
LATVIJAS UNIVERSITÂTE
FIZIKAS UN MATEMÂTIKAS FAKULTÂTE

MATEMÂTIKAS NODAÏA

CENTRA VARIETÂTES AUTONOMIEM UN
NEAUTONOMIEM DIFERENCIÂLVIENÂDOJUMIEM

DIPLOMDARBS

Autors: Darja Kïimakova

Stud. apl. dk08183

Darba vadîtâjs: Dr. habil. math., prof. Andrejs Reinfelds

RÎGA 2013



Anotâcija

Darbâ ir aplûkota Lipðica gludas centra varietâtes eksistence autonomam un neautono-

mam diferenciâlvienâdojumâm. Tika uzrakstîts pierâdîjums centra varietâtes eksistences

teorçmai, izmantojot materiâlu no Jack Carr grâmatas ”Applications of Centre Mani-

fold Theory ". Pierâdîjumâ gaitâ iegûti precizâki pietiekamie nosacîjumi centra varietâtes

eksistencei, izmantojot atrisinâjumu integrâlo starpîbu. Aplûkoti konkrçti piemçri.

Atslçgas vârdi: centra varietâte, autonoma diferenciâlvienâdojuma sistçma, neautono-

ma diferenciâlvienâdojuma sistçma.



Abstract

The subject of this thesis is Lipschitz smooth center manifold for autonomous and nonau-

tonomous differential equations. The proof of the center manifold theorem was written

using an information from Jack Carr book named ”Applications of Centre Manifold

Theory ". We obtained more explicit sufficient conditions for the existence of center ma-

nifold using the integral difference of solutions. We considered some particular examples.

Keywords: center manifold, autonomous differential equation, nonautonomous diffe-

rential equation.
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Ievads

Centra varietâte ir svarîgs objekts diferenciâlvienâdojumu teorijas un dinamisko sistç-

mu pçtîðanâ. Visa netriviâla sistçmas dinamika kâda îpaða punkta apkartnç tiek koncen-

trçta tieði uz centra varitâtes, t.i., vienâdojums uz centra varietâtes nosaka pilna vienâdo-

jumu atrisinâjuma asimptotisko uzvçdîbu. Sava darbâ es apskatîju Lipðica gludas centra

varietâtes eksistenci autonomam diferenciâlvienâdojumam, ka arî neautonomam diferen-

ciâlvienâdojumam. Par darba pamatu tika izmantota Jack Carr grâmata ”Applications

of Centre Manifold Theory ", papildus interneta resursi, grâmatas un lekciju konspekti.

Darbs sastâv no èetrâm daïâm. Pirmajâ daïâ tika uzrakstîts ievads par centra varietâ-

tes eksistenci. Otrajâ daïâ tika aplûkota teorçma par centra varietâtes lokâlo un globâlo

eksistenci autonomâm diferenciâlvienâdojumu sistçmâm, ka arî tâs pierâdîjums. Treðajâ

daïâ tika aplûkota teorçma neautonomai diferenciâlvienâdojumu sistçmai un ceturtajâ-

daþas teorçmas un piemçri.
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1. Centra varietâtes eksistence autonomâm diferen-

ciâlvienâdojumam

Pirmie, kas saka rakstît par centra varietâti bija V. Pliss un A. Kelley, respektîvi,

1964. un 1967. gadâ. [1] [2]

1.1. Ievads centra varitâtes teorijâ

Apskatîsim sistçmu

 ẋ = ax3,

ẏ = −y + y2,
(1.1)

kur a ir konstante. Tâ kâ vienâdojumi ir sadalîti, vienâdojuma (1.1) nulles atrisinâ-

jums ir asimptotiski stabils, tad un tikai tad, ja a<0. Apskatâm tagad citu vienâdojumu

 ẋ = ax3 + x2y,

ẏ = −y + y2 + xy − x3.
(1.2)

Tâ kâ vienâdojumi ir nesadalîti, mçs nevaram uzreiz pateikt vai (1.2) sistçmas nulles

atrisinâjums ir asimptotiski stabils vai nç, bet mçs varam izteikt hipotçzi, ka tas ir, ja

a<0.

Definîcija 1. Lîkni, y = h(x) sauc par autonomas diferenciâlvienâdojumu sistçmas ẋ = f(x, y),

ẏ = g(x, y).
(1.3)

invariantu varietâti, ja (1.3) sistçmas atrisinâjumi (x(t), y(t)) caur (x0(t), y0(t)) atro-

das uz lîknes y = h(x), y(t) = h(x(t)).

Sistçmai (1.1) y = 0 ir invariante varitâte.

Vienâdojumu sistçmai (1.3) ir invarianta varietâte y = h(x) maziem |x| ar h(x) =

O(x2), kad x → 0. Sistçmas (1.2) nulles atrisinâjumu asimptotiskâ stabilitâte var bût

pierâdîta izmçklçjot pirmâs pakâpes vienâdojumu. Ðis vienâdojums ir

u̇ = au3 + u2h(u) = au3 +O(u4), (1.4)
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(1.4) vienâdojuma nulles atrisinâjums ir asimptotiski stabils, ja a<0 un nestabils, ja

a>0. Tas mums savukârt saka, ka (1.2) sistçmas nulles atrisinâjums ir asimptotiski stabils,

ja a<0 un nestabils, ja a>0.

Pirms centra varietâtes definîcijas, no sâkuma uzrakstîsim vienâdojumam

ẋ = N(x) (1.5)

invariantas varietâtes definîciju, kur x ∈ Rn.

Definîcija 2. Kopa S ⊂ Rn tiek nosaukta par lokâlo invariantu varietâti vienâdojumam

(1.5), ja priekð x0 ∈ S, vienâdojuma (1.5) atrisinâjums x(t) ar x(0) = x0 iekïaujas S

priekð |t| < T , kur T > 0.

Ja mçs vienmçr varam izvelçties T →∞, tad S ir saukta par invarianto varietâti.

Uzrakstîsim sistçmu  ẋ = Ax+ f(x, y)

ẏ = By + g(x, y),
(1.6)

kur x ∈ Rn, y ∈ Rm un A un B ir konstanðu matricas tâdas, ka visâm A îpaðvçrtîbâm

reâlas daïas ir nulle, savukârt visâm B îpaðvçrtîbâm reâlas daïas ir negatîvas. Funkcijas

f un g ir C2 ar f(0, 0) = 0, f ′(0, 0) = 0, g(0, 0) = 0, g′(0, 0) = 0, kur f' ir f Jakobiâna

matrica.

Pieòemsim, ka f un g ir vienâdi ar nulli. Tad sistçma (1.6) izskâtas kâ

 ẋ = Ax

ẏ = By,
(1.7)

un to var pierakstît matricu formâ ẋ

ẏ

 =

 A 0

0 B

 x

y

 .
Ja mçs analizçjam sistçmu R3 kopâ ar n = 2 un m = 1, tad x1, x2-ass un x3-ass

parâda attiecîgi centra varietâti un stabilo varitâti. Kopumâ lieneârai sistçmai (1.7) ir

divas invariantas varitâtes, x = 0, kas ir stabila varitâte un y = 0, kas ir centra varietâte.

[3] [4]
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2. Centra varietâtes eksistences teorçma autonomai

diferenciâlvienâdojumu sistçmai

2.1. Globâlâs centra varietâtes eksistence

Apskâtam vienâdojumu sistçmu

 ẋ = Ax+ f(x, y)

ẏ = By + g(x, y),
(2.1)

kur x ∈ Rn un y ∈ Rm, visu matricas A îpaðvçrtîbu reâlas daïas ir vienâdas ar nulli, un

visu matricas B îpaðvçrtîbu reâlas daïas ir negatîvas. Funkcijas f un g apmierina Lipðica

nosacîjumus.

No sâkuma mçs konstruçsim sistçmu, kas sakrît nulles apkârtnç ar sistçmu (2.1), bet

ir vienkârðota ârpus ðîs apkârtnes. Jaunai sistçmai mçs pierâdîsim centra varietâtes eks-

istenci, kas sistçmai (2.1) bûs lokâla centra varietâte.

Ievadîsim pietiekami glûdas funkcijas ψ1 : Rn → [0, 1], kur ψ1(x) = 1, ja |x| ≤ 1 un

ψ1(x) = 0, ja |x| ≥ 2, un ψ2 : Rm → [0, 1], kur ψ2(y) = 1, ja |y| ≤ 1 un ψ2(y) = 0, ja

|y| ≥ 2. Piefiksçsim parametru η > 0 un definçsim jaunas nelinearitâtes:

F (x, y) = f(xψ1(
x

η
), yψ2(

y

η
)) (2.2)

G(x, y) = g(xψ1(
x

η
), yψ2(

y

η
)). (2.3)

Apskâtam autonomu diferenciâlvienâdojumu

 ẋ = Ax+ F (x, y)

ẏ = By +G(x, y)
(2.4)

Funkcijas F un G sakrît ar f un g, ja |x| ≤ η un |y| ≤ η un nav atkarîgas no x, ja

|x| ≥ 2η un |y| ≥ 2η, un A ir n× n un B ir m×m matricas, attçlojumi F : Rn+m → Rn

un G : Rn+m → Rm apmierina Lipðica nosacîjumus ar mazu Lipðica konstanti ε > 0

|F (x, y)− F (x
′
, y

′
)| ≤ ε(|x− x′ |+ |y − y′|) (2.5)

|G(x, y)−G(x
′
, y

′
)| ≤ ε(|x− x′ |+ |y − y′|) (2.6)
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un supx,y |G(x, y)| = N < +∞. Precizçsim nosacîjumus attiecîbâ pret diferenciâlvienâdo-

juma (2.4) lineâro daïu. Pieòemsim, ka matricu A un B îpaðvçrtîbam izpildâs nosacîjums:

Reλi(A) = 0 un Reλi(B) < 0.

Dotie nosacîjumi garantç integrâïu

ν =

∫ 0

−∞
|e−Bt||eAt|dt =

∫ +∞

0

|eBt||e−At|dt (2.7)

un

µ =

∫ 0

−∞
|e−Bt|dt =

∫ +∞

0

|eBt|dt (2.8)

konverìenci. Aplûkojam nepârtrauktu ierobeþotu attçlojumu kopu

M = {h : Rn → Rm, sup
x
|h(x)| < +∞} (2.9)

Ja normu definç ar vienâdîbu

‖h‖ = sup
x
|h(x)|, (2.10)

tad M ir Banaha telpa. Attiecîgi M apakðkopa

M(k) = {h ∈M||h(x)− h(x
′
)| ≤ k|x− x′ |} (2.11)

ir slçgta Banaha telpas M apakðkopa. Pieòemam, ka h ∈ M(k) un apskatâm Koðî prob-

lçmu

 ẋ = Ax+ F (x, h(x))

x(0, x0, h) = x0.
(2.12)

Tâ ir ekvivalenta integrâlvienâdojumam

x(t, x0, h) = x(t) = eAtx0 +

∫ t

0

eA(t−s)F (x(s), h(x(s)))ds. (2.13)

Çrtîbas dçï apzîmçjumu x(t, x0, h) vietâ lietosim apzîmçjumu x(t). Lai papildinâtu

pierâdîjumu izdarîsim sekojoðo. Paòemsim patvaïîgu ierobeþotu funkciju h un ieliksim to

(2.4) sistçmas pirmajâ vienâdojumâ y vietâ:

 ẋ = Ax+ F (x, h(x))

x(0, x0, h) = x0
(2.14)
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Tâ kâ (2.14) vienâdojuma laba puse apmierina Lipðica nosacîjumu, tad tai eksistç vis-

iem t Koðî problçmas atrisinâjums. Fiksçjam sâkuma nosacîjumu x0 ∈ Rn un apzîmçsim

(2.14) vienâdojuma atrisinâjumu

x(t, x0, h) = eAtx0 + eAt
∫ t

0

e−AsF (x(s, x0, h), h(x(s, x0, h)))ds, (2.15)

kur y(t) = h(x(t, x0, h)) ir (2.14) sistçmas otrâ vienâdojuma atrisinâjums. Tâpçc

d

dt
h(x(t, x0, h)) = Bh(x(t, x0, h)) +G(x(t, x0, h), h(x(t, x0, h))). (2.16)

Lai atrastu centra varietâti priekð (2.4) mums vajag izvçlçties speciâlu vienâdojuma

(2.16) atrisinâjumu. Vienâdojuma (2.16) atrisinâjums izskatâs ðâda formâ:

h(x(t, x0, h)) = eBth(x0) + eBt
∫ t

0

e−BsG(x(s, x0, h), h(x(s, x0, h)))ds. (2.17)

Centra varietâtei jâbût ierobeþotai, tâpçc mums vajag iekïaut vienâdojumam (2.17)

nosacîjumu limt→−∞ e
−Bth(x(t, x0, h)) = 0. Pareizinot (2.17) ar e−Bt un pârejot uz robeþu,

kad t→ −∞ mçs dabûjam

0 = lim
t→−∞

e−Bth(x(t, x0, h)) = lim
t→−∞

h(x0)− lim
t→−∞

∫ 0

t

e−BsG(x(s, x0, h), h(x(s, x0, h)))ds

(2.18)

0 = h(x0)−
∫ 0

−∞
e−BsG(x(s, x0, h), h(x(s, x0, h)))ds (2.19)

Tas nozîme, ka lai atrastu centra varietâtes attçlojumu h(x0) mums vajag atrisinât

funkcionâlvienâdojumu

h(x0) =

∫ 0

−∞
e−BsG(x(s, x0, h), h(x(s, x0, h)))ds (2.20)

Mûsu mçríis ir iegût precizâku novçrtçjumu Lipðica konstantei ε. Tâdçï atradîsim no-

vçrtçjumu integrâlvienâdojuma (2.13) divu atrisinâjumu integrâlai starpîbai
∫ 0

−∞ |e
−Bt||x(t)−

x
′
(t)|dt.

Lemma 1. Pieòemam, ka h, h
′ ∈M(k) un εν(k + 1) < 1. Tad ir spçkâ novçrtçjums

∫ 0

−∞
|e−Bt||x(t)− x′

(t)|dt ≤ ν(1− εν(k + 1))−1(|x0 − x
′

0| (2.21)
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+εµ‖h− h′‖).

Novçrtçjam starpîbu starp diviem integrâlvienâdojuma (2.13) atrisinâjumiem, ja t ≤ 0

|x(t)− x′
(t)| ≤ |eAt||x0 − x

′

0|+ ε

∫ 0

t

|eA(t−s)|(|x(s)− x′
(s)| (2.22)

+|h(x(s))− h′
(x

′
(s))|)ds ≤ |eAt||x0 − x

′

0|+ ε(k + 1)

∫ 0

t

|eA(t−s)||x(s)− x′
(s)|ds

+ε‖h− h′‖
∫ 0

t

|eA(t−s)|ds.

Pareizinam nevienâdîbas abas puses ar |e−Bt| un integrçjam robeþâs T ≤ t ≤ 0.

Iegûstam

∫ 0

T

|e−Bt||x(t)− x′
(t)|dt ≤

∫ 0

T

|e−Bt||eAt||x0 − x
′

0|dt (2.23)

+ε(k + 1)

∫ 0

T

|e−Bt|dt
∫ 0

t

|eA(t−s)||x(s)− x′
(s)|ds

+ε‖h− h′‖
∫ 0

T

|e−Bt|dt
∫ 0

t

|eA(t−s)|ds.

Mainâm integrâcijas kârtîbu divkârðajos integrâïos. Seko

∫ 0

T

|e−Bt||x(t)−x′
(t)|dt ≤ ν|x0−x

′

0|+ε(k+1)

∫ 0

T

|e−Bs||x(s)−x′
(s)|ds

∫ s

T

|e−B(t−s)||eA(t−s)|dt

(2.24)

+ε‖h− h′‖
∫ 0

T

|e−Bs|ds
∫ s

T

|e−B(t−s)||eA(t−s)|dt

≤ ν|x0 − x
′

0|+ ε(k + 1)

∫ 0

T

|e−Bs||x(s)− x′
(s)|ds

∫ 0

T−s
|e−Bt||eAt|dt

+ε‖h− h′‖
∫ 0

T

|e−Bs|ds
∫ 0

T−s
|e−Bt||eAt|dt

≤ ν(|x0 − x
′

0|+ ε(k + 1)

∫ 0

T

|e−Bs||x(s)− x′
(s)|ds+ εµ‖h− h′‖).

No ðejienes

∫ 0

T

|e−Bt||x(t)− x′
(t)|dt ≤ ν(1− ε(k + 1)ν)−1(|x0 − x

′

0|+ (2.25)
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εµ‖h− h′‖).

Pârejot uz robeþu, kad T → −∞ mçs iegûstâm formulu (2.21). Lîdz ar to Lemma (1)

ir pierâdîta. [5]

Teorçma 2. Ja 4νε ≤ 1 un 2εµ < 1 +
√

1− 4νε, tad sistçmai (2.4) eksistç globâlâ centra

varietâte.

Teorçmas nosacîjumi izpildâs, ja ε > 0 ir pietiekami mazs.

� Definçjam operatoru T : M(k)→M ar vienâdîbas palîdzîbu

(T h)(x) =

∫ 0

−∞
e−BsG(x(s), h(x(s)))ds (2.26)

kur

x(t, x0, h) = x(t) = eAtx0 +

∫ t

0

eA(t−s)F (x(s), h(x(s)))ds. (2.27)

Vispirms pârbaudam, ka T h ∈M.

|(T h)(x)| = |
∫ 0

−∞
e−BsG(x(s), h(x(s)))ds| (2.28)

≤ |
∫ 0

−∞
|e−Bs| sup

x,y
|G(x, y)ds|

≤ N

∫ 0

−∞
|e−Bs|ds ≤ µN < +∞

Izvçlamies h
′ ∈M(k). Izlietojot Lemmu (1) iegûstam novçrtçjumu

|(T h)(x)− (T h′
)(x

′
)| ≤ ε(k + 1)

∫ 0

−∞
|e−Bs||x(s)− x′

(s)|ds (2.29)

+ε‖h− h′‖
∫ 0

−∞
|e−Bs|ds

≤ ε(k + 1)

∫ 0

−∞
|e−Bs||x(s)− x′

(s)|ds+ εµ‖h− h′‖

≤ ε(k + 1)[ν(1− ε(k + 1)ν)−1(|x0 − x
′

0|+ εµ‖h− h′‖)]

+εµ‖h− h′‖

≤ ε(k + 1)ν

1− ε(k + 1)ν
|x0 − x

′

0|+ εµ(
ε(k + 1)ν

1− ε(k + 1)ν
+ 1)‖h− h′‖

Jânosaka k, lai

k =
ε(k + 1)ν

1− ε(k + 1)ν
.
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Tad

|(T h)(x)− (T h′
)(x

′
)| ≤ k|x0 − x

′

0|+ εµ(k + 1)‖h− h′‖

un

εµ(k + 1) < 1

Tas nozîme, ka T h ∈M(k) un T ir saspieðanas operators slçgtâ Banaha telpas apakð-

kopâ M(k).

(T h)(x) =

∫ 0

−∞
e−BsG(x(s, x0, h), h(x(s, x0, h)))ds (2.30)

Citiem vârdiem operatoram T ir nekustîgs punkts, kas reizç ir centra varietâtes vien-

âdojums.

Tad apskatîsim teorçmâ minçtos nosacîjumus:

k =
ε(k + 1)ν

1− ε(k + 1)ν

vai

k + 1 =
1

1− ε(k + 1)ν

Iegûstam kvadrâtvienâdojumu k aprçíinâðanai.

εν(k + 1)2 − (k + 1) + 1 = 0

k + 1 =
1±
√

1− 4εν

2εν
.

Jâizvçlas mazâka sakne

k + 1 =
1−
√

1− 4εν

2εν
=

1− (1− 4εν)

2εν(1 +
√

1− 4εν)
=

2

1 +
√

1− 4εν

Sakne bûs reâls skaitïis, ja

4εν ≤ 1.

Tad k =
2

1 +
√

1− 4εν
− 1 ≤ 1. Pârliecinâmies, ka
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εµ(1 + k) < 1.

εµ(1 + k) =
2εµ

1 +
√

1− 4εν
< 1

vai

2εµ < 1 +
√

1− 4εν.

Tâtad nosacîjums, ka T h apmierina ar konstanti k, 4εν ≤ 1 garantç Lipðica nosacîjumu

bet nosacîjums 2εµ < 1 +
√

1− 4εν garantç, ka operators T ir saspieðanas operators.

2.2. Lokâlâs centra varietâtes eksistence

Tâtad apskâtam sistçmu

 ẋ = Ax+ f(x, y)

ẏ = By + g(x, y),

kur x ∈ Rn un y ∈ Rm, visas matricas A îpaðvçrtîbu reâlas daïas ir nulle, un visas

matricas B îpaðvçrtîbu reâlas daïas ir negatîvas. Funkcijas f un g ar mazu Lipðica kon-

stanti apmierina Lipðica nosacîjumus. Atzîmçsim, ka f un g vispârîgâ gadîjumâ netiek

definçtas visâ telpâ. Tâdçï

Teorçma 3. Ja 4νε ≤ 1 un 2εµ < 1 +
√

1− 4νε, tad sistçmai (2.1) nulles apkârtnç ir

lokâlâ centra varietâte y = h(x), |x| < 1, kur h ir Lipðica nepârtraukta.

� Nulles punkta apkârtnç divas sistçmas (2.1) un (2.4) sakrît. Pçc globâlas varietâtes

teorçmas eksistç centra varietâte un tâ reizç ir arî lokâla centra varietâte sistçmai (2.1).

Ja diferenciâlvienâdojumu sistçma (2.1) ir Ck gluda, tad var pierâdît, ka centra varietâte

arî ir Ck gluda. [3] [5] �
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3. Centra varietâtes eksistences teorçma neautono-

mai diferenciâlvienâdojumu sistçmai

n-dimensionâlu neautonomu periodisku sistçmu pieraksta kâ

ẋ = F (x, t), (3.1)

kur F = (x, t + 2π) = F (x, t). Atrisinajuma nosacîjumi izpildâs Rn × R1 telpâ vai

Rn × D, kur D ir kâda Rn telpas daïa. Pie jebkâdiem sâkuma nosacîjumiem (x0, t0)

atrisinâjumu var turpinât uz [t0, t0 +2π] intervâla. Sistçmu (3.1) var paplaðinât lîdz auto-

nomai sistçmai, ievadot jaunu ciklisku mainîgu Θ tâdu, ka Θ̇ = 1. Bet tam ir vajadzîgs,

lai abiem mainîgajiem x un Θ bija vienâds status, t.i., funkcija F (x,Θ) jâbût Cr-gludai

(r ≥ 1) attiecîbâ pret visiem saviem argumentiem. Neautonomu sistçmu îpatnîba ir tas,

ka funkcija F ir nepârtraukta tikai pçc t. [6]

Lai gan neautonomu sistçmu var pârveidot par autonomu sistçmu telpâ Rn+1, tomçr

bieþi çrtâk ir nepârveidot to par autonomu diferenciâlvienâdojumu.

Tad apskatâm neautonomu vienâdojumu sistçmu

 ẋ = A(t)x+ F (t, x, y)

ẏ = B(t)y +G(t, x, y)
(3.2)

kur A ir n × n un B ir m × m matricas un matricu koeficienti ir nepârtrauktas t ∈ R

funkcijas, attçlojumi F : R × Rn+m → Rn un G : R × Rn+m → Rm apmierina Lipðica

nosacîjumus ar mazu Lipðica konstanti ε > 0

|F (t, x, y)− F (t, x
′
, y

′
)| ≤ ε(|x− x′|+ |y − y′ |) (3.3)

|G(t, x, y)−G(t, x
′
, y

′
)| ≤ ε(|x− x′|+ |y − y′ |) (3.4)

un supt,x,y |G(t, x, y)| = N < +∞. Precizçsim nosacîjumus attiecîbâ pret diferenciâlvie-

nâdojuma (3.2) lineâro daïu.

Apzîmçsim neautonoma diferenciâlvienâdojuma

ẋ = A(t)x (3.5)
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fundamentalo atrisinâjuma matricu ar U(t, t0), kur U(t0, t0) = E un E- vienîbas mat-

rica. Attiecîgi neautonoma diferenciâlvienâdojuma

ẏ = B(t)y

fundamentalo atrisinâjuma matricu apzîmçsim ar V (t, t0), kur V (t0, t0) = E.

Pieòem, ka integrâïi

ν = sup
t0

∫ t0

−∞
|V (t, t0)||U(t, t0)|dt (3.6)

un

µ = sup
t0

∫ t0

−∞
|V (t, t0)|dt (3.7)

konverìç. Tie ir nosacîjumu (2.7) un (2.8) vispârinâjumi neautonomai lineârai dife-

renciâlvienâdojuma sistçmai. Aplûkojam nepârtrauktu ierobeþotu attçlojumu kopu

M = {h : R× Rn → Rm, sup
t,x
|h(t, x)| < +∞} (3.8)

Ja normu definç ar vienâdîbu

‖h‖ = sup
t,x
|h(t, x)|, (3.9)

tad M ir Banaha telpa. Attiecîgi M apakðkopa

M(k) = {h ∈M||h(t, x)− h(t, x
′
)| ≤ k|x− x′|} (3.10)

ir slçgta Banaha telpas M apakðkopa. Pieòemam, ka h ∈ M(k) un apskâtam Koðî prob-

lçmu

 ẋ = A(t)x+ F (t, x, h(t, x))

x(t, t0, x0, h) = x0
(3.11)

Tâ ir ekvivalenta integrâlvienâdojumam

x(t, t0, x0, h) = x(t) = U(t, t0)x0 +

∫ t

0

U(t, s)F (t, x(s), h(x(s)))ds. (3.12)

Atradîsim novçrtçjumu integrâlvienâdojuma (3.12) divu atrisinâjumu integrâlai star-

pîbai
∫ t0
−∞ |V (t, t0)||x(t)− x′

(t)|dt.
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Lemma 4. Pieòemam, ka h, h
′ ∈M(k) un εν(k + 1) < 1. Tad ir spçkâ novçrtçjums

∫ t0

−∞
|V (t0, t||x(t)− x′

(t)|dt ≤ ν(1− εν(k + 1))−1(|x0 − x
′

0| (3.13)

+εµ‖h− h′‖).

Novçrtçjam starpîbu starp diviem integrâlvienâdojuma (3.12) atrisinâjumiem, ja t ≤ t0

|x(t)− x′
(t)| (3.14)

≤ |U(t, t0)||x0 − x
′

0|+ ε

∫ t0

t

|U(t, s)|(|x(s)− x′
(s)|

+|h(x(s))− h′
(x

′
(s))|)ds

≤ |U(t, t0)||x0 − x
′

0|+ ε(k + 1)

∫ t0

t

|U(t, s)||x(s)− x′
(s)|ds

+ε‖h− h′‖
∫ t0

t

|U(t, s)|ds

Pareizinam nevienâdîbas abas puses ar |V (t0, t)| un integrçjam robeþâs T ≤ t ≤ t0.

Iegûstam

∫ t0

T

|V (t0, t)||x(t)− x′
(t)|dt ≤

∫ t0

T

|V (t0, t)||U(t, t0)||x0 − x
′

0|dt (3.15)

+ε(k + 1)

∫ t0

T

|V (t0, t)|dt
∫ t0

t

|U(t, s)||x(s)− x′
(s)|ds

+ε‖h− h′‖
∫ t0

T

|V (t0, t)|dt
∫ t0

t

|U(t, s)|ds

Mainâm integrâcijas kârtîbu divkârðajos integrâïos. Seko

∫ t0

T

|V (t0, t)||x(t)−x′
(t)|dt ≤ ν|x0−x

′

0|+ε(k+1)

∫ t0

T

|V (t0, s)||x(s)−x′
(s)|ds

∫ s

T

|V (t, s)||U(t, s)|dt

(3.16)

+ε‖h− h′‖
∫ t0

T

|V (t0, s)|ds
∫ s

T

|V (t, s)||U(t, s)|dt

≤ ν|x0 − x
′

0|+ ε(k + 1)

∫ t0

T

|V (t0, s)||x(s)− x′
(s)|ds

∫ t0

T−s
|V (t0, t)||U(t, t0)|dt

+ε‖h− h′‖
∫ t0

T

|V (t0, s)|ds
∫ t0

T−s
|V (t0, t)||U(t, t0)|dt
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≤ ν(|x0 − x
′

0|+ ε(k + 1)

∫ t0

T

|V (t0, s)||x(s)− x′
(s)|ds+ εµ‖h− h′‖).

No ðejienes

∫ t0

T

|V (t0, t)||x(t)− x′
(t)|dt ≤ ν(1− ε(k + 1)ν)−1(|x0 − x

′

0|+ εµ‖h− h′‖). (3.17)

Ja T → −∞, tad iegûstam formulu (3.13) un lîdz ar to lemma (4) ir pierâdîta.

Teorçma 5. Ja 4νε ≤ 1 un 2εµ < 1 +
√

1− 4νε, tad sistçmai (3.2) eksistç globâla centra

varietâte.

� Definçjam operatoru T : M(k)→M ar vienâdîbas palîdzîbu

(T h)(x) =

∫ t0

−∞
V (t0, s)G(x(s), h(s, x(s)))ds (3.18)

kur

x(t, t0, x0, h) = x(t) = U(t, t0)x0 +

∫ t

t0

U(t, s)F (x(s), h(s, x(s)))ds. (3.19)

robeþâs T ≤ t ≤ t0.

Vispirms pârbaudam, ka T h ∈M.

|(T h)(x)| = |
∫ t0

−∞
V (t0, s)G(s, x(s), h(s, x(s)))ds| (3.20)

≤ |
∫ t0

−∞
|V (t0, s)| sup

s,x,y
|G(s, x, y)ds|

≤ N

∫ t0

−∞
|V (t0, s)|ds ≤ µN < +∞

Izvçlamies h
′ ∈M(k). Izlietojot Lemmu (4) iegûstam novçrtçjumu

|(T h)(x)− (T h′
)(x

′
)| ≤ ε(k + 1)

∫ t0

−∞
|V (t0, s)||x(s)− x′

(s)|ds (3.21)

+ε‖h− h′‖
∫ t0

−∞
|V (t0, s)|ds

≤ ε(k + 1)

∫ t0

−∞
|V (t0, s)||x(s)− x′

(s)|ds+ εµ‖h− h′‖

≤ ε(k + 1)[ν(1− ε(k + 1)ν)−1(|x0 − x
′

0|+ εµ‖h− h′‖)]

+εµ‖h− h′‖
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≤ ε(k + 1)ν

1− ε(k + 1)ν
|x0 − x

′

0|+ εµ(
ε(k + 1)ν

1− ε(k + 1)ν
+ 1)‖h− h′‖

Tas nozîme, ka T h ∈M. Tâtad T h ∈M(k) un T ir saspieðanas operators kopâ M(k).

(T h)(x) =

∫ t0

−∞
V (t0, s)G(s, x(s, x0, h), h(s, x(s, x0, h)))ds (3.22)

Analoìiski kâ iepriekðçjâ paragrâfâ varam aprakstît lokâlo gadîjumu.
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4. Daþas teorçmas un piemçri

Teorçma 6. Vienâdojumu sistçmai (1.6) eksistç centra varietâte y = h(x), |x| < δ, kur

h ir C2.

Plûsma uz centra varietâtes tiek kontrolçta ar

u̇ = Au+ f(u, h(u)) (4.1)

n-dimensionâlo sistçmu, kura vispârina (1.7) sistçmas pirmâ vienâdojuma problçmu

priekð lineâriem gadîjumiem. Sekojoða teorçma paradîs, ka (4.1) sistçma satur visu ne-

piecieðamo informâciju, kas ir vajadzîga, lai noteikt asimptotisko uzvçdîbu priekð maziem

sistemas (1.6) atrisinâjumiem.

Teorçma 7. (a) Pieòemsim, ka sistçmas (4.1) nulles atrisinâjums ir stabils (asimptotiski

stabils) (nestabils), tad (1.6) sistçmas nulles atrisinâjums ir stabils (asimptotiski stabils)

(nestabils).

(b) Pieòemsim, ka sistçmas (4.1) nulles atrisinâjums ir stabils. Lai (x(t), y(t)) ir sis-

tçmas (1.6) atrisinâjums ar (x(0), y(0)) pietiekami maziem. Tad eksistç sistçmas (4.1)

atrisinâjums u(t), ja t→∞,  x(t) = u(t) +O(e−γt)

y(t) = h(u(t)) +O(e−γt)
(4.2)

kur γ > 0 ir konstante.

Ja mçs ieliksim y(t) = h(x(t)) sistçmas (1.6) otrajâ vienadojumâ, mçs dabûsim

∂h(x)

∂x
[Ax+ f(x, h(x))] = Bh(x) + g(x, h(x)). (4.3)

Vienâdojums (4.3) kopâ ar h(0) = 0 nosâcîjumu ir sistçma, kura jâatrisina priekð

centra varietâtes. Vispârîgi tas ir ïoti sareþìîts uzdevums, tâ kâ tas ir tas pats kâ rçíi-

nât sistçmu (1.6). Nâkamais rezultâts rada, ka centra varietâte var bût pietuvinâta lîdz

jebkurai precizitâtes pakâpei.

Funkcijai φ : Rn → Rm, kura ir sâkuma funkcijas robeþâs definç

(Mφ)(x) = φ
′
(x)[Ax+ f(x, φ(x))]−Bφ(x)− g(x, φ(x)). (4.4)

Vienâdojumâ (4.3) (Mh)(x) = 0.
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Teorçma 8. Lai φ ir C1 un attçlota sâkuma funkcijas robeþâs no Rn uz Rm ar φ(0) = 0

un φ
′
(0) = 0. Pieòemsim, ka, ja x → 0, tad (Mφ)(x) = O(|x|q), kur q > 1. Tad, ja

x→ 0, |h(x)− φ(x)| = O(|x|q).

Piemçrs 1. Apskatîsim sistçmu ẋ = xy + ax3 + by2x

ẏ = −y + cx2 + dx2y
(4.5)

Pçc teorçmas (6) vienâdojumam (4.5) ir centra varietâte y = h(x). Lai aproksimçt h

mçs uzrakstâm

(Mφ)(x) = φ
′
(x)[xφ(x) + ax3 + bxφ2(x)] + φ(x)− cx2 − dx2φ(x).

Ja φ(x) = O(x2), tad (Mφ)(x) = φ(x) − cx2 + O(x4). No tas seko, ka, ja φ(x) =

cx2, (Mφ)(x) = O(x4), tad pçc Teorçmas (8) h(x) = cx2 + O(x4). Pçc teorçmas (7)

vienâdojums, kas parâda vienâdojuma (4.5) nulles atrisinâjuma stabilitâti ir

u̇ = uh(u) + au3 + buh2(u) = (a+ c)u3 +O(u5).

Tad vienâdojuma (4.5) nulles atrisinâjums ir asimptotiski stabils, ja a + c < 0 un

nestabils, ja a+ c > 0. Ja a+ c = 0, tad mums vajag dabût labâku h tuvinâjumu.

Pieòemsim, ka a + c = 0. Lai φ(x) = cx2 + ψ(x), kur ψ(x) = O(x4). Tad (Mφ)(x) =

ψ(x)− cdx4 + O(x6). Ja φ(x) = cx2 + cdx4, tad (Mφ)(x) = O(x6), un pçc Teorçmas (8)

h(x) = cx2+cdx4+O(x6). Vienâdojums, kas uzdod vienâdojuma (4.5) nulles atrisinâjuma

stabilitâti ir

u̇ = uh(u) + au3 + buh2(u) = (cd+ bc2)u5 +O(u7).

Tad, ja a + c = 0, vienâdojuma (4.5) nulles atrisinâjums ir asimptotiski stabils, ja

cd+ bc2 < 0 un nestabils, ja cd+ bc2 > 0. Ja cd+ bc2 = 0, tad mums vajag dabût labâku

h tuvinâjumu.

Piemçrs 2. Apskatîsim sistçmu  ẋ = εx− x3 + xy

ẏ = −y + y2 − x2
(4.6)

kur ε ir reâls parametrs. Ideja ir atrast vienâdojuma (4.6) mazus atrisinâjumus priekð

maziem |ε|.
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Lineârai problçmai, kas atbilst vienâdojumam (4.6), îpaðvçrtîbas ir −1 un ε. Mçs

varam uzrakstît vienâdojumu (4.6) kâ
ẋ = εx− x3 + xy

ẏ = −y + y2 − x2

ε̇ = 0

(4.7)

Kad mçs pieòçmam vienâdojumu uz R3, tad loceklis εx sistçmâ (4.7) kïûst nelineârs.

Lineârai problçmai, kas atbilst sistçmai (4.7) , îpaðvçrtîbas ir −1, 0, 0. Sistçmai (4.7) ir

divdimensionâlâ centra varietâte y = h(x, ε), |x| < δ1, |ε| < δ2. Lai atrast aproksimâciju

uz h uzrakstâm

(Mφ)(x, ε) = φx(x, ε)[εx− x3 + xφ(x, ε)] + φ(x, ε) + x2 − φ2(x, ε). (4.8)

Tad, ja φ(x, ε) = −x2, (Mφ)(x, ε) = O(C(x, ε)), kur C ir homogçna un kubiskâ. Pçc

teorçmas (8) h(x, ε) = −x2 + O(C(x, ε)). Piezîmçsim, ka h(0, ε) = 0. Pçc teorçmas (7)

vienâdojums, kas nosaka vienâdojuma (4.7) mazus atrisinâjumus ir u̇ = εu− 2u3 +O(|u|C(u, ε))

ε̇ = 0.
(4.9)

Vienâdojuma (4.9) nulles atrisinâjums (u, ε) = (0, 0) ir stabils, tâpçc pçc teorçmas (7)

priekð −δ2 < ε < 0 sistçmas (4.9) pirmâ vienâdojuma atrisinâjums u = 0 ir asimptotiski

stabils un tad sistçmas (4.6) nulles atrisinajums ir asimptotiski stabils. Priekð 0 < ε < δ2

(4.9) sistçmas pirmâ vienâdojuma atrisinâjumi sastâv no divâm orbîtâm , kas sâvieno sâ-

kumpunktu ar diviem maziem fiksçtiem punktiem. No tas seko, ka ja 0 < ε < δ2, sâkuma

punkta stabila varietâte priekð sistçmas (4.6) uztaisa "plaisu” un nestabila varitâte, kas

sastâv no divam stabilam orbîtçm, savieno sâkuma punktu ar fiksçtiem punktiem.

[3]

Piemçrs 3. Apskatîsim sistçmu ẋ = λx+ 2λy + x2 + y2

ẏ = −y + λx+ x2 + xy.
(4.10)

Pçc centra varietâtes teorçmas, invariantai varietâtei jâbût sekojoðâ formâ

y = φ(x, y) = a(λ)x+ b(λ)x2 + c(λ)x3 +O(|x4|). (4.11)
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Lai izskaitïot a(λ) un b(λ) koeficientus mçs diferencçjam vienâdojumu (4.11). Iegûstam

ẏ = a(λ)ẋ+ 2b(λ)xẋ+ 3c(λ)x2ẋ+O(|x3|)ẋ. (4.12)

Tagad no sistçmas (4.10) mçs ieliekam ẋ un ẏ vienâdojumâ (4.11). Pçc pârveidojumiem

iegûstam

− y + λx+ x2 + xy = (a(λ) + 2b(λ)x+ 3c(λ)x2 +O(|x3|))(λx+ 2λy + x2 + y2). (4.13)

Tad mçs izmantojam vienâdojumu (4.11) lai izteikt y un pçc tam salîdzinâm nosacî-

jumus pie x, x2 un x3. Pie x mums sanâk

− a(λ) + λ = a(λ)λ+ 2λa(λ)2. (4.14)

Maziem λ ðîm vienâdojumam ir viens vienîgs atrisinâjums:

a(λ) = λ+ 0(λ2).

Atzîmçsim, ka otrs kvadrâtvienâdojuma atrisinâjums priekð a(λ) kïûst par bezgalîbu,

kad λ→∞ un tâpçc nav pieïaujams. Pie x2 mums sanâk

− b(λ) + 1 + a(λ) = 2b(λ)λ+ 6λa(λ)b(λ) + a(λ) + a(λ)3. (4.15)

Tas ïauj mums atrisinât b(λ) : b(λ) = 1 + 0(λ). Pie x3 mums sanâk

− c(λ) + b(λ) = 8λa(λ)c(λ) + 4a(λ)2b(λ) + 4λb(λ)2 + 2b(λ) + 3c(λ)λ. (4.16)

Tas parâda mums c(λ). Mçs varam turpinât procedûru un atrast centra varietâtes

Teilora aproksimâciju lîdz pat jebkurai pakâpei mçs gribam. Beidzot varam ievietot vien-

âdojumu (4.11) atpakaï sistçmâ (4.10) un iegûstâm

ẋ = (λ+ 2λa(λ))x+ (2λb(λ) + 1 + a(λ)2)x2 + (2λc(λ) + 2a(λ)b(λ))x3 +O(x4). (4.17)

Tas ir vienâdojums, kas uzdod atrisinâjuma evolûciju uz centra varietâtes. Mçs varam

atrast stacionârus atrisinâjumus pielîdzinot labo vienâdojuma daïu nullei. Pçc dalîðanas

ar x mçs iegûstâm

0 = f(x, λ) := λ+ 2λa(λ) + (2λb(λ) + 1 + a(λ)2)x+ (2λc(λ) + 2a(λ)b(λ))x2 +O(x3).

Piezîmçsim, ka
∂f

∂x
(0, 0) = 1
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un
∂f

∂λ
(0, 0) = 1

Viòi abi nav nulle, tas nozîmç, ka saskaòâ ar netieðo funkciju teorçmu mçs varam

atrisinât atseviðíi katram mainîgam (0, 0) apkârtnç: x = g(λ) = −λ + 0(λ2) vai λ =

h(x) = −x+ 0(x2).

[7]

Piemçrs 4. Apskatîsim sistçmu


ẋ1 = x2

ẋ2 = 0

ẏ = −y + g(x1, x2),

(4.18)

kur g ir gluda un g(0, 0), g
′
(0, 0) = 0

Paòemsim G(x1, x2) = ψ(x1, x2)g(x1, x2), kur ψ : R2 → R ir C∞ funkcija, ar nosacî-

jumu, ka ψ(x1, x2) = 1 pietiekami maziem (x1, x2). Pierakstîsim tagad izmainîtu sistçmu


ẋ1 = x2

ẋ2 = 0

ẏ = −y +G(x1, x2),

(4.19)

un tai eksistç centra varietâte y = h(x1, x2) ar (x1, x2) ∈ R2. Pietiekami maziem (x1, x2)

G(x1, x2) = g(x1, x2), tad y = h(x1, x2) ar x21 + x22 < δ daþiem δ ir arî lokâlâ centra

varietâte sistçmai (4.18). Pirmiem diviem sistçmas (4.19) vienâdojumiem atrisinâjumi ir

x1(t) = z1 + z2t un x2(t) = z2, kur xi(0) = zi, i = 1, 2. Sistçmas (4.19) treða vienâdojuma

atrisinâjums ir uzdots kâ y(t) = h(x1(t), x2(t)). Tâpçc

d

dt
h(z1 + z2t, z2) = −h(z1 + z2t, z2) +G(z1 + z2t, z2) (4.20)

Lai atrast centra varietâti sistçmai (4.19) mçs izvçlçjamies speciâlo sistçmas (4.20) atrisi-

nâjumu, kam ir sekojoðs izskats

h(z1 + z2t, z2) = e−th(z1, z2) +

∫ t

0

es−tG(z1 + z2t, z2)ds (4.21)

Tâ kâ centra varietâtei vajag pieskarties z1z2 asij sâkumpunktâ un komponente e−t iet

gar stabilo varitâti perpendikulâri z1z2 asij, ja t → ∞, mums vajag viòu izòemt. Tad

vienâdojumam (4.21) mçs uzliksim nosacîjumu
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lim
t→−∞

h(z1 + z2t, z2)e
t = 0

Tad reizinot vienâdojumu (4.21) ar et un rçíinot ierobeþojumu, ja t → −∞, mums

sanâk

lim
t→−∞

h(z1 + z2t, z2)e
t = lim

t→−∞
h(z1, z2)− lim

t→−∞

∫ 0

t

esG(z1 + z2s, z2)ds,

0 = h(z1, z2)−
∫ 0

−∞
esG(z1 + z2s, z2)ds.

Tad

h(z1, z2) =

∫ 0

−∞
esG(z1 + z2s, z2)ds. (4.22)

Lai h, kuru definç vienâdojums (4.22), bûtu centra varietâte vienâdojumam (4.21)

mums vajag paradît, ka tas ir invarianta varietâte. Ieliekam z1 vietâ z1 +z2t vienâdojumâ

(4.22) dabûjam

h(z1 + z2t, z2) =

∫ 0

−∞
esG(z1 + z2(s+ t), z2)ds. (4.23)

Tagad vajag paradît, ka vienâdojums (4.23) apmierina vienâdojumu (4.19). Mums vajag

izskaitïot atvasinâjumus pçc t. Lai ξ1 = z1 + z2(s+ t) un ξ2 = z2, tad

d

dt
(z1 + z2t, z2) =

∫ 0

−∞
[G1z2 +G20]ds (4.24)

=

∫ 0

−∞
[G1z2]ds

=

∫ 0

−∞
es
[
∂G

∂s

](
jo

∂G

∂s
=
∂G

∂ξ1
z2

)
[esG(z1 + z2(s+ t), z2)]

0
−∞ −

∫ 0

−∞
esG(z1 + z2(s+ t), z2)ds

G(z1 + z2t, z2)−
∫ 0

−∞
esG(z1 + z2(s+ t), z2)ds,

kur G1 apzîme parciâlo atvasinâjumu no G pçc ξ1 un G2 parciâlo atvasinâjumu no G pçc

ξ2. Tad izmantojot (4.23) dabûjam

ḣ(z1 + z2t, z2) = −h(z1 + z2t, z2) +G(z1 + z2t, z2). (4.25)
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Mçs paradîjam, ka vienâdojuma (4.19) atrisinâjums caur (z1, z2, h(z1, z2)) atrodas uz

y(t) = h(z1 + z2t, z2). Tas nozîme, ka y = h(z1, z2) ir invarianta varietâte vienâdojumam

(4.19). Tâ kâ G ir C∞, G(0, 0) = 0 un G
′
(0, 0) = 0, tad seko, ka h ir C∞, h(0, 0) = 0 un

h
′
(0, 0) = 0. Tâpçc h ir centra varietâte vienâdojumam (4.19).

Kâ piemçru mçs paòçmam G(z1, z2) = z1z2. Tad G(z1 + z2t, z2) = z2(z1 + z2t).

Dabûjam

h(z1, z2) = z2

∫ 0

−∞
es(z1 + z2s)ds = z1z2 − z22 . (4.26)

Ievietojot z1 vietâ z1 + z2t vienâdojumâ (4.26) dabûjam

h(z1 + z2t, z2) = z2(z1 + z2t)− z22 = z1z2 + z22t− z22 , (4.27)

tad

d

dt
h(z1 + z2t, z2) = z22 = −z1z2 − z22t+ z22 + z1z2 + z22t (4.28)

−h(z1 + z2t, z2) +G(z1 + z2t, z2).

[4]
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Secinâjumi

Darbâ es aplûkoju centra varietâtes eksistenci autonomâm un neautonomâm dife-

renciâlvienâdojumâm, tas galvenâs definîcijas un teorçmas, ka arî pieradîjumus. Daïa

no pieradîjumiem tika òemta no Jack Carr grâmatas ”Applications of Centre Manifold

Theory ", ka arî citu konspektu un interneta resursiem. Centra varietâtes eksistences

teorçmas pieradîjums tika izmainîts un precizçts. Jack Carr grâmatâ ir aplûkots tikai

autonomas diferenciâlvienâdojumu sistçmas gadîjums bet diplomdarbâ tas tika pielietots

arî neautonomâm gadîjumâm.

Centra varietâte ir svârîga diferenciâlvienâdojumu teorijas pçtîðanâ, jo mçs varam

noteikt nelineâro sistçmu atrisinâjumu asimptotisko uzvçdîbu, ja mçs zinam vienâdojumu,

kas noteic centra varietâtes mazo atrisinâjumu uzvçdîbu.
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