iegûst lineâru sistçmu:

Aψ̂ = g1(ζ̂),

kur

a(φi, φj) =

∫
Ω

∇φj · ∇φidx − (7.3)

− matricas A elementi.

Labâs puses vektora elementi ir

g1(i) = Dζ̂ −
N+N∂1∑
j=N+1

1 ·
∫

Ω

∇φj · ∇φidx,

kur matricas D elementi ir ðâdi:

d(φi, φj) =

∫
Ω

φjφidx. (7.4)
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2. Reprezentâciju (7.2) ievieto vienâdojumâ (6.14). Sastâdot nedaudz sareþìîtâku li-

neâro sistçmu, jâizmanto arî ðâda reprezentâcija funkcijai ψ:

ψ =
N∑
l=1

ψ̂lψl,

jo var redzçt, ka vienâdojuma (6.14) abas puses ir atkarîgas no fiksçtas funkcijas ψ.

Atkal, saskaòâ ar Gaïorkina metodi (5.1.), iegûst lineâru sistçmu:

B(ψ̂)ζ̂ = g2(ψ̂, ζ̂
(k)
0 ),

kur

b(φi, φj) = −a(φi, φj) +
N∑
l=1

ψ̂l

∫
Ω

∇⊥φl · ∇φjφidx, (7.5)

un

g2(i) = Cψ̂ +

N+N∂2∑
j=N+1

ζ̂
(k)
0,j

∫
Ω

∇φj · ∇φidx−
N+N∂2∑
j=N+1

N∑
l=1

ψ̂lζ̂
(k)
0,j

∫
Ω

∇⊥φl · ∇φjφidx.

Matricas C elementi ir formâ

c(φi, φj) =

∫
Ω

Ã∇φj · ∇φidx. (7.6)

Lîdz ar to, veidojas iterâciju process formâ (7.7):


Aψ̂(k) = g1(ζ̂(k)),

B(ψ̂(k))ζ̂(k+1) = g2(ψ̂(k), ζ̂
(k)
0 ),

k = 0, 1, ...,

(7.7)

kur:

ψ̂(k), ζ̂(k) ∈ RN , ζ̂
(k)
0 ∈ RN∂2 .

Piezîme 7. Var redzçt, ka iterâciju process (6.8) robeþnosacîjuma uz lokiem Γ3

iegûðanai tagad ir iekïauts galvenajâ iterâciju procesâ (7.7) lielumu ψ̂ un ζ̂ noteik-

ðanai. Faktiski, katrâ iterâciju procesa (7.7) soïa ietvaros notiek arî viens procesa

(6.8) solis.
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8. Galîgo elementu metodes realizâcija

7. nodaïâ tika iegûtas matricas, kuras invertçjot, dabû Gaïorkina atrisinâjumu. Tagad

mçríis ir iegût galîgo elementu atrisinâjumu. Tas nozîmç: definçt triangulâciju uz kopas

Ω un izejot no pieòçmuma, ka bâzes funkcijas ir lineâras, aizpildît matricas A,B,C un

D. Literatûra diezgan bieþi var sastapt matricu A un D veidoðanas procesu Lagranþa

galîgo elementus izmantojot, angïu valodâ tâm pat ir nosaukumi - stiffness matrix un

mass matrix [10].

Lai atrastu ðo un arî pârçjo matricu elementus, definçtajâ triangulâcijâ katru trîsstûri

transformç uz vienîbas ðûnu (vienîbas trîsstûri), un attiecîgâs funkcijas integrç tikai pa

ðo vienîbas ðûnu, izmantojot mainîgo maiòu. Sâksim ar nevienmçrîgas triangulâcijas, jeb

nevienmçrîga divdimensionâla reþìa ievieðanu.

8.1. Nevienmçrîgais reþìis

Parasti praksç pieòemts izmantotas gatavas paketes (Matlab, utml). Bet ðajâ kon-

krçtajâ uzdevumâ var iztikt ar analîtisko izteiksmju izmantoðanu un reþìa uzdoðanu ar

saviem spçkiem. Tâda pieeja nav tik universâla, bet konkrçtajâ gadîjumâ tâ dod pat

priekðrocîbu: ìeometrijai ar riòíveida cilindriem tâds reþìis dod palielinâto precizitâti

stûra punktos funkcijai ζ (kas ir svarîga informâcija, jo funkcijai ζ ir lielas izmaiòas ðajâs

vietâs ([5]) ).

Uzkonstruçsim ðâdu reþìi (10. attçls): Apzîmçjot

N1 :=
R

h
, N :=

L1

h
,

ievedam ðâdas funkcijas:

f1(x) :=
√

1− x2,

f2(x) := −
√

1− x2 + 2,

f3(x) :=
√

1− (x− 3)2,

Reþìi var uzdot ar kopu (8.1):

Ωh := {(x, y) : x = ih, y = f1(jh), y = f2(jh),

y ≥ f1,3(x), i = 0..N, j = 0..N1}.
(8.1)
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10. att. Nevienmçrîgais reþìis

Piezîme 8. Kâ jau bija teikts piezîmç 5, funkciju f1, f3 (kas atbilst tâm paðâm funkcijâm

no 6. nodaïas) vietâ var izvçlçties arî citas un pieeja reþìa definçðanai paliks nemainîga.

Ðajâ gadîjuma bûtu jâmaina arî funkcija f2.

Bûtu diezgan grûti tâdâ paðâ veidâ (analîtiski) uzdot arî atbilstoðu reþìim (8.1) trian-

gulâciju, var tikai pateikt, ka tâ veidojas konstruçjot taisnstûru diagonâles, kas sakritîs

ar trîsstûru hipotenûzâm.

8.2. Afînâs transformâcijas

Dotajâ triangulâcijâ, kas atbilst reþìim (8.1), var ieraudzît tikai triju tipu trîsstûrus

(11. attçls, ar h1 apzîmçts nevienmçrîgais solis):

Var viegli pârliecinâties, ka attiecîgo kateðu garumi sakrît ar nevienmçrîgâ reþìa (8.1)

soliem. Katrs no tiem jâtransformç uz vienîbas ðûnu (12.. attçls).

Definîcija 27. Par vienîbas ðûnu sauc kopu

T0 = {

ξ
η

 : ξ ≥ 0, η ≥ 0 η ≥ 1− ξ}. (8.2)

Jâatrod nesingulâra matrica BT ∈ R2×2 un vektors bT ∈ R2 bijektîvam attçlojumam:

x
y

 = BT

ξ
η

+ bT , (8.3)
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11. att. Triju veidu trîsstûri

12. att. Vienîbas ðûna

kur

x
y

 - koordinâtes, kurâs uzdots reþìis (8.1),

ξ
η

 - koordinâtes, kurâs uzdota

vienîbas ðûna (8.2).

Apskatîsim patvaïîgu trîsstûru, uzdotu koordinâtçs

x
y

, ar virsotnçm punktos

x1

y1

,x2

y2

 un

x3

y3

. Katra punkta transformâcija uz attiecîgo vienîbas ðûnas (8.2) virsot-

ni noved pie lineârâs sistçmas ar seðiem nezinâmiem (matricas BT , vektora bT elementu
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noteikðanai (8.4)): 

x1

y1

 = BT

0

0

+ bT ,x2

y2

 = BT

1

0

+ bT ,x3

y3

 = BT

0

1

+ bT .

(8.4)

no kurienes viennozîmîgi seko, ka BT =

x2 − x1 x3 − x1

y2 − y1 y3 − y1

, bT =

x1

y1

.

Var viegli saprast, ka pirmajâ situâcijâ 11. attçlâ, BT =

h 0

0 h1

, otrajâ - BT =−h 0

0 −h1

, treðajâ - BT =

h 0

0 −h1

.

Transformâcijas jakobiâns pirmajâ un otrajâ situâcijâs vienâds ar hh1, treðajâ - −hh1,

jeb

| detBT | = hh1. (8.5)

Acîmredzot, | detBT | 6= 0, reþìa konstrukcijas dçï.

7. nodaïâ tika uzkonstruçts iterâciju process (7.7) un atrastas formulas tajâ ietilpstoðu

matricu A, B, C, un D elementu atraðanai. Skaidrs, ka katram uzdevuma risinâðanai

izvçlçtajam reþìim ðie elementi bûs daþâdi. Izmantojot izveidotâs ðajâ nodaïâ afînâs

transformâcijas, var sarçíinât ðos skaitïus konkrçtajâm reþìim (8.1).

Uz vienas vienîbas ðûnas izvçloties gabaliem lineârâs bâzes funkcijas attiecîgajâ telpâ

,var bût definçtas tikai trîs lineâras funkcijas, proti:

φ̃1(ξ, η) = 1− ξ − η,

φ̃2(ξ, η) = ξ,

φ̃3(ξ, η) = η,

un lîdz ar to,

∇φ̃1 =
(
−1 −1

)
, ∇φ̃2 =

(
1 0

)
, ∇φ̃3 =

(
0 1

)
.

Piezîme 9. Fiksçjot kâdu trîsstûri triangulâcijâ (8.1), visus vajadzîgos operatorus ap-

lûkojot galîgajâs telpâs, izmantota viena un tâ paða lineâra transformâcija. Bet katrai

matricai no saraksta vajadzîga sava pieeja.
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8.3. Matricu elementu atraðana

Aizpildot milzîgas matricas, kas rodas galîgo elementu metodi pielietojot, parasti iz-

manto palîginstrumentu: lokâlas matricas. Triangulâcijas gadîjumâ tâs ir 3× 3 matricas

AT := (a(φi, φj))i,j, i, j = 1..3. Galîgo elementu kodu (A) sastâdot, globâlâs matricas

A, B, C, D tika aizpildîtas izmantojot lokâlâs AT , BT , CT , DT un vizuâlo reþìa (8.1)

analîzi.

1. Atmetot zinâmas vçrtîbas uz robeþas (6.1) segmenta Γ1, formula funkcijas ψ noteik-

ðanai k-tajâ iterâciju procesa (7.7) solî ir

ψ =
N∑
j=1

ψ̂jφj, (8.6)

kur ψ̂ ∈ RN - vektors ar nezinâmâm vçrtîbâm reþìa (8.1) punktos.

Matrica A bija uzdota formâ (7.3):

a(φi, φj) =

∫
Ω

∇φj · ∇φidx.

Tagad var uzrakstît:∫
Ω

∇φj · ∇φidx =
∑
T

∫
T

∇φj · ∇φidx =:
∑
T

aT (φi, φj).

Lîdzîgi bija uzdota arî matrica C (7.6):

c(φi, φj) =

∫
Ω

Ã∇φj · ∇φidx,

un var rakstît:∫
Ω

Ã∇φj · ∇φidx =
∑
T

∫
T

Ã∇φj · ∇φidx =:
∑
T

cT (φi, φj).

Transformçjot uz vienîbas ðûnu T0 ,(8.2), jâsarçíina gradienti jaunajâs koordinâtçs.

Apzîmçjot gradientu koordinâtçs

x
y

 ar ∇x, un gradientu koordinâtçs

ξ
η

 ar

∇ξ, pârveido:

Ā∇xφ = Ā

φx
φy

 = Ā

φξξx + φηηx

φξξy + φηηy

 = Ā · (∇ξφ ·B−1
T )T . (8.7)
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Izvçloties Ā = E, iegûst vajadzîgos operatorus izteiksmç a(φi, φj), bet pieòemot

Ā = Ã, var arî iegût operatoru izteiksmç c(φi, φj) jaunajâs koordinâtçs. Iegûst

sekojoðo. Matricai AT :

aT (φi, φj) = | detBT |
∫
T0

∇φ̃jB−1
T · ∇φ̃iB

−1
T dξdη, (8.8)

matricai CT :

cT (φi, φj) = | detBT |
∫
T0

Ã∇φ̃jB−1
T · ∇φ̃iB

−1
T dξdη, (8.9)

2. Atmetot zinâmas vçrtîbas uz robeþas (6.1) segmenta Γ3, formula funkcijas ζ noteik-

ðanai k-tajâ iterâciju procesa (7.7) solî ir

ζ =
N∑
j=1

ζ̂jφj, (8.10)

kur ζ̂ ∈ RN - vektors ar nezinâmâm vçrtîbâm reþìa (8.1) punktos. Matricas B

elementu atraðana ir vissareþìîtâkâ no programmçðanas viedokïa procedûra, jo for-

mulâ (7.5) var redzçt, ka tâ vienmçr ir atkarîga no kâdâm iepriekð iegûtâm vçrtîbâm.

Uzrakstîsim ðo formulu vçlreiz:

b(φi, φj) = −a(φi, φj) +
N∑
l=1

ψ̂
(k)
l

∫
Ω

∇⊥φl · ∇φjφidx

Nezinâms tagad paliek tikai otrais saskaitâmais, kuru apzîmç ar J(φi, φj):

J(φi, φj) =
∑
T

N∑
l=1

ψ̂
(k)
l

∫
T

∇⊥φl · ∇φjφidx,

Zinot, ka ∇⊥ = Ā∇, kur Ā =

0 −1

1 0

, var izmantot jau iepriekð iegûto rezultâtu

(8.7) un rakstît:

jT (φi, φj) = | detBT |
∫
T0

Ā∇(a1φ̃1 + a2φ̃2 + a3φ̃3)B−1
T · ∇φ̃jB

−1
T φ̃idξdη, (8.11)

kur a1, a2, un a3 - iepriekðçjâ iterâcijâ iegûtas funkcijas ψ vçrtîbas trîsstûra T

virsotnçs. To atraðana ir tehnisks darbs ar masîviem ψ̂(k): (pielikums A).

Matricai DT vienkârði var rakstît

dT (φi, φj) = | detBT |
∫
T0

φ̃jφ̃idξdη. (8.12)
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9. Rezultâtu grafiskâ attçloðana

Tagad ar datora palîdzîbu, izmantojot lokâlâs matricas (8.8, 8.9, 8.11, 8.12), tika

aizpildîtas globâlâs (7.3, 7.4, 7.5, 7.4) un realizçts iterâciju process (7.7). Kods atrodams

pielikumâ (A).

Izmantojot kodu (A), var iegût strâvas un virpuïu funkciju sadalîjumus - vçrtîbas reþìa

(8.1) punktos. Grafiski mûs interesçs tikai strâvas funkcijas sadalîjumi. Katra izveidota

bilde nozîme ka process ir nokonverìçjis, t.i. ir spçkâ max
i
|ζ̂(k) − ζ̂(k−1)| ≤ ε. Visos

gadîjumos ε nepârsniedz 10−2. Palielinot parametra Re vçrtîbu (jau sâkot ar Re = 3),

ir nepiecieðama apakðçja relaksâcija formulai (6.8). Pa visiem apskatîtiem gadîjumiem,

min β = 10−2.

Datorpaketç MATLAB ir izveidotas attiecîgas bildes. Attçlojot funkcijas ψ lîmeòlî-

nijas uz plaknes tiek izmantots nevienmçrîgais reþìis. Attçlojot âtruma vektoru laukus

uz plaknes, tiek izmantots vienmçrîgais reþìis, kuru iegûst reþìi (8.1) analîtiski uzdodot

izmantojot lineârâs funkcijas. Kâ jau bija teikts piezîmçs 5,8, tâda iespçja pastâv un

uzdevums ðajâ gadîjumâ tiek reducçts uz rombu aptecçðanas uzdevumu divâs dimensijâs

(prizmu aptecçðana trijâs).

Sâkumâ attçlosim uz plaknes strâvas funkcijas lîmeòlînijas. Mainot parametrus Re

un S - Reinoldsa un Stjûarta skaitïus, var iegût daþâdus rezultâtus. Pielietotâjus parasti

interesç virpuïu sadalîjumi, t.i. funkcijas ψ negatîvas vçrtîbas. Lîmeòlîniju pieeja (ψ =

const) dod iespçju âtri ieraudzît ìeometriskas vietas, kurâs virpuïi veidojas.

13. att.: Funkcijas ψ lîmeòlînijas.

Re = 0, S = 0.

14. att.: Funkcijas ψ lîmeòlînijas.

Re = 40, S = 0.
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15. att.: Funkcijas ψ lîmeòlînijas.

Re = 100, S = 0.

16. att.: Funkcijas ψ lîmeòlînijas.

Re = 100, S = 2, α = 0.

17. att.: Funkcijas ψ lîmeòlînijas.

Re = 100, S = 2, α = 0.

18. att.: Funkcijas ψ lîmeòlînijas.

Re = 100, S = 2, α = π
2
.
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19. att.: Funkcijas ψ lîmeòlînijas.

Re = 1000, S = 0.

20. att.: Funkcijas ψ lîmeòlînijas.

Re = 2000, S = 0.

21. att.: Funkcijas ψ lîmeòlînijas.

Re = 100, S = 20, α = 0.

22. att.: Funkcijas ψ lîmeòlînijas.

Re = 100, S = 20, α = π
2
.

Var redzçt (22. attçlâ), ka virpuïi tika pilnîbâ 'iznîcinâti' pie lielâm parametra S

vçrtîbâm leòíim α =
π

2
. Izvçloties α = 0, S = 20 (21. attçls), var iegût funkcijas ψ

sadalîjumu ar diviem virpuïiem.
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Tagad attçlosim arî vektoru laukus:

23. att.: V vektoru lauks. Re =

100, S = 0.

24. att.: V vektoru lauks. Re =

100, S = 2, α = 0.

25. att.: V vektoru lauks. Re =

100, S = 1, α = π
2
.

26. att.: V vektoru lauks. Re =

100, S = 20, α = π
2
.

26. attçlâ atkal var redzçt, ka virpuïi tika pilnîbâ 'iznîcinâti' pie lielâm parametra S

vçrtîbâm leòíim α =
π

2
, kas ir saskaòâ ar teoriju ([6]).
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Secinâjumi

Maìistra darbâ diezgan sareþìîts Navjç-Stoksa formulçjums tika reducçts uz vienkâr-

ðâko, kuram ir izveidots risinâðanas algoritms. Izmantojot datorpaketi MATLAB, rea-

lizçts kods, sastâdîts no izveidota algoritma. Problçmas diskrçtizâcija veikta patstâvîgi,

analîtiski uzdodot reþìi, lîdz ar to, koda veidoðanas procesâ nebija izmantotas gatavas

MATLAB paketes diferenciâlvienâdojumu risinâðanai.

Datorpakete MATLAB ir izvçlçta jo iegûtais algoritms pieïauj plaðu darboðanos ar

masîviem (daudzkârtîgas transponçðanas, matricu invertçðanas, utml.)

Pçtîjumu varçtu attîstît vçl ðâdâ virzienâ: mainot ìeometriju, (piemçram ievçðot dzi-

ïâkas bedres) var iegût jaunus strâvas, virpuïu funkciju, spiediena sadalîjumus.
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A Pielikums

Definîcija 28. [3] Ierobeþotam apgabalam Ω ⊂ Rn ir nepârtraukta pçc Lipðica robeþa, ja

∀x ∈ ∂Ω ∃B(x) ⊂ Oi :

Oi ∩ Ω = Oi ∩ Ωi,

kur B(x) - sfçra, Oi, i = 1..M - vaïçjas kopas,

Ωi = {(x1, x2) ∈ Rn : x1 ∈ Rn−1, x2 ∈ R, x2 < φi(x1)},

φi, i = 1..M - funkcijas, kas apmierina Lipðica nosacîjumu:

∃L > 0 ∀x, y ∈ ∂Ω |φi(x)− φi(y)| ≤ L|x− y|.

Teorçma 10. [11] Apgabalam Ω ⊂ R2 ar robeþu ∂Ω, ir spçkâ:∫
Ω

∇ · u dx =

∫
∂Ω

(uTn)dσ,

kur u :=

u1

u2

 - vektoru lauks, n - apgabala Ω ârçjâ normâle.

Definîcija 29. [3] Par klasi Cn
0 sauc funkciju klasi, kas sevî ietver n reizes nepârtraukti

diferencçjamas funkcijas ar kompaktu nesçju, proti:

Cn
0 (Ω) := {u ∈n (Ω), supp u { kompakta kopa},

kur supp u := {x ∈ Ω : u(x) 6= 0} { funkcijas nesçjs.

Apgalvojums 11. [7](Koðî nevienâdîba telpâ L2(Ω))

∀ u, v ∈ L2(Ω) : (u, v)L2 ≤ ‖u‖ · ‖v‖.
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Apgalvojums 12. (Formula 3× 3 matricas Ā inversas matricas aprçíinâðanai)

Ā−1 =
1

det Ā


A D G

B E H

C F K

 ,

kur Ā :=


a b c

d e f

g h k

 , A := ek−fh, B := fg−dk, C := dh−eg, D := ch− bk, E :=

ak − cg, F := gb− ah, G := bf − ce, H := cd− af, K := ae− bd.
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A Izveidoto programmu kods

function fem_psi_dzeta2

%galvenie parametri:

%R-radiuss; N1-punktu skaits uz rinka linijas;

h=1/14; R=1; N1=R/h+1;

L=3*R; L1=2*R; N2=(L-2*R)/h+1;

N=L/h+1;

M=2*N1-1;

fun1=@(x)sqrt(R^2-x.^2); fun2=@(x)-sqrt(R^2-x.^2)+2*R;

%fun1=@(x)R-x; fun2=@(x)x+R;

w1=[-0.00001,-0.0001,-0.003,-0.005,-0.05,-0.08,-0.07,-0.06,-0.1,-0.2,

-0.12,-0.15,-0.001,-0.01,-0.03,-0.02,-0.04,-0.05,0.00001, 0.0001,

0.001,0.01,0.04,0.1,0.2,0.3,0.4,0.6,0.8,1.1,1.2];

divAj=[0 -1;1 0];

%Fizikalie parametri

Re=100; S=0; alpha=0;

divA=[cos(alpha)^2 sin(alpha)*cos(alpha);sin(alpha)*cos(alpha) sin(alpha)^2];

%number of interior mesh points in the 1st subarea

num1=0;
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for i=1:N1-1

num1=num1+N2+2*(i-1);

end

%number of interior mesh points in the 2nd subarea

num2=(N-2)*floor((M-2)/2);

%dimensions

dim=num1+num2+floor((M-2)/2);

dim2=dim+N-2;

dim3=N1-1;

dimper=floor((M-2)/2);

totdim=dim2+2+2*dim3;

%meshgrid:

for i=1:M

if i<=N1 Y(i,:)= fun1((N1-i)*h) *ones(N,1); end

if i>N1 Y(i,:)= fun2((i-N1)*h) *ones(N,1); end

X(i,:)=L:-h:0;

end

%afiinas transformacijas

function [h1_1,h1_2] = soli(row,fun)

h1_1=abs(fun((N1-row)*h)-fun((N1-row-1)*h));

h1_2=abs(fun((N1-row-1)*h)-fun((N1-row-2)*h));

end

%gradientiem
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function btt1=bt1(h1)

btt1=(h1*h)^(-1)*[h1 0;0 h];

end

function btt2=bt2(h1)

btt2=(h1*h)^(-1)*[-h1 0;0 -h];

end

function btt3=bt3(h1)

btt3=(-h1*h)^(-1)*[-h1 0;0 h];

end

% der1=sym('der1');

% der2=sym('der2');

%local stiffness matrices

function ls = lsm(aa,tpe,bt,h1,ii,jj)

gradientsj=[-1 -1;1 0;0 1]; gradientsi=[-1 -1;1 0;0 1];

jacbian=h*h1;

if tpe==1

for kk=1:3

for ll=1:3

lsmx(kk,ll)=(jacbian/2)*(gradientsj(kk,:)*bt)

*(gradientsi(ll,:)*bt)';

end

end

end

if tpe==3
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for kk=1:3

for ll=1:3

lsmx(kk,ll)=(jacbian/2)*

(divA*bt*gradientsj(kk,:)')'*(gradientsi(ll,:)*bt)';

end

end

end

if tpe==4

lsmx=jacbian*[1/12,1/24,1/24;1/24,1/12,1/24;1/24,1/24,1/12];

end

if tpe==5

for kk=1:3

for ll=1:3

lsmx(kk,ll)=(jacbian/6)*(divAj*bt*(aa(1)

*gradientsj(1,:)+

aa(2)*gradientsj(2,:)+aa(3)*

gradientsj(3,:))')'*(gradientsi(kk,:)*bt)';

end

end

end
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%heat and magnetic_field

if tpe==6

for kk=1:3

for ll=1:3

lsmx(kk,ll)=(jacbian/6)*

([cos(alpha),sin(alpha)]*(aa(1)*gradientsj(1,:)

+aa(2)*gradientsj(2,:)+aa(3)

*gradientsj(3,:))')^2;

end

end

end

if tpe==7

for kk=1:3

for ll=1:3

lsmx(kk,ll)=(jacbian/2)*(divA*bt*(aa(1)

*gradientsj(1,:)

+aa(2)*gradientsj(2,:)+aa(3)*

gradientsj(3,:))')'*(gradientsi(kk,:)*bt)';

end

end

end

ls=lsmx(ii,jj);

end

ss=zeros(num1+num2+floor((M-2)/2),1);

mas=zeros(3,6,dim-dimper+2*dim3);

function A=stiffness(tpe)
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%galvenais cikls; global stiffness matrix and a load vector;

row=1; rowdim=N2; barrier=rowdim; k=0; tom=[1;

rowdim;abs(fun1((N1-3)*h)-fun1((N1-2)*h));

fun1((N1-2)*h)];k1=1;

A(1,dim2+2+k1)=lsm(mas(:,4,1),tpe,bt2(tom(4,1)),tom(4,1),1,2)

+lsm(mas(:,3,1),tpe,bt1(tom(3,1)),tom(3,1),2,1);

A(dim2+2+k1,1)=lsm(mas(:,4,1),tpe,bt2(tom(4,1)),tom(4,1),2,1)

+lsm(mas(:,3,1),tpe,bt1(tom(3,1)),tom(3,1),1,2);

for i=1:num1

if i>barrier

row=row+1; rowdim=N2+2*(row-1); barrier=barrier+rowdim;

[h1_1,h1_2] = soli(row,fun1);

A(i,dim2+1+k1)=lsm(mas(:,4,i),tpe,bt2(h1_1),h1_1,1,3)

+lsm(mas(:,5,i),tpe,bt1(h1_1),h1_1,3,1);

A(dim2+1+k1,i)=lsm(mas(:,4,i),tpe,bt2(h1_1),h1_1,3,1)

+lsm(mas(:,5,i),tpe,bt1(h1_1),h1_1,1,3);

k1=k1+1; A(i,dim2+2+k1)=lsm(mas(:,4,i),tpe,bt2(h1_1),h1_1,1,2)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,2,1);

A(dim2+2+k1,i)=lsm(mas(:,4,i),tpe,bt2(h1_1),h1_1,2,1)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,1,2);

tom=[tom,[i;rowdim;h1_2;h1_1]];

end
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[h1_1,h1_2] = soli(row,fun1);

if i<barrier A(i,i)=lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,1,1)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,2,2)

+lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,3,3)

+lsm(mas(:,4,i),tpe,bt2(h1_1),h1_1,1,1)

+lsm(mas(:,6,i),tpe,bt2(h1_1),h1_1,2,2)

+lsm(mas(:,5,i),tpe,bt1(h1_1),h1_1,3,3);

if tpe==5 hsc(i)=lsm(mas(:,1,i),6,bt1(h1_2),h1_2,1,1)

+lsm(mas(:,3,i),6,bt1(h1_2),h1_2,2,2)

+lsm(mas(:,2,i),6,bt2(h1_2),h1_2,3,3)

+lsm(mas(:,4,i),6,bt2(h1_1),h1_1,1,1)

+lsm(mas(:,6,i),6,bt2(h1_1),h1_1,2,2)

+lsm(mas(:,5,i),6,bt1(h1_1),h1_1,3,3);

cc(i)=lsm(mas(:,1,i),7,bt1(h1_2),h1_2,1,1)

+lsm(mas(:,3,i),7,bt1(h1_2),h1_2,2,2)

+lsm(mas(:,2,i),7,bt2(h1_2),h1_2,3,3)

+lsm(mas(:,4,i),7,bt2(h1_1),h1_1,1,1)

+lsm(mas(:,6,i),7,bt2(h1_1),h1_1,2,2)

+lsm(mas(:,5,i),7,bt1(h1_1),h1_1,3,3);

end

A(i,i+1)=lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,1,2)

+lsm(mas(:,6,i),tpe,bt2(h1_1),h1_1,2,1);

A(i+1,i)=lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,2,1)

+lsm(mas(:,6,i),tpe,bt2(h1_1),h1_1,1,2);

end

if i==barrier

if row>1 A(i,dim2+1+k1)=lsm(mas(:,5,i),

tpe,bt3(h1_1),h1_1,1,3)

+lsm(mas(:,4,i),tpe,bt2(h1_1),h1_1,1,3);
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A(dim2+1+k1,i)=lsm(mas(:,5,i),tpe,bt3(h1_1),h1_1,3,1)

+lsm(mas(:,4,i),tpe,bt2(h1_1),h1_1,3,1);

A(i-1,dim2+1+k1)=lsm(mas(:,5,i-1),tpe,bt1(h1_1),h1_1,3,2)

+lsm(mas(:,6,i-1),tpe,bt2(h1_1),h1_1,2,3);

A(dim2+1+k1,i-1)=lsm(mas(:,5,i-1),tpe,bt1(h1_1),h1_1,2,3)

+lsm(mas(:,6,i-1),tpe,bt2(h1_1),h1_1,3,2);

end

k1=k1+1; A(i,dim2+2+k1)=lsm(mas(:,5,i),tpe,bt3(h1_1),h1_1,1,2)

+lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,1,2);

A(dim2+2+k1,i)=lsm(mas(:,5,i),tpe,bt3(h1_1),h1_1,2,1)

+lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,2,1);

A(i,i)=lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,1,1)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,2,2)

+lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,3,3)

+lsm(mas(:,4,i),tpe,bt2(h1_1),h1_1,1,1)

+lsm(mas(:,5,i),tpe,bt3(h1_1),h1_1,1,1);

if tpe==5 hsc(i)=lsm(mas(:,1,i),6,bt1(h1_2),h1_2,1,1)

+lsm(mas(:,3,i),6,bt1(h1_2),h1_2,2,2)

+lsm(mas(:,2,i),6,bt2(h1_2),h1_2,3,3)

+lsm(mas(:,4,i),6,bt2(h1_1),h1_1,1,1)

+lsm(mas(:,5,i),6,bt3(h1_1),h1_1,1,1);

cc(i)=lsm(mas(:,1,i),7,bt1(h1_2),h1_2,1,1)

+lsm(mas(:,3,i),7,bt1(h1_2),h1_2,2,2)

+lsm(mas(:,2,i),7,bt2(h1_2),h1_2,3,3)

+lsm(mas(:,4,i),7,bt2(h1_1),h1_1,1,1)

+lsm(mas(:,5,i),7,bt3(h1_1),h1_1,1,1);

end
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if i==num1 tom=[tom,[i;rowdim;h1_2;h1_1]]; else

tom=[tom,[i;rowdim+2;h1_2;h1_1]]; end

end

if (rowdim+i+1)<=num1

A(i,rowdim+i+1)=lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,1,3)

+lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,3,1);

A(rowdim+i+1,i)=lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,1,3)

+lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,3,1);

A(i,rowdim+i)=lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,3,2)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,2,3);

A(rowdim+i,i)=lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,2,3)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,3,2);

end

if row==round((M-2)/2)

A(i,rowdim+i)=lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,1,3)

+lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,3,1);

A(rowdim+i,i)=lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,1,3)

+lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,3,1);

A(i,rowdim+i-1)=lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,3,2)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,2,3);

A(rowdim+i-1,i)=lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,2,3)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,3,2);

end

ff(:,i)=[row;h1_1;h1_2;rowdim;barrier];

end

61



for i=num1+1:num1+num2

if i>barrier row=row+1; barrier=barrier+rowdim; end

[h1_1,h1_2] = soli(row,fun2);

%%%%%dirichlet on top

if row==M-2

A(i,i+rowdim+dimper)=lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,1,3)

+lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,3,1);

A(i+rowdim+dimper,i)=lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,3,1)

+lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,1,3);

if mod(i-num1,N-2)>1|mod(i-num1,N-2)<1

A(i,i+rowdim+dimper-1)=lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,3,2)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,2,3);

A(i+rowdim+dimper-1,i)=lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,2,3)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,3,2);

end

if mod(i-num1,N-2)==1

A(i,dim2+1)=lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,2,3);A(dim2+1,i)=

lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,3,2);

end

end

%%%%%

A(i,i)=lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,1,1)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,2,2)

+lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,3,3)
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+lsm(mas(:,4,i),tpe,bt2(h1_1),h1_1,1,1)

+lsm(mas(:,6,i),tpe,bt2(h1_1),h1_1,2,2)

+lsm(mas(:,5,i),tpe,bt1(h1_1),h1_1,3,3);

if tpe==5 hsc(i)=lsm(mas(:,1,i),6,bt1(h1_2),h1_2,1,1)

+lsm(mas(:,3,i),6,bt1(h1_2),h1_2,2,2)

+lsm(mas(:,2,i),6,bt2(h1_2),h1_2,3,3)

+lsm(mas(:,4,i),6,bt2(h1_1),h1_1,1,1)+lsm(mas(:,6,i),6,bt2(h1_1),h1_1,2,2)

+lsm(mas(:,5,i),6,bt1(h1_1),h1_1,3,3);

cc(i)=lsm(mas(:,1,i),7,bt1(h1_2),h1_2,1,1)

+lsm(mas(:,3,i),7,bt1(h1_2),h1_2,2,2)

+lsm(mas(:,2,i),7,bt2(h1_2),h1_2,3,3)

+lsm(mas(:,4,i),7,bt2(h1_1),h1_1,1,1)

+lsm(mas(:,6,i),7,bt2(h1_1),h1_1,2,2)

+lsm(mas(:,5,i),7,bt1(h1_1),h1_1,3,3);

end

if i<barrier

A(i,i+1)=lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,1,2)

+lsm(mas(:,6,i),tpe,bt2(h1_1),h1_1,2,1);

A(i+1,i)=lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,2,1)

+lsm(mas(:,6,i),tpe,bt2(h1_1),h1_1,1,2);

end

if (rowdim+i)<=num1+num2

A(i,rowdim+i)=lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,1,3)

+lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,3,1);

A(rowdim+i,i)=lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,1,3)

+lsm(mas(:,1,i),tpe,bt1(h1_2),h1_2,3,1);

A(i,rowdim+i-1)=lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,3,2)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,2,3);
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A(rowdim+i-1,i)=lsm(mas(:,2,i),tpe,bt2(h1_2),h1_2,2,3)

+lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,3,2);

end

ff(:,i)=[row;h1_1;h1_2;rowdim;barrier];

%periodiskas bazes funkcijas:

if mod(i-num1,N-2)==1

k=k+1;

if k==1

A(num1+num2+k,dim2+2+k1)=lsm(mas(:,6,i+N-3),tpe,bt2(h1_1),h1_1,1,3);

A(num1+num2+k,dim2+1+k1)=lsm(mas(:,3,i-(N-2)),tpe,bt1(h1_1),h1_1,3,1);

A(dim2+2+k1,num1+num2+k)=lsm(mas(:,6,i+N-3),tpe,bt2(h1_1),h1_1,3,1);

A(dim2+1+k1,num1+num2+k)=lsm(mas(:,3,i-(N-2)),tpe,bt1(h1_1),h1_1,1,3);

end

A(num1+num2+k,num1+num2+k)=

lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,1,1)

+lsm(mas(:,4,i),tpe,bt2(h1_1),h1_1,2,2)

+lsm(mas(:,3,i-N+2),tpe,bt1(h1_1),h1_1,3,3)+lsm([1;mas(3,1,i+N-3);

mas(2,1,i+N-3)],tpe,bt2(h1_2),h1_2,3,3)

+lsm(mas(:,1,i+N-3),tpe,bt1(h1_2),h1_2,2,2)

+lsm(mas(:,6,i+N-3),tpe,bt2(h1_1),h1_1,1,1);

if tpe==5 hsc(num1+num2+k)=lsm(mas(:,3,i),6,bt1(h1_2),h1_2,1,1)

+lsm(mas(:,4,i),6,bt2(h1_1),h1_1,2,2)

+lsm(mas(:,3,i-N+2),6,bt1(h1_1),h1_1,3,3)+lsm([1;mas(3,1,i+N-3);

mas(2,1,i+N-3)],6,bt2(h1_2),h1_2,3,3)

+lsm(mas(:,1,i+N-3),6,bt1(h1_2),h1_2,2,2)
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+lsm(mas(:,6,i+N-3),6,bt2(h1_1),h1_1,1,1);

cc(num1+num2+k)=lsm(mas(:,3,i),7,bt1(h1_2),h1_2,1,1)

+lsm(mas(:,4,i),7,bt2(h1_1),h1_1,2,2)

+lsm(mas(:,3,i-N+2),7,bt1(h1_1),h1_1,3,3)+lsm([1;mas(3,1,i+N-3);

mas(2,1,i+N-3)],7,bt2(h1_2),h1_2,3,3)

+lsm(mas(:,1,i+N-3),7,bt1(h1_2),h1_2,2,2)

+lsm(mas(:,6,i+N-3),7,bt2(h1_1),h1_1,1,1);

end

A(i,num1+num2+k)=lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,2,1)

+lsm(mas(:,4,i),tpe,bt2(h1_1),h1_1,1,2);

A(num1+num2+k,i)=lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,1,2)

+lsm(mas(:,4,i),tpe,bt2(h1_1),h1_1,2,1);

A(i+N-3,num1+num2+k)=lsm(mas(:,1,i+N-3),tpe,bt1(h1_2),h1_2,1,2)

+lsm(mas(:,6,i+N-3),tpe,bt2(h1_1),h1_1,2,1);

A(num1+num2+k,i+N-3)= lsm(mas(:,1,i+N-3),tpe,bt1(h1_2),h1_2,2,1)

+lsm(mas(:,6,i+N-3),tpe,bt2(h1_1),h1_1,1,2);

if row==round((M-2)/2)+1

A(i+N-3,totdim)=lsm(mas(:,5,i+N-3),tpe,bt1(h1_1),h1_1,3,2)

+lsm(mas(:,6,i+N-3),tpe,bt2(h1_1),h1_1,2,3);

A(totdim,i+N-3)= lsm(mas(:,5,i+N-3),tpe,bt1(h1_1),h1_1,2,3)

+lsm(mas(:,6,i+N-3),tpe,bt2(h1_1),h1_1,3,2); end

if k>1&k<=floor((M-2)/2)

A(num1+num2+k,num1+num2+k-1)=lsm(mas(:,3,i),tpe,bt1(h1_1),h1_1,3,1)

+lsm([1;mas(3,1,i+N-3);mas(2,1,i+N-3)],tpe,bt2(h1_1),h1_1,1,3);

A(num1+num2+k-1,num1+num2+k)=lsm([1;mas(3,1,i+N-3);

mas(2,1,i+N-3)],tpe,bt2(h1_1),

h1_1,3,1)+lsm(mas(:,3,i),tpe,bt1(h1_1),h1_1,1,3);

end

if k==floor((M-2)/2) A(num1+num2+k,dim2+1)

=lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,1,3);
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A(num1+num2+k,dim2+2)=lsm([1;mas(3,1,i+N-3);

mas(2,1,i+N-3)],tpe,bt2(h1_2),h1_2,3,1);

A(dim2+1,num1+num2+k)=lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,3,1);

A(dim2+2,num1+num2+k)=lsm([1;mas(3,1,i+N-3);

mas(2,1,i+N-3)],tpe,bt2(h1_2),h1_2,1,3);

A(num1+num2+k,dim2)=lsm(mas(:,1,i+N-3),tpe,bt1(h1_2),h1_2,2,3);

A(dim2,num1+num2+k)=lsm(mas(:,1,i+N-3),tpe,bt1(h1_2),h1_2,3,2);

end

if k<floor((M-2)/2)

A(i,num1+num2+k+1)=lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,2,3);

A(num1+num2+k+1,i)=lsm(mas(:,3,i),tpe,bt1(h1_2),h1_2,3,2);

end

if k>1

A(i+N-3,num1+num2+k-1)=lsm(mas(:,5,i+N-3),tpe,bt1(h1_1),h1_1,3,2);

A(num1+num2+k-1,i+N-3)= lsm(mas(:,5,i+N-3),tpe,bt1(h1_1),h1_1,2,3);

end

ff(:,num1+num2+k)=[row;h1_1;h1_2;rowdim;barrier];

end

end
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%visas pareejaas mijedarbiibas:

A(dim+1,dim2+1)=lsm(mas(:,2,dim-dimper-N+3),tpe,bt2(h1_2),h1_2,1,2);

A(dim2+1,dim+1)

=lsm(mas(:,2,dim-dimper-N+3),tpe,bt2(h1_2),h1_2,2,1);

A(dim2+1,dim2+1)=lsm(mas(:,3,dim-dimper-N+3),

tpe,bt1(h1_2),h1_2,3,3)

+lsm(mas(:,2,dim-dimper-N+3),tpe,bt2(h1_2),h1_2,2,2);

if tpe==5 hsc(dim2+1)=lsm(mas(:,3,dim-dimper-N+3),

6,bt1(h1_2),h1_2,3,3)

+lsm(mas(:,2,dim-dimper-N+3),6,bt2(h1_2),h1_2,2,2);

cc(dim2+1)=lsm(mas(:,3,dim-dimper-N+3),7,

bt1(h1_2),h1_2,3,3)

+lsm(mas(:,2,dim-dimper-N+3),7,bt2(h1_2),h1_2,2,2);

end

A(dim2,dim2+2)=lsm([1;mas(3,1,dim-dimper-N+3)

;mas(2,1,dim-dimper-N+3)],tpe,bt2(h1_2),h1_2,2,1);

A(dim2+2,dim2)

=lsm([1;mas(3,1,dim-dimper-N+3);

mas(2,1,dim-dimper-N+3)],tpe,bt2(h1_2),h1_2,1,2);

A(dim2+2,dim2+2)

=lsm([1;mas(3,1,dim-dimper-N+3);

mas(2,1,dim-dimper-N+3)],tpe,bt2(h1_2),h1_2,1,1);

if tpe==5 hsc(dim2+2)=

lsm([1;mas(3,1,dim-dimper-N+3);mas(2,1,dim-dimper-N+3)],6,

bt2(h1_2),h1_2,1,1);

cc(dim2+2)=lsm([1;mas(3,1,dim-dimper-N+3);

mas(2,1,dim-dimper-N+3)],7,bt2(h1_2),h1_2,1,1);

end

for i=dim+1:dim2

if i==dim2

A(i,i)=lsm(mas(:,2,i-dimper-N+2),tpe,bt2(h1_2),h1_2,1,1)
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+lsm([1;1;mas(2,1,i-dimper-N+2)],tpe,bt2(h1_2),h1_2,2,2)

+lsm(mas(:,1,i-dimper-N+2),tpe,bt1(h1_2),h1_2,3,3);

if tpe==5 hsc(i)=lsm(mas(:,2,i-dimper-N+2),6,

bt2(h1_2),h1_2,1,1)

+lsm([1;1;mas(2,1,i-dimper-N+2)],6,bt2(h1_2),h1_2,2,2)

+lsm(mas(:,1,i-dimper-N+2),6,bt1(h1_2),h1_2,3,3);

cc(i)=lsm(mas(:,2,i-dimper-N+2),7,bt2(h1_2),h1_2,1,1)

+lsm([1;1;mas(2,1,i-dimper-N+2)],7,bt2(h1_2),h1_2,2,2)

+lsm(mas(:,1,i-dimper-N+2),7,bt1(h1_2),h1_2,3,3);

end

else

A(i,i)=lsm(mas(:,2,i-dimper-N+2),tpe,bt2(h1_2),h1_2,1,1)

+lsm(mas(:,2,i-dimper-N+3),tpe,bt2(h1_2),h1_2,2,2)

+lsm(mas(:,1,i-dimper-N+2),tpe,bt1(h1_2),h1_2,3,3);

if tpe==5 hsc(i)=lsm(mas(:,2,i-dimper-N+2),6,

bt2(h1_2),h1_2,1,1)

+lsm(mas(:,2,i-dimper-N+3),6,bt2(h1_2),h1_2,2,2)

+lsm(mas(:,1,i-dimper-N+2),6,bt1(h1_2),h1_2,3,3);

cc(i)=lsm(mas(:,2,i-dimper-N+2),7,bt2(h1_2),h1_2,1,1)

+lsm(mas(:,2,i-dimper-N+3),7,bt2(h1_2),h1_2,2,2)

+lsm(mas(:,1,i-dimper-N+2),7,bt1(h1_2),h1_2,3,3);

end

end

if i<dim2 A(i,i+1)=lsm(mas(:,2,i-dimper-N+3),tpe,

bt2(h1_2),h1_2,2,1); A(i+1,i)=lsm(mas(:,2,i-dimper-N+3),tpe,

bt2(h1_2),h1_2,1,2); end

end

for i=dim2+3:dim2+2+2*dim3

if mod((i-dim2-2),2)==1

if i==dim2+1+2*dim3 A(i,i)=lsm(mas(:,1,i-N-dimper),tpe,

bt2(tom(4,i-dim2-2)),tom(4,i-dim2-2),2,2)
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+lsm(mas(:,2,i-N-dimper),tpe,bt1(tom(3,i-dim2-2)),

tom(3,i-dim2-2),1,1);

if tpe==5 hsc(i)=

lsm(mas(:,1,i-N-dimper),6,bt2(tom(4,i-dim2-2)),

tom(4,i-dim2-2),2,2)+lsm(mas(:,2,i-N-dimper),6,bt1(tom(3,i-dim2-2)),

tom(3,i-dim2-2),1,1);

cc(i)=lsm(mas(:,1,i-N-dimper),7,

bt2(tom(4,i-dim2-2)),tom(4,i-dim2-2),2,2)

+lsm(mas(:,2,i-N-dimper),7,bt1(tom(3,i-dim2-2)),

tom(3,i-dim2-2),1,1);

end

else

A(i,i+2)=lsm(mas(:,3,i-N-dimper),tpe,

bt2(tom(3,i-dim2-2)),tom(3,i-dim2-2),3,2);

A(i+2,i)=lsm(mas(:,3,i-N-dimper),tpe,

bt2(tom(3,i-dim2-2)),tom(3,i-dim2-2),2,3);

A(i,i)=lsm(mas(:,1,i-N-dimper),tpe,

bt2(tom(4,i-dim2-2)),tom(4,i-dim2-2),2,2)

+lsm(mas(:,2,i-N-dimper),tpe,bt1(tom(3,i-dim2-2)),

tom(3,i-dim2-2),1,1)+lsm(mas(:,3,i-N-dimper),

tpe,bt2(tom(3,i-dim2-2)),tom(3,i-dim2-2),3,3);

if tpe==5 hsc(i)=lsm(mas(:,1,i-N-dimper),

6,bt2(tom(4,i-dim2-2)),tom(4,i-dim2-2),2,2)

+lsm(mas(:,2,i-N-dimper),6,bt1(tom(3,i-dim2-2)),

tom(3,i-dim2-2),1,1)+lsm(mas(:,3,i-N-dimper),6,

bt2(tom(3,i-dim2-2)),

tom(3,i-dim2-2),3,3);

cc(i)=lsm(mas(:,1,i-N-dimper),7,bt2(tom(4,i-dim2-2)),

tom(4,i-dim2-2),2,2)+lsm(mas(:,2,i-N-dimper),7,

bt1(tom(3,i-dim2-2)),

tom(3,i-dim2-2),1,1)

+lsm(mas(:,3,i-N-dimper),7,bt2(tom(3,i-dim2-2)),
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tom(3,i-dim2-2),3,3);

end

end

end

if mod((i-dim2-2),2)==0

if i==dim2+2+2*dim3 A(i,i)=lsm(mas(:,1,i-N-dimper),

tpe,bt3(tom(4,i-dim2-2)),

tom(4,i-dim2-2),2,2)+lsm(mas(:,2,i-N-dimper),

tpe,bt1(tom(3,i-dim2-2)),tom(3,i-dim2-2),1,1);

if tpe==5 hsc(i)=lsm(mas(:,1,i-N-dimper),6,

bt3(tom(4,i-dim2-2)),tom(4,i-dim2-2),2,2)+

lsm(mas(:,2,i-N-dimper),6,bt1(tom(3,i-dim2-2)),

tom(3,i-dim2-2),1,1);

cc(i)=lsm(mas(:,1,i-N-dimper),7,bt3(tom(4,i-dim2-2)),

tom(4,i-dim2-2),2,2)+lsm(mas(:,2,i-N-dimper),7,

bt1(tom(3,i-dim2-2)),tom(3,i-dim2-2),1,1);

end

else

A(i,i+2)=lsm(mas(:,4,i-N-dimper),tpe,

bt3(tom(3,i-dim2-2)),tom(3,i-dim2-2),3,2);

A(i+2,i)=lsm(mas(:,4,i-N-dimper),tpe,

bt3(tom(3,i-dim2-2)),tom(3,i-dim2-2),2,3);

A(i,i)=lsm(mas(:,1,i-N-dimper),tpe,bt3(tom(4,i-dim2-2)),

tom(4,i-dim2-2),2,2)+lsm(mas(:,2,i-N-dimper),tpe,bt1(tom(3,i-dim2-2)),

tom(3,i-dim2-2),2,2)+lsm(mas(:,3,i-N-dimper),tpe,bt2(tom(3,i-dim2-2)),

tom(3,i-dim2-2),3,3)+lsm(mas(:,4,i-N-dimper),tpe,bt3(tom(3,i-dim2-2)),

tom(3,i-dim2-2),3,3);

if tpe==5 hsc(i)=lsm(mas(:,1,i-N-dimper),6,bt3(tom(4,i-dim2-2)),

tom(4,i-dim2-2),2,2)+lsm(mas(:,2,i-N-dimper),6,bt1(tom(3,i-dim2-2)),

tom(3,i-dim2-2),2,2)

+lsm(mas(:,3,i-N-dimper),6,bt2(tom(3,i-dim2-2)),tom(3,i-dim2-2),3,3)
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+lsm(mas(:,4,i-N-dimper),6,bt3(tom(3,i-dim2-2)),tom(3,i-dim2-2),3,3);

cc(i)=lsm(mas(:,1,i-N-dimper),7,bt3(tom(4,i-dim2-2)),

tom(4,i-dim2-2),2,2)+lsm(mas(:,2,i-N-dimper),7,

bt1(tom(3,i-dim2-2)),

tom(3,i-dim2-2),2,2)

+lsm(mas(:,3,i-N-dimper),7,bt2(tom(3,i-dim2-2))

,tom(3,i-dim2-2),3,3)+lsm(mas(:,4,i-N-dimper),7,

bt3(tom(3,i-dim2-2)),

tom(3,i-dim2-2),3,3);

end

end

end

end

%for pekle

for i=totdim+1:totdim+N1

if i==totdim+1

A(i,i)=lsm(mas(:,4,i-totdim),tpe,bt2(tom(4,1)),tom(4,1),3,3)

+lsm(mas(:,5,i-totdim),tpe,bt1(tom(4,1)),tom(4,1),1,1);

if tpe==5 hsc(i)=lsm(mas(:,4,i-totdim),6,bt2(tom(4,1)),

tom(4,1),3,3)

+lsm(mas(:,5,i-totdim),6,bt1(tom(4,1)),tom(4,1),1,1);

cc(i)=lsm(mas(:,4,i-totdim),7,bt2(tom(4,1)),

tom(4,1),3,3)

+lsm(mas(:,5,i-totdim),7,bt1(tom(4,1)),

tom(4,1),1,1);end

else A(i,i)=lsm(mas(:,4,i-totdim),tpe,

bt2(tom(4,1)),tom(4,1),3,3)

+lsm(mas(:,5,i-totdim),tpe,bt1(tom(4,1)),

tom(4,1),1,1)

+lsm(mas(:,5,i-totdim-1),tpe,bt1(tom(4,1)),

tom(4,1),2,2);
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if tpe==5 hsc(i)=lsm(mas(:,4,i-totdim),6,

bt2(tom(4,1)),tom(4,1),3,3)

+lsm(mas(:,5,i-totdim),6,bt1(tom(4,1)),

tom(4,1),1,1)

+lsm(mas(:,5,i-totdim-1),6,bt1(tom(4,1)),

tom(4,1),2,2);

cc(i)=lsm(mas(:,4,i-totdim),7,bt2(tom(4,1)),

tom(4,1),3,3)

+lsm(mas(:,5,i-totdim),7,bt1(tom(4,1)),tom(4,1),1,1)

+lsm(mas(:,5,i-totdim-1),7,bt1(tom(4,1)),

tom(4,1),2,2);end

end

if i==totdim+N1

A(i,i)=lsm(mas(:,4,i-totdim),tpe,bt2(tom(4,1)),tom(4,1),3,3)

+lsm(mas(:,5,i-totdim),tpe,bt3(tom(4,1)),tom(4,1),3,3);

if tpe==5 hsc(i)=lsm(mas(:,4,i-totdim),6,bt2(tom(4,1)),

tom(4,1),3,3)+lsm(mas(:,5,i-totdim),6,bt3(tom(4,1)),

tom(4,1),3,3);

cc(i)=lsm(mas(:,4,i-totdim),7,bt2(tom(4,1)),

tom(4,1),3,3)

+lsm(mas(:,5,i-totdim),7,bt3(tom(4,1)),

tom(4,1),3,3);end

end

if i<totdim+N1

A(i,i+1)=lsm(mas(:,5,i-totdim),tpe,bt1(tom(4,1)),tom(4,1),1,2)

A(i+1,i)=

lsm(mas(:,5,i-totdim),tpe,bt1(tom(4,1)),tom(4,1),2,1);

end

A(i,i-totdim)=lsm(mas(:,4,i-totdim),tpe,bt2(tom(4,1)),

tom(4,1),3,1)+lsm(mas(:,5,i-totdim),tpe,bt1(tom(4,1)),

tom(4,1),1,3);
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A(i-totdim,i)=lsm(mas(:,4,i-totdim),tpe,bt2(tom(4,1)),

tom(4,1),1,3)+lsm(mas(:,5,i-totdim),tpe,bt1(tom(4,1)),

tom(4,1),3,1);

if i>totdim+1

A(i,i-totdim-1)=lsm(mas(:,6,i-totdim-1),

tpe,bt2(tom(4,1)),

tom(4,1),3,2);

A(i-totdim-1,i)=lsm(mas(:,6,i-totdim-1),tpe,

bt2(tom(4,1)),

tom(4,1),2,3);

end

if i==totdim+N1

A(i,i-totdim)=lsm(mas(:,4,i-totdim),tpe,bt2(tom(4,1))

,tom(4,1),3,1)+lsm(mas(:,5,i-totdim),tpe,bt3(tom(4,1)),

tom(4,1),3,1);

A(i-totdim,i)=lsm(mas(:,4,i-totdim),tpe,bt2(tom(4,1)),

tom(4,1),1,3)+lsm(mas(:,5,i-totdim),tpe,bt3(tom(4,1)),

tom(4,1),1,3);

end

end

A(totdim+1,dim2+3)=lsm(mas(:,4,1),tpe,bt2(tom(4,1)),

tom(4,1),3,2);A(dim2+3,totdim+1)

=lsm(mas(:,4,1),tpe,bt2(tom(4,1)),tom(4,1),2,3);

A(totdim+N1,dim2+4)=lsm(mas(:,5,N1),tpe,bt3(tom(4,1)),

tom(4,1),3,2);A(dim2+4,totdim+N1)

=lsm(mas(:,5,N1),tpe,bt3(tom(4,1)),tom(4,1),2,3);

%

end
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A=zeros(dim2+2+2*dim3,dim2+2+2*dim3);J=A;C=A;D=A;

%galvenas iteracijas:

B=(stiffness(3))';

C=(stiffness(3))';

D=(stiffness(4))';

A=(stiffness(1))';

f=zeros(num1+num2+floor((M-2)/2),1);

dor=zeros(2*dim3,1);

counter=0;

bmain=0.01;

sigma=1;

sol=zeros(num1+num2+floor((M-2)/2),1);sol2=zeros(dim+2*dim3,1);sol2=sol;

tom2=[[zeros(4,1),tom];zeros(1,size(tom,2)+1)]; ab=[];or=[];no1=1;
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%sol2=ones(dim+2*dim3,1);

%GALVENO ITERAACIJU SAAKUMS

while counter<40&no1>0.00001

ssol=[sol,sol2(1:dim)];

sol=linsolve(A(1:dim,1:dim),f-A(1:dim,dim+1:dim2+2)*ones(N,1));

%

val=ff(1,dim-dimper);

for i=dim-dimper+1:dim

ff(1,i)=val;

end

mas=masv(dim,dim2,dimper,N1,M,ff,sol,num1,N);

mas;

J=(stiffness(5))';

75



%toma nosciijumi

no2=norm(dor-dor1(tom2,sigma,sol,N1,h,Y,num1,num2,L))

dor=dor1(tom2,sigma,sol,N1,h,Y,num1,num2,L);

%

As2=A;

Js2=J;Cs2=C;Cmin=C;

As2(dim+1:dim2+2,:)=[];

As2(:,dim+1:dim2+2)=[];

Js2(dim+1:dim2+2,:)=[];Js2(:,dim+1:dim2+2)=[];

Cs2(dim+1:dim2+2,:)=[];Cs2(:,dim+1:dim2+2)=[];

Cmin(dim+1:dim2+2,:)=[];Cmin(:,1:dim)=[];

Cmin(:,size(Cmin,2)-2*dim3+1:size(Cmin,2))=[];

sol2=bmain*linsolve(A(1:dim,1:dim)/Re-J(1:dim,1:dim),-

S*(C(1:dim,1:dim)*sol

+C(1:dim,dim+1:dim2+2)*ones(N,1))-A(1:dim,dim2+3:dim2+2+

2*dim3)*dor/Re

+J(1:dim,dim2+3:dim2+2+2*dim3)*dor)+(1-bmain)*sol2;

f=D(1:dim,1:dim)*sol2(1:dim)+D(1:dim,dim2+3:dim2+2+2*dim3)*dor;
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counter=counter+1;

ssol;

ssol=[ssol,sol,sol2(1:dim)];

%ssol=[ssol,sol,sol2];

if mod(counter,10)==0

norm(ssol(:,size(ssol,2)-1)-ssol(:,size(ssol,2)-3))

no1=norm(ssol(:,size(ssol,2))-ssol(:,size(ssol,2)-2))

end

ab=[ab,0.01*counter];or=[or,no1];

end

%GALVENO ITERAACIJU BEIGAS

norm(ssol(:,size(ssol,2)-1)-ssol(:,size(ssol,2)-3))

norm(ssol(:,size(ssol,2))-ssol(:,size(ssol,2)-2))

%Z konstrukcija:

function [Z,Z2]=mgrid(sol,sol2)

Z=zeros(M,N); Z2=zeros(M,N);Z3=Z2;

r=round((M-2)/2);

k=0; barrier=N2; tomk=2;
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for i=2:r

Z(i,:)=[zeros(1,N1+1-i),fliplr(sol(k+1:barrier)'),

zeros(1,N1+1-i)];

Z2(i,:)=[zeros(1,N1-i),dor(tomk),

fliplr(sol2(k+1:barrier)'),dor(tomk-1),zeros(1,N1-i)];

k=barrier;

barrier=barrier+2*(i-1)+N2;

tomk=tomk+2;

end

Z(r+1:M-1,:)=[zeros(M-1-r,1),

fliplr(vec2mat(sol(num1+3-N:num1+num2),N-2)),zeros(M-1-r,1)];

Z2(r+1:M-1,:)=[zeros(M-1-r,1),

fliplr(vec2mat(sol2(num1+3-N:num1+num2),N-2)),zeros(M-1-r,1)];

Z2(N1,1)=dor(tomk); Z2(N1,N)=dor(tomk-1);

%for periodic:

Z(round((M-2)/2)+2:M-1,1)=sol(num1+num2+1:num1+num2

+floor((M-2)/2));

Z(round((M-2)/2)+2:M-1,N)=Z(round((M-2)/2)+2:M-1,1);

Z2(round((M-2)/2)+2:M-1,1)=

sol2(num1+num2+1:num1+num2+floor((M-2)/2));

Z2(round((M-2)/2)+2:M-1,N)=

Z2(round((M-2)/2)+2:M-1,1);
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%for non-hom Dirichlet:

Z(M,:)=ones(1,N);

end

[Z,Z2]=mgrid(sol,sol2);

%aatrums

[px,py] = gradient(Z,10,10);

sz = sqrt(px.^2 + py.^2);

px = px./sz;

py = py./sz;

Z

Z2

figure

quiver(X,Y,py,px,.5)

figure

Q=contour(X,Y,Z,w1,'LineWidth',1);

clabel(Q)

title('Psi(x,y) limenlinijas')

xlabel('x'),ylabel('y')

%figure, contour(X,Y,Z)

%title('Psi(x,y) limenlinijas')
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%xlabel('x'),ylabel('y')

%figure, contour(X,Y,Z2)

%title('Dzeta(x,y) limenlinijas')

%xlabel('x'),ylabel('y')

figure, surf(X,Y,Z)

figure

QQ=contour(X,Y,Z2,[0 -0.3 -0.5 -0.7 -1],'LineWidth',1);

clabel(QQ)

title('Dzeta(x,y) limenlinijas')

xlabel('x'),ylabel('y')

%periodiskums un simetrija

XXX=[X,X(:,2:size(X,2))+3*ones(size(X,1),size(X,2)-1)];

YYY=[Y,Y(:,2:size(X,2))];

ZZZ=[Z,Z(:,2:size(X,2))];

%figure, contour(XXX,YYY,ZZZ)

%title('Psi(x,y) limenlinijas')

%xlabel('x'),ylabel('y')

XXX;

YYY;

for i=0:size(XXX,1)-2

YY2(i+1,:)=-YYY(size(XXX,1)-i,:);

ZZ2(i+1,:)=ZZZ(size(XXX,1)-i,:);

end

YYY2=[YY2;YYY];
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ZZZ2=[ZZ2;ZZZ];

XXX2=[XXX;XXX(1:size(XXX)-1,:)];

%figure, contour(XXX2,YYY2,ZZZ2)

%title('Psi(x,y) limenlinijas')

%xlabel('x'),ylabel('y')

end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%

paliigfunkcijas

%%%%%%%%%%%%%%%%%%%%%%%%%%

function dor=dor1(tom2,sigma,sol,N1,h,Y,num1,num2,L)

beta=sigma;

%koordinates (Dorodnicina iteracijaam)

kk=2;cord=[0;0];bbb=N1;

while kk<=(2*N1-2)/2+1

cord=[cord,[(N1-kk)*h, (N1-kk)*h+(bbb+1)*h;Y(kk,1), Y(kk,1)]];

kk=kk+1;bbb=bbb+2;

end

for i=2:2*(N1-1)+1

%toma

%

tom2(5,i)=(1-beta)*tom2(5,i)-2*beta*(h^(-2)*sol(tom2(1,i))

+tom2(3,i)^(-2)*sol(tom2(1,i)+tom2(2,i)));

if i==size(tom2,2)|i==size(tom2,2)-1

%tom2(5,i)=(1-beta)*tom2(5,i)-2*beta*(h^(-2)*
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sol(tom2(1,i))

+tom2(3,i)^(-2)*sol(num1+num2+1));

tom2(5,i)=(1-beta)*tom2(5,i)-2*beta*(tom2(3,i)^(-2)*sol(num1+num2+1));

end

dor=tom2(size(tom2,1),2:size(tom2,2))';

end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function mas=masv(dim,dim2,dimper,N1,M,ff,sol,num1,N);

k=0;

for i=1:dim-dimper

if ff(1,i)==1

if i==1

k=k+1;

mas(:,:,dim-dimper+k)=[[sol(i);0;0],

[0;sol(i);sol(i+ff(4,i))],

[sol(i+ff(4,i));0;0],

[0;0;0],[0;0;0],[0;0;0]];

mas(:,:,i)=[[sol(i);sol(i+1);

sol(i+ff(4,i)+1)],[sol(i+ff(4,i)+1);

sol(i+ff(4,i));sol(i)],[0;sol(i);

sol(i+ff(4,i))],[sol(i);0;0],[0;0;sol(i)],

[sol(i+1);sol(i);0]];end

if i==ff(5,i)

k=k+1;

mas(:,:,dim-dimper+k)=[[sol(i);0;0],

[sol(i);0;sol(i+ff(4,i)+1)],

[sol(i+ff(4,i)+2);sol(i+ff(4,i)+1);0],

[sol(i+ff(4,i)+2);0;0],[0;0;0],[0;0;0]];
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mas(:,:,i)=[[sol(i);0;sol(i+ff(4,i)+1)],

[sol(i+ff(4,i)+1);sol(i+ff(4,i));sol(i)],

[sol(i-1);sol(i);sol(i+ff(4,i))],[sol(i);sol(i-1);0],

[sol(i);0;0],[0;0;0]];end

if i>1&i<ff(5,i)

mas(:,:,i)=[[sol(i);sol(i+1);

sol(i+ff(4,i)+1)],[sol(i+ff(4,i)+1);

sol(i+ff(4,i));sol(i)],

[sol(i-1);sol(i);sol(i+ff(4,i))],

[sol(i);sol(i-1);0],[0;0;sol(i)],

[sol(i+1);sol(i);0]]; end

end

if ff(1,i)>1&ff(1,i)<N1-1

if (ff(1,i)-ff(1,i-1))>0

k=k+1;

mas(:,:,dim-dimper+k)=

[[sol(i);0;0],[0;sol(i);sol(i+ff(4,i))],

[sol(i+ff(4,i));0;0],[0;0;0],[0;0;0],[0;0;0]];

mas(:,:,i)=[[sol(i);sol(i+1);

sol(i+ff(4,i)+1)],[sol(i+ff(4,i)+1);sol(i+ff(4,i));sol(i)],

[0;sol(i);sol(i+ff(4,i))],[sol(i);0;0],

[0;sol(i-ff(4,i)+2);sol(i)],

[sol(i+1);sol(i);sol(i-ff(4,i)+2)]]; end

if (ff(1,i+1)-ff(1,i))>0

k=k+1;

mas(:,:,dim-dimper+k)=

[[sol(i);0;0],

[sol(i);0;sol(i+ff(4,i)+1)],[sol(i+ff(4,i)+2);

sol(i+ff(4,i)+1);0],

83



[sol(i+ff(4,i)+2);0;0],[0;0;0],[0;0;0]];

mas(:,:,i)=[[sol(i);0;sol(i+ff(4,i)+1)],

[sol(i+ff(4,i)+1);sol(i+ff(4,i));sol(i)],

[sol(i-1);sol(i);sol(i+ff(4,i))],

[sol(i);sol(i-1);0],[sol(i);0;0],[0;0;0]];end

if (ff(1,i)-ff(1,i-1))==0&

(ff(1,i+1)-ff(1,i))==0

mas(:,:,i)=[[sol(i);sol(i+1);

sol(i+ff(4,i)+1)],

[sol(i+ff(4,i)+1);

sol(i+ff(4,i));sol(i)],

[sol(i-1);sol(i);

sol(i+ff(4,i))],

[sol(i);sol(i-1);

sol(i-ff(4,i)+1)],

[sol(i-ff(4,i)+1);

sol(i-ff(4,i)+2);sol(i)],

[sol(i+1);sol(i);

sol(i-ff(4,i)+2)]];

if (ff(1,i+2)-ff(1,i))>0

mas(:,:,i)=[[sol(i);sol(i+1);sol(i+ff(4,i)+1)],

[sol(i+ff(4,i)+1);sol(i+ff(4,i));sol(i)],

[sol(i-1);sol(i);sol(i+ff(4,i))],

s[sol(i);sol(i-1);sol(i-ff(4,i)+1)],

[sol(i-ff(4,i)+1);0;sol(i)],

[sol(i+1);sol(i);0]];end

end

end

if ff(1,i)==N1-1

if (ff(1,i)-ff(1,i-1))==0&(ff(1,i+1)-ff(1,i))==0

mas(:,:,i)=[[sol(i);sol(i+1);
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sol(i+ff(4,i))],[sol(i+ff(4,i));

sol(i+ff(4,i)-1);sol(i)],

[sol(i-1);sol(i);sol(i+ff(4,i)-1)],

[sol(i);sol(i-1);sol(i-ff(4,i)+1)],

[sol(i-ff(4,i)+1);sol(i-ff(4,i)+2);sol(i)],

[sol(i+1);sol(i);sol(i-ff(4,i)+2)]];

end

if (ff(1,i)-ff(1,i-1))>0

k=k+1;

mas(:,:,dim-dimper+k)=[[sol(i);0;0],

[0;sol(i);sol(dim-dimper+1)],[0;0;0],[0;0;0],[0;0;0],[0;0;0]];

mas(:,:,i)=[[sol(i);sol(i+1);sol(i+ff(4,i))],

[sol(i+ff(4,i));sol(dim-dimper+1);sol(i)],

[0;sol(i);sol(dim-dimper+1)],[sol(i);0;0],

[0;sol(i-ff(4,i)+2);sol(i)],[sol(i+1);sol(i);sol(i-ff(4,i)+2)]]; end

if (ff(1,i+1)-ff(1,i))>0

k=k+1;

mas(:,:,dim-dimper+k)=[[sol(i);0;0],

[sol(i);0;sol(i+ff(4,i))],

[sol(dim-dimper+1);sol(i+ff(4,i));0],[0;0;0],[0;0;0],[0;0;0]];

mas(:,:,i)=[[sol(i);0;sol(i+ff(4,i))],

[sol(i+ff(4,i));sol(i+ff(4,i)-1);sol(i)],

[sol(i-1);sol(i);sol(i+ff(4,i)-1)],[sol(i);sol(i-1);0],

[sol(i);0;0],[0;0;0]];

mas(:,:,i-1)=[[sol(i-1);sol(i);

sol(i-1+ff(4,i-1))],[sol(i-1+ff(4,i-1));

sol(i-1+ff(4,i-1)-1);sol(i-1)],

[sol(i-2);sol(i-1);sol(i-1+ff(4,i-1)-1)],

[sol(i-1);sol(i-2);sol(i-1-ff(4,i-1)+1)],

[sol(i-1-ff(4,i-1)+1);0;sol(i-1)],

[sol(i);sol(i-1);0]];

end
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end

if ff(1,i)>N1&ff(1,i)<M-2

mas(:,:,i)=[[sol(i);sol(i+1);

sol(i+ff(4,i))],[sol(i+ff(4,i));

sol(i+ff(4,i)-1);sol(i)],

[sol(i-1);sol(i);sol(i+ff(4,i)-1)],

[sol(i);sol(i-1);sol(i-ff(4,i))],

[sol(i-ff(4,i));sol(i-ff(4,i)+1);sol(i)],

[sol(i+1);sol(i);sol(i-ff(4,i)+1)]];

if (ff(1,i)-ff(1,i-1))>0

mas(:,:,i)=[[sol(i);sol(i+1);

sol(i+ff(4,i))],

[sol(i+ff(4,i));sol(dim-dimper-N1+2+ff(1,i));

sol(i)],[sol(dim-dimper-N1+1+ff(1,i));

sol(i);sol(dim-dimper-N1+2+ff(1,i))],

[sol(i);sol(dim-dimper-N1+1+ff(1,i));

sol(i-ff(4,i))],[sol(i-ff(4,i));

sol(i-ff(4,i)+1);sol(i)],

[sol(i+1);sol(i);sol(i-ff(4,i)+1)]];

end

if (ff(1,i+1)-ff(1,i))>0

mas(:,:,i)=[[sol(i);sol(dim-dimper-N1+1+ff(1,i));

sol(i+ff(4,i))],[sol(i+ff(4,i));

sol(i+ff(4,i)-1);sol(i)],[sol(i-1);sol(i);

sol(i+ff(4,i)-1)],

[sol(i);sol(i-1);sol(i-ff(4,i))],

[sol(i-ff(4,i));

sol(dim-dimper-N1+ff(1,i));sol(i)],

[sol(dim-dimper-N1+1+ff(1,i));sol(i);
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sol(dim-dimper-N1+ff(1,i))]];

end

end

if ff(1,i)==M-2

mas(:,:,i)=[[sol(i);sol(i+1);1],[1;1;sol(i)],

[sol(i-1);sol(i);1],[sol(i);sol(i-1);sol(i-ff(4,i))],

[sol(i-ff(4,i));sol(i-ff(4,i)+1);sol(i)],

[sol(i+1);sol(i);sol(i-ff(4,i)+1)]];

if (ff(1,i)-ff(1,i-1))>0

mas(:,:,i)=[[sol(i);sol(i+1);1],[1;1;sol(i)],

[sol(dim-dimper-N1+1+ff(1,i));sol(i);1],

[sol(i);sol(dim-dimper-N1+1+ff(1,i));sol(i-ff(4,i))],

[sol(i-ff(4,i));sol(i-ff(4,i)+1);sol(i)],

[sol(i+1);sol(i);sol(i-ff(4,i)+1)]]; end

if i==dim-dimper

mas(:,:,i)=[[sol(i);sol(dim-dimper-N1+1+ff(1,i));1],

[1;1;sol(i)],[sol(i-1);sol(i);1],

[sol(i);sol(i-1);sol(i-ff(4,i))],

[sol(i-ff(4,i));

sol(dim-dimper-N1+ff(1,i));sol(i)],

[sol(dim-dimper-N1+1+ff(1,i));

sol(i);sol(dim-dimper-N1+ff(1,i))]];

end

end
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if ff(1,i)==N1&N1<M-2

mas(:,:,i)=[[sol(i);sol(i+1);

sol(i+ff(4,i))],[sol(i+ff(4,i));

sol(i+ff(4,i)-1);sol(i)],

[sol(i-1);sol(i);sol(i+ff(4,i)-1)],[sol(i);sol(i-1);

sol(i-ff(4,i))],[sol(i-ff(4,i));

sol(i-ff(4,i)+1);sol(i)],[sol(i+1);sol(i);

sol(i-ff(4,i)+1)]];

if (ff(1,i)-ff(1,i-1))>0

mas(:,:,i)=[[sol(i);sol(i+1);sol(i+ff(4,i))],

[sol(i+ff(4,i));sol(dim-dimper-N1+2+ff(1,i));sol(i)],

[sol(dim-dimper-N1+1+ff(1,i));

sol(i);sol(dim-dimper-N1+2+ff(1,i))],[sol(i);

sol(dim-dimper-N1+1+ff(1,i));

sol(i-ff(4,i))],

[sol(i-ff(4,i));sol(i-ff(4,i)+1);sol(i)],[sol(i+1);sol(i);

sol(i-ff(4,i)+1)]];end

if i==num1+N-2

mas(:,:,i)=[[sol(i);sol(dim-dimper-N1+1+ff(1,i));

sol(i+ff(4,i))],[sol(i+ff(4,i));sol(i+ff(4,i)-1);sol(i)],

[sol(i-1);sol(i);

sol(i+ff(4,i)-1)],[sol(i);sol(i-1);sol(i-ff(4,i))],

[sol(i-ff(4,i));0;sol(i)],

[sol(dim-dimper-N1+1+ff(1,i));sol(i);0]];end

end

end

end
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