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J.Britals
LAO Lu)

THE USE OF PERTURBED ECCENTRIC ANOMALY AS AN INDEPEWDENT
VARIARLE FOR CANONICAL EQUATIONS OF PERTURBED MOTION

1. Introduction

In Lhis paper 1 shall investigate the pertu.rbd..-d el-
Hptical motion for: arbitrary wvalues of eccentricity e.
The perturbations are supposed to have a potential R Let
us remember how tLhe problem Is solved by tLhe classical
methods of planetary perturbations,

1. First. we take the perturbing function R and de-
velop it as a Fourler serles depending on 4 trigonometric

arguments:

R = z R, (a.e) cosUl + ke ¢ mh + nt). (A)

Here I, g.h are the corresponding Delauney elements; ¢t is
the Lime; coefficients ann depend on the eccentricity
and the Inclination of orbit.. When the eccentricity Iis
small the coctflicients k’mn diminish rapidly allowing
for a good convergence of series. However, for the moder-
ate and great eccentricities the convergence of this .
serles is extremely bad, rendering it wuseless. The pro-
blem is how Lo make it converge?

I1. ‘After that we take this expansion of the per-
turbing function and substitute it in the canonical aif-



ferential equations:

dt -. ,,.'!:"l * oR dL - - oR
dt ROMR at I
¥ - %—?— =i T’: R I
dh ' oR ai = . AR
t L dae PR

Now we can inLegrate Lhese equalions using the appropri-
ate analytical algorithm (e.g. the small parameter method
of Polncaréd or the method of Lie tLransforms} The inte-
gration is possible, because the right sides of the equa-
tions (B> are developed In serles of type C(A) contLalning
28 trigonometrical variables ‘the 3 angular elements of
the system: l,g and h, and the independent variable t.

But let. us suppose that the eccentricity of the per-
turbed orbit s substantial, say 05 or greater. In this
case Lhe above scheme does nol work. How Lo change 1L7?

Ususlly the perturbing function can be expressed In
closed form as a functionh of true or eccentric anomaly: v
or u. The eru expansion of R in a Fourler
series, depending on eccentric anomaly u instead of I,
can be obtained for all eccentricities: 0 < e ¢ 1 (the
report on subject is in preparation by author). The dir-
ficulties arise when we are =olving the Kepler’'s equa-
tion:

twu- e sin u .
The solution of tLhis equation is:

u-1+22%3m9)mnn, «
kTs k 4

This =eries Is sstisfactorily convergent only for small
alues of & O € e ¢ 04-02. So the main problem lles
here. If we could postpone Lhe solving of the Kepler's
equation after Lhe integration of system (B) iIs complet-
ed, we would have Lhe perturbing fmu-t.lulln R in a well
. corvergenl Torwm for all values of e But in tLhis case R

1

-7
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would now depend on v instead of It

R-ZR;MH cos(iu + ke + mh + nt) , >

and this fact changes tLhe whole picture. For as can be
shown the elements u,g.h do not make a part of a system
of the action-angle type <for a reference see (12D
And thiz rfact does not allow us to use the above mention—
ed methods of inLegration. What now? 1 prop te ch

the elemert u as an independent wvariable in the canonical
equaltions (B and to introduce a new set of action-angle
type elements so that the canonical form of Lhe equatlons
would be preserved. | shall remark that the new independ-
ent. variable so introduced differs both from the one used
in the Hansen's Lheory [3]1 and from the o.e used ln_.!.he
theory of regularization [4). In tYese theories the inde-
pendent wvariable s is equal to the eccentric anomaly u
only at one fixed moment of time. Before and after It the

difference |5 - u| is of the order of the perturbing mass
a. In my theory the new Independent wvariable wuw is the
perturbed osculaling eccentric anomaly all Lthe time.

2. The general theory of Lransformations

Most. of the authors of the books on analytical dy—
namics dealing with the phasé space Lransformations Hmit
themselves Lo the contact transformations and regard the
change of the independent variable as a separate {tem.
Bul. let us view them both Logether.

Suppose we have defined in a 2n#l dimensional space
a sy=t.em of coordinates: : (q’.....qn.p',....p“.t.)_ or
shortly (q.p,t3; and a function of these coordinates:
HCq,p,t.d Taking tLhis function as a hamilionian we can
salve Lhe -col"t‘-espc!ndlng canonlcal equations:

;,..‘.‘g_.i..-%. 1)
We can regard the Integral curves of the equations (E) as
a flow in the space (q,p,t). Let us call this flow g
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There is a wvery important. property of this flow which Is
known as Lhe tLheorem of egulvalence. I shall guote it
from (51

The theorem of eqguivalence.

If the general solution of the canonical equaticns
{E» Is wrilten in such a form:

q=qlt,F) , p=pti7®, P>
where F is a 2n-dimensional vectar of arbitrary con-
stants: ? -(y....‘.rh). then the pfafflan form pdg - Hdt
in the new variables L,7 would be:
sl
pdq-ﬂdt-dqai-zl(tdyt. ad
¥
where functions Kdepend anly on #, and not on t:

Kt - K‘(r‘;---.)““) > <H>

And wvice versa: If the flow g in the space (q,p,tL>
is such that. with a help of an appropriate transformation
(F» it can be written in a form: ? mconst, and the Lrans-
formation €F) satisfles the relation (G with 'l.he condl-
tion CH), then this flow is created by the canonical
equaltions (E).

We can use this theorem when we are bullding the
canonical transformations. Suppose thal we are making a
complete substitution of all Lthe 2n+1 coordinates:

q = qOPT , p=p@QPT) ,t = LQPT . >
This transformaticn must nol be singular, so we can write
t.he reverse transformat.i nn:l Q=Qlq,p,L>, P=Pdq,p.L>,
T=Ti(q.p,Lt). With the help of (F> and thizs reverse tLrans-
' formation we can express the flow g in Lhe new coor-
dinates: }

Q= QCT.7> , P = PCT,?) . (@3]

Suppose that in the new coordinates this flow is
also hamiltondian, l.e. that there exlsts such a hamilton-
tan function H'(Q,P,T} that the rlow (J) is the solution



of the canonical equations:
- -

40 oH dP _ oH
K i A ST . 1o i
Then from the theorem of equivalence we can conclude
that there exists functions p(‘l'.;) and K:(i'.) which =satis-

fy the following relation:
" b4
PAQ — H AT = dp + iu:dyl y | >
[

Comparing the relations (@) and (LY we can wrile
down the following relation:
zn
pdq - Hdt - PAQ + HdT = d<y-pd + [ K -Kdr ,*

=1
or, denoting y-p = S, xi-lc' - o
L3 L3

pdq—“dt.-?cﬂ»ﬂ‘d’l‘-iﬁ‘Grc‘drt. o
a and r, are integrals of Lho aqun:.lons E» for (K>,
which is the same).

Thus the transformation (17 Is a canonical tLransfor-
mation only if it satisfies the condition (M), If we do
nol. know any integrals of the motlon beforehand we can
pul a= 0 and write the condition (M) in a shortened

form:

pdq - HAL = PdQ - H dT + dS . ; >
This sufficient. but. not necessary) condition of canoni-
callty can be found in [6). Note that the transformation
thus obt.ained depends on the hamiltonian function H.

3. The unperturbed case

Let us now consider the unperturbed keplerian mo-
tion. In this case the argument u is the same in my ‘he-
ory and in the theory of regularization, 5o we can use
the results of (71 We shall use Lhe denominations from

this paper. I.B,O 'Hn’ln"n“hu are a set of ordinary De-

D
laumney element s:
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Lb-'l‘j.lﬂ Ji ln-u-oxinu.

ab- Y up o, .= 0,

Hnli'pp cos 1, h__b-n.
F‘o is the hamiltonlan expressed Iin terms of the Delauney
elements:

In unperturbed case RDE 0. LGHLgNh I a new =et of
elements satisfying the following dl.ferential equations:

ar__ oF a _ _ er
du oL '’ du -]

de ar 4G aF

aw .. 0G .° du ° ag ' bt
dh _ oF aH _ _ oF

du eH du L

The tLransformation binding the two sets of elements
looks like tLhis:

L sl
" AL
G“-.G'
H. N,
l‘ v - e sin u , <«
‘b-"
h’-h.
t =] = e sin u .
2

The right sides of these formulae depend only on Lhe new
elements and Lhe new independent. variable w. Eccentricity
e must have its osculating value:

) ;
e = Pasel : (K>
L!
D
The new hamiltonfan F = -4
vzl

To check thal this transformation leads to canonical



P b L

equations we may use Lhe criterion N). We must have:
l:‘dl..b + ‘bdﬂ’ + hbdﬂ" + Pndt -
- L - gdG - hdH - Fdu = dS.

4. The perturbed case
iaw suppose we have E&! 0 and we have el:presse‘d Rn
a= a serles (). We can introduce the new independent
variable by the same formula as in the previous chapter:
ln =y - & =in u If @ is the osculating accmt.rldt.y.(ﬂ)
then u 1is exactly the osculating tric ar ly. The
transformation of other elements and time I shall express

as power series in o, where a Is the small 'pnrmt.ai- é‘ro-

portional to the perturbing masses.
Let us introduce the following denominations:

.. . B 2"'31

; H
no - -—lp_il" 4 T
t =} - —sinuw,

As a basis for cur periurbed transformation we can
take tLhe unperturbed transformation (Q).  Then, u=sing
OGreek letters to represent small quantities of the order
a developed as power series in o, this transformation may
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be written in the following form:

L.hu—
¥ 2¢L + A
< I 0 T
N+eo ,
-

-
c*r .

e

T

v v o o
LA B B I |

T N o~ X 0

h+

-t =+
o

Then the hamiltonian Fb will take fhe form:

»

-~
-]

F m-—H 4R mw-L -A+RL,GHUEZN)
2&’ -] D o
-]

(41 5]

Now, using the substitutions U, the above express-
fon of Fn and the following expression of the new hamil-

tonlan: F = - Ln + R, we can write Lhe condition of cano-

nicality €S> in the following form:

Cu-e sin u)d!.’ *+ CgtpyddCa+I") + Ch+8)dIH+EY +

e
o
+ (~L A'ch }d(tnf‘r) Uo-b?stn uldL

= €40 - hdN - (-L_+R)>du = dS

Here ve must express the osculating values of
motion n and eccentricity e in the new variables:

s
l-lt Y 2CL+A) v

n-'—-—-- - -bp-n“fp,

- /1 - z—a‘cLu\)mH‘)’_ -
4 [

oD

mesan
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From Lhe [irst formula of () follows:

L

Y 2CL+A) a
-

’ »: ;
= 2 sin u CdLdA> = [R—"- - n] sin u CAL+dA)> |
o

- e sin w dL = e sin u CAL+dA) =

In th-ze formulas v,e and 7 are funci..l.c'vns of the quanti-
ties A and I v = 1CAY, £ = #CATY, A = (Ce,00 = (CATD,

Subs-ltuting these expressions 1in  relation (V) we
get Lhe following relation:

& ;
2 osin udl + [7‘21» ﬁ] sin u dA + pdG ~ Tdg + digl) +
L
+ Al + 5dH - 6dh + ACHO) + 548 + TdL + dCF T =
- CA-R >4t * TACA-R_ D - Rdu = dCS-L utlt 3.
o o o il o

After simplifications, rearranging of terms and de-
noting ¥ = & - Lnu + Lt“ - gl = he + Fnr, we can finally

write Lthis relition in the following form:

(-"\"R‘..‘rl!" = I'dg = &dh + ydG + 84N - Rdu +

©
+ (r +( =in u)dL + W‘?—-ain u dA + pdll + Wy
o 5

+6de = TdR_ + (7 + fesin u)dA = dE

This condition, If =satistied, insures thal the transfor—
malion (N leads Lo a set of canonical equations (P> It
Montains  f arbitrary funcuions: AJ 0 20,0,71.K and I, that
are under our “jurisdiction™. e we must d3fine them so
that the relatdon W) remains valfid To find Lhem we can
compare coeflicients by the 7  independent differentials

Lhat. enber in. (W) For Lhe sake of convendence [ shall
©

put. T = -'-'-'— Ar=in uw Then we would get. from (WY 7 equa-
\
o

tions =tating that the coslticient by each of the differ-

entiale At deadhadGuaR AL and du . equal Lo zero. Tae

botter undershand the strocture of Lhese soatons 1 oin-



'I'hem ® .ql.ht.lohlpw
A = R +X
CTel f g Waee L

; 9.

s ... x_hh'-

< r;;". y A sin'u i SN OO

e o

- : A siln u - 7 sin u - X

Rt S Asinus+ X :

SRy S : e
We lan .ilml.vv"t.!‘ﬂ- eysbem sLep by step - according to
the povqrs of o ﬂow em it he done? . Let us ‘suppose that
we have found the dovel.npment.s of all unknown functions
until  the (n—i)—n ordqr of o Nouca that. . the functions
X ‘are of tho sewn:l ‘ofder n o s0 t.haf. Uh.h all devel- '
omﬂm Aare khotrn Lo t.hq (n-‘l)-xl. Drdol'. Lhe Tfunctiohs !(
L Gare known Lo ENEATT Sl s i o The n-t.h orde: terms lr-
5 .R can be. fotmﬂ by Lh- replwln‘ the Delaunev variables
‘ .h B H .I. and !. wlt.h u-mtr -mwsim of the n-1)-
st ord.-r. .T'hﬂ': fm the ﬂrﬂt lquat.ian of X we find ‘the
'ru-t.h order um of u\ﬂ.«- uunt. rmm t.hab next 4 s
Liot_w of (X) we . ﬂnd l.-he ‘n-th ordu‘r t.-m of .8y and €.
lktri;l"andhnhnd t.he f-th order Larms of 7 and then
ef T am ﬂmny we m find R So we have al the n-th
: ordt—r terms of our M-ml"armt-;m i

L is clesar from ihe preceding discission Lhat we
I AR NS L ATy
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can bulld the transformation (U) and the new perturbing
function R as trigonometric series with 4 arguments:
u,eh a2nd ‘u' The only probl r int is= to raplace ¢

]
with its expression (T>. To achieve this we have Lo make

the corresponding substitutions In_ the terms like Lhis:

cos(ju + kl'o + B), where B denotes a combination of g and

h. AfLir this substitution we get the rolowing ‘serlds <1
H .

am using the desiznation x = eﬂ).

D .
Z J..(kx) cosCCi~-moutkl+B) . (& ]

m= -t

AL first glance the esqn;esslon (¥> does not- differ
much from the expression (), but really Lhe difference
is very siznificant. In the expression <Y) the arguments
of Bessel's functlons do not increase with the number of
Lthe function and for c¢his reason Lhe series (Y) converge
very rapldly, regardless of the value of e.

Now we have all that 4is necessary for a successful
integration of the system (P). Combining the results of
Lthis integration with the formulae (U), we shall get Lhe
ultimate expressions that glve the Delauney elements and
the time as Mmnctions of the paramater LnnLDCt}),
u‘-ﬁntu). Hb-Hn(n), fn-u-e<u)sln u, ‘n-‘n‘u)' ha-hﬂCu).
t=tlu). Solving the modified Kepler's equation {isftud), we
can find tLhe elements as functions of time. One can ob-
Ject. that solving of this ‘equation iz not a bit easfer
than solving of the original Kepler's eqi.mt.ilon. The ans-
wer is that 1t may be done numerically, because we al-
ready have tLhe analytical expressions of Lhe elements.
Whereas when we use tLhe classical methods of periurba-
tions we have td salve the Kepler's equation analytically
to get the anajytical formulae of motion.

wWhat is the practical value of Lhe meLhod described
above? 1 think that it may successfully be used in tLhe
determination of the orbits of the small p'lam.-l.s. dis-

t.urbed by Jupliter. OFf coursee It Involves tLedious asnalyt-



ical enwm v‘hlah ‘can be j:or.roﬂ'u-d only with a com-
put.or But If iL were pnulbh to get a fairly puclsa
tm-l?tiu.l th.m lt. tmukl plr off the tLrouble.
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: Summary
JBritals ?

THE USE OF PERTURBED ECCENTRIC ANOMALY AS AN INDE-
PENDENT VARIABLE FOR CANONICAL EQUATIONS OF PER-
TURBED MOTION

,This paper studies the generalized canonical trans-
formations when the Independeni wvariable, toe, ls Lrans-
formed The transformation is built as power series in
perturbing masses. It is shown how, u=ing this procedure,
it is possible to bulld a completely lytical theary
for a body moving in a very eccentric orbit.

Koepsauvilkums
J.Britals

PERTURBETA EKSCENTRISKA ANOMALIJA KA NEATKARIGAIS
MAINIGAIS PERTURBETAS KUSTIBAS KANONISKAJOS VIENADO-

Jumos )
Saja raksti tiek pétitas vispAw's¥as kanoniskas
t.ransformaci jas, kad arl neatkarigal mainigad tiek

transforméts. 51 tLransformi3cija tiek veidota k& pakipju
rindas p#&c perturbé&jofo masu pakip8m. Tiek parsdits, k&,
Hellojot =2adu metodl, wvar izveldot  pilnigli analitisku
teortfu tAdam kermenim, kura orbita ir Joti skscentriska.
Pesoae
fl.Bpuraic

VCTIONMB20BAHIE BOSMYNEHHON SHCUEHTPHIECKONM AHOMAJDIA
KAK HEBABUCIMOM IEPEMEHHOM B KAHOHMYECKMX YPABHEHMAX

BOZMYNEHHOT'0 MRVEEHMA

B HSHHOR CTATHE DPACCMATDEBADTCH OGOCHSHHHE KAHDHI-
YaCKHe NpeoOpAtOBSHIA, KOTHA NMpeospasyercs TAKmR HO3SBE-
CUMa5 [BepSMeHHses. 3TO TP20c0posOBESHME CTPOMTCH KAK CTefleR-
HOM PAn Mo BOSMYNArUMM MaccaM. [OKasHBaeTes, KaK, WCMONbL-
3YA TAKOW METON, MOXHO MOCTPOMTE MOUVHOCTHD SHAIMTHIECKYD
TESOPHE) A TEJA, KOTOpOe JEMXeTCs MO OpOETe ¢ OMeHE 0Am:-
MM SKCLEHTDACHTATOM. :

f T .
| - LVU " ZINATNISY A I
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YJK 518.5 : _ Nasermc A.K.
(A0 ZV)

0 BHTIOJHEHWA AHAIMTHYECKUX OME ALJR HAL
OEJOHUPOBAHHEMA PAIAMA HA OBM

Muorue aapaum HeGecHOW MexaHWKM pemanTCA MyTeM MNOCTPO-
EHIA AHATMTUUECKUX Teopuit meumeHus HeGecHwx Ten., Tawras Teo-
pus npefpcramnfer cofolt madop Bwpaxennit, KOTOpHE NMO3BOJSKT
BHUMCIIATL KOOPHMHATH M CKOpocTH Kak (QyHmmu Bpement. [locrpo-
EHie TaKuX TeOpHit ¢ yueToM ceromHsuHUX TpeGoBaHuil ¥ TOUHOCTH
NpaxTHUeckKn Hepo3amoxHo Ges ucnoxeaoeanun OBM maa nposeneHus
HeoGXOMMMEYX At UTHTHUECKMX BHKNEH0K.

Jinfl PHNONHEHWA AHATWTHYECKMX OMEpalMil HAL MATeMaTHuec-
KUMA BupaReHWAMd Ha OBM paapaGoTan tenwil pAL cUCTeM aHANM-
TuuecEux BauMcaenuil (CAB), kak yHWBEpCARBHHX, TaK W Chelpani-
AUPOBAHHEX, T.€. OPHEHTHPOBAHHEIX HA KOHKpeTHHH mocTATOUHO
yaxuht wnace §yHwimR M pemeHue’ onpeleneHHNX asnau,. [IpwMenerue
ywupepcansisX CAB (Henmpumep  REDUCE [7] ars nocrpoerms
SHARATHYECKUX TEOpHH NPUmEHWA OueHb OT'PAHWUEHO B OCHOBHOM W3-
3a waxoro Oucrpofiefiereus raxux CAB. [lo aroft npuumne B aama-
uax mpeGecHofl MEXAHWKM MCMONLIYDTCH TAABHHM ofpa’oM chnetuMani-
amposasse CAB, 3SHAWTENBHAR uACTH KOTODHX, TAX HA3WBAEMHE
flyaccososexie NpoleccopH, PAspaBoTaHd AN PHIONHEHWS Omepa-
il wan psnamy [lyaccona [2.__5. 8, 9] 5

B sagauax peSecHOM MEXAHWKW MH MOXeM DASNORMTH BOSMYyMA-

pyD gyrmmo B prn [lyACCOHA, OMHAKO BHIIONHEHWE AHANMTHUECKHX
onepma HAL pAnAe, HEOS XM ans ewBofa aHamMTHUeCKO}
TEODMI MBMEEHMA, MPABOANT ¥ BWXOAYy 38 pamxd paaos [lyaccowa -
NOZBNEeHND feauTenell fpM MATErPUPOBAHMM DALOB N0 BPEMEHH, 2

O
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NpH MCMONB30OBAHMM METOMNOB . KAHOHWYECKWX npeofpasoBaHuil - Tak-
¥e NPOHaBOMHBIX YacTOT. B HeKOTOpHX caymx pasiomeHHeM ne-
nurenelt B PHN MO OTHOWEHWAM YACTOT YHNAeTCA [IOAYUNTH peayNb-
Tar B BAe pana [lyaccoHa, OQHAKO BTO OCYHMECTEMMO JANEKO HE
scerga. Taxum ofpasoM, pagu [lyaccoHa oxasuBamTCs CIAMIEOM y3-
HHM xaaccoM QywKumMA nif peweHHs MHOPMX BSamau HeGecHolfl we-
xanurH, s npyrux enetuanavpoBaHHEX CAB crnenyeT OTMETUTE
[6], ® xoropon ucnonsaypres rawme menuremu. B sroi CAB
UACHD HAK TPUTOHOMeTPHUEeCKMX W NOJMMHOMMANBHEX MHEEHCOB,
TaKX ¥ WACHO YacToT (MEcHpoBaHO, T.e. cHcTema Oura OpHeH-
THPOBAHA Ha OueHb y3KWHl xaacc samau, .

PacemoTpuM B xauecTBe NpUMepa 331aUy O QMBUKEHWUM Ma-
'repﬂa.m:uoﬁ TOUKK B HELEeHTDANBHOM MOoJe TAroTeHUdA. B oarom
cyuae noamaman (Ivyummﬁ MMeeT CHENYOUM:: BUN: 4

=42 Z Z (L ) ,,,,P(»)Z Gy (@) x

C{,,, Sz i >
X Lsm] c0S Dympg + [c,:] sin D""P‘}} ;

roe D!’“P‘} =(l-2p+9)M— (¢ -2p)w +mR—mS$,

Fpmp (i) - Gymams naxnowa, Gepg (¢) - dywmms sxcuewrpn-
curera, S W Sgm - vooPOMLMEHTH DA3NOXEHMA NoTeHIMAna.
llpu aToM BEpXHee aHAveHWe B KBOIPATHHX CKOOGKAX GepeTcA B
cayuae ueTHOro sHaueMMs f—m , & HURHEE - B CIyuRe HeyeT-
HOPO OHAUEHWHA,

Ecan Myt 8 (I) BMecto F,, (i) u Gy (€) nopcramum nx
BUpAReHiA uepes ¢ M € , TO NoNyumMM noauymamn QyHxouo B
dopme psna MyaccoHa. Taxoe npeofpasopexue HPHBOAMT K 3Ha-—
UMTENBEHOMY YBEAHUEHUD uMena uneHop B pAue. Ecmu mu xorwM
B OTOR agfaue mpM BHBOJE AHAIWTHUECKOH TEOPUNM NBUREHMA CO-
xpanurs raxxe Fyno(C), Gpo(€) v Ca4n ® Sem ® Syxsemom
Bune, To uenoaszyewas CAB pomrsa ofecmeudTh BOIMOKHOCTE Da-
6oTH cO chaemymmnm QYHKUATMM, BXONFUMMMK B DRAN!

- NOCTOAHMME ¢ MHuexcamu wiu Gea wux (nHanpivep Cem );

- TPUCOTICMETPHUECKME WIEHH {senza‘x.,cnszi,‘xg 33

(I
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nexwrern ( (X ‘k“’x)
NpOMIBOHNE UACTO? (uarrpmnep Jaw A‘aﬂe).
npowaBomme dyHsti HaxIIOHa d" F;mpfg),ﬂ‘
nponasontme dyHmamit axcmmpucu-rem d* 6‘4,9 (e)/de;
crenewHwe uxem 1 y : '

- uncieHHue woofduLMenTH

Quesupno, uTo WIS pemeHus APYrux 3anau Heoﬁxomuuﬂ
Halop dyHmm#, eXOAMMX B PANH, MOXeT OWTL NpyruM.

B ofmem cayuae Tawne pm MOryT du'rb NpefcTABIEHN B
BUlle 3MesIOHVPOBAHHNX DAIOR

rue y,” - Hexoropue @yﬁm saBMCSmME OT MYJIbTHHIEKCA
PR Kos@l:uuuam nepeors ypOBHA c? (MynbTHHTEERC G
OMymeH) BWpAXAKTCA PANAMK no QYHKUMAM BTOPOT'O YPOBHA yf"
¢ RosppuimMeHTaMu 2 ypoBHA, Te B CBOD Ouepens - uyepes dyH-
wmn ¥ xosdduumenTy 3 ypomda u T.A. mo N-¢ }'pom Bymewm

cunTarTs, uto woafduuments N-oro yposus C; mCAeHHRE
MOCTCAHHHE .
ez c W1y e,
by ;
(3 @ 0O (3)
c(#:"’ G + Zcig ',l.-_’ 4 J
J .

R

™ _ umeremae xosbbutmenTy.
B (3) uacT: MyNLTUNHISKCOB OMYMEHA,
Pan (2) s moxem Mpoctoll mofcTaOBKON NpHBECTH X Ce-
nyoueh opwe:

M +Z Z f'-'i) (a -g) : @

gt & )
Anazoryussm o6pason Laa ma@mmemon ¢™ npn /SK<N

nonyvaem: Nek-!

c™=c™ ,+Z e ”V”‘” - (5)
2

lenso paccuamseeuoﬂ padoTu du.uo paspaSorars anro-
PHTNH JUIA BuTIONTHeHHAs HA JBM axasmMTHueckiX cmepaumit HaN

1]
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BMEeNoHNpoBaHHKEMY panamu B gopme (4,5). llomxonsmen eTpyx-
Typolt AaHHEX RS NpefCTARASHWA TAKMX DAAOB ABIADTCH je-
pesbA. OnMH w3 npepnaraeMux BWIOB MPefCTABIEHHA PANOE CBA-
238H ¢ WCNONL3OBAHNEM GWHADHHX ISPEELEB.

Paccemorpum cayualt pruos [lyaccona c omHol TpuroHomer-
prueckoit ¥ omHOR moavHOMWaNbHOR nepemcHHOMR.

S=) (Ay y'cos kx+B;, 9 sinkx) BT
Mye™s s
sinf-xx) npu  K<0 ;
(7)
S’K(g,=y! 1 ﬂaa

Taxum o6pasow pan (6) mpusomsres ® sumy (3). Pacemor-
PHM B kauecTBe NPHMEDA CIEfynijee NPOCTOS BHPAREHME:
S=1+y"+(4y -4y~ )eosx + 2y*cos2x (8)
Buparenun (8) wu woweM conocTamuTs crepyvimee GuHapHoe ne-
peso:

1 ——-y"'—-cosx—-cos 2x

g oRadprnminan fi |

{ y—=y? i (9)
1 |
457ty 2,

rae cchiika BHW3 yraswBaeT Ha KospiuiMeHT, a ccwika Hampa-
BO - Ha clenyluuil yaen NaHHOrO YPOEHA BIOMEHHOCTH.

Mu moweM Taxze MCMOABL3OBATH APYroe NpelcTABieHWEe ae-
peBres - NepeudcarM BCe Y3/H B NOPAAKe MPAMOro Mpoxoxme-
HAS NepeBa C ONHORPEMEHHWM yKasaHueM cTemend yana. B pan-
HOM ciyuse BMECTO CTEIIeHM YANa MOXHO WCMOML3OEATH TaKXe
ypoeeHs yana B coormercTeuH ¢ (2,3):

R e e e MR A Ll
t vy 1 cosx y 4y -4 cos2x yr 2.

(10)
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Bmmaz:me -rmmx oue'pam{ﬂ KaK yuﬂoareﬂue HA WiCAHHYD
NOCTOZHHYR,, BREMCACHAE npousaommﬁ, UHTEerpiposadaye no spe-
MEHH aﬂamr‘nmm WM CEOMMTCA ¥ BHUMCIEHUD TIOKBABHO Onpe-
nenexoft. Ha mepese fywewmn [1] .

AnropuTia Guﬂaptm orxepmmﬁ {cmmemqe. BHUHTAHHE |
ymsomensfe pﬂ.uoa) ABNARTCH fonee cromMK. PaspaSorannue
anTopHTME FH!'IOJIHGHHH SHSMHTHYECEUX onepmmﬁ Hall sueNoHW-
PORAHHEMM DAIAMA He 3aBucearT oT gyHamit, BXORAmMX B DSOH,
OT0 HZeT BOSMOKHOETH TpK cospaHuu cnenuantayporannoit CAB
BHIEMATE AAp0 CAB, KOTOpOE, OPranuayeT BHIOJHEHWe AHATUTH-
JECHWX OTEDALINA,” ¥ KOTAPOE 0CTEETCH HEWIMEHHHM MPH DemeHiH
pasimx 3angau. Hacrporiwa CAB HA pemexwe KONKDETHo Bamauw
OCYUECTENASTCH MyTeM BIINUEHWS JONOJHMTENSHHX [POTPAMHNY
MOZyfieR, ¥OTODHE BNTOMHHOT ONEPALMM HAR NPENCTREICHUSMK
KOH¥DETHHX (yHKIMH PXOAAIMX B DRAM,

‘VromaHyTHe BHIE SNTOPATMH DeanuaoBaHN Ha EC 9BM (2
prn) B cucreme [1J0. Tipn oroM B npouecce BHOOJAHEHHS HEROTO-
poll onepalMK pesymsTHDYOmMR PSR CTPOMTCH B (opMe CWHADHOrO
nbepeea (9) = padouell oGagern. B To me Bpems aAnpo CAB opraMi-
ayer coGCTEEHHYD BHPTYalbHYD TAMATH, B KOTOpOR B mpeAacras-
nesur (I0) XDAaHATCH BCe OCTANMLHHE DAIH.

Ha mansuil moment B CAB peanuzopaHn clregymmie THITH
dyHrugi; NOCTORHENE B OyKBeHHOM Bujlle ¢ Wi 0e3 WHIeKcos,
TPUroHOMeTDHUBCKMe QYHKIWMK, HAeIWTenM, NPOM3BOAHUE YACTOT,
koofdvumenTy 'aHaera ¥ ux npoussopsie, JyHKUMM HAKAOHA ¥
WX NPOH3BOHNE, CTENeHHwe wieHw. CpasHenwe c YN nokasupaio,
uTQ B CNyuse ‘padom ¢ panaww [lyaccota manHas cucrema 2-4
pasa no 6uc'rponencfmn MPeBOCXOMUT :mn

Bucxnm-paq‘macmu cnucox

1. l-my-r Jl. ]fcxycc!na nporpwapomﬂ ma 3BM, T. I} OcHopume
.. amropHTM, Igfrahl..dxp.,

X Tapacepuy C.B. VI - yswpepcansHui nyaccononcmn npouec-
cop.__ ﬁmmm HeGecHolt Mexaumku, 1479, % 7, dAcTuryT
Teop. mpou. A cceP,

' 3., BpymGepr B.A. Aaautnueckie anropuTMd HeGecHol Mexasx .
190, “!.‘.Haym. a
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4. Evenssros H.B, MeTonu cocTaBnessa anroOpUTMOB M NpPOrpam
B 3ajauax HeGecHol Mexamumm. 1983, M. :liayxa.

5. Rom A. Machanized Algebraic Operations (MAO), Celest,
Mech. , 1970, vol,I, p.30T-3I9, ;

5. Rom A. BEsheloned series processor (B,5.P), Celest.
Mech., I197I, vol,3, p.33I-345,

7. Hearn A.3., REDUCE user's manual, version 3,0:t Rend.
Publ, CP 78(4/33), 1983. A

8, RPrumberz V.A., Tarasevich S,V., Vasiliev N.N.
dpecialized celeatial mechanics systems for symbolie
manipulation, OCelest, Wech., 1988/89, vol.45,
p.149-162 .

9, Henrard J, A survey of Polsson aeriul procénsort.’
Celest. Mech., 1988/89, vol.45, p.245-153

Peaome
A.H.Tapetuc .

0 BHIOJHEHMR AHAJUTWMECHNX OMEPALW HAJ
SWENOHAPOBAHHEMA PAIAMM HA 3BM

OGcyrpaeTcs NOAXOA ¥ MOCTPOSHMD CHEUMANMAWDOBAHHON
CUCTEMH BHANMTHUECKUX MpeoGpasopanuit ans GoJee WMPOKOTo
Klacca PANOB ueM pame IlyaccoHa ANA MpWMEHEHWHA B 3ANAUAX
HefecHOR MexaHWKH, PaapaloTaHqKe ANrODUTMH BHIIONHEHMS
HANMTUUECKUX OMepAIlUt HAN SWENOHWPOBAHHHMU DPRIAMA HE
3REMCAT OT KOHKPETHHX THMOB (yHxuMM, BXOMANMX B PSAM.
ARropuTMH peanu3obaHu B cucTeme [I0 Ha 3BM EC,

Kopsavilkums
A.PavEnis

PAR ANALITISKU OFERACIJU IZPILDISANU
AR BESBLONETAM RINDAM UZ ESM

Apldkots viens no leapsjamiem celiem k& izveidot ds-
bess mehfinikas uzdevumu risin&Sanai domAtu specl'ali:étu
analitisku parveidojumu sist®mu plaSakal rindu klasei neka
Puasona rindas. ‘Iutradatio algoritmi enalitisku operdcifu
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veik¥anal ar eSelonstim rinddm nav atkerigl konkratsjam
rindas fetilpstoBajdm funkcijam. Sie algoritmi ir reali-
28ti sist3ma CM3 us V3 ESM.

Summary
A.Pavenis :

ON THE BIECUTION OF ARALYTICAL OPERATIONS
WITH BCHELONED SERIES BY COMPUTER

An approach to development of a specialized computer
algebra system for more general class of series than
Poisson series for applications in celestial mechanics is

discussed., The algorythms of symbolic operations on
achelonsd series doesn't depend on types of functions the
series contain. Thess algorythms are realized in system
CM3 on computer B3-1037 (IBM/370).
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ASTRONOMIJA SERIJA 18, RIGA , 1990 -25.-29. 1pp.

YK 521.73 Sl Camatuc A.J.
(Jayrasmanciuit nemaroruueckuil
MHCTHTYT)

OB SBOMOLMM JONTONEPHOMYECHUX KOMET

JlonronepuonMuecKHe KOMETH OGHaNAnT E MHIMITHATBHEMY 000~
GeHHOCTAMM, KOTODHE HAKNANMBAMT NMpPENeNleHHHe OrPAHAUSHUS Ha
BHOOD METONOB WccnefopaHuit.

Bo-nepeex, oHM ypanspTcA HA Boxbmme paccToAHHA oT CoxH-
UA, roe CymecTBEHHOE RIWURHME HA ABUKEHWR, A CAGNOBATENLHO M
DEOMDLUMED ODPGUT, OKASWBAST IPABMTAIMOHHOS®JeHfcTEME MUMO Mpo-
XORSIHMX 3BE3M.

Bo-BTOpWX, OHM, K&K MpaBWiIo, UMEDT no onHOMy Hﬁﬁnnnﬁn«
HoMy cOnumenuio c Comsiem,

[leppuit faxTop HE NMOIBOAAET OCYMErTEHTH HENOCPEACTBeH-
HO® WHTEerpuMpoBaHMe yparHeHUM! NBUEEHNS KOMETH, Tax xak 06wuHO
HEM3PECTHH PACCTOAHRA RO Grumalmvx 3p€3l ¥ TPREKTODUM KX NEH-
®eHus. Bropodt dawTop JIMmAET HAC BOSMOXHOCTH OGHEIMHEHHS MOB-
TOPHHX MOABNeHUA, HA OCHOBAHWM FOTOPOrO MOXHO NeNaTE BHREOMH
0 XOn2 SBOJMIHM.

Mlo ATMM NPUUWHAM B KAUECTBE OCHOBHWX METOROB MPUXOAUTCS
MCNONB3NBATE CTATHCTHUECKHA METON W MeTONH WHCISHHOTO Moneju-
poeanus, KpuTepueM ROCTOBEPHOCTW DESYALTATOB, NONMyUeHHHX Ha
OCHOPE TOI'0 WM ApPYrOro MOJeNBHOT'O MCCHENOPAaHUA, FBAFETCA
COPMAfeHue MOMYUeHHNX PEsyNLTATOR C DE3yJAbTATANM SMARDHUEC-
KVX JAHHEX . 5

Takum xpUrTepueM B KOMETHOR KOCMOTOHUM FBISETCA COBNA-
JleHHe pacrpefieNeHNs KOMAT MO PEJWUMHAM 37EMERTOB opbuT, cire-
AyOnes Wa UMCeHHOPD AKCMEPMMEHTA, ¢ PAchpejlencHie™, NonyveH-
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HIM HA OCHOBE AMANMAIA PeayNLTATOR HAGAMAEHMN .

B nocrenHee BpeMs, GAArofapA mMpOKOMy BHempenun 3BM B
pemenue npoGaem KOCMOrOHWM, HA dg:uone Sonsmoro HaGopa runo-
TETHUECHUX KOMET MOCTUIHYTH 3HAUMTENLHNE YCTexu B UMCHeHHOM
MCCAENOBAHAN DRONBIMA ODOUT NOATONEDHONMUECKUX KOMeT. B uacr-
Hocr Jix.Qeprangecon [1] Guno nonyueno pacnpenenenwe moaro-
NepnofiIMiecKX KOMET MO 3IHAUEHWM DAEMEHTOB OPOUT, YUMTHBAA
NpK 3TOM TDARKTALMONHOE HeRCTBHE ¥ax MIAHET TUPAHTOB, TAX
W COocemHVX 3peafl. :

loagree Hamu [2] 6uno HallieHo pacnpegfeneHue ROATONEpHO-
THUeCKUX KOMeT Mo ofpaTHuM 3HAuEeHWnM Gonsmux noayoceR opdut
(?‘;)B pamxax ofobménHolt Teopun muddyann womer. lomyueinme
TAKMM MYTEM PesyNbTaTH MOTYT MPEACTARIAThL WHTEDEC MUIA KOMET-
HOWl KOCMOTOHWK JWINb B TOM CAYWAE, ©CAH OHM CDABHWPADTCH C
aummpHueckoA crTaTHCTHROR, Koropas ceofomHa ot afipexTos ce-
neruy OTKPNTUA. [IA MccrenoBAaHMs NUHAMMUECKON BPOMIMM KO-
mer paubonee BamHOll sBERZeTCA CTATHCTHKA MO -é-— . Uenpn Ha-
crosmefl pRGOTH ABNRETCH FHACHEHWE B38BHCMMOCTH CTATHCTHEU MO
o1 afdeKTOB CEnekKIM.

B nepeyn ouepeflt clefyeT OTMETHTH, UTO CTATHCTHKA MO
—& P veHbmeil Mepe MckaweHa apbexramn cenewiiuu, uem cTaTHC-
THEA MO IPyTUM sieMeHTam, Taxk, HanpAMep, Ha STy CTATUCTHXY
He BIWAET pachpenenenne Hafmopartene# mo 3emHoMy wapy. Mamo-
BEPOSTHO TAKEKE ATMAHME MOMEHTA BPEMEHN CYTOK (VTDEHHAS Wi
BEUEPHAR BUIIMOCTS) HA BEPOATHOCTHL OTKPHTUR. EIMHCTBeHHHM
cepbBaHbM (AKTOPOM, KOTOPHI MOXET WCKATH CTATUCTHKY MO -
gaaseTCA BOIMORHNI paamuuHui aScommoTHuit 6neck kowmer c pas-
AMUHEMA SHAUEHNAMA - . COrAIRCHO CORDEMEHHMM MPEACTARNeHUAM
06 ofnake XOMET, KOMETH C MEHBIMMU % s 2T0 Gonee MojonHe
¥ noaromy spue no Grecry. Wcxoas ma aroro Yunna (3] , na-
npuMep, CUMTAeT, UTO ITH TaK HASHPaeMHe HORHE KOMETH W3 06-
naxa (opra OTKpNPADTCA uame, NOCKOABKY.OHM uMenT Gonpuui ab-
comprinifl Gnecx Hpg. B To we ppems Kpecaw [4] CUMTReT, UTO
pasnMuMe Gnecka CTAPHX W HOPHY KOoMeT Hefonsmue M MoOSTOMY HA
CTATHCTHKY OWA3NBADT Masioe BAMAHMe, ;

B Hacrosmeft pabore MN NENANM MOMITKY BFHACHUTH BTOT BO-
Do, MONbAYACH NAHHHMY KATANOTOR koMeT. Hemu Sum uenons-

(-1
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aopasy 203 nouTH NApatonMUecKHEe KOMETH; TOUHNHE 3HAUSHHA
KoTopu Grnu noayueHu B.Mapcnesom, 3.Cexarmnoit u 3. 3aap—
xaproMm |5, '?] TipuMeHAR CTATHCTHUECKHR KpATepult, BTExa-
ot W8 mpaBuaIa Orep.m:eca, MH pasGuaK MHTepEBan MIMEHeHNS =
or 100 a.e. o 24 562. 10° a.e. va REBATH WHTEpBANos. [ns
KAXNOTD M3 BTUX MHPEDBANOB HAMNN uNCTO KOMET ¥ WX CPEefHOn
A0COSITHYD 3BEINHYD BENUUMHY HIO' 'ucnoxs:ay'ﬂ JAKHEE CTa-
TUCTUUECHOT'O KATANOrA MApaMeTpOR OpOuT no.wouepuommecm
xoret B.B.Panauercrkoro u B.Il.TomsHora |6 |.

Kpome aroro mu Taxme Hamau cpenHuii nepuop ofpameHua U
wicao 060pOTOR ¥OMETH BOKpYr CONMIIA MO KAXKJOMY M3 YIOMAHY-
THX WHTepeanos. PeayasraTd nocuéToe mpuBeneHH B Tamiue.

Tabnuna

CpemHve 3HAUEHHS MAPAMETPOR AOATONEPUONNUECKWX
KOMET 117 WHTEDBANAM W3MEHeHWs

£
-1
R e T R
I 1365,5 143 6,13 19818 50459
2. 4094,5 17 6,25 3817 266986
- 6823,5 14 6,52 1774 563698
4. 9552,5 iy AP (i 933707
D 12281,5 6 5,20 735 1360544
6. 15010,5 2 7,40 544 1838235 -
T 17739,5 ? 8,10 423 2384066
8. 20468,5 3 5,20 241 2932551
9. 23197,5 5 .. 8,0 283 ' 3533569

W3 pnaymmax TalmilE, & TAKNE M3 SHANHI3A anaueHuH HIO s
RaAINA WHAMBKYANLHOR KOMETH, MOXHO CREeRaTh BWBON, UTO OTA-
THOTIRA TIO =% MAs0 HekareHa ofibexTaMu CeNeKIUM OTKDNTUS KO-
mer. [Ipn nepexo.ne 43 MHTepBana co sHaueHusmu ot 107 a.e.
,1102'710 a.e, xnmepauyc%orz?-m'sae zo
5,5.107 -3 a,e., CPOJHAA 3BEGHHAA BENMUAHE MEHFeTCs JUTbL HA
0712. B 10 xe BpEMA wic0 OGEEKTOB B NEPROM MHTEepBane B
8,4 pac Gonsme ueM Bo BTOPOM, UTO MOATBEPKOAET crAGYD 3aDH-
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. Taxnm. oﬁpaaou. anam HIO mmn m mmnem&r pe-

!Jhbﬂoc‘rb MAHCHMYMA B pncnpemm KOMET MO —~ OKOXO JHAUEHWS

3-ro aﬂmﬁrmcwm yaaamam HE TO, UTO ACATOMEpHO-

nnuecmae rroue-m B aolqt aumlam BBOIATCH BOIMYMEHATMA CO
CTOPOHH coce.nm BBE3l W MOCTENneHHo nepexo.um HA KOpOTXOMe-
pHognyeckue opdh'm Tio Mepe mepexona HA MeHee BHTAHYTHE Op-
GuTsl, nponcro;mr uanel-moe nanenne Onecxa, UTO TaKxe NoOu-
raepma.emcn )mmu npnueneum B Tabmaue.
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Hecnenosata SaBHCHMOCTDH c'rammxu‘ no % ""HIO' Yerauorne-
HO, UTO MAKCHMyM B DACIpeleneHH# =& OKomo == 0 peansH.

Kopsavilkums
A.Salitis i

PAR ILGPERIODA xmfu BVOLOCISU

&

Dots ilgperioda kom3tu aadnlijuis pa -g'— . :P!t!t-n ata-
tistikas pa -;‘5'— atkariba no H,, . Ir konatat&ts, ka maksi-

[ (]
mums — aa.dnl.ujulk pie 5 = 0 ir redls.

Summary
A.3alitis

ON THE BVOLUTION OF LONC-PERIOD COWETS

The distribution of long-period comets has been given

» by -g; + The dependence of statistice on -é-_ has been in-
vestigated according to Hy . It has beenvestablishsd the
maximum of distribution according é near -g:- 0 ia real.



IJWIJAS UuImal'ﬂm zmi‘nlﬁm RAEBTI Nr
AS‘I‘RONOHIJA BF:BIJL 13 RIGA 19% 30.-44. lpp.
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tmcnamoz HCGEE.RGB&}B{E O,EHOH SAJAYH OB
YIYQUEHW OPBAT HAJH:D( TUIAHET
: Beegenue
Hacrosman paGoTa BOSHWKAA B CBA3H C TDOBOAFIAMUCA B

AcrpoHowmueckolt oOcepsaropun npu JIY pacuerawmu no onpefene-
HMD OpOuT Mamx naaHer, B § I mpusemeHa mocraHoBKa 3amauM
06 ynyuwseHuy OpOWTH MaNOA TaHeTH - OHA CBOWATCH K Gesyc—
MOBHON MAHWMM3ELMK GyHKuAM mecTH mepemeHHwx. [Ipy pemeHMR
2TOR SANAUM UKCASHHNMW WETOJAM HEpelRO CXOMMOCTH K peme-
w0 Ohna Memnensoll M pooGme He umena Mecta. B cesasu ¢
atuM TpefOBANOCh FCTAHOBMTE MPAUHHE MELTeHHON CXOMHMOCTH ,
W ecau aoaam:uo. AATH PEKOMEHMALMN NiO ycaopem pafory
WACHEHILX MeTONOB.

~ Huzme npoae.neuo mteaeﬂﬂoe dcc.nsnoaa}me W naru peroMeH-
JAIAM HA OCHOBE OAHO KOHKDETHOA 3RJAUM — sajauM 06 yxyume-
HuM opluTe Mmanoft nmaserst § 3I55. BuGop sroff samaum ofycaos-
Zex TEM, UTO, C OEHO# CTOPOHM, MW €€ DemeHuH mﬁm
I0XAs CXOMMMOCTb HMCASHHAX WETONOB M, CAENOBATENSHD, ara
aanaus MPeNCTABAFET WHTEpecC a8 uccrefiosawnws, C Apyroft exopomu,
ee peueiie HafgeHo M, CAEMOBATeNBHO, ECTD BO3MOXHOCTS OTpato-
TATH METORMKY UMCNEHHOTO WUCCISNOBAHWA M. MPOBEDUTE S€ BUBOMM,

lpepnaraewan uammn UNCASHHOr0 KCCRENOBAHNA NOROGMMX «

sagau ¥ WemoxsayeuN naxer mporpas omican s [2]. O ce-
HOB&HH HA CDABHEHWM B OKPECTHOCTH WUCCIERyemoR TOHUKN g fie-
sesoRt fymeums wmmoamin G xBampatwuxoft dymanm £,
onpenenreHHo i ; )






