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Anotâcija

Bakalaura darba "Diferenèu shçmas ar precîzo spektru diferenciâlvienâdojumiem ar pir-

mâ veida robeþnosacîjumiem"mçríis - salîdzinât diferenèu shçmas ar precîzo spektru ar

citâm diferenèu shçmâm parastajiem un parciâliem diferenciâlvienâdojumiem ar pirmâ

veida robeþnosacîjumiem.

Darba ietvaros tika pçtîtas daþâdas diferenèu shçmas daþâdiem otrâs kârtas lineâriem di-

ferenciâlvienâdojumiem ar konstantiem koeficientiem, kâ arî siltuma vadîðanas un stîgas

svârstîbu vienâdojumam.

Balstoties uz izstrâdâtu teoriju tika iegûti nozîmîgi rezultâti, kâ arî noformulçtas un pie-

râdîtas divas teorçmas.

Atslçgas vârdi: galîgas diferences, vienmçrîgais reþìis, robeþproblçma, spektrâlâ problç-

ma, îpaðvçrtîbas, îpaðfunkcijas, îpaðvektori.



Abstract

The aim of this Bachelor's thesis is to compare finite difference schemes with exact

spectrum with other finite difference schemes solving ordinary and partial differential

equations with boundary conditions of the first kind.

In this paper, different finite difference schemes solving differential equations of the se-

cond order with constant coefficients also heat transfer and wave equations are studied.

Based on the theory, significant results are obtained and two theorems are proved.

Keywords: finite differnces, uniform mesh, boundary problem, spectral problem, eigenva-

lues, eigenfunctions, eigenvectors.
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Ievads

Mûsdienâs eksistç daudz metoþu, kâ var risinât diferenciâlvienâdojumu skaitliski. Pro-

ti, galîgo diferenèu metode, galîgo elementu metode, galîgo robeþelementu metode utt.

Ðajâ darbâ tiks izmantota vispopulârâkâ to tâm, proti galîgo elementu metode.

Risinot diferenciâlvienâdojumu skaitliski ar galîgo diferenèu metodi, nezinâmas fun-

kcijas atvasinâjumi tiek aizstâti ar attiecîgas kârtas diferencçm. Lîdz ar to rodas diferenèu

vienâdojums, kura atrisinâjums ir diferenciâlvienâdojuma tuvinâtais atrisinâjums.

Gan precîzo, gan skaitlisko parastâ diferenciâlvienâdojuma atrisinâjumu var izvirzît

Furjç rindâ (bezgalîgâ vai galîgâ attiecîgi). Ðajâ izvirzîjumâ parâdâs attiecîgas spektrâlas

problçmas îpaðvçrtîbas un îpaðvektori. Ja atrisinâjuma galîgâ izvirzîjumâ Furjç rindâ

diskrçtas problçmas îpaðvçrtîbas aizvieto ar îpaðvçrtîbâm no bezgalîga izvirzîjuma, tad

ðo izvirzîjumu sauc par diferenèu shçmu ar precîzo spektru.

Savukârt, risinot parciâlo diferenciâlvienâdojumu ar taiðòu shçmu, telpas argumen-

ta x izmaiòas segments tiek diskretizçts, otrâs kârtas atvasinâjums pçc telpas mainîga

tiek aizvietots ar centrâlo diferenci, bet laika mainîgs t paliek nepârtraukts un parciâlais

diferenciâlvienâdojums tiek reducçts uz parasto diferenciâlvienâdojumu sistçmu. Ðî vienâ-

dojuma skaitlisko atrisinâjumu arî var izvirzît galîgâ Furjç rindâ un tâpat kâ parastajiem

diferenciâlvienâdojumiem, ja diskrçtas problçmas îpaðvçrtîbas aizvieto ar îpaðvçrtîbâm

no nepârtrauktas problçmas, ðo izvirzîjumu sauc par diferenèu shçmu ar precîzo spektru

parciâliem diferenciâlvienâdojumiem.

Ðajâ darbâ galîgo diferenèu shçmas tiks salîdzinâtas ar citâm zinâmâm diferenèu shç-

mâm daþâdiem otrâs kârtas parastajiem lineâriem diferenciâlvienâdojumiem ar pirmâ

veida robeþnosacîjumiem, kâ arî siltuma vadîðanas un stîgas svârstîbu vienâdojumiem ar

pirmâ veida robeþnosacîjumiem.
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1. Îpaðvçrtîbu un îpaðfunkciju problçmas otrâs kâr-

tas diferenciâloperatoram − d2

dx2
ar pirmâ veida ho-

mogçniem robeþnosacîjumiem

Îpaðvçrtîbu un îpaðfunkciju (spektrâlo) problçmu plaði izmanto nepârtraukto un dis-

krçto robeþproblçmu atrisinâðanâ. Vispirms apskatîsim algebriskas vienâdojumu sistçmas

atrisinâðanu, kura rodas, risinot diskrçto robeþproblçmu.

1.1. Algebras spektrâlâ problçma

Definîcija 1. Par kvadrâtiskas matricas A spektru sauc visu to îpaðvçrtîbu kopu.

Algebrisku vienâdojumu sistçmu var pierakstît formâ

Ax = f, (1.1)

kur A ir nesingulâra m−tas kârtas kvadrâtiska matrica ar elementiem ai,j ∈ R,

i, j = 1,m, x, f m−tas kârtas vektori-kolonas ar elementiem xi, fi ∈ R, i = 1,m. Ja ir

zinâmi îpaðvçrtîbu un îpaðvektoru (spektrâlo) problçmu

Aw = λw,ATw = λw (1.2)

atrisinâjumi ar pilnâm îpaðvektoru sistçmâm {wj}, {wj} matricai A un transponçtai

matricai AT ar atbilstoðâm îpaðvçrtîbâm λj, j = 1,m, tad ðîs sistçmas îpaðvektorus var

izvçlçties par biortonormçto bâzi telpâ Rm un sistçmas (1.1) atrisinâjumu meklçt formâ

x =
m∑
j=1

αjw
j, (1.3)

kur αj ∈ R - lineâras kombinâcijas koeficienti.

Pieòemot arî, ka

f =
m∑
j=1

βjw
j(βj ∈ R), (1.4)

ievçrojot biortogonalitâtes nosacîjumu (wj, wk) = δj,k, kur

δj,k =

1, j = k

0, j 6= k
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ir Kronekera simbols un (wj, wk) = δj,k ir skalârs reizinâjums, un skalâri reizinot (1.4) ar

fiksçtu îpaðfunkciju wk, iegûst

(f, wk) =
m∑
j=1

βj(w
j, wk) =

m∑
j=1

βjδj,k = βk.

Tâtad koeficienti βj izvirzîjumâ (1.4) viennozîmîgi nosakâs ar formulu

βj = (f, wj), j = 1,m. (1.5)

Ievietojot sakarîbas (1.3) ,(1.4) vienâdojumâ (1.1) un reizinot skalâri ar wk iegûst

(wk, Ax) = (wk, A
m∑
j=1

αjw
j) = (wk,

m∑
j=1

αjλjw
j) =

m∑
j=1

αjλj(wk, w
j) = λkαk,

(wk, f) =
m∑
j=1

βj(wk, w
j) =

m∑
j=1

βjδk,j = βk,

t.i. αk = βk
λk
. Tâtad izvirzîjumâ (1.3)

αj =
βj
λj
, j = 1,m, (1.6)

un sistçmas (1.1) atrisinâjums ir

x =
m∑
j=1

βj
λj
wj. (1.7)

Problçmu (1.2) var pârrakstît matricu formâ

AW = WD,ATW = WD,

kur W un W ir matricas ar atbilstoðiem îpaðvektoriem kolonnâs wjk, w
j
k, k, j = 1,m,

D = diag(λj), j = 1,m ir diagonalmatrica ar îpaðvçrtîbâm uz galvenas diagonâles. Lîdz

ar to ir spçkâ

A = WDW−1
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un (1.7) var reprezentçt matricu formâ

x = WD−1W−1f. (1.8)

No (1.5) un (1.8) seko, ka W−1 = W
T
, vai WW

T
= E, kur E ir vienîbas matrica[1].

Piezîme 1. Ja matrica A ir simetriska (A = AT ), tad w = w rezultâtâ iegûst ortonormçtu

îpaðvektoru sistçmu wj, j = 1,m, kuriem ir spçkâ ortonormçtîbas nosacîjums (wj, wk) =

δj,k, formulas (1.5) vietâ ir

βj = (f, wj), j = 1, N − 1 (1.9)

un formulas (1.8) vietâ ir

x = WD−1Wf. (1.10)

1.2. Nepârtrauktâ îpaðvçrtîbu un îpaðfunkciju problçma otrâs

kârtas diferenciâloperatoram − d2

dx2 ar pirmâ veida homogç-

niem robeþnosacîjumiem

Nepârtrauktâ îpaðvçrtîbu un îpaðfunkciju problçma otrâs kârtas diferenciâloperatoram

(− d2

dx2
) segmentâ [0, l] ar homogçniem pirmâ veida robeþnosacîjumiem ir formâ−X

′′(x) = λX(x)

X(0) = X(l) = 0,

(1.11)

kur λ - îpaðvçrtîba (parametrs), pie kuras problçmai (1.11) eksistç netriviâls atrisinâjums

(X 6= 0). Diferenciâlvienâdojuma (1.11) raksturîgais vienâdojums ir

ρ2 + λ = 0

ar saknçm ρ1,2 = ±i
√
λ, kur i =

√
−1. Lîdz ar to iegûst diferenciâlvienâdojuma (1.11)

vispârîgo atrisinâjumu

X(x) = C1sin(
√
λx) + C2cos(

√
λx).

No nosacîjuma X(0) = 0 seko, ka C2 = 0. No nosacîjuma X(l) = 0 seko

C1sin(
√
λl) = 0 =⇒

√
λL = kπ, k = 1, 2, ... =⇒ λk = (kπ

l
)2, k = 1, 2, ...
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un problçmas (1.11) îpaðfunkcijas ir

Xk(x) = Cksin

(
kπx

l

)
, k = 1, 2, ..., (1.12)

kur Ck ir patvaïîgas konstantes.

No ortonormçtîbas nosacîjuma

(Xk(x), Xj(x)) ≡
∫ l

0

Xk(x)Xj(x)dx = δk,j (1.13)

izriet, ka Ck =
√

2
l
, k = 1, 2, ....

Jebkuru nepârtrauktu funkciju f(x), ja f(x) = f(l) = 0, var izvirzît pçc problçmas

(1.11) îpaðfunkcijâm (1.12) Furjç rindâ

f(x) =
∞∑
j=1

fjXj(x), (1.14)

kur fj = (f(x), Xj(x)).

Nehomogçnas robeþproblçmas−u
′′(x) = f(x), x ∈ (0, l)

u(0) = u(l) = 0

(1.15)

atrisinâjums analogi (1.3) ir uzrakstâms rindas veidâ

u(x) =
∞∑
j=1

αjXj(x), (1.16)

kur αj =
fj
λj
.

Piezîme 2. Ja funkcija f(x) neapmierina homogçnos robeþnosacîjumus, tad problçmu

(1.15) reducç uz divâm robeþproblçmâm−u
′′
1(x) = f(x) + f(0)−f(L)

L
x− f(0)

u1(0) = u1(L) = 0

(1.17)

un −u
′′
2(x) = −f(0)−f(L)

L
x+ f(0)

u2(0) = u2(L) = 0,

(1.18)
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kur robeþproblçmas (1.17) labâ puse apmierina homogçnos robeþnosacîjumus un robeþprob-

lçmas (1.15) atrisinâjums ir

u(x) = u1(x) + u2(x). (1.19)

Piezîme 3. Ja f(x) = CXk(x), C ∈ R, tad rinda (1.16) satur tikai vienu saskaitâmo, t.i,

u(x) = C
λk
Xk(x), k ≥ 1.

1.3. Diskrçtâ îpaðvçrtîbu un îpaðfunkciju problçma otrâs kârtas

centrâlo diferenèu operatoram −Λy ≡ −yxx ar pirmâ veida

homogçniem robeþnosacîjumiem

Apgabala aizvietoðana ar vienmçrîgo reþìi

Risinot nepârtrauktu problçmu tuvinâti, ir nepiecieðama tâs diskretizâcija. Argumenta

izmaiòas segmentu aizvieto ar reþìi - diskrçtu punktu kopu. Realizçjot nepârtrauktas

problçmas skaitlisko atrisinâjumu, ïoti bieþi izmanto, tâ saucamo, vienmçrîgo reþìi

ωh = {xj = jh, j = 0, N,Nh = l},

kas sadala nogriezni [0, l] N vienâdâs daïâs. Punktus xj bieþi sauc par mezglu punktiem.

Iekðçjus mezglu punktus apzîmç ar ωh.

Galîgas diferences

Risinot otrâs kârtas diferenciâlvienâdojumu skaitliski, atvasinâjumu vçrtîbas mezglu

punktos parasti aizvieto ar attiecîgâm diferencçm. Pirmâs kârtas atvasinâjumu visbieþâk

aizvieto ar pirmâs kârtas centrâlo diferenci

u′(xj) ≈
y(xj+1)− y(xj−1)

2h

un apzîmç ar yẋ, bet otrâs kârtas atvasinâjumu visbieþâk aizvieto ar otras kârtas centrâlo

diferenci

u′′(xj) ≈
y(xj+1)− 2y(xj) + y(xj−1)

h2

un apzîmç ar yxx, kur h ir reþìa solis un y(xj) ir tuvinâtas problçmas atrisinâjuma vçrtîbas

mezglu punktos[2].
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Piezîme 4. Pirmâs kârtas atvasinâjumu var aizvietot arî ar pirmâs kârtas labo vai kreiso

diferenci, proti

y′(xj) ≈
y(xj+1)− y(xj)

h

vai

y′(xj) ≈
y(xj)− y(xj−1)

h

attiecîgi.

Piezîme 5. Daþkârt, lai samazinâtu tuvinâta atrisinâjuma kïûdu, otro diferenci reizina

ar speciâlo konstanti γ, kura ir atkarîga no vienâdojuma struktûras.

Tâtad diskrçtâ îpaðvçrtîbu un îpaðfunkciju problçma otrâs kârtas centrâlo diferenèu

operatoram −Λy ≡ −yxx vienmçrîgâ reþìî ar homogçniem pirmâ veida robeþnosacîjumiem

ir formâ −yxx = µy(x), x ∈ ωh

y(0) = y(l) = 0.

(1.20)

Diferenèu shçmu (1.20) indeksu formâ var pierakstît ðâdiyj+1 − 2cos(th)yj + yj−1 = 0, j = 1, N − 1

y0 = yN = 0,

kur yj = y(xj), j = 0, N un cos(th) = 1− h2µ
2

un attiecîgais raksturîgais vienâdojums ir

ρ2 − 2cos(th)ρ+ 1 = 0

ar saknçm

ρ1,2 = cos(th)± isin(th) = e±ith,

kur i =
√
−1.

Var viegli redzçt, ka netriviâls atrisinâjums (yj 6= 0) ir formâ

yj = C1sin(txj) + C2cos(txj), j = 1, N − 1, C1, C2 ∈ R.

No robeþnosacîjuma y0 = 0 seko, ka C2 = 0.
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No robeþnosacîjuma yN = 0 seko, ka tkl = kπ, k ∈ Z un îpaðfunkcijas ir

y(k)(xj) = Cksin

(
kπxj
l

)
, j, k = 1, N − 1, Ck ∈ R.

Attiecîgas îpaðvçrtîbas ir

µk =
2

h2
(1− cos(tkh)) =

4

h2
sin2

(
tkh

2

)
=

4

h2
sin2

(
kπh

2l

)
, k = 1, N − 1. (1.21)

Nosakot konstantes Ck no ortonormçtîbas nosacîjuma

(y(k), y(j)) ≡ h
N−1∑
i=1

y(k)(xi)y
(j)(xi) = δk,j, (1.22)

iegûst, ka Ck =
√

2
l
, un îpaðfunkcijâm ir analoga (1.12) forma

y(k)(x) =

√
2

l
sin

(
kπx

l

)
, x ∈ ωh, k = 1, N − 1. (1.23)

Piezîme 6. Formula (1.22) ir formulas (1.13) diskrçts variants.

Nehomogçnas problçmas −yxx(x) = f(x), x ∈ ωh

y(0) = y(l) = 0,

(1.24)

kur f(0) = f(l) = 0, atrisinâjums analogi (1.16) ir uzrakstâms \galîgas rindas"(lineâras

kombinâcijas) formâ

y(x) =
N−1∑
j=1

α(j)y(j)(x), x ∈ ωh, (1.25)

kur

α(j) =
f (j)

µ(j)
, f (j) = (f, y(j)), j = 1, N − 1.
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2. Galîgo diferenèu metode ar precîzo spektru vien-

âdojumam −u′′(x) = f (x) ar pirmâ veidâ homogç-

niem robeþnosacîjumiem

Robeþproblçmas −u
′′(x) = f(x)

u(0) = u(l) = 0,

(2.1)

kur f(0) = f(l) = 0, tuvinâto atrisinâjumu ar galîgo diferenèu shçmu (GDS) meklç formâ

(1.25), bet tuvinâto atrisinâjumu ar galîgo diferenèu shçmu ar precîzo spektru (GDSPS)

meklç ðâdi

y(x) =
N−1∑
j=1

α(j)y(j)(x), x ∈ ωh, (2.2)

kur

α(j) =
f (j)

λ(j)
, f (j) = (f, y(j)), j = 1, N − 1

un λ(j) =
(
jπ
l

)2
, j = 1, N − 1 ir nepârtrauktas îpaðvçrtîbu un îpaðfunkciju problçmas

îpaðvçrtîbas[3].

Piezîme 7. Formulu (2.2) var lietot tikai tad, ja nepârtrauktas problçmas (1.11) îpaðfun-

kciju (1.12) vçrtîbas un diskrçtas problçmas (1.20) îpaðfunkcijas (1.23) vçrtîbas sakrît mez-

glu punktos.

Piezîme 8. Robeþgadîjumâ

lim
h→0

4

h2
sin2

(
kπh

2l

)
= lim

h→0

4

h2

(
kπh

2l

)2 sin2
(
kπh
2l

)(
kπh
2l

)2 =

(
kπ

l

)2

lim
h→0

sin2
(
kπh
2l

)(
kπh
2l

)2 =

(
kπ

l

)2

,

k = 1, N − 1, t.i. µk → λk, kad h→ 0, k = 1, N − 1.

Piezîme 9. Ja f(x) =
∑M

i=1AiXi(x),M ≤ N−1, kur Ai ∈ R, i = 1,M un Xi(x), i = 1,M

ir problçmas (1.11) îpaðfunkcijas, tad shçma (2.2) ir precîza, t.i. tuvinâtâ atrisinâjuma

vçrtîbas mezglu punktos sakrît ar precîzâ atrisinâjuma vçrtîbâm.
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Piemçrs 1. Problçmas (2.1) precîzais atrisinâjums, ja f(x) = sin(πx) un l = 1, ir

u(x) = π−2sin(πx).

Ar MATLAB programmas M-failu PDS1veid4 palîdzîbu var pârliecinâties, ka GDSPS

dod precîzus rezultâtus.

1. tabula Absolûtâs kïûdas

N ∆u(GDS) ∆u(GDSPS)

5 0.0032 1.3878 · 10−17

Ðeit ∆u ir tuvinâtâ atrisinâjuma absolûtâ kïûda, t.i. ∆u = max1≤j≤N−1 |u(xj)−y(xj)|.

Kur δu ir tuvinâtâ atrisinâjuma relatîvâ kïûda, kuru definç ðâdi

2. tabula Relatîvâs kïûdas

N δu(GDS) δu(GDSPS)

5 0.0336 1.4402 · 10−16

δu =
max1≤j≤N−1 |u(xj)− y(xj)|

|u(xj)|

.

Piemçrs 2. Problçmas (2.1) precîzais atrisinâjums, ja f(x) = x(x − 1) un l = 1 ir

u(x) = −x4

12
+ x2

6
− x

12
. MATLAB M-fails PDS1veid5 dod ðâdus rezultâtus:

3. tabula Absolûtâs kïûdas

N ∆u(GDS) ∆u(GDSPS)

5 0.0008 1.5936 · 10−5

10 2.0833 · 10−4 1.005 · 10−6
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4. tabula Relatîvâs kïûdas

N δu(GDS) δu(GDSPS)

5 0.0323 0.001

10 0.008 1.2294 · 10−4

1. att. Kïûdu grafiks pie N = 10

2. att. Atrisinâjumu grafiks pie N = 10

Var viegli redzçt, ka GDSPS robeþproblçmai (2.1) dod daudz precîzâkus rezultâtus

nekâ GDS.
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3. Galîgo diferenèu metode ar precîzo spektru vien-

âdojumam −u′′(x)− bu(x) = f (x) ar pirmâ veidâ ho-

mogçniem robeþnosacîjumiem

Robeþproblçmas −u
′′(x)− bu(x) = f(x)

u(0) = u(l) = 0,

(3.1)

kur f(0) = f(l) = 0 un b ∈ R, b 6= 0 nepârtrauktas îpaðvçrtîbu un îpaðfunkciju problçmas

îpaðfunkcijas sakrît ar problçmas (2.1) îpaðfunkcijâm, bet îpaðvçrtîbas ir formâ

λ̃k =

(
kπ

l

)2

− b, k = 1, 2..., (3.2)

kurus var viegli dabût no problçmas (1.11), izmantojot transformâciju λ̃ = λ− b.

Analogi iegûst diskrçtas îpaðvçrtîbu un îpaðfunkciju problçmas îpaðvçrtîbas

µ̃k =
4

h2
sin2

(
kπh

2l

)
− b, k = 1, N − 1, (3.3)

ievçrojot, ka îpaðvektori sakrît ar (1.23). Robeþproblçmas (3.1) tuvinâto atrisinâjumu

ar GDS meklç formâ (1.25), aizvietojot µk ar µ̃k, k = 1, N − 1 un tuvinâto atrisinâjumu

ar GDSPS meklç formâ (2.2), aizvietojot λk ar λ̃k, k = 1, N − 1. Daþkârt, lai uzlabotu

tuvinâto atrisinâjumu ar GDS, lieto, tâ saucamo, Bahvalova metodi, reizinot otrâs kârtas

centrâlo diferenci ar konstanti γ. γ =
(

b1
sinb1

)2
, kur b1 =

√
bh
2
, ja b > 0 un γ =

(
b1

sinhb1

)2
,

kur b1 =
√
−bh
2

, ja b < 0[4].

Piezîme 10. Ja f(x) =
∑M

i=1AiXi(x),M ≤ N − 1, kur Ai ∈ R, i = 1,M un Xi(x),

i = 1,M ir problçmas (1.11) îpaðfunkcijas, tad shçma (2.2) ar îpaðvçrtîbâm (3.2) ir pre-

cîza.
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Piemçrs 3. Problçmas (3.1) precîzais atrisinâjums, ja f(x) = 10sin(3πx), b = 50 un

l = 1, ir u(x) = 10sin(3πx)
−50+9π2 .

Ar MATLAB programmas M-failu PDS3veid1 palîdzîbu var pârliecinâties, ka GDSPS

dod precîzus rezultâtus.

5. tabula Absolûtâs kïûdas

N ∆u(GDS) ∆u(Bah. GDS) ∆u(GDSPS)

5 0.3706 0.1003 5.5511 · 10−17

6. tabula Relatîvâs kïûdas

N ∆u(GDS) ∆u(Bah. GDS) ∆u(GDSPS)

5 1.5129 0.4097 1.1331 · 10−16
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Piemçrs 4. Problçmas (3.1) precîzais atrisinâjums, ja f(x) = x(x−1)e−x, b = 100 un l =

1 ir u(x) = − 4
1030301

sin(10x) (2cos10+99e)
sin10

+ 8
1030301

cos(10x)− 1
1030301

(8−10605x+10201x2)ex.

Ar MATLAB M-faila PDS3veid palîdzîbu var saildzinât precîzo atrisinâjumu ar tuvinâto

atrisinâjumu ar GDS, Bahvalova GDS, GDSPS.

7. tabula Absolûtâs kïûdas

N ∆u(GDS) ∆u(Bah. GDS) ∆u(GDSPS)

5 0.0019 0.001 1.6904 · 10−4

10 8.4343 · 10−4 2.2147 · 10−4 9.2617 · 10−6

8. tabula Relatîvâs kïûdas

N δu(GDS) δu(Bah. GDS) δu(GDSPS)

5 0.5181 0.1692 0.045

10 0.1839 0.0363 0.0022
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3. att. Kïûdu grafiks pie N = 10

4. att. Atrisinâjumu grafiks pie N = 10

No kïûdu tabulâm un no atrisinâjumu grafikiem var redzçt, ka GDSPS robeþproblçmai

(3.1) precîzâkus rezultâtus nekâ GDS vai Bahvalova GDS.
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4. Îpaðvçrtîbu un îpaðfunkciju problçmas otrâs kâr-

tas diferenciâloperatoram − d2

dx2
−a d

dx ar pirmâ veida

homogçniem robeþnosacîjumiem

4.1. Nepârtrauktâ spektrâlâ problçma otrâs kârtas diferenciâlo-

peratoram − d2

dx2 − a d
dx ar pirmâ veida homogçniem robeþno-

sacîjumiem

Nepârtrauktâ spektrâlâ problçma otrâs kârtas diferenciâloperatoram − d2

dx2
− a d

dx
, kur

a ∈ R, ar homogçniem pirmâ veidâ robeþnosacîjumiem segmentâ [0, l] ir formâX
′′(x) + aX ′(x) + λX(x) = 0

X(0) = X(l) = 0.

(4.1)

Pçc transformâcijas

X(x) = exp
(
−ax

2

)
v(x)

iegûst problçmu (1.11), kur

X(x)→ v(x), λ→ λ− a2

4
,

t.i. problçmas (4.1) nepârtrauktais spektrs ir

Xk(x) =

√
2

l
exp

(
−ax

2

)
sin

(
kπx

l

)
, (4.2)

λk =
a2

4
+

(
kπ

l

)2

, k = 1, 2, .... (4.3)

Attiecîgas saistîtas problçmasX
′′
(x)− aX ′(x) + λX(x) = 0

X(0) = X(l) = 0,

(4.4)

îpaðfunkcijas ir

Xk(x) =

√
2

l
exp

(ax
2

)
sin

(
kπx

l

)
, (4.5)

pie kam automâtiski ir spçkâ biortonormçtîbas nosacîjums

(Xj(x), Xk(x)) ≡
∫ l

0

Xj(x)Xk(x)dx = δj,k.

18



Nehomogçnas problçmas −u
′′(x)− au′(x) = f(x)

u(0) = u(l) = 0

(4.6)

atrisinâjums ir

u(x) =
∞∑
j=1

αjXj(x), αj =
fj
λj
, fj = (f(x), Xj(x)).

4.2. Diskrçtâ spektrâlâ problçma otrâs kârtas monotonam dife-

renèu operatoram −Λy ≡ −γyxx − ayẋ ar pirmâ veida homo-

gçniem robeþnosacîjumiem.

Diskrçtâ spektrâlâ problçma otrâs kârtas monotonam diferenèu operatoram

−Λy ≡ −γyxx−ayẋ vienmçrîgâ reþìî segmentâ [0, l] ar homogçniem pirmâ veida robeþno-

sacîjumiem ir formâ γyxx + ayẋ + µy = 0, x ∈ ωh

y(0) = y(l) = 0,

(4.7)

kur γ = a1cotha1, a1 = ah
2
(Iïjina shçma)[5]. Indeksu formâ(γ + a1)yi+1 − 2
(
γ − µh2

2

)
yi + (γ − a1)yi−1 = 0, i = 1, N − 1

y0 = yN = 0,

lietojot transformâciju yi = kizi, iegûstzi+1 − 2cos(th)zi + zi−1 = 0, i = 1, N − 1

z0 = zN = 0,

kur

cos(th) =

(
γ − h2µ

2

)
(γ2 − a21)−

1
2 , γ ≥ a1, k =

√
γ − a1
γ + a1

= e−a1 .

Tâtad analogi (4.2) un (4.3) iegûst

z
(k)
i =

√
2

l
sin

(
kπih

l

)

µk =
2a1

h2sinh(a1)

(
cosh(a1)− cos

(
kπh

l

))
, k = 1, N − 1, (4.8)

t.i.,

y(k)(x) =

√
2

l
exp

(
−ax

2

)
sin

(
kπx

l

)
, x ∈ ωh, k = 1, N − 1. (4.9)
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Attiecîgas saistîtas problçmas ((4.7),a vietâ −a) atrisinâjums ir

y(k)(x) =

√
2

l
exp

(ax
2

)
sin

(
kπx

l

)
, x ∈ ωh, k = 1, N − 1. (4.10)

Nehomogçnas problçmas −γyxx − ayẋ = f(x), x ∈ ωh

y(0) = y(l) = 0,

(4.11)

kur f(0) = f(l) = 0, atrisinâjums ir

y(x) =
N−1∑
j=1

α(j)y(j)(x), x ∈ ωh, (4.12)

kur

α(j) =
f (j)

µj
, f (j) = (f, y(j)).
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5. Galîgo diferenèu metode ar precîzo spektru vien-

âdojumam −u′′(x) − au′(x) = f (x) ar pirmâ veidâ

homogçniem robeþnosacîjumiem

Tâpat kâ iepriekð, robeþproblçmas−u
′′(x)− au′(x) = f(x)

u(0) = u(l) = 0,

(5.1)

kur f(0) = f(l) = 0, tuvinâto atrisinâjumu ar Iïjina GDS meklç formâ (4.12), bet tuvinâto

atrisinâjumu ar Iïjina GDSPS meklç ðâdi

y(x) =
N−1∑
j=1

α(j)y(j)(x), x ∈ ωh, (5.2)

kur

α(j) =
f (j)

λ(j)
, f (j) = (f, y(j)), j = 1, N − 1

un λ(j) = a2

4
+ ( jπ

l
)2, j = 1, N − 1 ir nepârtrauktas îpaðvçrtîbu un îpaðfunkciju problçmas

îpaðvçrtîbas.

Piezîme 11. Robeþgadîjumâ

lim
h→0

2a1
h2sinh(a1)

(
cosh(a1)− cos

(
kπh

l

))
=
a2

4
+

(
kπ

l

)2

, k = 1, N − 1

, t.i. µk → λk, kad h→ 0, k = 1, N − 1. To var viegli iegût, izmantojot datorprogrammu

Maple.

Piezîme 12. Ja f(x) =
∑M

i=1AiXi(x),M ≤ N − 1, kur Ai ∈ R, i = 1,M un Xi(x),

i = 1,M ir problçmas (4.1) îpaðfunkcijas, tad shçma (5.2) ir precîza
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Piemçrs 5. Robeþproblçmas (5.1) precîzais atrisinâjums, ja f = e−
5x
2 sin(3πx), a = 5 un

l = 1, ir u(x) = 20e−
5x
2 sin(3πx)

125+180π2 . Ar MATLAB programmas M-failu PDS5veid palîdzîbu

var pârliecinâties, ka Iïjina GDSPS dod precîzus rezultâtus.

9. tabula Absolûtâs kïûdas

N ∆u(Iï. GDS) ∆u(Iï. GDSPS)

5 0.0038 3.4694 · 10−18

10. tabula Relatîvâs kïûdas

N δu(Iï. GDS) δu(Iï. GDSPS)

5 0.6322 5.7184 · 10−16
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Piemçrs 6. Robeþproblçmas (5.1) precîzais atrisinâjums, ja f = x(x − 1), a = 1 un

l = 1, ir u(x) = −3
2
x2 + 1

3
x3 − 11e−x

6(e−1−1) + 3x+ 11
6(e−1−1) . Ar MATLAB M-faila PDS2veid2

palîdzîbu var salîdzinât precîzo atrisinâjumu ar tuvinâto atrisinâjumu ar Iïjina GDS un

Iïjina GDSPS.

11. tabula Absolûtâs kïûdas, ja a = 1

N ∆u(Iï. GDS) ∆u(Iï. GDSPS)

5 7.9795 · 10−4 2.2690 · 10−5

10 2.0820 · 10−4 1.4678 · 10−6

12. tabula Relatîvâs kïûdas, ja a = 1

N δu(Iï. GDS) δu(Iï. GDSPS)

5 0.0341 5.5264 · 10−4

10 0.0082 3.7035 · 10−5

5. att. Kïûdu grafiks pie N = 10
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6. att. Atrisinâjumu grafiks pie N = 10

Ja a = 20, tad robeþproblçmas (5.1) atrisinâjums ir u(x) = − 11
400
x2+ 1

60
x3− 97e−20x

12000(e−20−1)+

11x
4000

+ 97
12000(e−20−1) un rezultâti ir ðâdi:

13. tabula Absolûtâs kïûdas, ja a = 20

N ∆u(Iï. GDS) ∆u(Iï. GDSPS)

5 5.8104 · 10−4 6.5513 · 10−4

10 1.8847 · 10−4 3.5775 · 10−5

14. tabula Relatîvâs kïûdas, ja a = 20

N δu(Iï. GDS) δu(Iï. GDSPS)

5 0.1692 0.0871

10 0.0404 0.0051
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7. att. Kïûdu grafiks pie N = 10

8. att. Atrisinâjumu grafiks pie N = 10

Ja a = 50, tad robeþproblçmas (5.1) atrisinâjums ir u(x) = − 13
1250

x2 + 1
150
x3 −

311e−50x

93750(e−50−1) + 13x
31250

+ 311
93750(e−50−1) un rezultâti ir ðâdi:

15. tabula Absolûtâs kïûdas, ja a = 50

N ∆u(Iï. GDS) ∆u(Iï. GDSPS)

10 1.4336 · 10−4 6.3506

100 2.0726 · 10−6 1.6695 · 10−5

200 5.2016 · 10−7 1.3392 · 10−7
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16. tabula Relatîvâs kïûdas, ja a = 50

N δu(Iï. GDS) δu(Iï. GDSPS)

10 0.0815 1960

100 0.0012 0.0065

200 2.9577 · 10−4 5.4011 · 10−5

9. att. Kïûdu grafiks pie N = 100

10. att. Atrisinâjumu grafiks pie N = 100

Augot parametram a, aug arî relatîvâ kïûda diferenèu shçmai ar precîzo spektru un,

lai Iïjina GDSPS bûtu precîzâka par Iïjina GDS, ir nepiecieðams reþìis ar lielu mezglu

punktu skaitu. Tas notiek tâpçc ka pie lielâm parametra a vçrtîbâm îpaðfunkciju (4.5)

oscilâcijas amplitûda ir liela un lai Iïjina GDSPS bûtu precîzâkâ par Iïjina GDS ir nepie-

cieðams liels locekïu skaits rindâ (5.2).
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6. Jaukta veida problçma siltuma vadîðanas vienâdo-

jumam

Jaukta veida problçma siltuma vadîðanas vienâdojumam viendimensijas gadîjumâ ap-

skata formâ 
∂u
∂t

= ∂2u
∂x2

+ f(x, t), x ∈ (0, l), t ≥ 0

u|t=0 = u0(x), x ∈ [0, l]

u|x=0 = g1(t), u|x=l = g2(t), t ≥ 0,

(6.1)

kur f (f(0, t) = f(l, t) = 0), u0, g1, g2 ir dotas nepârtrauktas savu argumentu funkcijas,

x-telpas un t-laika koordinâte.

Problçmu (6.1) ar nehomogçniem pirmâ veida robeþnosacîjumiem (g1 vai g2 6= 0 ) var

reducçt uz homogçnâm problçmâm, ja apskata starpîbu u(x, t)− U(x, t), kur

U(x, t) = g1(t) +
x

l
(g2(t)− g1(t)).

Lîdz ar to, modificçjot funkcijas f un u0, var pieòemt, ka robeþnosacîjumi ir homogçni

(g1 = g2 = 0).

6.1. Nepârtrauktâ problçma

Meklçjot problçmas (6.1) (g1 = g2 = 0) atrisinâjumu rindas formâ pçc diferenciâ-

loperatora (− ∂2

∂x2
) ortonormçtâm îpaðfunkcijâm, Xk(x) =

√
2
l
sin
(
kπx
l

)
, k = 1, 2, ... ar

atbilstoðâm îpaðvçrtîbâm λk =
(
kπ
l

)2
, k = 1, 2, ..., iegûst

u(x, t) =
∞∑
k=1

ak(t)Xk(x), (6.2)

kur ak(t) ir nezinâmas funkcijas.

Lîdz ar to robeþnosacîjumi ir apmierinâti.

Ievietojot rindu (6.2) diferenciâlvienâdojumâ un sâkuma nosacîjumos (6.1), pieòemot,

ka rinda, tâs atvasinâtâ konverìç vienmçrîgi, un funkcija f(x, t) ir arî izvirzâma rindâ

f(x, t) =
∞∑
k=1

fk(t)Xk(x), (6.3)
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kur

fk(t) = (f,Xk) ≡
∫ l

0

f(x, t)Xk(x)dx, (Xk, Xm) = δk,m.

Tâtad iegûst Koðî problçmu pirmâs kârtas parastajiem diferenciâlvienâdojumiem:ȧk(t) + λkak(t) = fk(t)

ak(0) = (u0, Xk),

(6.4)

kur ȧk(t) = dak(t)
dt

. Problçmas (6.4) atrisinâjums ir formâ

ak(t) = ak(0)e−λkt +

∫ t

0

fk(ξ)e
−λk(t−ξ)dξ. (6.5)

6.2. Taiðòu shçma

Ar taiðòu shçmas (metodes) palîdzîbu tiek samazinâta uzdevuma dimensija, reducçjot

robeþproblçmu siltuma vadîðanas vienâdojumam uz attiecîgâm robeþproblçmâm parasto

diferenciâlvienâdojumu sistçmâm. Taiðòu metodç atðíirîbâ no reþìu metodes ar diferen-

cçm tiek aizstâti atvasinâjumi pçc viena mainîgâ (vienâ virzienâ).

Izvçlas taisnes paralçlas koordinâtu Ot asij: diskritizçjot mainîgo x, to aizstâj ar reþ-

ìa ωh punktiem xj, kuros aproksimç atvasinâjumu ∂2u
∂x2

ar otrâs kârtas centrâlo diferenci

(Λyj) (otrâs kârtas aproksimâcija), kur yj(t) ir tuvinâtâ atrisinâjuma vçrtîba laika mo-

mentâ t. Tâ iegûst N − 1 pirmâs kârtas parasto diferenciâlvienâdojumu sistçmu, kura

definçta uz taiðòu saimes x = jh, j = 0, N . Ðo sistçmu îsâk var pierakstît kâ diferenèû-

diferenciâlvienâdojumu sâkuma vçrtîbu (Koðî) problçmu
dy
dt

= Λy + f(x, t), x ∈ ωh, t ≥ 0

y|t=0 = u0(x), x ∈ ωh

y|x=0 = y|x=l = 0, t ≥ 0,

(6.6)

kur y = y(x, t), x ∈ ωh, t ≥ 0.

Ðie robeþnosacîjumi ir homogçni, jo nehomogçnos robeþnosacîjumus funkcijas g1, g2

var pievienot labâs puses funkcijai f(x, t), modificçjot tâs formâ
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f̃(jh, t) =


f(h, t) + g1(t)

h2
, j = 1

f(jh, t), j = 2, N − 2

f((N − 1)h, t) + g2(t)
h2
, j = N − 1.

Atrisinot problçmu (6.6) analîtiski, meklç y kâ lineâru kombinâciju no diferenèu ope-

ratora (−Λy ≡ −yxx) ortonormçtâm îpaðfunkcijâm formâ

y(k)(x) =

√
2

l
sin

(
kπx

l

)
, x = jh ∈ ωh (6.7)

ar îpaðvçrtîbâm

µk =
4

h2
sin2

(
kπh

2l

)
, k = 1, N − 1. (6.8)

Tâtad

y(x, t) =
N−1∑
k=1

ak(t)y
(k)(x) (6.9)

un, pieòemot, ka

f(x, t) =
N−1∑
k=1

fk(t)y
(k)(x),

kur

fk(t) = (f, y(k)) ≡ h
N−1∑
j=1

f(jh, t)y(k)(jh),

(y(k), y(m)) = δk,m,

iegûst analogi (6.4) Koðî problçmu pirmâs kârtas parastajiem diferenciâlvienâdojumiem:ȧk(t) + µkak(t) = fk(t)

ak(0) = (u0, y
(k))

(6.10)

kuras atrisinâjums ir formâ (6.5), aizvietojot λk ar µk.

Taiðòu metodi (6.6) var pierakstît kâ Koðî problçmu parasto diferenciâlvienâdojumu

sistçmu vektoru-matricu formâ
dY
dt

+ AY = F (t), t ≥ 0

Y (0) = U0,

kur

Y (t) = (y1(t), y2(t), ..., yN−1(t))
T ,
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F (t) = (f1(t), f2(t), ..., fN−1(t))
T ,

U0 = (u0(h), u0(2h), ..., u0((N − 1)h))T

ir (N − 1)-âs kârtas vektori-kolonnas,

A =


2 −1 0 . . . 0 0

−1 2 −1 . . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . −1 2


ir trîsdiagonâlmatrica.

Tâ kâ matricas A îpaðvçrtîbas ir µk, k = 1, N − 1, bet atbilstoðie îpaðvektori kolonnas

W (k) = (w
(k)
1 , w

(k)
2 , ..., w

(k)
N−1)

T , k = 1, N − 1

w
(k)
j =

√
hy(k)(xj) =

√
2

N
sin

(
πjk

N

)
, j = 1, N − 1,

tad, sakârtojot ðos îpaðvektorus W (k) simetriskas matricas W k-tâs kolonnâs un îpaðvçr-

tîbas µk diagonâlmaticâ D, iegûst matricu vienâdojumu AW = WD vai A = WDW−1.

Ortonormçtîbas dçï W 2 = WW = E, t.i. W−1 = W . Tâdçjâdi Koðî problçmu var

pierakstît formâ 
dY
dt

+WDW−1Y = F (t), t ≥ 0

Y (0) = U0.

(6.11)

Ja apskata reþìa vektorfunkciju Ỹ = W−1Y , tad, reizinot vienâdojumu (6.11) no

kreisâs puses ar matricu W−1, iegûst Koðî problçmu
dỸ
dt

+DỸ = F̃ (t), t ≥ 0

Ỹ (0) = W−1Y (0) = P−1U0,

kur F̃ = W−1F.

Ðî vektorsistçma sadalâs atseviðíos skalâros vienâdojumos, kurus atrisinot, iegûst vek-

tora Ỹ komponentes

ỹk(t) = ỹk(0)e−µkt +

∫ t

0

f̃k(ξ)e
−µk(t−ξ)dξ, k = 1, N − 1.
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Tâ kâ

ak(t) =
√
hỹk(t), y = py,

yj(t) =
N−1∑
k=1

w
(k)
j ỹj(t) =

N−1∑
k=1

y(k)(xj)ak(t),

t.i., iegûst atrisinâjumu formâ (6.9).
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7. Taiðòu shçma ar precîzo spektru siltuma vadîðanas

vienâdojumam

Konstruçjot taiðòu shçmu ar precîzo spektru problçmâ (6.11), diagonâlmtricâ D sakâr-

to nepârtrauktâ operatora −L ≡ − ∂2

∂x2
pirmâs N − 1 îpaðvçrtîbas λk = (kπ

l
)2 vai formulâ

(6.10) îpaðvçrtîbas µk aizvieto ar λk, k = 1, N − 1. Risinot (6.11) analîtiski, kâ iepriekð

iegûst atrisinâjumu Furjç rindas (6.2) nogrieþòa

y(x, t) =
N−1∑
k=1

ãk(t)y
(k)(x), x ∈ ωh (7.1)

formâ, kur koeficienti ãk(t) ir

ãk(t) = ãk(0)e−λkt +

∫ t

0

f̃k(ξ)e
−λk(t−ξ)dξ, (7.2)

bet skalârie reizinâjumi ãk(0) = (u0, y
(k)), f̃k(t) = (f, y(k)) ir diskrçtâ formâ.

Viss augstâk minçtais ïauj formulçt ðâdu teorçmu:

Teorçma 13. Ja f(x, t) =
∑M1

i=1 bi(t)Xi(x) un u0(x) =
∑M2

i=1BiXi(x), kur

max{M1,M2} ≤ N − 1 ,Bi ∈ R, bi(t) ir integrçjamas funkcijas un Xi(x) ir problçmas

(1.11) îpaðfunkcijas, tad shçma (7.1) ir precîza.

Pierâdîjums. Tâ kâ problçmas (1.11) îpaðfunkcijas Xi(x), x ∈ [0, l] un problçmas

(1.20) îpaðvektori y(i)(x), x ∈ ωh sakrît mezglu punktos, no ortonormçtîbas nosacîjuma

izriet, ka

ak(0) = (

M2∑
i=1

BiXi(x), Xk(x)) = Bk, k ≤M2

un ak(0) = 0, k > M2,

ãk(0) = (

M2∑
i=1

BiXi(x), y(k)(x)) = Bk, k ≤M2

un ãk(0) = 0, k = M2 + 1, N − 1, ja M2 6= N − 1,

fk(t) = (

M1∑
i=1

bi(t)Xi(x), Xk(x)) = bk(t), k ≤M1
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un fk(t) = 0, k > M1,

f̃k(t) = (

M1∑
i=1

bi(t)Xi(x), y(k)(x)) = bk(t), k ≤M1

un f̃k(t) = 0, k = M1 + 1, N − 1 ,ja M1 6= N − 1.

Savukârt, no tâ izriet, ka funkcijas ak(t) un ãk(t) sakrît visiem k = 1, N − 1 un visiem

k > N − 1 ak(t) = 0. Tas nozîme, ka atrisinâjuma izvirzîjums bezgalîgâ Furjç rindâ (6.3)

sakrît mezglu punktos ar atrisinâjuma izvirzîjumu galîgâ Furjç rindâ (7.1).

Piemçrs 7. Problçma 
∂u
∂t

= ∂2u
∂x2

+
√

2e−πtsin(πx), x ∈ [0, 1]

u|t=0 =
√

2sin(πx) +
√

2sin(4πx),

u|x=0 = 0, u|x=1 = 0, t ∈ [0, 1]

(7.3)

apmierina teorçmas (12) nosacîjumus, ja N ≥ 4, lîdz ar to var secinât, ka shçma (7.1) ðai

problçmai ir precîza. To var viegli pârbaudît ar MATLAB programmu.

Problçmas (7.3) precîzais atrisinâjums ir

u(x, t) = (e−π
2t+ te−π

2t)
√

2sin(πx)+
16π2 − 1 + e−16π

2t

(16π2)2

√
2sin(4πx)+e−16π

2t
√

2sin(4πx).

17. tabula Absolûtâs kïûdas

N ∆u(GDS) ∆u(GDSPS)

5 0.0124 8.3267 · 10−17

10 0.0043 1.1102 · 10−16
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11. att. Problçmas (7.3) atrisinâjuma grafiks
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8. Jaukta veida problçma stîgas svârstîbu vienâdoju-

mam

Jaukta veida problçma stîgas svârstîbu vienâdojumam ir formâ

∂2u
∂t

= ∂2u
∂x2

+ f(x, t), x ∈ (0, l), t ≥ 0

u|t=0 = u0(x), x ∈ [0, l]

∂2u
∂t
|t=0 = ũ0(x), x ∈ [0, l]

u|x=0 = g1(t), u|x=l = g2(t), t ≥ 0,

(8.1)

kur f (f(0, t) = f(l, t) = 0), u0, u1, g1, g2 ir dotas nepârtrauktas savu argumentu funkcijas.

Problçmu (8.1) tâpat, ka problçmu (6.1) ar nehomogçniem pirmâ veida robeþnosacîju-

miem (g1 vai g2 6= 0 ) var reducçt uz homogçnâm problçmâm lîdzîgi, ja apskata starpîbu

u(x, t)− U(x, t), kur

U(x, t) = g1(t) +
x

l
(g2(t)− g1(t)).

Lîdz ar to, modificçjot funkcijas f un u0, var pieòemt, ka robeþnosacîjumi ir homogçni

(g1 = g2 = 0).

8.1. Nepârtrauktâ problçma

Meklçjot problçmas (8.1) (g1 = g2 = 0) atrisinâjumu rindas formâ pçc diferenciâ-

loperatora (− ∂2

∂x2
) ortonormçtâm îpaðfunkcijâm, Xk(x) =

√
2
l
sin
(
kπx
l

)
, k = 1, 2, ... ar

atbilstoðâm îpaðvçrtîbâm λk =
(
kπ
l

)2
, k = 1, 2, ..., iegûst analogi (6.3)

u(x, t) =
∞∑
k=1

ak(t)Xk(x), (8.2)

un no Koðî problçmas äk(t) + λkak(t) = fk(t)

ak(0) = (u0, Xk), ȧk = (ũ0, Xk),

(8.3)

kur analogi (6.4)

fk(t) = (f,Xk) ≡
∫ l

0

f(x, t)Xk(x)dx.

Ðîs problçmas atrisinâjums ir

ak(t) = ak(0)cos(
√
λkt) +

ȧk(0)√
λk

sin(
√
λkt) +

1√
λk

∫ t

0

fk(ξ)sin(
√
λk(t− ξ))dξ. (8.4)
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8.2. Taiðòu shçma

Ja taisnes ir paralçlas laika asij, tad, aizstâjot nepârtraukto mainîgo x ar diskrçto xj no

reþìa ωh un aproksimçjot atvasinâjumu ∂2u
∂2x

ar otrâs kârtas centrâlo diferenci −Λy ≡ −yxx,

iegûst laika t Koðî problçmu N − 1 otrâs kârtas parasto diferenciâlvienâdojumu sistçmai
d2y
dt2

= Λy + f(x, t), x ∈ ωh, t ≥ 0

y|t=0 = u0(x), dy
dt
|t=0 = ũ0(x), x ∈ ωh

y|x=0 = y|x=l = 0, t ≥ 0,

(8.5)

kur y = y(x, t), x ∈ ωh, t ≥ 0.

Ðeit robeþnosacîjumi ir homogçni. Nehomogçnos robeþnosacîjumus analogi (6.6) var

pievienot labâs puses funkcijai f(x, t), x ∈ ωh.

Meklçjot atrisinâjumu (8.5) kâ lineâru kombinâciju (6.9).

y(x, t) =
N−1∑
k=1

ak(t)y
(k)(x), x ∈ ωh, (8.6)

kur funkcijas ak(t) ir Koðî problçmasäk(t) + µkak(t) = fk(t)

ak(0) = (u0, Xk), ȧk = (ũ0, Xk),

(8.7)

atrisinâjums ar

fk(t) = (f, y(k)) ≡ h
N−1∑
i=1

f(ih, t)y(k)(ih),

ak(0) = (u0, y
(k)), ȧk(0) = (ũ0, y

(k)),

µk =
4

h2
sin2

(
kπh

2l

)
.

Iegûst atrisinâjumu ak(t) formâ (8.4), kur λk vietâ ir µk.

Taiðòu metodi (8.5) var pârrakstît kâ Koðî problçmu parasto diferenciâlvienâdojumu

sistçmu vektoru-matricu formâ
dY
dt

+ AY = F (t), t ≥ 0

Y (0) = U0

Ỹ (0) = Ũ(0),
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kur

Y (t) = (y1(t), y2(t), ..., yN−1(t))
T ,

F (t) = (f1(t), f2(t), ..., fN−1(t))
T ,

U0 = (u0(h), u0(2h), ..., u0((N − 1)h))T

Ũ0 = (ũ0(h), ũ0(2h), ..., ũ0((N − 1)h))T

ir (N − 1)-âs kârtas vektori-kolonnas,

A =


2 −1 0 . . . 0 0

−1 2 −1 . . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . −1 2


ir trîsdiagonâlmatrica.

Tâ kâ matricas A îpaðvçrtîbas ir µk, k = 1, N − 1, bet atbilstoðie îpaðvektori kolonnas

W (k) = (w
(k)
1 , w

(k)
2 , ..., w

(k)
N−1)

T , k = 1, N − 1

w
(k)
j =

√
hy(k)(xj) =

√
2

N
sin

(
πjk

N

)
, j = 1, N − 1,

tad, sakârtojot ðos îpaðvektorusW (k) simetriskas matricasW k-tâs kolonnâs un îpaðvçrtî-

bas µk diagonâlmaticâ D, iegûstam matricu vienâdojumu AW = WD vai A = WDW−1.

Ortonormçtîbas dçï W 2 = WW = E, t.i. W−1 = W . Tâdçjâdi Koðî problçmu var

pierakstît formâ 
dY
dt

+WDW−1Y = F (t), t ≥ 0

Y (0) = U0

Ỹ (0) = Ũ(0),

(8.8)

kuras atrisinâjums ir formâ (8.6).
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9. Taiðòu shçma ar precîzo spektru stîgas svârstîbu

vienâdojumam

Konstruçjot taiðòu shçmu ar precîzo spektru problçmâ (8.8), diagonâlmtricâ D sakârto

nepârtrauktâ operatora −L ≡ − ∂2

∂x2
pirmâs N − 1 îpaðvçrtîbas λk = (kπ

l
)2 vai formulâ

(8.7) îpaðvçrtîbas µk aizvieto ar λk, k = 1, N − 1. Tad diferenèu operatora matricai

PDP−1 vairs nav trîsdiagonâlforma, bet tâ ir pilna (N − 1)-âs kârtas matrica. Risinot

(8.8) analîtiski, kâ iepriekð iegûst atrisinâjumu Furjç rindas (8.2) nogrieþòa

y(x, t) =
N−1∑
k=1

ãk(t)y
(k)(x), x ∈ ωh (9.1)

formâ, kur koeficienti ãk(t) ir

ãk(t) = ãk(0)cos(
√
λkt) +

˙̃ak(0)√
λk

sin(
√
λkt) +

1√
λk

∫ t

0

f̃k(ξ)sin(
√
λk(t− ξ))dξ, (9.2)

bet skalârie reizinâjumi ãk(0) = (u0, y
(k)), ˙̃ak(0) = (ũ0, y

(k)), f̃k(t) = (f, y(k)) ir diskrçtâ

formâ.

Tagad var noformulçt precîzas shçmas teorçmu stîgas svârstîbu vienâdojumam.

Teorçma 14. Ja f(x, t) =
∑M1

i=1 bi(t)Xi(x), u0(x) =
∑M2

i=1BiXi(x) un ũ0(x) =
∑M3

i=1 B̃iXi(x),

kur max{M1,M2,M3} ≤ N − 1 ,Bi, B̃i ∈ R, bi(t) ir integrçjamas funkcijas un Xi(x), ir

problçmas (1.11) îpaðfunkcijas, tad shçma (9.1) ir precîza.

Pierâdîjums. Tâ kâ problçmas (1.11) îpaðfunkcijas Xi(x), x ∈ [0, l] un problçmas

(1.20) îpaðvektori y(i)(x), x ∈ ωh sakrît mezglu punktos, no ortonormçtîbas nosacîjuma

izriet, ka

ak(0) = (

M2∑
i=1

BiXi(x), Xk(x)) = Bk, k ≤M2

un ak(0) = 0, k > M2,

ãk(0) = (

M2∑
i=1

BiXi(x), y(k)(x)) = Bk, k ≤M2

un ãk(0) = 0, k = M2 + 1, N − 1, ja M2 6= N − 1,
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ȧk(0) = (

M3∑
i=1

B̃iXi(x), Xk(x)) = B̃k, k ≤M2

un ȧk(0) = 0, k > M3,

˙̃ak(0) = (

M3∑
i=1

B̃iXi(x), y(k)(x)) = B̃k, k ≤M2

un ˙̃ak(0) = 0, k = M3 + 1, N − 1, ja M3 6= N − 1,

fk(t) = (

M1∑
i=1

bi(t)Xi(x), Xk(x)) = bk(t), k ≤M1

un fk(t) = 0, k > M1,

f̃k(t) = (

M1∑
i=1

bi(t)Xi(x), y(k)(x)) = bk(t), k ≤M1

un f̃k(t) = 0, k = M1 + 1, N − 1, ja M1 6= N − 1.

Savukârt, no tâ izriet, ka funkcijas ak(t) un ãk(t) sakrît visiem k = 1, N − 1 un visiem

k > N − 1 ak(t) = 0. Tas nozîme, ka atrisinâjuma izvirzîjums bezgalîgâ Furjç rindâ (8.2)

sakrît mezglu punktos ar atrisinâjuma izvirzîjumu galîgâ Furjç rindâ (9.1).

Piemçrs 8. Problçma 

∂2u
∂t2

= ∂2u
∂x2
, x ∈ [0, 1]

u|t=0 =
√

2sin(πx)

∂u
∂t
|t=0 =

√
2sin(2πx)

u|x=0 = 0, u|x=1 = 0, t ∈ [0, 1]

(9.3)

apmierina teorçmas (13) nosacîjumus, ja N ≥ 2, lîdz ar to var secinât, ka shçma (9.1)

ðai problçmai ir precîza. To var viegli pârbaudît ar MATLAB programmu.

Problçmas (9.3) precîzais atrisinâjums ir

u(x, t) =
√

2cos(πt)sin(πx) +

√
2

2π
sin(2πt)sin(2πx).
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18. tabula Absolûtâs kïûdas

N ∆u(GDS) ∆u(GDSPS)

5 0.0644 6.6613 · 10−16

10 0.0220 6.6613 · 10−16

12. att. Problçmas (9.3) atrisinâjuma grafiks.
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Nobeigums

Bakalaura darba mçríis bija salîdzinât diferenèu shçmas ar precîzo spektru ar citâm

diferenèu shçmâm parastajiem un parciâliem diferenciâlvienâdojumiem. Lai to izdarîtu,

sâkotnçji tika aprakstîts, kâ otrâs kârtas diferenciâlvienâdojuma atrisinâjumu var izvirzît

bezgalîgâ un galîgâ Furjç rindâ, izmantojot attiecîgas problçmas îpaðvçrtîbas un îpaðfun-

kcijas. Tika definçtas galîgo diferenèu shçmas otrâs kârtas lineâriem diferenciâlvienâdoju-

miem ar pirmâ veida robeþnosacîjumiem, kâ arî taiðòu metodes ar precîzo spektru siltuma

vadîðanas un stîgas svârstîbu vienâdojumiem.

Veicot eksperimentus vienâdojumiem formâ −u′′(x) = f(x) ar MATLAB programmas

palîdzîbu, izmantojot GDSPS, tika iegûti precîzâkie rezultâti, nekâ izmatojot GDS. Re-

zultâti vienâdojumiem formâ −u′′(x)− bu(x) = f(x), kuri tika iegûti ar GDSPS.

Vienâdojumiem formâ −u′′(x)− bu(x) = f(x) GDSPS dod precîzâkus rezultâtus nekâ

GDS vai Bahvalova GDS. Vienâdojumiem formâ −u′′(x) − au′(x) = f(x) GDSPS dot

precîzâkus rezultâtus nekâ Iïjina GDS pie mazâm parametra a vçrtîbâm. Pie lielâm pa-

rametra a vçrtîbâm, lai GDSPS bûtu precîzâka par Iïjina GDS, ir nepiecieðams liels reþìa

punktu skaits.

Parciâliem diferenciâlvienâdojumiem, proti, siltuma vadîðanas un stîgas svârstîbu vien-

âdojumam tika pierâdîtas divas teorçmas par precîzo spektru. Ar MATLAB programmas

palîdzîbu teorçmas tika pârbaudîtas.

Visos piemçros tika apskatîtas tikai gludas funkcijas f(x) un gandrîz visos gadîjumos

GDSPS dod daudz labâkus rezultâtus nekâ parastâ vai speciâlâs GDS; attîstot ðo teoriju

var apskatît ne tikai gludas, bet arî pârtrauktas funkcijas.

Lai gan ðajâ darbâ tika konstruçtas GDSPS vienâdojumiem tikai ar pirmâ veida ro-

beþnosacîjumiem, ðo paðu shçmu ir iespçjams konstruçt vienâdojumiem ar otrâ un treðâ

veida robeþnosacîjumiem.
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1. M-faili

function PDS1veid4(N)

N1=N+1;N2=N-1; L=1;x=linspace(0,L,N1)';x=x(2:N);h=L/N;

B1=zeros(N2,N2);

B1=B1+2*diag(ones(N2,1))-diag(ones(N2-1,1),-1)-diag(ones(N2-1,1),1);

B1=B1/(h^2);

F=sin(pi*x);

prec=1/(pi^2)*sin(pi*x);

u=B1\F;

lk=4/(h^2)*(sin(0.5*(1:N2)'*h*pi/L)).^2;

CK1=sqrt(2*h/L);

lk0=((1:N2)'*pi/L).^2;

W=sin(pi*(1:N2)'*x'/L)';

for j=1:N2

W(:,j)=W(:,j).*CK1;end;

%W'*W,A2=W*diag(lk)*W' % control

%U=W*diag(lk.^(-1))*W'*F; %FDS

U=W*diag(lk0.^(-1))*W'*F; %FDSES

figure,plot(x,prec,'ro',x,u,'b*',x,U,'k*')

legend('prec. atr.', 'GDS','GDSPS')

xlabel('x')

kMat=(abs(u-prec))

kMat1=max(abs(u-prec))

kU=abs(U-prec);

kU1=max(abs(U-prec))

norm(kU);

figure,plot(x,kMat,'b*',x,kU,'k*')

legend('GDS kl. ','GDSPS kl.')

xlabel('x')

dd=abs(u(1)-prec(1));

hh=abs(u(1)-prec(1))/prec(1);

ddd=abs(U(1)-prec(1));
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hhh=abs(U(1)-prec(1))/prec(1);

for j=2:N2

if (dd<abs(u(j)-prec(j))) dd=abs(u(j)-prec(j));

hh=abs(u(j)-prec(j))/prec(j);

if (ddd<abs(U(j)-prec(j))) ddd=abs(U(j)-prec(j))/abs(prec(j));

hhh=abs(U(j)-prec(j))/prec(j);

end

end

end

hh

hhh

function PDS1veid5(N)

N1=N+1;N2=N-1; L=1;x=linspace(0,L,N1)';x=x(2:N);h=L/N;

B1=zeros(N2,N2);

B1=B1+2*diag(ones(N2,1))-diag(ones(N2-1,1),-1)-diag(ones(N2-1,1),1);

B1=B1/(h^2);

F=x.*(x-1);

prec=-1/12*x.^4+1/6*x.^3-1/12*x;

u=B1\F;

lk=4/(h^2)*(sin(0.5*(1:N2)'*h*pi/L)).^2;

CK1=sqrt(2*h/L);

lk0=((1:N2)'*pi/L).^2;

W=sin(pi*(1:N2)'*x'/L)';

for j=1:N2

W(:,j)=W(:,j).*CK1;end;

%W'*W,A2=W*diag(lk)*W' % control

%U=W*diag(lk.^(-1))*W'*F; %FDS

U=W*diag(lk0.^(-1))*W'*F; %FDSES

figure,plot(x,prec,'ro',x,u,'b*',x,U,'k*')
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legend('prec. atr.', 'GDS','GDSPS')

xlabel('x')

kMat=(abs(u-prec))

kMat1=max(abs(u-prec))

kU=abs(U-prec);

kU1=max(abs(U-prec))

norm(kU);

figure,plot(x,kMat,'b*',x,kU,'k*')

legend('GDS kl. ','GDSPS kl.')

xlabel('x')

dd=abs(u(1)-prec(1));

hh=abs(u(1)-prec(1))/prec(1);

ddd=abs(U(1)-prec(1));

hhh=abs(U(1)-prec(1))/prec(1);

for j=2:N2

if (dd<abs(u(j)-prec(j))) dd=abs(u(j)-prec(j));

hh=abs(u(j)-prec(j))/prec(j);

if (ddd<abs(U(j)-prec(j))) ddd=abs(U(j)-prec(j))/abs(prec(j));

hhh=abs(U(j)-prec(j))/prec(j);

end

end

end

hh

hhh

function PDS3veid1(N)

N1=N+1;N2=N-1; L=1;x=linspace(0,L,N1)';x=x(2:N);

h=L/N;a=50;a1=sqrt(a)*h/2;g=(a1/sin(a1))^2;

B1=zeros(N2,N2);
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B2=zeros(N2,N2);

B1=B1+2*(g-(a*h^2)/2)*diag(ones(N2,1))-...

-g*diag(ones(N2-1,1),-1)-g*diag(ones(N2-1,1),1);

B2=B2+2*(1-(a*h^2)/2)*diag(ones(N2,1))-...-

diag(ones(N2-1,1),-1)-diag(ones(N2-1,1),1);

B1=B1/(h^2);

B2=B2/(h^2);

F=10*sin(3*pi*x);

prec=10*sin(3*pi*x)/(-50+9*pi^2);

u=B1\F;

uu=B2\F;

lk=4/(h^2)*(sin(0.5*(1:N2)'*h*pi/L)).^2-a;

CK1=sqrt(2*h/L);

lk0=((1:N2)'*pi/L).^2-a;

W=sin(pi*(1:N2)'*x'/L)';

for j=1:N2

W(:,j)=W(:,j).*CK1;end;

%W'*W,A2=W*diag(lk)*W' % control

%U=W*diag(lk.^(-1))*W'*F; %FDS

U=W*diag(lk0.^(-1))*W'*F; %FDSES

figure,plot(x,prec,'ro',x,u,'g*',x,U,'k*',x,uu,'b*')

legend('prec. atr.', 'Bah. GDS','GDSPS','GDS' )

xlabel('x')

kMat=(abs(u-prec));

kMat1=max(abs(u-prec))

kU=abs(U-prec);

kU1=max(abs(U-prec))

kMat2=(abs(uu-prec));

kMat22=max(abs(uu-prec))

figure,plot(x,kMat,'g*',x,kU,'k*',x,kMat2,'b*')

legend('Bah GDS kl. ','GDSPS kl.','GDS kl.')

xlabel('x')
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dd=abs(u(1)-prec(1));

hh=abs(u(1)-prec(1))/prec(1);

ddd=abs(U(1)-prec(1));

hhh=abs(U(1)-prec(1))/prec(1);

dddd=abs(uu(1)-prec(1));

hhhh=abs(uu(1)-prec(1))/prec(1);

for j=2:N2

if (dd<abs(u(j)-prec(j))) dd=abs(u(j)-prec(j));

hh=abs(u(j)-prec(j))/prec(j);

if (ddd<abs(U(j)-prec(j))) ddd=abs(U(j)-prec(j))/abs(prec(j));

hhh=abs(U(j)-prec(j))/prec(j);

if (dddd<abs(uu(j)-prec(j))) dddd=abs(uu(j)-prec(j))/abs(prec(j));

hhhh=abs(uu(j)-prec(j))/prec(j);

end

end

end

end

hh

hhh

hhhh

function PDS3veid(N)

N1=N+1;N2=N-1; L=1;x=linspace(0,L,N1)';x=x(2:N);

h=L/N;a=100;a1=sqrt(a)*h/2;g=(a1/sin(a1))^2;

B1=zeros(N2,N2);

B2=zeros(N2,N2);

B1=B1+2*(g-(a*h^2)/2)*diag(ones(N2,1))-g*diag(ones(N2-1,1),-1)-...

g*diag(ones(N2-1,1),1);

B2=B2+2*(1-(a*h^2)/2)*diag(ones(N2,1))-diag(ones(N2-1,1),-1)-...

(ones(N2-1,1),1);
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B1=B1/(h^2);

B2=B2/(h^2);

F=x.*(x-1).*exp(x);

prec=-4/1030301*sin(10*x)*(2*cos(10)+99*exp(1))/sin(10)+...

8/1030301*cos(10*x)-1/1030301*(8-10605*x+10201*x.^2).*exp(x);

u=B1\F;

uu=B2\F;

lk=4/(h^2)*(sin(0.5*(1:N2)'*h*pi/L)).^2-a;

CK1=sqrt(2*h/L);

lk0=((1:N2)'*pi/L).^2-a;

W=sin(pi*(1:N2)'*x'/L)';

for j=1:N2

W(:,j)=W(:,j).*CK1;end;

%W'*W,A2=W*diag(lk)*W' % control

%U=W*diag(lk.^(-1))*W'*F; %FDS

U=W*diag(lk0.^(-1))*W'*F; %FDSES

figure,plot(x,prec,'ro',x,u,'g*',x,U,'k*',x,uu,'b*')

legend('prec. atr.', 'Bah. GDS','GDSPS','GDS' )

xlabel('x')

kMat=(abs(u-prec));

kMat1=max(abs(u-prec))

kU=abs(U-prec);

kU1=max(abs(U-prec))

kMat2=(abs(uu-prec));

kMat22=max(abs(uu-prec))

figure,plot(x,kMat,'g*',x,kU,'k*',x,kMat2,'b*')

legend('Bah GDS kl. ','GDSPS kl.','GDS kl.')

xlabel('x')

dd=abs(u(1)-prec(1));

hh=abs(u(1)-prec(1))/prec(1);

ddd=abs(U(1)-prec(1));

hhh=abs(U(1)-prec(1))/prec(1);
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dddd=abs(uu(1)-prec(1));

hhhh=abs(uu(1)-prec(1))/prec(1);

for j=2:N2

if (dd<abs(u(j)-prec(j))) dd=abs(u(j)-prec(j));

hh=abs(u(j)-prec(j))/prec(j);

if (ddd<abs(U(j)-prec(j))) ddd=abs(U(j)-prec(j))/abs(prec(j));

hhh=abs(U(j)-prec(j))/prec(j);

if (dddd<abs(uu(j)-prec(j))) dddd=abs(uu(j)-prec(j))/abs(prec(j));

hhhh=abs(uu(j)-prec(j))/prec(j);

end

end

end

end

hh

hhh

hhhh

function PDS5veid(N)

N1=N+1;N2=N-1; L=1;a=5;x=linspace(0,L,N1)';

x=x(2:N);h=L/N;a1=a*h/2;

g=a1*coth(a1);% Iljina FDS

B1=zeros(N2,N2);

B1=B1+2*g*diag(ones(N2,1))-(g-a1)*diag(ones(N2-1,1),-1)-...

-(g+a1)*diag(ones(N2-1,1),1);

B1=B1/(h^2);% 3-diag. matr.$

F=exp(-5*x/2).*sin(3*pi*x);

prec=20*exp(-5/2*x).*sin(3*pi*x)/(125+180*pi^2);

u=B1\F;

lk0=(pi/L*[1:N2]').^2+a^2/4;

lk=2/(h^2)*(g-sqrt(g^2-a1^2)*cos([1:N2]'*pi*h/L));
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CK1=sqrt(2*h/L);g1=(g-a1)/(g+a1);

W=(sin(pi/L*[1:N2]'*x').*(ones(N2,1)*(g1.^(0.5*x/h))'))';

W1=(sin(pi/L*[1:N2]'*x').*(ones(N2,1)*(g1.^(-0.5*x/h))'))';

for j=1:N2

W1(:,j)=W1(:,j).*CK1;

W(:,j)=W(:,j).*CK1;end;

%U=W*diag(lk.^(-1))*W1'*F;%FDS

U=W*diag(lk0.^(-1))*W1'*F; %FDSES

figure,plot(x,prec,'ro',x,u,'b*',x,U,'k*')

legend('prec. atr.', 'GDS','GDSPS')

xlabel('x')

kMat=(abs(u-prec));

kMat1=max(abs(u-prec))

kU=abs(U-prec);

kU1=max(abs(U-prec))

norm(kU);

figure,plot(x,kMat,'b*',x,kU,'k*')

legend('GDS kl. ','GDSPS kl.')

xlabel('x')

dd=abs(u(1)-prec(1));

hh=abs(u(1)-prec(1))/prec(1);

ddd=abs(U(1)-prec(1));

hhh=abs(U(1)-prec(1))/prec(1);

for j=2:N2

if (dd<abs(u(j)-prec(j))) dd=abs(u(j)-prec(j));

hh=abs(u(j)-prec(j))/prec(j);

if (ddd<abs(U(j)-prec(j))) ddd=abs(U(j)-prec(j))/abs(prec(j));

hhh=abs(U(j)-prec(j))/prec(j);

end

end

end

hh
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hhh

function PDS2veid(N)

N1=N+1;N2=N-1; L=1;a=1;x=linspace(0,L,N1)';

x=x(2:N);h=L/N;a1=a*h/2;

g=a1*coth(a1);% Iljina FDS

B1=zeros(N2,N2);

B1=B1+2*g*diag(ones(N2,1))-(g-a1)*diag(ones(N2-1,1),-1)-...

-(g+a1)*diag(ones(N2-1,1),1);

B1=B1/(h^2);% 3-diag. matr.$

F=-x.*(x-1);

prec=-3/2*x.^2+1/3*x.^3-11/6*exp(-x)/(exp(-1)-1)+3*x+11/6*1/(exp(-1)-1);

u=B1\F;

lk0=(pi/L*[1:N2]').^2+a^2/4;

lk=2/(h^2)*(g-sqrt(g^2-a1^2)*cos([1:N2]'*pi*h/L));

CK1=sqrt(2*h/L);g1=(g-a1)/(g+a1);

W=(sin(pi/L*[1:N2]'*x').*(ones(N2,1)*(g1.^(0.5*x/h))'))';

W1=(sin(pi/L*[1:N2]'*x').*(ones(N2,1)*(g1.^(-0.5*x/h))'))';

for j=1:N2

W1(:,j)=W1(:,j).*CK1;

W(:,j)=W(:,j).*CK1;end;

%U=W*diag(lk.^(-1))*W1'*F;%FDS

U=W*diag(lk0.^(-1))*W1'*F; %FDSES

figure,plot(x,prec,'ro',x,u,'b*',x,U,'k*')

legend('prec. atr.', 'GDS','GDSPS')

xlabel('x')

kMat=(abs(u-prec));

kMat1=max(abs(u-prec))

kU=abs(U-prec);
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kU1=max(abs(U-prec))

norm(kU);

figure,plot(x,kMat,'b*',x,kU,'k*')

legend('GDS kl. ','GDSPS kl.')

xlabel('x')

dd=abs(u(1)-prec(1));

hh=abs(u(1)-prec(1))/prec(1);

ddd=abs(U(1)-prec(1));

hhh=abs(U(1)-prec(1))/prec(1);

for j=2:N2

if (dd<abs(u(j)-prec(j))) dd=abs(u(j)-prec(j));

hh=abs(u(j)-prec(j))/prec(j);

if (ddd<abs(U(j)-prec(j))) ddd=abs(U(j)-prec(j))/abs(prec(j));

hhh=abs(U(j)-prec(j))/prec(j);

end

end

end

hh

hhh

function Heat1(N)

N1=N+1;; Tb=1;L=1;x=linspace(0,L,N1)';

t=linspace(0,Tb,N1);

h=L/N;N2=N-1;

lk=4/h^2* (sin(pi*h/L*(1:N2)'/2)).^2;

lk0=(pi/L*(1:N2)').^2;

x=x(2:N);t=t(2:N);

W= sqrt(2/L)*sin(pi*h/L*[1:N2]'*[1:N2]);

y1=sqrt(2)*sin(pi*x)+sqrt(2)*sin(4*pi*x);
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P=h*W*y1;P1=zeros(N2,N2);

P1(:,1)=P(1)*exp(-lk0(1)*t')+t'.*exp(-pi^2*t');

P1(:,4)=P(4)*exp(-lk0(4)*t')+(16*pi^2-1+exp(-16*pi^2*t'))/(16*pi^2)^2;

P2=(W*P1')';P2

prec=(exp(-pi^2*t')+t'.*exp(-pi^2*t'))*sqrt(2)*sin(pi*x')+(16*pi^2-1+exp(-...

-16*pi^2*t'))/(16*pi^2)^2*sqrt(2)*sin(4*pi*x')+...

+exp(-16*pi^2*t')*sqrt(2)*sin(4*pi*x');

max(max(abs(P2-prec)))

mesh(t,x,prec)

xlabel('x')

ylabel('t')

zlabel('u')

S=h*W*y1;S1=zeros(N2,N2);

S1(:,1)=S(1)*exp(-lk(1)*t')+t'.*exp(-pi^2*t');

S1(:,4)=S(4)*exp(-lk(4)*t')+(16*pi^2-1+exp(-16*pi^2*t'))/(16*pi^2)^2;

S2=(W*S1')';

max(max(abs(S2-prec)))

function wave1(N)

N1=N+1;; Tb=1;L=1;x=linspace(0,L,N1)';

t=linspace(0,Tb,N1);

h=L/N;N2=N-1;

lk=4/h^2* (sin(pi*h/L*(1:N2)'/2)).^2;

lk0=(pi/L*(1:N2)').^2;

x=x(2:N);t=t(2:N);

W= sqrt(2/L)*sin(pi*h/L*[1:N2]'*[1:N2]);

y1=sqrt(2)*sin(pi*x);

y0=sqrt(2)*sin(2*pi*x);

P=h*W*y1;P1=zeros(N2,N2);

P0=h*W*y0;
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P1(:,1)=P(1)*cos(sqrt(lk0(1))*t');

P1(:,2)=P0(2)/sqrt(lk0(2))*sin(sqrt(lk0(2))*t');

P2=(W*P1')';P2

prec=sqrt(2)*cos(pi*t')*sin(pi*x')+sqrt(2)*sin(2*pi*t')/pi*0.5*sin(2*pi*x');

max(max(abs(P2-prec)))

mesh(t,x,prec)

xlabel('x')

ylabel('t')

zlabel('u')

S=h*W*y1;S1=zeros(N2,N2);S0=h*W*y0;

S1(:,1)=S(1)*cos(sqrt(lk(1))*t');

S1(:,2)=S0(2)/sqrt(lk(2))*sin(sqrt(lk(2))*t');

S2=(W*S1')';

max(max(abs(S2-prec)))

2. Maple programmas kods

limit(a/(x*sinh(x*a/2))*(cosh(a*x/2)-cos((k*pi*x)/l)),x=0);
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Bakalaura darbs \Diferenèu shçmas ar precîzo spektru diferenciâlvienâdojumiem ar

pirmâ veida robeþnosacîjumiem" izstrâdâts LU Fizikas un Matemâtikas fakultâtç.

Ar savu parakstu apliecinu, ka pçtîjums veikts patstâvîgi, izmantoti tikai tajâ norâdîtie

informâcijas avoti un iesniegtâ darba elektroniskâ kopija atbilst izdrukai.

Autors: Sergejs Rogovs
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Rekomendçju darbu aizstâvçðanai.
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