LATVIJAS UNIVERSITATES

ZINATNISKIE RAKSTI

ACTA UNIVERSITATIS LATVIENSIS

77

MATEMATIKA

DIFERENCIALVIENADOJUMI



LATVIJAS UNIVERSITATR

MATEMATIKA
DIFERENCIALVIENADOJUMI
Sindtniskie raksti

MATHEMATICS
DIFFERENTIAL EQUATIONS
Proceedings

MATEMATHRA

IeSEPEHUHANLHLEE YPABHEHHA
Hayunsie TpysM

577. séjums

Latvijas Universitite
Riga 1992



A ‘
At1 Ub 547, 1 (082

MATEMATIKA. DIFERENCIALVIENADOJUMI
HatemAtika. DiferencillvienBuojumi: 3SinStniskie rxaksti/ Atb.
red. J.Klokova.~ 577.pdtums.- Riga: LU, 1992.- 138 lpp.

Rakstu krijums eelu’ sinatniskos raketus, kuri veltiti
patasto diferencililvienidojumu teorijel. PEtIti Jautdjumi par
diferenciilvienidojumu atrleindjumu eksistenci wun Ipaslbim.
Daii raksti veltitl konkréto problé&mu izpétes metodam.

liakstu krijums paredz{ts szinStniekiem, pasniedzéjiem un
studentiem, kuri nodarbojas ar pa: isto difercncililvienddojumu
un to atrisin&jumu p&tidanu.

MATHEMATICS. DIFFERENTIAL EQUATIONS

The collection contains articles on the qualitative theory
of ordinary differential equatiens. The problems of axistence
of solutions as well as their properties are investigated.
Several articles are devoted to deve' ping of methodes of
investigation of applied problems.

The collection is destined for researchers and students in
the field. i

HATEMATHKA. AHOPEPELUHANLHLE YPABHEHHA

COOpPHMK CORepPXMT HAYyYMHME CTATHN RO KAyt >TReHHOR TeopHM
ofuKHOBSHHMX axddeperuHanbNux ypaPHeHufl. MHoccheaywTos BOnNpocs
CymecCTIOPAHHA pemeHHil, N3yiapTca NX caoficTea. Paz cratefl
nocBAmed paspaloTxe HeToAOs HCCNenOBAHMR KOHKPETHRX
NpaKTHYSCKMX 3Jala4. -

Clophux NpeaHajHavaeH ana Ha Y YHMX COTPYAHHKOB, :
npenogaratenedl ¥ CTYNeHTOB, KOTOPME® JAH .MADTCA MCCHNeNOBAHHANH B
obnacTs oluxroBeHHMX AH(PepPeHUHANBHMHX ypaBHaHHR.
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J.Klokove  (atbildigais redaktors), M.Adjutovs (atbildigais

sekretirs), J.Cepltis, A.Cibulis, H.Kalis, A.Lepins, U.Raltums,
A.Reinfelds, V.Fonomarevs.
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SOLVABILITY OF THE INITIAI. VALUR PROBLEM FOR
DIFFERENTIAL EQUATION WITH SINGULARITIES
J.Cepitis

Summary.There are formulated sufficient conditions which
ensure solvability of certain initial value problem for the
n-th order differential equation having unsummable
singularities.

1991 MSC 34A34

Consider differential eguation
tn-ll

Xpyem Sesmomas il )e ' e & ¢
where ne 2 ,for some 7 € (0,4w) nnd any & « (0,0) ,function
f1(8,0)] x F" + R satisfies. Caratheodory’s condition,but

has,may be,unsummable aingularit:ies ifr = 0.
Assume for k= 1, ... ,n-1 existence of functions
7,1(0,0) + [0,+=)

having for all & € (0,0) on ([&,0] absolutely continuous
derivatives of the order n-k such that

lim VL) = 4. , (2)
C+00
dn-—l o
lim — exp( = J ‘Ik(t)dt, < 4w . : (3)
t+os dt” t 4

For fixed 1 ¢ (0,1, ... ,n-2) we intioduce the initial
conditions

lim z“}(g) AR e T IS Hl’
t+0+ :
lim exp( .f % ltt)dt)l'h(r.] oo (5;)
t+ae 3
wher-.z < e R, and shall investigate the solvability of the

initial value problem {1),(4,),(5;)-
As a soiution of the initial v.lue problem u}.u‘;,:s
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we mean a function x which for soma t & (v,0] is defined and
has absolutely continucus deri.jtive of the (n-1) st order on
IO,‘tE,lati-ﬁ.al conditions ('I]),(Slj and for every & « (0,T)
almos!. everywhere in [8,T) diferential equation (1}. Therefore
these solutions belong to the class of functions which usually
designates with A2 (19,)).
Use designations
L:' -x - 71(”:, 1=1, ... ,n=1,

Dx = "n-—l' o yx = Dk-nl'n-u' M= 2, .. ,0-1,

let £:(0,0) + [0,+=) is bounded function such that
lime(t) =0 ,

t-+o.
o n-2 £
coo I etk ) mexp( ST

1 ~2 il i

o
I (t) = i ¥, jlvide ~

Mg

t
x axp(f 7:(t)dt)d£n_‘ e dEl » if n > 2,
1

c t
I(t} = Je(g Jexp(f 7 (v)dr}dE .
t €

1
Definitinn.¥e say that the conditicn £, is held it

o
:f:+:cxp(£7‘.1{t)dt~:—:—rrn(t|| < +m , (6) *®
for some MNe (0O,+m) ,any & € (0,0),T « (8,0] and wsolution
x1[6,T] * R of the differentisl .guation (1) which matisfies
estimate
U Ix{t)) sH ., ¢t e [3.T),
the inequal’ty
1D, x(3)] = ¢(8)
sneures validity in [3,T] of the inequality
ID, x(f}| = e(t).
Theorem 1. Let the ccndition l.“ is held.Then thae initial
value problem (1 ,(4ll.(5‘phnn a solution r which in the
domain of its definition sat sfies aestimate (7).

Proof.Let -, a R is fixed.Introdvrce arxi'iary functions



5

L
Ho(t) = €ooxp(=fy,(t)dr) + (-1)TL,(t),

o E‘ t net
ul(tl - -cl.l'axp(.l' I‘a(t}dt}exn{.r 1l(t)dt)dﬁl+ (=1) In(t),
t a £ :

1 °¢ o El
for 1 = 2, "l(“ = (=1) cj.r J eoe J exp(J 11"(':):]1: x
- El El-: %

1-1 E.l-i e nel .-
x [ exp(S 11_1.1(1:)dt|exp(.l‘ rl(t)dt)cIEl...dE,ﬂ-—l} Ih“"
-1 1-de1 )
According to (2),(3),(6) we have
lt-n;"m -0, ™0, ... 324
! *0e

It is clear that for some s e (0,0) inequalities
-N < 'pl(t] <M. te(0 "’1]
are true.
Choose series of numbers k - Sy e kK~ tk such that
8 € (0,0) , Sp. € lo,sk) s 1im o= 0, L, & (5,.0]

Kk++n

and solutions of the diferential equation (1) "k""k'tk] + R
satisfying the initial conditions ‘

',“”(Jhl -.n}“lsk) 4 =0, ... n-1, (8)
and inequalities 3 .
=M < X (L) <N ,t e [5,t,). (9)
Notice that u; is the unigue solution of the differential
equation : oK

D, .x = ¢e(t)

_ which satisfies first (n-1) conditions of (8B) ,thus

mn-z'k(’k” =c(t),
and ac~ording to condition €,
Dy _ X (E)] = £(E) , € e (5,,0,]). (10)

It t, are chosen maximum right as - poseible ,then one

of the 1ext three expressions



-H s x(t SN, t

k) 1 Ty g
is true at least.

' Let g = 1n£;__{tk}.since (92 and (10) g« (0,0).
Further,from ¢2),(3),(6) and (10) we may deduce that seguences
of functions y
k~k,k-xh,h-xn'" :
are uniformly bounded and equicontinucus.This allows select for
any S € (0,s) in [8&,5) unifoi'lly convergent subsaguence

X, limit of which is the snlution of the differential

[
equation (1). :
Function x:[0,8) * R which is defined conseguently

x(t)-lhxk (t) , t e (0,5] ,x(t) =0 ,t =0
| ol

is the solution of the differential .qunt..lon (1) ,satisfies
conditions (411,{51) and also estimate (7). The @heorn is
proved.

Let by = extension

s e (0,0] , cI" €R, 'iﬂ . [C'",'Fll,

and sclutions of initial value problem (1),(4;),(5;) for every
. €y € !c“].c'z'] are continuable on [{0,5).¥Wa say that

xcsﬂ[c'”,c‘;m]) if x = ‘lcn_’(lﬂ,s]) is 4 solution of the
difer ntial equation (1) and for some € [c‘",c;“]
satisfies conditions “1' |5 )

Connectedness of the -.t sluci",c"’]l in the space of
functions n-l ([0,3}) has tha important meaning in
investiqntion of boundary value problems for the differential
equation (1),therefore we note the next result.

Theorem 2. Lrt the condition €, is hel.! Then the set
s,t1e}*’,c}”)) is connected in ac,_ (10,s]).

Proof .Assume contrary,namely that x ,x are arvbitrary
solutions of the differential equation (1) which beloag to
various connected ~omponents ouf the set SI(if:“,r:Jl 1) «Then for
all o (0,s) are found Vi @ [0,1) such that there are uLO
solutions of the differential equation (1) which salisty
egqualic:



L
|i =t
R (cky + (1-vjx “(r,), 4= 0, ... ,n-1.

for some oy « R,
Let k -+ tk is the sequence of numbers such that

th‘l{ﬂ,tj,ll.‘k t =0

and x, are solutions of the differential cquntlon (1) which
satisfy the initial conditions

"‘(r. ) mafl! , 120, oo n-t.

As the condition €y is held we can from the sequence k - X,
select the subsequence m » lt "'k which converges to the
solution of the initial wvalue problan (1), (41) (5 ) for srme
L [c“',c;"]. 1@ proof completes by standard oplnlonl (. 2o
[2] ) now. %

Example. Consider together with conditions (11),(51-1 the
. differential equation
Siln, X+ QLD X« £(2,1)), (11)
where function g : (0,0] - R such that for all 8 ¢ (0,0) g in
summable on [3,0] and for some c ¢ [0,+w) negative part of the
furction t » (q(l:}-i-clti is summable on [0 o),

Iy d tlend

ri - (x,. ,-x;(.hjd(t)dt} T ! l‘a"l [(r)dr)x Eryes

i (n-1)
ﬁ'@(hl LElav)x ).
function t -+ ¢ c!(t x) lntllflcl the Cnrlth-odor]r s condi.t!.on -
on {0,0] x R
Notice that particuvlar case of this problem,where
n=2,7(t)=p/t,g(t)=(l+gh/t ypx1l,q>-2
has been examined in the paper [1].

Tf the point x;(0) is determined by the Initjal conditions
(41),('-1) * and p:{0,0) R ir summable furction . which
overvhelms function t ' t™°f(t,x) in-some interior of th
pointxi(ﬂ) + then choose

t £
eqer - tSip(e)expl ;—,E[Ig(l!‘ﬁ c/gi-(g(s)+c/s) )da)ds
o
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and repeat opinions from the paper [3) we easy convince of
validity of the condition €;,if only inequalicy (6; is tiue.
At the end mo:ice that the differential operator

n  a,at
I 4—7r
i.0 t7dt

where a, € R,is often visible in applications.It can be
expressed in the form of the left side of the differential
equation (11) by functions

7y(t) = pilt »g(t) =g/t ; q,p; <« R4 = 1,...,n-1.
The conditions of the theorem 1 in such case are expressed by
inequalities tieing the values - 27 R - S
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EOMHCTBEHAOCTb H :IEENMICTBEHHOCTb PEMEHHMA
HENWHEAHLX 3NUIMNTAYECKMX YPABHEHHA
¢.X. agupbaes, A.B.lUnGynuc

AHHOTALMA, PrccHaTpHBanTCA KMpaesLie apavH ana
JNAUNTHYECKUX ypaBHenuwil Bupa .
(Au,x)u’ }'=f£("), (1)

a TaWKe ANA CHO ‘€M, COCTOREMX K3 HABYX ypaBHeHud Brma ().
lpusenensl ycnoBhi, ofecneuyypaomHe EAHHCTBEHHOCTL JEmeHHA, H
HEKOTOpHEe NMpHMEPN HEEeJWHCTBEHHOCTH. :

YOK 519.21

1. PaccHaTpHBADTCA KpreDbie 3IaNayM JIA  UIHMITHYECHHX
YPABHEHMA M CHCTEx C HENMPepLHEHVMH HeNMHeHAHOCTMMH Tipid CTapmHX
NPpOK3BOAHEX. CHCTeWM TAKOro BHOA BOIHMKADT, UaNMpHMep, h3
TepHonupdyHonHof 3amayHM B KBalMCTauHoHapHoM cnyuwae [1, 2],
Korga pa3puoHLe HenHRe RHOCTH craamMBanrca HenpepPHBHLINA
Oyﬁmuuuu. OxasupaFTCH, YTO yxe ana npocrefimux ypasHeunil (m Tew
fonee HmIX CHCTeM) T:iKOTO BHMAA pemeHMe KpaeBMX 3apad, Boobme
ropopd, He eAMHCTBEeRHO flawe P KIACCS TRAAMMX @yHKUHER. Huwe
NPHBOAATCA NPHMEDH HEGNMHCTBEHHOCTH, & TAKEE HEKOTOpLE YCHOBMSA,
ofecneunpanmye SAHMCTBEHHOCTE PEemEHMN.

2. MiycTe 3amaHu wHCha ll,han-o, 4, B, $yHxuHM xec'(n-n'nl,
A,)), feL (a,b) ® MmeTCA pemeRWe 3asawn

(A(u)ju’ ) '=f, xe(a,b), ) (1)
u(a)=4a, u’ (b)=B. Tes B2

Nowvep 1. MoxaweM, 4TO 3zagasa (1)-(2) ‘woxeT mMeTH
6ecHOHEYHO MHOro pewenufl. [ISA PTOrc PACCMOTPHM QYHKUMD

u(x)=x+ln(l+yxe '}. (3)

Tna o ovo yx0 oHa ynopnarsopaer COOTHOWMSHMAW
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- u(0)=0, u (1)=1,

; (e"w ) =(e”) = (1+7xe ™) ¥ ) m(eF1yx) Tme”.
Orcopa cnemyer, 4TO NpH £=e", a-ul:o, b=B=1 cymecTeynT A>1 M
raanias GyHKUHE MR-)[I.AE} Taxam, uTto 3amaxsa (1), (2) wumeer
6ecKoHe4YHO MHOro pemenufl suna (3). ;

3 cay4yae ycnosuft :

u’ (a)=a, u’ (b)=B T 4).
pemeHMe ypasdeHMa (1) MomeT OWTE He eAMHCTBEHHO pHaxe [pH
nuHelnoM koosdduuMeHTe A. HampuMep, ana A=1l, f=coax, a=A=B=0,
b=l pewenuamu zagaau (1), (4) ABAaOTCA GYHKUMHM U=C-COSX, rge C
= NPOH3IBONBLHAA NOCTOAHHASN.

B cayyae xe ycnosuH [uMpuxne cnpasemsyiHBo -
Npennoxenwe 1. YpasHeuue (1) npu YCROBHAX

ufa)=Aa, )=B (5)
HOXeT MMeTh He GoJlee OAHOTO pemNleHMA B Kiacce U; 13].
loxasaTenscTBO NpoBened OT MNPOTHRHOIO, T.e. NycrTe U, V

(u=y') - mea pemeHHMA 3ama4Yd (1), (5)5

DonokumM
14

:(v)-j' A(L)de (6)
0

Torna Ma (1) m Toro, 4rto (K(W))'=A(w)w’, nonyuum K(u)-
=K(¥)=c x+C . B cuny ycnosuit (5) HMeeMH: c‘-ca-o, M
cneaoparentHo, k{u)=x(v). Orcoaa, usV¥, TAK Kak OQyHKUHA K
MOHOTOHHA.

Opeanoxenwe 2. INycTe .
[A(t;-ur)](t-nso £, teR. (7)

Torna zapaua (1), (2) moxer mmMeTs He (onee OJHOrC peweHHA

1
B Haacce "”;‘
RoxazaTtenscTeo. [lycThL U, ¥V - pajznwiHbie pemeHHs saraum (1),

(2). Torma ua (1), (2) m (6) nonyqaex

K(u)-k(v)=c(x-a) (8)

[uu(bn-m:qn]s-c. ; (9)
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rae © - HEeKOTOPAX MOCTOAHHAN.

PaccHorpus cnyvaf c>0. Cnyuaft c<0 paccHaTpHBaesTCA BNONRE
AHANCTW4YHO, a npu c=0 TaKk me, KAK M T0pPH HOKA3A.'ensCTRE
npAanOXeH®A 1, nonyvaes usy.

Hz (J) vmeen x(u)>x(¥), xe€(a,b], H BCAEACTEHWE .4OHOTOHHOCTH
x: w(b)>v(b). YunTeBaA nocaezHee HepaBeHCTBO, M3 (7) 3axkmwyaex,
yto (A{u(b))=-A(v(b)))=0, a »TO NMpOoTHBOPEMMT cOoOTHomeHHD (9).

3arevanne 1., B ROKABATENLCTBAX EANHHCTBEHHOCTH, NPHBENeHHLX
BHII@, HHIMe He HCMNOML30BAJIACkE HeNpepubHOCTh anxuun A. Bonpocu
paapeﬁunocrn B  Khacce l: JNAHNTHYECKHX ypaBHeHuHl H cHCTeM ©
pasp.iBPHEIMH HeNnmHHeAHOCTAMH paccMoTpenn B [2, 4].

Npennoxenue 3, fiycte feLa, : A:Rx[a,b]->[A‘,A=], k1>0,
ABNAETCA JMNUWHUEBOR MO NepRroMy AapryMeHty, T.e. cymecTsyer CeR
TaKan, uTO

Ja(e,x)-r(T,x)| s cje-1], t,teR, xe[a,b].
Torna ypapHeHHe )
[A(u,z)u‘]'-f (10}
npx ycnosuax (5) MoweT MMeThL He 60Nee ORECTO pemeHMA B Knacce
ik _

2

AokasareascTeo. JycTs U, v (U™) - pemeHHA BAPFAUMOHHOIQ
r . .

HepapewucTsa (BP)

B A
I(A(u.x)u‘{'+f$]dz-0 L vee), oy
a
coorBeTCcrEyomero sapmave (lj, (5).
NonoxnM
Alu x":i V,X v, aev '
kix) =
o, u=v
#H OTHOCHTENbHO we;i paccMoTpuM chemypmee BP:
b o
I{Mu,v}v‘ﬂw]ﬁ’dx-o vee!. - a2y
a

Pemenne w=0 gBARETCA €70 ENWHCTBeNHBM DeleHHeM. ITO BuTAKaRT,
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HanpuMep, w3 (4], #DocHonLKy keLz, a QyHKLuMA WV Ha l';(a,b:
HBNAETCA rem.uepéaon [31.
C npyro#t cropomsi, ma BP (1l1) gyonywaex

b
0 = [(qu,v)u-a(r xiv )grar =
a

b
- [(A(‘u.x)(u-vn‘+k(u-vne'd:,

T.8. 9715 pcwenuex BP (12) menserca ¢yHxuma w=u-v. Hrax, npumnu
K NPOTHBOpCHMIO: USY.

Oxazupaerca, uTCc B 2dajave (10), (5) awnuMuenocTs
KodhhHuMeHTA A CymecTIEeHia INA eAMHCTREeHHOCTH DImEeHHA.

Npurep 2. Nycrs a=A=B=0, b=, f=sinr-3sin’x. B xavecrtse A
BO3bME&M HEeNpPepsisHYyw (QYHKUMIO TaKYD, 4TO :

1+t2, tssinx,
Alt,x) = ; 1 g
L tzsinx+za in'x.
Torna ypaanemm (10} n ycnoBmam (5) YAOBNeTBOPART PYHAKUHM
u=sinx w uvﬁlnx-i-szin X.

3. MepelineM K paccHMOTPeHHED 3zpayu Jvpuxae QAR CHCTEMM
MMIAHNTHYECKHX ypabLeHHA

r ’ l-
l (a{u,v)u’ )’ =f, (13)

(Blu,v)v' ) =g.
fipupeder ABA NPMMEPA HeeAW/ICTBEHHOCTH pemeHHWA CHcTems (13)
¢ ycaousuAaMu  [IHpMXNEe, KOTOpMe nory4YawTCA M3 npuMepa 2
HeE AHHCTREHHCCTH pelleHHA ;nnauu (10), (5)-
Npuriep 3.. Nycte a=0, b=0, u(a)=v(a)=u(b)=0, vi{b)=Nl, g=2,
f=l, a a - NMMOHIBONBHAA HenpepuHIHAA PYHKUMA Taxas, 4TO

1+t2, t=sint,
a{€,T) = P (1)
ttlin‘t-hj. inx.
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Torna pemeHHAMM CHCTeN (13) AEnADTCA chexyomye napw GyUKOMA:
(u v )=(sinx,x), (u,v,)=( -.lnx+~§--1n°x,x) .
NMpurep 4. MNycts g-f--inr-:!-in:’x, a=0, b=1,
u(a)=u(b)=v(a)=v(b)=0, el 29D

a = ﬂpo"sﬁonbllﬂ‘ Henpepunuafl *’“Kuu‘ TaKaa, 4TO
1422, tst,

a(t,t) = { (16)

1, tﬂ:-l%t‘, ;
a fB(t,t)=a(t,T). Torma cHcTeme (13) ymOBNeTPOPADT chepynmue
nmapsl QyHKLIR: {
1 3 :
(ul,vlj-(ainx,sinx+jaln X), (un,va}-(r',u‘).

3aneyaume 2. JiunwMuebs GYHKUHH HE MOTYyT YHOBIASTBODATH
cooTHoweHHAM (14) mnu (16). Bonpoc © @AHHCTBEHHOCTH peNeHHA
xpaesoil zagayu llupuxse AnAa cucTeMms (13) » cnytae auMEMUeBWX
KOPDHLHEHTON &, B OCTAETCH OTHPHLITHNM.

B faxnwyYeHHe NOPHBeNEeH HeHOTOopuHe ycnoBMA, ofecnsuxpavume
eNHHCTEEHHOCTE pemenus cucTewm (13), (15). 3

Npeanomenne 4, MNycrts xoTA O6u onHa H3a OyHKuuMA f, g ecTh
TOM/I@CTBEHHBA HYNbL. ; ;

Torma 3zamaxa (13), (15) wnMeeT eOHHCTBEHHOE peWeHu” B

°
Knacce H:xw;.
llokazaTensCTBO CymecTBOBAHMA DENeHHRA  MOXHO npénucru,

HanpuMep, no OpPHHUHMY HBaynepa, ‘a nne AOCKA3ATENLCTRA
eNMHCTREHHOCTH, O3 orpaHWdeHusa OOGmMHOCTH, NPEANONCKMM, 4ro [=0.
Turma M3 paBescTRa A

b °

J’ alu,v)u'E'dx = 0 vieu!,

a

B3AB B KadecrtBe £ $YyHKUMO U M yuHTMBaAd, 4YTO a(u,v)>0, nonyiae
u=const. OTceoma, B cHay paeemx yciosu, u#0. Tenteps ™3
NpeahukdHMA 1 cheanyeil, 4TIo peweHue v ypaBHenua (f(0,v)¥')'=g
onpeneadeTCcy OAHOIHAHO.

Npennoxeuue 4 cnpageAnHBO Taxxe OPH JaMeHA HyJerMx yCoRORMR -






