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Relaxation of polar order in suspensions with Quincke effect
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The Quincke effect—spontaneous rotation of dielectric particles in a liquid with low conductivity under the
action of an electric field—is considered. The distribution functions for the orientation of particle rotation planes
are introduced and a set of nonlinear kinetic equations is derived in the mean field approximation considering
the dynamics of their orientation in the flow induced by rotating particles. As a result the nonequilibrium phase
transition to the polar order, if the concentration of the particles is sufficiently high, is predicted and the condition
of the synchronization of particle rotations is established. Two cases are considered: the layer of the Quincke
suspension with one free boundary and the ensemble of the particles rolling on the solid wall under the action of
a torque in an electric field. It is shown that in both cases the synchronization of particle rotations occurs due to
the hydrodynamic interactions. In the limit of small spatial nonhomogeneity a set of nonlinear partial differential
equations for the macroscopic variables—the concentration and the director of the polar order—is derived from
the kinetic equation. Its properties are analyzed and compared with available recent experimental results.

DOI: 10.1103/PhysRevE.89.052310

I. INTRODUCTION

Active systems with energy supplies on the level of their
single elements have been recently studied in many works
(for reviews, see Refs. [1-3]). A characteristic feature of
such systems is the development of macroscopic flow due
to hydrodynamic interactions [4,5]. An interesting example
is a suspension of dielectric particles in a liquid with low
conductivity. Due to the polarization of particles caused by the
accumulation of free charges on their interface the suspension
has a negative low-frequency polarizability, and if the electric
field strength is above a threshold value the particles start
to spontaneously rotate. This phenomenon, known as the
Quincke effect (from work by Quincke [6]), has been studied
for more than a century. Its description is based on the model
of leaky dielectrics [7] (for a review, see Ref. [8]). Different
phenomena have been predicted theoretically and confirmed
experimentally: the negative effective viscosity effect [9,10],
the increase of the conductivity of a suspension at the
electric field strength above the threshold value of spontaneous
rotation of dielectric particles [11,12], the chaotic dynamic of
particles [13—16], and others. The role of electrohydrodynamic
interactions in the Quincke effect has been considered in
Refs. [5,17]. Nevertheless the basic laws responsible for the
collective behavior of particles in such suspensions remain to
be formulated. Here we describe the synchronization of the
particle rotations due to their induced flow and formulate a set
of macroscopic equations for the slow variables of the system:
the concentration and the direction of polar order.

In Sec. II, the model of Quincke suspension, which
considers the antisymmetric viscous stress, is introduced. In
Sec. I1I, the kinetic equation for the distribution function of the
planes of particle rotation is derived and the establishment of
the polar order due to the flow induced by the rotating particles
is illustrated by the numerical solution of the kinetic equation.
In Sec. 1V, it is shown that description of the suspension
developed in Secs. II and III is applicable to the ensemble
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of particles rolling near the solid wall under the action of a
torque, if their hydrodynamic interactions is properly taken
into account. The continuum model of the suspension of
active rotating particles is developed in Sec. V, where the
equations for the macroscopic variables—the surface density
and the director of the polar order—are derived on the basis
of the kinetic equation. Some consequences of the derived
macroscopic equations are considered in Sec. VL. In particular
it is illustrated that the set of coupled equations for the particle
concentration and the director of the polar order in the limit
of small perturbations may be reduced to the Klein-Gordon
equation in the unstable case.

II. MODEL

The key issue is the equation for the dielectric particle
polarization p in a liquid with a low conductivity derived in
Ref. [18]:

dp = .
i Qxp
where t© = (2¢; 4 &)/[4w (201 + 03)] is the Maxwell
charge relaxation time, x = x° — x>, where x° = &;(0, —
o)’ /(201 +02) and (™ = e1(e2 — £1)a’/(2e) + &2) are
low- and high-frequency polarizibilities of the spherical
particle with the radius a (e, and o7, are the dielectric
permeability and the conductivity of the liquid and the particle
respectively). The angular velocity of the particle €2, if the
rotational inertia of the particle is neglected, reads

(P — xE), (1)

o —

Q= +apxE. 2)

Here 520 =1/ 2V x ¥ is the local angular velocity of the fluid
and «, is the rotational mobility of the particle. If the rotational
inertia is taken into account, after corresponding scaling, the
famous Lorentz equations are obtained. The chaotic dynamics
of particle due to the Quincke effect was experimentally
confirmed in Refs. [14,15]. .

In the case of a quiescent fluid (29 = 0), Egs. (1) and (2)
predict a pitchfork bifurcation to a steady state of spontaneous
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FIG. 1. Sketch of orientation of plane of particle rotation.

rotation in electric field E = (0,0,E), when
1
0 —_—
P = o, TE’
0_ 4 1 E? )
P = o, TE\ E? ’
Q= :I:1 e 1 3)
TtV E2 T

where E? 2 —

clockwise ( p” < 0) or anticlockwise ( pH > 0) in the plane
(1),2), where i = cos (¥)é, + sin (z?)e} (see Fig. 1).

The direction of the vector n), which determines the
plane where the particles rotate, remains undetermined. The
particular direction may be chosen due to the hydrodynamic in-
teractions. As an example, we consider a dielectric suspension
in the liquid layer confined between two plates with z = 0 and
z = d with the upper plate free to move in the y-axis direction.
The conservation law of the angular momentum (/; = e;x;x; v;):

(x < 0). In this state the particle rotates

atx

dl

Pt = am ~—(CimXmOw) + €ixiOk “4)
shows that, if there is a volume density of torques acting on
the suspension, its stress tensor o;; contains an antisymmetric
part o3, which is determined by the volume density of torques
T:
o, = senT. &)
As aresult the boundary condition on the free plate reads (1 is
the viscosity of suspension)

nd— +0 = 0. (6)

III. RELAXATION OF POLAR ORDER

Equations (1) and (2) in the shear flow 7=
[0,v,(z),0] for p= [pj cos (D), p;sin(¥), p;] give the set of
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equations
dp” 1 dvy . 1
A _ 25 9) — a Epyps — — P 7
a2 a P sin (%) — o, Ep) p; P @)
e 1 @)+ EpE — ~(pe — xE); ()
= ———=p sin - — —(p, — ;
dt 2 dz Pi *r =P T Pz X
dv  1dv, . o)
=——2p_.cos
Pl—- dr 2 dz Pz

Here to describe the flow induced by rotating particles in
the geometry considered in the Sec. II it is convenient to
introduce the angle y (¢ = /2 4 y), which the plane of the
particle rotation makes with a symmetry-breaking yz plane
(see Fig. 1). It is checked numerically that at separation of
slow (characteristic time scale |dv, / dz|™") and fast time (scale
7) scales the equations for the change of orientation angles
yT(Fp; > 0) may be obtained by taking in Eq. (9) p, = pﬁ
and p, = p?, which gives

dy$
dt 2,/E2/E2 d

We see that under the action of the flow the orientation
of the plane of the particle rotation changes similarly to the
orientation of the compass needle in the applied magnetic
field. In this case the effective applied field is proportional
to the shear rate. According to Eq. (10) the particle rotating
clockwise ( pﬁ < 0) goes to y = 0 and the particle rotating

sin (y ). (10)

anticlockwise ( pﬁ > (0) goestoy = m.

Contribution of a single particle to the antisymmetric

stress oy, according to the relation (5) is 1 /2p”E cos ().
Introducing distribution functions fi(y,t) (f-(y,t)dy; (p”
0) and f,(y,0)dy;( pH > (0) are the numbers of rotating
particles per unit volume with 7(/2 + y), where y is in
the interval [y,y + dy]) and the contribution of all particles
of the suspension to the antisymmetric stress is given by

1 2
oy, = —Elph’I/ cos () f-(y".Hdy’
0

1 2
+§|pﬁ| f cos (¥) f+(y".)dy'. (11)
0

As a result for the shear rate of induced flow we have
dl) ) 1 2 / /
—L = —pYE / cos Py 0) = f(y DIy,

dz  2n 0
(12)

By taking into account Eq. (10), the set of kinetic equations
for the distribution functions f= is obtained as

ok 8( '()/zn YOI~ 1)
?¢$ SanszO cos (Y )L f-(y",
32
—f+(y’,t)]dy’> = D,a—fj, (13)
YV

where the random noise is accounted for by introduction of a
rotational diffusion coefficient D,..

Eq. (13) in the mean field approximation describes the
kinetics of the transition to the polar order due to the flow
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FIG. 2. Relaxation of polar order parameter P. S = 20.

induced by the rotating particles of an ensemble. Eq. (13) for
given initial conditions is solved numerically by representing
S+ by the Fourier series

1
fr= Y fPexpiky).

k=—I

The behavior of the solution depends on the value of the
parameter S =n/(4o,nD,7) =2n/n. (n is the number of
particles per unit volume, and n. is its critical value). If
S > 2 the polar order is established with particles, depend-
ing on initial conditions, on average rotating clockwise or
anticlockwise around the x axis. This is illustrated in Fig. 2,
where the time evolution of the order parameter of the suspen-
sion P = fozn cos (YHf-(y',t) — f+-(y'.0)]dy’/n is shown
for the initial values fozn cos(YNf-(y',t)dy'/n = 107* and
fozﬂ cos (¥') f+(y',t)dy’/n = 0. The distribution functions fx
for the final state are shown in Fig. 3 and characterize
the alignment of angular velocity of the particle rotations
clockwise around the x axis.

In the steady state the alignment of the planes of particle
rotation is described by the distribution function

n
= 1) exp [§ cos (y)], (14)

FIG. 3. Steady-state orientation distribution functions f_ (py < 0
on the left) and f (p; > 0 on the right). S = 20.
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FIG. 4. Relaxation rate of the polar order in subcritical region of
the parameter S. Black circles represent numerical data and the solid
line represents theoretical dependence.

where & = n < cos(y) > /4a,nD,t and the effective field &
is determined by the condition of self-consistency

1(§)
Ip(§)’

Here and further I,(n = 0,1,...) are the modified Bessel
functions of the first kind [19].

Equation (15) is similar to the equation for the order
parameter in the Weiss model of ferromagnetism, which
predicts spontaneous symmetry breaking at the critical inter-
action strength. In the present case the role of interactions is
played by the induced flow and if it prevails over the noise,
described by the rotational diffusion coefficient D, and causing
randomizing action on the orientation of planes of particle
rotations, the spontaneous order in the system is established.
The critical value of the interaction strength is easily obtained
from Eq. (15) by using the series of modified Bessel functions,
which give

£=3S 15)

_S5,_ S 5
5—25 165 + 0(&). (16)

From Eq. (16) we see that spontaneous order (§ # 0) arises
if § > 2. Corresponding to this the numerical solution of
Eq. (13) shows the establishment of the polar order at § > 2
and its decay at S < 2. For the decay of the order parameter
in subcritical conditions the critical slowing down of the order
parameter relaxation is characteristic. The dependence of the
rate T, ! of the exponential decay of the polar order on the
parameter S near the bifurcation value S, = 2 obtained numer-
ically is shown in Fig. 4. Numerical data match the theoretical
dependence 7, I'= (S./S — 1)/2 very well. Dependence of the
order parameter P = (cos (y)) = I,(£)/1y(§) on the parameter
S is shown in Fig. 5.

IV. ENSEMBLE OF ROLLING PARTICLES

The model may be applied to the situation recently studied
in Ref. [20]. In Ref. [20] dielectric particles were settled on one
of the plates and due to their rotation in the electric field the
particles were rolling along it. This case is similar to the one
considered above, except for the more complicated character of
hydrodynamic interactions. The hydrodynamics of the liquid
due to the particle rolling near a solid wall was considered
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FIG. 5. Polar order parameter as a function of parameter S. Solid

and open circles are experimental data from Ref. [20] with the critical
concentration rescaled by 1.67.

in Refs. [21,22]. The results obtained are summarized by the
mobility matrix and the coefficients «y,&; characterizing the
behavior of the particle near the solid wall under the action of
shear (the z axis is perpendicular to the wall):

ve/a o 0 0 a; afF,,
vy/al [0 o; =& 0| [aF,
Q] |0 —-a o 0 T,.
Q, &; 0 0 o Toy
v,
F]
N (17)
s _
~ 9z
O vy

where a is the radius of the particle and Ij"e and i are external
force and torque acting on the particle. In the frame of the mean
field model the shear rate near the given particle is created by
other particles of the ensemble. By applying the Blake solution
for the flow created by the rotlet near a solid wall at (0,0,d)

[23] [F = (x,y,z —d) and ¥ = (x,y,2 + d)]

I [eijTejrie  eijiTeiT
L — R
8y r 7
37Tk

ik FiFir3
+2h€kj3Te]<r - ) +6€kJ3TL] 7 :| (18)
for the shear rate induced by the rolling particles of the
ensemble we have [p = (x,y) and f(p,9’) is the surface den-
sity of particles rolling in the direction 71 (9") = cos (¢')e, +
sin (19’)EV]

v _3Ep
( ) = drn Jii-pi>2a
o B = BB = B) - i@/ (5. 90dpdy’ o

5 =P

_Relation Eq. (17), in the absence of an external force
(F, =0), and the polarization relaxation equation Eq. (1)
allow us to obtain the relations for the particle rolling
velocity and equation for the orientation angle of the plane of
particle rotation [{7i))(5) = fon 1m0 f(p,0")dd’ /ny is the
mean value of rolling direction determined by the distribution
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function f(p,9') and ng is the surface concentration of
particles]

. _ad E? 3ns a; |E? Win: 0)
V= — —1{n
T o E2 Snt o E2 I
3a,n
= s 9 (g Ay (). 21

dt 8ana T 00

Apart from the term in Eq. (20) responsible for the augmen-
tation of the rolling velocity in the presence of other particles,
Egs. (20) and (21) are close to those derived in Ref. [20],
if the terms due to electrostatic interactions are neglected.
We point out that taking the second term on the right side
of Eq. (20) into account, if the concentration of particles is
large, leads to the Burgers equation for the concentration of
particles, which describes the formation of a shock wave with
the characteristic profile of concentration field similar to that
observed in experiment [20]. This will be studied in detail
elsewhere. Henceforth the second term on the right side of
Eq. (20) is omitted.

The kinetic coefficients «;,@&;,a,,a;,&; as functions of
the thickness of the lubrication layer § between the par-
ticle and a solid wall (§ =d/a — 1) were calculated in
Refs. [21,22]. For estimates the following relations at scaling
o =o,/8r na’);a, = &,/(87117643) are useful:

11m——054 11m——025 11m——079
5—0 0 —0 0y -0 a,

As aresult the kinetic equation for the distribution function
reads

af 3 [2an, 9 p 2t % f
FTRET; S i) = 819[ ol " ("»f}' e
(22)

Here the following notations are introduced: the rolling

3mady

. . . _aa [E? _ 3zd
velocity of single particle v, = 2t /E_Z —land2a = =

V. CONTINUUM MODEL

We now proceed with the derivation of the macroscopic
equations for the slow variables—the concentration n, and the
unit vector h = cos (p)é, + sin (¢)é, along the mean rolling
direction of the particles. The kinetic Eq. (22) may be written
in the form [24]

af _ 1o ou

which states that the flux of the particles in the orientation
space j due to the noise and interactions described in the
mean field approximation is given by

1 ou
= ——f—, 24
J e (24)
where u is the chemical potential in the orientation space:
2
,u:D,rln(f)—Za/ |1y f@NdY'. (25)
0

The relation (24) shows that in the spatially homogeneous
case the condition of equilibrium corresponds to a constant
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chemical potential in the orientation space. This allows us to
easily obtain stationary spatially uniform solution of Eq. (23)
for the distribution function from the condition . = const. As
a result we have

Ux

= 22 ®
The effective field £ is determined by the condition of self-
consistency (15) as in Sec. IIl. The parameter S in this case
reads S = 2an;/D,t = 2n;/n,.. This means that the polar
order parameter as a function of the relative concentration of
particles n/n. or ng/ny. is the same in both cases. The order
parameter of the ensemble of rolling particles P calculated
according to Eq. (26) is compared with experimental data from
Ref. [20] in Fig. 5.

We look for the solution of Eq. (23) in the form f = fy + fi
and find f; as the series in a small parameter ¢ = 7/1,
where the characteristic time of the dynamics of spatial
nonhomogeneity with the characteristic scale L is t, = L/v,.
The equation for f; reads

exp (€71 - h). (26)

af; .- 1
a7 +ou(n - V)fi = -Kf1, 27
t T

where the operator K reads

5 3 9 I
(D, ﬁ—zaflﬁfo iy - ) fo(®)d o

Kfi=—
1=55\ P9
9 2
—Zafo—/ ny - iy f1(8)do" ). (28)
% Jo
The operator K is non-self-adjoint and has two zero modes:
afo., 9o
V= V2T 9y

The zero modes ;> have clear physical meaning. If fy =
fo(¥ — @) is the solution of equation i = const. then by the
symmetry fo( — ¢ — d¢)is also the solution. This means that
dfo/d¢ is the zero mode of the operator K. Similar argument
applies for dfy/0n;.

By looking for the solution of Eq. (27) as f; ~ exp (At) and
representing f; and A by the series in the small parameter ¢

F=f04 =t

for the first-order term of zero-mode (1o = 0) perturbation
O = snyy1 + Sy, we obtain

> 1,
MR+ (@A) = KA (29)

The adjoint operator K+ reads

Fay aZg 8g 8 27r_' =/ / /
K+g:DrTW ~|—Zot£ﬁ A I’l||'an0(l9 )dl?
2 i
oo, 0 9g(¥")
—Za/ n -n’—(f/(z?/) )dz?’. (30)
o T \JO gy

It has two modes with a zero eigenvalue:

2
Ui = 139 = 91o(§) —/0 exp (— & cos (9))dv’.
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As aresult from the condition of solubility of Eq. (29) we have
[ = —sin ((P)Ex + cos ((P)Ey]
aén; oM

vy
ot + ong

(h - V)éng + v, M(hy - V)39 =0; (31)

aé a2 )
Cl(f)—a(p +vrez(h x V(Sns)(Cz(E) + n; : C3(§))
t on,

+u,(h - V8g)ea(§) = 0. (32)
Here
_ nrll(g)
L&)
L [1_§<10(5)+12<§>_11(s))}1.
Son, 211(8) Ip(§) ’
S| 12E) — 1 I12(&) — 1
ey ="EO N, BOL
ey~ 1© _ Be -1 he[3e—1].
’ £ £210(€) E2E)
_ I -1
c(6) = n, (h(é) -0 )

After tedious and straightforward transformations the set of
Egs. (31) and (32) may be put in the following form (x axis is
along the unperturbed direction of vector h and the y axis is
perpendicular to it):

AL R S Ly
ay ’

ot £ Ox
a8y 8¢ 08& G4
= TP C(’E)W =0.
Here
Io@)lz(s))l (11@)10(5) 1)
=u (1= ) 5 b@E) = == )
@) ”( 12(6) ©=v2e -1 ¢

(35)

(&) = v <10(€)+12($)_ Li(E)1o(§) )
20 g[i5& 11/

VI. WAVE EQUATIONS

Equations (34) show that longitudinal perturbations of &
and ¢ propagate in the x direction with velocities v; = a(§)/§
and v, = b(£) respectively. In the general case Eqgs. (34) may
be put in more symmetric form by transformation to the set
of coordinates moving in the x axis direction with velocity
covy = [D(§) + a(§)/§]/2. As aresult Egs. (34) in the moving
set of coordinates read

a8 a4 a8
98¢ + vov,—g + a(é)—w =0:
at ox ay
(36)
98¢ 98¢ 98k
— —Vur—— —c(§)— =0.
at ax dy

Here vy = [a(§)/§ — b(§)]/2.
It may be shown that this set of the first-order partial
differential equations may be reduced to the second-order
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FIG. 6. Dimensionless velocity ¢, as a function of parameter S.

partial differential equation [¢2v? = a(£)c(£)]

0%8& 0%8& 9%8&
7 ) o+ <€vr>23—yz =0. (37)
Dimensionless velocity ¢y has the following asymptotic
at small and large & co(§) =1/& + O(&) and co(§) — 1
respectively. It as the function of the parameter S is shown
in Fig. 6. The corresponding asymptotic behavior of the
dimensionless velocity vy is as follows: vo(§) = 1/ + O(§)
at small £ and vy(§) — O at large &. Figure 7 shows the
dimensionless velocity vy as a function of the parameter S.
Estimating the second derivative with the respect to y in
Eq. (37) as —x28&, where x = m/Ly in the case of zero
boundary condition for the layer of particles with width L,
we obtain the Klein-Gordon equation [25] in the unstable case

928 928

8; — (vov,)’ axf — (v x)*86 =0. (38)
The properties of this equation were studied in Ref. [26]. The
parameter 2 in dependence on the parameter S is shown in
Fig. 8. It has the following asymptotic £2(£) — 0 at £ — 0o
and ¢2(£) = 1/8 + O(£?) at £ — 0.

Equation (38) is put in dimensionless form by the intro-
duction of the following scaling ¢t = L/v,f;x = L% (tildes
are omitted in the rest of the discussion). The solution of
the Eq. (38) for given initial conditions §£(x,0) = f(x) and
96&(x,0)/9t = —vo f’(x), which corresponds to ¢(x,0) =0,

1.2

FIG. 7. Dimensionless velocity vy as a function of parameter S.
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FIG. 8. Parameter ¢ as a function of parameter S.

is obtained by the construction of the Green’s function and
reads (b = ¢ L/Ly)

1
8E(x,t) = f(x —vot) + bt/ f(x — vot + 2zvpt)
0

x| %Il Qbt/2(1 — 2))dz. (39)

Solution (39) at f(x) = exp (—x?) and b/vy = 0.1 for three
time moments corresponding to vot = 7,8,9 is shown in
Fig. 9. Formation of the long tail of the particle concentration
similar to that observed in experiments [20] may be seen.
The given time moments in the case of the width of the
ensemble of rolling particles 5 mm [15] at a large value for
the concentration background ng/ng. >~ 25, when ¢ /vy >~ 1,
correspond to 73, 84, and 95 s respectively and have the same
order of magnitude as the observation time in the experiment
[20]. These values are obtained by taking according to the
experiment [20] the rolling velocity v, equal to 1 mm/s.
The spatial scale of the tail in dimensional units at longer
time vot = 100 for the given parameters is approximately
15 mm, which also is reasonable estimate. The value of the
concentration on the peak is increasing due to the instability.
Its value is stabilized in the nonlinear model. In order to derive
the nonlinear model of wave propagation we remark that the
set of Egs. (31) and (32) is a linear version of the nonlinear

0.8

3

0.6

04 r

0.2

FIG. 9. Effective field & perturbation ¢ for several moments
of time. Dotted line, vgt = 7; dashed line, vyt = 8; and solid line,
vot = 9.
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equations, which are obtained from the condition of solubility
of the equation for fi:

) > 1 .
WG = K 1 (40)
t T
where fo = foln,(5,0),h(5,0)]:
z?+mﬁ.mM)=& (41)

-

é. I x g—}:m(&) + v, - (h x %ns)<02(§) -l-fls;‘g 03(5))

ng

+v,ca(€)8, -V x h = 0. 42)

The study of this nonlinear model, including the two-
dimensional case, is pending for future publication.

VII. CONCLUSIONS

To summarize, a mean field model of the synchronization
of dielectric particle rotations caused by the Quincke effect has
been developed. The set of kinetic equations for the distribution

PHYSICAL REVIEW E 89, 052310 (2014)

functions of the orientation of the particle rotation planes
is derived considering (in the mean field approximation) its
dynamics in the flow induced by the rotating particles. Its
stationary solution shows the spontaneous symmetry breaking
and establishment of the polar order, if the concentration
of the particles is greater than the critical, which depends
on the random noise. It turns out that the model is similar
to the Weiss model of the ferromagnetism, where the role of
interactions is played by the shear rate of a flow induced by the
rotating particles. The similarity of two particular cases—the
Quincke suspension in the layer with one free boundary and
the ensemble of particles rolling near a solid wall under the
action of the torque in the electric field—is illustrated and
dependence of the polar order in these cases on the parameters,
which characterize the hydrodynamic interactions, is found.
The continuum model of the Quincke suspension is developed
on the basis of the derived kinetic equations and the set of
equations for the macroscopic variables—the concentration
and the director of the polar order—is derived. The properties
of its solutions are studied and it is shown that they have the
features similar to the observed in the experiment.
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