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Introduction

The present thesis concerns an azimuthal body force driven swirling flow and its
stability. Controllable and stable rotating flows are needed in crystal growth
technologies, where the motion of melt significantly influences the quality of grown
crystals.

A rotating magnetic field induces a swirling flow of melt that usually has the
conductivity of liquid metals. This artificial flow has a number of advantages in
comparison to the natural buoyant one. However, there are too few possibilities to
control and, thus, optimize the base flow. Besides, the swirling flow is unstable in
most possible practical applications. My investigations were focused on two
superimposed control tools: the steady axial magnetic field and imposed rotation of
crucible. The investigations showed that both actions have a common promising
feature to control the magnitude of induced flow and to stabilize it. A specific goal of
the steady magnetic field application is a possibility to manipulate the pattern of
secondary vortices of the meridional flow, which actually is of the most practical
importance. The imposed rotation, in its turn, allows to change the direction of
meridional recirculation, that otherwise is always fixed. The effect of the imposed
rotation is similar to that of a steady field. So, essentially the same effect can be
achieved by an energetically much lower cost.

The boundary layers of two types appear in magnetohydrodynamic and rotating
flows. Horizontal rotating layers and magnetohydrodynamic Hartmann layers usually
control the core flow. Much wider boundary layers appear near side wall. All these
layers are subject of famous problems. The topic of the thesis introduces a close
connection to these problems. At the same time, certain specific circumstances, as a
rule, do not allow a straightforward use of the existing results. The main original
theoretical results include the order of magnitude estimates illustrating the force
balance in the rotating horizontal magnetohydrodynamic layer, an approximate
analytical solution of a curved magnetohydrodynamic side layer, an approximate
analytical solution of an almost rigidly rotating body force driven vertical layer, a
simple and effective method to predict and optimize the shape of solidification
interface, efc. I used different methods including scaling analysis, analytical solutions
of indicative simplified cases, numerical axially symmetric simulation and
experiment. Analogies to the related problems were extensively used.

The thesis consists of five chapters as independent contributions with their own
abstracts, introducing and concluding sections. Since the models and governing
equations are the same or similar for different flows considered, a certain overlapping
occurs. The first chapter gives a review of a rotating field alone driven flow and
related magnetohydrodynamic and rotating boundary layers. Chapter II deals with the
stability of magnetic body force driven flow in a cylindrical vessel of variable length.
A flow due to superimposed rotating and steady magnetic field is considered in the
third chapter. The fourth chapter deals with a magnetic body force driven swirling
flow in a rotating cylinder. Chapter V proceeds with the heat transfer as well as
solidification interface controlled by the above artificial flows.



Chapter |

Magnetically driven swirling flow and related
magnetohydrodynamic and rotating boundary layers

The current chapter presents a review of an azimuthal body force driven flow due to a rotating magnetic
field in a cylinder. Besides, it deals with magnetohydrodynamic and rotating boundary layers related to
those in such flow under superimposed steady axial magnetic field or rotation of the vessel. These
boundary layers control the base flow and its stability. The present study shows that both superimposed
actions may improve characteristics of the rotating magnetic field driven flow applied in crystal growth.

1. Introduction

The motion of melt plays an important role crucially affecting the quality of grown
crystals. On the other hand, the flow conditions are not always certain and may turn
out even contradictory. For example, a strong stirring reduces the large scale non-
uniformity of dopant distribution. At the same time it is accompanied by an oscillating
or even turbulent flow that increases microsegregation. So, more possibilities to
control either the magnitude, pattern or stability of flow provide more possibilities to
optimize each particular growth process. The current paper deals with a review of a
body force driven axially symmetric swirling flow that is known to improve growth
conditions in the melt. Besides, I made a review of boundary layer problems related to
the previous one under the influence of superimposed control tools such as the steady
axial magnetic field and imposed rotation of crucible.

A swirling flow of conducting liquid can be enforced by the azimuthal body force
due to a magnetic field rotating in a plane perpendicular to the axis of symmetry. This
artificial flow has several advantages if compared to the natural buoyant one (Priede
1993):

(i) elimination of asymmetry;

(ii) reduction of radial segregation;

(iii) control of heat transfer, hence, the solidification interface shape;

(iv) stabilization of motion.

To introduce the basics of problem and main previous results, I briefly reviewed a
rotating magnetic field (RMF) driven flow in §2 (Other reviews by Gelfgat & Priede
1995, Davidson 1992).

Under the crystal growth conditions the RMF alone driven flow, however, has a
fixed structure with too few possibilities for optimization. Different imposed actions
such as the steady axial magnetic field (Grants, Priede & Gelfgat 1996) or the rotation
of crucible (Priede 1993, 1994) may significantly widen these possibilities. Notice that
the boundary layers that occur surrounding the inviscid core greatly determine both
the base flow and its stability. Similar layers appear in other famous and well-studied
problems. I reviewed these boundary layers with an eye to the original problem.

In case of an imposed strong steady magnetic field (SMF) the boundary layers of
two types appear near the normal and tangential to the field walls. These boundary



layers are subject of classic magnetohydrodynamics (MHD). I examined them in §3.
Several reviews of MHD flows under strong field are given by, e.g., Hunt & Shercliff
(1971), Sterl (1990), Walker (1985).

Contrary to the SMF inducing additional body force, the imposed rotation alters the
boundary conditions for angular velocity. The swirling flow in a layer between the
crucible bottom and liquid bulk essentially controls the flow in the whole volume.
This layer is described by the so-called one disk problem on the liquid bulk rotating
above the differently rotating disk (Priede 1993, 1994). I reviewed this problem in §4.
Other reviews by Zandbergen & Dijkstra (1987) and Lingwood (1997) were
extensively used. Similarly to the flow in a strong SMF a much thicker boundary layer
appears at the side wall under almost rigid rotation. It is a passive layer with no
influence on the core. However, the thickness of this layer may become comparable to
the crucible radius, so influencing all the flow.

The comparison of magnetohydrodynamic and rotating flow boundary layers is
given in conclusions (§5) as well as the enumeration of main remaining questions,
which make a body of the tasks for the current thesis paper.

2. Review on flow driven by a rotating magnetic field

An indicative example of rotating magnetic field (RMF) is the electric motor. It
induces a magnetic field rotating in the plane perpendicular to the axis of symmetry.
Similarly to the rotation of rotor, the swirling flow of conducting liquid is driven by
RMF. The stirring due to RMF can be used, e.g., in the metallurgical applications
(Davidson & Hunt 1987) and semiconductor crystal growth (see, review by Gelfgat
and Priede 1995). Besides a certain practical aspect, the RMF driven flow turned out
to be an attractive theoretical problem.

2.1 Body force

Consider magnetic field vector By rotating around the axis of cylindrical vessel
with a constant angular velocity . The alternating magnetic field induces a purely
axial alternating e.m.f. Boxwoxr (Gelfgat, Priede & Sorkin 1991, Priede 1993). Since
the fluid is electrically conducting, an oscillating current jo appears. Interacting with
RMF itself, it gives rise to an oscillating body force joxBy with a frequency 2w, and
averaged value in the direction of RMF rotation.

2.2 Basic model and governing equations

The basic magnetic body force model considers the low frequency and induction of
RMF. If 0oRo*no<3 (p is magnetic permeability and o is conductivity of liquid; Ry is
vessel’s radius), then the skin-effect can be ignored. In an infinitely long cylinder (or
one truncated by perfectly conducting endwalls) the time-averaged azimuthal body
force is Fo”(r)=0.5Bo’cwor (Sneyd 1971, Davidson 1992). The average force Fo(r,z)
acting on a truncated cylinder is determined by the electric boundary conditions only
(Priede 1993). Trombetta et al. (1997) obtained the expression:
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for insulating end-walls. Axial coordinate z is measured from the mid-height of a
cylinder of length L and radius Ry; /,(x) is the Bessel function of the first kind and A,
are the roots of ,’(x)=0.

Small induction of RMF implies negligible induced angular velocity of liquid if
compared to that of the magnetic field rotation (Q2<<wy). On the one hand, it allows to
ignore the oscillating part of body force since the amplitude of induced velocity
oscillations scales as Q'/Q~Q/w (Davidson & Hunt 1987). On the other hand, the
induced swirl does not influence the RMF generated body force, if Q<<w,. Priede
(1993) showed that the condition is satisfied if Re,>>Ha,', where Re,=(wol*/v) is
the Reynolds number based on the field rotation frequency but Ha, =(cp/v)"?BL is
Hartmann number of RMF; v is viscosity and p is density of liquid. The characteristic
value of Re,, under usual crystal growth conditions is more than 10°, but Ha, does not
exceed O(10).

Let us consider a laminar, incompressible axially symmetric flow. Researchers
(e.g., Langlois 1987) traditionally use the vorticity-stream function formulation of
Navier—Stokes equation. I believe that a modified form analogous to von Karméan
similarity variables is more convenient. Let us introduce the functions Q, H and W as
rQ=ve, 0.5"H=y, rW=w, where w is vorticity w=(Vxv, ep), and  is stream function
(Vr, v.)=1/r(—0y/0z, Oy/or). Hence, v,=H+0.5roH/0r, v,=—0.5roH/0z. Then, the
dimensionless’ Navier-Stokes equation and the definition of both W and H yield the
following set:

2 2
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Magnetic forcing is described by a source term Tef{r,z), where the magnetic Taylor
number Te=(Q¢L*/v)’ is based on angular velocity of forcing Q=(0.5c00/p)"*B,
(Davidson 1992), but the force distribution is described by Ar,z)=Fy(r,z)/Fo"(r).
Notice, that the present definition of Qf differs from the referred one by a constant
factor.

Ignoring the radial dependence of the functions above in neighborhood of the axis,
we receive well-known similarity equations supplemented by a forcing term:

+2W =0 “4)

%+HQ'—H'Q=Q"+T, )
a—at—+HH’" +2(Q%) =H®, (6)

The dimensionless parameter T further referred as the Taylor number of forcing
can be associated with a certain effective value of source Tef{(r,z) according to the

" Vessel’s height L and diffusion time T=L?v has been used as characteristic values.



conditions below. Both Te and T coincide in case when liquid layer bounds with very
thick or perfectly conducting end-walls.

2.3 Force balance in a truncated cylinder and core angular velocity

Consider an inertia dominated rotating flow due to RMF. Any axial non-uniformity
of the angular velocity is accompanied by a centrifugal force drop that evokes a
meridional flow smoothing angular velocity profile. Therefore, the flow tends to the
solid body rotation (e.g., Davidson 1992, Priede 1993 experimentally confirmed by
Short & Davidson 1994). The angular velocity falls to zero at the end-walls giving rise
to radial inflow there. It passes through the liquid bulk producing the Coriolis force,
which balances the magnetic forcing in the steady state. An inviscid core is
surrounded by the boundary layers with a relative thickness proportional to the square
root of Ekman number E=v/(€,L?), where Qj is core angular velocity (e.g., Greenspan
1968). Due to continuity returning meridional flow and, hence, Coriolis force in these
layers is much larger than that in the core. Consequently, the magnetic forcing can be
neglected in the boundary layer that results in a classic problem on fluid rotating
above a rigid surface first solved by Bodewadt (1940).

Since the core rotates as a solid body, the core radial flow should adjust to the
driving force distribution to provide proper balancing Coriolis force. On the other
hand, the boundary layer flow near end-walls is determined only by the constant core
angular velocity. Thus, the main flow characteristics are determined by the single
parameter. Consequently, the source term Tef(r,z) can be often substituted by a
constant “effective value” T=TeM/M,, where M/M, is ratio of an actual driving torque
to the one acting on a corresponding piece of infinite cylinder (cf., Davidson 1992,
Ungarish 1997). Notice that T can be expressed by the total magnetic torque M as
T=Q2ML*/(mRy*v?), where m is mass of liquid.

Applying a selfsimilar approach and Bodewadt’s solution, Davidson (1992)
obtained the core angular velocity Qg=v/L?0.52T**. Grants (1997) numerically
investigated the flow in an elongated vessel depending on the aspect ratio
1/8<R=R¢/L<1 and he obtained the characteristic angular velocity Q¢=v/L%0.52T**R"?
in this range.

2.4 Unsteady flow, stability and turbulence

A strong coupling between the azimuthal swirl and secondary recirculation
provides an environment for inertial waves. Inviscid oscillations in uniformly rotating
flow has been investigated by Davidson (1989). It was found here that the
characteristic oscillation period is '|:~Qo_l or ©~Ro/voln(vo/(QoRy)) for small and large
(vot™>>Ry) amplitude oscillations, respectively (vq is characteristic velocity of poloidal
flow). A transient flow during spin-up taking into account viscous boundary layers has
been recently investigated by Ungarish (1997). He found out that 99% of steady-state
swirl is achieved at time r~1.7(Qqv) 2.

The analogy to the Taylor-Couette instability in a flow with an inner cylinder
rotating was employed from very first papers in the field of RMF driven flow (Moffat
1965). Thus, main results on this topic worth mentioning. A dimensionless critical
speed Re7=QRc/v(2c/(R1+R2))?~42 does not essentially depend on annulus length
(Cole 1976). Here R; and R, are radii of inner and outer cylinders, but c is distance
between them. Notice that the stability criterion of the Taylor-Couette flow is
analogous to the Gotler criterion Gg=ReR(8,/Ro)mz6 (Tillman 1967) for a flow at spin
down. The Reynolds number defined here as ReR=QR02/v, but §, is momentum



thickness of side layer. An experimental stability investigation of such flow in a vessel
of aspect ratio L/Ry=18.7 was done by Mathis & Neitzel (1985). They reported their
results being in a good agreement with those by Euteneuer (1972) who used a vessel
of aspect ratio L/Ry=4. So, the effect of endwalls was found small or at least constant
in the given range of aspect ratios. The numerical simulation of RMF driven flow,
however, demonstrated that the decreasing of vessel’s length delayed the onset of 2D
instability (e.g., Gelfgat et al. 1991, Priede 1993, Barz ef al. 1997) in comparison to
an axially unbounded case investigated by Richardson (1974). It agrees qualitatively
with the Gotler criterion, since the decreasing of vessel’s height increases the
meridional flow that reduces the steady boundary layer thickness. The critical
Reynolds number (based on maximum azimuthal velocity) Re=140 deduced from
Richardson’s results, agrees closely with the theoretical limit of global stability in
flow at spin-down Re=141 (Neitzel 1982). According to Greenspan & Howard (1963),
a related swirling flow during spin-up is determined by diffusion if L/Ry>4Re'?. So,
Richardson’s results are expected to be applicable for aspect ratios L/Ry>50. Grants
(1997) numerically investigated a 2D instability in RMF driven flow depending on the
aspect ratio. He found that the critical Reynolds number based on maximum azimuthal
velocity and vessels height Re=V3L/v~2500 was approximately constant in the range
of aspect ratios 1<L/R,<8 that agrees with the results by Martin Witkowski (private
communication).

Volz & Mazurk (1996) experimentally investigated stabilizing action of RMF on
liquid heated below. They observed that at certain critical forcing flow came unstable
even in the limits of zero temperature difference. Critical value Tc~2.3x10° deduced
from their contribution for aspect ratio (L/Rg)~2 agrees rather well with the
corresponding numerical one found by Barz et al. (1997). Notice that sensors were
placed on the side wall, so the obtained onset corresponds to the Taylor—Gétler type
instability of side layer.

More forcing applied rises turbulence, which violates the force balance reinforcing
swirl at the axis of turbulent flow (Davidson 1992). He obtained “5/9”-law for
maximum angular velocity Qu=2T °(L/Ro)"""® near the side wall. The theoretical
explanations were shown in a good agreement with the experimental results by
Robinson (1973) in a wide range of parameter T.

2.5 Control tools

The fixed pattern of the base flow as well as the oscillating velocity field is
shortcoming in crystal growth technologies. Thus, additional means are needed to
influence the base flow and to increase stability.

First, the flow can be influenced by the driving body force distribution. The
arrangement of RMF allows to reinforce forcing near the side wall by a high
frequency field as well as a field of higher order of symmetry (Abricka, Gelfgat and
Krumins 1995, 1996, 1997). However, the role of force distribution decreases due to
smoothing by meridional flow as flow velocities increase. Therefore, this means of
control is restricted to small volumes.

Two cores counter-rotating and separated by a turbulent free shear layer can be
obtained by opposite switching of two axially displaced RMF inductors. Such flows
are suitable if intense stirring is needed (Abricka et al. 1995).

An additional driving magnetic body force can be applied to force meridional flow.
AC current surrounding the cylinder with a conducting fluid induces currents within
it. The induced current flows in the direction opposite to that in the winding. Parallel



opposite currents push each other back generating a radial inflow in front of the
winding. The flow is somehow analogous to the buoyant one. However, it allows a
much higher intensity and controllability of the stirring. AC field driven flows are
marked by large amplitude oscillations (Gelfgat & Gorbunov 1994).

In this paper I focused on another two control tools, namely, the superimposed
steady axial magnetic field (Grants ef al. 1996) and the rotation of crucible (Priede
1993, 1994).

3. Review on MHD boundary layers

Steady magnetic field (SMF) is a standard means to suppress the oscillations of
conducting liquid flow. Besides, SMF interferes the body force balance (Hunt &
Shercliff 1971) providing a possibility to control the base flow due to RMF as well
(Grants et al. 1996).

A moving conducting liquid in the steady magnetic field induces e.m.f. vxB. Its
rotational part induces electric currents with density j. Their interaction with the
steady magnetic field itself produces an e.m. body Lorentz force jxB. In our case, two
more parts of body force oscillating with the frequency of RMF appear; they are
generated due to the interaction of SMF induced currents with RMF jxB,, and vice
versa, joxB.

3.1 Model and equations

Suppose the frequency of RMF is high enough to neglect the oscillating part of
Lorentz force. The steady body force due to SMF is definitely flow determined. It has
radial and azimuthal compounds since the imposed SMF is purely axial. The radial
force is fi=jpB. From the Ohm's law it follows that jo=ov,B. The azimuthal force is
fo=,B. The intensity of induced magnetic field # is more convenient than the current
itself Vx#= j. It yields the azimthal force fo=0#p/0zB. A curl of Ohm's law introduces
following link between #p and the velocity:

AHo= —cBove/0z @)

The boundary conditions for #p are determined by the continuity of tangential
electric field and normal current. Suppose walls are thin that the tangential current
density is constant along their depth. Then the boundary condition for #p is
OHp/On=(c/cn)He/ An on the end walls and 6/0r(r#Hy)= (o/c.)(r#Hp)/A. on the side wall
(Shercliff 1956).

Consider a strong SMF, when inertia vanishes. Then the dimensionless' equations
(2) and (7) take the following form:

2 2
2222 IR 12 DTy (r,2) =0 @®)

—_— e

at ror  ?

2 2
6?+36CD+6(§> a_Q_O ©)
or r or Oz 0z

T with characteristic density of induced current o(Z/v)B.
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where ®=%/r; Ha=(c/(pv))"’LB is the Hartmann number. The boundary conditions
for @ are 0, 0®/8z+®=0, (z=+1/2) and .8/6r(Pr*)+®r’=0, (r=Ry/L=R) on the end and
side walls, respectively; a,=cL/(csAn) and a.=cL/(c.A;) denote the corresponding
relative wall conductances.

The problem essentially differs from the one of a fully developed (2D) flow in duct
only with curvature terms ~3/r, non-uniform force distribution f{r,z) and electric
boundary conditions on the side wall, where the curvature term appears as well. In the
presence of the considered strong field the flow split up into several regions (Hunt &
Stewartson 1965):

(i) core;

(i) O(Ha™) normal to the field layer controlling the core velocity, called the
Hartmann layer;

(iii) O(Ha ™) side layer with possibly its own velocity scale near a parallel to field
wall;

(iv) corner O(Ha")xO(Ha™'?), essentially the intersection of normal and side
layers;

(V) inner corner O(Ha ")xO(Ha™), a part of the previous corner near side wall.

3.2 Core flow and Hartmann layer

A related classic MHD boundary layer problem in a rectangular duct is traditionally
formulated for a constant driving pressure gradient. Suppose the force distribution is
not essential in our case and the source of motion can be substituted by a certain
“effective” value T. Consider a region far from parallel-to-field walls, where functions
depend only on the height. Then 6®/0z in (8) can be integrated from (9) yielding

Q"+T—Ha2(Q— = ):o, (10)
2o, +1

where the bar sign denotes the averaging over the height of layer (Grants et al. 1996)
Asymptotic solution for core velocity is a constant

T 05+a,
Qo =—- -1°
Ha“ a, + Ha

(1)

determined by the solution in the boundary layer. Three asymptotic cases of wall
conductivity can be introduced:

(i) insulating, a,<<Ha™'; (Q=0.5THa™);

(ii) perfectly conducting, o,>>1; (Q=THa ) and

(iii) poorly conducting, Ha™'<<a,<<1; (Q=THa 'a,, ).
The boundary layers near the end-walls have exponential form Q=Qu(1-¢7),
C=Ha(0.5%z); the plus sign corresponds to the lower and minus sign to the upper
boundary layer. Equivalent forms of the solution are given by, e.g., Hartmann (1937)
for insulating ends; Branover & Tsinober (1970) for arbitrary wall conductance. Now
an axial non-uniformity of the core angular velocity due to ignored axial force
distribution can be estimated. Integrating (9), it follows that an angular velocity drop
is AQ=0(6®/dz), which, in turn, can be estimated from (8) as d®/8z=0(T/Ha®).
Comparing to the core velocity itself (11), one can deduce that the force distribution is
significant only for well conducting walls, when it actually becomes uniform.
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3.3 Side layer

In their review Hunt & Shercliff (1971) examined all four cases with opposite walls
either insulating or perfectly conducting. The case with a perfect normal and non-
conducting side wall was the most surprising. Hunt (1965) found an analytical
solution for perfect ends and an arbitrary conducting side wall in a form of expansion

@ @
n(,n)= £A,(/7)sin(a.,z),and gfjj,2)= £«, (»7)C08(J1.,1) (12)
n=0 n=0

where A.,=(2«+)7T, «=0,1,2.... and n is stretched side layer coordinate (factor Ha'?).
He obtained the following asymptotic velocity expressions (written out here in our
terms):

Q~T]T " -cos(X,z)e"""sin(K,,r/) and (13)
woHaA.,

Q~ T™"coB(K,2)\1-e-(coB(K,L)-T(K L))\ (14)
..Ha X, " g

near an insulating and perfectly conducting side wall, respectively; k,,=(0.5X,,)". One
can deduce that (13) has O(Ha) times higher velocity scale than the core (11) and the
velocity profile has a spatially oscillating character with the reversals of velocity sign.
Another limiting case (14) with all perfect walls, in its turn, has the velocity of the
same order as that of the core. The velocity profile also has spatial oscillations but
never changes the sign. Similar solutions are received by Uflyand (1961) and Chang &
Lundgren (1961). Branover & Gelfgat (1968) and Alty (1971) performed
corresponding experiments.

The case of non-conducting walls has been first solved by Shercliff (1953). The
same solution was also received by, e.g., Williams (1963), Chang & Lundgren (1961)
and Hunt (1965) using different methods. Shercliff (1953) obtained a selfsimilar
solution exhibiting the boundary layers with a parabolically changing thickness and
monotically rising profiles of no particular novelty. Corresponding confirmatory
experiments have been carried out by Branover & Gelfgat (1968).

Hunt (1965) obtained a solution for case with insulating ends and an arbitrary
conducting side-wall. It follows from his results that conductivity of side wall does not
significantly change the profile of side layer. The case with insulating ends and a
perfect side has a special practical interest in MHD devices. It was investigated by
Grinberg (1961, 1962) as well. For corresponding experiments see Baylis (1964) and
Alty (1971).

3.4 Stability

Branover & Tsinober (1970) reported (with a reference to Lock 1955)the onset of
linear instability of Hartmann layer at a very high Reynolds number Res“«5x10°
based on the layer's height. It coincides with the results of Priede (private
communication). However, the experimental results summarized by Branover &
Tsinober reveal instability and transition to turbulence at much lower (in 200 times)
Reynolds numbers. Experimental investigations on the stability of flow within
rectangular ducts yielded a laminar flow for Re<130Ha and a turbulent one at
Re>215Ha (Branover and Tsinober 1970). Their conclusions were based on the
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