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�#�2�7�Q�`�2 �k�y�R�N�- �?�Q�r�2�p�2�`�- �T�?�B�H�Q�b�Q�T�?�B�+���H�H�v �i�?�2�`�2 �B�b �� �/�B�z�2�`�2�M�+�2 �@ �� �K�2���b�m�`�2�K�2�M�i �2�`�`�Q�` �B�b �T�`�Q�T�@

���;���i�2�/ �r�?�2�M �+�?���M�;�B�M�; �7�`�Q�K �a�A �i�Q �*�:�a�X �6�m�`�i�?�2�`�K�Q�`�2�- �H�2�b�b �+�Q�M�7�m�b�B�Q�M �r�B�H�H �#�2 �2�t�T�2�`�B�2�M�+�2�/

���M�/ �K�Q�`�2 �B�M�i�2�`�/�B�b�+�B�T�H�B�M���`�v �+�Q�Q�T�2�`���i�B�Q�M �2�M�+�Q�m�`���;�2�/ �B�7 �r�2 ���H�H �K�Q�p�2 �i�Q �� �b�B�M�;�H�2 �K�2���b�m�`�2�K�2�M�i

�b�v�b�i�2�K�- �r�?�B�+�? �M�Q�r���/���v�b �B�b �i�?�2 �a�A�X �6�Q�` �i�?�2�b�2 �`�2���b�Q�M�b�- �i�?�2 �a�A �r�B�H�H �#�2 �m�b�2�/ �B�M �i�?�B�b �r�Q�`�F�X

�R



�Z�m���M�i�B�i�v �*�:�a �a�A
�J���;�M�2�i�B�+ �}�2�H�/ �B�M�i�2�M�b�B�i�vH =

p
4�� 0 H

�J���;�M�2�i�B�+ �}�2�H�/ �B�M�/�m�+�i�B�Q�MB
p

� 0=4� B
�J���;�M�2�i�B�x���i�B�Q�MM

p
4�=� 0 M

�J���;�M�2�i�B�+ �T�2�`�K�2���#�B�H�B�i�v� 0� �
�J���;�M�2�i�B�+ �b�m�b�+�2�T�i�B�#�B�H�B�i�v4�� �

�h���#�H�2 �R�, �*�Q�M�p�2�`�b�B�Q�M �i���#�H�2 �#�2�i�r�2�2�M �*�:�a ���M�/ �a�A �p���`�B���#�H�2�b �B�M �7�Q�`�K�m�H���b �(�k�)�X �h�Q �+�Q�M�p�2�`�i �7�`�Q�K
�a�A �i�Q �*�:�a�- �i�?�2 �b�v�K�#�Q�H �B�M �i�?�2 �+�2�H�H �Q�7 �a�A �+�Q�H�m�K�M �b�?�Q�m�H�/ �#�2 �`�2�T�H���+�2�/ �r�B�i�? �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�;
�+�2�H�H �B�M �*�:�a �+�Q�H�m�K�M�X �6�Q�` �2�t���K�T�H�2�-Bm SI= 4�� 0
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 �X

�Z�m���M�i�B�i�v �a�v�K�#�Q�H �a�A �*�:�a
�J���;�M�2�i�B�+ �}�2�H�/ �B�M�i�2�M�b�B�i�vH 1 A m � 1 4� � 10� 3 Oe
�J���;�M�2�i�B�+ �}�2�H�/ �B�M�/�m�+�i�B�Q�MB 1 T 104 G

�J���;�M�2�i�B�x���i�B�Q�M M 1 A m � 1 10� 3 G

�h���#�H�2 �k�, �*�Q�M�p�2�`�b�B�Q�M �i���#�H�2 �#�2�i�r�2�2�M �*�:�a ���M�/ �a�A �m�M�B�i�b �(�k�)�X �h�?�2 �+�Q�H�m�K�M�b �H�B�b�i �i�?�2 �b���K�2
���K�Q�m�M�i �Q�7 �� �T�?�v�b�B�+���H �[�m���M�i�B�i�v �2�t�T�`�2�b�b�2�/ �B�M �2�B�i�?�2�` �a�A �Q�` �*�:�a �b�v�b�i�2�K�X

�k �A�M�i�`�Q�/�m�+�i�B�Q�M

�k�X�R �J���;�M�2�i�B�+ �~�m�B�/�b

�J���;�M�2�i�B�+ �~�m�B�/�b ���H�b�Q �+���H�H�2�/ �7�2�`�`�Q�~�m�B�/�b �}�`�b�i �/�2�p�2�H�Q�T�2�/ �B�M �i�?�2 �R�N�e�y�b �B�M �i�?�2 �l�a�� �(�8�) ���`�2

�B�M�i�`�B�;�m�B�M�; �K���i�2�`�B���H�b �i�?���i ���`�2 �#�Q�i�? �H�B�[�m�B�/ ���M�/ �b�i�`�Q�M�;�H�v �B�M�~�m�2�M�+�2�/ �#�v �K���;�M�2�i�B�+ �}�2�H�/�b �(�e�-

�d�)�X �6�2�`�`�Q�~�m�B�/�b ���`�2 �K���/�2 �Q�7 �b�Q�H�B�/ �K���;�M�2�i�B�+ �U�7�Q�` �2�t���K�T�H�2�- �+�2�`�i���B�M �B�`�Q�M �Q�t�B�/�2�V �M���M�Q�T���`�i�B�+�H�2�b

�b�m�b�T�2�M�/�2�/ �B�M �� �+���`�`�B�2�` �H�B�[�m�B�/�X �h�?�2 �b�K���H�H �b�B�x�2 �Q�7 �i�?�2 �M���M�Q�T���`�i�B�+�H�2�b �U�/�B���K�2�i�2�`d � 10 nm�V

�2�M�b�m�`�2�b �#�Q�i�? �i�?���i �i�?�2 �T���`�i�B�+�H�2�b �+�Q�M�i���B�M �� �b�B�M�;�H�2 �K���;�M�2�i�B�+ �/�Q�K���B�M�- ���M�/ �i�?���i �/�m�2 �i�Q �i�?�2�`�K���H

�~�m�+�i�m���i�B�Q�M�b �i�?�2�v �`�2�K���B�M �B�M �i�?�2 �#�m�H�F �~�m�B�/�X �h�?�B�b �`�2�b�m�H�i�b �B�M �� �H�B�[�m�B�/ �i�?���i �2�t�T�2�`�B�2�M�+�2�b ��

�7�Q�`�+�2 �B�M �� �K���;�M�2�i�B�+ �}�2�H�/ �;�`���/�B�2�M�i ���b �� �r�?�Q�H�2�- ���M�/ �i�?���i �`�2�K���B�M�b �H�B�[�m�B�/�- ���b �Q�T�T�Q�b�2�/ �i�Q

�K���;�M�2�i�B�+ �T���`�i�B�+�H�2�b �#�2�B�M�; �T�m�H�H�2�/ �Q�m�i �Q�7 �i�?�2 �~�m�B�/�X �� �`�2�H���i�2�/ �+�H���b�b �Q�7 �K���i�2�`�B���H�b ���`�2 �i�?�2

�K���;�M�2�i�Q�`�?�2�Q�H�Q�;�B�+���H �~�m�B�/�b�- �r�?�2�`�2 �i�?�2 �b�B�x�2 �Q�7 �i�?�2 �K���;�M�2�i�B�+ �T���`�i�B�+�H�2�b �/�B�b�T�2�`�b�2�/ �B�M �� �~�m�B�/

�B�b �H���`�;�2�` �@ �Q�M �i�?�2 �Q�`�/�2�` �Q�7 �K�B�+�`�Q�K�2�i�2�`�b�X �J���;�M�2�i�Q�`�?�2�Q�H�Q�;�B�+���H �~�m�B�/�b �`���T�B�/�H�v �+�?���M�;�2 �i�?�2

�T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2�B�` �~�m�B�/�B�i�v �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 ���T�T�H�B�2�/ �K���;�M�2�i�B�+ �}�2�H�/�- �r�?�B�+�? �K���F�2�b �i�?�2�K

�B�M�i�2�`�2�b�i�B�M�; �B�M �K���M�v �B�M�/�m�b�i�`�B���H ���T�T�H�B�+���i�B�Q�M�b �(�3�- �N�)�- �?�Q�r�2�p�2�`�- �i�?�2�v �r�B�H�H �M�Q�i �#�2 �2�t���K�B�M�2�/ �B�M

�i�?�B�b �/�B�b�b�2�`�i���i�B�Q�M�X

�h�?�2 ���#�B�H�B�i�v �i�Q �T�`�2�+�B�b�2�H�v �K���M�B�T�m�H���i�2 �H�B�[�m�B�/ �K���i�i�2�` �r�B�i�? �2�t�i�2�`�M���H �K���;�M�2�i�B�+ �}�2�H�/ �?���b

�`�2�b�m�H�i�2�/ �B�M �7�m�M�/���K�2�M�i���H �b�+�B�2�M�i�B�}�+ �`�2�b�2���`�+�? �Q�7 �K���;�M�2�i�B�b�K �B�M �K���i�i�2�`�- �i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7

�M�Q�p�2�H �+�?�2�K�B�+���H �T�`�Q�+�2�/�m�`�2�b �7�Q�` �i�?�2 �b�v�M�i�?�2�b�2�b �Q�7 �K���;�M�2�i�B�+ �~�m�B�/�b �(�R�y�)�- �K�m�H�i�B�T�H�2 �+�Q�K�K�2�`�+�B���H

���M�/ �M�Q�M�@�+�Q�K�K�2�`�+�B���H ���T�T�H�B�+���i�B�Q�M�b �(�R�R�- �R�k�)�- ���M�/ �2�p�2�M ���`�i �(�R�j�)�X �h�?�`�Q�m�;�? �i�?�2 �v�2���`�b �b�B�;�M�B�}�@

�+���M�i �T�`�Q�;�`�2�b�b �?���b �#�2�2�M �K���/�2 �B�M �i�?�2 �}�2�H�/ �Q�7 �T�?�v�b�B�+�b �/�2���H�B�M�; �r�B�i�? �K���;�M�2�i�B�+ �H�B�[�m�B�/�b �M���K�2�/

�k



�k �A�L�h�_�P�.�l�*�h�A�P�L

�7�2�`� �̀Q�?�v�/� �̀Q�/�v�M���K�B�+�b�#�v �Q�M�2 �Q�7 �B�i�b �T�B�Q�M�2�2�`�b �_�X �1�X �_�Q�b�2�M�b�r�2�B�; �(�R�9�)�X �6�Q�` �� �K�Q�`�2 �B�M�@�/�2�T�i�?

�Q�p�2�`�p�B�2�r �Q�7 �i�?�2 �}�2�H�/�- �b�2�2 �Q�M�2 �Q�7 �b�2�p�2�`���H �i�2�t�i�#�Q�Q�F�b �i�?���i �?���p�2 �#�2�2�M �r�`�B�i�i�2�M �Q�M �B�i �(�R�y�- �R�8�-

�R�e�)�X

�k�X�R�X�R �a�i�`�m�+�i�m�`�2 ���M�/ �b�i���#�B�H�B�i�v

�h�?�2 �K���;�M�2�i�B�+ �M���M�Q�T���`�i�B�+�H�2�b �B�M �7�2�`�`�Q�~�m�B�/�b �2�t�T�2�`�B�2�M�+�2 �2�t�i�2�`�M���H �7�Q�`�+�2�b �i�?���i �+���M �+���m�b�2

�i�?�2�B�` �b�2�/�B�K�2�M�i���i�B�Q�M �7�`�Q�K �i�?�2 �b�m�b�T�2�M�b�B�Q�M �@ �M���K�2�H�v�- �;�`���p�B�i�v ���M�/ �K���;�M�2�i�B�+ �7�Q�`�+�2�b�X �6�Q�` �i�?�2

�7�2�`�`�Q�~�m�B�/ �i�Q �#�2 �b�i���#�H�2�- �i�?�2 �2�M�2�`�;�v �/�m�2 �i�Q �i�?�2 �i�?�2�`�K���H �K�Q�i�B�Q�M �b�?�Q�m�H�/ �#�2 �H���`�;�2�` �i�?���M �i�?�2

�2�M�2�`�;�v �/�m�2 �i�Q �i�?�2 �2�t�i�2�`�M���H �7�Q�`�+�2�b�X

�6�B�`�b�i�- �H�2�i �m�b �+�Q�K�T���`�2 �i�?�2 �;�`���p�B�i���i�B�Q�M���H �i�Q �i�?�2�`�K���H �2�M�2�`�;�B�2�b

� �V NP gL
kB T

� 1; �U�k�X�R�V

�r�?�2�`�2� � � 4000kg=m3 �B�b �i�?�2 �/�B�z�2�`�2�M�+�2 �Q�7 �/�2�M�b�B�i�B�2�b �#�2�i�r�2�2�M �i�?�2 �M���M�Q�T���`�i�B�+�H�2�b ���M�/ �i�?�2

�+���`�`�B�2�` �~�m�B�/�-VNP �B�b �i�?�2 �K���;�M�2�i�B�+ �T���`�i�B�+�H�2 �p�Q�H�m�K�2�-g = 9:8 m=s2 �B�b �i�?�2 �7�`�2�2�@�7���H�H ���+�+�2�H�2�`���i�B�Q�M�-

L = 5 cm �B�b �� �i�v�T�B�+���H �+�Q�M�i���B�M�2�` �?�2�B�;�?�i�-kB = 1:38� 10� 23 J=K �B�b �i�?�2 �"�Q�H�i�x�K���M�M �+�Q�M�b�i���M�i

���M�/T = 293 K �B�b �i�?�2 �`�Q�Q�K �i�2�K�T�2�`���i�m�`�2�X ���b�b�m�K�B�M�; �� �b�T�?�2�`�B�+���H �M���M�Q�T���`�i�B�+�H�2�- �i�?�B�b �`�2�b�m�H�i�b

�B�M �i�?�2 �/�B���K�2�i�2�` �Q�7 �i�?�2 �T���`�i�B�+�H�2 �b�m�+�? �i�?���i �B�i �`�2�K���B�M�b �b�m�b�T�2�M�/�2�/ �B�M �� �;�`���p�B�i���i�B�Q�M���H �}�2�H�/

d � 34 nm�X

�a�2�+�Q�M�/�- �� �K���;�M�2�i�B�+ �}�2�H�/ �;�`���/�B�2�M�i �+���M �T�`�Q�/�m�+�2 �� �7�Q�`�+�2 �i�?���i �+���m�b�2�b �i�?�2 �b�2�/�B�K�2�M�i���i�B�Q�M

�Q�7 �b�m�b�T�2�M�/�2�/ �T���`�i�B�+�H�2�b�- �i�?�2�`�2�7�Q�`�2�- �H�2�i �m�b �+�Q�K�T���`�2 �K���;�M�2�i�B�+ �i�Q �i�?�2�`�K���H �2�M�2�`�;�B�2�b �U�i�?�2 �7�Q�`�K

�Q�7 �i�?�2 �K���;�M�2�i�B�+ �2�M�2�`�;�v �B�b �7�`�Q�K �T���;�2 �j�9 �Q�7 �(�R�8�)�V

� 0mNP H
kB T

� 1; �U�k�X�k�V

�r�?�2�`�2mNP = MNP VNP �B�b �i�?�2 �K���;�M�2�i�B�+ �K�Q�K�2�M�i �Q�7 �i�?�2 �M���M�Q�T���`�i�B�+�H�2�-MNP � 3 � 105 A=m

�B�b �i�?�2 �b���i�m�`���i�B�Q�M �K���;�M�2�i�B�x���i�B�Q�M �Q�7 �i�?�2 �M���M�Q�T���`�i�B�+�H�2 �(�R�d�) �U�b�B�M�+�2 �i�?�2�v ���`�2 �b�B�M�;�H�2 �/�Q�K���B�M

�T���`�i�B�+�H�2�b�V�-� 0H = 0:1 T �B�b �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �b�i�`�2�M�;�i�? �Q�7 �� �+�Q�K�K�Q�M �T�2�`�K���M�2�M�i �K���;�M�2�i�X

�h�?�B�b �`�2�b�m�H�i�b �B�M �i�?�2 �/�B���K�2�i�2�` �Q�7 �i�?�2 �T���`�i�B�+�H�2 �b�m�+�? �i�?���i �B�i �`�2�K���B�M�b �b�m�b�T�2�M�/�2�/ �B�M �� �K���;�M�2�i�B�+

�}�2�H�/ �;�`���/�B�2�M�id � 6:4 nm�X

�h�?�B�b �b�B�K�T�H�2 ���M���H�v�b�B�b �2�t�T�H���B�M�b �r�?�v �i�?�2 �T���`�i�B�+�H�2�b �b�m�b�T�2�M�/�2�/ �B�M �� �K���;�M�2�i�B�+ �~�m�B�/ �M�2�2�/

�i�Q �#�2 �Q�M�H�v �b�2�p�2�`���H �M���M�Q�K�2�i�2�`�b �B�M �/�B���K�2�i�2�`�X �h�?�2 �K�2�i�?�Q�/ �?�Q�r �?�B�b�i�Q�`�B�+���H�H�v �b�m�+�? �b�K���H�H

�T���`�i�B�+�H�2�b �r�2�`�2 �+�`�2���i�2�/ �r���b �#�v �K�B�H�H�B�M�; �H���`�;�2�` �K���;�M�2�i�B�+ �T���`�i�B�+�H�2�b �(�8�)�- �?�Q�r�2�p�2�`�- �M�Q�r���/���v�b

�+�?�2�K�B�+���H �T�`�2�+�B�T�B�i���i�B�Q�M �B�b �+�Q�K�K�Q�M�H�v �m�b�2�/ �(�R�3�)�X �A�K�T�Q�`�i���M�i�H�v�- �i�?�2 �M���M�Q�T���`�i�B�+�H�2�b �2�t�T�2�`�B�2�M�+�2
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�b�m�K�K���`�B�x�2�b �i�?�2 �K���B�M �`�2�b�m�H�i�b �Q�7 �i�?�B�b �r�Q�`�F ���M�/ �2�M�/�b �r�B�i�? �b�Q�K�2 �;�2�M�2�`���H �+�Q�M�+�H�m�b�B�Q�M�b�X
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�q�2 �+�Q�M�b�B�/�2�` �� �K���;�M�2�i�B�+ �~�m�B�/ �/�`�Q�T�H�2�i �b�m�b�T�2�M�/�2�/ �B�M ���M �B�M�}�M�B�i�2 �M�Q�M�K���;�M�2�i�B�+ �+���`�`�B�2�` �~�m�B�/
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�i�?�2 �b�m�T�2�`�b�+�`�B�T�i(i )�V �?���b �i�?�2 �K���;�M�2�i�B�+ �T�2�`�K�2���#�B�H�B�i�v� ���M�/ �p�B�b�+�Q�b�B�i�v� (i ) �X �h�?�2 �b�m�`�`�Q�m�M�/�B�M�;
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�� �b�m�`�7���+�2 �i�2�M�b�B�Q�M �+�?���`���+�i�2�`�B�x�2�/ �#�v �i�?�2 �b�m�`�7���+�2 �i�2�M�b�B�Q�M �+�Q�2�{�+�B�2�M�i
 �2�t�B�b�i�b �#�2�i�r�2�2�M �i�?�2 �i�r�Q

�/�Q�K���B�M�b�X

�6�B�;�m�`�2 �j�X�R�, �� �b�F�2�i�+�? �Q�7 �i�?�2 �K���;�M�2�i�B�+ �/�`�Q�T�H�2�i �r�B�i�? �i�?�2 �p�B�b�+�Q�b�B�i�v� (i ) ���M�/ �K���;�M�2�i�B�+ �T�2�`�K�2�@
���#�B�H�B�i�v� �b�m�b�T�2�M�/�2�/ �B�M ���M �B�M�}�M�B�i�2 �~�m�B�/ �r�B�i�? �p�B�b�+�Q�b�B�i�v� (e) ���M�/ �K���;�M�2�i�B�+ �T�2�`�K�2���#�B�H�B�i�v� 0�X
�a�m�`�7���+�2 �i�2�M�b�B�Q�M ���+�i�b �Q�M �i�?�2 �/�`�Q�T�H�2�i �r�B�i�? �i�?�2 �b�m�`�7���+�2 �i�2�M�b�B�Q�M �+�Q�2�{�+�B�2�M�i
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�j�X�k �6�Q�`�K�m�H���i�B�Q�M �Q�7 �i�?�2 �K���;�M�2�i�Q�b�i���i�B�+ �T�`�Q�#�H�2�K

���M �2�t�i�2�`�M���H �K���;�M�2�i�B�+ �}�2�H�/H 1 �B�b ���T�T�H�B�2�/�X �J���;�M�2�i�B�+ �}�2�H�/ �T�`�Q�/�m�+�2�b �� �#�Q�/�v �7�Q�`�+�2

f i = @Tik
@xk

�B�M �i�?�2 �~�m�B�/ �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �J���t�r�2�H�H �b�i�`�2�b�b �i�2�M�b�Q�` �(�R�e�)

T = �
1
2

� 0H 2I + HB ; �U�j�X�R�V

�r�?�2�`�2I �B�b �i�?�2 �B�/�2�M�i�B�i�v �i�2�M�b�Q�`�-H ���M�/B = � 0(H + M ) ���`�2 �K���;�M�2�i�B�+ �}�2�H�/ �B�M�i�2�M�b�B�i�v
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�2�[�m�B�p���H�2�M�i �7�Q�`�K�m�H���i�B�Q�M�b �Q�7 �i�?�2 �J���t�r�2�H�H �b�i�`�2�b�b �i�2�M�b�Q�` �2�t�B�b�i �(�R�8�)�X �A�M �i�?�2�Q�`�2�i�B�+���H �i�`�2���i�K�2�M�i

�Q�7 �i�?�2 �T�`�Q�#�H�2�K�- �B�i �r�B�H�H �#�2 ���b�b�m�K�2�/ �i�?���i �i�?�2 �K���;�M�2�i�B�x���i�B�Q�M �B�b �H�B�M�2���`

M = � H ; B = � 0(1 + � )H = � H ; �U�j�X�k�V

�r�?�2�`�2� ���M�/� ���`�2 �i�?�2 �K���;�M�2�i�B�+ �b�m�b�+�2�T�i�B�#�B�H�B�i�v ���M�/ �T�2�`�K�2���#�B�H�B�i�v�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�h�Q �+���H�+�m�H���i�2 �i�?�2 �K���;�M�2�i�B�+ �b�i�`�2�b�b�- �r�2 �}�`�b�i �M�2�2�/ �i�Q �b�Q�H�p�2 �7�Q�` �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �B�M�b�B�/�2

���M�/ �Q�m�i�b�B�/�2 �i�?�2 �/�`�Q�T�H�2�i�X �h�Q �/�Q �i�?�B�b �r�2 �m�b�2 �i�?�2 �2�[�m���i�B�Q�M�b �Q�7 �K���;�M�2�i�Q�b�i���i�B�+�b�- �(�N�9�)�,

r � H = 0; �U�j�X�j�V

r � B = 0; �U�j�X�9�V

�r�?�B�+�? ���`�2 �p���H�B�/ �r�?�2�MR0=t0 � c ���M�/ �J���t�r�2�H�H�ö�b �2�[�m���i�B�Q�M�b �7�Q�` �i�?�2 �2�H�2�+�i�`�B�+ ���M�/ �K���;�M�2�i�B�+

�}�2�H�/ �/�2�+�Q�m�T�H�2 �U�b�2�2 �/�2�`�B�p���i�B�Q�M �B�M ���T�T�2�M�/�B�t ���X�R�V�XR0 ���M�/t0 ���`�2 �+�?���`���+�i�2�`�B�b�i�B�+ �H�2�M�;�i�? ���M�/

�i�B�K�2 �b�+���H�2�b �Q�7 �i�?�2 �T�`�Q�#�H�2�K�- �`�2�b�T�2�+�i�B�p�2�H�v�- ���M�/c �B�b �i�?�2 �b�T�2�2�/ �Q�7 �H�B�;�?�i�X �h�?�B�b �B�b �2�[�m�B�p���H�2�M�i

�i�Q �i�?�2 �`�2�[�m�B�`�2�K�2�M�i �i�?���iR0 � � EM �- �r�?�2�`�2� EM �B�b �i�?�2 �r���p�2�H�2�M�;�i�? �Q�7 �i�?�2 �2�H�2�+�i�`�Q�K���;�M�2�i�B�+

�`���/�B���i�B�Q�M �2�K�B�i�i�2�/ �/�m�2 �i�Q �i�?�2 �+�?���M�;�B�M�; �K���;�M�2�i�B�+ �}�2�H�/�X

�1�[�m���i�B�Q�M �U�j�X�j�V �B�b �b���i�B�b�}�2�/�- �B�7 �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �B�b �� �;�`���/�B�2�M�i �Q�7 �� �T�Q�i�2�M�i�B���H

H = r  : �U�j�X�8�V

�*�Q�K�#�B�M�2�/ �r�B�i�? �U�j�X�9�V�- �r�2 �b�2�2 �i�?���i �i�?�2 �K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H �B�b �i�?�2 �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �G���T�H���+�2

�2�[�m���i�B�Q�M �#�Q�i�? �B�M�b�B�/�2 ���M�/ �Q�m�i�b�B�/�2 �i�?�2 �/�`�Q�T�H�2�i

�  = 0 �U�j�X�e�V
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�6�`�Q�K �i�?�2 �J���t�r�2�H�H�ö�b �2�[�m���i�B�Q�M�b �B�i �B�b �2�p�B�/�2�M�i �i�?���i �Q�M �i�?�2 �#�Q�m�M�/���`�v �Q�7 �/�B�z�2�`�2�M�i �K�2�/�B��

�i�?�2 �M�Q�`�K���HB �}�2�H�/ �B�b �+�Q�M�i�B�M�m�Q�m�b ���M�/ �i�?�2 �i���M�;�2�M�i�B���HH �}�2�H�/ �B�b �+�Q�M�i�B�M�m�Q�m�b �(�N�9�)�X �h�?�B�b �H�2���/�b

�i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �Q�M �i�?�2 �/�`�Q�T�H�2�i �b�m�`�7���+�2�,

� 0n � r  (e) � � n � r  (i ) = 0 �U�j�X�d�V

 (e) �  (i ) = 0; �U�j�X�3�V

�r�?�2�`�2n �B�b �i�?�2 �Q�m�i�r���`�/ �M�Q�`�K���H �Q�M �i�?�2 �/�`�Q�T�H�2�i�X �G���b�i�H�v�- �r�2 �`�2�[�m�B�`�2 �i�?���i �#�2 �#�Q�m�M�/�2�/�- ���M�/

�7���` ���r���v �7�`�Q�K �i�?�2 �/�`�Q�T�H�2�i �i�?�2 �T�2�`�i�m�`�#���i�B�Q�M �Q�7 �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �#�v �i�?�2 �/�`�Q�T�H�2�i �p���M�B�b�?�2�b

r  jr !1 = H 1 ; �U�j�X�N�V

�Q�` �2�[�m�B�p���H�2�M�i�H�v

 jr !1 =  1 = H 1 � x ; �U�j�X�R�y�V

�r�?�2�`�2x �B�b �i�?�2 �`���/�B�m�b �p�2�+�i�Q�`�X

�j�X�j �6�Q�`�K�m�H���i�B�Q�M �Q�7 �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �T�`�Q�#�H�2�K

�h�?�2 �K�Q�i�B�Q�M �Q�7 �~�m�B�/�b �B�M�b�B�/�2 ���M�/ �Q�m�i�b�B�/�2 �Q�7 �i�?�2 �/�`�Q�T�H�2�i �B�b �;�Q�p�2�`�M�2�/ �#�v �i�?�2 �2�[�m���i�B�Q�M�b �Q�7

�B�M�+�Q�K�T�`�2�b�b�B�#�B�H�B�i�v ���M�/ �+�Q�M�b�2�`�p���i�B�Q�M �Q�7 �K�Q�K�2�M�i�m�K �(�N�8�)�,

r � v = 0; �U�j�X�R�R�V

�
Dv
Dt

= � r ~p + � � v + f ; �U�j�X�R�k�V

�r�?�2�`�2v �B�b �i�?�2 �p�2�H�Q�+�B�i�v�-� �B�b �i�?�2 �/�2�M�b�B�i�v�-~p �B�b �i�?�2 �T�`�2�b�b�m�`�2 ���M�/� �B�b �i�?�2 �/�v�M���K�B�+ �p�B�b�+�Q�b�B�i�v

�Q�7 �i�?�2 �~�m�B�/�Xf �B�b �i�?�2 �7�Q�`�+�2 �T�2�` �m�M�B�i �p�Q�H�m�K�2 ���+�i�B�M�; �Q�M �i�?�2 �#�m�H�F �~�m�B�/�XD
Dt = @

@t+ v � r �B�b

�i�?�2 �K���i�2�`�B���H �/�2�`�B�p���i�B�p�2�X ���M�Q�i�?�2�` �m�b�2�7�m�H �[�m���M�i�B�i�v �B�b �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �b�i�`�2�b�b �i�2�M�b�Q�`

~� ij = � ~p� ij + �
�

@vi
@xj

+
@vj
@xi

�
; �U�j�X�R�j�V

�r�?�2�`�2� ij �B�b �i�?�2 �E�`�Q�M�2�+�F�2�` �/�2�H�i�� ���M�/T �/�2�M�Q�i�2�b �i�?�2 �i�`���M�b�T�Q�b�2�X �h�?�2 �2�[�m���i�B�Q�M�b �Q�7 �K�Q�i�B�Q�M

�r�B�i�? �B�i ���`�2 �r�`�B�i�i�2�M ���b

�
Dv i

Dt
=

@~� ij

@xj
+ f i : �U�j�X�R�9�V

�q�?�2�M �i�?�2 �~�m�B�/ �B�b �K���;�M�2�i�B�+�- �r�2 �+���M �+�Q�M�M�2�+�i �i�?�2 �7�Q�`�+�2 �T�2�` �m�M�B�i �p�Q�H�m�K�2 �r�B�i�? �i�?�2 �J���t�r�2�H�H

�R�j



�j�X�j �6�Q�`�K�m�H���i�B�Q�M �Q�7 �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �T�`�Q�#�H�2�K

�b�i�`�2�b�b �i�2�M�b�Q�`f i = @Tik
@xk

�X �q�2 �+���M �b�B�K�T�H�B�7�v �i�?�2 �7�Q�`�+�2 �/�m�2 �i�Q �J���t�r�2�H�H �b�i�`�2�b�b �i�2�M�b�Q�` �#�v �r�`�B�i�B�M�;

�B�i ���b �� �;�`���/�B�2�M�i �Q�7 �K���;�M�2�i�B�+ �T�`�2�b�b�m�`�2 �U�/�2�`�B�p���i�B�Q�M �B�b �B�M ���T�T�2�M�/�B�t ���X�k�V

f = � r pM ; �U�j�X�R�8�V

pM = �
1
2

� 0

�
�
� 0

� 1
�

H 2: �U�j�X�R�e�V

�A�7 �i�?�2 �_�2�v�M�Q�H�/�b �M�m�K�#�2�` �Q�7 �i�?�2 �~�Q�r �B�M ���M�/ ���`�Q�m�M�/ �i�?�2 �/�`�Q�T�H�2�i �B�b �b�m�{�+�B�2�M�i�H�v �b�K���H�H

Re � 1�- �2�[�m���i�B�Q�M �U�j�X�R�k�V �+���M �#�2 �H�B�M�2���`�B�x�2�/ �i�?�m�b �b�B�;�M�B�}�+���M�i�H�v �b�B�K�T�H�B�7�v�B�M�; �i�?�2 �T�`�Q�#�H�2�K�X

�_�2�v�M�Q�H�/�b �M�m�K�#�2�` �B�b �i�?�2 �/�B�K�2�M�b�B�Q�M�H�2�b�b �`���i�B�Q �#�2�i�r�2�2�M �B�M�2�`�i�B���H �Q�p�2�` �p�B�b�+�Q�m�b �7�Q�`�+�2�b�X �A�i �+���M

�#�2 �2�t�T�`�2�b�b�2�/ ���b �(�N�8�)

Re =
�uR 0

�
; �U�j�X�R�d�V

�r�?�2�`�2u ���M�/R0 ���`�2 �� �+�?���`���+�i�2�`�B�b�i�B�+ �p�2�H�Q�+�B�i�v �b�+���H�2 ���M�/ �� �+�?���`���+�i�2�`�B�b�i�B�+ �H�2�M�;�i�? �b�+���H�2 �B�M �i�?�2

�T�`�Q�#�H�2�K�X

�1�t�T�2�`�B�K�2�M�i���H�H�v �r�2 �b�2�2 �i�?���i �m�M�/�2�7�Q�`�K�2�/ �K���;�M�2�i�B�+ �K�B�+�`�Q�/�`�Q�T�H�2�i�b ���`�2 �i�v�T�B�+���H�H�v ���`�Q�m�M�/

R0 � 10 �m �B�M �`���/�B�m�b�- �r�?�B�+�? �B�b �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �H�2�M�;�i�? �b�+���H�2�X �h�?�2�B�` �p�B�b�+�Q�b�B�i�v �B�b ���`�Q�m�M�/

�R�y�y �i�B�K�2�b �H���`�;�2�` �i�?���M �i�?�2�B�` �b�m�`�`�Q�m�M�/�B�M�; �K�2�/�B�m�K�- �r�?�B�+�? �+���M �#�2 �i���F�2�M �i�Q �#�2 ���T�T�`�Q�t�B�K���i�2�H�v

�i�?�2 �p�B�b�+�Q�b�B�i�v �Q�7 �r���i�2�`� (i )=100� � (e) � 1 mPa�s �(�e�3�- �N�e�)�X �"�m�i �i�?�2�B�` �/�2�M�b�B�i�v �B�b �Q�M�H�v �� �+�Q�m�T�H�2

�Q�7 �i�B�K�2�b �H���`�;�2�` �i�?���M �i�?�2 �/�2�M�b�B�i�v �Q�7 �i�?�2 �b�m�`�`�Q�m�M�/�B�M�; �K�2�/�B�m�K� (i )=2:5 � � (e) � 1000kg=m3

�(�d�R�)�X �6�`�Q�K �i�?�2 �`���i�B�Q�=� �- �B�i �B�b �2�p�B�/�2�M�i �i�?���i �i�?�2 �_�2�v�M�Q�H�/�b �M�m�K�#�2�` �b�?�Q�m�H�/ �#�2 �H���`�;�2�` �Q�m�i�b�B�/�2

�i�?���M �B�M�b�B�/�2 �i�?�2 �/�`�Q�T�H�2�i�X �h�?�2�`�2�7�Q�`�2�- �H�2�i �m�b �H�Q�Q�F ���i �i�?�2 �r�Q�`�b�i �+���b�2 �@ �i�?�2 �~�Q�r �Q�m�i�b�B�/�2 �i�?�2

�/�`�Q�T�H�2�i�X �q�2 �+���M �2�b�i�B�K���i�2 �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �p�2�H�Q�+�B�i�v �b�+���H�2 ���bu = R0=� �- �r�?�2�`�2� �B�b ��

�+�?���`���+�i�2�`�B�b�i�B�+ �i�B�K�2 �b�+���H�2�X �h�?�2 �+�?�Q�B�+�2 �Q�7� �B�b �M�Q�i �B�K�K�2�/�B���i�2�H�v �Q�#�p�B�Q�m�b�- �#�2�+���m�b�2 �i�?�2 �K�Q�i�B�Q�M

�Q�7 �i�?�2 �/�`�Q�T�H�2�i �+���M �[�m���H�B�i���i�B�p�2�H�v �p���`�v �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 ���T�T�H�B�2�/ �K���;�M�2�i�B�+ �}�2�H�/ �b�i�`�2�M�;�i�? ���M�/

�`�Q�i���i�B�Q�M �7�`�2�[�m�2�M�+�v�X �6�Q�` �i�?�2 �+���b�2 �r�?�2�`�2 �i�?�2 �/�Q�K�B�M���M�i �K�Q�i�B�Q�M �Q�7 �i�?�2 �/�`�Q�T�H�2�i �B�b �/�m�2 �i�Q �i�?�2

�b�m�`�7���+�2 �/�2�7�Q�`�K���i�B�Q�M�- �� �+�?���`���+�i�2�`�B�b�i�B�+ �i�B�K�2 �b�+���H�2 �Q�7

� def =
R0(16� (e) + 19� (i ))(3� (e) + 2� (i ))

40
 (� (e) + � (i ))
�U�j�X�R�3�V

�b�?�Q�m�H�/ �#�2 �m�b�2�/ �(�e�9�)�- �r�?�2�`�2
 � 10� 6 N=m �B�b �i�?�2 �b�m�`�7���+�2 �i�2�M�b�B�Q�M �Q�7 �i�?�2 �/�`�Q�T�H�2�i �(�N�e�)�X

�P�m�i�b�B�/�2 �i�?�2 �/�`�Q�T�H�2�i �i�?�B�b �H�2���/�b �i�QRe = 10� 4�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �7�Q�` �i�?�2 �+���b�2 �r�?�2�M �i�?�2

�K�Q�i�B�Q�M �B�b �/�Q�K�B�M���i�2�/ �#�v �i�?�2 �`�Q�i���i�B�Q�M �Q�7 �i�?�2 �/�`�Q�T�H�2�i ���b �� �+�Q�K�T���b�b �M�2�2�/�H�2 �B�M �� �`�Q�i���i�B�M�;

�R�9



�j �J���h�>�1�J���h�A�*���G �6�P�_�J�l�G���h�A�P�L �P�6 �h�>�1 �S�_�P�"�G�1�J

�K���;�M�2�i�B�+ �}�2�H�/�- �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �i�B�K�2 �b�+���H�2 �b�?�Q�m�H�/ �#�2

� rot =
1

2�f
; �U�j�X�R�N�V

�r�?�2�`�2f �B�b �i�?�2 �`�Q�i���i�B�Q�M �7�`�2�[�m�2�M�+�v �Q�7 �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/�X �q�B�i�? �`�2���b�Q�M���#�H�2 �K���;�M�2�i�B�+ �}�2�H�/

�b�i�`�2�M�;�i�? �7�Q�` �p�2�`�v �H���`�;�2 �7�`�2�[�m�2�M�+�B�2�bf > 100Hz�- �i�?�2 �/�`�Q�T�H�2�i�b �M�Q �H�Q�M�;�2�` �`�Q�i���i�2 ���b �+�Q�K�T���b�b

�M�2�2�/�H�2�b �#�m�i �~���i�i�2�M �Q�m�i ���M�/ �i�?�2�B�` �K�Q�i�B�Q�M �B�b �/�Q�K�B�M���i�2�/ �#�v �b�m�`�7���+�2 �/�2�7�Q�`�K���i�B�Q�M�b�X �h�?�2�`�2�7�Q�`�2�-

�i�Q �2�b�i�B�K���i�2 �i�?�B�b �i�B�K�2 �b�+���H�2�- �r�2 �i���F�2f = 50 Hz�- �r�?�B�+�? �H�2���/�b �i�QRe = 3 � 10� 2�- �b�i�B�H�H �� �b�K���H�H

�p���H�m�2�X

�"�2�+���m�b�2 �Q�7 �i�?�2 �b�K���H�H �_�2�v�M�Q�H�/�b �M�m�K�#�2�` �r�2 �+���M �M�2�;�H�2�+�i �i�?�2 �B�M�2�`�i�B�� �Q�7 �i�?�2 �~�m�B�/�b ���M�/

�2�[�m���i�B�Q�M �U�j�X�R�k�V �b�B�K�T�H�B�}�2�b �i�Q �i�?�2 �a�i�Q�F�2�b �2�[�m���i�B�Q�M �(�N�8�)

� r ~p + � � v � r pM = 0: �U�j�X�k�y�V

�G�2�i �m�b �2�t���K�B�M�2 �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �7�Q�` �i�?�2 �T�`�Q�#�H�2�K�X �q�?�2�M �i�?�2 �7�`�2�2 �b�m�`�7���+�2

�#�2�i�r�2�2�M �i�?�2 �i�r�Q �B�M�+�Q�K�T�`�2�b�b�B�#�H�2 �~�m�B�/�b �/�2�7�Q�`�K�b�- �B�i �B�b �#�2�+���m�b�2 �Q�M�2 �~�m�B�/ �K�Q�p�2�b ���r���v ���M�/

���M�Q�i�?�2�` �i���F�2�b �B�i�b �T�H���+�2�X �h�?�2�`�2 �+���M �#�2 �M�Q �~�Q�r �i�?�`�Q�m�;�? �i�?�2 �B�M�i�2�`�7���+�2�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �M�Q�`�K���H

�p�2�H�Q�+�B�i�v �Q�7 �Q�M�2 �~�m�B�/ ���i �i�?�2 �B�M�i�2�`�7���+�2 �B�b �2�[�m���H �i�Q �i�?�2 �M�Q�`�K���H �p�2�H�Q�+�B�i�v �Q�7 �i�?�2 �Q�i�?�2�` �~�m�B�/�- �B�M

�Q�i�?�2�` �r�Q�`�/�b �@ �B�i �B�b �+�Q�M�i�B�M�m�Q�m�b�,

v (i ) � n � v (e) � n = 0: �U�j�X�k�R�V

�6�m�`�i�?�2�`�K�Q�`�2�- �b�H�B�T�T�B�M�; �B�M �i�?�2 �i���M�;�2�M�i�B���H �/�B�`�2�+�i�B�Q�M �B�b �T�Q�b�b�B�#�H�2 �Q�M�H�v �B�7 �i�?�2 �p�B�b�+�Q�b�B�i�v �Q�7 �Q�M�2 �Q�7

�i�?�2 �~�m�B�/�b �B�b �x�2�`�Q �U�7�Q�` �2�t���K�T�H�2 �� �#�m�#�#�H�2 �Q�7 ���B�` �B�M�b�B�/�2 �r���i�2�`�V�X �P�i�?�2�`�r�B�b�2�- �i�?�2�`�2 �r�Q�m�H�/ �#�2 ��

�}�M�B�i�2 �D�m�K�T �B�Mv �Q�p�2�` ���M �B�M�}�M�B�i�2�H�v �b�K���H�H �/�B�b�i���M�+�2 �`�2�b�m�H�i�B�M�; �B�M �B�M�}�M�B�i�2�H�v �H���`�;�2� � v �i�2�`�K �B�M

�i�?�2 �2�[�m���i�B�Q�M �U�j�X�R�k�V�X �h�?�2�`�2�7�Q�`�2�- �r�2 �`�2�[�m�B�`�2 �i�?���i �i�?�2 �i���M�;�2�M�i�B���H �p�2�H�Q�+�B�i�v �Q�M �i�?�2 �i�r�Q �~�m�B�/

�B�M�i�2�`�7���+�2 �B�b ���H�b�Q �+�Q�M�i�B�M�m�Q�m�b�,

Pjj � v (i ) � Pjj � v (e) = 0; �U�j�X�k�k�V

�r�?�2�`�2Pjj = I � nn �B�b �i�?�2 �Q�T�2�`���i�Q�` �7�Q�` �T�`�Q�D�2�+�i�B�M�; �� �p�2�+�i�Q�` �Q�M �i�?�2 �/�`�Q�T�H�2�i �b�m�`�7���+�2�X �*�Q�K�@

�#�B�M�B�M�; �i�?�2 �2�[�m���i�B�Q�M�b �U�j�X�k�R�V ���M�/ �U�j�X�k�k�V�- �r�2 �;�2�i �i�?���i �i�?�2 �p�2�H�Q�+�B�i�v �Q�M �i�?�2 �/�`�Q�T�H�2�i �B�M�i�2�`�7���+�2

�B�b �+�Q�M�i�B�M�m�Q�m�b

v (i ) � v (e) = 0: �U�j�X�k�j�V

�R�8



�j�X�j �6�Q�`�K�m�H���i�B�Q�M �Q�7 �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �T�`�Q�#�H�2�K

�G���b�i�H�v�- �i�?�2 �b�m�K �i�Q�i���H �Q�7 ���H�H �i�?�2 �7�Q�`�+�2�b ���+�i�B�M�; �Q�M �i�?�2 �#�Q�m�M�/���`�v �b�?�Q�m�H�/ �#�2 �x�2�`�Q�,

n � (~� (e) � ~� (i )) � n + n � (T (e) � T (i )) � n � 
 (k1 + k2) = 0; �U�j�X�k�9�V

Pjj � ( ~� (e) � ~� (i )) � n + Pjj � (T (e) � T (i )) � n = 0; �U�j�X�k�8�V

�r�?�2�`�2T �B�b �i�?�2 �J���t�r�2�H�H �b�i�`�2�b�b �i�2�M�b�Q�`�-
 �B�b �i�?�2 �b�m�`�7���+�2 �i�2�M�b�B�Q�M �+�Q�2�{�+�B�2�M�i ���M�/k1; k2 ���`�2 �i�?�2

�T�`�B�M�+�B�T���H �+�m�`�p���i�m�`�2�b �Q�7 �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2�X �h�?�2 �7�Q�`�+�2 �/�B�z�2�`�2�M�+�2 �Q�M �i�?�2 �#�Q�m�M�/���`�v �/�m�2

�i�Q �i�?�2 �J���t�r�2�H�H �b�i�`�2�b�b �i�2�M�b�Q�` �B�bPjj � (T (e) � T (i )) � n = 0 �B�M �i�?�2 �i���M�;�2�M�i�B���H �/�B�`�2�+�i�B�Q�M�- ���M�/

n � (T (e) � T (i )) � n = � 0
2 M (i )

n
2

�B�M �i�?�2 �M�Q�`�K���H �/�B�`�2�+�i�B�Q�M�- �r�?�2�`�2M n �B�b �i�?�2 �K���;�M�2�i�B�x���i�B�Q�M �B�M

�i�?�2 �M�Q�`�K���H �/�B�`�2�+�i�B�Q�M �U�/�2�`�B�p���i�B�Q�M �B�b �B�M ���T�T�2�M�/�B�t ���X�j�V�X

�6���` ���r���v �7�`�Q�K �i�?�2 �/�`�Q�T�H�2�i �r�2 �K���v �B�K�T�Q�b�2 �� �#���+�F�;�`�Q�m�M�/ �~�Q�r �r�B�i�? �p�2�H�Q�+�B�i�vv1 �- �T�`�2�b�b�m�`�2

p1 ���M�/ �i�?�2�`�2�7�Q�`�2 �� �?�v�/�`�Q�/�v�M���K�B�+ �b�i�`�2�b�b� 1 �X �6���` ���r���v �i�?�2 �T�2�`�i�m�`�#���i�B�Q�M�b ���`�B�b�B�M�; �7�`�Q�K

�i�?�2 �/�`�Q�T�H�2�i �p���M�B�b�? ���M�/ �r�2 �?���p�2

vjr !1 = v1 ; ~pjr !1 = p1 ; ~� jr !1 = � 1 : �U�j�X�k�e�V

�j�X�j�X�R �6�Q�`�K�m�H���i�B�Q�M �Q�7 �i�?�2 �T�`�Q�#�H�2�K �7�Q�` �i�?�2 �2�z�2�+�i�B�p�2 �T�`�2�b�b�m�`�2

�A�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �+�Q�K�#�B�M�2 �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �T�`�2�b�b�m�`�2 �r�B�i�? �i�?�2 �K���;�M�2�i�B�+ �T�`�2�b�b�m�`�2 �U�r�`�B�i�@

�i�2�M �B�M �2�[�X �U�j�X�R�e�V�V �B�M�i�Q ���M �2�z�2�+�i�B�p�2 �T�`�2�b�b�m�`�2

p = ~p + pM ; �U�j�X�k�d�V

�r�?�B�+�? ���H�H�Q�r�b �m�b �i�Q �r�`�B�i�2

� r p + � � v = 0: �U�j�X�k�3�V

�h�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �Q�M �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2 �M�2�2�/ �i�Q �#�2 �K�Q�/�B�}�2�/ �i�Q �i���F�2 �B�M�i�Q ���+�@

�+�Q�m�M�i �i�?�2 �2�z�2�+�i�B�p�2 �T�`�2�b�b�m�`�2 ���M�/ �i�?�2 �2�z�2�+�i�B�p�2 �?�v�/�`�Q�/�v�M���K�B�+ �b�i�`�2�b�b �i�2�M�b�Q�`� ij = � p� ij +

�
�

@vi
@xj

+ @vj
@xi

�
�X �h�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M �7�Q�` �p�2�H�Q�+�B�i�v �+�Q�M�i�B�M�m�B�i�v �`�2�K���B�M�b �m�M�+�?���M�;�2�/�,

v (e) � v (i ) = 0: �U�j�X�k�N�V

�h�?�2 �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �7�Q�`�+�2�b �Q�M �i�?�2 �b�m�`�7���+�2 �B�M �i�?�2 �M�Q�`�K���H �/�B�`�2�+�i�B�Q�M �B�b �+�?���M�;�2�/ �i�Q

n � (� (e) � � (i )) � n + f M � 
 (k1 + k2) = 0 ; �U�j�X�j�y�V

�R�e



�j �J���h�>�1�J���h�A�*���G �6�P�_�J�l�G���h�A�P�L �P�6 �h�>�1 �S�_�P�"�G�1�J

�r�?�2�`�2

f M =
1
2

� 0

�
�
� 0

� 1
� �

�
� 0

H (i )
n

2
+ H (i )

t

2
�

�U�j�X�j�R�V

�B�b �i�?�2 �2�z�2�+�i�B�p�2 �K���;�M�2�i�B�+ �b�m�`�7���+�2 �7�Q�`�+�2�-Hn ���M�/H t ���`�2 �i�?�2 �M�Q�`�K���H ���M�/ �i���M�;�2�M�i�B���H �K���;�@

�M�2�i�B�+ �}�2�H�/ �B�M�i�2�M�b�B�i�v �p���H�m�2�b �U�/�2�`�B�p���i�B�Q�M �B�b �B�M ���T�T�2�M�/�B�t ���X�9�V�X �h�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M �7�Q�`

�i���M�;�2�M�i�B���H �7�Q�`�+�2�b �B�b �m�M�+�?���M�;�2�/

Pjj � (� (e) � � (i )) � n = 0: �U�j�X�j�k�V

�h�?�2 �+�Q�M�/�B�i�B�Q�M�b �7���` ���r���v �7�`�Q�K �i�?�2 �/�`�Q�T�H�2�i ���H�b�Q �`�2�K���B�M �m�M�+�?���M�;�2�/

v jr !1 = v1 ; pjr !1 = p1 ; � jr !1 = � 1 : �U�j�X�j�j�V

�j�X�9 �.�B�K�2�M�b�B�Q�M�H�2�b�b �p���`�B���#�H�2�b

�h�?�`�2�2 �/�B�K�2�M�b�B�Q�M�H�2�b�b �T���`���K�2�i�2�`�b ���`�B�b�2 �M���i�m�`���H�H�v �B�M �i�?�2 �T�`�Q�#�H�2�K

�Ç � = � ( i )

� ( e) �- �i�?�2 �p�B�b�+�Q�b�B�i�v �`���i�B�Q�-

�Ç � r = �
� 0

�- �i�?�2 �`�2�H���i�B�p�2 �K���;�M�2�i�B�+ �T�2�`�K�2���#�B�H�B�i�v�-

�Ç Bm = 4�� 0
R0H 2

1

 �- �i�?�2 �K���;�M�2�i�B�+ �"�Q�M�/ �M�m�K�#�2�`�X �A�i �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �� �+�?���`���+�i�2�`�B�b�i�B�+

�K���;�M�2�i�B�+ �7�Q�`�+�2 �Q�p�2�` �� �+�?���`���+�i�2�`�B�b�i�B�+ �7�Q�`�+�2 �/�m�2 �i�Q �b�m�`�7���+�2 �i�2�M�b�B�Q�M�X

�L�Q�i�2 �i�?���i �/�B�z�2�`�2�M�i ���m�i�?�Q�`�b �?���p�2 �m�b�2�/ �/�B�z�2�`�2�M�i �2�t�T�`�2�b�b�B�Q�M�b �7�Q�` �i�?�2 �K���;�M�2�i�B�+ �"�Q�M�/ �M�m�K�#�2�`�X

���M�/ �+���`�2 �b�?�Q�m�H�/ �#�2 �i���F�2�M �r�?�2�M �+�Q�K�T���`�B�M�; �i�?�2�B�` �/�B�z�2�`�2�M�i �`�2�b�m�H�i�b�X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �+�Q�M�@

�b�i���M�i �K�m�H�i�B�T�H�2 �B�b �/�B�z�2�`�2�M�i �b�m�+�? ���bBm = � 0
R0H 2

1

 �B�M �(�e�d�) ���M�/Bm = � 0

R0H 2
1

2
 �B�M �(�e�y�)�X �6�2�r

���m�i�?�Q�`�b �+���H�H �i�?�B�b �/�B�K�2�M�b�B�Q�M�H�2�b�b �`���i�B�Q �i�?�2 �K���;�M�2�i�B�+ �+���T�B�H�H���`�v �M�m�K�#�2�`Cam �(�N�d�)�X �a�Q�K�2�i�B�K�2�b

�i�?�2 �[�m���M�i�B�i�v �i�?���i �B�b �+���H�H�2�/ �i�?�2 �K���;�M�2�i�B�+ �"�Q�M�/ �M�m�K�#�2�` �B�M�+�H�m�/�2�b �K���;�M�2�i�B�x���i�B�Q�M �B�M�b�i�2���/ �Q�7

�K���;�M�2�i�B�+ �}�2�H�/ �B�M�i�2�M�b�B�i�vBm = � 0
4�

R1 M 2


 �(�R�e�)�X �h�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �K���;�M�2�i�B�+ �"�Q�M�/ �M�m�K�#�2�` �B�M

�i�?�B�b �r�Q�`�F �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �(�e�k�)�X

�R�d



�9 �1�t�T�2�`�B�K�2�M�i���H �b�2�i�m�T

�9�X�R �a���K�T�H�2

�A�M �i�?�B�b �r�Q�`�F �r�2 �m�b�2�/ �� �r���i�2�` �#���b�2�/ �7�2�`�`�Q�~�m�B�/ �+�Q�M�i���B�M�B�M�; �K���;�?�2�K�B�i�2 �U
 �@Fe2O3�V �M���M�Q�T���`�@

�i�B�+�H�2�b �+�Q���i�2�/ �r�B�i�? �� �+�B�i�`���i�2 �H���v�2�`�X �h�?�2 �+�B�i�`���i�2 �B�Q�M�b �Q�M �i�?�2 �b�m�`�7���+�2 �Q�7 �i�?�2 �M���M�Q�T���`�i�B�+�H�2�b ���`�2

�M�2�;���i�B�p�2�H�v �+�?���`�;�2�/ ���M�/ �i�?�m�b �T�`�2�p�2�M�i �i�?�2�B�` ���;�;�H�Q�K�2�`���i�B�Q�M�X �h�?�2 �+�Q�M�+�2�M�i�`���i�B�Q�M �Q�7 �7�`�2�2 �+�B�i�@

�`���i�2 �B�M �i�?�2 �+���`�`�B�2�` �~�m�B�/ �B�b[�+�B�i]�7�`�2�2= 0:06mol=L�X �h�?�2 �M���M�Q�T���`�i�B�+�H�2 �b�B�x�2 �B�b �H�Q�;�@�M�Q�`�K���H�H�v

�/�B�b�i�`�B�#�m�i�2�/

p(d) =
1

�d
p

2�
e�

(ln d
d0

) 2

2� 2 ; �U�9�X�R�V

�r�?�2�`�2 �i�?�2 �K�2�/�B���M �/�B���K�2�i�2�` �Q�7 �i�?�2 �M���M�Q�T���`�i�B�+�H�2�b �B�bd0 � 7nm ���M�/ �i�?�2�B�` �T�Q�H�v�/�B�b�T�2�`�b�B�i�v �B�b

� � 0:3�X �h�?�2 �M���M�Q�T���`�i�B�+�H�2�b ���`�2 �b�K���H�H �2�M�Q�m�;�? �i�Q �+�Q�M�i���B�M �Q�M�H�v �� �b�B�M�;�H�2 �K���;�M�2�i�B�+ �/�Q�K���B�M

�(�R�d�)�X �h�?�2�B�` �K���;�M�2�i�B�+ �K�Q�K�2�M�i �B�b

mNP = MNP
�d 3

6
; �U�9�X�k�V

�r�?�2�`�2MNP � 3 � 105A=m �B�b �i�?�2 �b���i�m�`���i�B�Q�M �K���;�M�2�i�B�x���i�B�Q�M �Q�7 �i�?�2 �M���M�Q�T���`�i�B�+�H�2�b �(�R�d�)�X �h�?�2

�p�Q�H�m�K�2 �7�`���+�i�B�Q�M �Q�7 �i�?�2 �M���M�Q�T���`�i�B�+�H�2�b �B�M �i�?�2 �7�2�`�`�Q�~�m�B�/ �B�b� F F � 4:6%�X �h�?�2�`�2�7�Q�`�2 �r�2 �+���M

�+���H�+�m�H���i�2 �B�i�b �b���i�m�`���i�B�Q�M �K���;�M�2�i�B�x���i�B�Q�M �U�r�?�2�M ���H�H �i�?�2 �K���;�M�2�i�B�+ �M���M�Q�T���`�i�B�+�H�2�b ���`�2 ���H�B�;�M�2�/�V

���b

MF F = � F F MNP � 1:4 � 104A=m �U�9�X�j�V

�6�B�;�m�`�2 �9�X�R�, �.�2�b�i���#�B�H�B�x�2�/ �7�2�`�`�Q�~�m�B�/�X �h�?�2 �+�Q�M�+�2�M�i�`���i�2�/ �T�?���b�2 �7�Q�`�K�b �K���;�M�2�i�B�+ �/�`�Q�T�H�2�i�b �b�2�2�M
���b �/���`�F�2�` �/�B�b�F�b �Q�7 �p���`�B�Q�m�b �/�B���K�2�i�2�`�b �b�m�`�`�Q�m�M�/�2�/ �#�v �� �/�B�H�m�i�2 �T�?���b�2 �U�H�2�7�i�V�X �h�?�2 �/�`�Q�T�H�2�i�b
�2�H�Q�M�;���i�2 �B�M �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 ���T�T�H�B�2�/ �}�2�H�/ �U�`�B�;�?�i�V�X �h�?�2 �}�2�H�/ �Q�7 �p�B�2�r �B�b132�m � 100�m �X

�q�?�2�M �i�?�2 �7�2�`�`�Q�~�m�B�/ �B�b �b�i���#�H�2�- �B�i �+���M �#�2 �/�2�b�+�`�B�#�2�/ ���b �� �;���b �Q�7 �K���;�M�2�i�B�+ �M���M�Q�T���`�i�B�+�H�2�b

�(�R�e�)�X �h�?�2 �7�2�`�`�Q�~�m�B�/ �+���M �#�2 �/�2�b�i���#�B�H�B�x�2�/ �+�`�2���i�B�M�; �� �;���b�@�H�B�[�m�B�/ �i�v�T�2 �T�?���b�2 �i�`���M�b�B�i�B�Q�M�X �A�M �i�?�B�b

�R�3
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�T�?���b�2 �i�`���M�b�B�i�B�Q�M�- �i�?�2 �7�2�`�`�Q�~�m�B�/ �b�2�T���`���i�2�b �B�M�i�Q �i�r�Q �T�?���b�2�b �r�B�i�? �/�B�z�2�`�2�M�i �+�Q�M�+�2�M�i�`���i�B�Q�M�b �Q�7

�K���;�M�2�i�B�+ �M���M�Q�T���`�i�B�+�H�2�b �U�}�;�m�`�2 �9�X�R�V�X �h�?�2 �/�2�b�i���#�B�H�B�x�B�M�; �+���M �#�2 ���+�?�B�2�p�2�/ �#�v �B�M�+�`�2���b�B�M�; �i�?�2

�K���;�M�2�i�B�+ �}�2�H�/�- �/�2�+�`�2���b�B�M�; �i�?�2 �i�2�K�T�2�`���i�m�`�2 �Q�` �B�M�+�`�2���b�B�M�; �i�?�2 �B�Q�M�B�+ �b�i�`�2�M�;�i�? �Q�7 �i�?�2 �7�2�`�`�Q�~�m�B�/

�U�#�v �/�B�b�b�Q�H�p�B�M�; �b���H�i�- �7�Q�` �2�t���K�T�H�2�V �(�k�y�- �k�R�- �k�k�- �k�j�- �N�3�)�X

�h�?�2 �+�Q�M�+�2�M�i�`���i�2�/ �T�?���b�2 �7�Q�`�K�b �/�`�Q�T�H�2�i�b �r�B�i�? �� �i�v�T�B�+���H �/�B���K�2�i�2�` �Q�7 �b�2�p�2�`���H �K�B�+�`�Q�K�2�i�2�`�b�-
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���M�/� 0�- � ���`�2 �T�?�2�M�Q�K�2�M�Q�H�Q�;�B�+���H �+�Q�M�b�i���M�i�b �@ �i�?�2 �2�[�m�B�H�B�#�`�B�m�K ���M�B�b�Q�i�`�Q�T�v �i�2�M�b�Q�` ���M�/ �i�?�2

�+�?���`���+�i�2�`�B�b�i�B�+ �`�2�H���t���i�B�Q�M �i�B�K�2 �i�Q �i�?�B�b �2�[�m�B�H�B�#�`�B�m�K�- �`�2�b�T�2�+�i�B�p�2�H�v�X �� �#�`�B�2�7 �2�t�T�H���M���i�B�Q�M �Q�7 �U�8�X�3�V

�B�b ���b �7�Q�H�H�Q�r�b �(�R�y�N�)�X �h�?�2 �H�2�7�i�@�?���M�/ �b�B�/�2 �B�b �i�?�2 �C���m�K���M�M �/�2�`�B�p���i�B�p�2�- �r�?�B�+�? �/�2�b�+�`�B�#�2�b �?�Q�r �i�?�2

�+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2 �i�2�M�b�Q�` �2�p�Q�H�p�2 �/�m�2 �i�Q �i�?�2 �`�Q�i���i�B�Q�M�X �h�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �b�?�Q�r�b �i�?���i �i�?�2

�/�`�Q�T�H�2�i �2�t�T�Q�M�2�M�i�B���H�H�v �i���F�2�b �m�T �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �b�?���T�2 �+�?���`���+�i�2�`�B�x�2�/ �#�v �i�?�2 �i�2�M�b�Q�`� 0�X �h�?�2

�K�Q�/�2�H �+�Q�m�H�/ �#�2 �B�K�T�`�Q�p�2�/ �i�Q �B�M�+�H�m�/�2 �i�?�2 �2�z�2�+�i�b �Q�7 �b�?�2���` �~�Q�r�- ���M�/ �i�?�2�`�2�7�Q�`�2 �/�2�b�+�`�B�#�2 �i�?�2

�`�?�2�Q�H�Q�;�v �Q�7 �/�B�H�m�i�2 �b�m�b�T�2�M�b�B�Q�M �Q�7 �K���;�M�2�i�B�+ �/�`�Q�T�H�2�i�b �U�b�2�2 �i�?�2 �J���z�2�i�i�Q�M�2�@�J�B�M���H�2 �K�Q�/�2�H�- �i�?���i

�m�b�2�b �� �i�2�M�b�Q�`S �b�B�K�B�H���` �i�Q �i�?�2 �B�M�p�2�`�b�2 �Q�7 �i�?�2 �Q�M�2 �m�b�2�/ �B�M �i�?�B�b �r�Q�`�FS = R2
0(� + I)� 1 �(�R�y�d�)�V�X

�A�M�b�2�`�i�B�M�; �i�?�2� �2�t�T�`�2�b�b�B�Q�M �7�`�Q�K �U�8�X�d�V �B�M�i�Q �U�8�X�3�V ���M�/ �i���F�B�M�; �i�?�2 �/�Q�i �T�`�Q�/�m�+�i �Q�M �#�Q�i�?

�b�B�/�2�b �r�B�i�? �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`n m �- �r�2 �;�2�i ���M �2�[�m���i�B�Q�M �7�Q�` �i�?�2 �i�B�K�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �2�B�;�2�M�p���H�m�2�b

d� m

dt
= �

1
�

�
� m � n m � � 0 � n m

�
: �U�8�X�N�V

�h�Q �+�H�Q�b�2 �i�?�2 �b�v�b�i�2�K�- �r�2 �M�Q�r �M�2�2�/ �i�?�2 �2�[�m���i�B�Q�M�b �7�Q�` �i�?�2 �2�B�;�2�M�p�2�+�i�Q�` �i�B�K�2 �2�p�Q�H�m�i�B�Q�M�X �a�B�M�+�2

�i�?�2 �2�B�;�2�M�p�2�+�i�Q�`�b ���`�2 �m�M�B�i �H�2�M�;�i�? ���M�/ ���H�r���v�b �Q�`�i�?�Q�;�Q�M���H �i�Q �2���+�? �Q�i�?�2�`�- �i�?�2�v �Q�M�H�v �`�Q�i���i�2

�r�B�i�? �i�?�2 ���M�;�m�H���` �p�2�H�Q�+�B�i�vP
dn m

dt
= P � n m : �U�8�X�R�y�V

�h�Q �}�M�/P �- �r�2 �}�`�b�i �B�M�b�2�`�i �U�8�X�d�V �B�M�i�Q �U�8�X�3�V ���M�/ �i���F�2 �i�?�2 �/�Q�i �T�`�Q�/�m�+�i �r�B�i�?n m �7�`�Q�K �i�?�2 �H�2�7�i

�?���M�/ �b�B�/�2 ���M�/ �r�B�i�?n l �7�`�Q�K �i�?�2 �`�B�;�?�i �?���M�/ �b�B�/�2 ���M�/ �;�2�i

dn m

dt
� n l � (
 � n m ) � n l = �

n m � � 0 � n l

� (� m � � l )
; �U�8�X�R�R�V

�r�?�2�`�2 �r�2 �B�M�b�2�`�i �U�8�X�R�y�V ���M�/ ���7�i�2�` �i�?�2 �`�2���`�`���M�;�2�K�2�M�i �Q�7 �i�?�2 �i�`�B�T�H�2 �T�`�Q�/�m�+�i �r�2 �;�2�i

(P � 
 ) � (n m � n l ) = �
n m � � 0 � n l

� (� m � � l )
: �U�8�X�R�k�V

�A�7 �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`�b ���`�2 �b�m�+�? �i�?���i �i�?�2�v �7�Q�`�K �i�?�2 �#���b�B�b �7�Q�` �� �`�B�;�?�i �?���M�/�2�/ �+�Q�Q�`�/�B�M���i�2 �b�v�b�i�2�K

8
>>>><

>>>>:

n 1 = n 2 � n 3

n 2 = n 3 � n 1

n 3 = n 1 � n 2

; �U�8�X�R�j�V

�j�y



�8 �a�J���G�G �.�1�6�P�_�J���h�A�P�L �.�u�L���J�A�*�a

�i�?�2�M �b�B�M�+�2P � 
 =
P 3

k=1 ((P � 
 ) � n k)n k �r�2 �;�2�i ���M �2�[�m���i�B�Q�M �7�Q�` �i�?�2 ���M�;�m�H���` �p�2�H�Q�+�B�i�v

P = 
 �
1
�

�
n 1 � � 0 � n 2

(� 1 � � 2)
n 3 +

n 2 � � 0 � n 3

(� 2 � � 3)
n 1 +

n 3 � � 0 � n 1

(� 3 � � 1)
n 2

�
: �U�8�X�R�9�V

�h�?�2 �2�[�m���i�B�Q�M�b �U�8�X�N�V�- �U�8�X�R�y�V ���M�/ �U�8�X�R�9�V �+���M �#�2 �m�b�2�/ �i�Q �+���H�+�m�H���i�2 �i�?�2 �b�?���T�2 �2�p�Q�H�m�i�B�Q�M

�7�Q�` �� �K���;�M�2�i�B�+ �/�`�Q�T�H�2�i �B�M �� �`�Q�i���i�B�M�; �~�Q�r ���M�/ �B�M �� �b�i���i�B�Q�M���`�v �K���;�M�2�i�B�+ �}�2�H�/ �i�?���i �r�Q�m�H�/

�T�`�Q�/�m�+�2 �i�?�2 �/�2�7�Q�`�K���i�B�Q�M �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q� 0 �B�M �� �M�Q�M�@�`�Q�i���i�B�M�; �~�Q�r�X ���H�i�2�`�M���i�B�p�2�H�v �r�2 �+���M

�+�?���M�;�2 �i�?�2 �`�2�7�2�`�2�M�+�2 �7�`���K�2 �i�Q �+���H�+�m�H���i�2 �i�?�2 �b�?���T�2 �2�p�Q�H�m�i�B�Q�M �7�Q�` �� �/�`�Q�T�H�2�i �B�M �� �`�Q�i���i�B�M�; �U�Q�`

�T�`�2�+�2�b�b�B�M�;�V �K���;�M�2�i�B�+ �}�2�H�/ ���b �r�B�H�H �#�2 �b�?�Q�r�M �B�M �i�?�2 �M�2�t�i �T���`�i�X

�8�X�j�X�k �A�M�@�T�H���M�2 �/�v�M���K�B�+�b

�q�?�2�M �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �B�b �`�Q�i���i�B�M�; �r�B�i�? �i�?�2 ���M�;�m�H���` �p�2�H�Q�+�B�i�v! = ! ex �- �r�2 �+���M �+�?���M�;�2

�i�?�2 �`�2�7�2�`�2�M�+�2 �7�`���K�2 �b�m�+�? �i�?���i �i�?�2 �}�2�H�/ �B�b �T�Q�B�M�i�B�M�; �B�M �i�?�2z ���t�B�b �/�B�`�2�+�i�B�Q�M ���M�/ �i�?�2�`�2 �B�b ���M

���/�/�B�i�B�Q�M���H �~�m�B�/ �~�Q�r �`�Q�i���i�B�M�; �r�B�i�? �i�?�2 ���M�;�m�H���` �p�2�H�Q�+�B�i�v
 = � ! ex �X �L�Q ���/�/�B�i�B�Q�M���H �b�i�`�2�b�b�2�b

���`�2 �7�Q�`�K�2�/ �B�M �i�?�B�b �M�Q�M�@�B�M�2�`�i�B���H �`�2�7�2�`�2�M�+�2 �7�`���K�2 �b�B�M�+�2 �r�2 ���`�2 �r�Q�`�F�B�M�; �B�M �i�?�2 �a�i�Q�F�2�b �~�Q�r

�H�B�K�B�i�X �A�M �i�?�B�b �`�2�7�2�`�2�M�+�2 �7�`���K�2 �r�2 �+���M �m�b�2 �U�8�X�3�V�X

�q�?�2�M! = 0�- �i�?�2 �/�`�Q�T�H�2�i �2�H�Q�M�;���i�2�b �B�M �i�?�2z �/�B�`�2�+�i�B�Q�M ���M�/ �i���F�2�b �m�T �� �T�`�Q�H���i�2 �b�?���T�2

�+�?���`���+�i�2�`�B�x�2�/ �#�v �B�i�b �2�H�Q�M�;���i�B�Q�M

� = [ � 1]! =0 : �U�8�X�R�8�V

�h�?�2 �+�Q�M�b�2�`�p���i�B�Q�M �Q�7 �p�Q�H�m�K�2 �T�m�i�b �� �+�Q�M�b�i�`���B�M�i �Q�M �i�?�2 �2�B�;�2�M�p���H�m�2�b �Q�7 �i�?�2 ���M�B�b�Q�i�`�Q�T�v �i�2�M�b�Q�`
Q 3

i =1 (1 + � i ) = 1 �- �r�?�B�+�? �B�M �i�?�2 �H�B�K�B�i �Q�7 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M�b �b�B�K�T�H�B�}�2�b �i�Q

� 1 + � 2 + � 3 = 0: �U�8�X�R�e�V

�l�b�B�M�; �U�8�X�R�8�V ���M�/ �i�?�2 �+�Q�M�b�i�`���B�M�i �U�8�X�R�e�V�- �r�2 �+���M �r�`�B�i�2 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K ���M�B�b�Q�i�`�Q�T�v �i�2�M�b�Q�`

� 0 =

0

B
B
B
@

2�
3 0 0

0 2�
3 0

0 0 � 4�
3

1

C
C
C
A

: �U�8�X�R�d�V

�q�B�i�? �i�?�B�b ���M�/ �b�2�i�i�B�M�;
 = � ! ex �- �i�?�2 �2�[�m���i�B�Q�M �U�8�X�3�V �`�2�b�m�H�i�b �B�M �i�?�`�2�2 �B�M�/�2�T�2�M�/�2�M�i �b�2�i�b

�j�R



�8�X�j ���M�B�b�Q�i�`�Q�T�v �i�2�M�b�Q�` ���T�T�`�Q���+�?

�Q�7 �2�[�m���i�B�Q�M�b 8
>>>>>><

>>>>>>:

d� 22

dt
= �

1
�

�
� 22 �

2�
3

�
+ 2!� 23

d� 23

dt
= �

1
�

� 23 � !� 22 + !� 33

d� 33

dt
= �

1
�

�
� 33 +

4�
3

�
� 2!� 23

: �U�8�X�R�3�V

8
><

>:

d� 12

dt
= �

1
�

� 12 + !� 13

d� 13

dt
= �

1
�

� 13 � !� 12

; �U�8�X�R�N�V

d� 11

dt
= �

1
�

�
� 11 �

2�
3

�
; �U�8�X�k�y�V

�h�?�2 �b�v�b�i�2�K �U�8�X�R�3�V �/�2�b�+�`�B�#�2�b �i�?�2 �B�M�@�T�H���M�2 �K�Q�i�B�Q�M �Q�7 �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�?���T�2 �@ �r�?�2�M �Q�M�2 �Q�7 �i�?�2

�/�`�Q�T�H�2�i�ö�b ���t�B�b �B�b ���H�B�;�M�2�/ �r�B�i�? �i�?�2 �}�2�H�/ �`�Q�i���i�B�Q�M �/�B�`�2�+�i�B�Q�M�X �h�?�2 �b�v�b�i�2�K �U�8�X�R�N�V �/�2�b�+�`�B�#�2�b �i�?�2

�Q�m�i�@�Q�7�@�T�H���M�2 �K�Q�i�B�Q�M ���M�/ �r�B�H�H �M�Q�i �#�2 �7�m�`�i�?�2�` ���M���H�v�x�2�/ �B�M �i�?�2 �r�Q�`�F�X �h�?�B�b �K�Q�i�B�Q�M �/�2�+���v�b

�2�t�T�Q�M�2�M�i�B���H�H�v ���M�/ �i�?�2 �B�M�@�T�H���M�2 �K�Q�i�B�Q�M �B�b �b�i���#�H�2�X �6�B�M���H�H�v�- �U�8�X�k�y�V �B�b �`�2�[�m�B�`�2�/ �i�Q �b���i�B�b�7�v �i�?�2

�p�Q�H�m�K�2 �+�Q�M�b�2�`�p���i�B�Q�M�X �A�i�b �b�Q�H�m�i�B�Q�M �B�b �`�2�/�m�M�/���M�i �b�B�M�+�2 �i�?�2 �i�`���+�2 �Q�7 �i�?�2 ���M�B�b�Q�i�`�Q�T�v �i�2�M�b�Q�` �B�b

���H�r���v�b �x�2�`�Q ���b �+���M �#�2 �b�2�2�M �7�`�Q�K �U�8�X�R�e�V�X

�h�?�2 �2�B�;�2�M�p�2�+�i�Q�`�b �Q�7 �i�?�2 ���M�B�b�Q�i�`�Q�T�v �i�2�M�b�Q�` �7�Q�H�H�Q�r �i�?�2 �2�H�H�B�T�b�Q�B�/ �b�2�K�B���t�2�b ���M�/ �7�Q�` �i�?�2

�B�M�@�T�H���M�2 �K�Q�i�B�Q�M ���`�28
>>>><

>>>>:

n 1 = ex

n 2 = ey cos(� ) + ez sin(� )

n 3 = � ey sin(� ) + ez cos(� )

: �U�8�X�k�R�V

�S�H�m�;�;�B�M�; �i�?�2�K �B�M�i�Q �U�8�X�d�V�- �r�2 �;�2�i

8
>>>><

>>>>:

� 22 = � 2 cos2(� ) + � 3 sin2(� )

� 23 = ( � 2 � � 3) cos(� ) sin(� )

� 33 = � 2 sin2(� ) + � 3 cos2(� )

; �U�8�X�k�k�V

�r�?�B�+�? �r�2 �b�m�#�b�i�B�i�m�i�2 �B�M �U�8�X�R�3�V �i�Q �;�2�i �i�?�2 �i�B�K�2 �/�2�`�B�p���i�B�p�2�b �Q�7 �i�?�2 �2�B�;�2�M�p���H�m�2�b �Q�7 �i�?�2 ���M�B�b�Q�i�`�Q�T�v

�i�2�M�b�Q�` ���M�/ �i�?�2 ���M�;�H�2�

8
>>>>>>><

>>>>>>>:

d� 2

dt
= �

1
�

�
� 2 +

�
3

� � cos(2� )
�

d� 3

dt
= �

1
�

�
� 3 +

�
3

+ � cos(2� )
�

d�
dt

= � ! +
� sin(2� )

� (� 3 � � 2)

: �U�8�X�k�j�V

�j�k
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�A�M �i�?�2 �H�B�K�B�i �Q�7 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M�b�- �i�?�2 �2�H�Q�M�;���i�B�Q�M ���M�/ �~���i�M�2�b�b �T���`���K�2�i�2�`�b�- ���`�2 �`�2�H���i�2�/

�i�Q �i�?�2 �2�B�;�2�M�p���H�m�2�b �Q�7 �i�?�2 ���M�B�b�Q�i�`�Q�T�v �i�2�M�b�Q�` �#�v

8
><

>:

� 1 =
1
2

(� 2 � � 3)

� 2 =
1
2

(� 1 � � 2) =
1
2

(� 2� 2 � � 3)
; �U�8�X�k�9�V

�r�?�B�+�? �r�2 �B�M�b�2�`�i �B�M�i�Q �U�8�X�k�j�V �i�Q �;�2�i �?�Q�r �i�?�2 �/�`�Q�T�H�2�i�ö�b �2�H�Q�M�;���i�B�Q�M ���M�/ �~���i�M�2�b�b �i�Q�;�2�i�?�2�` �r�B�i�?

�i�?�2 ���M�;�H�2� �+�?���M�;�2 �r�B�i�? �i�B�K�2

8
>>>>>><

>>>>>>:

d�1

dt
= �

1
�

(� 1 � � cos(2� ))

d�2

dt
= �

1
�

�
� 2 � � sin2(� )

�

d�
dt

= � ! �
� cos(� ) sin(� )

� � 1

: �U�8�X�k�8�V

�h�?�2 �}�M���H �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b �U�8�X�k�8�V �+�Q�M�i���B�M�b �i�r�Q �T�?�2�M�Q�K�2�M�Q�H�Q�;�B�+���H �+�Q�M�b�i���M�i�b �@ �i�?�2

�+�?���`���+�i�2�`�B�b�i�B�+ �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M �/�2�+���v �i�B�K�2� ���M�/ �i�?�2 �2�H�Q�M�;���i�B�Q�M� �Q�7 �i�?�2 �/�`�Q�T�H�2�i �B�M

�b�i���i�B�Q�M���`�v �K���;�M�2�i�B�+ �}�2�H�/�X �h�?�2�b�2 �+�Q�M�b�i���M�i�b �+���M �#�2 �/�2�i�2�`�K�B�M�2�/ �2�B�i�?�2�` �2�t�T�2�`�B�K�2�M�i���H�H�v �Q�`

�7�`�Q�K ���M���# �B�M�B�i�B�Q�K�Q�/�2�H �b�m�+�? ���b �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �b�Q�H�m�i�B�Q�M �/�2�b�+�`�B�#�2�/ �B�M �b�2�+�i�B�Q�M �8�X�9�X

�8�X�9 �>�v�/�`�Q�/�v�M���K�B�+ ���T�T�`�Q���+�?

�q�2 �b�Q�H�p�2 �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ ���M�/ �K���;�M�2�i�Q�b�i���i�B�+ �T�`�Q�#�H�2�K�b �7�Q�`�K�m�H���i�2�/ �B�M �b�2�+�i�B�Q�M�b �j�X�k ���M�/

�j�X�j �B�M �i�?�2 �H�B�K�B�i �Q�7 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M�b ���M�/ �r�2���F �K���;�M�2�i�B�+ �}�2�H�/ �m�b�B�M�; �T�2�`�i�m�`�#���i�B�Q�M �i�?�2�Q�`�v

�(�R�y�N�)�X �a�m�+�? ���M ���T�T�`�Q���+�? �?���b �#�2�2�M �7�`�m�B�i�7�m�H �B�M �/�2�b�+�`�B�#�B�M�; �i�?�2 �/�v�M���K�B�+�b �Q�7 �M�2���`�H�v �b�T�?�2�`�B�+���H

�p�B�b�+�Q�m�b �/�`�Q�T�H�2�i�b �B�M �2�t�i�2�`�M���H �~�Q�r�b �(�R�R�y�)�- �/�`�Q�T�H�2�i�b �+�Q�p�2�`�2�/ �B�M �b�m�`�7���+�i���M�i �B�M �2�t�i�2�`�M���H �~�Q�r�b

�(�R�R�R�)�- �/�`�Q�T�H�2�i�b �B�M �2�H�2�+�i�`�B�+ �}�2�H�/�b �(�R�y�9�- �R�R�k�) ���M�/ �i�?�2�B�` �2�K�m�H�b�B�Q�M�b �(�R�y�j�)�X

�q�2 �B�M�i�`�Q�/�m�+�2 �� �b�K���H�H �T���`���K�2�i�2�`" �i�?���i �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �b�K���H�H �/�2�p�B���i�B�Q�M �7�`�Q�K ��

�b�T�?�2�`�B�+���H �/�`�Q�T�X �A�M �b�T�?�2�`�B�+���H �+�Q�Q�`�/�B�M���i�2�b

8
>>>><

>>>>:

x = r cos(� ) sin(� )

y = r sin(� ) sin(� )

z = r cos(� )

; �U�8�X�k�e�V

�r�2 �+���M �r�`�B�i�2 �i�?�2 �b�?���T�2 �Q�7 �� �/�`�Q�T�H�2�i �r�B�i�? �� �b�K���H�H �/�2�p�B���i�B�Q�M ���br = R0 (1 + "f (�; � )) �-

�r�?�2�`�2f (�; � ) �/�2�b�+�`�B�#�2�b �i�?�2 �b�?���T�2 ���M�/" �i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �/�2�p�B���i�B�Q�M�X �6�Q�` ���M �2�H�H�B�T�b�Q�B�/���H

�/�`�Q�T�H�2�i �r�2 �r�B�H�H �b�?�Q�r �i�?���i �i�?�2 �T���`���K�2�i�2�`" �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �2�H�Q�M�;���i�B�Q�M ���M�/ �~���i�M�2�b�b

�j�j



�8�X�9 �>�v�/�`�Q�/�v�M���K�B�+ ���T�T�`�Q���+�?

�Q�7 �i�?�2 �/�`�Q�T�H�2�i� 1 = O(")�-� 2 = O(")�X

�q�2 �r�`�B�i�2 �i�?�2 �T�?�v�b�B�+���H �T���`���K�2�i�2�`�b �/�2�b�+�`�B�#�B�M�; �i�?�2 �T�`�Q�#�H�2�K �B�M �T�Q�r�2�` �b�2�`�B�2�b �Q�7"

v = v0 + "v1 + O("2);

~p = ~p0 + " ~p1 + O("2);

f M = f M 0 + "f M 1 + O("2):

�U�8�X�k�d�V

�S���`���K�2�i�2�`�b �r�B�i�? �B�M�/�2�t �y �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2 �m�M�/�2�7�Q�`�K�2�/ �U�b�T�?�2�`�B�+���H�V �/�`�Q�T�H�2�i ���M�/ �b�?�Q�r �i�?�2

�2�z�2�+�i�b �Q�7 �i�?�2 �K���;�M�2�i�B�+ �7�Q�`�+�B�M�;�X �S���`���K�2�i�2�`�b �r�B�i�? �B�M�/�2�t �R �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2 �2�z�2�+�i �Q�7 �b�m�`�7���+�2

�/�2�7�Q�`�K���i�B�Q�M ���M�/ �b�?�Q�r�- �7�Q�` �2�t���K�T�H�2�- �i�?�2 �~�Q�r �/�m�2 �i�Q �b�m�`�7���+�2 �i�2�M�b�B�Q�M�X �A�M �i�?�2 ���T�T�`�Q�t�B�K���i�2

�b�Q�H�m�i�B�Q�M�- �r�2 ���b�b�m�K�2 �i�?���i �i�?�2 �K���;�M�2�i�B�+ �"�Q�M�/ �M�m�K�#�2�`Bm �B�b ���H�b�Q �b�K���H�H�- �i�?�2�`�2�7�Q�`�2 �r�2 �Q�K�B�i

���H�H �i�2�`�K�b �i�?���i �b�+���H�2 ���bO("2) ���M�/O("Bm )�X

�q�2 �b�Q�H�p�2 �i�?�2 �T�`�Q�#�H�2�K �7�Q�` �� �b�i���i�B�Q�M���`�v �K���;�M�2�i�B�+ �}�2�H�/ �T�Q�B�M�i�B�M�; �B�M �i�?�2z �/�B�`�2�+�i�B�Q�M ���M�/

�i�?�2�M �i�Q �;�2�i �i�?�2 �b�Q�H�m�i�B�Q�M �7�Q�` �� �}�2�H�/ �i�?���i �`�Q�i���i�2�b �r�2 ���/�/ �� �+�Q�M�b�i���M�i �~�Q�r �`�Q�i���i�B�M�; �B�M �i�?�2

�Q�T�T�Q�b�B�i�2 �/�B�`�2�+�i�B�Q�M �U�B�X�2�X �r�2 �m�b�2 �� �`�2�7�2�`�2�M�+�2 �7�`���K�2 �B�M �r�?�B�+�? �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �B�b �T�Q�B�M�i�B�M�;

�B�M �i�?�2z �/�B�`�2�+�i�B�Q�M�V�X

�8�X�9�X�R �a�T�?�2�`�B�+���H �/�`�Q�T�H�2�i�- �K���;�M�2�i�Q�b�i���i�B�+ �T�`�Q�#�H�2�K

�6�B�`�b�i �r�2 �M�2�2�/ �i�Q �+���H�+�m�H���i�2 �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �B�M�b�B�/�2 �i�?�2 �/�`�Q�T�H�2�i�X �6�B�M�/�B�M�; �i�?�2 �K���;�M�2�i�B�+

�U�Q�` �2�[�m�B�p���H�2�M�i�H�v �2�H�2�+�i�`�B�+�V �}�2�H�/ �B�M �� �T���`���K���;�M�2�i�B�+ �U�/�B�2�H�2�+�i�`�B�+�V �b�T�?�2�`�2 �B�b �� �+�H���b�b�B�+ �i�2�t�i�#�Q�Q�F

�T�`�Q�#�H�2�K �i�?���i �+���M �#�2 �b�Q�H�p�2�/ �B�M �b�2�p�2�`���H �r���v�b �(�k�- �R�8�- �N�9�- �R�R�j�- �R�R�9�)�X �L�Q�M�2�i�?�2�H�2�b�b�- �r�2 �T�`�2�b�2�M�i

�� �b�Q�H�m�i�B�Q�M �i�Q �B�M�i�`�Q�/�m�+�2 �i�?�2 �K�2�i�?�Q�/ �i�?���i �r�B�H�H �#�2 �m�b�2�/ �B�M �i�?�2 �K�Q�`�2 �+�Q�K�T�H�2�t �+���b�2 �@ �i�?�2

�?�v�/�`�Q�/�v�M���K�B�+ �T�`�Q�#�H�2�K�X

�q�2 �m�b�2 �i�?�2 �7���+�i �i�?���i �i�?�2 �G���T�H���+�2 �2�[�m���i�B�Q�M �7�Q�` �i�?�2 �K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H �U�j�X�e�V �B�b ���m�@

�i�Q�K���i�B�+���H�H�v �b���i�B�b�}�2�/ �#�v �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7 �b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�b �K�m�H�i�B�T�H�B�2�/ �#�v ���T�T�`�Q�@

�T�`�B���i�2 �T�Q�r�2�`�b �Q�7r �(�k�)

 (r; �; � ) =
1X

l=0

lX

m= � l

 

dm
l

�
r

R0

� l

+ dm
� l � 1

�
r

R0

� � l � 1
!

Y m
l (�; � ); �U�8�X�k�3�V

�r�?�2�`�2dm
l ���`�2 �+�Q�2�{�+�B�2�M�i�b �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�X �h�?�2 �b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�b

���`�2 �/�2�}�M�2�/ ���b �(�k�)

Y m
l (�; � ) =

s
2l + 1

4�
(l � m)!
(l + m)!

Pm
l (cos� )eim� ; �U�8�X�k�N�V

�j�9



�8 �a�J���G�G �.�1�6�P�_�J���h�A�P�L �.�u�L���J�A�*�a

�r�?�2�`�2Pm
l �B�b �i�?�2 ���b�b�Q�+�B���i�2�/ �G�2�;�2�M�/�`�2 �T�Q�H�v�M�Q�K�B���H�R�X �6�Q�`0 � m � l �B�i �B�b �;�B�p�2�M �#�v �(�k�)

Pm
l (x) =

(� 1)m

2l l !
(1 � x2)

m
2

dl+ m

dxl+ m
(x2 � 1)l ; �U�8�X�j�y�V

���M�/ �7�Q�`� l � m < 0 �B�i �B�b �;�B�p�2�M �#�v �(�k�)

P � m
l (x) = ( � 1)m (l � m)!

(l + m)!
Pm

l (x): �U�8�X�j�R�V

�A�i �B�b �r�Q�`�i�? �M�Q�i�B�M�; �� �+�Q�m�T�H�2 �Q�7 �m�b�2�7�m�H �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�b�X �h�?�2�v ���`�2

�Q�`�i�?�Q�M�Q�`�K���H �r�B�i�? �`�2�b�T�2�+�i �i�Q �B�M�i�2�;�`���i�B�Q�M �Q�p�2�` �i�?�2 �7�m�H�H �b�Q�H�B�/ ���M�;�H�2 �(�k�)

Z 2�

0
d�

Z �

0
Y m

n (�; � ) �Y m0

l0 (�; � ) sin �d� = � ll 0� mm 0; �U�8�X�j�k�V

�r�?�2�`�2 �i�?�2�Y �B�b �i�?�2 �+�Q�K�T�H�2�t �+�Q�M�D�m�;���i�2 �Q�7Y�- ���M�/� ij �B�b �i�?�2 �E�`�Q�M�2�+�F�2�` �/�2�H�i���X �h�?�2 �b�T�?�2�`�B�+���H

�?���`�K�Q�M�B�+�b �7�Q�`�K �� �+�Q�K�T�H�2�i�2 �b�2�i �Q�7 �#���b�B�b �7�m�M�+�i�B�Q�M�b �(�R�R�j�)�- �K�2���M�B�M�; �i�?���i ���M�v �`�2���b�Q�M���#�H�v �r�2�H�H

�#�2�?���p�2�/ �7�m�M�+�i�B�Q�Mf (�; � ) �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �B�M �i�?�B�b �#���b�B�b

f (�; � ) =
1X

l=0

lX

m= � l

Am
l Y m

l (�; � ): �U�8�X�j�j�V

�*�Q�K�#�B�M�B�M�; �U�8�X�j�k�V ���M�/ �U�8�X�j�j�V�- �r�2 �;�2�i �i�?���i �i�?�2 �+�Q�2�{�+�B�2�M�i�b �Q�7 �2�t�T���M�b�B�Q�M �B�M �b�T�?�2�`�B�+���H �?���`�@

�K�Q�M�B�+�b �+���M �#�2 �/�2�i�2�`�K�B�M�2�/ �#�v �B�M�i�2�;�`���i�B�Q�M

Am
l =

Z 2�

0
d�

Z �

0
f (�; � ) �Y m

l (�; � ) sin �d�: �U�8�X�j�9�V

�6�Q�` �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �b�Q�H�m�i�B�Q�M �i�Q �#�2 �T�?�v�b�B�+���H�- �r�2 �F�2�2�T �Q�M�H�v �T���`�i �Q�7 �U�8�X�k�3�V �Q�m�i�b�B�/�2 �i�?�2

�/�`�Q�T�H�2�i

 (r; �; � )(e) = D m
1

�
r

R0

�
Y m

1 (�; � ) +
1X

l=0

lX

m= � l

D m
� l � 1

�
r

R0

� � l � 1

Y m
l (�; � ); �U�8�X�j�8�V

���M�/ �B�M�b�B�/�2 �i�?�2 �/�`�Q�T�H�2�i

 (r; �; � )(i ) =
1X

l=1

�
r

R0

� l lX

m= � l

dm
l Y m

l (�; � ); �U�8�X�j�e�V

�R�a�Q�K�2 ���m�i�?�Q�`�b �(�R�R�j�) �T�H���+�2 �i�?�2 �*�Q�M�/�Q�M�@�a�?�Q�`�i�H�2�v �T�?���b�2(� 1)m �B�M �7�`�Q�M�i �Q�7 �a�T�?�2�`�B�+���H �?���`�K�Q�M�B�+ �/�2�}�M�B�i�B�Q�M
�U�8�X�k�N�V �B�M�b�i�2���/ �Q�7 �B�M �7�`�Q�M�i �Q�7 �i�?�2 ���b�b�Q�+�B���i�2�/ �G�2�;�2�M�/�`�2 �T�Q�H�v�M�Q�K�B���H �/�2�}�M�B�i�B�Q�M �U�8�X�j�y�V�X �h�?�2 �+�Q�M�p�2�M�i�B�Q�M �m�b�2�/
�B�M �i�?�B�b �r�Q�`�F �+�Q�`�`�2�b�T�Q�M�/�b ���H�b�Q �i�Q �q�Q�H�7�`���K �J���i�?�2�K���i�B�+�� �7�m�M�+�i�B�Q�M�b�a�T�?�2�`�B�+���H�>���`�K�Q�M�B�+�u���M�/�G�2�;�2�M�/�`�2�S�X

�j�8



�8�X�9 �>�v�/�`�Q�/�v�M���K�B�+ ���T�T�`�Q���+�?

�r�?�2�`�2 �r�2 �+�?���M�;�2�/ �i�?�2 �+�Q�2�{�+�B�2�M�i�b �i�Q �+���T�B�i���HD �7�Q�` �i�?�2 �T�Q�i�2�M�i�B���H �Q�m�i�b�B�/�2 �i�?�2 �/�`�Q�T�H�2�i �7�Q�`
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� l � 1 ���M�/d0
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�L�2�t�i �r�2 �M�2�2�/ �i�Q �}�M�/ �b���i�B�b�7�v �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�X �6�`�Q�K �U�j�X�R�y�V �r�2 �b�2�2 �i�?���i

 (e) jr !1 = D 0
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�
r
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�
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1 = H1 r cos�; �U�8�X�j�d�V

�r�?�B�+�? �;�B�p�2�bD 0
1 = R0

q
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3 H1 �X �6�`�Q�K �U�j�X�3�V�- ���ir = R0 �r�2 �?���p�2
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r
4�
3

H1 Y 0
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1X

l=0

D 0
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l ; �U�8�X�j�3�V

���M�/ �7�`�Q�K �U�j�X�d�V�- �b�B�M�+�2n = er ���M�/er � r = @
@r�- ���ir = R0 �r�2 �?���p�2
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1X

l=1

ld0
l Y 0

l = R0

r
4�
3

H1 Y 0
1 +

1X

l=0

(� l � 1) D 0
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�q�2 �m�b�2 �i�?�2 �7���+�i �i�?���i �i�?�2 �b�m�K �B�M �U�8�X�j�3�V ���M�/ �U�8�X�j�N�V �B�b �Q�p�2�` �Q�`�i�?�Q�;�Q�M���H �7�m�M�+�i�B�Q�M�b ���M�/ �r�2

�K�m�H�i�B�T�H�v �#�Q�i�? �b�B�/�2�b �#�v�Y 0
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�h�?�2 �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �b�v�b�i�2�K �B�b �y �7�Q�` ���H�Hl0 6= 1�- ���M�/d0
1 = 2R0H 1
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� r +2 �-D 0
� 2 = � 2R0H 1
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�= 3(� r � 1)

� r +2

�r�?�2�Ml0 = 1�X

�6�B�M���H�H�v�- �Q�M�+�2 �r�2 �F�M�Q�r �i�?�2 �+�Q�2�{�+�B�2�M�i�bd ���M�/D �- �r�2 �+���M �b�m�#�b�i�B�i�m�i�2 �i�?�2�K �B�M �U�8�X�j�e�V ���M�/

�U�8�X�j�8�V�- ���M�/ �r�`�B�i�2 �i�?�2 �K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H �B�M�b�B�/�2 �i�?�2 �b�T�?�2�`�B�+���H �/�`�Q�T�H�2�i

 (i ) =
3R0H1

� r + 2
r

R0
cos� �U�8�X�9�R�V

���M�/ �Q�m�i�b�B�/�2 �B�i

 (e) = R0H1
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� r � 1
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�
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r
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!
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�+�Q�`�`�2�b�T�Q�M�/�B�M�; �T�Q�i�2�M�i�B���HH = r  �X �h�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �2�z�2�+�i�B�p�2 �K���;�M�2�i�B�+ �b�m�`�7���+�2 �7�Q�`�+�2

�U�j�X�j�R�V�- �Q�M�H�v �i�?�2 �B�M�b�B�/�2 �}�2�H�/ �B�b �M�2�+�2�b�b���`�v�- �r�?�B�+�? �B�b

H (i ) =
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[er cos� � e� sin� ] =
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n = 3H 1
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�K���;�M�2�i�B�+ �b�m�`�7���+�2 �7�Q�`�+�2 �U�j�X�j�R�V �7�Q�` �� �b�T�?�2�`�B�+���H �/�`�Q�T�H�2�i �B�M �� �m�M�B�7�Q�`�K �}�2�H�/ �B�b
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f M ���M�/ �i�?�2 �b�m�`�7���+�2 �i�2�M�b�B�Q�M� 
 (k1 + k2) = � 2
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�
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�1���+�? �i�2�`�K �B�M �i�?�2 �}�`�b�i �b�m�K �B�M �#�Q�i�? �U�8�X�9�8�V ���M�/ �U�8�X�9�e�V �/�2�b�+�`�B�#�2�b �i�?�2 �~�Q�r ���`�B�b�B�M�; �/�m�2 �i�Q

�T�`�2�b�b�m�`�2p(e)
� l � 1 ���M�/p(i )
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p(e)
� l � 1; p(i ) =
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l=0
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�b�m�`�7���+�2 �i�2�M�b�B�Q�M �`�2���/�b
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f M � 
 (k1 + k2) =



R0

p
�

�
3Bm(� � 1)
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�h�Q �b���i�B�b�7�v �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M �U�j�X�j�y�V�-f M � 
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�r�?�2�`�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �M�Q�i���i�B�Q�M �r���b �m�b�2�/

M 1 =
3Bm
8�

� r � 1
� r + 2

; M2 =
3Bm
16�

(� r � 1)2

(� r + 2) 2 ;

L1 = (2 + 3 � ); L2 = (3 + 2 � );

L3 = (16 + 19 � ); L4 = (19 + 16 � ):

�U�8�X�8�9�V

�h�?�2 �p�2�H�Q�+�B�i�v �b�i�`�2���K�H�B�M�2�b ���`�2 �/�2�T�B�+�i�2�/ �B�M �}�;�m�`�2 �8�X�k�X �q�2 �b�2�2 �i�?���i ���b �2�t�T�2�+�i�2�/ �i�?�2

�/�`�Q�T�H�2�i �2�H�Q�M�;���i�2�b �B�M �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 ���T�T�H�B�2�/ �}�2�H�/�X �1�p���H�m���i�2�/ �Q�M �i�?�2 �b�m�`�7���+�2r = R0�-

�i�?�2 �p�2�H�Q�+�B�i�v �B�b

[v0]r = R0 =



� (e)

M 2

L2L3
[10(1 + � )(1 + 3 cos(2� ))er

� 6L1 sin(2� )e� ]:
�U�8�X�8�8�V

�8�X�9�X�j �.�2�7�Q�`�K�2�/ �/�`�Q�T�H�2�i�- �?�v�/�`�Q�/�v�M���K�B�+ �T�`�Q�#�H�2�K

�h�Q �;�2�i �i�?�2 �M�2�t�i �Q�`�/�2�` �i�2�`�K�b �B�M �U�8�X�k�d�V�- ���b�b�m�K�2 �i�?���i �i�?�2 �/�`�Q�T�H�2�i �B�b ���M �2�H�H�B�T�b�Q�B�/�- �r�?�Q�b�2

�H�Q�M�;�2�b�i ���t�B�b �B�b �`�Q�i���i�2�/ �#�v ���M ���M�;�H�2� �7�`�Q�K �i�?�2z �/�B�`�2�+�i�B�Q�M�X �l�T �i�Q �i�?�2 �H�2���/�B�M�; �Q�`�/�2�` �B�M� 1

���M�/� 2 �b�m�+�? ���M �2�H�H�B�T�b�Q�B�/ �B�b �/�2�b�+�`�B�#�2�/ �#�v

� 1 � � 2

3
+(1+2 � 2)

x2

R2
0
+

(y cos(� ) + z sin(� ))2

R2
0

+(1 � 2� 1)
(z cos(� ) � y sin(� ))2

R2
0

= 1: �U�8�X�8�e�V

�j�N



�8�X�9 �>�v�/�`�Q�/�v�M���K�B�+ ���T�T�`�Q���+�?

�6�B�;�m�`�2 �8�X�k�, �o�2�H�Q�+�B�i�v �b�i�`�2���K�T�H�Q�i �Q�7 �� �b�T�?�2�`�B�+���H �K���;�M�2�i�B�+ �/�`�Q�T�H�2�i �U�B�i�b �#�Q�m�M�/���`�v �B�b �/�2�T�B�+�i�2�/
�#�v �i�?�2 �+�B�`�+�H�2�V �r�B�i�?� r = 10�-Bm = 5�-� = 100 �B�M �� �?�Q�K�Q�;�2�M�2�Q�m�b �K���;�M�2�i�B�+ �}�2�H�/ ���H�Q�M�; �i�?�2
z �/�B�`�2�+�i�B�Q�M�X �*�Q�H�Q�` �B�M�/�B�+���i�2�b �i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �p�2�H�Q�+�B�i�v �B�M �m�M�B�i�b �Q�7
=� (e) �X �h�?�2 �+�`�Q�b�b
�b�2�+�i�B�Q�M �B�b �i���F�2�M ���ix = 0�X

�*�?���M�;�B�M�; �B�M�i�Q �b�T�?�2�`�B�+���H �+�Q�Q�`�/�B�M���i�2�b �B�i �#�2�+�Q�K�2�b

r = R0 (1 + "f (�; � ))

= R0
�
1 + � 2

2Y � 2
2 + � 1

2Y � 1
2 + � 0

2Y 0
2 + � 1

2Y 1
2 + � 2

2Y 2
2

�
;

�U�8�X�8�d�V

�r�?�2�`�2"f (�; � ) �r���b �2�t�T���M�/�2�/ �B�M�i�Q �b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�b�X �h�?�2 �+�Q�2�{�+�B�2�M�i�b �B�M �7�`�Q�M�i �Q�7 �i�?�2�K

���`�2 ���H�HO(") ���M�/ ���`�2

� 0
2 =

r
�
45

�
� 1

�
1 + 3 cos(2� )

�
+ 2� 2

�
;

� 1
2 = � 2i

r
2�
15

� 1 cos(� ) sin(� );

� 2
2 = �

r
�
30

�
� 1

�
1 � cos(2� )

�
+ 2� 2

�
:

�U�8�X�8�3�V

�6�Q�` ���M �2�H�H�B�T�b�Q�B�/ �i�?�2 �+�Q�2�{�+�B�2�M�i�b ���`�2 �i�?�2 �b���K�2 �B�M �7�`�Q�M�i �Q�7 �i�?�2 �b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�b �r�B�i�?

�Q�T�T�Q�b�B�i�2m �M�m�K�#�2�`�b �UY m
l ���M�/Y � m

l �V�X

�q�2 �+���M �2�t�T�`�2�b�b �i�?�2 �/�`�Q�T�H�2�i ���b �� �H�2�p�2�H �b�m�`�7���+�2� = r � R0 (1 + "f (�; � )) = 0 �X �h�?�2�M �i�?�2

�M�Q�`�K���H �p�2�+�i�Q�` ���M�/ �i�?�2 �+�m�`�p���i�m�`�2 �+���M �#�2 �7�Q�m�M�/ �#�v

n =
�

r �
jr � j

�

r = R0 (1+ "f )

�U�8�X�8�N�V

���M�/

k1 + k2 = [ r � n ]r = R0 (1+ "f ) : �U�8�X�e�y�V

�9�y



�8 �a�J���G�G �.�1�6�P�_�J���h�A�P�L �.�u�L���J�A�*�a

�q�2 �r�`�B�i�2 �#�Q�i�?n ���M�/k1 + k2 �B�M �h���v�H�Q�` �b�2�`�B�2�b �7�Q�` �b�K���H�H" ���M�/Bm ���M�/ �Q�K�B�i ���H�H �i�2�`�K�b

�?�B�;�?�2�` �i�?���M �i�?�2 �}�`�b�i �T�Q�r�2�`�X �h�?�2 �K���;�M�2�i�B�+ �b�m�`�7���+�2 �7�Q�`�+�2f M ���H�`�2���/�v �B�bO(Bm) ���M�/ �`�2�K���B�M�b

�m�M�+�?���M�;�2�/ �7�`�Q�K �i�?�2 �b�T�?�2�`�B�+���H �+���b�2 �m�T �i�Q �i�?�2 �}�`�b�i �Q�`�/�2�` �B�M" ���M�/Bm�X

�L�2�t�i �Q�`�/�2�` �+�Q�`�`�2�+�i�B�Q�M�b"v (e)
1 �- "p(e)

1 ���M�/"v (i )
1 �- "p(i )

1 ���H�b�Q �Q�#�2�v �i�?�2 �a�i�Q�F�2�b �2�[�m���i�B�Q�M�b�-

�i�?�2�`�2�7�Q�`�2 �i�?�2�v �K���v �#�2 �r�`�B�i�i�2�M �B�M �i�?�2 �7�Q�`�K �Q�7 �G���K�#�ö�b �b�Q�H�m�i�B�Q�M�X �*�Q�2�{�+�B�2�M�i�b �B�M �i�?�2 �G���K�#�ö�b

�b�Q�H�m�i�B�Q�M ���`�2 �M�Q�r �7�Q�m�M�/ �#�v �2�M�7�Q�`�+�B�M�; �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �Q�M �i�?�2 �7�m�H�H �}�2�H�/�bv (e)
0 + "v (e)

1 �-

p(e)
0 + "p(e)

1 ���M�/v (i )
0 + "v (i )

1 �-p(i )
0 + "p(i )

1 �m�T �i�Q �}�`�b�i �Q�`�/�2�` �B�M" ���M�/Bm�X

�C�m�b�i ���b �B�M �i�?�2 �b�T�?�2�`�B�+���H �+���b�2�- �r�2 �2�t���K�B�M�2 �r�?���i �b�m�K�K���M�/�b �Q�7 �i�?�2 �G���K�#�ö�b �b�Q�H�m�i�B�Q�M �i�?���i

�M�2�2�/ �i�Q �#�2 ���i�i���B�M�2�/ �i�Q �b���i�B�b�7�v �i�?�2 �M�Q�`�K���H �7�Q�`�+�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M �U�j�X�j�y�V�X �q�2 �b�2�2 �i�?���i

�Q�M�H�v �i�?�2 �i�2�`�K�b �r�B�i�?l = 2 ���`�2 �M�2�2�/�2�/�- �i�?�2 �`�2�b�i ���`�2 �x�2�`�Q�X �>�Q�r�2�p�2�` �M�Q�r �b�B�M�+�2 �i�?�2�`�2 �B�b �M�Q

�H�Q�M�;�2�` �� �b�v�K�K�2�i�`�v ���`�Q�m�M�/� �- ���H�Hm = � l; :::; l ���`�2 �M�2�2�/�2�/�X �L�Q�M�2�i�?�2�H�2�b�b�- �i�?�2�`�2 ���`�2 �M�Q�r �Q�M�H�v

�� �}�M�B�i�2 �M�m�K�#�2�` �Q�7 �m�M�F�M�Q�r�M �+�Q�2�{�+�B�2�M�i�b �i�?���i �+���M �#�2 �7�Q�m�M�/ �#�v �T�H�m�;�;�B�M�; �i�?�2 �7�m�H�H �p�2�H�Q�+�B�i�v ���M�/

�T�`�2�b�b�m�`�2 �}�2�H�/�b �B�M �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �U�j�X�k�N�V�- �U�j�X�j�y�V�-�U�j�X�j�k�V�X �h�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b

���`�2 �2�p���H�m���i�2�/ �Q�M �i�?�2 �/�2�7�Q�`�K�2�/ �b�m�`�7���+�2r = R0(1+ "f )�X �h�?�2�v ���`�2 �2�t�T���M�/�2�/ �B�M �h���v�H�Q�` �b�2�`�B�2�b

�m�T �i�Q �}�`�b�i �Q�`�/�2�` �Q�7" ���M�/Bm�X ���M�/ ���;���B�M �r�2 �2�t�T���M�/ �i�?�2�K �B�M �b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�b ���M�/

�`�2�[�m�B�`�2 �i�?���i ���H�H �i�?�2 �+�Q�2�{�+�B�2�M�i�b �#�2 �x�2�`�Q �i�Q �b���i�B�b�7�v �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �7�Q�` ���H�H� �-� �X

�a�Q�H�p�B�M�; �i�?�2�b�2 �2�[�m���i�B�Q�M�b �B�M �q�Q�H�7�`���K �J���i�?�2�K���i�B�+���- �r�2 �;�2�i �i�?�2 �}�`�b�i �Q�`�/�2�` �+�Q�`�`�2�+�i�B�Q�M

�}�2�H�/�b

"v (i )
1 =



� (e)

 

�
L4

L2L3

�
r

R0

�
+

3
L3

�
r

R0

� 3
!

E1er

+



� (e)

 
L4

L2L3

�
r

R0

�
�

5
L3

�
r

R0

� 3
!

E2e�

+



� (e)

 
L4

L2L3

�
r

R0

�
�

5
L3

�
r

R0

� 3
!

E3e� ;

�U�8�X�e�R�V

"v (e)
1 =



� (e)

 

�
1

L2
=

�
r

R0

� 2

+
3L1

L2L3
=

�
r

R0

� 4
!

E1er

+



� (e)

2L1

L2L3
E2e� =

�
r

R0

� 4

+



� (e)

2L1

L2L3
E3e� =

�
r

R0

� 4

;

�U�8�X�e�k�V

"p(i )
1 =



R0

21�E 1

L3

�
r

R0

� 2

; �U�8�X�e�j�V

�9�R



�8�X�9 �>�v�/�`�Q�/�v�M���K�B�+ ���T�T�`�Q���+�?

"p(e)
1 = �



R0

2E1

L2
=

�
r

R0

� 3

; �U�8�X�e�9�V

�r�?�2�`�2 �r�2 �B�M�i�`�Q�/�m�+�2�/

E1 = � 2� 1 sin(2� ) sin(2� ) sin(� )

+ sin2(� ) cos(2� )( � 1 cos(2� ) � � 1 � 2� 2)

+
1
6

(3 cos(2� ) + 1)(3 � 1 cos(2� ) + � 1 + 2� 2);

�U�8�X�e�8�V

E2 = �
1
2

� 1 cos(2� ) sin(2� )(cos(2� ) � 3)

+ 2� 1 sin(2� ) cos(2� ) sin(� )

+ sin(2� )( � 1 + 2� 2) cos2(� );

�U�8�X�e�e�V

E3 = 2 cos(� )[� 1 sin(2� ) cos(� )

+ sin( � ) sin(� )( � 1 cos(2� ) � � 1 � 2� 2)]:
�U�8�X�e�d�V

�h�?�2 �M�Q�r �Q�#�i���B�M�2�/ �}�2�H�/�bv (e)
0 + "v (e)

1 �-p(e)
0 + "p(e)

1 ���M�/v (i )
0 + "v (i )

1 �-p(i )
0 + "p(i )

1 ���`�2 �7�Q�`

�i�?�2 �+���b�2 �r�?�2�M �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �B�b �T�Q�B�M�i�B�M�; �B�M �i�?�2z �/�B�`�2�+�i�B�Q�M�X �h�Q �;�2�i �i�?�2 �b�Q�H�m�i�B�Q�M �7�Q�` ��

�`�Q�i���i�B�M�; �}�2�H�/ �r�B�i�? �i�?�2 ���M�;�m�H���` �p�2�H�Q�+�B�i�v! = ! ex �- �r�2 ���/�/ �� �+�Q�M�b�i���M�i �`�Q�i���i�B�Q�M���H �p�2�H�Q�+�B�i�v

�}�2�H�/v rot = � ! ex � r �i�Q �#�Q�i�? �B�M�b�B�/�2 ���M�/ �Q�m�i�b�B�/�2 �~�Q�r�b�X �h�?�B�b �B�b �2�[�m�B�p���H�2�M�i �i�Q �#�2�B�M�; �B�M ��

�`�Q�i���i�B�M�; �`�2�7�2�`�2�M�+�2 �7�`���K�2�- �r�?�Q�b�2z ���t�B�b �7�Q�H�H�Q�r�b �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/�X

�h�Q �}�M�/ �i�?�2 �r���v �i�?�2 �/�`�Q�T�H�2�i �2�p�Q�H�p�2�b �Q�p�2�` �i�B�K�2�- �r�2 �M�2�2�/ �Q�M�H�v �i�?�2 �p�2�H�Q�+�B�i�v �Q�M �B�i�b �#�Q�m�M�/���`�v

v (b) = [ v]r = R0 (1+ "f ) �U�r�2 �?���p�2 ���/�/�2�/ �i�?�2 �`�Q�i���i�B�Q�M���H �~�Q�r�V�X �A�7 �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�?���T�2 �B�b �/�2�b�+�`�B�#�2�/

�#�vr = � (�; �; t ) = R0 (1 + "f (�; �; t )) �- �i�?�2�M �i�?�2 �F�B�M�2�K���i�B�+ �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M �/�B�+�i���i�2�b

�i�?���i
@�
@t

= v(b)
r �

1
r

 

v(b)
�

@�
@�

+
v(b)

�

sin(� )
@�
@�

!

; �U�8�X�e�3�V

�r�?�B�+�? �r�2 �2�p���H�m���i�2 �m�T �i�Q �i�?�2 �}�`�b�i �Q�`�/�2�` �B�M" ���M�/Bm�X �1�t�T���M�/�B�M�; �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�?���T�2 �B�M

�b�T�?�2�`�B�+���H �?���`�K�Q�M�B�+�br = � (�; �; t ) = R0
P 1

l=0

P l
m= � l � m

l (t)Y m
l (�; � )�- ���M�/ �T�H�m�;�;�B�M�; �B�i �B�M�i�Q

�i�?�2 �F�B�M�2�K���i�B�+ �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M �U�8�X�e�3�V�- �r�2 �;�2�i �i�?�2 �i�B�K�2 �/�2�`�B�p���i�B�p�2�b �Q�7 �i�?�2 �2�t�T���M�b�B�Q�M

�9�k
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�+�Q�2�{�+�B�2�M�i�b�, 8
>>>>>><

>>>>>>:

d� 2
2

dt
= i!� 1

2 �
� 2

2

�
d� 1

2

dt
=

i!
2

� p
6� 0

2 + 2� 2
2

�
�

� 1
2

�
d� 0

2

dt
= i

p
6!� 1

2 +
4
p

5��
15�

�
� 0

2

�

: �U�8�X�e�N�V

�*�Q�2�{�+�B�2�M�i�b �r�B�i�? �Q�T�T�Q�b�B�i�2 �b�B�;�M�b �B�Mm �?���p�2 �i�?�2 �b���K�2 �i�B�K�2 �/�2�`�B�p���i�B�p�2�bd� m
l =dt = d� � m

l =dt�X

���M�/ ���H�H �i�B�K�2 �/�2�`�B�p���i�B�p�2�b �r�B�i�?l 6= 2 ���`�2 �x�2�`�Q�X �h�?�B�b �K�2���M�b �i�?���i �� �/�`�Q�T�H�2�i �r�B�i�? ���M �B�M�B�i�B���H�H�v

�2�H�H�B�T�b�Q�B�/���H �b�?���T�2 �`�2�K���B�M�b �2�H�H�B�T�b�Q�B�/���H�X �q�2 �?���p�2 �B�M�i�`�Q�/�m�+�2�/ �i�?�2 �+�Q�M�b�i���M�i�b

� =
9Bm
32�

(� r � 1)2

(� r + 2) 2 ; �U�8�X�d�y�V

���M�/

� =
R0� (e)



(3 + 2� )(16 + 19� )

40(1 + � )
: �U�8�X�d�R�V

���b �r�2 �r�B�H�H �b�?�Q�r �b�?�Q�`�i�H�v�- �i�?�2�v ���`�2 �i�?�2 �b���K�2 �+�Q�M�b�i���M�i�b ���b �i�?�2 �Q�M�2�b �m�b�2�/ �B�M �i�?�2 �T�?�2�M�Q�K�2�M�Q�@

�H�Q�;�B�+���H ���T�T�`�Q���+�? �U�8�X�k�8�V�- �#�m�i �7�`�Q�K �i�?�B�b �?�v�/�`�Q�/�v�M���K�B�+ �b�Q�H�m�i�B�Q�M �r�2 �;�2�i �i�?�2�B�` �2�t�T�H�B�+�B�i �2�t�@

�T�`�2�b�b�B�Q�M�b�X �h�?�2 �2�H�Q�M�;���i�B�Q�M �B�M �M�Q�M�@�`�Q�i���i�B�M�; �K���;�M�2�i�B�+ �}�2�H�/ �U�8�X�d�y�V �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �b�K���H�H

�/�2�7�Q�`�K���i�B�Q�M �H�B�K�B�i �Q�7 �i�?�2 �2�t�T�`�2�b�b�B�Q�M�b �Q�#�i���B�M�2�/ �B�M �r�Q�`�F�b ���M���H�v�x�B�M�; �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �b�?���T�2 �Q�7

�2�H�H�B�T�b�Q�B�/���H �K���;�M�2�i�B�+ �/�`�Q�T�H�2�i�b �B�M �b�i���i�B�Q�M���`�v �}�2�H�/ �(�k�9�- �e�y�- �8�3�)�X ���M�/ �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �/�2�+���v

�i�B�K�2 �Q�7 �b�K���H�H �T�2�`�i�m�`�#���i�B�Q�M�b �7�`�Q�K �2�[�m�B�H�B�#�`�B�m�K �U�8�X�d�R�V �+�Q�`�`�2�b�T�Q�M�/�b �r�B�i�? �i�?�2 �Q�M�2 �Q�#�i���B�M�2�/ �B�M

�Q�i�?�2�` �r�Q�`�F�b �+�Q�M�+�2�`�M�B�M�; �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M�b �Q�7 �/�`�Q�T�H�2�i�b �(�e�9�- �R�y�R�)�X

�A�7 �r�2 �T�H�m�; �i�?�2 �2�[�m���i�B�Q�M�b �U�8�X�8�3�V �B�M�i�Q �U�8�X�e�N�V�- ���M�/ �+�Q�H�H�2�+�i �i�?�2 �i�B�K�2 �/�2�`�B�p���i�B�p�2�b �Q�7 �i�?�2

�/�2�7�Q�`�K���i�B�Q�M �T���`���K�2�i�2�`�b� 1 ���M�/� 2�- ���M�/ �i�?�2 ���M�;�H�2� �- �r�2 �;�2�i �i�?�2 �b���K�2 �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b

���b �r���b �Q�#�i���B�M�2�/ �r�B�i�? �i�?�2 �T�?�2�M�Q�K�2�M�Q�H�Q�;�B�+���H ���T�T�`�Q���+�? �U�8�X�k�8�V�X �h�?�B�b �p���H�B�/���i�2�b �i�?�2 �T�?�2�@

�M�Q�K�2�M�Q�H�Q�;�B�+���H ���T�T�`�Q���+�? ���M�/ �/�2�i�2�`�K�B�M�2�b �i�?�2 �T�?�2�M�Q�K�2�M�Q�H�Q�;�B�+���H �+�Q�M�b�i���M�i�b� ���M�/� �X �h�?�2

�T�?�2�M�Q�K�2�M�Q�H�Q�;�B�+���H �2�[�m���i�B�Q�M �/�2�b�+�`�B�#�B�M�; �i�?�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 ���M�B�b�Q�i�`�Q�T�v �i�2�M�b�Q�` �U�8�X�3�V �B�b �2�t���+�i

�m�T �i�Q �i�?�2 �}�`�b�i �Q�`�/�2�` �B�M" ���M�/Bm

�9�j



�8�X�8 ���M���H�v�b�B�b ���M�/ �+�Q�K�T���`�B�b�Q�M �r�B�i�? �M�m�K�2�`�B�+ �b�B�K�m�H���i�B�Q�M�b ���M�/ �2�t�T�2�`�B�K�2�M�i

�8�X�8 ���M���H�v�b�B�b ���M�/ �+�Q�K�T���`�B�b�Q�M �r�B�i�? �M�m�K�2�`�B�+ �b�B�K�m�H���i�B�Q�M�b ���M�/ �2�t�@

�T�2�`�B�K�2�M�i

�8�X�8�X�R �6�B�t�2�/ �T�Q�B�M�i�b ���M�/ �i�?�2�B�` �b�i���#�B�H�B�i�v

�h�?�2 �}�t�2�/ �T�Q�B�M�i�b �7�Q�` �i�?�2 �b�v�b�i�2�K �U�8�X�k�8�V ���`�2
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�r�?�2�`�2n �B�b ���M �B�M�i�2�;�2�`�X �6�Q�` �b�i���i�B�Q�M���`�v �}�2�H�/H 1 �U� ! = 0�V�- �i�?�2 �/�`�Q�T�H�2�i ���H�B�;�M�b �r�B�i�? �i�?�2

�K���;�M�2�i�B�+ �}�2�H�/� � = n� ���M�/ �i���F�2�b �m�T �� �T�`�Q�H���i�2 �b�?���T�2� �
2 = 0�X �6�Q�` �7���b�i �`�Q�i���i�B�M�; �}�2�H�/

� ! ! 1 �- �i�?�2 �/�`�Q�T�H�2�i �H���;�b �i�?�2 �}�2�H�/ �#�v� � ! � �= 4 + n� ���M�/ �B�b �M�2���`�H�v �Q�#�H���i�2� �
1 ! 0 �r�B�i�?

�� �~���i�M�2�b�b ���T�T�`�Q���+�?�B�M�;� �
2 ! �=2�X

�h�Q �B�M�p�2�b�i�B�;���i�2 �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �i�?�2 �}�t�2�/ �T�Q�B�M�i�b�- �r�2 �H�B�M�2���`�B�x�2 �i�?�2 �2�[�m���i�B�Q�M�b �U�8�X�k�8�V ���`�Q�m�M�/

�i�?�2�K�X �6�Q�` �b�K���H�H �T�2�`�i�m�`�#���i�B�Q�M�b� � 1�-� � 2�-� � �7�`�Q�K �i�?�2 �}�t�2�/ �T�Q�B�M�i�- �r�2 �?���p�2
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�h�?�B�b �K���i�`�B�t �?���b �i�?�2 �2�B�;�2�M�p���H�m�2�b� 1=� �- � 1=� � 2i! �- � 1=� + 2 i! �- �r�?�B�+�? �B�M�/�B�+���i�2�b �i�?���i

�i�?�2 �}�t�2�/ �T�Q�B�M�i�b ���`�2 �b�i���#�H�2 �7�Q�+�m�b�2�b�X �h�?�2 �T�2�`�i�m�`�#���i�B�Q�M�b �/�2�+���v �i�Q �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �r�?�B�H�2

�2�t�T�2�`�B�2�M�+�B�M�; ���M �Q�b�+�B�H�H���i�B�Q�M �r�B�i�? �� �7�`�2�[�m�2�M�+�v �Q�72! �@ �i�r�B�+�2 �i�?�2 �7�`�2�[�m�2�M�+�v �Q�7 �i�?�2 �`�Q�i���i�B�M�;

�K���;�M�2�i�B�+ �}�2�H�/�X

�8�X�8�X�k �Z�m���H�B�i���i�B�p�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2 �/�`�Q�T�H�2�i

�q�2 �+���M �`�2�b�+���H�2 �i�?�2 �/�2�7�Q�`�K���i�B�Q�M �T���`���K�2�i�2�`�b �#�v �i�?�2 �/�2�7�Q�`�K���i�B�Q�M ���i �b�i���i�B�Q�M���`�v �}�2�H�/

�U~� 1 = � 1=� �-~� 2 = � 2=� �V�- ���M�/ �r�2 �+���M �`�2�b�+���H�2 �i�B�K�2 �#�v �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �b�K���H�H �T�2�`�i�m�`�#���i�B�Q�M

�/�2�+���v �i�B�K�2~t = t=� �X �A�M �i�?�B�b �`�2�b�+���H�2�/ �7�Q�`�K �i�?�2 �2�[�m���i�B�Q�M�b �;�Q�p�2�`�M�B�M�; �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�?���T�2 �B�M
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d~t
= � ~� 1 + cos(2� )

d~� 2

d~t
= � ~� 2 + sin2(� )

d�
d~t

= � � ! �
cos(� ) sin(� )
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�q�2 �M�Q�r �b�2�2 �i�?���i �m�T �i�Q �� �b�+���H�B�M�;�- �i�?�2 �/�`�Q�T�H�2�i�ö�b �#�2�?���p�B�Q�` �B�M �i�?�2 �H�B�K�B�i �Q�7 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M�b

�B�b �;�Q�p�2�`�M�2�/ �#�v �� �b�B�M�;�H�2 �T���`���K�2�i�2�`� ! �X �h�?�2 �T���`���K�2�i�2�`� ! �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �+���T�B�H�H���`�v

�M�m�K�#�2�`�- �r�?�B�+�? �B�b �i�?�2 �`���i�B�Q �Q�7 �p�B�b�+�Q�m�b �7�Q�`�+�2�b �i�Q �b�m�`�7���+�2 �i�2�M�b�B�Q�M �7�Q�`�+�2�b �(�R�R�d�)�X

�q�2 �+���M �m�b�2 �i�?�2 �7���+�i �i�?���i� 1 ���M�/� �7�Q�`�K �� �+�H�Q�b�2�/ �b�v�b�i�2�K �i�Q �p�B�b�m���H�B�x�2 �i�?�2 �2�p�Q�H�m�i�B�Q�M �Q�7

�i�?�2�K �Q�M �� �T�?���b�2 �T�Q�`�i�`���B�i �U�}�;�m�`�2 �8�X�j�V�X �h�?�2 �T�?���b�2 �T�Q�`�i�`���B�i �B�b �b�B�K�B�H���` �i�Q �Q�M�2 �Q�7 �� �/���K�T�2�/

�T�2�M�/�m�H�m�K�X �A�7 �B�M�B�i�B���H�H�v �i�?�2 �/�`�Q�T�H�2�i �B�b �2�H�Q�M�;���i�2�/ �2�M�Q�m�;�?�- �B�i �Q�p�2�`�b�?�Q�Q�i�b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K ���M�;�H�2

� �b�2�p�2�`���H �i�B�K�2�b �#�2�7�Q�`�2 �B�i �b�2�i�i�H�2�b �/�Q�r�M�X �>�Q�r�2�p�2�`�- �m�M�H�B�F�2 �� �/���K�T�2�/ �T�2�M�/�m�H�m�K�- �i�?�B�b �b�v�b�i�2�K

�B�b �+�Q�K�T�H�2�i�2�H�v �/�B�b�b�B�T���i�B�p�2 ���M�/ �i�?�2�`�2 �B�b �M�Q �B�M�2�`�i�B���X �"�m�i �D�m�b�i �H�B�F�2 �B�M �i�?�2 �+���b�2 �Q�7 �� �/���K�T�2�/

�T�2�M�/�m�H�m�K�- �i�?�2�`�2 �B�b �� �+�Q�K�T�2�i�B�i�B�Q�M �Q�7 �i�r�Q �i�B�K�2 �b�+���H�2�b �@ �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �b�K���H�H �T�2�`�i�m�`�#���i�B�Q�M

�/�2�+���v �i�B�K�2� ���M�/ �i�?�2 �Q�b�+�B�H�H���i�B�Q�M �T�2�`�B�Q�/T = �=! �U�r�?�B�+�? �B�b �i�r�Q �i�B�K�2�b �b�K���H�H�2�` �i�?���M �i�?�2

�K���;�M�2�i�B�+ �}�2�H�/ �`�Q�i���i�B�Q�M �T�2�`�B�Q�/�V�X

�h�?�2 �b�B�;�M�B�}�+���M�+�2 �Q�7 �i�?�2� ! �T���`���K�2�i�2�` �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �}�;�m�`�2 �8�X�9�- �r�?�2�`�2 ���M �B�M�B�i�B���H�H�v

�b�T�?�2�`�B�+���H �/�`�Q�T�H�2�i �B�b �T�H���+�2�/ �B�M �� �K���;�M�2�i�B�+ �}�2�H�/ �`�Q�i���i�B�M�; �r�B�i�? �/�B�z�2�`�2�M�i �7�`�2�[�m�2�M�+�B�2�b�X �A�7� !

�B�b �b�K���H�H�- �i�?�2 �/�`�Q�T�H�2�i �`�2���+�?�2�b �B�i�b �2�[�m�B�H�B�#�`�B�m�K �b�?���T�2 �K�Q�M�Q�i�Q�M�B�+���H�H�v�X ���M�/ �B�7 �i�?�2 �7�`�2�[�m�2�M�+�v

�Q�7 �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �B�b �H���`�;�2 �2�M�Q�m�;�? �U� ! �B�b �H���`�;�2�V�- �i�?�2 �/�`�Q�T�H�2�i �`�2���+�?�2�b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K

�m�M�/�2�`�;�Q�B�M�; �b�2�p�2�`���H �Q�b�+�B�H�H���i�B�Q�M�b ���H�Q�M�; �i�?�2 �r���v�X

�8�X�8�X�j �o�2�H�Q�+�B�i�v �}�2�H�/ ���`�Q�m�M�/ �i�?�2 �/�`�Q�T�H�2�i ���M�/ �i�?�2 �i�Q�`�[�m�2 �Q�7 �i�?�2 �/�`�Q�T�H�2�i

���M�Q�i�?�2�` �#�2�M�2�}�i �i�Q �b�Q�H�p�B�M�; �i�?�2 �7�m�H�H �?�v�/�`�Q�/�v�M���K�B�+ �T�`�Q�#�H�2�K �B�b �i�?���i �r�2 �+���M �p�B�b�m���H�B�x�2 �i�?�2

�p�2�H�Q�+�B�i�v �}�2�H�/ ���`�Q�m�M�/ �� �/�`�Q�T�H�2�i �7�Q�` �/�B�z�2�`�2�M�i �K���;�M�2�i�B�+ �}�2�H�/ �`�Q�i���i�B�Q�M �7�`�2�[�m�2�M�+�B�2�b �U�}�;�m�`�2 �8�X�8�V�X

�o�B�b�m���H�H�v �B�i �b�2�2�K�b �i�?���i �i�?�2 �p�2�H�Q�+�B�i�v �B�b �M�Q�i �`�Q�i���i�B�M�;�- ���M�/ �B�M�/�2�2�/ �#�v �B�M�i�2�;�`���i�B�M�; �i�?�2 �2�t�i�2�`�M���H

�b�i�`�2�b�b �i�2�M�b�Q�` �Q�M �i�?�2 �b�m�`�7���+�2 �Q�7 �i�?�2 �/�`�Q�T�H�2�i�- �r�2 �;�2�i �i�?���i �m�T �i�Q �i�?�2 �}�`�b�i �Q�`�/�2�` �B�M" ���M�/Bm�-

�i�?�2 �i�Q�`�[�m�2 �T�`�Q�/�m�+�2�/ �#�v �i�?�2 �/�`�Q�T�H�2�i �Q�M �i�?�2 �2�t�i�2�`�M���H �~�m�B�/ �B�b �x�2�`�Q�X

T = �
Z

r � (� ( e) � n )dS = 0 + O("2; "Bm; Bm 2): �U�8�X�d�8�V

�h�?�2 �/�`�Q�T�H�2�i ���T�T�2���`�b �i�Q �`�Q�i���i�2 �#�2�?�B�M�/ �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/�- �#�m�i �i�?�B�b �2�z�2�+�i �+�Q�K�2�b �7�`�Q�K �i�?�2

�/�2�7�Q�`�K���i�B�Q�M �Q�7 �B�i�b �b�m�`�7���+�2 �T�`�Q�/�m�+�2�/ �#�v �� �M�Q�M �`�Q�i���i�B�M�; �p�2�H�Q�+�B�i�v �}�2�H�/�X
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�8�X�8 ���M���H�v�b�B�b ���M�/ �+�Q�K�T���`�B�b�Q�M �r�B�i�? �M�m�K�2�`�B�+ �b�B�K�m�H���i�B�Q�M�b ���M�/ �2�t�T�2�`�B�K�2�M�i

�U���V

�U�#�V �U�+�V

�6�B�;�m�`�2 �8�X�j�, �U���V �/�2�T�B�+�i�b �i�?�2 �T�?���b�2 �T�Q�`�i�`���B�i �Q�7 �i�?�2 �b�+���H�2�/ �/�`�Q�T�H�2�i �2�H�Q�M�;���i�B�Q�M� 1=� ���M�/ �i�?�2
���M�;�H�2� �#�2�i�r�2�2�M �i�?�2 �/�`�Q�T�H�2�i�ö�b �H���`�;�2�b�i ���t�B�b ���M�/ �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/�X �U�#�V ���M�/ �U�+�V �/�2�T�B�+�i �i�?�2
�+�?���M�;�2 �Q�p�2�` �i�B�K�2 �Q�7 �i�?�2 �/�`�Q�T�H�2�i�ö�b �T���`���K�2�i�2�`�b� 1=� �- � 2=� ���M�/� �r�?�B�+�? �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2
�`�2�/ �i�`���D�2�+�i�Q�`�v �B�M �i�?�2 �T�?���b�2 �T�Q�`�i�`���B�i �U���V�X �h�?�2 �}�2�H�/ �`�Q�i���i�2�b �r�B�i�? �i�?�2 �7�`�2�[�m�2�M�+�v! = 3=� �X

�9�e



�8 �a�J���G�G �.�1�6�P�_�J���h�A�P�L �.�u�L���J�A�*�a

�6�B�;�m�`�2 �8�X�9�, �a�2�i�i�H�B�M�; �i�Q ���M �2�[�m�B�H�B�#�`�B�m�K �Q�7 �� �/�`�Q�T�H�2�i �i�?���i �B�b �B�M�B�i�B���H�H�v �b�T�?�2�`�B�+���H�X �1���+�? �+�Q�H�m�K�M
�+�Q�`�`�2�b�T�Q�M�/�b �i�Q �� �/�B�z�2�`�2�M�i �K���;�M�2�i�B�+ �}�2�H�/ �`�Q�i���i�B�Q�M �7�`�2�[�m�2�M�+�v� ! �/�2�M�Q�i�2�/ ���#�Q�p�2 �B�i�X �h�Q�T
�`�Q�r �/�2�T�B�+�i�b �i�?�2 �/�`�Q�T�H�2�i�ö�b �2�H�Q�M�;���i�B�Q�M� 1 ���M�/ �~���i�M�2�b�b� 2�- �r�?�B�H�2 �i�?�2 �#�Q�i�i�Q�K �`�Q�r �/�2�T�B�+�i�b �i�?�2
���M�;�H�2� �#�2�i�r�2�2�M �i�?�2 �}�2�H�/ ���M�/ �i�?�2 �/�`�Q�T�H�2�i�ö�b �H�Q�M�;�2�b�i ���t�B�b�X

�� �b�B�K�B�H���` �2�z�2�+�i �r���b �7�Q�m�M�/ �B�M �(�R�R�3�)�- �r�?�2�`�2 �i�?�2 ���m�i�?�Q�`�b �2�t���K�B�M�2�/ �� �b�2�b�B�H�2 �r���i�2�` �U�/�B�@

�2�H�2�+�i�`�B�+�V �/�`�Q�T�H�2�i�b ���+�i�2�/ �m�T�Q�M �#�v �� �`�Q�i���i�B�M�; �2�H�2�+�i�`�B�+ �}�2�H�/�X �h�?�2 �/�`�Q�T�H�2�i �K�Q�i�B�Q�M �K�B�K�B�+�F�2�/ ��

�`�Q�i���i�B�Q�M�- �?�Q�r�2�p�2�` �i�?�2 �p�2�H�Q�+�B�i�v �}�2�H�/ �r���b �7�Q�m�M�/ �i�Q �#�2 �M�Q�M�@�`�Q�i���i�B�M�;�X

�h�?�2 �i�Q�`�[�m�2 �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �B�K�T���`�i�b �Q�M �i�?�2 �/�`�Q�T�H�2�i ���M�/ �i�?�m�b �i�?�2 �i�Q�`�[�m�2 �i�?�2 �/�`�Q�T�H�2�i

�2�t�2�`�i�b �Q�M �i�?�2 �b�m�`�`�Q�m�M�/�B�M�; �~�m�B�/ �B�b� 0(4�R 3
0=3)M � H 1 �- �r�?�2�`�2M �B�b �i�?�2 �/�`�Q�T�H�2�i�ö�b �K���;�@

�M�2�i�B�x���i�B�Q�M�X �A�i �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�QBm �U�r�?�B�+�? �+�Q�K�2�b �7�`�Q�K �i�?�2 �p�2�+�i�Q�` �K���;�M�B�i�m�/�2 �T�`�Q�/�m�+�i

jM jjH 1 j�V �K�m�H�i�B�T�H�B�2�/ �#�v �i�?�2 �/�2�7�Q�`�K���i�B�Q�M �Q�7 �Q�7 �i�?�2 �/�`�Q�T�H�2�i� 1�-� 2 �U�r�?�B�+�? �+�Q�K�2�b �7�`�Q�K �i�?�2

�K�B�b���H�B�;�M�K�2�M�i �#�2�i�r�2�2�MM ���M�/H 1 �c �7�Q�` �� �b�T�?�2�`�B�+���H �/�`�Q�TM ���M�/H 1 ���`�2 �T���`���H�H�2�H�V�X �h�?�2�`�2�@

�7�Q�`�2�- �M�2�t�i �Q�`�/�2�` �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M �i�?�2�Q�`�v �r�Q�m�H�/ �#�2 �M�2�2�/�2�/ �i�Q �/�2�b�+�`�B�#�2 �i�?�2 �i�Q�`�[�m�2�X

�8�X�8�X�9 �*�Q�K�T���`�B�b�Q�M �r�B�i�? �"�1�J �b�B�K�m�H���i�B�Q�M�b ���M�/ �i�?�2 �H�B�K�B�i�b �Q�7 �i�?�2 �b�K���H�H �/�2�7�Q�`�@

�K���i�B�Q�M �i�?�2�Q�`�v

�h�Q �p���H�B�/���i�2 �i�?�2 ���M���H�v�i�B�+ �`�2�b�m�H�i�b�- �r�2 �m�b�2 �M�m�K�2�`�B�+���H �"�1�J �b�B�K�m�H���i�B�Q�M�b�X �q�2 �b�B�K�m�H���i�2

�i�?�2 �i�B�K�2 �2�p�Q�H�m�i�B�Q�M �Q�7 ���M �B�M�B�i�B���H�H�v �b�T�?�2�`�B�+���H �/�`�Q�T�H�2�i ���M�/ �H�2�i �B�i �`�2���+�? ���M �2�[�m�B�H�B�#�`�B�m�K �b�?���T�2�-

�r�?�B�+�? �r�2 �i�?�2�M �+�Q�K�T���`�2 ���;���B�M�b�i �U�8�X�d�k�V�X �a�B�K�m�H���i�B�Q�M �B�b �`�m�M �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �/�B�K�2�M�b�B�Q�M�H�2�b�b

�T���`���K�2�i�2�`�b�,Bm = 0:1�- � = 100�- � r = 10�- ���M�/ �i�?�2 �/�B�K�2�M�b�B�Q�M�H�2�b�b �7�`�2�[�m�2�M�+�v �Q�7 �i�?�2

�`�Q�i���i�B�M�; �}�2�H�/!= (
= (R0� (e))) �p���`�B�2�/�X �a�m�+�? �T���`���K�2�i�2�`�b �K�2���M �i�?���i� = 0:005 ���M�/� =

96:3=(R0� (e)=
 )�X �� �j�. �2�H�H�B�T�b�Q�B�/ �B�b �}�i�i�2�/ �i�Q �i�?�2 �K�2�b�? �T�Q�B�M�i�b �Q�7 �i�?�2 �b�B�K�m�H���i�B�Q�M�X �6�`�Q�K

�B�i �r�2 �/�2�i�2�`�K�B�M�2 �i�?�2 �b�2�K�B���t�2�b�ö �H�2�M�;�i�?�b ���M�/ �i�?�2�B�` �Q�`�B�2�M�i���i�B�Q�M�b�- �r�?�B�+�? �r�2 �m�b�2 �i�Q �}�M�/ �i�?�2

�/�2�7�Q�`�K���i�B�Q�M �T���`���K�2�i�2�`�b� 1�- � 2 ���M�/ �i�?�2 ���M�;�H�2� �X �h�?�2�B�` �2�[�m�B�H�B�#�`�B�m�K �p���H�m�2�b ���`�2 �/�2�T�B�+�i�2�/
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�8�X�8 ���M���H�v�b�B�b ���M�/ �+�Q�K�T���`�B�b�Q�M �r�B�i�? �M�m�K�2�`�B�+ �b�B�K�m�H���i�B�Q�M�b ���M�/ �2�t�T�2�`�B�K�2�M�i

�U���V �U�#�V

�U�+�V

�6�B�;�m�`�2 �8�X�8�, �A�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2 �p�2�H�Q�+�B�i�v �}�2�H�/ ���`�Q�m�M�/ �/�`�Q�T�H�2�i�b �i�?���i �?���p�2 �`�2���+�?�2�/ �i�?�2�B�` �2�[�m�B�@
�H�B�#�`�B�m�K �b�?���T�2 �B�M �� �`�Q�i���i�B�M�; �K���;�M�2�i�B�+ �}�2�H�/ �Q�7 �/�B�z�2�`�2�M�i �7�`�2�[�m�2�M�+�B�2�b�- �r�?�B�+�? ���`�2 �U���V� ! = 0:1�-
�U�#�V� ! = 1 ���M�/ �U�+�V� ! = 10�X �h�?�2 �2�H�Q�M�;���i�B�Q�M �B�M �b�i���i�B�Q�M���`�v �}�2�H�/H 1 �r�Q�m�H�/ �#�2� = 0:3�X
�h�?�2 �+�`�Q�b�b�@�b�2�+�i�B�Q�M ���ix = 0 �B�b �b�?�Q�r�M�X �.�`�Q�T�H�2�i �b�?���T�2�b ���M�/ �i�?�2�B�` �H�Q�M�;�2�b�i ���t�B�b ���`�2 �Q�m�i�H�B�M�2�/�-
���M�/ �i�?�2 �p�2�H�Q�+�B�i�v �K���;�M�B�i�m�/�2 �b�+���H�2�/ �#�v
=� (e) �B�b �b�?�Q�r�M �B�M �+�Q�H�Q�`�X �h�?�2 �T�H�Q�i �B�b �K���/�2 �B�M �i�?�2
�H���#�Q�`���i�Q�`�v �`�2�7�2�`�2�M�+�2 �7�`���K�2�- �r�?�2�`�2 �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �B�b �`�Q�i���i�B�M�; �B�M �i�?�2 �+�Q�m�M�i�2�`�@�+�H�Q�+�F�r�B�b�2
�/�B�`�2�+�i�B�Q�M ���M�/ �B�b �K�Q�K�2�M�i���`�B�H�v �T�Q�B�M�i�B�M�; ���H�Q�M�; �i�?�2z ���t�B�b�X �h�?�2 �p�2�H�Q�+�B�i�v �}�2�H�/ �B�b �b�m�+�? �i�?���i �i�?�2
�/�`�Q�T�H�2�i �/�2�7�Q�`�K�b �B�M �b�m�+�? �� �r���v �i�?���i �B�i�b �H�Q�M�;�2�b�i ���t�B�b �7�Q�H�H�Q�r�b �i�?�2 �}�2�H�/�X

�9�3



�8 �a�J���G�G �.�1�6�P�_�J���h�A�P�L �.�u�L���J�A�*�a

�6�B�;�m�`�2 �8�X�e�, �1�[�m�B�H�B�#�`�B�m�K �2�H�Q�M�;���i�B�Q�M� 1�- �~���i�M�2�b�b� 2 ���M�/ �i�?�2 �H���;�;�B�M�; ���M�;�H�2� ���b �� �7�m�M�+�i�B�Q�M
�Q�7 �i�?�2 �`�Q�i���i�B�M�; �K���;�M�2�i�B�+ �}�2�H�/ �7�`�2�[�m�2�M�+�v�X �A�M �b�i���i�B�Q�M���`�v �}�2�H�/�- �i�?�2 �/�`�Q�T�H�2�i �2�H�Q�M�;���i�2�b �i�Q
� = 0:005�X �h�?�2 �H�B�M�2�b ���`�2 �i�?�2 ���M���H�v�i�B�+ �2�[�m�B�H�B�#�`�B�m�K �p���H�m�2�b �U�8�X�d�k�V ���M�/ �i�?�2 �`�2�/ �T�Q�B�M�i�b ���`�2
�7�`�Q�K �i�?�2 �"�1�J �b�B�K�m�H���i�B�Q�M�b�X �h�?�2 �/���b�?�2�/ �H�B�M�2 �B�M �i�?�2� � �;�`���T�? �B�b� �

4 �X

�B�M �}�;�m�`�2 �8�X�e�X �1�t�+�2�H�H�2�M�i ���;�`�2�2�K�2�M�i �+���M �#�2 �b�2�2�M �#�2�i�r�2�2�M �i�?�2 �i�?�2�Q�`�2�i�B�+���H ���M�/ �M�m�K�2�`�B�+���H

�2�[�m�B�H�B�#�`�B�m�K �p���H�m�2�b �Q�7 �i�?�2 �/�2�7�Q�`�K���i�B�Q�M �T���`���K�2�i�2�`�b�X ���M�/ �7�Q�` �i�?�2 ���M�;�H�2� ���;�`�2�2�K�2�M�i �B�b

�2�t�+�2�H�H�2�M�i �r�?�2�M �i�?�2 �}�2�H�/ �`�Q�i���i�2�b �b�H�Q�r�2�`�- �#�m�i �b�Q�K�2 �/�2�p�B���i�B�Q�M �7�`�Q�K �i�?�2 �i�?�2�Q�`�2�i�B�+���H �+�m�`�p�2 �+���M

�#�2 �b�2�2�M �7�Q�` �H���`�;�2�` �`�Q�i���i�B�Q�M �7�`�2�[�m�2�M�+�B�2�b�X �h�?�B�b �K�B�;�?�i �T�Q�b�b�B�#�H�v �#�2 ���i�i�`�B�#�m�i�2�/ �i�Q �i�?�2 �7���+�i �i�?���i

�r�?�2�M� ! �B�b �H���`�;�2�- �i�?�2 �/�`�Q�T�H�2�i �#�2�+�Q�K�2�b �M�2���`�H�v �Q�#�H���i�2 ���M�/ �i�?�2 ���M�;�H�2� ���b �K�2���b�m�`�2�/ �#�2�i�r�2�2�M

�i�?�2 �H���`�;�2�b�i ���t�B�b �Q�7 �i�?�2 �/�`�Q�T�H�2�i ���M�/ �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �#�2�+�Q�K�2�b �B�H�H �/�2�}�M�2�/�X

�"�1�J �b�B�K�m�H���i�B�Q�M�b �+���M ���H�b�Q �#�2 �m�b�2�/ �i�Q �}�M�/ �i�?�2 �H�B�K�B�i�b�- �r�?�2�`�2 �i�?�2 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M

�i�?�2�Q�`�v �B�b ���T�T�H�B�+���#�H�2�X �h�Q �/�Q �i�?���i �r�2 �`�m�M �i�?�2 �b�B�K�m�H���i�B�Q�M �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �T���`���K�2�i�2�`�b�,

! = 0:05=(
= (R0� (e))) �- � = 100�- � r = 10 ���M�/Bm �r���b �p���`�B�2�/�X �6�Q�` �i�?�2�b�2 �T���`���K�2�i�2�`�b

� = 96:3=(R0� (e)=
 ) ���M�/� �p���`�B�2�/�X �h�?�2 �`�2�b�m�H�i�b �+���M �#�2 �b�2�2�M �B�M �}�;�m�`�2 �8�X�d�X �q�2 �b�2�2 �i�?���i �i�Q

�?���p�2 �H�2�b�b �i�?���M10% �2�`�`�Q�`�- �i�?�2 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M �i�?�2�Q�`�v �b�?�Q�m�H�/ �#�2 �m�b�2�/ �7�Q�` �r�2���F �2�M�Q�m�;�?
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�}�2�H�/ �B�M �i�?�2 �2�t�T�2�`�B�K�2�M�i���H �b�2�i�m�T�X �1�b�i�B�K���i�B�M�; �7�`�Q�K �i�?�2 �K�2���b�m�`�2�K�2�M�i�b �Q�M �� �/�B�z�2�`�2�M�i �/�`�Q�T�H�2�i

�U�b�2�+�i�B�Q�M �9�X�9�X�9�V �i�?���i �i�?�2 �b�m�`�7���+�2 �i�2�M�b�B�Q�M �B�b
 = 9:3 � 10� 7N=m ���M�/ �i�?�2 �`�2�H���i�B�p�2 �K���;�M�2�i�B�+

�8�R



�8�X�8 ���M���H�v�b�B�b ���M�/ �+�Q�K�T���`�B�b�Q�M �r�B�i�? �M�m�K�2�`�B�+ �b�B�K�m�H���i�B�Q�M�b ���M�/ �2�t�T�2�`�B�K�2�M�i

�U���V �U�#�V

�6�B�;�m�`�2 �8�X�R�y�, �U���V �i�?�2 �p���H�m�2�b �Q�7 �i�?�2 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M �/�2�+���v �i�B�K�2� rot ���b �+���H�+�m�H���i�2�/ �7�`�Q�K
�i�?�2 �2�[�m�B�H�B�#�`�B�m�K ���M�;�H�2�b� � �B�M �� �`�Q�i���i�B�M�; �K���;�M�2�i�B�+ �}�2�H�/ �7�Q�` �/�B�z�2�`�2�M�i �`�Q�i���i�B�Q�M �7�`�2�[�m�2�M�+�B�2�b�X
�U�#�V �h�?�2 �`�2�H���t���i�B�Q�M �Q�7� 1 �r�?�2�M �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �B�b �i�m�`�M�2�/ �Q�z�X �h�?�2 �/���i�� �T�Q�B�M�i�b ���`�2 �}�i�i�2�/
�r�B�i�? �� �/�2�+���v�B�M�; �2�t�T�Q�M�2�M�i�B���H �7�m�M�+�i�B�Q�M �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M �/�2�+���v �i�B�K�2� rel �X
���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M �i�?�2�Q�`�v�-� rot �b�?�Q�m�H�/ �#�2 �2�[�m���H �i�Q� rel �X

�T�2�`�K�2���#�B�H�B�i�v �B�b� r = 34:8�- ���M�/ �?���p�B�M�;R0 = 7 �m �- �7�`�Q�K �U�8�X�d�y�V �r�2 �;�2�i �i�?���i �i�?�2 �#���+�F�;�`�Q�m�M�/

�}�2�H�/ �?���b �� �+�Q�K�T�Q�M�2�M�i �B�M �i�?�2 �T�H���M�2 �Q�7 �i�?�2 �B�K���;�2 �Q�7 ���T�T�`�Q�t�B�K���i�2�H�v96 �T �X �h�?�B�b �T���`���b�B�i�B�+

�}�2�H�/ �?���b �� �M�Q�i�B�+�2���#�H�2 �B�M�~�m�2�M�+�2 �Q�M �i�?�2 �2�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b�- �b�B�M�+�2 �B�i�b �`�Q�m�;�?�H�v19% �Q�7 �i�?�2

�`�Q�i���i�B�M�; �K���;�M�2�i�B�+ �}�2�H�/ �b�i�`�2�M�;�i�?�X

���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M �i�?�2�Q�`�v� rot �b�?�Q�m�H�/ �#�2 �2�[�m���H �i�Q� rel �- �?�Q�r�2�p�2�` �2�t�@

�T�2�`�B�K�2�M�i���H�H�v �i�?�2�`�2 �B�b �� �/�B�b�+�`�2�T���M�+�v �Q�7 �M�2���`�H�v �i�r�Q �Q�`�/�2�`�b �Q�7 �K���;�M�B�i�m�/�2�X �h�Q �b�2�2 �r�?�2�i�?�2�`

�i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �K���;�M�B�i�m�/�2 �B�M�~�m�2�M�+�2�b� �- ���M�Q�i�?�2�` �2�t�T�2�`�B�K�2�M�i �r���b �/�Q�M�2�- �i�?�B�b �i�B�K�2 �Q�M

�� �/�B�z�2�`�2�M�i �/�`�Q�T�H�2�i �U�/�`�Q�T�H�2�i �k �B�M �i���#�H�2 �j�V �r�B�i�? �`���/�B�m�bR0 = 1:5 �m �- �r�?�B�+�? �`�2�K���B�M�2�/ �m�M�@

�+�?���M�;�2�/ �/�m�`�B�M�; �i�?�2 �r�?�Q�H�2 �2�t�T�2�`�B�K�2�M�i�X �h�?�2 �/�`�Q�T�H�2�i �r���b �2�H�Q�M�;���i�2�/ �#�v ���T�T�H�v�B�M�; �b�i���i�B�Q�M���`�v

�K���;�M�2�i�B�+ �}�2�H�/� 0H1 = 466 �T �- ���M�/ �i�?�2 �/�`�Q�T�H�2�i �2�t�T�Q�M�2�M�i�B���H�H�v ���T�T�`�Q���+�?�2�/ �i�?�2 �2�H�Q�M�;���i�2�/

�b�?���T�2 �U� �
1 = 0:075� 0:001�V �r�B�i�? �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �i�B�K�2� = (6 :65� 0:02)s�X �h�?�2�M �i�?�2 �}�2�H�/

�r���b �i�m�`�M�2�/ �Q�z ���M�/ �i�?�2 �/�`�Q�T�H�2�i �`�2�H���t�2�/ �i�Q �� �M�2���`�H�v �b�T�?�2�`�B�+���H �b�?���T�2 �U� �
1 = 0:0083� 0:0002�V

�r�B�i�? �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �i�B�K�2� = (4 :02� 0:02)s�X �q�?�B�H�2 �i�?�2 �B�M�~�m�2�M�+�2 �Q�7 �K���;�M�2�i�B�+ �}�2�H�/ �Q�M

�i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �i�B�K�2� �+���M�M�Q�i �#�2 �`�m�H�2�/ �Q�m�i�- �i�?�2 �/�B�z�2�`�2�M�+�2 �B�M �i�?�2 �H���b�i �2�t�T�2�`�B�K�2�M�i �r���b

�M�Q�r�?�2�`�2 �+�H�Q�b�2 �i�Q �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M� rot ���M�/� rel �X �6�m�`�i�?�2�`�K�Q�`�2�- �B�M �i�?�2 �H���b�i �2�t�T�2�`�B�K�2�M�i�-

�i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �`�2�b�m�H�i�2�/ �B�M �� �b�H�B�;�?�i�H�v �B�M�+�`�2���b�2�/� �@ �i�?�2 �Q�T�T�Q�b�B�i�2 �r���b

�i�`�m�2 �7�Q�` �i�?�2 �`�Q�i���i�B�M�; �}�2�H�/�X

�h�?�2�`�2 ���`�2 �M�Q�i �K���M�v �2�t�T�2�`�B�K�2�M�i���H �r�Q�`�F�b �i�?���i �[�m���M�i�B�i���i�B�p�2�H�v �2�t���K�B�M�2 �i�?�2 �K�Q�i�B�Q�M �Q�7 ��

�b�B�M�;�H�2 �K���;�M�2�i�B�+ �/�`�Q�T�H�2�i �B�M �� �r�2���F �`�Q�i���i�B�M�; �}�2�H�/�X �P�M�2 �b�m�+�? �2�t�T�2�`�B�K�2�M�i �r���b �/�Q�M�2 �B�M �(�N�k�)�-

�r�?�2�`�2 �� �K�B�M�2�`���H �Q�B�H �7�2�`�`�Q�~�m�B�/ �/�`�Q�T�H�2�i �U�/�`�Q�T�H�2�i �j �B�M �i���#�H�2 �j�V �r�B�i�?� r = 4:5 �r���b �b�m�b�T�2�M�/�2�/

�B�M �� �;�H�v�+�2�`�Q�H�@�r���i�2�` �K�B�t�i�m�`�2 �Q�7 �i�?�2 �b���K�2 �/�2�M�b�B�i�v�X �h�?�2 �T���T�2�` �`�2�T�Q�`�i�b �i�?�2 �p�B�b�+�Q�b�B�i�v �Q�7 �i�?�2

�7�2�`�`�Q�~�m�B�/ �Q�7� (i ) = 3 mPa� s ���M�/ �i�?�2 �2�t�i�2�`�M���H �p�B�b�+�Q�b�B�i�v� (e) = 120:6 mPa� s�- �r�?�B�+�? �K�2���M�b

�8�k



�8 �a�J���G�G �.�1�6�P�_�J���h�A�P�L �.�u�L���J�A�*�a

�i�?���i� = 0:025�X �h�?�2 �b�m�`�7���+�2 �i�2�M�b�B�Q�M �B�b �`�2�T�Q�`�i�2�/ �i�Q �#�2 ���`�Q�m�M�/
 = 2:5 mN=m�- �i�?�2 �2�t�i�2�`�M���H

�}�2�H�/ �m�b�2�/ �r���b� 0H1 = 4:7 mT ���M�/ �B�i �r���b �`�Q�i���i�B�M�; �r�B�i�?f = 1 Hz�X �1�t���K�B�M�B�M�; �i�?�2 �H���b�i

�7�`���K�2 �Q�7 �i�?�2 �}�;�m�`�2 �8 �B�M �(�N�k�)�- �B�i �r���b �/�2�i�2�`�K�B�M�2�/ �i�?���i �i�?�2 �m�M�/�2�7�Q�`�K�2�/ �/�`�Q�T�H�2�i�ö�b �`���/�B�m�b �r���b

���`�Q�m�M�/R0 = 0:55mm�- ���M�/ �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �2�H�Q�M�;���i�B�Q�M �B�M �i�?�B�b �`�Q�i���i�B�M�; �}�2�H�/ �r���b� �
1 = 0:55�X

�6�`�Q�K �i�?�2�b�2 �T���`���K�2�i�2�`�b�- �i�?�2 �K���;�M�2�i�B�+ �"�Q�M�/ �M�m�K�#�2�` �B�M �i�?�2 �2�t�T�2�`�B�K�2�M�i �r���b �2�b�i�B�K���i�2�/ �i�Q �#�2

Bm = 48:5�- �r�?�B�+�? ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �2�[�m���i�B�Q�M �U�8�X�d�y�V �K�2���M�b� = 1:2�X �6�`�Q�K �i�?�2 �i�?�2�Q�`�2�i�B�+���H

�2�[�m���i�B�Q�M �U�8�X�d�R�V �r�2 �;�2�i� rel = 16:4 s�X �>�Q�r�2�p�2�`�- �m�b�B�M�; �i�?�2 �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �2�[�m�B�H�B�#�`�B�m�K

�2�H�Q�M�;���i�B�Q�M� �
1 �B�M �� �`�Q�i���i�B�M�; �}�2�H�/ �U�8�X�d�k�V�- �r�2 �;�2�i �i�?���i� rot = 0:16 s�- �r�?�B�+�? ���;���B�M �B�b �i�r�Q �Q�`�/�2�`�b

�Q�7 �K���;�M�B�i�m�/�2 �b�K���H�H�2�` �i�?���M �2�t�T�2�+�i�2�/�X �1�p�2�M �i�?�Q�m�;�? �i�?�2 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M �i�?�2�Q�`�v �B�b �M�Q�i

�T�`�2�+�B�b�2 �B�M �i�?�2 �+���b�2 �r�?�2�M� > 0:3�- �b�m�+�? �� �#�B�; �/�B�b�+�`�2�T���M�+�v �B�b �m�M�2�t�T�2�+�i�2�/�X

� rel ; s � rot ; s
�.�`�Q�T�H�2�i �R 7:7 � 0:2 0:11� 0:03
�.�`�Q�T�H�2�i �k
�}�2�H�/ �Q�M

6:65� 0:02

�.�`�Q�T�H�2�i �k
�}�2�H�/ �Q�z

4:02� 0:02

�.�`�Q�T�H�2�i �j16:4 �U�i�?�2�Q�`�2�i�B�+���H�V0:16

�h���#�H�2 �j�, �h�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M �/�2�+���v �i�B�K�2� rel ���b �K�2���b�m�`�2�/ �r�B�i�? �i�?�2 �`�2�@
�H���t���i�B�Q�M �2�t�T�2�`�B�K�2�M�i �m�b�B�M�; �i�?�2 �7�Q�`�K�m�H�� �U�8�X�d�e�V�- ���M�/� rot ���b �K�2���b�m�`�2�/ �7�`�Q�K �i�?�2 �/�`�Q�T�H�2�i�ö�b
�2�[�m�B�H�B�#�`�B�m�K �b�?���T�2 �B�M �� �`�Q�i���i�B�M�; �}�2�H�/ �m�b�B�M�; �i�?�2 �7�Q�`�K�m�H���b �U�8�X�d�k�V�X

�8�X�e �a�m�K�K���`�v ���M�/ �/�B�b�+�m�b�b�B�Q�M

�q�2 �?���p�2 �b�Q�H�p�2�/ �i�?�2 �T�`�Q�#�H�2�K �Q�7 �� �K���;�M�2�i�B�+ �~�m�B�/ �/�`�Q�T�H�2�i �B�M �� �`�Q�i���i�B�M�; �}�2�H�/ ���M���H�v�i�B�+���H�H�v

�B�M �i�?�2 �H�B�K�B�i �Q�7 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M�b ���M�/ �r�2���F �}�2�H�/�X �A�M �T���`�i�B�+�m�H���`�- �i�?�2 �b�Q�H�m�i�B�Q�M �B�b �7�Q�m�M�/ �m�T

�i�Q �}�`�b�i �Q�`�/�2�` �B�M" ���M�/Bm�X �*�Q�K�T���`�B�b�Q�M �r�B�i�? �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b �b�?�Q�r �i�?���i �i�?�2 �b�K���H�H

�/�2�7�Q�`�K���i�B�Q�M �+�Q�M�/�B�i�B�Q�M �B�b �p���H�B�/ �r�?�2�M� < 0:3�- �r�?�2�`�2� �B�b �i�?�2 �T���`���K�2�i�2�` �2�t�T�`�2�b�b�2�/ �B�M �i�?�2

�2�[�m���i�B�Q�M �U�8�X�d�y�V�X �A�M �i�?�B�b �H�B�K�B�i�- �i�?�2 �b�?���T�2 �Q�7 �i�?�2 �/�`�Q�T�H�2�i �B�b �;�Q�p�2�`�M�2�/ �#�v �� �b�v�b�i�2�K �Q�` �i�?�`�2�2

�M�Q�M�H�B�M�2���` �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �U�8�X�k�8�V�X �h�?�2 �[�m���H�B�i���i�B�p�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2 �/�`�Q�T�H�2�i �B�b �/�2�i�2�`�@

�K�B�M�2�/ �#�v �� �b�B�M�;�H�2 �/�B�K�2�M�b�B�Q�M�H�2�b�b �T���`���K�2�i�2�`� ! �@ �i�?�2 �T�`�Q�/�m�+�i �Q�7 �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �b�K���H�H

�T�2�`�i�m�`�#���i�B�Q�M �/�2�+���v �i�B�K�2 ���M�/ �i�?�2 ���M�;�m�H���` �7�`�2�[�m�2�M�+�v �Q�7 �i�?�2 �`�Q�i���i�B�M�; �}�2�H�/�X� ! �/�2�i�2�`�K�B�M�2�b

�r�?�2�i�?�2�` �i�?�2 �/�`�Q�T�H�2�i �r�B�H�H �m�M�/�2�`�;�Q �Q�b�+�B�H�H���i�B�Q�M�b �B�M �b�?���T�2 ���b �B�i �b�2�i�i�H�2�b �i�Q ���M �2�[�m�B�H�B�#�`�B�m�K�- ���M�/

�r�?�2�i�?�2�` �B�M �2�[�m�B�H�B�#�`�B�m�K �i�?�2 �/�`�Q�T�H�2�i �r�B�H�H �#�2 �K�Q�`�2 �~���i�i�2�M�2�/ �Q�` �K�Q�`�2 �2�H�Q�M�;���i�2�/�X

�a�Q�K�2 �B�M�i�2�`�2�b�i�B�M�; �T�2�+�m�H�B���`�B�i�B�2�b �B�M �i�?�2 �b�Q�H�m�i�B�Q�M �+���M �#�2 �b�2�2�M�X �h�?�2 �b�v�b�i�2�K �B�b �+�Q�K�T�H�2�i�2�H�v

�/�B�b�b�B�T���i�2�- �?�Q�r�2�p�2�`�- �/�2�b�T�B�i�2 �i�?���i �B�M �� �`�Q�i���i�B�M�; �}�2�H�/ �i�?�2�`�2 �+���M �#�2 �Q�b�+�B�H�H���i�B�Q�M�b �B�M �i�?�2 �/�`�Q�T�H�2�i�ö�b

�b�?���T�2�X �� �T�?���b�2 �T�Q�`�i�`���B�i �Q�7 �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�?���T�2 �T���`���K�2�i�2�`�b �U�}�;�m�`�2 �8�X�j�V �B�b �b�B�K�B�H���` �i�Q �i�?���i
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�8�X�e �a�m�K�K���`�v ���M�/ �/�B�b�+�m�b�b�B�Q�M

�Q�7 �� �/���K�T�2�/ �T�2�M�/�m�H�m�K�X �h�?�B�b �B�b �i�?�2 �`�2�b�m�H�i �Q�7 �i�?�2 �B�M�i�2�`�T�H���v �Q�7 �i�r�Q �+�?���`���+�i�2�`�B�b�i�B�+ �i�B�K�2

�b�+���H�2�b�, �i�?�2 �b�K���H�H �T�2�`�i�m�`�#���i�B�Q�M �/�2�+���v �i�B�K�2� ���M�/ �i�?�2 �?���H�7�@�T�2�`�B�Q�/ �Q�7 �i�?�2 �`�Q�i���i�B�M�; �K���;�M�2�i�B�+

�}�2�H�/�=! �X �A�M �2�[�m�B�H�B�#�`�B�m�K�- �i�?�2 �/�`�Q�T�H�2�i�b �T�b�2�m�/�Q�@�`�Q�i���i�2 �7�Q�H�H�Q�r�B�M�; �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/�X �h�?�B�b

���T�T���`�2�M�i �`�Q�i���i�B�Q�M �T�`�Q�/�m�+�2�b �x�2�`�Q �i�Q�`�[�m�2 �Q�M �i�?�2 �b�m�`�`�Q�m�M�/�B�M�; �~�m�B�/�- ���M�/ �i�?�2 �K�Q�i�B�Q�M �B�b �i�?�2

�`�2�b�m�H�i �Q�7 �b�m�`�7���+�2 �/�2�7�Q�`�K���i�B�Q�M�b�X

���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M �i�?�2�Q�`�v�- �i�?�2 �p���H�m�2 �Q�7 �i�?�2 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M �/�2�+���v

�i�B�K�2� �b�?�Q�m�H�/ �#�2 �i�?�2 �b���K�2 �B�M �� �`�Q�i���i�B�M�; �}�2�H�/ ���M�/ �B�M �� �b�i���i�B�Q�M���`�v �Q�` �x�2�`�Q �}�2�H�/�X �1�t�T�2�`�B�@

�K�2�M�i���H�H�v �i�?�2 �p���H�m�2� rel �/�2�b�+�`�B�#�B�M�; �i�?�2 �2�t�T�Q�M�2�M�i�B���H ���T�T�`�Q���+�? �i�Q �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �b�?���T�2 �B�b ��

�+�Q�m�T�H�2 �Q�7 �Q�`�/�2�`�b �Q�7 �K���;�M�B�i�m�/�2 �H���`�;�2�` �i�?���M �i�?�2� rot �Q�#�i���B�M�2�/ �7�`�Q�K �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �b�?���T�2 �Q�7

�i�?�2 �/�`�Q�T�H�2�i �B�M �� �`�Q�i���i�B�M�; �}�2�H�/�X �h�?�B�b �B�M�/�B�+���i�2�b �i�?���i �i�?�2 �K���;�M�2�i�B�+ �~�m�B�/ �K�Q�/�2�H �/�2�b�+�`�B�#�2�/ �B�M

�+�?���T�i�2�`�b �j�X�k ���M�/ �j�X�j�- �r�?�B�H�2 ���#�H�2 �i�Q �[�m���H�B�i���i�B�p�2�H�v �`�2�T�H�B�+���i�2 �i�?�2 �2�t�T�2�`�B�K�2�M�i�- �?���b �� �b�B�;�M�B�}�+���M�i

�[�m���M�i�B�i���i�B�p�2 �/�B�b���;�`�2�2�K�2�M�i �r�?�2�M �� �`�Q�i���i�B�M�; �}�2�H�/ �B�b ���T�T�H�B�2�/�X �h�?�B�b �/�B�b���;�`�2�2�K�2�M�i �b�2�2�K�b �i�Q �#�2

�i�?�2�`�2 �#�Q�i�? �7�Q�` �T�?���b�2 �b�2�T���`���i�2�/ �K���;�M�2�i�B�+ �~�m�B�/ �/�`�Q�T�H�2�i�b ���M�/ �Q�M�2�b �Q�#�i���B�M�2�/ �#�v �B�M�i�`�Q�/�m�+�B�M�;

�7�2�`�`�Q�~�m�B�/ �B�M ���M �B�K�K�B�b�+�B�#�H�2 �+���`�`�B�2�` �~�m�B�/�X �1�t���K�B�M�B�M�; �U�8�X�d�R�V�- �B�i ���T�T�2���`�b �i�?���i �B�M �i�?�2 �`�Q�i���i�B�M�;

�}�2�H�/ �i�?�2 �/�`�Q�T�H�2�i �b�2�2�K�b �i�Q �?���p�2 �2�z�2�+�i�B�p�2�H�v �H���`�;�2�` �b�m�`�7���+�2 �i�2�M�b�B�Q�M �Q�` �b�K���H�H�2�` �p�B�b�+�Q�b�B�i�v �+�Q�K�@

�T���`�2�/ �i�Q �� �b�i���i�B�Q�M���`�v �Q�` �x�2�`�Q �}�2�H�/�X �q�2 �+���M �?�v�T�Q�i�?�2�b�B�x�2 �b�Q�K�2 �B�M�i�2�`�M���H �Q�`�;���M�B�x���i�B�Q�M �Q�7 �i�?�2

�M���M�Q�T���`�i�B�+�H�2�b �B�M �i�?�2 �+�Q�M�+�2�M�i�`���i�2�/ �K���;�M�2�i�B�+ �~�m�B�/ �/�`�Q�T�H�2�i�- �r�?�B�+�? �r�Q�m�H�/ �M�Q�i �`�2�b�T�Q�M�/ ���i �i�?�2

�b���K�2 �i�B�K�2 �b�+���H�2 �i�Q �� �`�Q�i���i�B�Q�M ���M�/ �i�Q �� �`�2�H���t���i�B�Q�M�X
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�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�e �"�Q�m�M�/���`�v �2�H�2�K�2�M�i �+���H�+�m�H���i�B�Q�M�b

�e�X�R �A�M�i�`�Q�/�m�+�i�B�Q�M

�"�v �7�Q�`�K�m�H���i�B�M�; �i�?�2 �T�`�Q�#�H�2�K �B�M �#�Q�m�M�/���`�v �B�M�i�2�;�`���H �7�Q�`�K�- �r�2 ���`�`�B�p�2 ���i �2�[�m���i�B�Q�M�b �i�?���i

�Q�M�H�v �M�2�2�/ �i�Q �#�2 �2�p���H�m���i�2�/ �Q�M �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2�X �L�m�K�2�`�B�+���H�H�v �b�Q�H�p�B�M�; �#�Q�m�M�/���`�v �B�M�i�2�;�`���H�b

�B�b �i�?�2 �#���b�B�b �Q�7 �i�?�2 �#�Q�m�M�/���`�v �2�H�2�K�2�M�i �K�2�i�?�Q�/�b �U�"�1�J�V �(�d�d�- �d�3�)�X

�a�Q�K�2 ���/�p���M�i���;�2�b �Q�7 �"�1�J �B�b �i�?���i �i�?�2 �Q�M�H�v �/�Q�K���B�M �i�?���i �M�2�2�/�b �i�Q �#�2 �/�B�b�+�`�2�i�B�x�2�/ �B�b �i�?�2

�/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2�X ���M�/ �B�M �/�Q�B�M�; �b�Q�- �i�?�2 �T�`�Q�#�H�2�K �B�b �b�Q�H�p�2�/ �7�Q�` �B�M�}�M�B�i�2 �/�Q�K���B�M�- �b�B�M�+�2�- ���b

�B�i �r�B�H�H �#�2 �b�?�Q�r�M�- �i�?�2 �p�2�H�Q�+�B�i�v �Q�` �i�?�2 �K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H �+���M �#�2 �7�Q�m�M�/ ���M�v�r�?�2�`�2 �#�v ���M

�B�M�i�2�;�`���H �Q�M �i�?�2 �b�m�`�7���+�2�X �"�1�J �B�b ���H�b�Q �r�2�H�H �b�m�B�i�2�/ �7�Q�` �7�`�2�2 �b�m�`�7���+�2 �T�`�Q�#�H�2�K�b �b�B�M�+�2 �i�?�2 �K�2�b�?

�+���M �#�2 �K�Q�p�2�/ �r�B�i�? �i�?�2 �+���H�+�m�H���i�2�/ �p�2�H�Q�+�B�i�v�- �?�Q�r�2�p�2�` �b�Q�K�2 �K�2�b�? �m�T�F�2�2�T �B�b �M�2�+�2�b�b���`�v�X �h�?�2

�+�Q�K�T�H�2�t�B�i�v �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K �b�+���H�2�b ���bO(N 2)�- �r�?�2�`�2N �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �b�m�`�7���+�2 �2�H�2�K�2�M�i�b�X

�h�?�2�`�2 ���H�b�Q ���`�2 �b�Q�K�2 �H�B�K�B�i���i�B�Q�M�b �i�Q �"�1�J�X �J�Q�b�i �M�Q�i���#�H�v �@ �i�?�2 �B�M�i�2�;�`���H �F�2�`�M�2�H�b �+�Q�M�@

�i���B�M �b�B�M�;�m�H���`�B�i�B�2�b �i�?���i �M�2�2�/ �b�T�2�+�B���H �+���`�2 �i�Q �#�2 ���+�+�m�`���i�2�H�v �M�m�K�2�`�B�+���H�H�v �B�M�i�2�;�`���i�2�/�X �h�?�2

�/�B�b�+�`�2�i�B�x�2�/ �B�M�i�2�;�`���H�b �7�Q�`�K �H�B�M�2���` �b�v�b�i�2�K�b �r�B�i�? �/�2�M�b�2 �K���i�`�B�+�2�b�- �r�?�B�+�? �+�Q�K�T�H�B�+���i�2�b �i�?�2�B�`

�b�Q�H�m�i�B�Q�M�X �"�1�J �+���M �Q�M�H�v �#�2 �m�b�2�/ �i�Q �b�Q�H�p�2 �H�B�M�2���` �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �i�?���i �?���p�2 �F�M�Q�r�M

�:�`�2�2�M�ö�b �7�m�M�+�i�B�Q�M�b�X �6�Q�`�i�m�M���i�2�H�v �B�M �Q�m�` �+���b�2 �i�?�2�b�2 �H�B�K�B�i���i�B�Q�M�b �+���M �#�2 �Q�p�2�`�+�Q�K�2�X

�"�1�J �?���b ���H�`�2���/�v �#�2�2�M �T�`�Q�p�2�M �m�b�2�7�m�H �B�M �+���H�+�m�H���i�B�M�; �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �b�?���T�2�b �Q�7 �K���;�M�2�i�B�+

�~�m�B�/ �/�`�Q�T�H�2�i�b �B�M �B�M�}�M�B�i�2�H�v �7���b�i �`�Q�i���i�B�M�; �}�2�H�/�b�- �r�?�2�`�2 �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �b�m�`�7���+�2 �/�2�7�Q�`�K���i�B�Q�M

�i�B�K�2� �B�b �K�m�+�? �H���`�;�2�` �i�?���M �i�?�2 �}�2�H�/ �`�Q�i���i�B�Q�M �T�2�`�B�Q�/ �(�e�k�)�X �A�M �i�?���i �r�Q�`�F �i�?�2 ���m�i�?�Q�`�b ���b�b�m�K�2�/

�i�?���i �i�?�2 �p�B�b�+�Q�b�B�i�v �Q�7 �i�?�2 �/�`�Q�T�H�2�i �B�b �2�[�m���H �i�Q �i�?���i �Q�7 �i�?�2 �b�m�`�`�Q�m�M�/�B�M�; �K�2�/�B�m�K �B�X�2�X� = 1�-

�r�?�B�+�? �b�B�;�M�B�}�+���M�i�H�v �b�B�K�T�H�B�}�2�b �i�?�2 �2�[�m���i�B�Q�M�b�X �h�?�B�b �/�Q�2�b �M�Q�i �B�K�T���+�i �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �b�?���T�2�-

�?�Q�r�2�p�2�`�- �B�i �/�Q�2�b �M�Q�i ���H�H�Q�r �7�Q�` �i�?�2 �+���H�+�m�H���i�B�Q�M �Q�7 �i�?�2 �M�Q�M�@�2�[�m�B�H�B�#�`�B�m�K �/�v�M���K�B�+�b �Q�7 �i�?�2

�/�`�Q�T�H�2�i�b �r�?�2�M� 6= 1�- �r�?�B�+�? �B�b �Q�7�i�2�M �i�?�2 �+���b�2 �2�t�T�2�`�B�K�2�M�i���H�H�v�X �"�1�J �?���b �#�2�2�M �m�b�2�/ �i�Q

�b�m�+�+�2�b�b�7�m�H�H�v �+���H�+�m�H���i�2 �i�?�2 �/�v�M���K�B�+�b �Q�7 �?�B�;�?�H�v�@�/�2�7�Q�`�K�2�/ �p�B�b�+�Q�m�b �M�Q�M�@�K���;�M�2�i�B�+ �/�`�Q�T�H�2�i�b �r�B�i�?

� 6= 1 �B�M ���M �2�t�i�2�`�M���H �~�Q�r �(�d�N�- �3�y�- �3�R�)�X �>�2�`�2 �r�2 �2�t�T���M�/ �i�?�2 ���H�;�Q�`�B�i�?�K �B�M �(�e�k�) �i�Q �#�2 ���#�H�2 �i�Q

�+���H�+�m�H���i�2 �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �/�`�Q�T�H�2�i�b �r�?�2�M� 6= 1�X �h�?�2 �+�Q�/�2 �Q�7 �i�?�2 �"�1�J �b�B�K�m�H���i�B�Q�M �7�Q�`

�+���H�+�m�H���i�B�M�; �K���;�M�2�i�B�+ �/�`�Q�T�H�2�i �/�v�M���K�B�+�b �B�b ���p���B�H���#�H�2 �B�M �:�B�i�>�m�# �(�R�R�N�)�X
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�e�X�k �A�M�i�2�;�`���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K���;�M�2�i�Q�b�i���i�B�+ �T�`�Q�#�H�2�K

�e�X�k �A�M�i�2�;�`���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K���;�M�2�i�Q�b�i���i�B�+ �T�`�Q�#�H�2�K

�� �:�`�2�2�M�ö�b �7�m�M�+�i�B�Q�M� �Q�7 �i�?�2 �G���T�H���+�2 �2�[�m���i�B�Q�M �U�j�X�e�V �b���i�B�b�}�2�b �i�?�2 �G���T�H���+�2 �2�[�m���i�B�Q�M

�i�Q�;�2�i�?�2�` �r�B�i�? �� �T�Q�B�M�i �7�Q�`�+�B�M�; �i�2�`�K �(�d�d�- �d�3�)

�� + � (x � y ) = 0 ; �U�e�X�R�V

�r�?�2�`�2� �B�b �i�?�2 �j�. �.�B�`���+ �/�2�H�i�� �7�m�M�+�i�B�Q�M�- ���M�/ �i�?�2 �7�Q�`�+�B�M�; �B�b �#�2�B�M�; �/�Q�M�2 �B�M �T�Q�B�M�iy �X �6�Q�`

�B�M�}�M�B�i�2 �/�Q�K���B�M�- �i�?�2 �:�`�2�2�M �7�m�M�+�i�B�Q�M �7�Q�` �i�?�2 �G���T�H���+�2 �2�[�m���i�B�Q�M �B�b �(�d�d�- �d�3�)

�( x ; y ) =
1

4� jX j
; �U�e�X�k�V

�r�?�2�`�2X = x � y �X

�A�i �B�b �2���b�v �i�Q �b�2�2 �i�?���i ���M�v �i�r�Q �i�r�B�+�2 �/�B�z�2�`�2�M�i�B���#�H�2 �7�m�M�+�i�B�Q�M�b 1 ���M�/ 2 �b���i�B�b�7�v �:�`�2�2�M�ö�b

�b�2�+�Q�M�/ �B�/�2�M�i�B�i�v �(�d�3�- �R�R�j�)

r � ( 1r  2 �  2r  1) =  1�  2 �  2�  1: �U�e�X�j�V

�A�7 �r�2 �b�2�i 2 =  �- �r�?�2�`�2 �B�b �i�?�2 �K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H �i�?���i �b���i�B�b�}�2�b �U�j�X�e�V�- ���M�/ 1 = � �- �r�2

�;�2�i

r � (� r  �  r �) =  �� =  � (x � y ): �U�e�X�9�V

�A�M�i�2�;�`���i�B�M�; �U�e�X�9�V �Q�p�2�` �i�?�2 �/�`�Q�T�H�2�i�ö�b �p�Q�H�m�K�2V (i ) ���M�/ �m�b�B�M�; �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �.�B�`���+

�/�2�H�i�� �7�m�M�+�i�B�Q�M ���M�/ �i�?�2 �/�B�p�2�`�;�2�M�+�2 �i�?�2�Q�`�2�K �U
R

V r � f dV =
R

S f � n dS�V �r�2 �?���p�2 �(�e�k�- �d�3�)

Z

S
�( x ; y )r x  (i )(x ) � n x dSx �

Z

S
 (i )(x )r x �( x ; y ) � n x dSx =

8
>>>>><

>>>>>:

 (i )(y )�- �B�7y 2 V (i )

 (i )(y )
2

�- �B�7y 2 S

0�- �B�7y 2 V (e)

;

�U�e�X�8�V

�r�?�2�`�2n x = n (x ) �B�b �i�?�2 �Q�m�i�r���`�/ �M�Q�`�K���H �p�2�+�i�Q�` �Q�7 �i�?�2 �/�`�Q�T�H�2�i�- ���M�/ �B�M�/�2�tx �B�Mr x ���M�/dSx

�/�2�M�Q�i�2�b �i�?���i �i�?�2 �/�B�z�2�`�2�M�i�B���i�B�Q�M �Q�` �B�M�i�2�;�`���i�B�Q�M �B�b �+���`�`�B�2�/ �Q�m�i �r�B�i�? �`�2�b�T�2�+�i �i�Qx �X �a�T�2�+�B���H

�+���`�2 �b�?�Q�m�H�/ �#�2 �i���F�2�M �B�M �i�?�2 �+���b�2 �r�?�2�My 2 S�- �r�?�B�+�? �B�b �7�m�`�i�?�2�` �/�2�i���B�H�2�/ �B�M �i�?�2 ���T�T�2�M�/�B�t

���X�8�X �B�b �M�Q�r (i ) �- �b�B�M�+�2 �r�2 �B�M�i�2�;�`���i�2�/ �B�M�b�B�/�2 �i�?�2 �/�`�Q�T�H�2�i�-V (e) �B�b �i�?�2 �p�Q�H�m�K�2 �Q�m�i�b�B�/�2 �i�?�2

�/�`�Q�T�H�2�i ���M�/S �B�b �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2�X

�a�B�K�B�H���`�H�v�- �r�2 �B�M�i�2�;�`���i�2 �U�e�X�9�V �Q�p�2�`V (e) ���M�/ �m�b�B�M�; �i�?�2 �/�B�p�2�`�;�2�M�+�2 �i�?�2�Q�`�2�K �`�2�r�`�B�i�2 �B�i

���b �� �b�m�K �Q�7 �B�M�i�2�;�`���H�b �Q�p�2�` �i�?�2 �b�m�`�7���+�2S �Q�7 �i�?�2 �/�`�Q�T�H�2�i ���M�/ �� �b�m�`�7���+�2S1 �7���` ���r���v �7�`�Q�K

�8�e



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�6�B�;�m�`�2 �e�X�R�, �a�F�2�i�+�? �Q�7 �i�?�2 �B�M�i�2�;�`���i�B�Q�M �p�Q�H�m�K�2V (e) �#�2�i�r�2�2�M �i�?�2 �/�`�Q�T�H�2�iS ���M�/ �� �b�m�`�7���+�2 �7���`
���r���v �7�`�Q�K �i�?�2 �/�`�Q�T�H�2�iS1 �X

�i�?�2 �/�`�Q�T�H�2�i �U�}�;�m�`�2 �e�X�R�V�- �r�?�2�`�2 �i�?�2 �T�2�`�i�m�`�#���i�B�Q�M�b �B�M (e) �/�m�2 �i�Q �i�?�2 �/�`�Q�T�H�2�i �p���M�B�b�? �U�B�X�2�X

 (e) =  1 �Q�MS1 �V

Z

S1

�( x ; y )r x  1 (x ) � n 1 x dSx �
Z

S1

 1 (x )r x �( x ; y ) � n 1 x dSx+

+
Z

S
�( x ; y )r x  (e)(x ) � (� n x )dSx �

Z

S
 (e)(x )r x �( x ; y ) � (� n x )dSx =

=

8
>>>>><

>>>>>:

0�- �B�7y 2 V (i )

 (e)(y )
2

�- �B�7y 2 S

 (e)(y )�- �B�7y 2 V (e)

;

�U�e�X�e�V

�r�?�2�`�2 ���;���B�Mn x �B�b �i�?�2 �Q�m�i�r���`�/ �M�Q�`�K���H �p�2�+�i�Q�` �Q�7 �i�?�2 �/�`�Q�T�H�2�i�- =  (e) �b�B�M�+�2 �i�?�2 �B�M�i�2�;�`���H

�r���b �Q�p�2�`V (e) �- ���M�/n 1 �B�b �i�?�2 �Q�m�i�r���`�/ �M�Q�`�K���H �7�`�Q�K �i�?�2 �B�M�i�2�;�`���i�B�Q�M �p�Q�H�m�K�2 �Q�MS1 �X �h�?�2

�+���b�2 �r�?�2�My 2 S �+���M �#�2 �2�p���H�m���i�2�/ �i�?�2 �b�B�K�B�H���`�H�v �i�Q �2�[�m���i�B�Q�M �U�e�X�8�V�X �h�?�2 �B�M�i�2�;�`���H�b �Q�p�2�`S1

�2�[�m���H 1 (y ) ���b �+���M �#�2 �b�2�2�M �7�`�Q�K �U�e�X�9�V ���M�/ �i�?�2 �/�B�p�2�`�;�2�M�+�2 �i�?�2�Q�`�2�K�X �h�?�B�b �`�2�b�m�H�i�b �B�M �i�?�2

�2�[�m���i�B�Q�M �7�Q�` �i�?�2 �2�t�i�2�`�M���H �K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H

 1 (y ) �
Z

S
�( x ; y )r x  (e)(x ) � n x dSx +

Z

S
 (e)(x )r x �( x ; y ) � n x dSx =

=

8
>>>>><

>>>>>:

0�- �B�7y 2 V (i )

 (e)(y )
2

�- �B�7y 2 S

 (e)(y )�- �B�7y 2 V (e)

:
�U�e�X�d�V

�A�7 �r�2 �F�M�Q�r �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 ���M�/n � r  �U�2�B�i�?�2�` �B�M�i�2�`�M���H �Q�` �2�t�i�2�`�M���H�- �b�B�M�+�2 �r�2 �+���M

�8�d



�e�X�k �A�M�i�2�;�`���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K���;�M�2�i�Q�b�i���i�B�+ �T�`�Q�#�H�2�K

�;�2�i �i�?�2 �Q�i�?�2�` �Q�M�2 �7�`�Q�K �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �U�j�X�d�V�- �U�j�X�3�V�V �Q�M �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2�- �r�2

�+���M �m�b�2 �i�?�2 �2�[�m���i�B�Q�M�b �U�e�X�8�V ���M�/ �U�e�X�d�V �i�Q �+���H�+�m�H���i�2 �i�?�2 �K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H �B�M ���M�v �T�Q�B�M�i �B�M

�i�?�2 �b�T���+�2 �B�M�b�B�/�2 ���M�/ �Q�m�i�b�B�/�2 �i�?�2 �/�`�Q�T�H�2�i�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�e�X�k�X�R �"�Q�m�M�/���`�v �B�M�i�2�;�`���H �2�[�m���i�B�Q�M �7�Q�` �i�?�2 �K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H

�L�Q�r �r�2 �H�Q�Q�F ���i �i�?�2 �+���b�2 �r�?�2�My 2 S�X �J�m�H�i�B�T�H�v�B�M�; �U�e�X�8�V �#�v� r �- ���/�/�B�M�; �U�e�X�d�V �i�Q �B�i

���M�/ �i���F�B�M�; �B�M�i�Q ���+�+�Q�m�M�i �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �U�j�X�d�V�- �U�j�X�3�V�- ���7�i�2�` �`�2���`�`���M�;�2�K�2�M�i �r�2 �+���M

�r�`�B�i�2 �� �#�Q�m�M�/���`�v �B�M�i�2�;�`���H �2�[�m���i�B�Q�M �7�Q�` �i�?�2 �K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H �Q�M �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2

�(�e�k�)

 (y ) =
2 1 (y )
� r + 1

� 2
� r � 1
� r + 1

Z

S
 (x )r x �( x ; y ) � n x dSx : �U�e�X�3�V

�P�M �i�?�2 �b�m�`�7���+�2 (e) =  (i ) �- �?�2�M�+�2 �i�?�2 �b�m�{�t�2�b ���`�2 �Q�K�B�i�i�2�/�X

�h�?�2 �B�M�i�2�;�`���M�/ �B�M �U�e�X�3�V �b�+���H�2�b ���bO(jX j � 1) ���bx ! y �- �r�?�B�+�? �+���M �#�2 �b�2�2�M �#�v �2�t�T���M�/�B�M�;

r x �( x ; y ) � n x �B�M �h���v�H�Q�` �b�2�`�B�2�b �7�Q�` �b�K���H�HX �B�M �� �H�Q�+���H �+�Q�Q�`�/�B�M���i�2 �b�v�b�i�2�K �+�2�M�i�2�`�2�/ �Q�M

y �U�}�;�m�`�2 �e�X�k�V�X (x) �B�b ���b�b�m�K�2�/ �i�Q �b�+���H�2 ���bO(1) ���bx ! y �X �A�i �B�b �r�Q�`�i�? �`�2�K�2�K�#�2�`�B�M�;

�i�?���iX � n x = O(jX j2) ���bx ! y �X �A�M�i�2�;�`���i�B�M�; �Q�p�2�` ���M ���`�2���- �i�?�2O(jX j � 1) �b�B�M�;�m�H���`�B�i�v �B�b

�+�Q�M�b�B�/�2�`�2�/ �r�2���F �b�B�M�+�2 �i�?�2 �B�M�i�2�;�`���H �B�b �+�Q�M�p�2�`�;�2�M�i �(�R�k�y�)�- ���b �+���M �#�2 �b�2�2�M �#�v �B�M�i�2�;�`���i�B�M�; �i�?�2

�b�B�M�;�m�H���` �`�2�;�B�Q�M �B�M �H�Q�+���H �+�Q�Q�`�/�B�M���i�2�b �+�2�M�i�2�`�2�/ �Q�M �i�?�2 �b�B�M�;�m�H���` �T�Q�B�M�i�, �� �i�2�`�K �T�`�Q�T�Q�`�i�B�Q�M���H

�i�QjX j ���`�B�b�2�b �7�`�Q�K �i�?�2 �/�B�z�2�`�2�M�i�B���H ���`�2���- �r�?�B�+�? �+���M�+�2�H�b �Q�m�i �i�?�2 �b�B�M�;�m�H���`�B�i�v�X

�6�B�;�m�`�2 �e�X�k�, �G�Q�+���H �+�Q�Q�`�/�B�M���i�2�b �Q�7 �� �;�B�p�2�M �T�Q�B�M�i �Q�M �i�?�2 �/�`�Q�T�H�2�i �b�m�`�7���+�2 �?���p�2 �i�?�2z ���t�B�b
�T�Q�B�M�i�B�M�; �B�M �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �M�Q�`�K���H �Q�7 �i�?�2 �/�`�Q�T�H�2�i ���M�/ �i�?�2 �Q�`�B�;�B�M �H���v�B�M�; �Q�M �i�Q�T �Q�7 �i�?�2
�b�m�`�7���+�2�X �*�H�Q�b�2 �i�Q �i�?�2 �Q�`�B�;�B�M�- �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�?���T�2 �B�b �� �T���`���#�Q�H�Q�B�/z = f (x; y) = Ax 2 +
Bxy + Cy2�X �h�?�2 �`���/�B�m�b �p�2�+�i�Q�` �#�2�+�Q�K�2�bx (x; y) = xex + yey + f (x; y)ez�- ���M�/ �i�?�2 �M�Q�`�K���H
�p�2�+�i�Q�` ���M�/ �+�m�`�p���i�m�`�2 �+���M �#�2 �7�Q�m�M�/ �7�`�Q�K �/�B�z�2�`�2�M�i�B���i�B�Q�M �Q�7f (x; y)�X

�L�Q�M�2�i�?�2�H�2�b�b�- �B�i�ö�b �T�Q�b�b�B�#�H�2 �i�Q �;�2�i �`�B�/ �Q�7 �i�?�2 �b�B�M�;�m�H���` �#�2�?���p�B�Q�` �Q�7 �i�?�2 �B�M�i�2�;�`���H �U�e�X�3�V ���H�H

�i�Q�;�2�i�?�2�` �i�Q �7���+�B�H�B�i���i�2 �B�i�b �M�m�K�2�`�B�+ �2�p���H�m���i�B�Q�M�X �q�2 �+���M �m�b�2 �� �i�2�+�?�M�B�[�m�2 �+���H�H�2�/�b�B�M�;�m�H���`�B�i�v

�8�3



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�b�m�#�i� �̀��+�i�B�Q�M�(�e�k�- �d�d�- �R�k�R�)�X �q�2 �m�b�2 �i�?�2 �B�/�2�M�i�B�i�v

Z

S
r x �( x ; y ) � n x dSx = �

1
2

; �U�e�X�N�V

�r�?�Q�b�2 �/�2�`�B�p���i�B�Q�M �B�b �B�M �i�?�2 ���T�T�2�M�/�B�t ���X�e�X �q�2 �K�m�H�i�B�T�H�v �U�e�X�N�V �#�v2 (y )( � r � 1)=(� r + 1)

���M�/ ���/�/ �B�i �i�Q �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �Q�7 �U�e�X�3�V ���M�/ �b�m�#�i�`���+�i(� 1=2)2 (y )( � r � 1)=(� r + 1) �i�Q

�K���B�M�i���B�M �i�?�2 �2�[�m���H�B�i�v�X

���7�i�2�` �b�Q�K�2 ���H�;�2�#�`���B�+ �K���M�B�T�m�H���i�B�Q�M �r�2 ���`�`�B�p�2 ���i �i�?�2 �`�2�;�m�H���`�B�x�2�/ �#�Q�m�M�/���`�v �B�M�i�2�;�`���H

�2�[�m���i�B�Q�M �7�Q�` �i�?�2 �K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H

 (y ) =  1 (y ) � (� r � 1)
Z

S
[ (x ) �  (y )] r x �( x ; y ) � n x dSx : �U�e�X�R�y�V

�h�?�2 �B�M�i�2�;�`���M�/ �?�2�`�2 �b�+���H�2�b ���bO(1) ���bx ! y �X �A�i �+���M �#�2 �b�2�2�M �#�v �M�Q�i�B�M�; �i�?���i �7�Q�` �b�K�Q�Q�i�?

�K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H (x ) �  (y ) � [r  ]x = y � X �- �r�?�B�+�? �b�+���H�2�b ���bO(jX j) ���bx ! y �X

�e�X�k�X�k �1�B�;�2�M�b�Q�H�m�i�B�Q�M�b �i�Q �i�?�2 �?�Q�K�Q�;�2�M�2�Q�m�b �#�Q�m�M�/���`�v �B�M�i�2�;�`���H �2�[�m���i�B�Q�M �7�Q�` �i�?�2

�K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H

�h�?�2 �B�M�i�2�;�`���H �2�[�m���i�B�Q�M �U�e�X�3�V �+���M �#�2 �r�`�B�i�i�2�M �B�M �i�?�2 �7�Q�`�K

 (y ) =
2 1 (y )
� r + 1

+ 2M
Z

S
 (x )r x �( x ; y ) � n x dSx ; �U�e�X�R�R�V

�r�?�2�`�2M = � (� r � 1)=(� r + 1) �X �A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �r�?�2�MM = � 1�- �i�?�2�`�2 �2�t�B�b�i�b ��

�M�Q�M�@�i�`�B�p�B���H �b�Q�H�m�i�B�Q�M �7�Q�` �i�?�2 �?�Q�K�Q�;�2�M�2�Q�m�b �T�`�Q�#�H�2�K

 (y ) = 2 M
Z
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�h�Q �b�2�2 �i�?���i�- �r�2 �K�m�H�i�B�T�H�v �U�e�X�N�V �#�v� 2C�- �r�?�2�`�2C �B�b �� �+�Q�M�b�i���M�i�- �i�Q �}�M�/
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S
Cr x �( x ; y ) � n x dSx : �U�e�X�R�j�V

 (y ) = C �B�b �� �b�Q�H�m�i�B�Q�M �i�Q �U�e�X�R�k�V �r�?�2�MM = � 1�X
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�A�M �Q�m�` ���T�T�`�Q���+�? �r�2 �/�Q �M�Q�i �b�Q�H�p�2 �i�?�2 �B�M�i�2�;�`���H �2�[�m���i�B�Q�M �B�i�2�`���i�B�p�2�H�v�- ���M�/ ���7�i�2�`�r���`�/�b �Q�M�H�v
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�2�B�;�2�M�b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �?�Q�K�Q�;�2�M�2�Q�m�b �#�Q�m�M�/���`�v �B�M�i�2�;�`���H �2�[�m���i�B�Q�M�X �>�Q�r�2�p�2�`�- �i�?���i �r�B�H�H �M�Q�i �#�2
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�i�?���i �B�7H (i )
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n + b�- �T�`�Q�p�B�/�2�/ �i�?���i
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S b(x )�( x ; y )dSx = 0�X

b �+�Q�m�H�/ �#�2 �� �`���T�B�/�H�v �Q�b�+�B�H�H���i�B�M�; �7�m�M�+�i�B�Q�M�- �#�m�i �r�?�Q�b�2 �B�M�i�2�;�`���H �B�b �x�2�`�Q�X �a�m�+�? �� �H�B�K�B�i���i�B�Q�M �B�b

�M�Q�i �2�t�T�2�`�B�2�M�+�2�/ �#�v �U�e�X�3�V�- �r�?�B�+�? �B�b �� �6�`�2�/�?�Q�H�K �B�M�i�2�;�`���H �2�[�m���i�B�Q�M �Q�7 �i�?�2 �b�2�+�Q�M�/ �F�B�M�/ �7�Q�` 
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�h�?�2�`�2�7�Q�`�2�- �/�B�z�2�`�2�M�i ���T�T�`�Q���+�? �B�b �m�b�2�/ �7�Q�` �}�M�/�B�M�;H (i )
n �X �a�B�M�+�2 �i�?�2�`�2 �B�b �� �/�B�b�+�Q�M�i�B�M�m�B�i�v

�B�M �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ ���+�`�Q�b�b �i�?�2 �/�`�Q�T�H�2�i �#�Q�m�M�/���`�v�- �B�i �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ �#�v ���M �2�[�m�B�p���H�2�M�i

�}�+�i�B�p�2 �b�m�`�7���+�2 �+�m�`�`�2�M�i �/�2�M�b�B�i�vK �b�m�+�? �i�?���iB ( e) � B ( i ) = � 0K � n �(�N�9�)�X �h���F�B�M�; �� �+�`�Q�b�b

�T�`�Q�/�m�+�i �r�B�i�?n ���M�/ �M�Q�i�B�M�; �i�?���iK �B�b �Q�`�i�?�Q�;�Q�M���H �i�Qn �- �r�2 �;�2�i �Q�M �i�?�2 �b�m�`�7���+�2
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n � B ( e) ; �U�e�X�R�e�V

�r�?�2�`�2 �7�Q�` �i�?�2 �H���b�i �2�[�m���H�B�i�v �r�2 �m�b�2 �i�?�2 �+�Q�M�i�B�M�m�B�i�v �Q�7 �i�?�2 �i���M�;�2�M�i�B���H �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2H
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�
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�
= 0�X �h�?�B�b �}�+�i�B�p�2 �b�m�`�7���+�2 �+�m�`�`�2�M�i �T�`�Q�/�m�+�2�b �i�?�2 �T�2�`�i�m�`�#���i�B�Q�M �B�M
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�i�?�2 �2�t�i�2�`�M���H �K���;�M�2�i�B�+ �}�2�H�/ �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �"�B�Q�i�@�a���p���`�i �H���r �(�e�k�- �N�9�)
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K (x ) �

X
jX j3

dSx : �U�e�X�R�d�V

�S�H�m�;�;�B�M�; �U�e�X�R�e�V �B�M�i�Q �U�e�X�R�d�V ���M�/ �M�Q�i�B�M�; �i�?���in � B ( e) = n � B ( e)
t �- �r�2 �;�2�i ���M �2�[�m���i�B�Q�M �7�Q�`

�i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �Q�m�i�b�B�/�2 �i�?�2 �/�`�Q�T�H�2�i �i�?���i �Q�M�H�v �`�2�[�m�B�`�2�b �i�?�2 �F�M�Q�r�H�2�/�;�2 �Q�7 �i�?�2 �i���M�;�2�M�i�B���H

�+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �}�2�H�/

B ( e) (y ) = B 1 (y ) � (� r � 1)
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n x � B ( e)

t (x )
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� r x �( x ; y )dSx : �U�e�X�R�3�V

�G�2�i�i�B�M�;y ���T�T�`�Q���+�? �i�?�2 �/�`�Q�T�H�2�i �b�m�`�7���+�2 �i�?�2 �2�t�T�`�2�b�b�B�Q�M �#�2�+�Q�K�2�b �U�/�2�`�B�p���i�B�Q�M �B�b �B�M ���T�T�2�M�/�B�t

���X�d�V
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�U�e�X�R�N�V

�r�?�2�`�2P �/�2�M�Q�i�2�b �i�?�2 �*���m�+�?�v �T�`�B�M�+�B�T���H �p���H�m�2 �Q�7 �i�?�2 �B�M�i�2�;�`���H�- �r�?�B�+�? �B�b �M�2�2�/�2�/ �i�Q �2�p���H�m���i�2

�B�i�- �b�B�M�+�2 �i�?�2 �B�M�i�2�;�`���M�/ �B�b �b�i�`�Q�M�;�H�v �b�B�M�;�m�H���`�, �B�i �b�+���H�2�b ���bO(jX j � 2) ���bx ! y �- ���M�/ �i�?�2
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�2�t�T�`�2�b�b�B�Q�M �i�Q �+���H�+�m�H���i�2H (i )
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�m�H���`�B�x�2 �U�e�X�k�y�V�- �r�2 �}�`�b�i �`�2�r�`�B�i�2 �B�i �m�b�B�M�; �i�?�2 �C���+�Q�#�B �B�/�2�M�i�B�i�v �7�Q�` �i�?�2 �p�2�+�i�Q�` �i�`�B�T�H�2 �T�`�Q�/�m�+�i

(n x � H t ) � r � = n x � (H t � r �) � H t � (n x � r �) �- ���M�/ �r�2 �2�t�T���M�/ �i�?�2 �}�`�b�i �i�2�`�K
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i
dSx ;

�U�e�X�k�R�V
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H ( i )
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�q�?�2�M �i�?�2 �2�t�i�2�`�M���H �K���;�M�2�i�B�+ �}�2�H�/H 1 �`�Q�i���i�B�Q�M �7�`�2�[�m�2�M�+�v �B�b �}�M�B�i�2�- ���i �2���+�? �i�B�K�2 �b�i�2�T

t �i�?�2 �`�2�b�m�H�i�B�M�; �}�2�H�/H (H 1 ) �B�b �+���H�+�m�H���i�2�/ �7�Q�` �i�?�2 �#���+�F�;�`�Q�m�M�/ �}�2�H�/ �T�Q�B�M�i�B�M�; �B�M �i�?�2 ���T�T�`�Q�@

�T�`�B���i�2 �/�B�`�2�+�i�B�Q�M ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �7�Q�`�K�m�H��

H 1 = H1 cos (!t )ex + H1 sin (!t )ey: �U�e�X�k�9�V

���7�i�2�`�r���`�/�b�- �i�?�2 �2�z�2�+�i�B�p�2 �K���;�M�2�i�B�+ �b�m�`�7���+�2 �7�Q�`�+�2 �B�b �7�Q�m�M�/ ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �7�Q�`�K�m�H�� �U�j�X�j�R�V

�K�Q�/�B�}�2�/ �i�Q �m�b�2 �i�?�2 �T�`�2�b�b�m�`�2 �b�+���H�2
=R 0

f M =



R0

Bm
8�

(� r � 1)

0

@� r

 
H (i )

n (y )
H1

! 2

+

 
H (i )

t (y )
H1

! 2
1

A : �U�e�X�k�8�V

�q�?�2�M �i�?�2 �`�Q�i���i�B�Q�M �T�2�`�B�Q�/ �Q�7 �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �B�b �K�m�+�? �b�?�Q�`�i�2�` �i�?���M �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+

�/�`�Q�T�H�2�i �b�?���T�2 �T�2�`�i�m�`�#���i�B�Q�M �i�B�K�22�=! � � �- �i�?�2 �2�z�2�+�i�B�p�2 �K���;�M�2�i�B�+ �b�m�`�7���+�2 �7�Q�`�+�2 �+���M �#�2

���p�2�`���;�2�/ �Q�p�2�` �i�?�2 �`�Q�i���i�B�Q�M �T�2�`�B�Q�/ �(�e�k�)�X �.�m�2 �i�Q �i�?�2 �H�B�M�2���`�B�i�v �Q�7 �i�?�2 �K���;�M�2�i�Q�b�i���i�B�+ �T�`�Q�#�H�2�K�-

�i�?�2 �`�2�b�m�H�i�B�M�; �}�2�H�/ �7�Q�H�H�Q�r�b �i�?�2 �b�m�T�2�`�T�Q�b�B�i�B�Q�M �T�`�B�M�+�B�T�H�2

H (� a + � b) = � H (a) + � H (b): �U�e�X�k�e�V

�q�2 �b�2�i� = H1 cos (!t )�-a = ex �-� = H1 sin (!t )�-b = ey �i�Q �;�2�i

H (H 1 ) = H1 cos (!t )H (ex ) + H1 sin (!t )H (ey): �U�e�X�k�d�V

�e�k



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�h�?�2�M �i�?�2 �2�z�2�+�i�B�p�2 �K���;�M�2�i�B�+ �7�Q�`�+�2 �#�2�+�Q�K�2�b

f M =



R0

Bm
8�

(� r � 1)
�

� r [cos (!t )Hn (ex ) + sin ( !t )Hn (ey)]2

+ [cos (!t )H t (ex ) + sin ( !t )H t (ey)]2
�

:
�U�e�X�k�3�V

���p�2�`���;�B�M�; �Q�p�2�` �i�?�2 �`�Q�i���i�B�Q�M �T�2�`�B�Q�/T = 2�=! �- �r�2 �;�2�i �i�?�2 �2�z�2�+�i�B�p�2 �K���;�M�2�i�B�+ �b�m�`�7���+�2 �7�Q�`�+�2

�7�Q�` �B�M�}�M�B�i�2�H�v �7���b�i �`�Q�i���i�B�M�; �}�2�H�/

hf M i =
1
T

Z T

0
f M dt =



R0

Bm
16�

(� r � 1)
�

� r
�
H 2

n (ex ) + H 2
n (ey)

�
+

�
H 2

t (ex ) + H 2
t (ey)

� �
:

�U�e�X�k�N�V

�A�M �b�m�K�K���`�v�- �i�Q �+���H�+�m�H���i�2hf M i �- �r�2 �+���H�+�m�H���i�2 �i�?�2 �`�2�b�m�H�i�B�M�; �}�2�H�/ �7�Q�` �i�r�Q �#���+�F�;�`�Q�m�M�/ �}�2�H�/�b

ex ���M�/ey ���M�/ �i�?�2�M �m�b�2 �i�?�2 �7�Q�`�K�m�H�� �U�e�X�k�N�V�X

�e�X�j �A�M�i�2�;�`���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �T�`�Q�#�H�2�K

�G�2�i �m�b �+�Q�M�b�B�/�2�` �i�?�2 �a�i�Q�F�2�b �2�[�m���i�B�Q�M�b �r�B�i�? �� �T�Q�B�M�i �7�Q�`�+�2 ���+�i�B�M�; �Q�M �i�?�2 �~�m�B�/

� r p + � � v + b� (x � y ) = 0; r � v = 0; �U�e�X�j�y�V

�r�?�2�`�2b �B�b ���M ���`�#�B�i�`���`�v �+�Q�M�b�i���M�i �p�2�+�i�Q�` �/�2�b�+�`�B�#�B�M�; �i�?�2 �K���;�M�B�i�m�/�2 ���M�/ �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2

�7�Q�`�+�2�X ���H�i�2�`�M���i�B�p�2�H�v�- �m�b�B�M�;r � v = 0 ���M�/ �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �?�v�/�`�Q�/�v�M���K�B�+ �b�i�`�2�b�b� ij =

� � ij p + � (@j vi + @i vj )�- �r�2 �+���M �r�`�B�i�2

@�ij
@xj

+ bi � (x � y ) = 0 �U�e�X�j�R�V

�h�?�2 �b�Q�H�m�i�B�Q�M �i�Q �U�e�X�j�y�V ���M�/ �U�e�X�j�R�V �+���M �#�2 �2�t�T�`�2�b�b�2�/ �i�?�`�Q�m�;�? �:�`�2�2�M�ö�b �7�m�M�+�i�B�Q�M �i�2�M�b�Q�`�b

G�-P ���M�/T �(�d�d�- �R�k�k�)

vi =
1

8��
Gij bj ; p =

1
8�

Pj bj ; � ik =
1

8�
Tijk bj �U�e�X�j�k�V

�r�?�2�`�2 �i�?�2 �7���+�i�Q�`�b �#�2�7�Q�`�2 �i�?�2 �2�t�T�`�2�b�b�B�Q�M�b ���`�2 �� �K���i�i�2�` �Q�7 �+�Q�M�p�2�M�i�B�Q�M�X �h�?�2 �i�2�M�b�Q�`T �m�b�2�/

�B�M �i�?�2 �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �b�i�`�2�b�b �i�2�M�b�Q�` �B�b �(�d�d�- �R�k�k�)

Tijk = � � ik Pj +
@Gij
@xk

+
@Gkj

@xi
: �U�e�X�j�j�V

�e�j



�e�X�j �A�M�i�2�;�`���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �?�v�/�`�Q�/�v�M���K�B�+ �T�`�Q�#�H�2�K

�A�M �B�M�}�M�B�i�2 �/�Q�K���B�M �i�?�2 �:�`�2�2�M�ö�b �7�m�M�+�i�B�Q�M �i�2�M�b�Q�`�b ���`�2 �(�d�d�- �d�3�- �R�k�k�)

Gij (x ; y ) =
� ij

jX j
+

X i X j

jX j3
; Pj (x ; y ) = 2

X j

jX j3
; Tijk (x ; y ) = � 6

X i X j X k

jX j5
; �U�e�X�j�9�V

�r�?�2�`�2 �B�i �B�b �`�2�K�B�M�/�2�/ �i�?���iX = x � y �X �6�Q�` �B�M�}�M�B�i�2 �/�Q�K���B�MG �B�b �b�Q�K�2�i�B�K�2�b �+���H�H�2�/ �i�?�2

�a�i�Q�F�2�b�H�2�i�X

�h�r�Q �b�Q�H�m�i�B�Q�M�b(v; � ) ���M�/(v0; � 0) �7�Q�` �i�?�2 �a�i�Q�F�2�b �~�Q�r �b���i�B�b�7�v �i�?�2 �;�2�M�2�`���H�B�x�2�/ �G�Q�`�2�M�i�x

�`�2�+�B�T�`�Q�+���H �B�/�2�M�i�B�i�v �(�R�R�e�) �U�/�2�`�B�p���i�B�Q�M �B�b �B�M �i�?�2 ���T�T�2�M�/�B�t ���X�N�V

@
@xk

(v0
i � ik � vi � 0

ik ) = v0
i
@�ik
@xk

� vi
@�0ik
@xk

: �U�e�X�j�8�V

�A�/�2�M�i�B�7�v�B�M�;(v0; � 0) �r�B�i�? �i�?�2 �b�Q�H�m�i�B�Q�M �`�2�b�m�H�i�B�M�; �7�`�Q�K �� �T�Q�B�M�i �7�Q�`�+�2 ���+�i�B�M�; �Q�M �i�?�2 �~�m�B�/�- ���M�/

(v; � ) �r�B�i�? �i�?�2 �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �m�M�7�Q�`�+�2�/ �a�i�Q�F�2�b �2�[�m���i�B�Q�M�b�- �r�2 �;�2�i

@
@xk

�
1

8��
Gij bj � ik � vi

1
8�

Tijk bj

�
= vi bi � (x � y ); �U�e�X�j�e�V

�r�?�2�`�2 �r�2 �m�b�2�/ �U�e�X�j�R�V �7�Q�` �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2�X �a�B�M�+�2b �B�b ���`�#�B�i�`���`�v�- �r�2 �?���p�2

1
8�

@
@xj

�
1
�

Gik � ij � vi Tikj

�
= vk � (x � y ): �U�e�X�j�d�V

�A�M�i�2�;�`���i�B�M�; �U�e�X�j�d�V �Q�p�2�` �i�?�2 �/�`�Q�T�H�2�i�ö�b �p�Q�H�m�K�2V (i ) ���M�/ �m�b�B�M�; �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �.�B�`���+

�/�2�H�i�� �7�m�M�+�i�B�Q�M ���M�/ �i�?�2 �/�B�p�2�`�;�2�M�+�2 �i�?�2�Q�`�2�K �U
R

V r � f dV =
R

S f � n dS�V �r�2 �?���p�2

1
8�� (i )

Z

S
Gik (x ; y )� (i )

ij (x )nxj dSx �
1

8�

Z

S
v(i )

i (x )Tikj (x ; y )nxj dSx =

8
>>>>><

>>>>>:

v(i )
k (y )�- �B�7y 2 V (i )

v(i )
k (y )

2
�- �B�7y 2 S

0�- �B�7y 2 V (e)

;

�U�e�X�j�3�V

�r�?�2�`�2 �i�?�2 �B�M�/�2�tx �B�M�/�B�+���i�2�b �i�?���i �i�?�2 �M�Q�`�K���H �p�2�+�i�Q�` �B�b �2�p���H�m���i�2�/ ���i �T�Q�B�M�ix �X �h�?�2 �+���b�2 �r�?�2�M

y 2 S �B�b �H�Q�Q�F�2�/ ���i �B�M �i�?�2 ���T�T�2�M�/�B�t ���X�R�y�X �a�B�K�B�H���`�H�v �r�2 �B�M�i�2�;�`���i�2 �U�e�X�j�d�V �Q�p�2�`V (e) �X �l�b�B�M�;

�i�?�2 �/�B�p�2�`�;�2�M�+�2 �i�?�2�Q�`�2�K �r�2 �`�2�r�`�B�i�2 �i�?�2 �B�M�i�2�;�`���H ���b �� �b�m�K �Q�7 �B�M�i�2�;�`���H�b �Q�p�2�` �i�?�2 �b�m�`�7���+�2S

�Q�7 �i�?�2 �/�`�Q�T�H�2�i ���M�/ �� �b�m�`�7���+�2S1 �7���` ���r���v �7�`�Q�K �i�?�2 �/�`�Q�T�H�2�i �U�}�;�m�`�2 �e�X�R�V�X �P�M �i�?�2 �7���` ���r���v

�b�m�`�7���+�2 �i�?�2 �T�2�`�i�m�`�#���i�B�Q�M�b �B�Mv ( e) ���M�/� ( e) �/�m�2 �i�Q �i�?�2 �/�`�Q�T�H�2�i �p���M�B�b�? �U�B�X�2�Xv ( e) = v1 ���M�/

�e�9



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

� ( e) = � 1 �Q�MS1 �V�X �q�2 �;�2�i

1
8�� (e)

Z

S1

Gik (x ; y )� 1 ij (x )n1 xj dSx �
1

8�

Z

S1

v1 i (x )Tikj (x ; y )n1 xj dSx+

+
1

8�� (e)

Z

S
Gik (x ; y )� (e)

ij (x )( � nxj )dSx �
1

8�

Z

S
v(e)

i (x )Tikj (x ; y )( � nxj )dSx =

=

8
>>>>><

>>>>>:

0�- �B�7y 2 V (i )

v(e)
k (y )

2
�- �B�7y 2 S

v(e)
k (y )�- �B�7y 2 V (e)

:

�U�e�X�j�N�V

�a�B�M�+�2n �B�b �i�?�2 �Q�m�i�r���`�/ �M�Q�`�K���H �Q�7 �i�?�2 �/�`�Q�T�H�2�i�- ���M�/ �B�i �B�b �T�Q�B�M�i�B�M�; �B�M�b�B�/�2 �i�?�2 �B�M�i�2�;�`���i�B�Q�M

�p�Q�H�m�K�2�- �� �K�B�M�m�b �b�B�;�M �B�b �B�M �7�`�Q�M�i �Q�7 �B�i�X �h�?�2 �+���b�2 �r�?�2�My 2 S �r���b �2�p���H�m���i�2�/ �b�B�K�B�H���`�H�v ���b �B�M

�U�e�X�j�3�V�X �h�?�2 �B�M�i�2�;�`���H�b �Q�p�2�`S1 �2�[�m���Hv1 k(y ) ���b �+���M �#�2 �b�2�2�M �7�`�Q�K �U�e�X�j�d�V ���M�/ �i�?�2 �/�B�p�2�`�;�2�M�+�2

�i�?�2�Q�`�2�K�X �h�?�B�b �`�2�b�m�H�i�b �B�M �i�?�2 �2�[�m���i�B�Q�M �7�Q�` �i�?�2 �2�t�i�2�`�M���H �p�2�H�Q�+�B�i�v �}�2�H�/

v1 k(y ) �
1

8�� (e)

Z

S
Gik (x ; y )� (e)

ij (x )nxj dSx +
1

8�

Z

S
v(e)

i (x )Tikj (x ; y )nxj dSx =

=

8
>>>>><

>>>>>:

0�- �B�7y 2 V (i )

v(e)
k (y )

2
�- �B�7y 2 S

v(e)
k (y )�- �B�7y 2 V (e)

:
�U�e�X�9�y�V

�A�7 �r�2 �F�M�Q�r �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7v ���M�/� �Q�M �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2�- �r�2 �+���M �+���H�+�m�H���i�2 �i�?�2

�p�2�H�Q�+�B�i�v ���M�v�r�?�2�`�2 �B�M �i�?�2 �b�m�`�`�Q�m�M�/�B�M�; �~�m�B�/ �Q�` �B�M�b�B�/�2 �i�?�2 �/�`�Q�T�H�2�i �#�v �i�?�2 �m�b�2 �Q�7 �2�[�m���i�B�Q�M�b

�U�e�X�j�3�V ���M�/ �U�e�X�9�y�V�X

�e�X�j�X�R �"�Q�m�M�/���`�v �B�M�i�2�;�`���H �2�[�m���i�B�Q�M �7�Q�` �i�?�2 �p�2�H�Q�+�B�i�v

�q�2 �Q�#�b�2�`�p�2 �i�?�2 �+���b�2 �r�?�2�My 2 S�X �J�m�H�i�B�T�H�v�B�M�; �U�e�X�j�3�V �#�v� (i ) ���M�/ �U�e�X�9�y�V �#�v� (e)

���M�/ ���/�/�B�M�; �i�?�2�K�- ���7�i�2�` �b�Q�K�2 ���H�;�2�#�`���B�+ �K���M�B�T�m�H���i�B�Q�M �r�2 ���`�`�B�p�2 ���i �i�?�2 �#�Q�m�M�/���`�v �B�M�i�2�;�`���H

�2�[�m���i�B�Q�M �7�Q�` �i�?�2 �b�m�`�7���+�2 �p�2�H�Q�+�B�i�v �Q�7 �i�?�2 �/�`�Q�T�H�2�i

vk(y ) =
2

1 + �
v1 k(y )

+
1

1 + �
1

4�� (e)

Z

S
f M (x )Gik (x ; y )nxi dSx

�
1

1 + �



4�� (e)

Z

S
(k1(x ) + k2(x )) Gik (x ; y )nxi dSx

+
1 � �
1 + �

1
4�

Z

S
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x i �
�� x � z

jz j2
zi = �B ij x j + bi ; �U�e�X�8�e�V

�k�A�7 �i�?�2 �/�`�Q�T�H�2�i�ö�b �#�Q�m�M�/���`�v �B�b �� �H�2�p�2�H �b�m�`�7���+�2� (x ) = 0 �- �i�?�2�M �i�?�2 �M�Q�`�K���H �p�2�+�i�Q�` �B�bn = r �= jr � j�X �"�m�i
�r�2 �+���M �+�Q�M�b�i�`�m�+�i ���M�Q�i�?�2�` �7�m�M�+�i�B�Q�Mf = �=jr � j�Xf = 0 �+�H�2���`�H�v �b�i�B�H�H �/�2�b�+�`�B�#�2�b �i�?�2 �/�`�Q�T�H�2�i�ö�b �#�Q�m�M�/���`�v�- ���M�/
�r�2 �?���p�2r f = r �= jr � j + � r (jr � j � 1) = n �- �b�B�M�+�2 �i�?�2 �b�2�+�Q�M�/ �i�2�`�K �p���M�B�b�?�2�b �Q�M �i�?�2 �b�m�`�7���+�2�X
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�a�B�M�+�2B ij zj = 0�- �r�2 ���`�2 �K�Q�i�B�p���i�2�/ �i�Q �B�M�i�`�Q�/�m�+�2 �� �M�2�r �m�M�F�M�Q�r�M �p�2�+�i�Q�`y

yi = x i �
�� x � z

jz j2
zi = x i � ��x 0

i ; �U�e�X�8�d�V

�r�?�2�`�2 �r�B�i�? �ô�T�`�B�K�2�ô �r�2 �/�2�M�Q�i�2 �i�?�2 �T�`�Q�D�2�+�i�B�Q�Mx 0 = z(x � z)=(z � z) �Q�M �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`z�X

�h�?�2 �2�[�m���i�B�Q�M �U�e�X�8�e�V �i�?�2�M �#�2�+�Q�K�2�b

yi = �B ij yj + bi ;

�Q�`

yi = �A ij yj � ��y 0
i + bi :

�U�e�X�8�3�V

�a�+���H���` �K�m�H�i�B�T�H�v�B�M�;z �r�B�i�? �U�e�X�8�d�V�- �r�2 �;�2�ix � z = y � z + �� x � z�X �1�t�T�`�2�b�b�B�M�;x � z ���M�/

�T�H�m�;�;�B�M�; �B�i �#���+�F �B�M�i�Q �U�e�X�8�d�V �r�2 �;�2�i ���M �2�[�m���i�B�Q�M �i�Q �`�2�i�`�B�2�p�2x �Q�M�+�2y �B�b �7�Q�m�M�/

x i = yi +
��

1 � ��
y � z
jz j2

zi = yi +
��

1 � ��
y0

i �U�e�X�8�N�V

�h�?�2 �ô�/�2�~���i�2�/�ô �2�[�m���i�B�Q�M �U�e�X�8�3�V �B�b �M�Q �H�Q�M�;�2�` �B�H�H�@�T�Q�b�2�/ �r�?�2�M� � 1=� ���M�/ �+���M ���+�+�m�`���i�2�H�v

�#�2 �b�Q�H�p�2�/ �M�m�K�2�`�B�+���H�H�v �7�Q�`y �X ���7�i�2�`�r���`�/�b�- �i�?�2 �Q�`�B�;�B�M���H �m�M�F�M�Q�r�Mx �+���M �#�2 �7�Q�m�M�/ �U�e�X�8�N�V�X �h�?�B�b

�/�2�~���i�B�Q�M �b�?�Q�m�H�/ �#�2 �/�Q�M�2 �7�Q�` �2���+�? �2�B�;�2�M�p�2�+�i�Q�` ���M�/ �2�B�;�2�M�p���H�m�2 �i�?���i �r�Q�m�H�/ �?�B�M�/�2�` ���+�+�m�`���i�2

�b�Q�H�m�i�B�Q�M �Q�7 �U�e�X�8�9�V�X

���M���H�Q�;�Q�m�b�H�v�- �7�Q�` �#�Q�m�M�/���`�v �B�M�i�2�;�`���H �2�[�m���i�B�Q�M�b �r�2 �+���M �m�b�2 �� �b�B�K�B�H���` �T�`�Q�+�2�/�m�`�2�X �A�M �p�2�+�i�Q�`

�7�m�M�+�i�B�Q�M �b�T���+�2�- �i�?�2 �b�+���H���` �T�`�Q�/�m�+�i �B�b �/�2�}�M�2�/ ���b �(�d�d�)

(u ; v) =
Z

S
u(x ) � v(x )dSx : �U�e�X�e�y�V

�A�M�b�i�2���/ �Q�7 �b�Q�H�p�B�M�; �7�Q�`v �m�b�B�M�; �U�e�X�9�R�V�- �r�2 �}�`�b�i �b�Q�H�p�2 �7�Q�` ���M ���m�t�B�H�B���`�v �}�2�H�/w �m�b�B�M�; �� �ô�/�2�~���i�2�/�ô

�#�Q�m�M�/���`�v �B�M�i�2�;�`���H �2�[�m���i�B�Q�M �U���M���H�Q�;�Q�m�b �i�Q �U�e�X�8�3�V�V

wk(y ) = Fk(y ) + �
1

4�

Z

S
wi (x )Tikj (x ; y )nxj dSx � �w 0(1)

k (y ) + �w 0(� 1)
k (y ); �U�e�X�e�R�V

�r�?�2�`�2 �M�Q�r� = (1 � � )(1 + � )�-� �B�b �i�?�2 �p�B�b�+�Q�b�B�i�v �`���i�B�Q�- ���M�/F (y ) �U���M���H�Q�;�Q�m�b �i�Qbi �V �B�b �i�?�2

�7�Q�`�+�B�M�; �7�m�M�+�i�B�Q�M �@ �B�i �+�Q�M�i���B�M�b ���H�H �i�?�2 �i�2�`�K�b �r�B�i�?�Q�m�iv �B�M �U�e�X�9�R�V�X

w 0(1) �B�b �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �Q�7w �Q�M�i�Q �i�?�2 �2�B�;�2�M�b�Q�H�m�i�B�Q�MCn �r�B�i�? �i�?�2 �2�B�;�2�M�p���H�m�21

w 0(1) (y ) = n y
(w ; n )
(n ; n )

=
n y

S

Z

S
w(x ) � n xdSx ; �U�e�X�e�k�V
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�r�?�2�`�2 �r�2 �M�Q�i�B�+�2�/ �i�?���i �i�?�2 �+�Q�M�b�i���M�iC �/�Q�2�b �M�Q�i �B�M�~�m�2�M�+�2 �i�?�2 �T�`�Q�D�2�+�i�B�Q�M�X

w 0(� 1) �B�b �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �Q�7w �Q�M�i�Q �i�?�2 �2�B�;�2�M�b�Q�H�m�i�B�Q�M �Q�7 �`�B�;�B�/ �#�Q�/�v �K�Q�i�B�Q�MV + 
 � x

�r�B�i�? �i�?�2 �2�B�;�2�M�p���H�m�2� 1�X �� �b�B�K�T�H�2 �r���v �i�Q �}�M�/ �B�i �r���b �;�B�p�2�M �#�v �(�R�k�j�)�X �>�2�`�2 �r�2 �b�?�Q�r ��

�K���`�;�B�M���H�H�v �2�p�2�M �b�B�K�T�H�2�` �r���v�X �G�2�i �m�b �H�Q�Q�F ���i �i�?�2 �i�`���M�b�H���i�B�Q�M ���M�/ �`�Q�i���i�B�Q�M �b�2�T���`���i�2�H�v

w 0(� 1) = w 0(t ) + w 0(r ) : �U�e�X�e�j�V

�6�B�`�b�i�- �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �Q�M �i�?�2 �i�`���M�b�H���i�B�Q�M���H �K�Q�i�B�Q�M �B�b

w 0(t )(y ) = V̂
(w ; V̂ )

(V̂ ; V̂ )
=

V̂
S

V̂ �
Z

S
w(x )dSx ; �U�e�X�e�9�V

�r�?�2�`�2̂V �B�b ���M ���`�#�B�i�`���`�v �+�Q�M�b�i���M�i �m�M�B�i �p�2�+�i�Q�`�X �h�?�2�`�2 ���`�2 �i�?�`�2�2 �H�B�M�2���`�H�v �B�M�/�2�T�2�M�/�2�M�i �T�Q�b�@

�b�B�#�B�H�B�i�B�2�b �7�Q�`V̂ �- ���H�H �Q�7 �r�?�B�+�? �b�?�Q�m�H�/ �#�2 �b�T���M�M�2�/ �7�Q�` �i�?�2 �7�m�H�H �T�`�Q�D�2�+�i�B�Q�M �i�Q �i�?�2 �i�`���M�b�H���i�B�Q�M���H

�K�Q�i�B�Q�M�X �*�?�Q�Q�b�B�M�;V̂ �i�Q �#�2 �i�?�2 �m�M�B�i �#���b�B�b �p�2�+�i�Q�`�bex �- ey ���M�/ez�- �r�2 �b�2�2 �i�?���i �i�?�2 �7�m�H�H

�T�`�Q�D�2�+�i�B�Q�M �B�b

w 0(t )(y ) =
1
S

Z

S
w(x )dSx : �U�e�X�e�8�V

�L�2�t�i �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �Q�M �i�?�2 �`�Q�i���i�B�Q�M���H �K�Q�i�B�Q�M

w 0(r )(y ) = 
̂ � y
(w ; 
̂ � x )

(
̂ � x ; 
̂ � x )

=

 

̂

R
S jx j2dSx �

R
S(
̂ � x )2dSx


̂ �
Z

S
x � w (x )dSx

!

� y ;

�U�e�X�e�e�V

�r�?�2�`�2 ���;���B�M
̂ �B�b ���M ���`�#�B�i�`���`�v �+�Q�M�b�i���M�i �m�M�B�i �p�2�+�i�Q�`�- ���M�/ �r�2 ���`�`�B�p�2�/ ���i �i�?�2 �2�t�T�`�2�b�b�B�Q�M �Q�M

�i�?�2 �`�B�;�?�i �?���M�/ �b�B�/�2 ���7�i�2�` �b�Q�K�2 ���H�;�2�#�`���B�+ �K���M�B�T�m�H���i�B�Q�M �Q�7 �p�2�+�i�Q�` �T�`�Q�/�m�+�i�b�X ���;���B�M �i�?�2�`�2 ���`�2

�i�?�`�2�2 �H�B�M�2���`�H�v �B�M�/�2�T�2�M�/�2�M�i �+�?�Q�B�+�2�b �Q�7
̂ �X �a�2�i�i�B�M�; �i�?�2�K �i�Qex �-ey ���M�/ez�- �r�2 ���`�`�B�p�2 ���i �i�?�2

�7�m�H�H �T�`�Q�D�2�+�i�B�Q�M �Q�M �i�?�2 �`�Q�i���i�B�Q�M���H �K�Q�i�B�Q�M

w 0(r )(y ) = 
 (w) � y ; �U�e�X�e�d�V

�r�?�2�`�2


 (w) = M �
Z

S
x � w (x )dSx ; �U�e�X�e�3�V

���M�/M �B�b �� �/�B���;�Q�M���H �K���i�`�B�t

M = �/�B���;
�

1R
S jx j2dSx �

R
S(ei � x )2dSx

�
; i = 1 : : : 3; �U�e�X�e�N�V
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�r�?�2�`�2ei �i���F�2�b �m�T �i�?�2 �p���H�m�2�bex �-ey ���M�/ez�X

�P�M�+�2 �r�2 �?���p�2 �b�Q�H�p�2�/ �i�?�2 �ô�/�2�~���i�2�/�ô �#�Q�m�M�/���`�v �B�M�i�2�;�`���H �2�[�m���i�B�Q�M �U�e�X�e�R�V�- �r�2 �}�M�/ �i�?�2

�p�2�H�Q�+�B�i�v �}�2�H�/ �#�v ���M ���M���H�Q�;�Q�m�b �7�Q�`�K�m�H�� �i�Q �U�e�X�8�N�V

v(y ) = w(y ) +
�

1 � �
n y

S

Z

S
w(x ) � n xdSx �

�
1 + �

w 0(� 1)(y ): �U�e�X�d�y�V

�"�m�i �b�B�M�+�2 �r�2 �`�2�[�m�B�`�2 �7�Q�`r � v = 0�- �i�?�2 �i�2�`�K �T�`�Q�T�Q�`�i�B�Q�M���H �i�Qn y �b�?�Q�m�H�/ �p���M�B�b�?�- �H�2���p�B�M�; �m�b

�r�B�i�?

v(y ) = w(y ) �
�

1 + �
w 0(� 1)(y ): �U�e�X�d�R�V

�e�X�j�X�9 �_�2�;�m�H���`�B�x���i�B�Q�M �Q�7 �b�B�M�;�m�H���` �B�M�i�2�;�`���H�b

�h�?�2�`�2 ���`�2 �b�2�p�2�`���H �B�M�i�2�;�`���H�b �B�M �i�?�2 �ô�/�2�~���i�2�/�ô �#�Q�m�M�/���`�v �B�M�i�2�;�`���H �2�[�m���i�B�Q�M �U�e�X�e�R�V �i�?���i

�b�+���H�2 ���bO(jX j � 1) ���bx ! y �X �>�Q�r�2�p�2�` �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �`�2�K�Q�p�2 �i�?�2�b�2 �b�B�M�;�m�H���`�B�i�B�2�b �i�Q

�7���+�B�H�B�i���i�2 �i�?�2�B�` �M�m�K�2�`�B�+���H �2�p���H�m���i�B�Q�M�X

�l�b�B�M�; �i�?�2 �B�/�2�M�i�B�i�v �U�e�X�9�d�V �K�m�H�i�B�T�H�B�2�/ �r�B�i�?f M (y )�- �r�2 �b�2�2 �i�?���i �i�?�2 �7�Q�H�H�Q�r�B�M�; �B�b �i�`�m�2

Z

S
f M (x )Gik (x ; y )nxi dSx =

Z

S
[f M (x ) � f M (y )]Gik (x ; y )nxi dSx ; �U�e�X�d�k�V

�r�?�2�`�2 �i�?�2 �H�2�7�i�@�?���M�/ �b�B�/�2 �B�M�i�2�;�`���H �?���b ��O(jX j � 1) �b�B�M�;�m�H���`�B�i�v�- �#�m�i �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2

�B�M�i�2�;�`���H �?���b ��O(1) �#�2�?���p�B�Q�` ���bx ! y �X

�L�2�t�i�- �r�2 �+���M ���H�b�Q �b�m�#�i�`���+�i �i�?�2 �b�B�M�;�m�H���`�B�i�v �7�`�Q�K �i�?�2T �B�M�i�2�;�`���H �#�v �m�b�B�M�; �i�?�2 �B�/�2�M�i�B�i�v�(�d�d�)

�U�/�2�`�B�p���i�B�Q�M �B�b �B�M �i�?�2 ���T�T�2�M�/�B�t ���X�R�k�V

Z

S
Tijk (x ; y )nxk dSx =

8
>>>><

>>>>:

� 8�� ij �- �B�7y 2 V (i )

� 4�� ij �- �B�7y 2 S

0�- �B�7y 2 V (e)

; �U�e�X�d�j�V

�r�?�2�`�2 �r�2 �i���F�2 �i�?�2 �+���b�2 �r�?�2�My 2 S�X

Z

S
wi (x )Tikj (x ; y )nxj dSx =

Z

S
[wi (x ) � wi (y )] Tikj (x ; y )nxj dSx � 4�w k(y ); �U�e�X�d�9�V
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�(�R�k�8�)�X �>�Q�r�2�p�2�`�- �b�B�M�+�2 �i�?�2 �B�M�i�2�;�`���H �+�Q�M�i���B�M�B�M�; �i�?�2 �K�2���M �+�m�`�p���i�m�`�2

Kk =
Z

S
(k1(x ) + k2(x )) Gik (x ; y )nxi dSx �U�e�X�d�8�V

�B�b �Q�p�2�` �� �+�H�Q�b�2�/ �b�m�`�7���+�2�- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �`�2�7�Q�`�K�m�H���i�2 �B�i �B�M �� �+�m�`�p���i�m�`�2�H�2�b�b �7�Q�`�K ���b �b�?�Q�r�M

�#�v �w�B�M�+�?�2�M�F�Q ���M�/ �.���p�B�b �(�R�k�j�- �R�k�8�)�U�/�2�`�B�p���i�B�Q�M �B�b �B�M ���T�T�2�M�/�B�t ���X�R�j ���M�/ ���X�R�9�V

K = �P
Z

S

X
X 3

�
1 � 3

(n x � X )2

X 2

�
dSx ; �U�e�X�d�e�V

�r�?�2�`�2 �B�i �B�b �`�2�K�B�M�/�2�/ �i�?���iX = x � y �X �h�?�2 �B�M�i�2�;�`���M�/ �b�+���H�2�b ���bO(jX j � 2)�- �r�?�2�MX ! 0�X

�w�B�M�+�?�2�M�F�Q ���M�/ �.���p�B�b ���H�b�Q �b�?�Q�r �?�Q�rK �+���M �#�2 �`�2�;�m�H���`�B�x�2�/ �i�Q �?���p�2O(1) �#�2�?���p�B�Q�` �r�?�2�M

X ! 0 �(�R�k�8�)�X

�6�B�`�b�i�- �r�2 �M�Q�i�2 �i�?���i �i�?�2 �B�M�i�2�;�`���H �+���M �#�2 �r�`�B�i�i�2�M �r�B�i�? �/�B�z�2�`�2�M�i �:�`�2�2�M �7�m�M�+�i�B�Q�M�b �r�2 �?���p�2

�H�Q�Q�F�2�/ ���i �T�`�2�p�B�Q�m�b�H�v

Kk = P
Z

S

�
4�

@�( x ; y )
@xk

�
1
2

Tijk (x ; y )nxi nxj

�
dSx : �U�e�X�d�d�V

�G�2�i �m�b �}�`�b�i �H�Q�Q�F ���i �i�?�2 �M�Q�`�K���H �+�Q�K�T�Q�M�2�M�i �Q�7K

K � n y =
Z

S

�
4� n y � r x �( x ; y ) �

1
2

Tijk (x ; y )nxi nxj nyk

�
dSx ; �U�e�X�d�3�V

�r�?�B�+�? �M�Q�r �?���b ��O(jX j � 1) �b�B�M�;�m�H���`�B�i�v�- ���bX ! 0�- �?�2�M�+�2P �B�b �Q�K�B�i�i�2�/�X �h�?�2 �b�B�M�;�m�H���`�B�i�v

�+���M �#�2 �7�m�`�i�?�2�` �`�2�/�m�+�2�/ �m�b�B�M�; �i�?�2 �2�[�m���i�B�Q�M�b �U�e�X�N�V ���M�/ �U�e�X�d�j�V �i�Q �;�2�i �i�?�2 �B�/�2�M�i�B�i�v

Z

S

�
4� n x � r x �( x ; y ) �

1
2

Tijk (x ; y )nyi nyj nxk

�
dSx = 0; �U�e�X�d�N�V

�r�?�B�+�? �r�2 ���/�/ �i�Q �i�?�2 �M�Q�`�K���H �+�Q�K�T�Q�M�2�M�i �Q�7K �i�Q �;�2�i

K � n y =
Z

S

 

4� (n x + n y) � r x �( x ; y ) �
1
2

Tijk (x ; y )nxi nyj (n x + n y)k

!

dSx ; �U�e�X�3�y�V

�r�?�Q�b�2 �B�M�i�2�;�`���M�/ �B�b �M�Q�rO(1)�- ���bX ! 0�X �A�i �B�b �r�Q�`�i�? �M�Q�i�B�M�; �i�?���iX � (n x + n y) = O(jX j3)�-

���bX ! 0�X

�d�k



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�L�2�t�i �r�2 �H�Q�Q�F ���i �i�?�2 �i���M�;�2�M�i�B���H �+�Q�K�T�Q�M�2�M�i �Q�7K �X �q�2 �M�Q�i�2 �i�?���i

n y � (K � n y) = K (n y � n y) � n y(K � n y) = K � K n = K t ; �U�e�X�3�R�V

�r�?�2�`�2K n ���M�/K t ���`�2 �i�?�2 �M�Q�`�K���H ���M�/ �i���M�;�2�M�i�B���H �+�Q�K�T�Q�M�2�M�i �Q�7K �- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�`�2�7�Q�`�2

�i���M�;�2�M�i�B���H �+�Q�K�T�Q�M�2�M�i �Q�7K �B�b

K t = P
Z

S
n y �

�
4� r x �( x ; y ) � n y �

1
2

(n x � T (x ; y ) � n x ) � n y

�
dSx : �U�e�X�3�k�V

���;���B�M�- �i�?�2 �b�B�M�;�m�H���`�B�i�v �+���M �#�2 �`�2�K�Q�p�2�/ �m�b�B�M�; �i�?�2 �2�[�m���i�B�Q�M�b �U�e�X�k�k�V ���M�/ �U�e�X�d�j�V �i�Q �;�2�i �i�?�2

�B�/�2�M�i�B�i�v

P
Z

S
n y �

�
� 4� r x �( x ; y ) � n x �

1
2

(n y � T (x ; y ) � n x ) � n y

�
dSx = 0; �U�e�X�3�j�V

�r�?�B�+�? �r�2 ���/�/ �i�QK t �i�Q �;�2�i

K t =
Z

S
n y �

�
4� r x �( x ; y ) � (n y � n x ) �

1
2

([n x + n y] � T (x ; y ) � n x ) � n y

�
dSx :

�U�e�X�3�9�V

�h�?�B�b �B�M�i�2�;�`���M�/ �B�b �M�Q�rO(1)�- ���bX ! 0�X

�h�?�2 �`�2�;�m�H���`�B�x�2�/ �7�Q�`�K �Q�7K = ( K � n y)n y + K t �B�b �7�Q�m�M�/ ���7�i�2�` �b�Q�K�2 ���H�;�2�#�`���B�+ �r�Q�`�F ���b

�(�R�k�8�)

K = �
Z

S

 

(X � n x )n y +( X � n y)n x +(1 � n y � n x )X � 3[X � (n x + n y)][X � n x ]
X
X 2

!
dSx

X 3
;

�U�e�X�3�8�V

�r�?�B�+�? �B�bO(1)�- ���bX ! 0�X

�e�X�9 �a�m�K�K���`�v �Q�7 �b�i�2�T�b �m�b�2�/ �7�Q�` �+���H�+�m�H���i�B�M�; �/�`�Q�T�H�2�i �p�2�H�Q�+�B�i�v

�h�?�2 �b�i�2�T�b �7�Q�` �+���H�+�m�H���i�B�M�; �i�?�2 �K���;�M�2�i�B�+ �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2 �p�2�H�Q�+�B�i�v ���`�2 �i�?�2 �7�Q�H�H�Q�r�B�M�;�,

�R�X�q�2 �}�M�/ �i�?�2 �K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H �7�`�Q�K �i�?�2 �`�2�;�m�H���`�B�x�2�/ �#�Q�m�M�/���`�v �B�M�i�2�;�`���H �2�[�m���i�B�Q�M

 (y ) =  1 (y ) � (� r � 1)
Z

S
[ (x ) �  (y )] r x �( x ; y ) � n x dSx : �U�e�X�3�e�V

�k�X�q�2 �}�M�/ �i�?�2 �i���M�;�2�M�i�B���H �K���;�M�2�i�B�+ �}�2�H�/ �#�v �M�m�K�2�`�B�+���H �/�B�z�2�`�2�M�i�B���i�B�Q�M �Q�M �i�?�2 �b�m�`�7���+�2

�d�j



�e�X�9 �a�m�K�K���`�v �Q�7 �b�i�2�T�b �m�b�2�/ �7�Q�` �+���H�+�m�H���i�B�M�; �/�`�Q�T�H�2�i �p�2�H�Q�+�B�i�v

�K�2�b�?

H ( i )
t = Pk � r  : �U�e�X�3�d�V

�6�`�Q�K �B�i �r�2 �}�M�/ �i�?�2 �M�Q�`�K���H �K���;�M�2�i�B�+ �}�2�H�/ �#�v �i�?�2 �B�M�i�2�;�`���H

H (i )
n (y ) =

H 1 (y ) � n y

� r
�

� r � 1
� r

Z

S
n y �

"

h
H ( i )

t (x ) � H ( i )
t (y )

i
(n x � r x �( x ; y )) �

h
H ( i )

t (x ) � H ( i )
t (y )

i
� (n x � r x �( x ; y ))

#

dSx :

�U�e�X�3�3�V

�h�?�2�M �r�2 �}�M�/ �i�?�2 �2�z�2�+�i�B�p�2 �K���;�M�2�i�B�+ �b�m�`�7���+�2 �7�Q�`�+�2 �U�j�X�j�R�V

f M (y ) =



R0

Bm
8�

(� r � 1)

0

@� r

 
H (i )

n (y )
H1

! 2

+

 
H (i )

t (y )
H1

! 2
1

A �U�e�X�3�N�V

�j�X�"�2�7�Q�`�2 �+���H�+�m�H���i�B�M�; �i�?�2 �p�2�H�Q�+�B�i�v�- �r�2 �}�`�b�i �}�M�/ ���M ���m�t�B�H�B���`�v �}�2�H�/w �7�`�Q�K �i�?�2 �`�2�;�m�H���`�B�x�2�/

�#�Q�m�M�/���`�v �B�M�i�2�;�`���H �2�[�m���i�B�Q�M

wk(y ) = v1 k(y )

+
1

8�� (e)

Z

S
[f M (x ) � f M (y )]Gik (x ; y )nxi dSx

+



8�� (e)

Z

S

 

(X � n x )nyk + ( X � n y)nxk + (1 � n y � n x )X k

� 3[X � (n x + n y)][X � n x ]
X k

X 2

!
dSx

X 3

+
1 � �

8�

Z

S
[wi (x ) � wi (y )]Tikj (x ; y )nxj dSx

�
(1 � � )nyk

2S

Z

S
w(x ) � n xdSx

+
1 � �

2
w0(� 1)

k (y );

�U�e�X�N�y�V

�r�?�2�`�2w 0(� 1) �B�b �i�?�2w �T�`�Q�D�2�+�i�B�Q�M �Q�M �i�?�2 �`�B�;�B�/ �#�Q�/�v �K�Q�i�B�Q�M �+���H�+�m�H���i�2�/ ���b

w 0(� 1)(y ) = V (w) + 
 (w) � y ;

V (w) =
1
S

Z

S
w(x )dSx ;


 (w) = M �
Z

S
x � w (x )dSx ;

M = �/�B���;
�

1R
S jx j2dSx �

R
S(ei � x )2dSx

�
; i = 1 : : : 3;

�U�e�X�N�R�V

�d�9



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�6�B�;�m�`�2 �e�X�j�, �J�2�b�? �`�2�}�M�B�M�; �b�i���`�i�B�M�; �7�`�Q�K ���M �B�+�Q�b���?�2�/�`�Q�M�X

�r�?�2�`�2ei �i���F�2�b �m�T �i�?�2 �p���H�m�2�bex �-ey ���M�/ez�X

�9�X�6�B�M���H�H�v�- �i�?�2 �p�2�H�Q�+�B�i�v �}�2�H�/ �B�b �7�Q�m�M�/ �m�b�B�M�; �2�[�X �U�e�X�d�R�V

v(y ) = w(y ) �
1 � �

2
w 0(� 1)(y ): �U�e�X�N�k�V

�e�X�8 �L�m�K�2�`�B�+���H �B�K�T�H�2�K�2�M�i���i�B�Q�M

�e�X�8�X�R �a�m�`�7���+�2 �/�B�b�+�`�2�i�B�x���i�B�Q�M

�h�Q �b�Q�H�p�2 �i�?�2 �2�[�m���i�B�Q�M�b �M�m�K�2�`�B�+���H�H�v �r�2 �}�`�b�i �M�2�2�/ �i�Q �/�B�b�+�`�2�i�B�x�2 �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2�X

�q�2 �K�2�b�? �i�?�2 �b�m�`�7���+�2 �r�B�i�? �~���i �i�`�B���M�;�m�H���` �2�H�2�K�2�M�i�b�X �h�r�Q �Q�`�/�2�`�2�/ ���`�`���v�b ���`�2 �+�`�2���i�2�/�, �Q�M�2

�+�Q�M�i���B�M�b �i�?�2 �+�Q�Q�`�/�B�M���i�2�b(x i ; yi ; zi ) �Q�7 �i�?�2 �p�2�`�i�B�+�2�b�- �i�?�2 �Q�i�?�2�` �+�Q�M�i���B�M�b �i�?�2 �p�2�`�i�2�t �M�m�K�#�2�`�b

(i; j; k ) �#�2�H�Q�M�;�B�M�; �i�Q �� �;�B�p�2�M �7���+�2�X �h�?�2 �p�2�`�i�2�t �M�m�K�#�2�`�b ���`�2 �b�i�Q�`�2�/ �B�M �� �}�t�2�/ �Q�`�/�2�` �i�Q

�B�M�/�B�+���i�2 �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �7���+�2 �B�X�2�X �r�?�B�+�? �b�B�/�2 �B�b �7���+�B�M�; �i�?�2 �2�t�i�2�`�B�Q�` �Q�7 �i�?�2 �/�`�Q�T�H�2�i�X

�h�?�2 �i�`�m�2 �/�`�Q�T�H�2�i�ö�b �b�?���T�2 �B�b �`�2�i�`�B�2�p���#�H�2 �#�v �� �b�K�Q�Q�i�? �B�M�i�2�`�T�Q�H���i�B�Q�M �Q�7 �i�?�2 �K�2�b�? �T�Q�B�M�i�b�X

�h�Q �;�2�M�2�`���i�2 �i�?�2 �B�M�B�i�B���H �K�2�b�?�- �r�2 �b�i���`�i �r�B�i�? ���M �B�+�Q�b���?�2�/�`�Q�M�- �r�?�Q�b�2 �7���+�2�b ���`�2 �`�2�+�m�`�b�B�p�2�H�v

�b�T�H�B�i �B�M�i�Q �9 �2�[�m�B�H���i�2�`���H �i�`�B���M�;�H�2�b�X ���H�H �i�?�2 �p�2�`�i�B�+�2�b ���`�2 �T�`�Q�D�2�+�i�2�/ �Q�M�i�Q �� �m�M�B�i �b�T�?�2�`�2�X �h�?�B�b

�`�2�b�m�H�i�b �B�M �� �?�B�;�?�H�v �`�2�;�m�H���` �K�2�b�? �@ ���H�H �i�`�B���M�;�H�2�b ���`�2 �M�2���`�H�v �2�[�m�B�H���i�2�`���H �U�}�;�m�`�2 �e�X�j�V�X �h�?�2

�+�Q�Q�`�/�B�M���i�B�Q�M �M�m�K�#�2�` �Q�7 �� �p�2�`�i�2�t �B�b �2�[�m���H �i�Q �i�?�2 �M�m�K�#�2�` �Q�7 �M�2�B�;�?�#�Q�`�B�M�; �p�2�`�i�B�+�2�b�X �6�Q�`

�i�?�2 �`�2�+�m�`�b�B�p�2�H�v �b�T�H�B�i �B�+�Q�b���?�2�/�`�Q�M �i�?�2 �+�Q�Q�`�/�B�M���i�B�Q�M �M�m�K�#�2�`�b ���`�2 �M�2���`�H�v ���H�H �e�- �2�t�+�2�T�i �7�Q�` �R�k

�T�Q�B�M�i�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �B�M�B�i�B���H �B�+�Q�b���?�2�/�`�Q�M�- �r�?�Q�b�2 �+�Q�Q�`�/�B�M���i�B�Q�M �M�m�K�#�2�`�b ���`�2 �8�X

�� �;�Q�Q�/ �b�m�`�7���+�2 �/�B�b�+�`�2�i�B�x���i�B�Q�M ���H�H�Q�r�b �7�Q�` �i�?�2 ���+�+�m�`���i�2 �+���H�+�m�H���i�B�Q�M �Q�7 �i�?�2 �i�`�m�2 �/�`�Q�T�H�2�i�ö�b

�b�m�`�7���+�2 �T�`�Q�T�2�`�i�B�2�b�- �b�m�+�? ���b �B�i�b �b�?���T�2�- �M�Q�`�K���H �p�2�+�i�Q�`�- �+�m�`�p���i�m�`�2 �2�i�+�X �h�Q ���+�?�B�2�p�2 �B�i�- �K�Q�`�2

�T�Q�B�M�i�b �M�2�2�/ �i�Q �#�2 �H�Q�+���i�2�/ �B�M �`�2�;�B�Q�M�b �Q�7 �H���`�;�2 �+�m�`�p���i�m�`�2�- ���M�/ �i�?�2 �i�`�B���M�;�H�2�b �b�?�Q�m�H�/ �#�2 ���b

�`�2�;�m�H���` ���b �T�Q�b�b�B�#�H�2�X �>�Q�r�2�p�2�`�- �i�?�2 ���H�;�Q�`�B�i�?�K �+�Q�K�T�H�2�t�B�i�v �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�QO(N 2)�- �r�?�2�`�2

N �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �b�m�`�7���+�2 �T�Q�B�M�i�b�- �i�?�2�`�2�7�Q�`�2 �i�?�2 �i�Q�i���H �M�m�K�#�2�` �Q�7 �T�Q�B�M�i�b �b�?�Q�m�H�/ �#�2 �F�2�T�i

�d�8



�e�X�8 �L�m�K�2�`�B�+���H �B�K�T�H�2�K�2�M�i���i�B�Q�M

���b �H�Q�r ���b �T�Q�b�b�B�#�H�2�X �a�Q�K�2 �K�2�b�? �m�T�F�2�2�T �T�`�Q�+�2�/�m�`�2�b ���`�2 �i�?�2�`�2�7�Q�`�2 �M�2�2�/�2�/ ���b �i�?�2 �/�`�Q�T�H�2�i

�+�?���M�;�2�b �b�?���T�2�X

�e�X�8�X�k �.�2�i�2�`�K�B�M�B�M�; �i�?�2 �M�Q�`�K���H �p�2�+�i�Q�` ���M�/ �+�m�`�p���i�m�`�2

�6�B�;�m�`�2 �e�X�9�, �G�Q�+���H �+�Q�Q�`�/�B�M���i�2�b �Q�M �i�?�2 �b�m�`�7���+�2 �Q�7 �i�?�2 �/�`�Q�T�H�2�i ���i �i�?�2 �T�Q�B�M�ii �X

�h�?�2 �M�Q�`�K���H �p�2�+�i�Q�` �Q�M �2���+�? �p�2�`�i�2�ti �B�b �7�Q�m�M�/ �#�v �}�i�i�B�M�; �� �T���`���#�Q�H�Q�B�/ �Q�M �i�?�2 �p�2�`�i�2�ti

���M�/ �B�i�b �M�2�B�;�?�#�Q�`�B�M�; �p�2�`�i�B�+�2�b�X �h�?�2 �}�i�i�B�M�; �b�+�?�2�K�2 �B�b �i���F�2�M �7�`�Q�K �i�?�2 �r�Q�`�F �#�v �w�B�M�+�?�2�M�F�Q ���M�/

�.���p�B�b �(�R�k�j�)�X

�6�Q�` �2���+�? �p�2�`�i�2�t �r�2 �}�M�/ ���M �B�M�B�i�B���H ���T�T�`�Q�t�B�K���i�B�Q�M �7�Q�` �i�?�2 �M�Q�`�K���H �p�2�+�i�Q�`�X �q�?�2�M �i�?�2

�M�m�K�#�2�` �Q�7 �p�2�`�i�B�+�2�b �Q�M �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2 �`�2�K���B�M�b �m�M�+�?���M�;�2�/ �B�M �b�m�#�b�2�[�m�2�M�i �i�B�K�2 �B�i�2�`���@

�i�B�Q�M�b�- �i�?�B�b �B�M�B�i�B���H ���T�T�`�Q�t�B�K���i�B�Q�M �B�b �i���F�2�M ���b �i�?�2 �M�Q�`�K���H �p�2�+�i�Q�` �Q�7 �i�?�2 �p�2�`�i�2�t �B�M �i�?�2 �T�`�2�p�B�Q�m�b

�i�B�K�2 �b�i�2�T�X �A�7 �B�i �B�b �i�?�2 �}�`�b�i �i�B�K�2 �b�i�2�T �Q�` �i�?�2 �M�m�K�#�2�` �Q�7 �p�2�`�i�B�+�2�b �?���b �+�?���M�;�2�/�- �i�?�2 �B�M�B�i�B���H

���T�T�`�Q�t�B�K���i�B�Q�M �B�b �+���H�+�m�H���i�2�/ ���b �(�R�k�e�)

n (i ) /
X

� �M�2�t�i �i�Qi

� � n � ; �U�e�X�N�j�V

�r�?�2�`�2n � �B�b �i�?�2 �M�Q�`�K���H �p�2�+�i�Q�` �Q�7 �i�?�2 �i�`�B���M�;�H�2�-� � �B�b �i�?�2 ���M�;�H�2 ���/�D���+�2�M�i �i�Q �i�?�2 �p�2�`�i�2�ti �Q�7

�i�?�2 �i�`�B���M�;�H�2�- ���M�/ �i�?�2 �b�m�K�K���i�B�Q�M �B�b �/�Q�M�2 �Q�p�2�` ���H�H �i�?�2 �i�`�B���M�;�H�2�b �+�Q�M�i���B�M�B�M�; �i�?�2 �p�2�`�i�2�ti �X

�h�?�2�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�+�2�/�m�`�2 �B�b �m�i�B�H�B�x�2�/�, �(�R�k�j�)

�R�X�J�Q�p�2 �i�Q �i�?�2 �H�Q�+���H �+�Q�Q�`�/�B�M���i�2 �b�v�b�i�2�K(x0; y0; z0) �+�2�M�i�2�`�2�/ �Q�M �i�?�2 �p�2�`�i�2�ti �b�m�+�? �i�?���i �i�?�2

z0 ���t�B�b �B�b �T�Q�B�M�i�B�M�; ���i �i�?�2 �+�m�`�`�2�M�i ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�2 �M�Q�`�K���H �p�2�+�i�Q�`n � (i ) �U�}�;�m�`�2

�e�X�9�V�- �r�?�2�`�2� �/�2�M�Q�i�2�b �i�?�2 �B�i�2�`���i�B�Q�M �M�m�K�#�2�`�X

�d�e



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�k�X�J�B�M�B�K�B�x�2 �r�B�i�? �`�2�b�T�2�+�i �i�QA; B; C; D; E �i�?�2 �+�Q�b�i �7�m�M�+�i�B�Q�M

Gcost =
X

j �M�2�t�i �i�Qi

(Ax 0
j + By0

j + Cx02
j + Dx 0

j y
0
j + Ey02

j � z0
j )

2

x02
j + y02

j + z02
j

; �U�e�X�N�9�V

�r�?�2�`�2 �i�?�2 �b�m�K�K���i�B�Q�M �B�b �Q�p�2�` �p�2�`�i�B�+�2�bj ���/�D���+�2�M�i �i�Qi �- ���M�/ �i�?�2 �/�2�M�Q�K�B�M���i�Q�` �;�B�p�2�b

�H���`�;�2�` �r�2�B�;�?�i �i�Q �i�?�2 �T�Q�B�M�i�b �+�H�Q�b�2�` �i�Qi �X

�j�X�h�?�2 �M�2�t�i ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�2 �M�Q�`�K���H �p�2�+�i�Q�` �B�M �i�?�2(x0; y0; z0) �+�Q�Q�`�/�B�M���i�2�b �B�b �;�B�p�2�M

�#�v

n � +1 (i ) =
f� A; � B; 1g

p
1 + A2 + B 2

: �U�e�X�N�8�V

�9�X�A�7jn � +1 (i ) � n � (i )j > " �- �T�`�Q�+�2�2�/ �i�Q �R �r�B�i�? �i�?�2 �+�m�`�`�2�M�i ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7n (i )�X �A�M

�b�B�K�m�H���i�B�Q�M�b" = 10� 8�X

�8�X�h�?�2 �M�Q�`�K���H �p�2�+�i�Q�` �Q�M �i�?�2 �p�2�`�i�2�ti �B�b �i�?�2 �+�m�`�`�2�M�i ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7n (i )�X �h�?�2 �T�`�B�M�@

�+�B�T���H �+�m�`�p���i�m�`�2�b�j �Q�M �i�?�2 �p�2�`�i�2�ti ���`�2

k1(i ) = � C � E +
p

(C � E)2 + D 2; k2(i ) = � C � E �
p

(C � E)2 + D 2: �U�e�X�N�e�V

�h�?�2 �+�Q�b�i �7�m�M�+�i�B�Q�MGcost �B�b �K�B�M�B�K�B�x�2�/ �#�v �i�?�2 �b�B�K�m�H�i���M�2�Q�m�b �b�Q�H�m�i�B�Q�M �Q�7 �}�p�2 �2�[�m���i�B�Q�M�b

@Gcost

@A
=

@Gcost

@B
=

@Gcost

@C
=

@Gcost

@D
=

@Gcost

@E
= 0 �U�e�X�N�d�V

�i�Q �;�2�i �i�?�2 �}�p�2 �m�M�F�M�Q�r�M�b�X �h�?�2 �K�B�M�B�K�m�K �+���M ���H�r���v�b �#�2 �7�Q�m�M�/ �b�B�M�+�2 �i�?�2 �+�Q�Q�`�/�B�M���i�B�Q�M

�M�m�K�#�2�` �Q�7 ���H�H �p�2�`�i�B�+�2�b �U�M�m�K�#�2�` �Q�7 �M�2�B�;�?�#�Q�`�B�M�; �p�2�`�i�B�+�2�b�V �B�b �2�M�b�m�`�2�/ �i�Q �#�2 �M�Q �b�K���H�H�2�` �i�?���M

�8�X

�e�X�8�X�j �L�Q�M�@�b�B�M�;�m�H���` �B�M�i�2�;�`���H �[�m���/�`���i�m�`�2

�a�B�M�+�2 ���H�H �Q�7 �i�?�2 �B�M�i�2�;�`���H�b �i�Q �#�2 �b�Q�H�p�2�/ �U�b�2�+�i�B�Q�M �e�X�9�V �2�t�+�2�T�i �7�Q�` �i�?�2 �Q�M�2 �7�Q�`Hn �+���H�+�m�H���i�B�Q�M

�U�e�X�3�3�V ���`�2O(1) ���bX ! 0�- �r�2 �+���M �m�b�2 �� �i�`���T�2�x�Q�B�/���H �`�m�H�2 �(�R�k�d�) �7�Q�` �i�?�2�B�` �[�m���/�`���i�m�`�2�X

�6�m�`�i�?�2�`�K�Q�`�2�- �r�B�i�? �i�`���T�2�x�Q�B�/���H �`�m�H�2 �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �2�{�+�B�2�M�i�H�v �`�2�7�Q�`�K�m�H���i�2 �i�?�2 �b�m�K�K���i�B�Q�M

�Q�p�2�` �i�`�B���M�;�H�2�b �i�Q �b�m�K�K���i�B�Q�M �Q�p�2�` �p�2�`�i�B�+�2�b �(�R�k�j�- �R�k�3�)

Z

S
f (x )dSx �

X

�

1
3

(f 1� + f 2� + f 3� )� S =
X

i

f (x i )� Si ; �U�e�X�N�3�V

�j �S�`�B�M�+�B�T���H �+�m�`�p���i�m�`�2�b ���`�2 �M�Q�i �m�b�2�/ �B�M �i�?�2 �+���H�+�m�H���i�B�Q�M �Q�7 �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ ���M�/ �p�2�H�Q�+�B�i�v�- �#�m�i �i�?�2�v �r�B�H�H
�#�2 �m�b�2�7�m�H �B�M �i�?�2 �K�2�b�? �m�T�F�2�2�T �T�`�Q�+�2�/�m�`�2�b�X

�d�d



�e�X�8 �L�m�K�2�`�B�+���H �B�K�T�H�2�K�2�M�i���i�B�Q�M

�r�?�2�`�2f j � �B�b �i�?�2 �7�m�M�+�i�B�Q�M �p���H�m�2 ���i �i�?�2 �p�2�`�i�B�+�2�b �Q�7 �� �;�B�p�2�M �i�`�B���M�;�H�2�-� S �B�b �i�?�2 ���`�2�� �Q�7 �b���B�/

�i�`�B���M�;�H�2�-x i �B�b �i�?�2 �`���/�B�m�b�p�2�+�i�Q�` �T�Q�B�M�i�B�M�; ���i �i�?�2 �B�@�i�? �p�2�`�i�2�t�- ���M�/� Si �B�b �7�Q�m�M�/ ���b �i�?�2 ���p�2�`���;�2

���`�2�� �Q�7 �i�?�2 �i�`�B���M�;�H�2�b ���/�D���+�2�M�i �i�Q �i�?�2 �B�@�i�? �p�2�`�i�2�t

� Si =
1
3

X
� S: �U�e�X�N�N�V

�h�Q �b�Q�H�p�2 �i�?�2 �B�M�i�2�;�`���H �2�[�m���i�B�Q�M�b�- �r�2 �`�2�7�Q�`�K�m�H���i�2 �i�?�2�K �B�M�i�Q �H�B�M�2���` �b�v�b�i�2�K�b �Q�7 �2�[�m���i�B�Q�M�b�X

�q�2 �r�`�B�i�2 �i�?�2 �K���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H �i�Q �#�2 �b�Q�H�p�2�/ �Q�M �i�?�2N �p�2�`�i�2�t �T�Q�B�M�i�b ���b �� �p�2�+�i�Q�` �Q�7 �H�2�M�;�i�?

N �- ���M�/

 = (  (1)  (2) � � �  (N ))T ; �U�e�X�R�y�y�V

�r�?�2�`�2T �/�2�M�Q�i�2�b �i�?�2 �i�`���M�b�T�Q�b�2�X ���M�/ �b�B�M�+�2 �i�?�2 �}�2�H�/w �B�b �� �p�2�+�i�Q�` �7�m�M�+�i�B�Q�M�- �r�2 �r�`�B�i�2 �B�i ���b

�� �p�2�+�i�Q�` �Q�7 �H�2�M�;�i�?3N

w = ( w1(1) w2(1) w3(1) � � � w1(N ) w2(N ) w3(N ))T : �U�e�X�R�y�R�V

�A�M �i�?���i �+���b�2 �i�?�2 �B�M�i�2�;�`���H �2�[�m���i�B�Q�M �U�e�X�3�e�V �#�2�+�Q�K�2�b

 = A +  1 ; �U�e�X�R�y�k�V

�r�?�2�`�2 1 �B�b �� �p�2�+�i�Q�` �Q�7 �H�2�M�;�i�?N �- �r�?�Q�b�2 �+�Q�K�T�Q�M�2�M�i�b �+�Q�M�i���B�M �i�?�2 �#���+�F�;�`�Q�m�M�/ �K���;�M�2�i�B�+

�T�Q�i�2�M�i�B���H 1 (j ) =  1 (x j )�- ���M�/A �B�b �� �b�[�m���`�2N � N �K���i�`�B�t

A =

0

B
B
B
B
B
B
@

�
P

i 6=1 K ( )(i; 1) K ( )(2; 1) � � � K ( )(N; 1)

K ( )(1; 2) �
P

i 6=2 K ( )(i; 2) � � � K ( )(N; 2)
�X�X�X

�X�X�X
�X�X�X

�X�X�X

K ( )(1; N ) K ( )(2; N ) � � � �
P

i 6= N K ( )(i; N )

1

C
C
C
C
C
C
A

: �U�e�X�R�y�j�V

K ( )(i; j ) �/�2�M�Q�i�2�b �i�?�2 �/�B�b�+�`�2�i�B�x�2�/ �B�M�i�2�;�`���H �F�2�`�M�2�H �Q�7 �U�e�X�3�e�V�- �b�m�+�? �i�?���ii �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2

�B�M�i�2�;�`���i�B�Q�M �p���`�B���#�H�2x �- ���M�/j �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �7�`�2�2 �p���`�B���#�H�2y

K ( )(i; j ) = � (� r � 1)r x �( x i ; y j ) � n (x i )� Si : �U�e�X�R�y�9�V

���M�/ �i�?�2 �B�M�i�2�;�`���H �7�Q�`w �U�e�X�N�y�V �#�2�+�Q�K�2�b

w = Bw + Dw + Ew + f ; �U�e�X�R�y�8�V

�d�3



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�r�?�2�`�2 �i�?�23N � 3N �K���i�`�B�tB �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2T �B�M�i�2�;�`���H

B =

0

B
B
B
B
B
B
@

K ( w) (1; 1) K ( w) (2; 1) � � � K ( w) (N; 1)

K ( w) (1; 2) K ( w) (2; 2) � � � K ( w) (N; 2)
�X�X�X

�X�X�X
�X�X�X

�X�X�X

K ( w) (1; N ) K ( w) (2; N ) � � � K ( w) (N; N )

1

C
C
C
C
C
C
A

; �U�e�X�R�y�e�V

�r�?�2�`�2K ( w) (i; j ) �B�b ��3 � 3 �K���i�`�B�t

K (w)
kl (i; j ) =

8
>><

>>:

1 � �
8�

Tlkm (x i ; y j )nm (x i )� Si �- �B�7i 6= j

�
X

i 06= j

1 � �
8�

Tlkm (x i 0; y j )nm (x i 0)� Si 0�- �B�7i = j
: �U�e�X�R�y�d�V

�L�2�t�i�- �i�?�23N � 3N �K���i�`�B�tD �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �i�2�`�K �r�B�i�?w 0(1) �, �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �Q�M �i�?�2

�2�B�;�2�M�b�Q�H�m�i�B�Q�M �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �b�m�`�7���+�2 �M�Q�`�K���H

Dkl (i; j ) = �
1 � �

2S
nk(j )nl (i )� Si : �U�e�X�R�y�3�V

���M�/ �i�?�23N � 3N �K���i�`�B�tE �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �i�2�`�K �r�B�i�?w 0(� 1) �, �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �Q�M �i�?�2

�2�B�;�2�M�b�Q�H�m�i�B�Q�M �Q�7 �`�B�;�B�/ �#�Q�/�v �K�Q�i�B�Q�M�X �A�i �B�b �r�`�B�i�i�2�M ���b �� �b�m�K �Q�7 �i�r�Q �T���`�i�bE = Etrans + Erot �X

Etrans �B�b �b�B�K�T�H�v

E trans
kl (i; j ) =

1 � �
2S

� Si : �U�e�X�R�y�N�V

�"�m�iErot �B�b �7�Q�m�M�/ �#�v �}�`�b�i �+���H�+�m�H���i�B�M�; �i�?�23 � 3 �K���i�`�B�t

M = �/�B���;
�

1
P

i jx i j2� Si �
P

i (ek � x i )2� Si

�
; k = 1 : : : 3; �U�e�X�R�R�y�V

�r�?�2�`�2ei �i���F�2�b �m�T �i�?�2 �p���H�m�2�bex �-ey ���M�/ez�X �h�?�2�M �r�2 �;�2�i

E rot
kl (i; j ) =

1 � �
2

M km "mnl (x i )n � Si ; �U�e�X�R�R�R�V

�r�?�2�`�2"mnl �B�b �i�?�2 �G�2�p�B�@�*�B�p�B�i�� �b�v�K�#�Q�H ���M�/(x i )n �B�b �i�?�2 �M�@�i�? �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �p�2�+�i�Q�`x i �X

�6�B�M���H�H�v�-f �+�Q�M�i���B�M�b �i�?�2 �i�2�`�K�b �r�B�i�?�Q�m�iw �X ���H�b�Q �B�i �B�b �b�T�H�B�i �B�M�i�Q �T���`�i�b �7�Q�` �2���b�2 �Q�7 �2�t�T�`�2�b�b�B�Q�M

f = v1 + f mag + f st �Xv1 �B�b �b�B�K�T�H�v �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �#�v �i�?�2 �#���+�F�;�`�Q�m�M�/ �~�Q�rv1
k (j ) =

v1 k(x j ) �r�`�B�i�i�2�M ���b �� �p�2�+�i�Q�` �Q�7 �H�2�M�;�i�?3N

v1 = ( v1 1(1) v1 2(1) v1 3(1) � � � v1 1(N ) v1 2(N ) v1 3(N ))T : �U�e�X�R�R�k�V

�d�N



�e�X�8 �L�m�K�2�`�B�+���H �B�K�T�H�2�K�2�M�i���i�B�Q�M

�h�?�23N �p�2�+�i�Q�` �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �K���;�M�2�i�B�+ �7�Q�`�+�2 �B�M�i�2�;�`���H �B�b

f mag
k (j ) =

1
8�� (e)

X

i 6= j

[f M (x i ) � f M (y j )]Glk (x i ; y j )nl (x i )� Si : �U�e�X�R�R�j�V

���M�/ �i�?�23N �p�2�+�i�Q�` �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �b�m�`�7���+�2 �i�2�M�b�B�Q�M �B�M�i�2�;�`���H �B�b

f st
k (j ) =



8�� (e)

X

i 6= j

 

(X � n (x i ))nk(y j ) + ( X � n (y j ))nk(x i ) + (1 � n (y j ) � n (x i ))X k

� 3[X � (n (x i ) + n (y j ))][X � n (x i )]
X k

X 2

!
� Si

X 3
;

�U�e�X�R�R�9�V

�r�?�2�`�2X = x i � y j �X

�>���p�B�M�; �r�`�B�i�i�2�M �i�?�2 �/�B�b�+�`�2�i�B�x�2�/ �B�M�i�2�;�`���H �2�[�m���i�B�Q�M�b �B�M �� �7�Q�`�K �Q�7 �H�B�M�2���` �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b

�U�e�X�R�y�k�V ���M�/ �U�e�X�R�y�8�V�- �r�2 �2�{�+�B�2�M�i�H�v �b�Q�H�p�2 �7�Q�`w �m�b�B�M�; �i�?�2 �b�i���M�/���`�/�G�B�M�2���`���H�;�2�#�`���H�B�#�`���`�v �B�M

�C�m�H�B�� �T�`�Q�;�`���K�K�B�M�; �H���M�;�m���;�2 �(�R�k�N�)�X �6�B�M���H�H�v�- �i�?�23N �p�2�+�i�Q�` �+�Q�M�i���B�M�B�M�; �p�2�H�Q�+�B�i�B�2�b �B�b �Q�#�i���B�M�2�/

�#�v

v = w � Ew : �U�e�X�R�R�8�V

�e�X�8�X�9 �q�2���F�H�v �b�B�M�;�m�H���` �B�M�i�2�;�`���H �[�m���/�`���i�m�`�2

�h�?�2 �B�M�i�2�;�`���H �7�Q�` �i�?�2 �M�Q�`�K���H �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �K���;�M�2�i�B�+ �}�2�H�/ �U�e�X�3�3�V �+�Q�M�i���B�M�b ���MO(jX j � 1)

�b�B�M�;�m�H���`�B�i�v ���bX ! 0�X �h�?�2 �i�`�B���M�;�H�2�b �i�?���i �/�Q �M�Q�i �+�Q�M�i���B�M �i�?�2 �b�B�M�;�m�H���`�B�i�v ���`�2 �2�p���H�m���i�2�/

�m�b�B�M�; �i�?�2 �i�`���T�2�x�Q�B�/���H �`�m�H�2�- �?�Q�r�2�p�2�` �b�Q�K�2 ���/�/�B�i�B�Q�M���H �b�i�2�T�b �M�2�2�/ �i�Q �#�2 �i���F�2�M �i�Q �2�p���H�m���i�2

�i�?�2 �i�`�B���M�;�H�2�b �r�B�i�? �Q�M�2 �p�2�`�i�2�t �Q�M �i�?�2 �b�B�M�;�m�H���`�B�i�v�X

�6�B�;�m�`�2 �e�X�8�, �J���T�T�B�M�; �Q�7 �� �i�`�B���M�;�H�2 �B�M �j�. �b�T���+�2 �i�Q �i�?�2 �+�Q�Q�`�/�B�M���i�2�b� �-� �X

�G�2�i �m�b �B�M�i�`�Q�/�m�+�2 �T���`���K�2�i�`�B�+ �+�Q�Q�`�/�B�M���i�2�b� �- � ���b �b�?�Q�r�M �B�M �}�;�m�`�2 �e�X�8�X �h�?�2 �T�?�v�b�B�+���H

�T���`���K�2�i�2�`�b �F�M�Q�r�M �Q�M �i�?�2 �i�`�B���M�;�H�2 �p�2�`�i�B�+�2�b �+���M �#�2 �H�B�M�2���`�H�v �B�M�i�2�`�T�Q�H���i�2�/ �Q�p�2�` �i�?�2 �i�`�B���M�;�H�2

�3�y



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�b�m�`�7���+�2 �(�d�3�)�X �q�2 �/�Q �i�?�B�b �r�B�i�? �i�?�2 �`���/�B�m�b�p�2�+�i�Q�`�- �M�Q�`�K���H �p�2�+�i�Q�` ���M�/ �i�?�2 �i���M�;�2�M�i�B���H �K���;�M�2�i�B�+

�}�2�H�/
x (�; � ) = � x 1 + � x 2 + � x 3;

n (�; � ) = � n (x 1) + � n (x 2) + � n (x 3);

H t (�; � ) = � H t (x 1) + � H t (x 2) + � H t (x 3);

�U�e�X�R�R�e�V

�r�?�2�`�2� = 1 � � � � �X �� �b�m�`�7���+�2 �B�M�i�2�;�`���H �Q�p�2�` �i�?�2 �i�`�B���M�;�H�2 �B�M �i�?�2 �T���`���K�2�i�`�B�+ �+�Q�Q�`�/�B�M���i�2�b �B�b

�i�?�2�M �(�d�3�)

Z

�
f (x )dSx =

Z 1

0
d�

Z 1� �

0
f (�; � )

�
�
�
�
@x
@�

�
@x
@�

�
�
�
� d� = hS

Z 1

0
d�

Z 1� �

0
f (�; � )d�; �U�e�X�R�R�d�V

�r�?�2�`�2hS = j(x 2 � x 1) � (x 3 � x 1)j �B�b �� �+�Q�M�b�i���M�i ���M�/ �+���M �#�2 �K�Q�p�2�/ �Q�m�i�b�B�/�2 �i�?�2 �B�M�i�2�;�`���H�X

�A�7 �� �7�m�M�+�i�B�Q�M �?���b ��O(jX j � 1) �b�B�M�;�m�H���`�B�i�v ���ix 1�- �B�i �+���M �#�2 �B�M�i�2�;�`���i�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�;

�r���v�X �G�2�i �i�?�2 �7�m�M�+�i�B�Q�M �#�2f (x ) = g(x )=jx � x 1j�- �r�?�2�`�2g(x ) �B�b �#�Q�m�M�/�2�/�X �h�?�2�M �i�?�2 �B�M�i�2�;�`���H

�#�2�+�Q�K�2�b Z

�
f (x )dSx = hS

Z 1

0
d�

Z 1� �

0

g(�; � )
j(x 2 � x 1)� + ( x 3 � x 1)� j

d�: �U�e�X�R�R�3�V

�q�2 �+���M �`�2�K�Q�p�2 �i�?�2 �b�B�M�;�m�H���`�B�i�v �#�v �B�M�i�`�Q�/�m�+�B�M�; �T�Q�H���` �+�Q�Q�`�/�B�M���i�2�b� = r cos' �-� = r sin'

�U�b�2�2 �}�;�m�`�2 �e�X�8�V�X �h�?�2 �/�B�z�2�`�2�M�i�B���H ���`�2�� �2�H�2�K�2�M�i �B�M�; � �T�H���M�2 �B�bd�d� = rdrd' ���M�/ �i�?�2

�B�M�i�2�;�`���H �#�2�+�Q�K�2�b

Z

�
f (x )dSx = hS

Z �
2

0

d'
j(x 2 � x 1) cos' + ( x 3 � x 1) sin ' j

Z 1
sin ' +cos '

0
g(r; ' )dr: �U�e�X�R�R�N�V

�P�p�2�` �b�B�M�;�m�H���` �i�`�B���M�;�H�2�b �i�?�2 �B�M�i�2�;�`���H �B�M �U�e�X�3�3�V �B�b �b�Q�H�p�2�/ �#�v �K�m�H�i�B�T�H�v�B�M�; �i�?�2 �B�M�i�2�;�`���M�/

�#�vjx � y j�- �r�?�2�`�2y �B�b �i�?�2 �T�Q�B�M�i �Q�7 �b�B�M�;�m�H���`�B�i�v�- ���M�/ �i�?�2�M �m�b�B�M�; �i�?�2 �7�Q�`�K�m�H�� �U�e�X�R�R�N�V�X �h�?�2

�B�M�i�2�;�`���H �Q�p�2�` �i�?�2 �b�B�M�;�m�H���` �i�`�B���M�;�H�2 �B�b �2�p���H�m���i�2�/ �r�B�i�? �� �R�y �T�Q�B�M�i �:���m�b�b�@�G�2�;�2�M�/�`�2 �[�m���/�`���i�m�`�2

�7�Q�` �i�?�2 �p���`�B���#�H�2�br ���M�/' �(�e�k�)�X

�e�X�8�X�8 �J���;�M�2�i�B�+ �T�Q�i�2�M�i�B���H �M�m�K�2�`�B�+���H �/�B�z�2�`�2�M�i�B���i�B�Q�M

�h�Q �;�2�i �i�?�2 �i���M�;�2�M�i�B���H �K���;�M�2�i�B�+ �}�2�H�/�- �r�2 �M�2�2�/ �i�Q �/�B�z�2�`�2�M�i�B���i�2 �i�?�2 �Q�#�i���B�M�2�/ �K���;�M�2�i�B�+

�T�Q�i�2�M�i�B���H�X �A�i �B�b �/�Q�M�2 �#�v �7�Q�`�K�m�H���i�B�M�; �� �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b �7�Q�` �2���+�? �p�2�`�i�2�ti �(�e�k�)

(r  ) i � (x j � x i ) =  j �  i ; �U�e�X�R�k�y�V

�r�?�2�`�2j ���`�2 �i�?�2 �M�2�B�;�?�#�Q�`�B�M�; �p�2�`�i�B�+�2�b �i�Qi �X �a�B�M�+�2 �i�?�2�`�2 ���`�2 ���H�r���v�b �8 �Q�` �K�Q�`�2 �M�2�B�;�?�#�Q�`�b �i�Q ��

�;�B�p�2�M �p�2�`�i�2�t�- �i�?�2 �b�v�b�i�2�K �B�b �Q�p�2�`�/�2�i�2�`�K�B�M�2�/ �7�Q�` �i�?�2 �i�?�`�2�2 �+�Q�K�T�Q�M�2�M�i�b �Q�7r  �X �A�i �B�b �b�Q�H�p�2�/

�3�R



�e�X�8 �L�m�K�2�`�B�+���H �B�K�T�H�2�K�2�M�i���i�B�Q�M

�#�v �i�?�2 �K�2�i�?�Q�/ �Q�7 �K�B�M�B�K�m�K�@�M�Q�`�K �H�2���b�i �b�[�m���`�2�b ���b �B�K�T�H�2�K�2�M�i�2�/ �B�M �i�?�2 �K���i�`�B�t �/�B�p�B�b�B�Q�M

�7�m�M�+�i�B�Q�M �B�M �i�?�2�G�B�M�2���`���H�;�2�#�`���H�B�#�`���`�v �Q�7 �i�?�2 �C�m�H�B�� �T�`�Q�;�`���K�K�B�M�; �H���M�;�m���;�2 �(�R�k�N�)�X

�h�Q �;�2�i �i�?�2 �i���M�;�2�M�i�B���H �K���;�M�2�i�B�+ �}�2�H�/�-r  �B�b �T�`�Q�D�2�+�i�2�/ �Q�M �i�?�2 �i���M�;�2�M�i�B���H �T�H���M�2

H t = Pjj � r  : �U�e�X�R�k�R�V

�h�?�2 �2�b�i�B�K���i�2 �Q�7 �i�?�2 �M�Q�`�K���H �}�2�H�/ �r�B�i�? �i�?�B�b �K�2�i�?�Q�/ �B�b �B�K�T�`�2�+�B�b�2 �b�B�M�+�2 �i�?�2 �/�`�Q�T�H�2�i �B�b �K�2�b�?�2�/

�Q�M�H�v �Q�M �i�?�2 �b�m�`�7���+�2�X

�e�X�8�X�e �h�B�K�2 �b�i�2�T�T�B�M�;

�h�?�2 �+�?���M�;�2 �B�M �/�`�Q�T�H�2�i �b�?���T�2 �B�b �7�Q�m�M�/ �#�v �K�Q�p�B�M�; �i�?�2 �p�2�`�i�B�+�2�b �r�B�i�? �i�?�2�B�` �p�2�H�Q�+�B�i�v�X

�a�B�K�T�H�2�b�i �r���v �i�Q �}�M�/ �i�?�2 �p�2�`�i�2�t �T�Q�b�B�i�B�Q�M �B�M �i�?�2 �b�m�#�b�2�[�m�2�M�i �i�B�K�2 �b�i�2�T �B�b �i�?�2 �1�m�H�2�` �K�2�i�?�Q�/

�(�R�k�d�)

x � +1 = x � + v � � t; �U�e�X�R�k�k�V

�r�?�2�`�2� t �B�b �� �b�K���H�H �i�B�K�2 �b�i�2�T�X �h�?�2 �1�m�H�2�` �K�2�i�?�Q�/ �T�`�Q�p�2�/ �i�Q �#�2 �b�m�{�+�B�2�M�i �b�B�M�+�2 �i�?�2 �/�Q�K�B�M���M�i

�b�Q�m�`�+�2 �Q�7 �2�`�`�Q�` �B�b �i�?�2 �b�m�`�7���+�2 �i�`�B���M�;�m�H���i�B�Q�M ���b �r�B�H�H �#�2 �b�?�Q�r�M �H���i�2�` ���M�/ ���b �?���b �#�2�2�M �`�2�T�Q�`�i�2�/

�B�M �i�?�2 �H�B�i�2�`���i�m�`�2 �(�d�N�- �R�j�y�)�X �>�B�;�?�2�` �Q�`�/�2�` �K�2�i�?�Q�/�b �r�Q�m�H�/ �B�M�+�`�2���b�2 �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �i�B�K�2

�r�B�i�?�Q�m�i �b�B�;�M�B�}�+���M�i �B�K�T�`�Q�p�2�K�2�M�i�b �B�M �T�`�2�+�B�b�B�Q�M�X

���M ���/���T�i�B�p�2 �i�B�K�2 �b�i�2�T �r���b �+�?�Q�b�2�M �i�Q �2�M�b�m�`�2 �T�`�2�+�B�b�B�Q�M ���M�/ �+�Q�K�T�m�i���i�B�Q�M���H �2�{�+�B�2�M�+�v

� t = �K�B�M
�

� Z ; 0:05
2�
!

; 0:07
R0� (e)




�
; �U�e�X�R�k�j�V

�r�?�2�`�2! �B�b �i�?�2 ���M�;�m�H���` �7�`�2�[�m�2�M�+�v �Q�7 �i�?�2 �`�Q�i���i�B�M�; �K���;�M�2�i�B�+ �}�2�H�/�- ���M�/� Z �B�b �B�M�b�T�B�`�2�/ �#�v �i�?�2

�r�Q�`�F �Q�7 �w�B�M�+�?�2�M�+�F�Q ���M�/ �.���p�B�b �(�R�j�y�)

� Z = 7:4
� (e)

R0

�K�B�M

i

��
� xmin

jkjmax

�

i

�
; �U�e�X�R�k�9�V

�r�?�2�`�2� xmin �B�b �i�?�2 �b�K���H�H�2�b�i �2�/�;�2 �+�Q�M�M�2�+�i�2�/ �i�Q �i�?�2 �p�2�`�i�2�ti ���M�/jkjmax �B�b �i�?�2 �H���`�;�2�b�i �Q�7

�i�?�2 �i�r�Q �T�`�B�M�+�B�T���H �+�m�`�p���i�m�`�2�b �K�2���b�m�`�2�/ �#�v �i�?�2�B�` ���#�b�Q�H�m�i�2 �p���H�m�2�X �h�?�B�b �i�B�K�2 �b�i�2�T �2�M�b�m�`�2�b

�i�?���i �i�?�2 �i�`�B���M�;�H�2�b �/�Q �M�Q�i �;�2�i �/�B�b�i�Q�`�i�2�/ �i�Q�Q �K�m�+�? �B�M �2���+�? �i�B�K�2 �b�i�2�T�- ���M�/ �i�?���i �b�K���H�H�2�` �b�i�2�T�b

���`�2 �i���F�2�M �r�?�2�M �i�?�2�`�2 ���`�2 �`���T�B�/ �b�T���i�B���H �+�?���M�;�2�b �B�M �i�?�2 �/�`�Q�T�H�2�i �b�?���T�2 �B�X�2�X �H���`�;�2 �+�m�`�p���i�m�`�2�X

�6�m�`�i�?�2�`�K�Q�`�2�- �r�?�2�M �� �`�Q�i���i�B�M�; �}�2�H�/ �B�b ���T�T�H�B�2�/�- �i�?�2 �i�B�K�2 �b�i�2�T�b �M�2�2�/ �i�Q �#�2 �b�K���H�H �2�M�Q�m�;�?

�i�Q �`�2�b�Q�H�p�2 �i�?�B�b �`�Q�i���i�B�Q�M�X �h�?�2�`�2�7�Q�`�2 �i�Q �+���H�+�m�H���i�2 �i�?�2 �K�Q�i�B�Q�M �Q�7 �� �/�`�Q�T�H�2�i �B�M �� �7���b�i�@�`�Q�i���i�B�M�;

�}�2�H�/�- �r�2 �m�b�2 �i�?�2 �T�2�`�B�Q�/�@���p�2�`���;�2�/ �K���;�M�2�i�B�+ �b�m�`�7���+�2 �7�Q�`�+�2 �U�e�X�k�N�V�X

�3�k



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�� �H�B�K�B�i���i�B�Q�M �Q�7 �i�?�2 �1�m�H�2�` �K�2�i�?�Q�/ �B�b �i�?���i �i�?�2 �p�Q�H�m�K�2 �Q�7 �i�?�2 �/�`�Q�T�H�2�i �B�b �M�Q�i �+�Q�M�b�2�`�p�2�/�X

�h�?�B�b �B�b �K�B�i�B�;���i�2�/ �#�v �`�2�b�+���H�B�M�; �i�?�2 �/�`�Q�T�H�2�i ���7�i�2�` �2���+�? �i�B�K�2 �b�i�2�T

x rescaled =
�

V
V0

� � 1
3

(x � x cm) + x cm ; �U�e�X�R�k�8�V

�r�?�2�`�2V0 �B�b �i�?�2 �B�M�B�i�B���H �/�`�Q�T�H�2�i �p�Q�H�m�K�2�-x cm �B�b �i�?�2 �+�2�M�i�2�` �Q�7 �K���b�b �2�t�T�`�2�b�b�2�/ ���b ���M �B�M�i�2�;�`���H

�Q�p�2�` �i�?�2 �b�m�`�7���+�2 �m�b�B�M�; �� �+�Q�`�Q�H�H���`�v �Q�7 �i�?�2 �/�B�p�2�`�;�2�M�+�2 �i�?�2�Q�`�2�K �U
R

V r fdV =
R

S f n dS�V

x cm =
1
V

Z

V
x dVx =

1
2V

Z

V
r x2dVx =

1
2V

Z

S
x2n xdSx ; �U�e�X�R�k�e�V

���M�/V �B�b �i�?�2 �/�`�Q�T�H�2�i �p�Q�H�m�K�2�- ���H�b�Q �2�t�T�`�2�b�b�2�/ ���b ���M �B�M�i�2�;�`���H �Q�p�2�` �i�?�2 �b�m�`�7���+�2

V =
Z

V
dVx =

1
3

Z

V
r � x dVx =

1
3

Z

S
x � n xdSx : �U�e�X�R�k�d�V

�e�X�8�X�d �h���M�;�2�M�i�B���H �p�2�H�Q�+�B�i�v �Q�T�i�B�K�B�x���i�B�Q�M

�a�B�M�+�2 �i�?�2 �K�2�b�? �B�b �K�Q�p�B�M�; �r�B�i�? �i�?�2 �p�2�H�Q�+�B�i�v �Q�7 �i�?�2 �/�`�Q�T�H�2�i�- �B�i �[�m�B�+�F�H�v �;�2�i�b �/�B�b�i�Q�`�i�2�/�-

�7�Q�` �2�t���K�T�H�2�- �i�?�2 �i�`�B���M�;�H�2�b �b�i�`�2�i�+�? �Q�m�i �B�M �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7 ���M �2�H�Q�M�;���i�B�M�; �~�Q�r�X �h�?�B�b �+���M �#�2

�b�Q�K�2�r�?���i �K�B�i�B�;���i�2�/ �#�v �M�Q�i�B�+�B�M�; �i�?���i �Q�M�H�v �i�?�2 �M�Q�`�K���H �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �p�2�H�Q�+�B�i�v �+�?���M�;�2�b

�i�?�2 �/�`�Q�T�H�2�i �b�?���T�2�X �h�?�B�b �B�/�2�� �B�b �i�?�2 �#���b�B�b �Q�7 �b�i���#�B�H�B�x���i�B�Q�M �i�2�+�?�M�B�[�m�2�b �i�?���i �r�Q�`�F �#�v ���/�/�B�M�;

�� �p�2�H�Q�+�B�i�v �+�Q�K�T�Q�M�2�M�i �B�M �i�?�2 �i���M�;�2�M�i�B���H �T�H���M�2 �K�2���M�i �i�Q �/�2�+�`�2���b�2 �i�?�2 �K�2�b�? �/�2�;�`���/���i�B�Q�M ���b

�K�m�+�? ���b �T�Q�b�b�B�#�H�2 �B�M �� �;�B�p�2�M �i�B�K�2 �b�i�2�T �(�R�j�R�- �R�k�j�)�X

�A�M �i�?�B�b �r�Q�`�F�- �r�2 �m�b�2 ���M �Q�T�i�B�K�B�x���i�B�Q�M ���H�;�Q�`�B�i�?�K �i�?���i �K�B�M�B�K�B�x�2�b �� �+�Q�b�i �7�m�M�+�i�B�Q�M �r�B�i�?

�`�2�b�T�2�+�i �i�Q �i�?�2 �i���M�;�2�M�i�B���H �+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2 �p�2�H�Q�+�B�i�v �(�d�N�)

F =
X

x ij
i<j

�
d
dt

�
jx ij j2

h2
ij

+
h2

ij

jx ij j2

�� 2

+ 0:4
X

�

1
C2

�

�
dC�

dt

� 2

; �U�e�X�R�k�3�V

�r�?�2�`�2 �i�?�2 �}�`�b�i �b�m�K �B�b �Q�p�2�` �i�?�2 �2�/�;�2�b ���M�/ �i�?�2 �b�2�+�Q�M�/ �b�m�K �B�b �Q�p�2�` �i�?�2 �i�`�B���M�;�H�2�b�X �h�?�2 �2�/�;�2

�p�2�+�i�Q�`x ij = x j � x i �B�b �� �p�2�+�i�Q�` �T�Q�B�M�i�B�M�; �7�`�Q�K �i�?�2 �p�2�`�i�2�tx i �i�Q �i�?�2 �M�2�B�;�?�#�Q�`�B�M�; �p�2�`�i�2�tx j �X

hij �B�b �� �i���`�;�2�i �2�/�;�2 �H�2�M�;�i�? �2�M�b�m�`�B�M�; �}�M�2�` �K�2�b�? �B�M �H���`�;�2 �+�m�`�p���i�m�`�2 �`�2�;�B�Q�M�b�X �A�i �B�b �/�2�}�M�2�/ �#�v

�(�d�N�)

h2
ij =

1
2

(h2
i + h2

j ); h2
i = K � � 0:25

i ;

� i = k2
1(i ) + k2

2(i ) +
0:004
R2

0
;

K =
4

p
3N �

X

i

� 0:25
i � Si ;

�U�e�X�R�k�N�V

�3�j



�e�X�8 �L�m�K�2�`�B�+���H �B�K�T�H�2�K�2�M�i���i�B�Q�M

�r�?�2�`�2N � �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �i�`�B���M�;�H�2�b �B�M �i�?�2 �K�2�b�?�XC� = S� =(a2 + b2 + c2) �B�b �i�?�2 �ô�+�Q�K�@

�T���+�i�M�2�b�b�ô �Q�7 �i�?�2 �i�`�B���M�;�H�2�- �r�?�2�`�2a; b; c���`�2 �B�i�b �b�B�/�2 �H�2�M�;�i�?�b�- ���M�/S� �B�b �B�i�b ���`�2���X �G���`�;�2C�

�+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�`�B���M�;�H�2�b �+�H�Q�b�2 �i�Q �2�[�m�B�H���i�2�`���H�X �h�?�2 �}�`�b�i �b�m�K �B�M �U�e�X�R�k�3�V �2�M�b�m�`�2�b �i�?���i �i�?�2

�K�2���b�m�`�2 �Q�7 �?�Q�r �+�H�Q�b�2 �i�?�2 �2�/�;�2 �H�2�M�;�i�?�b ���`�2 �i�Q �i�?�2�B�` �i���`�;�2�i �p���H�m�2�b �+�?���M�;�2�b �H�B�i�i�H�2�X �a�2�+�Q�M�/ �b�m�K

�B�M �U�e�X�R�k�3�V �2�M�b�m�`�2�b �i�?���i �i�?�2 �i�`�B���M�;�H�2�b �`�2�i���B�M �i�?�2�B�` �+�Q�K�T���+�i�M�2�b�b �B�X�2�X �i�?�2�v �/�Q �M�Q�i �+�Q�H�H���T�b�2�X

�6�B�;�m�`�2 �e�X�e�, �h�`�B���M�;�H�2 �b�B�/�2 ���M�/ �p�2�`�i�2�t �M�Q�i���i�B�Q�M�X

���T�T�`�Q�t�B�K���i�B�M�;hij ���b �i�B�K�2 �B�M�/�2�T�2�M�/�2�M�i�- �i�?�2 �7�m�M�+�i�B�Q�MF �+���M �#�2 �r�`�B�i�i�2�M �B�M �i�2�`�K�b �Q�7 �i�?�2

�p�2�`�i�2�t �p�2�H�Q�+�B�i�B�2�b �(�R�j�k�)

F (v1; : : : ; vN ) =
X

x ij
i<j

�
2(x ij � (v j � v i ))

�
1

h2
ij

�
h2

ij

jx ij j4

�� 2

+ 0:4
X

�

1
C2

�
[� Ax 12 � (v2 � v1) � Bx 23 � (v3 � v2) � Cx 31 � (v1 � v3)]2 ;

�U�e�X�R�j�y�V

�r�?�2�`�2

A =
a2(a2 + b2 + c2) � a4 � b4 � c4

4C� (a2 + b2 + c2)3

B =
b2(a2 + b2 + c2) � a4 � b4 � c4

4C� (a2 + b2 + c2)3

C =
c2(a2 + b2 + c2) � a4 � b4 � c4

4C� (a2 + b2 + c2)3
:

�U�e�X�R�j�R�V

�h�?�2 �K�2���M�B�M�; �Q�7a; b; c���M�/1; 2; 3 �B�M �i�?�2 �b�2�+�Q�M�/ �b�m�K �B�b �b�?�Q�r�M �B�M �i�?�2 �}�;�m�`�2 �e�X�e�X

�h�Q ���p�Q�B�/ �M�m�K�2�`�B�+���H �;�`���/�B�2�M�i ���T�T�`�Q�t�B�K���i�B�Q�M �r�?�2�M �K�B�M�B�K�B�x�B�M�;F �- �B�i �B�b �r�`�B�i�i�2�M �B�M �2�t�T�H�B�+�B�i

�7�Q�`�K �(�R�j�k�)

r v i F = �
X

j
�M�2�t�i �i�Qi

8(x ij � (v j � v i ))
�

1
h2

ij
�

h2
ij

jx ij j4

� 2

x ij

+
X

�
�+�Q�M�i���B�M�bi

0:2
C2

�
[� Ax i 2 � (v2 � v i ) � Bx 23 � (v3 � v2) � Cx 3i � (v i � v3)] (Ax i 2 � Cx 3i );

�U�e�X�R�j�k�V

�3�9



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�r�?�2�`�2 �i�?�2 �;�`���/�B�2�M�i �B�b �i���F�2�M �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �p�2�H�Q�+�B�i�v �Q�7 �i�?�2i �@�i�? �p�2�`�i�2�t�X �A�M �i�?�2 �i�`�B���M�;�H�2

�M�Q�i���i�B�Q�M �U�}�;�m�`�2 �e�X�e�Vi �B�b �+�?�Q�b�2�M �i�Q �#�2 �i�?�2 �p�2�`�i�2�t �R�X �a�B�M�+�2 �r�2 �r���M�i �i�Q �+�?���M�;�2 �Q�M�H�v �i�?�2

�i���M�;�2�M�i�B���H �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �p�2�H�Q�+�B�i�v�- �i�?�2 �;�`���/�B�2�M�i �B�b �T�`�Q�D�2�+�i�2�/ �Q�M �i�?�2 �i���M�;�2�M�i�B���H �T�H���M�2

r jj
v i

F = Pjj � r v i F: �U�e�X�R�j�j�V

�6�Q�` �2���+�? �p�2�`�i�2�ti �i�?�2 �Q�T�i�B�K���H �p�2�H�Q�+�B�i�v �B�b �7�Q�m�M�/ �#�v �i�?�2 �"�6�:�a �U�"�`�Q�v�/�2�M �� �6�H�2�i�+�?�2�` ��

�:�Q�H�/�7���`�# �� �a�?���M�M�Q�V �K�2�i�?�Q�/ �T�`�Q�p�B�/�2�/ �#�v �i�?�2�P�T�i�B�K�H�B�#�`���`�v �(�R�j�j�) �7�Q�` �C�m�H�B�� �T�`�Q�;�`���K�K�B�M�;

�H���M�;�m���;�2�X �a�B�M�+�2 �i�?�2 �i���M�;�2�M�i�B���H �;�`���/�B�2�M�i �B�b �T�`�Q�p�B�/�2�/�- �i�?�2 �M�Q�`�K���H �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �`�2�b�m�H�i�B�M�;

�p�2�H�Q�+�B�i�v �}�2�H�/ �B�b �m�M�+�?���M�;�2�/�- �#�m�i �i�?�2 �i���M�;�2�M�i�B���H �+�Q�K�T�Q�M�2�M�i �B�b ���/�D�m�b�i�2�/ �i�Q �K�B�M�B�K�B�x�2 �i�?�2 �K�2�b�?

�/�2�;�`���/���i�B�Q�M�X �h�?�2 �i���M�;�2�M�i�B���H �p�2�H�Q�+�B�i�v �B�b �Q�T�i�B�K�B�x�2�/ �B�M �2���+�? �b�B�K�m�H���i�B�Q�M �i�B�K�2 �b�i�2�T�X

�e�X�8�X�3 �J�2�b�? �`�2�b�i�`�m�+�i�m�`�B�M�;�, �p�2�`�i�2�t �b�H�B�/�B�M�;

�h�?�2 ���/�D�m�b�i�K�2�M�i �Q�7 �i���M�;�2�M�i�B���H �p�2�H�Q�+�B�i�v �/�2�+�`�2���b�2�b �#�m�i �/�Q�2�b �M�Q�i �`�2�K�Q�p�2 �i�?�2 �K�2�b�? �/�2�;�`���@

�/���i�B�Q�M �+�Q�K�T�H�2�i�2�H�v�X �h�?�2�`�2�7�Q�`�2�- �T�2�`�B�Q�/�B�+���H�H�v �b�Q�K�2 ���+�i�B�p�2 �K�2�b�? �`�2�b�i�`�m�+�i�m�`�B�M�; �B�b �M�2�+�2�b�b���`�v

�#�2�i�r�2�2�M �i�?�2 �i�B�K�2 �B�i�2�`���i�B�Q�M�b�X �P�M�2 �b�m�+�? �`�2�b�i�`�m�+�i�m�`�B�M�; �K�2�i�?�Q�/ �B�b �i�?�2 �b�H�B�/�B�M�; �Q�7 �p�2�`�i�B�+�2�b �Q�M

�i�?�2 �/�`�Q�T�H�2�i �b�m�`�7���+�2 �i�Q �K�B�M�B�K�B�x�2 �� �+�Q�b�i �7�m�M�+�i�B�Q�M �/�2�b�+�`�B�#�B�M�; �i�?�2 �/�2�b�B�`�2�/ �K�2�b�? �T�`�Q�T�2�`�i�B�2�b�X

�A�M �i�?�B�b �r�Q�`�F �r�2 �m�b�2 �� �+�Q�b�i �7�m�M�+�i�B�Q�M �(�d�N�) �i�?���i �B�b �i�Q �#�2 �K�B�M�B�K�B�x�2�/ �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2

�p�2�`�i�2�t �T�Q�b�B�i�B�Q�M�b

E(x 1; : : : ; x N ) =
X

x ij
i<j

�
1
2

�
jx ij j2

h2
ij

+
h2

ij

jx ij j2

�� 50

+
X

�

�
Cet

�

C�

� 100

; �U�e�X�R�j�9�V

�r�?�2�`�2 ���;���B�M �i�?�2 �}�`�b�i �b�m�K �B�b �Q�p�2�` �i�?�2 �p�2�`�i�B�+�2�b ���M�/ �i�?�2 �b�2�+�Q�M�/ �b�m�K �B�b �Q�p�2�` �i�?�2 �i�`�B���M�;�H�2�b�X

Cet
� =

p
3=12 �B�b �i�?�2 �ô�+�Q�K�T���+�i�M�2�b�b�ô �Q�7 ���M �2�[�m�B�H���i�2�`���H �i�`�B���M�;�H�2�X �h�?�2 �+�Q�b�i �7�m�M�+�i�B�Q�ME �i���F�2�b

�m�T �H���`�;�2 �p���H�m�2�b �B�7 �i�?�2 �2�/�;�2 �H�2�M�;�i�?�b �/�B�z�2�` �;�`�2���i�H�v �7�`�Q�Khij �- ���M�/ �r�?�2�M �i�?�2 �i�`�B���M�;�H�2�b ���`�2 �7���`

�7�`�Q�K �2�[�m�B�H���i�2�`���H�X

���;���B�M�- ���T�T�`�Q�t�B�K���i�B�M�;h ij ���b �+�Q�M�b�i���M�i�- �r�2 �+���M �r�`�B�i�2 �� �;�`���/�B�2�M�i �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2

�+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2i �@�i�? �p�2�`�i�2�t �(�R�j�k�)

r x i E = � 50
X

j
�M�2�t�i �i�Qi

�
1
2

�
jx ij j2

h2
ij

+
h2

ij

jx ij j2

�� 49 �
1

h2
ij

�
h2

ij

jx ij j4

�
x ij

� 100
X

�
�+�Q�M�i���B�M�bi

�
Cet

�

C�

� 99 �
Cet

�

C2
�

�
r x i C� ;

�U�e�X�R�j�8�V

�3�8



�e�X�8 �L�m�K�2�`�B�+���H �B�K�T�H�2�K�2�M�i���i�B�Q�M

���M�/r x i C� = Ax i 2 + Cx i 3�- �r�?�2�`�2A ���M�/C ���`�2 �/�2�}�M�2�/ �B�M �U�e�X�R�j�R�V�- �i�?�2 �i�`�B���M�;�H�2 �2�/�;�2

�B�M�/�B�+�2�b ���`�2 �b�?�Q�r�M �B�M �}�;�m�`�2 �U�e�X�e�V�- ���M�/ �R �B�b �`�2�H���#�2�H�2�/ �i�Qi �X

�h�?�2 �p�2�`�i�B�+�2�b ���`�2 �K�Q�p�2�/ �#�v �� �K�Q�/�B�}�2�/ �;�`���/�B�2�M�i �/�2�b�+�2�M�i �K�2�i�?�Q�/ �i�Q �2�M�b�m�`�2 �i�?���i �i�?�2�v

���H�r���v�b �`�2�K���B�M �Q�M �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2 �(�d�N�)�,

�R�X�h�?�2 �p�2�`�i�B�+�2�b ���`�2 �K�Q�p�2�/ ���+�+�Q�`�/�B�M�; �i�Q

x �
i = x �

i � � r x �
i
E; �U�e�X�R�j�e�V

�r�?�2�`�2� = 0:01�K�B�Mf (� xmin =jr x Ej) i g�- ���M�/� xmin �B�b �i�?�2 �b�K���H�H�2�b�i �2�/�;�2 �H�2�M�;�i�? �M�2�t�i

�i�Q �� �;�B�p�2�M �p�2�`�i�2�t�X

�k�X�6�Q�` �2���+�?x �
i �- �i�?�2 �+�H�Q�b�2�b�i �Q�`�B�;�B�M���H �p�2�`�i�2�t �U�#�2�7�Q�`�2 �i�?�2 �p�2�`�i�2�t �b�H�B�/�B�M�; �r���b �B�M�B�i�B���i�2�/�V �B�b

�7�Q�m�M�/ ���M�/x �
i �B�b �T�`�Q�D�2�+�i�2�/ �Q�M �i�Q �i�?�2 �H�Q�+���H �T���`���#�Q�H�Q�B�/ �}�i�i�2�/ ���`�Q�m�M�/ �i�?�2 �Q�`�B�;�B�M���H �p�2�`�i�2�t�X

���7�i�2�` �T�`�Q�D�2�+�i�B�Q�M�-x �
i �#�2�+�Q�K�2�b �i�?�2 �p�2�`�i�2�t �7�Q�` �i�?�2 �M�2�t�i �B�i�2�`���i�B�Q�Mx � +1

i

�j�Xhij �B�b �m�T�/���i�2�/ �r�B�i�? �i�?�2 �M�2�rk1 ���M�/k2 �p���H�m�2�b �+���H�+�m�H���i�2�/ �7�`�Q�K �i�?�2 �H�Q�+���H�H�v �}�i�i�2�/

�T���`���#�Q�H�Q�B�/�b �Q�M �i�?�2 �Q�`�B�;�B�M���H �p�2�`�i�B�+�2�b �(�R�j�k�)�X

�h�?�2 �K�2�b�? �[�m���H�B�i�v �B�b �+�?���`���+�i�2�`�B�x�2�/ �#�v �i�r�Q �T���`���K�2�i�2�`�b �(�d�N�)

Sc=
�K���t

�
jx ij j
h ij

�

�K�B�M
�

jx ij j
h ij

� ; C� min = min C� : �U�e�X�R�j�d�V

�h�?�2 �}�`�b�i �T���`���K�2�i�2�` �/�2�b�+�`�B�#�2�b �i�?�2 �b�+���i�i�2�` �Q�7jx ij j=hij �- �r�?�B�+�? �B�/�2���H�H�v �r�Q�m�H�/ �#�2 �m�M�B�7�Q�`�K�X �q�2

�b�2�2�F �i�Q �/�2�+�`�2���b�2Sc���M�/ �B�M�+�`�2���b�2C� min �X �h�?�2 �B�i�2�`���i�B�Q�M�b ���`�2 �/�Q�M�2 �7�Q�` �R�y�y �i�B�K�2�b �i�Q �b�2�2 �B�7 �i�?�2�v

�`�2�b�m�H�i �B�M �b�B�;�M�B�}�+���M�i �K�2�b�? �B�K�T�`�Q�p�2�K�2�M�i�b�X �A�7 �7�Q�` ���M�v �B�i�2�`���i�B�Q�M� � 100�-Sc� < 0:75Sc0 ���M�/

C �
� min > 1:15C0

� min �- �i�?�2 �p�2�`�i�2�t �b�H�B�/�B�M�; �B�i�2�`���i�B�Q�M�b ���`�2 �/�Q�M�2 �N�y�y �K�Q�`�2 �i�B�K�2�b�X �P�i�?�2�`�r�B�b�2�-

�i�?�2 �K�2�b�? �B�b �`�2�i�m�`�M�2�/ �i�Q �i�?�2 �Q�`�B�;�B�M���H �b�i���i�2�X

�o�2�`�i�2�t �b�H�B�/�B�M�; �B�b �T�2�`�7�Q�`�K�2�/ ���7�i�2�` �2�p�2�`�v �R�y�y �i�B�K�2 �b�i�2�T�b �B�M �i�?�2 �b�B�K�m�H���i�B�Q�M�X

�e�X�8�X�N �J�2�b�? �`�2�b�i�`�m�+�i�m�`�B�M�;�, �2�/�;�2 �~�B�T�T�B�M�;

�6�B�;�m�`�2 �e�X�d�, �1�/�;�2 �~�B�T�T�B�M�; �M�Q�i���i�B�Q�M�X

�3�e



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�� �b�B�K�T�H�2 �K�2�b�? �`�2�b�i�`�m�+�i�m�`�B�M�; �T�`�Q�+�2�/�m�`�2 �B�b �2�/�;�2 �~�B�T�T�B�M�;�X �a���v �i�?�2�`�2 ���`�2 �i�r�Q ���/�D���+�2�M�i

�i�`�B���M�;�H�2�b[x i ; x j ; x k ] ���M�/[x i ; x l ; x j ] �U�b�2�2 �}�;�m�`�2 �e�X�d�V�X �h�?�2�M �B�7 �(�d�N�- �R�j�9�)

jx l � x k j2 < j(x k � Ok) � (x l � x k)j + j(x l � O l ) � (x l � x k)j; �U�e�X�R�j�3�V

�i�?�2 �2�/�;�2[x i ; x j ] �+���M �#�2 �`�2�T�H���+�2�/ �r�B�i�?[x l ; x k ]�XOk ���M�/O l ���`�2 �i�?�2 �+�2�M�i�2�`�b �Q�7 �i�?�2 �+�B�`�+�m�K�@

�b�+�`�B�#�2�/ �+�B�`�+�H�2�b ���`�Q�m�M�/ �i�?�2 �i�`�B���M�;�H�2�b[x i ; x j ; x k ] ���M�/[x i ; x l ; x j ]�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �+�`�B�i�2�`�B�Q�M

�U�e�X�R�j�3�V �B�b �2�[�m�B�p���H�2�M�i �i�Q �.�2�H���m�M���v �i�`�B���M�;�m�H���i�B�Q�M �Q�M �� �~���i �b�m�`�7���+�2�- ���M�/ �B�7 �i�?�2 �i�`�B���M�;�H�2�b �Q�M

�i�?�2 �/�`�Q�T�H�2�i �b�m�`�7���+�2 ���`�2 �b�m�{�+�B�2�M�i�H�v �b�K���H�H �U�b�Q �i�?���i �i�?�2 �b�m�`�7���+�2 �b�2�2�K�b �H�Q�+���H�H�v �~���i�V�- �B�i �b�?�Q�m�H�/

�B�M�+�`�2���b�2 �i�?�2 �`�2�;�m�H���`�B�i�v �Q�7 �i�?�2 �i�`�B���M�;�H�2�b�X �1�/�;�2�b ���`�2 �M�Q�i �~�B�T�T�2�/ �B�7 �i�?�2�v �r�Q�m�H�/ �`�2�b�m�H�i �B�M �p�2�`�@

�i�B�+�2�b �r�B�i�? �7�2�r�2�` �i�?���M �8 �+�Q�M�M�2�+�i�2�/ �2�/�;�2�b�X �h�?�B�b �B�b �/�Q�M�2 �i�Q �2�M�b�m�`�2 �i�?���i �� �T���`���#�Q�H�Q�B�/ �+���M

���H�r���v�b �#�2 �}�i�i�2�/ �+�2�M�i�2�`�2�/ �Q�M �b���B�/ �p�2�`�i�2�t�X

�h�?�2 ���H�;�Q�`�B�i�?�K �B�i�2�`���i�2�b �i�?�`�Q�m�;�? ���H�H �2�/�;�2�b �m�M�i�B�H �U�e�X�R�j�3�V �B�b �b���i�B�b�}�2�/�- ���M�/ ���M �2�/�;�2 �;�2�i�b

�~�B�T�T�2�/�X �A�i �i�?�2�M �B�i�2�`���i�2�b �i�?�`�Q�m�;�? �i�?�2 �2�/�;�2�b ���;���B�M �7�`�Q�K �i�?�2 �b�i���`�i �m�M�i�B�H �M�Q �K�Q�`�2 �~�B�T�b ���`�2

�T�Q�b�b�B�#�H�2�X ���7�i�2�`�r���`�/�b �p�2�`�i�2�t �b�H�B�/�B�M�; �B�b �T�2�`�7�Q�`�K�2�/ �i�Q �7�m�`�i�?�2�` �B�K�T�`�Q�p�2 �i�?�2 �K�2�b�?�X

�1�/�;�2 �~�B�T�T�B�M�; �B�b ���i�i�2�K�T�i�2�/ �Q�M �2���+�? �i�B�K�2 �b�i�2�T �B�M �i�?�2 �b�B�K�m�H���i�B�Q�M�X

�e�X�8�X�R�y �J�2�b�? �`�2�b�i�`�m�+�i�m�`�B�M�;�, �p�2�`�i�2�t ���/�/�B�i�B�Q�M

�6�B�M���H�H�v�- �B�i �r���b �7�Q�m�M�/ �i�?���i �i�?�2 ���#�Q�p�2 �K�2�M�i�B�Q�M�2�/ �K�2�b�? �b�i���#�B�H�B�x���i�B�Q�M �i�2�+�?�M�B�[�m�2�b ���`�2 �M�Q�i

�b���i�B�b�7���+�i�Q�`�v�- �r�?�2�M �i�?�2 �/�`�Q�T�H�2�i�ö�b �+�m�`�p���i�m�`�2 �#�2�+�Q�K�2�b �i�Q�Q �H���`�;�2�X �h�?�2�`�2�7�Q�`�2�- �r�2 �T�2�`�7�Q�`�K�2�/ ��

�p�2�`�i�2�t ���/�/�B�i�B�Q�M �`�Q�m�i�B�M�2�- �r�?�2�`�2 �r�2 �b�T�H�B�i �i�`�B���M�;�H�2�b �B�M �`�2�;�B�Q�M�b �Q�7 �H���`�;�2 �+�m�`�p���i�m�`�2�X

�6�Q�` �2���+�? �i�`�B���M�;�H�2 �r�2 �+���H�+�m�H���i�2 �i�?�2 �ô�K���;�M�B�i�m�/�2�ô �Q�7 �i�?�2 �+�m�`�p���i�m�`�2 �U���b �i�?�2 ���p�2�`���;�2 �Q�7 �B�i�b

�p�2�`�i�B�+�2�b�V

H � =
1
3

X

i 2 �

H i ; H i =
� q

k2
1 + k2

2

�

i

: �U�e�X�R�j�N�V

���M�/ �r�2 �+�Q�K�T���`�2 �B�i �r�B�i�? �i�?�2 �H�2�M�;�i�? �b�+���H�2 �Q�7 �i�?�2 �i�`�B���M�;�H�2
p

S� �X �A�7

H �

p
S� > " split ; �U�e�X�R�9�y�V

�i�?�2 �i�`�B���M�;�H�2 �B�b �K���`�F�2�/ �7�Q�` �b�T�H�B�i�i�B�M�;�X ���/�/�B�i�B�Q�M���H�H�v�- �� �i�`�B���M�;�H�2 �B�b �K���`�F�2�/ �7�Q�` �b�T�H�B�i�i�B�M�;�- �B�7 ���i

�H�2���b�i �i�r�Q �M�2�B�;�?�#�Q�`�B�M�; �i�`�B���M�;�H�2�b ���`�2 �K���`�F�2�/�X ���M �2�K�T�B�`�B�+ �i�?�`�2�b�?�Q�H�/ �Q�7" split = 0:2 �B�b �m�b�2�/ �B�M

�i�?�B�b �r�Q�`�F�X

�L�2�r �p�2�`�i�B�+�2�b ���`�2 ���/�/�2�/ �B�M �2�/�;�2 �K�B�/�@�T�Q�B�M�i�b �Q�7 �i�?�2 �K���`�F�2�/ �i�`�B���M�;�H�2�b �U�}�;�m�`�2 �e�X�3�V�X �1���+�?

�M�2�r �p�2�`�i�2�t �B�b �T�`�Q�D�2�+�i�2�/ �i�Q �i�?�2 �H�Q�+���H �T���`���#�Q�H�Q�B�/ �}�i�i�2�/ �Q�M �i�?�2 �M�2���`�2�b�i �Q�`�B�;�B�M���H �p�2�`�i�2�t�X �h�?�2

�3�d



�e�X�e ���H�;�Q�`�B�i�?�K �i�2�b�i�b

���V �#�V

�6�B�;�m�`�2 �e�X�3�, ���M �B�H�H�m�b�i�`���i�B�p�2 �2�t���K�T�H�2 �Q�7 �p�2�`�i�2�t ���/�/�B�i�B�Q�M�X ���V �6�B�`�b�i�- �i�?�2 �`�2�/ �i�`�B���M�;�H�2�b ���`�2
�K���`�F�2�/ �7�Q�` �b�T�H�B�i�i�B�M�;�X �h�?�2�M �b�B�M�+�2 �i�?�2 �v�2�H�H�Q�r �i�`�B���M�;�H�2 �M�Q�r �?���b �i�r�Q �K���`�F�2�/ �M�2�B�;�?�#�Q�`�b�-
�B�i ���H�b�Q �B�b �K���`�F�2�/�X �#�V �h�?�2 �2�/�;�2�b �Q�7 �i�?�2 �K���`�F�2�/ �i�`�B���M�;�H�2�b ���+�[�m�B�`�2 �M�2�r �p�2�`�i�B�+�2�b �i�?���i ���`�2
�+�Q�M�M�2�+�i�2�/ �B�M �b�m�+�? �� �r���v �i�Q �2�M�b�m�`�2 ���i �H�2���b�i �8 �M�2�B�;�?�#�Q�`�b �7�Q�` �2���+�? �p�2�`�i�2�t�X �h�?�2 �b�T�H�B�i �K���`�F�2�/
�i�`�B���M�;�H�2�b ���M�/ �i�?�2 �M�2�B�;�?�#�Q�`�?�Q�Q�/ �B�M �#�H�m�2 �ô�i�r�Q �2�/�;�2�b �/�2�2�T�ô �B�b �i�`�2���i�2�/ �r�B�i�? �i�?�2 �p�2�`�i�2�t �b�H�B�/�B�M�;
�T�`�Q�+�2�/�m�`�2�X

�M�2�r �p�2�`�i�B�+�2�b ���`�2 �+�Q�M�M�2�+�i�2�/ �B�M �b�m�+�? �� �r���v �i�?���i �2�M�b�m�`�2�b ���i �H�2���b�i �8 �M�2�B�;�?�#�Q�`�b �7�Q�` �2���+�?

�`�2�b�m�H�i�B�M�; �p�2�`�i�2�t�X �6�B�M���H�H�v�- �i�?�2 �p�2�`�i�2�t �b�H�B�/�B�M�; �T�`�Q�+�2�/�m�`�2 �B�b �T�2�`�7�Q�`�K�2�/ �Q�M �i�?�2 �M�2�B�;�?�#�Q�`�?�Q�Q�/

�Q�7 �i�?�2 �M�2�r�H�v �+�`�2���i�2�/ �p�2�`�i�B�+�2�b �(�R�j�9�) �U�b�2�2 �}�;�m�`�2 �e�X�3�V�X

�o�2�`�i�2�t ���/�/�B�i�B�Q�M �B�b �+���`�`�B�2�/ �Q�m�i �M�Q �K�Q�`�2 �Q�7�i�2�M �i�?���M �2�p�2�`�v �8 �i�B�K�2 �b�i�2�T�b �B�M �i�?�2 �b�B�K�m�H���i�B�Q�M�X

�e�X�e ���H�;�Q�`�B�i�?�K �i�2�b�i�b

�e�X�e�X�R �h�B�K�2 �B�M�i�2�;�`���i�B�Q�M �T�`�2�+�B�b�B�Q�M

�A�i �B�b �`�2�T�Q�`�i�2�/ �B�M �i�?�2 �H�B�i�2�`���i�m�`�2 �i�?���i �+�m�`�`�2�M�i�H�v �i�?�2 �H�B�K�B�i�B�M�; �7���+�i�Q�` �7�Q�` �7�`�2�2 �b�m�`�7���+�2 �+���H�+�m�@

�H���i�B�Q�M�b �m�b�B�M�; �i�?�2 �#�Q�m�M�/���`�v �2�H�2�K�2�M�i �K�2�i�?�Q�/�b �B�b �i�?�2 �b�m�`�7���+�2 �/�B�b�+�`�2�i�B�x���i�B�Q�M�- ���M�/ �i�?�2�`�2�7�Q�`�2

�K�Q�`�2 �+�Q�K�T�H�2�t �i�B�K�2 �B�M�i�2�;�`���i�B�Q�M �b�+�?�2�K�2�b �i�?���M �i�?�2 �b�B�K�T�H�2 �1�m�H�2�` �K�2�i�?�Q�/ �b�2�2�K �i�Q �#�2 �m�M�M�2�+�@

�2�b�b���`�v �(�d�N�)�X �h�Q ���b�b�2�b �i�?�B�b�- �r�2 �2�H�Q�M�;���i�2�/ �� �/�`�Q�T�H�2�i �B�M �� �+�Q�M�b�i���M�i �}�2�H�/ �U�}�;�m�`�2 �e�X�N�V �7�Q�` �j�8�y

�i�B�K�2 �b�i�2�T�b �Q�7� t = 0:03R0� (e)=
 �m�b�B�M�; �i�?�2 �1�m�H�2�` �K�2�i�?�Q�/ ���M�/ �i�?�2 �b�2�+�Q�M�/ �Q�`�/�2�` �_�m�M�;�2�@

�E�m�i�i�� �K�2�i�?�Q�/ �(�R�k�d�)�X �h�?�2 �b�B�K�m�H���i�B�Q�M �T���`���K�2�i�2�`�b �r�2�`�2� = 1�-� r = 22�-Bm = 5:8�- �r�?�B�+�?

�+�Q�`�`�2�b�T�Q�M�/ �i�Q �� �/�`�Q�T�H�2�i �i�?���i �r�Q�m�H�/ �b�i�`�Q�M�;�H�v �2�H�Q�M�;���i�2 �`�2���+�?�B�M�; ���b�T�2�+�i �`���i�B�Q �Q�7a=b= 5:8

�(�d�8�)�X �h�?�2 �p�2�`�i�2�t ���/�/�B�i�B�Q�M �r���b �i�m�`�M�2�/ �Q�z�- ���M�/ �i�?�`�2�2 �/�B�z�2�`�2�M�i �B�M�B�i�B���H �K�2�b�?�2�b �;�2�M�2�`���i�2�/

�7�`�Q�K �i�?�2 �`�2�}�M�2�K�2�M�i �Q�7 ���M �B�+�Q�b���?�2�/�`�Q�M �r�2�`�2 �m�b�2�/ �`�2�b�m�H�i�B�M�; �B�M �M�m�K�#�2�` �Q�7 �p�2�`�i�B�+�2�bN = 162�-

N = 642 ���M�/N = 2562�X

�h�?�2 �/�B�b�+�`�2�T���M�+�v �#�2�i�r�2�2�M �i�?�2 �b�2�+�Q�M�/ �Q�`�/�2�` �_�m�M�;�2�@�E�m�i�i�� �K�2�i�?�Q�/ ���M�/ �i�?�2 �1�m�H�2�` �K�2�i�?�Q�/

�B�b ���`�Q�m�M�/1% �B�M�/�2�T�2�M�/�2�M�i �Q�M �i�?�2 �M�m�K�#�2�` �Q�7 �p�2�`�i�B�+�2�b �Q�M �i�?�2 �/�B�b�+�`�2�i�B�x�2�/ �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2�X

�3�3



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�6�B�;�m�`�2 �e�X�N�, �1�H�Q�M�;���i�B�Q�M �Q�7 �/�`�Q�T�H�2�i�b �r�B�i�?� = 1�- � r = 22�-Bm = 5:8�X �h�?�2 �i�B�K�2 �b�+���H�2 �B�b
t0 = R0� (e)=
 �X �L �B�M�/�B�+���i�2�b �i�?�2 �M�m�K�#�2�` �Q�7 �p�2�`�i�B�+�2�b �/�2�b�+�`�B�#�B�M�; �i�?�2 �/�`�Q�T�H�2�i�- �_�E�k �B�M�/�B�+���i�2�b
�i�?�2 �b�2�+�Q�M�/ �Q�`�/�2�` �_�m�M�;�2�@�E�m�i�i�� �K�2�i�?�Q�/�Xa ���M�/b ���`�2 �i�?�2 �b�2�K�B���t�2�b �Q�7 ���M �2�H�H�B�T�b�Q�B�/ �}�i�i�2�/ �i�Q
�i�?�2 �p�2�`�i�B�+�2�b�X

�u�2�i �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �i�B�K�2 �/�Q�m�#�H�2�b �b�B�M�+�2 �i�?�2 �p�2�H�Q�+�B�i�B�2�b �M�2�2�/ �i�Q �#�2 �+���H�+�m�H���i�2�/ �7�Q�` �i�?�2 �B�M�i�2�`�@

�K�2�/�B���i�2 �i�B�K�2 �b�i�2�T�X ���M�/ �B�M�/�2�2�/ �B�M �}�;�m�`�2 �e�X�N �r�2 �b�2�2 �i�?�2 �B�K�T�Q�`�i���M�+�2 �Q�7 �i�?�2 �K�2�b�? �}�M�2�M�2�b�b�X

�h�?�2�`�2�7�Q�`�2 �r�2 �+�?�Q�b�2 �i�Q �m�b�2 �Q�M�H�v �i�?�2 �1�m�H�2�` �K�2�i�?�Q�/�- �#�m�i �r�B�i�? �`�2�b�+���H�B�M�; �i�?�2 �p�Q�H�m�K�2 ���7�i�2�`

�2���+�? �i�B�K�2 �b�i�2�T�X

�e�X�e�X�k �a�T���+�2 �B�M�i�2�;�`���i�B�Q�M �T�`�2�+�B�b�B�Q�M

�6�B�;�m�`�2 �e�X�N �b�?�Q�r�b �i�?���i �i�?�2 �M�m�K�#�2�` �Q�7 �p�2�`�i�B�+�2�bN �Q�M �i�?�2 �/�`�Q�T�H�2�i�ö�b �b�m�`�7���+�2 �b�i�`�Q�M�;�H�v

���z�2�+�i�b �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �T�`�2�+�B�b�B�Q�M�X �>�Q�r�2�p�2�`�- �i�?�2 ���H�;�Q�`�B�i�?�K �+�Q�K�T�H�2�t�B�i�v �B�bO(N 2)�- �i�?�2�`�2�7�Q�`�2

�B�M�+�`�2���b�B�M�;N �[�m�B�+�F�H�v �K���F�2�b �B�i �T�`�Q�?�B�#�B�i�B�p�2�H�v �b�H�Q�r�X �"�v ���/�/�B�M�; �i�?�2 �p�2�`�i�B�+�2�b �B�M �i�?�2 �`�2�;�B�Q�M�b

�Q�7 �?�B�;�? �+�m�`�p���i�m�`�2�- �r�2 �b�2�2�F �i�Q �}�M�/ �i�?�2 �K�B�M�B�K���H �M�m�K�#�2�` �Q�7 �p�2�`�i�B�+�2�b �i�?���i ���`�2 �M�2�2�/�2�/ �i�Q

���+�+�m�`���i�2�H�v �+���H�+�m�H���i�2 �i�?�2 �/�`�Q�T�H�2�i�ö�b �/�v�M���K�B�+�b�X

�C�m�b�i ���b �T�`�2�p�B�Q�m�b�H�v�- �r�2 �2�H�Q�M�;���i�2�/ �� �/�`�Q�T�H�2�i �B�M �� �+�Q�M�b�i���M�i �}�2�H�/ �7�Q�` �j�8�y �i�B�K�2 �b�i�2�T�b �Q�7

� t = 0:03R0� (e)=
 �r�B�i�? �i�?�2 �1�m�H�2�` �K�2�i�?�Q�/�X �h�?�2 �b�B�K�m�H���i�B�Q�M �T���`���K�2�i�2�`�b �r�2�`�2� = 1�-

� r = 22�-Bm = 5:8�X �q�2 �b�i���`�i�2�/ �r�B�i�? �� �K�2�b�? �r�B�i�?N = 162 ���M�/ �?���/ �/�B�z�2�`�2�M�i �i�`�B���M�;�H�2

�b�T�H�B�i�i�B�M�; �i�?�`�2�b�?�Q�H�/�b" split �X

�q�2 �b�2�2 �B�M �}�;�m�`�2 �e�X�R�y �i�?���i �7�Q�`" split = 0:2�- �i�?�2 �2�`�`�Q�` �B�b �#�2�H�Q�r0:1% �+�Q�K�T���`�2�/ �i�Q �i�?�2

�b�i�`�B�+�i�2�`" split = 0:15�X �h�?�2�`�2�7�Q�`�2�-" split = 0:2 �r���b �+�?�Q�b�2�M �7�Q�` �i�?�2 �b�B�K�m�H���i�B�Q�M�b �B�M �i�?�B�b �r�Q�`�F�X

�G���`�;�2�` �p���H�m�2�b �Q�7" split �+�Q�m�H�/ �#�2 �m�b�2�/�- �#�m�i �i�?�2 �`�2�/�m�+�i�B�Q�M �B�M �i�?�2 �`�2�b�m�H�i �T�`�2�+�B�b�B�Q�M �b�?�Q�m�H�/ �#�2

�3�N



�e�X�e ���H�;�Q�`�B�i�?�K �i�2�b�i�b

�6�B�;�m�`�2 �e�X�R�y�, �1�H�Q�M�;���i�B�Q�M �Q�7 �/�`�Q�T�H�2�i�b �r�B�i�?� = 1�- � r = 22�-Bm = 5:8�X �h�?�2 �i�B�K�2 �b�+���H�2
�B�bt0 = R0� (e)=
 �Xa ���M�/b ���`�2 �i�?�2 �b�2�K�B���t�2�b �Q�7 ���M �2�H�H�B�T�b�Q�B�/ �}�i�i�2�/ �i�Q �i�?�2 �p�2�`�i�B�+�2�b�X �G�2�7�i
�;�`���T�? �+�Q�K�T���`�2�b �i�?�2 �b�B�K�m�H���i�B�Q�M�b �r�B�i�? �/�B�z�2�`�2�M�i �i�`�B���M�;�H�2 �b�T�H�B�i�i�B�M�; �i�?�`�2�b�?�Q�H�/�b" split �i�Q �i�?�2
�b�B�K�m�H���i�B�Q�M �r�B�i�?" split = 0:15�X �q�2 �b�2�2 �i�?���i �7�Q�`" split = 0:2 �2�`�`�Q�` �B�b �#�2�H�Q�r10� 3�X �h�?�2 �`�B�;�?�i
�;�`���T�? �b�?�Q�r�b �?�Q�r �i�?�2 �M�m�K�#�2�` �Q�7 �p�2�`�i�B�+�2�b �B�M�+�`�2���b�2�b ���b �i�?�2 �b�B�K�m�H���i�B�Q�M �T�`�Q�;�`�2�b�b�2�b�X

�i���F�2�M �B�M�i�Q �i�?�2 ���+�+�Q�m�M�i�X

�e�X�e�X�j �h�2�b�i �+���b�2�, �/�`�Q�T�H�2�i �+�Q�M�i�`���+�i�B�Q�M �i�Q �� �b�T�?�2�`�2

�6�B�;�m�`�2 �e�X�R�R�, �*�?���`���+�i�2�`�B�b�i�B�+ �+�Q�M�i�`���+�i�B�Q�M �i�B�K�2 �� �b�H�B�;�?�i�H�v �2�H�Q�M�;���i�2�/ �/�`�Q�T�H�2�i ���b �� �7�m�M�+�i�B�Q�M �Q�7
�i�?�2 �p�B�b�+�Q�b�B�i�v �`���i�B�Q� �X �h�?�2 �i�B�K�2 �b�+���H�2 �B�bt0 = R0� (e)=
 �X �h�?�2 �i�?�2�Q�`�2�i�B�+���H �+�m�`�p�2 �+�Q�`�`�2�b�T�Q�M�/�b
�i�Q �U�e�X�R�9�k�V�X

���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �b�K���H�H �/�2�7�Q�`�K���i�B�Q�M �i�?�2�Q�`�v �/�2�b�+�`�B�#�2�/ �B�M �b�2�+�i�B�Q�M �8�- �B�M ���#�b�2�M�+�2 �Q�7 �K���;�@

�M�2�i�B�+ �}�2�H�/ ���M �2�H�Q�M�;���i�2�/ �b�T�?�2�`�Q�B�/���H �/�`�Q�T�H�2�i �r�B�i�? �b�2�K�B���t�2�ba > b �2�t�T�Q�M�2�M�i�B���H�H�v �`�2�H���t�2�b �i�Q ��

�b�T�?�2�`�B�+���H �b�?���T�2

� 1(t) = � 1(0)e� t
� ; �U�e�X�R�9�R�V

�N�y



�e �"�P�l�L�.���_�u �1�G�1�J�1�L�h �*���G�*�l�G���h�A�P�L�a

�r�?�2�`�2� 1 = ( a � b)=b���M�/

� =
R0� (e)



(3 + 2� )(16 + 19� )

40(1 + � )
: �U�e�X�R�9�k�V

�h�Q �i�2�b�i �B�i�- �B�M �b�B�K�m�H���i�B�Q�M�b �r�2 �b�H�B�;�?�i�H�v �2�H�Q�M�;���i�2�/ �i�?�2 �/�`�Q�T�H�2�i �B�M �K���;�M�2�i�B�+ �}�2�H�/ ���M�/ �i�?�2�M

�b�2�i �B�i �i�Q �x�2�`�Q�X �h�?�2 �/�`�Q�T�H�2�i �`�2�H���t�2�/ �i�Q �� �b�T�?�2�`�2 ���M�/ �r�2 �}�i�i�2�/ �2�H�H�B�T�b�Q�B�/�b �B�M �2���+�? �i�B�K�2 �b�i�2�T

�i�Q �/�2�i�2�`�K�B�M�2� 1(t)�X �a�B�M�+�2

ln � 1(t) = ln � 1(0) �
t
�

; �U�e�X�R�9�j�V

�r�2 �/�2�i�2�`�K�B�M�2�/� �#�v �� �H�B�M�2���` �}�i ���M�/ �T�H�Q�i�i�2�/ �B�i �B�M �}�;�m�`�2 �e�X�R�R�X �1�t�+�2�H�H�2�M�i ���;�`�2�2�K�2�M�i �+���M �#�2

�b�2�2�M �7�Q�` �� �H���`�;�2 �`���M�;�2 �Q�7� �#�2�i�r�2�2�M �i�?�2 �b�B�K�m�H���i�B�Q�M �`�2�b�m�H�i�b ���M�/ �i�?�2 �i�?�2�Q�`�2�i�B�+���H �+�m�`�p�2�X �h�?�2

�/�2�p�B���i�B�Q�M�b ���`�2 �H�2�b�b �i�?���M1%�X

�e�X�e�X�9 �h�2�b�i �+���b�2�, �/�`�Q�T�H�2�i �2�H�Q�M�;���i�B�Q�M �B�M �� �b�?�2���` �~�Q�r

���M�Q�i�?�2�` �i�2�b�i �+���b�2 �7�Q�` �i�?�2 ���H�;�Q�`�B�i�?�K �B�b �� �p�B�b�+�Q�m�b �/�`�Q�T �B�M �� �b�?�2���` �~�Q�r �B�M ���#�b�2�M�+�2 �Q�7 ���M�v
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�`�2�T�`�Q�/�m�+�2 �i�?�2 �+�Q�M�B�+���H �i�B�T�b �(�e�y�- �e�R�- �d�8�)�X �6�Q�` �� �7�m�H�H �i�?�`�2�2 �/�B�K�2�M�b�B�Q�M���H �b�B�K�m�H���i�B�Q�M �i�?�2 �K�2�b�?
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Bm = 5 �U�}�;�m�`�2 �U�e�X�R�d�V�V�X �h�?�B�b �B�b �r�2�H�H �r�B�i�?�B�M �i�?�2 �`���M�;�2 �Q�7 �T���`���K�2�i�2�`�b�- �r�?�2�`�2 �+�Q�M�B�+���H �i�B�T�b
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t = 0:6 t = 47 t = 72 t = 81
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