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Probabilistic Reversible Automata
and Quantum Automata

Marats Golovkins* and Maksim Kravtsev**

Institute of Mathematics and Computer Science, University of Latvia
Raina bulv. 29, Riga, Latvia
marats@latnet.lv, maksimsQbatsoft.lv

Abstract. To study relationship between quantum finite automata and
probabilistic finite automata, we introduce a notion of probabilistic re-
versible automata (PRA, or doubly stochastic automata). We find that
there is a strong relationship between different possible models of PRA
and corresponding models of quantum finite automata. We also propo
a classification of reversible finite 1-way automata.

1 Introduction

Here we introduce common notions used throughout the paper as well 83 up

marize its contents. 1
We analyze two models of probabilistic reversible automata in this pa ¢l

namely, 1-way PRA and 1.5-way PRA.
If not specified otherwxse we denote by 2 an input alphabet of an autom

introduce a working alphabet as I' = Z U {#.3)}. By @ we normally und
the set of states of an automaton. By Z we understand complement of a lang

to get to a sr.ate q' by readmg some word £ € S, starting in q.

Let us consider A. Nayak’s model of quantum automata with m_ixed\
(QFA-N, [N 99]). (Evolution is characterized by & unitary matrix and syba
quent measurements are performed after each step, POVM measuremen'

Commission, contract IST- 1999 11234 i
* Research partially supported by the Latvian Council of Science, grant No 401
and European Commission, contract [ST-1999-11234

O.H. Ibarra and L. Zhang (Eds.): COCOON 2002, LNCS 2387, pp. 574-583, 2002.
© Springer-Verlag Berlin Heidelberg 2002



Definition 1.1. A probabilistic automaton is ca.lled reversible if its linear oper-
ator can be described by a doubly stochMtic matri:l:,

;v At least two definitions exist, how to interpret word acceptance, and hence,
aanguage recognition, for reversible automata.

1 Definltlon 1.2. Classical acceptance. (C-automata) We say that an automaton
~:Dccepts(rejects) a word clMsically, if its set of states consists of two disjoint
;i~bsets: acapting  states and rejecting states, and the following conditions hold:
f-~theautomaton accepts the word, i/ it is in accepting state after having read the
;last symbol of the word;

~.the automaton rejects the word, if it is in rejecting state after hauing read the
~1'13tsymbol of the word.

{/Jeﬂnition 1.3. "Decide and halt" acceptance, (DH-automata) We say that
tpn automaton accepts (rejects) a word in a decide-and-halt  manner, if its set
io/states  consists of three disjoint subsets: accepting states, rtljecting states and
Hon-halLting states, and the following conditions hold:

the computation is continued only if the automaton enters a non-halting state;
if the automaton  enters an accepting state, the word is accepted;

if the automaton enters a rejecting state, the word is rejected.

~ Having defined word acceptance, we define language recognition in an equiv-
~'ntway as in [R 63]. We consider only bounded error language recognition in
ills paper. By pxA we denote the probability that a word :z; is accepted by an
~utomaton A.

‘eflnition 1.4 We say that a language L is recognized with bounded error by
- automaton A with interual (PI, P2) if PI <P2 and Pl =: sUp{P"A [ x L),
Zinf(P «a | x E L}

e.say that a language is recognized with a probability p if the language is
ognized with interval (1 - p, p). We say that a language is recognized with
obability 1- e, if for every e > d there exists an automaton which recognizes
‘e.;language with interval ¢1,1- £2), where 1,22 $E
;' In Section 2, we discuss properties of PRA C-automata (PRA-C). We prove
t PRA-C recognize the class of languages altl2 ." a;' with probability 1 - e.
h19 class can be recognized by measure-many quantum finite automata [KW 97]
QFA.KW), with worse acceptance probabilities, however [ABFK 99]. This also
,plies that QFA-N recognize this class of languages with probability 1 - e.
. her, we show general class of regular languages, not recognizable by PRA-C.
articular, such languages as (a.,b)*e.and n(a,b)* are in this class, This class
strong similarities with the class of languages, not recognizable by QFA-KW
Vv 00). We also show that the class of languages recognized by PRA-C is
~d under boolean operations. In Section 3 we prove, that PRA DH-automata
o'nat recognize the language (a,b)-a. In Section 4 we discuss some properties of
&:wayPRA. We also present an alternative notion of probabilistic reversibility,
. t~;connectedwith quantum automata. In Section 5 we propose a classification
.ieversible automata (deterministic, probabilistic and quantum).
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2 1-Way Probabilistic Reversible C-Automata

Deflnition 2.1. I-way probabilistic reversible C-automaton (PRA-C)
A=(Q, X, q,Qr, 0) is specified by a finite set of states Q, a finite input alpha-
bet £, an initial state gg € Q, a set of accepting states Qp C Q, and a transition
function 6 : @ x I'x Q — Rygy), where I' = ZU {#,8} is the input tape alphe-
bet of A and #, $ are end-markers not in L. Furthermore, transition function
satisfies the following requirements:

Y(g1,01) €QxT Y 4(g1,01,9) =1 (1)
€Q

V(Qhal)EQxF 25(‘1,01,41)=1 (2)
9€Q

For every input symbol ¢ € I, the transition function may be determined
by a |Q| x |Q| matrix V,, where (V,);,; = 6(g;,0,4:).

We define word acceptance as specified in Definition 1.2. The set of rejecting
states is Q \ Qr. We define language recognition as in Definition 1.4. 4
Now we present several results on the class of languages recognizable by'

PRA-C.

Lemma 2.2. If a language is recognized by a PRA-C A with intervel (p1,pa),
ezists a PRA-C which recognizes the language with probability p, where .’j

5 Uptpe 21 a
p= 1= ;
T ifpr+p2 < 1. 1

Theorem 2.3. If a language is recognized by a PRA-C, it is recognized by
PRA-C with probability 1 — e. ”

Proof. Idea of the proof. Assume that a language L is recognized by a PRA- Q
A. The language L is recognized with probability 1| — ¢, using a system of

identical copies of A. A system of n PRA-C automata may be simulated byrn‘:
single PRA-C automaton. a

Lemma 2.4. If a language L, is recognizable with p'nobabzhty greater than §
and a language Ly is recognizable with probability greater than % % then Ianguag
Ly N Ly and Ly U Ly are recognizable with probability greater than L

Theorem 2.5. The class of languages recognized by PRA-C is closed unde
intersection, union and complement. s

Proof. Let us consider languages L, L, recognized by some PRA-C automat
By Theorem 2.3, these languages is recognizable with probability 1 — €, ag
therefore by Lemmas 2.2 and 2.4, union and intersection of these languages
also recognizable. If a language L is recognizable by a PRA-C A, we can constru
an automaton which recognizes a language L just by making accepting states
A to be rejecting, and vice versa.
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Lemma 2.6, If A is o doubly stochastic matriz and X - a vector, then
max(X) > max(AX) and min(X) < min(AX).

Theorem 2.7. For every natural positive ri; a language L, = ajay...a; i
recognizable by some PRA-C with alphabet {ay,a2,...,an}.

Proof. We construct a PRA-C with n +1 states, qo being the initial state, corre-
sponding to probability distribution vector (10 ... O)T. The transition function
is determined by (n + 1) x (n + 1) matrices

30 0
10...0 L. 1o
299 ii?---o noe
Vo= | .7 " [ Vay= | 005w Vo= | 0 0
LU R e o e Tean T 19
0i..1 ' 0..01

) 1 1
00 n~1"'""" n=1l

The accepting states are qo. .. gn—1, the only rejecting state is g,. We prove, that

the automaton recognizes the language L,.

y Casew € L,. All w € L,, are accepted with probability 1.

. Case w ¢ Ln. Consider k such that w = wiowy, |wi| = k, wy € Ln and

w10 & L,. Since all one-letter words are in Ly, k > 0. Let a; = [w];, and a, = 0.

Sowe have s < t, 1 < s <n-1,2 £t < n. The word wya, is accepted

with probability 1 — =252y, By Lemma 2.6, since {52y < 1, reading the

symbols succeeding w;a, will not increase accepting probability. Therefore, to

ﬁnd ma.ximum accepting probability for words not in L,,, we have to maximize
_(n—'+17‘ where 3 <t, 1 <s<n-1,2<t<n Weget that the automaton

recogmzes the language with interval ( mm, 1). (By Theorem 2.3,
‘L can be recognized with probability 1 — s)

Corollary 2.8, Quantum finite automata with mized states (model of Nayak,
N 99]) recognize L, = aja}...a;, with probability 1 —¢.

&

iProof. This comes from the fact, that matrices V,,,V,,,..., V4, from the proof
of Theorem 2.7 (as well as tensor powers of those matrices) all have unitary
prot;otypes (see Definition 5.1). 0

M Now we introduce a general class of regular languages not recognizable by
PRA C.

eﬂmtion 2.9, We say that o reqular language is of type (x) if the following
i true for the minimal deterministic automaton recognizing this language: Ezist
ree states q, q1, g2, exist words x, y such that qy # q2; 9T = q1, Q¥ = qa;
€ (z,y)" 3t € (7,9)" qitty = qy; YVt € (z,y)" It € (7,¥)* qatta = 2.

- We say that a regular language is of type (»') if the following is true for the
inimal deterministic automaton recognizing this language: Exist three states g,
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ql. q2. exist words Z,y such that Q ;f g2 gx =q, ay = q2 qXx =g, QY =qI
QX =12, QY = Q2

We say that a regular language is oj type (.,") if the fol/owing i3 true for the
minimal deterministic ~ automaton recognizing this language: Exi.sttwo states Qi
Q2, exist words z,Y such that gl t=q2 glx =g2, Q2X = g2 q¥ = QI

Type (.") languages are exactly those languages that violate the partial order
condition of [BP 991.

Lemma 2.10. If A is a deterministic  finite automaton with a set of states Q
and alphabet E, then vgq E Q1x E E" 3k > 0 gx" = gqx2<

Lemma 2.11. A regular language is of type (-) iff it is of type (*) or type (1)),

Proof. 1) If a language is of type ("l), it is of type (,,). Obvious.

2) If a language is of type (.if), it is of type (). Consider a language of type
(") with states Qj',qj and words xI/y". To build construction of type (*), we
take Q = q = qi/, g2 e qfp. X = I"Y", Y = X", That forms transitions qgx = Qu

@y =Q2gX =gd, gy =gq2 gx =qgl, Q2y = 12. We have satisfied all the ruldi

of (s). n_
3) If a language is of type ("), it is of type (1) or (). Conslder a language

whose minimal deterministic ~ automaton  has construction  (*). By Lemma 2.10,
Js:Jagix' =g and gx" =g 3thb glyp =qt and q® = gl; 3udc g2C =q

and quiC = qui :Judd Q2yd = qv and sv' = qu- If gl 1" g¢, by the rules of (of;
1 g, z= qgI' Therefore the language is of type (). If q2 ;f g". by the rules of
()32 quz = g2 and the language is of type (off) Likewise, if gl #q oor 2 & qur
the language is of type (). Ifgl =q =gqt and g2 = ¢" = qc, we have QX" =gf~
qyd = @2 glir:" =q yb =gl Q2xC = q2yd = g2 We get the construction (™) if we,
take X' = ~"C, y' = yhd. " ~

We are going to prove that every language of type (0) i1s not recognizable b~~
any PM-C.  For this purpose, we use several definitions from the theory of finite g
Markov chains OKS 761). L

Definition. 2.12. A " OJis accessible from 0, (‘en,™ 0" -> 0J) if then<i,
a positive probability to get from g, 10 g) (possibly in several steps). "

Definition I%-.13-- " g and qJ communicate  (denoted g H g If qi -
and qj ~

1
Defl.nition 2,1.4, A Mark.OV cham is. /l,, ‘aubly stochastic, if its m ].
matm is a doubly stochastic  matrix.

We recall the following theorem from the theory of finite Markov chains: :

Theorem 2.15. If a Markoll chain unth. a matrix A is irreducible and aperiod”
a) it has a unique stationary distribution  Z;
b) I|m An=(Z, .. 2);

)"IX Urn A"'X= Z,
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Several facts about doubly stochastic matrices follow from this theorem.

a~~~ ~

A lp A At

m i., m m

is irreducible

Corollary 2. 16( d a doubly)ﬁ)[hastlc Markov chzm) with an m x m matrix A

Lemma 2.17.. If M i.sa doubly .stochastic Markov chain with a matrix A, then
'rlgg ~ q.

Corollary 2.18. Suppose A is a doubly stochastic matrix. Then exist] le> 0,
such that Vi (Ak)'i > 0.

Lemma 2.19. If M is a doubly stochastic Markov chain and g, ~ b, then
g, H g’

Now, using the facts above, we can prove tha.t any language of type (*) is
not recognizable by PRA-C.

Lemma 2.20. If a regular. language is of type (*'), it is not recognizable by any
PRA-C,

Proof Assume from the contrary, that A is a PRA-C automaton which recog-
nlzesa language Is C E" of type (.).

Since Is is of type (*'), it is recognized by a deterministic automaton D which
hes three states q, I, q2 such that g "l g2. gx ™ gqI, gy ™ 92, qix =gl 91Y = qI,
Fox" g2 Q2y™ (., where z,Y E E", Furthermore, exists weE"  such that
SQW ", where 90 is an |n|t|al state of D, and exists a word z E E0, such that

« qg.cc. if and only if g2z = ge+j, where Qucc iS an accepting state and gej ill
IIreJectlng state of D, Without loss of generality we assume that glz = g,.cc and

1= g
I The transition function of the automaton A is determined by doubly stcchss-
‘Ucmatrices v<711' ., . vi7~* The words from the construction (*') are z "™ o"it ., .ci

~tndy = oJl ,« o= The t~a.nsitions induced by words x and I/ are det~r~ined

-~toubly stochastic matnces X ™ va, .« va, and Y = v  v<7il Similarly,
be transitions Induced by words wand z Bie determined by doubly stochastic
watrlces Wand Z, By Corollary 2.18, exists K > 0, such that

@)

Consider a relation between the states of the automaton defined as R =

) | a, (i 10 gj}. By (3), this relation is reflexive. By Lemma 2.19, the
.llationR Is symmetric,

. Surely R is transitive, Therefore all states of A may be partitioned into
ulvalence classes [qoJ, [qj,),... . [gi~l. Let us renumber the states of A In such
way, that states from one equivalence class have consecutive numbers. First
me the states in [goJ,then in Ig,],
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Consider the word xK yk. The transition induced by this word is determined
by a.doubly stochastic matrix C = yKX k. We prove the following proposition.
States (", and gbate in one equivalence class if and only if ¢, -t gb with matrix
C. Suppose ¢", -t gh. Then (ga, %) E R, a.nd ga, gb are in one equivalence class.
Suppose ™ gh are in one equivalence class. Then

(4)

% VK -
By (3), g ey g; and 9; ~ g* Therefore if qi A

LUK ZKVX
and again, If gi - gj, then qg. ---t qj. That transforms (4)
gb, where t > O.We have proved the proposition.

By the proved proposition, due to the renumbering of states, matrix C
is a block diagonal matrix, where each block corresponds to an equivalence
class of the relation R. Let us identlfy these blocks as Co,Cl, ... ,en' By (3);
a Markov chain with matrix C is aperiodic. ~Therefore each block C; corre-
sponds to an aperiodic irreducible doubly stochastic Markov chain with state
[9.], By Corollary 2.16, mliénoC em: J, J is a block diagonal matrix, where

. . (I7K» L ,
for each (p x p) block C; (Crki :; ~. Relation g -~ 9j is a subrelatloa
of R, therefore yK is a block diagonal matrix with the same block orderIn&:
anclslzes as C and J. (This does not eliminate possibility that some block

of yJ< is constituted of smaller blocks, however.) Therefore JyK = J, an~
lim Z(yKXKrwW = lim  Z(yKXK)",yKW = ZJW. So W
m'-+00 m-10Q J
Vi: >0 3m I(Z(yK XKrw - Z(yKXK) TlyKW) Q0|| < E. However, by co~
struction  (*'), VK "Imw(x"y")":t ELand  wy~(xki)'nz rt.L. This requi esl exi~
tence of € >0, such that "Im l(Z(YK XK)mw - Z(yK XK)myKwW) oll > ¢~

This is a contradiction. ~

Lemma 2.21. If aregular language is of type (=), it is not recognizable by (|~f
PRA-C. 1

Proof. Proof is nearly identical to that of Lemma 2.20. ~

Theorem 2.22. If a. regular language is of type ("), it is not recognizable by a~|
PRA-C. . )

Proof. By Lemmas 2.11, 2.20, 2.21. -1

We proved (Lemma 2.11) tha]B he construction  of type () IS a generalizatlor
the construction  proposed b 99]. Also it can be easily noticed, that h

type (.e).constr.uction IS . generaliz.ation of construction  proposed bY.[AKVOO.J.
(Constructions  of IBP 99j and [AKY 00] characterize  languages, not recogni

by measure-many quantum finite automata of [KW 971) ~\

Corollary 2.23. Languages (abj*a and a(ab)" are not recognized by PRA,Q

Proof. Both languages are of type (*).
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3 1-Way Probabilistic Reversible DH-Automata

Definition 3.1. The definition differs from one for PRA-C (Definition 2.1) by
the following: languages are recognized according to Definition 1.8.

It is easy to see that the class of languages recognized by PRA-C is a proper
subclass of languages recognized by PRA-DH. For example, the language a(a,b)*
is recognizable by PRA-DH. However, the following theorem holds:

Theorem 3.2. Language (a,b)*a is not recognized by PRA-DH.

Proof. Assume from the contrary that such automaton exists. While reading
any sequence of a and b, this automaton can halt only with some probability p
strictly less then 1, so accepting and rejecting probabilities may differ only by
1-p, because any word belonging to the language is not dependent on any prefix.
Therefore for each € > 0 we can find that after reading a prefix of certain length,
the total probability to halt while continue reading the word is less then €. In
this case we can apply similar techniques as in the proof of Lemma 2.20. 0

4 Alternative Approach to Finite Reversible Automata
and 1.5-Way Probabilistic Reversible Automata

Let us consider an automaton A’ = (Q, X, qo, Qr,8') that can be obtained
from a probabilistic automaton A = (@, L, o, @r,8) by specifying §(q,0,¢') =
§(¢’,0,q) for all ¢, o and q. If A’ is valid probabilistic automaton then we can
call A and A’ probabilistic reversible automata.

Definition 4.1. An automaton of some type is called weakly reversible if the
‘reverse of its transition function corresponds to the transition function of a valid
automaton of the same type.

Note: in case of deterministic automaton where § : @ x I' x Q —» {0, 1} this
property means that A’ is still deterministic automaton, not nondeterministic. In

of one-way automata it is easy to check that this definition is equivalent to
{;seone in Section 2. We give an example that illustrates that in case of 1.5-way
@_utomata these definitions are different.

gl)\gﬂnltlon 4.2, 1.5-way probabilistic weakly reversible C-automaton

A= (Q,% q,Qr,8) is specified by Q, X, qo, Qr defined as in l-way PRA-
l ' Definition 2.1, and a transition function § :+ Q@ x I' x @ x D — Ry,
where I defined as in I-way PRA-C definition and D = {0,1} denotes whether
Sutomaton stays on the same position or moves one letter ahead on the input
§ape Furthermore, transition function satisfies the following requirements:

Y(g1,0) €EQxT Z §lqr,on,9,d) = 1
9€Q.deD

Ya,o) €QxD Y 8g,01,q.d) =1
qEQ.d€D
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Definition 4,3. 1,S.way probabilistic reversible C-automaton

A " (Q, E, qo, QF, 8) is specified by Q, E, qo. QF aefined us in l-way PRA

C Definiton 2.1, and a tran$ition function C ; Q x [ x Q x D --t JRIoyy;
where I’ defined. asi1l I-way PRA-C definiton and D:= {O,1} denote” whidher

automaton  stays on the "arne position or moves one letter ahead on the input'
tape, FUrthermore, trnnsition function satisfies the following requirements: it

?roof. The Q = {g04ql}, QF = {qd, .5is defined ns follows; 0(Q0,0.90,0) =;
0(Q0,a,Ql,1) = 10(qj,a,90,0) "™~ 009)0,:111) = 1, 6(qo,0,90,1) -
2' 0(90,b,91'0) "~ 0(Q1,090,1) = 4, 6(Ql,b,q1,0) aro~, 6(90,$,90,1) il
6(91, $,q), 1) == 1. It easy to check that such automaton  moves ahead accord-
ing to the transition of the following deterministic ~ automaton;  6(qo, c, gl, 1) "™
1, 6(qltel,QLI) =1, 6(qo,0,q0,1) = 1, 6(q\b,qo,1) "1, 0'(q0,$901) "4
(1) S,qJ, 1).= 1. So the probe..bility of wro.ng answer is Q The pra.bab.ility to 1
at the m-th position of the input tape after n steps of calculation for m S~
C;:". Therefore it is necessary no more then O(n * log(p)) steps to reach the e~'~
of the word of length n (and so obtain correct answer) with pro bability 1- ~, LO.

5 A Classification of Reversible Automata

We propose the following classification for finite I|-way reversible autcmate:

C-Automata DB-Automata
Determin..istic Permutation ~ Automata. Reversible ~ Finite  Automata
Automata IHS 66,T 68) (DR.A..-C) AF 98] (DRA-DH)
IQuantum Measure-Once  Quantum Measure-Many Quantum
Automata  Wwith [Finite  Automata [MC 97]|Finite Automate  IKW 971
Pure States (QRA-P-C) (QRA-P-DH)
Probabilistic Probabilistic ~ Reversible Probabilistic ~ Reversible
Automata C-Automata  (PRA-C) DR-Automata (PRA.DH)
Quantum  Finite [not considered yet Enhanced  Quantum
Automata  with | (QRA-M-C) Finite Automata [N 991
Mixed States (QRA-M-DH)

Language class problems are solved for DRA-C, DRA-DH, QRA-P.C, fq;
the rest types they are still open. Every type of DH-a.u tcrnata may simulate 'l
corresponding  type of C-automata.
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In general, language classes recognized by C-automata are closed under boolean
operations (though this is open for QRA-M-C), while DH-automata are not
(though this is open for QRA-M-DH and possib}y for PRA-DH).

Definition 5.1, We say that a unitary matriz U is a prototype for a doubly
stochastic matriz S, if Vi, |Uis? = S ;.

Not every dolugly stochastic matrix has a unitary prototype. Such matrix is, for
0
example, [ 5 0 % . In Introduction, we demonstrated some relation between
O 1
PRA-C and QRA-M DH (and hence, QRA-M-C). However, due to the example
above, we do not know exactly, whether every PRA-C can be simulated by
QRA-M-C, or whether every PRA-DH can be simulated by QRA-M-DH.

Theorem 5.2, If all matrices of ¢ PRA-C have unitary prototypes, then the
PRA-C may be simulated by a QRA-M-C and by o QRA-M-DH.

If all matrices of a PRA-DH have unitary prototypes, then the PRA-DH may be
simulated by a QRA-M-DH.
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Quantum Pushdown Automata*

Marats Golovkins

Institute of Mathematics and Computer Science
University of Latvia, Raiga bulv. 29, Riga, Latvia
marats@cclu.lv

Abstract. Quantum finite automata, as well as quantum pushdown
automata were first introduced by C. Moore, J. P. Crutchfield (13]. In this
paper we introduce the notion of quantum pushdown automata (QPA) in
a non-equivalent way, including unitarity criteria, by using the definition
of quantum finite automata of {11]. It is established that the unitarity
criteria of QPA are not equivalent to the corresponding unitarity criteria
of quantum Turing machines [4). We show that QPA can recognize every
regular language. Finally we present some simple languages recognized
by QPA, two of them are not recognizable by deterministic pushdown
automata and one seems to be not recognizable by probabilistic push-
down automata as well.

1 Introduction

Nobel prize winner physicist R. Feynman asked in 1982, what effects may have
the principles of quantum mechanics on computation [8]. He gave arguments that
it may require exponential time to simulate quantum mechanical processes on
classical computers. This served as a basis to the opinion that quantum comput-
ers may have advantages versus classical ones. It was in 1985, when D. Deutsch
introduced the notion of quantum Turing machine (6] and proved that quantum
Turing machines compute the same recursive functions as classical deterministic
Turing machines do. P. Shor discovered that by use of quantum algorithms it is
possible to factorize large integers and compute discrete logarithms in a polyno-
mial time [14], what resulted into additional interest in quantum computing and
attempts to create quantum computers. First steps have been made to this direc-
tion, and first quantum computers which memory is limited by a few quantum
bits have been constructed.

For the analysis of the current situation in quantum computation and infor-
mation processing and main open issues one could see [9].

Opposite to quantum Turing machines, quantum finite automata (QFA} rep-
resent the finite model of quantum computation. QFA were first introduced
by [13] (measure-once QFA), which were followed by a more elaborated model

* Research partially supported by the Latvian Council of Science, grant 96-0282 and
grant for Ph.D. students; BEuropean Commission, contract IST-1099-11234; Swedish
institute, project ML2000.

V. Hlavde, K. G. Jeflery, and J. Wiedermann (Eds.): SOFSEM 2000, LNCS 1983, pp. 336-346, 2000.
© Springer-Verlag Berlin Heidelberg 2000



of [11] (meagure-many quantum finite automata). Since then QFA have been
studied a lot, various properties of these automata are considered in [2,3,5,15|.

The purpose of this paper is to introduce a quantum counterpart of push-
down automata, the next most important model after finite automata and Tur-
ing machines. The first definition of quantum p'ushdc)wn automata was suggested
by [13], but here the authors actually deal with the so-called generalized quan-
tum pushdown automata, which evolution does not have to be unitary. How-
ever a basic postulate of quantum mechanics imposes a strong constraint on
any quantum meachine model: it has to be unitary, otherwise it is questionable
whether we can speak about guantum machine. That’s why it was considered
necessary to re-introduce quantum pushdown automata by giving a definition
which would conform unitarity requirement. Such definition would enable us to
study the properties of quantum pushdown automata.

The following notations will be used further in the paper: z* is the complex
conjugate of a complex number z; U* is the Hermitian conjugate of a matrix U;
I is the identity matrix; ¢ is empty word.

Deflnition 1. Matrix U is called unitary, if UU* = U*U = 1.

If U is a finite matrix, then UU" = I iff U*U = I. However this is not true
for infinite matrices:

Ezample 1. .
53 000...
5 000...
U=| 0100...
0010...

Here U*U = I but UU* # 1.
Lemma 1. The matriz U is unitary if U*U = I and its rows are normalized.

This result is very similar to Lemma 1 of [7].

2 Quantum Pushdown Automata

Definition 2. A quantum pushdown automaton (QPA)

A=(Q,%,T, q,Qas, @r,38) is specified by a finite set of states Q, a finite input
alphabet L and a stack alphabet T, an initial state go € Q, sets Qa C Q,Q, C Q
of accepting and rejecting states, respectively, with Q,NQ, = @, and a transition

function
§:QxI'xAxQx{l,=}xA* —Cp,y,

where I = £V {#, 8} is the input tape alphabet of A and #,$ are end-markers
not in X, A = TU{Z,)} is the working stack alphabet of A and Z ¢ T is the stack
base symbol; {l,—} is the set of directions of input tape head. The automaton



must satisfy conditions of well-formedness, which will be expressed below. Fur-
thermore, the transition function is restricted to a following requirement:

If §(q,@,B,¢',d,w) # 0, then

1w €2,
2. if jw| = 2, then wy =g,
3. if 8 = Zy, then w € ZpT",
4. if 8 # Zy, thenw e T~

Here w) is the first symbol of a word w. Definition 2 utilizes that of classical
pushdown automata from [10].

Let us assume that an automaton is in a state g, its input tape head is
above a symbol « and the stack head is above a symbol 8. Then the automaton
undertakes the following actions with an amplitude (g, &, 8, ¢’, d, w):

1. goes into the state ¢,

2. ifd ="' —’, moves the input tape head one cell forward,

3. takes out of the stack the symbol 8 (deletes it and moves the stack head one
cell backwards),

4. starting with the first empty cell, puts into the stack the string w, moving
the stack head |w| cells forward.

Deflnition 3. The configuration of a pushdown automaton is a pair |c) =
[vigjvk,wi), where the automaton is in a state g; € Q, vivx € #2°8 is a finite
word on the input tape, w; € ZoT" is a finite word on the stack tape, the input
tape head is above the first symbol of the word v, and the stack head is above
the last symbol of the word wj.

We shall denote by C the set of all configurations of a pushdown automaton.
The set C is countably infinite, Every configuration |c) denotes a basis vector in
the Hilbert space H 4 = [2(C). Therefore a global state of A in the space 4 has
aform |¢) = T aclc), where T |ac|* =1 and a. € C denotes the amplitude of

ceC ceC
a configuration jc). If an automaton is in its global state (superposition) |}, then
its further step is equivalent to the application of a linear operator (evolution) Uy
over the space H 4.

Definition 4. A linear operator U, is defined as follows:

Ual) = Y aclale).

ceC

If a configuration ¢ = |v;qjovk, wiT), then

UAIC) = Z 5(4;‘,0, T-q,d,w)|f(|6)xd»<1)ywl“)

(q.dw)EQx (], —}xa"

where
viqouk,ifd=]

flvigjovk,wit),d, q) = {v,-aql/k fd=—.



Remark 1. Although a QPA evolution operator matrix is infinite, it has a finite
number of nonzero elements in each row and column, as it is possible to reach
only a finite number of other configurations from a given configuration within
one step, all the same, within one step the given configuration is reachable only
from a finite number of different configurations.

We can speak about a gquantum pushdown automaton only if its evolution
operator is unitary. However, evolution operator matrix is infinite, so we need
some criteria (well-formedness conditions) to verify its unitarity.

Well-formedness conditions 1.
1. Local probability condition. ¥(q;,01,11) €@ x I'x A
16(q1, 00, 71,0, d,w)* = 1. (1)
(e.dw)€Qx {l,—}x A"
2. Orthogonality of column vectors condition. For all triples (g1,01,71) #
(g2,01,2)In@xT'x A
5'(‘11»01yTl,qydyw)5((Z2,01,"'2,q,d,w) =0. (2)
(q.dw)EQx{l,—}xA*
3. Row vectors norm condition. ¥(q1,01,02,71,T2) € @ x I'? x A?
Z 16(g, 02,7, qu, "’;W)|2 +16(g, 02,7, 01, l;w)lz =1. (3)
(qrw)eEQxAx{e, 2,172}
4. Separability condition 1. ¥(q1,01,71),(g2,01,72) €EQ x ' x A,¥r3 € A
Z 5°(<11,<71:Thq|d17)5(<12|<71,7'2,q,d,"'3"')+
(q.d.1)eQx{l,—~}xA

+ Z 5'(91:01;"'1-q,d»€)6(<12.0'1,7’),q,d,7’3) =01 (4)
(q.d)€Qx{]l,—})

Z 6.(41)0'1.7'1;Q;d,5)6(42,01,7'2:q1d.7'27'3) =0. (5)
(e.)€Qx {1, —)

5. Separability condition II. ¥(q1,01,71),(g2,02,72) € @ x ' x A
Z 5'(41,01,7'1,‘1,lyw)5(<12,021721‘1»—‘aw) =0. (6)
(quw)eQxa*
6. Separability condition III. ¥(q1,01,71),(g2,02,72) € Q@ X I' x 4, V13 €
A, Vdy,ds € {l,—}, di £ dy
E 5.(41,0'1,‘7'1.4, d1,7)5(<12,0'2,7‘2,¢1:d2y7'37') +
(¢,7)eQxa

+ Z 6.(‘11; Ul)Tladelle)é(q2yU2, T2)q1d2)7-3) = 01 (7)
q€Q



Z 6‘((]1, o1, T, § d),E)é((]z, 02,729, d2) T2T3) =0, (8)
9€Q

Lemma 2. I. The columns system of a QPA evolution matriz is normalized
iff the condition (1), i. e., local probability condition, is satisfied.

2. The columns system of a QPA evolution matriz is orthogonal iff the con-
ditions (2,4,5,6,7,8), i. e., orthogonality of column vectors and separability
conditions, are satisfied.

3. The rows system of a QPA evolution matriz is normalized iff the condi-
tion (8), i. e., row vectors norm condition, is satisfied.

Theorem 1. Well-formedness conditions 1 are satisfied iff the evolution opera-
tor Ua is unitary.

Proof. Lemma 2 implies that Well-formedness conditions 1 are satisfied iff
the columns of the evolution matrix are orthonormal and rows are normalized.
In compliance with Lemma 1, columns are orthonormal and rows are normalized
iff the matrix is unitary. 0

Remark 2. Well-formedness conditions 1 contain the requirement that rows sys-
tem has to be normalized, which is not necessary in the case of quantum Turing
machine [4]. Here is taken into account the fact that the evolution of QPA can
violate the unitarity requirement if the row vectors norm condition is omitted.

Ezample 2. A QPA, whose evolution matrix columns are orthonormal, however
the evolution is not unitary.

Q={Q}| E={1}: T={1}'

6(q1#)ZO)Q)—’1Z01)=1) 6(‘11#)1)‘11—’)11):11
6(q111Z01Qy—'1201)=1| 6(Q11’11Q1_'111)=11
é(q)$yZOIQY—'lZOI)=II J(Qy$ylyQI'—'111)=1|

other values of arguments yield 6 = 0.

By Well-formedness conditions 1, the columns of the evolution matrix are
orthonormal, but the matrix is not unitary, because the norm of the rows spec-
ified by the configurations |w, Zp) is 0.

Even in a case of trivial QPA, it is a cumbersome task to check all the con-
ditions of well-formedness 1. It is possible to relax the conditions slightly by
introducing a notion of simplified QPA.

Definition 5. We shall say that a QPA is simplified, if there exists a function D :
Q — {l,—}, and 8(q1,0,7,¢,d,w) = 0, if D(q) # d. Therefore the transition
function of a simplified QPA is ©(q;,0,7,q,w) = §(q1,0,7,¢, D(g),w).

Taking into account Definition 5, following well-formedness conditions corre-
spond to simplified QPA:



Well-formedness conditions 2.

1. Local probability condition. ¥(q1,01,71) €@ x I'x A

Z lo(qr, 01,71, q,w)|2 = 1. (9)
(qw)eEQxA*
2. Orthogonality of column vectors condition. For all triples (q1,01,71) #
(Q2lal)72) in Q xI'x A

Z ‘P'(QhUh"’th“’)‘P(qz,UhTm q)“)) =0. (10)
(qw)EQX A"

3. Row vectors norm condition. ¥(q1,01,71,72) € Q x I' x A?

|90(q,01'T,Q1,W)|2=1- (11)
(q7,w)EQXAX {e,72, 7112}
4. Separability condition. ¥(gy, 01,71, (g2,01,72) € Q X ' x 4, ¥r3 € A
Z ‘P-(QI,%ThQyT)SP(‘IszhT’z»q,"'a"') +
(q.7)EQXA

+ Z ‘P.(‘h,UhThq, 5)80(42,01,7219»73) = 0,

€qQ
(12)
Z‘P'(Qh01,7'1,qyf)‘P(Q'z,O'l,ﬁ:q,Th"'a) =0' (13)
q€Q

Theorem 2. The evolution of a simplified QPA is unitary iff Well-formedness
conditions 2 are satisfied.

Proof. By Theorem 1 and Definition 5. m]

3 Language Recognition

Language recognition for QPA is defined as follows. For a QPA

A= (Q,2,T,q,Qa @r 8) we define Ca = {|vigquk,wt) € C | ¢ € Qa},
Cr = {|vigux,wt) € Cl g € Qr}, Ch = C\ (CaUC,). E,, E,, E, are sub-
spaces of H,4 spanned by C,, Cr, Cp, respectively. We use the observable O that
corresponds to the orthogonal decomposition H4 = E, @ E, ® E,,. The outcome,
of each observation is either “accept” or “reject” or “non-halting”. The language
recognition is now defined as follows: For an z € X* we consider as an input

#z8, and assume that the computation starts with A being in the configuration

|go#z$, Zo). Each computation step consists of two parts. At first the linear oper-

ator Uy, is applied to the current global state and then the resulting superposition



is observed using the observable O as defined above. If the global state before

the observationis Y o.|c), then the probability that the resulting superposition
ceC
is projected into the subspace E;, i € {a,r,n}, is 3. |a.|?. The computation
ceCy
continues unti] the result of an observation is “accept” or “reject”.

Definition 6. We shall say that an automaton is a deterministic reversible push-
down automaton (RPA), if it is a simplified QPA with ¢(q,,0,7,q,w) € {0,1}
and there exists a function f: QxI'x A — Qx A*, such that f{q;,0,7) = (g,w)
if and only if v(q,,0,7,q,w) = 1.

We can regard f as a transition function of a RPA. Note that the local
probability condition (9) is satisfied automatically for RPA.

Theorem 3. Every reqular language is recognizable by some QPA.

Proof. It is sufficient to prove that any deterministic finite automaton (DFA)
can be simulated by RPA. Let us consider & DFA with n states Aprsa =
(QpFa, £,00,QF,68), where § : Qpra X Z — Qpra. To simulate Aprs we shall
construct a RPA Agrpa = (Q, 2, T, q0, Qa, Qr, ) with the number of states 2n.
The set of states is Q = Qpra U Qpra, where Qpra N Qpps = 0 and Q'ppy are
the newly introduced states, which are linked to @pra by & one-to-one relation
{(qi,q;) € Qpra x Qprs}. Thus Qr has one-to-one relation to Qr C Qppa-
The stack alphabet is T = Ind(Qpra), where Vi Ind(q;) = 1; the set of accept-
ing states is Qo = QF and the set of rejecting states is Q, = Qppy \ @F. As for
the function D, D(Qpra) = {—} and D(Qprs) = {1} We shall define sets R
and R as follows:

R={(gj,0,1) € Qppa x T x T | §(gi, 0) = g5},
R ={(q}10,1) € Qppa x T x T | §(gi,0) #q;5}.

The construction of the transition function f is performed by the following rules:

Y(gi.0,7) € Qpra x £ x A f(gi,0,7) = (6(qi,0),71),
Vigj,0.1) € R f(g;,0,%) = (gi,€),

Y(g5,0,1) € R flgj,0,%) = (g5.1),

V(gj,0) € Qpea x £ f(g},0.2) = (4;,2),
VigT)e@Qx4 flg,#7)=1(a7),

Y(qi,7) € Qpra x A flqi,8,7) = (g}, 7),

(Q:’T) € QIDFA x A f(q"-,s,T) = (q,-,‘r),,-

Thus we have defined f for all the possible arguments. Our automaton simulates
the DFA. Note that the automaton may reach a state in Q54 only by reading
the end-marking symbol $ on the input tape. As soon as Arpa reaches the end-
marking symbol $, it goes to an accepting state, if its current state is in Q, and
goes to a rejecting state otherwise. The construction is performed in a way so
that Well-formedness conditions 2 are satisfied. As we know, RPA automatically
satisfies the local probability condition (9).

Y



Let us prove, that the automaton satisfies the orthogonality condition (10).
For RPA, the condition (10) is equivalent to the requirement that for all triples
(41,01,7'1) # (Q2,01,T2) f(thl)Tl) # f(qﬁ)alyﬁ)-

Let us consider the case when (q1,01,7),(¢2,01,m2) € R. We shall
denote ¢y,q2 as g;,q; respectively. Let us assume from the contrary that
flgi, o1, 1) = f(g;,01,72). By rule 2, (¢1,,€) = (¢7,,¢). Hence 71 = 7. By
the definition of R, 6(¢-,,01) = ¢; and §{(gr,,01) = g;. Since 7, = 73, ¢ = g;.
Therefore ¢; = qj, i.€., g1 = g2. We have come to a contradiction with the fact
that (q1,01,71) # (g2,01,72). In other cases, proof is straightforward.

The compliance with row vectors norm condition (11) and separability con-
ditions (12) and (13) is proved in the same way. O

Ezample 3. Let us consider a language L, = (0,1)*1, for which we know that it
is not recognizable by QFA [11]. This language is recognized by a deterministic
finite automaton with two states gg,¢q) and the following transitions: §(go,0) =
g0, 6(q0,1) = q1, 6(q1,0) = go, 8(q1,1) = q1. By Theorem 3 it is possible to
transform this automaton to the following RPA: Q = {g0,21,95: 91 }» Qa = {q1 },
Qr = {50}, £ ={0,1}, T = {0,1}, D(g0) ==, D(q1) =—, D(go) =, D(q}) =1.
By the construction rules,Vge Q Vo € X, Vre A

f(g0,0,7) = (90,70)  f(q1,0,7) =(g0,71) f(g0,1,7) = (q1,70)
flan1,7) = (a1, 71)  f(90,0,0) = (g,€)  f(q1,1,0) = (g5, ¢€)
f(46,0,1) = (q1.6)  fla1,1,1) = (aq1,€)  f(g5,1,0) = (40,0)
f(q1,0, 0) = (q1,0) f(46)1’1)=(QO»1) f(q,hoil)=(‘h:1)
f(96,0,2) = (90, 2) flg1,0,2) =(01,2) flg,#,7)=(a0,7)
fg0, 7) = (g0, 7) fla, 7)) =(a,7)  flaos 7) = (g0, 7)
fla, 7) = (qu, 7).

Let us consider a language which is not regular, namely,
Ly ={w e (a,0)"] lwla = jwls},

where |w|; denotes the number of occurrences of the symbol 4 in the word w.

Lemma 3. Language L, is recognizable by a RPA.

Proof. Our RPA has four states qo,q1,¢2,93, where g2 is an accepting state,
whereas q3 —rejecting one. Stack alphabet T consists of two symbols 1, 2. Stack
filled with 1’s means that the processed part of the word w has more occurrences
of a’s than b’s, whereas 2’s means that there are more b’s than a’s. Furthermore,
length of the stack word is equal to the difference of number of a’s and b’s. Empty
stack denotes that the number of a’s and b’s is equal. Values of the transition



function follow: Vg € Q VT € A

Ha#1)=(07)  f(9,0,2)=(g,21) D(go) = —
f(90,0,2) = (90, 22) f(0,8,2) = (g2, 21) D{g) =1
f(go,a,1) = (g0, 11)  f(go,b,1) = (g1,€) D(g2) =1
f(90,8,1) =(g3,1)  f(g0,0,2) = (q1,¢) D(gs) =1
flg0,0.2) = (0,22)  f(90,8,2) ={g3,2) flqua,2) =(90,2)
flan b, 2) = (90,2)  fla1,8,7)=(qi,7)  flan,a,1) =(g3,12)
flg1.6,1) ={g0,1)  fl@,a,2) = (g0, 2) f(q1,8,2) = (g3,21)
flq2,0,2) = (93, 22) f(g2,6,2Z) = (g2, Z1) f(42,%,2) = (g0, 2)
flg2,a,1) = (q2,¢€) f(92,6,1) = (90,12)  f(q2,8,1) = (g0, 1)
f(92,0,2) = (g0,21)  f(92,6,2) = (a2,6)  f(92,8$,2) = (90,2)
f(g3,0,2) =(g3,2) f(g2,0,2) =(g3,2) f(93,$,2) = (g3, 2)
flga,a,1) = (g3, 1) flg3,0,1) = (¢3,11)  f(ga,8,1) = (g2, 1)
flg3,0,2) = (g3,22)  f(g3,b,2) = (g3,2)  f(43,8,2) = (g2,2).

0

It is doubtful whether the language Lo can be recognized with probability 1 by
QPA with stack alphabet T containing only one symbol, i.e, by quantum finite
one counter automata (12].

Lemma 4. Pumping lemma for context-free lanquages. Every context free lan-
guage L has a positive integer constant m with the following property. If w is
in L and |w| > m, then w can be written as wvzyz, where uv*zy*z is in L for
each k > 0. Moreover, |vzy| £ m and |vy| > 0.

The pumping lemma is from [10], p. 123. Let us consider a language L3 which
is not recognizable by any deterministic pushdown automaton:

Theorem 4. Lenguage Ly = {w € (a,b,¢)"| lw|a = |w|p = |w|c} is recognizable
by a QPA with probability %

Proof (Sketch). The automaton takes three equiprobable actions, during the first
action it compares |w|q to |wly, whereas during the second action |w|p to |w],
is compared. Input word is rejected if the third action is chosen. Acceptance
probability totals % By Lemma 4, the language Lj is not a context-free language
{take w = a™b™c™). Hence it is not recognizable by deterministic pushdown
automata. a

Theorem 5. Language Ly = {w € (a,b,¢)" : |wla = |w]p Tor |wla = |wl|} is
recognizable by a QPA with probability 3

Proof (sketch). The automaton starts the following actions with the following
amplitudes:



8) with an amplitude % compares {w|a to |wls,

b) with an amplitude —\/g compares |w|s to |wle,
¢) with an amplitude \/g accepts the input.

If exactly one comparison gives positive answer, input is accepted with probabil-
ity 1‘7- If both comparisons gives positive answer, amplitudes, which are chosen
to be opposite, annihilate and the input is accepted with probability % D

Lenguage Lq cannot be recognized by deterministic pushdown automata.
(By Lemma 4, take w = a™+m!pmcm+m!) It even seems that this language is not
recognizable by probabilistic pushdown automata either. In this case this result
would be similar to that of [1], where the properties of quantum finite multitape
automata are considered.

References

1. A. Ambainis, R. Bonner, R. Freivalds, M. Golovkins, M. Karpinski: Quantum
Finite Multitape Automata. Lecture Notes in Computer Science, 1999, Vol. 1725,
pp. 340 ~348.

2. A. Ambainis, R. Bonner, R. Freivalds, A. Kikusts: Probabilities to Accept Lan-
guages by Quantum Finite Automata. Lecture Notes in Computer Science, 1999,
Vol. 1627, pp. 174 - 183.

3. A. Ambainis, R. Freivalds: 1-Way Quantum Finite Automata: Strengths, Weak-
nesses and Generalizations. Proc. 89th FOCS, 1998, pp. 332-341.

4. E. Bernstein, U. Vazirani: Quantum Complexity Theory. SIAM Joumnal on Com-
puting, 26:1411 -1473, 1997.

5. A. Brodsky, N. Pippenger: Characterizations of 1-Way Quantum Finite Automata.
http://xxx.lanl.gov/abs/quant-ph/9903014.

6. D. Deutsch: Quantum Theory, the Church-Turing principle and the Universal
Quantum Computer. Proc. Royal Society London, A400, 1985. pp. 96 - 117.

7. C. Diirr, M. Santha: A Decision Procedure for Unitary Linear Quantum Cellular
Automata. Proc. 37th FOCS, 1996, pp. 38 —45.

8. R. Feynman: Simulating Physics with Computers. International Journal of Theo-
retical Physics, 1982, vol. 21, No 6/7, pp. 467 -488.

9. J. Gruska: Quantum Challenges. Lecture Notes in Computer Science, 1999, Vol.
1725, pp. 1-28.

10. E. Gurari: An Introduction to the Theory of Computation. Computer Science
Press, 1989.

11. A. Kondacs, J. Watrous: On The Power of Quantum Finite State Automata. In
Proc. 38th FOCS, 1997, pp. 66-75.

12. M. Kravtsev: Quantum Finite One-Counter Automata. Lecture Notes in Computer
Science, 1999, Vol. 1725, pp. 431 ~440.

13. C. Moore, J. P. Crutchfield: Quantum Automata and Quantum Grammars.
http://xxx.lanl.gov/abs/quant-ph/9707031.

14. P. W. Shor: Algorithms for Quantum Computation: Discrete Logarithms and Fac-
toring. Proc. 35th FOCS, 1994, pp. 124~134.


http://xxx.lanl.gov
http://xxx.la.nl.gov

15, M. Valdats: The Clesa of Languages Recognlseble by I-Way Q.ua.ntum Finite
Automata is not Closed Under Union. Prac; Quenturn Computet.ion and Leaming.
llit~mation!!1  WorkJhap, 2000, pp. 52- 64, B-print: http://xxx.JMl.gov__ /e.bs/qUIIII.
ph{O0O0IO05.


http://xxx.JMl.gov

Use of Dependency Microcontexts in
Information Retrieval*

Martin HoldB

Department of Software Engineering, Faculty of Mathematics and Physics,
Charles University, Prague, Czech republic
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Abstract. This paper focuses especlally on two problems that are cru-
cial for retrieval performance in information retrieval (IR) systems:
the lack of information caused by document pre-processing and the dif-
ficulty caused-by homonymous and synonymous words in natural lan-
guage. Author argues that traditional IR methods, i.e. methods based
on dealing with individual terms without considering their relations,
can be overcome using natural language processing (NLP). In order to
detect the relations among terms in sentences and make use of lemma-
tisation and morphological and syntactic tagging of Czech texts, author
proposes a method for construction of dependency word microcontexts
fully automatically extracted from texts, and several ways how to exploit
the microcontexts for the sake of increasing retrieval performance.

1 Introduction

Empirical methods in natural language processing (NLP) employ learning tech-
niques to automatically extract linguistic knowledge from natural language cor-
pora; for an overview of this field see (Brill and Mooney 1997). This paper
wants to show their usefulness in the field of information retrieval (IR). A tex-
tual IR system stores a collection of documents and special data structures for
effective searching. A textual document is a sequence of terms. When analysing
the content of a document, terms are the basic processed units —usually they
are words of natural language. When retrieving, the IR system returns docu-
ments presumed to be of interest to the user in response to a query. The user’s
query is a formal statement of user’s information need. The documents that are
interesting for the user (relative to the put query) are relevant; the others are
non-relevent. The effectiveness of IR systems is usually measured in terms of
precision, the percentage of retrieved documents that are relevant, and recall,
the percentage of relevant documents that are retrieved.

The starting point of our consideration on IR was a critique of word-based
retrieval techniques. Traditional IR systems treat the query as a pattern of words
to be matched by documents. Unfortunately, the effectiveness of these word-
matching systems is mostly poor because the system retrieves only the docu-
ments which contain words that occur also in the query. However, in fact, the user

* This study has been supported by MSMT'(the FRVS grant no 1909).
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Quantum Finite Multitape Automata

Andris Ambainis'*, Richard Bonner?, Risind Freivalds®**, Marats
Golovkins®* * *, and Marek Karpinski¢t

! Computer Science Division, University of California, Berkeley, CA 94720-2320
ambainis@cs.berkeley.edu
? Department of Mathematics and Physics, Mélardalens University
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Abstract. Quantum finite automata were introduced by C. Moore,
J. P. Crutchfield (4], and by A. Kondacs and J. Watrous (3]. This notion
is not a generalization of the deterministic finite automata. Moreover,
in (3] it was proved that not all regular languages can be recognized
by quantum finite automata. A. Ambainis and R. Freivalds 1] proved
that for some languages quantum finite automata may be exponen-
tially more concise rather than both deterministic and probabilistic finite
automata. In this paper we introduce the notion of quantum finite multi-
tape automata and prove that there is a language recognized by a quan-
tum finite automaton but not by deterministic or probabilistic finite
automata. This is the first result on a problem which can be solved by
a quantum computer but not by a deterministic or probabilistic com-
puter. Additionally we discover unexpected probabilistic automata rec-
ognizing complicated languages.

1 Introduction

The basic model, i.e., quantum finite automata (QFA), were introduced twice.
First this was done by C. Moore and J. P. Crutchfield [4]. Later in a different
and non-equivalent way these automata were introduced by A. Kondacs and
J. Watrous [3].

* Supported by Berkeley Fellowship for Graduate Studies.
** Research supported by Grant No. 96.0282 from the Latvian Council of Science
** * Research supported by Grant No. 96.0282 from the Latvian Council of Science
! Research partially supported by the International Computer Science Institute,
Berkeley, California, by the DFG grant KA 673/4-1, and by the ESPRIT BR
Grants 7079 and ECUS030
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Quantum Finite Multltape Automata --.I.IT

The first definition just mimics the definition of i-way finite probabilistic
only substituting  stochastic matrices by unitary ones. To define quantum finite
tnultitape automata we generalize A more elaborated definition [3J.

We are using these notations in the following definition:

z- is the complex conjugate of e.complex number ~.

M=doJ {1,2" m}.

The k-th component of an arbitrary vector ~ will be defined as .ir.

We shall understand by 1 an arbitrary elen{ from the set P(M) \ {0}.
Rt =d_, A1 x A2 x .. x Am, wéke { of 1(;f9|} |-

S L , ici E[

Tl =do El x E2 x .. x Em, where B, {{ nolh mg TP 1

The function 14 x T, .M. {1.->}m is defined as follows: "
d;(r, =d.ot (dilr, O dP% t " A whe G { ' H&I

Definition 1. A quantum finite multitape automaton (QFMA)

A = (Qj E; 0; qoi Q~i Qr) is specified by the finite input alphabet z, the finite let
of states Q, the initial state qo E Q, the sets Qn c Q, O, c Q of accepting and
rejecting states, respectively, with Q~nNQr = 0, and the tmn.lition function

0: QxF" xQx {i...jee- 0]

where m is the ntimber of input tape.!, I = E u{#, S} i~ th~ tape alphabet of A
and #,$ are end-markers not in E, which satisfies the following conditioTI$ (oj
well-formed-ness) :

1. Local probability condition.

V@ QEQ™ Lo wgodem
(Qd)~QxU,-}"
2. Orthogonality of column vectors condition.
voir @2 E Q,q ™ 12, Ver E 1™ |.. O-(gll CTg, d}O(g2' 0",q, d) == 0.
(Q,d)EQxO,-}"

3. Separobility condition.
VI EPM) \ {0}vab 2 EQ
tol, o2 E 1™ ,where vi f. 10t = o
\it1a E Tr, where vj e[ H{ # t{

L S. (1> 01, g, dI(r, 1 »0'(q2" 02, q, drfr, t2)) =0
(9.EQXR,

States from QaUQr are called halting states and states from Qnen = Q\(Q~UQr)
are called non-halting states.
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To process an input word vector £ € (Z*)™ by A it is assumed that the
input is written on every tape k with the end-markers in the form w¥ = #z*$
and that every such a tape, of length |z*) + 2, is circular, i. e., the symbol to the
right of § is #.

For the fixed input word vector z we can define n € IN™ to be an integer
vector which determines the length of input word on every tape, So for every n
we can define C,, to be the set of all possible configurations of A where |z| = n'.

m
|Cn} = |Q| [1(n* + 2). Every such a configuration is uniquely determined by
=1
a pair |g, 5), where ¢ € Q and 0 < s* < |z'| + 1 specifies the position of head on
the i-th tape.
Every computation of A on an input z, |z'| = n', is specified by a unitary
evolution in the Hilbert space Ha n = I2(Cn). Each configuration ¢ € C,, corre-
sponds to the basis vector in H 4 . Therefore a global state of A in the space

Han has a form Y a.lc), where Y. |ac|? = 1. If the input word vector is
c€Cn ceCn
z and the automaton A is in its global state [¢) = . aclc), then its further
c€Chn
step is equivalent to the application of a linear operator US over Hilbert space

12(Cr).

Definitlon 2. The linear operator US is defined as follows:

Udlw) = 5 acUflo).

c€Cn

If a configuration c = |¢’, s), then

Ufle) = > 6(¢',0(s),q,d) | ¢, 7(s,d)),
(g.d)eQx{l,~—}™

where a(s) = (¢'(s),...,a™(s)), o'(s) specifies the s*-th symbol on the i-th tape,
and 7(s,d) = (t1(s,d),...,T™(s,d)),

; "+ 1) mod (n* +2), ifd =" —'
T(S,d)={if‘ ift)iiz(fl' ) f

Lemma 1. The well-formedness conditions are satisfied iff for any input z the
mapping U$ is unitary.

Language recognition for QFMA is defined as follows. For each input z with the
corresponding vector n, n' = |z'|, and a QFMA A = (Q; L8, 90; Qa; Qr) we
define C3 = {(g,9) | (¢,9) € Cn.q € Qa}s Cp = {(9,8) | (¢,5) € Cniq € Qr},
Ch™ = Ca \ (C2UCEL). Ea, Er, Enpn are the subspaces of 13(C,) spanned by
C3,Cr,Cro™ respectively. We use the observable O that corresponds to the
orthogonal decomposition (2(Cn) = E, ® Er ® Enon. The outcome of each obser-.
vation is either “accept” or “reject” or “non-halting”.
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The language recognition is now defined as follows: For an z € (Z*)™ we
consider as the input w,, w¥ = #x*$, and assume that the computation starts
with A being In the configuration lqo,{O}',’_‘g. Each computation step consists
of two parts. At first the linear operator US_ is applied to the current global
state and then the resulting superposition, i.e., global state, is observed using
the observable O as defined above. If the global state before the observation

is T o|c), then the probability that the subspace E, i € {a,r,non}, will be
c€Cn

chosenis 3 || The computation continues until the result of an observation
ceC}
is “accept” or “reject”.

Definition 3. A QFMA A = (Q; X;6; q0; Qa; Qr) is simple if for eacho € I'™
there is a linear unitary operator V, over the inner-product space 12(Q) and
a function D: Q — {],—}™, such that

V. i =
Vg1 € QVo € I'™ 6(g1,0,9,d) = {é"‘ o‘;,'i‘)’m-;i_D(Q) 4

Lemma 2. If the automaton A is simple, then conditions of well-formedness
are satisfied iff for every o V, is unitary.

We shall deal only with simple multitape automata further in the paper.

2 Quantum vs. Probabilistic Automata

Definition 4. We shall say that an automaton is deterministic reversible finite
multitepe automaton (RFMA), if it is a simple QFMA with §(g1,0,¢,d) € {0,1}.

Deflnition 5. We say that a language L is [m, n]-deterministically recognizable
if there are n deterministic automata A;, A2, Ap such that:

a) if the input is in the language L, then all n automata Ay,..., A, accept the
input;

b) if the input is not in the language L, then at most m of the automata
Ay, ..., A, accept the input.

Definition 8. We sey that a language L is [m, n)-reversibly recognizable if there
are n deterministic reversible automata Ay, A2, An such that:

a) if the input is in the language L, then all n automata A,,..., An accept the
input,

b) if the input is not in the language L, then at most m of the automata
Ay, ..., An accept the input.
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Lemma 3. If a language L is [1,n|-deterministically recognizable by 2-tape finite
automata, then L is recognizable by a probabilistic 2-tape finite autornaton with
probability -25.

Proof. The probabilistic automaton starts by choosing a random integer 1 <
r £ (n + 1). After that, if 7 < n, then the automaton goes on simulating the
deterministic automaton A,, and, if » = n + 1, then the automaton rejects the
input. The inputs in L are accepted with probability 27, and the inputs not in

the language are rejected with a probability no less than ;5. 0

Lemma 4. If ¢ language L is [1,n]-reversibly recognizable by 2-tape finite
automata, then L is recognizable by a quantum 2-tape finite automaton with
probability -2

Proof. In essence the algorithm is the same as in Lemma 3. The automaton
starts by taking n + | different actions with amplitudes 7711_+Y (It is possible
to construct a unitary matrix to make such a choice feasible.) After that the
automaton simultaneously goes on simulating all the deterministic reversible
automata A, 1 <r < (n+1), where the automaton A4 rejects an input. The
simulation of each deterministic reversible automaton uses its own accepting and
rejecting states. (Hence the probabilities are totaled, not the amplitudes.) O

First, we discuss the following 2-tape language
Ly = {{(:1Vz2,y) | 71 = 22 = y},
where the words 1), 22,y are unary.

Lemma 5. (Proved by R. Freivalds (2].) For arbitrary natural n, the language
L, is [1,n]-deterministicelly recognizable.

Lemma 6. For arbitrary natural n, the language L, is [1, n)-reversibly recogniz-
able.

Proof. By Lemma 5, the language L, is [1,n]-deterministically recognizable.
However it is easy enough to make the construction of the automata Ay,..., A,
in the following manner:

a) every automaton is reversible;
b) if a word pair is in the language L), then every automaton consumes the
same number of steps to accept the word pair.

The last requirement will be essential further in the paper. If at least the first
requirement is met, then the language is [1, n]-reversibly recognizable. a

Theorem 1. The language Ly can be recognized with arbitrary probability 1 — ¢
by a probabilistic 2-tape finite automaton but this language cannot be recognized
by a deterministic 2-tape finite automaton.
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Theorem 2. The language Ly can be recognized with arbitrary probability 1 — ¢
by a quantum 2-tape finite automaton.

Proof. By Lemmas 4 and 6. u}

In an attempt to construct a 2-tape language recognizable by a quantum 2-tape
finlte automaton but not by probabilistic 2-tape finite automata we consider
a similar language

Ly = {(z1Vz2Vz3,y) | there are exactly 2 values of z1,732,%3
such that they equal y},

where the words z,, 2, Z3,y are unary.

Theorem 3. A quantum automaton exists which recognises the language L2
with a probability 3 — ¢ for arbitrary positive e.

Proof. This automaton takes the following actions with the following amplitudes:

a) ﬁ -1 - compares Ty = I =Y,
b) % . (cos & +isin &) - compares 7, = 73 =y,

¢) Jé - (cos 4% + isin 4F) - compares 1) = z3 =y,

d) 47 - says “accept”. 2

By Theorem 2 comparison in actions a), b), ¢) can be accomplished. By con-
struction in Lemma 4 the comparison in each action a), b), ¢} is implemented
by starting n + 1 different branches, Therefore in any action i), 1 € {a,b,c}, if
a comparison is successful, the automaton will come respectively into non-halting
states ga,1,.-;Qa,n Q5,11+ -1Qbn1 elye - -y Qc,n, Teaching the symbol pair (8,$)
on the tapes, The transition ($,$) for every k = 1,...,n is as follows:

IQa,LQb,k de,

x
T
Qal.k 73 3
g |3 Jp(cos % +isin &) J=(cos B +isin &)

Qa2 k 715- 71-5(cos Z 4 isinZr) &a-(cos = +isind

Here qa1,k, a2,k 8T€ accepting states and g, x are rejecting states. If y equals all
3 words z;, 2,73, then it is possible to ensure that it takes the same time to
reach the end-marking symbol pair in every action on every branch. Therefore
the input is accepted with probability {% + ¢ (since the amplitudes of the actions
a), b), c) total to 0). If y equals 2 out of 3 words z;, 22,3, then the input is
accepted with probability -193 — ¢. If y equals at most one of the words z, 32, 73,
then the input is accepted with probability & +¢ (only if the action d) is taken).

[m}

Unfortunately, the following theorem holds.

Theorem 4. A probabilistic automaton exists which recognizes the language L,
with a probability 3—(‘).
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Proof. The probabilistic automaton with probablhty takes an action A or B:

A) Choose a random j and compare T; = y. If yes, accept with probablllty

If no, accept with probability = 26"

B) Choose a random pair j, k and compare z; = z; = y. If yes, reject. If no,

accept with probability 12

If y equals all 3 words 7}, 72, x3 and the action A is taken, then the input is
accepted with relative probability 28 If y equals all 3 words z;, 22,73 and the
action A is taken, then the input is accepted with relative probability 0. This
gives the acceptance probability in the case if y equals all 3 words z), 22, 73, to
be 22 and the probability of the correct result “no” to be &

If y equals 2 words out of z), 9, z3 and the action A is taken, then the input
is accepted with relative probablhcy . If y equals 2 words out of z,x2,x3
and the action B is taken, then the mput is accepted with relative probability
20 This gives the acceptance probability in the case if y equals 2 words out of
T,,%2,Z3, to be 2 4—5.

If y equals only 1 word out of z,,z2, z3 and the action A is taken, then the
input is accepted with relative probability 5% If y equals only 1 word out of
Ty, Z9,T3 and the action B is taken, then the input is accepted with relative
probabllny . This gives the acceptance probability in the case if y equals only
1 word out of T),Z3,I3, to be ﬁ and the probability of the correct result “
to be 2 35

If y equals no word of zy, 12,23 and the action A is taken, then the input is
accepted with relative probability = 25+ 1f ¥ equals no word of z,, 2,23 and the
action B is taken, then the input is accepted with relative probability 2 20 This
gives the acceptance probability in the case if ¥ equals no word of zy,z2,13, to

be % and the probability of the correct result “no” to be 2 4—0- ]

Now we consider a modification of the language L, which might be more difficult
for a probabilistic recognition:

L3 = {(21Vz2Vz3,1 Vy2) | there is exactly one value k
such that there are exactly two values j such that z; = yi}

Theorem 5. A quantum finite 2-tape automaton exists which recognizes the
language L3 with a probability g—s — € for arbitrary positive €.

However this language also can be recognized by a probabilistic 2-tape finite
automaton.

Theorem 6. A probabilistic finite 2-tape automaton ezists which recognizes the
language L3 with a probability %% — ¢ for arbitrary positive €.

Proof. The probabilistic automaton with probability 295 takes action A or B or
C or with probability 27—5 takes action D:

A) Choose a random k and two values of j. Then compare z; = y,. If yes,
accept. If no, reject.
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B) Chose a random k and compare 7; = z3 = T3 = yx. If yes, reject. If no,
accept.

C) Choose two values j and m. Then compare z; = z,, = y1 = y2. If yes,
reject. If no, accept.

D) Says “reject”.

Notice that the actions A, B, C are probabilistic, and they can be performed
only with probability 1 — ¢ (actions A and B are described in the proof of
Theorem 1 and action C is similar).

The acceptance probabilities equal:

A|B|[Cl{total

no yx equals 2 or 3 z;|| 0| 1| 1|| 4%
one yx equals 2 x5 g|[ 1)| 1|

one yx equals 3 z;|| =il & 1| =%

two yx equal 2 ;|| 2|( 1 g 42

all yx equal all 74| 1)[0)| 0| =%

D

Finally we consider a modification of the languages above which recognition
indeed is impossible by probabilistic automata:

Ly = {(z1Vz3,y) | there is exactly one value j such that z; = y}

where the words z,,z2,y are binary. .2

Theorem 7. A quantum finite 2-tape automaton erists which recognizes the
language L4 with o probability %.

Proof. The automaton has two accepting ga1,ga2 and three rejecting states
@r1,4r2,qr3 and starts the following actions by reading the pair (#,#) with
the following amplitudes:

a) with an amplitude \/g compares T to ¥,
b) with an amplitude —\/g compares z3 to ,
¢) with an amplitude \/_%- Immediately goes to the state ga;.

Actions a) and b) use different non-halting states to process the word pair. All
these actlons the automaton processes simultaneously. In actions a) and b), if
no (not equal), it goes accordingly to the states g, or gpq, if yes, then reaches
correspondent non-halting states g, or gg, while the symbol pair on the tapes is
(8,8). The transition for (8,8) and states ¢q, 95, a2, -3 i3 as follows:
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U all the words are equal, it is possible to ensure that it takes the same time
to reach the end-markers on both tapes, therefore the eutomaton reaches the
superposition  j¥lq0, s, t) - ~IgfJ™ 1), where" and t specify the place of $ on
each tape, and the input is accepted with probability ~, (Since the amplitirdes
of the actions a) and b) equal to 0.) If one or the words xi equals y, then the

input is accep tad with probability;. If acne ofthe words i equals 11, then
the input is accepted with probablli ty ,~. 0
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Decomposable Bulk Synchronous
Parallel Computers*

Mertin Beran

Faculty of Mathematics and Physics, Charles University
Malostranské ndm. 25, 118 00 Praha 1, the Czech Republic
beran®ss1000.ms.mff.cuni.cz

Abstract. The Bulk Synchronous Parallel (BSP) computer is a gener-
ally accepted realistic model of parallel computers introduced by Valiant
in 1990. We present an extension to the BSP model-a decomposable
BSP (dBSP for short). Performance of several elementary algorithms,
namely broadcasting, prefix computation, and matrix multiplication, is
analyzed on BSP and dBSP models. For a suitable setting of parameters,
these algorithms run asymptotically faster on dBSP than on BSP. We
also show how space-bounded sequential algorithms can be transformed
into pipelined ones with bounded period on dBSP. Such a transformation
is proved impossible for the BSP model. Finally, we present an algorithm
for the simulation of dBSP on BSP.

1 Introduction

The bulk synchronous parallel (BSP) model of parallel computation was defined
by Valiant in 1990 in [14]. A BSP computer consists of p processors with local
memories, which can communicate by sending messages via a router. A com-
putation consists of S supersteps and is periodically synchronized after each
superstep. During the i-th superstep, each processor makes w; local operations
and sends or receives h; messages' (such a communication request is called the
h-relation). The sent messages are available at the destination processors in the
beginning of the next superstep. The superstep is finished by a barrier synchro-
nization. The computation takes time TBSP = 7 (w; + hig(p) + {(p)). The
nondecreasing functions g(p) (network bandwidth per processor) and {(p) (com-
munication latency and barrier synchronization time) are machine dependent
parameters defining performance of the router. An extensive research on BSP
algorithms and implementation of the model on real computers has been done
in recent years [2,3,4,6,9,10,12].

The standard BSP charges communication between any pair of processors
equally. Thus, it cannot exploit communication locality present in many algo-
rithms. By communication locality we mean that a processor communicates not

* This research was supported by the GA CR grant No. 201/98/0717.
! w; and h¢ are both maximum over all the processors.
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Probabilistic Reversibility and Its Relation to
Quantum Automata

Marats Golovkins * and Maksim Kravtsev **

Institute of Mathematics and Computer Science, University of Latvia
Raina bulv. 29, Riga, Latvia
marats@latnet.lv, maksims@batsoft.lv

Abstract. To study relationship between quantum finite automata and
probabilistic finite automata, we introduce a notion of probabilistic re-
versible automata (PRA, or doubly stochastic automata). We find that
there is a strong relationship between different possible models of PRA
and corresponding models of quantum finite automata. We also propose
a classification of reversible finite 1-way automata.

1 Introduction

Here we introduce common notions used throughout the paper as well as sum-
marize its contents.

We analyze two models of probabilistic reversible automata in this paper,
namely, 1-way PRA and 1.5-way PRA.

In this section, we define notions applicable to both models in a quasi-formal
way, including a general definition for probabilistic reversibility. These notions
are defined formally in further sections.

If not specified otherwise, we denote by X' an input alphabet of an automaton.

Every input word is enclosed into end-marker symbols # and $. Therefore
we introduce a working alphabet as I' = X U {#, §}.

By @ we normally understand the set of states of an automaton.

By L we understand complement of a language L.

Given an input word w, by |w| we understand the number of symbols in w and
with [w]; we denote i-th symbol of w, counting from the beginning (excluding
end-markers).

Definition 1.1. A configuration of a finite automaton is ¢ = (v;q;vi), where
the automaton is in a state ¢j € Q, vvg € #X*8 i3 a finite word on the input
tape and input lape head is above the first symbol of the word vg.

* Research partially supported by the Latvian Council of Science, grant No. 01.0354
and grant for Ph.D. students; University of Latvia, K. Morbergs grant; European
Commission, contract 1ST-1999-11234

** Research partially supported by the Latvian Council of Science, grant No. 01.0354
and BEuropean Commission, contract IST-1999-11234



By C we denote the set of all configurations of an automaton. This set is
countably infinite.

After its every step, a probabilistic automaton is in some probability distri-
bution pocy + picy + - .- + Pncn, where py +py + ... 4 p, = 1. Such probability
distribution is called a superposition of configurations. Given an input word w,
the number of configurations in every accessible superposition does not exceed
[Q] in case of 1-way automata, and |w||Q] in case of 1.5-way automata.

A linear closure of C forms a linear space, where every configuration can be
viewed as a basis vector. This basis is called a canonical basts. Every probabilistic
automaton defines a linear operator over this linear space.

Let us consider A. Nayak’s model of quantum automata with mixed states.
(Evolution is characterized by a uaitary matrix and subsequent measurements
are performed after each step, POVM measurements not being allowed, [N 99].)
If a result of every measurement is a single configuration, not a superposition,
and measurements are performed after each step, we actually get a probabilistic
automaton. However, the following property applies to such probabilistic au-
tomata - their evolution matrices are doubly stochastic. This encourages us to
give the following definition for probabilistic reversible automata:

Definition 1.2. A probabilistic automaton is called reversible if its linear oper-
ator can be described by a doubly stochastic matriz, using canonical dasts.

To make accessible configurations of type (¢;#w$), we assume that every word
is written on a circular tape, and after the right end-marker § the next symbol is
the left end-marker #. Such precondition is the same as used for quantum finite
automata. (See, for example, [KW 97).)

At least two definitions exdist, how to interpret word acceptance, and hence,
language recognition, for reversible automata.

Definition 1.3. Classical acceptance. We say that an automaton accepts (re-
jects) a word classically, if its set of states consists of two disjoint subsets: ac-
cepting states and rejecting states, and the following conditions hold:

— the automaton accepts the word, if it is in accepting state after having read
the last symbol of the word;

— the automaton rejects the word, if it is in rejecting state after having read
the last symbol of the word.

We refer to the classical acceptance automata as C-automata further in the
paper.

Definition 1.4. “Decide and halt” acceptance. We say that an automaton ac-
cepts (rejects) a word in a decide-and-halt manner, if its set of states consists
of three disjoint subsets: accepting states, rejecting states and non-halting states,
and the following conditions hold:

~ the computation is continued only if the automaton enters a non-halting
state.
— if the automaton enters an accepting state, the word ts accepted;



— if the automaton enters a rejecting state, the word is rejected.

We refer to the decide-and-halt automata as DH-automata further in the paper.
Having defined word acceptance, we define language recognition in an equiv-
alent way as in [R 63]. We consider only bounded error language recognition in
this paper.
By P, 4 we denote the probability that a word z is accepted by an automaton
A.

Definition 1.5. We say that a language L i3 recognized with bounded error by
an automaton A with interval (p1,p2) §f p1 < p2 and py = sup{P; 4 | z ¢ L},
p2 =inf{P; 4 | z € L}.

Definition 1.6. We say that o language 13 recognized with a probability p if the
language is recognized with interval (1 — p,p).

Definition 1.7. We say that a language 13 recognized with probability 1 — ¢, if
for every € > 0 there exists an automaton which recognizes the language with
interval (€1,1 — €2), where €1,62 < €.

Definition 1.8. By ¢ 5, ¢, S C X*, we denote that there is a positive prob-
ability to get to a state ¢’ by reading a single word £ € S, starting in a state

q.
We refer to several existing models of quantum finite automata:

1. Measure-once quantum finite automata [MC 97] (QFA-MC);
2. Measure-many quantum finite automata [KW 97] (QFA-KW);
3. Enhanced quantum finite automata [N 99] (QFA-N).

Following the notions above, QFA-MC can be characterized as C-automata
whereas QFA-KW and QFA-N as DH-automata.

In Section 2, we discuss properties of PRA C-automata (PRA-C). We prove
that PRA-C recognize the class of languages eja; ... a;, with probability 1 ~e.
This class can be recognized by QFA-KW, with worse acceptance probabilities,
however [ABFK 99]. This also implies that QFA-N recognize this class of lan-
guages with probability 1 — e.

Further, we show general class of regular languages, not recognizable by
PRA-C. In particular, such languages as (a,b)*a and a(a,b)* are in this class.
This class has strong similarities with the class of languages, not recognizable
by QFA-KW [AKV 00].

We also show that the class of languages recognized by PRA-C is closed
under boolean operations, inverse homomorphisms and word quotient, but is
not closed under homomorphisms.

In Section 3 we prove, that PRA DH-automata do not recognize the language
(a,b)*a.

In Section 4 we discuss some properties of 1.5-way PRA. We also present
an alternative notion of probabilistic reversibility, not connected with quantum
automata.

In Section 5 we propose a classification of reversible automata (deterministic,
probabilistic and quantum).



2 1-way Probabilistic Reversible C-Automata

Definition 2.1. I-way probabilistic reversible C-automaton (PRA-C)
A=(Q,X,q,Qr,d) is specified by a finite set of states Q, a finite input alphabet
X, an initial state g9 € Q, a set of accepling states Qp C Q, and a transition
function

§:QxI'xQ — Ry,

where I' = X U {#,$} is the input tape alphabet of A and #, $ are end-markers
not in X. Furthermore, transition function satisfies the following requirements:

Y(q1,01) €Qx T ZJ(QX)UhQ)Zl (1)
€Q

Vigr,o0) €QxT ZJ(Q:Uhql)zl (2)
q€Q

For every input symbol o € I, the transition function may be determined
by a [Q] x |Q] matrix V,, where (V)i ; = d(qj,0,4)-

Lemma 2.2. All matrices V,, are doubly stochastic iff conditions (1) and (2) of
Definition 2.1 hold.

Proof. Trivial. O

We define word acceptance as specified in Definition 1.3. The set of rejecting
states is Q \ Q. We define language recognition as in Definition 1.5.

A linear operator U4 corresponds to the automaton A. Formal definition of
this operator follows:

Definition 2.3. Given a configuration ¢ = (Vigjovy),

UAC = 25(‘11'»‘7,‘1)(Vi041’k)-
€Q

Given a superposition of configurations ¥ = ). pcc,
ceC

Uah =Y pUsc.
ceC

Using canonical basis, U4 is described by an infinite matrix M 4.
To comply with Definition 1.2, we have to state the following:

Lemma 2.4. Matriz M4 is doubly stochastic iff conditions (1) end (2) of Def-
inition 2.1 hold.

Proof. Condition (1) takes place if and only if the sum of elements in every
column in Mj4 equal to 1. Condition (2) takes place if and only if the sum of
elements in every row in M4 equal to 1. 0



This completes our formal definition of PRA-C.

Use of end-markers does not affect cornputational power of PRA-C. For every
PRA-C with end-markers which recognizes some language it is possible to con-
struct a PRA-C without end-markers which recognizes the same language. (Num-
ber of states needed may increase, however.) See Appendix for further details.

Lemma 2.5. If a language is recognized by ¢ PRA-C A with interval (p1, p2),
exists a PRA-C which recognizes the language with probability p, where

p= ;1%2—, fpm+p2>1
1=
T if o+ p2 <1
Proof. Let us assume, that the automaton A has n — 1 states. We consider the
casep; +p2 > 1.

Informally, havmg read end—marker symbol #, we simulat,e the automaton A
with probability + P—p—%.

Formally, to recogmze the language with probability —£22— oripn Ve modify the
automaton A. We add a new state ¢ ¢ QF, and change the transition function

in the following way:

- Val ‘T # #l J(q,.,o, qr) g 1;

1 —1
- J(QO #, Qr) = E;%l

~ Vg, q # &, 8(g0, #,0) £ 357 00ta(g0, #19)-

Now the automaton has n states. Since end-marker symbol # is read only once at

the beginning of an input word, we can disregard the rest of transition function
values, associated with #: Vg;,q;, where ¢; # qo, 6(¢:, #,¢;) = 1—6%"’_'&‘2

The transition function satisfies the requirements of Definition 2.1 and the
constructed automaton recognizes the language with probability —£2— P

The case p; + p2 < 1 is very similar. Informally, having read end-marker

symbol #, we simulate the automaton A with probability '2—p}——m and accept

input with probability ,1,—:1’2-5‘2;:1. u}
Theorem 2.6. If a language is recognized by a PRA-C, it is recognized by
PRA-C with probability 1 — €.

Proof. We assume that a language L is recognized by a PRA-C automaton
A=(Q,%,¢,Qr,6) with interval (p1,p2). Let 6 = 3 (p1 + p2).

Let us consider a system of m copies of the automaton A, denoted as A,,.
We say that our system has accepted (rejected) a word if more (less or equal)
than md automata in the system have accepted (rejected) the word. We define
language recognition as in Definition 1.5.

Let us consider a word w € L. The automaton A accepts w with probability
DPu 2 P2. As a result of reading w, p¥, automata of the system accept the word,
and the rest reject it. The system has accepted the word, if ‘%:'l > 4. Let us take



79, such that 0 < 79 < p2 — 4§ < p,, — 4. Estimating the probability that E:’{l >4,
we have

B B _p[|#m
P{F>6}2P{pu—m<x<pw+m}—P{

o —pu‘ <no} (3

In case of m Bernoulli trials, Chebyshev’s inequality may be used to prove the
following ([GS 97, p. 312):

TSNP TBEE
The last inequality induces that
B
P{‘;“Pm <m}21_4m7)§ (5)
Finally, putting (3) and (5) together,
P{‘:: >¢s}21—4”1n3 ®)

Inequality (6) is true for every w € L.

On the other hand, let us consider a word £ ¢ L. The automaton A accepts
¢ with probability pe < p;. If we take the same 17,0 < 19 < d—p; < 6 —p¢ and
for every £ we have

P 5% <pl|fm _ L 7

P{m> } “ Pf_ﬂo}_4mn0 @

Due to (6) and (7), for every € > 0, if we take n > m,,weget a system A,
0

which recognizes the language L with interval (¢;,1 — €3), where €;,€2 < €.
Let us show that A, can be simulated by a PRA-C. The automaton A' =
(Q', %, q},Q'%,8") is constructed as follows:
Q' B (991902 ---02.) 1053 <1QI -1} @ = (%040 - - - q)-
A sequence (gy, sy - - - 9s..) 18 an accepting state of A’ if more than né elements
in the sequence are accepting states of A. We have deﬁned the set Q.

Given o € I, §'({ga,Gas -~ -Gan)s 0, (@0, @oa -+ - @b, ) = H 8(qa;» 7, qb:)-
i=1
In essence, Q' is n-th Cartesian power of Q and the linear space formed by
A’ is n-th tensor power of the linear space formed by A. If we take a symbol

o € I', transition is determined by |Q|™ x |Q|" matrix V!, which is n-th matrix
n
direct power of V,,i.e, V) = Q V..

i=1
A’ simulates the system A,. Since matrix direct product of two doubly sto-
chastic matrices is a doubly stochastic matrix, Vo V; are doubly stochastic ma-
trices. Therefore our automaton A’ is a PRA-C.
We have proved that Ve > 0 the language L is recognized by some PRA-C
with interval (gy,1—¢7), wheree;, €2 < €. Therefore the language L is recognized
with probability 1 - €. a



Lemma 2.7. If a language L; is recognizable with probability greater than %
and a language Ly is recognizable with probability greater than % then languages

LiN Ly and L U Ly are recognizable with probability greater than 3.

Proof. Let us consider automata A = (Qa, ¥, ¢0,4,QF 4,04) and

B = (QB: E: do,B, QF,B)JB) which recog‘nize the la‘ngu‘a'ges Lh Lﬁ with prOba'

bilities py,p; > 2, respectively. Let us assume that A, B have m and n states,

respectively. Without loss of generality we can assume that p; < ps.
Informally, having read end-marker symbol #, with probability } we simulate

the automaton A, and with the same probability we simulate the automaton A,.
Formally, we construct an automaton C = (Q, X, qo, @ ¢, 8) with the following

properties. A

QZQaUQB; %0 = o.4; QF = QraUQF,5; § = 54 Udp, with an exception

that:

~ &(q0,#,ai,4) = 04(q0, 1 Gi,4);
- (g0, #,4i,8) = 308(20,#.,4:,8);
- VQI') g 75 4o, J(q,', #1 q) = ﬂ(w—l#._)'

m+n—-1 °

Since § satisfies Definition 2.1, our construction of PRA-C is complete.

The automaton C recognizes the language Ly N Ly with interval (p, B1{22),
where p < 1 — Lp;. (Since py,p2 > 2, 1 - 1p < B1EE2)

The automaton C recognizes the language L; U L, with interval (2-"1%2’—, D),
where p > Lpi. (Again, 22Bj=22 < 1p))

Therefore by Lemma 2.5, the languages Ly N Ly and Ly U L, are recognizable
with probabilities greater than %— O

Theorem 2.8. The class of languages recognized by PRA-C is closed under
intersection, union and complement.

Proof. Let us consider languages Ly, L recognized by some PRA-C automata.
By Theorem 2.6, these languages is recognizable with probability 1 — €, and
therefore by Lemmas 2.5 and 2.7, union and intersection of these languages are
also recognizable. If a language L is recognizable by a PRA-C A, we can construct
an automaton which recognizes a language L just by making accepting states of
A to be rejecting, and vice versa. a

It is natural to ask what are the languages recognized by PRA-C with prob-
ability exactly 1.

Theorem 2.9. If a language i3 recognized by a PRA-C with probability 1, the
language s recognized by a permutation automaton.

Proof. Let us consider a language L and a PRA-C A, which recognizes L with
probability 1.

If a word is in L, the automaton A has to accept the word with probability
1. Conversely, if a word is not in L, the word must be accepted with probability
0. Therefore,

Yq € Q Yw € Z* either qw C Qp, or qw C Q. (8)



Consider a relation between the states of A defined as

R = {(gi,q5) | Vw qiw C QF & gjw C Qr}. R is symmetric, reflexive
and transitive, therefore Q can be partitioned into equivalence classes Q/R =
{[20],[4i,), - - -+ [gi.]}- Suppose A is in a state ¢. Due to (8), Vw 3n qw C [¢;.]. In
fact, having read a symbol in the alphabet, A goes from one equivalence class
to another with probability 1. _

Hence it is possible to construct the following deterministic automaton D,
which simulates A. The states are s, ..., 8 and 8,0 = 8, iff [¢;_]o C [¢i..] and
s, is an accepting state iff [¢;.] C Qp. Since all transition matrices of A are
doubly stochastic, all transition matrices of D) are permutation matrices. o

Theorem 2.10. The class of languages recognized by PRA-C s closed under
inverse homomorphisms.

Proof. Let us consider finite alphabets X, T, a homomorphism A : ¥ — T*, a
language L C T* and a PRA-C A = (Q, T, g0, Qr, §), which recognizes L with
interval (p;,ps)- We prove that exists an automaton B = (Q, X, g9, @ r,6') which
recognizes the language h=!(L). : :

Transition function § of A sets transition matrices V,, where 7 € T. To
determine §’, we define transition matrices V,,, o € X. Let us define a transition
matrix V,:

Vor = Vin(anlm Vin(oa)lm-s - - Vintou >

where m = |h(ox)|- Multiplication of two doubly stochastic matrices is a doubly
stochastic matrix, therefore B is a PRA-C. Automaton B recognizes h~!(L)
with the same interval (p;,p2). a

Corollary 2.11. The class of languages recognized by PRA-C is closed under
word quotient.

Proof. This follows from closure under inverse homomorphisms and presence of
end-markers #, §. a}

Even if PRA-C without end-markers are considered, closure under word quo-
tient remains true. See Appendix for details.

Lemma 2.12. If A is a doubly stochastic matriz and X - a vector, then
max(X) > max(AX) and min(X) < min(AX).

I ay) @12 ... Gin
. T a2y Q292 ... A2 .
Proof. Let us consider X = 2| and A = ! ™ |, where A is
Tn Gnl Gn2 -.- Gpn

doubly stochastic. Let us suppose that z; = max(X). For any i, 1 <i < n,
Tj = anZj +aiZ;j +... +8inTj 2 ;171 +ai2T2 + ... + GinZn-

Therefore z; is greater or equal than any component of AX. The second inequal-
ity is proved in the same way. a



Theorem 2.13. For every natural positive n, a language L, = aja3...a}, is
recognizable by some PRA-C with alphabet {a,,a3,...,a,}.

Proof. We construct a PRA-C with n + 1 states, go being the initial state, cor-

1
responding to probability distribution vector 0 . The transition function is
0
determined by (n + 1) x (n + 1) matrices
119 0
.. 1 1
1(11.. (1] ;; 0 ... 0 re-=0
Og--w 001 .. L B
Val = A Va; = n-1 n-1 |, y Vo = ; ; (.)
Nl 1 R ntwm
0;-..-" 00;}——1.-.;]__—1 0 01

The accepting states are ¢p...¢n—1, the only rejecting state is ¢,. We prove,
that the automaton recognizes the language L,,.
Case w € Ly. Having read w € a} ...a}_,a;}, the automaton is in probability

i

O .

distribution . Therefore all w € L, are accepted with probability 1.
0
Case w ¢ L,. Consider k such that w = wyjow,, |wi| = k, w1 € Ly and
w10 § Ly,. Since all one-letter words are in L, k > 0. Let a; = [w] and @, = 0.

Sowehave s <t, 1< s<n—1,2<t<n. Having read w; € a}...a}_,a}, the
i
t

automaton is in distribution 6 . After that, having read a,, the automaton is
0
1 1 1
; . 7 0 v 0 % —‘_
......... v e e . e ‘e ]
1.y 9 .. 0 L l
in distribution (‘] 6 1 1 ¢ = R
st n—st+l """ n—stl 0 tin-—l-}-li
......... n—s+l1
1 1 t—
0...0 n—stl " n—stl 0 —Iﬂ——:ﬂj

So the word wla, is a.ccepted with probabxhty 1- —(-n—‘H)— By Lemma 2.12, since

m < ,, reading the symbols succeeding wia, does not increase accepting
probability. Therefore, to find maximum accepting probability for words not in
L, wehavetoma:dmizel—-qﬁﬂr—ly,wheres<t,1_<_s§n—-1,2§t_<_n.
Solving this problem, we get ¢ = k+ 1,s = k for n = 2k, and we get ¢ =
k+1,s=kort=k+2s=k+1for n=2k+ 1. So the maximum accepting



probability is 1 — iy, if n.= 2k, and it is 1 ~ Gy, ifn = 2k + 1. Allin

. . . _ 1
all, the automaton recognizes the language with interval (1 GEET 1) .
(Actually, by Theorem 2.6, L, can be recognized with probability 1 — €). 8]

Corollary 2.14. Quantum finite automatla with mized states (model of Nayak,
[N 99]) recognize L, = a}a; ... a}, with probability 1 — €.

Proof. This comes from the fact, that matrices V,,,V,,,...,V,, from the proof
of Theorem 2.13 (as well as tensor powers of those matrices) all have unitary
prototypes (see Definition 5.1). o

Definition 2.15. We say that a regular language is of type (x) if the following
is true for the minimal deterministic automaton recognizing this language: Exist
three states q, q1, ¢z, exist words z, y such that

1. q # @5

2.qx=q1, QY =@;

3. V€ (z,y)* 31 € (z,¥)" aith =q;
4. Vt € (z,y)* 32 € (z,9)° @it =q.

Definition 2.16. We say that a regular language 13 of type (x') if the following
i3 true for the minimal deterministic automaton recognizing this language: Exist
three states q, q1, g2, exist words z, y such that

1 q #q;

2. 9z=q, qy=q2;
J qz=q, qy=q;,
{ RT=q, @Y= q-

z,

OO =

Fig. 1. Type (*) construction Fig. 2. Type (¥') construction




Definition 2.17. We say that a regular language is of type (x"') if the following
is true for the minimal deterministic automaton recognizing this language: Exist
two states qy, ¢2, ezist words x, y such that

1 q #q;
2. 1T = q2, T = Q2;
3. @y =q.

OMO=%

Fig. 8. Type (+") construction

Type (*'") languages are exactly those langua.ges that violate the partial order
condition of [BP 99].

Lemma 2.18. If A is a deterministic finite automaton with a set of states Q
and alphabet X, then Vg € Q Vz € X* 3k > 0 gzF = ¢qz°F.

Proof. We paraphrase a result from the theory of finite semigroups. Consider
a state ¢ and a word z. Since number of states is finite, Im > 0 ds > 1
Vn gz™ = qz™z*". Take ng, such that sng > m. Note that V¢ > 0 gz™*t =
gqr™ttzemo We take t = sng — m, so qz*™ = gqz*™z'™. Take k = sno. 0

Lemma 2.19. A regqular language is of type (*) iff it is of type (¥') or type (x").

Proof. 1) If a language is of type (+'), it is of type (). Obvious.

2) If a language is of type ("), it is of type (¥). Consider a language of type
(+") with states ¢}, g7 and words z,y"”. To build construction of type (%), we
take g =q = ¢{, @2 = ¢4, * = z"y", y = z". That forms transitions gxr = q,
QY =q2, 4T = @1, QY = ¢2, ©2T = @1, G2y = g2. We have satisfied all the rules
of ().

3) If a language is of type (), it is of type (*') or (¥). Consider a language
whose minimal deterministic automaton has construction (*). By Lemma 2.18,

dsda q1z° = q, and ¢,z° = q,;
33 q1y* = ¢ and qey® = ¢y;

Fudc z° = qu and q,z° = ¢qy;
3v3d g2y? = q, and 3% = g,.

If ¢ # g4, by the 3rd rule of (x), 3z q,z = qi. Therefore the language is of type
(*"). If g2 # qu, by the 4th rule of (), 3z guz = g2, and the language is of type
(¥"). Likewise, if q; # q: or g2 # qu, the language is of type (x").

Hq =q,=q and g2 = gy = ¢, we have ¢z° =q1, qy* = @2, 12° = q1y® = qu,
@27° = g2y? = q2. We get the construction (#') if we take ' = z°°, ' = y¥4. O



We are going to prove that every language of type (x) is not recognizable by
any PRA-C. For this purpose, we recall several definitions from the theory of
finite Markov chains ([KS 76], etc.)

A Markov chain with n states can be determined by an n x n stochastic
matrix A, i.e., matrix, where the sum of elements of every column in the matrix
is 1. If A;; = p > 0, it means that a state ¢; is accessible from a state g; with
a positive probability p in one step. Generally speaking, the matrix depends on
the numbering of the states; if the states are renumbered, the matrix changes,
as its rows and columns also need to be renumbered.

Definition 2.20. A state g; i3 accessible from q; (denoted g; — gq;) if there is
a positive probability to get from q; to q;j (possibly in several steps).

Definition 2.21. States ¢; and q; communicate (denoted g; > q;) if ¢i — g;
and gj —* g;-

Definition 2.22. A state q is called ergodic if Vi ¢ = q; = q; = q. Otherwise
the state is called transient.

Definition 2.23. A Markov chain without transient states s called irreducible
if for all g;,q; ¢; & ;. Otherwise the chain without transient states is called
reducible.

Definition 2.24. The period of an ergodic state ¢; € Q of a Markov chain with
a matriz A is defined as d(q;) = ged{n > 0| (A");; > 0}.

Definition 2.25. An ergodic state g; is called aperiodic if d{g;) = 1. Otherwise
the ergodic state is called periodic.

Definition 2.26. A Markov chain without transient states ts called aperiodic if
all its states are aperiodic. Otherwise the chain without transient states is called

periodic.
Definition 2.27. A probability distribution X of a Markov chain with & matriz
A is called stationary, if AX = X.

Definition 2.28. A Markov chain is called doubly stochastic, if its transition
matriz i3 a doubly stochastic matriz.

We recall the following theorem from the theory of finite Markov chains:

Theorem 2.28. If a Markov chain with @ matriz A is irreducible and aperiodic,
then
a) it has a unique stationary distribution Z;
b) im A™=(2Z,...,2);
n—o0
¢)VX lim A™X = 2.

n—oo



Carollary 2.30. If a doubly stochastic Markov chain with an m x m matriz A
i3 irreductble and apen'o;lic,

1

"—“‘ X ;
a) im A®=| ......... ) ;

n—4oo 1

1

b) VX lim A™X = )
n—o0
m

Proof. By Theorem 2.29. O

Lemma 2.31. If M is a doubly stochastic Markov chain with a matriz A, then
Vg q—q.

Proof. Assume existence of gy such that go i3 not accessible from itself. Let
Qg = {gi | @0 = @} = {q1,---, &} Qqo i3 not empty set. Consider those rows
and columns of A, which are indexed by states in Q. These rows and columns
form a submatrix A’. Bach column j of 4" must include all non-zero elements
of the corresponding column of A as those states are accessible from the state

k
gj, hence also from go and are in Qq,. Therefore Vj, 1 <j <k, A ;=1and
i=1

=

Y, Aj; = k. On the other hand, since go ¢ Qg,, a row of A’ indexed by a
1<i,5<k

state accessible in one step from qo does not include all nonzero elements. Since

k
A is doubly stochastic, 3,1 <i <k, ) Aj;<land 3  Al; <k. Thisisa
j=1 1<4,i<k
contradiction. O
Corollary 2.32. Suppose A i3 a doubly stochastic matriz. Then exists k > 0,
such that Vi (4*);; > 0.

Proof. Consider an m x m doubly stochastic matrix A. By Lemma 2.31, Vi
3n; > 0 (A™);; > 0. Take n = [] n,. For every 1, (4");; > 0. O
=1

Lemma 2.33. If M s a doubly stochastic Markou chain with a matriz A, then
VYqa, s Ab.a >0 ¢ 2 qa.

Proof. Ayo > 0 means that g, is accessible from ¢, in one step. We have to
prove, that g5 — g,. Assume from the contrary, that ¢, is not accessible from
Go- Let qu = {q: I q ql} = {qh‘h)"'qu}‘ By Lemma 231) € qu As
in proof of Lemma 2.31, consider a matrix A’, which is a submatrix of A and
whose rows and columns are indexed by states in @Q,. Each column j has to
include all nonzero elements of the corresponding column of A. Therefore V7,

3

1<j<k 3 A;=1and 3 Ai;=k On the other hand, Ay, > 0
i=1 1<i,j<k

and q, ¢ Q,, therefore a row of 4’ indexed by ¢, does not include all nonzero

k
elements. Since A is doubly stochastic, } 4} ; <land 3 A;; <k Thisis
j=1 1<i, i<k
a contradiction. O



Corollary 2.34. If M is a doubly stochastic Markov chain and q, — q;, then
Ga O Q-

Proof. If g, — ¢, then exists a sequence g;,,§i,,-..,Gi,, such that A; o >
0: Ai;,i, > O)"'lAihnih—l >0, Ab.il. > 0. By Lemma 233) we get ¢ — @i,
Qi —* Qin_y» -+~ Giz — Girs €iy — ga- Therefore gy — g,. o

By Corollary 2.34, every doubly stochastic Markov chain does not have tran-
sient states, so it is either periodic or aperiodic, either reducible or irreducible.

Lemma 2.35. If a regular language is of type (*'), it is not recognizable by any
PRA-C.

Proof. Assume from the contrary, that A is a PRA-C automaton which recog-
nizes a language L C X* of type (¥').

Since L is of type (*'), it is recognized by a deterministic automaton D which
has three states ¢, q1, g2 such that 1 # q2, 9z =q1, @y = @2, @z =q1, Yy = @1,
2T = @2, @2y = @2, where z,y € X*. Furthermore, exists w € X* such that
gow = @, where ¢ is an initial state of D, and exists a word z € X'*, such that
Q12 = (acc if and only if g2z = ¢r.j, where gqc. i3 an accepting state and gr.; is
a rejecting state of D. Without loss of generality we assume that gz = ggcc and

922 = Qrej-
The transition function of the automaton A is determined by doubly stochas-
tic matrices V,, ..., Vs, . The words from the construction (»') arez = oy, ... 03,

and y = gj, ...0j,. The transitions induced by words z and y are determined
by doubly stochastic matrices X =V, ...V, and Y =V, ...V, . Similarly,
the transitions induced by words w and z are determined by doubly stochastic
matrices W and Z. By Corollary 2.32, exists K > 0, such that

Vi (XX);; > 0and (YX);; > 0. (9)

Consider a relatlon between the states of the automaton defined as R =

{(gi,45) | ._v’) g;}- By (9), this relation is reflexive.

Supposeexlstsawordﬁ =§66... 6, &, e {z¥,y*}, such that ¢ N ¢'. This

means that ¢ RN Gy Gis BN izse - s Fin_r ———) ¢'. By Corollary 2.34, since both
XK and YX are doubly stochastic, 3¢} ...£}, & € {(a:K) y¥)*}, such that

q —) Qi _yre- s Gia f—) Girs G5y (—) g, therefore ¢’ —) q, where ¢' € (=¥, y¥)*.
So the rela.tlon R is symmetric.

Surely R is transitive. Therefore all states of A may be partitioned into
equivalence classes (go], (gi,],---,(¢:.]- Let us renumber the states of A in such
a way, that states from one equivalence class have consecutive numbers. First
come the states in [go], then in [g;, ], etc.

Consider the word z¥ y¥. The transition induced by this word is determined
by a doubly stochastic matrix C = Y¥ XX We prove the following proposition.
States g, and g, are in one equivalence class if and only if g, = ¢, with matrix



C. Suppose g, — ¢». Then (g,,q) € R, and g,,qs are in one equivalence class.
Suppose ¢,,gs are in one equivalence class. Then

o 5 Qi @ty 2 isye e n i, 4 @b, where £, € {zX,¢%).  (10)

zX vX =K K yK
By (9), ¢ — ¢; and g; — ¢;. Therefore, if ¢; — ¢j, then ¢; — ¢;, and
X K_K
again, if g; £ gj, then ¢; —% g¢;. That transforms (10) to

K _ Kyt
¢a (z—y)) qb, where £ > 0. (11)
We have proved the proposition.

By the proved proposition, due to the renumbering of states, matrix C
is a block diagonal matrix, where each block corresponds to an equivalence
class of the relation R. Let us identify these blocks as Cy,CY,...,Cx. By (9),
a Markov chain with matrix C is aperiodic. Therefore each block C, corre-
sponds to an aperiodic irreducible doubly stochastic Markov chain with states
[g;.]. By Corollary 2.30, n}l_r’noo C™ = J, J is a block diagonal matrix, where

Kye
for each (p x p) block C, (C,)ij = :—,. Relation g¢; @y ¢; is a subrelation
of R, therefore YX is a block diagonal matrix with the same block ordering
and sizes as C and J. (This does not eliminate possibility that some block
of YK is constituted of smaller blocks, however.) Therefore JYX = J, and
"!i_erZ(YKXK)"‘W = J?w ZYKXKymYKWw = ZJW. So

Ve >0 3m || (2= x*ymw - Z(YKXK)”‘YKW)Qo” <e. (12

However, by construction ('), Yk Ym w(z*y*)™z € L and wy*(z*y*)™z ¢ L.
This requires existence of € > 0, such that

Vm || (20 % x")mw - 2K X*)mY W) Q0” > e (13)
This is a contradiction. a

Lemma 2.36. If a regular language is of type (x"), it is not recognizable by any
PRA-C.

Proof. Proof is nearly identical to that of Lemma 2.35. Consider a PRA-C
which recognizes the language L of type (¥''). We prove that for words z, y
exists constant K, such that for every € exists m, such that for two words
1 = w(@K(zy)*)™z and & = w(@F(@y)*)™25z2, |pe, - pal < & We can
choose z, such that ¢, € Liff §&; ¢ L. a

Theorem 2.37. If a reqular language is of type (x), it is not recognizable by any
PRA-C.

Proof. By Lemmas 2.19, 2.35, 2.36. a



We proved (Lemma 2.19) that the construction of type () is a generalization
the construction proposed by [BP 99]. Also it can be easily noticed, that the
type (*) construction is a generalization of construction proposed by [AKV 00].
(Constructions of [BP 99] and [AKV 00] characterize languages, not recognized
by measure-many quantum finite automata of [KW 97].)

Corollary 2.38. Languages {a,b)*a and a(a,b)* are not recognized by PRA-C.
Proof. Both languages are of type (*). (n}

Corollary 2.39. Class of languages recognizable by PRA-C is not closed under
homomorphisms.

Proof. Consider a homomorphism a —+ a, b — b, ¢ = a. Similarly as in Theorem
2.13, the language (a,b)*cc* is recognizable by a PRA-C. (Taken =2, V, = V,,,
Vs = Vay, Vo = Va, from Theorem 2.13, QF = {¢:}) However, by Corollary 2.38
the language (a,b)*aa*=(a,b)*a is not recognizable. o

3 1-way Probabilistic Reversible DH-Automata

Definition 8.1. The definition differs from one for PRA-C (Definition 2.1) by
the following: languages are recognized according to Definition 1.4.

It is easy to see that the class of languages recognized by PRA-C is a proper
subclass of languages recognized by PRA-DH. For example, the language a(a,b)*
is recognizable by PRA-DH. However, the following theorem holds:

Theorem 3.2. Language (a,b)*a is not recognized by PRA-DH.

Proof. Assume from the contrary that such automaton exists. While reading
any sequence of a and b, this automaton can halt only with some probability p
strictly less then 1, so accepting and rejecting probabilities may differ only by
1-p, because any word belonging to the language is not dependent on any prefix.
Therefore for each ¢ > 0 we can find that after reading of a prefix of certain
length, the total probability to halt while continue reading the word is less then ¢.
In this case we can apply similar techniques as in the proof of Lemma 2.35, such
that for words z, y exists constant K, such that for every € exists s, such that for
two words & = w(zX (zy)¥)*z and & = w(zX (zy)X)*zX 2, |ps, —pe,| <e. O

4 Alternative Approach to Finite Reversible Automata
and 1.5-way Probabilistic Reversible Automata

Let us consider automaton A’ = (Q, ¥, o, @F, d') that can be obtained from a
probabilistic automaton A = (Q, £, o, QF, 6) by specifying
¢'(q,0,¢') = 8(¢',0,q) forall ¢, o and q.

If A’ is a valid probabilistic automaton then we can call A and A’ probabilistic
reversible automata.



Definition 4.1. An automaton of some type is called weakly reversible if the
reverse of its transition function corresponds to the transition function of a valid
automaton of the same type.

Note: in case of deterministic automaton where § : Q x I' x Q — {0, 1} this
property means that A’ is still deterministic automaton, not nondeterministic.

In case of one-way automata it is easy to check that this definition is equiv-
alent to the one in Section 2.

We give an example that illustrates that in case of 1.5-way automata these
definitions are different.

Definition 4.2. 1.5-way probabilistic weakly reversible C-automaton
A= (Qr E)QOlQFvb') is 3P¢Ciﬁed by Ql El do, QF deﬁned_ as in I-WGy PRA-C
Definition 2.1, and a transition function

0:QxI'xQxD— Ry,

where I" defined as in 1-way PRA-C definition and D = {0, 1} denotes whether
automaton stays on the same posilion or moves one letter ahead on the input
tape. Furthermore, transition function satisfies the following requirements:

Vig,o1) €QxI Y. &@,01,q,d)=1 (14)
9€Q,deD '

V(Qlyal)GQXF Z 6(q1011QI1d)=1 (15)
q€QqQ,deD

Definition 4.3. 1.5-way probebilistic reversible C-automaton
A=(Q, 2, q,Qr,0) is specified by Q, X, qo, Qr defined as in I-way PRA-C
Definition 2.1, and a transition function

0:QxI'xQxD— Ry,

where I' defined as in 1-way PRA-C definition and D = {0,1} denotes whether
automaton stays on the same position or moves one letter ahead on the input
tape. Furthermore, transition function satisfies the following requirements:

Vig,o0) €QxT ) blq,01,0,d) =1 (16)
q€Q.deD
V(qlval)UZ)eerz 26(Q101)q1,0)+ Z 5(‘1,02#11,1):1 (17)
EQ g€EQ,0€r

Theorem 4.4. Language (a,b)*a is recognizable by 1.5-way weakly reversible
PRA-C.

Proof. The Q = {qo,¢1}, Qr = {q1}, J is defined as follows



(‘h,a,q“l) = %
(qlvbyqlvo) =2

O O

6(‘1010) QO’O) =3 6(‘101“) q1, 1) =1 6(‘11)0) QO)O) = %
J(qu bsQO: ]) =3 6(‘107 b, qho) =3 5(‘11, b, go, 1) =3
6(‘10) 3,40.1) =1 J(qhs)qln 1) =1
It is easy to check that such automaton moves ahead according to the tran-

sition of the following deterministic automaton
6(q01 a,q, 1) =1 J(qhath 1) =1
6(‘10) br o, 1) =1 J(qli b: qo, 1) =1
6(‘10) s)q()) 1) =1 6(‘111 s) qaQ, 1) =1
So the probability of wrong answer is 0. The probability to be at the m-th

position of the input tape after n steps of calculation for m < n is C™. Therefore
it is necessary no more than O(n * log(p)) steps to reach the end of the word of

length n (and so obtain correct answer) with probability 1 — 2. a

5 A Classification of Reversible Automata

We propose the following classification for finite 1-way reversible automata:

C-automata DH-automata
Deterministic [Permutation Automata Reversible Finite Automata
Automata [BS 66,T 68] (DRA-C) [AF 98] (DRA-DH)
Quantum Measure-Once Quantum Measure-Many Quantum
Automata with|Finite Automata [MC 97]  (Finite Automata [KW 97]
Pure States (QRA-P-C) (QRA-P-DH)
Probabilistic Probabilistic Reversible Probabilistic Reversible
Automata C-automata (PRA-C) DH-automata (PRA-DH)
Quantum Finite|not considered yet Enhanced Quantum
Automata with|(QRA-M-C) Finite Automata [N 99]
Mixed States (QRA-M-DH)

Language class problems are solved for DRA-C, DRA-DH, QRA-P-C, for

the rest types they are still open. Every type of DH-automata may simulate the
corresponding type of C-automata.

Generally, language classes recognized by C-automata are closed under
boolean operations (though this is open for QRA-M-C), while DH-automata are
not (though this is open for QRA-M-DH and possibly for PRA-DH).

Definition 5.1. We say that a unitary matriz U is a prototype for a doubly
stochastic matriz S, if Vi, |Ui;|* = Si j.

Not every doubly stochastic matrix has a unitary prototype. Such matrix is,

11 0
for example, ( ) .
72

In Introduction, we demonstrated some relation between PRA-C and QRA-
M-DH (and hence, QRA-M-C). However, due to the example above, we do not
know exactly, whether every PRA-C can be simulated by QRA-M-C, or whether
every PRA-DH can be simulated by QRA-M-DH.

[ =T*1|

O W=
a3 fre



Theorem 5.2. If all matrices of a PRA-C have unitary prototypes, then the
PRA-C may be simulated by a QRA-M-C and by a QRA-M-DH.

Proof. Trivial. a

Theorem 5.3. If all matrices of a PRA-DH have unitary prototypes, then the
PRA-DH may be simulated by a QRA-M-DH.

Proof. Trivial. a
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A End-Marker Theorems for PRA-C Automata

We denote a PRA-C with both end-markers as #,5~-PRA-C. We denote a PRA-C
with left end-marker only as #-PRA-C.

Theorem A.1. Let A be a #,$-PRA-C, which recognizes a language L. There
ezists a #-PRA-C which recognizes the same language.

Proof. Suppose A = (Q, ¥, 990, Qr,6), where |Q| = n. A recognizes L with inter-

val (p1, p2). We construct the following automaton A’ = (Q’, X, ¢o,0, @, 4') with

mn states. Informally, A’ equiprobably simulates m copies of the automaton A.
Q' ={q,0,---,%0,m-1,91,0)- - s1,m—1y - -sGn-1,0s - - -» fn—1,m—1}-

Otherwise, &'(go,0, #:954) = 000, #,95), and if gix # go,0, &' (g, #,9) =
i(ﬁ-“'—#"l Function ¢’ satisfies the requirements (1) and (2) of Definition 2.1.

mn—1

We define Q% as follows. A state g;x € QF if and only if 0 < k < mp(g:),
where p(g:) = Y (¢, $,9)-

q€QF
Suppose #w$ is an input word. Having read #w, A is in superposition
n-—1

n—1
Y. a¥q;. After A hasread $, #w$ is accepted with probability p., = Z a?p(g;)-
=0

—1 n—
On the other hand, having read #w, A’ is in superposition L - E a¥qi ;-
j=0 i=0

n—1
So the input word #w is accepted with probability p, = L 3" a¥ [mp(g;)].
i=0
n—1 n—1
Consider w € L. Then p[, = X E a¥ [mp(g)] > E a¢p(qi) = pu > p2.

Consider€¢L-Th€ﬂP’f=#_Z af [mp(q:)] < Eap(q.)+ Ea =

p5+ <p1+

Therefore A’ a

Now we are going to prove that PRA-C without end—markers recognize the
same languages as #-PRA-C automata.

If A is a #-PRA-C, then, having read the left end-marker #, the automa-
ton simulates some other automata Ag, Ay,..., A;m—1 with positive probabilities
Do,---,Pm—1, respectively. Ag, 4;,-.., A;m—1 are automata without end-markers.
By piw, 0 <1 < m, we denote the probability that the automaton A; accepts
the word w.

We prove the following lemma first.

Lemma A.2. Suppose A' is a #-PRA-C which recognizes a language L with
interval (ay,az). Then for every €, 0 < € < 1, exists a #-PRA-C A which
recognizes L with interval (a;,a3), such that

6) fw€L,pow+prw+...+Pa10 > P2



b) fw ¢ L, pow thwt.otPa1w < %_1_%-

Here n is the number of automata without end-markers, being simulated by A,
and p;, s the probability that -th simulated automaton A; accepts w.

Proof. Suppose a #-PRA-C A' recognizes a Janguage L with interval (a,,a;).
Having read the symbol #, A’ simulates automata Ay, ..., Al _; with probabil-
ities pg, . . . y Pln—1, respectively. We choose €, 0 <e < 1.

By Dirichlet’s principle ((HW 78], p. 170), Vo > 0 exists n € N* such that
Vi pin differs from some positive integer by less than ¢.

Let 0 < ¢ < min (L,€). Let g; be the nearest integer of pjn. So [pjn—gi| < ¢

m—1
n- 3 g

i=0

<em <1

< £ < £ Since |pin — gi] < p, we have

!
Ei.__.l_
and|. v

Therefore, since g; € Nt Z gi =n.

Now we construct the # PRA—C A, which satisfies the properties expressed
in Lemma A.2. For every 1, we make g; copies of A’ Having read #, for every
i A simulates each copy of A! with probability - . The construction of Vy is
equivalent to that used-in the proof of Lemma 2.7. Therefore A is characterized
by doubly stochastic matrices. A recognizes L with the same interval as A', i.e.,
(0.1 , az).

Using new notations, A simulates n automata Ag, 4,;,...,A,_; with proba-
bilities po,P1, - - -, Pu—1, respectively. Note that Vi |p; — 1| < £. Let p;, be the
probability that A; accepts the word w.

Consider w € L. We have popo,w + PiP1w +--- + Pn—1Pn-1,0 2> G2. Since
pi < 2, W (p 4 p1w+ ..o+ Pa1,w) > @2. Hence

an asn
1+¢  1+¢

Do,w +pl.w +.. -+pn—-l.w >

Consider ¢ ¢ L. We have pypo¢ + pip1,¢ + ... + Pno1Pn-1,¢ < 61. Since
pi > 122, = (po e+ prg+ ...+ Pnore) < 01. Hence
an an
¢ 1-¢

PogtPret- TPl < 7T
0

Theorem A.3. Let A be a #-PRA-C, which recognizes a language L. There
ezists a PRA-C without end-markers, which recognizes the same language.

Proof. Consider a #-PRA-C which recognizes a language L with interval (a;, az).
Using Lemma A.2, we choose ¢, 0 < &£ < 2221, and construct an automaton A’
which recognizes L with interval (@, @2), with the following properties.

Having read #, A’ simulates Aj,..., A}, _; with probabilities pj), ..., pf_;,
respectively. Ay, ..., Al _, are automata without end-markers. A} accepts w with
probability p} ,. fw € L, py ,, + P+ - - -+ P10 > P Other\mse fwégl,
pé),w +p’1,w +... +P’ -1l,w < (_P—l:_'

That also implies that for every n = km, k € IN*, we are able to construct
a #-PRA-C A which recognizes L with interval (a;,a2), such that



a) fwe€L, puw+Prwt ot Pno10w> P2 l+c’
b) ifw ¢ L, Pow + Pryw + -+ Pty < B,

A simulates Ao,...,Aﬂ_l.IetusoonsxderthesystemF = (Ao,--.,An_1).
Let & = }(a; + a2). Since € < T, 7 >dand I <4 As mthe proof
of Theorem 2.6, we define that the system accepts a word if more than nd
automata in the system accept the word.

Let us take no, such that 0 <o < ;3% — 6 <8 — ;.
n—1

Consider w € L. We have that Z Piw > 13¢ > nd. As a result of reading w,
(¥ automata in the system a.ccept the word, and the rest re_,ect 1t The system
hasacceptedthewordxf x> 8. Since 0 < np < 2

= —06< ;gop,-,w—ts, we
have ' )
o pa 1C
En > En _ - . .
P{n>6 2P| ngpw <m (18)
- n—1
If we look on £* as a random variable X, E(X) = 13 piw and variance
t—O

V(X)= E Piw(1 = piw), therefore Chebyshev’s inequality yields the follow-

ing: =
Hn = 1
Bn _ - > .
P{ " pr.u 710} n2 Zplw(l Piw) < 41")3
w n—-1
ThatisequivalenttoP{ﬁ:—-,l—'Zp,-,w <7}o}>1 . So, taking into
i=0
account (18),
Pa 1
- . 19
P{ g 5} dnnj 19

n-1
On the other hand, consider £ ¢ L. So ) pi¢ < $12 < nd. Again, since
i=0

0<7)0<6 —L<5——pr.£,

P{‘;—s‘>6} { >770} < 4:% (20)

The constant 1o does not depend on n and n may be chosen sufficiently large.
Therefore, by (19) and (20), the system Fy, recognizes L with bounded error, if
n> %g

Following a way identical to that used in the proof of Theorem 2.6, it is
possible to construct a single PRA-C without end-markers, which simulates the
system F,; and therefore recognizes the language L. 8]
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On Quantum Pushdown Automata

Marats Golovkins

Institute of Mathematics and Computer Science, University of Latvia, Raipa bulv.
29, Riga, Latvia*
marats@cclu.lv

Abstract. Quantum finite automata, as well as quantum pushdown au-
tomata were first introduced by C. Moore, J. P. Crutchfield [MC 97]|. In
this paper we introduce the notion of quantum pushdown automata in a
non-equivalent way, including unitarity criteria, by using the definition
of quantum finite automata of [KW 97|. It is established that the uni-
tarity criteria of quantum pushdown automata are not equivalent to the
cortesponding unitarity criteria of quantum Turing machines [BV 97]|.
Finally we present some simple languages recognized by quantum push-
down automata, two of them is not recognizable by deterministic push-
down automata and one seems to be not recognizable by probabilistic
pushdown automata as well.

1 Introduction

Nobel prize winner physicist R. Feynman asked in 1982, what effects may have
the principles of quantum mechanics on computation [Fe 82]. He gave arguments
that it may require exponential time to simulate quantum mechanical processes
on classical computers. This served as a basis to the opinion that quantum
computers may have advantages versus classical ones. It was in 1985, when D.
Deutsch introduced the notion of quantum Turing machine [De 85| and proved
that quantum Turing machines compute the same recursive functions as classical
deterministic Turing machines do. P. Shor discovered that by use of quantum al-
gorithms it is possible to factorize large integers and compute discrete logarithms
in a polynomial time [Sh 94], what resulted into additional interest in quantum
computing and attempts to create quantum computers. First steps have been
made to this direction, and first quantum computers which memory is limited
by a few quantum bits have been constructed [KLMT 99|. To make quantum
computers with larger memory feasible, one of the problers is to minimize error
possibilities in quantum bits. Quantum error correction rnethods are developed
[CRSS 98] which would enable quantum computers with larger quantum mem-
ory.

Quantum mechanics differs from the classical physics substantially. It is
enough to mention Heisenberg’s uncertainty principle, which states that it is

* Research partially supported by the Latvian Council of Science, grant 96-0282;
European Comission, contract [ST-1999-11234; Swedish Institute, project ML2000



impossible to get information about different parameters of quantum particle
simultaneously precisely. Another well known distinction is the impossibility to
observe quantum object without changing it.

Fundamental concept of quantum information theory is quantum bit. Classi-
cal information theory is based on classical bit, which has two states 0 and 1.
The next step is probabilistic bit, which can be 0 with probability « and 1 with
probability 8, where o + 8 = 1. Quantum bit or gbit is similar to probabilistic
bit with the difference that a and g are complex numbers with the property
|a]? + 181> = 1. It is common to denote gbit as a|0) + B]1). As a result of
measurement, we get 0 with probability ||? and 1 with probability |8|2.

Every computation done on gbits is accomplished by means of unitary op-
erators. Informally, every unitary operator can be interpreted as a revolution in
complex space. Therefore one of the basic properties of unitary operators is that
every quantum computing process not disturbed by measurements is reversible.
Unitarity is rather hard requirement which complicates programming of quan-
tum devices. The following features of quantum computers are most important:

1. Information is represented by qbits.

2. Any step of computation can be represented as a unitary operation, therefore
computation is reversible.

3. Quantum information cannot be copied.

4. Quantum parallelism; quantum computer can compute several paths simul-
taneously, however as a result of measurement it is possible to get the results
of only one computation path.

Quantum finite automata [KW 97] are considered to be the most elementary
model of quantum device. We shall denote this as QFA further in the paper.
Quantum pushdown automata were first defined in [MC 97|, however the au-
thors do not mention clear criteria to ensure unitarity in the sense of respective
definition. The definition in [MC 97] is not equivalent to that given in this paper.

The following notations will be used further in the paper:

z* is the complex conjugate of a complex number z.
U* is the Hermitian conjugate of a matrix U.

I is the identity matrix.

€ is empty word.

Definition 1.1. Matrix U is called unitary, if UU* = U*U = I.

If U is a finite matrix, then UU* = I iff U*U = I. However this is not true
for infinite matrices:
Erample 1.1.
1
71-2- 0000...
7 0000...

01000 ...
U=]900100..
0 0010...



Here U*U = I'but UU* # I.

Lemma 1.1. If infinite matrices A, B,C have finite number of nonzero ele-
ments in each row and column, then their mulliplication is associative: (AB)C =
A(BC).

Proof. The element of matrix (AB)C in i-th row and j-th column is k;; =

oo o0 .
Y. > airbrscsj. The element of matrix A(BC) in the same row and column
s=1r=1

(o I o o ]
is lij = 3 D airbrscsj. As in the each row and column of matrices A, B,C

r=]1s=1
there is a finite number of nonzero elements, it is also finite in the given series.
Therefore the elements of the series can be rearranged, and k;; = I;;. a

As noted further in the paper infinite matrices with finite number of nonzero
elements in each row and column describe the work of pushdown automata. In
further theorems there are stated some properties of such matrices.

Lemma 1.2. IfU*U = I, then the norm of any row in the matriz U does not
exceed 1.

Proof. Let us consider the matrix S = UU*. The element of this matrix s;; =
(rjlr:), where r; is i-th row of the matrix U. Let us consider the matrix T = S2.
The diagonal element of this matrix is

L = Zs.ksk. = Z refra)(rilre) = Z| (relra) 2.

k=1

On the other hand, taking into account Theorem 1.1, we get that
T=5*=UU*)(UU*)=UU*O)U*=UU*=S.

Therefore t;; = si; = (ri|r;). It means that
> ke l? = (rilra). (1)
k=1

This implies that every element of series (1) does not exceed (ri|r;). Hence
[(re|r:)|2 = (rilr:)® < (ri]rs). The last inequality implies that 0 < (ry|r;) < 1.
Therefore |r;| < 1. a

Lemma 1.3. Let us assume that U*U = I. Then the rows of the matrix U are
orthogonal iff every row of the matrix has norm 0 or 1.

Proof. Let us assume that the rows of the matrix U/ are orthogonal. Let us

oo
consider equation (1) from the proof of Theorem 1.2, i.e., 3 |(r|r:)|? = (r:[r:)-



As the rows of the matrix U are orthogonal, Z |{r|r:)|? = |{rilrs)]?. Hence

(rilrs)? = (rilri), ie., {rilr:) =0 or (rg|rs) = 1. Therefore [ril =0 or |r;| = 1.
Let as assume that. every row of the matrix has norm 0 or 1. Then (r¢|r;)? =
(rilr:) and in compliance with the equation (1), 3= [(rx|r:)}|* = 0. This

kENF\ {4}
implies that Vk # i |[(rk|r:)| = 0. Hence the rows of the matrix are orthogonal.
a

Lemma 1.4. The matrix U is unitary sff U*U = I and its rows are normalized.

Proof. Let us assume that the matrix U is unitary. Then in compliance with De-
finition 1.1, U*U = I and UU* = I, i.e, the rows of the matrix are orthonormal.

Let us assume that U*U = I and the rows of the matrix are normalized.
Then in compliance with Theorem 1.3 the rows of the matnx are orthogonal.
Hence UU* = I and the matrix is unitary. ]

2 Quantum pushdown automata

Definition 2.1. A guantum pushdown automaton (QPA)
A=(Q, 2T, q,Qa, Q@ 98) is specified by a finite set of states Q, a finite input
alphabet X and a stack alphabet T, an initial state g € Q, sets Q, C Q, Q, CQ
of accepting and rejecting states, respectively, with Q,NQ, = @, and a transition
function

5:QXFXAXQX{1,—+}XA’—»C[o_ll,

where I' = X U {#,8)} is the input tape alphabet of A and #,$ are end-markers
not in X, A = T U {Z} is the working stack alphabet of A and Zo ¢ T is
the stack base symbol; {|, >} is the set of directions of input tape head. The
automaton must satisfy conditions of well-formedness, which will be expressed
below. Furthermore, the transition function is restricted to a following require-
ment:
[f‘s(q) a, ﬂ)q’ldl w) # 01 then

L |w[<2;

2. if lw| =2, then wy = G;

3. if B= 2y, thenw € ZoT*;

4. f B# Zy, thenw € T*.

Definition 2.1 utilizes that of classical pushdown automata from [Gu 89).
Well-formedness conditions 2.1.
1. Local probability condition.

V(g1,01,1) €EQ XTI x A
> 6(g1,01,71,9,d,w)[* = 1. (2)

(g.dw)EQx{]|,~}x A"



2. Orthogonality of column vectors condition.

For all triples (g1,01,71) # (q2,01,72) in @ x ' x A

Z 5.(q1lallTllq) dl w)5(¢12, gy, T2, q,d,w) =0. (3)
(e.dw)eQx{],—}x A’

3. Row vectors norm condition.

Y(q1,01,02,71,72) € Q x I'? x A?

Z Ié(ql 01,7,41, '_':"")I2 + |6(q: 02,7T,4q1, 11 w)lz =1 (4)
(q.7.w)EQxXAX{€e, 12,7172}

4. Separability condition I.

V(ql,al,'rl),(qg,al,rz) €@ xTIx A, Ve A

a) Z Jt(qlrathl q, d,T)(s((h,o'l,Tz, q, d: TST) +
(q.d,7)EQx (], —}xA
+ Z 61(Q110-11T11 qldlE)J(qzlo-lsziq’ le3) = 01 (5)

(a.)eQx{l,—}

b) Z 6‘((]1,0’1,‘7’1,q,d,E)ls((h,O'l,Tg,q,d,T2T3) =0. (6)
(a.)EQx{l,—}

5. Separability condition II.

Y(q1,01,7),(g2,02,72) €@ xI'x A

Z 6*(q1,01, 7.9, |,w)é(g2,02, 72,9, =, w) = 0. 0
(qw)eQxAs

6. Separability condition III.

V(qllal!Tl)l(qz)alez) € Q xI'x Av VT3 € A; le)d2 € {lu _'}) dl 7é d2
a’) Z 6‘(41,01.71-11, dlnT)J(q'Zyo-erZlQ1 d'llT:!T) +

(g.m)eQxA

+ Z 6.(Q1,0'1, 71,4, dllf)‘s(‘h,”zy"?, q, d2)T3) = 0) (8)
qEQ

b) Z 6*(q1, 01,71, ¢4,d1,€)8(q2,02, 72,4, d2, T273) = 0. (9)
q€Q

Let us assume that an automaton is in a state ¢, its input tape head is
above a symbol a and the stack head is above a symbol 8. Then the automaton
undertakes following actions with an amplitude 6(q, @, 3, ¢', d, w):

1. goes into the state ¢';
2. if d ="‘—’, moves the input tape head one cell forwards;



3. takes out of the stack the symbol 8 (deletes it and moves the stack head one
cell backwards);

4. starting with the first empty cell, puts into the stack the string w, moving
the stack head |w| cells forwards.

Definition 2.2. The configuration of e pushdoum automaton is a pair [¢) =
|vigivk, wr), where the automaton is in a state q; € Q, v;vx € #X*$ is a finite
word on the input tape, w; € ZoT* is a finite word on the stack tape, the input
tape head is above the first symbol of the word vi and the stack head is above the
last symbol of the word w.

We shall denote by C the set of all configurations of a pushdown automaton.
The set C'is countably infinite. Every configuration |c) denotes a basis vector
in the space H4 = I3(C). Therefore a global state of A in the space H4 has a

form |) = ¥ ac|c), where ¥ |oc|? = 1 and o, € € denotes the amplitude of a
ceC ceC
configuration |c). If an automaton is in its global state (superposition) |¢), then

its further step is equivalent to the application of a linear operator (evolution)
U4 over the space Hy4.

Definition 2.3. A linear operator U4 is defined as follows:

U,ql‘!ll) = ZGCUAIC).

ceC

If a configuration ¢ = |v;qjovk, wiT), then

UAIC) = Z 5(‘1)',0',T,q.d,w)|f(|c>,d,q),wlw),
(g.d,w)EQxX{],—~}x A"

where rd |
_ Jugow,ifd="1]"
flwgsovi, ), d,q) = {ViO'qVk) ifd="*—"
Remark 2.1. Although a QPA evolution operator matrix is infinite, it has a finite
number of nonzero elements in each row and column, as it is possible to reach
only a finite number of other configurations from a given configuration within
one step, all the same, within one step the given configuration is reachable only
from a finite number of different configurations.

Lemma 2.1. The columns system of a QPA evolution matriz is normalized iff
the condition (2), i.e., local probability condition, is satisfied.

Lemma 2.2. The columns system of a QPA evolution matriz is orthogonal iff
the conditions (3,5,6,7,8,9), i.e., orthogonality of column vectors and separability
conditions, are salisfied.

Lemma 2.3. The rows system of a QPA evolution matriz is normalized iff the
condition (4), i.e., row vectors norm condition, is satisfied.



Theorem 2.1. Well-formedness conditions 2.1 are satisfied iff the evolution op-
erator Uy is unilary.

Proof. Lemnmas 2.1, 2.2, 2.3 imply that Well-formedness conditions 2.1 are sat-
isfied iff the columns of the evolution matrix are orthonormal and rows are nor-
malized. In compliance with Theorem 1.4, columns are orthonormal and rows
are normalized iff the matrix is unitary. a

Remark 2.2. Well-formedness conditions 2.1 contain the requirement that rows
system has to be normalized, which is not necessary in the case of quantum
Turing machine [BV 97]. Here is taken into account the fact that the evolution
of QPA can violate the unitarity requirement if the row vectors norm condition
is omitted.

Exzample 2.1. A QPA, which evolution matrix columns are orthonormal, however
the evolution is not unitary.

Q=1{q}, Z={1}, T={1}.

6(q1 #l ZO) q,—, Zol) = 11 6(‘11 #1 I)Q) -, 11) = 11
8(q,1, Zo,q,—, Zo1) = 1, 6(g,1,1,9,—,11) =1,
6(9,3,.20,9,—, Z01) =1, §(¢,8,1,4,—,11) =1,

other values of arguments yield § = 0.

By Well-formedness conditions 2.1, the colurans of the evolution matrix are
orthonormal, but the matrix is not unitary, because the norm of the rows spec-
ified by the configurations |w, Zg) is 0.

Even in a case of trivial QPA, it is a cumbersome task to check all the
conditions of well-formedness 2.1. It is possible to relax the conditions slightly
by introducing a notion of simplified QPA.

Definition 2.4. We shall say that a QPA is simplified, if there exists a func-
tion D : Q — {l,—}, and 8(q1,0,7,q,d,w) = 0, if D(q) # d. Therefore the
transition function of a simplified QPA is

(g, 0,7,q,w) = 86(q1,0,7,9,D(q),w).

Taking into account Definition 2.4, following well-formedness conditions cor-
respond to simplified QPA:

Well-formedness conditions 2.2.
L. Local probability condition.

VY(g1,01,n)€EQxT'x A
Y lelanonmigw))’ =1 (10)

(qw)exa



2. Orthogona.lit); of column vectors condition.

For all triples (g1,01,71) # (¢2,01,12) n @ x 'x A

Yo oManon1,q,w)e(g2,01,72,q,w) = 0. (11)
(q.w)EQXA*

3. Row vectors norm condition.
Y(q1,01,71,72) € Q x I'x A®

Z I‘p(q) 01, T, qlr""})l2 =1 (12)
(q,f,W)GQxAx(:,‘r,,n-r,}

4. Separability condition.

V(g1,01,m), (42,01, 72) EQ X ' x A, V13 € A
a) Z ¢*(91,01,71,9,7)p(q2,01, 72,4, T37) +

(g,7)€EQxA

+ Z‘P.(QhUIyTI,q, 5)‘P(‘12,01y7'2, q, T3) = 0) (13)
q€Q

b) Z<P'(Q1,01,T1,q,5)</7(<12,01,T2, q,7213) = 0. (14)
q€Q

Theorem 2.2. The evolution of a simplified QPA is unitary iff Well-formedness
conditions 2.2 are satisfied.

Proof. By Theorem 2.1 and Definition 2.4. a

3 Language recognition

Language recognition for QPA is defined as follows. For a QPA

A= (Q,2,T, q0,Qa Qr,0) we define C; = {|vigur,w)) € C | ¢ € Qq}, Cr =
{lvigue,wi) € C | ¢ € Qy}, Crn =C\ (CaUGC;). E,, E,, E,, are subspaces of Ha
spanned by C,, C,, C, respectively. We use the observable O that corresponds
to the orthogonal decomposition Hq = E, @ E; @ E,. The outcome of each
observation is either “accept” or “reject” or “non-halting”.

The language recognition is now defined as follows: For an z € £* we consider
as an input #z3, and assume that the computation starts with A being in the
configuration |go#z$, Zy). Each computation step consists of two parts. At first
the linear operator U4 is applied to the current global state and then the resulting
superposition is observed using the observable O as defined above. If the global

state before the observation is ) ac|c), then the probability that the resulting
ceC
superposition is projected onto the subspace E;, i € {a,r,n},is Y. |a|% The
| ceC;
computation continues until the result of an observation is “accept” or “reject”.



Definition 3.1. We shall say that an automaton is a deterministic reversible
pushdown automaton (RPA), if it is a simple QPA with ¢(q,,0,7,q,w) € {0, 1}.

Needless to say, if any language is recognized by a RPA, it is recognized with
probability equal to 1.

First, let us consider a language L, = (0,1)*1, for which we know that it is
not recognizable by QFA [KW 97].

Lemma 3.1. Language L, is recognizable by a RPA.

Proof. Let us consider a deterministic automaton with two states gg, ¢, and the
following transitions: J(quO) = 4o, J(qOI 1) =41 6((]110) = g0, J(qll 1) =4q.

It is possible to transform this automaton to a RPA, which satisfies the corre-
sponding well-formedness conditions:

Q= {9,90.:92,93.94,95}, Qa = {gs}, @r = {qa}, £ ={0,1}, T ={0,1}.

The states gg, ¢, have the same semantics as in the deterministic prototype, the
only difference is in case input tape symbols 0 or 1 is read, when each transition
starting in the state qgg, automaton pushes 0 into stack, whereas in the state
q1 pushes 1. After reaching the endmarking symbol $, depending on its current
state, the automaton goes to the state ¢s or gs.

Finally, we have to add two more states ¢z, g3 to our RPA, to ensure its unitarity.
Values of the transition function follow:

VrEAVgeEQVo el

pla.#,7.q,7) =1,

SP(‘IO;O. T, QO,TO) = 1! (P(QI,O T, QO»Tl) - 11 D(QO) =3,
‘p(qovlleql,TO) = 11 SO(q 11T1 ql)Tl) - 1! D( )
©(90,8,7,90,7) =1,  ¢(01,8,7,¢5,7) =1, D(q2) l,
©(g2,1,7,90,7) =1,  ¢(g3,0,7.q1,7) =1, D(g3) =1,
(p(qzislquer) = 11 <p(l13.$ T, q:;,T) - 1! D(Q4) =1:
©(94,0,7,9,7) =1,  ¢(gs,0,7,¢5,7) =1, D(gs) =1,
(p(Q210|quOIZ) = 1! ‘P(Q3,1,Z,QI-Z)= 1l D(QG) =l|
‘p(qzlorow que) = 11 (p(q2)0v 1-‘13,5) =1,
©(g3,1,0,q2,6) =1,  ¢(gs,1,1,q3,6) = L,

‘p(q4)$lTl qOIT) = 1| ‘P(q5,$,'r, ql-T) = ]-|

other values of arguments yield § = 0.
Let us note that states g2, g3 are not reachable from the initial state g, however
they are necessary to make the automaton unitary. a

Lemma 3.2. Language L; = a*b* is recognizable by a RPA.
Proof. Proof is similar to that of Lemma 3.1. a

It seems that the same technique as in the proof of Lernma 3.1 can be used
to construct reversible pushdown automata for every regular language by use
of deterministic finite automata as a prototype. The number of states of corre-
sponding RPA would be twice as much as in deterministic finite automaton.



Let us consider a language which is not regular, namely,
L3 = {w € (a,8)°] lwls = |wls},
where |w|; denotes the number of occurrences of the symbol ¢ in the word w.
Lemma 3.3. Language L3 i3 recognizable by a RPA.

Proof. Our RPA has four states g, q1, g2,¢3, where g2 is an accepting state,
whereas g3 - rejecting one. Stack alphabet T consists of two symbols 1,2. Stack
filled with 1’s means that the processed part of the word w has more occurrences
of a’s than b’s, whereas 2’s means that there are more b’s than a’s. Furthermore,
length of the stack word is equal to the difference of number of a’s and b’s.
Empty stack denotes that the number of a’s and b’s is equal.

Values of the transition function follow:

Vg € Q V1 € 4;

(P(q, ¥, 7, qu) =1, W(qo)a, qu(th) =1, D(qo) =

w(qOI b) Z, qo, Z2) = 11 (P(qol $, quZlZI) = 11 D(ql) =l)
¥(g0,0,1,90,11) =1, ©(g0,b,1,q1,€) =1, D(g2) =,
©(90,%,1,¢3,1) =1, ¢(g0,2,2,q1,€) =1, D(gs) =,
W(%.b,2,40-22)= 11 W(qo,$,2,93.2)= 1! tp(q;,a,Z,qo,Z)= 1)
‘P(qlablzaqfhz): 1! (p(ql)saqulaT) = 11 (p(ql)a)]-iq3)12):17
‘P(‘Il,b,I,QO-l) = 1) (P(q1,a,2, 110.2) = 1) (P(q1,b,2, q3|21)= 11
©(92,0,2,93,22) = 1, p(g2,b, 2,43, Z1) = 1, (42,8, 2,90, 2) = 1,
<p(q2, a, 11 ‘12,5) = 1, SO(Q2, b: 1: o, 12) = Il (p(‘hlsv 11 9o, 1) = 11
p(g2,0,2,90,21) = 1, ¥(g2,0,2,2,6) =1, ¥(2.8,2,90,2) =1,
Vo € {a,b,$} o(gs3,0,2,q3,2) = 1,

(P(q:i,a,l,q:;, 1) = 1) <P(¢I:!yb,1,113,11) = 1! (P(q:}lsy 1;‘12, 1) = 11
(P(QJ,G, 2, Q3,22) = 17 ‘P(QS, b121 413,2) = 1! So(%1$12, 92, 2) = 1»

other values of arguments yield 0.
0
It is doubtful whether language L3 can be recognized with probability 1 by
QPA with stack alphabet T containing only one symbol, i.e, by quantum finite
one counter automata [Kr 99|.
Let us consider language which is not recognizable by any deterministic push-
down automaton:

Theorem 3.1. Lenguage Ly = {w € (a,b,c)*| |wl|s = |w|p = |w|.} s recogniz-
able by a QPA wnth probability %

Proof. Sketch of proof. The automaton takes three equiprobable actions, during
the first action it compares |w|, to |w|s, whereas during the second action |w|p to
|w|c is compared. Input word is rejected if the third action is chosen. Acceptance
probability totals %

B)]



Theorem 3.2. Language Ls = {w € (a,b,0)*| |w|a = |wly zor |w|, = lwlc} is
recognizable by a QPA with probability %.

Proof. Sketch of proof. The automaton starts the following actions with the
following amplitudes:

a) with an amplitude \/g compares |w|q to [w]p.
b) with an amplitude —\/g compares [wlq to |w]e.

c) with an amplitude /2 accepts the input. If exactly one comparison gives
7 g

positive answer, input is accepted with probability . If both comparisons gives
positive answer, amplitudes, which are chosen to be opposite, annihilate and the
input is accepted with probability 3.
g
Language Ls cannot be recognized by deterministic pushdown automata. It
even seerms that this language is not recognizable by probabilistic pushdown
automata either. In this case this result would be similar to that of [AFGK 99],
where the properties of quantum finite multitape automata are considered.
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Quantum Finite Multitape Automata vs
Probabilistic Finite Multitape Automata
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ambainisQ@cs.berkeley.edu, richard.bonnerOmdh.se, rusins@cclu.lv, marats@cclu.lv,
marekQcs.bonn.edu

Abstract. Quantum finite antomata were introduced by C. Moore, J. P.
Crutchficld [4], and by A. Kondacs and J. Watrous [3]. This notion is not
a generalization of the deterministic finite automata. Morcover, in [3] it
was proved that not all regular languages can be recognized by quantum
finite sutomata. A. Ambainis and R. Freivalds [1] proved that for some
languages quantum finite automata may be exponentially more concise
rather than both deterministic and probabilistic finite automata. In this
paper we introduce the notion of quantum finite multitape automata and
prove that there is a language recognized by a quantum finite antomaton
but not by deterministic or probabilistic finite automata. This is the first
result on a problem which can be solved by a quantum computer but not
by a deterministic or probabilistic computer. Additionally we discover
unexpected probabilistic automata recognizing complicated languages.

1 Introduction

The basic model, i.c., quantum finite automata (QFA), were introduced twice.
First this was done by C. Moore and J.P.Crutchfield [4]. Later in a different
and non-equivalent way these automata were introduced by A. Kondacs and J.
Watrous [3].

The first definition just mimics the definition of 1-way finite probabilistic
only substituting stochasiic matrices by unitary ones. To define quantum finite
multitape automata we generalize a more elaborated definition {3].

We are using these notations in the following definition:

! Supported by Berkeley Fellowship for Graduate Studies.
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z- is the complex conjugate of a complex number z,

M=o/ {l,2, ... ,m}.
The I::-thcomponent of an arbitrary vector. will be defined 1316
We shall undetstand by | an arbitrary element from the set P(M) \ {0}.

- {L-+}L ificy
RI =4t Ai x A~x «- x Am, where At = { {"nothing"}, if iE I.

. {H,-+&, ifiEl .,
Tr =d.j B1x B~ X «= x Bme where B, = "~ {"nothing"}, if iCI.
The function R; x 71 ~ {l,-+}In is defined as follows:

e, ) <o @0, 9. 00, e i DY where ayn ) =~

Definition 1. A quantum finite rnultitape sutornaton (QFMA)

A = (Q; E; 15qo;Qa.;Qr) is specified by the finite input alphabet E, the finite
set of states Q. the initial state qo E Q, the Bets Q" C Q, Qr C Q of accepting
and rejecting states, respectively, with Q", N Qr :=0, and the transition function

6:Qx I xQx{L-4m o o1,

where m is the number of input tapes, I' = E u {#, $} is the tape alphabet of
A and #,$ are end-markers not in E, which satisfies the following conditions (of
well-formedness):

1. Local probability condition

V(gly) EQx IF: L s crg aw=
(f,d)EQx{1.-}-
2. Orthogonality  of column vectors condition.
VglJQ2 E Q,91¢QJ,VuEr™ L 0'(ql,CT,q,d)6(q2,CT,Q,d) =0.
(f,d)EQxU,-)-

3. Separability  condition.

VUL vz E I, where Vi~ 1 CTi == cr-
Vi, t, ETI, where Vj E I t{i-{

I_ 6"(910Ul,g,dl(r,))6(Q2,CTJ,q.dI(r,t)):= 0.
(fF)EQXR,

States from Qa.UQr arc: callc:d halting states and states from Qnun :::.Q\(Q"UQr)
are called non-halting states.

To process an input word vector z E (E")hl by A it is assumed that the
input is written on every tape k with the end-markers in the form W, = #xi$
and that every such u. tape, of length IXi 1+2, iscircular, i.e., the symbol to the
right of $ is #.



For the fixed input word vector = we can define n € IN™ to be an integer
vector which determines the length of input word on every tape. So for every p
we can dcﬁné Cp to be the set of all possible configurations of A where |2°]| = n'.

ICal = Q| H (n* + 2). Every such a configuration is uniquely determined by a

pair |g, 3), wherc ¢ € Q and 0 < &' < |z*| + 1 specifies the position of head on
the i-th tape.

Every computation of A on an input z, |z'| = n', is specified by a unitary
evolution in the Hilbert space Hqn = l2(Cn). Each configuration ¢ € C,, corre-
sponds to the basis vector in Hy4 n. Therefore a global state of A in the space
Hjn has a form 3 aclc), where Y | |* = 1. If the input word vector is

c€Cu ¢€Cn
z and the automaton A4 is in its global state |[¢) = Y aclc), then its further
c€Cn

step is equivalent to the application of a linear operator U} over Hilbert space
13(Cn).

Definition2. The linear operator U¢ is defined as follows:

Ully) = ) ajle).

c€ECn

If a configuration ¢ = |¢’, s}, then

Ufle) = ) &(¢',0(s),9,d)lg, 7(s, d)),

(nd)eQ@x{l,~}™

where o(s) = (0(s),...,0™(s)), o°(s) specifies the s*-th symbol on the i-th
tape, and 7(s,d) = (72(s, d), . .,‘r""(a, d)),

Lemma3. The well-formedness conditions are satisfied iff for any input z the
mapping U! is unitary.

Language recognition for QFMA is defined as follows. For each input z with
the corresponding vector n, n* = |z'|, and a QFMA A = (Q; Z;6; 90, Qs; Qr)
we define G2 = {(4,5)|(4,5) € Cnq € Qu}, s = {(2,5)|(4,5) € Cn,q € Q. },
Cr™ = Co \ (CEUCT). E,,E,, E,on are the subspaces of I3(Cr) spanned by
Cs,CT,Cro™ respectively. We use the observable O that corresponds to the
orthogonal decomposition I;(C,) = E. @ E, @ Epon- The outcome of each ob-
servation is either “accept” or “reject” or “non-halting”.

The language recognition is now defined as follows: For an z € (Z*)™ we
consider as the input w,, w* = #z*$, and assume that the computation starts
with A being in the configuration |go, {0}™). Each computation step consists
of two parts. At first the linear operator U is applicd to the current global
state and then the resulting superposition, i.c., global state, is observed using
the observable O as defined above. If the global state before the observation



is 3 ac|c), then the probability that the subspace E;, i € {a,r,non}, will be
c€C,
chosen is Y |ac|?. The computation continues until the result of an observation
ceCy
is “accept” or “reject”.

Definition4. A QFMA A = (Q; X'; 6; 90; Qa; Qr) is simple if for each ¢ € '™
there is a linear unitary operator V, over the inner-product space 1;(Q) and a
function D : Q — {|,—}™, such that

Volai), if D(q) =d

Lemma 5. If the automaton A is simple, then conditions of well-formedness are
satisfied iff for every o V, is unitary.

We shall deal only with simple multitape automata further in the paper.

2 Quantum vs. probabilistic automata

Definition 6. We shall say that an automaton is deterministic reversible finite
multitape automaton (RFMA), if it is a simple QFMA with 6(¢;,0,4,d) € {0,1}.

Definition 7. We say that a language L is [m, n]-deterministically recognizable
if there are n deterministic automata A;, Az, An such that:

a) if the input is in the language L, then all n automata Ay, ..., A, accept the
input;

b) if the input is not in the language L, then at most m of the automata A,,
..., An accept the input.

Definition8. We say that a language L is [m, n]-reversibly recognizable if there
are n deterministic reversible automata A4;, A2, 4, such that:

a) if the input is in the language L, then all n automata A;, ..., A, accept the
input;

b) if the input is not in the language L, then at most m of the automata A4,,
..., Ap accept the input.

Lemma9. If a language L is[1, n]-deterministically recognizable by 2-lape finite
automata, then L is recognizable by a probabilistic 2-tape finile automaton with
probability 7.

Proof. The probabilistic automaton starts by choosing a random integer 1 <
r < (n+1). After that , if r < n, then the automaton goes on simulating the
deterministic automaton A,, and, if r = n + 1, then the automaton rejects the
input. The inputs in L are accepted with probability ;35, and the inputs not in

the language are rejected with a probability no less than 3. o



Lemma 10. If a language L is [1, n]-reversibly recognizable by 2-tape finite au-
tomata, then L is recognizable by a quanium 2-tape finite aulomaton with prob-
ability -5+,

Proof. In essence the algorithm is the same as in Lemmma 9. The automaton
starts by taking n -+ 1 different actions with amplitudes 7’% (It is possible
to construct a unitary matrix to make such a choice feasible.) After that the
automaton simultaneously goes on simulating all the deterministic reversible
automata A,, 1 < r < (n+1), where the autornaton An; rejects an input. The
simulation of each deterministic reversible automaton uses its own accepting and
rejecting states. (Hence the probabilities are totaled, not the amplitudes.) O

First, we discuss the following 2-tape language
Ly = {(z1Vz3,y)llz1 = za = v},
where the words z,, 23,y are unary.

Lemmall. (Proved by R. Freivalds [2].) For arbitrary natural n, the language
L, is [1,n]-deterministically recognizable.

Lemma12. For arbitrary natural n, the language L, is [1, n]-reversibly recog-
nizable.

Proof. By Lemma 11, the language L is [1,n]-deterministically recognizable.
However it is easy enough to make the construction of the automata A,,..., 4,
in the following manner:

a) every automaton is reversible;

b) if a word pair is in the language Ly, then every automaton consumes the same
number of steps to accept the word pair.

The last requirement will be essential further in the paper.

If at least the first requirement is met, then the language is {1, n]-reversibly
recognizable. 0

Theorem 13. The language L, can be recognized with arbitrary probability 1—¢
by o probabilistic 2-tape finile automaton but this language cannot be recognized
by a deterministic 2-tape finile automaion.

Theorem 14. The language L; can be recognized with arbitrary probability 1 —e
by o quanium 2-lape finile automalon.

Proof. By Lemmas 10 and 12. 0

In an attempt to construct a 2-tape language recognizable by a quantum 2-tape
finite automaton but not by probabilistic 2-tape finite automata we consider a
similar language

L; = {(21Vz3Vz3,y)|| thereareezactly2valuesof =), 3, z3suchthattheyequal y},

where the words z;, z3, z3, v are unary.



Theorem 15. A quantum automaton ezists which recognises the language L,
with a probabd;ty == — ¢ for arbilrary positive €.

Proof. This automaton takes the following actions with the following amplitudes:

a) — compares z; = T3 = ¥,

b) )t (cos 2% 4 isin &) - compares z; = z3 = y,

¢) i - (cos X + isin §*) - compares z; = z3 = y,

d) % 3t - says “accept”.
By Thcorem 14 comparison in actions a), b), c) can be accomplished. By con-
struction in Lemma 10 the comparison in each action a), b), c) is implemented
by starting n 4 1 different branches. Therefore in any action i), ¢ € {a,d,c},if a
comparison is successful, the automaton will come respectively into non-halting
states ga,1,---1Qany Qb,1r---298ns c,1s- -1 9c,n, Teaching the symbol pair (8, $)
on the tapes. The transition ($,$) for every k = 1,...,n is as follows:

|¢I¢,k s,k Qc,k

1 1 1
Qank|773 73 3
&k |75 F3lcos 4* +isin ") 7’-(cos 2 4 isin 4
a2,k 715 T(cos + isin &%) T(cos +isin 4%

Here @a1,k, Qaz,t are accepting states and g, are rejecting states. If y equals all
3 words z,,z2, 3, then it is possible to ensure that it takes the same time to
reach the end-marking symbol pair in every action on every branch. Therefore
the input is accepted with probability i% 4 ¢ (since the amplitudes of the actions
a), b), c) total to 0). If y equals 2 out of 3 words zj,z;, z3, then the input is
accepted with probability 2 e~y cqua]s at most one of the words z,, z,, 23,
then the input is accepted with probability ;= +¢ (only if the action d) is taken).
0

Unfortunately, the following theorem holds.

Theorem 16. A probabilistic automaton ezists which recognizes the language L,
with a probability —:—3

Proof. The probabilistic automaton with probability % takes an action A or B:
A) Choose a random j and compare z; = y. If yes, accept with probability %
If no, accept with probability ?lé'
B) Choose a random pair j, k and compare z; = z; = y. If yes, reject. If no,
accept with probability ;—g

If y equals all 3 words z1, z;,z3 and the action A is taken, then the input is
accepted with relative probability ;—g. If y equals all 3 words z,, z5, z3 and the
action A is taken, then the input is accepted with relative probability 0. This
gives the acceptance probability in the case if y equals all 3 words z,, z3, 23, to
be %g and the probability of the correct result “no” to be 21

If y equals 2 words out of z;,z3, 23 and the action A is taken, then the input

is accepted with relative probability Qg If y equals 2 words out of z;,z3,z3



and the action B is taken, then the input is accepted with relative probability
5’—0. This gives the acceptance probability in the case if y equals 2 words out of
z1, 23,23, to be 31,

If y equals only 1 word out of z;,z2,z3 and the action A is taken, then the
input is accepted with relative probability %. If y equals only 1 word out of
z31,Z32,Z3 and the action B is taken, then the input is accepted with relative
probablhty . This gives the acccpta.nce probability in the case if y equals only
1 word out of T1,Z3, 23, to be 1 — and the probability of the correct result “po”
to be :—;.

If y equals no word of z;,z3,z3 a.nd the action A is taken, then the input is
accepted with relative probability = 36~ I ¥ equals no word of z;,23,2z3 and the
action B is taken, then the input is accepted with relative probability 1 20 This
gwes the acceptance probability in the case if y equals no word of z;,z3,za, to
bc and the probability of the correct result “no” to be 3% u]

Now we consider a modification of the language L; which mlght be more difficult
for a probabilistic recognition:

L3 = {(z1Vz3Vz3, y1 Vy,)||there is exactly one value k
such that there are exactly two values j such that z; = y;.}

Theorem 17. A quantum finite 2-lape aulomaton ezists which recognizes the
language L3 with a probability g — € for arbilrary positive e.

However this language also can be recognized by a probabilistic 2-tape finite
automaton.

Theorem 18. A probabilistic finite 2-lape automaton ezisls which recognizes the
language L3 with a probdability ;—g — € for arbilrary posilive ¢.

Proof. The probabilistic automaton with probability 5 takes action A or B or
C or with probability 2—7_,) takes action D:

A) Choose a random k and two values of j. Then compare z; = y. If yes,
accept. If no, reject,

B) Chose a random k and compare z; = 23 = 23 = y:. If yes, reject. If no,
accept. C) Choose two values j and m. Then compare z; = z,, = y; = yz. If
yes, reject. If no, accept.

D) Says “reject”.

Notice that the actions A, B, C are probabilistic, and they can be performed
only with probability 1 — ¢ (actions A and B are described in the proof of
Theorem 13 and action C is similar).

The acceptance probabilities equal:

A|(B{[C|total

no y equals 2 or 3 z;|| 0| 1}j 1 %

one y; equals 2 z; 1l 1_:;
one y; equals 3 z;| % 1 -_,7, 0

two yi equal 2 z;|f 5[ 1 % —:—

all yx equal all z;|| 1/ 0}| 0 %




Finally we consider a modification of the languages above which recognition
indeed is impossible by probabilistic automata:

Ly = {(z,Vz3,y)||there is exactly one value j such that z; = y.}
where the words z;, z3, y are binary.

Theorem 19. A gquanium finile 2-fape culomatlon ezists whick recognizes the
language Ly with a prodability :‘,—

Proof. The automaton has two accepting ¢,1,¢s2 2nd three rejecting states
9r1,9r2,9-3 and starts the following actions by reading the pair (#,#) with
the following amplitudes:

a) with an amplitude \/—%- compares z; to y,
b) with an amplitude -\/g compares z; to y,

¢) with an amplitude \/g immediately goes to the state qa;.

Actions a) and b) use different non-halting states to process the word pair. All
these actions the automaton processes simultaneously. In actions a) and b), if
no (not equal), it goes accordingly to the states ¢,; or g.2, if yes, then reaches
correspondent non-halting states ¢, or gg, while the symbol pair on the tapes is
(8,8). The transition for ($,$) and states qa,¢p, ga2, -3 is as follows:

1 1
qr3 7; 75

If all the words are equal, it is possible to ensure that it takes the same time

to reach the end-markers on both tapes, therefore the automaton reaches the

superposition \/_%-|qa, s, t) — ﬁ|qp, #,t), where s and 1 specify the place of § on
each tape, and the input is accepted with probability -?,— (Since the amplitudes
of the actions a) and b) equal to 0.) If one of the words z; equals y, then the

input is accepted with probability -;— If none of the words z; equals y, then
the input is accepted with probability % 0
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Abstract. A language L™ of n-tuples of words which is recognized by
a n-tape rational finite-probabilistic sutomator with probability 1—e¢, for
arbitrary ¢ > 0, is called quasideterministic. It is proved in [Fr 81], that
cach rational stochastic language is 3 projection of a quasideterministic
language L™ of n-tuples of words. Had projections of quasideterminis-
tic languages on one tape always been rational stochastic languages, we
would have a good characterization of the class of the rational stochas-
tic languages. However the opposite is proved in [BFLL98]. A two-tape
quasideterministic language exists, the projection of which on the first
tape is a nonstochastic language. We prove in this paper that the pro-
jection in [BFLL98] cannot be recognized by quantum automsta (even
with unbounded error) either. This raises a question of a complete coun-
terpart of the results in [BFLL98] where one substitutes "quantum” for
" probabilistic”.

1 Introduction

Let N denote the set of all natural numbers. Let n € N. By o™ we denote a
string consisting of n symbols 0. If X is a set, then L™ stands for the set of all the
n-element strings over the alphabet X. A finite probabilistic automaton (FPA)
is a system w = (X, S, IIo, Mz, F), where X' = {0},03,...,0,.} is a finite input
alphabet, S = {s;,s3,...,%n} Is a finite set of states, Iy = (p1,p2,---,Pm)
is a stochastic vector (the initial distribution of the probabilities of the states;
Pr+pa+4 ...+ pm = 1), My is a system of stochastic m x m-matrices M,,,
M,,,..., M, (the matrices of the probabilities for the transition from one state
to another under the influence of the corresponding input symbol),and F C S is
a set of accepting states. Let nr = (91, 72,. .., 7m)? be a column matrix defined
by n; = 1if s; € F and n; = 0 otherwise.

We say that a language L over the alphabet X' is acceptable with cut-point
7 (0 < 4 < 1) by an automaton w if the words z,2;...z, in L are exactly
the strings for which oM, M., ... M:_nF > 7. In other words, we represent
a language L in FPA w with cut-point 7. For an arbitrary word z of L, if w

*** Rescarch supported by Grant No.96.0282 from the Latvian Council of Science



starts to work on z in 2 random state s; distributed according to IIp then it
stops in an accepting state with probability strictly larger than 7. A language L
is called stochastic if it can be represented in some FPA with some cut-point
7 (0 <7 < 1). A FPA is called rational if all the components of its initial proba-
bility distribution and all elements its transition probability matrices are rational
numbers. A language L is called rational stochastic if it can be represented in a
rational FPA with a rational cut-point.

A FPA is called a finite deterministic automaton (FDA) if all the components
of its initial distribution and all elements of its transition probability matrices
are numbers from the set {0,1}. A language L represented in a FDA is called
regular.

We will consider in detail the case when a language L is represented in a FPA
with cut-point ¥ > 1 and so that IoM;, M,,... M; nr < 1— 7 for all strings
Z,Z3...T, notin L. In this case we say that the FPA recognizes the language L
with probability 1.

Rabin and Scott [RS 59] introduced the concept of a multi-tape FDA, that
is, a FDA that processes not words but tuples of words. Such an automaton has
n tapes, over each of which a separate head can move in one direction, at most
one unit at a time. Input words are written on tapes and every head observes
a letter on the tape directly under it. It is presumed that the automaton can
recognize the end of a word. This is provided by including in the alphabet 5 a
special symbol # which is put on every tape immediately after an input word.
So, the automaton is used to recognize sets of words in the alphabet X'\ {#}.
It is assumed that when some head reaches a symbol #, further movement of
this head becomes impossible. The work of the automaton ends when all the
heads have observed the symbol #. We shall consider that the automaton has
accepted the given n-tuple of words, if at this moment the automaton transits
to an accepting state; otherwise, we consider the automaton to have rejected the
input.

To formalise the definitions, let n € N, denote by W(n) the set of all the
subsets of the set {1,2,...,n}, and let Uy, denote the set of all m-dimensional
stochastic vectors.

A deterministic n-tape finite automaton (n-FDA) is then a system

w = (2,5,31,6,A,F)

where X' = {01,03,...,0.} is a finite input alphabet containing the symbol #,
S = {91,52,...,3m} is a finite set of states with a singled out subset F C §
of accepting states and an initial state s, € 5,6 : S x ™ — S is a transition
function from one state to another, and A : § x ™ — W(n) is a head movement
function satisfying i € A(sj, z1,...,zn) i zi=#,1=1,..,n,7=1,...,m.

A probabilistic n-tape finite automaton (n-FPA) is a system

w= (2,5, o6 F)

with 2, S, F defined as above, and where Iy = (p1,P2,---,Pm) € Um is an
initial probability distribution of states, § : § x ™ — Up, is a state transition



probability function, and A : § x Z® — U« is a head movement function
prescribing probabilities of subsets of tapes (points in W(n)) whereby subsets
containing a tape in state # receive probability gero.

Let y = (y1,¥2, - - -, ¥n) be a n-tuple of strings over £'\ {#}. Denote by P.(y)
the probability that n-FPA w operates on y with initial distribution of the states
II, and stops operation in a state from the set F. We shall say that n-FPA w
recognizes a language L = L(") of n-tuples of words over X'\ {#} with probability
v (2 < 7 < 1), if for any n-tuple y of strings over X'\ {#}, we have P, (y) > 7 if
y€Lwhile P(y) <1-7ify¢ L.

It was proved in [Fr 78] that there emts a language of pairs of words which
cannot be recognized by any 2-tape FDA and cannot even be accepted by any
2-tape FNA; this Janguage can however be recognized by a 2-tape FPA with
probability 1 — ¢, for arbitrary ¢ > 0. It was proved in [Fr 91] that the class
of languages that can be recognized by 2-tape FPA with probability 1 — ¢ for
arbitrary € > 0 is rather complex: in this class the emptiness problem is not de-
cidable. In the present paper we characterize the complexity of this class in terms
of projection languages. Here, the projection onto the first tape of a language
L = L) of n-tuples of words y = (¥1,¥2,---,¥n) is defined as the language
consisting of the words y; as y ranges over L.

We call a language L of n-tuples of word guasideterministic if for arbitrary
€ > 0 there exists an n-FPA which recognizes L with probability 1 — ¢.

We consider 1-way quantum finite automata (QFA) as defined in [KW 97].
Namely, 1-way QFA is a tuple M = (Q, 2, 6,90, Qacc, Qrej) Where Q is a finite
set of states, I is an input alphabet, § is a transition function, ¢o € Q is a
starting state and Q... C Q and Q,.; C Q are sets of accepting and rejecting
states. The states in Q4. and Q,.; are called halting states and the states in
Qnon = Q@ —(QaccUQ,.j) are called non-halting states. # and $ are symbols that
do not belong to X. We use # and $ as left and right endmarker, respectively.
The working alphabet of M is I' = T U {#, §}.

A superposition of M is any element of {;(Q) (the space of mappings from Q
to €). For ¢ € Q, |q) denote the unit vector with value 1 at ¢ and 0 elsewhere.
All elements of I2(Q) can be expressed as linear combinations of vectors |g). We
shall use ¥ to denote elements of 12(Q).

The transition function § maps Q x I' x Q to €. The value é(gy, a, ¢2) is an
amplitude of |g;) in the superposition of states to which M goes from |q,) after
reading a. For a € I', V, is a linear transformation on I;(Q) such that

Vo(lg1)) = D &(g1,0,93)lg3).

1€Q

We require all V, to be unitary.

The computation of a QFA starts in the superposition |go). Then transfor-
mations corresponding to the left endmarker #, the letters of the input word z
and the right endmarker § are applied. A transformation corresponding toa € I"
consists of two steps.



1. First, V, is applied. The new superposition ¢’ is Va(¥) where ¢ is the su-
perposition

2. Then, ¢’ is observed with respect to the observable Eoc @ E,.; ® Enon Where
Eoee = ‘W"{IQ) 1g€ Qacc}. E,; = "Pa"{lq) Q€ an}: Epnon = ’Pan{|Q) :
@ € Qnon}- This observation gives z € E; with probability equal to the
amplitude of the projection of psi’. After that, the superposition collapses
to this projection.
If we get ¢' € Egec, the input is accepted. If ¢’ € E,.;j, the input is rejected.
If ' € Epon, the next transformation is applied.

We regard these two transformations as reading a letter a. V] is the transforma-
tion that maps ¥ to the non-halting part of Vo (). V! = PnonV, where Pron(¥)
is a linear transformation which leaves all non-halting components of the con-
figuration ¥ unchanged and maps all accepting and rejecting components to 0.
If z is a word consisting of letters a; ...ax, then V; denotes V;, ... V;, and V
denotes Val.. R
For a word z, ¥ is the non-halting part of the QFA’s configuration after
reading z. It is easy to see that, for any word z and letter a, ¥, = V!(¥:).
For a precise definition of multi-tape quantum finite automata we refer
[ABFGK99). However we repeat the most essential part of this definition here
below.
M=44{1,2,...,m}.

_ _[{l,=hifi¢l
R[ =def A1 X Az X...X Am, where A‘ = {{“nothing”}, if iGI.
{l,-}ifiel
{“nothing”}, if i ¢ I.
The function R; x T; A 1,—}™ is defined as follows:

rifigl

dr(r,t) =des (d}(r,t),d3(r,t),...,dP(r,t)), where dj(r,t) = {ti, ifiel

T]:d,] leBzx...me,where B;:{

Definition1. A quantum finite multi-tape automaton (QFMA)

A = (Q; X;6;90; Qa; Q) is specified by the finite input alphabet X, the finite
set of states Q, the initial state qo € @, the sets @, C @, Q@ C Q of accepting
and rejecting states, respectively, with Q, NQ, = 0, and the transition function

6:QxTI™xQx{l,—}" — Cpo1)s

where m is the number of input tapes, I' = X U {#, §} is the tape alphabet of
A and #,$ are end-markers not in X, which satisfies the following conditions (of

well-formedness):
1. Local probability condition

V(q1,0) €@ x I'™ Z |6(q1,0,¢,d)|* = 1.
(s.d)eQx{l,—~}™
2. Orthogonality of column vectors condition.

V‘Ih‘h € Q) q1 ?l: QZ:VU € rm Z 5.(111,0.11:‘1)6(92,0.9-11) =0.
(¢.d)€Q@x{l,~}™



3. Separability condition.
VI € P(M)\{O} V¥q1,.q2 € Q
Voy,02 € I'™, where Vig I a'i = ag

Vii,t; € Ty, where Vi € I 6 £ 8

E ) (qlx g1, q! dl(rn tl))6(q31 02,4, dl(rl t:)) =0.
(1.r)€EQxR;

States from Q,UQ), are called halting states and states from Qpen = Q\(Q.UQ;)
are called non-halting states.

To process an input word vector z € (Z*)™ by A it is assumed that the
input is written on every tape k with the end-markers in the form w! = #z*$
and that every such a tape, of length |z*|+ 2, is circular, i. e., the symbol to the
right of $ is #.

For the fixed input word vector z we can define n € IN™ to be an integer
vector which determines the length of input word on every tape. So for every n
we can define C, to be the set of all possible configurations of A where |z°| = n'.

m -
[Cnl = |Q| [T (n* + 2). Every such a configuration is uniquely determined by a
=1

pair |g, s), where ¢ € Q and 0 < s* < |z*| + 1 specifies the position of head on
the i-th tape.

Every computation of A on an input z, |z'| = n', is specified by a unitary
evolution in the Hilbert space Hy . = I2(Crn). Each configuration ¢ € C, corre-
sponds to the basis vector in H4 .. Therefore a global state of A in the space

Han has a form Y aclc), where Y |ac|? = 1. If the input word vector is
c€Cn c€Ca
z and the automaton A is in its global state |¢) = ) ac|c), then its further
c€C.

step is equivalent to the application of a linear operator U} over Hilbert space
(C,).

2 Results

It is known [RS 59] that the projection onto one of the tapes of a language of n-
tuples of words that can be recognized by n-FDA, is a regular language. Indeed,
more is true: the projection onto one of the tapes of an arbitrary language which
is accepted by multi-tape finite nondeterministic automatais a regular language.
For probabilistic automata, however, the situation is different. Freivalds [Fr 91]
constructs a quasideterministic 3-language, the projection of which on the first
tape is a nonstochastic language. The purpose of the present paper is to extend
this result to 2-languages.
We begin by recording a simple fact, for reference.



Lemma 2. [BFLL98] Let {,£2,...,£, ... be a sequence of random natural
numbers. Then, fort > 1,

P{) cti=c} <, m&XeNP{ft=.‘it & =1y - €e-1 = Gi-a}.

‘-‘l""';zte" 1<i<t IS ETIs I
Corollary 3. Let M be a natural number and let £,,€3,...,&¢,-.. be a sequence

of independent random numbers uniformly distributed over the set {1,2,...,M}.
Then P {E::: cbi = c} < g for arbitrary real numbers c,cy,. .., ¢t (cq # 0).

We consider the following 2-language in the alphabet {1,2,3}:
B® = {17, 1212172, 21 33127 3) s € N}.
The following theorems was proved in [BFLL98].

Theorem 4. [BFLL98] For arbitrary ¢ > 0, there ezists 2-FPA w recognizing
B®) with probability 1 — €.

Theorem 5. [BFLL98] Let P(z) = Z;'=o cjz’ be a polynomial of degree | > 2
with non-negative coefficients, mapping the set of natural numbers into itself.
Then the language L = {17(*) | s € N} is nonstochastic.

Now we prove a quantum counterpart of Theorem 5.
Theorem 6. Let P(z) = E:-:o ¢c;z’ be a polynomial of degree | > 2 with non-
negative coefficients, mapping the sel of natural numbers into itself. Then the
language L = {1P(*) | s € N} is not recognizable by any quantum finite automa-
ton even with unbounded error.

Before proving Theorem 6 we recall a known fact of Diophantine approximation.

Lemma 7. Let 1,vy,, ¥, ..., ¥; be real numbers forming a linearly independent
sysiem over the field of the rational numbers. Let P(z) be a polynomial of positive
degree with rational coefficients. Then the set of the fractional parts of the vectors
P(k)¥ = (P(k)y1, P(k)¥2,..., P(k)¥:), k € N, is everywhere dense in the unit
t-dimensional hypercube.

Proof: See, for example, [Ca 57] Ch. IV, Theorems IIl, IV, and VI. The sequence
P(k)¥ of t-dimensional vectors is indeed uniformly distributed modulo 1 if (and
only if) so is the 1-dimensional sequence 1 P(k)¢1 + 3 P(k)Y2+.. .+ P(k)¢ =
P(k) Y, 79 for every non-zero vector (1, 72,..., ;) of integers. Since the num-
bers 1,%1,v¥2,...,¥, are linearly independent over the rationals, the number
¥ = Y, ¥ is irrational, and hence the polynomial Y P has irrational coeffi-
cients. However, it is known that the values Q(k), k € N, of a polynomial Q
having at least one irrational coefficient are uniformly distributed modulo 1.



Proof of Theorem 6. Assume, on the contrary, that the language L is recog-
nisable by a 1-way quantum finite automaton (maybe with an unbounded error).
Then by [BFLL98] there exist a FPA £ = ({1}, S, o, M1, nr) and a number v
such that

z=1' € L = OoM{nr > 7. (1)

Let s be the cardinality of S and let i,- = |S,-|e’"'“’i, j = 12,...,s, the
eigenvalues of the matrix M;. Let 1,¢1,%2,...,%¢ (1 < 3) be a system of lin-
carly independent real numbers over the field of rational numbers such that
9j = roj + r1;¥1 + ...+ ryj¥h with ry; rational, and denote by R the common
denominator of the numbers ry;, u = 0,1,...,¢, 7 = 1,2,...,s. Let ¢ < R
be a nonnegative integer congruent to ¢o modulo R. Let the bold numeral
1 denote a generic column matrix consisting of 1's only, and put M = MJ}
and 7 = M{(nr —-1). Since DoM}1 = 1, it follows from (1) that

1R+ ¢ [ «= OoM*y > 0. (2)

Put |);| = |X;]B, 6; = (p; — ro;) and A; = |Aj|€**%®5, and let Z be a Jordan
normal form of the matrix M, M = T~ !'ZT. The numbers ); are clearly the
cigenvalues of the matrix M. We have

[] =1
F(k)= OoM®n=IoT'Z*Tn =Y Am[* ) F ape? (:Ontan;)
)
m=1 7=0

where Gmj, amj are real, and, since F(k) is also real, we may forthwith replace
the complex exponential by the cosine. To simplify further, partition the set
J = {A; | 1< j < s} of cigenvalues by their modulus: J = Uy<,<nJ,y , with J,
consisting of all the eigenvalues of equal modulus p, and p; < ... < py. Write

F(k) in the form
Fk)=3, o) ¥ B.(kJ)

where we have put
B,(k,j) = Zmel Gmj €05 2x(kOp, + amj).

Notice that the functions k — B, (k, s} cannot all vanish identically because
F itself does not; indeed, since P(Rk) = cp = c¢(modR), we have by (2),

F(Q()) >0 if Q)= fi’% and 1€ N. 3)

One may thus pick the largest index vo among all v for which 3, k' B, (k,j)is not
identically zero as a function of k, and then pick the largest index j, among all j
for which k +— B,,(k, j) is not identically zero. Put for short B(k) = B, (k, jo)
and pick a value k = ko for which B(ko) # 0.
Notice that if k, — o0 is a sequence of integers for which B(k,) — B(ko)
then
F(k) = pt k°(B(k) + o(1)) as k =k, — oo, (4)



which for large v forces the signs of F(k,) and B(ko) to coincide. By Lemma
7 we may first pick such a sequence k, of the form Q(n,) and conclude by (3)
that B(ko) > 0. Picking now k, a second time, this time of the form Q(m, ) +1,
we then see that F(Q(my) + 1) > 0 for large v. This implies by (2) that for
all such v one has R(Q(m,) + 1) + ¢ = P(l,) for some I, € N, or, simplified,
P(Rm,)+ R = P(l,). Bowever, since P is of degree at least two and has positive
cocfficients, it is clear that this equation has no solution I, € N if m, is large
enough.

The assumption has lead us to a contradiction. Xl

Theorem 8. There ezists a language of pairs of words such that for each positive
number ¢ this language is recognized by a finite probabilistic automaton with
probability 1 — ¢, but the projection of this language to one of the tapes is not
recognized by any quantum finite automaton (even with unbounded error).

Proof: Consider the language B(?). By Theorem 4, there exists a 2-FPA w which
recognizes this language with probability 1 —¢. On the other hand, the projection
of B(?) to the first tape is the language {1" | s € N}, which is nonstochastic by
Theorem 5. by

This result raises a question. We would like to know whether the language
B can be recognized with a bounded error by a quantum finite automaton.
We believe that it cannot. Moreover, we believe that this result may be obtained
by a technique similar to that of the proofs of Proposition 7 in (KW 97] and
Theorem 2 in [AF 98]. However, by [ABFGK99) there exists a language, namely
Ly, which is recognized by a quantum finite 2-tape automaton with probability
1 — ¢, but the projection of this language to the first tape is not regular.
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An Introduction to Quantum Pushdown
Automata

Marats Golovkins

Institute of Mathematics and Computer Science, University of Latvia, Raiga bulv.
29, Riga, Latvia*
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Abstract. Quantum finite automata, as well as quantum pushdown au-
tomata were first introdunced by C. Moore, J. P. Crutchfield [MC 97)]. In
this paper we introduce the notion of quantum pushdown automata in
a non-equivalent way, including unitarity criteria (well-formedness con-
ditions), by using the definition of quantum finite automata of [KW 97].
It is mlso introduced the notion of simplified quantum pushdown au-
tomata and corresponding well-formedness conditions. It is established
that the unitarity criteria of quantum pushdown automata are not equiv-
alent to the corresponding unitarity criteria of quantum Turing machines

[BV 97).

1 Introduction

Nobel prize winner physicist R. Feynman asked in 1982, what effects may have
the principles of quantum mechanics on computation [Fe 82]. He gave arguments
that it may require exponential time to simulate quantum mechanical processes
on classical computers. This served as a basis to the opinion that quantum
computers may have advantages versus classical ones. It was in 1989, when D.
Deutsch introduced the notion of quantum Turing machine [De 89] and proved
that quantum Turing machines compute the same recursive functions as classical
deterministic Turing machines do. P. Shor discovered that by use of quantum al-
gorithms it is possible to factorize large integers and compute discrete logarithms
in a polynomial time [Sh 94], what resulted into additional interest in quantum
computing and attempts to create quantum computers. First steps have been
made to this direction, and first quantum computers which memory is limited
by a few quantum bits have been constructed [KLMT 99]. To make quantum
computers with larger memory feasible, one of the problems is to minimize error
possibilities in quantum bits. Quantum error correction methods are developed
[CRSS 98] which would enable quantum computers with larger quantum mem-
ory.

Quantum mechanics differs from the classical physics substantially. It is
enough to mention Heisenberg’s uncertainly principle, which states that it is
impossible to get information about different parameters of quantum particle

* Research supported by Grant No.96.0282 from the Latvian Coundl of Science



simultaneously precisely. Another well known distinction is the impossibility to
observe quantum object without changing it.

Fundamental concept of quantum information theory is guantum bit. Classi-
cal information theory is based on classical bit, which has two states 0 and 1.
The next step is probebilistic bit, which can be 0 with probability a and 1 with
probability 8, where @ + 8 = 1. Quantum bit or gbit is similar to probabilistic
bit with the difference that a and 8 are complex numbers with the property
|2|? + |B|* = 1. It is common to denote gbit as a|0) + F|1). As a result of
measurement, we get 0 with probability |«|? and 1 with probability |8]?.

Every computation done on gbits is accomplished by means of unitary op-
erators. Informally, every unitary operator can be interpreted as a revolution in
complex space. Therefore one of the basic properties of unitary operators is that
every quantum computing process not disturbed by measurements is reversible.
Unitarity is rather hard requirement which complicates programming of quan-
tum devices. The following features of quantum computers are most important:

1. Information is represented by gbits.

2. Any step of computation can be represented as a unitary operation, therefore
computation is reversible.

3. Quantum information cannot be copied.

4. Quantum parallelism; quantum computer can compute several paths simul-
taneously, however as a result of measurement it is possible to get the results
of only one computation path.

Quantum finite automata [KW 97] are considered to be the most elementary
model of quantum device. Quantum pushdown automata were first defined in
[MC 97], however the authors do not mention clear criteria to ensure unitarity
in the sense of respective definition. The definition in [MC 97] is not equivalent
to that given in this paper.

The following notations will be used further in the paper:

z* is the complex conjugate of a complex number z.
U* is the Hermitian conjugate of a matrix U.

I is the identity matrix.

¢ is empty word.

Definition1l. Matrix U is called unitary, if UU* = U°U = I.

If U is a finite matrix, then UU* = I iff U*U = I. However this is not true
for infinite matrices:

Ezample 1.
1
7 0000...

1
72-0000...

0 1000...
U= ¢ 0100...
0 0010...



Here U*U = I but UU* # 1.

Theorem 2. If infinite matrices A, B,C have finite number of nonzero ele-
ments in each row and column, then their multiplication is associative: (AB)C =

A(BC).

Proof. The element of matrix (AB)C in i-th row and j-th column is k;; =
00 OO
Y 3 airbrsc,j. The element of matrix A(BC) in the same row and column is

s=1lr=1
o0 00
Li = Y Y aib,c,j. As in each row and column of matrices A, B, C there is

r=1s=1
finite number of nonzero elements, it is also finite in the given series. Therefore

the elements of series can be rearranged, and k;; = ;. o

As noted further in the paper infinite matrices with finite number of nonzero
elements in each row and column describe the work of pushdown automata. In
further theorems there are stated some properties of such matrices.

Theorem3. If U*U = I, then the norm of any row in the mairiz U does not
ezceed 1.

Proof. Let us consider the matrix § = UU*. The element of this matrix s;; =
(rjlr:), where ri is i-th row of the matrix U. Let us consider the matrix T = S2.
The diagonal element of this matrix is

o0 00

ti = Z-!.'Hki = Z("h|"-‘)("-‘|"k) = Z |("k|"")|2'
k=1

k=1 k=1
On the other hand, taking into account Theorem 2, we get that
T=S§=(UU)UU")=U(U'U)U* =UU" =5.

Therefore t;; = si; = (r;|r;). It means that

[(relrs) | = (rilrs)- (1)

™8

k=1

This implies that every element of series (1) does not exceed (ri|r;). Hence
[{ralr)|? = (r|rs)® < (rilrs). The last inequality implies that 0 < (ri|r;) < 1.
Therefore |r;| < 1. 0

Theorem 4. Let us assume that U'U = I. Then the rows of the matriz U are
orthogonal iff every row of the matriz has norm 0 or 1.

Proof. Let us assume that the rows of the matrix U are orthogonal. Let us

o0
consider equation (1) from the proof of Theorem 3, i.e., Y} |{ra|r:)]? = (ri|r)).
k=1



As the rows of the matrix U are orthogonal, }: [(relra)]? = |(ri|r:)|?. Hence

(ri|rs)? = (r.|r,), i.e., {ri|rs) = 0 or (ri|rs) = L. Thereforc Iril|=0or || = 1.
Let as assume that every row of the matrix has norm 0 or 1. Then (r;|r;)? =
(ri[rs) and in compliance with the equation (1), 3>  |(rs|r)|?> = 0. This
EeNt\{i}
implies that Vk # ¢ |(rg|ri)| = 0. Hence the rows of the matrix are orthogonal.
0O

Theorem 5. The matriz U is unitary iff U°U = I and ils rows are normalized.

Proof. Let us assume that the matrix U is unitary. Then in compliance with
Definition 1, U*U = I and UU* = I, i.¢, the rows of the matrix are orthonormal.

Let us assume that U*U = I and the rows of the matrix are normalized.
Then in compliance with Theorem 4 the rows of the matrix are orthogonal.
Hence UU* = I and the matrix is unitary. : o

2 Quantum pushdown automata

Definition6. A quantum pushdown automaton (QPA)

A = (Q, 2, T, q0,Qa,Qr,8) is specified by the finite set of states Q, the finite
input alphabet X' and the stack alphabet T, the initial state go € Q, the sets
Q. C Q, Q. C Q of accepting and rejecting states, respectively, with Q.NQ, = 0,
and the transition function

6:QxI'x Ax Q@ x{l,—=}x A" — Ty,

where I' = 2 U {#, 8} is the input tape alphabet of A and #,$ are end-markers
not in X', A = Tu{Zo} is the working stack alphabet of A and Z; ¢ T is the stack
base symbol; {], —} is the set of directions of input tape head. The automaton
must satisfy the conditions of well-formedness, which will be expressed below.
Furthermore, the transition function is restricted to the following requirement:
If 6(g,,8,¢',d,w) # 0, then|w| < 2; if |w| = 2, then wy = B; if B = Zp, then
w € ZoT";if B+ Zp, then w € T".
Definition 6 utilizes that of classical pushdown automata from [Gu 89].
2. Well-formedness conditions 2.1 1. Local probability condition.

Y(g1,01,n)€EQxTI'x A
Z |6(q1,<71,‘r1,q,d,w)|2 =1. (2)

('ldlu)EQx(ll_.}XA.
2. Orthogonality of column veclors condition.

For all triples (q1,01, 1) # (92,01, 12) in @ x 'x A

Z 8*(q1,01,11,¢,d,w)b(q2,01,72,¢q,d,w) = 0. (3)
(e.dw)€Qx{],~}xa"



3. Row vectors norm condition.

V(q.),al,az,‘rl,fz) €Qx I x A?
E IJ(Q,UI,T, qlldlw)|2 =L (4)

('v’udvu)eqxAx{ll“’)"{‘l”l'l"?}
4. Separability condilion I.

V(q1,01,11), (92,01, 1) EQ xI'x A, VI3 € A

a) E 6°(q1,¢71,‘rl,q,d, 7)6(q2n0h7'2n91d1 T3T) +
(,ldt")eqx(ll-‘)XA
+ Z 5‘(‘11, 01,7, ¢, dl C)6(Q2, 01,73,9, d: T3) = 0! (5)

(9!‘)€Q’_( {1,—}

b) E 5‘(91:01»71:‘1,‘1. 5)6(q2t allThq:dl 727'3) =0. (6)
(1.d)eQ@x{l,—}

5. Separabilily condition II.

V(¢1,01,7),(92,02,3) EQxT'x A

Z 6‘(91.”1."'1:9:1:“’)6(92, 0’2:"2:9,—’.“’) =0. (7)
(Q)W)EQXA.

6. Separability condition III.

¥(91,01,11),(92,02,72) EQ x I' x 4, V13 € A, Vdy,d; € {|,—}, d1 #d3
a) Z 6*(g1,01,71,9,d1,7)6(q2,02,72,9,d2, 137) +

(e,7)€EQXxA

+ Z 6‘(91101, 7,4, d1,€)6(<12,0'2|7'2:q,d21 TS) = 01 (8)
g€Q

b) Z 5.(¢I1, 01;"’1:‘1.‘11:5)6(92.02. T2,Q,d2,T2T3) =0. (9)
9€Q

Let us assume that the automaton is in a state g, its input tape head is
above a symbol o and the stack head is above a symbol 8. Then the automaton
undertakes the following actions with an amplitude é(q,a,,¢',d,w):

1. goes into the state ¢';

2. if d = * —’, moves the input tape head one cell forwards;

3. takes out of the stack the symbol § (deletes it and moves the stack head one
cell backwards);

4. starting with the first empty cell, puts into the stack the string w, moving
the stack head |w| cells forwards.



Definition 7. The configuration of a pushdown automaton is a pair |c) = |vigjvs, wi),
where the automaton is in a state ¢; € Q, viv: € #X°$ is a finite word on the
input tape, w; € ZoT" is a finite word on the stack tape, the input tape head

is above the first symbol of the word v, and the .stack head is above the last
symbol of the word w;.

We shall denote by C the set of all configurations of the pushdown automaton.
The set C is countably infinite. Every configuration [c) denotes a basis vector
in the space H4 = I3(C). Therefore a global state of A in the space H4 bas a

form |¢) = Y ac|c), where Y |a.[* = 1 and a, € € denotes the amplitude of a
ceC ceC
configuration |c). If the automaton is in its global state (superposition) |¢), then

its further step is equivalent to the application of a linear operator (evolution)
Ux over the space Hu.

Definition8. The lincar operator Uy is defined as follows:

UAI¢) = EQCUAlc)-

ceC

If a configuration ¢ = |vgjovs,w;T), then

Uale) = Y Kgomade)lf(ladg),uw),
(g, dw)€EQx{l,~}x a4
where
vigowg, ifd="]"

vioqug,ifd="*—".

f(lvigjove,wit),d, q) = {

Remark. Although the QPA evolution operator matrix is infinite, it has a finite
pumber of nonzero elements in each row and column, as it is possible to reach
only a finite number of other configurations from a given configuration within
one step, all the same, within one step the given configuration is reachable only
from a finite number of different configurations.

Language recognition for QPA is defined as follows. For a QPA
A =(Q, 2, T qo,Qa, Qr,8) we define Co = {Jvigre,w1) € C | g € Q.}, C, =
{lvigri,w)) €C | g € Qr}, Ca = C\(Ca UC,). E,, E,, E, are subspaces of H,
spanned by C,, C;, C, respectively. We use the observable O that corresponds
to the orthogonal decomposition Hy = E, @ E, ® E,,. The outcome of each
observation is either “accept” or “reject” or “non-halting”.

The language recognition is now defined as follows: For an z € X* we consider
as the input #z$, and assume that the computation starts with A being in the
configuration |go#z$, Zo). Each computation step consists of two parts. At first
the linear operator Uy is applied to the current global state and then the resulting
superposition is observed using the observable O as defined above. If the global

state before the observation is )  ac|c), then the probability that the resulting
c€eC

superposition is projected onto the subspace E;j, ¢ € {a,r,n},is 3 | |?. The
ceC,

computation continues until the result of an observation is “accept” or “reject”.



Lemma9. The columns system of a QPA evolution matriz is normalized iff the
condition (2), i.e., local probability condition, is satisfied.

Lemmal0. The columns system of a QPA evolulion mairiz is orthogonal iff
the conditions (9,5,6,7,8,9), i.c., orthogonality of column vectors and separability
condilions, are salisfied.

Lemma1ll. The rows system of a QPA evolulion matriz is normalized iff the
condilion (), i.e., row vectors norm condition, is satisfied.

Theorem 12. Well-formedness conditions 2.1 are satisfied iff the evolution op-
erator Uy is unitary.

Proof. Lemmas 9, 10, 11 imply that Well-formedness conditions 2.1 are satisfied
iff the columns of the evolution matrix are orthonormal and rows are normalized.
In compliance with Theorem 5, columns are orthonormal and rows are normal-
ized iff the matrix is unitary. o}

Remark. Well-formedness conditions 2.1 contain the requirement that rows sys-
termn has to be normalized, which is not necessary in the case of quantum Turing
machine {BV 97]. Here is taken into account the fact that the evolution of QPA
can violate the unitarity requirement if the row vectors norm condition is omit-

ted.

Ezample 2. A QPA, which evolution matrix columns are orthonormal, however
the evolution is not unitary.

Q={q}, T={1}, T={1}.

5(‘1,#.30,4,—'.Z01)= 1, 5(q,#,1,q,——o,11): 1,
5(q,l,Zo,q,—+,Zol)= 1, 6(Q)1111q1_',11): 1,
6(‘1,5,2019,—',%1) =1, 5(q,$, 1,q,—, 11) =1,

other values of arguments yield § = 0.

By Well-formedness conditions 2.1, the columns of the evolution matrix are
orthonormal, but the matrix is not unitary, because the norm of the rows spec-
ified by the configurations |w, Zp) is 0.

Ezample . A QPA, which evolution is unitary.
Q={g,a} T={1}, T={1}.

Vo € {#,$,1};

8(92,0, Zo, 92, —, Zo) = 1, (91,0, Z0,92,—, Zo1) = 1,
6(q2,0,1,q1,—,¢€) = 71;, 6(q1,0,1,q1,—,€) = 71;
8(q2,0,1,92,—,11) = 12, 6(q1,a,1,q2,—0,11):—71;,

other values of arguments yield § = 0.

Even in the case of trivial QPA, it is a cumbersome task to check all the
conditions of well-formedness 2.1. It is possible to relax the conditions slightly
by introducing the notion of simplified QPA.



Definition 13. We shall say that aQPA ia ,implifiea, if there exists a func-
tion D: Q- {lI,- }and 6(J. o7 'd.") = 0"if D()f-c). Therefore the

tran:sition fUnction of a simplified QPA in

mel o, 7', W) = 6(11, e, . 1I. DCq), w).

Taking into account Definition 13, roHowing well-formedn«$s conditions cor-
respond tosimplified QPA:

WeU~formedness conditions 2.2 1. Local probability condition ..

V(' o Tt EQ x X L1
2:,IrpC1210"hI'L' L wW)12;: I (10
(v, *+9EQx"™™

2. Orthogonality  of column lledor*condition.

For alftriple” (11,01,11) :F (12101112 inQ x I' x 4

I_ " (@' o1, LW)rp(Q210™1,Tt,q,w);: O. (11)
(" *eedEQX™"-

3. Rmu vectorl norm condition.

V(1L o072, 111, 1720 E Q X 2 x 42

L. Irp(q,0™ 11" INW)12 -l (12)
(tT ")E QxI1x{.T~,F,T~I

£, Sepld,ridbiiity condition.

V(U, omrn), (12,0"TQE Q X.I x4, Y3 E .4
a) I_ IPeCIl' om1, 15 ', Thp(02° o1, T2, '1,r31) +

h.T)EQx.I1

+ I_ "Pe(n, ui, 11>"1,)rp('12., a1, T2, 'L.T3) ;:::-0J (13)
teQ

b) L Y™('No0"hrnQc)ym(rz,171,12,'1,1°21J) =0, ()]
EQ

Theorem 14. The evolution of a Jimplified QPA i4 unitary ifl Wdl-lormeanfl.!
conditionJ 2.2 are Jati.,fied.

Proof. By Theorem 12 and Definition 13. (0]
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